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INTRODUCTION 

Let f(x) be an arbitrary given continuous real valued 

function on [0,1]. Let G:::{g(x)} be a given set of admissible 

approximations, and let! I. I I be an appropriate norm. A 

typical approximation problem concerns finding a g* belonging 

to G such that 

for all gsG. 

Implicit in the above formulation is the assumption that 

the direction perpendicular to the x axis is the most 

appropriate direction in which to measure errors. There 

are important cases when this assumption is justified: 

e:g., in linear regression problems where it is assumed 

that inaccuracies are present in the ordinate but not 

the abcissa. There are, however, many practical cases where 

this assumption doesn't hold: e.g., when both variables are 

subject to inaccuracies. Within the context of a linear 

regression problem, if we were to reverse the roles of 

the experimental and controlled variables, the regression 

line would, in general, be different from the original 

regression line. Reversing the roles of the variables is 

equivalent to measuring error in the direction parallel 

to the abcissa. Thus we see that best approximations can 

depend very strongly on the direction of measuring the 

error. 
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The above considerations of error in one variable or 

another are statistical concerns. From a curve fitter's 

point of vie~, we might wish simply to be as close to the 

given function as possible with our approximation, without 

regard to the direction of measuring the error. This is 

the topic which we will address ourselves to in this paper. 

In particular, we shall be concerned with straight line 

approximations in the 100 , Li, 1 2 and the discrete Li norms 

for all directions of measuring the error. We will 

investigate approximations which minimize the error for all 

directions of measurement. Of particular interest will be 

results indicating whether best approximations are direction 

dependent or independent for a given norm; i.e., whe~her a 

best approximation depends on the direction of measuring 

error or is the best approximation regardless of direction 

of measurement. 



1. 1 THE PROBLEM 

CHAPTER I 

PRELIMINARIES 

1 

We will restrict our attention to approximating defined 

and continuous real valued functions on the interval [0.1]. 

Our approximating functions will be straight lines: ax+b. 

The direction of measurement, the angle S , will be that 

angle formed by rotating a line perpendicular to the x 

axis through an angle S, the counterclockwise sense taken 

as positive. From the definition it follows that the slope 

of lines with direction of measurement Sis tan (S+n). 

1.2 THE ERROR FUNCTION eS(x) 2 

Given a function f(x) on [0,1] a straight line ax+b 

and a direction of measurement 8 we wish to find the error 

from the function to the approximating straight line for all 

directions If (x,f(x)) is a point on the curve, lets 

be the abcissa of the straight line ax+b which corresponds 

to the point (x,f(x)) for direction of measurement 

\ 

Ys \ 
\ 

' \ 
\ 

\ 

\ 

\ 

[X,f(x)] 
y 

\ 

' \ 

y=ax+b 
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The corresponding point to (x,f(x)) on the curve is the 

point (s,as+b) on the straight line for given s. The 

straight line with slope tan (S+TI/2) passing through 

the point (x,f(x)) by definition intersects (s, as+b). 

Thus we have 

2 

tan (s+TI/2)= -coss/sins= (f(x)-as-b) / (x-s) 

which allows us to derive the following functional rela­

tionship for s 

The distance between (x,f(x)) and (s,as+b) is: 

/(f(x)-as-b) 2 + (x-s) 2 

which, using (1) simplifies to the error function 

e
8

(x) = (f(x)-ax-b)/(asinS+cosS) 

1.3 AN ALTERNATIVE DERIVATION OF e 8 (x) 

By rotating the original coordinate system an angle 

(1) 

(2) 

S, the counter-clockwise sense taken as positive, and forming 

differences between a curve and an approximation we are 



taking differences along direction of measurements. The 

. general equations relating points in the original 

coordinate system to the S rotated coordinate system is 

x
6

(x)=xcosS+f(x)sinS 

y
6

(x)=-xsinS+f(x)cosS (3) 

x
6

(x) is the abcissa in the new frame of reference. A 

straight line is thus cx
8

(x)+d. If we are. given the straight 

line as+b in the original coordinate system, the rotated 

version of ax+b must be equal to ex (x)+d. The equations 
8 

relating the slopes and y intercepts of the same straight 

line in the two coordinate systems is: 

c=(acosS -sinS)/(asinS+cosS) 

d=b/(asinS+cosS) 

a=(sins+ccoss)/(coss-csins) 

b=d/(cosS -csinS) 

(4) 

Within the new frame of reference, the error between f(x) 

and the straight line ax+b is 

e (x)=y (x)-cx (x)-d=(f(x)-ax-b)/asins+coss) s s s 
(5) 

the second equality following from (4) and the definitions 

(3) where x
6

(x) is the abcissa of the point (x,f(x)) in 

the rotated coordinate system. 



1. 4 THE INTEGRAL OF e
8 

(x) 

If Risa closed Jordan region; i.e., the union of 

a rectifiable Jordan curve (in E2) with its interior, 

bounded by rectifiable Jordan curves with suitable 

restrictions on P(x,y), Q(x,y) and orientation of C 

then our assumptions satisfy Green's theorem [Apostol, 

19 5 7 , p . 2 8 9 ] and 

J Pdx + Qdy=JJa Q/3x -3P/3y)dxdy (6) 
·c R 

If we let P=-y, Q=O, from (6) it follows that 

J-ydx denotes the area of the region R [Taylor, 1955, 
C 

p.423]. In fact we can show further that as long as 

the conditions of Green's theorem hold for C that 

A= f-ydx=J xdy~/zf (-ydx + xdy)=JJdxdy(7) 
C C c R 

The first equality of (7) will prove to be the most 

convenient for our purposes. 

