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ABSTRACT 

Despite tremendous technological and scientific advancements in the 20th century, 

clinically feasible assessment of detailed macroscopic respiratory mechanics is still 

limited. Additionally, a comprehensive understanding of macroscopic behavior in terms of 

microscopic description of alveolar mechanics and extracellular matrix properties is also 

absent. Combined together, these two limitations may explain why there has been a slow 

progress in optimizing mechanical ventilation for patients with lung disease. Addressing 

these two limitations, and, more importantly, linking macroscopic emergent phenomena to 

microscopic behavior could provide improved understanding and better health care. To this 

end, (1) a 3-D printed flow sensor was designed and evaluated to continuously measure 

airway opening flow and pressure in mice. (2) Using this sensor, we introduced a novel 

technique (ZVV) which provides continuous monitoring of the respiratory system’s 

physiological condition through evaluating cycle-by-cycle respiratory impedance (ZRS) 

during variable ventilation (VV). The feasibility and accuracy of ZVV was demonstrated 

by applying it in mice before and after inducing lung injury mimicking acute respiratory 

distress syndrome (ARDS), as well as in a computational study. Furthermore, when ZVV 

was applied to previously collected data, the analysis demonstrated for the first time that 
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VV improved lung mechanics in human patients with ARDS. Additionally, two analytical 

models were developed to relate macroscopic to microscopic mechanical behavior of the 

lung parenchyma. (3) The first alveolar-unit model related alveolar septal wall properties 

(i.e., thickness) and constituents (i.e., fibers) to alveolar pressure-volume relationship 

providing insight into the importance of calculating true stress, the role of the collagen 

waviness and elastic modulus in alveolar stability and protection from over distension, as 

well as the multiscale relation between fiber stresses and macroscopic pressures. (4) The 

second intermediate tissue-level model described the mechanics of alveolar wall alignment 

under uniaxial stretching and estimated alveolar wall stiffness and stress demonstrating its 

ability to extract fiber-level properties from tissue strip stress-strain relations. When 

applied to pressure-volume and stress-strain data from lungs of old subjects, both models 

predicted alveolar wall and collagen fiber stiffening in aging. In summary, this study, 

presented a novel technique which can assess respiratory mechanics in clinical settings and 

multiscale models to enhance our understanding of how macroscopic behavior is related to 

alveolar constituent properties.   
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Chapter 1: Introduction 

1.1 Motivation  

The human fascination in respiratory mechanics dates back as far as the 1st century 

AD [1]. However, it was not until the 20th century that the field greatly advanced due to 

technological innovations as well as the increased scientific interest [1,2]. Despite these, 

the optimal techniques of assessing lung mechanics, selecting ventilation settings, and 

describing comprehensively basic alveolar microscopic mechanics still presents several 

limitations. Clinically, for example, measuring respiratory impedance (ZRS) is being carried 

out via the forced oscillation technique (FOT) which has several advantages [3] but 

requires special equipment, ventilation interruption, and provides measurements at 

nonphysiological respiratory rates and amplitudes. Furthermore, linking this macroscopic 

assessment to alveolar stresses and strains is key to avoiding ventilation-induced lung 

injury (VILI) [4]. However, establishment of such a multiscale relationship is still missing 

due to our limited and partial understanding of alveolar and extracellular matrix (ECM) 

mechanics despite decades of research [5]. As an example, the exact mechanics of how 

alveoli inflate are not fully comprehended and highly controversial [6–8]. Thus, the 

absence of a clinically personalized and optimized  macroscopic assessment coupled with 

microscopic interpretation on one hand and the ever increasing demand and potential of 

mechanical ventilation (MV) on the other [9–11], motivates addressing the multiscale 

challenge. Therefore, in order to provide better respiratory healthcare, scientific endeavors 

should include a personalized strategy involving proper macroscopic assessment combined 

with the most informative estimation of the underlying microscopic behavior.  
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1.2 Hypothesis 

We hypothesized that 1) an enhanced clinical assessment of respiratory mechanics 

at the macroscopic scale is possible using a novel analysis technique coupled with a 

specific ventilation modality, variable ventilation (VV), in which both frequency and tidal 

volume vary from breath to breath, and 2) a better understanding of how certain 

macroscopic lung mechanical behavior emerges from microscopic structure-function 

relationships, specifically from fibers embedded in the alveolar walls, could be achieved 

through mathematical models properly accounting for the properties of the constituents. 

1.3 Aims 

To test this hypothesis, four aims were set up with the primary objectives of first 

developing the tool needed to continuously measure respiratory mechanical variables, 

collecting and interpreting data during the conditions of acute respiratory distress syndrome 

(ARDS) and developing multiscale models that can link macroscopic mechanical behavior 

to microscopic structure and properties (Figure 1-1). The specific aims are: 

Aim 1 (Flow sensor): To design a 3-D printed sensitive sensor for the continuous 

measurement of flow and tracheal pressure in mice and test the device via nonlinear 

modeling and subsequent experiments in mice (Figure 1-1A). 

Aim 2 (ZVV): To assess respiratory mechanical impedance (ZRS) during VV in a 

novel approach ZVV (ZVV=ZRS+VV) and test ZVV in a computational study as well as in 

mice and human patients with ARDS (Figure 1-1B).  
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Figure 1-1: Summary of aims. A) Aim 1: Flow sensor. Given a pressure difference (∆P) across 

a lab-designed and characterized flow sensor, flow (𝑽̇) is calculated continuously with time. 

An example recording of volume, obtained by integrating 𝑽̇, is shown for the case of variable 

ventilation (VV) in which each breath has a different tidal volume and frequency or period. 

B) Aim 2: ZVV. Using the flow sensor measurements, our novel technique termed ZVV 

(ZVV=ZRS+VV) assesses respiratory impedance (ZRS) using VV. C) Aim 3: Alveolar model. 

The model captures how elastin (red) and wavy collagen (green) fibers embedded within the 

extracellular matrix (ECM) (gray) contribute to alveolar mechanics as an alveolus expands 

from the undeformed state with inner and outer radii Ri and Re to an arbitrary deformed 

state with inner and outer radii ri and re respectively. The figure exemplifies the model’s 

ability to relate microscopic alveolar and fiber circumferential stress ( 𝝈𝜽𝜽 ) to alveolar 

pressure (Palv). D) Aim 4: Uniaxial model. The model captures how an alveolar wall, 

embedded within a tissue of length L and width W and being stretched by incremental 

macroscopic displacement X from step s-1 to s, rotates and elongates based on its microscopic  

tensile and rotational modulus of elasticity following a microscopic displacement x. 
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Aim 3 (Alveolar model): To develop an analytical model of the pressure-volume 

(P-V) relation of a thick-walled alveolus with wavy fibers undergoing large deformation 

and determine key factors that protect the alveolus from over distention (Figure 1-1C). 

Aim 4 (Uniaxial model): To develop an analytical model that can link alveolar 

wall alignment and stretching to the macroscopic uniaxial stress-strain curve and estimate 

separately alveolar wall tensile and rotational modulus of elasticity (Figure 1-1D).  

 

1.4 Structure of thesis 

The thesis consists of 7 chapters and 4 appendices. Chapter 1 is the introduction 

which presents the motivation behind this work pinpointing the need to relate respiratory 

microscopic mechanics to macroscopic clinical settings in order to optimize ventilation 

strategies. Chapter 2 provides a brief background on mechanical ventilation, the forced 

oscillation technique, variable ventilation, and alveolar mechanics. Chapters 3 to 6 are the 

4 aforementioned aims presented in consecutive order. Chapter 3 will demonstrate the 

ability of a lab-designed flow sensor to accurately measure and continuously record 

pressure and flow in mice. Chapter 4 will present a novel strategy to assess macroscopic 

respiratory mechanics using data collected from the flow sensor as well as previously 

collected ARDS human data. Chapter 5 will transition to the microscopic scale and present 

a model of alveolar mechanics. It will be used to fit a P-V curve to demonstrate how the 

estimation of alveolar tissue and fiber stresses is plausible from macroscopic pressures. In 

addition, the chapter will present a new hypothesis related to the waviness of collagen 

fibers as key to protect the alveoli from over-distension. In support of this hypothesis 
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experimental waviness measurements from bovine lung tissue are presented.  Chapter 6 

will present a tissue-level model to separate and estimate microscopic tensile and rotational 

alveolar wall elastic modulus from uniaxially stretched tissue strips. The model’s ability to 

provide physiologically-sound estimates will be achieved by computational comparison 

with another model and experimental fitting of controlled experiments. The model will 

then be used to study the effects of aging on these parameters in mice. Chapter 7 presents 

the final conclusions including future directions emphasizing the need of multiscale 

approaches towards enhancing mechanical ventilation of patients. 

The four appendices, arranged in the same order as the aims, add detailed 

information to supplement the main chapters. Particularly, the detailed derivation of the 

presented models (chapters 5 and 6) are included in their respective appendices (Appendix 

C and D respectively). 
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Chapter 2: Background 

2.1 Mechanical ventilation 

In the early 1950s, 1500 medical students manually ventilated patients with 

paralytic poliomyelitis using rubber bands connected to endotracheal tubes [11,12]. After 

this incident decreased the mortality rate from 87% to 40% overnight [11,12], the need for 

mechanical ventilation (MV) motivated the invention of the first efficient ventilator in 1956 

[13].  

Today mechanical ventilators are readily available in the clinical setting [14], 

widely used [9], and the estimated need for MV is increasing [9,10]. MV is applied to assist 

patient breathing particularly in the case of patients with respiratory disease such as acute 

lung injury, chronic obstructive pulmonary disease, and acute respiratory distress 

syndrome (ARDS) [15,16]. Although MV has reduced mortality significantly [17,18], the 

rate is still high reaching 30% in 2017 in ARDS patients [18]. During MV of these patients, 

the lung is susceptible to ventilation-induced lung injury (VILI) due to alveolar over 

distension and/or cyclical opening and closing [16], which could at least in part explain the 

persistent high mortality rate. To minimize VILI, several different protocols rather than a 

unified strategy have been suggested in the literature [19–22]. This diversity is likely due 

to the complexity of the lung and especially its heterogeneity in diseased states [23]. Thus, 

there is no one-size-fits-all solution, and with the lack of personalized information to relate 

ventilator settings to microscopic information, avoiding VILI seems to be more of a 

subjective approach rather than an objective one. 
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2.2 Forced oscillation technique 

The first step towards a personalized mechanical ventilation strategy is to diagnose 

the current state of the lung in the most accurate, noninvasive, and reproducible manner. 

Today, clinical ventilators are equipped with the ability to estimate mechanics based on 

several time-domain methods [24–27]. An alternative to the time domain is the frequency 

domain which could be a faster way to analyze respiratory mechanics without the need of 

any prior system modeling and the use of differential equations. Therefore, adopting such 

a technique can be useful. One of those strategies, which is very popular in Europe but 

rarely used in the United States despite demonstrating potential for measuring mechanics 

in children [28], is the forced oscillation technique (FOT). 

In 1956, DuBois et al. [29] published the first FOT-based respiratory impedance 

(ZRS) measurements, defined as the ratio of pressure to flow in the frequency domain, in 

human subjects. Using an oscillating air pump to generate sinusoidal pressure waves at the 

airway opening and measuring flows, ZRS was reported over a frequency range of 2 to 15 

Hz. It became gradually evident that ZRS exhibits a strong frequency dependence at low 

frequencies (0.2-0.3 Hz)  surrounding the spontaneous respiratory frequency (𝐹𝑅) [30–34]. 

It is also well accepted that such data are sensitive to alterations in lung properties including 

heterogeneity of disease which is relevant for clinical decision making [35]. Unfortunately, 

while there was some success in measuring low-frequency ZRS [36–38], it has remained 

difficult to translate it into clinical use and has rarely been utilized in mechanically 

ventilated patients [36,37].  

Current FOT devices measure ZRS utilizing low amplitude pressure oscillations at 



8 

 

 

frequencies far above FR, usually between 2 and 32 Hz [3,39]. These FOT measurements 

do not provide an assessment of lung function at FR limiting clinicians’ ability to implement 

optimized ventilation settings and potentially hindering patient recovery. Thus, current 

clinical use of measuring ZRS is not therapeutic, nonphysiological, intermittent, may 

involve patient apnea, and requires specialized FOT equipment. A technique that 

simultaneously addresses these limitations would significantly advance the personalized 

diagnosis and treatment of mechanically ventilated patients. In chapter 4, we present the 

development of such an approach that we term ZVV which is based on variable ventilation 

(VV). 

2.3 Variable ventilation 

VV is a relatively new approach to MV introduced in 1996 [40], where tidal 

volumes (VT’s) vary from one breath to another while keeping minute ventilation (MTV), 

defined as the product of FR and VT, constant. The human FR is variable [41,42]. In fact, FR 

variability is reduced during disease [43,44]. Thus, the original idea behind VV was to 

replicate the variability observed in human breathing [35]. Computationally, it has been 

shown to benefit and outperform conventional ventilation (CV), which delivers the same 

FR and VT for every breath cycle, by increasing arterial oxygenation and increasing 

surfactant production [45,46].  Previous studies have provided evidence of improvement 

in lung mechanics, gas exchange, as well as reduction in VILI injury following VV 

compared to CV in both healthy and injured lungs of many animal models including pigs, 

mice, rats, and sheep [47–60]. Clinically, VV was also shown to improve gas exchange 

and respiratory mechanics [61] , improve patient-ventilator synchrony [62], and reduce 
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inflammatory response [63]. The most likely mechanism by which VV improves lung 

mechanics is recruitment [46] and enhanced surfactant secretion [54,55].  

Since its conception, VV has always been seen as a therapeutic method rather than 

a diagnostic tool, even though its potential in treating ARDS patients was recently 

computationally noted [64]. In chapter 4, we will demonstrate in mice and human ARDS 

data that VV can serve as a combined therapeutic strategy and diagnostic tool. 

2.4 Alveolar mechanics 

While assessing macroscopic respiratory mechanics can provide more 

representative clinical measurements, it remains a global one. Underlying this macroscopic 

measurement is an airway tree with an average of 23 generations [65] leading to an 

estimated 480 million gas exchange units, the alveoli [66]. Tissue mechanics at such a scale 

have been far less investigated due in part to the difficulty of visualizing deformations and 

measuring stresses and strains [67]. Consequently, it is not fully understood how the lung’s 

macroscopic behavior relates to its microscopic constituents and, more importantly, how 

changes in the mechanical properties of the alveoli can lead to pathology such as VILI  

[68,69] or emphysema [70].  Therefore, in order capture the effects of VILI, one must 

understand these dynamics describing both the geometrical features as well as the 

constituent properties. While the alveoli are not perfectly spherical and do not have one 

consistent shape throughout the lung, Hansen and Ampaya [71] separated the several 

shapes into six different categories, and they reported that the most frequent one was three 

fourth of a spheroid. The inner walls of the alveoli are lined with surfactant produced by 

alveolar type 2 cells [72]. Below this thin liquid layer, in order, is a single layer of epithelial 
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cells, a basement membrane, an interstitial layer made of connective tissue, and endothelial 

cells which form the capillary. Particularly, it is within the interstitial layer where the 

elastin and collagen fibers exist. These fibers are the main load bearing elements within the 

alveoli maintaining the structural integrity of the alveoli and protecting it from VILI 

especially at high pressures. Based on their structural organization within the wall as well 

as their properties, these fibers will mainly dictate the alveolar stresses and strains that arise 

in the alveolar wall and which can cause VILI. In addition to these two load-bearing fiber 

networks, surfactant, by reducing surface tension, plays a role primarily in avoiding 

structural collapse [67,73,74].  

 Assessing macroscopic lung behavior, and linking it to microscopic properties, is 

not only needed for personalized MV, but it also provides a scientific ground to tackle 

several outstanding questions. In the growing field of mechanotransduction, which studies 

how cells respond to environmental mechanical cues, it is well documented that based on 

the level of stretch, the cells will behave differently [75,76]. Therefore, any cell- or tissue-

based research must recreate the correct stretch magnitudes and patterns in order to 

accurately represent the in situ conditions.  Furthermore, these stretch values that arise at 

the microscopic level should be connected to the static and dynamic pressure in MV since 

these are the settings controlled by the clinicians in medical settings or by the researchers 

who conduct animal experiments to develop optimized subject-specific ventilation 

strategies to minimize VILI. Quantitative modeling linking measurable variables during 

MV such as pressure and volume to stresses at the level of fibers in the alveolar walls 

provides the ability to better guide or find ventilation strategies.  This, however, leads back 



11 

 

 

to the need of accurately measuring flow and pressure at the macroscopic level in order to 

access the state of the lung. With the current lack of continuous measurements from 

research-oriented ventilators, a necessary tool is required. Such a tool is presented in the 

next chapter. 
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Chapter 3: Flow sensor 

3.1 Introduction 

Measuring lung mechanical function in small animals is central to many 

investigations into the pathophysiology of pulmonary disease, yet it remains a challenge 

due to the very small gas flows involved [77,78]. For example, a key problem associated 

with the measurement of small flows using a pneumotachograph is the finite input 

impedance of any differential pressure transducer that is used to measure the resistive 

pressure drop across the device. This can give rise to a limited dynamic common mode 

rejection ratio (CMRR), which is a metric quantifying the ability of a device to reject 

common-mode signals, that causes a flow to be registered purely as a result of uniform 

pressure oscillations within the lumen of the pneumotachograph [79]. One approach to 

dealing with the problem is to use a different method for determining flow, such as from 

the rate of change of position of a piston within a cylinder which, with appropriate 

calibration for gas compression, leads to a knowledge of flow on purely geometric grounds 

[80]. The problem with this is that due to gas compression and pressure losses in the valves, 

the delivered flow into the mouse is different from the flow computed from piston motion. 

To estimate the delivered flow, a complex calibration procedure is required which however 

does not guarantee that the delivered flow is the same as the desired flow [81]. 

Nevertheless, the measurement of small flows with a pneumotachograph is still 

possible, in principle, provided any confounding dynamic and nonlinear characteristics of 

the device are accounted for with sufficient accuracy. Indeed, the design and 

implementation of flow sensors for rodents has already been shown to be feasible. For 



13 

 

 

instance, Giannella-Neto et al. [82] designed and calibrated an effective rat 

pneumotachograph based on rigorous design criteria considering laminar flow, measurable 

pressure difference, and minimal gas exchange and interference with the rodent’s 

respiratory mechanics. In the characterization of the rat pneumotachograph, the nonlinear 

pressure-flow characteristics of the device were accounted for via a nonparametric 

polynomial model, and an important conclusion was the importance of nonlinear 

calibration for accurate flow measurements. To account for nonlinearities, Korenberg and 

Hunter [83] have shown that a Volterra series approach can be used to represent and 

identify a wide range of nonlinear systems. Importantly, this nonparametric modeling 

technique does not assume any model structure implying that nonparametric fitting does 

not limit the sensor model to any particular form. Furthermore, the Volterra series can 

account for both nonlinear as well as dynamic aspects of a small device such as a mouse 

pneumotachograph, providing even more precision. These properties, as well as the ability 

to use system memory, allows the Volterra series to provide system identification with high 

accuracy across a required dynamic range. Accordingly, we sought to develop a general 

approach to the empirical characterization of pressure-flow characteristics based on the 

Volterra series [83]. Furthermore, with the maturation of 3-D printing technologies, 

inexpensive and rapid implementation of arbitrarily detailed internal sensor structure can 

now be realized. This allows exploration of complex internal geometries so that sensor 

dead space, sensitivity, and flow resistance can be optimized. In the present study, we 

therefore applied the Volterra series to a 3-D printed custom-designed pneumotachograph 

and validated its use in measuring tracheal airflow in mice. 
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3.2 Methods 

3.2.1 Sensor design 

Figure 3-1 shows the flow sensor design, which is based on the common 

pneumotachograph concept where the pressure drop along a conduit is related to the axial 

flow within it. The conduit of our novel sensor is divided into several sections. The majority 

of the pressure drop along the conduit occurs across an inner core of diameter 0.5 mm and 

length of 5.8 mm. Outer sections having 2 mm internal diameter (ID) and 3.5 mm length 

allow the device to be conveniently connected into a ventilation circuit. The inner and outer 

sections are connected by conical sections with a diameter that increases linearly between 

the inner and outer sections over a length of 4.6 mm, creating an inclination angle of 9.26°.  

Two lateral ports (ID = 0.5 mm, outer diameter OD = 4.6mm, length = 3mm) are placed 

symmetrically near the wide end of each conical section to permit the measurement of 

differential pressure across the major resistive portion of the conduit. A single port on the 

outlet side of the conduit is placed for measurement of gauge pressure. The design shown 

in Figure 3-1 was modeled using SolidWorks 2015 (Dassault Systèmes, France) and 

implemented using a 3-D printer (Objet30 Scholar, resolution: 0.1mm, VeroBlack Matte, 

EPIC, Boston University, Boston). 

The design criteria included a resistance that is large enough to produce a 

measurable pressure drop with the tiny flows typically encountered in mice, but not too 

large to significantly affect the animal’s breathing pattern. 

https://en.wikipedia.org/wiki/Dassault_Syst%C3%A8mes
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Figure 3-1: Sensor design. The sensor’s front view, side view and axial cross-section view. The 

sensor can be connected to a ventilator on one side (1) and a mouse tracheal cannula on the 

other (2). The two adjacent side ports are connected to a differential pressure transducer for 

flow measurements, and the third side port is connected to a pressure transducer for absolute 

pressure measurements. The inner core (3) has a diameter of 0.5 mm spanning a length of 5.8 

mm. Dimensions are in mm. 
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The inner volume (dead space) of the sensor was approximately 0.035 ml. The 

Functional Residual Capacity (FRC) of mice ranges from 0.2 to 0.5 ml [84,85] and the 

Total Lung Capacity (TLC) from 0.8 to 1.5 ml [85]. The dead space volume is thus only 

about 2 to 4% of TLC. More importantly, assuming a 25 g mouse and a tidal volume (VT) 

of 8ml/kg, the dead space volume is 17.5% of the delivered VT (0.2 ml). With this 

information, the ventilator settings can be adjusted (in this case to 9.7 ml/kg) to make sure 

that sufficient volume is delivered to the mouse for proper gas exchange. 

Based on the outlined design, the differential pressure transducer only measures 

pressure across the inner core and the transitional regions and not the entire flow sensor. 

However, as later detailed, the pressure drop used to characterize the sensor is measured 

across its total length. Thus, for system identification to be representative and flow 

measurements to be accurate, it is both convenient and important that the total resistance 

of the sensor be due mostly to the core and the transitional region such that the pressure 

used to characterize the sensor and the pressure used to calculate flow from experiments 

closely match. Using Poiseuille’s law, equivalent resistances were obtained for every 

region across the sensor (inlet and outlet, inner core, and the transitional region in between). 

For the transitional region, which had varying radii, an integration of Poiseuille equation 

was carried out. We found that the core and the transitional region contributed to an 

estimated 99.5% of the sensor’s overall flow resistance (Table A-1, Appendix A). It should 

be noted that we assumed no flow to occur in the side ports. 

The total respiratory system resistance of the mouse can vary between 0.5 and 0.8 

cmH2O.s/ml [85,86].  The resistance of the flow sensor is approximately 0.9 cmH2O.s/ml 
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and so it is of the same order as the mouse’s resistance. Since the majority of the 

experiments use a ventilator to deliver tidal breath to the mice, the current design did not 

consider reducing this value by an order of magnitude. In case this is required, by simply 

modifying the design to have an inner diameter core of 1.1 mm reduces the resistance to 

around 0.0538 cmH2O.s/ml which composes 91.6% of the overall sensor resistance. The 

modified sensor’s resistance will only be 11% and 7% of the mouse resistance respectively, 

while the dead space will increase to 22.7% of the delivered tidal volume. Tables A-2 and 

A-3 in Appendix A include the measurements and characteristics of the alternative design 

respectively.  

3.2.2 Data acquisition 

To test the device, we connected the inlet port (outer diameter, OD = 4.4 mm) via 

plastic tubing to a flexiVent  small animal ventilator (flexiVent Legacy, Module 1, Scireq 

Inc., Montreal, CA), while the outlet port (OD = 4.4mm) was connected to a 20 gauge 

tracheal cannula. A differential pressure transducer (Biopac Systems, Model TSD160A) 

for recording airway flow was connected to the two symmetrical side ports by 12 mm of 

plastic tubing. A gauge pressure transducer (World Precision Instruments (WPI), 07B 

PNEU05) was connected to the single port for airway pressure measurement. The signals 

from both transducers were amplified (WPI, Model TBM4-F), digitized (WPI, DataTrax) 

at 500Hz sampling frequency and saved on a computer (WPI, Quad 16-EFA-400). The 

transducers were calibrated in units of cmH2O using a water manometer.  
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3.2.3 Dynamic response 

To identify the dynamic response of the sensor to a time-varying flow, a 16 seconds 

band-limited white noise volume signal comprised of sinusoidal components with 

frequencies between 0.5 and 20 Hz at 0.5 Hz increments, equal amplitudes, and random 

phases was applied to the inlet of the device using the ventilator. The signal was scaled so 

that the peak-to-peak amplitude in flow corresponded to a physiologically representative 

range for a mouse (±8 ml/s). During the volume perturbation that was delivered to the 

device, the pressure (𝑃) and volume (𝑉) signals at the inlet were also measured by the 

ventilator and the flow (𝑉̇) was obtained as the time-derivative of 𝑉 using a differential 

filter of order 50, 22 Hz  bandpass frequency, 25 Hz stop band frequency, and 256 Hz 

sampling frequency (𝐹𝑆) (MATLAB R2015a, MathWorks, CA). 

The sensor was studied in an open system configuration (no load on the outlet). To 

characterize the sensor parametrically, 𝑉̇ and 𝑃 were fit in MATLAB with the time-domain 

model:  

 
𝑃(𝑛) = 𝑅𝑆𝑉̇(𝑛) + 𝐼𝑆

𝑑𝑉̇(𝑛)

𝑑𝑡
 (3.1) 

where 𝑅𝑆  is sensor’s resistance, 𝐼𝑆  is sensor’s inertance, and 𝑛  is the data point index 

running from 1 to 𝑁 (𝑁=4095). To characterize the sensor nonparametrically, we first 

applied a nonparametric polynomial fit previously described and implemented by 

Giannella-Neto et al. [82] and Tang et al. [87]. Briefly, 𝑉 can be written as the integral 

of 𝑉̇: 
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𝑉(𝑛) =

1

𝐹𝑆
∑ 𝑉̇(𝑖)

𝑛

𝑖=1

 (3.2) 

If 𝑉̇ is assumed to be a polynomial function of Δ𝑃 with order 𝑚 then: 

 𝑉̇(𝑛) = 𝑐1𝑃(𝑛) + 𝑐2𝑃(𝑛)2 + ⋯ + 𝑐𝑚𝑃(𝑛)𝑚 (3.3) 

and:  

 
𝑉(𝑛) =

1

𝐹𝑆
∑ 𝑉̇(𝑛) =

𝑐1

𝐹𝑆
∑ 𝑃(𝑖) +

𝑛

𝑖=1

𝑛

𝑖=1

𝑐2

𝐹𝑆
∑ 𝑃(𝑖)2 +

𝑛

𝑖=1

…

+
𝑐𝑚

𝐹𝑆
∑ 𝑃(𝑖)𝑚

𝑛

𝑖=1

 

(3.4) 

In vector form this is written as:  

 
𝑽 =

1

𝐹𝑆
𝑿𝑪 + 𝑩 (3.5) 

where 𝑪 is an m x 1 column vector with the polynomial coefficients 𝑐1 to 𝑐𝑚, 𝑿 is an N x 

m matrix whose columns are increasing powers of 𝑃 evaluated at time points i=1…n, and 

𝑩, a column vector of length N, is the error. 𝑪 can be estimated as: 

 𝑪 = (𝑿′𝑿)−1𝑿′𝑽𝐹𝑆 (3.6) 

where 𝑿′ is the transpose of 𝑿.  

The last fitting technique included the nonparametric Volterra series up to 3rd-order. 

A 3rd-order series is written as: 
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𝑉̇(𝑛) = ℎ0 + ∑ ℎ1(𝑖)

𝑀

𝑖=1

𝑃(𝑛 − 𝑖 + 1)  

+ ∑ ∑ ℎ2(𝑖1, 𝑖2)

𝑀

𝑖2=1

𝑃(𝑛 − 𝑖1 + 1)𝑃(𝑛 − 𝑖2 + 1)

𝑀

𝑖1=1

+                     ∑ ∑ ∑ ℎ3(𝑖1, 𝑖2, 𝑖3)

𝑀

𝑖3=1

𝑃(𝑛 − 𝑖1

𝑀

𝑖2=1

𝑀

𝑖1=1

+ 1)𝑃(𝑛 − 𝑖2 + 1)Δ𝑃(𝑛 − 𝑖3 + 1) 

(3.7) 

where ℎ𝑗  is the Volterra kernel of order 𝑗. These kernels were identified using the approach 

of Korenberg and Hunter [83,88]. 𝑀 represents the system’s memory, and 𝑛 goes from 𝑀 

to 𝑁. For example, if 𝑀=6, then 𝑛=6, 7… 𝑁 and 𝑉̇ is calculated using the current and 5 

previous 𝑃 values; for the 1st 𝑉̇ value calculated (𝑛=6), ℎ1(1) will be multiplied with the 

current 𝑃 value, 𝑃(6), while  ℎ1(6) will be multiplied by the 1st 𝑃 value, 𝑃(1). 

To briefly summarize the method, Eq. 3.7 was written in the following form: 

 

𝑦(𝑛) = ∑ 𝑎𝑚𝑝𝑚(𝑛) + 𝑒(𝑛)

𝑀−1

𝑚=0

 (3.8) 

where 𝑦(𝑛)  are the measured flow values 𝑉̇(𝑛), the parameters 𝑎𝑚  correspond to the 

individual Volterra kernels, 𝑝𝑚  is related to the input 𝑃(𝑛) including higher order and 

cross-term multiplications, and 𝑒 is the error. First, 𝑝𝑚 was computed from 𝑃(𝑛) and was 

used to construct orthogonal functions via a modified Gram-Schmidt procedure [89]. These 

orthogonal functions were then used in a least square fit and the 𝑎𝑚 values were calculated 

through a recursive procedure. The 1-D matrix 𝑎𝑚 contains all kernel values arranged from 

the lowest to the highest order (i.e. 𝑎𝑜 is the zero-order kernel) [83,88]. For a 3rd order 
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Volterra series, the zero-order kernel ℎ0 is a single value, the 1st order kernel ℎ1 is a 1-D 

matrix of size 𝑀, the 2nd order kernel ℎ2  is a 2-D symmetric matrix of size 𝑀 x 𝑀, and the 

3rd order kernel ℎ3 is a 3-D matrix of size 𝑀 x 𝑀 x 𝑀. Any non-zero elements from  ℎ2 and 

ℎ3 signify nonlinearity due to interactions between 𝑃 terms. 

