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CONTINUOUS-TIME TRADING WITH MULTIPLE
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BOYI LI
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ABSTRACT

We study imperfect competition among risk-averse insiders in a continuous time
Kyle-Back model framework with price impact, allowing informed traders with het-
erogeneous CARA risk aversion to enter the market sequentially. We show that, unlike
in the risk-neutral case with perfectly correlated signals, a linear equilibrium exists
even when multiple insiders observe the same signal. Our main application considers
a market in which one insider observes the asset value at time 0, while a second insider
receives the same signal at a later date. We characterize the equilibrium explicitly
and compare it with the single-insider benchmark. Before the second insider enters,
the first insider trades more aggressively in anticipation of future competition, which
accelerates early information revelation and lowers market depth. After entry, how-
ever, the first insider’s trading intensity declines because of the risk-sharing effect. As
a result, price informativeness is always higher before entry than in the single-insider
benchmark, whereas after entry it may be either higher or lower, depending on the
timing of the second insider’s arrival. Market depth displays a similar pattern: it
is lower before entry, while after entry it may remain lower the benchmark or cross

it, depending on the timing of entry. We also show that the first insider’s welfare



is lower than in the single-insider benchmark, but it increases as the second insider
enters the market later. More generally, we characterize how differences in insiders’

risk aversion shape their equilibrium trading behavior.
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Chapter 1

Introduction

How privately informed insiders trade in equilibrium in the presence of market im-
pact has been a central question in the finance literature. Kyle (IXyle, 1985) studies
this problem in a one-period linear equilibrium with a single insider, in which a risk-
neutral informed trader trades on private information, noise traders submit random
orders, and competitive market makers set prices based on aggregate order low. The
framework was later extended to settings with multiple informed traders, giving rise
to imperfect competition among insiders. For risk-averse agents, this setting was first
studied by Subrahmanyam (Subrahmanyam, 1991) in a one-period model. It was
later extended to multiperiod settings with risk-neutral agents by Holden and Sub-
rahmanyam (Holden and Subrahmanyam, 1992), who consider insiders observing the
asset’s fundamental value, and by Foster and Viswanathan (Foster and Viswanathan,
1996), who assume that informed traders observe correlated signals and study how
the degree of correlation affects the equilibrium. These models were subsequently
extended to a continuous-time setting by Back, Cao, and Willard (Back et al., 2000).

This paper studies imperfect competition among risk-averse insiders in continuous

time, focusing on how the arrival of additional insiders affects trading intensity', mar-

!Trading intensity (We denote this quantity by A(t) in the proof of the equilibrium construction
and by S(t) later in the equilibrium property analysis.) measures how aggressively the insider trades
on her informational advantage. Later we show that II(t) = L7! + 1/02 fot B(u)?du. This implies
that higher trading intensity over a period of time increases price informativeness. Information
advantage is the difference between asset’s value and price, capturing the profit of each trade from
the insider.



ket depth?, and the price informativeness®. We also allow insiders to enter the market
sequentially at different times and characterize the corresponding equilibrium. Our
main question is how the arrival of a second insider changes the first insider’s trad-
ing strategy and, in turn, affects market depth, price informativeness, and welfare?.
In addition, we study how differences in insiders’ risk aversion shape each other’s
optimal trading strategies. Our analysis builds on the work of Back (Back, 1992)
and Cho (Cho, 2003), who study continuous-time trading with market impact under
risk-neutral and risk-averse preferences respectively, by extending their frameworks
to allow for multiple insiders trading in the market.

We first study the special case in which insiders receive their signals and enter
the market simultaneously at time 0. Our finding is that a linear equilibrium exists
in continuous time when insiders are risk-averse. This differs from the risk-neutral
case studied in (Holden and Subrahmanyam, 1992) and (Back et al., 2000), where no
continuous-time equilibrium exists when multiple insiders observe perfectly correlated
signals about the asset’s fundamental value. Under risk neutrality, insiders compete
to trade before others move the price toward the fundamental value v, which leads

to very aggressive trading. Under risk aversion trading also reflects a risk-sharing

2Market depth is defined as the size of an innovation in order flow required to move prices by
a given amount, following (Kyle, 1985). In our model, market depth is measured by 1/A(¢), where
A(t) is the market impact coefficient and captures how strongly the market maker adjusts prices in
response to order flow at time ¢. It is also understood as the cost of trading of insiders and learning
parameter for market maker. In equilibrium, \(¢) = B(t)X(t)/0?. A larger 5(t) means that insiders
trade more aggressively on their informational advantage, so order flow is more informative. A larger
3(t) means that insiders have a greater informational advantage over the market maker. A smaller
o2 means that noise trading provides less camouflage for informed trading. All three forces increase
A(t), and therefore reduce market depth. Literature often use this quantity to measure the market
liquidity.

3Price informativeness at time ¢, denoted by II(¢), is measured by 1/%(t), where X(t) denotes
the posterior variance of the asset’s value given the aggregate order flow. A larger X(¢) means
that the market maker’s posterior estimate of the asset’s value is less precise, so prices contain less
information about the asset’s fundamental value. Equivalently, a larger 3(¢) implies that insiders
retain a greater informational advantage over the market maker, since more private information
remains to be incorporated into prices.

4Welfare is the expected utility of insider given her private information at time 0.



motive, since each insider’s optimal trading strategy is inversely related to her degree
of risk aversion. As more insiders enter the market, the informed sector becomes
more risk tolerant to future price risk® overall. This makes insiders less eager to
trade aggressively, weakens competition, and helps sustain equilibrium. At the same
time, price informativeness declines as the number of insiders increases. The reason
is that greater aggregate risk tolerance leads insiders to trade less aggressively at each
time point, so less private information is incorporated into prices early in the trading
process and the cumulative amount of information revealed during trading is smaller.

We then analyze the model that allows insiders to enter the market sequentially
at different times and explicitly characterize the equilibrium. Our main application
considers a setting in which one insider receives a private signal at time 0, while a
second insider receives the same signal later, at time ¢;, and begins trading as soon
as she receives it. Relative to the single-insider benchmark, the first insider’s trading
intensity increases before the second insider arrives. The intuition is that she antici-
pates future competition and therefore wants to profit from more of her informational
advantage before the second insider enters. After the second insider enters, however,
the first insider trades less aggressively because the insiders as a group become more
risk tolerant. This risk-sharing effect reduces the first insider’s trading intensity.
Compared with the single-insider benchmark, price informativeness is always higher
before the second insider’s arrival, because the first insider’s more aggressive trading
reveals more information into the price. After the second insider enters the market,

however, price informativeness may be either higher or lower, depending on the timing

SFuture price risk refers to the uncertainty of the prices at which the insider’s remaining trades
will be executed. Since noise trading is random, it may move prices either favorably or unfavorably
from the insider’s perspective. For a risk-averse insider, this creates risk. Because the terminal
liquidation value of the position is known to be v, the only relevant uncertainty is the sequence of
transaction prices at which the insider executes her trades. As shown in Proposition 6.1.2, a higher
degree of risk aversion leads the insider to trade more aggressively at every point in time, because
she places greater value on exploiting her informational advantage immediately rather than leaving
any portion of her order to be executed at uncertain future prices.



of entry. Since the arrival of the second insider can reduce insiders’ trading intensity
and thereby slow the incorporation of information into prices, price informativeness
may become lower than in the single-insider benchmark after time ¢; when the second
insider enters sufficiently early. Market depth has a jump at t;, this is because risk
sharing lowers trading intensity after ¢, which increases market depth. Relative to
the single-insider benchmark, market depth is lower before entry because the first
insider trades more aggressively prior to the second insider’s arrival. After entry,
market depth again depends on the timing of the second insider’s arrival. In particu-
lar, market depth is lower after entry when the second insider enters sufficiently late,
otherwise, the market-depth paths may cross. These results enrich the discussion of
price efficiency in the Kyle model and have important regulatory implications. Kyle
(Kyle, 1985) and Back (Back, 1992) show that, in a model with a single risk-neutral
insider, information is incorporated into prices in a slow and linear way.% This sug-
gests that insider trading may harm price efficiency. Holden and Subrahmanyam
(Holden and Subrahmanyam, 1992) show that competition in a risk-neutral setting
may lead the market to become fully price efficient very quickly, which supports the
view that competition among insiders improves price efficiency and therefore makes
insider trading less problematic. A related conclusion appears in Holden and Subrah-
manyam (Holden and Subrahmanyam, 1994), who show that when a single insider
is risk averse, information is incorporated into prices more quickly than in the risk-
neutral case. Our results show that, when multiple risk-averse insiders trade in the
market, even in the presence of competition, the risk-sharing effect can actually harm
price efficiency, so insider trading may still be problematic. However, when two insid-
ers enter the market sequentially and the second insider enters sufficiently late, the
risk-sharing effect is weak enough that competition improves price efficiency relative

to the single risk-averse insider benchmark, in line with the conclusions in (Holden

6That is, ¥(t) decreases linearly over time.



and Subrahmanyam, 1992) and (Holden and Subrahmanyam, 1994). From a regu-
latory perspective, our results suggest that competition can improve price efficiency
when the risk-sharing effect is weak; in that case, insider trading is not problematic.

We also examine how the optimal trading strategy depends on insiders’ risk aver-
sion. As the risk aversion of the first insider increases, her trading intensity before
the second insider’s arrival also increases. The intuition is that lower risk tolerance
induces the first insider to trade more aggressively in order to reduce future price risk
. Her trading intensity after the second insider’s arrival, however, may either increase
or decrease, depending on the parameter values, including the second insider’s degree
of risk aversion, the arrival time, the volatility of noise trading, and the variance of the
asset value. We discuss these cases in detail. The second insider’s trading intensity
always increases when the first insider becomes more risk averse. When the second
insider becomes more risk averse, the first insider’s trading intensity decreases before
the entry time and increases afterward. The second insider’s trading intensity may
either increase or decrease, depending on her degree of risk aversion, the arrival time,
the volatility of noise trading, and the variance of the asset value. The economic
intuition for these results is discussed in detail in the paper.

The rest of the paper is organized as follows. Section 2 reviews the related lit-
erature. Section 3 describes the model setup. Sections 4.1, 4.2, and 4.3 study the
insiders’ optimization problems and derive necessary conditions on market liquidity
dynamics and the pricing rule for an equilibrium to exist. Sections 5.1, 5.2, and 5.3
present the main results of the paper, namely the characterization of the linear equi-
librium with two insiders, multiple insiders, and a flow of insiders. Sections 6.1 and

6.2 discuss the properties of equilibrium.



Chapter 2

Literature Review

Our work relates to the literature on strategic competition among multiple insiders in
markets with price impact, which studies how asymmetric information affects insiders’
trading strategies, market equilibrium price of the asset and market depth. This line
of research begins with Kyle (IKyle, 1985), who studies a single insider’s optimal
trading strategy when she anticipates the immediate price impact of her own orders.
The model includes a risk neutral insider, noise traders who submit random orders,
and a competitive risk neutral market maker who sets the asset price equal to its
conditional expectation given aggregate order flow. The paper shows that there is
a unique linear equilibrium pricing rule in which price is given by a constant plus
a market impact coefficient, known as Kyle’s A, multiplied by total order flow. In
equilibrium, the insider’s trading strategy is linear in her private information. The
market price is partially reveal the information of the asset fundamental value to the
market maker. The model is later extended to the multi-period setting, where the
insider splits the orders each period to gradually reveal information to the market
maker to reduce the price impact. The market impact parameter A remains constant
within each period, indicating that market depth does not improve as more informed
trading occurs within that period.

Subrahmanyam (Subrahmanyam, 1991) extends Kyle’s one-period model by in-
troducing multiple risk-averse informed traders who observe noisy signals about the

asset’s fundamental value. He studies how the presence of additional risk-averse



traders affects market liquidity and price efficiency. He finds that market liquidity
is nonmonotonic in the number of informed traders, while price efficiency declines.
He then incorporates endogenous information acquisition into the model and shows
that market liquidity is nonmonotonic in the variance of liquidity trading. In later
work, he considers a risk-averse market maker and shows that market liquidity then
becomes monotonically increasing in the variance of liquidity trading.

Holden and Subrahmanyam (Holden and Subrahmanyam, 1992) extend Kyle’s
framework to a multi-period setting with multiple insiders who observe the funda-
mental value of the asset. They show that there exists a unique linear equilibrium
in which insiders trade increasingly aggressively as the length of each trading period
tends to zero and the number of trading periods tends to infinity. They conjecture
that, in the continuous time limit, competition pressure among insiders will drive
insiders to trade infinitely aggressively, causing the linear equilibrium to break down.
In that case, the insiders’ private information is released to the market immediately,
inducing the full price efficiency.

Back (Back, 1992) extends Kyle’s model to continuous-time and proves the exis-
tence and uniqueness of the equilibrium. The paper allows the terminal fundamental
value of the asset to follow a general distribution. In equilibrium, the market impact
coefficient A is a constant and price depends linearly on total order flow, which evolves
as Brownian Bridge. The price process is a martingale under market maker’s informa-
tion set. When the terminal fundamental value follows a lognormal distribution, the
equilibrium price follows a geometric Brownian motion. The paper also shows that
it is suboptimal to submit discrete orders, confirming the optimality of absolutely
continuous strategies.

Holden and Subrahmanyam (Holden and Subrahmanyam, 1994) extend Kyle’s

model to a multi-period setting with risk averse insiders. They numerically compute



the equilibirum. In equilibrium, the market impact coefficient A is initially high
and decreases over time and the private information is incorporated into price more
quickly. The intuition is that risk averse insider concern about the uncertainty of
the price at which future trades will occur. She thus trades more aggressively early
in the trading horizon to reveal more information to the market maker to reducing
uncertainty about future price.

Foster and Viswanathan (Foster and Viswanathan, 1994) studies the competition
among informed traders with heterogeneous information. They extend the Kyle model
to a multi-period setting with two types of traders. One is a better informed trader
who observes both the asset’s fundamental value and a noisy signal about it. The
other one is less informed trader who observes only the same noisy signal. They
solve the equilibrium numerically and show that in equilibrium, the better informed
trader trades more aggressively on the common signal and less aggressively on her
own private information at the early stage of the trading. Later on, she trades more
aggressively on her private information and less aggressively on the common signal.
The intuition is that, early in trading, the better informed trader trades on the
common signal to disguise her private information and prevent the less informed
trader from learning too much from her orders. As the trading deadline approaches,
the less informed trader’s ability to learn from order flow declines because there is
little time left to infer information from others’ trades. So the better informed trader
trades more aggressively on her own private information.

Forster and Viswanathan (Foster and Viswanathan, 1996) extend Kyle’s insider
trading model to a multi-period setting with multiple risk neutral informed traders
who receive correlated noisy signals about asset’s fundamental value. Each informed
trader uses her own signal to forecast the asset’s fundamental value and also infers

other traders’ forecasts from observed order flow. The equilibrium is numerically



solved. They show that correlation of signals plays an important role in determining
equilibrium properties. When the correlation is moderate, informed traders compete
less aggressively than in (Holden and Subrahmanyam, 1992), because each trader
observes a different signal rather than the fundamental value itself. As trading goes
on, the conditional correlation among signals can become negative. In this case,
each informed trader thinks that others hold the wrong view of the asset’s value and
hence delays trading, expecting others to move the price in her favorable direction.
Therefore, informed traders tend to trade more slowly and postpone more of their
trading to later periods, which leads market depth to follow a U-shaped pattern.

Back, Cao, and Willard (Back et al., 2000) study imperfect competition among
informed traders. They extend the model of Foster and Viswanathan (Foster and
Viswanathan, 1996) to a continuous time setting. They characterize the unique lin-
ear equilibrium and derive its properties explicitly. They also confirm the conjecture
in (Holden and Subrahmanyam, 1992) that, when traders’ signals are perfectly corre-
lated, competition becomes so aggressive that no equilibrium exists. In addition, they
confirm the finding in (Foster and Viswanathan, 1996) that the initial correlation of
signals plays an important role in determining equilibrium properties.

Baruch (Baruch, 2002) extends Holden and Subrahmanyam (Holden and Subrah-
manyam, 1994) to a continuous-time setting. He allows the noise trading volatility
to be time varying. The equilibrium is characterized implicitly. He shows that, in
equilibrium, the market impact coefficient A is deterministic and strictly decreasing
over time. The paper confirms the numerical findings in (Holden and Subrahmanyam,
1994) that information is revealed to the market more rapidly than in the case of a
single risk-neutral insider, and that market liquidity is higher than in the risk-neutral
benchmark.

Cho (Cho, 2003) studies the continuous-time Kyle model in a mathematically rig-



10

orous framework, considering both a risk neutral insider and a risk averse insider.
He explicitly characterizes the equilibrium and derives closed form solutions for the
equilibrium quantities. The paper also provides an insightful methodology for es-
tablishing equilibrium in continuous-time Kyle-Back model. To solve the model, he
first conjectures a pricing rule for the market maker as a functional of a state pro-
cess & that captures aggregate market impact. He then solves the insider’s utility
maximization problem, which becomes a standard stochastic control problem with
state variable £. The resulting Hamilton—Jacobi-Bellman (HJB) equation does not
determine the optimal control directly, instead, it identifies the pricing rule induced
by the optimal control. The optimal strategy is characterized by the requirement
that the price converges to the asset’s fundamental value at the end of the trading
period. Since the market maker sets price as the conditional expectation of the as-
set’s fundamental value given aggregate order flow, standard Kalman filtering can be
used to derive the pricing dynamics, which depend on the insider’s trading intensity.
Equating these pricing dynamics with the pricing rule implied by the HJB equation
yields a system of ordinary differential equations. Solving this system establishes the
optimal trading strategy and the equilibrium pricing rule. Our derivation closely fol-
lows this methodology, and our model can be viewed as a multi-period extension of
Cho’s model.

