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T-EQUIVARIANT DISC POTENTIAL AND SYZ MIRROR CONSTRUCTION
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ABSTRACT. We develop a G-equivariant Lagrangian Floer theory by counting pearly trees
in the Borel construction L;. We apply the construction to smooth moment-map fibers
of toric semi-Fano manifolds and obtain the T-equivariant Landau-Ginzburg mirrors. We
also apply this to the typical Slinvariant SYZ singular fiber, which is the single-pinched
torus, and compute its S'-equivariant disc potential.
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1. INTRODUCTION

Teleman | ] conjectured that the mirror of a Hamiltonian action of a compact Lie
group G on a symplectic manifold X is a holomorphic map ® from the mirror X" of X to
the space of conjugacy classes in the Langlands dual group G¢. Moreover, the mirrors of
the symplectic quotients X /G for A € g*/Ad¢, are related to the fibers of ®. This agrees
with the work of Hori-Vafa [[1V] on mirror symmetry via gauged linear sigma models.

An important step towards understanding this conjecture is to construct the map ®.
In this paper, we develop an equivariant version of the SYZ mirror construction. For the
concrete computations we focus on the case where G = T is a compact torus, and study
the T-equivariant Lagrangian Floer theory of torus fibers of an SYZ fibration preserved
by a symplectic T-action. In general, the G-equivariant disc potential WC of a G-invariant
Lagrangian L gives a fibration of the equivariant mirror space to H?(BG;C).

For instance, let’s consider the well-known Landau-Ginzburg mirror of a compact Fano
toric d-fold X [HV, , , ]. Tt is given by a pair ((C*)¢, W), where W :

1
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(C*)? — C is a holomorphic function of the form

W(z) = 3 qve,

i=1

v1,...,0m € N = Z% are primitive generators of the one-dimensional cones of the fan %
defining X, Z% denote the corresponding Laurent monomials, and ¢*1, ..., 4% are Kéhler
parameters associated to certain curves classes «; € Hy(X; Z).

It was shown [ ] that the equivariant quantum cohomology QHz,(X) of X is iso-
morphic to the Jacobian ring of

d
Wi(z) = W(z) + Z Ailogz;,
i=1

where Aj,...,A, are the equivariant parameters for the torus T¢ =~ (S!)? acting on X.
Iritani [ , ] has made an in-depth study of the big equivariant quantum coho-
mology for toric varieties, which computes the highly non-trivial extension of W, in the
direction of bulk insertions.

Cho-Oh [ ] (in the Fano case) and Fukaya-Oh-Ohta-Ono [ ] (in the gen-
eral compact non-Fano setting) used Lagrangian Floer theory to define the disc potential
for the regular fibers L of the toric moment map and showed that it coincides with the
Landau-Ginzburg superpotential W. From this perspective, W is viewed as the gener-
ating function of open Gromov-Witten invariants, and each term in W corresponds to a
holomorphic disc of Maslov index 2 bounded by L. This gives an SYZ interpretation of
the Landau-Ginzburg mirrors [ , I

It is a natural and interesting question that whether the equivariant superpotential Wy
can also be interpreted as a generating function of equivariant disc counts, to which we
give an affirmative answer to in this paper.

Theorem 1.1 (Corolloary 3.10). Let X be a semi-projective and semi-Fano toric manifold with
dime X = d, and let T < T be the subtorus determined by the integral basis uy, ..., u; € N =
Z°. The T-equivariant disc potential (Definition 2.18) Wk of a regular fiber L of the toric moment
map given by

Wi = exp(gi(d(9) TP exp(o; - (x!, ..., x%)) + D (- (¢, ) A
i=1 ia

where B; are the basic disc classes bounded by the toric fiber, g;i(4(q)) is given by the inverse

mirror map in Equation (3.7), g% = T are the Kihler parameters, and T is the formal Novikov
variable.

In the Fano case, we have g; = 0. By taking ¢ = d, uy,...,u, the standard basis of
1 := Lie(T%), and x' = logz; fori = 1,...,d, the above expression for Wk equals to W;.

In general, for a T-invariant Lagrangian submanifold L of a Hamiltonian T-space X the
T-equivariant disc potential Wk of L takes the form
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for weak bounding cochains b, when L has minimal Maslov index zero. In relation with
the Teleman’s conjecture, we can interpret Wk as follows. The equivariant term

@ = (I (b),..., h(b))

defines a map from the weak Maurer-Cartan space of L to (tf\)*, where A is the Novikov
field. Then, the non-equivariant term W can be viewed as a family of potentials on the
tibers of ®. It gives a mirror family of the symplectic quotient X/, T.

For instance, take X = C?. The non-equivariant part is simply W = z; + ... + z,.
Suppose X/, T' is a semi-Fano toric manifold. A fiber of the above fibration is given by

z"i = c;j for some constants c; and j = 1,...,{. Then W restricted to fibers give the mirror

family of X/ T..

Remark 1.2. The terms hi(b)A; can be understood as obstruction terms for a homotopy equiv-
alence between the equivariant Floer theory of L < X and Floer theory of the quotient L/T <
X/ AT Daemi-Fukaya [ | asserted that this homotopy equivalence can be constructed by
Lagrangian correspondence. In our setting we can compute the mirror equations h;(b) = 0 explic-
itly.

The mirror map c(A) is crucial to precisely identify which fiber corresponds to X /A T¢. By the
beautiful work of Woodward-Xu [WX], the mirror map can be understood as the change from the
gauged Floer theory of X to the Fukaya category downstairs Fuk(X /,T"). Gauged Floer theory
is formulated in terms of vortex equations. It would be very interesting to investigate the relation
with our formulation.

Equivariant Lagrangian Floer theory has seen major recent developments. In the ex-
act setting and G = Z/2Z, Seidel-Smith [ ] provided an approach to understanding
G-equivariant Floer theory by combining Lagrangian Floer theory and family Morse the-
ory [ ] on EG — BG. Viterbo [ ] illustrated some related ideas for G = S'.
Hendricks-Lipshitz-Sarkar [ , ] developed a homotopy coherent method to
build up a G-equivariant Floer theory. Fukaya [ ] and Daemi-Fukaya [ ] used
G-equivariant Kuranishi structure to tackle the G-equivariant transversality problem, and
make a formulation using differential forms. There are other interesting works related to
this subject [ , ].

In this paper we use Morse chains on the Borel construction Lt for L < X, a T-
invariant compact Lagrangian submanifold in a symplectic manifold (X, w) preserved
by a T-action. This is closest to the approach of Seidel-Smith, although the Lagrangians
under our consideration are not exact. They bound non-constant pseudo-holomorphic
discs of non-negative Maslov index. These are known as quantum corrections in mirror
symmetry, which contribute non-trivial terms to W, and make it very interesting.

Since there are only finitely many generators for each finite dimensional approxima-
tion of Lr, it better serves for computations and manifests the equivariant parameters A;
appeared in the disc potential W,. Assuming that L has minimal Maslov index zero, we
construct a curved A -algebra

(CI:/Iorse(L/ AU) ®A0 Ao [/\1/ ceey AZ]/mT)

by counting pearly trees [ i lin L1, where Ag[A4, ..., As] = H}(pt; Ao), and
A is the Novikov ring

0
Ao = {Z a;T%a; € C, A; € Rx; A; increases to + oo, } .
i=0
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We denote by A} = A the maximal ideal

e}
Ay = {Z aiTA"|ai e C,A; € R.y; A; increases to + oo, } .
i=0
and also by A the Novikov field where the exponents A; € IR.
We will show that (Theorem 2.14)

mZ(Xl,...,xi®)\j,...,Xk) :Aj-mZ(Xl,...,xi®1,...,Xk)

and hence we may treat Ag[A1,..., ] as a coefficient ring. Note that the terms m/ (x; ®
1,...x,®1) are still series in the equivariant parameters A and receive non-trivial contri-
butions from pearly trees in L. To achieve this, we use the homotopy unit construction
developed by Fukaya-Oh-Ohta-Ono [ , Chapter 7]. It has also been used by

Charest-Woodward [CW] in a different setup.

We take the boundary deformations b = Zle x'x; for x' € Ay, where x; are degree

one critical points of L. We will see that if (L,b) is weakly unobstructed, then the T-
equivariant theory (L, b) will also be weakly unobstructed over A[A4, ..., A], namely

V4 14
myg =W-1@1+ > hi-1QA = (W+Zhi)\i> 1®1,

i=1 i=1

where h; consists of contributions from pseudo-holomorphic discs of Maslov index zero.
As a consequence, the usual disc potential W is equal to the non-equivariant limit (A; — 0)
of WA-

As a consequence, suppose that we have a Lagrangian torus fibration which admits
a free T-action. When the fibers are unobstructed, the non-equivariant disc potential
is zero by definition. However, from the above consideration, we still have non-trivial
equivariant terms and so the equivariant disc potential for a smooth torus fiber is non-
Zero:

4
WT = > hiA;.
i=1

In Section 4, we study the S!'-equivariant disc potential for the immersed two-sphere
S? with a single nodal point. This is also known as the pinched two-torus which is the
most typical singular fiber in an SYZ fibration. Even when S? does not bound any non-
constant discs of Maslov index zero, it still has a non-trivial equivariant disc potential
from the contribution of constant polygons at the nodal point. The corresponding moduli
have non-trivial obstructions. The gluing technique via isomorphism between smooth
and pinch tori in [ ] is crucial in the computation of the explicit expression of the
equivariant disc potential. In [ ], a different method via Legendrian topology is
used to develop the Floer theory of an immersed Lagrangian surface.

Theorem 1.3 (Theorem 4.6). The equivariant disc potential of the immersed sphere S is

W =log(1—uv) = —Z
=

where (u,v) € A3 — {val(uv) > 0} are the formal deformations corresponding to the degree one
immersed generators of S2.
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The organization of this paper is as follows. We develop a Morse model for the equi-
variant Lagrangian Floer theory in Section 2. We apply this to formulate and compute
the T-equivariant disc potential for toric semi-Fano manifolds in Section 3. In Section 4,
we compute the S'-equivariant disc potential for the immersed two-sphere S2.

Acknowledgments. The first and second named authors express their deep gratitude
to Cheol-Hyun Cho for explaining his point of view of equivariant Floer theory using
Cartan model. The second named author also thanks Ben Webster and Kevin Costello for
the discussion on Teleman’s conjecture at Perimeter Institute.

2. A MORSE MODEL FOR EQUIVARIANT LAGRANGIAN FLOER THEORY

There are several approaches to G-equivariant Lagrangian Floer theory for a pair of G-
invariant Lagrangians in the existing literature. For G = Z;, Seidel and Smith [ ] used
Floer homology coupled with Morse theory on EG to define G-equivariant Lagrangian
Floer homology of exact Lagrangians. In [ , 1, Hendricks, Lipshitz, and
Sarkar used a homotopy theoretic method to define G-equivariant Lagrangian Floer ho-
mology for G a compact Lie group. More recently, in [ ], Daemi and Fukaya defined
an equivariant de Rham model using G-equivariant Kuranishi structures developed in
[ , I

In this section, we develop a Morse model for the G-equivariant Lagrangian Floer the-
ory focusing on a single G-invariant Lagrangian. The Lagrangian we study here can be
immersed with clean self-intersection. The underlying cochain complexes can be con-
structed such that it is finite dimensional over the cohomology ring of BG, and the A
operations are given by counting pearly trees in the Borel construction L. This suits
better for our purpose of computing disc potentials and constructing SYZ mirrors. The
A -algebra we construct will be unital. This uses the homotopy unit construction in
[ ], which has also been adapted to the stabilizing divisor perturbation scheme
by Charest-Woodward [CW] for their (non-equivaraint) unital Morse model.

We define the G-equivariant Lagrangian Floer theory as the (ordinary) Lagrangian
Floer theory of L¢ as a Lagrangian submanifold of a certain symplectic manifold, which
avoids the issue of equivariant transversality. The Morse model we use makes the theory
much more explicit and computable. Since the Lagrangians we study here bounds non-
constant pseudo-holomorphic discs, we use the machinery of [ ] to handle the
obstructions. On the other hand, for computing the equivariant disc potential of toric
Fano manifolds, virtual technique is not necessary.

21 The non-equivariant singular chain model. We begin by recalling the Ay-algebra
associated to a Lagrangian submanifold L of a symplectic manifold constructed by Fukaya-
Oh-Ohta-Ono [ ]. We refer to [ ] for a review on A-algebras and Ku-
ranishi structures.

Let (X, wx) be a symplectic manifold of real dimension 2d and let Jx be a compatible
almost complex structure. We will always assume X is convex at infinity or geometrically
bounded if it is non-compact. Let L < X be a closed, connected, and relatively spin
Lagrangian submanifold. In [ ], a countably generated subcomplex C*(L; Ag) of
the singular chain complex S*(L; Ag) (regarded as a cochain complex) and an A-algebra
structure (C*(L; Ap), ™) were constructed. We briefly recall the construction below, which
we will use in constructing the equivariant Morse model.

Let B € Hy(X,L; Z) and denote by M(p; L) the moduli space of Jx-holomorphic stable
bordered maps u : (D? 0D?) — (X,L) of genus 0 representing 8 and by M;,(B;L)
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the moduli space with k 4+ 1 marked points zo, ..., zx on 0D?, ordered counter-clockwise.
Mi1(B; L) has virtual dimension u(B) + k —2 4 d, where u(pB) is the Maslov index of B.
We have evaluation maps

ev: My (B;L) — LK
at the boundary marked points.

Let H§®(X, L)  Ha(X, L; Z) denote the monoid generated by effective (Jx-holomorphic)
disc classes, i.e.

H5(X,L) = {p € Ho(X, L;Z)|M(B; L) # &}
We denote by By the constant disc class.
For B € HS%(X, L), we define

IBIl = F“*ﬂ&w'meﬂﬁmwﬂmwmmh2n@=ﬁwwmmyq,ﬁﬁ¢m;
- if B = Po.