The main difference between the system identification techniques embodied in Eq. 

3.1, Eq. 3.3, and Eq. 3.7 is that the first is a linear parametric model without memory and 

with parameters that can be related to physical quantities such as radius and length. The 

second approach is nonlinear and nonparametric but without memory while the last one 

also has memory, is nonlinear and nonparametric. Thus, the parameters in Eq. 3.3 and Eq. 

3.7 have no direct physical interpretation.  

We used the fitting parameters identified in Eqs. 3.1, 3.3, and 3.7 to predict flow 

( 𝑉̇𝑓𝑖𝑡 ) from 𝑃  for comparison to 𝑉̇  recorded by the ventilator. This comparison was 

quantified by the adjusted coefficient of determination (𝑟̅2) given by: 

 
𝑟̅2 = 1 −

𝑁 − 1

𝑁 − 𝑐 − 1

∑ (𝑉̇𝑓𝑖𝑡(𝑖) − 𝑉̇(𝑖))2𝑁
𝑖

∑ (𝑉̇(𝑖) − 𝑉̅̇)2𝑁
𝑖

 (3.9) 

where 𝑐 is the number of coefficients (equal to the number of parameters in the parametric 

and polynomial fits or the number of unique kernels in the Volterra series) and the bar 

above 𝑉̇  denotes the average. Finally, to confirm that the improved Volterra series 

performance is due to their enhanced ability to describe dynamic systems rather than noise, 

we applied a simple cross-validation exercise for all 3 techniques in which we fitted half 

the data and used the other half for validation and compared the 𝑟̅2 values as well. 
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3.2.4 Common mode rejection ratio 

The CMRR of the differential pressure transducer connected to the flow sensor was 

determined using composite volume perturbations containing 5 frequencies (2, 5, 11, 19 

and 31 Hz) based on the non-sum non-difference criterion [90] with peak-to-peak 

amplitudes of 2 and 4ml/kg. The two ports of the differential pressure transducer in each 

configuration were exposed to the same dynamic pressure excursions while a separate 

pressure transducer measured these pressure excursions relative to atmosphere (𝑃1). Using 

𝑃1 and the measured differential pressure across the sensor (𝑃2), CMRR was calculated as 

a function of frequency (𝐹): 

 
𝐶𝑀𝑅𝑅(𝐹) = 20 log10 [

𝑃1(𝐹)

𝑃2(𝐹)
] (3.10) 

where 𝑃1(𝐹) and 𝑃2(𝐹) are the Fourier transforms of 𝑃1 and 𝑃2 respectively. 

3.2.5 Mouse experiments 

The experimental protocol was approved by the Institutional Animal Care and Use 

Committee of Boston University. The flow sensor was used in two sets of experiments to 

evaluate its performance. Before each experiment, the ventilator together with the flow 

sensor and tracheal cannula attached were calibrated for their combined internal airflow 

resistance, inertance and gas compressibility. Mice (C57BL/6) were anaesthetized with an 

intraperitoneal injection of Nembutal (80 mg/kg). Depth of anesthesia was confirmed by 

absence of response to toe pinch. Mice were then tracheostomized and attached to the 

ventilator.  

In one set of experiments, and after a period of ventilation, the spontaneous 
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breathing patterns of two anesthetized mice (both weighing 23 g) were recorded for up to 

2 minutes. Tidal volume (VT), respiratory frequency (FR) and their product, minute 

ventilation (MTV), was calculated for every breath from the recorded signals. In a second 

set of experiments, mice (n =5, 29.8±2.0 g) were ventilated at 8 ml/kg using variable 

ventilation (VV) such that each breath delivered a different VT with its FR adjusted so that 

MTV remains the same for every breath. VT was selected randomly from a power-law 

distribution as described previously [47]. After delivery of 10 min VV, mice were 

disconnected from the ventilator and the lungs were lavaged with 0.1 ml warm phosphate-

buffered saline (PBS) instilled into the trachea. VV was then resumed with the same 

settings for 20 min.  In order to assess the ventilator’s ability to deliver the prescribed tidal 

volume per weight (8 ml/kg), the mean value of VT (𝑉̅𝑇), computed by the sensor during 

VV before and after lavage, was compared to the prescribed VT (VP).  

It is worth pointing out that the purpose of the lavage was two-folds. First, it was 

used to assess our flow sensor’s ability to measure small flows, and second, to capture 

changes in respiratory resistance and elastance in an ARDS mouse model using our novel 

strategy, ZVV, which is the topic of the next chapter.  

3.2.6 Data analysis 

All data analyses were performed using MATLAB. A paired t-test was used to 

assess the effect of lavage treatment on 𝑉̅𝑇. Individual VT measurements before and after 

lavage were compared using the rank-sum test. Statistical significance was accepted at p < 

0.05. 
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3.3 Results 

3.3.1 Dynamic response 

The pressure-flow characteristics of the flow sensor were well characterized both 

parametrically (𝑟̅2=0.9591) and nonparametrically (𝑟̅2=0.975, 0.977, and 0.994 for the 1st, 

2nd, and 3rd order respectively and 0.9147 for the polynomial fit) as illustrated in Figure 3-

2. For the parametric fit, the values of 𝑅𝑆 and 𝐼𝑆 were 0.5758 cmH2O.s.ml-1 and 0.0015 

cmH2O.s2.ml-1, respectively. For the 3rd order nonparametric polynomial fit, the values 

of  𝑐1 , 𝑐2 and  𝑐3  were 1.7920 ml.s.cmH2O
-1, 0.00224 ml.s.cmH2O

-2, and -0.0193 

ml.s.cmH2O
-3 respectively. For the 3rd order Volterra fit, ℎ𝑜 was equal to 0.4914 ml.s-1 

while ℎ1was given by the vector of values (0.654, 1.390, -0.598, 1.601, 1.273, 0.2832) 

ml.s-1cmH2O
-1 where the 1st component in this vector is ℎ1(1). The fact that ℎ1(1) is 

smaller in magnitude than several other components signifies that flow depends much more 

on some previous 𝑃 values than on the current one. The ℎ2 values are shown in Figure 3-

3A, and a selected slice for ℎ3(𝑖1, 𝑖2, 6), where 𝑖1 and 𝑖2 vary from 1 to 6, are shown in 

Figure 3-3B. The contour plots in Figure 3-3 demonstrate two main features. First, there 

are high absolute kernel values along the main diagonal that reflect a nonlinear dependence 

of flow on the current and previous pressure values individually (i.e., without cross-

interactions). Second, there are also high absolute kernel values off the main diagonal with 

values comparable to those on the diagonal, showing that flow has a nonlinear dependence 

on cross-interactions between both current and past values of pressure. The values of these 

kernels are presented as supplementary data in Table A-4 (Appendix A).  
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Figure 3-2: Sensor’s dynamic response. Ventilator (circles) and fitted flow (lines). The 

parametric fit (dashed light gray), polynomial fit (dashed dark gray) and the nonparametric 

fits (medium gray, dark gray and black solid lines) captured the prescribed flow well. The 

fits of the Volterra nonparametric model were slightly better with higher adjusted 𝒓̅𝟐 values 

(>0.97) compared to 0.9591 for the parametric model and 0.9147 for the polynomial model. 

The parametric and polynomial model fits tended to overshoot or undershoot the actual data 

at the extremities, and observing the insets, the 3rd order Volterra series (solid black line) was 

the most accurate in following the actual data. One second of the total 16 second signal is 

shown.  
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Figure 3-3: Kernel contour plots. Contour plots for 2nd order kernels (𝒉𝟐) (Panel A) and a 

selected slice of the 3rd order kernels (𝒉𝟑(𝒊𝟏, 𝒊𝟐, 𝟔)) (Panel B). The Volterra kernels are 

symmetric ( 𝒉𝟐(𝒊𝟏, 𝒊𝟐) = 𝒉𝟐(𝒊𝟐, 𝒊𝟏)  and 𝒉𝟑(𝒊𝟏, 𝒊𝟐, 𝒌 = 𝟏: 𝟔) = 𝒉𝟑(𝒊𝟐, 𝒊𝟏, 𝒌 = 𝟏: 𝟔)  as can be 

seen using identity line (black dashed line). The contour plots show the extent of nonlinear 

behavior within the system. For instance, the current flow value highly depends on the square 

of the 3rd and 4th previous 𝑷 values since the contour shows high kernel values at that location 

𝒉𝟐(𝟒, 𝟒) and 𝒉𝟐(𝟓, 𝟓) respectively. The absolute values of 𝒉𝟐(𝟓, 𝟒) and 𝒉𝟐(𝟒, 𝟓) are also high 

and the current flow value has high nonlinear dependence on the kernels and thus the 

interaction of the 3rd and the 4th previous 𝑷 values. Similarly, 𝒉𝟑(𝟑, 𝟑, 𝟔) and 𝒉𝟑(𝟒, 𝟒, 𝟔) show 

a cubic flow dependence on the 2nd and 3rd previous 𝑷 values, respectively, while 𝒉𝟑(𝟑, 𝟒, 𝟔) 

and 𝒉𝟑(𝟒, 𝟑, 𝟔) show a nonlinear dependence of flow on the interaction of the 2nd  and 3rd  

previous 𝑷 values with the previous 5th 𝑷 value (since 𝒌=6). Kernel values are presented in 

Table A-4 (Appendix A).  
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When cross-validation was applied using the 1st, 2nd, and 3rd order Volterra series, 

the 𝑟̅2 on the first half of the data were equal to 0.9771, 0.9786, and 0.9953, respectively. 

The same respective 𝑟̅2 values during the prediction on the second half of the data were 

0.9717, 9723, and 0.9886. As expected the latter values are slightly smaller than the former; 

however, these 𝑟̅2 values are still close to 1. More importantly, they exceed the 𝑟̅2 of the 

other fitting techniques following cross-validation: for the parametric fit, the fitting 𝑟̅2 was 

0.9597 while the validation 𝑟̅2  decreased to 0.9586 whereas for the polynomial the 

𝑟̅2 slightly decreased from 0.9147 to 0.9145. 

Figure 3-4 demonstrates that the CMRR of the differential pressure transducer 

combined with the flow sensor was above 40 dB at and below the mouse’s breathing 

frequency (1-5 Hz) [91]. Furthermore, the results for 2ml/kg and 4ml/kg are virtually 

identical throughout the frequency range indicating that CMRR is independent of the 

delivered tidal volume.  

 



28 

 

 

 

Figure 3-4: Sensor CMRR. CMRR as a function of frequency at 2 (black) and 4 (gray) ml/kg 

tidal volume using a composite volume perturbation containing 5 frequencies between 2 and 

31 Hz. The curves represent the CMRR of the differential transducer connected to the sensor 

and the amplifier. 
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3.3.2 Mouse experiments 

Figure 3-5A shows examples of volume recorded from two spontaneously 

breathing anaesthetized mice following a period of ventilation. The total number of cycles 

were divided into groups consisting of 13 consecutive breaths and for each group the 

average values for VT, FR, and MTV are plotted as functions of time in Figures 3-5B, 3-5C, 

and 3-5D respectively. Both mice showed increasing VT over time; however, FR in mouse 

2 was fairly steady whereas FR in mouse 1 displayed a sudden decreasing trend after 1 min. 

This resulted in a plateau in MTV in mouse 2 whereas FR continuously increased in mouse 

1.  

In the mechanically ventilated mouse experiments, the natural breathing pattern of 

the mouse was overridden by the ventilator. Figure 3-6 shows an example of the measured 

VV pattern in a mouse highlighting breath-to-breath variability of both VT and FR. Table 1 

shows the statistics on 𝑉̅𝑇 primarily indicating its deviation from VP and the ventilator’s 

inability to deliver the prescribed volume in both healthy and injured lungs. Thus, 

generally, the delivered VT was considerably lower than the prescribed in all mice both 

before and after lavage. Furthermore, there was an additional discrepancy in comparing V̅T   

before and after lavage. Four out of the five mice showed a decreased VT after lavage 

compared to before lavage and this was statistically significant in three mice. 

At the end of the experiments, the mice responded to the toe pinch test and 

spontaneous breathing was observed due to chest wall movement suggesting that the sensor 

was tolerated and the data collected is viable for analysis. 
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Figure 3-5: Measurements during spontaneous breathing. A) Two seconds of measured tidal 

excursions. Time analysis results for B) tidal volume, C) respiratory frequency, and D) 

minute ventilation. Every time point represents the mean and standard error of 13 

consecutive breaths. The volume was obtained by integration of the estimated flow. 
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Figure 3-6: Measured lung volume changes during mechanical ventilation. The flow sensor 

was able to continuously record the flow waveform data. Shown is a 2 second demonstration 

of a measured variable ventilation pattern in which the tidal volume delivered changes with 

every breath. The tidal volume as well as the breath duration of two cycles are shown (gray). 

A larger tidal volume (0.14 ml) is delivered during a longer time (0.234 s) compared to a 

smaller tidal breath (0.11 ml) delivered in a shorter period (0.186 s). However, the minute 

ventilation (Tidal Volume/Breath Duration) for the two breaths is the same (0.59 ml.s-1). The 

volume was obtained by integration of the estimated flow. 
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Table 3-1: Statistical Comparison on VT before and after lavage.  

n w Vp  

VT Before Lavage VT After Lavage 

p 
𝑽̅𝑻  rV Mn 25% 75% 𝑽̅𝑻  rV Mn 25% 75% 

1 33.6 0.27 0.12 44 0.109 0.094 0.130 0.11 42 0.107 0.090 0.127 <0.001 

2 27.8 0.22 0.16 71 0.149 0.130 0.172 0.16 70 0.147 0.127 0.172 0.1094 

3 28.9 0.23 0.14 60 0.127 0.112 0.149 0.14 61 0.132 0.114 0.155 0.0017 

4 29.7 0.24 0.15 65 0.144 0.128 0.167 0.15 62 0.138 0.119 0.164 <0.001 

5 28.7 0.23 0.15 67 0.143 0.124 0.165 0.15 65 0.140 0.120 0.166 0.0141 

n: mouse number, w: weight (gm), Vp: prescribed tidal volume (ml), 𝑉̅𝑇: mean tidal volume (ml),  

rV= 𝑉̅𝑇/ Vp (%),  Mn: median, p: p-value (rank-sum). 
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3.4 Discussion 

The aim of this study was to design, model, and test a simple 3-D printed flow 

sensor.  The design is easily adjustable, scalable, and rapidly printable through the use of 

3-D printing technology allowing researchers to optimize the design based on their needs, 

available tools, and the specifications of their equipment (i.e., transducer sensitivity). More 

importantly, the Volterra approach provides an accurate and general characterization of the 

behavior of the sensor, allowing tracheal airflow to be measured in living mice.  

3.4.1 Dynamic response 

The sensor displayed dynamic nonlinear behavior (Figure 3-2) which explains why 

the selected nonparametric Volterra series outperformed the parametric and the polynomial 

models as demonstrated by the higher 𝑟̅2 values. Despite the fact that the 𝑟̅2  values are 

close to each other, the insets in Figure 3-2 reveal that the 3rd order Volterra series best 

recapitulates the actual ventilator data and thus provides the most accurate flow 

measurements. The improved accuracy justifies the addition of extra parameters in the 

model. Furthermore, the application of cross-validation also yielded higher 𝑟̅2 values for 

the Volterra series demonstrating that the added accuracy is attributed to the enhanced 

description of system dynamics. 

The nonparametric fitting with memory is a significantly more complicated 

procedure; however once implemented, it can improve the quality of the measurements 

through two mechanisms. We can use the kernels to try and improve the fit by using longer 

memory for the same order or using a higher order of the same memory. These decisions 

can be based on the kernel values. For instance, ℎ2(5,5) is equal to -11.95 but it drops 
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down an order of magnitude to -1.88 at ℎ2(6,6) which represents the highest 2nd order lag. 

On the other hand, the value of ℎ3(4,4,6) is two orders of magnitude higher than that 

of  ℎ3(6,6,6) . This suggests that increasing memory may not increase in accuracy 

significantly. Alternatively, the relatively large absolute 3rd order kernel values at low lags 

suggest that increasing the order has a larger effect than memory. Another advantage of the 

nonparametric fitting is that it requires no assumption for an a priori system structure. The 

kernels can account for many factors without having to consider the many possible model 

parameter structures. In short, for nonphysiological system identification, there is no need 

to interpret the parameters and/or assume any structure and thus nonparametric 

identification is a feasible option to obtain a more accurate system characterization than 

using parametric fitting. 

Concerning the flow sensor’s calibration and since the volume delivered is load 

dependent, our data suggest that the volume delivered to the flow sensor is not the same as 

the prescribed one. This, however, should not affect the calibration of the flow sensor since 

it was done in an open system and any load dependence mostly influenced by the compliant 

loads rather than resistive ones. More importantly though, the actual fitting used the 

calculated volume rather than the theoretical one and thus load dependence of the ventilator 

should be accounted for.  

The general trend regarding the delivered VT is in agreement with Thammanomai 

et al. [81] who showed that the ventilator’s delivered volume is less than the prescribed 

one due to load dependence. This indicates that the actual delivered VT depends on the 

animal’s response to a given treatment based on a change in its mechanical impedance. 
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However, there was only a slight drop following lavage, the largest being -4.43% in mouse 

4. To unravel this discrepancy, assessing respiratory mechanics using the novel strategy 

detailed in the next chapter, we calculated the respiratory resistance (RRS) and elastance 

(ERS) values from which we obtained the magnitude of the complex respiratory system 

impedance (|ZRS|) at the breathing frequency (~4Hz). Before lavage, the mean and standard 

deviation were RRS: 2.31±0.36 cmH2O.s.ml-1, ERS: 38±3.1 cmH2O/mL, and |ZRS|: 2.74±0.84 

cmH2O.s.ml-1. Following lavage, these values were RRS: 2.23±0.18 cmH2O.s.ml-1, ERS: 

49±1.9 cmH2O/mL, and |ZRS|: 2.89±0.35 cmH2O.s.ml-1. Thus, even though ERS increased 

by 29% due to lavage, |ZRS| increased by only 5.5% since it is more dependent on the 

changes in RRS (-3.5%) at around 4Hz.  Furthermore, to briefly reiterate the findings by 

Thammanomai et al. [81], we applied the same composite signal perturbation used to 

calculate CMRR with different loads (no load, 9, 18, and 27 ml syringe). With increasing 

load, there was an evident dependence of reduced volume delivery. (Figure A-1, Appendix 

A) 

CMRR arises from asymmetries in the flow sensor and/or the differential pressure 

transducer, amplifier, and the magnitude of flow sensor resistance [92,93]. CMRR is 

highest when the resistance of the flow sensor is comparable to or higher than the 

impedance of the subject and when asymmetry is most pronounced. In our application, due 

to 1) the low resolution of 3-D printing (0.1 mm) compared to the tubing dimensions 

connecting the sensor outlets with the transducer ports, 2) the comparable values between 

the flow sensor and mouse resistance, and 3) the large pressure range of the pressure 

transducer (requiring an amplifier and making the system more susceptible to noise), the 
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CMRR is likely more dependent on the transducer (asymmetrical structure and range), 

tubing and the amplifier characteristics. Thus, in general, any improvements to CMRR 

would require selecting an amplifier-transducer system with proper range and high CMRR 

and minimizing the length and asymmetry of the flow sensor outlets and the associated 

tubing.  

The current CMRR of our sensor is within acceptable limits. Peslin et al. [93] 

addressed the issue of minimizing human impedance measurement errors obtained by the 

FOT [29] waveform with a maximum frequency range of 30 Hz. For impedance 

measurements, the best available transducer had a CMRR of 70 dB at a frequency of 30 

Hz, and they recommended a minimum CMRR of 40 dB at 30 Hz or the highest frequency 

of interest [93]. The calculated CMRR values from our setup were less by around 10 dB 

than the minimum threshold. However, the flexiVent system is generally used to probe 

impedance only up to 20 Hz at which our CMRR is 35 dB and for the purposes of tracking 

flow during ventilation at the ventilation frequencies between 1 and 5 Hz [91], the CMRR 

is above 40 dB (Figure 3-4). If further accuracy is required particularly for impedance 

measurements, Farré et al. [92] proposed a general technique to correct for transducer 

asymmetry for linearly behaving transducers which resulted in a maximum error in 

measured respiratory mechanics (resistance, inertance, and compliance) of 4%. Even 

without the correction, for a CMRR of 40 dB and a respiratory to pneumotachograph ratio 

of 5 (close to our design), the percent error in measured impedance is less than 5% [92]. 

However, more interestingly, it is actually possible to use the Volterra series to account for 

the transducer’s asymmetry and thus correct for flow regardless of the CMRR. This 
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technique is also independent of any linearity assumption. To exemplify, we corrected the 

transducer’s measured pressure by fitting/matching it to 𝑃 through using Volterra series. 

Then the corrected pressure was used to measure a corrected flow. With a Volterra series 

of order 1 and memory 6, the corrected flow has an 𝑟̅2 of 0.9335 in comparison to the 

unadjusted flow (𝑟̅2=0.685). (Figure A-2, Appendix A). Thus, the Volterra series can 

account for all system nonlinearities regardless of transducer characteristics. However, this 

calibration should be carried out every time the setup is changed (i.e., transducer, sensor, 

or tubing). 

One limitation of the current sensor design which affects its practicality is the 

resolution of the 3-D printer. Since in our case the resolution was 0.1 mm and the inner 

core diameter was 0.5 mm, it was necessary to calibrate every sensor individually. The best 

currently available 3-D printers have resolutions as low as 0.02 mm which would give a 

15% error in the theoretical value of the sensor’s resistance. 

Another limitation of the flow sensor is related to its effect on the natural mouse 

breathing physiology. Since a ventilator was used in the experiments, any effect of the 

sensor on the mouse’s breathing pattern was overridden. Thus, the physiological effects of 

the flow sensor on breathing need to be examined without using the ventilator. As a 

preliminary test, expired CO2 levels were recorded for around a minute in a mouse 

following tracheostomy and cannulation. A T-tube was secured to the cannula with the side 

port attached to a capnometer (MicroCapStar, CWE Inc, Pennsylvania) and measurements 

of CO2 was carried out with and without the flow sensor connected to the other end the T-

tube. In the absence of the flow meter, %CO2 varied between 3.1 and 3.8% whereas in the 
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presence of the flow meter, %CO2 was between 2.7 and 3.3% (Figure A-3, Appendix A). 

These values are somewhat under the normal range of 4.0-5.5% [94] possibly due to the 

anesthesia and/or the resistance of the endotracheal tube, which we estimated to be 0.4 

cmH2O.s.ml-1, a value surprisingly close to RS. Thus, while our %CO2 values can be 

considered acceptable, further tests may be warranted if the flow sensor is to be used 

without ventilator support. 

3.4.2 Mouse experiments 

The flow sensor was used to properly predict flows continuously, whether for VV 

or spontaneous breathing in the mouse experiments, for the total experimental time, and 

across the range of collected physiological mouse flow values. However, more importantly, 

this ability to monitor continuously, revealed a considerable discrepancy between VP 

and V̅T which has important implications for ventilation studies. It reveals that in general 

experimental settings, V̅T  could be significantly different than VP and the control and 

treatment groups may in fact receive different VT’s. The former could be expected since 

ventilator never delivers the prescribed volume exactly due to gas compression in the 

cylinder. Corrections for gas compression can be made, in principle, but the flow sensor is 

able to measure the delivered volume directly, which has the advantage of avoiding errors 

and nonlinearities in the ventilator’s calibration. This is further justified since most 

ventilators assume linear behavior when they calibrate for system properties (gas 

compliance, resistance and inertance); however, these could have some degree of 

nonlinearity especially when the flow sensor itself and the cannula are nonlinear. 

More problematic though is the difference in V̅T  between groups. This can 
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adversely alter the experimental outcome either by reaching a wrong conclusion or missing 

a treatment’s beneficiary effect. For example, unnoticed reduction in VT due to the load 

dependence of the ventilator was shown to severely compromise lung function leading poor 

survival of mice with acute lung injury [81]. Our flow sensor can provide assistance to 

avoid such pitfalls by reducing both inter- and intra-group variabilities. First, it can be used 

post experimentally to verify that groups received the same or the desired VT further 

strengthening any observation. Second, it can help researchers characterize a flow-load 

characteristic curve for their ventilators (along with any external connections) to correct 

for ventilator-load dependence. Third, it can also be a helpful tool when used as an online 

feedback mechanism to adjust the ventilator settings such that the delivered and prescribed 

settings match as the experiment is being conducted.  

An additional benefit is the ability to monitor expiratory flow rates and determine 

if the subject is fully exhaling. If that is not the case, auto positive end-expiratory pressure 

(PEEP) might buildup altering the delivered flow and final outcome. This is critical in 

ventilator-induced lung injury models where unknowingly adding PEEP misleads to 

interpretations of the injury mechanism. 

3.5 Conclusion 

We have shown that nonparametric nonlinear system identification with memory 

(Volterra series) can be effectively utilized in a rapidly fabricated 3-D printed 

pneumotachograph-type flow sensor that provides accurate measurements of air flow in 

small experimental animals allowing researchers to monitor flow continuously, correct for 

any nonlinear system dynamics, and provide better experimental control. The current 
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device is designed specifically for and well tolerated by ventilated mice, but the design can 

be readily adjusted to accommodate other rodents. 
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Chapter 4: ZVV 

4.1 Introduction 

The ability to measure continuously pressure (P) and flow (𝑉̇) recordings during 

variable ventilation (VV) allows us to utilize VV’s inherent potential to measure 

respiratory system impedance (ZRS). The essence of VV is that physiological values of tidal 

volume (VT) and respiratory frequency (FR) vary on a breath-by-breath basis. Since each 

breath has a distinct amplitude/VT and frequency/FR, over a long enough time period, VV 

actually probes the lung at multiple frequencies and amplitudes. We hypothesized that the 

variations in VT and FR present in VV can be utilized to assess the low-frequency features 

of ZRS. To test this hypothesis, we first, analyzed VV data collected previously in human 

patients with mild ARDS. Second, to verify the accuracy of the approach under precisely 

controlled conditions, we applied ZVV to ventilated healthy mice followed by lavage as a 

model of ARDS. Finally, to assess whether ZRS from ZVV is prone to transient effects due 

to the breath-to-breath variations present in VV, we simulated lung mechanics during VV 

and compared the ZVV-based estimates of ZRS from non-steady-state recordings to 

theoretical steady-state values.  

4.2 Methods 

4.2.1 Measurement of ZRS during VV: the ZVV technique 

The steps involved in the ZVV approach are as follows: 

 The subject is ventilated using VV. 

 Breath-by-breath 𝑉̇ and P recordings are stored for processing. 
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 The beginning and end of every breath are determined and each breath is analyzed 

separately. 

 VT and FR of each breath delivered by the ventilator are calculated.  

 ZRS is calculated for each breath by dividing the discrete Fourier transform of ∆P, 

the pressure difference between absolute airway pressure and the positive end-

expiratory pressure (PEEP), with that of 𝑉̇ . 

 Values of respiratory resistance (RRS) and elastance (ERS), or volumetric stiffness, 

are evaluated as the real part of ZRS and the imaginary part of ZRS multiplied with -

2πFR, respectively, at FR. 

 The data are filtered by setting a minimum and maximum for FR, RRS, and ERS and 

excluding values outside the range due to systematic and random errors 

corresponding to faulty breath detection, nonphysiological values, or patient 

respiratory effort. 

 RRS and ERS are binned according to FR. For each bin, RRS and ERS values that are 2 

standard deviations away from the mean are removed. The means and deviations 

of RRS and ERS are then recomputed. 

 The binned RRS and ERS spectra represent the low-frequency mechanical properties 

of the respiratory system for the time interval during which the subject is ventilated 

with VV. 

 In a similar fashion, RRS and ERS are binned as a function of VT. 

 Changes in mechanical function with respect to different time periods (T) can be 

obtained by segmenting the total VV data into different time segments (T1, T2…).  
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 In order to capture the VT, FR, and T dependence of the mechanical properties, RRS 

and ERS are plotted against various combinations of the bins within each time 

segment.  

4.2.2 Human clinical trial 

Previously collected patient data was analyzed using ZVV (see biographic data of 

all patients in Appendix B.1, Table B-1). The protocol to ventilate patients with VV was 

approved by the FDA and the IRB of Boston University School of Medicine. Five male 

patients with mild ARDS were mechanically ventilated using a modified ventilator capable 

of delivering VV (Puritan Bennett 840 Ventilator, Covidien. Ireland, Dublin). The system 

consisted of a laptop to control the desired settings through a custom-designed computer 

program (LabVIEW, National Instruments, Austin, TX), the breath delivery unit of the 

ventilator, and a graphical user interface to monitor the outputs. The ventilation was 

divided into two sections, one with CV and the other with VV delivered in random order 

with a 1 h washout period between them using CV. However, with regard to the objectives 

of the current study, only the VV time domain data are relevant and reported here. At the 

beginning of the VV session, the respiratory therapist set up the baseline ventilation 

parameters including the baseline tidal volume (VT,B) and baseline respiratory frequency 

(FB) based on biometric data and patient condition. The objective was to deliver a range of 

tidal volumes such that the peak inspiratory pressure (PIP) was uniformly distributed 

within a range of ±30% around the mean PIP corresponding to VT,B [46]. This was achieved 

by first delivering 3 cycles with a VT =1.4VT,B and recording airway opening pressure and 

flow in order to obtain a partial pressure-volume (P-V) curve. For each VV cycle during 
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the protocol, a PIP was randomly chosen from this distribution and the P-V curve was then 

used to compute the corresponding VT to be delivered by the ventilator. To maintain 

constant minute ventilation (MTV= FRVT) on a cycle-by-cycle basis, FR was computed for 

each cycle as FR=FBVT,B/VT. Finally, for patient comfort, the inspiratory time was allowed 

to vary only by 10% in each cycle.  

During VV, pressure and flow data were recorded (50 Hz) by the ventilator and 

saved for off-line processing. Following the experiments, the flow tracing was used to 

determine the beginning and end of every breath from which VT and FR were computed. 

The pressure-flow recordings were then split into two equal time periods (T1 and T2), and 

the ZVV analysis described above was separately carried out on the 1st period (T1) as well 

as the 2nd period (T2). The RRS and ERS values in each section were grouped according to 5 

frequency bins allowed by the cycle-by-cycle fluctuations in FR. The RRS and ERS data were 

then plotted for every patient as a function of FR. The full set of data was also binned into 

a low VT (VT,1) and high VT (VT,2) where the maximum VT (𝑉𝑇,𝑚𝑎𝑥) and  minimum VT  

(𝑉𝑇,𝑚𝑖𝑛)  were used to claculate the threshold (
𝑉𝑇,𝑚𝑎𝑥+𝑉𝑇,𝑚𝑖𝑛

2
). Since the recorded time 

periods in some patients were shorter, the criteria set for breath inclusion and the length of 

ventilation used varied among patients: per period, the time interval ranged from 23 

minutes to 64 min of ventilation with the number of breaths between 200 and 900.  