4 

' We turn our attention to es(x) and the Xs, Ys 

coordinate system. Since e 8(x) is the difference of two 

continuous curves it is continuous and therefore rectifi­

able. Since y
8

(x)is the rigid rotation of a function 

it is therefore a Jordan arc (non-self intersecting curve) 

in the x
8

, y
8 

coordinate system. At each x 8(x), 

e 8(x) is a translation of the corresponding~ (x) points 

(all non-intersecting) along the y
8 

axis by the quantity 

cx
8

(x) + d. Therefore e
8

(x) is a Jordan arc for all 

real c and d. 



s 
The region enclosed by eS(x) and the xS axis is, in 

. general, open at the end points. We can close the region 

by including perpendicular lines from the end points to the 

xS axis. Hence, the area enclosed by eS(x) is the region 

R bounded by the closed curve C consisting of the curve 

eS(x), the perpendicular distance from one end point to the 

xS axis, the xS axis from one end point perpendicular to the 

other, and a perpendicular from the x axis to the second 
s 

end point of eS(x). We will denote these four pieces of C 

by c
1

, c
2

, c
3

, c
4

, all of which are rectifiable Jordan 

arcs. Since f(x) is continuous on [0,1], it is bounded 

and hence eS(x) is bounded. Thus the region enclosed by C 

is a closed bounded region of E
2

. 

C is not, in general, a Jordan curve, since a straight 

line may intersect a Jordan arc infinitely often. For 

most functions of interest, however, this is not the case. 

Hence, in the sequel, we shall assume that f satisfies 

the condition that no straight line intersects the function 

infinitely often. Thus by the indicated construction of 

C and the restrictions off we cin satisfy the hypothesis 

of Green's theorem. The area is given by (7) for C and we 

have 

A=f -ydx =f -ydx+f -ydx+f -ydx+f -ydx (8) 

c c1 c2 C3 C4 

At c
2 

and c
4

, dx is zero. Along c3 the ordinate is zero. 

Therefore we have the result 
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(9) 

where x belongs to [0,1]. The second equality comes from the 

definition of a line integral in terms of a Riemann-

Stieltjes integral, and if f' (x) is assumed continuous on 

[0,1], then xS (x) is continuous 

d(x (x))=x' (x)dx s s 

and 

In the sequel the assumption of the continuity off' (x) 

on [0,1] will be implicity whenever the discussion concerns 

integral norms. 



CHAPTER II 

L NORM 
00 

7 

2.1 DEFINITIONS AND CHARACTERIZATION OF BEST APPROXIMATIONS 

The L
00 

or Chebychev norm of a continuous real valued 

function f is 

llfll = maxlf(x)I 
00 

X [0,1] 
(10) 

For polynomial and therefore straight line approximations 

the best approximation exists, is unique and is character­

ized by the fact that the maximum value of the error in 

absolute value is attained at at least n+2 points, where n 

is the degree of the polynomial, on the interval of 

approximation. [Handscomb, 1966, Chap. 7]. For our purposes, 

the characterization theorem implies that a best straight 

line approximation is one whose error function attains its 

max at, at least 3 points, in the interval [0.1]. 

2.2 SOLUTION 

Let a*x+b be a best approximation to f for s=0. Then 

for arbitrary 8, the error function e
8

(x) given by (2) for 

a*x + bx is 

les(x)I= l(f(x)-a*x-b*)l/l(a*sins+coss)I (11) 

which has the characterization property for alls . Thus 

we have proven the following: 

Theorem 1: The best straight line approximation to a 

continuous real valued function.f(x) on a closed bounded 

interval is independent of the direction of measuring_ 



8 

the error. Alternatively, if a*x+b* is a best approximation 

for s=O, then it is a best approximation for all B. 



CHAPTER III 

3.1 DEFINITIONS 

The 1
1 

norm i; defined as 

I I f I I 1 = f I f ( x) I dx 
0 

The 1 1 error fore (x) from (9) is 
l 

I I e a ( x) I I = J I e ( x) I x ' ( x) dx 
µ l O f3 f3 

3.2 SOME PROPERTIES OF THE INTEGRAL OF e6 (x) 

9 

(12) 

(13) 

Area is by definition invariant except for sign to 

the coordinate system in which it is measured. It 

may then appear that (9) must be invariant for all S. 

This is not so because the closed curve C is in general 

different for each Sand not strictly the rigid rotation 

of the error in the original coordinate system. The 

change in areas under the curve e 6 (x) for different S 

results from the fact that areas are added or deleted 

at the ends of the curve for different S. 

y 
(x,f(x) ) 

FIG. 2 

I 
y=ax+b 

I 

I 
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It is interesting to note however that if the values of 

the approximating straight line coincide at the end 

points of the parametrization interval then the integral 

should be direction independent. This is, in fact a 

necessary and sufficient condition. 

Proposition 2: A necessary and sufficient condition that 

(9) is direction independent is that f(x) and ax+b are 

equal at 0 and 1. 

Proof: Take (9) with es (x) in form (2) then the area is 

A= (f(x)-ax-b)(cos s+f'(x)sins)/(asinS+cosf3)dx (14) 

by adding and subtracting asinS in x'(x) we can write A as 

A= J 1 
( f ( x) - ax -b) ( f ' ( x) - a) s in S dx 

O (asins+coss) 

Thus we can write (14) as 

A= (f(x)-ax-b) 2 sinS 

2(asinS+cosS) 

l 

+f (f(x)-ax-b)dx 
0 

(15 

If the conditions of the proposition are satisfied, 

the integral is independent of s. Op the other hand, A 

is independent of Sonly when the first sum of (15) 

is zero, but this implies that the conditions of the 

hypothesis are satisfied. 