Letd:{1,...,k} — Z=o. For a pair (3, 8) with g € Hs"(X, L), we define
maxie(,.. {0(i)} + [|Bll +k if k # 0;

Mmmnz{wn o

Let P = (Py,...,P) be a k-tuple of singular chains. We denote by M;_(B;L; P) the
fiber product (in the sense of Kuranishi structures) of My 1(B; L) with smooth singular
chains P,onL,i=1,...,k,

M1 (B;L; P) = My (B L) < [ [ P

In [ |, countable sets Xy (L) of smooth singular chains on L were constructed,
and a system of multisections s, , ; 5 for M (B L; P), ||(d, B)|| = g, were chosen induc-
tively on the generation g. Here the decoration d emphasizes the generations of the inputs
Pl' € Xb(z)(L)

At each inductive step, new multisections s, , ; 5 are chosen to be transversal to zero
section and extend the multisections previously chosen for the boundary strata oM. (B; L; P).

Moreover the zero locus

M (B L Pt i= s 5(0)

is triangulated extending the triangulation on the boundary strata. The new simplices in
the triangulation are then regarded as elements of X;(L). Additional singular simplices
are then added to Ay (L) so that

Cig)(L; Ao) = @D Ao+ Xy(
/<g
remains a subcomplex of S*(L; Ag) isomorphic on cohomology.
Let C*(L; Ag) = lim_, C(g)(L,' Ap). The Ay, operations iy : C*(L; A0)®k — C*(L; Ao) are
defined by

ﬁlk(Pl,...,Pk) = 2 TwX(‘B)mk,‘B(Pl,...,Pk) (21)
peHst(X,L)
where
(P o, i) = (evo)s (Mici (B L; P)°) 22)

for (k, B) # (1, Bo), and
fi 5 (P) = (~1)10P,
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where 0 is the coboundary map on C*(L; Ag). The maps tit; g are of degree 2 —k — p(f).

Remark 2.1. We do not perturb the input singular chains when choosing perturbation for a fiber
product My.,1(B; L; P) since the singular chains are fixed during the inductive construction and
doing so would destroy the Aq-structure. To achieve transversality, the Kuranishi structures for
the moduli spaces M1 (B; L) are chosen to be weakly submersive, meaning that the evaluation
map ev : V, — L¥ from the Kuranishi neighborhood V,, of an element p = [£,Z,u] € My1(B; L)
(which parametrizes smooth stable maps close to u) to L is a submersion (see [ , Lemma
7.1.18]).

Remark 2.2. We note that it is only possible to choose finitely many multisections at once while
still having them being sufficiently close to the original Kuranishi maps. To deal with this technical
difficulty, Fukaya-Oh-Ohta-Ono introduced the notion of A, k-structure associated to L using
moduli space of pseudo-holomorphic discs with bounded energy and number of marked points
in [ , Chapter 7]. The Ag-structure w on C*(L; Ao noo) is obtained from the A, k-
structures via homological techniques.

Remark 2.3. In order to define a Z-graded cohomology theory, the conventional grading of the
map wy is 2 — k. This means beyond the Calabi-Yau case, one has to define the Novikov ring Ao
using an extra grading parameter in order to compensate for the Maslov indices. In this paper,
we work on the chain level and do not follow this convention. The grading of wy g is crucial in
understanding the vanishing of certain terms when doing computations with the Morse model.

The singular chain model (C*(L;Ay), ) does not have a strict unit in general. In
[ , Chapter 7], it was shown that the fundamental cycle e of L is a homotopy
unit. We briefly describe the key ideas below and refer the readers to [ , Chapter
3.3] for the precise definition of a homotopy unit and to [ , Chapter 7.3] for the
details of the homotopy unit construction.

We enlarge (C*(L; Ag), ™) to a homotopy equivalent unital A-algebra (C*(L; Ag)™,m™)
by adding a degree 0 generator e serving as the strict unit and a degree —1 generator f
serving as a homotopy between e and e™

C.(L,' A0)+ = C.(L; A()) @ Ao e @A f.

The A, operations iy are defined as follows.

The restriction of m* to C*(L; Ag) agrees with .
e is the strict unit, i.e.

i (ef, ) = (~)PwS (x,e") = x, (2.3)
for x € C*(L; Ap)™, and
f(...,et,..)=0 (2.4)

for k # 2.
f is the homotopy between e and e* in the following sense. Let @ = {ay,..., a3} <

{1,. . .,k}, ap < ...<dapg-. For P = (Pl,. . -/Pk—|7i|) with P; € XD(i)(L)/ let Pt be the k—tuple
obtained by inserting e into the ay, ..., a-th places of P. We will assume L € Xp(L) and
setdt (i) =g, if P* = (P,...,P") and P;" € X,+(L). We have the map

forgets : Myy1(B; L; PT) — Myyq_jz (B L; P), (2.5)
which forgets the ay, ..., a5 -th marked points (and stabilizes).

Let 7' | | @ = @ be a splitting of . Denote by P’ the (k — |@'|)-tuple given by removing e
from the a%, s, a?ﬁl‘-th places of P. For the choices of perturbations for My 1(B; L; ﬁ*),
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we have the perturbation Sot kB obtained by just inserting e into the ay,...,4/7-th

place and the perturbations pulled back via the map forgets » : M 1(B;L; Pt) —
M ga (B, L; P ) which forgets the ai,... ,a‘ll_il'—th marked points and stabilizes. More-

over, we have a perturbation 5; kP (transversal to the zero section) on [0, 1]1% x M1 (B; L; PT)

interpolating between them.
The operations mlj,ﬁ' (k,B) # (1, Bo), with inputs f inserted into ay, ..., a5-th place of

P are defined by

(evo)s <<[O,1]|ﬁ| x M1 (B L; I3+)>5“+’k’ﬂ’ﬁ+ / ~> . (2.6)

Here ~ is the equivalence relation collapsing fibers of the forgetful maps (see [ ,
Definition 7.3.28]). The singular simplices which appear in (2.6) are also included in the
inductive construction of X, (L).

We also set

and therefore
) (f) =e" —e+h, (2.7)

h= Z TxP) (evy), (([0,1] x Ma(B;L;e))* / ~)=0 mod A -C*(L; Ag).
B#Po

The terms

> (evo)«(([0,1) x M2(B; Lie)™ / ~)

n(p)=2

are of degrees at most —2 and therefore are degenerate singular chains.

2.2 The non-equivariant Morse model with a strict unit. Pearl complex (Morse model
of Lagrangian Floer theory) was developed by Biran and Cornea [ , ] for mono-
tone Lagrangians (a similar idea also appeared in an earlier work of Oh [ D). It has
many important applications, including the proof of homological mirror symmetry for
Fermat Calabi-Yau hypersurfaces by Sheridan [ I

A Morse model of Lagrangian Floer theory was constructed in [ ] based on
their singular chain model. Note that degenerate chains are not mod out in this singular
chain model. We follow their construction, with a modification that we add certain degen-
erate chains as summands in the definition of unstable chains A, of critical points p and
the chains of forward orbits G(7) of singular chains 7. The main reason is that there are
unwanted degenerate chains appeared in dA, and 0G(7), and we ‘contract them away’
by adding the cones over the unwanted terms.

Moreover, by adapting the homotopy unit construction in [ , Chapter 7], the
Morse model we construct will be unital. In Charest-Woodward [CW], a unital Morse
model was constructed also using the idea of the homotopy unit construction.

Let f : L — R be Morse function. Let V be a negative pseudo-gradient vector field
for f,ie. df(V)|, < 0, with equality if and only if p € Crit(f); and for each p € Crit(f),
V coincides with the negative gradient vector field for the Euclidean metric on a Morse
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chart of p. Let ®; be the flow of V. For each p € Crit(f), we denote by W*(f;p) and
WH(f; p) its stable and unstable manifolds respectively. Namely,

Wi (fip) = {q e L] im @i(g) = p},

and

WH(fip) = {q €L lim di(q) = P}-

We define the degree |p| of p by
|pl:=d —ind(p),
where ind(p) is the Morse index of p. Then
|p| = dim W3(f; p) = codimW"(f; p).
We will assume that V satisfies the Smale conditions and call such a pair (f, V) Morse-

Smale. For p,q € Crit(f), let M(p,q) be the moduli space of flow lines from p to 4. By
the Smale conditions, we have

dim M(p,q) = |q] — Ip| — 1.

It is well known that (see e.g. [ ) M(p,q) and W*(f; p) have natural compactifi-

cations to smooth manifolds with corners M(p,q) and W"(f; p) whose codimension k
stratum consists of k-times broken flow lines

M(p, 9k = U M(ro,r1) % ..o x M(ri, Trg1)-

ro=p.I1,--- T kr1=4 distinct

and
W' (f;p)e = U M(ro,71) % oo x M(rg_1,16) x WH(f570),
ro=p,r1,...,7% distinct

In particular, we have

oM(p,q) = UM(P,V) x M(r,q),

and

W' (f;p) = M(p, 1) x W(f;7). (2.8)
Let C*(f; Ag) be the cochain complex
C'(fih)= D Ao-p

peCrit(f)
with grading given by |p|.

In [ ], a (non-unital) A-algebra structure was constructed on C*(f;Ag) as-
suming L has a triangulation whose simplices are the closures of W"(f; p). To establish
an isomorphism between Morse and singular cohomology, we have to associate to each
critical point p of degree |p| a singular chain A, € SIP/(L;Z). A natural candidate for A,
is a fundamental chain for W" (f; p). Suppose we choose such a chain A,. From (2.8), we
can see that in general W' (f; p) has boundary components of the form M (p,r) x W' (f;r)
with || > |p| +2. Since dim M(p,r) > 1, and the image of M(p,r) x W' (f;r) in L is
supported on W' (f;r), the facet of A, representing M(p,r) x W' (f;7) is a degenerate
chain on L. Thus, for the assignment p — A, to be a chain map, the standard approach is
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to mod out by degenerate chains. On the other hand, A;(L) are constructed including de-
generate chains since the i product of degenerate chains may no longer be a degenerate
chain.

We overcome this difficulty by adding certain degenerate chains to the fundamental
chains (of the compactified unstable submanifolds) and define a map ¢ : C*(f;Z) —
S*(L;Z), (p) = Ay accordingly such that it is a chain map which induces an isomorphism
on cohomology. See Figure 1.

p
(] ()

Y

degenerate chain
constantly mapped to q

FIGURE 1. An example of the added degenerate chain.

We choose smooth cubical singular chains d, € Cj_| (W"(f;p); Z) and Mpg € Cloi -1 (M(p,q);Z)

representing the fundamental classes of W' (f; p) and M(p, q), respectively, satisfying
ody =Y (=)=, < d,, (2.9)

p
and
oy = (=D, . (2.10)
r

To regard d, as simplicial singular chains, we choose triangulations for (the domain
of) d, and m,, inductively on ind(p) = d — |p|. For ind(p) = 0, d, and m,, are 0-
simplices. Suppose we have chosen triangulations for d, and m,, for ind(p) < ¢. For
ind(p) = ¢, mp, with |g| = |p| + 1 are 0-simplices. Suppose we have chosen triangulation
for m, 4 for |g| —|p| = 1,...,m', m" < m. For |q| — |p| = m, we first triangulate om,
as follows: each my, x m,, in 0my, is a product of simplicial complexes. We choose
linear orders on vertices of m,, and m,, (compatible with their orientations). Then, there
exists a unique triangulation my,, ® m, 4 of m,, x m,, such that the vertices of m,, @ m, 4
are pairs (x,y), where x is a vertex of m;, and y is a vertex of m;,,, and an n-simplex in
My, @my g is defined by a set {(xo, o), ., (xn,¥n))} such that xo < ... < x4, ¥0 < ... < Yy,
{x0,...,xn} defines a simplex 7 on my, and {yo, ..., y,} defines a simplex T on m, ; with
dim 7y + dim » > n. Notice that this is the standard product structure in the category of
simplicial sets. We then triangulate m, ; extending the triangulation on dm, ;. Finally, we
triangulate d, extending the triangulation on dd, given by m,,, ®d,.

For each m,, x d, in the boundary of d, let Cm,, be the (simplicial) cone over m,,
with vertices

{vertices of Cm,,} = {vertices of m,,} U {x},
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and simplices
{n-simplices of Cm,,} = {n-simplices of m,,} U {cones of n —1-simplices of m,, with the vertex {x}},

for n = 1. In particular, this means {x} is the vertex of the cone. As a singular chain on L,
the map Cm,, — L is defined by composing the contraction Cm,,, — m,, with the map
my, — L. Note that for two simplicial complexes A and B, we have C(A® B) = CA®CB.

We construct A, inductively on ind(p) as follows: For ind(p) = 0, we set A, = d,,.
Suppose we have constructed A, for ind(p) < £. For ind(p) = ¢, we define

dft - dp + 2 mp,r ®A7‘/

mp,r®dr
and set
Ap=db+ > Cmp @A, (2.11)
mp,r®Ar
By construction, we have
Dy =D myyx A (2.12)
[r|=[p|+1

Theorem 2.4. The map 1 : C*(f;Z) — S*(L; Z), 1(p) = Ap, with Ay defined as in (2.11), is a
chain map which induces an isomorphism on cohomology H*(C*(f;Z);) =~ H*(L;Z). Here §
denotes the Morse differential.

If we were to consider S*(L;Z) modded out by the subcomplex of degenerate chains,
a proof can be found in [ ]. Since we do not wish to mod out by degenerate chains,
we would have to modify their arguments. Let’s first introduce some terminologies.

We say a smooth singular chain is generic if every face of every simplex intersects the
stable submanifolds of the critical points of f transversely. Let Cg,,(L; Z) = S° (L;Z) be
the subcomplex of generic singular chains. It is easy to see that Cg,,(L;Z) and S*(L; Z)
are isomorphic on cohomology.