4.2.3 Mouse experiments 

The data collected in the 5 mechanically ventilated mice, described in the methods 

section of chapter 3 (3.2.5), were analyzed via ZVV. As in the human data, the same 
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analysis was carried out both before and after lavage, which reproduces the physiology of 

ARDS in the mouse. The periods T1 and T2 included the first and last 5 minutes of VV, 

respectively. In addition, using all the VV time data before and after lavage separately 

(pooling T1 and T2), the mean values of RRS, ERS, and FR were calculated. The evaluated 

mean of FR was used to calculate the equivalent RRS and ERS from the OVW data (Appendix 

B.2). Then the values obtained from the 4 OVW recordings were averaged and compared 

to the ZVV-derived ones (e.g., ZVV vs OVW).  

4.2.4 Computational study 

The calculation of ZRS with Fourier analysis requires that the measured system is in 

a steady state. However, since both FR and VT vary from cycle to cycle during VV, the 

mechanical state of the respiratory system is also affected by transients. To test how such 

transients influence the estimated values of RRS and ERS using the ZVV approach, a linear 

viscoelastic Kelvin body was utilized to represent the lung (Appendix B.3) [95,96]. The 

mechanical model consisted of a dashpot (R1) in series with a spring (E1) and both in 

parallel with another spring (E2). E2 captures the static elastic property of the lung, while 

R1 in series with E1 accounts for the viscoelastic properties [96]. The parameter values (R1= 

60 cmH2O.s.L-1, E1=20 cmH2O.L-1, and E2=5 cmH2O.L-1) were selected so as to replicate 

the magnitudes of RRS and ERS observed in the human data. The ZVV procedure described 

above was carried out to reconstruct the Kelvin body’s frequency dependent ZRS from the 

simulated VV data. To observe the effects of the transients and breath-to-breath variations 

in FR/VT, a secondary binning was carried on both RRS and ERS. Specifically, after binning 

the data across FR, the RRS and ERS spectra were further binned based on the time difference 
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in periods between consecutive breaths (∆Tb). Based on preliminary results, we introduced 

a correction method to estimate a steady-state pressure difference (∆Ps) between absolute 

airway pressure and the PEEP in order to minimize the effects of transients (Appendix 

B.3). This simple method matched the end-to-end pressure of every breath by removing a 

linear trend. To test the robustness of this correction (Eqs. B.8 and B.9), starting from a 

baseline simulation (sampling frequency = 50 Hz, number of breath = 500 breaths, 10 ≤ FR 

≤ 20 breath/min, MTV=7.5 L/min), an additional 14 sets of simulations were carried out in 

which only one parameter was changed at a time.  For each simulation, the mean values of 

RRS and ERS using both ∆Ps and ∆P were computed and grouped into 8 frequency bins and 

the errors with respect to the Kelvin body (Eqs. B.4 and B.5) were calculated.  

4.2.5 Statistical analysis 

All data analyses and statistical tests were performed using MATLAB R2018b 

(MathWorks, CA). The statistical tests used were MATLAB’s built-in functions. For the 

human clinical trial, to account for the effects of FR, T, and any interaction between these 

factors, a 2-way Anova was applied to the whole data set. For the Anova, the FR bins were 

categorized from 1 to 5 representing the lowest and largest frequency bin center 

respectively, while T was categorized to 1 and 2 to represent T1 and T2, respectively. For 

the mice, a 3-way Anova was used with the additional effect of lavage. Following the 3-

way Anova, a multiple comparison test (Tukey’s honestly significant difference) was used 

to separate the effects of lavage within T. Paired t-tests were used to compare the values of 

RRS and ERS from VV and FOT. Finally, ranksum tests were used to compare VT 

dependence. Statistical significance was accepted at p<0.05. 
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4.3 Results 

4.3.1 Human clinical trial 

The ZVV approach is exemplified in Figure 4-1. Recordings of flow (Figure 4-1A) 

and pressure (Figure 4-1B) tracings of two consecutive cycles from patient 1 were 

analyzed. The recordings were separated into individual breaths and for each breath, the 

respiratory resistance (RRS) and elastance (ERS) were estimated using ZVV as well as via 2 

time domain approaches (Appendix B.4, Figure B-1) that provided similar results to those 

of ZVV.  

The corresponding discrete Fourier transforms are shown in the insets. Using the 

transforms, RRS and ERS can be computed from the complex ratio of pressure and flow, ZRS, 

as the real part and -2πFR times the imaginary part, respectively. Both the full cycle and 

the inspiratory phase only time domain data are also fitted using a 2 element RRS-ERS model 

(Appendix B.4). The corresponding fits are relatively close to each other and so are their 

RRS and ERS parameters displayed in the top right box. 

Applying ZVV to all patients reveals both general trends as well as patient specific 

results within the population (Figure 4-2). For instance, RRS and ERS decreased from the 

first half of the time recording (T1) to the second half (T2) in all patients while the amount 

of drop from T1 to T2 varied among patients. With respect to FR, RRS decreased in all 

patients and ERS was nearly constant in most patients. Also, RRS increased with VT in all 

patients in both T1 and T2, but changes in ERS were patient specific with patients 3-5 

displaying an increase during both T1 and T2. 
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Figure 4-1: Breath detection and ZVV application. A) Flow and B) pressure time series of 

two consecutive cycles with different VT’s from patient 1. Notice that the two breaths are 

different due to VV. The flow is used to detect breath cycles as well as flow peaks, troughs, 

and end of inspiration as shown in the 2nd cycle flow data. The corresponding discrete Fourier 

transforms are shown in the insets. Using the transforms, RRS and ERS can be computed from 

the complex ratio of pressure and flow, ZRS, as the real part and -2πFR times the imaginary 

part, respectively. Both the full cycle and the inspiratory phase only time domain data are 

also fitted using a 2 element RRS-ERS model (Appendix B.4, Figure B-1). The corresponding 

fits are relatively close to each other and so are their RRS and ERS parameters displayed in the 

top right box. 
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Figure 4-2: Human ZVV results (see next page for complete caption). 
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Figure 4-2: Human ZVV results (see previous page for Figure). Analysis results showing the 

binned means and standard errors of RRS and ERS as a function of FR and VT  (bar charts 

insets) for both the first and second halves of the time recording T1 and T2. Notice that the 

lowest FR in patient 2 was greater than the highest FR in all other patients. Note also that the 

error bars are often smaller than the symbols. (*): significance between VT  within same T. (^) 

and (#): significance from T1 to T2 for VT,1 and VT,2 (VT,2> VT,1).   

 

The full statistics, summarized in Table 4-1, show that in all 5 patients, ERS 

decreased significantly with from T1 to T2 (p<10-5). In 4 patients, RRS decreased 

significantly (p<0.005) as a function of T. In all 5 patients, RRS and ERS also exhibited a 

statistically significant frequency dependence. In most patients, RRS and ERS were 

independent of the interaction between FR and T (FR*T). 
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Table 4-1: Summary of human acute lung injury results. 

Respiratory Resistance (cmH2O.s.L-1) 

  T1 T2 
T1 Vs. 

T2 
p-values 

n t nb μ SE nb μ SE ∆ FR T FR*T 

1 107 677 10.8 0.05 688 8.9 0.03 -18.2% <10-80 <10-100 0.022 

2 47 639 8.8 0.05 608 7.6 0.04 -13.2% <10-100 <10-50 0.26 

3 60 327 10.58 0.063 419 10.56 0.054 -0.2% <10-100 0.4 0.71 

4 120 895 10.13 0.028 888 10.07 0.028 -0.5% <10-100 <10-5 0.060 

5 129 482 7.2 0.15 203 4.9 0.23 -31.8% <10-50 0.0049 0.019 

Respiratory Elastance (cmH2O.L-1) 

  T1 T2 
T1 Vs. 

T2 
p-values 

n t nb μ SE nb μ SE ∆ FR T FR*T 

1 107 681 16.1 0.06 683 15.0 0.05 -6.4% <10-10 <10-30 0.0005 

2 47 637 43.6 0.20 603 41.0 0.17 -6.0% <10-150 <10-30 0.020 

3 60 326 17.7 0.07 423 16.9 0.06 -4.6% <10-5 <10-10 0.80 

4 120 900 19.5 0.03 898 18.8 0.03 -3.3% <10-10 <10-30 0.080 

5 129 487 13.8 0.30 199 11.6 0.52 -15.8% 0.0043 <10-5 0.34 

n: patient number, t: time studied (min), nb: number of breath, μ: mean, SE: standard error, 

∆=(T2-T1)/T1. 
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4.3.2 Mouse experiments 

Testing the ZVV approach under controlled conditions revealed qualitatively 

similar as well as mouse specific results when compared to the human data (Appendix B.1, 

Table B-2). Indeed, with increasing FR, RRS decreased slightly, but ERS generally increased 

both before and after lavage (Figure 4-3). With respect to VT, RRS increased while ERS 

decreased both in T1 and T2 before lavage. Following lavage, ERS increased while RRS 

remained subject specific either decreasing or increasing. Interestingly, lavage reversed the 

effect of T: before lavage, ERS increased from T1 to T2, while following lavage, it 

decreased from T1 to T2 (Appendix B.1, Table B-3).  

Next, we compared RRS and ERS from ZVV with those obtained independently using 

the optimal ventilator waveform (OVW, Appendix B.2) forced oscillation technique [97]. 

The means and standard errors of RRS and ERS, in units of cmH2O.s.ml-1 and cmH2O.ml-1, 

respectively, calculated using ZVV were 2.31±0.36 and 38±3.1 before lavage and 

2.23±0.18 and 49±1.9 after lavage. The corresponding values obtained from OVW at the 

mean FR were 0.93±0.33 and 35±0.8 before lavage and 0.96±0.17 and 48±0.7 after lavage, 

respectively. While ERS from ZVV and OVW did not differ, the difference in RRS was 

significant (p=0.036 and p=0.002 before and after lavage, respectively). 
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Figure 4-3: Mouse ZVV results (see next page for complete caption). 
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Figure 4-3: Mouse ZVV results (see previous page for Figure). Analysis results showing the 

means and standard errors of RRS and ERS as a function of FR and VT  (bar charts insets) for 

T1 and T2 before and after lavage. With respect to FR, RRS showed a decrease in all mice, 

while ERS increased in 4 out of 5 mice before and after lavage. With respect to VT, expect for 

mouse 1, RRS increased while ERS decreased significantly with increasing VT both in T1 and 

T2 before and after lavage. Following lavage, ERS increased in all mice while RRS was subject 

specific either decreasing or increasing. However, the effect of T on ERS before and after 

lavage was different (Table B-3). Although the percent changes were small (<10%), they were 

statistically significant in 4 out of 5 mice. (*): Significance between VT within same T. (^) and 

(#): significance between T1 and T2 for VT,1 and VT,2 before lavage. (*) and (˅): significance 

between T1 and T2 for VT,1 and VT,2 after lavage. (<) and (+): significance before and after 

lavage during T1 for VT,1 and VT,2. ( ̶ ̶ )  and (>): significance before and after lavage during 

T2 for VT,1 and VT,2. 

 

 

4.3.3 Computational study 

To quantify the extent to which the transients affected ZVV, we used computational 

modeling summarized in Figure 4-4. There was a systematic error in RRS that increased 

with ∆Tb, the difference in time periods in consecutive breaths, resulting in an 

overestimation at low FR but an underestimation at high FR (Figure 4-4A). The error in ERS 

was much smaller (Figure 4-4B). However, applying our correction for transient pressures 

(∆Ps) drastically reduced the error in RRS (Figure 4-4C) from 19% to -1.9% for an FR close 

to 10 breath/min and from -42% to +1.6% for an FR close to 20 breath/min. Nevertheless, 

ERS was properly estimated using both techniques with an error less than 2% (Figure 4-

4D). The proposed correction similarly reduced the errors when the parameters of the 

model were varied (Appendix B.3, Table B-4). 
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Figure 4-4: Kelvin body simulations. RRS (A) and ERS (B) as a function of FR and ∆Tb, the 

difference in the periods between consecutive breaths (different gray-colored curves). The 

solid dashed line is the theoretical impedance and the solid gray lines are obtained from the 

breath-by-breath ZVV analysis. Curves with different symbols represent cycles 

corresponding to different ∆Tb. The RRS and ERS irrespective of ∆Tb are plotted in the insets 

with and without pressure correction (∆P and ∆Ps, respectively). Percent error are shown 

with respect to theoretical steady-state values for RRS (C) and ERS (D) as a function of FR with 

(∆Ps) and without (∆P) transient pressure adjustment. 
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4.4 Discussion 

In this study we introduced a novel clinical approach, ZVV, for continuously 

estimating a subject’s respiratory resistance (RRS) and elastance (ERS) at physiological 

breathing rates during variable ventilation (VV). ZVV obviates the need for specialized 

FOT equipment or ventilation methods that were developed in the past [3,30,37,90,98] but 

remain impractical and limited during mechanical ventilation of patients. The clinical 

potential of ZVV was demonstrated in human patients with mild ARDS and further 

validated in a mouse model of ARDS, in which ZVV provided a smooth frequency 

response. The RRS and ERS spectra from ZVV were also compared with direct FOT and 

computational modeling verified that a simple pressure correction can avoid errors due to 

transients inherent in VV. Our analysis thus demonstrated that ZVV can accurately detect 

changes in functional lung mechanics even when they are minor. The application of ZVV 

in human ARDS patients provided strong evidence that VV has positive impact on lung 

function in human patients with ARDS. To our knowledge, this is the first report to 

demonstrate VV’s therapeutic potential in human patients. 

Traditional FOT measurements include several breathing cycles and are applied 

only periodically [3,99]. Moreover, in conscious patients, the FOT also requires the patient 

to be cooperative throughout the measurement. Since ZVV is measured utilizing the 

breathing waveform of the ventilator, it estimates the respiratory system impedance under 

more physiological conditions than the small-amplitude FOT. Furthermore, in contrast to 

the FOT and the OVW approaches, ZVV derives the frequency dependence of RRS and ERS 

from hundreds or thousands of breaths with varying FR. Additionally, since ZVV evaluates 
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ZRS only at the fundamental frequency of the ventilator waveform, RRS and ERS are 

minimally affected by nonlinearities that often hinder the FOT to produce smooth 

impedance spectra superimposed on breathing. Finally, binning RRS and ERS according to 

VT also allows studying the effects of system nonlinearities at the physiological breathing 

rates.  

The primary limitation of the ZVV technique is that it requires the subject to be 

mechanically ventilated using VV, and is therefore limited to such patient population. On 

the other hand, a continuous recording of the mechanical impedance can be useful for 

tracking any changes in lung function during any intervention or drug testing. Another 

disadvantage is that each value of RRS and ERS is derived from a single cycle which means 

that in contrast to the FOT, frequency dependence of RRS and ERS cannot be obtained 

quickly.  

During MV the inspiratory cycle is driven by the ventilator, while the expiration is 

a passive process. The ZVV approach, however, analyzes the full breath unlike the FOT in 

which the respiratory system is actively driven throughout the full cycle. In order to 

investigate the extent to which the RRS and ERS values are influenced by passive expiration 

in ZVV, we also determined RRS and ERS in the time domain both from inspiration only and 

the full cycle by fitting the pressure-flow data using a 2-element RRS-ERS in-series model 

(Appendix B.4).  This approach resulted in similar values obtained from ZVV and showed 

similar trends across time (Appendix B.4). 
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4.4.1 Human clinical trial 

From Figure 4-2 as well as Table 4-1, it is observed that the data are smooth with 

small error bars and their quality is sufficient to allow the fitting of parametric models. 

This is because the binning process and the breath selection criteria partition and average 

the data over a relatively long period of time. Thus, abnormal breaths which might have 

been missed by the algorithm or due to the patient’s own attempts to breathe have little 

effect on the final RRS and ERS spectra. As an example, it is worth noting that patient 5’s 

ERS spectrum is least smooth and this may be attributed to the patient-ventilator 

asynchrony. Evidently, for the method to work best, it is important that the patient show 

minimal spontaneous breathing efforts. 

The decrease in RRS and ERS from T1 to T2 in the human data signifies that VV 

induced an improvement in lung mechanics. Nevertheless, some patients showed minimal 

yet statistically significant improvements. Surprisingly, however, RRS in all patients and 

ERS in most patients increased with VT for both T1 and T2. While the increase in RRS can 

be attributed to nonlinear flow dynamics in the airways, the increase of ERS is less expected, 

yet it has been reported previously in human patients [100]. This suggests that some 

recruited regions may have been over ventilated as the higher tidal volumes could reach 

the upper more nonlinear portion of the acinar pressure-volume curve. Regardless of the 

extent of the improvement, the ability to monitor the level of response to treatment or 

changes in ventilation settings provides a quantitative personalized approach to clinical 

ventilation. As Table 4-2 demonstrates, even a small improvement (or deterioration) in 

respiratory mechanics can be detected by ZVV. This can have important implications for 
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the treatment of ARDS patients in clinical settings. Future studies could benefit from this 

technique by tracking the responses to clinical maneuvers in ARDS such as surfactant 

therapy, optimization of PEEP, or altered body position.  

The cause of decreasing RRS and ERS with time signifies the improving condition of 

the patients. We argue that VV itself induced this improvement for the following reasons. 

First, we note that the study was administered when the patients were in a stable condition 

and VV was always preceded by CV. Therefore, while statistically speaking improvement 

and deterioration would be equally likely, all 5 patients showed a decrease in both RRS and 

ERS. Second, VV has shown several benefits experimentally in both healthy and diseased 

animal models [47–60] and clinically in humans [61–63], not including though ARDS 

patients. The present results provide evidence that VV also improves lung physiology in 

human patients with mild ARDS. To our knowledge, only one study applied VV in human 

subjects during abdominal surgery which did not result in any physiological improvement 

[101]; however, the subjects had normal lungs and the results are similar to our mouse data 

before lavage. Another possibility is that the ventilation time and/or settings were not 

adequate for improvements to occur.  

With the application of our technique, the utility of VV is extended from a potential 

ventilation strategy to treat patients to a powerful diagnostic tool as well. This is not the 

first study to propose VV as a diagnostic tool. Smith & Bates [64], through the use of 

modeling, demonstrated that the breath-to-breath variations inherent to VV are adequate 

for a numerical optimization algorithm that captures the dynamics of lung recruitment and 

derecruitment in healthy and injured mice. Their findings support the ability of VV to 
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identify the extent of lung injury in ARDS. The real-time coupling of such models with 

ZVV could provide further insight on lung mechanics as well as better optimized 

ventilation settings.  

4.4.2 Mouse experiments 

Thammanomai et al. [56] reported that ERS remained fairly constant during VV 

while it linearly increased with time during CV in mice subjected to acute lung injury via 

HCl instillation. Our findings are in agreement with those of Thammanomai et al. [56]. In 

particular, they showed that ERS remained fairly constant after ~15 minutes of VV. Figure 

B-2 (Appendix B.4) plots the ZVV time binned data before and after lavage. Furthermore, 

as observed in their experiments, our data show that ERS reached a plateau only after lavage 

and specifically after about 5 minutes of ventilation in mice 1, 2 and 5. More importantly, 

there is a minor but statistically significant improvement from T1 to T2 after lavage 

(Appendix B.1, Table B-3). Unlike the human data, the therapeutic effects of VV are more 

apparent in mice since before lavage there was a slight increase in ERS attributed to 

progressive derecruitment; however, following lavage, there was a decrease indicating VV-

induced recruitment. Similar to the human patients, RRS mainly increased with increasing 

VT. However, opposite to the human data, ERS decreased with increasing VT suggesting in 

this case either alveolar recruitment or inverse tidal volume dependence [102,103]. 

We also found differences between RRS and ERS from ZVV and OVW; however, 

only the former was significant. The OVW provides an instantaneous result whereas the 

ZVV produces an average over many breaths. A more likely reason for the observed 

difference in RRS is due to how nonlinearities contribute to the FOT during OVW and ZVV. 
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Data at higher frequencies in the OVW approach are estimated from the small-amplitude 

components of the OVW. In contrast, values from ZVV are obtained at much larger 

breathing amplitudes. This supports the idea that different techniques result in different 

assessments [104] and therefore ZVV might be more precise since it assesses RRS and ERS 

at normal breathing frequencies. 

4.4.3 Computational study 

To test the effects of transients due to the sudden change in VT and FR after each 

breath, a Kelvin body was utilized to represent the lung. The forward simulations revealed 

a difference between the theoretical RRS and the ZVV-derived one. Without accounting for 

the transients, the difference in RRS reached 47% which we attribute to the fact that the 

decay of a transient is more associated with viscous dissipation and hence RRS. After 

accounting for the transients through a simple linear correction in pressure, the error was 

reduced by an order of magnitude. The correction is simple and can be carried out 

automatically. Furthermore, based on our modeling simulations (Figure 4-4A), it can be 

seen that simply discarding those breaths from the calculations that have an FR much larger 

or smaller compared to the previous cycle will significantly reduce the bias due to 

transients. However, for ERS, the difference was consistent and negligible even without 

correction (<2.5 %in either case). Furthermore, ERS is more often used to guide mechanical 

ventilation since it reflects recruited lung [69,105–107]. The frequency dependence of ERS 

in turn can reflect lung heterogeneity [108] which might also provide useful information 

on how to set ventilation parameters. Hence, the frequency spectrum of ERS could be of 

significant relevance to clinicians, while the error in RRS may not be of concern in clinical 
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applications. 

4.5 Conclusion 

We have introduced a novel approach, ZVV, to assess respiratory impedance 

around breathing frequencies in clinically-ventilated patients using variable ventilation. 

This novel method also provided evidence for the first time that VV can improve the lung 

mechanical conditions of human patients with mild ARDS. With the increasing need of 

noninvasive, accurate, clinically-practical, and inexpensive personalized patient 

monitoring, the ZVV approach offers a powerful diagnostic tool for clinicians during VV 

that can simultaneously be therapeutic. 
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Chapter 5: Alveolar model 

5.1 Introduction 

The pressure-volume (P-V) curve of the lung has been one of the most studied 

relationships in lung physiology since the beginning of the field of respiratory mechanics 

[109–112]. Specific features of the P-V curve allows one to infer the possible contributions 

of alveolar recruitment, elastin, collagen and surface tension to lung mechanics in healthy 

as well as diseased lungs [113]. However, to gain specific information on the level of 

stresses and strains of a single fiber within an alveolar wall of one of 480 million estimated 

alveoli [66] undergoing large deformation across a range of pressures is not trivial. In order 

to link microscopic mechanics to macroscopic P-V curves, alveolar geometry, tissue 

constituents and their properties, and the interaction between alveolar units need to be 

considered. The composition of the alveolar septal wall consisting of elastin and collagen 

fibers embedded within a matrix as well as the changes pertaining to each element within 

several diseases such as fibrosis and emphysema are well documented [114–119]. It is 

these components that support the stresses within the alveolar septal wall [118]. In 

particular, alveolar recruitment and elastin engagement is mainly attributed to occur before 

the lower inflection point of the P-V curve. Collagen fibers which are wavy and much 

stiffer displaying nonlinear stress-strain behavior, are assumed to become recruited toward 

the upper inflection point of the P-V curve in order to insure that alveoli do not over expand 

which is the currently accepted view [113,118,119]. However, to our knowledge, there has 

not been any quantitative assessment concerning the role of collagen waviness in alveolar 

mechanics under physiological large deformation. Furthermore, it’s been long known that 
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a spherical balloon under initial tensile stress exhibits a runaway unstable P-V behavior 

[120,121], because as inflation proceeds the volume increases while the pressure decreases. 

Yet it is not understood how the amount, waviness, and stiffness of collagen stabilizes the 

alveoli insuring protection from over distension or alveolar inflation stability, defined in 

this context as the continuous increase in pressure with a plateauing in alveolar volume. 

To address these issues, we developed an analytical model for the P-V curve of a 

spherical thick-walled alveolus with embedded wavy fibers and undergoing large 

deformations. To test the model, we fit a macroscopic P-V curve from the literature. Our 

results suggest separate roles for elastin and collagen in alveolar stresses and pressures and 

a key role for collagen waviness in providing inflation stability at normal lung volumes. 

To further investigate the model-suggested role of collagen waviness in inflation stability, 

waviness was measured in bovine lung tissue. Furthermore, through forward simulations, 

we shed light on how varying model parameters mimicking diseases affects the P-V curve 

with biological implications for using true stress rather than engineering stress. 

5.2 Methods 

5.2.1 Model description 

The model considers a spherical, thick-walled alveolus (Figure 5-1A). During 

isotropic expansion, an arbitrary radius R (𝑅𝑖 ≤ 𝑅 ≤ 𝑅𝑒) from the initial undeformed state 

stretches to a radius r (𝑟𝑖 ≤ 𝑟 ≤ 𝑟𝑒) (Figure 5-1B). Within the alveolar wall, wavy collagen 

fibers and non-wavy elastin fibers are embedded within the matrix (Figure 5-1C and 5-1B). 
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Figure 5-1: Alveolar model description. A) A thick-walled spherical alveolus of initial inner 

and outer radii Ri and Re respectively. B) As the alveolus expands isotropically, its wall 

thickness decreases and the stretched inner and outer radii are ri and re respectively. C) 

Within a plane slicing through the great circle of the sphere, lie the wavy collagen fibers 

(green) and the non-wavy elastin fibers (red) embedded in a matrix (gray). D) The waviness 

of a collagen fiber is defined as its contour length (l) over its end-to-end distance at rest. E) 

As the alveolus expands due to alveolar pressure (Palv), the wavy fibers become less wavy and 

once fully straightened they contribute alongside the already elongated elastin fibers to the 

circumferential stress (σθθ). Note that Palv is equal to the radial pressure (σrr) at ri. 
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In the undeformed state, no stress exists at the level of the fibers or alveolar wall. 

At the onset of expansion due to an alveolar pressure (Palv) relative to the outside of the 

sphere, the elastin fibers instantly elongate and contribute to stress, while the collagen 

fibers become less wavy and only when they are fully straightened do they add to the 

circumferential stress 𝜎𝜃𝜃 (Figure 5-1E). Radial stress 𝜎𝑟𝑟 also builds up within the wall 

and it equals to Palv at the inner radius (ri). 

Let Yc and Ye represent the elastic modulus of collagen and elastin, respectively. 

Defining a total fiber area fraction as the product of fiber number and average fiber cross-

sectional area divided by the alveolar wall cross-sectional area, δA,c and δA,e are the total 

area fractions for collagen and elastin, respectively. We also define the effective fiber 

elastic modulus as Yce = Yc δA,c and Yee = Ye δA,e for collagen and elastin, respectively. 

Collagen fiber waviness (w) is defined as the fiber length divided by the end-to-end 

distance (Figure 5-1D). Collagen fiber minimum and maximum waviness are denoted by 

𝑤1  and 𝑤2. We assume that the waviness within a population of fibers can be described 

by the beta probability distribution function (p) with two shape parameters α and β: 

 
𝑝(𝑤) =

(𝑤 − 𝑤1)𝛼−1(𝑤2 − 𝑤)𝛽−1

𝐵(𝛼, 𝛽)(𝑤2 − 𝑤1)𝛼+𝛽−1
 (5.1) 

where  𝐵(𝛼, 𝛽) is the beta function of two variables (α and β). 

We also introduce the stretch ratio  𝜆 =
𝑟

𝑅
 , the inner stretch ratio  𝜆𝑖 =

𝑟𝑖

𝑅𝑖
 and a 

thickness mapping parameter 𝑆 =
𝑅

𝑅𝑖
 to span across the alveolar thickness such that 1 ≤

𝑆 ≤
𝑅𝑒

𝑅𝑖
= 𝑆𝑒. 
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Based on this description, accounting for mass conservation, and using the 

deformed area in calculating stress, the true circumferential stress in the alveolar wall, at 

any given layer, due to elastin is: 

 
𝜎𝑒,𝜃𝜃(𝜆, 𝑆) = 𝑌𝑒𝑒

𝜆

𝑆
(𝜆 − 1) (5.2) 

whereas the true circumferential stress due to the wavy collagen fibers is: 

 
𝜎𝑐,𝜃𝜃(𝜆, 𝑆) =

𝑌𝑐𝑒

𝐵(𝛼, 𝛽)𝛼(𝛼 + 1)

𝜆

𝑆

𝜆 − 𝑤1

𝑤1
(

𝜆 − 𝑤1

𝑤2 − 𝑤1
)

𝛼

((𝛼 + 1)𝐴1

− 𝛼𝐵1),   𝑓𝑜𝑟   𝑤1 < 𝜆 < 𝑤2 

(5.3) 

 

 
𝜎𝑐,𝜃𝜃(𝜆, 𝑆) =

𝑌𝑐𝑒

𝐵(𝛼, 𝛽)𝛼(𝛼 + 1)

𝜆

𝑆

𝜆 − 𝑤1

𝑤1
((𝛼 + 1)𝐴2

− 𝛼𝐵2),   𝑓𝑜𝑟  𝜆 ≥ 𝑤2 

(5.4) 

where 

 
𝐴1 = 𝐹1 (𝛼; 1 − 𝛽, 1 ; 𝛼 + 1;

𝜆 − 𝑤1

𝑤2 − 𝑤1
, −

𝜆 − 𝑤1

𝑤1
) (5.5) 

 

 
𝐵1 = 𝐹1 (𝛼 + 1; 1 − 𝛽, 1 ; 𝛼 + 2;

𝜆 − 𝑤1

𝑤2 − 𝑤1
, −

𝜆 − 𝑤1

𝑤1
) (5.6) 

 

 𝐴2 = 𝐹1 (𝛼; 1 − 𝛽, 1 ; 𝛼 + 1; 1, −
𝑤2 − 𝑤1

𝑤1
) (5.7) 

 

 𝐵2 = 𝐹1 (𝛼 + 1; 1 − 𝛽, 1 ; 𝛼 + 2; 1, −
𝑤2 − 𝑤1

𝑤1
) (5.8) 

and 𝐹1 is the Appell hypergeometric function of two variables (α and β). 