It is important to note in the above proof that 

the end points 0 and 1 are not essential. An important 

case where the conditions are satisfied is for polygonal 



approximation. A polygonal approximation is linear 

over subintervals of [0,1] and agrees with fat the ends 

of these subintervals. The ends of the subintervals are 

called nodes, and we assume that the points O and 1 are 

included among the nodes. For the purposes of the dis­

cussion here we will include in the set of nodes all of 

the points of intersection of the approximating lines 

in each subinterval. Let us call this expanded set of 

nodes the set U where U= O=u 0 <u< ... u =l. Note that U 
n 

is necessarily finite since we have'restricted our 

definition of area to functions which are not inter­

sected an infinite number of times by any straight line. 

The area over each subinterval is independent of S for 

all S, so that the area is independent of S . If we 

form the 1 1 error over [O,!] then it is the sum of the 

11 

1 1 errors over each subinterval. But by construction of 

the subintervals, the error function is either wholly 

positive or negative in the subinterval and the 1 1 error 

in each case is thus exactly plus or minus the area of 

each subinterval. But each area, is independent of S, 

thus (13) must be also. Hence we have proven the 

following 

Theorem 3: Polygonal approximation in L is independent 
1 

of S, the direction of measuring the error. 



Strictly speaking, (13) does not define a norm unless 

the integral is non-negative. We are thus led to 

restrictions on the range of B, which we will discuss 

in 5.3. 

12 



CHAPTER IV 

DISCRETE LEAST SQUARE APPROXIMATION 

4.1 INTRODUCTION 

·-
13 

We are given a function f defined on a finite point 

set 

X =(x. Ji=l,2, .... ,N~ 
l 

The error of the approximation at x is 
i 

e(x.) = f(x.)-ax.-b 
l l l 

and we wish to minimize 

F(a,b)= 

i=l 

(16) 

Equation (16) is an inner product and the square root 

of (16) defines a norm. As we have set up the problem, the 

solution to (16) is the regression line, a subject of major 

importance in statistics. 

Since the function Fis convex in a and b [Rice, 1964, 

p. 31, Cheney, 1966, p.25] then setting the partials of F 

equal to zero defines the conditions for a minimum. Thus 

the a* and b* which minimize (16) must satisfy the conditions 

Iy.x. = a* Ix~+ b* Ix. (17) 
l l l l 

I y. = a* Ix. + b*N 
l l 

which leads to the solutions 

b* = y-a*x 



r 

14 

wher'e y =E y./N 
1. 

If we normalize the data; i.e., let 

X =x -X 
i i 

y. =y. -
1. 1. y 

then Ex!=0 Ey~=0 
1. 1. 

and the solution for normalized data is 

b*=0 

(19) 

(20) 

a* =E x.y./E x~ (21) 
1. 1. 1. 

where the primes of (20) have been dropped. The least 

squares error for the best approximating line for normal­

ized data is 

F(a*,b*) 

or alternatively 

= L(y.-x.l X.Y1.•IL x~)2 
1. 1. 1. 1. 

F(a*,b*) = lY~-(l x.y.) I Ix~ 
1. 1. 1. 1. 

If we define the quantities 

' 2 Ex~ ax = 
1. 

a 2 = Ey~ y 1. 

K = Ex.y. xy 1. 1. 

we can then write (23) as 

F (a* , b *) = 0 x 
2 

0 / - Kiy 

(J 2 
X 

4.2 LEAST SQUARES ERROR FOR DIRECTIONS 

(22) 

(23) 

( 2 4) 

(25) 

For an arbitrary direction of measurements the error 

function is (2) and we wish to minimize 

F(a,b,S) =I (f(x.)-ax.-b) /(asins+coss) (26) 
1. 1. 



15 

over all a,b,S . By using the form of the error (5) we can 

put (26) in the more tractable form 

( 2 7) 

where 
X = x.coss+ y.sinS 

i S l l 

Y. = -x.sins+y.cosS 
l l l 

(28) 

8 
From (27) it is clear that Fis a convex function inc and d. 

The analysis of (27) thus proceeds in the same manner as 

(16) in 4.1. We have the conditions for minimum 

(29) LY· x. = c* L x~ + d* L x. 
i B is lB 18 

LY. = c* L X. + d*N 
lS lB 

If we define 

(30) 

and we assume that the data has been normalized forS =0, 

then x8 and Ys is zero for all S; i.e., the normalized 

origin is independent of s. We therefore assume the normali­

zation condition (20) holds which again simplifies the solution 

for a minimum which is 

d*=0 

x~ 
l 

(31) 

s 



16 
and the error of the best approximating line for given is 

F(S)=F(c*,d*,13)=I y. -(Ix. y. ) 2/Ix- 2 (32) 
113 113 113 113 

If we define, analogously to (24) the quantities 

02 = Ixi13 X f3 
2 

oyB = 2Yi13 (33) 

K = xiByiB xy13 
then we can write (32) as 

02 02 
F ( S) = X B y13-Kxy13 

o~B (34) 

4.3 DIRECTION DEPENDENCE OF THE DISCRETE LEAST SQUARE ERROR 

With a little algebra we can prove that 

02 
xl3 

o2 
yB 

K2 = o2 
xyS x 

02 
y 

K2 
xy ( 35) 