For a generic simplex 7, we denote by M(t,q) the moduli space of flow lines from
T to a critical point 4. Its dimension is given by dim M(7,q) = dim7 —ind(g). Let
7(j) denote the codimension j stratum of 7. M(7,q) has a natural compactification to a
smooth manifold with corners M(t,q), whose codimension k stratum is

k

M(’Dﬂ)k:U U M(t(k—7j),p1) x M(p1,p2) X"'XM(P]‘—LP]') XM(pj,q).
j=0 p1,...,pjq distinct

For k = 1, we have

dM(T,q) = M(o7,q) | (=1)Im @M (T, p) < M(p, q).
p#q

We define the forward orbit .7 (T) of T to be the set
F(1):=[0,00) x T
together with the map e : .%# (1) — L defined by

e(t,x) = & (t(x)).
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Z (1) has a natural compactification to a smooth manifold with corners .7 (t), whose
codimension k stratum is

Z(T) = F(1 U U Mlk=j),m) x M(r1,m2) x ..o x M(rj_q,75) x W(r;).

j=1r,..., 1, q distinct
When k = 1, we have
0F (1) = —tu—F(01) U U M(t,p) x W(p).

peCrit(f)
Proof. The assertion that ¢ is a chain map follows from (2.12). To show that : induces an
isomorphism on cohomology, we use a modification of the proof found in [ ]. We

(L;Z) — C*(f;Z) defined by
A= ) tM(tq) -4

ind(g)=dimt

have a chain map A : Cg,,

In particular, M (7, p) is empty when 7 is a degenerate simplex. Clearly, Ao: = id :
C*(f;Z) — C*(f;Z). We also have amap G : Cg,,(L; Z) — S*~1(L;Z) defined as follows.
Let mey € Chinrmina(o) (M(7,q); Z) be smooth cubical singular chains representing the

fundamental classes of M(7,q) satisfying
amT’q — mﬁ’r,q + Z (_1)dimT+ind(‘7)mT’p X mP,Q‘
p#q
We again triangulate 11, ; inductively on the dimension to regard them as simplicial sin-
gular chains. We also choose smooth singular chains F(7) representing the fundamental
classes of .7 (1) satisfying

OF(T) = =T = F(3T) + ) e,y x d. (2.13)

We then construct G(7) inductively on dim 7 by first replacing m, x d, with m,, x A, on
0F(7), then glue Cm, x A, to the boundary of the resulting chain. This ensures that G is
a chain homotopy between o A and the identity, i.e., G satisfies

AA(T) —T= aG(T) + G(&T) (214)
O

Below we explain the construction of the strict unit in our setting. For simplicity, we
will always assume f has a unique maximum point 17, so that A;- = e is the fundamental

cycle.
Let
CF*(L; Ao) =C*(f; M) PAo-1" P Ay- 17 (2.15)
with [1V] = 0 and |1"| = —1. The superscripts V, v and v are borrowed from [CW]. We
extend the Morse differential 6 to CF*(L; Ag) by setting
s1V)=0, 6(17)=(-1)"1"-1). (2.16)

We now construct a unital A-algebra structure on CF*(L; Ao). Let

X 1(L) = {Aplp € Crit(f)}.
For g > 0, suppose Xy(L) had been constructed for g’ < g. The perturbations s, , ; 5 and

s’ in Section 2.1 can be chosen to have the following property:

o+ kB, P+
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Each face 7 of a simplex in the triangulation of
(evo)s (Mest(BiLi Py, Pp)™47)
|(d,B)|| = g, or in the triangulation of

(evo)* <[0,1]ﬁ| x My (5, L; ﬁ+)5;—+,kﬁ,ﬁ+) )

|(d%,B)]] = g is transversal to the stable submanifold W*(f;p) for all p € Crit(f).
Moreover, for each T of dimension at most d, there exists at most one critical point
p(7) € Crit(f) such that W*(f; p(7)) is of complementary dimension to T and intersects
T at a unique point.

Denote by X7 (L) the set of these singular simplices 7. Define Il(7) = €A,(;) where
€ = *1is given by
T W (f;p(1)) = eW  (f; p(T)) "W (f; p(7)),
if there exists a unique p(t) such that W*(f; p(7)) intersects T at a unique point, and

I1(7) = 0, otherwise. In particular, we have I'1(7) = 0 whenever 7 is a degenerate simplex.
We further add simplices G(7) (defined as in Theorem 2.4), T € X¢(L) to obtain Xg(L).

For chains of the form G(7), we put G(G(1)) = 0. The maps IT: C*(L; Ag) — Cl_y (L; Ao)
and G : C*(L; Ag) — C*~1(L; Ag) satisfy
II(7) — 7 = (0G(7)) + G(01)), (2.17)
for T € C*(L; Ap). Let
Cl ) (L;A0)" = CF 1) (L; Ag) @ Ag-e" D Ao f.

We recall that e* is the unit and f is the homotopy between e and the fundamental class
e. We extend the coboundary operator ¢ to C*(L; Ag)™ by setting

det =0, of =(-1)%(et —e).
We then extend IT and G to maps IT: C*(L; Ag)t — C'_l)(L; Ag)tand G: C*(L; Ag)T —

(
C*(L; Ao)™ respectively by setting

and
Gle")=—f, G(f) =0,
so that they satisfy (2.17) for T € C*(L; Ag) ™.
Homological perturbation can then be applied to reduce the Ay-algebra structure on

C*(L; Ao)™ to Ct_yy(L; Ao)T (see [ , Theorem 3.3]). We identify the latter with
CF*(L; A) via the map ¢ : CF*(L; Ag) — C*(L; Ao)™
W(p) =4, (V) =e", 1(17)=F. (2.18)
We will denote the resulting unital Ay-algebra by (CF*(L; Ag), m).
Similar to Theorem 5.1 in [ ], we have

Theorem 2.5. (CF*(L;Ag), m) is a unital A-algebra. f is a unital homotopy equivalence be-
tween (CF*(L; Ag), m) and (C*(L; Ag)™,m™).

Explicitly, the operations my are given in terms of maps mr and fr associated to decorated
planar rooted trees.
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Definition 2.6 ([ ]). A decorated planar rooted tree is a quintuple I' = (T, 1,vo, Viaa, 1)
consisting of

e T isa tree;

e 1:T—> D?isan embedding into the unit disc;

e v is the root vertex and 1(vy) € dD?;

o Vi, is the set of interior vertices with valency 1;

o 7 V(I)int > Zso.
where V (T) is the set of vertices; V(T )ext = 1~ 1(0D?) is the set of exterior vertices and V (T, =
V(T)\V(T)ext is the set of interior vertices. For k > 0, denote by Ty the set of isotopy classes
represented by T = (T, 1,09, 1) with |V (T )ext| = k+ 1 and y(v) > 0 if the valency {(v) of v is 1
or 2. In other words, the elements of I'yq are stable.

We will refer to the elements of I';, 1 as stable trees.
Denote by I% eI, the unique tree with no interior vertices. For this tree I'g, we define

mr, = ﬁll,ﬁo : CF.(L; A()) - CF.(L; A()),
and
fro : CF.(L,‘ Ao) - C.(L,’ /\0)Jr
the inclusion map.

For each k > 0, I'r;1 contains a unique element that has a single interior vertex v, which
is denoted by TI't,;. We fix a labeling {Bo, B1,...} of elements of HS"(X, L), with By the
constant disc class and define

mr, = ITo ﬁl;r,ﬁy,(y)’
and

i = Gofgy -
For general I', we cut it at the vertex v closest to vy so that I' is decomposed into
rM, ..., T® and an interval adjacent to vy in the counter-clockwise order. We define

mr =110 mZﬁ;y(v) o (fru) ®... ®fr(f))

and
fr=Go ﬁ‘Zﬁwv) ° (fr ®- .- ®fr)-

At last, we define the A-operations my : CF*(L; Ao)® — CF*(L; A) by

me= > T, (2.19)

Telyiq

where aJx(r) = Zveme wx(ﬁn(v)).

The maps mr restricted to C*(f; Ag) are given by counting pearly trees as depicted in
Figure 2 (This observation was made in [ ]. See also [CW] for a description of mr
with general inputs in terms of pearly trees.). For a decorated tree I' € I'y4, the exterior
vertices vy, ..., v, are labeled respecting the counter-clockwise orientation. Each edge is
oriented in the direction from the k input vertices vy, ..., v, to the root vertex vg. We
denote by ¢; the edge attached to v; and by v (e) the vertices such that e is the edge from
v~ (e) to vt (e). For p1,...,pk q € Crit(f), consider the moduli space Mr(f;p1,...,Prq)
consisting of the following configurations:

o for each interior vertex v, a bordered stable map u, representing the class B,
with ¢(v) boundary marked points. We denote by p(e, v) the marked point corre-
sponding to the edge e attached to v;
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V2 p3 P2

M p1

v3

Vo
FIGURE 2. Pearl trees

o fori=1,...,k theinput edge e; corresponds to a flow line 7; from p; to ) (p(e;, v (e:));
o the output edge ¢y corresponds to a flow line g from u, () (p(e0, v~ (e0))) to q;
e an interior edge e corresponds to a flow line 7y, from u,- () (p(e, v (e))) to Uy (o) (p(e, 07 (e))).

The virtual dimension of Mr(f; p1,..., pk,q) is given by
k
dim Mr(f; p1,..., prq) = k =2+ u(T) = |pil +al, (2.20)
i=1

where p(I') = 3¢y, 1#(By(v))- The maps mr : C*(f; Ag)® — C*(f; Ag) are given by

mr(py-op) = Y, AMe(fipy.,peq) -4,
geCrit(f)

where $Mr(f; p1, ..., pr,q) is the signed count of the moduli space of virtual dimension
0.

Let us now consider the weak Maurer-Cartan equation for (CF*(L; Ao), m).

Let (A, m) be an Ay-algebra over A with the strict unit e4, and set

Ar ={xeAlx=0 mod Ay A}
The weak Maurer-Cartan equation for an element b € A is given by
m§(1) = mo(1) + my(b) + ma(b,b) +...€ Ag-ea. (2.21)
The condition that b € A ensures the convergence of m§(1). We denote by
MC(A) = {be A% mf(1) € Ag-ea},

the space of odd solution to the weak Maurer-Cartan equation.
We say an A-algebra A is weakly unobstructed if MC(A) is nonempty, in which case
we have (mf)2 = 0 for any b € MC(A), thus defining a cohomology theory H*(A, m?).
For any b € MC(A), we put

e =14+b+bRb+....
We define the deformation the A, structure m by b by
m,l;(xl,...,xk) = m(eb,xl,eb,xz,eb,. . .,eb,xk,eb).

Notice that m§(1) = m(e?).
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The following lemma concerns the weakly unobstructedness of (CF*(L; Ag), m). This
technique of finding weak bounding cochains in the presence of a homotopy unit was
introduced in [ , Chapter 7] and [CW, Lemma 2.44].

Lemma 2.7. Let b € CFY(L; AL). Suppose m§ = W(b)1" and the minimal Maslov index of
L is nonnegative. Then there exists b* € CF(L;Ay) such that m} (1) = WY (b)1Y, ie.,

(CF*(L; Ap), m) is weakly unobstructed. In particular, if the minimal Maslov index of L is at
least two, then, WY (b) = W(b).

Proof. By (2.7), we have
my(17) =1¥ — 1" + I1(h),
where

() =TT >, TP evo).(([0,1] x Ma(BiLie))™ / ~)
p#p
n(p)=0
is a A1 multiple of 1". The vanishing of the contribution of higher Maslov index discs
follows from the fact that the output singular chains of are of degrees at most —2, whose

projection to CF*(L; Ag) vanishes. Hence we can write (2.2) as
m(17) =1" - (1-h)T", (2.22)

where h e Ay.
Let’s tentatively take b’ = b+ 1". We have

/

mg (1) =mo(1) +my(b+1) +myb+17,b+1) +... = W(b)T"+ > mfs(1").
n(p)=0

The second equality is due to the vanishing of the m; operations with more than one 1" as

an input since the outputs are of degrees at most —2. Also, notice that the terms mll’,ﬁ(l')

are of degree 0 and therefore are multiples of 1".
Using the notation of (2.22), we can write

D oml(1) =17 = (1-h(b))1" =17 - (1-h)1" + > Mipre66( b b, 17, b, b)),
H(B)=0 H(B)=0,1+>1 Y T

Since there exist no gradient flow line from b to the maximum 17, the contribution of the

terms
> mipanp( b b, 1, b D)
O+0r>1 S———’ S———’

4 U
are zero, and therefore h(b) € A..

Now, set b™ = b + Ww(b)l'. We have

W(b)

1-h(b))17) = 1V = WY(b)1". (2.23)

S — v J—
Ty (U
This means b € MC(CF*(L; Ay)).

If the minimal Maslov index of L is at least two, then, h(b) = 0 and therefore WV (b) =
W(b). O

Definition 2.8. Let x1,...,x4 be a basis of CF}(L;Q), and write b = 2?:1 xix;, x' e Ay, If
mb = W(x!,...,x%)1", then we will call WY (x',...,x%) the disc potential of (CF*(L; Ag), m).
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2.3 The equivariant Morse model. Let G be a compact Lie group. We choose smooth
finite dimensional approximations EG(N) and BG(N) for the universal bundle EG and
classifying space BG,
EG(0) = G — EG(1) > EG(2) — ... (2.24)

and

BG(0) = pt = BG(1) = BG(2) — .... (2.25)
The maps above are taken to be smooth embeddings. We view T*EG(N) and T*BG(N)
as symplectic manifolds equipped with the canonical symplectic forms. Let g be the Lie
algebra of G and let i : T*EG(N) — g* be a moment map for the Hamiltonian G-action
on T*EG(N) lifted from the G-action on EG(N). Since G acts on T*EG(N) freely, we
have

T*EG(N)/G := uy'(0)/G = T*BG(N),
canonically, as symplectic manifolds. We denote by Jr«pg(n) the almost complex structure
induced by a G-invariant compatible almost complex structure on T*EG(N).

Let (X,wx) be a symplectic manifold equipped with a symplectic G-action and let
Jx be a G-invariant almost complex structure compatible with wx. We again assume
X is convex at infinity or geometrically bounded if it is non-compact. Let L < X be a
G-invariant, closed, connected, relatively spin Lagrangian submanifold.