The total circumferential stress (𝜎𝜃𝜃) is then the summation of the two (𝜎𝜃𝜃(𝜆, 𝑆) =

𝜎𝑒,𝜃𝜃 + 𝜎𝑐,𝜃𝜃). Assuming that no shear stress exists within the alveolar wall and applying 
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the equations of equilibrium, 𝑃𝑎𝑙𝑣 can be computed as: 

 

𝑃𝑎𝑙𝑣 =
2

𝜆𝑖
2 ∫

𝑆2

(𝑆3 + 𝜆𝑖
3 − 1)

1
3

𝜎𝜃𝜃(𝜆, 𝑆)𝑑𝑆

Se

𝑆=1

 (5.9) 

Finally, assuming a finite but thin alveolar wall, the stress across the wall can be assumed 

to be uniform and equal to the mean stress (𝜎𝜃𝜃) evaluated at the middle layer. This reduces 

Eq. 5.9 to the final analytical expression: 

 
𝑃𝑎𝑙𝑣(𝜆𝑖)  ≅ 𝜎𝜃𝜃  [

(𝜆𝑖
3 + 𝑆𝑒

3 − 1)2/3

𝜆𝑖
2 − 1] (5.10) 

while the alveolar volume (Valv) with an initial value Vo is expressed as: 

 𝑉𝑎𝑙𝑣 = 𝑉𝑜𝜆𝑖
3 (5.11) 

Thus to construct an alveolar P-V curve, the final model includes 8 parameters, 6 

parameters related to the fibers (Yce, Yee, α, β, 𝑤1, 𝑤2) and 2 parameters related to alveolar 

geometry (Se and Vo). For a known alveolar geometry, the model reduces to fitting 6 

parameters, the effective elastic modulus for elastin (Yee) and collagen (Yce), the minimum 

and maximum waviness of collagen (𝑤1 and 𝑤2 respectively), and the two beta distribution 

shape parameters (α and β). 

The full derivation of Eqs. 5.1-5.11, which also includes equations for engineering 

stress, uniform fiber distribution, alveolar elastance, and tension, is given in Appendix C.1. 

5.2.2 Data fitting 

In order to find proper parameter values within the physiological range, we first 

fitted experimental data as follows. A healthy adult P-V curve published by Clements et 

al. [122] was fitted using the model Eq. 5.9. The P-V curve was recorded in an isolated 



69 

 

 

lung that was first degassed, inflated to total lung capacity (TLC) then deflated to zero 

pressure and volume. Several mechanisms contribute to the P-V curve [123]. To minimize 

the influence of recruitment and alveolar wall folding, only the deflation limb was used in 

the fitting. Residual volume (RV) was assumed to be equal to the volume at 0 deflation 

pressure. We assumed homogeneity and isotropic expansion of all alveoli. Thus the change 

in alveolar volume over the initial volume (
Δ𝑉

𝑉𝑜
=

𝑉𝑎𝑙𝑣−𝑉𝑜

𝑉𝑜
)  for a single alveolus is 

equivalent to that of the whole lung. Assuming a quasi-steady deflation process, the 

pressure is homogenous throughout the lung.  

A value of 1.05 was used for outer to inner radius ratio (Se) based on the following: 

Gehr et al. [124] measured and reported the air-blood barrier to be around 2.2 μm in 

humans. Mercer et al. [125] later measured this across species showing that it increased 

with body mass with values between 3 to 4 μm for humans. The air-blood barrier which 

consists of the alveolar epithelial cells, interstitium, and endothelial cells is around half-the 

alveolar wall thickness [125]. Thus, the estimated total alveolar wall thickness is between 

4 to 8 μm. At functional residual capacity (FRC), the alveolar radius is around 100 μm 

[66]. RV is around 0.6 times FRC for an adult [126], thus at RV the alveolar radius is 

around 84 μm.  Using an alveolar thickness of 4 um leads to an Se of 1.05. 

To verify that the microscopic values obtained from fitting the macroscopic P-V 

curve are physiologically appropriate, we also verified the model at a much smaller scale. 

In particular, we fitted the model to two stress-strain curves collected by Sugihara et al. 

[127] of lung micro-strips containing only a few alveoli from the lung of a young healthy 

female and an elderly male with obstructive pulmonary syndrome. In this case, we fixed 
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the shape parameters of beta distribution at the values obtained from the P-V curve fit 

assuming no inter-individual variation of the shape of the waviness distribution. However, 

we assumed that the excised tissues lost their in vivo prestrain [113,119] which led to 

higher 𝑤1 and 𝑤2 values without a significant change in fiber effective elastic modulus. 

For fitting the tissue strip stress-strain curves, the equations were adjusted for the case of 

uniaxial stretching (Appendix C.2).  

Finally, after verifying that the data fitting reproduced comparable parameters from 

the P-V and stress-strain curves, we quantified the model’s resulting stress on individual 

fibers as a function of λi (see Appendix C.1 for details) as well as the overall fiber 

contribution to wall circumferential and radial stresses. Then, we related these different 

stresses to Palv. Since the model fitting only provides an effective elastic modulus without 

information on the fiber area fractions, we estimated area fractions from literature. Mercer 

and Crapo [117] reported that volume fractions of collagen and elastin in the human lung 

far from the alveolar duct are around 0.08 and 0.05, respectively. Images from literature  

[117,128] show fibers running almost in parallel to the alveolar wall and thus are of 

comparable length. The area fraction can then be estimated as the volume fraction. 

5.2.3 Sensitivity analysis 

After finding a set of parameters that captured physiological behavior through 

model fitting, we used this set as our baseline values. Each baseline parameter was then 

varied individually in order to investigate its effect on the P-V curve.  We varied the 6 fiber 

parameters, Se, and in one additional simulation, we also varied the minimum and 

maximum waviness of the fibers across the wall thickness. For the latter simulation, instead 
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of keeping 𝑤1 and 𝑤2 constant across the wall thickness (independent of S), we made them 

a function of S (𝑤1(𝑆) and 𝑤2(𝑆)) (see Appendix C.1 for details).  

5.2.4 Alveolar inflation stability 

Guided by the sensitivity analysis, we investigated whether our model shows tensile 

instability, and if so under what conditions. Thus, the baseline P-V curve was plotted to 

higher pressures (~40 cmH2O at ∆V/Vo = 4 or λi=1.71) along with five additional 

simulations using engineering stress, lower Yce, smaller Se ratio, a Gaussian waviness 

distribution with the same waviness range, and a Gaussian distribution with the same 

minimum waviness but different maximum waviness (1.92) such that the modes of the two 

Gaussian distributions were the same (most fibers are recruited at the same time).   

5.2.5 Collagen waviness 

To support our findings which suggest an important role for fiber waviness in 

alveolar inflation stability, we investigated the waviness of collagen in lung tissue. Fresh 

bovine lungs (Research 87 Inc., MA) were obtained and imaged on the same day. Tissue 

samples, with a length and width less than 1 cm and a thickness of a mm, were cut using a 

razor, placed on a cover slip (76 x 24 mm), and glued at the sides without inducing any 

tension in the tissue. The cover slip was previously glued to a 3-D printed rectangular well.  

The well was 86 x 44 x 10 mm in length, width, and depth respectively, and had a cut out 

opening of 66 x 17.5 mm in length and width, respectively, onto which the cover slip was 

glued. The samples were placed in phosphate buffer solution (PBS). Before imaging, the 

PBS around the tissue was eliminated, the well was inverted and oil was placed on the other 
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side (no tissue) of the cover slip for upright microscopy imaging.  If needed, imaging was 

suspended and drops of PBS, via a syringe, were added to assure the samples remained 

moist. 

Imaging of collagen in the bovine lung samples was accomplished through Second-

Harmonic Generation (SHG) imaging with an upright Multiphoton Microscopy (MPM) 

system (Ultima Investigator, Bruker, Billerica, Massachusetts). Details of the MPM system 

are described in detail elsewhere [129]. Briefly, the MPM system consisted of a 

femtosecond tunable laser source (Spectra Physics, Insight DS+, Santa Clara, CA, USA) 

tuned to 1050 nm, providing the illumination light for SHG imaging. The illumination light 

was passed through a Pockels cell (Model 350-80LA EOM, Model 302RM Driver, 

Conoptics, Dan- bury, Connecticut) to control the power of the illumination light at the 

sample. A quarter wave-plate (QWP) (AQWP05M-980, Thorlabs, Newton, New Jersey) 

was placed in the illumination path, circularly polarizing the illumination light to sample 

all possible collagen orientations during SHG imaging. The illumination and SHG light 

paths were coupled through a 60x oil-immersion objective (NA = 1.42, working distance 

= 0.15mm) (Olympus, Tokyo, Japan). A photomultiplier tube (Hamamatsu Photonics, 

R6357, Hamamatsu City, Japan) was used to detect the SHG light through a 525/70 nm 

bandpass filter (Chroma, Bellows Falls, VT, USA). The field of view (FOV) was 156 x 

156 μm (1024 x 1024 pixels), with a sampling resolution of 153 nm/pixel. A Z-stack was 

collected for each FOV. Number of slices per Z-stack and step size varied between 10-15 

slices and 1–2 μm respectively. To reduce noise in Z-stacks every a 2-frame averaging for 

every image was applied. 
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For image analysis, the single images of each Z-stack as well as their max intensity 

projection was loaded into FIJI [130]. An alveolar wall was first located and zoomed into 

view. Then using the images, the fiber was traced using free form fitted to a spline (Figure 

5-2). Every hump consisted of a minimum of 5 points. Then, the arc length across the 

outlined fiber segment was traced using the free form spline fit. By saving these 

measurements and exporting them to MATLAB R2018b (MathWorks, CA), the waviness 

for each fiber, defined as the fiber length over the arc length, was measured. A histogram 

of waviness was created which was fitted with the beta probability distribution function 

(Eq. 5.1). Specifically, 𝑤1 and 𝑤2 were fixed from the experimental findings and the beta 

shape parameter values (α and β) were fitted. 

Finally, we incorporated our experimental findings and fitted again the human P-V 

curve from the literature (Clements et al. [122]). In particular, we fixed the beta shape 

parameter values (α and β) and the range of fiber waviness (𝑤2 − 𝑤1) and optimized 3 

parameters (𝑌𝑐𝑒, 𝑌𝑒𝑒, and 𝑤1). We then compared the 3 new parameter values with their 

previous fitted ones.  
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Figure 5-2: Collagen waviness measurement. SHG image example with fiber tracing. Yellow 

traced lines are drawn over the fiber length and arc length. The former is divided by the latter 

to find the waviness of a single fiber. The inset shows an enlarged section of a selected fiber.  
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5.3 Results  

5.3.1 Data fitting  

Figure 5-3A plots the organ level P-V curve, while Figure 5-3B shows the alveolar 

wall strip stress-strain curves together with the model fits. The beta shape parameters in 

the stress-strain curve fits were taken from the P-V curve fit in Figure 5-3A. In both cases, 

the model provided a good fit of the data with small errors. However, in the case of the 

elderly subject, Yee could not be determined likely because it contributed little to the stress. 

Note that Yce increased and the waviness range decreased in the old subject compared to 

the young. 
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Figure 5-3: Model fitting results. A) Fitting a healthy adult human P-V curve with the six 

estimated parameters and their confidence intervals. Using the estimated beta shape 

parameters, the resulting waviness distribution of collagen is shown in the inset. B) Fitting of 

two alveolar strip stress-strain curves in uniaxial stretch for a young female and elderly male 

using the shape parameters obtained from panel A and the derived uniaxial equations from 

Appendix C.2. The estimated parameters and confidence intervals for each are displayed and 

the percent difference (%∆) from young to old is evaluated. Yce: collagen effective elastic 

modulus. Yee: elastin effective elastic modulus. w1: minimum collagen waviness. w2: maximum 

collagen waviness. α and β: beta distribution shape parameters.  



77 

 

 

Once the model was fit to the macroscopic P-V curve as in Figure 5-3A, it allows 

us to predict microscopic fiber stresses shown in Figure 5-4. For example, during 

spontaneous breathing the trans-alveolar pressure varies between 5 (at FRC) and 10 (FRC 

+ tidal volume) cmH2O at expiration and inspiration, respectively [113]. From Figure 5-

3A, these pressures correspond to ∆V/Vo = 1.55 or λi = 1.36 (Eq. 5.11) and ∆V/Vo = 1.92 or 

λi = 1.43 respectively. Given, the inner stretch ratio, we can find the stretch ratio at any 

internal layer from the conservation of mass (see Appendix C for details) as shown in 

Figure 5-4A. Thus, around normal breathing the stress on the elastin fibers can reach 90 

kPa with small variations across the layers (Figure 5-4B). This value can rise to 120 kPa 

as the lung approaches TLC. In contrast and interestingly, collagen is already recruited 

within that range but at a very low percentage (<10%, Figure 5-4C). Specifically, 

recruitment starts at ∆V/Vo = 0.72 or λi =1.2 and is gradually and slowly increasing across 

the normal breathing pressures. Only beyond that and around λi =1.56 recruitment suddenly 

jumps to near 100% (Figure 5-4C). Furthermore, the recruitment highly depends on the 

location within the wall. For example, at λi =1.6, 100% of the collagen fibers at the inner 

layer are recruited while only 20% are recruited in the outer layer. Figure 5-4D shows the 

stress distribution at λi =1.6 based on the initial collagen waviness distribution (Figure 5-

3A inset). At this stretch ratio, most of the fibers have a stress of 0.4-1 MPa while very few 

can reach to 4.5 MPa.  
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Figure 5-4: Single fiber analysis. A) Due to the spherical geometry alveolar wall layers will 

have different strains resulting in different fiber stresses within each of the three layers 

(inner, middle, and outer layer). B) Elastin fiber stress as a function of inner layer stretch 

ratio (λi). C) Collagen recruitment as a function of λi. D) Collagen stress distribution at λi=1.6.  
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From the fitted parameters, we can also estimate alveolar wall stresses. Figure 5-5 

plots the circumferential and radial alveolar stresses for three different layers (inner, 

middle, outer) as well as the mean. The contribution of elastin and collagen to the alveolar 

tissue stress across different layers is shown separately (rows 1 & 2), and the total alveolar 

values are displayed in the last row with the percent contribution of collagen from the total 

stress for the middle layer displayed at specific inner stretch ratios. In every case, the results 

for the mean and the middle layers are nearly identical. Interestingly, even though elastin 

is neither wavy nor nonlinear its resultant stress is a nonlinear function of the stretch ratio. 

This nonlinearity arises from normalizing the force developed by elastin with the deformed 

tissue area (true stress).  

Finally, we can also relate the alveolar wall circumferential stress and fiber stresses 

to the Palv (Figure 5-6). Interestingly, the findings reveal that the stress increases 

approximately by an order of magnitude from Palv, to alveolar circumferential stress, to 

elastin fiber stress, and to finally maximum collagen fiber stress. 
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Figure 5-5: Alveolar stresses. Rows represent the contribution of elastin (row 1), collagen 

(row 2), and their combined effect (row 3) for the circumferential stress (column 1) and radial 

stress (column 2) calculated analytically for the three different layers (black lines) and the 

numerically integrated mean (gray line). Percent contributions of collagen to the total stress 

are shown in Figure 5-5E at specific inner stretch ratios. Note that the percentage 

contribution is the same for both circumferential and radial stresses. The alveolar pressure 

is equal to the radial stress evaluated at inner layer. 
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Figure 5-6: Multiscale stress. The alveolar wall, elastin, and collagen stresses can be related 

to Palv. The middle layer for elastin and collagen fibers are shown, and in the case of the latter, 

the maximum stress is represented. 
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5.3.2 Sensitivity analysis 

To evaluate how sensitive the results are to changes in parameters, we present in 

Figure 5-7 the effects of varying several parameters on the P-V curve. Allowing the 

maximum and minimum waviness to vary across the layer (see Appendix C.1 for details) 

did not have a considerable effect on the P-V curve (Figure 5-7A). Doubling or halving Se, 

however, considerably changed the P-V curves reaching 86% and -48% at ∆V/Vo =1, 

respectively (Figure 5-7B). The effect of doubling or halving Yee reached differences 

compared to baseline Palv values as high as 97% and -48% at ∆V/Vo =1, respectively. Elastin 

had a diminishing effect on the P-V curve at higher ∆V/Vo (Figure 5-7C). On the other 

hand, Yce had a much stronger effect on Palv at higher ∆V/Vo reaching 78% and -49 when 

doubled or halved, respectively (Figure 5-7D). The waviness range and shape parameters 

of the beta distribution were studied simultaneously. A slight downward shift (<10%) of 

the fiber waviness range dramatically pushed the P-V curve to the right with a value as 

high as 238% at ∆V/Vo=3, representing faster collagen recruitment (Figure 5-7E). Notably, 

using a uniform or Gaussian distribution with the same waviness range as the baseline beta 

distribution resulted in a very stiff  P-V curve, while shifting the mean waviness to the right 

(left-skewed distribution) resulted in a P-V curve that was closer to the baseline (Figure 5-

7F). 
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Figure 5-7: Sensitivity analysis. The effect on the P-V curve was studied for A) varying 

waviness across the alveolar wall B) outer to inner radius ratio (Se) C) elastin effective elastic 

modulus, D) collagen effective elastic modulus, E) waviness range, and F) waviness 

distribution beta shape parameters. Percent differences in Palv from the baseline simulation 

are indicated next to each curve for ∆V/Vo of 1, 2, and 3.  
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5.3.3 Alveolar inflation stability 

Using the fitted parameters and further inflating the alveolus from ∆V/Vo of 3 to 4 

(33%), which corresponds to less than 7% in stretch ratio (1.6 to 1.71), led to a 170% 

drastic increase in pressure (from 14 to 40 cmH2O) (Figure 5-8). More importantly, there 

was a volume plateau signifying inflation stability or protection against over distention. 

The pressure calculated from the engineering stress, however, shows a yielding 

phenomenon as well as considerably higher ∆V/Vo above 20 cmH2O pressure compared to 

the true pressure (using true stress). Instability also emerges in the case of low Yce and Se. 

Maintaining the same waviness range (1.2-1.56) but applying a Gaussian distribution, the 

P-V curve still maintained a stable plateau. However, ∆V/Vo tremendously decreased. 

Although not as drastic, that was also the case for using another Gaussian distribution with 

equal mode (compared to baseline). However, more importantly, the P-V curve did not 

achieve the stability plateau, and the P-V slope was much higher than baseline.  
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Figure 5-8: Inflation stability. P-V curves based on true stress (black solid line), engineering 

stress (gray solid line), reduced Yce (dotted gray line), reduced Se (gray short dashed line), 

Gaussian distribution with same waviness range (dash-dot line) and Gaussian distribution 

with equal mode compared to baseline (medium dashed lines) at higher pressures. 
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5.3.4 Collagen waviness 

Figure 5-9 shows the probability distribution function of the experimental results 

for the fiber waviness. In contrast to the resulting collagen waviness obtained from model 

fitting, the experimental distribution, shows a much wider range of waviness (1.12-2.53) 

compared to the model-based waviness (1.2-1.56). This finding suggest that the collagen 

waviness distribution provided by the model only captures the range across which the 

pressure is measured.    

Figure 5-10 incorporates the experimental findings, the beta shape parameter values 

(α and β) and the range of collagen waviness (𝑤2 − 𝑤1) and compares the previous fit with 

6 parameters to the new one with only 3 parameters ( 𝑌𝑐𝑒, 𝑌𝑒𝑒, and 𝑤1). The values of the 

3 common fitted parameters were close to each other before and after incorporating the 

experimental waviness measurements. 
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Figure 5-9: Collagen waviness results. Histogram and fit for all 166 measured fibers. Gray 

bar graph represents the experimental collagen waviness, while the solid continuous line is 

the fit using the beta distribution (Eq. 5.1). The adjusted coefficient of determination 𝒓̅𝟐 is 

equal to 0.98 and 𝜶  and 𝜷 are 1.89 and 2.53 respectively. The minimum and maximum 

experimentally measured waviness values were 1.12 and 2.53, respectively.   
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Figure 5-10: Results of fitting the 6- versus 3-parameter models. Fixing 𝜶, 𝜷, and the range 

of collagen waviness (𝒘𝟐 − 𝒘𝟏)  from the experimental waviness measurements, 𝒀𝒄𝒆, 𝒀𝒆𝒆, and 

𝒘𝟏 were fitted. Compared to the 6-parameter fit these values were very similar. For the 3-

parameter fit, the parameters without the interval range were not fitted but evaluated 

experimentally. 
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5.4 Discussion:  

In this study, we developed an analytic thick-walled model of a single alveolus 

containing elastin and wavy collagen fibers embedded in the tissue matrix undergoing large 

deformations during inflation. The model allowed the estimation of collagen and elastin 

effective elastic modulus and the waviness distribution of collagen. Simulations provided 

new insight into the role fibers and their recruitment plays in alveolar mechanics and 

inflation stability (protection from over distension). Unlike the traditional view that 

attributes the inflation stability to the nonlinear behavior of collagen fibers, we have 

demonstrated that inflation stability can be achieved through linearly elastic but wavy 

collagen fibers. Measuring collagen waviness experimentally, we observed a large range 

of waviness values in support of this finding. Furthermore, we shed light on the importance 

of computing true stresses to accurately predict alveolar stresses and strains during 

inflation. Since alveolar strains significantly influence cellular behavior [45,54,131–135], 

our model also helps quantify the stresses and strains within the septal wall in both healthy 

and diseased alveoli with possible implications for drug treatments and mechanical 

ventilation strategies. 

5.4.1 Data fitting  

Collagen elastic modulus has been evaluated to be around 100 MPa [136,137], 

while elastin fibers have been reported to have an elastic modulus between 0.5 and 1 MPa  

[95,138,139]. Using the area fractions deduced from Mercer and Carpo [117], the effective 

elastic modulus (elastic modulus times area fraction) of collagen and elastin are in the order 

of 103 and 10 kPa, respectively, which are comparable to our model-based estimates 
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(Figure 5-3). Apart from species-related differences, the effective elastic modulus of 

collagen evaluated from the tissue strips is more consistent with literature. The difference 

in the collagen’s effective elastic modulus estimated from the tissue stress-strain and P-V 

curve is likely due to P-V curve hysteresis as well as uneven boundary effects in the tissue 

strip. From Figure 5-7D, we can observe that a reduced collagen effective elastic modulus 

shifts the P-V curve to the left, and hence the effect of hysteresis leads to an 

underestimation of collagen effective modulus. Nevertheless, our estimates are still in the 

range of literature-based values.   

From the P-V curve fitting, the large confidence intervals for collagen fiber 

effective elastic modulus and beta shape parameters signifies that they have similar roles 

in defining specific features of the P-V curve. Indeed, our sensitivity analysis suggests that 

they affect the P-V curve in similar ways (Figure 5-7D and 5-7F). By keeping the beta 

shape parameters constant, the effective collagen elastic modulus confidence interval 

dropped significantly from 51% from the P-V curve to 25% and 10 % from the stress-strain 

curves of the young and old tissue strips, respectively. Furthermore, the alveolar wall 

stresses in the young tissue strip (Figure 5-3B) are similar in magnitude to those calculated 

(𝜎𝜃𝜃 in Figure 5-5E) from the model fit to the P-V curve.  

The beta distribution parameters ( 𝛼  and 𝛽 ) define the shape of the collagen 

waviness distribution (Figure 5-3A inset) which suggests that collagen fibers are first 

recruited very slowly during the inflation followed by a sudden acceleration of recruitment 

(Figure 5-4C) consistent with the documented role of collagen fibers as well as their low 

extensibility [118,138,140,141]. However, our results also imply that collagen recruitment 



91 

 

 

starts at as low strain as 0.2 corresponding to ∆V/Vo of 0.7. The estimated collagen waviness 

range (1.2-1.56) generates a maximum collagen extension of 30%, which is only 10% more 

of what is reported to be the maximum strain for stiff collagen fibers [138]. Nevertheless, 

the majority of fibers are not recruited until 𝜆𝑖 reaches 1.5 which results in 3.3% extension 

in the model consistent with the proposed inextensibility of collagen fibers [142,143]. 

Elastin fibers, on the other hand, are extended by 160% which is closer to their limit [138].  

The difference in the waviness range of fibers (𝑤2  – 𝑤1) is consistent between the 

P-V curve (0.36=1.56-1.2) and the tissue strips (0.3=2-1.7). However, the difference in 

absolute values between 𝑤2 and 𝑤1 could be attributed to the prestress which is known to 

play a critical role in lung mechanics yet is not quantitatively measured for the lung 

parenchyma [113,119]. By dividing 𝑤2 and 𝑤1 obtained from the P-V curve by 𝑤2 and 𝑤1 

obtained from the tissue strips respectively (2/1.56 and 1.7/1.2), our findings suggest that 

the prestress generates a prestrain that is between 30-40%. 

5.4.2 Alveolar inflation stability and collagen waviness 

The role of surfactant in lung deflation stability has been extensively studied 

[45,69,74,144]. However, surfactant does not play a major role in alveolar mechanics at 

higher lung volumes compared to collagen fibers. During inflation, there can be another 

type of instability associated with the fact that surface and volume increase faster than 

pressure leading to a runaway phenomenon. Both deflation and inflation instability can be 

best understood through the Laplace law: 
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𝑃𝑎𝑙𝑣 =

2(𝑇𝑓  + γ)

𝑟𝑖
 (5.12) 

where Tf and γ are the tension due to the fibers and surface tension due to surfactant 

respectively. As the alveolus deflates, surfactant reduces γ at a faster rate than r which 

decreases Palv; otherwise, the decreasing ri would increase Palv which results in the smaller 

alveolus emptying into larger ones and full collapse. This is referred to as deflation 

instability. On the other hand, during inflation, ri increases which decreases Palv and thus 

further inflating the alveolus becomes progressively easier leading to an infinitely large 

volume in the limit. However, experiments clearly show that the volume reaches a plateau 

increasing very slightly with pressure [6]. Therefore, Tf/ri must increase with ri faster than 

∆V/Vo which is a function of ri
3 which means 𝑇𝑓/𝑟𝑖~𝑟𝑖

𝑛 where n>3.  When we combine the 

stress equation from the collagen fibers during recruitment (Eq. 5.3) with the equation of 

tension (Appendix C.1, Eq. C.64), we find that the tension from the fibers varies with ri as 

Tf ~ ri
3+α. Since α>1, stability is satisfied and this is when we observe a concavity in the P-

V diagram. However, after the full recruitment of the fibers this is no longer the case (Tf ~ 

ri
3). This could explain why the experimental waviness measurements resulted in a large 

range of collagen waviness. In brief, this large range could act as a safety net assuring 

inflation stability. Interestingly, after full collagen recruitment, due to the combination of 

high collagen elastic modulus, mass conservation, and appropriate Se ratio, yielding can be 

delayed though it is eventually inevitable (Figure 5-8). Furthermore, since the uniform and 

even the Gaussian  distribution of waviness still leads to a linearly increasing volume 

without a clear plateau (Figure 5-7F), a key modeling result is that stability requires a 
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specific waviness distribution that allows  sudden recruitment of a large fraction of collagen 

at pressures near TLC. Additionally, these features of the waviness distribution are critical 

in achieving the required TLC value at physiological pressures (Figures 5-7F and 5-8). 

5.4.3 Physiological implications 

The consistency between the analytically calculated values at the middle layer and 

numerical integrated mean (Figure 5-5) signifies that a single layer of fibers can achieve 

the same pressures as multiple layers. This is relevant because the alveolar interstitium, 

which includes fibers as well as other components, takes up only 56% of all the alveolar 

wall [124]. More importantly, this allows to analytically relate the stresses at different 

levels (Figure 5-6). This will be key for reducing VILI or designing mechanotransduction 

based experiments. 

The sensitivity analysis in Figure 5-7 provides important physiological insight into 

alveolar mechanics. For example, changes in alveolar wall thickness result in large changes 

in the P-V curve and hence lung compliance (Figure 5-7B). This has implication for 

emphysema. For example, Szapiel et al. [145] showed that the tight skin mice with 

spontaneous emphysema had thinner alveolar walls compared to normal mice. Even though 

elastin content is decreased in these mice [146] , our model shows that reduction in 

thickness has a much more significant influence on physiology than reduction in elastin 

especially since elastin only plays a role in the lower region of the P-V curve (Figures 5-

7B and 5-7C).  

Our model analysis also allows the estimation of the separate contributions of 

structure (e.g. wall thickness and waviness) and constituent properties (e.g. elastic 
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modulus) to the P-V curve. Sugihara et al. [127] did not separate these two factors and 

justified the observed increase in resting length due to a permanent deformation of elastin 

and the sudden sharpness in stress due to collagen acting as a fixed mechanical stop. It is 

currently not known whether parenchymal reorganization or changes in fiber stiffness 

contributes more to the observed physiological phenotype of a given disease. Collagen 

content has been shown to increase in the aging lung [147], while an organizational change 

in the parenchyma has been shown to play a role in both fibrosis and emphysema [148,149]. 

Fitting of Sugihara’s young and old tissue strip data suggests that both structure and 

mechanical properties are equally important contributing each by ~30% of the change in 

stress that occurs with aging (Figure 5-3B). Our sensitivity analysis demonstrates that even 

a small shift of 9% in collagen waviness drastically alters pressure that cannot be achieved 

by changing stiffness by 50% (Figures 5-7D vs 5-7E). This implies that the straightening 

of collagen fibers [150] that occurs in aging or disease [151,152] is mainly responsible for 

the increased tissue stiffness of the aging lung [153].  

An interesting further insight into lung physiology is related to the convexity of the 

deflation P-V curve. Our simulations demonstrate that this occurs at the level of a single 

alveolus (e.g. Figure 5-7A at P<2 cmH2O) suggesting that this convexity can be explained 

by the initial yielding of elastin fibers before collagen recruitment starts. Another finding 

which opposes classical belief suggests that collagen fibers are being recruited even within 

normal breathing pressures. This finding has been suggested from other experiments in 

lung tissue strips as well [154]. 
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5.4.4 Model limitations 

Our model is not without limitations. First and most important, the model does not 

take into account surface tension which plays an important role at low airway pressures 

[73,144,155] and which will affect the estimated parameters. However, concerning 

inflation instability and the role of collagen waviness in achieving it, adding surface tension 

should not affect it for the following reason. Surface tension has been found to increase 

linearly with volume [155,156]. This suggests, based on Eq. 5.12 that the surface tension 

contribution to Palv is proportional to ri
2 which is less than the increase in alveolar volume 

suggesting that surface tension alone is not able to achieve inflation stability. Second, we 

assumed linearly elastic collagen fibers. To our knowledge, the stress-strain curves of 

single fibers isolated from the lung has not been reported yet. However, linear collagen 

behavior has been reported [157,158]. Third, the model does not include network effects 

through alveolar interactions and does not consider changes in volume which occur in the 

alveolar ducts and airways. We also neglect fiber-fiber interactions which could further 

contribute to alveolar mechanics especially dissipation [159]. However, from images of 

human lung parenchyma, Matsuda et al. [150] noted that collagen and elastin fiber bundles 

run parallel to each other without intertwining within the alveolar mouth, then they separate 

at different locations and run independently from one another within the septal walls. This 

suggests minimal interaction between the two fiber systems. The model also assumes affine 

transformation in that the stretch ratio within the wall thickness is transmitted to the fibers. 