The studies discussed above are the ones most closely related to our paper, as
they study how competition and risk preferences among informed traders shape trad-
ing strategies, price efficiency, and the strength of market impact. There is also a
broader literature that extends Kyle’s framework along other dimensions, such as
the behavior of noise traders, the arrival of information, and the way market makers
form beliefs. We next briefly review several of these extensions, which provide useful

complementary perspectives for our setting.
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Rochet and Vila (Rochet and Vila, 1991) study an extension of Kyle’s model that
does not impose normality on either the asset payoff or noise trading. They also
assume that the insider observes the entire net order flow in the market, whereas in
the standard Kyle framework she observes the asset’s fundamental value but not the
noise trader’s orders. They show that, under these more general distributional as-
sumptions, the equilibrium exists and is unique. Wang (Albert Wang, 1998) extends
Kyle’s model to a multi-period setting in which traders hold different prior beliefs
about the precision of the asset’s value. The model helps explain several common
intraday patterns, including higher trading volume near the market open and close,
as well as a positive relation between trading volume and price volatility. Caldentey
and Stacchetti (Caldentey and Stacchetti, 2010) study a multi-period Kyle model in
which the insider observes a flow of noisy signals about the asset’s value, which is
publicly disclosed at a random time. They show that this random disclosure leads to
an equilibrium with two regimes, separated by an endogenously determined switching
time T'. Before T, the insider trades gradually, allowing information to enter prices
over time. After T, trading volume increases sharply and prices become almost fully
revealing. Umut Cetin (Cetin, 2018) extends the Kyle-Back model by allowing the
time at which the asset’s fundamental value is publicly revealed to be random. He
explicitly characterizes the equilibrium price process and the insider’s optimal trad-
ing strategy in this setting. Collin-Dufresne and Fos (Collin-Dufresne and Fos, 2016)
extend the continuous-time Kyle-Back model by allowing the noise trading volatility
to be stochastic and time varying. They show that, in equilibrium, both the volatility
of the price process and the market-impact coefficient A are stochastic. The informed
trader’s optimal strategy is to trade more aggressively when current state of liquid-
ity is high, where current state of liquidity is measured by the ratio of current noise

trading variance to expected future noise trading variance. Banerjee and Breon-Drish
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(Banerjee and Breon-Drish, 2020) extend (Collin-Dufresne and Fos, 2016) by intro-
ducing endogenous information acquisition. They study two forms of information ac-
quisition. Under smooth information acquisition, the informed trader pays a flow cost
to choose the precision of her signal over time. Under lumpy information acquisition,
she pays a fixed cost to acquire a signal. They show that, in the smooth acquisition
case, the informed trader chooses higher signal precision when noise trading volatility
is high, whereas no equilibrium exists in the lumpy acquisition case. Viswanathan
and Xing (Viswanathan and Xing, 2026) study a static information acquisition prob-
lem in which the asset’s fundamental value follows a general distribution. Insiders is
allowed to acquire signals with arbitrary distributions, subject to an entropy-based
information cost. They show that continuous signals are optimal regardless of the
prior distribution of the asset’s value, and that all continuous information acquisition
choices give the same ex-ante profit to informed traders. They also discuss the fac-
tors that shape the insider’s information acquisition decision. Ekren, Mostowski, and
Zitkovié (Ekren et al., 2022) extend (Collin-Dufresne and Fos, 2016) by allowing the
asset’s fundamental value to follow a general distribution and by introducing corre-
lation between the noise trading process and the stochastic liquidity process. Bose
and Ekren (Bose and Ekren, 2023) extend the continuous-time Kyle-Back model to
a setting with a risk averse insider and a non-Gaussian distribution of the fundamen-
tal value. They establish equilibrium by characterizing prices and trading strategies
through a coupled system linked by an optimal-transport map at maturity. Chhaibi,
Ekren, and Noh (Chhaibi et al., 2025) extend the continuous-time Kyle Back model
to a setting with a risk-averse informed trader who observes a noisy signal about the
asset’s fundamental value. They characterize the equilibrium using optimal transport
theory. Kacperczyk and Pagnotta (Kacperczyk and Pagnotta, 2024), Cetin (Cetin,
2025), and Ma, Xia, and Zhang (Ma et al., 2025) extend the Kyle model to study
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equilibrium when insiders are subject to legal penalties.



Chapter 3

Model Setup

Let (€2, F,IP) be a complete probability space which supports a standard Brownian
motion B as well as a random variable v which is independent of B and normally
distributed with mean g and variance . In the market there is a single risky asset
which pays off v at the terminal time 7' = 1. We denote by p(t) the price of this asset
for t < 1 where p will be determined in equilibrium. There is also a money market
account which pays an exogenous constant interest rate, which we set to 0.

There are three agents in the model: two insiders and a noise trader. For i = 1,2
and a time ¢ < 1 we denote by X%(¢) the shares of the risky asset held by the i"
insider, and Z(t) = o B(t) the shares of the risky asset held by the noise trader where

o > 0 is constant. Therefore, the combined order flow of all agents is
Y(t) = X't) + X2(t) + Z(t); t<1. (3.0.1)

We denote by FY the filtration generated by Y. The combined order process Y is

sent to a risk neutral market maker who then quotes the price
p(t):E[v’}?/]; t <1.

The two agents have constant absolute risk aversion (CARA) preferences and we

denote ~v;,7 = 1,2 the respective risk aversions. Each insider is able to identify the

!More precisely, for a given process y we write FX as the right-continuous enlargement of the
P-augmentation of x’s natural filtration.

14
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terminal payoff v prior to the public identification at time 1. However, the two insiders
do not see v at the same time. The first insider sees v at time 0, while the second
insider does not see v until an exogenously given time #; in (0,1).? Additionally,
while the second insider may view the public price prior to ¢, he does not trade until
receiving the signal.®

Denoting by F! = F?V ¢ (v) the filtration generated by initially enlarging the price
filtration by the payoff v, the first insider uses F! over [0, 1] while the second uses
F? over [t;,1]. Lastly, as we will show below, in equilibrium F/ = F¥ V o(v) as the
combined order flow Y will be identifiable given the price process p.

The first insider’s share policy must be adapted to F!, and as is standard in
the literature (see (Back, 1992))* we assume over [0, 1] her strategy takes the form
X'(t) = [, 0" (u)du for an F! adapted process §'.> Using integration by parts, the

first insider has gains over [0, 1] is

Waa(p) = / XY (u)dp(u) + X'(1)(v = p(1)) = / (v —p(u)d* (w)du,  (3.0.2)

where we stress the dependence on the price p. The second insider’s policy must
all be adapted to F! over [ti,1] and we assume his share policy X? takes the form
X2%(t) = fttl 02 (u)du where 62 is F! adapted over [t;,1]. Therefore, his gains from
trading over [t1, 1] is

1

W2 () = / X2 (u)dp(u) + X*(1)(w — p(1)) = / (v — p(u))62 (u)du

t1

With this notation, we define an equilibrium as follows.

2 Alternatively, t; could be random time in (0, 1) independent of all other quantities.

3 Allowing the insider to trade earlier as an uninformed agent from time 0 to ¢; is an important
extension of the work left to future research.

4The suboptimality of strategies with discrete orders is shown in the Appendix.

®We will precisely define the admissible class of trading strategies in Definition 3.0.4.
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Definition 3.0.1. The triple (6%, 52,13\) forms an equilibrium if

(i) p(t) =E [U‘}?] where }/}(t) — Z(t) + X'(t) + 1,52,51)?2@) for0<t<1.

(i1) 8! solves insider 1’s CARA optimal investment problem
J

(111) 02 solves insider 2’s CARA optimal investment problem

inf E [e—ww&@
0le Ao

inf E [e_wwfhl(ﬁ)
92€At1

7.

We end this section showing how one can reduce the equilibrium problem with
two insiders to that of one insider whose risk aversion changes at the second entry
time t;. To do so, consider the first insider’s optimal control problem. Due to CARA
preferences we may work backwards in time, beginning with the interval [t;, 1] where

both agents trade. By iterative conditioning, we obtain

E [6771 Wi (p)

o] = B [ emtun i g [ S0

A

v} . (3.0.3)

which allows the first insider to first solve the problem

inf E [e-% S (o=p(u))f(u)du
9€At1

VAR

where A;, is the admissible trading strategy class given in Definition 3.0.4 below. As
the second insider has identical information set, he uses the same admissibility class,

and hence solves

nf E o2 Ji (=p@)o(u)du
9€At1

.

Through a simple transformation, these are in fact the same problem. Indeed, define
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the representative risk aversion 7, through

1 1 1
—_— = — 4+ —, (3.0.4)
i p) 4! 2

Inspecting the above optimization problems, it is clear by symmetry the optimizers
satisfy

0 = %é\, 2 =12 (3.0.5)
1

where 0 solves

inf E 6772 ftll (v—p(u))6(u)du
96At1

;E{l] . (3.0.6)

Indeed, symmetry implies %@ must be common to both agents, and hence using the
above scaling

t t t

Yt) = 2(6) + X' () + / 0" (u)du + / 02 (u)du = Z(t) + X (1) + / 0(u)du.

t1 t1 t1

In words, we can solve the two-insider problem over [t, 1] by solving a single insider
problem with representative risk aversion 7,. Moreover, if we set § = 6! over [0, ],

we have

t

Y(t)=Z(t)+ X' (t) + /H(U)du =Z(t) + / 0(u)du.

t1

Therefore, we reduce the two-insider problem to a single-insider problem with
time-dependent risk aversion, where the effective risk aversion is 7, over [0,%;) and
¥y < 1 over [ty,1]. Denoting 7, = = and building on the reduction, we re-

characterize the equilibrium definition to
Definition 3.0.2. The pair ( D) forms an equilibrium if

(i) p(t) = [ ‘FY] where Y (t —1—f0 w)du for 0 <t <1.
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(i1) 8 solves
nf B o7 Jot (-Bw)f(u)du—7, [} (v—p(w)(u)du
0c Ao

J.

To construct the equilibrium, we first solve the insider’s optimal control problem
(77) under a conjectured functional form for the price process p over [0, 1]. We will then
identify a particular form which enforces condition (7). As a first step, we postulate

that the equilibrium price takes the form

Conjecture 3.0.3. The price process p over [0,1] takes the form p(t) = H(t,&(t))
where for a trading strategy 0 the state process & has [0, 1] dynamics

t t

f(t):/)\(s)dY(s):/A(s) (0(s)ds + 0dB(s)), 0<t<1.  (3.0.7)

0 0

H and )\ are to-be-determined functions. We require H € C?([0,1] x R) and X to be

piece-wise Ct on [0,t1) and [ty, 1] respectively, with a possible discontinuity at t;.

As H, )\ determine the map 6 — p we say that p is a “pricing rule”. Having con-
jectured the pricing rule p(t) = H(t,£(t)), we define the class of admissible strategies,
suitably modifying the class in (Cho, 2003). Fix ¢,T € [0, 1] with ¢ < T, and let £(%)
be an F)-measurable random variable representing the state at time t. Let 6 be a
candidate F/-adapted strategy on [t,T]. For # to be admissible, the state equation
(3.0.7) must admit a non-explosive solution on [t,T’] starting from £(¢), and we ad-
ditionally impose a martingale condition. This is the natural extension of the “no
doubling strategies” condition (Back, 1992, Equation (7)) to the case of CARA pref-
erences. To align the admissible class with the reduced control problem, we introduce

the effective risk aversion process
7(15) = 71 1t<t1 (t) + 721152151 (t), 0 S t S 1. (308)

Note that 7(t) =7, = 71 on [0,¢1) and 7F(t) = 7, on [t1, 1].
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Definition 3.0.4. Fiz t,T € [0,1] with t < T, and let £(t) be an F} -measurable
random variable. We say that a strategy 6 is admissible on [t,T| given £(t) if:

(i) 0 is ! -adapted on [t,T);

(ii) there exists a non-explosive FY -adapted process & on [t,T) satisfying, for all
s € [t,T],

s

E(s) =&(t) + / )\(u)(e(u) du + UdB(u));

t
(111) the stochastic exponential

M(s):=¢& /i(u)(v—H(u,f(u)))adB(u) , t<s<T,
is an T -martingale on [t, T).

We write Ay r(£(t)) for the class of admissible strategies and denote Ay(£(t)) =
Ai1(&(t)). Whent =0 and & = 0, we write Ay := Aor(0) and Ay := Ap1(0).

Remark 3.0.5. There are several ways to check the martingale condition in Defini-

tion 3.0.4. For example, one could use Novikov’s condition

E e%ffzJ}TV(UV(U—H(u,é(U)))sz] < o0,

or its relaxation in (Karatzas and Shreve, 1991, Chapter 8). Alternatively, for Marko-
vian controls O(t) = 0(t,£(t)) it is well known (see (Pinsky, 1995; Cheridito et al.,
2005)) that the martingale condition will hold provided there is a non-explosive weak

solution (£, B) over [t,T] to the stochastic differential equation
ag(t) = A0 (0. €0) + 700> (v — H(LE®)))dt + odB(1) ).

When showing the candidate optimal policy s admissible, we use this latter approach.
In particular, if [t, T] C [t1, 1], then J(u) = 4 on [t,T], so the above condition reduces

to the second-period admissibility criterion.

Having defined the admissible class and conjectured the pricing rule

p(t) = H(1,£(1)),
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we consider the insider’s control problem

f E [e—m Jo (v=p(u))0(w) du—7; [} (v—p())0(w) du
0eAp

'U] . (3.0.9)

By iterative conditioning and the tower property, we solve the nested problem

] )|

(3.0.10)

inf [E
96«407,51

e Jot (v=p())(w) du inf E [e—% Jy 0=p(u)?(u) du
9EA ((t1))

where the inner infimum is taken over admissible strategies on [t1,1] with initial
condition given by the realized state {(¢1) induced by the outer control on [0, ;).
That is, we first solve the second-period control problem on [t1, 1] conditional on
]-"tll, obtaining an optimal second-period control (/9;1. We then solve the first-period
control problem on [0,%1), obtaining an optimal control 50. Finally, we define the

concatenated control

B(t) = Bo(t) Lo 4y (1) + Os, (£) 1, 11 (2),

and verify that 6 € Ay and that it solves (3.0.9).
Having obtained the optimal control 5, we then construct an equilibrium by im-
posing the pricing consistency condition H (t,g () = IE[U|}}17 |, where ¢ is the state

process induced by 8 via (3.0.7).



Chapter 4

Optimal Control Problem

4.1 Optimal Control over [t 1]

With the admissible trading strategies well defined, and in view of (3.0.10), we now
consider the second-period control problem. Fix ¢ € [t;,1] and let £(¢) be the FY-
measurable state at time t. The representative insider value function over [t, 1] is

TEO(t) == ess inf {E [6—% S o= H (u()))0(u)du
OeAE()

ff] } L telt,1]. (41.0)

where, for each admissible 0, the corresponding (non-explosive) state process £ on [t, 1]
is determined by (3.0.7) with initial condition £(¢). As with the admissibility class, we
are primarily interested in .Zf(tl). Below, for notational convenience, we henceforth
suppress the dependence on the initial condition at time ¢ and write J = J(t) &),
where £(t) denotes the realized state at time ¢ induced by the control before ¢.

To identify J(t), we start by discussing the market maker and insider filtrations.
First, based upon our conjecture on H, once the pricing rule p(s) = H(s,£(s)),s €
[t,1] is fixed, the process £ over [t,1] can be inferred by inverting H. Therefore, as
we also conjecture A > 0, we conclude that provided F} = FY, FP = FY on [t,1] as

well. Next, as dY (s) = 0(s)ds + odB(s) and the (representative) insider controls 6,

the insider is able to deduce

21
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by observing the market price. By the independence of B and v, the process B is a
! Brownian motion on [t, 1].

We expect both the optimal control and value function to be Markovian in that
5(3) = 9(3,2(5),1}) and J(s) = J(s,g(s),v),s € [t, 1] where ¢ is obtained using 6
with & (t) = £(t), that is observed at t given F}. Given this, standard arguments (c.f.

(Pham, 2009, Chapter 3)) can be used to obtain the HJB equation

oJ
f{[ 0520, - (v—H(t,o)J(t,f)}e

) (4.1.2)
8 1 ,0°J
509 + 3PN S 5)}
for t € [t1,1], £ € R, with the random terminal condition
J(1,E) =1, as., (4.1.3)

which is found by enforcing the condition H(1,£(1)) = v a.s.
We now identify solution triples (H, A, J) to (4.1.2). First, as the Hamiltonian is

linear in the control 6, we are lead to the following systems of equations on [t;, 1] x R

0— A(t)a%m, €) — Tlo — H(t,0)I(1.8),

0

_9 1, 0’
0= 2 J(5,6) + S0\’ e

(4.1.4)
J(t,€).

Next, following a similar approach as in (Cho, 2003, pp. 60-61) we find that if there

is a solution to (4.1.4) then necessarily we must also have a solution on [t1, 1] X R to
1
0= Ht(t,f) + 502)\(t)2H&(t,f)
5/ 1 2 (4.1.5)
—A(t)(v—H(t — | == | — Va0 He(t .
O -10.9) |5 (55 ) - BorHee.9)

That (4.1.4)-(4.1.5) must hold for all v, and H cannot depend upon v leads to the
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following lemma.

Lemma 4.1.1.

(1) Let (H,\,J) solve (4.1.3)-(4.1.5). Then necessarily, the pricing rule (H, \) veri-
fies

S9N L0
C1: & (m) = Y90 8€H(t>§)u
B 2

2 2

As such, H takes the form

for to-be-determined constants h.(t1), hs(t1). A takes the form

_ c(t1)
M = T = A = 1) (4.1.7)

where c(ty) is a to-be-determined constant.

(2) Conversely, if a pricing rule (H,\) verifies C1 and C2 and thus is of form of
(4.1.6) and (4.1.7), then (H, X\, J), with J defined

J(t,€) = " W/1 =702 (t1)e(t) (1 — 1)

Fo [ — 7202y (t1)e(ty) (1 — 2
X exp {_7 1 ch(tl)(;;)(tg )(1—1)] (U — (he(t1) + hs(t1)§)> } ,
(4.1.8)

solves (4.1.4)-(4.1.5). Here, R(t,) is a to-be-determined constant

Proof of Lemma 4.1.1. For (1) suppose (H, A, J) solve (4.1.3)-(4.1.4). Then neces-
sarily, (4.1.5) is satisfied. As the market maker does not observe the terminal asset
value v prior to time 1, H cannot depend on v and C1 must be satisfied. C'1 and
(4.1.5) then imply that C2 is satisfied. Taking derivative on both sides of C'1 leads to
(0?/0€?)H (t,€) = 0 and therefore (4.1.5) implies H takes the form in (4.1.6). Lastly,
(4.1.7) follows directly from C'1 and (4.1.6).