Let Xy = X x¢ py'(0) and set Xg = lim_, Xy. We note that 7 : Xy — T*BG(N) is a
fiber bundle with fibers X. Let 1 : X — Xy be the inclusion of a fiber. By construction, Xy
is endowed with a symplectic form wy, and a compatible almost complex structure Jx,
satisfying

wXN|XN,1 = Wxy_1s l*a)XN = Wy, (226)
and
Jxylxys = Jxy_1, DioJx =]JxyoDiy Dmo]xy = Jr«pgn)° D7 (2.27)
Let Ly = L xg EG(N) be the finite dimensional approximations of the Borel construction
Lc = L xg EG. We note that Ly — BG(N) is a fiber bundle with fibers L. (2.24) and
(2.25) induce a commutative diagram

LO e L c Ll c L2 c e
‘ ‘ l 228)
XO e X c Xl c XZ c e

where the vertical arrows are embeddings of Lagrangian submanifolds.

Proposition 2.9 (effective disc classes). The induced map 1, : Hy(X,L; Z) — Hx(Xn, Ln; Z)
restricts to a bijection
L HS®(X, L) 5 HS®(Xn, Ly). (2.29)

Proof. Suppose u : (D?,0D?) — (Xy,Ly) be a Jx,-holomorphic disc. Then, wou is a
Jr*Bc(n)-holomorphic disc with Lagrangian boundary condition BG(N). Since BG(N)
T*BG(N) is an exact Lagrangian, it does not bound any non-trivial pseudo-holomorphic
discs. This means 77 o u is necessarily constant and Im(u) is contained in a fiber of 7t over
BG(N). O

Corollary 2.10 (Maslov index). The Maslov index of B € H$%(X, L) is equal to the Maslov
index of 1. € H$® (X, L)
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For simplicity, we will denote the disc classes p € Hgff (X,L) and 1,p € Hgff (XN, LN)
both by B. We also denote their Maslov index by u(p) and symplectic area by w(p).

Corollary 2.11 (regularity). A Jx,-holomorphic disc u : (D?,0D?) — (X, Ly) is reqular if it
is regular as a disc in the corresponding fiber of 7t.

Proof. Let E := u*TXy and F := (0u)*TLy. Denote by A°(E,F) the space of smooth
global sections of E with boundary values in F and by A!(E) the space of smooth global
(0,1)-forms with coefficient in E. Consider the two term elliptic complex

AY(E,F) % AY(E). (2.30)

Here ¢ is the Cauchy-Riemann map linearized at u. Pulling-back the following exact
sequences
0->TX - TXy —» TT*BG(N) — 0,

0—TL— TLy — TBG(N) — 0.
via u, we can choose splittings
E=E®E =u*TX® (mou)*TT*BG(N),
and
F=F®F := (0u)*TL® (;tro du)*TBG(N),
such that F; < E; and F, < E; are subbundles. This gives a decomposition of (2.30)

AYE;, F) @ AY(Ey, B) 297, AL(E)) @ AY(E,).

By Proposition 2.9, 7t ou is a constant map and hence 0p is surjective. Therefore, 0 is
surjective if and only if 0; is surjective. ]

Let {(fn, ¥N)}n=0 be a collection such that each pair (fn, *v) is a Morse-Smale pair
on Ly. Let (CF*(Ly;Ag),mN) denote be the unital Morse model for Ly constructed
following Section 2.2. We denote by @, mN+ the A, structure on the singular chain
models C*(Ly; Ag) and C*(Ly; Ag) ™, respectively, and by mY the maps associated to the
decorated planar rooted trees T in the definition of m™.

Let’s recall that for an element p = [%,Z, u] € M, 1(B; L), a Kuranishi chart around u
is a quintuple (V}, Ep, T'p,9p,sp), where T, is the finite automorphism group of (X,Z, u)
acting on the vector bundle E, — V), V), is smooth a manifold with corners parameteriz-
ing smooth stable maps close to u , s, = 0}, is a I'-equivariant smooth section of E, — V),
and ¢, is a homeomorphism from s;l{O}/ [, to a neighborhood of p. By Proposition
2.9, u is contained in a fiber of Xy — T*BG(N) over BG(N). For every N > 0 and
q € BG(N), we choose a contractible neighborhood U, of g in BG(N) and a trivializa-
tion of 777! (U;) = X x U, (and similarly Ly|y, = L x U,) compatible with the diagram
(2.28). This gives an trivialization My 1(B;L) x U, of M;1(B;Ly). Then, for an ele-
ment p in a fiber of M;1(B;L) x U; — Uy, we can take the Kuranishi chart around p to
be (V}, x Ug“, E, ® T,BG(N)®K,T,, (yy,id), 0} ), where ), is the pullback of ¢, via the
projection 5;1(0)/Fp x Uy — 551(0)/1’,[, and id : U; — U, is the identity. Then, we have

Mie1(B; Ln-1) = Miga (B Ln) ¥y L1,
as Kuranishi structures. Moreover, we can orient the moduli spaces using the relative

spin structure on L such that the orientations are compatible with the restriction above.
We now describe a Morse model for equivariant Lagrangian Floer theory.
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Condition 2.12. We choose Morse-Smale pairs {(fn, ¥N)} satisfying the following conditions.

(1) For N > 1, we have fn|ry_, = fn—1 and IN|Ly_, = YN—1. This means Crit(fn_1) <
Crit(fn), and

W (i p) oy I = WH(fn-1;p),
for p € Crit(fn_1).
(2) For N > 1, and q € LNy\LN_1, we have ®;(q) ¢ Ly_1 for all t = 0. This implies
WH(fNip) X1y L1 = &
for p € Crit(fny)\Crit(fn-1), and t(W*(fx-1;p)) = W*(fn; p) in Ly for p € Crit(fn—1)-

(3) For every £ = 0, there exists an integer N(€) > 0 such that |p| > ¢ for all N = N(¢) and
pe Crit(fN)\CI‘it(fN_1).

(4) The Morse function fy has a unique maximum 1j and the inclusion of critical points
Crit(fy) — Crit(fn41) maps 1] to 17 . This means we have CF*(Ln;No) <
CF*(Ln+1; o). We will abuse notation and denote 17, , 1/ and 1j  simply by 17,
1Y, and 1°.

The Morse-Smale pairs {(fn, *~)} can be constructed as follows. We choose EU (k)
to be the infinite Stiefel manifold V;(C*) and BU(k) to be the infinite Grassmanian
Gk(C*®) = V¢(C*®)/U(k). We have an embedding of G,(C®) into the skew-Hermitian
matrices on C* by identifying V € G,(C™) with the orthogonal projection Py on V. Let
A be the diagonal matrix with entries {1,2,3, ...}, the map

F:Gi(C*) > R, F(V)=—Re(tr(AV)),
is a perfect Morse function decreasing along the finite dimension strata G (CN) < G(C®)
as k increases.

We fix an embedding G — U(n) of Lie groups for sufficiently large n, and choose
EG = EU(n) and BG = EU(n)/G. This induces a fibration 77 : BG — BU(k) with fibers
U(k)/G. We choose a partition of unity {p;} subordinate to open cover {U;} of G;(C*)

We remark that the restrictions of a typical Morse function on BG to BG(N) satisfy the
above properties. We can use a partition of unity on BG together with Morse functions on

L to construct Morse functions on the total space of the fibration L — BG so that their
restrictions to Ly — BG(N) satisfy the above properties.

Proposition 2.13. Let 1%71 : CF*(Ln-1;/\o) — CF*(Ln;Ao) be the inclusion map. Under
Condition 2.12, the singular chain models (C*(Ly; Ao)t, @N") can be constructed such that the
resulting Morse models (CF*(Ln; Ao), mN) satisfy the following property:

Nt (o e p)) = m (o ) (2331)

for p1,...,pk € CF*(Ln—1;Ao) and T € Ty 1. The RHS means that we only consider the outputs
OfITllIy in CF'(LNfl;Ao).

Proof. We proceed by induction on N. For N = 0, the statement of the proposition is void.
Suppose we have constructed A-algebras (CF*(Lyr ;Ao),mN'), N’ < N, satisfying (2.31).
Let Xg(Ln) = Xg(Ln) be the subset

Xe(Ln) = {P € Xg(LN)|P x1y Ln-1 # O}
Denote by A, n unstable chain of p € Crit(fy) defined as in (2.11). For ¢ = —1, we have
Xil(LN) = {AP/N|p € Crit(fol)},
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by Condition 2.12. We define r_; : X (Ln) — X_1(Ln—1) by r—1(ApN) = ApN—1-

Letd = {a1, .. .,a|ﬁ|} C {1, .. .,k}, a < ... < a|ﬁ|. For p1,-- 'kaf\ﬁ\ € Crit(fol), let
Ay = (ApNs- - Bp,_N), and let 5;(] be the k-tuple obtained by inserting e = A;~ into
the ay, ... ,a‘ﬁ‘—th places of Ayn. Since the holomorphic discs are contained in the fibers of
Xn — T*BG(N) over BG(N), by Condition 2.12, we have

Mii1-pa (B Ln; Bn) %1y L1 = M1 (B; Ln—1; An-1), (2.32)

and
([0,1]|ﬁ| X Mi1(B; Li; 5;(;)) 1y Lno1 = [0, 1% x M1 (B Lv—1; 8% 1), (2.33)

as compact subsets of M 1_z(B; Ln; An) and [0,1]1 x My, (B; Ln; K;\’]), respectively.
Note that the restriction of the natural Kuranishi structure for the fiber product My 17 (B; Ln)
(resp. [0,1] x My, 1(B; Ln)) to the LHS of (2.32) (resp. (2.33)) agrees with the Kuranishi
structure of the RHS of (2.32) (resp. (2.33)).

For ¢ > 0, suppose Xy/(L) had been constructed for ¢’ < g. We construct the set of

singular simplices X, (L), and choose perturbations s, 605y | (0,B)| = g and 5;; KB
Pty 2PN
|(dF, B)|| = g with following additional properties:
(1) There exists a bijection rg : Xg(Ln) — Xg(Ln-1)-
(2) Let Py = (PiN, -, PeN), PiN € Xa/(i)(LN)' and 0(i) < g, we have
M i1(B; L; Pn) x Ly Ln-1 = Myyq (B Ln-1; Py, -+, Pon—1) (2.34)

as Kuranishi structures, where P; ny_1 = 75()(P;n) € Xy (Ln-1)-
(3) Let P: = (Pins- Pin), Piv € Xa/+(i)(LN) with 97 (i) < g, we have

([0,1]|ﬁ| x Myi1(B; Ln; 13;?)) 1y Ln—1 = [0,1]1% x My 1(B; In-1; Py 1 Piny)
(2.35)
as Kuranishi structures, where Py _; = 750y (P;y) € Xy (Ln-1). In particular, if
Pi:FN = AlzN, then PijLNfl = AliN_] .

(4) Let Py € Xa/(i)(LN)’ i=1,...,0 Let 55,60, Py_1 be the perturbation chosen at the

previous inductive step on N for M, 1(B; Ly_1; Py). If || (9, B)|| = &, then for each
p € Crit(fy_1), there is a bijective correspondence between the simplices in the
triangulation of

(eVO) ® (M‘€+1 (‘B; LN*l/ ﬁNfl)ﬁnrﬁ'[/ﬁN_l >

which are of complementary dimension to the stable submanifold W*(fy_1; p) in
Ly-1 and intersects W*(fn_1; p) at a unique point, and simplices in the triangula-
tion of

(e¥0)s (Mpaa(B; L Pr) o7 )

which are of complementary dimension to the stable submanifold W*(fy; p) in Ly
and intersects W*(fy; p) at a unique point. Moreover, the intersection points for
the corresponding simplices have the same orientation.
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Jr

(5) The analogue of (4) holds for the perturbation A e

and the simplices in the

triangulation of

(evo)s (([0,1]|d| « Mo (B; L ﬁﬁ))ﬁzﬂkﬁ,ﬁﬁ) )

It is easy to see that these properties together would imply that (CF*(n; Ag), m") satisfies
property (2.31).
Let Py € Xal(i)(LN)' i=1,...,¢ Suppose ||(d,B)|| = g, then d(i) < g. By (2), we have

M1(B; Ln; Pn) X1y Ln—1 = My (B; Ln—1; Pn-1)
as Kuranishi structures. We choose perturbation s, 80,8y tO extend the perturbation s, B,0,By
and the perturbation for the boundary strata My, 1(B; Ln; Py). Note that 50,60,y 1

compatible with the perturbation for oM, (B; Ln; ﬁN), since the latter is extended from
the perturbation for @M1 (B; Ln; Px) %1, Ln_1 at previous inductive steps on g.

We triangulate M, 1(B; Ly; Py)™#"" extending the triangulation on
M1(B; Ln—-1; ﬁN_1)5°'5'3'ﬁ N-1 and triangulation on the boundary strata. We can choose the

perturbation s 6,0,y such that any simplex in this triangulation away from M1 (8; Ly_1; Py_1 ) oB LN
N

is

is transverse to the stable submanifolds of fy (via the evaluation map evy). Suppose T
is a simplex in this triangulation and ™ x [, Ly 1 # . By subdividing if necessary, we
can assume that ™ has a face ™! in M, {(B; Ly _1; 1_3}\],1)%'["“3 N-1 and no other faces of
TV of dimension greater or equal to dim V! are in M, 1(8; Ln_1; ﬁN,l)s“’ﬁ""ﬁ N-1, Notice
that TV is not transverse to all stable submanifolds of fy, since the stable submanifolds
remain unchanged by Condition 2.12 but the ambient space Ly is of higher dimension
than Ly_;. We can however move the vertices of ™ so that it is transverse to the sta-

ble submanifolds of fy. We choose the perturbation 5;1 LB and the triangulation for
N

([Or 1 x Myy1(B; L ﬁ;1r>)5;'k'ﬁ'ﬁ§ in a similar manner.
Finally, we define rg : Xg(Ly) — Xg(Ly-1) by rg(tV) = V71, and ro(G(7V)) =
G(TN ). O
Let CFZ(L; Ag) be the direct limit
CEE(L; Ag) = lim CF* (Ly; Ao).