The denominator of (34) is never zero for any S unless the 

points xi, yi are collinear. 

can write as 

The denominator o2 which we 
x13 

02 
X 

=02 
X 

2 
cos'+o 2 sin B+ k sin213 B y xy (36) 

is clearly not independent of 13. Thus the discrete least 

squares eerror is direction dependent, and we can write F(13)as 

F ( S) = 02 
X 

o2 -K 2 y xy 

o 2 cos 2B+ o 2 sin 2l3+ K sin2B X y xy 

By the Cauchy-Schwarz inequality the numerator of (37) is 

( 3 7) 

always greater than or equal to zero. Since the denominator 

is always positive except for the special case of collinearity, 

we infer that F(S) is always greater than or equal to zero 
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and bounded. 

4.4 ORTHOGONAL REGRESSION LINE AND PRINCIPAL AXIS OF INERTIA 

The orthogonal regression line is that approximating 

straight line which minimizes the square perpendicular dis­

tance from the data points to the line of approximation. 

[Linnik,1961] We can state the orthogonal regression 

line problem within the context of the least squares problem 

where the approximating straight line is given in terms of 

the original coordinate system. Let S be a given direction of 

error measurement. The orthogonal regression line problem 

then restricts its attention to straight line approximations 

whose slope is tans. Thus the orthogonal regression error 

in terms of (26) is 

F ( a , b , S) = F (tan S , b , S) ( 3 8) 

and the orthogonal regression line is thats*, b* such that 

F(tanS*, b*,S*)~F(tan(3, b,S) (39) 

for all (3, b. For the least squares problem, the best 

approximation is given by a*, b*,S* such that 

F(a*, b*,S*) s F(a,b,S) (40) 

for all a,b,(3. 

For any given frame of reference (3, it is true that 

the best approximation may not have tans =a; nevertheless, 

we can prove that for (3*, the best approximation has tan 

(3 *=a*. Hence 

Theorem 4: F(a*,b*,S*)=F(tan(3*, b*,S*) 



Proof: The perpendicular distance from a point to a given 

line is always less than the distance along any other direction. 

Thus for given B, if as±b is a best approximation and tan 

f3 la then the residual alongs', F(a,b,S'), wheres' the angle 

of measurement measuring distances perpendicular to ax+b, 

is such that 

F (a, b , f3) > F (a, b , f3' ) = F (tan f3 ' , b f3 ' ) 

This must be true for S* as well, showing that S* must be 

such that tans*=a*. 

The moment of inertia of point masses with unit 

density about a given axis is the sum of square distances 

from the point masses perpendicular to axis. The principal 

axis of inertia is that axis about which the sum of perpen­

dicular distances squared is least. Thus the principal 

axis of inertia problem and the orthogonal regression line 

solution both satisfy (39) [Linnik, 1961]. By theorem 4, 

the principal axis of inertia, the orthogonal regression 

line and the solution to the least square problem (40) are 

identical. 

4.5 SOLUTION FORS* 

Since F(S), equation (37) is a continuous, non-negative, 

bounded real valued function the absolute min must be among 

the solutions of F' (S) = 0. Since F(S) is a function of 

cos 2 S, sin 2 S, and sin 2f3, we can infer that F(S) has a 
I\ 

period n. Thus F' (S)=0 implies (o~S) 
1
=0 and we have the 

condition for minimum s* 
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tan ZS= (41) 

02 02 
X y 

There are two solutions Ss[-n/2,n/Z]corresponding to the 

absolute minS* and the absolute max. The unnormalized con­

dition for S* is 

Since 

then 

tan ZS= ZE(xi-x) (yi-y) 

E(x--~)-i(y--y) 
l . l 

a*=tanS* 

b*=y-itanS* 

since the line with slope tans* must go through the point 

x,y. Thus (42), (43) and (44) are the solution to the 

discrete least square approximation problem for all 

directions of measurement S, for unnormalized data. 

4.6 REMARKS ON THE ORTHOGONAL REGRESSION LINE 

(42) 

(43) 

(44) 

From a curve fitter's point of view, the solution 

derived in 4.5 satisfies the fundamental requirement of 

minimizing square residuals without regard to any particu­

lar coordinate system for which the data happens to be 

. given. From a statistician's point of view,however, there 

are some disturbing problems. It is shown in [Roos,1938], 

[Jones,1938] that the orthogonal regression line is not 

invariant with changes in scale in y or x. If, e~g., we 

change the scale in x to 2 x, the orthogonal regression line 

is not in general a linear change in the original 
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solution but is a fundamentally different solution. It is 

an interesting fact, however, that for the usual least 

squares pro~lem (f=O) the least squares solution is invariant 

to changes in scale. 

Roos has found a least squares solution which is 

invariant under scale change and is based on the assumption 

of the relative error in x and y, specifically the parameter 

k defined as 

k = (error in y)/(error in x) 

Within the context of our problem, -1/k is the tangent of 

the direction of measuring the error When the scale in 

x or y changes, k changes and the resulting Roos solution 

is invariant. His solution is in fact invariant under 

scalar multiplication, translation and rotation of the 

original axes. 

The reason for the invariance of the least square 

solution when =O is that the error in x, in this case, 

is assumed non-existent. Thus k is infinite. With a change 

in scale in x or y, k still remains infinite, and since k 

is unchanged the solution is also. 