If the deformation was non-affine, then the waviness range would be overestimated. 

However, the role of waviness and the conclusions drawn would still be the same. In future 
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work, imaging fiber waviness under stretch could resolve this question. Finally, the lack of 

a network of alveoli produces a certain asymmetry. In a network, two alveoli share the 

same septal wall and hence the outside of one is the inside of the other. This may have 

further limitations on the possible waviness distributions across the wall thickness. More 

importantly though, a network of alveoli could affect how a single alveolus achieves 

inflation stability. Nevertheless, despite these limitations, the model offers novel insight on 

alveolar mechanics and stability as well as provides a framework to estimate ECM stresses 

and strains vital for mechanotransduction. These new findings and possibilities warrant 

further investigation into alveolar mechanics and inflation stability. 

5.5 Conclusion 

Modeling the behavior of elastin and collagen fibers inside thick-walled alveoli 

under large deformation allowed the quantification of the fiber’s contribution and their 

organization to the P-V curve, uncovered a key role for collagen waviness in achieving P-

V inflation stability, and provided estimates of strains and stresses at the level of a single 

alveolus. The estimation of these stresses is crucial for studying the response of cells to 

mechanical cues, avoiding tissue damage in ventilator-induced lung injury, and separating 

structural from material changes in healthy and diseased lungs. 
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Chapter 6: Uniaxial model 

6.1 Introduction 

The biological and physical properties of the constituents of tissues play important 

roles in the normal functioning of organs and organisms. These functional properties 

invariably demonstrate nonlinear mechanical behavior at the macroscopic scale and can be 

related to tissue structure at the microscale. In particular, the nonlinear stress-strain curve 

of various tissues at the macroscopic scale has been primarily attributed to microscopic 

processes such as recruitment of fibers via rotation and/or straightening within the 

extracellular matrix (ECM) [118,119,160]. An abundance of numerical and analytical 

models have provided useful insight into tissue function by relating macroscopic stress-

strain curves to microscopic fiber properties of collagen and elastin [140,161–163]. For 

example, Maksym & Bates [140] used a spring-string model to capture the elastic behavior 

of elastin (as the spring) and the stiff and wavy behavior of collagen (as the string). With 

their model, insight on the relation between fiber stiffness and collagen stop length were 

obtained. Decraemer et al. [163] developed a wavy fibril model and showed its application 

to several tissues including human vein, fascia, tympanic membrane and rabbit papillary 

muscle. Liao & Belkoff [162] expanded on the model and provided an analytical solution 

for wavy parallel collagen fibers in the ligament. While these studies did not include the 

spatial information of the fibers, other models did take into account the structure. For 

example, Lanir developed a model of wavy collagen and pre-stretched elastin with the 

ability to rotate and stretch as the tissue was being deformed [161]. Sacks was able to 

determine fiber orientation using small angle light scattering and numerically solved the 
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constitutive equations to estimate individual collagen fiber properties and stress-strain 

curves [164]. In addition to the effects of fiber structure and orientation, the fiber 

recruitment process and the tissue stress-strain curve has been shown to be governed by 

both the stiffness of the fibers as well as the ECM stiffness which mainly arises from the 

repulsion of the negatively charged proteoglycans (PGs) [165,166].  

However, directly applying these models to the lung parenchyma is not an adequate 

representation of the unique structure of the lung. Unlike most other tissue, the lung 

parenchyma presents a distinctive structure where alveolar walls rotate and elongate during 

uniaxial stretching of lung tissue strips. Several models were developed particularly for the 

lung tissue stress strain curves [128,167]. The role of PGs in the mechanical behavior of 

tissue strips and particularly their effect on alveolar wall rotation was also demonstrated 

using such models [128,168]. While these specific parenchymal models provide very 

useful insight on the microscopic lung properties, to our knowledge, these models mainly 

utilize numerical approaches which render them computationally exhaustive especially in 

fitting experimental data. The primary objective of the present study was to develop an 

analytical model that allows the separate estimation of the alveolar tensile elastic modulus 

and the rotational elastic modulus, defined as an increase in stress due to a small rotation 

normalized by the change in angle, from experimental stress-strain data obtained under 

uniaxial stretch.  

In the current study, we first present the theory describing the simultaneous rotation 

and tensile stretching of a representative alveolar wall during uniaxial stretching of a tissue 

strip. Next, through several forward simulations, a physiologically-sound range of 
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parameters is deduced and their sensitivity on the stress-strain curves is examined. To 

assess model credibility, the stress-strain behavior is compared (1) computationally to a 

previously developed network model in its ability to estimate the parameters and 

microscopic alveolar strains and angles and (2) experimentally by fitting stress-strain 

curves of two different treatment conditions. Finally, to investigate how alveolar wall and 

fiber elastic modulus change with age, the stress-strain curves of young and old mouse 

tissue strips were fitted with the model. 

6.2 Methods 

6.2.1 Model development 

Assume that a 2-dimensional piece of lung tissue with length L and width W is stretched 

uniaxially from one end while the other end is fixed. Stretching progresses from current 

step 𝑠 − 1  to the new step 𝑠  (𝑠 = 1,2 … ) (Figure 6-1A). The tissue is composed of a 

network of hexagonal alveoli which can be partitioned into 𝑁 alveolar walls (Figure 6-1A) 

with a tensile elastic modulus 𝑌𝑎 and rotational elastic modulus 𝑌𝑏. The alveoli are air or 

fluid filled and the total volume fraction of alveolar walls is 𝛿𝑉,𝑤, and the effective alveolar 

tensile and rotational elastic modulus are defined respectively as  𝑌𝑎𝑒 = 𝑌𝑎 𝛿𝑉,𝑤 and 𝑌𝑏𝑒 =

𝑌𝑏 𝛿𝑉,𝑤. A single alveolar wall has a current length ls-1 corresponding to the current alveolar 

strain 𝜀𝑠−1 and is oriented at an angle 𝜃𝑠−1 with respect to the direction of the tissue stretch 

(Figure 6-1B).  

 



100 

 

 

 

Figure 6-1: Uniaxial model development. A) Uniaxial stretching of a tissue strip from step s-

1 to s with an incremental macroscopic displacement X. The tissue is composed of a hexagonal 

alveolar network which can be partitioned into alveolar walls. B) A single alveolar wall 

segment with length ls-1 and angle ϴs-1 with respect to the direction of stretch at step s-1. A 

microscopic displacement x will cause the wall to rotate and stretch. C) The alveolar wall will 

follow the microscopic displacement between two extremes of pure elongation and pure 

rotation. D) When the tensile elastic modulus of the wall is much larger than its rotational 

elastic modulus (Ya>>Yb), it will rotate, and when its rotational elastic modulus is much larger 

than its tensile elastic modulus (Yb>>Ya), it will elongate in order to minimize energy. The new 

angle (ϴs) and length (ls) at step s will be between these two extreme locations at a location 

that minimizes its total elastic energy. 
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Due to a small incremental microscopic displacement x, the alveolar wall will 

stretch and rotate following the microscopic displacement between two extremes of either 

pure rotation and pure elongation (Figure 6-1C). The actual new configuration of the wall 

will be between these two limits such that the amount of rotation and elongation will 

minimize the total energy (Figure 6-1D). 

Applying this approach to all walls at every single step/strain, the total system 

energy is the summation of energies for all alveolar walls as they undergo rotation and 

elongation.  Finally, the total stress of the system is calculated by differentiating the energy 

density of the system with respect to macroscopic strain. To establish the final stress-strain 

equation, we assume the following: 

 An average constant tensile and rotational elastic modulus. 

 Affine tissue macroscopic-microscopic deformation characterized by the 

following: the incremental microscopic tissue strain (𝜀𝑖𝑥) due to the incremental 

microscopic displacement x is equal to the incremental macroscopic strain (𝜀𝑖𝑋) due 

to the macroscopic incremental displacement X (𝜀𝑖𝑋 = 𝜀𝑖𝑥).  

 Linear relationship between incremental alveolar wall length and alveolar wall 

rotation between the two extreme points (pure elongation and pure rotation) with 

each incremental macroscopic strain. 

 L/W >>1 such that there are minimal boundary effects and any displacements in the 

direction perpendicular to stretch do not affect the alveolar wall behavior. 

With the above assumptions, the final total tissue stress 𝜎𝑇 at every step 𝑠 can be related to 

the alveolar wall properties, current microscopic alveolar strains and angles, initial 
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angles 𝜃𝑖, and the incremental strain as described in detail in Appendix D.1: 

 

𝜎𝑇(𝑠) = 𝑌𝑎𝑒

1

𝑁
∑

𝜀𝑖𝑥 +   𝜀𝑛,𝑠−1 + (1 + 𝜀𝑛,𝑠−1)(𝜃𝑛,𝑖 − 𝜃𝑛,𝑠−1)tan (𝜃𝑛,𝑠−1)

1 +
𝑌𝑎𝑒

𝑌𝑏𝑒
(1 + 𝜀𝑛,𝑠−1)

2
tan2(𝜃𝑛,𝑠−1)

𝑁

𝑛=1

 (6.11) 

Thus, the total stress involves an average across all alveolar walls from 𝑛 = 1 to 𝑁 which 

includes interaction terms between previous alveolar wall strains and angles. In case the 

alveolar walls are all aligned, the denominator is equal to 1, the last term of the numerator 

is 0, and the stress-strain equation reduces to linearly elastic walls in parallel 

 𝜎𝑇 = 𝑌𝑎𝑒𝜀𝑇 (6.12) 

where 𝜀𝑇  = 𝜀𝑖𝑇 +  𝜀𝑠̅−1 is the total tissue macroscopic strain and 𝜀𝑠̅−1 is the mean alveolar 

strain. Therefore, regardless of the initial angle distribution, following full alignment, the 

linear portion of the stress-strain curve only depends on the tensile elastic modulus of the 

walls and their density. Furthermore, since the final tissue stress at each step is the mean 

over all the walls, it is independent of the alveolar wall number.  

Invoking the assumption of a uniform distribution of alveolar wall angles, the final 

equation involves two elastic modulus parameters to estimate (Yae and Ybe).With an 

additional step, the average fiber tensile elastic modulus (Yf) within the walls can be 

estimated by knowing the average fiber volume fraction (δV,f) within the wall and assuming 

they are the major contributors to the alveolar wall tensile elastic modulus:  

 
𝑌𝑓 ≅

𝑌𝑎

𝛿𝑉,𝑓
≅

𝑌𝑎𝑒

𝛿𝑉,𝑤𝛿𝑉,𝑓
 (6.13) 

 

6.2.2 Forward simulations 

First, forward simulations were used to find the combination of the two elastic 
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modulus values which lead to an experimentally observed lung tissue stress-strain curve. 

For this purpose, effective tensile to rotational elastic modulus ratios (Yae/Ybe) ranging from 

0.01 to 100 (order of magnitude steps) were utilized for a uniform angle distribution 

between 0 and π/2. Dimensionless stress-strain curves normalized by Yae were plotted for 

five different simulations. For ratios of 0.1, 1, and 10, the alveolar angles and strains are 

also computed at four different tissue strains of 0.25, 0.5, 0.75, and 1. For a ratio of 10, a 

sensitivity analysis was conducted to study the effect on tissue stress of independently 

changing Yae and Ybe by 10, 20, and 40%. Additional forward simulations, available in 

Appendix D.2, were carried out to examine the effects of alveolar number and incremental 

strain. 

6.2.3 Model validation 

6.2.3.1 Computational model validation 

To compare our analytic results to a previously developed model, several stress-

strain curves were generated from a previously developed hexagonal network model [128] 

and fitted using our model. Briefly, Cavalcante et al.’s [128] introduced a 2-dimensional 

hexagonal network as a model of lung tissue strip. Each hexagon represents an alveolus 

and each side of the hexagon is an alveolar wall (Figure D-3A, Appendix D.3). Each of 

these wall segments is modeled as a spring with a spring constant k in units of [N/m]. The 

rotation of the alveolar walls at their connected nodes is hindered elastically and a bond-

bending constant b [N.m] is used to evaluate the energy required to rotate the alveolar wall. 

When b is zero, the hexagonal structure collapses upon shear or uniaxial stretch and when 

b is very high, the rotation of the wall is reduced so as to maintain the symmetric 
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configuration of the hexagon. In both cases, the walls rotate and stretch in such a way that 

the total energy is minimized at each strain step. However, Cavalcante et al.’s [128] model 

minimizes the total network energy which includes alveolar wall interactions while our 

model minimizes the energy of an average wall without network effects. In order to see 

how this difference affects our estimated parameters, we first relate our model to their 

network parameters. In doing so, we note the total energy at each tissue strain should be 

the same and thus by equating the network’s energy equation of both models (see Appendix 

D.3 for details), we can relate Yae (Pa) to k and Ybe (Pa) to b as follows:  

 
𝑌𝑎𝑒 = 𝑢

9

4
𝑙𝑖̅

2𝑘 (6.14) 

 

 

 
𝑌𝑏𝑒 = 𝑢18𝑏 (6.15) 

 

where 𝑙𝑖̅  [m] is the mean initial length of the walls and u [1/m3] is a unity constant to 

account for appropriate dimensions. 

A set of 11 simulations (N=508, L/W=10.2) with varying k and b were generated 

using the network model, their initial angle distributions were saved and imported into our 

analytical model, and then the stress-strain curves were fitted using the exact angle 

distribution from the network. The estimated parameters and their theoretical values (Eqns. 

6.14 and 6.15) were plotted against the network parameters. For an additional simulation 

(N=4762, L/W=10.1) the alveolar angles and alveolar strains at 4 different tissue strains 

(0.15, 0.3, 0.45, and 0.6) were compared by dividing the data into 9 different bins and 

plotting their probability distribution function.  
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6.2.3.2 Experimental validation  

The physiological interpretation and consistency of Yae and Ybe was tested using 

stress-strain data previously collected for lung tissue strips undergoing two different 

treatments. 

In one treatment, Cavalcante et al. [128] altered the charge density on the PGs using 

different tonicities (normal, hypertonic, and hypotonic) in excised rat lung slices (n=5 per 

group). They showed that lung tissue strips in hypotonic and hypertonic solutions were 

significantly stiffer and softer compared to normal tissue respectively. This was explained 

through the repulsive effect of the negative charges on PG’s in the alveolar walls. In 

hypertonic solutions, the negative repulsive forces are more neutralized by the positive ion 

in the solution which results in reducing the compressive rotational stresses, while in 

hypotonic solutions this stress increases due to absence of neutralizing agents. Due to the 

significantly lower surfaces charges of elastin and collagen compared to PG [169,170] the 

hypotonic and hypertonic solutions should mainly alter Ybe increasing and decreasing it 

respectively with minor alterations in Yae. 

In the other treatment, Shiwen et al. [171] studied the effect of Myocardin Related 

Transcription Factor-A (MRTF-A) on the development and progression of fibrosis. MRTF-

A is known to lead to a reduction in type I collagen deposition leading to tissue softening. 

Using lung tissue strips from wild type (WT, n=6) and aged-matched MRTF-A knockout 

mice (KO, n=6), quasi-steady stress-strain curves were collected, and the study showed 

reduced stresses compared to WT. The reduction was attributed to a decrease in collagen 

content as well as a decrease in fibril diameter size from 97±24 nm (n=986) in WT to 58±9 
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nm (n=1086) in KO. In this case, collagen elimination by the knockout treatment should 

alter Yf and Yae with minimal alterations to Ybe. 

6.2.4 Aging study 

After confirming that the model parameter estimation is credible, we investigated 

the effects of aging on alveolar wall tensile and rotational elastic modulus in mice by fitting 

previously collected lung tissue stress-strain curves obtained in young (n=5, 5 months) and 

old (n=6, 19 and 24 months) mice. The experimental protocol was approved by the 

Institutional Animal Care and Use Committee of Boston University. Tissue stress-strain 

curves were obtained as previously described [154,171]. Briefly, mice (C57BL/6) were 

anaesthetized with an intraperitoneal injection of Nembutal (80 mg/kg). Depth of 

anesthesia was confirmed by absence of response to toe pinch. Mice were then euthanized, 

the lungs were isolated, and the tissue strips were cut from the lungs and the dimensions 

were measured. These strips were then stretched using a servo-controlled lever arm (series 

308B, Cambridge Technologies) driven by a laptop. From the other side of the tissue, a 

force transducer (model 400A, Cambridge Technologies) measured the force. Stress and 

strain were calculated from the measured force and displacement using the strip 

dimensions.  

6.2.5 Simulations, curve fitting and statistical analysis 

Data simulation and curve fitting were carried out using either MATLAB R2015a 

or R2018b (MathWorks, CA) while statistical tests were performed using SigmaPlot 11.0 

(Systat Software, CA). To fit the data, the nlinfit function in MATLAB was used. Since 
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the model requires small incremental strains to satisfy the assumptions, while in some cases 

the experimental strain steps are large, the model first created strain values that ranged 

from zero to the maximum experimental strain utilizing small user-defined steps. At a 

tissue strain of zero, the alveolar strains were set to zero and the alveolar angles were 

defined by a user selected distribution. Using the initial parameter guesses, the new alveolar 

angles and strains due to the macroscopic incremental strain were calculated iteratively 

across the whole strain vector. The individual alveolar wall folding and stretching patterns 

were computed and the tissues stress was calculated. The error was calculated by utilizing 

the experimental stress and the interpolated model stress values at the experimental strains. 

To avoid solutions corresponding to local minima, multiple fitting iterations with random 

initial guesses were employed, and the fit with the lowest mean square-error was selected. 

In fitting the experimental data, the model’s incremental strain was set to 0.001, the number 

of alveolar walls was 5000, and the alveolar angle distribution was uniform between 0 and 

π/2. The model is symmetric with the direction of stretch (i.e., an alveolar wall initially 

oriented at -π/4 and π/4 behave the same), and once a wall was recruited in the direction of 

macroscopic strain, it was allowed to stretch without any rotation. Statistical significance 

was accepted at p<0.05. 

6.3 Results 

6.3.1 Forward simulations 

Figure 6-2 plots the normalized stress-strain curves for five different Yae/Ybe ratios (Figure 

6-2A) as well as displays the mean and standard deviation for the alveolar angles and 
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strains for three of those ratios (Figure 6-2B and 6-2C, respectively). The forward 

simulation for the normalized stress strain curves reveals an almost linear relationship for 

Yae/Ybe ratios of 0.01, 0.1, and 1 suggesting that the micro-structural configuration is 

maintained by simple alveolar stretching (minimal rotation). This is supported by the 

change in angels which is minimal for a ratio of 0.1 (Figure 6-2B). With an increasing 

elastic modulus ratio, the curves gradually become more similar to the observed convex 

stress-strain curves and the stress is less for the same strain since alveolar walls can reduce 

total energy as well as stress by rotating. The higher the ratio, the lower the stress becomes; 

however, the recruitment becomes faster as evident by the alveolar angles (Figure 6-2B). 

Beyond an elastic modulus ratio of 100, the ratio has less of an effect indicating that the 

walls are mainly rotating and not stretching.  
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Figure 6-2: Forward simulation results. A) Normalized stress-strain curves for different 

Yae/Ybe ratios. B) and C) Mean and standard deviation for alveolar angles and strains, 

respectively for Yae/Ybe ratios of 0.1,1, and 10. Alveolar angles at a strain of zero are uniformly 

distributed between 0 and π/2 while alveolar strains are zero. 
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Figure 6-3 represents the percent change in stress due to individually varying Yae or 

Ybe around an elastic modulus ratio of 10 versus tissue strain. From the figure, it is evident 

that the contributions of Yae and Ybe have opposite effects. The former has a stronger impact 

at higher strains, while the latter’s dominance is more apparent at lower strains. Once the 

alveolar walls are aligned, Ybe has no further effect on the stress-strain curve and only then 

is the percent change in stress equal to the percent change in Yae (otherwise it is always 

less); however, a linear effect from Ybe is not possible. This analysis provides a range of 

strains over which data should be collected in order to determine meaningful parameters. 

For instance, fitting the stress-strain curve over a range of strains from 0 to 30% should be 

sufficient to reliably estimate both elastic modulus values. 
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Figure 6-3: Sensitivity analysis. A) and B) % change in stress for increasing Yae and Ybe 

respectively by 10, 20, and 40% for Yae/Ybe of 10. 
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6.3.2 Model validation 

 

6.3.2.1 Computational Model Validation 

Comparisons of analytical model-based estimates of Yae and Ybe values to those of 

the used in the network simulations for a range of parameter values are shown in Figure 6-

4. The estimated model parameters were independent of each other and were consistent 

with the theoretical values. In addition to adding credibly to the model, this provides an 

ability to estimate time-consuming numerical network simulations with a much faster 

analytical one.  

Alveolar angles and strains probability distributions for the selected network at four 

different tissue strains are shown in Figure 6-5. The angle distributions from the analytical 

match well those from the network. In the analytical model, the alveolar walls are recruited 

faster since in the network the interactions among the nodes slow down the recruitment of 

the walls. The strain distribution histograms, though not as consistent as the angles, also 

show similar behavior and most importantly similar strain range values. However, in the 

network two nodes which form an alveolar wall can approach each other causing the length 

of the alveolar wall to decreases unlike the model where the length only increases. Note 

however that the network model does not consider this effect in the energy calculation. In 

other words, any “compressed wall” is similar to a wavy fiber that does not contribute to 

stress. 
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Figure 6-4: Uniaxial model-based estimates of network parameters. A) Yae versus k for 

different b values. B) Ybe versus b for different k values. Dashed gray lines represent the 

theoretical relationship between network and model parameters. Solid lines represent the fits 

with the 𝒓̅𝟐 as the adjusted coefficient of determination for the linear fit. 
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Figure 6-5: Uniaxial and the network model alveolar strains and angles. Alveolar angle 

probability distribution function (A, C, E, and G) and alveolar strains probability 

distribution function (B, D, F, and H) from the analytical model and the network for four 

levels of tissue strains (0.15, 0.3, 0.45, and 0.6). Initial alveolar strains are zero. Initial angle 

distribution is shown in Appendix D.3 Figure D-3B. 
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6.3.2.2 Experimental Validation 

In Figure 6-6, model fits for the rat tissue strips (Figure 6-6A) under different 

tonicity conditions and between WT and MRTF-A KO mice (Figure 6-6B) are shown. The 

results are shown in Table 6-1. For the alterations in tonicity, there was no statistically- 

significant change in Yae comparing hypertonic and hypotonic values to normal. However, 

Ybe increased by 211% from normal to hypotonic solution (p=0.03). Even though, for the 

hypertonic solution, there was no significant change (p=0.09), Ybe decreased by -60%, 

around 9 times more than the decrease in Yae. On the other hand, for the MRTF-A KO 

experiments, Yae decrease significantly (p=0.014) while there was no significant change in 

Ybe. Thus, the model predicted the expected changes which occur with the two different 

treatments of opposing outcomes. This further provides credibility to applying the model 

to fit experimental data. 
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Figure 6-6: Experimental validation. Population mean and standard error, with model fits 

(solid lines) for the tissue strips for A) three different tonicities (normal, hypertonic, and 

hypotonic) and B) from WT and MRTF-A KO mice.  
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Table 6-1: Model validation experimental results. Yae and Ybe values are mean ± standard 

deviation. ∆ is the percent difference with respect to the normal/control. 

Tonicity - Rat Tissue Strips 

  Yae (kPa) %∆ p-value Ybe (kPa) %∆ p-value 

Normal 1.94 ± 1.07     0.27 ± 0.14     

Hypotonic 3.28 ± 1.75 69 0.11 0.84 ± 0.41 211 0.03 

Hypertonic 1.78 ± 1.03 -8 0.11 0.11 ± 0.11 -60 0.09 

Collagen Knockout - Mouse Tissue Strips 

  Yae (kPa) %∆ p-value Ybe (kPa) %∆ p-value 

Control 5.96 ± 1.39     1.28 ± 0.42     

Knock-out 3.94 ± 0.93 -34 0.014 0.84 ± 0.58 -34 0.165 
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6.3.3 Aging study 

The mean of the tissue strip stress-strain curves from young and old mouse lungs 

as well as the model fits are shown in Figure 6-7. The estimated Yae and Ybe with the 

respective p-values are also shown in the inset. The average Ya and Yb as well as the fiber 

tensile elastic modulus (Yf) were also estimated using literature values of tissue (δV,w) and 

fiber density (δV,f). Huang et al. [172] measured tissue density as well as fiber content for 

2 and 20 months old C57BL/6 mice. The tissue fraction was 35% independent of age, while 

the total fiber content (collagen plus elastin) decreased with age from 4 to 2.75%. There 

was no significant change in Ybe. However, Yae increased from 4.4 to 5.9 kPa (p=0.043), a 

34.4% increase. More interestingly, Yf increased by 99.4% from 311 to 620 kPa from young 

to old mice (p=0.001). 
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Figure 6-7: Stress-strain curves and parameter estimation results for the aging data. 

Experimental data mean and standard errors for young and old mice. Model fits are plotted 

in solid lines. Model fitted for Yae and Ybe which were used to derive Ya, Yb, and Yf. Their value, 

standard deviation, and significance are shown. Ya: average alveolar tensile elastic modulus. 

Yb; average alveolar wall rotational elastic modulus. Yf: average fiber tensile elastic modulus. 
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6.4 Discussion 

The objective of the current study was to develop an analytical model of alveolar 

recruitment for uniaxially stretched lung tissue strips in order to estimate microscopic 

properties from macroscopic experimental stress-strain curves. We presented a 

mathematical model that can capture this behavior, demonstrated its ability to replicate 

physiologically observed experimental data, compared it to a numerical network model, 

and replicated expected model parameter changes with treatments of known outcomes. 

These steps of model validation showed that our analytical model could be used to fit 

experimental data to extract meaningful estimates of microscopic entities. Thus, our 

analytical model complements existing models in literature by providing separate estimates 

of alveolar wall tensional and rotational elastic modulus values together with alveolar 

stresses and strains. 

The forward simulations indicated that the physiological ratio of tensile to 

rotational elastic modulus must exceed 1 in order to be able to replicate the experimentally 

observed convex nature of lung tissue stress-strain curve. The nonlinearity increases with 

higher ratios. This is consistent with the biological notion that the alveolar walls and the 

embedded fibers are the main load bearing elements in the lung parenchyma. Furthermore, 

the primary physiological role of the alveolar walls and fibers is to provide a structural 

framework for gas exchange while also protect the alveoli from over distension as they are 

stretching rather than rotating. Since the model attributes constant elastic modulus values 

during stretch, the nonlinearity of the stress strain curves in our model arises purely from 

the alveolar wall rotation, stretching, and alignment with the macroscopic strain. 
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For the additional forward simulations studying the effect of alveolar wall number 

and incremental strain (Appendix D.2), the key findings suggest that the model requires 

around 2000 alveolar walls and an incremental strain less than 0.01 to converge. 

The basic assumption of our analytical model is that it is possible to partition the 

alveolar wall network into non-interacting segments. When the individual wall energies 

were minimized, the model provided estimates of elastic modulus values. Interestingly, 

these estimates compared well to the parameters used in the network model resulting in 

proper estimation of the network’s parameters (Figure 6-4) as well as similar behavior in 

alveolar angles and strains (Figure 6-5). The slight discrepancy between the network and 

the analytical model predictions is likely due to network interactions affecting angles and 

strains in the network model. It is also important to mention that the model is sensitive to 

the assumed initial angle distribution. Indeed, attempting to fit the network simulations 

with any random distribution yielded very poor fits. This increases the specificity of the 

model and hence increases the accuracy of the estimated parameters. 

A major assumption in the model is the linear stress-strain behavior of the alveolar 

wall with constant tensile elastic modulus. In particular, the model does not incorporate 

fiber waviness within the alveolar walls separating non-wavy elastin from wavy collagen 

fibers [173]. Since the elastin fibers are not wavy they should not presumably alter the 

alveolar stiffness with stretch. However, the straightening of wavy collagen fibers would 

increase the alveolar tensile stiffness with increasing alveolar and tissue strain. Future work 

can include an alveolar tensile stiffness as a function of alveolar strain to capture fiber 

waviness. This will lead to a higher degree polynomial in the energy equation. However, 
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the equation will still be a function of one parameter, the alveolar strain, and can be solved 

analytically. This can further provide insight into fiber properties by allowing the 

separation of non-wavy elastin fibers and wavy collagen fibers. It is worth noting that 

attempting to fit our model to data generated by a network of nonlinear springs yielded 

poor fits since the model assumes linear tensile elastic modulus. However, the model’s 

ability to fit experimental data well within the tissue strain range suggests that the degree 

of nonlinearity in the alveolar wall stress-strain properties is not strong at least at low 

strains and hence our assumption of an average elastic modulus is fairly appropriate. 

Regardless of the assumption of average linear behavior, the parameters could still be 

physically interpreted; however, it should be noted that the estimates are thus an ensemble 

averaging of all these effects into two separated lumped elastic modulus parameters (tensile 

and rotational) which can be directly linked to an average behavior of tissue microscopic 

properties.  

Another major assumption involves affine kinematics where the microscopic 

strains follow the macrostrains. While we require that the tissue microstrains follow tissue 

macrostrains, the individual wall segments do not have to follow the macrostrains. This is 

in agreement with experimental findings that alveolar segments violate the affine 

deformation assumption during uniaxial stretching [174]. Similarly, the network model 

does not assume affine transformations and the analytical model was able to estimate 

properly the parameters. Nevertheless, future work should further investigate 

experimentally how network effects influence the parameter estimation. 

The estimated alveolar and fiber elastic modulus in aged mice indicated that even 
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though the fiber content decreases in aging C57BL/6 mice, the fibers actually become 

stiffer. This can be attributed to increased cross-linking with age [151,175]. This insight 

from the model fitting is important in that it suggests that despite the fact the overall lung 

compliance increases and hence lung elastance decreases in aging [153,176], both alveolar 

wall and fiber elastic modulus increase. This then suggests that the increase in lung 

compliance must be due to an observed increase in airspace dimensions [177]. More 

importantly however, this finding also suggests that in the aging lung cells will experience 

a gradually stiffening ECM which will have implications to cellular signaling and 

senescence [153]. 