For k > 0 and T € T, 1, we define the map m& : CF&(L; Ag)®* — CFa(L; Ag) as follows.
Let p1,...,px € CF&(L; Ag) and suppose pi,...,px € CF*(Ly,; Ao)T for some Np. Set
l= Zi‘(:l lpil +2 —k —u(T), and let N(¢) > Ny be as in Condition 2.12 (3). We define m¢
by
¢
m?(pl,...,pk) :my( )(pl,...,pk). (236)
By Proposition 2.13, (2.36) is defined independent of the choice of N(¢). We define the
maps m¥ : CF&(L; Ag)®* — CFe(L; Ag) by
mgy = > TP mE. (2.37)
rerk+1'ﬁ:2 ﬁry(v)

mg = mgg. (2.38)
B
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It is easy to see that (CF&(L; Ag), m®), m® = (m%)=o, is an Ag-algebra with a strict
unit 1V. For fixed inputs, the Ay -relations can be checked on (CF*(Ly;Ag), mY) for
sufficiently large N.

(CF(L; Ao), m&) will be our Morse model for the G-equivariant Lagrangian Floer the-
ory (G-equivariant pearl complex) of L.

2.4 Homotopy partial units and the equivariant disc potentials. The main goal of this
paper is to recover the equivariant toric super potentials

d .

Wy =W+ > x'A,

i=1
as the disc potentials of a T = (S!)?-equivariant Lagrangian Floer theory (CF}(L; Ag), mT)
of the regular moment map fibers L of 2d-dimensional compact semi-Fano toric mani-
folds. The terms Ay,..., A4 are the equivariant parameters generating the cohomology
ring

H}(pt) = H.(BT,C) = C[)\l, [P ,/\d].
Clearly, arbitrary choices of Morse functions fn would not suffice for our purpose since
the equivariant parameters do not manifest as elements of CF}(L; Ag). Moreover, since
A1, ..., Az have cohomological degree 2, the expression of W), suggests that the defor-
mation mg’b is, a priori, obstructed. For these reasons, we construct in this section a
homotopy equivalent alternative to our equivariant Morse model and define its equivari-
ant disc potential in the case when BG admits a perfect Morse function. This has the
advantage of being more suitable for applications.
To begin with, we fix a Morse function f on L with a unique maximum point and set

fo := f. We choose the Morse functions fy on Ly for N > 1 to be of the form

N = TN + ON
where

e ¢y is a perfect Morse functions on BG(N). The existence of such Morse functions
is well-known when G is a torus or U(n).

e ¢y is a (generically) fiberwise Morse function over BG(N) such that ¢y restricted
to the fiber L = 7ry,' ({A}) over each critical point A € Crit(¢y) agrees with f.

With such choices of Morse functions, we have

c* (fN} A()) =C* (f, Ao) ®H.(BG(N),A0)
and

CFC.;(L, Ao) = (C. (f, Ao) ® Hé(pt; Ao)) @ Ao 1" e No-T7.
It is well known that Hg (pt) = H3(pt)"V where T < G is a maximal torus and W is the
Weyl group. This means H¢. (pt) is a polynomial ring with generators in even degrees.
Let 1] denote the maximum point of f. We enlarge C*(fn; Ao) fiberwise over Crit(¢y)
to CF* (LN,' /\())Jr
CF*(Ln; Ao)" = CF*(L; Ag) @ H*(BG(N); Ag).

For A € Crit(¢n), we put

AT=1®A A =1"QA A =1QA
We also denote the maixmum point of Crit(¢n) by 1z¢(y) and put

1"=1 ®lBG(N)I 1V =1" ®IBG(N)f 1" =1 ®1BG(N)'
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Let
C*(Ln; Ao)T = C*(Ln; Ao) T ® H*(BG(N); Ag).
We will abuse notations and put
AT=e®A, A =e"®A A =fRA
Using the idea of the homotopy unit construction, we can construct an A-structure
on C*(Ly; Ag)' with the following properties.

The restricton of mN'f to C*(Ly; Ag)" agrees with @M. In particular, e* is the strict
unit, and f is the homotopy between e and e™.

The tﬁi\] A operations with A" as an input are given by

Nt

dy T(AY, M) =et@AiuA, @AM = feAUA, (2.39)
where v is the cup product of H*(BG(N)), and
@y (A7, P) =m)f (A7, P),  @)(P,AY) =m) (A7) (2.40)

for Pe C*(Ln; Ao)t a singular chaln Moreover,
at(. A7) =0 (2.41)
for k # 2.

A" is the homotopy between A” and A" in the following sense.

Let @ = {ay,...,am} < {1,...,k}, a1 < ... < aj. For P = (Pl,...,Pk,m) with P; €
Xa(i) (Ly), let D' be the k-tuple obtained by inserting A into the a3, ..., ajz-th places of B.
We put of = gl.T, if Pt = (PlT,...,PkT) and Pl.T € XgT(L)-

Let @' [[4* = @ be a splitting of 7. Denote by P’ the (k — |a'|)-tuple given by re-
moving A" from the a%,...,a?ﬁ”—th places of Bf. For the choices of perturbations for
Mi;1(B; Ly; PT). We have the perturbation Sat kB, Bt obtained by just inserting A" into the
ai, ..., a7-th place and the perturbations sV pulled back via forgetz, z, : Myi1(B; Ln; P -
M- (B Ln; P P'). Moreover, we have a perturbation 5ZT,k,ﬂ,I3T on [0,1]1% x M1 (B; Ln; PT)
interpolating between them.

The ﬁ"l,](\, g operations, (k, B) # (1, o), with inputs A" inserted into a4, .. ., a)5-th place of
P are defined by

(evo)s (([0 1 % My (B Ly P ) st ) ) (242)

Here ~ is once again the equivalence relation collapsing fibers of the forgetful maps.
Since W"(fn; A7) is the restriction of the bundle Ly — BG(N) over W"(¢n, A), our choice
of Kuranishi structures for the disc moduli (see Section 2.3) ensures that

(evo)s (Mk+1(ﬂ; Ln; ﬁT)Sv>
are degenerate singular chains which become zero in the quotient.
The definitions of tﬁ,]{\] }’J operations, (k, ) # (1,Bo), with distinct A” (and 17) as inputs
are similar to what we have described above, and hence omitted.
We also set

dpg (AT) =AY =17,
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and therefore
AT A =AY A" + by, (2.43)

= > TP (evo), (([0,1] x Ma(B;Ly;A™))" / ~) =0 mod A - C*(Ly; Ao)'.
B#Bo
(2.44)
We again use homological perturbation to reduce (C*(Ly; Ag)t, ®N") to a As-algebra
(CF*(Ly; Mo)T,mN'1) as in Section 2.2. Aside from the obvious properties inherited from
(C*(Ln; Ao)T,mNT), it has the following additional property: Let X = >} x;®A; € CF*(Ly; Ao)T,
and denote A - X =3 x;®@(AuAj)and XA =3 x;® (Aj uA). We have

my T(AY, X) =7 - X, (2.45)
my (X, A7) = XA, (2.46)

and therefore
m (A7, X) = (=1) X T(X,A7). (2.47)

Let
CF&(L; Ag)t = im CF*(Ly; Ao)" = CF*(L; Ag) ® HE (pt; Ao).

We define the alternative equivariant Morse model (CFg(L; Ag)f, m&T) using the finite
dimensional approximations (CF*(Ly;Ag)f,mNT) as in Section 2.3. We summarize its
properties below.

The restriction of m&T to CF&(L; Ag) agrees with m©.

We have
my T (A7, X) = A- X = (-1)XIm$T(X, A7) (2.48)
for X € C&(L; Ap)', and
moT(.,A%,.) =0, (2.49)
for k # 2.
When the minimal Maslov index of L is nonnegative, the elements 1" and A~ satisfy
mi (1) =1" - (1 -h)1, (2.50)
for some h, and
m (A7) = my T (m$T(AY,17) = —(AY = (1=h)A"), (2.51)

where the last inequality follows from Ag-relations.
Since the properties A satisfy are similar to those of a strict unit, we will call A" partial
units and A” homotopy partial units.
The following theorem shows that (CF&(L; Ag)f, m® ) can be defined over the graded
coefficient ring H¢ (pt; Ao), namely
(CR&(L; Mo)!,m&) = (CF*(L; HE (pt; Ao)), m™), (252)

It is important to point out that the A -structure of RHS cannot be determined by m since
the latter does not reflect structure of the fiber bundle L — BG.

Theorem 2.14. Let Xy, ..., X € CF&(L; Ao)'. Let £ € {1,...,k} and write X, = Y, ;@ A;. We
have

me (X, ..., X DO A m (X, Xes, 5 ©1, Xy, - X). (2.53)
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Proof. By (2.48), we have
w (X, X, 2 @A Xeg, o, Xe) = m (X, X, my (A, 5 ©1), Xpsa, -, X)),
Then, by (2.49) and A -relations, we have
m]((_;,T(Xlr . Xf 1, mZ (Av X ® 1) Xf-‘rl/ .. /Xk) = (_1)£7lml((3j(m§j(/\v/ Xl) .o lefll Xi ® 1/ XZ+1/ ... /Xk)
= (-D)'mgT A", mPT(Xy, .., X, i ®1, X, -, Xi)-
Applying (2.48) to the last term above, we get
mf,T(Xli ey Xé—l/ xi®Aj/ X€+1/ ey Xk) = (_1)3/\] ) mf,T(Xll ey Xf—l/ xi®1/ X€+1/ ey Xk)
O

Let’s now consider a modified version of weak Maurer-Cartan equation for (CFg, (L; AO)T, mG'T).
Let b e CFL(L; Ay )" and let m;” S1! be the deformation of m,”’ ST by b. Suppose

mG’T’h(l) € He(pt; Ag) - 1. (2.54)

From (2.48), (2.49), we have (mf Tb) = 0, which gives rise to a well-defined coho-
mology theory H*(CF&(L; Ao)T, mf ). We therefore define the equivariant weak Maurer-
Cartan space of CF2(L; Ao)T to be

MCg (CPé(L; AO)T) = {be CRe(L;A4) " | b satisfies (2.54)} .
Definition 2.15. We say that (CFg(L; Ag)t, m© ) is weakly unobstructed if MCg (CFg(L; Ao)T)
is nonempty.
Similar to Lemma 2.7, we have
Lemma 2.16. Let b € CFL(L; A}). Suppose mg’“’(l) = W(B)T" + Xgegr—2 Pa(b)A", and
the minimal Maslov index of L is nonnegative, then there exists b’ € CFL(L; Ay)" such that

mg’T’bT(l) = WY ()17 + Xgegr—2 @Y (D)LY, ie., (CFS(L; Ao)T, mCT) is weakly unobstructed.
In particular, if the minimal Maslov index of L is at least two, then WY = W(b), ¢ (b) = ¢a (D).

Proof. Let’s tentatively take b’ = b+W(b)1" + >, .1 ¢a(b)A". We also put by = b+ W(b)1"
and by = W(b)1" + >3, .1 ¢a(b)A". By (2.51) we have

mg ™ (1) = W(B)1 + D ga(B)A” + W(b) (17 — ~ > galb) (AY = (1= Rm)A7) +
A#1 A#1
Z (mlflT(bll--'lb)—i_mk b2/ .-, +2¢)\ )me’T(,b,/\v,)>
k=2 A#1

Here >’ mlf’T(. ..,b,A7,...) is the summation over the terms which have both b and A" as
inputs.
By the proof of Lemma 2.7, we have

W(b)(1¥ — (1 -h)T7) +Zm (by,...,b) = W(b)(1" — (1 —h(b))17)

for some h(b) € A,. We also have >}, -, mk (bz, ...,bp) = 0 by the proof of Lemma 2.16.
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Let’s now consider the terms mk ( ,b,A7,...). By (2.48), (2.49) and A -relations, we
have

mST (b AT, L) = (—1)8 S (Av,mg"'T (/\V,...mg’T(/\v ,?T(...,b,r,...)))),

where the inner most term mE’T(. ..,b,17,...) has only 1" and b as inputs. By degree
reason mk ( ,b,17,...) = 0 when it has more than one 1" as inputs. This means
(. ..,b,A7,...) = 0 when it has two A" or both 1" and A" as inputs. Therefore,

Mo bAT, ) =Y m (b, b4, )
— (—1)% Y m! (AV,mE'T(b,...,b,r,b,...,b)) .

Recall from the proof of Lemma 2.7 that mG T(b, ...,b,17,b,...,b) is a A, multiple of
17. Since mG T()\v, 1) = A7, the RHS above isa A+ multiple of A7. We can therefore write

—E%(b)(ﬂ— 2 P (b LA,
A#1 k=2,A#1
==Y (b (1—ha(D)A")
A#1

for some h,(b) € A
Finally, let

t_ b) .. RAVEY
b =b+— b>1 +§1m(b>—1/\' (2.55)
We have
mS 1y = w1 par o V@) NT7) — (1= hy(b))A
0 (1) = W(b) +§1¢A() +1_h(b)( -(1- +§11—m (1= (0))A7)
1V+Z 1—hA = WY(b)1" + > ¢y (b)AY
A#1

Since W(b), ,(b) € Ay, we get bT € MCg (CF(';(L; Ao)Y).
If the minimal Maslov index of L is at least two, then h(b) = 0, h)(b) = 0 and therefore
WY(b) = W(b), ¢ (b) = ¢a(b). a

Equation (2.50) implies [17] = [1V]/(1 — h) € HF2(L; Ao) (in the weakly unobstructed
case so that the equivariant Floer cohomology is well-defined). Since h € A4, 17 is a
cohomological unit. This is important, for instance when we consider isomorphisms of
objects in the Fukaya category.

Corollary 2.17. In the setting of Lemma 2.16, if b € C'(f; Ag) and mf(1) € Ag- 1", then
(CF&(L; Ao)T, mC ) is weakly unobstructed.

Proof. If b € CY(f;Ag) and mf(1) € Ag-1", then mg’T’b(l) is of the form mg’T’b(l) =
W(D)1™ + 2541 Pa(D)A". O

Here we remark that if b CF(l;(L; Ao), then in fact b € C!(f; Ag), since the generators
of Hg(pt; Ag) are of (even) degrees at least 2 (other than the fundamental class).
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Definition 2.18. Let X, ..., X; be a basis of CF&(L;Q), and write b = Zle X X;, xi e Ay If
mg’T’b(l) =W(xl, .., xN)1+ X, pa(xl, ..., x))A7, then we will call

WO (xt, L x) =W, x ) + ) e (2 A
A

the equivariant disc potential of (CF&(L; Ag)T, m&T).