As for (2), condition C'1 and C2 imply (0/0t)H (t,£) = 0, and hence H(-, &) must
take the form (4.1.6). Using C'1 again gives that A takes the form in (4.1.7). Given
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this, direct computation using then shows that setting J as in (4.1.8) leads to a
solution of (4.1.4)-(4.1.5). O

Remark 4.1.2. Notice that the expressions for H, X\, and J in (4.1.6), (4.1.7), and
(4.1.8) depend on the (as yet unspecified) constant h.(t1), hs(t1), and c(ty). These
quantities will be identified in subsequent lemmas. However, observe from (3.0.7) and
(4.1.6) —(4.1.8) that by considering the state process t — hs(t1)E(t) with dynamics
d(hs(t1)E(t)) = hs(t)A(t)dY (t) we see the c(ty), hs(t1) are only identified up to their
product. For this reason without loss of gemerality, we may fix the normalization
hs(t1) = 1. Additionally, note that the terminal condition (4.1.3) cannot hold unless
R(t1) = 0. With these two results we have

H(t, &) = he(t1) +¢, (4.1.9)

c(t1)

A = = e = o’

(4.1.10)

and

F2(1-Fa02c(t1)(1-1))
J(t,€) = VI = 3ot (1 = 1) x e~ == (o-ett))

2
Y

(4.1.11)

where c(t1) will be determined in equilibrium. Note lastly that for X to be well-defined
and positive on [t;,1] we require 0 < c(t1) < (Fo02(1 — t1))~t. This will be assumed
implicitly throughout.

The above Lemma shows the generic solution (H,\,J) to (4.1.3)-(4.1.5) is ob-
tained using (4.1.9), (4.1.10) and (4.1.11). In the lemma below we provide facts
about J at time 1. To stress the dependence on random quantities we bring back the
J(t,&,v) notation.

Lemma 4.1.3 (Terminal Property). Let (H,\,J) be a solution to (4.1.3)—(4.1.5).

Then

supJ(1,&,v) <1 a.s..
¢eR

Moreover, for any admissible control 6 and the corresponding process & defined by

(3.0.7), we have J(1,£(1),v) =1 a.s. if and only if he(t) + £(1) = v a.s..

Proof of Lemma 4.1.3. This is immediate given (4.1.11). O
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We are now prepared to give the main verification result.

Proposition 4.1.4. (Optimality condition) Fiz t € [t;,1] and an FY -measurable
random variable £(t), which represents the state variable at time t. Let (H, \) satisfy
Conditions C1-C2 in Lemma 4.1.1. The strateqy 0 € A (&(t)) is optimal for the
problem in (4.1.1) provided H(l,g(l)) = v almost surely, for E in Conjecture 3.0.3

using 0. In particular, at t =ty if the above are satisfied then

W2(1—7202C(t1)(1—i1))

T(t) = (11, 6(0),0) = VT = BoP i) (T ) x e (et sw)
(4.1.12)

Proof of Proposition 4.1.4. Assume (H, \) satisfies condition C'1, C2 in Lemma 4.1.1.
Therefore, by Lemma 4.1.1 (H, A, J) solves (4.1.3)-(4.1.4) for H from (4.1.9), A from
(4.1.7) and J from (4.1.11). Next, for any 6 € A, (£(t)) let £ be the state variable
process over [¢, 1] driven by 6. Applying It6 to log J(¢,£(t)), and using (4.1.4), (4.1.5),

we have for s € [t, 1]

dlog (J(s,£(s))) =7a(v — H(s,£(s)))0(s)ds +7,(v — H(s, {(s)))odB(s)
1_,

~ ST~ His,6()Po%ds.

Next, for s € [t, 1] set

b(s) = & 7, / (v — H(u, 6@)odB(w) | () d(s,1) = 2

t

We then have

1

7 /(U — H(s,£(s)))0(s)ds = log (J(£,£(t))) — log (J(1,£(1))) +log ((2, 1)) .

t

Hence,

E [6—% JiH (o= H{(s.£(5)))6(s)ds

Fl| = s €@E | 10,60)) (e, 1)

f,{] . (4.1.13)

As 6 was arbitrary, using Lemma 4.1.3, the martingale property for ¢ (c.f. Definition
3.0.4) and (4.1.1), we deduce
J(t) = J(t,&(1)).
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~

Next, (4.1.9), (4.1.11) and Lemma 4.1.3 we deduce J(1,£(1)) = 1 with probability
one, and hence

J(t) <E [e*% [ (w—H{(s.E(5)))8(s)ds

Fl| = J.ew).

Hence, J(t) = J(t,£(t)) and 0 is the optimal strategy. The formula (4.1.12) is
immediate as &(t1) is observable given F .
[l

From Proposition 4.1.4 we obtain sufficient conditions for optimality, which allow
us to verify that a given candidate strategy is optimal. Guided by these conditions,
we conjecture (similarly to (Cho, 2003, pp 58)) that the equilibrium strategy on the

sub-interval [t1, 1) is of affine form, and then characterize such strategies.

Conjecture 4.1.5 (Affine form of the strategy). For each staring time t € [t1,1) on
the interval [t, 1) the optimal strategy é\for (4.1.1) is of the affine form

6(s) = A(s)(v = H(s,£(s))). s €[t,1),
where for each T € [t,1) the map A satisfy the local bounds
|A(s)| < L(T) forallt <s<T.

Proposition 4.1.6. Fort € [t;,1), define for s € [t, 1)

H(s.€) = ha(t1) + €. A(s) = c(?)

where

Els) = £(t) + / Mu)d¥ (u) = (1) + / Aw) (u)du + odB(w))

t t
If A satisfies condition in Conjecture 4.1.5 and is such that

1
1—3s’

r(s) == A(s) (A(s) + 7,0%) — (4.1.14)
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~

is integrable over [t,1] then 6(s) is the optimal (representative) insider policy for

problem 4.1.1 at t. The value function at t is

E e 72/ (v—H(wEw)) ) 8(u) du

7|

J2 [1—72020(%)(1—75)]

N e (A (P T G

2

Proof of Proposition 4.1.6. 1t is clear that (H, \) satisfies conditions C'1 and C?2 in

~

Lemma 4.1.1. Thus, it remains to verify that H(1,£(1)) = v and that 6 € A;(&(1)).
Below, we drop the ~ notation for ease of notation.

Plugging 6 into the evolution equation (3.0.7), we obtain

d&(s) = A(s) (0(s)ds + o dB(s))
= A(8)A(s) (v — he(t1) — &(s)) ds 4+ \(s)o dB(s).

Solving this linear SDE gives

5(8) = g(t)e* S Aw)Au) du + (U _ hc(tl)) <1 — e I Mu)Auw) du>

t+o / e I AWAWdu ) (1) dB(r).

Let )
K(s):= //\(u)A(u) du
Then
£(s) = é(t)e’K(S) + (v — he(t1)) (1 = e*K(s)) + ge K /eK(T))\(r) dB(r)
Set ,
I(s) = / KON) dB(r)
Then
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and hence

£(s) = £ FO 4 (0 — ho(t)) (1 — KO 1 0o KO (1) () AL

To show that £ is well-defined on [¢,1] and that H(1,£(1)) = v a.s., it is enough
to prove that

1. lime 56 = 0;
s—1

2. lim [ XN dr = oo;
s—1
¢

3. limsup e K® /eQK(T))\(?“)2 dr < 0.
s—1
t

Indeed, condition (2) implies that (I)(s) — oo a.s., and therefore

—0 a.s.

Together with conditions (1) and (3), this gives the desired result.
To prove (1), recall (4.1.14) and let

Then

e K6 = —)\(t>(1 — S)e’R(s) —0 as s — 1.

A(s)(1 —1)
To prove (2), the previous identity implies

S S

142 2R(r) 4
/€2K(T))\(T)2 dr = (1-1) /6 A) dr.
t

At)? (1—r)?

t

Since A and R are uniformly bounded on [t, 1], the right-hand side diverges as s — 1.
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To prove (3), we have

ke [ ookirnrn g, (L=s)(1—1) [ ROr)
e ()/e ()/\(r) dr = eR(s))\(t))\(S) / (1—7")2 dr.

t

Since A and R are uniformly bounded on [¢, 1], the above quantity remains finite as
s — 1.

It remains to verify that 6 € A4,(£(t)). Since (3.0.7) has a non-explosive solution
and 0 is adapted to F!, we only need to show that there exists a non-explosive weak
solution (¢, B) on [t,1] to

4€(s) = M(s) | (0(s,€(5) + To0*(v = H(s,€(s)))) ds + 0 d(s)]
= A(5) (A(s) +720%) (v — he(t1) — £(5)) ds + A(s)o dB(s).

Similarly, define

s

K(s) := /)\(u) (A(u) 4+ 7,07) du = log (i

t

_t> + R(s).

— S

For t < s < 1, the SDE for ¢ has solution

S

£(s) = £(t)e’K(s) + (v — he(t1)) (1 - eiK(s)) + ge KG) /eK(T))\(r) dB(r)

t

_ g(t)%e_R(s) + (v = he(th)) (1 - 1 :je—fﬂs))

¢ oR(r) _
+o(l —s)e_R(S)/el—)\(r)dB(r).
- T

t

Non-explosion follows once we show that
£(s) = v — he(tr) as s — 1.

The proof follows the same steps as above, so we omit the details. O
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4.2 Optimal Control over |0, ]

Having solved the optimal control problem over [t1, 1], we next turn to the interval
[0,¢1). Given the optimal control 8 over [t1,1], let O denote the control on [0, ), and

let ¢ denote the state process associated with §. By Proposition (4.1.6), we have

B [6—% S, (0=p(u)B(u) du

A

72[1—72020(t1)(1—t1)]< - )2
- V—he —f t
= \/1 — Fy02c(t)(1 — ty)e 2e(t) (t1)=8(t0) .

As A is a right continuous function, we have that

c(ty)
1-— 720'26(751)(1 — tl) )

A(ty) = (4.2.1)

The optimal control problem 3.0.10 becomes

2

inf E 6771 fotl (v—p(u))@(u)du C(tl) 6_2;81)(”_}’0(“)_5(“)) ‘FI
0c Ao, A(t) 0

Similar to the period [t1, 1], asH is invertible and A > 0 we conclude that F} = FY

on [0,t;) and the process t — B(t) is a F/- Brownian motion. Next, we define the

value function over [0, ¢;)

o S (v B @) oy au. | (1)
TJO(t) == essinf E A(t1) FIl. (4.2.2)

beAr, (€(1)) 5 ’
ttg " e_%(v—hc(tl)_g(tl))

If we consider Markovian controls 6(t) = 0(t,£(t), v) with € from (3.0.7), we expect

-~

the functional form J(t) = J(t,£(t),v) for a to-be-determined function J and where
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~

&(t) is obtained using the optimal control 0. The corresponding HJB equation is

+ Ji(t,€) + %U2A(t)2J§§(t, 5)} = 0.

with terminal condition

t) — s (vhe(tr)-
J(t1,&v) = i((tll))e ”“< (t)f), £ eR. (4.2.3)

As the Hamiltonian is the same as over [t;, 1] (with 7 replacing 7) we are led to

the system of equations for 0 <t < t; and £ € R.

0= A(t)Je(t, &) =7, (v — H(t,£)) J (t,€),

0= Ji(t, &) + %OQ)\(t)Qst(taf)a

1 (4.2.4)
0= H,(t,¢) + §a2x\(t)2ﬂsé(taf)
— A1) (v — H(t,ﬁ)) {% (%) _7102}[&@75)] .

The facts that (i) (4.2.4) must hold for all v and (ii) H cannot depend explicitly on

v lead to the following lemma. The proof is analogous to that of Lemma 4.1.1.
Lemma 4.2.1.

(1) Let (H,\,J) solve (4.2.4). Then necessarily, the pricing rule (H,\) verifies on
0<t<t,£EeR

0 1 0
10 2 — ) =7,02=
C at ()\(t)) Y10 aﬁH(t7£>7
0 2

c2: Lre e+ %UQ)\(t)2a—H(t, &) =0,

ot oE2

The pricing rule is of the form

H{(t,§) = he(0) + hs(0)€, (4.2.5)



32
for to-be-determined constants h.(0), hs(0). The function X\ takes the form

A(t) = (V)

1 —7,0%c(0)hs(0)(t1 — t)’ (4.26)

where ¢(0) is a to-be-determined constant.

(2) Conversely, if a pricing rule (H,\) verifies C1 and C2 and thus is of the form
(4.2.9), (4.2.8), then (H,\,J), with J defined

71 (1T e hs (0) (1 —1)) (U_h o) (0 )2

(4.2.7)
solves (4.2.4). Here, R(0) is a to-be determined constant.

Remark 4.2.2. Analogously to what was discussed in Remark 4.1.2, without loss
of generality we can take hy(0) = 1. Moreover, by uniqueness of pricing rule, we
set he(0) = h.(t1). Additionally, condition (4.2.3) cannot be satisfied unless ¢(0) =
A(t1)71 /72 and R(0) = (1/2)log(c(ty)/A(t1)). With this result, we have that

_ Mt )71 /72
M= 125 ot (6 ) 428
and
o fe) T (vmheti)—e)
K6 =[S e t ). o<t<t, (4.2.10)

The above lemmas show that 4.2.8, 4.2.9 and 4.2.10 solves (4.2.3) - (4.2.4).

Proposition 4.2.3. (Optimality condition) Fix t € [0,t1) and an FY -measurable
random variable (t), which represents the state variable at time t. Let (H,\) satisfy
condition C'1 and C2 in Lemma 4.2.1 , then any strateqy 6 € Ay, (£(t)) is optimal
for the problem in (4.2.2).

Proof of Proposition 4.2.3. Assume that (H, \) satisfies conditions (C'1) and (C2) in
Lemma 4.2.1. Then, by Lemma 4.2.1, the function J given in (4.2.10) solves (4.2.4);
here we recall that hg(0) = 1.
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Next, fix any 6 € Ay, (£(t)), and let £ be the process defined by (3.0.7) on [t, 1),
driven by @ with initial state £(¢). Applying It6’s formula to s — log J(s,£(s)) and
using (4.2.4), we obtain

dlog J(s,&(s)) =7, (v — H(s,&(s)))0(s) ds
+7, (v — H(s,&(s))) o dB(s)

- %ﬁ (v— H(s,f(s)))Qa2 ds.

For t < s <y, define

_Y(t)
Q/J(S,t1> = w(s)
Then
—71/(0—}1(3,5(5)))9(5) ds = log (J(t,£(t))) —log (J(t1,£(t1)))
+ log (¥ (¢, t1)) -
Define
e () — o7 (v-he(t)- ’
0.6 =155 ™ j(=tete=)
Hence,

EY | i (o Hs) 061 ds iy g4

(4.2.11)

fg]

= J(t, E()EY | I (1, €(11)) " I (81, E(t)) (¢, 1)

A

By Remark 4.2.2, the constants in (4.2.10) are chosen so that

J(t1,€) = J(t1,6), £ eR.
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Since v is a martingale by admissibility, it follows that

EV|e ™™ s (U—H(Svf(s)))g(s) dsj(tl’ S(tl)) ‘ EI]

= J(t,£(t)).

Because 6 € Ay, (€(t)) was arbitrary, every admissible strategy attains the same

value. Therefore,
J(t) = J(t,£(1)),

and every 0 € A4, (£(t)) is optimal.

We have shown that any admissible strategy is optimal for the optimization prob-

lem on [0, ;). We therefore restrict attention to affine strategies, which will help us

establish equilibrium in the next section.

Conjecture 4.2.4 (Affine form of the strategy). For each starting time t € [0,t1) on

the interval [t,t,) the optimal strategy 9 for (4.2.2) is of the affine form

-~

0(s) = A(s)(v — H(s,£(5))),  s€[t,t),
where for each s € [t,t1) the map A satisfy the bounds
|A(s)] < L.
Proposition 4.2.5. Fort € [0,t;) define for s € [t,t1)

H(Suf) = hc<t1) +§
_ (V1/72)A(t1)

A AT )
0ls) = A(s) (0 — H(s.E(5)).

where (with initial condition g(t) =¢)

S S

£(s) =€+ / Aw)dY (u) = € + / Aw) (é(u)du + adB(u)) .

t t
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If A satisfies the condition in Conjecture 4.2.4 and A(s) is uniformly bounded over
[t,t1], then 0 is optimal control for the problem in (4.2.2) at time t.

Proof of Proposition 4.2.5. By Proposition 4.2.3, it suffices to show that g Ap g, (€).
First, # is F/-adapted. Moreover, the original state equation

4&(s) = () (A(s)(v = heltr) — E(s)) ds + 0 dB(s)),  €(t) =&

is a linear SDE with bounded coefficients on [t,t;], and therefore admits a unique
continuous non-explosive strong solution.
It remains to verify the martingale condition. By Remark 3.0.5, it is enough to

show that there exists a non-explosive weak solution (¢, B) on [t ] to

4€(s) = A(s) ((A(s) + 710%) (0 = helts) = €(s)) ds + 0 dB(s)), €)= €.
Define
afs) = A(s)(A(s) +7,07), D(s) == /&(u) du.