Our estimated values of Yae and Yf match those reported in literature. For example, 

Polio et al. [178], measured Yae using cavitation rheology (6.1±1.6 kPa), small amplitude 

oscillatory shear rheometry (3.3±0.5), micro-indentation (1.4±0.4), and uniaxial tension 

(3.4±0.4) and showed that all these techniques provided values in the same range. Using 

Atomic Force Microscopy, Liu and Tschumperlin [179] also estimated a value around 5 

kPa. Using their network model, Cavalcante et al. [128] also estimated the effective 

alveolar wall stiffness to be ~5 kPa. Assuming that collagen fibers are the primary load 

bearing constituents of the wall, they also estimated fiber tensile elastic modulus to be ~300 

kPa similar to our estimated average modulus in the mice even though ours is an ensemble 

value including elastin and collagen fibers. Furthermore, the elastic modulus of single 

elastin fibers has been evaluated to be around 410 kPa [180] which is close to our estimated 

Yf  values in mice. The fact that the estimated value is closer to that of elastin rather than 

collagen can be attributed to the delayed recruitment of wavy collagen fibers in comparison 
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to elastin which is thought to contribute mostly at low strains [181].  

6.5 Conclusion 

The analytical model developed in this study has the potential to estimate 

microscopic entities from macroscopic experimental measurements which can allow better 

understanding of the microscale changes which occur with age and disease. The model’s 

estimation of alveolar tensile and rotational elastic modulus as well as alveolar stresses and 

strains are critical for mechanotransduction and can play a role in optimizing stresses 

during mechanical ventilation in order to avoid ventilation induced lung injury. 
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Chapter 7: Conclusion 

7.1 Summary of achievements 

Linking accurate and clinically-feasible assessment of respiratory mechanics to 

microscopic information in order to provide personalized treatment of mechanically 

ventilated patients is far from being realized. Towards achieving this end, the presented 

work demonstrated the clinical feasibility of a novel strategy termed ZVV in its dual role 

as both a diagnostic and therapeutic tool for clinicians. We also provided the means to 

develop a flow sensor in order to properly obtain the required pressure-flow data and apply 

ZVV in a research-based setting. This makes ZVV an accessible technique to researchers 

interested in measuring respiratory mechanics and investigating the role of different 

ventilation strategies. On the other end of the scale, the study investigated how such 

macroscopic properties could emerge from microscopic entities at both the tissue and 

alveolar levels. Specifically, by proper modeling the individual constituents, mainly the 

fibers or alveolar walls, through their material properties and structural configuration, 

emergent physiological phenomena could be explained by micro-mechanics. For example, 

this allowed the quantitative assessment of alveolar and fiber stiffness and collagen 

organization in accordance to their roles. The general findings support our qualitative 

understanding of these roles as well as present non-classical insights which should be 

considered in future work such as the ability of linearly elastic collagen fibers to achieve 

inflation stability or their contribution at normal breathing pressures. Furthermore, linking 

the stresses and strains across different scales will improve the ability of cell and tissue 

level experiments to recreate correct physiology. Finally, while the two developed models 
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capture different mechanics between alignment of alveolar walls and recruitment of 

collagen fibers, they both demonstrated similar findings in aging. Thus, while some model 

predictions might be experimentally harder to validate such as the inflation of a single 

alveolus, other higher-level models could help extract data, verify, or provide experimental 

insight for smaller scale models. By constructing physiologically based and interlinked 

models through hierarchical levels, ultimately the macroscopic measurements can best 

capture microscopic mechanics and help explain emerging phenomena as well as reduce 

VILI. 

7.2 Future directions 

Future work should focus on further developing the presented and other methods 

on both the macroscopic and microscopic fronts under the overall objective of building a 

representative multiscale model. Due to their different nature, each scale presents a 

different type of challenge. 

The analytical models presented in this work could be further enhanced to better 

represent microscopic mechanics. For the alveolar model, we propose the following: 

1. Surface tension: Adding surface tension will allow the model to capture the two types 

of stabilities at both the inflation and deflation parts. To accomplish this new or already 

available models could be incorporated. This addition will not change the presented 

mathematical derivation but will only add an additional variable, surface tension (γ), 

in calculating the final pressure in Eq. 5.12. We hypothesize that this addition does not 

affect our findings concerning alveolar inflation stability but executing the 

investigation will provide the correct insight. 
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2. Alveolar network and heterogeneity: In reality the alveoli are interconnected and 

their mechanics are interdependent. In order to model this behavior, numerical 

simulations might be a better or even the only possible approach. While analytical 

solutions would be difficult to achieve in a network and not to mention across scales, 

they can still serve as inputs to single units as well as offer computational speed. On 

the other hand, it might actually be possible to use the derived analytical equations in 

a smaller network of alveoli such as an acinus. By assuming these units are all at same 

pressure but each is given a different fiber elastic modulus, we can compute the P-V 

curve for each alveolus and the difference in volumes at a prescribed pressure. This 

would also require solving the problem that several alveoli share septal walls and the 

alveoli must be space filling. Could the fact that the inextensible collagen fibers prevent 

the softer ones from over distension as the stiffer ones catch up in size? And if so under 

what conditions? Several questions on the small network scale concerning 

heterogeneity could be answered analytically. In addition, this will allow to study the 

effect of heterogeneous diseases on a small network scale. 

Concerning the uniaxial model, we propose the following future work: 

1. Non-affine deformations: Even though the alveolar wall has the ability to stretch and 

rotate, its ends still follow the microscopic tissue displacement which is modeled to 

behave in an affine fashion. Adding an energy expenditure term proportional to the 

square difference between the macroscopic and microscopic strain (similar to shear) 

will allow the wall to follow only a percentage of the macroscopic tissue strain and 

particularly the one that minimizes energy. Thus, this will lead to an additional stiffness 



128 

 

 

term in the energy equation. This term can represent the shear modulus and could be 

fitted with the other parameters as well. 

2. Wavy fibers embedded in alveolar walls: As briefly discussed in chapter 6, we can 

model the alveolar stiffness, which is assumed to be constant, to be a function of fiber 

waviness by applying the equation derived for wavy fibers under uniaxial stretch 

presented in Appendix C.2. By deriving Eqs. C.76 and C.77 as a function of λ, we can 

obtain the incremental stiffness of the alveolar walls during and after full recruitment 

of the collagen fibers. Plugging that equation into the alveolar wall stiffness, it might 

be possible to further extract microscopic data (such as waviness) as well as separate 

elastin and collagen fibers at the level of the tissue. 

ZVV’s main challenge is to transition to clinical application. This would require 

further evidence on its potential as both a diagnostic and therapeutic tool. To this end, we 

propose these primary steps: 

1. ZVV vs. CV and degree of variability: Even though ZVV requires variation in 

frequency and tidal volume to assess respiratory mechanics it can still be compared to 

CV by assuming that small variations in VV tidal volumes is closest to CV. In fact, 

different levels of tidal volume variability should be tested to determine its effect on 

the assessed parameters. Of course, CV and VV can always be compared on other basis 

(i.e. blood gas, inflammation…). However, comparison of respiratory mechanics using 

ZVV serves as new and direct assessment. 

2. Comprehensive respiratory assessment via ZVV: By applying different positive-end 

expiratory pressures, tidal volumes, and breathing rates within physiological limits, 
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ZVV can assess respiratory resistance and elastance as a function of combined 

ventilation settings. 

3. ZVV feedback control:  A ventilator should be designed to construct ZRS using ZVV 

and then determine, using these values, an optimal new combination of settings. This 

will present ZVV as an objective approach to determine ventilator settings on a 

personalized basis. 

Point (1), being very similar to the human clinical trial presented, can be already integrated 

into a clinical trial. If the latter demonstrates the advantage of VV over CV, then this can 

lead to significant implications on current respiratory healthcare. Combining points (2) and 

(3) simultaneously, ZVV then will assess respiratory mechanics across different settings 

and select those which optimize a given objective function (i.e. compliance). This can be 

carried out automatically by the ventilator at specific time intervals. Furthermore, by 

integrating the multiscale models, the selection of ventilator parameters could be further 

enhanced based on microscopic estimates such as optimizing fiber stresses and reducing 

VILI leading to a technique that might be called the Smart Variable Ventilation, or SVV 

(Figure 7-1). Unlike point (1), these two points would require experimental support before 

clinical feasibility studies. 
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Figure 7-1: Future directions: Smart Variable Ventilation (SVV). First, the clinician selects 

the clinical settings such as mean tidal volume (𝑽̅𝑻), percent variation in tidal volume (%𝚫𝑽𝑻), 

respiratory frequency (FR), and positive-end expiratory pressure (PEEP). Then the ventilator 

will deliver variable ventilation (VV) and the built-in software will continuously assess 

respiratory mechanics (i.e. respiratory elastance ERS) across time (i.e. T1 and T2) from 

continuous volume (V) and pressure (P) recordings. The software would then be able to 

estimate microscopic alveolar and fiber stresses through research-based findings and 

integrated multiscale models. From these estimates, the software can provide automatic 

feedback control for the optimal clinical settings (i.e. settings which minimize ERS and fiber 

stresses) in order to avoid or reduce ventilation-induced lung injury across time periods. The 

SVV approach would automatically track and adjust to the potentially time varying 

conditions of the patient providing the best adaptive ventilation possible.   
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Appendix A: Flow Sensor 

Table A-1: Measured volumes and flow resistance for sensor parts. 

Sensor Part 
Length 

(mm) 

Smaller 

Inner 

Radius 

(mm) 

Larger 

Inner 

Radius 

(mm) 

Volume 

(mm3) 

(truncated 

cone) 

Flow 

Resistance 

(cmH2O.s/

ml) 

Inner Core 5.8 0.25 0.25 3.42 2.2937 

Ventilator & Cannula 

Connection 
3.5 1 1 11.00 0.0018 

Between Inlet/Outlet 

and Inner core Section 

1:  Pressure drop 

measured 

3.85 0.25 0.855 8.12 0.1363 

Between Inlet/Outlet 

and Inner core Section 

2: Pressure drop not 

measured 

0.75 0.855 1 4.06 0.0011 

 

Table A-2: Alternative flow sensor design. 

Sensor Part 
Length 

(mm) 

Smaller 

Inner 

Radius 

(mm) 

Larger 

Inner 

Radius 

(mm) 

Volume 

(mm3) 

(truncated 

cone) 

Flow 

Resistance 

(cmH2O.s/

ml) 

Inner Core 5.8 0.55 0.55 5.51 0.0326 

Ventilator & Cannula 

Connection 
3.5 1 1 21.99 0.0036 

Between Inlet/Outlet 

and Inner core Section 

1:  Pressure drop 

measured 

3.850 0.55 0.927 13.47 0.0167 

Between Inlet/Outlet 

and Inner core Section 

2: Pressure drop not 

measured 

0.75 0.927 1 4.38 0.0009 
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Table A-3: Alternative flow sensor design characteristics. 

Sensor Resistance (cmH2O.s/ml) 0.0538 

Sensor Dead Space (ml) 0.0454 

% Dead space from Tidal Volume (0.2ml) 22.68 

% of Mouse Resistance (0.5 cmH2O.s/ml) 10.76 

% of Mouse Resistance (0.8 cmH2O.s/ml) 6.73 

% Resistance across measured pressure drop 91.6 

Inclination Angle (degrees) 5.6 

 

Table A-4: Kernel values. 2nd and 3rd order kernel values. 

h2 

Index 1 2 3 4 5 6 

1 -1.28 2.07 0.31 -1.60 0.03 0.50 

2 2.07 -3.31 -1.88 4.89 -1.01 -0.95 

3 0.31 -1.88 4.32 -2.50 -2.02 2.01 

4 -1.60 4.89 -2.50 -6.74 10.28 -4.44 

5 0.03 -1.01 -2.02 10.28 -11.95 4.68 

6 0.50 -0.95 2.01 -4.44 4.68 -1.81 

h3(i1,i2,6) 

Index 1 2 3 4 5 6 

1 6.33 -15.02 6.63 21.24 -28.84 5.34 

2 -15.02 29.62 8.63 -98.91 115.69 -20.98 

3 6.63 8.63 -111.74 252.70 -236.02 39.37 

4 21.24 -98.91 252.70 -372.90 293.49 -46.42 

5 -28.84 115.69 -236.02 293.49 -209.69 32.69 

6 5.34 -20.98 39.37 -46.42 32.69 -7.01 
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Figure A-1: Ventilation delivered volume load dependence. Using the composite volume 

perturbation signal with four different load conditions (no load, 9, 18, and 27 ml syringe 

volume) the delivered tidal volume showed load dependence. 
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Figure A-2: Pressure and flow correction using Volterra series. A) The transducer’s 

measured pressure (dotted) was corrected to match the pressure measured by the ventilator 

(solid) using two 1st order (O) Volterra series with a memory (M) of 1 and 6 (dash, 𝒓̅𝟐=0.9635 

and dash-dot,  𝒓̅𝟐=0.9971 respectively). B) Then for each pressure signal a corresponding flow 

was plotted. Both the corrected flows, equated from the corrected pressures, with M=1 (dash, 

𝒓̅𝟐= 0.7941) and M=6 (dash-dot, 𝒓̅𝟐=0.9355) improved the fit compared to the unadjusted flow 

(dotted, 𝒓̅𝟐=0.6580) with the latter being superior. 
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Figure A-3: Capnometer readings. Expired CO2 in the presence or absence of the flow sensor.  
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Appendix B: ZVV 

B.1 Human and mouse data  

Table B-1: Patient biographic data. 

Patient 
Age 

(yrs) 

Height 

(cm) 

Weight 

(kg) 

Ideal 

Body 

Weight 

(kg) 

BMI 
Respiratory Failure 

Etiology 

1 38 187 89 80 25.5 pneumonia 

2 61 179 68.2 71 21.3 pneumonia 

3 31 186 79.2 77.1 22.9 non-pulmonary sepsis 

4 63 170 119.9 66.1 41.5 pneumonia 

5 41 160 61.5 56.9 24.0 pneumonia 
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Table B-2: Mouse summary results. 

RRS (cmH2O.s.mL-1) - Before Lavage 

    T1 T2 

Mouse 
Time  

(min) 

Breath 

Number 
Mean 

Standard 

Error 

Breath 

Number 
Mean 

Standard 

Error 

1 11.4 1220 2.56 0.005 1213 2.55 0.005 

2 11.7 1245 1.71 0.002 1219 1.70 0.002 

3 10.2 983 3.41 0.015 969 4.16 0.017 

4 11.3 1211 1.60 0.002 1195 1.59 0.002 

5 11.2 1189 1.91 0.003 1174 1.90 0.003 

RRS (cmH2O.s.mL-1) - After Lavage 

    T1 T2 

Mouse 
Time  

(min) 

Breath 

Number 
Mean 

Standard 

Error 

Breath 

Number 
Mean 

Standard 

Error 

1 10.4 1097 2.52 0.007 1124 2.49 0.006 

2 10.3 1083 1.61 0.003 1068 1.63 0.003 

3 10.4 1094 2.57 0.004 881 2.84 0.007 

4 10.1 1072 2.46 0.007 1055 2.34 0.005 

5 10.2 1090 1.92 0.003 1062 1.89 0.002 

ERS (cmH2O.mL-1) - Before Lavage 

    T1 T2 

Mouse 
Time  

(min) 

Breath 

Number 
Mean 

Standard 

Error 

Breath 

Number 
Mean 

Standard 

Error 

1 11.4 1220 25.05 0.162 1213 25.27 0.159 

2 11.7 1245 38.50 0.084 1219 39.04 0.078 

3 10.2 983 44.87 0.210 969 48.86 0.294 

4 11.3 1211 38.19 0.083 1195 38.62 0.077 

5 11.2 1189 38.37 0.072 1174 38.97 0.071 

ERS (cmH2O.mL-1) - After Lavage 

    T1 T2 

Mouse 
Time  

(min) 

Breath 

Number 
Mean 

Standard 

Error 

Breath 

Number 
Mean 

Standard 

Error 

1 10.4 1097 43.85 0.245 1124 39.53 0.195 

2 10.3 1083 49.98 0.100 1068 49.26 0.091 

3 10.4 1094 51.94 0.142 881 51.56 0.150 

4 10.1 1072 51.94 0.166 1055 51.56 0.131 

5 10.2 1090 51.39 0.100 1062 50.87 0.080 
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Table B-3: Multiple comparison test results for ERS within T before and after lavage. 

Mean ERS (cmH2O.mL-1) 

Mouse 

Before lavage After lavage 
p value (T1 vs 

T2) 

T1 T2 (T2-T1)/T1 T1 T2 (T2-T1)/T1 
Before 

lavage 

After 

lavage 

1 25.05 25.27 0.88% 43.85 39.53 -9.85% 0.462 <10-5 

2 38.50 39.04 1.40% 49.98 49.26 -1.45% <10-5 <10-5 

3 44.87 48.86 8.89% 51.94 51.56 -0.72% <10-5 0.60 

4 38.19 38.62 1.11% 51.94 51.56 -0.73% 0.0168 0.0004 

5 38.37 38.97 1.56% 51.39 50.87 -1.02% <10-5 <10-5 
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B.2 OVW 

The OVW [97] provides a composite forced oscillatory wave form at the airway 

opening with a peak-to-peak pressure amplitude that generates a volume signal matching 

the VT delivered by the ventilator during mechanical ventilation. The frequencies present 

in the OVW waveform allows the computation of ZRS as the ratio of the pressure-flow 

cross-power spectrum and the flow auto-power spectrum. The data obtained from OVW 

can then be used to fit the constant-phase model written as [35,182]:  

 
𝑍𝑅𝑆 = 𝑅𝑁 + 𝐼𝑎𝑤𝑗 +

𝐺 − 𝑗𝐻

𝜔𝑛
𝛼  (B.1) 

 

where RN, Iaw, G, and H are the Newtonian resistance, airway inertance, tissue damping, 

and tissue elastance, respectively, 𝛼 =
2

𝜋
atan (

𝐻

𝐺
) and 𝜔 is the circular frequency (rad/s). 

Note that the circular frequency 𝜔 is normalized with 𝜔0 = 1 radian so that 𝜔𝑛 =
𝜔

𝜔0
 is 

used in Eq. B.1 in order to obtain meaningful units for G and H [174]. For the range of 

frequencies applied, 𝐼𝑎𝑤 ≈ 0. Thus, the equivalent 2-element RRS and ERS at the mean 

normalized frequency 𝜔𝑚 are written as: 

 
𝑅𝑅𝑆 = 𝑅𝑁 +

𝐺

𝜔𝑚
𝛼  (B.2) 

 

 𝐸𝑅𝑆 = 𝐻𝜔𝑚
1−𝛼 (B.3) 

 

The constant-phase parameters were consequently used to calculate the equivalent RRS and 

ERS values from Eqs B.2 & B.3, respectively.  
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B.3 Computational study - Kelvin body and pressure transient adjustment   

The equivalent resistance (Rk) and elastance (Ek) of the Kelvin body can be 

computed as follows [96]: 

 
𝑅𝑘 =

𝑅1𝐸1
2

𝑅1
2𝜔2 + 𝐸1

2 (B.4) 

 

 
𝐸𝑘 =

𝑅1
2𝐸1𝜔2 + 𝑅1

2𝐸2𝜔2 + 𝐸1
2𝐸2

𝑅1
2𝜔2 + 𝐸1

2  (B.5) 

 

Using a minimum and a maximum FR,  and a sequence of VT’s similar to those in 

the human experiments, a time series of simulated VV was constructed by stitching the 

individual cycles together each having a different VT and FR creating a volume signal (V) 

of the form: 

 
𝑉(𝑡) = −

𝑉𝑇

2
cos(2𝜋𝐹𝑅(Δ𝑡)) +

𝑉𝑇

2
 (B.6) 

 

where Δ𝑡 represents the difference in time from the onset of each breath cycle. The flow 

(𝑉̇) was computed as the volume trace differentiated with respect to time. Next, the pressure 

difference (∆P) with respect to the positive-end expiratory pressure (PEEP) was obtained 

for each breath using the analytical solution of the Kelvin body given by: 

 ∆𝑃(𝑡) = 𝑃(𝑡) − 𝑃𝐸𝐸𝑃

= ∆𝑃𝑖𝑒
−

𝐸1
𝑅1

Δ𝑡
+

𝑉𝑜

2
(𝐸2 − 𝐸𝑘) (1 − 𝑒

−
𝐸1
𝑅1

Δ𝑡
) + 𝑅𝑘𝑉̇ + 𝐸𝑘𝑉 

(B.7) 

 

where ∆Pi is the value of ∆P at the start of the current breath. Note that due to the variable 

nature of the ventilation, ∆P includes both steady-state and transient pressure contributions 

from previous breaths. In particular, the last 2 terms in Eq. B.7 are the conventional 
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resistive and elastic pressure drops respectively whereas the first 2 terms represent the 

transients. 

In order to account for the transient effects, we approximate the transient part of 

∆P, the first 2 terms in Eq. B.7 denoted by ∆PT , to vary linearly from the beginning to the 

end of each breath as follows: 

 ∆𝑃𝑇(𝑡) = 2𝜋𝐹𝑅(∆𝑃𝑓 − ∆𝑃𝑖)𝑡 (B.8) 

 

where ∆Pf is the value of ∆P at the end of the breath. Finally, the estimated steady-state 

pressure difference (∆Ps) of the current breath is computed as: 

 ∆𝑃𝑠(𝑡) = ∆𝑃(𝑡) − ∆𝑃𝑇(𝑡) (B.9) 

 

The concept behind this correction is that in the steady-state, the end of each breath 

should be the same; thus, any variation in pressure at the end of the breath is due to 

transients. While these transients might take different functional forms (e.g., not 

necessarily exponential as in the Kelvin body model), a linear approximation is the 

simplest. Applying this technique in several forward simulations was sufficient to reduce 

the error significantly (Table B-4). It is worth mentioning that for a pressure-controlled 

ventilation, a steady-state volume can be estimated in a similar fashion for the correction 

of transients. 
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Table B-4: Simulation results. The correction procedure was tested for 15 sets of simulations 

while varying different parameters. The error on ERS was consistently low before and after 

the correction. Errors without pressure correction were very high for RRS; however, the 

correction method consistently reduced errors as high as an order of magnitude, and the 

maximum error was only 3.4%. 

 RRS ERS 

  Maximum Error (%) Maximum Error (%) 

Parameter 

Change* 
∆P ∆Ps ∆P ∆Ps 

Baseline** -41.9 -1.9 1.50 -1.38 

2Fs -44.4 2.1 1.67 1.40 

Fs/2 -35.2 1.7 2.12 2.03 

2Nb -37.5 -2.1 1.62 -1.38 

Nb/2 -40.9 -2.3 1.48 -1.14 

 FR = 12.5-

17.5 
-16.2 1.3 1.09 1.08 

FR = 7.5-22.5 -44.7 2.6 2.02 1.96 

MTV = 5 -38.5 -2.2 1.56 -0.96 

MTV = 10 -36.2 -1.9 1.45 -1.30 

1.25R1 -47.0 1.4 1.08 1.07 

0.75R1 -31.8 3.4 2.41 2.36 

1.25E1 -31.8 2.3 1.72 1.69 

0.75E1 -45.9 1.7 1.42 1.39 

1.25E2 -37.8 1.4 1.38 1.24 

0.75E2 -39.5 2.2 1.67 1.64 
* Compared to baseline 

**Baseline: Fs (sampling frequency) = 50 Hz, Nb (number of breath) = 500 

breath, FR=10-20 breath/min, MTV = 7.5 L/min, R1 = 60 cmH2O.s.L-1, E1 = 

20 cmH2O.L-1, E2 = 5 cmH2O.L-1 
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B.4 Time domain analysis 

Using the breath-by-breath volume (V) and flow (𝑉̇) time data, RRS, ERS, and an 

offset (Po) were estimated using linear regression applied to a two compartment model of 

the following form: 

 𝑃(𝑡) = 𝑅𝑅𝑆𝑉̇ + 𝐸𝑅𝑆𝑉 + 𝑃𝑜 (B.10) 

 

For finding RRS and ERS for the full breath, the entire period of each breath was used, 

whereas for inspiratory-only fitting, the inspiratory phase of the breath was used. The 

values of RRS and ERS were then binned as a function of time for both the human patients 

as well as the mice subjects (Figures B-1 & B-2 respectively). In general, the inspiratory-

only analysis provided higher values. However, the RRS and ERS values in time (inspiratory-

only and full cycle) and frequency (ZVV) domain were generally close to each other and 

showed similar trends across time. It is important to note that the advantage of binning the 

data as a function of FR is that it provides frequency spectra of RRS and ERS which is not 

obtained when the data is binned in time. However, the ZVV technique can be used to bin 

data as a function of time as well when needed. Furthermore, similar to Figures 4-4A and 

4-4B where a double binning process was applied, the binning can be done as function of 

FR (primary bin) and VT (secondary bin) that can reveal the nonlinear properties of the 

respiratory system for a particular VT at a specific FR. 
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Figure B-1: Time binned human data. Fitting full cycle or inspiratory cycle in time domain.  
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Figure B-2: Time domain mouse data using ZVV with ∆Ps and ∆P. There is an 

underestimation of the values with ∆P but the difference is minor. 
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Appendix C: Alveolar model 

C.1 Model derivation 

Model description 

Alveolus: The model considers a thick-walled alveolus and assumes spherical 

geometry. The alveolar wall is described in terms of a spherical coordinate system with 

uppercase (𝑅𝑖 ≤ 𝑅 ≤ 𝑅𝑒 , 0 ≤ 𝛩 ≤ 2𝜋, 0 ≤ 𝛷 ≤ 2𝜋)  and lowercase ( 𝑟𝑖 ≤ 𝑟 ≤ 𝑟𝑒 , 0 ≤

𝜃 ≤ 2𝜋, 0 ≤ 𝜙 ≤ 𝜋 ) symbols representing the undeformed and the deformed state, 

respectively. The inner and outer radii are denoted by 𝑅𝑖 and 𝑅𝑒, which become 𝑟𝑖 and 𝑟𝑒, 

respectively, during inflation. We define a general stretch ratio 𝜆 =
𝑟

𝑅
, an inner stretch 

ratio 𝜆𝑖 =
𝑟𝑖

𝑅𝑖
 and an outer stretch ratio 𝜆𝑒 =

𝑟𝑒

𝑅𝑒
. We also introduce a thickness mapping 

parameter 𝑆 =
𝑅

𝑅𝑖
 to span across the alveolar thickness so that 𝑆𝑖 = 1 ≤ 𝑆 ≤

𝑅𝑒

𝑅𝑖
= 𝑆𝑒. The 

wall is assumed to be incompressible, homogeneous isotropic, and deforms only in the 

radial direction ( 𝜃 = Θ, 𝜙 = Φ)  . Similarly, the alveolar expansion is isotropic and 

homogenous maintaining its spherical structure as its being inflated. 

Wavy Fibers: The wall contains wavy fibers embedded in the extracellular matrix 

(ECM) and oriented in the circumferential direction. When the alveolus is inflated, the 

wavy fibers are gradually straightened and recruited. Fibers act as linear springs in parallel 

without any fiber-fiber or fiber-matrix interaction. Thus, nonlinearity in the mechanical 

behavior arises purely from the recruitment of wavy fibers. At any radius R in the 

undeformed state, the fibers are not stretched guaranteeing no residual stress across the 

wall, and the fibers contribute to force only when they are recruited (straightened). Let 𝑁𝑓 
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denote the total number of fibers in the alveolar wall with an average cross-sectional area 

𝐴𝑓 and average elastic modulus 𝑌𝑓. The fractional area occupied by the fibers in the wall 

is 𝛿𝐴,𝑓 =
𝑁𝑓𝐴𝑓

2𝜋𝑅𝑖(𝑅𝑒−𝑅𝑖)
.  

Next, we define the contour length or unstretched length of a fiber as Lf=qRf where 

𝑅𝑓  is the alveolar radius at which the fiber is recruited. The waviness of a fiber that is 

located at R is given as 𝑤𝑓 =
𝑞𝑅𝑓(𝑅)

𝑞𝑅
=

𝑅𝑓(𝑅)

𝑅
. We define 𝑤1 and 𝑤2 as the minimum and 

maximum waviness at Se, respectively. The probability distribution of Rf, denoted by 

𝑝𝑓(𝑅𝑓 , 𝑅), can be a function of 𝑅 and is defined as the probability of finding fibers with 

𝑅𝑓 between 𝑅𝑓 and 𝑅𝑓 + 𝑑𝑅𝑓 within the alveolar wall between radii 𝑅 and 𝑅 + 𝑑𝑅,  Θ and 

+𝑑Θ, and Φ + 𝑑Φ such that: 

 
∬ ∬ 𝑝𝑓(𝑅𝑓 , 𝑅)𝑑𝑅𝑓𝑑𝑅𝑑Θ𝑑Φ = 1 (C.1) 

Since fiber waviness is independent of angles, 𝑝𝑓 can be reduced to: 

 
∬ 𝑝𝑓(𝑅𝑓 , 𝑅)𝑑𝑅𝑓𝑑𝑅 = 1 (C.2) 

In terms of the dimensionless parameters waviness and S, the probability is written as: 

 
∬ 𝑝𝑤𝑓

(𝑤𝑓, 𝑆)𝑑𝑤𝑓𝑑𝑆 = 1 (C.3) 

Since the range of waviness may vary across the wall, we take this into account by 

using a function 𝐺𝑜(𝑆) such that 𝑤1𝐺𝑜(𝑆) ≤ 𝑤𝑓 ≤ 𝑤2𝐺𝑜(𝑆). When 𝐺𝑜 = 1, the waviness 

distribution becomes independent of S and hence uniform throughout the wall thickness. 

For example, if we set 𝐺𝑜(𝑆) =
𝑆𝑒+1

2𝑆
 such that 𝑤1

𝑆𝑒+1

2𝑆
≤ 𝑤(𝑆) ≤ 𝑤2

𝑆𝑒+1

2𝑆
, the waviness of 
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the fibers will decrease with S. 𝐺𝑜 = 1 allows the fibers to have constant waviness but with 

linearly increasing fiber length across the alveolar wall, while 𝐺𝑜(𝑆) =
𝑆𝑒+1

2𝑆
 implies a 

decrease in waviness but uniform fiber length across the wall. Note however, that for this 

specific case, the waviness of the middle layer (𝑆 =
𝑆𝑒+1

2
) is the same for the two cases.  

For a given S, we shall describe the waviness within the wall with the general beta 

distribution with its two shape parameters α and β where 𝐵(𝛼, 𝛽) is the beta function with 

shape parameters 𝛼 and 𝛽.Thus, by varying 𝐺𝑜, it is possible to shift the waviness range 

across S, while changing 𝛼  and 𝛽 , it is possible to create very different waviness 

distributions. For instance, when 𝛼 = 𝛽 = 1, 𝑝𝑤𝑓
 becomes a uniform distribution. With 

these considerations, the general beta waviness distribution is: 

 

𝑝𝑤𝑓
(𝑤𝑓 , 𝑆) =

1

𝑆𝑒 − 1

(𝑤𝑓 − 𝑤1𝐺𝑜)
𝛼−1

(𝑤2𝐺𝑜 − 𝑤𝑓)
𝛽−1

𝐵(𝛼, 𝛽)(𝑤2𝐺𝑜 − 𝑤1𝐺𝑜)𝛼+𝛽−1
 (C.4) 

Matrix: If 𝑁𝑚  is the total number of ECM units with average cross-sectional area and 

elastic modulus of 𝐴𝑚 and 𝑌𝑚, respectively, then the fractional area of the matrix is 𝛿𝐴,𝑚 =

𝑁𝑚𝐴𝑚

2𝜋𝑅𝑖(𝑅𝑒−𝑅𝑖)
. We assume these units are distributed throughout the tissue according to a 

uniform distribution 𝑝𝑚(𝑅) =
1

𝑅𝑒−𝑅𝑖
.  