2.5 Equivariant Floer theory for Lagrangian immersions. In this section we describe
a generalization of the equivariant Morse model to immersed Lagrangians with clean
self-intersections.

The singular chain model of Lagrangian Floer thoery for immersed Lagrangians with
transverse self-intersections has been developed by Akaho-Joyce [ ]. Their construc-
tion can be generalized to the case of clean self-intersections when combined with La-
grangian Floer theory for a pair of cleanly intersecting Lagrangians in [ ]. We
begin by explaining this singular chain model.

Let (X, wx) be as in Section 2.1 and let L be a closed, connected, relatively spin, im-
mersed Lagrangian submanifold with clean self-intersections. We denote by : : L — X
the immersion Ly and by Z the self-intersection. We assume the preimage of Z consists of
two sets of connected components Z~ and Z*, each of which is diffeomorphic to Z. We

write
i XL i = H R],
j=—1,01
where Ry is the diagonal and

Ri={(p—,py)eLxLlp_eZ ,pr eI up-)=1lps)}

Ry ={(pr,p-)eLxLipy eI p_eI,ups)=1(p-)},
We have canonical isomorphisms Ry & Land R_; @ Ry @ Z. R_1 and R; are the two
branches of the immersed loci.

Let Jx be a compatible almost complex structure of (X,w). Let a : {0,...,k} —
{-1,0,1}. Let (¥,Z, u, ii) be a quadruple, where ¥ is a genus 0 bordered Riemann surface,
Z = (2o, ...,zx) are distinct counter-clockwise ordered smooth points on ¢%, u : (X, 0X) —
(X,L) is a J-holomorphic map with (X,Z,u) stable, and i : 0X\{z;|a(i) # 0} — L is a con-
tinuous map, such that i is locally a lift of u|sx, i.e.,

LOﬁ:M|aZ

and

Z—)Zi Z—)ZITF

(hm_ IZ(Z), lim ﬁ(Z)) € Rtx(i)/ (X(Z) # 0.
Let B € Hy(X,L;Z). We denote by My 1(«,B; L) the moduli space of such quadruples
[X,Z, u,i] satisfying u.([X]) = B.

For the convenience of writing, we introduce the following terminology: We will refer
to elements of My 1(«,B;L) as stable polygons if a(i) # 0 for some i € {0,...,k}. The
corners of a polygon are the boundary marked points z; with a(i) # 0. If a(i) = 0 for all
i, we will simply refer to the elements of My 1(«, B; L) as stable discs.

Let 0 : R_1[[ Ry — R_1[]R; be the involution swapping the two immersed sectors,

ie, o(p_,p+) = (p+,p-). We have evaluation maps ev; : My 1(a,B; L) — L x L defined
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by
i(z;) € Ro a(i)=0
evi([Z, <hm ), lim,_, ﬁ(z)) € Ryiy a(i) #0,
at the input marked points i =1, k and
evo([X,Z,u,i]) = . . : -
0 o (hmzﬁza i(z), lim,_, u(z)) € R 40 «(0)#0,

at the output marked point.
The Kuranishi structures on My 1(a, B;L) are taken to be weakly submersive. For

P=(P,...,P),P,...,Pre S*(L x; L;Q), we denote by M;_(«, B, P) the fiber product
Mk+1(0¢,ﬁlp> Miy1(a, B, L) x (Lx L)kp

in the sense of Kuranishi structures. We can then construct an A-structure v on a
countably generated subcomplex C*(L; Ag) as in Section 2.1. We define the maps 1 :

C*(L; Ag)® — C*(L; Ag) = S*(L x1 L; Ag) by
iy g, (P) = (—1)"0P,
and by
T o) (Pro- - P) = (ev0)u (Mia(w, B P)?),
g (P, Pe) = D i (o) (Prr- - )
z

for (k,8) # (1,Bo). Notice that my (,g)(P1,...,Px) = & unless P; is a singular chain on
R,(i)- The Ax-operations my are given by

(P, ..., P) =Y TPy (P, Py).
B

Similarly, we have a unital A-algebra (C*(L; Ag)™, ") homotopy equivalent to ((C*(L; Ay),

obtained via the homotopy unit construction.
Let f : L x; L — R be a Morse function with a unique maximum point 17 on L. Let
C*(f; Ao) be the cochain complex generated by the critical points of f

C(firo)= D No-p,
peCrit(f)
and set
CF.(L,‘ AO) = C.(f;A()) @D Ag- 1Y @®Ay-1".

Let

A 1(L) = {Aplp € Crit(f)},
where A, is defined by (2.11). Let Cf_l)(L}Ao) c S*(L x1 L; Ag) be the subcomplex
generated elements in X_1(L), and set

C(.—l) (L,‘ A0)+ = CE_l) (L; Ao) (—BAO . (';'jL (—B A() . f
We again identify CF*(L; Ag) with C7_,,(L; Ag)* via the assignment p — A, and equip
CF*(L; Ao) with a unital A-structure m via homological peturbation as in Section 2.2.
The A, operations my counts stable pearly trees: the interior vertices of a tree are

decorated by stable polygons. The edges of a tree correspond to gradient flow lines of the
Morse function f (on one of the connected components R;). The connected component R;

)
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that the flow line is contained in has to match with the branch jump label of the corner
of the disc that the flow line is attached to, or otherwise the fiber product is empty. See
Figure 3 for some examples.

For a pair (L1, Ly) of closed, connected, relatively spin, embedded Lagrangian subman-
ifolds intersecting cleanly, the union L = L; u L is a immersed Lagrangian with clean
self-intersections with L = L; [ [ Lo. We choose the splitting : 1(Z) = Z~[[Z" so that
I-cLiandZT c L,.

We can define a pearl complex (CF*(Ly, Ly; Ag), m;""?) for the Lagrangian intersection
Floer theory of (L1, L;) as follows:

CF*(Ly,Ly;Ao) = @B Ao-p
peCrit(flx, )

is the subcomplex of CF*(L; Ag) generated by critical points of f in Ry, and mf 112 counts
stable pearly trees I' € I'; with input and output vertices in R;.

For the equivariant Morse model, we consider a Lagrangian immersion ¢ : L — X
which is G-equivariant. We have the Borel construction Lg = L xg EG — BG which has
the self-clean interesection Zo < L, and normalization ¢ : L — Lg. We can choose a
suitable collection of Morse-Smale pairs (fn, ¥n) on the finite dimensional approximation
Ly x1y Ly of Lg XLg Lg and proceed to construct A-algebras (CEL(L; Ag), m%) and
(CF&(L; Ag)t, mET) following Section 2.2 and 2.4. This give rise to interesting equivariant
disc potentials even in the case when L is unobstructed as we will see in Section 4.

(2) (1) 1
P e P q1 p( )
RN Ll Ko !

N 4 Ll ---------- S
dient flow alon
Lo Lo gra; g

Ly 60 Lo clean intersection

_—
gradient flow along
ambient Lagrangian

q q
This pearl tree is allowed This pearl tree does not exist

FiGure 3. In the figure, By is a constant polygon. The pearly tree shown
on the right actually does not exist, due to inconsistency of Lagrangian
boundary labels.

3. THE T-EQUIVARIANT DISC POTENTIALS OF TORIC MANIFOLDS

In this section, we study the equivariant Morse model in the case of a torus T = (S!)*
acting on a closed, connected, relative spin Lagrangian submanifold L = (S!)* x P of
product type of a 2d-dimensional symplectic T-manifold X, such that T acts freely on
the first factor of L and trivially on the second factor. We choose a suitable choice of
Morse-Smale pairs in order to construct (CF;(L; Ag)T, m?'T). When applied to the regular
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moment map fibers L. = (S!)? of a compact semi-Fano toric manifold, we recover the
equivariant toric superpotential W) as the equivariant disc potential.

3.1 Morse theory on the approximation spaces. We begin by describing our choice of
Morse-Smale pairs (fy, *n) on Ly.

The models we choose for the universal bundle ET and the classifying space BT are
ET = (S*)" and BT = (CIP®)’, respectively. We also have the finite dimensional approx-
imations ET(N) = ($*N+1)f and BT(N) = (CPPN)’. Since the T acts trivially on P, we
have Lt = (S!)% x (P x (CPP®)*) and Ly = (S")§ x (P x (CPN)).

For N > 1, let [z, ...,z; ] be the homogeneous coordinates on the i-th component of
BT(N) = (CPPN)’. Let y : Ly — (CIPN)’ be the projection map. Let {U;, _j,} be the open
cover of (CIPN)! defined by

Uj,.j, = {[Zi,o,---,zi,N]izl ,,,,, (€ (CPNY

Set LI]1 g = ﬂNl(Uh,_.jé) ~ L x (CN)!. We will be working with the atlas {ljl]-]_n]-é} for Ly
with local coordinates

<<9§h...]’z>,___,Qéjl.‘.m,ﬁ(h‘..jn),(Z%...]n Zfzjll/fb\: 1,...,z§,fi]-uff>>ll E)

o (jr---je)
on Uj, ;,, where 6,

nate system on P, and the term under “~” is omitted. Set 19%“'” ) = Arg (z ( (- ”)). The

Zij; # 0} :

—

€ [0,27) are angular coordinates on (S')¢, #lUi/) is any coordi-

transition map ljljlmjé to ﬁjg...j; is given by
<<9§]‘1..-]}), . 9(]1 je) ;—7‘(]1...j1;)) , <Zl(’j6..-]}), . ’21(’1]1’ Jo) _ 1,... ,Zl(’]'ll\]---]'é)>> R
(i) (i) (i) o) S Ut-Je) ZUa-e) S Ut-je) S Un--je)
J1--Je ]14...]4 J1---Je ]1'...][ 2(j1.- ][)) i,0 L] — 1,]i z,N
(67 0470 0 T 1 R G T R TRy
iLj; Lj Lj; Zijt

Let’s fix the inclusion (CIPN)! < (CPPN+1)! to be
(lzios - zin]) = ([zi0, - -, 2in, 0]) - (3.1)

Which in turn, fixes the inclusions Xy — Xy1 and Ly < Lyi1.
We have a perfect Morse function ¢ : (CIP®)’ — R

= klzig?
¢([zi0,zi1 -
l l Z Zk 0 |Zz k|2
decreasing along the finite dimensional strata. The critical points of ¢ are of the form

Crit(g) = {([0,...,0,zi), # 0,0, Jiz1,.,0) (1 - - o) € ZZo}-

with degrees given by Zle 2j;. We denote the degree 2 critical points with j; = 1, and
jx = 0 for k # i by A;. We also denote the critical point where ¢ attains the maximum by
1 BT, i.e.

tor = ([zi0 % 0,00, i, o).
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We set ¢n = ¢|pr(n). Note that ¢y is a perfect Morse function on (CPPN)!. We will
abuse notation and denote the degree two critical points and the maximum of ¢y again
by 1pr and A;, respectively. Note that we have

H*(BT(N); Z) = H*((CPN)%;Z) = Z[Ay, ..., Adl/ (ANTD),
and
Hy(ptZ) = Z[Ay, ..., Ay
On the other hand, let fp be a Morse function on P with a unique maximum 1p, and
let fs1) : (8')" = R be the perfect Morse function

f( ) (01,...,0 Zcos

The critical points of f(gi)r are of the form
Crit (f(sl)/) = {(91,. . .,95) € L|91 =0or6; = 7'[} .

Let f = (fs1), fp) be the Morse function on L. We denote by 1, the critical point where
f attains the maximum, i.e. 1) = ((O, ,0),1p). We also denote by x1, ..., x, the degree
1 critical points, and x; A xj, 1 < i <j < E the degree 2 critical points of f of the following
forms
X; = ((O, . .,91' =T7T,.. .,O),lp),
and
Xi A Xj= ((0,...,91‘ = 7'(,...,9]- = 7'(,...,0),1p).
Let {D;} be the open cover of CIP* given by

D ={(z.. ) ety : [of| <2 foranlkf. (3.2)

Let {0()} be a smooth partition of unity subordinate to {D;}, and denote by pl(j ) the post-

composition of p\/) with the projection from Lt to the i-th component of (CIP®)¢. We
define pUtt) : Lt — R by

]1 Jje) leﬁ

Let p(]1 ) = = plir-ie) lsr(N), then {py; Ga-e) } is a smooth partition of unity on Ly.
Let ¢y (-fe) lTIh,._jé — IR be the fiber-wise Morse function

471(\]]1‘"]1) (<9§]1~--J£), L ngl-~~fz)’ r—)»(jl...j[)) ’ (ZZ(JS~~-]'Z)’ 1(]11\1 Jz))) = f (9§f1~~-]'e)’ L Qéjl-~~fe), ﬁ(fl"'jf)) ’

and set
Z ol (- ]1 ]1 J{)

(j1--je)

Notice that ¢y = gbl(\?"'j”) in a neighborhood of 75'(A), A € Crit(¢y). Then, for € > 0
sufficiently small, the function fy : Ly — R defined by

fN = €PN + NK](pN

is a Morse function, with critical points

Crit(fy) = {(x,A)|x € Crit (¢N|m1w) Ae Crit((pN)} = Crit(f) x Crit(gy).
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The degree of (x,A) € Crit(fy) is given by
|(x, M) = [x] + (AL

where |x| and |A| are the degrees of x and A as critical points of f and ¢y, respectively.
Let Vp be a negative pseudo-gradient vector field for fp. Let Vi be the vector field
given by

l
- — i (j1---fe) L
VN|u1'1mjg 4;;(] ]) Zl] olz (]1 ][)
1 1]
. (ji) Jl Je ]1 Je) l9(]1 Je) 0
—1—2 lesm( ) ZpNZSII‘1< + ) W
i=1 J#ji i

Here pg\,)l pl |B . Then

In=Vn+Vp

6
is a negative pseudo-gradient for fy. For N = 0, we set fo = f, and % = Zl 1 sin(0;) — 5 9
Vp.

Proposition 3.1. For generic choices of Vp, the pairs {(fn, ¥n)} are Morse-Smale and satisfy
Condition 2.12.