Then the above SDE has the explicit solution
£(s) = (v — ho(t1))(1 — e ®E)) 4 £72E) 4 g2 / e®IN(r) dB, .
t

Since A and A are bounded on [¢,#;], both a and ® are bounded on [t, ], and

t1
/qu’(r))\(r)Q dr < oo.

t

Hence [ e®*™A\(r) dB, is a continuous square-integrable martingale on [t, #1]. It fol-
lows that & has continuous finite-valued paths on the compact interval [¢,¢;], and
therefore

sup [€(s)] < o0 a.s.
t<s<ty

Thus the weak solution is non-explosive.
Therefore, g A1, (€), and Proposition 4.2.3 implies that 0 is optimal. O]
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4.3 Optimal Control over [0, 1]

Having solved optimal control problem (3.0.10), we now show the optimal control to
(3.0.10) is the optimal control problem to (3.0.9). We define the value function over
[0,1],

T(t) = ess inf 4B |7 @ He00)000dn) =52 (f (0= H (we(u)0(u)du)
bEA(E()

ftf] } . (4.3.1)

We have that following proposition,

Proposition 4.3.1. Fizt; € (0,1) and t € [0,t1). Assume the conditions of Proposi-
tion 4.2.5 hold on [t,t1) and the conditions of Proposition 4.1.6 hold on [ti,1]. Then
the piecewise-defined strategy 0 obtained by using the optimal control on [t,t1) and the
optimal second-period control on [t1, 1] is optimal for the insider’s control problem on

[t,1]. Moreover, the value function at time t is

E [ewl S 0—H (w,€(w))B(w) du—7, [} (v—H(u,E())d(u) du ft[}
— 432
_ c(ti) M 672;’@) (v*hc(tl)*ﬁ(t)f' ( )
Y2 At)
Proof of Proposition 4.3.1. Define
. 1) — 72 (o—hottr)—e)
J(t1,6) = §<(t11)) o (rohe=6) ,  feR

Pick any § € A;(&(¢)). By restriction, 6 is admissible on [t,?;), hence 6 €
Ay, (£(t)). Define the second-period restriction of 6 by 6y, (u) := 6(u) for u € [t1, 1],
and let £(-) denote the state process associated with 6. Then £(¢;) is F;" -measurable,
and the restriction of £ to [tq, 1] solves the state equation on [¢1, 1] with initial condi-
tion &(t1). Moreover, the martingale condition in Definition 3.0.4 is preserved under
restriction to a subinterval. Therefore, 6;, € Ay, (£(t1)).
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Hence, by the tower property,

E [e—% S o= H (g ()0 () du=7y ) (0= H (w6 (w)))0(u) du

F! ]
— R o7 [ o-Hug@))o(w) du [e% Jiy (0= H (w())P(w) du

did
SE 6_71 fttl (v—H (u,&(u)))0(u) du inf E |:e—72 ffll (v—H(u,gﬁ(u))>19(u) du
ﬂEAtl (&(t1))

7] |7]

— B [e IOt be Sy, ()| 7|

Here £V denotes the state process associated with ¢ on [t1,1] and initial condition

£'(t) = &(t). R
By optimality of 6 on [t,¢;) , we obtain

E [6_71 ffl(y—H(u,ﬁ(u)))e(“) du j(tla g(tl)) ‘ft[]

L e N (R A

Hence,

J(t) > E [e—vl S oGOt due Tt £(¢)) ‘ Ff} ‘

It remains to note that the concatenated strategy gbelongs to Ay (&(t)). The state
process is non-explosive on [t, ;) and on [t1, 1], hence also on [¢, 1] by concatenation.
Moreover, the stochastic exponential in Definition 3.0.4 factors as the product of the
first-period exponential and the continuation exponential started at t¢;. Since the
former is an F!/-martingale on [t, ;] and the latter is an F/-martingale on [t;, 1], then
the concatenated exponential is an F-martingale on [¢,1]. Therefore 6 € A, (£(1)).

Plugging 0 into the definition of (t) and using the tower property, we obtain

j(t) <E [6—71 S (o—H (u,€(w)))0(u) du—7, ftll (v—H (u,€(1)))0(w) du

Fl }
_E [e’il F o= H(wEw))o(w) du g [~ Jiy 0= H(wE(w))8(w) du

i

By optimality of the second-period restriction of 9\, the inner conditional expectation
is equal to J(t1,&(t1)). Therefore,

J(t) <E [e—m S e H@E)Iw e Ty £(1)) ‘ J-:tf} .
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Therefore,
J(t) = E | e Jit (0= H @Ew)iw) du j(tlyg(tl))‘ ff} '

This proves the claim. The optimal value function is then obtained from (4.2.10).
[l



Chapter 5

Equilibrium Construction

5.1 Equilibrium Construction for Two Insiders

In this section, given the optimal control é\, we construct the equilibrium on [0, 1] by
imposing the rational pricing rule H(t,£(t)) = Efv | Fl.0<t<1

We first present a lemma that is useful for constructing the equilibrium. It con-
nects the HJB equation for the insider’s optimal control problem, the associated
optimal trading strategy, and the distribution of the total order flow Y. The proof

can be found in (Cho, 2003, Lemma 2), and we omit it here.

Lemma 5.1.1. For 6 € Ay and (H, )\, J) such that t — H(t,£(t)) is a FY martingale
on [0, 1] where & is from (3.0.7), the following are equivalent.

(1) Fort € [0,1] and £ € R, (H,\) verify

0 1 0?
aH(t, )+ 502/\(25)28—52}](75,5) = 0.

(2) E [G(t)‘]-"ty] —0 fort e [0,1].

(8) The process {St, Fro<t< 1} is a martingale with quadratic variation (§,&); =
o? fot A(s)ds. Equivalently, {Y,/o, F},0 <t <1} is a Brownian motion, i.c.,
(Y/o,Y /o)y =t. In particular Y/o = B in law.

Proposition 5.1.2. Given (H,\) and the strategies defined in Propositions 4.1.6
and 4.2.5, assume the pricing rule is rational in that H(t,&(t)) =E[v|F'],0<t <
1.

39
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Then

he(ty) = p, (5.1.1)

and

Y 4
c(h) = -2~ <\/1 + A TR —h)) 1) . (5.1.2)

Moreover, in the proof, we explicitly derive the optimal trading intensity E(t),

~ -~

which satisfies O(t) = A(t)(v — H(t,&(t))).

Proof of Proposition 5.1.2. In this proof, we use the rational pricing rule to derive
A and the constants h.(t;) and ¢(t;). We then verify in Theorem 5.1.3 that these
quantities indeed characterize an equilibrium.

We have that
0(t) = A(t)(v— H(t, (1)), tel0,1).
Hence, we have that
dY (t) = 0(t) dt + o dB(t) = A(t) (v — H(t,&(1)))dt + o dB(t).

For each fixed T' < 1, by the filtering theorem (Theorems 12.1 and 12.2 in (Liptser

and Shiryaev, 2001)), the conditional mean and variance
p(t) =E[p | F],  3(t) = Var(v | 7)),

satisfy, for ¢ € [0, T,

dp(t) = M(dn — A (u(t) — H(t €(1))) dt), dSi(t) = — 2 Bt

g

with initial conditions p(0) = p and X(0) = ¥. By our assumption of a rational

pricing rule, we have

H(t,£(t) =E[v | 7] = u(t).

Therefore,
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By assumption, conditionally on F} we have v ~ N(u,Y), and

t

p(t) = p+ / 2(5)A(s) dYs, X(t) = (E_l + % Au)? du) :

o2

0 0

We also have that

t

H(t, () = holt) + / A(s)dY,,  teo1).

0

By matching the constant term, we have that

he(ti) = p.

By matching the integrands we obtain

Using the explicit expression for 3(s), this can be rewritten as

S

A(s) = A(s) (022_1 + /A(u)2 du), s € [0,t).

0
After determining A(s) for s € [0,1;), we get

t1

X(ty) = (E‘l + % A(u)2du) 7 :

0

Then, given \(t1), for s € [t1,1) we have

s

A(s) = A(s) (azZ(tl)l + /A(u)2 du), s € [t1, 1).

t1

(5.1.3)

(5.1.4)

(5.1.5)

(5.1.6)

These equations identify A over [0,1). We first determine A(s) for s € [0,t;).
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Differentiating both sides of equation (5.1.5) with respect to s

A(s)

A'(s) = N(s) )

+ A(s)A(s)?.

From condition C1 of Lemma 4.2.1 and (4.2.9) we know N (s)/A(s) = —7,0%\(s).
Substituting into the previous expression and collecting terms yields
A'(s) A'(s)

Als) ~ A —mo? 17 M)

Integrating this first-order equation from 0 to s and using the explicit form of A in
(4.2.8) gives

. 7102
A = R A= At Bt = 9)

for some constant K. From equation (4.2.8) , we have

_ /\(t1)7 o231
A(0) = MN0)o?2 ! = ! ,
0)=20) To — 7102 A (t)t

=~ 2
A(0) = 2
- K (1 - %JQA(tl)t1>

?

which yields that

Fo (A(t1) — FoX 4+ A(t1)X770%t)

K= ) (s — oM t))

We now pin down A(s) for s € [t1, 1). Indeed, differentiating both sides of equation
(5.1.6), we have
A(s)
A(s)
From condition C1 of Lemma 4.1.1 and (4.1.9) we know N (s)/A(s) = —7,0%\(s).

Substituting into the previous expression and collecting terms yields

Al(s) = N(s) + A(s)A(s)?.

A'(s)  Als)
A(s)  A(s) = 70°
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Integrating this first-order equation and using the explicit form of A in (4.1.7) gives

_ Fa0°
Als) = 1—C(1=7,0%(t)(1—s))’

for some constant C'. To identify C' note that the optimality condition in Proposition

4.1.4 requires

Thus
1

Coc(t)(1—s)
This identifies 6. In the remainder of the proof we identify c(t;). Here, the condition

A(s)

s € [tl, ].)

in Proposition 4.1.4 also implies that H(1,£(1)) and v have the same distribution.

First, we can write

Y
v=p+VEZ, Z7 N0, 1).

Next, by Lemma 5.1.1, we have that Y /o is a F¥ Brownian motion over [0, 1]. There-

fore, from (3.0.7), we see that

1

() N (o, 02//\(3)2ds>,

0

so that )

H(1,E(1) = p+ €(1) ~ N(u, 02/)\(3)2d8>.

Matching the variances gives

1
Y= 02/)\(5)2 ds.
0

Using the explicit form for A in (4.1.7), we obtain
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t1 1

% = /)\(5)2 ds + /)\(5)2 ds
_ C(t1)2(1 — tl)
1 —7,50%c(t1)(1 — t1)
. Fitic(t)’
Vo [ = Foo2e(t1) (L = 1)) [T, — oc(tr) (Fits + 73(1 — )]

Solving for ¢(t;) yields (5.1.2), finishing the result.
[l

Theorem 5.1.3. For c(t;) in (5.1.2), A(t1) in (4.2.1) and fix any t € [0,,), define
for s €t 1)

H(s,§) =p+¢
For s € [t,ty), let
_ (F1/72)A(t)
M) = TG Aot (6 = 5)°
i 2AN0) =B+ ME)EF* ] c(ty)
At1) 7y — 7102 A(t)t] A(t1)’
fi(s) 1o (v — H(s,E(5))

T 1K1 - (3 /72)02A(t) (6 — 9)]

= 17 v— H(s.€(5))).
= =) R - )

For s € [t1,1), let

N S v H &)
M) == g =s " s
where (with initial condition £(t) given)
Els) = £(t) + / Mu)dV (u) = £(t) + / Mw) (00w du + 0 dB(w) )

~ ~

Then p(s) = H(s,&(s)) is an equilibrium price on [t, 1] and 0(s) is the optimal (rep-
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resentative) insider policy. The value function at time t is

E [e—% S (0-p(s))(s) ds—7 f}: (- F()B(s) ds ]:tl] _ AT (vnew)”

T2 €

Proof of Theorem 5.1.3. Set

71‘72

YR R e T O EATER) N £, 1),
1
c(t)(1—s) s €[ty 1),

so that R R
0(s) = A(s)(v — H(s,&(s))), s €[t 1).

We first verify that A satisfies the conditions in Propositions 4.1.6 and 4.2.5. For
the second period, let 7 € [t1,1) and T € (7,1). Then for all u € [r,T],
1 1

AWl = Zsa—w S aa=m - X

so the required local bound holds.

Next, for every 7 € [t1, 1),

2=\ _ c(t1) 1 2—
A +07) = b (= )

1 N 27,02%c(ty)
1—7  1—7,0%(t1))(1—71)

Therefore, the desired representation holds with

“”‘:1_7ﬂ%ﬁgu—¢y

T € [tl, ]_)
Since 1 — 7,02%¢(t1)(1 — t1) > 0, it follows that for all 7 € [t;, 1),
1 —Fy02c(t))(1 —7) > 1 —Fy0%c(t))(1 —t;) := 6 > 0.

Hence ) ) ( )
Vo0 (1
() < 222,
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and consequently r € L'([t1, 1]). Thus the conditions of Proposition 4.1.6 are satisfied
on [tq,1].

For the first period, note that the explicit formula (5.1.2) implies 0 < ¢(t;) <
¥,/ (02 (Fit1 4+ 73(1 — t1))). Therefore, for s € [t, 1),

Yo — 2c(t) (T3t — 5) +75(1 — t1))

BB (1-n)

1- 71‘72)‘@1)71/72 (t1 —s) =

By explicit calculation, we have that c(t;) < (7,02 (1 —t;))~!, hence the value
function is well defined for ¢ € [t;,1). Hence A is continuous and bounded on [t, #1].
Moreover, the first-period coefficient A is continuous on [t, ¢1], and therefore bounded
there. Thus the conditions of Proposition 4.2.5 are satisfied on [t, ;).

Next, by Proposition 5.1.2, the pricing rule is rational, i.e. p(s) = H(s,g(s)) =
E[U‘ff] ,s €[t 1].

Since the conditions of Propositions 4.2.5 and 4.1.6 have been verified, the restric-
tion of @ to [t,¢;) is optimal on [£,¢,), and the restriction of 8 to [t, 1] is optimal on
[t1,1]. Therefore, by Proposition 4.3.1, the concatenated strategy 9 is optimal for the

insider’s control problem on [¢, 1], and the value function at time ¢ is

E [e—% S (0-p(s)(s) ds—7 J}: (- F()B(s) ds ]:tl] _ )T s (vneew)”

T2 D) €

~ ~

Thus p(s) = H(s,£(s)) is an equilibrium price on [t, 1] and 6(s) is the optimal
(representative) insider policy. In particular, taking ¢ = 0 yields the equilibrium on
[0, 1].

We next show that show that K = ¢(t1)/A(¢1). Using the definition of K and
substituting for A(¢;) gives

C T(At) = T+ At)STe?t) | Fyd(c(ty) — FoSd + c(t) STi0% )
At1) (T, — VoA (t)th) c(t1) (Fod — Fio%c(tr)t1)

Y

where d = 1 — 7,02%c(t1)(1 — t1) = c(t1)/A(ty).

Let ¢ = 7%t; +73(1 — t1), we have that ¥,d — Fi02c(t)t; = 7y — 02¢(t1)q, and
c(t1) =FoXd+c(t) X702t = c(t;) — Yo X+ 0%c(t1)Xq. Since c(t) satisfies o2q c(t)* +
o2qy, Y c(ty) — V32X = 0, we have c(t;) — 7,2 + o%c(t1)3q = %(% — o%c(t1)q).
Substituting this into the formula for K yields K = d = c(t1)/\(t1).

Substitute K = c(t1)/\(t1) into A(s) and use d = ¢(t1)/A(t1) gives that
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A(S Y172

)= c(t) (WL —t1) +73(t1 — 5))

for s € [0,%).
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5.2 Extension to Multiple Insiders

In this section, we extend the model by allowing multiple agents with heterogeneous
risk-aversion parameters to enter the market sequentially at different times.

Theorem 5.1.3 yields three useful insights. First, all equilibrium objects are pinned
down by a single constant c¢(t;), which is determined by imposing the pricing rule is
rational. Second, the equilibrium depends on a weighted average of the effective
risk-aversion parameters, where the weights are the lengths of the intervals between
arrival dates, namely 72t +7%(1 —t1). Third, the market impact parameter A and the
insider’s value function share the same functional form, with parameters determined
by the relevant effective risk aversion and time horizon. These observations motivate
the extension to n sequentially arriving agents, and further to a continuum of agents
arriving continuously over time.

We start with the case of n agents with risk-aversion parameters +; who enter the

market sequentially at times tg =0 <t; <--- <t,_1, and we set t,, = 1. Let

. —1
_—— . l
(21

denote the representative agent’s risk-aversion parameter. To define an equilibrium

in this setting, we modify condition (ii) in Definition 3.0.2 as follows:

inf B [o ST i, (v-pw)otw) du
0cAg

v} . (5.2.1)

We have the following proposition.

Proposition 5.2.1. Define the constant

(ta 1) = ! 1 (5.2.2)
c(tp_1) =cp_q1 = — —-1]. 2.
! ! 2 o2 Fi (e — th—1)
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Define the pricing rule by
H(t,{)=p+&  tel01].

For each interval [t;,t;11), 0 <1 <n—1, define

c(t;)
At) = <t <t
O = e G — i< hn

The coefficients {c(t;)}i=¢ satisfy the recursion

C(tz) = )\(tz—l—l) Fyi+1, 0 S 1 S n— 2.

Yit2

The corresponding optimal strategy is

where, fort € [t;,tiy1) and 0 < i <n—2,

= 2
Vi+19
A(t) = :
( ) 1-— Bz (]_ — 772—&-10-2 C(tz) (ti+1 — t))

with

Fip12(t:)
1- J;\l(tz‘)

B, = — , 0<i<n-—2,
1 =02 c(t) (L — i)
and, on the last interval,
1
At) = t € [th1,1).

c(tp_1)(1 —1)’

Moreover, for 1 <i<mn—1, 3(t;) evolves according to

0'20 (ti_1>2 (tz — ti—l)

X(t) =2 (tia) - 7 Yio%c (tio1) (ti = tiz1)

with initial condition X(ty) = 3.

(5.2.3)

(5.2.4)

(5.2.5)

(5.2.6)

(5.2.7)

(5.2.8)



20

Here
Au) (é‘(u) du+ o dB(u)) .

Jay)
=
l
o\“
=
£
&.
~
—
£
l
o\“

-~ ~

Then p(t) = H(t,£&(t)) is an equilibrium price, and 6(t) is the optimal (representative)
wsider policy.
Finally, the value function is given by

c(tno1)Y; _difly .
J(t,€) = %e o' <t <tiy,, 0<i<n—1. (5.2.9)
Tn Alt)
Proof. Step 1. Assume a Markovian control § and derive the HJB equation. Let J
denote the value function on each interval. For t € [t;,t;,1), this leads to the following

system of equations:
0= A(t)Je(t,€) = Fy4a (v — H(t,€)) I (1. €),
0=J(t,&) + %U2A(t)2J&(t,€),

0= Ht<t7£) + %0'2)\(15)2[‘[&(15,5) (521())

MO0 - #0.6) [ (55) - T Hele 6]

Following a similar analysis as in Section 2, we obtain

0/ 1 5 0
(=) 7. 022 H(t ) =0
at <)\(t)> T pgH(h:0)
Solving the resulting ODE yields (5.2.3). Solving the system of PDEs and imposing
continuity of J at ¢;;; then give (5.2.4) and (5.2.9).