The derivation is based on the model of Wuyts et al. [160] applied to a thick-walled 

cylindrical model of the aorta; however, using the beta distribution for fiber waviness, 

instead of the Lorentz function in their model, we are able to obtain analytic expressions 

for the true stress and the incremental stiffness across the thickness of an alveolus under 

large deformations.   



149 

 

 

Mass conservation 

To derive the P-V curve, let us first consider a spherical shell with its inner radius 

𝑅𝑖 and thickness dR, 0 ≤ 𝜃 ≤ 2𝜋, and 0 ≤ 𝜙 ≤ 𝜋. By applying the conservation of mass 

for a layer between Ri and 𝑅 = 𝑅𝑖 + 𝑑𝑅, we obtain the following relations: 

 4

3
𝜋(𝑅3 − 𝑅𝑖

3) =
4

3
𝜋(𝑟3 − 𝑟𝑖

3) (C.5) 

 

 𝑅 = (𝑟3 − 𝑟𝑖
3 + 𝑅𝑖

3)1/3 (C.6) 

 

 𝑑𝑅

𝑑𝑟
=

𝑟2

(𝑟3 − 𝑟𝑖
3 + 𝑅𝑖

3)2/3
=

𝑟2

𝑅2
= 𝜆2 (C.7) 

 

Note that Eq. C.7 is the inverse of the deformation gradient in r. Dividing Eq. C.6 with 𝑅𝑖, 

we can relate the general stretch ratio as a function of the internal stretch ratio (𝜆𝑖) and 

thickness mapping parameter (𝑆): 

 
𝜆3(𝜆𝑖, 𝑆) =

𝑆3 + 𝜆𝑖
3 − 1

𝑆3
 (C.8) 

 

Wavy fiber circumferential stress 

Let us now consider how the circumferential force at radius r arises in the deformed 

state. As the layer of tissue at R is stretched, a fiber with Rf is recruited when the layer is 

stretched to r=Rf. Further stretching the layer stretches the fiber to a linear strain of (𝑞𝑟 −

𝑞𝑅𝑓)/𝑞𝑅𝑓 . The single fiber circumferential force (fs,f) acting perpendicular to a small 

surface area element 𝑟𝑑𝜃𝑑𝑟 in the deformed state is thus: 
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𝑓𝑠,𝑓 =  {
𝑌𝑓𝐴𝑓

𝑟 − 𝑅𝑓

𝑅𝑓
= 𝑌𝑓𝐴𝑓 (

𝜆 − 𝑤𝑓

𝑤𝑓
)     𝑓𝑜𝑟 𝑟 > 𝑅𝑓 𝑜𝑟 𝜆 > 𝑤𝑓

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                     

 (C.9) 

The total circumferential force due to all fibers (ff) is thus given by: 

 
𝑑(𝑑𝑓𝑓) = 𝑁𝑓𝑝𝑤𝑓

(𝑤𝑓 , 𝑆)𝑌𝑓𝐴𝑓 (
𝜆 − 𝑤𝑓

𝑤𝑓
) 𝑑𝑤𝑓𝑑𝑆 (C.10) 

The circumferential true stress in the wall is obtained by dividing the total force with the 

deformed area, 2𝜋𝑟𝑑𝑟 (
2𝜋𝑅𝑖

2𝑆𝑑𝑆

𝜆
) derived from Eqs. C.6, C.7, and C.8 .The true stress is 

written as:    

 
𝑑𝜎𝑓,𝜃𝜃 = 𝑁𝑓𝑝𝑤𝑓

(𝑤𝑓 , 𝑆)𝑌𝑓𝐴𝑓 (
𝜆 − 𝑤𝑓

𝑤𝑓
)

𝜆𝑑𝑤𝑓𝑑𝑆

2𝜋𝑅𝑖
2𝑆𝑑𝑆

 (C.11) 

If we divide the right hand side with (𝑅𝑒 − 𝑅𝑖) and multiply it with 𝑅𝑖(𝑆𝑒 − 1) = 𝑅𝑒 − 𝑅𝑖, 

we can use the fiber area fraction to simplify Eq. C.11 as follows: 

 
𝑑𝜎𝑓,𝜃𝜃 =

𝑁𝑓𝐴𝑓

2𝜋(𝑅𝑒 − 𝑅𝑖)𝑅𝑖
 𝑝𝑤𝑓

(𝑤𝑓 , 𝑆)𝑌𝑓(𝑆e − 1)
𝜆

𝑆
(

𝜆 − 𝑤𝑓

𝑤𝑓
) 𝑑𝑤𝑓 (C.12) 

 

 
𝑑𝜎𝑓,𝜃𝜃 = 𝛿𝑓 𝑌𝑓𝑝𝑤𝑓

(𝑤𝑓 , 𝑆)(𝑆e − 1)
𝜆

𝑆
(

𝜆 − 𝑤𝑓

𝑤𝑓
) 𝑑𝑤𝑓 (C.13) 

we can replace 𝑝𝑤𝑓
(𝑤𝑓 , 𝑆) with the beta distribution: 

 

𝑑𝜎𝑓,𝜃𝜃 = 𝛿𝑓 𝑌𝑓

𝜆

𝑆

(𝑤𝑓 − 𝑤1𝐺𝑜)
𝛼−1

(𝑤2𝐺𝑜 − 𝑤𝑓)
𝛽−1

𝐵(𝛼, 𝛽)(𝑤2𝐺𝑜 − 𝑤1𝐺𝑜)𝛼+𝛽−1
(

𝜆 − 𝑤𝑓

𝑤𝑓
) 𝑑𝑤𝑓 (C.14) 

Finally, to simplify the integration, the following transforms for 𝑤𝑓  and 𝜆  are applied 

respectively:  

 
𝑤𝑡 =

𝑤𝑓 − 𝑤1𝐺𝑜

𝑤2𝐺𝑜 − 𝑤1𝐺𝑜
 (C.15) 
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𝜆𝑡 =

𝜆 − 𝑤1𝐺𝑜

𝑤2𝐺𝑜 − 𝑤1𝐺𝑜
 (C.16) 

 

When fibers are being recruited, 𝑤1𝐺𝑜 < 𝜆 < 𝑤2𝐺𝑜 which is equivalent to 0 < 𝑤𝑡 < 𝜆𝑡 

and 0 < 𝜆𝑡 < 1, whereas for fully recruited fibers, 𝜆 > 𝑤2𝐺𝑜  which yields 0 < 𝑤𝑡 < 1 

and 1 < 𝜆𝑡 < ∞. The probability distribution function for 𝑝𝑓(𝑤𝑡) is now written as: 

 
𝑝𝑓(𝑤𝑡) =

1

(𝑆𝑒 − 1)

1

𝐵(𝛼, 𝛽)
(𝑤𝑡)𝛼−1(1 − 𝑤𝑡)𝛽−1 (C.17) 

where 0 < 𝑤𝑡 < 1 for any layer S as required by the beta distribution. Thus, the stress 

differential is written as: 

 𝑑𝜎𝑓,𝜃𝜃

= 𝛿𝑓 𝑌𝑓

𝜆𝑡(𝑤2𝐺𝑜 − 𝑤1𝐺𝑜) + 𝑤1𝐺𝑜

𝑆

𝑤𝑡
𝛼−1(1 − 𝑤𝑡)𝛽−1

𝐵(𝛼, 𝛽)
(

𝜆𝑡 − 𝑤𝑡

𝑤𝑡(𝑤2𝐺𝑜 − 𝑤1𝐺𝑜) + 𝑤1𝐺𝑜

) (𝑤2𝐺𝑜

− 𝑤1𝐺𝑜)𝑑𝑤𝑡  

(C.1

8) 

Integrating Eq. C.18 through all waviness, the true circumferential stress due to the all 

fibers at a given layer S experiencing a stretch ratio 𝜆 is: 

 
𝜎𝑓,𝜃𝜃(𝜆, 𝑆) =

𝛿𝑓𝑌𝑓

𝐵(𝛼, 𝛽)𝛼(𝛼 + 1)

𝜆

𝑆

𝜆 − 𝑤1𝐺𝑜

𝑤1𝐺𝑜
(

𝜆 − 𝑤1𝐺𝑜

𝑤2𝐺𝑜 − 𝑤1𝐺𝑜
)

𝛼

((𝛼

+ 1)𝐴1 − 𝛼𝐵1) ,  𝑤1𝐺𝑜 < 𝜆 < 𝑤2𝐺𝑜 

(C.19) 

 

 

 
𝜎𝑓,𝜃𝜃(𝜆, 𝑆) =

𝛿𝑓𝑌𝑓

𝐵(𝛼, 𝛽)𝛼(𝛼 + 1)

𝜆

𝑆

𝜆 − 𝑤1𝐺𝑜

𝑤1𝐺𝑜
((𝛼 + 1)𝐴2

− 𝛼𝐵2) ,  𝑤1𝜆 ≥ 𝑤2𝐺𝑜   

(C.20) 

where: 



152 

 

 

 
𝐴1 = 𝐹1 (𝛼; 1 − 𝛽, 1 ; 𝛼 + 1;

𝜆 − 𝑤1𝐺𝑜

𝑤2𝐺𝑜 − 𝑤1𝐺𝑜
, −

𝜆 − 𝑤1𝐺𝑜

𝑤1𝐺𝑜
) (C.21) 

 

 
𝐵1 = 𝐹1 (𝛼 + 1; 1 − 𝛽, 1 ; 𝛼 + 2;

𝜆 − 𝑤1𝐺𝑜

𝑤2𝐺𝑜 − 𝑤1𝐺𝑜
, −

𝜆 − 𝑤1𝐺𝑜

𝑤1𝐺𝑜
) (C.22) 

 

 𝐴2 = 𝐹1 (𝛼; 1 − 𝛽, 1 ; 𝛼 + 1; 1, −
𝑤2 − 𝑤1

𝑤1
) (C.23) 

 

 𝐵2 = 𝐹1 (𝛼 + 1; 1 − 𝛽, 1 ; 𝛼 + 2; 1, −
𝑤2 − 𝑤1

𝑤1
) (C.24) 

and 𝐹1 is the Appell hypergeometric function of two variables defined as: 

 
𝐹1(𝑎; 𝑏, 𝑏′; 𝑐; 𝑥, 𝑦) = ∑ ∑

𝑎𝑚+𝑛𝑏𝑚𝑏𝑛
′

𝑚! 𝑛! 𝑐𝑚+𝑛

∞

𝑛=0

∞

𝑚=0

𝑥𝑚𝑦𝑛 (C.25) 

which converges when |𝑥| < 1 , |𝑦| < 1. 

Since in most experimental cases, it is the engineering stress (𝜎𝑒) that is actually 

calculated, we can divide Eq. C.10 with the undeformed area (2𝜋𝑅𝑑𝑅) rather than the 

deformed area (2𝜋𝑟𝑑𝑟). Interestingly, this results in a factor of 𝜆 (𝜎𝑒 =
𝜎

𝜆
) for the stress 

equation as a consequence of the conservation of mass (Eq. C.5). 

Uniform distribution stress and stiffness 

For the special case of a uniform distribution of waviness (𝛼 = 𝛽 = 1), 𝑝𝑓 is written as: 

 

 
𝑝𝑤𝑓

(𝑤𝑓 , 𝑆) =
1

𝑆𝑒 − 1

1

𝐺𝑜

1

𝑤2 − 𝑤1
 (C.26) 

 

Following the same procedure as above, the true stresses simplify to:  

 

 
𝜎𝑓,𝜃𝜃(𝜆, 𝑆) =

𝛿𝑓𝑌𝑓

𝑤2 − 𝑤1

1

𝐺𝑜

𝜆2

𝑆
[𝑙𝑛 (

𝜆

𝑤1𝐺𝑜
) +

𝑤1𝐺𝑜

𝜆
− 1] ,

𝑓𝑜𝑟  𝑤1𝐺𝑜 < 𝜆 < 𝑤2𝐺𝑜 

(C.27) 
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𝜎𝑓,𝜃𝜃(𝜆, 𝑆) =

𝛿𝑓𝑌𝑓

𝑤2 − 𝑤1

1

𝐺𝑜

𝜆2

𝑆
[𝑙𝑛 (

𝑤2

𝑤1
) +

𝑤1𝐺𝑜

𝜆
−

𝑤2𝐺𝑜

𝜆
] ,

𝑓𝑜𝑟  𝜆 ≥ 𝑤2𝐺𝑜 

(C.28) 

 

Differentiating Eqs. C.27 and C.28 with respect to 𝜆 provides the incremental Young’s 

modulus (𝐸𝑓) for the thick-walled sphere: 

 

 
𝐸𝑓,𝜃𝜃(𝜆, 𝑆) =

𝛿𝑓𝑌𝑓

𝑤2 − 𝑤1

1

𝐺𝑜

𝜆

𝑆
[2𝑙𝑛 (

𝜆

𝑤1𝐺𝑜
) +

𝑤1𝐺𝑜

𝜆
− 1] ,

𝑓𝑜𝑟 𝑤1𝐺𝑜 < 𝜆 < 𝑤2𝐺𝑜 

(C.29) 

 

 
𝐸𝑓,𝜃𝜃(𝜆, 𝑆) =

𝛿𝑓𝑌𝑓

𝑤2 − 𝑤1

1

𝐺𝑜

𝜆

𝑆
[2𝑙𝑛(𝑤1) +

𝑤1𝐺𝑜

𝜆
−

𝑤2𝐺𝑜

𝜆
] ,

𝑓𝑜𝑟  𝜆 ≥ 𝑤2𝐺𝑜 

(C.30) 

As for the engineering stress and incremental tissue stiffness (𝐸𝑒) they are equal to: 

 

 
𝜎𝑒𝑓,𝜃𝜃

(𝜆, 𝑆) =
𝛿𝑓𝑌𝑓

𝑤2 − 𝑤1

1

𝐺𝑜

𝜆

𝑆
[𝑙𝑛 (

𝜆

𝑤1𝐺𝑜
) +

𝑤1𝐺𝑜

𝜆
− 1] , 𝑓𝑜𝑟 𝑤1𝐺𝑜 < 𝜆

< 𝑤2𝐺𝑜 

(C.31) 

 

 
𝜎𝑒𝑓,𝜃𝜃

(𝜆, 𝑆) =
𝛿𝑓𝑌𝑓

𝑤2 − 𝑤1

1

𝐺𝑜

𝜆

𝑆
[𝑙𝑛 (

𝑤2

𝑤1
) +

𝑤1𝐺𝑜

𝜆
−

𝑤2𝐺𝑜

𝜆
] , 𝑓𝑜𝑟 𝜆 ≥ 𝑤2𝐺𝑜 

(C.32) 

 

 
𝐸𝑒𝑓,𝜃𝜃

(𝜆, 𝑆) =
𝛿𝑓𝑌𝑓

𝑤2 − 𝑤1

1

𝐺𝑜

1

𝑆
𝑙𝑛 (

𝜆

𝑤1𝐺𝑜
) , 𝑓𝑜𝑟  𝑤1𝐺𝑜 < 𝜆 < 𝑤2𝐺𝑜 (C.33) 

 

 
𝐸𝑒𝑓,𝜃𝜃

(𝜆, 𝑆) =
𝛿𝑓𝑌𝑓

𝑤2 − 𝑤1

1

𝐺𝑜

1

𝑆
𝑙𝑛 (

𝑤2

𝑤1
) , 𝑓𝑜𝑟  𝜆 ≥ 𝑤2𝐺𝑜 (C.34) 
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Circumferential ECM stress 

The circumferential force generated by the ECM can be derived similarly, but 

without considering waviness. Accordingly, the force is written as: 

 
𝑑(𝑑𝑓𝑚) = 𝑁𝑚𝑝𝑚(𝑅)𝐴𝑚𝑌𝑚

𝑟 − 𝑅

𝑅
𝑑𝑅 (C.35) 

Dividing by the deformed area 2𝜋𝑟𝑑𝑟, the ECM true stress is given by: 

 
𝜎𝑚,𝜃𝜃(𝑟, 𝑅(𝑟)) =

𝑁𝑚𝐴𝑚𝑌𝑚

2𝜋(𝑅𝑒 − 𝑅𝑖)

𝑟 − 𝑅

𝑅

𝑑𝑅

𝑟𝑑𝑟

=
𝑁𝑚𝐴𝑚𝑌𝑚

2𝜋(𝑅𝑒 − 𝑅𝑖)
(

𝑟2 − 𝑟𝑅

𝑅3
) 

(C.36) 

Multiplying the numerator and denominator by 𝑅𝑖 and writing the equation as a function 

of 𝜆 and S: 

 
𝜎𝑚,𝜃𝜃(𝜆, 𝑆) = 𝛿𝑚𝑌𝑚

𝜆

𝑆
(𝜆 − 1) (C.37) 

Differentiating Eq. C.37 with respect to 𝜆 provides the incremental Young’s modulus of 

the matrix: 

 
𝐸𝑚,𝜃𝜃(𝜆, 𝑆) = 𝛿𝑚𝑌𝑚

1

𝑆
[2𝜆 − 1] (C.38) 

While the engineering stress and stiffness are equal to: 

 
𝜎𝑒𝑚,𝜃𝜃

(𝜆, 𝑆) = 𝛿𝑚𝑌𝑚

1

𝑆
(𝜆 − 1) (C.39) 

 

 
𝐸𝑒𝑚,𝜃𝜃

(𝜆, 𝑆) = 𝛿𝑚𝑌𝑚

1

𝑆
 (C.40) 
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Total circumferential stress 

The total circumferential true stress 𝜎𝜃𝜃 and the corresponding stiffness 𝐸𝜃𝜃 of the 

tissue is the summed combination of both the fibers and the matrix (𝜎𝜃𝜃 = 𝜎𝑓,𝜃𝜃 + 𝜎𝑚,𝜃𝜃  ,

𝐸𝜃𝜃 = 𝐸𝑓,𝜃𝜃 + 𝐸𝑚,𝜃𝜃). Furthermore, the fiber equation can be split into two or more entities 

(i.e. collagen and elastin) to account for fibers with different material and waviness 

properties.  

Finally, the average circumferential stress across the wall at a given 𝜆𝑖 can be 

numerically calculated as :  

 

𝜎𝜃𝜃(𝜆𝑖) =
∫ 𝜎𝜃𝜃(𝜆(𝑆), 𝑆)𝑑𝑆 +  ∫ 𝜎𝜃𝜃(𝜆(𝑆), 𝑆)𝑑𝑆  

𝑆2

𝑆1

𝑆1

𝑆𝑜

𝑆𝑒 − 1
 (C.41) 

where 𝑆𝑜  to 𝑆1  is the interval where the fibers are being recruited and 𝑆1  to 𝑆2  is the 

interval where the fibers are fully recruited. 

Radial stress  

The equations of equilibrium in spherical coordinates are given by: 

 𝜕𝜎𝑟𝑟

𝜕𝑟
+

1

𝑟

𝜕𝜎𝑟𝜃

𝜕𝜃
+

1

𝑟 𝑠𝑖𝑛 𝜃

𝜕𝜎𝑟𝜙

𝜕𝜙
+

1

𝑟
(2𝜎𝑟𝑟 − 𝜎𝜃𝜃 − 𝜎𝜙𝜙

+ 𝜎𝑟𝜃 𝑐𝑜𝑡 𝜃) = 0 

(C.42) 

 

 𝜕𝜎𝑟𝜃

𝜕𝑟
+

1

𝑟

𝜕𝜎𝜃𝜃

𝜕𝜃
+

1

𝑟 𝑠𝑖𝑛 𝜃

𝜕𝜎𝜃𝜙

𝜕𝜙
+

1

𝑟
[(𝜎𝜃𝜃 − 𝜎𝜙𝜙) 𝑐𝑜𝑡 𝜃 + 3𝜎𝑟𝜃]

= 0 

(C.43) 

 

 𝜕𝜎𝑟𝜙

𝜕𝑟
+

1

𝑟

𝜕𝜎𝜃𝜙

𝜕𝜃
+

1

𝑟 𝑠𝑖𝑛 𝜃

𝜕𝜎𝜙𝜙

𝜕𝜙
+

1

𝑟
(2𝜎𝜃𝜙 𝑐𝑜𝑡 𝜃 + 3𝜎𝑟𝜙) = 0 (C.44) 

 

Due to the symmetry of the problem: 
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 𝜕

𝜕𝜃
=

𝜕

𝜕𝜙
= 0 (C.45) 

 

 𝜎𝜃𝜃 = 𝜎𝜙𝜙 (C.46) 

 

 𝜎𝑟𝜃 = 𝜎𝑟𝜙 (C.47) 

 

Thus, Eqs. 42-44 reduce to: 

 𝜕𝜎𝑟𝑟

𝜕𝑟
+

1

𝑟
(2𝜎𝑟𝑟 − 2𝜎𝜃𝜃 + 𝜎𝑟𝜃 𝑐𝑜𝑡 𝜃) = 0 (C.48) 

 

 𝜕𝜎𝑟𝜃

𝜕𝑟
+

3𝜎𝑟𝜃

𝑟
= 0 (C.49) 

 

 𝜕𝜎𝑟𝜙

𝜕𝑟
+

1

𝑟
(2𝜎𝜃𝜙 𝑐𝑜𝑡 𝜃 + 3𝜎𝑟𝜙) = 0 (C.50) 

 

Due to symmetry of the problem and comparing Eq. C.49 to Eq. C.50,  𝜎𝜃𝜙 = 0. By 

employing Eq. C.6 , we can express r as  𝑟 = 𝑅𝑖(𝑆3 + 𝜆𝑖
3 − 1)1/3 , from which 𝑑𝑟 =

𝑅𝑖
𝑆2

(𝑆3+𝜆𝑖
3−1)

2/3 𝑑𝑆. Utilizing these and the relation 𝑅 = 𝑅𝑖𝑆, Eq. C.49 can be rewritten as: 

 𝜕𝜎𝑟𝜃

𝜎𝑟𝜃
+ 3

𝑆2

𝑆3 + 𝜆𝑖
3 − 1

𝑑𝑆 = 0 (C.51) 

and the solution is given by: 

 
𝜎𝑟𝜃(𝜆𝑖, 𝑆) =

𝐶

𝑆3 + 𝜆𝑖
3 − 1

 (C.52) 

where 𝐶 is an arbitrary constant. Since 𝜎𝑟𝜃(𝜆𝑖 = 1) = 0 for any S, 𝐶 = 0 and hence 𝜎𝑟𝜃 =

0. In a similar fashion, Eq. C.48 can be written as: 

 𝜕𝜎𝑟𝑟

𝜕𝑆
+ 2

𝑆2

𝑆3 + 𝜆𝑖
3 − 1

𝜎𝑟𝑟 = 2
𝑆2

𝑆3 + 𝜆𝑖
3 − 1

𝜎𝜃𝜃 (C.53) 
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The solution is obtained by integration: 

 

𝜎𝑟𝑟(𝜆𝑖, 𝑆) =
2

(𝑆3 + 𝜆𝑖
3 − 1)2/3

∫
𝑆2

(𝑆3 + 𝜆𝑖
3 − 1)

1
3

𝜎𝜃𝜃(𝜆𝑖, 𝑆)𝑑𝑆

𝑆=S𝑒

𝑆=1

 (C.54) 

The mean radial pressure (𝜎𝑟𝑟) is calculated: 

 𝜎𝑟𝑟(𝜆𝑖)

=

[∫
𝑆2

(𝑆3 + 𝜆𝑖
3 − 1)1/3 𝜎𝜃𝜃(𝜆𝑖, 𝑆)𝑑𝑆

𝑆=𝑆𝑒

𝑆=1
] [∫

2
(𝑆3 + 𝜆𝑖

3 − 1)2/3 𝑑𝑆
𝑆=Se

𝑆=1
]

𝑆𝑒 − 1
 

(C.55

) 

 

Alveolar pressure, volume, elastance, and tension 

The alveolar pressure (𝑃𝑎𝑙𝑣) is evaluated as: 

 

𝑃𝑎𝑙𝑣 = 𝜎𝑟𝑟(𝜆𝑖, 𝑆 = 1) =
2

𝜆𝑖
2 ∫

𝑆2

(𝑆3 + 𝜆𝑖
3 − 1)1/3

𝜎𝜃𝜃(𝜆𝑖, 𝑆)𝑑𝑆

Se

𝑆=1

 (C.56) 

The change in volume (Δ𝑉) normalized by the initial volume (𝑉𝑜) for an alveolus is: 

 Δ𝑉

𝑉𝑜
= 𝜆𝑖

3 − 1 (C.57) 

The specific alveolar elastance 𝐸𝑠 is defined as: 

 
𝐸𝑠 = 𝑉𝑜

𝑑𝑃𝑎𝑙𝑣

𝑑𝑉𝑎𝑙𝑣
 (C.58) 

The tension can be calculated from the circumferential stress: 

 

𝑇𝜃𝜃(𝜆𝑖, 𝑆) = ∫ 𝜎𝜃𝜃𝑑𝑟

𝑟𝑒

𝑟=𝑟𝑖

= 𝑅𝑖 ∫ 𝜎𝜃𝜃

𝑆2

(𝑆3 + 𝜆𝑖
3 − 1)2/3

𝑑𝑆

𝑆𝑒

𝑆=1

 (C.59) 
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Analytical approximations for a thin-sphere model  

Assuming a thin sphere, the average circumferential stress across the wall is equal 

to the stress in the middle layer 𝑆𝑚 =
𝑆𝑒+1

2
. Thus, the circumferential stress and all related 

quantities such as the circumferential stiffness, alveolar pressure, specific elastance and 

tension can be approximated from there thick-wall equations (Eqs. C.41, C.56, C.58, and 

C.59) as: 

 𝜎𝜃𝜃 ≅ 𝜎𝜃𝜃(𝜆𝑚, 𝑆𝑚) (C.60) 

 

 𝐸̅𝜃𝜃 ≅ 𝐸𝜃𝜃(𝜆𝑚, 𝑆𝑚) (C.61) 

 

 
𝑃𝑎𝑙𝑣(𝜆𝑖)  ≅ 𝜎𝜃𝜃  [

𝜆𝑒
2

𝜆𝑖
2 𝑆𝑒

2 − 1] (C.62) 

 

 
𝐸𝑠 ≅

𝐸̅𝜃𝜃(𝜆𝑖
2𝜆𝑒

3𝑆𝑒
3 − 𝜆𝑖

4𝜆𝑒𝑆𝑒) − 𝜎𝜃𝜃𝜆𝑚
2 𝑆𝑚

2 (𝑆𝑒
3 − 1)

𝜆𝑖
4𝜆𝑒𝜆𝑚

2 𝑆𝑒𝑆𝑚
2

 (C.63) 

 

 
𝑇̅𝜃𝜃(𝜆𝑖, 𝑆) ≅ 𝜎𝜃𝜃𝑅𝑖𝜆𝑖 (

𝜆𝑒

𝜆𝑖
𝑆𝑒 − 1) (C.64) 

Finally, relating pressure to tension: 

 
𝑃𝑎𝑙𝑣(𝜆𝑖) ≅

𝑇̅𝜃𝜃

𝑅𝑖𝜆𝑖 (
𝜆𝑒

𝜆𝑖
𝑆𝑒 − 1)

[
𝜆𝑒

2

𝜆𝑖
2 𝑆𝑒

2 − 1] ≅
𝑇𝜃𝜃

𝑅𝑖𝜆𝑖
[
𝜆𝑒

𝜆𝑖
𝑆𝑒 + 1] (C.65) 

 

 

 
𝑃𝑎𝑙𝑣(𝜆𝑖) ≅

𝑇̅𝜃𝜃

𝑟𝑖
[
𝜆𝑒𝑅𝑒

𝜆𝑖𝑅𝑖
 + 1] ≅

𝑇̅𝜃𝜃

𝑟𝑖
[
𝑟𝑒

𝑟𝑖
+ 1] ≅ 2

𝑇̅𝜃𝜃(𝜆𝑖)

𝑟𝑖
 (C.66) 

 

The latter relation is consistent with the Laplace equation. However, our formulation now 

relates 𝑇̅𝜃𝜃 to the components of the alveolar wall. 
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Fiber stress distribution 

To find the probability distribution of the stress 𝑝𝜎(𝜆) we utilize the identity: 

 |𝑝𝜎(𝜆)𝑑𝜎𝑓| = |𝑝𝑤𝑓
(𝑤𝑓)𝑑𝑤𝑓| (C.67) 

 

Thus, we can write:  

 

 
𝑝𝜎𝑓

(𝜆) = 𝑝𝑤𝑓
(𝑤𝑓) |

𝑑𝑤𝑓

𝑑𝜎𝜎𝑓
| (C.68) 

 

 𝑝𝜎𝑓
(𝜆)

=
𝑌𝑓𝜆

𝑆𝑒 − 1

(𝑌𝑓𝜆 − 𝑤1𝐺𝑜(𝜎𝑓 + 𝑌𝑓))
𝛼−1

(𝑤2𝐺𝑜(𝜎𝑓 + 𝑌𝑓) − 𝑌𝑓𝜆)
𝛽−1

𝐵(𝛼, 𝛽)(𝑤2𝐺𝑜 − 𝑤1𝐺𝑜)𝛼+𝛽−1(𝜎𝑓 + 𝑌𝑓)
𝛼+𝛽

 
(C.69) 

 

where the range of fiber stress on the single fibers, maximum (𝜎𝑓,𝑚𝑎𝑥) and minimum 

(𝜎𝑓,𝑚𝑖𝑛), are equal to: 

 
𝜎𝑓,𝑚𝑎𝑥 = 𝑌𝑓 (

𝜆 − 𝑤1𝐺𝑜

𝑤1𝐺𝑜
)   𝑎𝑛𝑑  𝜎𝑓,𝑚𝑖𝑛 = 𝑌𝑓 (

𝜆 − 𝑤2𝐺𝑜

𝑤2𝐺𝑜
) ,   𝜆

> 𝑤2𝐺𝑜 

(C.70) 

 

 
𝜎𝑓,𝑚𝑎𝑥 = 𝑌𝑓 (

𝜆 − 𝑤1𝐺𝑜

𝑤1𝐺𝑜
)  𝑎𝑛𝑑 𝜎𝑓,𝑚𝑖𝑛 = 0, 𝑤1𝐺𝑜 < 𝜆 < 𝑤2𝐺𝑜 (C.71) 

 

C.2 Uniaxial stretching 

Considering a rectangular geometry for the alveolar wall tissue strips. The tissue is 

stretched uniaxially in the Cartesian direction of x with a constant stretch ratio across the 

thickness (𝜆 =
𝑥

𝑋
). Conservation of mass from initial dimensions X, Y, and Z to deformed 

x, y, and z provides:  

 𝑋𝑌𝑍 = 𝑥𝑦𝑧 (C.72) 
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Noting that the deformed area is 𝐴 = 𝑦𝑧 =
𝑋𝑌𝑍

𝑥
=

𝑌𝑍

𝜆
, the differential stress from Eq. C.10 

for a rectangular tissue strip is: 

 
𝑑𝜎𝑓,𝜃𝜃 = 𝑁𝑓𝑝𝑓(𝑤𝑓)𝑌𝑓𝐴𝑓 (

𝜆 − 𝑤𝑓

𝑤𝑓
)

𝜆𝑑𝑤𝑓

𝑌𝑍
 (C.73) 

 

 
𝑑𝜎𝑓,𝜃𝜃 =

𝑁𝑓𝐴𝑓

𝑌𝑍
𝑌𝑓𝑝𝑓(𝑤𝑓) (

𝜆 − 𝑤𝑓

𝑤𝑓
) 𝜆𝑑𝑤𝑓 (C.74) 

 

 
𝑑𝜎𝑓,𝜃𝜃 = 𝛿𝑓𝑌𝑓𝑝𝑓(𝑤𝑓) (

𝜆 − 𝑤𝑓

𝑤𝑓
) 𝜆𝑑𝑤𝑓 (C.75) 

  

Which upon integration yields: 

 
𝜎(𝜆) =

𝛿𝑓𝑌𝑓

𝐵(𝛼, 𝛽)𝛼(𝛼 + 1)
𝜆

𝜆 − 𝑤1𝐺𝑜

𝑤1𝐺𝑜
(

𝜆 − 𝑤1𝐺𝑜

𝑤2𝐺𝑜 − 𝑤1𝐺𝑜
)

𝛼

((𝛼 + 1)𝐴1

− 𝛼𝐵1)      𝑤1𝐺𝑜 < 𝜆 < 𝑤2𝐺𝑜 

(C.76) 

 

 
𝜎(𝜆, 𝑆) =

𝛿𝑓𝑌𝑓

𝐵(𝛼, 𝛽)𝛼(𝛼 + 1)
𝜆

𝜆 − 𝑤1𝐺𝑜

𝑤1𝐺𝑜
((𝛼 + 1)𝐴2 − 𝛼𝐵2)     𝜆

≥ 𝑤2𝐺𝑜 

(C.77) 

 

  



161 

 

 

Appendix D: Uniaxial model 

D.1 Model derivation  

Assume an alveolar wall of tensile elastic modulus 𝑌𝑎  and rotational elastic 

modulus 𝑌𝑏  embedded in a lung tissue strip with initial length 𝑋𝑖  (Figure D-1 A). The 

alveolar wall has an initial angle 𝜃𝑖  with respect to the horizontal axis and an initial length 

𝑙𝑖. As the macroscopic tissue is stretched by an incremental displacement  𝑑𝑋  from an 

arbitrary current position 𝑠 − 1 to a new position 𝑠 (𝑠 = 1,2,3 …), a microscopic tissue 

block, defined at every new step as the rectangular area whose diagonal is the wall’s end-

to-end distance, will deform and stretch by 𝑑𝑥. Assuming affine transformations, the strain 

on the current tissue block will equal the strain on the whole tissue in the direction of stretch 

(Figure D-1 A). However, while the tissue block follows the affine transformation, the 

alveolar wall can rotate and/or stretch and thus the strain on the wall does not need to follow 

the affine deformation assumption (Figure D-1 B). Since the tissue block follows the 

alveolar wall at each step as the alveolar wall rotates, the new microscopic tissue block will 

have an initial length 𝑥𝑖  (𝑥𝑖 = 𝑙𝑖 cos 𝜃𝑠−1) (Figure D-1 A). 