For p, q € Crit(fn), let M(p,q) be the moduli space of gradient flow lines from p to g,
modulo reparametrizations. Let (C*(fn;Z), ) to be the Morse cochain complex

C(fv2Z)= @D Z-p
peCrit(fy)
We have
C'(fn;Z) =C*(f; Z)QZ[M, ..., A}/ (ANT). (3.3)
For convenience, we will write the elements of Crit(fy) as x ® A, where x € Crit(f) and

A € Crit(¢n). The following result will be used in the computation of the equivariant disc
potentials.

Proposition 3.2. For N > 1and x4, ..., xy, we have
S(x;®@1pr) =1L @A,

In particular, there exists a unique gradient flow line from x; @ 1pt to 11, ® A;.
Proof. The possible outputs of J(x; ® 1p7) are of degree 2 critical points of the form x; A
X ®1p7, and 1p ®AJ It is easy to see that ./\/l(xi ®1pT, Xj N Xg ®1BT) = ¢ if bOthj # 1
and k # i, and M (x; ® 1p7, Xj A X ® 1p7) consists of two points of opposite orientation if
either j =iork =1i.

Suppose @ : R — Ly is a flow line from x; ® 17 to 1L ® A;. Its projection Ty o ® : R —
(CPPN)! is a flow line for the vector field V on (CPN)! given by

0
/u_ ZZ 1]]1 )

i=1j#j; 6| ]l ][|



T-EQUIVARIANT DISC POTENTIAL AND SYZ MIRROR CONSTRUCTION 33

from 1g7 — Aj, whose image is contained in Up. o. This means the image of ® is contained
in Uy_o, and we can therefore write

(1) = ((ei‘”“’(t),- 800, (5570, -/zi%f‘)’(f));,:l,_..,g) :

in term of the coordinates on Uy o. For ®(t) to have the correct asymptotics, we must

have zgf'v"o)(t) =0foruy#iandv # 1; 0;0“'0)(1‘) = 0for u # i; zé?l'"o)(t) = e+ where
¥ e 0,2m); 91.(0"'0)(1?) satisfies
lim 6% (t) = n,

t——00
and

t—-+00 i
in addition to
4609 (1)
dt
Here a(t) = p§0)|u0 (e*+1%) and b(t) = p§1)|u0 (e*11%), and {pgo),pgl)} is the partition of
unity for CPL.
(0..0)

For existence of a flow line when i = j, we note that the flow line with 6; (t) = mand
¢ = 0 has the desired asymptotics. As for uniqueness, assume without loss of generality

that ®(0) is in a neighborhood of x; ® 1z7 such that pg\?)(t) =1 and pg\})(t) = 0. In this
neighborhood, we have explicitly

(0...0)
5)
950"'0)(t) =2cot! <e_t cot (’ 5 (0)>> .

i

= a(t) sin (9(0'"0)(1‘)) + b(t) sin (950"'0)(t) + 19) :

It is easy to see that

if 8% (0) = 7, and

1

otherwise. Solving for

gives
b(t) sin(9)
)+ b(t) cos(8)’

(0.0)/;y
tanf, " (t) = ol

This means we have
lim 91-(0“'0)(0 + (Si]'l9 =TI,

t—-+400

unless & = 0 and i = j, in which case

lim 6% (t) + 5,9 = 0.

t——+400 !
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3.2 Computing the T-equivariant disc potentials. By applying the construction in Sec-
tion 2.3 and 2.4 with the choice of Morse-Smale pairs made in Section 3.1, one obtains

(CE(L; Ag)t, mTT) = (CF* (f; Ag) ® Ao[Ad, - .., Ag], mTT)

associated to the pair (L, T). In this section, we compute the equivariant disc potential of
(CF2(L; Ao)T, m¥") assuming that every holomorphic disc bounded by L has non-negative
Maslov index.

For simplicity of notations, we will suppress “ v” and denote the unique maximum 17
on L by 1;. Let x1,...,x4,Yy1,--.,yy be a basis of C}(f;Q), and put X; := x; ® 137 and
Y=Y ®13T. We also denote A; : =1, ® A;, and 1 := 1] ® 1p7.

Let b = Zl 1 XX+ Y0, y'y, where x', ' € A+. We consider the boundary deforma-
tion of m’ A by b

my (1) = mg? (1) = m (1) + m{ (b) + m] (b,5) + -~
The first equality above follows from the fact that the restriction of m’" to CF3(L; Ao)
agrees with m”.

We compute the obstruction mg’b(l) by counting pearly trees in Ly — Xr'. Since
m,?,ﬁ(b, ...,b) is of degree 2 — u(p), the outputs of mg’b(l) have degree either 0 or 2 de-
pending on the Maslov indices of the contributing disc classes. The possible outputs are
of the following forms:

¢ (Degree zero) 1,

e (Degree two) p ® 11, where p € Crit(f) is a degree 2 critical point,

¢ (Degree two) A;.
Notice that all the critical points above are contained in Crit(f;). Thus, mg’b(l) can be
computed by counting pearly trees in L.

Proposition 3.3. Suppose T = (S')! acts on (X, wx) preserving wx. Let L < X be a T-
invariant closed Lagrangian submanifold of product type L = (S')! x P such that the T-action on
L is standard, i.e., T acts freely on (S')¢ and trivially on P. Suppose L has non-negative minimal
Maslov index, then

¢
mg?(1) = mf(1) @1pr + > hi(%, )M (3.4)
i=1
where m is the Ax-structure on CF*(L; Ao), and h;(%,§) € Ag. Moreover, if m§(1) = W(%, 7)1
for some W(%,j) € Ay, then (CFp(L; Ao)t, mT") is weakly unobstructed.

Proof. The first two types of outputs are contributed by pearly trees contained in the fiber
L over the critical point 157, and coincide with m{(1) by our construction of m”. Thus,
we have the expression (3.4).

The last assertion follows from Corollary 2.17, namely, if m(1) = W(%, 7)1, then

m?(1) = (55371+Zh (Z,7)Ai (3.5)
i=1

O

To be more precise, we should perform the calculation on the finite dimensional approximations Ly <
XN and then take its limit (see (2.36), (2.37) and (2.38)). By abuse of notations, the A..-operations on Lt are
regarded as the A.--operations on the approximation spaces.



T-EQUIVARIANT DISC POTENTIAL AND SYZ MIRROR CONSTRUCTION 35

In the following, we shall compute m{(1) and &;(¥,#) explicitly under additional as-
sumptions. We begin by simplifying h;(X, i) under the condition that the minimal Maslov
index of L is at least 2.

Lemma 3.4. In the situation of Proposition 3.3, if, in addition, the minimal Maslov index of L is
at least 2, then hi(X,j) = x" in (3.4).

Proof. The terms h;(%,jj) are contributed by disc classes of Maslov index 0 by degree
reason. Since L has minimal Maslov index at least two, the only contribution comes
from the trivial disc class Bo, hence the computation of the terms m] (b,...,b) reduces
to mT(b, ...,b), where T € T, is a stable planar rooted tree with all interior vertices
decorated by Bo. In other words, the configurations I we are counting are Morse flow
trees in L.

By Proposition 3.2, we have m! (X;) = A;. We will show momentarily that the coeffi-
cients of A; in the terms mZ(Xil,...,Xik) are zero for k > 2 and (i1, ...,%) € {1,. ..,E}k.
First, let’s consider the case when i; # i, for some j. In the proof of Proposition 3.2,
we showed that there exists no flow line from Xii to A;. This means for generic small
perturbations, the moduli spaces Mr(f ; Xiys - ~/Xik}/\i) (which are responsible for the
coefficient of A; in m{(X;,, ..., X;,)) are empty.

Now, we consider m,f(Xi, ..., X;), k = 2. Since rotations on the i-th circle factor of
L commutes with the structure group of L;, we have a global S!-action on L; rotating
the i-th circle factor of the fibers L. To achieve transversality for the moduli spaces
Mr(f1;Xi, ..., Xi; Ai), we can perturb the the flow lines from the first k — 1 inputs us-
ing the S!-action. We have the unique flow line 7 from X; to A; as in Proposition 3.2. For
a perturbed flow line from the first k — 1 inputs to intersect with 7y (in order to form a
flow tree), its projection in BT (1) must coincide with 7t(vy). However, over 7t(1y), the flow
lines from the first k — 1 inputs are simply the rotations of 7 by 5!, which do not intersect
with 7. Thus, Mr(f1;X;, ..., Xi; A;) are empty for generic small perturbations.

Similarly, since the fiber bundle Pr = P x BT is trivial, there exists no flow line from y;

to A;, and therefore the coefficients of A; in the terms m,f(b, Yo b) are zero.

O
Thus, in the setting of Lemma 3.4, we have
4
mg (1) = mh(1) @1y + Y x'As.
i=1
In [ ], it was shown that the moment map fibers of a compact toric manifold

are weakly unobstructed in the de Rham model. The following is the corresponding
statement in the Morse model (we restrict ourselves to semi-Fano case to ensure that
minimal Maslov index is 2).

Lemma 3.5. Let L be a reqular moment map fiber of a compact semi-Fano toric manifold. We
have mg(l) € Ao -1;.

Proof. The only possible outputs of m}(1) are multiples of 1; and degree two critical
points of f (which are of the form X; A Xj) , contributed by Maslov index zero and two
disc classes, respectively. Since L has minimal Maslov index two, only Morse flow trees
contribute to a degree two critical points. We have m;(X;) = 0, since f is a perfect Morse
function on L. For mi(X;,...,X; ), k = 2, if there are two repeated inputs X;, then by
perturbing unstable hypertori Ax, using the S!-action rotating the i-th circle factor of L,
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the perturbed hypertori do not intersect and hence my(X;,,...,X; ) = 0. In the case of
distinct inputs, we have

3 me (Xiggyrooes Xy ) =0, k22,

0€Sk

due to the orientations on the corresponding moduli spaces.
O

Remark 3.6. Before proceeding, a remark is in order addressing the perturbations used in the
proof of Lemma 3.4, and 3.5. Recall from Remark 2.1 that we do not perturb the input singular
chains when choosing perturbation for a fiber product M1 (B; Ln; P) since the singular chains
are fixed during the inductive construction and doing so would destroy the A-structure. On the
other hand, since the Kuranishi structure on the disc moduli are weakly submersive, we can realize
the perturbation of input singular chains by perturbing the respective evaluation maps.

Combining the above lemmas, to show that the equivariant toric superpotentials coin-
cide with the equivariant disc potentials, it remains to compute the (non-equivariant) disc

potential.
Recall that the holomorphic disc classes are generated by the basic disc classes B; for
1<i<m]| ]. Moreover, by [ ], a stable disc class of Maslov index two must

be of the form B; + « for some curve class a with c1(a) = 0. Let n1(B; + a) be the degree
of the virtual fundamental class ev,[M;(B; + «)]. In the Morse model, it is given by
counting the number of times ev,[M;(B; + «)] hits the maximal point.

Theorem 3.7 (Equivariant toric superpotential). For compact semi-Fano toric manifolds X of

dimension 2d, let vy,..., vy, € Z% be the primitive generators of the one-dimensional cones of the
fan X defining X. We have

d d
mg’b(l) = Wiise(xl, . x®) 1+ Z XA = <Wdisc(x1, x4 Z xi}ti> 1,
i=1 i=1
where
m

weise — Z Z n(Bi + oc)T“’X(”‘) Tx(Bi) exp(v; - (x1,...,x%)). (3.6)
i=1 \a:cq(a)=0
In particular in the Fano case,

d
mg'b = (WHV(exl, ... ,exd) + Z xi)xi) 1,
i=1

where WHY is the Hori-Vafa superpotential [V, 1.

Proof. Recall from Proposition 3.3 that W4is¢ = mb(1). By degree reason, a stable rooted
tree T € Iy, 1, contributing to the term my(b,...,b), k > 1, must have exactly one interior
vertex decorated by a Maslov index two disc class and the remaining interior vertices are
decorated by the trivial disc class By.

We take the perfect Morse function f on L such that the boundaries of the finitely
many basic holomorphic discs passing through the maximal point do not intersect with
Ax, n Ax, for any p + v, where Ay, denotes the unstable hypertorus of the degree-one
critical point X;. This means the only I' € Ty, contributing to my(b, ..., b) has exactly one
interior vertex, which is decorated by f; + «. It remains to consider contributions from
the moduli spaces of the form My 1(B; +a; L; AXW .. "AXz«k)’ (M1, m) €4{1,.. ., dik.
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Since L has minimal Maslov index two and f; 4+ « has Maslov index two, the moduli
spaces My.1(Bi + «; L) have no (non-constant) disc bubbles. We have M 1(B; +a; L) =
M1 (Bi +a; L) x C (as topological spaces) via the forgetful map forget : My (B; +a; L) —
M (B; +a; L), where Cy is certain iterated blow up of

CkI{(tl,...,tk)|0<t1§...<tk§l},

defined in [ , Lemma 11.8] (see also[ , Remark 4.1.1]). The output eval-
uation of the fundamental class [My1(B; +a;L; Ax, ;- - ’Axl‘k)] intersects the maximal
point only if the boundary of the basic holomorphic disc, which represents ; and passes
through the maximal point, intersects all the input hypertori Ax,.

Suppose the output evaluation of the fundamental class [M.1(Bi +a; L; Ax, , ..., Ax,, )]
intersects the maximal point. Let r; be the number of times Ax; appears in the inputs. Let
Y1,..., P : L — L be small rotations in the direction of 0p; with increasing angles and de-
note ij,é = gbg(AX,.), 1 < ¢ < k. We consider all possible configurations AXM,&/ e Axuk,gk
where {{1,...,0} is a cyclic permutation of {1,...,k}. For each u € M(B; +a; L), the
fiber forget™ (u) contains 1_[7:1 m;j many discs intersecting these configurations (deter-
mined by the location of zp), where m; is the multiplicity of d;hAx; (see Figure 4 for an
illustration).