Moreover, (5.2.4) implies that, for 0 <i <n —1,

Vit1Cn—1
C tl = — ) — ,
( ) Tn — o%c,q Zk:z‘+2 ’7% (tk - tk—l)
where the sum is understood to be 0 when ¢+ = n — 1. Finally, Since

1

H(LE(1) = p+&1) ~ N | 0 / A(s)? ds

0
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Matching variances gives

Using the identity

1
D)
== /)\(t)th,
0

z o1 (D Tty — 1))
0% A [T — 21 (o T (te — ti))]
Solving this equation for ¢,_; yields (5.2.2).
Step 2. For each period [t;,t;41), following (5.1.5)—(5.1.6) and given A(¢;), we have

we obtain

S

A(s) = A(s) (aQE(ti)_l + /A(u)2 du), S € [titip1). (5.2.11)

t;

Here

X(t;) = (El + % /A(u)2 du>_
_ <2(ti_1)—1 + % / A(u)2du> . (5.2.12)

Differentiating (5.2.11) with respect to s yields

A(s)

A'(s) = N(s) o) + A(s)A(s)?.
Since N (s)/A(s) = —7,410%A(s) on [t;, tiy1), substituting into the previous display
and collecting terms give
A'(s) A'(s)

_ _
A(s) A(s) — 71'-1—102 Vi+19 A(s).
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Solving this ODE yields (5.2.6). Evaluating (5.2.11) at s = ¢; gives
A(ti) = A(t:)o"S(t:)

which in turn implies (5.2.7). Finally, applying (5.2.6) over [t;,¢;11) in (5.2.12) yields
(5.2.8).

Step 3. We verify that the quantities established above indeed construct an equilib-
rium. It therefore suffices to show that the function A on the last period satisfies the
condition in Proposition 4.1.6, while A on the earlier period satisfies the condition in
Proposition 4.2.5. Since the argument is very similar to the proof of Theorem 5.1.3,

we omit it here. O

5.3 Extension to a Flow of Insiders

We now generalize the model by allowing a continuum (flow) of informed traders
to arrive in the market at each instant t. We model this flow as a time-varying
(representative) risk-aversion parameter 7(¢), assumed to be continuous and positive
on [0, 1] and differentiable on (0, 1). In this setting, condition (ii) in the definition of
equilibrium becomes

inf B |e o 700 (v-5w) 0w) du
0c Ao

v] . (5.3.1)

We have the following proposition.

Proposition 5.3.1. Let 5 € C'(0,1]. Define the constant

(1) 4
(1) = =o= (—1 + \/1 o 7 WNW) . (5.3.2)

H(t,§) = p+¢, t €10,1].

Let
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Define
A1) = 7(®)e(l) . telo). 5.3.3
O S0 e e Y 059
Set
)= — 217y ED)), 0,1), 5.3.4
(t) D) ftli(u)%lu( (t,£(1))) tel0,1) (5.3.4)
where

~

£(t) = / Au) dY () = / M) (0(u) du + o dB(u)).

~ ~

Then p(t) = H(t,&(t)) is an equilibrium price, and 6(t) is the optimal (representative)

insider policy. Moreover, the value function is given by

E [6— S A1) (05 ())B(u) ds

Fl ]

c(F(E) -39 (v-p-ew)
F(A()

1_ _ .
_ \/ (1) = o2¢(1) [, 7(u)? du 677(1)*026(213({57(“)2 du (vfuff(t))Q.
7(1)

2|

(5.3.5)

Proof. Step 1. Assume a Markovian control # and derive the HJB equation. Let J
denote the value function. For ¢ € [0, 1), we obtain the system

0= A®)Je(t, &) —7(t) (v — H(t,£))J(t,€),
0= J(t,6) + %02/\(15)2&5(?5,5),

0= Hy(t, &) + %UQ)\(tYH&(t, o) (5.3.6)

+ (v = H(1,) | 0*MOT(0) He(t.€) - z<t>+(m) ]
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Let H(t,&) = p + &, following the similar analysis we have that

<%)/ = o027 (t)%, (5.3.7)

which is equivalent to

A () — Z'<t>+<it’> 0.

Integratlng (5.3. 7) from ¢ to 1 and using A\(17) = c(l), we obtain (¢ )/)\( )
~(1)/ —azft u)? du, which yields A(t) = F(¢t)c(1)/(7(1) — o2c( ft w)? du).
This proves (5.3.3).

Since
H(1,E(1) = i+ £(1) ( / A(s )

matching the variances gives ¥ = o fo A(s)2ds. Let Q(t) :=7(1)—o?c(1) ftl ~(u)?
Then Q'(t) = o2¢c(1)¥(t)?, and hence

[ A ) [ Q)
O/A(t) dt = (1) O/QW at = <5 O/QW dt

c(1)< 1 >: 1)? [, 3(u)? du
> \QO) Q) 7<1>(v<1>—ac<1>fh<u>2du)'

Equating this with /02 and solving the resulting quadratic equation for ¢(1) gives
(5.3.2).
Solving the systems of PDE gives (5.3.5).

Step 2. Following (5.1.5), and given A, we have

s

A(s) = A(s) (022_1 + /A(u)2 du), s€[0,1). (5.3.8)

0
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Define

(t) - ( Tt %/

Differentiating (5.3.8) with respect to s yields

() = N(s) 1)

s o) + A(s)A(s)”.

From (5.3.7), we have N (t)/A(t) =7 (¢)/7(t) —

previous equation gives

C’ea fo (s)¥(s) ds
for some constant C'. Since

we have

7(0) — ¥75(0)°
which implies
37(0)
et 1 _—
¢ 0)
Therefore )
y(t
A(t) o 7(t)

(5.3.9)

2X(t)7(t). Substituting this into the
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We have that

which yields

Hence

is given by (5.3.4).
Step 3. We verify that the quantities established above indeed construct an equi-
librium. It therefore suffices to show that the function A on the last period satisfies
the condition in Proposition 4.1.6. Since the argument is very similar to the proof of
Theorem 5.1.3, we omit it here.

O



Chapter 6

Properties of Equilibrium

6.1 Properties of Equilibrium: ¢; =0

We first consider a special case where there are N insiders entering the market at
time 0. This setup is consistent with the discrete-time model in (Holden and Sub-
rahmanyam, 1994), where there are N insiders trade strategically. In our case, we
allow each insider to have different risk aversions. Our main purpose in studying this
special case is twofold. First, we compare our setting with the results in (Holden and
Subrahmanyam, 1994) and (Back et al., 2000), showing that an equilibrium exists
when multiple risk-averse insiders are present in the market. Second, we examine
how the arrival of additional insiders affects market depth and price informativeness,
allowing us to compare our findings with some of the results in (Subrahmanyam,
1991).

From the observation in equation (3.0.6), the problem with N agents with different
risk aversion parameters can be treated as an equivalent single-representative-agent
problem. Therefore, the results in Theorem 5.1.3 can be applied directly to our
analysis here. Let each agent with risk aversion parameter v;,7 = 1,.., N and let

y=1/ (Zfil 1/7;) be the risk aversion parameter for the representative agent.

Definition 6.1.1 (Definition of Auxiliary quantities). We begin by defining the vari-
ables and functions that will be used consistently throughout this section, both in the

statements of the propositions and in their proofs.

27
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1. Recall that

1
R VAT
Then 5, > 7s.
2. Let A (v 2
sy M= zu
3. Let

q(t) =7t + 751 —t1) =7 — (91 — 73) (1 — ta).

4. Define the function s : (0,00) — R by

= ik

Then s s strictly decreasing in x. Moreover, the function
x — z(s(z) — 1)

18 strictly increasing in x.

5. Define the function r: (1,00) — R by

Va+l

Then r s strictly increasing in x.

The following result is an immediate consequence of Proposition 4.1.6 and Theo-

rem 5.1.3 in the special case t; = 0, we hence omit the proof.

27 1+ 1 1
c=— ——1].
2 o2yA?

Proposition 6.1.2. Let

Define for each t € ]0,1)

~

v— H(t,£(1))
c(l—t)

B c
1 —Fo2e(1—t)’

Ht,E) =p+E A1) o(t) =
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where

~

) = / Mu)dV () = / Aw) (B(w)du + 0 B(u)).

~ -~

Then p(t) = H(t,&(t)) is an equilibrium price on [0,1] and 0(t) is the optimal

(representative) insider policy. The ith insider’s optimal trading intensity is

gity="La), o<t<l
i

Moreover, each insider’s conditional expected utility at time O (We also call it welfare)

J(0)=—+1—70% ¢~ 0 (”*“)2,

and the posterior variance is

1 1 Rl -1)
(®) ( e (1—t >) o2c2(1—t) + Xt -

Proposition 6.1.3. To stress the dependence upon the risk aversion, we write ¢(y) =

18

c. Follouing the equilibrium quantities defined in Proposition 6.1.2, we have the

following properties of the equilibrium:
1. The welfare J(0;7) is strictly increasing in 7.

2. Define the market impact coefficient at time O to be

. c(7)
V) = ————— 1.1
then A(0) is strictly increasing in 7.

3. The market impact coefficient at time 1, \(1;7) = (%), is strictly decreasing 7.

4. For each fized t € (0,1), the posterior variance 3(t;7) is strictly decreasing in 7.
FEquivalently, the price informativeness I1(t;7) = X (t;75) ™! is strictly increasing
my.

5. The trading intensity of the representative agent, B(t;7) = 1/(c(F)(1 — 1)), is
strictly increasing in 5. The trading intensity of each individual, 5;(t;7) =
F/iB(t;7), is strictly increasing in Y for any fived t € [0,1) and ~; > 0.
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Proof of Proposition 6.1.3. Recall the function and variable definitions in Definition
6.1.1.
First notice that

o) = L5 - 1).

Then

Toe(s) = T2 (67) ~ 1) = s
Hence ,
1 —7oc(y) = S<_2> _T_ 1
Therefore, 3 B
MOA) = T _;(32)0(7) = %(5(72) +1),
and

T(0:7) = —/1 = 702c(7) e 7m0 = _p(5(72)).

(1) Since s(z) is strictly decreasing in z, the map 7 + s(7?) is strictly decreasing in
~. Moreover, r(x) is strictly increasing in z. Therefore r(s(3?)) is strictly decreasing

in 7, and hence

J(0;7) = —r(s(7%))
is strictly increasing in 7.
(2) Taking the derivative with respect to 7, we obtain

A0:7) = = ((s(7%) + 1) +7055(7%))

(st + 1) - T

Y
1

|
| M o] M| M

/N
—_
+
N
]
=
N——
\Y
o

Hence A(0;7) is strictly increasing in 7.

(3) Observe that
_ D32 YD ¥
W=y *te 5

Hence ¢(7) is strictly decreasing in 7. Therefore A(1;7%) = ¢(7¥) is strictly decreasing

in 7.
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N )

Since c(7¥) is strictly decreasing in 7, the term 1/c(¥)? is strictly increasing in 7.

(4)

Therefore the quantity inside the parentheses is strictly increasing in 7, and hence
Y(t;7) is strictly decreasing in 7.

(5) The result follows from the fact that ¢(¥) is strictly decreasing in 7. O

It should be noted in proposition 6.1.2 that in our model there is an equilibrium
even if multiple informed traders observe the same (perfect) signal. This is in contrast
to the case in (Back et al., 2000), where under risk-neutral conditions and with
perfect information, due to competition between insiders for the same information,
no equilibrium exists.

In the risk-neutral model, insiders choose their trading strategies to maximize
expected profit by balancing trading intensity against price impact. More aggressive
trading allows an insider to profit more from her informational advantage.! However,
aggressive trading also increases price impact, causing the insider to trade at less
favorable prices. When there are multiple risk-neutral insiders, each has an incentive
to trade more aggressively to exploit informational advantage before the others push
the price toward v. This competition leads insiders to concentrate their trading at
the beginning of the trading period. In continuous time, the result is that insiders
would like to trade infinitely aggressively at the beginning, which causes equilibrium
to fail to exist.

When insiders are risk averse, the tradeoff is different. In addition to balancing
trading intensity against price impact, they also care about future price risk. This
gives each insider an incentive to trade more aggressively at every point in time rather

than postpone trading to a later date, when the remaining order would be exposed

!The informational advantage is captured by the mispricing v —p(t). Because the insider observes
v, this difference measures the profit opportunity associated with each trade she executes.
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to future price risk.? When multiple risk-averse insiders are present, they will trade
in a way to reduce the future price risk together. As a result, the informed traders
as a whole behaves like a single representative insider with higher aggregate risk
tolerance, or equivalently lower effective risk aversion. In equilibrium, each insider’s
position is inversely related to her degree of risk aversion, reflecting the risk-sharing
effect.®> This reduces the need for aggressive trading as shown in Proposition 6.1.3
(5), thereby supporting the existence of equilibrium.

Proposition 6.1.3 (2) shows that A(0) decreases as more insiders enter the market.
Since \(t) = X(¢)B(t)/0?,t > 0 by equation (5.1.4), this decline at ¢ = 0 is driven
by the fall in 5(0), by the fact that insiders trade less aggressively at the beginning
of the trading period. As a result, less information is revealed early on, which leads
to a higher X(¢) for ¢ > 0. This is supported by Proposition 6.1.3 (4), which shows
that X(¢) is higher later in the trading period when more insiders are present. Con-
sequently, A(1) increases even though (1) decreases with the number of insiders.
Therefore, market depth initially rises and then falls over the trading period. The
behavior of A in our model differs from that in (Subrahmanyam, 1991). In the one-
period model studied there, A is not monotonic in the number of insiders: it may first
increase and then decrease as more insiders enter the market. By contrast, in our
continuous-time setting, for each fixed time ¢, A(¢) changes monotonically with the
number of insiders. This difference arises because trading behavior is fundamentally
different in one-period and continuous-time models. In a one-period model, insiders
must concentrate all of their trading in a single round, whereas in a continuous-time

model they can spread their trades over time. As a result, the effect of additional

2This is reflected in Proposition 6.1.3(5), which shows that trading intensity of representative
agent is strictly increasing in 7.

3Risk sharing here means that insiders bear risk jointly, with each insider bearing a share of risk
that is inversely proportional to her risk-aversion parameter. At the aggregate level, they trade
as if there were a single representative agent in the market. We call the trading intensity of this
representative agent the aggregate trading intensity.
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insiders on price impact is qualitatively different across the two settings. Proposition
6.1.3 (1) shows that each insider’s welfare decreases as more insiders enter the market,
since stronger competition * reduces the informational advantage of any given insider

and therefore lowers the profit she can get from her private information.

4Competition here refers to the situation in which insiders profit from the same source of infor-
mation. When insiders are risk averse, the risk-sharing effect implies that each insider takes a share
of aggregate informed trading that is inversely proportional to her risk-aversion parameter. Since
they share the profits generated by the same information, this gives rise to competition.
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6.2 Properties of Equilibrium: ¢; > 0

In this section, we present the main result of our paper. We allow that two insiders to
enter the market at different times: the first agent arrives at time 0, and the second
agent arrives at time ¢; > 0. We then discuss the equilibrium properties: Trading

intensity, Price informativeness and market depth.

6.2.1 Trading Intensity [(t)

Proposition 6.2.1. For each t; € (0,1), in the single-insider economy with risk

aversion 7,, the trading intensity is

S _ ]‘ S __
ﬁ (t) = m, wherec =

=2

b 4
1

1+ —— -1 te|(0,1).
2( o ) €10,1)

In the delayed-entry economy, let c(t1), K be given in Theorem 5.1.3. The first in-
sider’s trading intensity (51(t) is

Y172 . tel0,ty),
C(t1)(7§(1—t1)+7f(t1—t)) 0.%1)

L
Y1 c(t) (1 —1)°

Bu(t) =
t € [t1,1).

The second insider’s trading intensity Po(t) is

7 1
Y2 e(t)(1—1t)

Then Byi(t) > B°(t) for all t € [0,t1), while B1(t) < B5(t) for allt € [t1,1). Moreover,
for each fized time t € [0,1), the map t, — P1(t) is strictly decreasing on (t,1) and
strictly increasing on (0,t). Equivalently, Oy, [(1(t) < 0 whenever t < t; < 1, and
Oy, 1(t) > 0 whenever 0 < t; < t.

tet,1).

Proof of Proposition 6.2.1. We have that

o) = 22 (s(q(t1)) — 1).
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Since x — s(z) is strictly decreasing in x and q(t;) < 7%, we have

Dheftn) = B (statt) = 1) > (3 = 1) =

Moreover,

Since the function z — x(s(x) — 1) is strictly increasing and ¢(t;) < 73, it follows
that (t)e(t) . _
q\t1)c(ly =2 (=2 T =2 s
———— < =Ms() 1) =——(s(n) - 1) =¢".
Y172 27 1( ' ) 2 ( ' )
Step 1: Comparison on [0, ).
For t € [0,t1), we have that

\g|

1 1 t1)c(t v
_ _ <q(i)f( 1) _Cs> _}_t(cs_zic(tl)) '
pit)  Bo(t) 172 V2
By the two inequalities above, both coefficients on the right-hand side are strictly

negative. Hence 1/6,(t) — 1/8°(t) < 0 for all t € [0,t;), and therefore £y (t) > p*(¢)
for all t € [0, 7).

Step 2: Comparison on [tq,1).
For t € [t;,1), we have that

1 1 1

Bi(t)  B(D) (7_20“1) — )1 -1).

1/B1(t) = 71 /79 c(t1)(1 —t),1/8°(t) = ¢*(1 — t). Since 7, /F5c(t1) > ¢*, it follows
that 1/8:1(t) > 1/8%(t), and hence (,(t) < B°(t) for all t € [t1,1)
Step 3: Monotonicity in ¢; when ¢ < t;.