Due to the small microscopic displacement 𝑑𝑥 from the arbitrary current position 

𝑠 − 1  to the new position 𝑠  (Figure D.1 B), the wall’s incremental length (𝑑𝑙𝑖𝑠 ) and 

incremental angle change (𝑑𝜃𝑖𝑠) are given respectively as: 

 𝑑𝑙𝑖𝑠 = 𝑙𝑠 − 𝑙𝑠−1 (D.1) 

 

 𝑑𝜃𝑖𝑠 =  𝜃𝑠 − 𝜃𝑠−1 (D.2) 
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Figure D-1: Uniaxial model illustration. A) A microscopic rectangular block of tissue is 

defined as to confine an alveolar wall. Due to a macroscopic horizontal displacement 𝒅𝑿, the 

combined microscopic tissue-wall entity will displace microscopically by 𝒅𝒙. 𝒅𝒙 can follow 

an affine deformation where the incremental microscopic and macroscopic strains are equal 

(𝜶 = 𝟏), or it could not displace at all (𝜶 = 𝟎).  We shall assume that the tissue block follows 

an affine transformation. This guarantees that a microscale tissue block follows the 

macroscale deformation. However, a single wall can have a different strain than the 

macroscopic strain imposed on the tissue strip because it has the ability to rotate. B) An 
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alveolar wall (dashed red line) with initial angle 𝜽𝒔−𝟏 and length 𝒍𝒔−𝟏 is embedded within the 

microscopic lung tissue block which is stretched by a microscopic displacement dx. The wall 

has two extreme points governed by the ratio of tensile to rotational elastic modulus.  If the 

ratio is much smaller than 1, the wall will elongate without any rotation but if the ratio is 

much larger than 1 the wall will rotate without any elongation. It is assumed that the wall will 

rotate around its center of geometry and elongate symmetrically from either end. The wall’s 

new position (green solid line) must be on the vertical line connecting the two extreme points 

that either involve pure rotating or pure elongation. The actual position will involve both 

rotation and elongation and would be between these two extreme points at the location which 

minimizes total wall energy. C) For small displacements, the maximum rotation and 

elongation are a linear function of dx. 

 

 

Under the assumptions that the wall will displace to a point of minimum alveolar 

wall energy, there are two extreme cases for the wall’s new position; the wall either only 

elongates or only rotates (Figure D-1B). 

For the case when  
𝑌𝑎

𝑌𝑏
≪ 1, the wall will only elongate to minimize energy. Thus, 

the equations are written as: 

 𝑑𝜃𝑖𝑠,𝑚𝑖𝑛 = 0 (D.3) 

 

 
𝑑𝑙𝑖𝑠,𝑚𝑎𝑥 =

𝑑𝑥

cos (𝜃𝑠−1)
 (D.4) 

When  
𝑌𝑎

𝑌𝑏
≫ 1, the wall will only rotate to minimize energy, and this is expressed 

by: 

 
𝑑𝜃𝑖𝑠,𝑚𝑎𝑥 = cos−1(

𝑙𝑠−1𝑐𝑜𝑠(𝜃𝑠−1) + 𝑑𝑥

𝑙𝑠−1
) − 𝜃𝑠−1 (D.5) 

 

 𝑑𝑙𝑖𝑠,𝑚𝑖𝑛 = 0 (D.6) 

In reality, the alveolar wall can be located at any point on the vertical line connecting these 

two extremes (Figure D-1A).  Assuming small displacements and maintaining a positive 
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slope, the relationship between the incremental change in length and angle can be 

represented as linear: 

 
𝑑𝑙𝑖𝑠 = −

𝑑𝑙𝑖𝑠,𝑚𝑎𝑥

𝑑𝜃𝑖𝑠,𝑚𝑎𝑥
𝑑𝜃𝑖𝑠 +  𝑑𝑙𝑖𝑠,𝑚𝑎𝑥 (D.7) 

due to small angle displacements (Figure A.1 B), the following approximations can be 

used: 

 
tan(𝜃𝑠−1) ≅ −

𝑑𝑙𝑖𝑠,𝑚𝑎𝑥

𝑙𝑠−1𝑑𝜃𝑖𝑠,𝑚𝑎𝑥
 (D.8) 

 

 
−

𝑑𝑙𝑖𝑠,𝑚𝑎𝑥

𝑑𝜃𝑖𝑠,𝑚𝑎𝑥
≅ 𝑙𝑠−1tan(𝜃𝑠−1) (D.9) 

and 

 𝑑𝜃𝑖𝑠 ≅ ∆𝜃𝑖𝑠 (D.10) 

Therefore, the relation between incremental angle and incremental length is: 

 𝑑𝑙𝑖𝑠 ≅  𝑙𝑠−1tan (𝜃𝑠−1)∆𝜃𝑖𝑠 +  𝑑𝑙𝑖𝑠,𝑚𝑎𝑥 (D.11) 

 

 
𝑑𝑙𝑖𝑠 ≅  𝑙𝑠−1 tan(𝜃𝑠−1) ∆𝜃𝑖𝑠 +

𝑑𝑥

cos(𝜃𝑠−1)
 (D.12) 

Dividing by the initial length of the wall (𝑙𝑖) we can write the expression: 

 𝜀𝑖𝑠 ≅ (1 + 𝜀𝑠−1)tan(𝜃𝑠−1) ∆𝜃𝑖𝑠 + 𝜀𝑖𝑥 (D.13) 

where 𝜀𝑖𝑠 is the incremental strain of the wall: 

 
𝜀𝑖𝑠 =

𝑑𝑙𝑠

𝑙𝑖
=

𝑙𝑠 − 𝑙𝑠−1

𝑙𝑖
 (D.14) 

and 𝜀𝑠 is the wall’s strain defined as: 

 
𝜀𝑠 =

 𝑙𝑠 − 𝑙𝑖

𝑙𝑖
=

 𝑙𝑠 − 𝑙𝑠−1

𝑙𝑖
+

 𝑙𝑠−1 − 𝑙𝑖

𝑙𝑖
= 𝜀𝑖𝑠 + 𝜀𝑠−1 (D.15) 
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and 𝜀𝑖𝑥 is the incremental microscopic strain of the tissue block in the direction of stretch 

 
𝜀𝑖𝑥 =

𝑑𝑥

𝑙𝑖cos (𝜃𝑠−1)
=

𝑑𝑥

𝑥𝑖
 (D.16) 

which is assumed to equal the incremental macrostrain for affine deformations. 

 Let 𝑝1 and 𝑝2 represent the slope and y-intercept of the relation between ∆𝑙𝑖𝑠 and 

∆𝜃𝑖𝑠 respectively: 

 𝑝1 = (1 + 𝜀𝑠−1) tan(𝜃𝑠−1) (D.17) 

 

 𝑝2 =  𝜀𝑖𝑥 (D.18) 

Thus: 

 𝜀𝑖𝑠 = 𝑝1 ∆𝜃𝑖𝑠 + 𝑝2 (D.19) 

and let 𝜀𝑖𝑠
∗  and ∆𝜃𝑖𝑠

∗  be the actual incremental strain and incremental angle for the wall 

which minimize the total elastic energy of the wall. 

For a linearly elastic wall with a tensile spring constant 𝑘 and a rotational spring 

constant 𝑏, the energy (Es) at a given stretch is given by:  

 
𝐸𝑠 =

𝑘(𝑙𝑠 − 𝑙𝑖 )
2

2
 +  

𝑏(𝜃𝑠 − 𝜃𝑖)2 

2
 (D.20) 

By introducing the cross-sectional area of the alveolar wall 𝐴𝑠 and its volume 𝑉𝑠 at step 𝑠, 

the intrinsic energy 𝑒𝑠 is: 

 
𝑒𝑠 =

𝐸𝑠

𝑉𝑠
=

𝑘(𝑙𝑠 − 𝑙𝑖 )
2

2𝐴𝑠𝑙𝑠
 +  

𝑏(𝜃𝑠 − 𝜃𝑖)2 

2𝑉𝑠
 (D.21) 

Introducing the initial cross-sectional area of the alveolar wall 𝐴𝑖  and its volume  𝑉𝑖 , 

assuming incompressible wall, and applying the conservation of mass for the wall (𝑉𝑠 =

𝑉𝑖 = 𝐴𝑠𝑙𝑠 = 𝐴𝑖𝑙𝑖) Eq. D.21 can be written as: 
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𝑒𝑠 =

𝑌𝑎(𝜀𝑠)2

2
 + 

𝑌𝑏(𝜃𝑠 − 𝜃𝑖)2 

2
 (D.22) 

where 𝑌𝑎  and 𝑌𝑏  are the tensile and rotational elastic modulus of the wall defined 

respectively as: 

 
𝑌𝑎 =

𝑘𝑙𝑖

𝐴𝑖
 (D.23) 

 

 
𝑌𝑏 =

𝑏

𝑉𝑖
 (D.24) 

Using Eq. D.22 and introducing the optimal strain and angle: 

 
𝑒𝑠 =

𝑌𝑎(𝜀𝑖𝑠
∗ + 𝜀𝑠−1)2

2
 +  

𝑌𝑏(∆𝜃𝑖𝑠
∗ + ∆𝜃𝑠−1)2 

2
 (D.25) 

 

 

 
𝑒𝑠 = 𝑒𝑠−1  +

𝑌𝑎(𝜀𝑖𝑠
∗ )2

2
+  

𝑌𝑏(∆𝜃𝑖𝑠
∗ )2 

2
+ 𝑌𝑎𝜀𝑖𝑠

∗ 𝜀𝑠−1  + 𝑌𝑏∆𝜃𝑖𝑠
∗ ∆𝜃𝑠−1 (D.26) 

 

 

𝑒𝑠 = 𝑒𝑠−1  +
𝑌𝑎(𝜀𝑖𝑠

∗ )2

2
+  

𝑌𝑏 (
𝜀𝑖𝑠

∗ − 𝑝2

𝑝1
)

2

 

2
+ 𝑌𝑎𝜀𝑖𝑠

∗ 𝜀𝑠−1  

+ 𝑌𝑏 (
𝜀𝑖𝑠

∗ − 𝑝2

𝑝1
) ∆𝜃𝑠−1 

 

(D.27) 

The position of the wall at s can be found by minimizing the intrinsic energy 

through setting its derivative with respect to the incremental strain to zero: 

 𝑑𝑒𝑠

𝑑𝜀𝑖𝑠
∗ = 0 (D.28) 

 

 𝑑𝑒𝑠

𝑑𝜀𝑖𝑠
∗ = 𝑌𝑎(𝜀𝑖𝑠

∗ ) +  𝑌𝑏 (
𝜀𝑖𝑠

∗ − 𝑝2

𝑝1
2 ) + 𝑌𝑎𝜀𝑠−1  +

𝑌𝑏∆𝜃𝑠−1

𝑝1
 (D.29) 
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Thus: 

 

𝜀𝑖𝑠
∗ =  

𝑝2 − 𝑝1
2 𝑌𝑎

𝑌𝑏
𝜀𝑠−1 − ∆𝜃𝑠−1𝑝1

1 +
𝑌𝑎

𝑌𝑏
𝑝1

2
 (D.30) 

 

 𝜀𝑖𝑠
∗

=  
𝜀𝑖𝑥 −

𝑌𝑎

𝑌𝑏
(1 + 𝜀𝑠−1)2𝜀𝑠−1tan2(𝜃𝑠−1) − (1 + 𝜀𝑠−1)∆𝜃𝑠−1tan(𝜃𝑠−1)

1 +
𝑌𝑎

𝑌𝑏
(1 + 𝜀𝑠−1)2tan2(𝜃𝑠−1)

 

(D.31

) 

And from Eq. D.19: 

 

∆𝜃𝑖𝑠
∗ = −

𝑌𝑎

𝑌𝑏
𝑝1𝑝2 +

𝑌𝑎

𝑌𝑏
𝜀𝑠−1𝑝1 + ∆𝜃𝑠−1

1 +
𝑌𝑎

𝑌𝑏
𝑝1

2
 (D.32) 

 

 

∆𝜃𝑖𝑠
∗ = −

𝑌𝑎

𝑌𝑏
[𝜀𝑖𝑥 + 𝜀𝑠−1](1 + 𝜀𝑠−1) tan(𝜃𝑠−1) + ∆𝜃𝑠−1

1 +
𝑌𝑎

𝑌𝑏
(1 + 𝜀𝑠−1)2tan2(𝜃𝑠−1)

 (D.33) 

And the intrinsic energy equation D.25 for a single alveolar wall becomes: 

 

𝑒𝑠 = 𝑒𝑠−1  +
𝑌𝑎

2
[

𝑝2
2

1 +
𝑌𝑎

𝑌𝑏
𝑝1

2
] [1 + 2

𝜀𝑠−1

𝑝2
− 2∆𝜃𝑠−1

𝑝1

𝑝2

−
1

𝑝2
2

𝑌𝑎

𝑌𝑏
(𝜀𝑠−1𝑝1 +

𝑌𝑏

𝑌𝑎
∆𝜃𝑠−1)

2

] 

(D.34) 
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𝑒𝑠 = 𝑒𝑠−1  +
𝑌𝑎

2
[

1

1 +
𝑌𝑎

𝑌𝑏
(1 + 𝜀𝑠−1)2𝑡𝑎𝑛2(𝜃𝑠−1)

] [𝜀𝑖𝑥
2

+ 2𝜀𝑖𝑥[𝜀𝑠−1 − (1 + 𝜀𝑠−1)tan (𝜃𝑠−1)∆𝜃𝑠−1]

−
𝑌𝑎

𝑌𝑏
(𝜀𝑠−1(1 + 𝜀𝑠−1) tan(𝜃𝑠−1) +

𝑌𝑏

𝑌𝑎
∆𝜃𝑠−1)

2

] 

(D.35) 

This can be written as effective terms of alveolar strain (𝜀𝑠,𝑒𝑓𝑓) and an effective alveolar 

stiffness (𝑌𝑒𝑓𝑓,𝑠): 

 
𝑒𝑠 = 𝑒𝑠−1  +

1

2
𝑌𝑒𝑓𝑓,𝑠𝜀𝑠,𝑒𝑓𝑓

2  (D.36) 

where the effective alveolar strain 𝜀𝑠,𝑒𝑓𝑓 is related to the alveolar strain, alveolar angle, and 

incremental macroscopic strain:  

 𝜀𝑠,𝑒𝑓𝑓
2 = [𝜀𝑖𝑥 + 𝜀𝑠−1 − (1 + 𝜀𝑠−1) tan(𝜃𝑠−1)∆𝜃𝑠−1]2

− [𝜀𝑠−1 − (1 + 𝜀𝑠−1) tan(𝜃𝑠−1) ∆𝜃𝑠−1]2

− [√
𝑌𝑎

𝑌𝑏
𝜀𝑠−1(1 + 𝜀𝑠−1) tan(𝜃𝑠−1) + √

𝑌𝑏

𝑌𝑎
∆𝜃𝑠−1]

2

 

(D.37) 

and the wall’s effective stiffness 𝑌𝑒𝑓𝑓,𝑠  is: 

 
𝑌𝑒𝑓𝑓,𝑠 =

𝑌𝑎

1 +
𝑌𝑎

𝑌𝑏
(1 + 𝜀𝑠−1)2tan2(𝜃𝑠−1)

 
(D.38) 

The stress on an individual wall (𝜎𝑎) in the direction of stretch is: 

 
𝜎𝑎(𝑠) =

𝑑𝑒𝑠(𝑠)

𝑑𝜀𝑖𝑥
 (D.39) 

 

 𝜎𝑎(𝑠) = 𝑌𝑒𝑓𝑓,𝑠 [𝜀𝑖𝑥 +  𝜀𝑠−1 − (1 + 𝜀𝑠−1)tan (𝜃𝑠−1)∆𝜃𝑠−1 ] (D.40) 
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And the alveolar wall’s incremental modulus (𝑌𝑖𝑎) is: 

 
𝑌𝑖𝑎(𝑠) =

𝑑𝜎𝑎(𝑠)

𝑑𝜀𝑖𝑥
= 𝑌𝑒𝑓𝑓,𝑠 (D.41) 

Finally, the total energy of the tissue (𝐸𝑇) is calculated by summing up the energy of each 

wall: 

 

𝐸𝑇 = ∑ 𝐸𝑛,𝑠

𝑁

𝑛=1

 (D.42) 

and the total tissue stress (𝜎𝑇) is equated as: 

 

𝜎𝑇(𝑠) =
𝑑

𝑑𝜀𝑖𝑥
(

𝐸𝑇(𝑠)

𝑉𝑇
) =

1

𝑉𝑇

𝑑𝐸𝑇(𝑠)

𝑑𝜀𝑖𝑥
= ∑

1

𝑉𝑇

𝑑𝐸𝑛,𝑠

𝑑𝜀𝑖𝑥

𝑁

𝑛=1

= ∑
𝑉𝑖

𝑉𝑇
𝜎𝑎(𝑠)

𝑁

𝑓=𝑛

 

(D.43) 

 

 

𝜎𝑇(𝑠) = ∑ 𝛿𝑛,𝑎𝑌𝑛,𝑎𝛼𝑛,𝑠−1 [𝜀𝑖𝑥 +  𝜀𝑛,𝑠−1

𝑁

𝑛=1

+ (1 + 𝜀𝑛,𝑠−1)(𝜃𝑛,𝑖 − 𝜃𝑛,𝑠−1)tan (𝜃𝑛,𝑠−1) ] 

(D.44) 

where 𝛿𝑎 is the volume fraction of a single alveolar wall and 𝑉𝑇 is the total tissue volume. 

We can simplify this expression by replacing individual alveolar volume fraction and 

stiffness in the summation with their average value and defining 𝛿𝑇 as the total volume 

fraction of the alveolar walls or alveoli in the tissue: 

 𝛿𝑇 = 𝑁𝛿𝑎 (D.45) 
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Thus: 

 𝜎𝑇(𝑠)

= 𝛿𝑇𝑌𝑎

1

𝑁
∑

𝜀𝑖𝑥 +   𝜀𝑛,𝑠−1 + (1 + 𝜀𝑛,𝑠−1)(𝜃𝑛,𝑖 − 𝜃𝑛,𝑠−1)tan (𝜃𝑛,𝑠−1) 

1 +
𝑌𝑎
𝑌𝑏

(1 + 𝜀𝑠−1)2tan2(𝜃𝑠−1)

𝑁

𝑛=1

 
(D.46) 

Furthermore, assuming an effective tensile and rotational elastic modulus given as: 

 𝑌𝑎𝑒 = 𝛿𝑇𝑌𝑎 (D.47) 

 

 𝑌𝑏𝑒 = 𝛿𝑇𝑌𝑏 (D.48) 

the final expression of stress is written as follows:  

 𝜎𝑇(𝑠)

= 𝑌𝑎𝑒

1

𝑁
∑

𝜀𝑖𝑥 +   𝜀𝑛,𝑠−1 + (1 + 𝜀𝑛,𝑠−1)(𝜃𝑛,𝑖 − 𝜃𝑛,𝑠−1)tan (𝜃𝑛,𝑠−1) 

1 +
𝑌𝑎𝑒

𝑌𝑏𝑒
(1 + 𝜀𝑠−1)2tan2(𝜃𝑠−1)

𝑁

𝑛=1

 
(D.49) 

Note that the individual wall’s incremental strain and angle are a function of the elastic 

modulus ratio values, so they can simply be written as a ratio of either the absolute or 

effective elastic modulus values. Thus, the model can be used to fit stress-strain data and 

extract the effective values. However, with the knowledge of the total wall volume fraction, 

the absolute elastic modulus values can also be estimated. Finally, the tissue’s incremental 

modulus (𝑌𝑇) is: 

 

𝑌𝑇(𝑠) =
𝑑𝜎𝑇

𝑑𝜀𝑖𝑥
=

1

𝑁
∑ 𝑌𝑒𝑓𝑓,𝑠

𝑁

𝑛=1

=
1

𝑁
∑

𝑌𝑎

1 +
𝑌𝑎

𝑌𝑏
(1 + 𝜀𝑠−1)2tan2(𝜃𝑠−1)

𝑁

𝑛=1

 

(D.50) 
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D.2 Forward simulations (alveolar number and incremental strain) 

 

Figure D-2: Effects of alveolar wall number and model strain. 
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D.3 Model to network comparison 

 

Figure D-3: Hexagonal network. A) Selected 14 x 14 alveolar region from a 180 x 30 network. 

B) Probability distribution function (pdf) of the initial alveolar angle distribution. 
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In brief, the network model by Cavalcante et al. [128] is a hexagonal network model 

which represents the alveoli where each side of the hexagon is an alveolar wall. Initially, a 

network of equal sided hexagons is created and then the angles are perturbed in order to 

form a heterogeneous network (Figure D-4). In particular, each alveolar wall represents a 

spring with a spring constant (k) and initial length (li), and the rotation of alveolar walls is 

captured by the bond-bending constant (b) such that the spring energy and the rotational 

energy are respectively: 

 
𝐸𝑘 =

𝑘𝑙𝑖
2(ε)2

2
 (D.51) 

 

 
𝐸𝑏 =  

𝑏(∆𝜃)2 

2
 (D.52) 

where ε is the strain on the spring and ∆𝜃 is the change in angle between two neighboring 

alveolar walls at a node. Thus, the total network energy (𝐸𝑛𝑇) is written as:  

 

𝐸𝑛𝑇 =
1

2
𝑘𝑙𝑖

2 ∑ 𝜀𝑗
2

𝑆𝑝𝑟𝑖𝑛𝑔𝑠

𝑗=1

+
1

2
𝑏 ∑ (∆𝜃𝑗)2 

𝑁𝑜𝑑𝑒𝑠

𝑖=1

 

 

(D.53) 

At each tissue strain, the total network energy is minimized to find the new configuration 

instead of minimizing the energy of a single alveolar wall as in our model. Thus, unlike 

our model, the network includes interactions and does not assume affine transformations. 

In the network model, the number of springs is 𝑁𝑠 and the network’s volume is 

defined as the number of hexagons 𝑁ℎ. For large network systems, the number of springs 

per hexagon (𝑁𝑠/𝑁ℎ) is equal to 3 [128]. In order to compare the network model and the 

current analytical model, we set 𝑁𝑠 = 𝑁 and 𝑁ℎ = 𝑢𝑉𝑇, where u [1/m3] is a unity constant 

that will allow the correct dimensional analysis of both models. Furthermore, the initial 
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mean length of the springs which represents also the length of the alveolar walls in the 

model is 𝑙𝑖̅. 

In order to find the equation relating 𝑘 to 𝑌𝑎𝑒 and 𝑏 to 𝑌𝑏𝑒 we equate the energies 

of a single hexagon in the numerical network model to that in the analytical uniaxial model. 

Consider a network formed with a homogenous pattern of regular equal-sided hexagons 

(Figure D-5).  Assume that the hexagonal network is stretched uniaxially perpendicular to 

two parallel sides of the hexagons. Thus, for all hexagons, these two sides will not bend 

but the other four will bend producing a change of  Δ𝜃 with the direction of stretch.  

In order to find a relationship between 𝑘  and  𝑌𝑎𝑒 , we note that the strains are 

defined similarly in both models and the network accounts for all springs in calculating the 

energy yet sets the compressive strains to zero. The total linear spring energy of a hexagon 

(𝐸𝑛ℎ,𝑘) is the number of springs per hexagon (𝑁𝑠/𝑁ℎ) multiplied by the spring energy of a 

single spring: 

 
𝐸𝑛ℎ,𝑘 =

𝑁𝑠

𝑁ℎ

𝑘𝑙𝑖̅
2(𝜀𝑠)2

2
 (D.54) 

Noting that only 4 out of 6 walls/springs are stretching within each hexagon, the 

corresponding energy 𝐸𝑎ℎ,𝑘 for the analytical model is: 

 
𝐸𝑎ℎ,𝑘 = 4

𝑌𝑎𝑒𝑉𝑇(𝜀𝑠)2

2𝑁
= 4

𝑁ℎ

𝑢𝑁𝑠

𝑌𝑎𝑒(𝜀𝑠)2

2
 (D.55) 
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Figure D-4: Model comparison. A) A pattern of homogeneous hexagons stretched uniaxially. 

B) During stretch, the hexagons collapse laterally as 4 out of 6 sides rotate inwards and stretch 

while the other two compress inwards without any rotation. C) A hexagon before stretch has 

an acute angle of θ1 between a rotating side and the direction of stretch. The obtuse angle 

between the two rotating sides is equal to π-2θ1 D) After stretch these two angles become θ1 

and π-2θ2 respectively. The change in angle is ∆θ (θ2-θ1) and -2∆θ respectively. 
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Equating both energies: 

 
4

𝑁ℎ

𝑢𝑁𝑠

𝑌𝑎𝑒(𝜀𝑠)2

2
=

𝑁𝑠

𝑁ℎ

𝑘𝑙𝑖̅
2(𝜀𝑠)2

2
 (D.56) 

 

 
𝑌𝑎𝑒 = 𝑢 (

𝑁𝑠

𝑁ℎ
)

2 1

4
𝑙𝑖̅

2𝑘 ≅ 𝑢
9

4
𝑙𝑖̅

2𝑘 (D.57) 

To obtain a relationship between 𝑏 and 𝑌𝑏𝑒, we note that the network applies the 

rotational energy at each node and thus has a different definition for ∆𝜃 than the analytic 

model (Figure D-5). The total rotational energy 𝐸𝑛ℎ,𝑏 of a hexagon in the network is: 

 
𝐸𝑛ℎ,𝑏 = [4

1

2
𝑏Δ𝜃2 + 2

1

2
𝑏(2Δθ)2] = 6𝑏Δ𝜃2 (D.58) 

Noting that only 4 out of 6 walls are rotating within each hexagon, our analytical model’s 

corresponding rotating energy (𝐸𝑎ℎ,𝑏) is equated as: 

 
𝐸𝑎ℎ,𝑏 = (

4

6

𝑁𝑠

𝑁ℎ
)

1

2

𝑌𝑏𝑒𝑉𝑇

𝑁
Δ𝜃2 =

Δ𝜃2

3𝑢
𝑌𝑏𝑒 (D.59) 

Equating both energies: 

 Δ𝜃2

3𝑢
𝑌𝑏𝑒 = 6𝑏Δ𝜃2 (D.60) 

 

 

 𝑌𝑏𝑒 = 𝑢18𝑏 (D.61) 

Despite using a specific illustration to calculate the relationships in Eqs. D.57 and 

D.61, 𝑘, 𝑏, 𝑌𝑎𝑒, and 𝑌𝑏𝑒 are material properties independent of geometry and therefore the 

relationship is valid in all cases. 
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