The Roos solution is a least square solution for a par­

ticular direction of measuring the error. The goals of the 

Roos solution have a superficial resemblance to the discrete 

least squares solution we have derived, but in fact, they 

are not comparable. 



CHAPTER V 

1 NORM 
2 

5.1 DEFINITIONS AND INTRODUCTION 

The 1 norm is defined as 
2 

1 

21 

\ \ f \ \ = ( J f ( x) 2 dx) 1 / 2 ( 4 5) 
2 0 

and the best approximation in the 1 2 norm by a straight line 

is to find a*, b* which minimize 
1 

C(a,b)= J(f(x)-ax-b) 2 dx 
0 

(46) 

C(a,b) is a convex function in a and band exactly the same 

analysis as in 4.1 applies for the solution a*,b*. The 

normalization conditions are 
1 1 

0 
Jxdx=0 

0 
ff(x)dx=0 

The normalized solutions are 

and if we define 

b*=0 
1 1 1 

a*= fxf(x)dx/ Jx dx=3 Jxf(x)dx 
0 O 0 

1 

o~ = [x 2 dx=l/3 
1 

o 2 =
0

ff(x) 2 dx 
y 1 

Kxy =£ xf(x)dx 

then we can write the error of the best approximating 

straight line as 

C(a*,b*)= 
02 

X 
02 
y 

0 2 
X 

-K2 
xy 

5.2 THE SQUARE 1 ERROR FOR DIRECTION OF MEASUREMENTS 
2 

(46) 

(47) 

( 4 8) 

(49) 

The square 1 2 error for direction of measurement Sis 

the integral of the square of the error function where it is 



22 

convenient to express the error as (5). Thus we have 

C ( c , d , S) = J ( y ( x) - c x ( x) - d) 2 x ' ( x) dx ( 5 0 ) 
0 l3 l3 l3 

where x
13

(x),_ y
13

(x) and xS (x) have already been defined 

(3) and (9). 

The minimization of C(c,d,S) is a weighted least square 

problem provided that the weight function x 8(x) is non­

negative. In this case (SO) defines a semi-norm (a norm if 

xs(x)>0 for x in [0,1]) and is convex inc and d [Cheney, 

1966], [Davis, 1963], [Handscomb, 1966], [Rice, 1964]. 

Thus as long as the condition 

xE:[0 ,1] 

is satisfied, (50) defines the square 1
2 

error for directions 

of measurement S. 

Condition (51) suggests alternatively to restrict the 

range of admissible directions of measurement S, or to 

redefine the 1 2 error. It is easy to show that the error 

function squared has period n and that x' (x) is the negative s 
of x' (x) for all x ands. Thus (50) is periodic with 

S+n 

period TT except for sign. By restricting attention to the 

region where (SO) is non-negative we must still accept 

the fact that the absolute min of the absolute value of 

(SO) is zero. One possible redefinition of (SO) which avoids 

its unpleasant properties is 
1 

G ( c , d , S ) : f ( y S ( x) - c x S ( x) - d) 2 
I x S ( x) I dx ( 5 2) 

For reasons which will appear in the following section we 

have preferred the course of restricting 13. 
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5.3 RESTRICTIONS ON THE RANGE OF S 

The usefulness of a study on the dependence of best 

approximations on the direction of error measurement is to 

point out the existence of independence properties or 

to dismiss direction effects by finding the direction with 

least error without altering the essential characteristics 

of the curve being approximated. Consistent with these 

goals is to restrict our attention to the directions of 

measurement for which the curve is still a function within 

the context of the rotated coordinate system. 

Definition: Let P be the set of all S such that the curve 

yS(x) is a function in the xS, Ys coordinate system and 

xs(x) is non-negative. 

The characterization of the set Pis not necessarily 

simple and is dependent on the particular function being 

approximated for such essential properties as open, half 

open, closed. For example the function x gives rise to the 

closed set P=[-27°, 90°]. The straight line y=c gives rise 

to P=(-90°, 90°). 

A ·given direction of measurement S gives rise to a 

curve which isn't a function if at least two points on 

the curve intersect a line with slope tan S . Since yS(x) 

is continuous with continuous derivatives it is a smooth 

curve and therefore there must exist x in [0,l] such that 
0 

the tangent of the curve in the xS, Ys coordinate system 
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is infinite; i.e., y' (x )/x' (x) =dy/dx 
0 

is infinite. Thus 

x' S(x) is zero for some x in [0,1]. Hence, if x's(x) is 

not zero for all x in [0,l] then y
6

(x) is a function. 

Alternatively, for y 6 (x) to be a function in xs, Ys 

coordinate system it must be true that 

X s 
is a single valued mapping. By definition it is true that 

X 

are single valued mappings. 

X 

If x (x) is a monotone (strictly) s 
increasing function of x, then the inverse is 1-1 and 

XS 

Hence, we have the following 

X --➔ y 
8 

Theorem 5: xS(x) is a monotone (strict) function of xis 

a necessary and sufficient condition for yS(x) to be a 

function in the rotated frame of reference. 

Proof: The sufficiency has already been shown. If the 

monotonicity is not strict, then there exists x1 and x 2 

such that xS(x) is equal. If there is no monotonicity then, 

since xs(x) is continuous, the set of values of the 

function is compact and it attains its max and min. Further 

since it isn't monotone, xS(x) must attain its max or min at 

some intermediate point of x in [0,l] and must return to 

some intermediate point in its set of values. Thus there 

are two points x in [0,1] which gives rise to the same 

value of xS. 