Fix ¢t € [0,1) and suppose t < t; < 1, we have that

InBi(t) =In7, + In7, —Ine(ty) — 1n<q(t1) - 7%25). (6.2.1)

9 _ Y% (V-7
dnq(tr) =77 — 73, Oy c(ty) = 2% 0 %)

Opc(ty) _ (3 —93) (s(a(t) +1)
c(t1) 2q (t1) s (g (t))

By (6.2.1), we have
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~ Oye(ty) Onq(ty)  Oye(h) Inq(t)
OBl = ==a N gt A T et alh) -7

B s(q(ty))+1 1 1

= 0ua(t) (S5 e g~ ) )

Observe that
s(q(t))+1 1 1 1

2s(t1)  q(t1)  q(th) = q(tr) — 75t
gives us 0y, In 51 (t) < 0, and since f;(t) > 0, we conclude that 0y, 5;(t) < 0 whenever
t<t; <l.
Step 4: Monotonicity in ¢; when t; < ¢.
Fix ¢ € [0,1) and suppose 0 < t; < t. The result follows from the fact that
Oy, c(ty) < 0. O

Proposition 6.2.2. Define 5(t) = (1(t) for t € [0,t1) while B(t) = 1/(c(t1)(1 — 1))
for t € [t1,1). B(t) is the representative informed trading intensity. Then fix t €
[tb 1):

B(t) > B°(t) < c(t1) < .

Moreover, fix v1 > 0, 75 > 0, ¥ > 0, and 0> > 0. Then there exists a unique
ty € (0,1) such that
c(t) = ¢,

and
C(tl) < — t1 > f{

Equivalently,
B(t) > B°(t) fortelt,l) < t >1t].

The cutoff is given by

_q*_ﬁg * o
=2 =2 ¢ = - T —
ne T (Y14 7 1) (7

Proof of Proposition 6.2.2. 1t is trivial that 5(t) > °(t) <= c(t1) < ¢*. We prove
that there exists a unique ¢} € (0, 1) such that ¢(t}) = ¢® and ¢(t1) < ¢® < t; > .
At t =1,

t; >
1 4 — ’
( 1+02—Eﬁ_1>+272>

S
c(1) = %(s(ﬁ) -1) = %cs <
1
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At tl = O,

Since 7, < 7, we obtain

Yo (s(73) —1) > 7, (s(75) — 1),

and therefore
c(0) > ¢°.

Since ¢ is continuous and strictly decreasing, with ¢(0) > ¢® > ¢(1), there exists a
unique ¢} € (0,1) such that

Moreover, because c is strictly decreasing,
C(tl) < — t1 > tT

It remains to compute t;. The equation c(t;) = ¢* is equivalent to

that is, B
Y _
s(q(t)) =1+ = (s(77) — 1)
Y2
it becomes B
K Y1 =2
1+ =1+ —(s -1
TV RREA
Hence )
K Vi -2
1+ =1+ —_—\s —1 ) s
q(ty ( 72( ) )
SO
K
q(ty) = — 2
(1 + 2 (s(79) - 1)) -1
Therefore
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by q(t*) = ¢*, we have

-7

]

The first part of Proposition 6.2.1 shows that, relative to the single-insider bench-
mark, the first insider’s trading intensity in the delayed-entry economy is higher before
t1, the arrival time of the second insider, and lower after ¢;. The intuition is as follows.
In the single-insider benchmark, the first insider is the only informed trader through-
out [0, 1], and therefore the only trader who can exploit the informational advantage.
In the delayed-entry economy, by contrast, she remains the sole informed trader only
until ¢;. Anticipating that a second informed trader will enter at ¢; and compete the
remaining mispricing opportunities, the first insider has an incentive to trade more
aggressively before t; in order to extract more profit while she is still alone.

The case after t; is more subtle. To interpret the result, we first consider the
representative insider’s trading intensity after ¢;. Proposition 6.2.2 shows that the
representative insider’s trading intensity may be either higher or lower than in the
single-insider benchmark, depending on the arrival time of the second insider. If
the second insider enters early, then the representative insider’s trading intensity
is lower than in the single-insider benchmark, if she enters late, then it is higher.
To understand this, note first that the constant ¢(t;) = 37,/2 (s(q(t1)) — 1) fully
determines trading intensity after ¢;. Since this quantity depends on ¢;, the effect of
risk sharing also depends on the timing of the second insider’s arrival. Risk sharing
pushes trading intensity downward, when the second insider enters the market, and
this effect is weaker when ¢; is larger. A stronger risk-sharing effect pushes down
the post-entry trading more substantially, so post-entry trading intensity differs more
from pre-entry trading intensity, in particular, the downward jump in trading intensity

at t; is larger. By contrast, when the risk-sharing effect is weak, post-entry trading
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behavior is much closer to pre-entry trading behavior. As a result, when ¢; is small,
the risk-sharing effect is strong, which raises the representative insider’s risk tolerance
and lowers post-entry trading intensity sufficiently that it falls below the single-insider
benchmark. When ¢, is large, the risk-sharing effect is weak, so post-entry trading
remains close to pre-entry trading. Since pre-entry trading intensity is higher than
in the single-insider benchmark, post-entry trading intensity may then exceed the
benchmark as well.

For each individual insider, after t;, the risk-sharing effect implies that each insider
takes a share of the representative trader’s order flow that is inversely proportional to
her risk-aversion parameter. As a result, the first insider’s trading intensity is lower
than in the single-insider benchmark, even though the representative trading intensity
may be higher than in that benchmark. More generally, once both insiders are active
after t1, risk sharing reduces the first insider’s trading intensity, so her post-entry
trading intensity is lower than in the single-insider benchmark.

Part 2 of Proposition 6.2.1 shows that the first insider’s trading intensity decreases
with t; before entry and increases with t; after entry. As t; increases, the first insider
remains the only insider for longer over [0, ;). As a result, she faces less competition
to exploit her informational advantage before the second insider arrives, and therefore
trades less aggressively before entry. After entry, a larger t; weakens the effect of risk
sharing, so the first insider’s post-entry trading intensity is pushed down less and
hence becomes closer to her pre-entry trading intensity and therefore increases.
Proposition 6.2.3. Fiz vy, >0, X >0, 02> 0, and t; € (0,1). Then:

(1) For each fized t € [0,t1), 0., B1(t) > 0.

(1t) For each fized t € (t1,1), the sign of 0., 51(t) may be either positive or negative,
depending on the parameter values. The detailed case analysis is provided in the

Proof.

(11t) For each fized t € (t1,1), 0., B2(t) > 0.
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Proof of Proposition 6.2.3. Taking derivatives with respect to 7, we have
=3

4 = 2
Oy, q(t1) = 2mt1 + 27,0, 75(1 — 1) = 2mty + %(1 — t).
1

It follows that

Y105,q(t1) — 2q(t1) = 297t1 4 2717200, 75 (1 — t1) — 297t — 275(1 — 1)
=2(1 — t1)7, (105,72 — 72) <O.

(i) Case t < t;.
For t € [0,t1), we have

B Y172 —%s B
B0 = iy ) =5 b)) — )

Therefore, we have that

Hence

log A1(t) = logm —log(s(q(t1)) — 1) —log(q(t1) — 77t) + const.
Differentiating with respect to 1, we obtain

0, log Bu(t) = — — 0, 1 th) —1) — = -
. log B1(t) O og(s(a(tr)) = 1) q(ty) — it

We have that

1) = _slg(t)) +105,9(t)

Oy, log(s(q(h)) N 2s(q(t1))  q(t1)

Substituting this into the previous expression gives

L s(g(t) +10y,q(t)  Oyq(t) — 293t
e%m&@—%+2wm» e )
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Next, we have that

Oyq(ty) =270t 1 10,q(t)  (T10na(t) — 2q(t)) (73t + q(tr))

q(t1) — 71t T2 qlt) 27,q(t1) (q(t1) — 73t)

Since
Y105.q(t1) — 2q(t1) <0,

we have that

q(t:) — 7it T2 q(t)
Since s(q(t1)) > 1, we have

Onq(ty) =27t _ 1 10,4(t)

Therefore
L s(q(t) +10y,q(t1)  0y,q(t1) — 29,
8 1 lo t) = — + — —
08Bt = 5+ 0wy e ) =
1 10,q(t1) 0,q(t1) —27;t
— + = i — — > 0.
T 2 q(ty) q(t1) — 73t

Hence, we have that

a’nﬁl(ﬂ > 0:
(1) Case t > ty. For t € [t1,1), we have
_ T 1 _ 2T _
Bi(t) = %m70(t1) = 22 (s(q(tr)) — 1),

it follows that 9

P = S, (slatm)) 1)

Hence
log 51 (t) = —log™, — log(s(q(t1)) — 1) + const.

Differentiating with respect to 7, we obtain

—_

Sy
V2)

—~

a’Yl logﬂl(t) = _% - 871 10g(8((](t1)) - 1) = _7_1 o W

o)

Y1

q(t1).



72

we have that

os(alt) | sla(t) +1
s(q(t1)) — 1 25(q(t1)) q(t1)

1 slg(th)) +10,,q(h)
ayllogﬂl(t)——i+ 2@ el

Therefore

Since f1(t) > 0, it follows that

0y,q(t1) - 25(q(t1))
q(t1) s(q(t1)) +1

= n(+ 2 L= 0) > (- 0) Bs(g(n)

0y, 51(t) >0 <= 0,,1logfi(t) >0 <= 7

V2
t (1+71> (1) _
— > s(q(ty)) = /1 4+ ——,
(g D = T
Square both sides, the condition becomes
5 2
)2 (b +2)+(1-1))

1+

) A—nr@Ee
(»y ) (tl + (1+711)2) 72
Simplify it, we have that

2 2
Y1
(1+2t1 +t (é) )
(1—1t1)? (1 + 3—;)
2 3 s

1+ (4t — D) 4 3¢ (ﬁ) + <ﬂ) > 2

V2 72 V2 V2

Denote the left-hand side function f(v1).
So

0y, f1(t) >0 <=

%&®>0¢>NM>%,
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We have that

Fln) = 2 (t10: + 2072 +73) (0193 + 3tiy2 + 3tms + i)
V(11 + 72)2(1 — )2
x (3twf + 6t17172 + (41 — 1)722) :

The sign of f'(7) is determined by 3t17? + 6t17y17y2 + (4t — 1) 3.
If 0 < t; < 1/4, then 3t,¥? + 6t17172 + (4t — 1) 72 = 0 has one positive root

1-%
* _1

So f'(71) <0 for 0 <~y <~f, f'(71) >0 for 94 > ~f. So f is first strictly decreasing

and then strictly increasing. Hence the minimum value of f is

F35) = 23RO —0) + 6~ 1),

If 1/4 <t <1, then

3t17; + 6ty + (461 — 1)73 > 0,

so for all 74 > 0, so f is increasing.

We have following cases:

1. If t; =0, then

_

— Y2
p _m
0,3>0 <= — < tENy
B B+

If v, < 2/(0v/%), then 0,8, < 0 for all ; > 0. If 75 > 2/(0V/T), then there

exists cutoff
1_ &
’7* — ,)/2 7%
1+ %
V32

such that 0,,8 > 0 for 0 <y, <~v* and 0,81 <0 if v > "

2. If 0 < t; < 1/28, then we have that f(v;) < 0. Since k/7% > 0, the constant
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line lie above the minimum of f. Since

. 1 .
lim f(y1) = maw}gﬂwf(%) = 0.

y1—0

If k/v5 < 1/(1 —t1)?, there exists 0 < v1 <~} <71 such that

> 0, 0<71<11,
O fr{<0, 7, <m <,
>Oa 71>’71-

If k/73 > 1/(1 — t;)?, we have that there exists a cut-off *

<0, 0<m <77,
a’nﬁl
> 0, Y1 > ’)/*

3. If 1/28 < t; < 1/4, then we have that

If k/v3 < 32/27(3+/3t1(1 — t;) + t; — 1), then the constant lie below the curve
of f. Hence 0,,81 > 0 for all v; > 0.

If 32/27(3/3t1(1 — t1) +t1 — 1) < k/73 < 1/(1—t1)?, so there exists 71 < 7} <
71, such that

>0, 0<7yn < Yy
Onfr{<0, v, <m <7,
> 07 "> 71'

If k/73 > 1/(1 — t1)?, then there exists a cut-off v*,

<0, 0<m <77,
a’7151
> O, Y1 > ")/*

4. If 1/4 < #; < 1, then we have that if £/73 < 1/(1 —t;)?, then 9., > 0 for all
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v > 0. If k/v2 > 1/(1 — t;)?, then we have that

<0, 0<y <7,
a71/31{
>0, v >~

(1ii) For t > t;, we have

Ba(t) = %m7 c(t1) = @(S(Q(tl)) - 1),

it follows that

ﬂ?(t) = 2(1 — t)'yQ(S(q(tl)) - 1>.

Hence

log B32(t) = const — log 2 — log(s(q(t1)) — 1).

Then we have,
0., log Bo(t) = —0,, log(s(q(tl)) — 1).

o 0,s(a(t)
1) = Ys\9\l))
a’ﬂ log(S(Q<tl)) 1) S(q(tl)) 1 a’hQ(tl)'
we obtain
Ogs(q(tr)) _ s(q(t)) +1
s(q(t1)) — 1 25(q(t1)) q(t1)
Therefore
S(q tl)) + 1 8’71(](tl> S(q tl)) + 1 6'71(]<t1)
8 1 10 t - —
108 B00) = S atn)  2s(a(m)a(t)
SO
871Q<t1) = 27t + 27, (97172 (1 - tl)a
where
_ 73 50
0. = )
'71/72 (71 _’_72>2
Hence 0,,q(t1) > 0, and therefore 0,, log B2(t) > 0. Since 5(t) > 0, it follows that
8’7152(75) > 0. Il

Proposition 6.2.3 (i) shows that as 7 increases, the first insider’s trading intensity
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before the entry increases. This is because as ~; increases, the first insider becomes
more risk averse to future price risk and therefore trades more aggressively before ¢,
to reduce the future price risk.

Proposition 6.2.3 (ii) shows that after ¢, the effect of an increase in y; on the
first insider’s trading intensity depends on parameter values. The intuition is that
two opposing forces are at work. On the one hand, when 7, increases, the repre-
sentative insider’s trading intensity, 5(t) = 1/(c(t1)(1 — t)), also increases. This is
because a higher v; makes the first insider more risk averse, which strengthens the
incentive to trade more aggressively in order to reduce future price risk. However, risk
sharing after t; pushes down the first insider’s individual trading intensity. The first
effect nominates the second effect and therefore increase the representative’s trading
intensity. On the other hand, the first insider’s share of aggregate trading 7,/7, de-
creases. As a result, f;(t) may either increase or decrease, depending on which effect
dominates.

Proposition 6.2.3 (iii) shows that the second insider’s trading intensity also in-
creases with 7,. This is because the second insider’s share of aggregate trading also

increases. Therefore, the second insider’s trading intensity rises.
Proposition 6.2.4. Fizy; >0, ¥ >0, 02 >0, and t; € (0,1). Then:

(1) For each fized t € [0,t1), 0,,01(t) < 0, whereas for each fized t € (t1,1),
87251(75) > 0.

(1t) For each fized t € (t1,1), the sign of 0.,02(t) may be either positive or negative,
depending on the parameter values. The detailed case analysis is provided in the

Proof.
Proof of Proposition 6.2.4. We first show that 0,,q(t1) > 0. We have

o) o7 :7—%:7_%
e (m+7)? 7
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Therefore

Ot = 201~ )7, 0,7, = 201 - 1) 2 > 0.
2

(1) Suppose first that ¢t < ¢;. We have that

log 31(t) = const — log(s(q(t1)) — 1) — log(q(t1) — it).

Hence
_ Onalt)
. log Bi(t) = —0,, log(s(q(t1)) — 1) i
s(g(t)) +1 1 1
_< 25(q(t1)) q(ty)  q(ty) — 72t> Oy, q(tn).
By

s(g(ty))+1 1 1 1
< <
2s(q(t1)) q(t) — q(t) ~ q(ta) =it
we have that 0., log f1(t) < 0, and therefore 0,,5(t) <0
If ¢ > ¢, then log B;(t) = const — log(s(q(t1)) — 1).

Hence

a’Yzq<t1) > Oa

s(q(t1))+1 1
2s(q(t1)) q(t1)

0y, log fu(t) = <

Therefore 0.,5(t) > 0
(11) If t > tq, then

) 0+,q(t1) > 0.

log (5(t) = const — log v, — log(s(q(t1)) — 1),

and so

= -t )
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872Q(t1) 25(Q<t1>)
q(t1) s(q(t1)) +1
(1 -t - s(q(t1))
(n1 +72) (t7? + 2. +92) — s(q(ta)) +1

(1—t1)m3 K
> S q t P > —,

Oy, log Ba(t) > 0 <= 72

—

where

(1172 + 27172 +73)° (13 + (481 — 1) a3 + 3tivdye + 1)
) .
(m+72) (b1 (n + 1)+ (1—t) 3)

9(72) = —

We have following cases:

1. If t; = 0, then

9(72):%_72

Y+ 72
0.8y > 0 ﬁ<71—72 5 <71_02§'Yf
2 — —5 — 2 17 41 -
b "Nty L+ v

If v, < 2/(0VY), then 0.,8, < 0 for all 45 > 0. If 7, > 2/(0v/E), then there
exists a cutoff

-5
7*:% ’Lla
T+ 3

such that 0,8, > 0 for 0 < v, <~v* and 0,,8 < 0 if 75 > ~*.

2. If0<ty < %, then first notice that

9(2) >0 = C(72) =% + (401 — D)yg + 3ty + g < 0.
The discriminant of this cubic equation is
A = 440t (1 —£1)%(28t, — 1).

If t < 2—18, then A > 0, so C' has two distinct positive roots. Therefore, there
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exists 72— and v, 4 such that
g(2) >0, for 0 <9 - <72 < Y24

Compute the derivative, we have that

P(12)2(1 — t)nye(t17? + 267172 +93)
M+ 722 (07 + 3072 + 30m s +73)°

g(%)z—(

where

P(7s) =35 + 6t17195 + 3ty (4t + 1) 2y + 4t (6t — 1)v3vis
+ 3ty (6t — 1) 773 + 6117772 + t177.