When x 6 (x) is greater than zero for all x in [0,1], then, 
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by the mean value theorem of differential calculus 

x (x) - x (x) == x' (l;;)(x-x)
0

i;;c::(x ,x)C[0,1](53) 
S S O S 0 

and we can infer that x
13

(x) is a monotone increasing function 

of x. 

Definition: Let P' be the set of all S such that 

xc::[0,1] 

By definition P' is an open set and we set P'== (S
1

,S
2

), 

Clearly, P' is contained in P and sinces = 0 is in P' ,· 

P and P' is non-empty. If 

then 

M=max f' (x) m=min f' (x) 

P' = ( t an·1 M- TT , t afi 1 

-2-
m+ TT ) , 

-2-

Our attention now focuses on the angles S1 andS 2 for which 

the set of x such that x' (x)=0 is non-empty. s 
Definition: Let Q1 , Q2 be the sets such that 

Q
1

=={x! x' (x) = 0, xc:: [0,l]} 
S1 

Q
2

=={x! x' (x) = 0, x c:: [0,1]} 
S2 

Proposition 6: If Q. contains a convex interval (more than 
l 

one point) then Si is not contained in P. 

Proof: Let [x 1 , x 2] be contained in Qi' then, by (53) xS(x) 

is not monot:one. 

Proposition 7: if Q. contains a single point thens. is 
l l 

contained in P. 

Proof: Let x be the single point and consider.the intervals 
0 

[0,x
0

] and [x
0

,l]. Let x and y be two points in [0,1], 

x4y. If x and y both in first or second interval then xS(x) 
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monotone increasing and done. If either x or y is x , since 
0 

s in open interval, xs(x) monotone increasing. If x in 

first interval yin second interval then 

Xs(xo)-xs(x) = x'Cs1)Cxo-x) 
I I 

xs(y) -xs(xo)= X Cs2)(y-xo) 

and when added implies x6 (y) greater than x6 (x). 

Proposition 8: If Qi contains a finite number of points 

then Q. is contained in P. 
l 

Theorem 9: If all straight lines intersect fat a finite 

number of places, then Pis closed. 

5.4 DIRECTION DEPENDENCE OF THE 12 ERROR 

By writing (SO) in terms of the error function (2) 

we have 
1 

C ( a 'b 's ) = I ( f ( X) - ax -b )2 (CO s 8 + f I ( X) sins ) dx 
0 

(asin S+ cosS) 

( 5 4) 

Using the methods of Proposition 2 we can write (54) as 
1 

C ( a , b , S ) = ( f ( x) - ax -b ) 3 s i nS 1 + . J ( f ( x) - ax -b ) 2 dx ( 5 5 ) 
0 

3 (as i nS + cos S ) 2 
0 (asinS + cosS) 

for which the conditions of Proposition 2 do not suffice 

to prove direction independence. Thus we have proven the 

following: 

Theorem 10: The 12 error for all directions of measurement 

S is direction dependent. 

The pth 1 error for all directions S is the integral 
p 

of the absolute value of the error function to the pth power. 

Hence 
p 1 

11 f(x)-ax-bl I ~J (f(x)-ax-b)P(cos S + f' (x)sinS)dx 

P ,S (asin s+ coss) 
(56) 



If pis even, the methods of theorem 9 directly apply and 

L error is direction dependent. If pis odd, we can use 
p 

the argumen~ of theorem 3 for the permanence of sign in 
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subintervals of [0,1]. Hence, the LP error is plus or 

minus the value of the integrals in each subinterval, all 

of which are direction dependent. Thus we have proven the 

following 

Theorem 11: The LP error (56), 2 ~p<oo, is direction dependent. 

5.5 BEST APPROXIMATIONS FORS BELONGING TOP 

Fors belonging to P, by the remarks of 5.2, the 

analysis of 5.1 is valid and the conditions for a minimum 

in c and d are 
1 

f Ys(x)xs(x)x 8 (x)dx = 
0 

1 

;f x 2

8
(x)x 8(x)dx + ~Jx 8 (x)x 6(x)dx 

1 1 1 

(y 8(x)xB (x)dx= cf x 8 (x)xB (x)dx + dfx 6(x)dx (57) 
0 0 0 

If we define 
1 

x =Jx (x)x 8dx 
S o-1-S----

[x 1

8 (x)dx 

and let 

then 
1 

[US ( X) X f3 ( X) dx = 

or which, in terms of 
1 

J x (x)x' (x)dx = 
0 S S 

0 

the 

0 

1 

J v (x)x' (x) dx = 0 
0 s s 

normalized variables is the 
1 

J y (x)x' 
0 S S 

(x)dx=0 

This assumption (61) simplifies the conditions for a 

minimum (57) and the solution for a minimum with the 

normalized variable assumption is 

( 5 8) 

(59) 

(60) 

condition 

(61) 
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d* = 0 

c* = }y (x) x6 (x) x13' 
0 13 • 

(x)dx ( 6 2) 

1 2 
J x(3(x)x' (x)dx 
0 f3 

The error of the best approximating line for each f3 is 
1 1 

C(c*,d*,s)=J y 2(x)x' (x)dx - ( 0 fy (x)x (x)x' (x)dx) 2 
0 13 13 13 13 f3 

1 
J x 2 ( x) x ' ( x) dx 

0 f3 f3 (63) 