As the signs of the coefficients of P change twice, Descartes’ rule of signs implies

that P has at most two positive roots. Next, we note that

lim g(y2) = —t1 <0 and lim g(y2) =—-1<0.

v2—0 Y2—00
Moreover, P(0) = 3+9 > 0, so for sufficiently small 75 > 0, we have P(7yq) > 0.
Since the sign of ¢’(72) is the opposite of the sign of P(vs), it follows that
g'(72) < 0 for sufficiently small 5 > 0. Hence g is strictly decreasing near 0.

On the other hand, g(72) > 0 on some nonempty interval, while g(y2) < 0
for 7, sufficiently small and for v sufficiently large. Therefore g must increase
somewhere in between, and so ¢’ must be positive at some point. Since ¢’ is
negative near 0 and again negative for large 7, continuity implies that ¢’ has at
least two positive zeros. Because P has at most two positive roots, ¢’ also has
at most two positive zeros. We conclude that g has exactly two positive critical
points, denoted by

0<% <74
Thus g is strictly decreasing on (0,75 ), strictly increasing on (v;_,75 ), and

strictly decreasing on (73 ,,00). In particular, 73 , is the unique global maxi-

mizer of g on (0, 00).
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Therefore, the maximum value is

M = = y).
%iﬁgm) 9(73.4)

If k/~7 > M, then d.,0, < 0 for all v, > 0.

If /77 < M, then there exists 7, < 72, such that

<0, 0<y< Yy
8’}’252 > 0, Ty < Y2 <o,

<0, 7 >7,.

3. If 1/28 < t; < 1, then we have that A < 0, so the cubic function C only has one
real root. Since C(0) = ;9% > 0 and lim., o, C(72) = oo, hence the real root
is negative. So C'(72) > 0 for all v, > 0. Therefore g(72) < 0 and g(v2) > k/73
is impossible. So 0,,82 < 0 for all v, > 0.

]

Proposition 6.2.4 (i) shows that, as v, increases, the first insider’s trading intensity
before entry decreases. This is because, as 7, increases, the second insider becomes
more risk averse and is less willing to bear future risk. As a result, due to the risk-
sharing effect after ¢;, her share of aggregate informed trading becomes smaller and
the first insider’s share becomes larger. This implies that the first insider’s profit
from informed trading is greater than that of the second insider, and therefore from
the first insider’s perspective the competition becomes weaker. Anticipating this, the
first insider’s trading intensity before entry decreases. This intuition is also justified
by Proposition 6.2.11 that the increase of 5 will increase the first insider’s welfare.

To explain the other results, we first consider the representative insider’s trading
intensity. As 7, increases, the first insider’s trading intensity before entry decreases.
The risk-sharing effect then further lowers trading intensity at ¢;. This effect becomes

weaker as 7, increases. If the weakening of the risk sharing is only slight, the risk
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sharing will push the post-entry trading intensity lower than before the increase in
9. If the risk-sharing effect becomes sufficiently weak, however, then post-entry
trading intensity might lower slightly and remain closer to the pre-entry intensity
and therefore become higher than it was before the increase in ;.

Proposition 6.2.4 (i) also shows that, after ¢, an increase in -, raises the first in-
sider’s trading intensity. This is because the first insider’s share of aggregate informed
trading increases with 5. This effect is strong enough that, even though aggregate
informed trading decreases, the first insider’s own trading intensity still rises.

Proposition 6.2.4 (ii) shows that the second insider’s trading intensity may either
increase or decrease with 5. This is because the second insider’s share of aggregate
informed trading decreases as 7, increases, while aggregate informed trading itself
may either increase or decrease. These two opposing effects determine whether the

second insider’s trading intensity rises or falls, depending on the parameter values.

6.2.2 Price Informativeness I = X!

Proposition 6.2.5. The price informativeness for two-insider economy and single-
insider economy is 11(t) = X' 4+1/0? [) B(u)? du and II3(t) = X' +1/0? [ 5°(u)? du.
Then, for all t € [0,1),

and

1 %7 0<t<t,
H(t) — E*l + q(t1)(q(t1) 'Ylt)

2 t2 1 72
o?c(ty) (- -2%), h<t<l

Proof of Proposition 6.2.5. The formulas follow by direct integration. We have

t t

/(ﬁs(u))2du - (;)2 O/(1 u) P du = (;)2 (% - 1) |

0
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Hence

() = 51 + 02(;)2 (1; - 1> |

If 0 <t <ty, then 5(u) = Bi(u) on [0,t], so

[ st dn= [ au= T2 (50 = 5,(0)).

Therefore,
I =S+ =2 (51— (), 0<t<t.
o2 7,c(t1)
Substitute )
it
Bl(t) _ 61(0) _ 7172 71

e(ty) q(t)(g(tr) — 775t)
into the equation yields the result.
If t; <t <1, then we split the integral at t;:

/5 du—/ﬁl du+/()(1_u> du.

The first term is

i — T2 (g
JWMM~%WMMM 51(0)

and the second term is

t

/mduzc(tlm (1;_ 1—1t1)'

Thus
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Substitute

B Fit
Pi(ti) — £1(0) = Tt ) (1 — t1)q(ty)

into the equation yields the result. O]

Proposition 6.2.6. (i) For every t € (0,t1], I1(¢t) > II°(¢) (in particular, I1(t,) >

I1%(t1) ).

(i1) For everyt € [t1,1),

ct)? (e)2)\1—-t 1—4¢

1 1 1 1 1
I(t) — I1°(¢) = (II(t1) — I1°(¢1)) + = ( - ) ( ) .
Consequently, if c(t) < ¢, then II(t) > II°(t) for all t € [t;,1). Proposition
6.2.2 shows that c(t1) < ¢ <= t; > t7 for some t;. If t1 < t], then there
exists a unique t* € (t1,1) such that II(t) > T15(t) for t < t* and 11(t) < II°(%)
fort > t*, where t* is characterized by

11 N o (T(t1) — I1%(1))
1—t+ 1—-t 1 1 '

() e(tr)?

Proof of Proposition 6.2.6. For t € (0,t,], we have

t
1

1) = 1) = o [ (Biw)? — (5))?)

By the previous comparison result, 51(u) > 8°(u) for every u € (0,¢;]. Hence the
integrand is strictly positive on (0, ¢], and therefore

() > I°(t),  te(0,t].

This proves part (i).
Now let ¢ € [t1,1). Using the formulas established in the previous proposition, we
have

() = T() = (1) - (1)) + % (c(t11)2 - (01)2> (1 it a 1_1751) ’

which proves the identity in part (ii).
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Then it is obvious that I1(¢) > I1%(¢) if ¢(¢;) < ¢*. If ¢(t;) > ¢, notice that

1 1

1-t 1—-1t

is continuous and strictly increasing on [t1, 1), with value 0 at t = ¢; and tending to
+o00 as t 1 1, it follows that (II(¢) — I1°(¢)) is continuous and strictly decreasing on
[tl, 1)7 with

II(t;) — II%(t1) > 0 and ltigl(H@) —1I%(t)) = —o0.

Therefore there exists a unique t* € (t1, 1) such that [1(¢*) —II°(¢*) = 0. Equivalently,

=) + 2 (e~ o) (e - ) =°

that is,

and thus we have
II(t) > II°(t) for t < t7, II(t) < I1°(t) for t > t*.
O

Proposition 6.2.5 provides an explicit characterization of price informativeness.
Proposition 6.2.6 then compares price informativeness in the single-insider economy
and in the delayed-entry economy. The result shows that the entry of a second in-
sider improves price informativeness relative to the single-insider benchmark before
t;. The mechanism is a competition effect: anticipating the second insider’s arrival in
the second period, the first insider trades more aggressively before ¢;, so more infor-
mation is incorporated into prices by time t;. After t;, however, price informativeness
remains higher than in the benchmark only if the second insider enters sufficiently
late. The reason is that, once two insiders are active, risk sharing can reduce insiders’

trading intensity at t;. As shown in Proposition 6.2.2, the representative insider’s
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trading intensity exceeds that in the single-insider benchmark if the second insider
enters sufficiently late, that is, when t; > t*. When entry occurs late, the additional
information revealed before t; dominates, and information is incorporated into prices
more quickly after ¢1, so price informativeness remains above the benchmark for the
rest of the horizon. When entry occurs early, the risk-sharing effect lowers trading
intensity below that in the single-insider benchmark, so although informativeness is
still higher at ¢, it may eventually fall below the benchmark after the cutoff time t*.
Proposition 6.2.7. (i) Fizt € (0,1). If0 <t < ty, then

_ MR- alt) —7it
Onll(t) = o2c(ty)? Q(t1)2(9(t1) _ﬁt)z ( s(q(t1)) C](h)) e

Hence ty — T1(t) is strictly decreasing on (t,1).

(i1) Ifty <t <1, then

= (s(a(t) + Dalt)
OntHE) = ol gt 2 s(am) < ) -0

1—¢ V2
Hence ty — 11(t) is strictly increasing on (0,t).
Proof of Proposition 6.2.7. For (i), let t € (0,t;). Differentiating I1(¢) with respect

to t; gives

=22
a7t 1
8t1H(t) B On (Cfﬁh( )

o? ¢ — 7it)
272 [
N5y t ( 1 > 1 1 ( 1 )
=5 | =t 3% ==
o | "\d/) ala =7t & \ala - 730
_ Wit | (R —73)(s+ 1) 1 -7 2 -
oz | ciq1s1 a1 (g —7it) & Gi(q —7it)?
:vﬁwﬁ—%)(m—ﬁawo
o?ctgi(q — 71t \ s

Moreover, s(q(t;)) > 1 and q(t;) — 7%t > 0, so

q(ty) — 75t
s(q(t1))

< q(t1) =77t < q(tr).



36

Hence
q(ty) — 77t
s(q(t1))

and therefore 0y, I1(¢) < 0. Thus ¢; +— II(#) is strictly decreasing on (¢, 1).
For (ii), let ¢ € (t1,1). Differentiating I1(¢) with respect to ¢; yields

By, I1(t) = % {8i <c<t11)2) (1: (tl)) c(t11 ( (_21))1
L (=1 ) 35
%% (s(a(t1)) + Y _72).

- Q(tl) < 07

[\

71— V2 (
2e(t1)? q(t1)? s(q(t1)) 1_¢ 2

We then have .
s(q(ty)) +1>2, T—~ b q(t) > 73,

and therefore

(s(q(t1)) + Dg(t1)

> 2(t1) > 273 > 75

1-1
Thus
(s(g(t) + Da(tr) o
— 72 > 07
1—-1
which implies 0y, I1(¢) > 0. Hence t; — II(¢) is strictly increasing on (0,¢). O

Proposition 6.2.7 shows that, for any fixed time ¢ < t;, price informativeness
decreases as t; increases before the second insider enters the market. This is because,
when the second insider enters later, the first insider faces weaker competition over
[0,¢1) and therefore has less incentive to trade aggressively and reveal information
before entry. As a result, less information is incorporated into prices before ¢;, and
price informativeness is lower.

By contrast, for any fixed time ¢ > ty, price informativeness increases as t; in-
creases. The reason is that a later entry weakens the effect of risk sharing, so trading
intensity after t; increases, as shown in Proposition 6.2.1. Consequently, informa-
tion is incorporated into prices more quickly after entry, and price informativeness is

higher.
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6.2.3 Market Impact Parameter A and Market Depth 1/

Proposition 6.2.8. \(t) decreases with time t. There is a jump in A(t) at time ti;
in particular, A(t1) < limgy, A(2).

A(t) decreases over time because progressively more information is incorporated
into prices. As a result, order flow becomes less informative, so the market impact
of a given trade declines. A(t) jumps down at ¢;, when the second insider enters
the market. Intuitively, the nature of order flow changes abruptly at ¢;. Once the
second insider becomes active, risk sharing reduces the insiders’ aggregate trading
intensity, which lowers the market impact parameter A(t), market depth jumps up at
t equivalently.

Proposition 6.2.9. Fizt, € (0,1), Let \* denote the single-insider price impact with
risk aversion 7y,

c’ >, 4
(1) = eI fe by
®) 1 —7,0%¢5(1 —t) ‘ 2 i o2y?

Let X\ denote the equilibrium price impact in Theorem 5.1.3. Define t* € (0,1) by

_q*_7§ * %72
=2 2 ¢ =~ T — T N\
T 72 71(1/1_}_‘72—27%_1)(71 1/1‘{’02—27%—1)—1-2’72)

which is the same definition in Proposition 6.2.2. Then:

th

(i) For allt € [0,t1), A\(t) > N*(¢).

(i) Fort € [ty,1): if ty > tf, then A(t) < N°(t) for allt € [t1,1); if t1 <}, then
A crosses \ exactly once on (t1,1): there exists a unique t* € (t1,1) such that
A(t) < A5(t) fort € [t1,t*) and A(t) > N°(t) fort € (t*,1), where

L1

¢ c(t1)

tr=1- -5
(71 — 7a)0?



38

Proof of Proposition 6.2.9. (1) Let t < t;. Since

BEN + 7,02 (t — 1) L +7,0%(t — 1)
O AE) VN x ) v
we have
A(t) > N(t) forallt <ty < A7) > N(t1).
Now _ )
_ Y1 c\l1
At7) = = A(t1), AMty) = — )
) =g, 20 A =T T =)
Hence . B .
Y2 — 2
== — —7F,0°(1 -t )
w5 = 2 (et 0)
Using
1 _ q(t1)(s(q(t1)) +1)
o2c(ty) 27, ’
we obtain
1 t t1)) —1
__ q( 1>(8(q£1)) )JFW1 |
)‘(t1) 27,
Similarly,
1 1, o (7 (s(7R) —1)
- — _ 1—1t) =
A(t) e Y10°( ti)=o < 9 it
Therefore

TS A~ 1) < 76 - 1),

Since the map = + z(s(x) —1) is strictly increasing and ¢(t;) < 73, the last inequality

holds. Thus
1 - 1
Aty)  As(t)

so A(t7) > A*(t1). Hence

AE) > N1,  teloth)
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(2) Let t € [t1,1). Then

1 1 _ 5 o _ 9
m:@—%a (1—1), 0 = e (1—1).

Then we have

1 1 1 1 L,
OO <C<t1) - c—> + (V1 = 72)o” (1 —1).

Since 7, > 7y, 1/A(t) — 1/A%(t) is strictly decreasing in ¢.
By the characterization established earlier,

C(tl) < — t1 > t*.

If ¢4 > t*, then c¢(t1) < ¢, so

! L >0
c(ty) o =

Since 1/A(t) — 1/A*(t) is strictly decreasing, it follows that

Lo o o vem
A)  x@) — A1) A1) T v
therefore
At) < A%(¢), t € [t1,1)
Now suppose t; < t*. Then c(t;) > ¢*, so
1 1
—— —<0
c(ty) ¢
We claim that
Lo ! >0
A1) As(ty)
Using
1 q(t1)(s(q(tr)) +1) L (s + 1)

o2c(ty) 27, ’ o2cs
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we obtain

1 1 1 1 1 o
o2 <)‘(t1) a AS(h)) B o?c(ty) g2 + (T =)L —t)
(S ) (1)

Yo Yo

Since c¢(t1) > ¢*, we have

Ta(s(a(tr)) = 1) > 7, (s(71) — 1).
Moreover,
q(t) > 7,

and therefore

Q(tl)(S(;(§1)) -1 _ Q%) Yo (s(q(t1)) = 1) > 7o (s(q(tr)) = 1) > 7, (s(7}) = 1).

Hence the first term is strictly positive. The second term is also nonnegative, and

therefore
! ! >0
At)  As(t) —
Since ﬁ — /\L(t) is continuous and strictly decreasing in ¢,

Y (A FEEER
Mt) M () T 7 m \ M) M) e(t) e T

there exists a unique t* € (¢1, 1) such that

Hence

Mt) < Xo(t) for t € [t, 1), A(t) > AS(t) for t € (*,1).
]

Proposition 6.2.9 shows that, relative to the single-insider benchmark, price impact

is higher before entry in the delayed-entry economy, that is, A(¢) > A\*(¢) for all ¢ < t;.
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The reason is that competition from the second insider induces the first insider to
trade more aggressively before t;. This makes order flow more informative prior to
entry, increases price impact, and equivalently reduces market depth on [0, ¢;).

At time t;, the entry of the second insider increases aggregate risk tolerance on
the informed side. The risk-sharing effect weakens informed trading intensity relative
to its pre-entry level. As a result, the comparison with the single-insider benchmark
after entry depends on the timing of entry. If the second insider enters late, aggregate
informed trading may exceed that in the single-insider benchmark, but price informa-
tiveness at ¢ is higher than in the single-insider benchmark. Hence order flow is less
informative, which lowers price impact relative to the single-insider benchmark and
improves market depth. If the second insider enters sufficiently early, then the risk-
sharing effect is strong, so aggregate informed trading intensity declines. Moreover,
because price informativeness may eventually fall below the single-insider benchmark,
A(t) is initially below A\*(t) just after 1, but later rises relative to the benchmark, so

the two curves cross exactly once on (t1,1).

Proposition 6.2.10. Fiz t € (0,1). Then
Oy A(t) <0  forallt, € (0,t) U(t,1).

FEquivalently, for each fized t, the map t, — \(t) is strictly decreasing on (0,t) and
on (t,1).
Proof of Proposition 6.2.10. First suppose that t; < t. Then

_ c(t1)
1 —7,0%c(t)(1 1)

A(t)

Differentiating with respect to t; gives

Oy c(t1)
(1 = Fp02e(t)(1 —1))*

We have shown in proof that 0, c(t1) < 0, it follows that J;, A(¢) < 0.