If we define analogously to (48) the quantities 
1 

o ~ 0 = J x 2 ( x) x ' ( x) dx 
µ 0 s f3 

1 o; 
13 

= J y 2 ( x) x ' ( x) dx ( 6 4) 
0 1 s f3 

Kxy ~Jyf3(x)xf3(x)x 6 (x)dx 

then we can write (63), which is a function of f3 alone, 

in terms of (64) as 

Since 

C(13) = C(c* ,d* ,f3) = 
0 2 2 K2 

Xf3 °Yf3 - XY (65) 

0Xf32 

o 2 can be integrated we can write (63) as 
Xf3 

1 fl 2 
C(f3) ~f y 8(x)xS (x)dx - 3( 0 y 6(x)x 6(x)x 6 (x)dx) 

(66) 

(cos(3+f(l)sinf3) 3
- (f(O)sinf3) 3 

and (65) as 

C(f3)= 3(o 2 o 2 -K2 ) 
Xf3 YS xy f3 

(cos(3+ f(l)sin(3) - (f(n)sinf3)
3 

5.6 DIRECTION DEPENDENCE OF x, y 
f3 f3 

(67) 

For the discrete case we have seen in 4.2 that xf3, 

Ys, equation (30) the normalized origin, is direction 

independent. That this is not true for the continuous 
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case (58) is easily seen since 

l 
X = s £x 6 (x)x 8(x)dx 

l 

0
fx's(x)dx 

l 

= 1/2x
13

(xi
0 
= 1/2(cos13+(f(l)-f(0))sin13) 

which is directly dependent on S 

5.7 PROPERTIES OF C(S) 

( 6 8) 

Since f(x) is continuous on [0,1], f(x) is bounded and 

therefore for all real c and d, the error function (5) and 

therefore C(c,d,S) is bounded. Hence C(S) is bounded when 

c* and d* are real. 

In the case of d*, there is nothing to prove, since it 

is always zero. The numerator of c* is bounded, therefore 

c* is infinite only when 0~
13 

is zero. This is equivalent 

to determining when 

x 3 (x)l
1

= (cos13+f(l)sin13) 3 
- (f(0)sinS} 3 = 0 (69) 

(3 0 

Condition (69) is in the form 

(70) 

The second factor has only imaginary, non-trivial, solutions. 

Thus the only real solutions of interest of (69) are 

x (1)-x (0)=cos13+f(l)sin13-f(0)sinS= 0 
s s 

or tans= 1/(f(0)-f(l) ) 

(71) 

(72) 

If S' is a solution of (71) or (72), thenS' does not 

belong to P by definition of P. If f(x) is a straight line, 

then Pis open and S' is an end point of the P interval. 

If f(x) is not a straight line, the range of x
13

(x) is a 

compact interval, not a point. This means it must achieve 
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its max (or min) at some point x in [0,1] and then return 

to 0. Therefore x's (x) is both positive and negative and 

S' is not a~ end point of the P interval. 

At a~ c* is in general, infinite. For the functions 

xn, the numerator of c* at (71) is 2(n -1)/(Zn+l) (n+2)). 

Summarizing the preceding remarks and those of 5.2, we 

have the following result: 

Proposition 12: C(S) is periodic with period Zn, and satis­

fies the equation C (S) = -C (S +II) . It has, in general, an 

infinite discontinuity for S' satisfying (72) and is other­

wise continuous. For f satisfying Theorem 9, Pis closed 

and(S)is bounded and continuous for S in the interval P. 

5.8 MINIMIZATION OF C(S) 

Our goal is to find S which minimizes C(S) for all 

s in P, where we assume the function being approximated, 

f(x), satisfies Theorem 9. 

If we define 
1 

s 2 = J x 2 x ' ( x) dx x6 0 i3 
✓ '1 

s 2 = J f ( x) 2 x ' ( x) dx YS o 1 S 

SXYBof xf(x)xs (x)dx 

then we can show that 

cr2 cr2-K2 =s2 s2 -s2 
Ys xs xy xs YB xyB 

and we can write C(B)as 

C(B)= 3(s 2 s 2 -s 2 ) 
XB YB xyB 

(cosS+f(l)sin B-(f(0)sinS) 3 

(73) 

( 7 4) 

( 7 5) 

The minimum S* will be a relative min of (75) forS in 

P or will be one of the end points of P. 



We turn our attention to finding the solutions of 

' C(s)=O, since any relative mins in P must satisfy this 

condition. If we let N and D denote the numerator and 

denominator of (75), then 

C' (S)=O implies DN'-ND'=O 

If we define 
1 

02 = fx 2 f' (x)dx 
X 0 

1 

0;=
0

Jf(x) f' (x)dx 
1 

oxy~f xf(x)f' (x)dx 

then we can write N, using (48), as 

N=(0 2 0 2 -K 2 )cos 2 S+ (6 2 6 2 -8 2 )sin 2 8 x y xy x y xy 

(0 2 02 +0 2 62 - 2K o )sinscoss x y y x xy xy 

and Das 

(76) 

(76) 

(77) 

( 7 8) 

N' is a second degree equation in cos and sin, D' 

is a third degree equation in cos and sin, therefore the 

derivative will be a fifth degree equation in cos and sin. 

By dividing throughout by cos 5, C' (S)=O leads to a fifth 

degree equation in tan. The function tan is periodic with 

period 71", but since C ( S) is periodic with period 1'r except 

for sign this means that our fifth degree equation in tan 

will lead to all critical points which characterize the 

behavior of C(s). Thus we will have five (at most) solutions 

in an interval of length TI or ten solutions from [O, 2 TI]. 