Oy A(t) =
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Now suppose that ¢t < t;. Then

TUN(t
At) = 7 M0 :
1— B N\(t)(t — t)
Equivalently,
: T 5,07t 1)
= — 7.0 —1).
MO WAm) T
Since
C(tl)

T 1m0t (1 t)’
We then have

At 7 ty)
T2 ‘7_2 —2/1 =207
T ct) 7 (72(1 t1) + 7 (t t))
_ 2 (7_2 =2
B Ficlt) 7 (Q(h) fYIt)

Differentiating with respect to ¢; yields

L __Eatlc<t1)_o—_2 :ath(tl) 75 o2
On (A(t)) REEAP TR U <023<q<t1>>q<t1>2c<t1>2 )

It remains to simplify the term in parentheses. Since

o) = 2 (s(q()) ~ 1),

we have

Using
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we obtain
t ¥ _ 5 (s(g(t) +1)
02 s(q(t1)) q(t1)? c(ty)? 4s(q(t))
Therefore
L\ oO0ua(ty) ((sle(t)) + 1)\ _ 0?0ua(ty) (s(q(tr)) —1)°
o <>\(t)) T ( 45(q(t1)) 1) T ts(qt)) .
Since A(t) > 0, it follows that
DuA(t) = —A\(1)2 0, (ﬁ) <0.
Thus 0, A\(t) < 0 for all ¢; € (0,t) U (¢,1), as claimed. O

Proposition 6.2.10 shows that later entry by the second insider improves market
depth. When the second insider arrives later, the first insider faces less competition
and therefore trades less aggressively before entry. This lowers the market impact
parameter and hence increases market depth. After entry, later arrival also improves
price informativeness. As a result, order flow becomes less informative, which further

improves market depth even when trading intensity after £; may be higher.

6.2.4 Insider’s Welfare
Proposition 6.2.11. Fiz ¥ > 0,02 >0, 1 > 0, 72 > 0, and let t; € (0,1). The first

insider’s welfare is

c(t1)
1 —7y02c(t1)(1 — 1)

where \(t1) =
Then we have 0y u(0) > 0, 0,,u(0) > 0.
Proof of proposition 6.2.11. We have that

N p——

e TG ;



94

this can be written simply as

u(0) = —r(s(g(tr))).
q(t1) increases with ¢ and ~2. Therefore, u(0) is strictly increasing with ¢; and v,. O

Proposition 6.2.11 shows that the insider’s welfare increases with ¢; and 7,. The
monotonicity of welfare in ¢; reflects a competition effect. The competition arises
because, after entry, the second insider shares part of the profits from informed trading
and therefore reduces the first insider’s profit opportunities. When t¢; is larger, the
first insider remains the sole informed trader for a longer period and can therefore
exploit her informational advantage for longer. This increases her trading profits
and, in turn, raises her welfare. When the second insider’s risk aversion is higher, her
share of informed trading becomes smaller, so the first insider retains a larger share
of post-entry profits. In this sense, competition is weaker, which also raises the first

insider’s welfare.



Chapter 7

Concluding Remarks

In this paper, we study imperfect competition among risk-averse insiders in continuous
time and characterize how entry, competition, and heterogeneity in risk aversion shape
equilibrium trading behavior and market outcomes. Our first main result is that,
unlike in the risk-neutral case, a linear equilibrium exists even when multiple insiders
observe the same signal. We then analyze sequential entry and show that the timing
of entry plays a central role in equilibrium dynamics. When a second insider enters
the market, the first insider trades more aggressively before entry in order to exploit
more of her informational advantage before the competition. After entry, however,
her trading intensity declines because of the risk-sharing effect. Accordingly, price
informativeness is always higher before entry than in the single-insider benchmark,
whereas after entry it may be either higher or lower than in the benchmark, depending
on the timing of the second insider’s arrival. Market depth displays a similar pattern:
it is lower before entry because insiders trade more aggressively, while after entry it
is initially higher than in the benchmark and may later cross it, depending on the
timing of entry. In addition, the first insider’s welfare is lower than in the single-
insider benchmark. Finally, we show that insiders’ optimal trading strategies depend
in a subtle way on their degrees of risk aversion.

We conclude by noting that, in our setting, the second insider is not allowed to
trade before receiving the signal at time #;, when she enters the market. One natural

extension is to allow the second insider to trade before time ¢, without receiving the

95
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private signal and to characterize the corresponding equilibrium. Another extension
is to allow the first insider to receive a noisy signal about the fundamental and to
study how signal precision affects equilibrium. This is technically challenging, since
even in Kyle-type models the equilibrium with risk-averse insiders and noisy signals

is difficult to characterize.
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Appendix A

Proof that discrete order is suboptimal

We allow insiders to submit discrete trading strategy. By allowing a possible price

jump at time ¢; and time 1, the wealth process for insiders are

t1—

W01 /X u) + X (tl_)(ptl _ptl_)
/X u) + X (1)(1}—p(1))

- / (v - plu=)) dX"(w) - [X", p)(0, 1)

+ /(v = p(u=)) dX"(u) — [X",pJ(ts, 1).

t1

Wi (p /X2 )+ X2(1) (v —p(1))

- / (v — plu—)) dX*(u) — X, pl(t1, 1).

t1
We slightly modify the definition of equilibrium:

Definition A.0.1. The triple ()?1,)?2,]’9\) forms an equilibrium if

(i) B(t) = E v

ff] where V(1) = Z(t) + X' (t) + Loy, X2(t) for 0 <t < 1.



98

(ii) X' solves

inf E [677117\/311(@
X1eAo

J.

7.

(iii) X2 solves

f E [ ha?
X2 €Ay

Following the same idea in section 3, by the property of CARA utility, one can
always express the optimal control problem after ¢; as a control problem for a repre-
sentative agent with risk aversion parameter 7,, where % = 711 + %

Denote X be the representative agent’s position and define the representative

agent’s wealth after t; to be

1

Wiaa(p) = [ (0 = plu=)dX (@) - [X,pi(es,1)

t1

By symmetry, the optimizer satisfies

pQNED o CRE D
mo Y2

where X solves

inf E [e—%VAth,1(ﬁ)
XeAy

il

If we set X = X! before over [0,,], we have that

Y(t)=2Z(t)+ X(t).
Hence, the equilibrium could be redefined as

Definition A.0.2. ()/(\',ﬁ) forms an equilibrium if

(i) p(t) = E [v’]—“f] where Y (t) = Z(t) + X(t) for 0 <t < 1.
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(ii) X solves

inf F [e—vl{fo“(v—zv(u—))alX(u)—[X,p](o,tl)}—%{ff1 (v—p(u—))dX(u)—[x,p](t1,1)}M .
XeAy

The conjecture of pricing rule is the same as Conjecture 3.0.3. The definition of
admissible class follows the definition in 3.0.4 with (i) to be changed to be X is a
F/-adapted on [t,T].

We thus have the following proposition,

Proposition A.0.3. Fiz t € [t,1] and let £(t) be an F) -measurable random vari-
able representing the state at time t. Suppose (H,\) satisfies Conditions C1-C2 of
Lemma 4.1.1. Let J be the utility function defined in (4.1.11). If X € A, (&(1)) is any
admissible strategy that either

(1) contains a discrete order (i.e. has a jump), or

(ii) has a nonzero local martingale component, or

(113) fails to satisfy the terminal condition H(1,&(1)) = v almost surely, then X is

strictly suboptimal: its conditional expected utility at time t is strictly above the value

J(t,€(1)).

Proof of Proposition A.0.3. Given F/, define
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where Y is cadlag and may jump, and A is continuous on [ty, 1]. Then

log J(1,£(1)) —log J(t,£())

1

= [ S dus [ 5 (@) A @y

t t

. / [% . (g)] (1, (=) AW Y, Y ()

+ Z llog J (u, §(u=) + AMu)AY (u)) —log J (u, £(u—))

t<u<l

% (1, ) A)AY (w)

We have
dge)(t) = A(t)* d[Ye, Y (1)

and
Y Y(t) = [X¢ X(t) + 2[ X Z)(t) + ot

Substituting system (4.1.4) into the above yields

log J(1, &) —log J(t,&)

1 1

=7, [ (v~ Hlw g-) dX(0) +7, [ (v~ H(u.€(u-) dZ(w

1
1_,

—37 /(v - H(u,f(u—)))2<d[Xc, X (u) +2d[X°, Z](u) + o du)

t

1
1

45 [ M@ ungam) (a1, X ) + 2417, Z) )

t

+ Z [A log J(u,&(u))

t<u<l

a0 — H(u,&(u=))) AY ()].
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Hence,

1

= / (v — H(u,&(u=))) dX (u) +7o[H, X](t, 1)

= ~log J(1,6) + log J(0.6) + 7, [ (v~ H(u,&(u-)) dZ(w

t
1

_ %722 /(U — H(u,€(u=)))* (d[X°, X (w) + 2d[X%, Z] (1) + 0% du)

t

J,

5 [ M (g (um) <d[XC, X (u) + 2d[X°, Z](u))

DO
N\H

+ 37 [Alog T, () — ol — H(u, €u=)) AY ()] +7[H, X](2, 1)

t<u<l

IN

Moreover,

[H, X](t,1) = [H, X°|(t,1) + Y  AH(u) AX(u)

t<u<l

_ / He (u, €(u—)) A(u) d[Y*, X (w) + 3 AH(u) AX (u).

Since AY (1) = AX (u) and €(u) = £(u—) + A(u)AY (u), we have
(v — Hlu, €(u=)) AY (1) + AH(u) AY (u) = (v — H(u, &(u)) )AX (),
and therefore
T (v = H(uw, §(u=))) AY (u) + AH(u) AY (u)
=T (v — H(u,&(w)) AX (u) = A(u) O log J (u, §(u)) AX (u),

where 9¢ log J (u, £(w)) = Je(u, &(w)) /J (u, &(u)).

In addition,

M) Jee(.£00) | To (g e(umy)?

He(u 80) = == " ) M)
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Then

= /(U — H(u,&(u—))) dX (u) +7,[H, X](t, 1)

t

= —log J(1,£(1)) +log J(t,&()) + log (4(t, 1))
] 1

5 [ (v (g = AP (w g()) ) e, X

+ ) [mog J(u, €(u)) — e log J (u, &(u) Ag(u)}, AE(u) = Mu)AX (u).

t<u<l

— —log J(1,&) + log J(t, &) + log ((t, 1))
1

1

_ §/A(u)2a& log J(t,€) d[ X, X (u)

t

+ > [Alog (. €(w) — Oclog J (u, €(w) Ag(w)].

t<u<l
Therefore,
— 1
g | {0 () axe-mxen ) ft’]
J(t,&(1)) J(1,€(1) " p(t, 1)
gl x o=k I M) O log J (€ (u)) dX*,X¢)(u) b
Zt<ug1 [A logJ(u,E(u))—6§ logJ(u,f(u—)) A{(u)i|
X e
Since

A(t)Oee log J(t,§) = —FoHe(t,€) <0,
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it follows that log J is strictly concave in &. Hence,

1
1

_é/x(u)Zagg log J(t,€) d[X°, X°](u) > 0,

t

with equality if and only if (i) does not hold, and

> |AlogJ(u,€(u) - dlog J (u,&(w)) Ag(u)] > 0,

t<u<l

with equality if and only if (ii) does not hold.
Therefore, if at least one of (i), (i7), or (ziz) holds, then

E [e—%{ff(v—H(ué(u—)))dX(u)—[H,X1<t,1>} ’ Ff] > J(t, (1)
This proves the claim. ]

Therefore, the optimal utility at time ¢; is given by (4.1.12), and it is attained by
the absolutely continuous strategy described in Section 4.1.

Over the interval [0, ], we establish the following proposition.

Proposition A.0.4. Fiz t € [0,t,] and let £(t) be an FY -measurable random vari-
able representing the state at time t. Suppose (H,\) satisfies Conditions C1-C2 of
Lemma 4.2.1. Let J be the utility function defined in (4.2.10). If X € Ay(&(t)) is any
admissible strategy that either

(1) contains a discrete order (i.e. has a jump), or

(11) has a nonzero local martingale component, then X is strictly suboptimal: its
conditional expected utility at time t is strictly above the value J(t,£(t)).

Proof of Proposition A.0.4. Applying Ito’s formula to log J(u,&(u)) on [t,t;], we ob-



104
tain

log J(tl, 5(151)) — log J(t, f(t))

- [

45 [ wgw) () - oA du)
J(u, f(u))
> lk’g 7w, €(u-))
i) )

Proceeding as in the proof of Proposition A.0.3, we further obtain

t1

- / (0 — Hu, €(u—))) dX (u) + [H, X](t, 1)

= —log J(t1,&(t1)) + log J (¢, £(t)) + log (v(¢, 1))

o <A<u>2(§(u,5<u—>))2—A<u>2%(u,f<u—>)) 41X XY (w)
+ Y |Alog (u€(w) — log J (u,E(u=)) Ag(uw)]

= —log J (t1, (1)) +log J(t,€(t)) +log (¥(t, 1))

t1
1

_i/A(u)Q Oce log J (u, E(u—)) d[X°, X)(u)

t

+ ) [AIOgJ(Uaf(U))—8510gJ(u,§(u—)) Af(u)]

t<u<ty
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Define

Then

—71{ S (o-Hg(u-)) dX(u)—[H,X](t,tl)} ~

E |e J(t1,€(t))

fg]

J(,€)) T (t,6(0)) " w(t ) T (b €(1))

A(w)? D¢ log J (w.€(u—) ) dIX°,X°](u)

t
=E| X ez !

v ezt<uﬁt1 {A log J(u,f(u)) —0¢ log J (u,{(u—)) A{(u):|

By concavity of log J, we have

t1
1

—§/A(u)285§ log J (u, &(u—)) d[X*, X°|(u) > 0,

t

with equality if and only if (i) fails. Moreover,

S [A log J (u, £(1)) — D log J (u, €(u—)) Ag(u)] > 0,

t<u<ty

with equality if and only if (ii) fails.
Since J (t1,£(t1)) = j(tl, &(t1)), it follows that if at least one of (i) or (ii) holds, then

—71{ S (o-Hgu-)) dX(u)—[H,X](t,tl)} ~

E |e J(t,€(t))

ft’] > J(t,€(1)),

which proves the result. O



References

Albert Wang, F. (1998). Strategic trading, asymmetric information and
heterogeneous prior beliefs. Journal of Financial Markets, 1(3):321-352.

Back, K. (1992). Insider trading in continuous time. The Review of Financial
Studies, 5(3):387-409.

Back, K., Cao, C. H., and Willard, G. A. (2000). Imperfect competition among
informed traders. The Journal of Finance, 55(5):2117-2155.

Banerjee, S. and Breon-Drish, B. (2020). Strategic trading and unobservable
information acquisition. Journal of Financial Economics, 138(2):458-482.

Baruch, S. (2002). Insider trading and risk aversion. Journal of Financial Markets,
5(4):451-464.

Bose, S. and Ekren, I. (2023). Kyle-Back models with risk aversion and
non-Gaussian beliefs. The Annals of Applied Probability, 33(6A):4238 — 4271.

Caldentey, R. and Stacchetti, E. (2010). Insider trading with a random deadline.
Econometrica, 78(1):245-283.

Cetin, U. (2018). Financial equilibrium with asymmetric information and random
horizon. Finance and Stochastics, 22.

Cetin, U. (2025). Insider trading with penalties in continuous time. Journal of
Economic Theory, 228:106061.

Cheridito, P., Filipovi¢, D., and Yor, M. (2005). Equivalent and absolutely
continuous measure changes for jump-diffusion processes. The Annals of Applied

Probability, 15(3):1713 — 1732.

Chhaibi, R., Ekren, I., and Noh, E. (2025). Solvability of the gaussian kyle model
with imperfect information and risk aversion. arXiv preprint arXiv:2501.16488.

Cho, K.-H. (2003). Continuous auctions and insider trading: uniqueness and risk
aversion. Finance and Stochastics, 7:47-T71.

Collin-Dufresne, P. and Fos, V. (2016). Insider trading, stochastic liquidity, and
equilibrium prices. Econometrica, 84(4):1441-1475.

106



107

Ekren, 1., Mostowski, B., and Zitkovic, G. (2022). Kyle’s model with stochastic
liquidity. Finance and Stochastics, 29:1195 — 1231.

Foster, F. D. and Viswanathan, S. (1994). Strategic trading with asymmetrically
informed traders and long-lived information. The Journal of Financial and
Quantitative Analysis, 29(4):499-518.

Foster, F. D. and Viswanathan, S. (1996). Strategic trading when agents forecast
the forecasts of others. The Journal of Finance, 51(4):1437-1478.

Holden, C. W. and Subrahmanyam, A. (1992). Long-lived private information and
imperfect competition. The Journal of Finance, 47(1):247-270.

Holden, C. W. and Subrahmanyam, A. (1994). Risk aversion, imperfect
competition, and long-lived information. Economics Letters, 44(1):181-190.

Kacperczyk, M. and Pagnotta, E. S. (2024). Legal risk and insider trading. The
Journal of Finance, 79(1):305-355.

Karatzas, [. and Shreve, S. E. (1991). Brownian motion and stochastic calculus,
volume 113 of Graduate Texts in Mathematics. Springer-Verlag, New York,
second edition.

Kyle, A. S. (1985). Continuous auctions and insider trading. Econometrica,
53(6):1315-1335.

Liptser, R. S. and Shiryaev, A. N. (2001). Statistics of random processes. 11,
volume 6 of Applications of Mathematics (New York). Springer-Verlag, Berlin,
expanded edition. Applications, Translated from the 1974 Russian original by A.
B. Aries, Stochastic Modelling and Applied Probability.

Ma, J., Xia, W., and Zhang, J. (2025). Wealth or stealth? the camouflage effect in
insider trading. arXiv preprint arXiv:2512.06309.

Pham, H. (2009). Continuous-time stochastic control and optimization with
financial applications, volume 61 of Stochastic Modelling and Applied Probability.
Springer-Verlag, Berlin.

Pinsky, R. G. (1995). Positive harmonic functions and diffusion, volume 45 of
Cambridge Studies in Advanced Mathematics. Cambridge University Press,
Cambridge.

Rochet, J.-C. and Vila, J.-L. (1994). Insider trading without normality. The
Review of Economic Studies, 61(1):131-152.

Subrahmanyam, A. (1991). Risk aversion, market liquidity, and price efficiency.
The Review of Financial Studies, 4(3):417-441.




108

Viswanathan, S. and Xing, H. (2026). Flexible information acquisition in the kyle
model. arXiv preprint arXiv:2603.21842.



109

CURRICULUM VITAE




110