It is convenient to define the coefficients of N as 

a= a:a.J 
b=-~a.j -

c = o: 2 8_ 2+ a 2 c5 2_ 2 K -o x y y x xy xy 
y 0=f (0) 

Hepce the c.ondi tion C' ( s) =0 leads to 

(79) 

32 

2 3 3 3 2 3 3 2 +[b+y 1c-y 1a-2c(y 1-y 0 )/3]tan
8
+[y 1b-y 1c+2c/3-a(y 1-y 0 )]tan

8 
+ (2b/3+a/3-2yia)tanf3+(c/3-y1a)=0 (80) 

5.9 MOMENT OF INERTIA OF A WIRE WITH CONSTANT DENSITY 

As was noted in 4.4, moments of inertia are interpret­

able as least square approximations, where the axis of 

inertia is the approximating straight line. The continuous 

analog of the moment of inertia of point masses with 

constant density about the x axis [Courant and John, 1965, 

p.376]is 

s/~2 X1 ----Tx= y ds= f y 2 ✓ 1-+y 12 <lx (81) 

wheres is 
SO Xo 

the arc length. For the moment of inertia about 

they axis we have correspondingly 
s 1 X 1 

T = J x 2ds= J x 2 /[+y2 dx (82) y 
s 0 X 0 

If we define 

S 1 J u = J xyds= xy ✓ l+y 12 dx (83) xy s X 
0 0 

then by standard techniques (Taylor, 1955, p.340] we can find 

the principal axis of inertia by the condition 

tan 2 s= 2U 
x:y 

T - T y X 
(84) 

where the x and y distances are distances from the centroids 

. given by 



-X = 
JSl 

y = so yds 
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Si-So (85) 

The two solutions of (83) correspond to the max and min of 

moments of inertia about all axes. Since theorem 4 applies, 

the solution (83) is equivalent to minimizing the error 

G(c,d,S)= fs~ (x)ds (86) 
s 0 8 

The fundamental difference between the minimization 

of the continuous least square error for directions Sand 

(86) is that the arc length is direction independent whereas 

the interval of integration d(x
8

(x) ) is direction dependent. 

Alternately, we can view (86) as the continuous least square 

error for a constant interval of integration. 

5.10 EXAMPLES 

For the class of functions, f(x)=xn, some simplifications 

are immediate; i.e., y = 1, y =O. 
1 0 

Thus (80) reduces to 

(b-c/3)tan 5 +[(5b-2a)/3]tan 4 S+ (b-a+c/3)tan 3 S+(b-a-c/3) s 
tan 2 s[(2b-5a)/3]tans+(c/3-a)=O 

Further we can evaluate the quantities 

ax 2 = 1/3 a}=l/((2n+l) Kxy=l/(n+2) o~=n/(n+2) 

oy=l/3 6xy=n/(2n+l) 

from which we derive the values of 

a=(n-1) 2 /[3(n+2) 2 (2n+l)] b=n(n-1) 2 /[3(n+2) (2n+l) 2
] 

c=2(n-l) 2 /[9(n+2) (2n+l)] 

Using these results we can put (80) in the following form 

(Sn-2) (n+2)tan 5 S+3(5n 2 +6n-2)tan 4 8+(13n 2 +10n-5)tan 3 

(5n 2 -10n-13)tan 2 S+3(2n 2 -6n-5)tanS+(2n+l) (2n-5)=0 



The above quintic has a double root at -1, hence it 

can be reduced to the following cubic 
2 

(Sn 2 8n~4)tan 3 B+(Sn 2 +2n+2)tanS+(-2n 2 -2n-5)tanB+(4n 2 -8n-5)=0 

The -1 roots are where (72) is true and can therefore be 

ignored. 

Here P=[tan-
1 

n-n/2,n/2], and hence B* exists for all xn. 

The B* which minimizes the square 1 2 error for the 

function x 2 has been computed and is the end point 90°. For 

all functions examined, one or the other end point of P 

minimized the square 12 error. It is an open problem whether 

this is a general effect or not. 
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ABSTRACT 

In typical approximation problems, the error of the 

-
approximation is the norm of the error function 

e(x)=f(x)~g(x) 

where f is a continuous real valued function defined on 

some closed interval and g is the approximator. If we define 

the direction of measuring the error as the angle S, that 

angle formed by rotating a line perpendicular to the x axis 

through an angle S, the counterclockwise sense taken as 

positive then e(x) is a special case of the more general 

class of error functions e
6

(x). This paper is concerned 

with examining the effect of introducing directions of 

measurement Son straight line approximations in the 1
00 

1 1 , 1 2 , and the discrete 1 2 norms. 

The results obtained are as follows: 

1) Best approximation in L is independent of direction; 
00 

i.e., the straight line a*x+b is the best approximation for 

all directions S, provided it is for any s. 
2) Polygonal approximation is direction independent 

in L 1 . 

3) For the discrete 12 norm (discrete least squares 

approximation), best approximation is dependent on the 

direction of error measurement and the angle S* which 

minimizes the least squares error for all S exists and is 

unique in the interval [0,TI]. 
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4) 1 2 approximation (continuous least squares) is direc-

tion dependent. A direction of measurement S, is equivalent 

to a rotation of the coordinate system by an angle S, the 

counterclockwise direction taken as positive. If the function 

·f is still a function in the rotated frame of reference, then 

the 1 2 error is well defined. If Pis the set of angles S 

where the 12 error is well defined and positive, and if f 

has no straight line segments, then Pis closed. The solution 

for S* leads to a fifth degree equation in tan S. When Pis 

closed S* exists and is one of the solutions of the fifth 

degree equation or is one of the end points of P. 