Let rj be the number of times Ax, appears in the inputs. We denote by X;1,..., X, the

copies of Ay; in the order the appear in the inputs. Let X]m, . .,X;rj  be disjoint small

perturbations of Ay, along the direction of Jf; (and ordered along this direction). We also

xU0 _ 30

denote by ]é = X;", je € {1,...,rj} the corresponding perturbation for the ordered

copies of Ax;. Let’s consider all possible configurations of perturbed input hypertori

X](],f), where {ji, .. .,j,].} is a cyclic permutation of {1,...,7;}. Then, for each u € My (Bi +
a; L), the fiber forget™ (u) contains 1_[7:1 m;/ many discs intersecting these configurations
(determined by the location of z9), where m; is the multiplicity of 0f; n Ax; (see Figure 4
for an illustration).

We denote by E the obstruction bundle of M, 1(B; +&;L;Ax, .. 'fAka) and let s :

H1
M1 (Bi + o L AXW .. "AXuk) — E® be a section corresponding to the summation of
all possible configurations of perturbed input hypertori described above. We choose the

multisection s : My 1(B;i + «; L}AXW---,AX,%) — E®k/S, to be s/S, resulting in the

. da i
ny(Bita) [1j— m;

coefficient ———7"—-. Summing over all the possible inputs of k hypertori and the
= k!(r m orderings among each them, we obtain the term n1(B; + a) exp(v; - (x!,...,x%)).
=17
O

Remark 3.8. For the above theorem, we have chosen the perturbations for the fiber products to be
the average of all configurations of the perturbed unstable hypertori of X;. Indeed, we can choose
other perturbations, which gives different expressions of the (non-equivariant) disc potential.

Take P! as an example. Let L be the equator. Let’s perturb X in the counterclockwise order with
respect to the left hemisphere. Then the non-equivariant disc potential will read

W = T4/? <1ix+(1—x)>
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9p

il 7 L2
<3
1o F 213

F1Gure 4. The circles correspond to a choice of intersection points which
determines the configuration of perturbed hypertori.

instead of the well-known expression TA/2 (e¥ + e~ %).

e) 1 1R\

FIGURE 5. The geometric inputs of W%, The non-constant discs (with
sphere bubbles) contribute to 17, and the flow line contributes to A”.

In the Fano case, n1(B; +a) = 0 whenever a« & 0 by dimension reason. Moreover

nm(Bi) =11 ]. More generally, the (non-equivariant) disc potential W#*¢ for compact
semi-Fano toric manifold has been computed by [ ] using Seidel representations.
The coefficients are given by the inverse mirror map. We recall it in the following theorem.
Theorem 3.9 ([ I). Let X be a compact semi-Fano toric manifold. Then
> m(Bi+ )T = exp(si(d(q)),
a:cp (a)=0
where

o ()PO(—(D;-C) — 1)
gi(9) -—g [0, Ot i<, (3.7)




T-EQUIVARIANT DISC POTENTIAL AND SYZ MIRROR CONSTRUCTION 39

the summation is over all effective curve classes C € H;ﬁr (X) satisfying
—Kx-C=0,D;-C<0and D;-C=0forallj#i
and § = §(q) is the inverse of the mirror map q = q(§).

A similar result also holds for toric semi-Fano Gorenstein orbifold [ ]. However
we stick with the manifold case for simplicity. Moreover, compactness of X can be re-
placed by requiring X to be semi-projective, so that the disc moduli spaces are compact.
A toric manifold X is said to be semi-projective if it has a torus-fixed point, and the nat-
ural map X — Spec H(X, Oyx) is projective [ , Section 7.2]. Combining, we get the
following.

Corollary 3.10. For a toric fiber of a semi-projective and semi-Fano toric manifold, the equivariant
disc potential equals to

m d
WP = 3" exp(gi(d(q)) TP exp(or - (!, x%)) + " ¥'A;
where gi(4(q)) is given by the inverse mirror map in Equation (3.7).

4. Sl-EQUIVARIANT DISC POTENTIAL FOR THE IMMERSED 2-SPHERE

In this section, we consider the S'-invariant immersed two-sphere S? with a single
nodal point. This is a typical singular fiber in a Lagrangian torus fibration, which has an
important application in the SYZ mirror construction.

First, we make the following observation which is important for finding isomorphisms
between objects in the Fukaya category.

Lemma 4.1. Let Ly, Ly be two graded Lagrangians in the Fukaya category that cleanly intersect
with each other, and a € CF°(Ly, Ly). Suppose that CF/(Ly,Ly) = 0 for all j < 0. For any
bi € CFl(Li,A+) and w; € A,
bi+wi1] bytws1]
m11+w1 Ly 2+ W2 Ly (“) — mllll,bz (“)'
Similarly, if further CF/(Ly, Ly) = 0 for all j < 0 and B € CF°(Ly, L1), then
bi+wi1] bybwa 1] by 1]
(R ()]
Proof. This is simply due to degree reason. The degree of 1] is (—1). The extra terms are

mzl’“"bl’bz"“’bz (1i1/ P VY. VIR 1i2) € CF*(Ly,Ly) for k > 2, which has degree 2 — k +

bi+wy-1] by+wy-17 by +wy-1]
(=1)-(k—1) = 3 -2k < 0 and hence must vanish. The extra terms in m, h h h

also vanish for the same degree reason. O

(B, &)

An isomorphism pair between (Ly, by + w1 - 1i1) and (L, by +wz-1;,), where b; + w; - 1],
are weak bounding cochains, consists of a € CF(Ly, Ly) and B € CF°(L,, Ly) satisfying
b1+w;- 1L by +w;- 1L2

my ((X) =0,

miﬁwz 1, britwr1y, (B) =0,
mzl+wl'1i1’h2+wz'1iz’bl+wl'1£1( %) 1L1 i mll71+w1 1L1’(,),1) for some 7y,
mzz+w2.1i2,hl+wl.1i1,b2+w2.1gz (a,p) =17, + bz+w2.1iz (72) for some 7y,
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for some y; € CF*(L1) and 7, € CF*(Ly). By the above lemma, it suffices to check
mll’l’bz((x) =0, mll’z’bl(ﬁ) =0, mgl’bz’bl(ﬁ,uc) = 1], and mgz’bl’bz((x, B) = 1j,. Note that since
m;”"b"(lii) = 1/, — 1]+ h(b;)1}, for some h(b;) € A, by rescaling B if necessary, these
equations ensure we have an isomorphism pair.

The above statements have a direct G-equivariant analog, by replacing m; by m{ and
w; = w) + Y, ¢a - A where the summation is over degree two equivariant parameters A,
ZU?, (P)L e A.

We consider the following immersed sphere S in

X :={(a,b,z)eC>xC* |ab=1+2z}.

Equip X with the symplectic form inherited from the standard symplectic form on C3.
Let IT: X — C* be the projection to the z-component. Regarding S' as the unit circle
in the complex plane C, the space X has a fiberwise Hamiltonian S!-action given by
n-(ab,z) — (7-a,771-b,z). One obtains the special Lagrangian torus fibration

(laf* = 1bI |z1) 41)

with respect to the holomorphic volume form Qx = (da A db)/z, see [ , ,
]. In particular, a singular fiber which will be denoted by S occurs over the point
(Ja]®> = |b> = 0,|z| = 1) and intersects transversally at the point (0,0, —1).

Following the construction in Section 2.3, we construct the Borel model for S and its
finite dimensional approximations. In this case, the clean intersection Z — S is simply a
point and invariant under the S'-action. Let T = S! and L = S?. We have Lagrangian
immersions

iN = 1:_. Xg1 EG(N) - XN (42)

cleanly intersecting at Zy = BT(N) = CPV for each N € N. Each finite dimensional
approximation can be understood by toric geometry topologically. For instance, the do-
main of the lowest dimensional approximation (4.2) is regarded as the Hirzebruch surface
IF; — CIP! whose fiber is L, see Figure 6 (b).

Let fr : Lt — R be the sum of a horizontal lift of the perfect Morse function ¢ : BT — R
(see Section 3.1) and function on Ly — BT which restricts to a perfect Morse function
¢ : $> > R on generic fibers. It has critical points 1 ® A’ and pts, @ A* for £ > 0.

Recall that L is a special Lagrangian with respect to Q0x in X. Let Qpg(y) be a holo-
morphic volume form on T*BG(N) with respect to which the zero section is a special
Lagrangian. We take a positive linear combination Qy of Qx and Qpg(y) as a holomor-
phic volume form of the X-bundle over T*BG(N).

Lemma 4.2. The Lagrangian Ly in (4.2) is special with respect to Q. In particular, Ly is
Z-graded.

Following Section 2.5, we obtain an Ay-algebra (CF}(L, Ao)t, mTT) associated to (L, T).
Note that there are immersed generators U ® M Ve )‘éz of Ly where AZI for ¢ > 0 labels
critical points of the Morse function on Zr = CIP®. By abuse of notations, degree one
immersed generators of LT will be simply denoted by U := U®17,,V := V®1z,. Then
we take the formal deformations b = ull + vV of St for (1,v) € (A+ x Ag) U (Ag x Ay).

Lemma 4.3. The formally deformed immersed Lagrangian (St,b = ul + V) is weakly unob-
structed.
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F1Gure 6. Comparison of three Lagrangians and constant disc contribution.

Proof. Since St has minimal Maslov index > 2, m§T’b can be expressed as

mS™ (1) = m$P(1) @ 1pr + W(u,0) - 1s® A
by the same argument in Proposition 3.3. Unlike the smooth case, extra care for mg’b is
necessary because constant discs might bubble off at the immersed loci. Consider the
anti-symplectic involution ¢: Xy — X given by (a,b,z) — (b,a,z), which acts on Xy
fiberwise and swaps two immersed generators U and V. In [ ], by taking orientations
respecting the involution, the constant disc contributions are canceled out. Thus (S,b =

ul + vV) is unobstructed, that is, mbg’b(l) = 0. Therefore,
ms™ (1) = W(u,0) - 15 ® A
O

More precisely, the 1s ® A appeared above is A" in the notation of Section 2.4. By
Lemma 2.16, the above b can be modified (by adding terms involving 17) to b’ such that

mOST’bI(l) = WV(u,v)-AY. By abuse of notations, we shall simply replace b by b’ and
denote it by b again, AY by A, WY by W, and 1V by 1.

Remark 4.4. This line of thoughts is similar to the work in [ . In this example by the
maximal principle we do not have non-constant holomorphic discs. However, there are still very
interesting non-trivial contributions coming from constant polygons with corners at U, V. Note
that for each constant polygon, U and V corners must occur in pair (to go back to the original
branch). This is the reason that the Floer theory is convergent for {(u,v) € A : val(uv) > 0}.

In order to compute W(u, v), we compare S with the T-equivariant theory of Chekanov
and Clifford tori L() and L(?) respectively. For the special Lagrangian torus fibration (4.1),
the Lagrangian torus over a point in the chamber |z| < 1 (resp. |z| > 1) is called Chekanov
(resp. Clifford) type. Since any pair of distinct fibers in (4.1) does not intersect, they
cannot be isomorphic. We apply Lagrangian isotopies to Chekanov torus and Clifford
torus without intersecting the wall z = 0 to make them intersect as in Figure 6 (a). Those
isotoped Lagrangians are still Z-graded and called Chekanov torus and Clifford torus
respectively.
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The equivariant theory for the tori L) is understood in the same way as in the toric case
above, except that in this local case L®’s do not bound any non-constant holomorphic
disc.

We equip L) with the non-trivial spin structure along the T-orbit direction. This will
give extra systematic contributions to the orientation bundle of the moduli space of strips
bounded by L) and other Lagrangians. The reason for doing this will be seen below.

Fix a perfect Morse function on each L), such that the (compactified) unstable sub-
manifolds of the degree one generators X(), Y()) are the hypertori chosen in | ]. The
unstable submanifold of X() is transverse to the T = S' orbits in L)), We also have
a perfect family Morse theory for Lgf) as in Section 3, whose critical points are labeled
by 1 ® (A(i))f where y = 10, X0 y@) X0 A YO, The formal deformations are taken as
pli) = x( x4 y(i)Y(i) (where X®, Y denotes X @10, Y1) & 1(i)). By Proposition 3.3,
the equivariant disc potential equals to

WO = 200,

Since L) does not bound any non-constant Maslov-zero disc, (W())? = W) and again
we will denote (A())Y by A(),

Lemma 4.5. The three formally deformed Lagrangians (LD, b)), (L), b)), and (S, b) with a
non-standard spin structure along the T-orbit direction are isomorphic if

uv =1 —exp x®, fori=1,2
u = exp y(l), (43)
v = exp(—y?).

(i)

Proof. L) intersects with S at two circles C ]-i for j = 1,2, which are invariant under the

T-action (which is free on C]@). Thus we have the equivariant spaces (C](i))T, which are

the clean intersections (denoted by a and ) between L(Ti) and St in X7. We have the
morphisms ay ®/\f;<f>'5k ®)\£C(,-> for k = 0,1 from L) to S, and By ®Af:(i),5ck ®Af:(i) for
1. 2 2 1
k=0,1from S to L) where a.’s and B.’s are depicted in Figure 6 (a) and the subscripts
denote the degrees. They are given by critical points of a perfect family Morse function on
(C](Z))T — BT. Denote ay ® IC(,-), Bo® 1C(1) simply by ag, Bop which has degree zero. Then
1 2

(i) b p (i) b,b\) (i) p pli) b p bl
(m]) @D (wg) = m{"" (ag), (m]) ) (o) = w7 (Bo), (mI) P (g, a) = m§

simply by degree reason (namely A has degree two and hence it does not appear in the
above equations).

This implies that we have exactly the same gluing formula for the equivariant theories
(see [ , Theorem 3.7] for the proof of the gluing formula in nonequivariant theory):

uv =1—exp x(i),u = eXp]/(l),U = eXP(—y(z))-

(The minus sign in front of exp x(") is exactly due to the non-trivial spin structure we fix for
L. ) Under these relations, (m]) (b0.0) (ag) =0, (m]) (b6) (Bo) =0, (m)) (60 b (Bo, o) =
1 Li ®1pT. O

(Bo, o)
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Theorem 4.6. The equivariant potential function of the immersed sphere S? is

S (1)
W:Alog(l—uv):—)\z —.
j=1

J
Proof. Consider the A, equation

)] M pm ™ (M 1

((m{)")*(a) = £(mg)"" 7 ()", o) £ (m])"" (o, (mg)>).

(4.3) makes (LHS) zero. Hence

(@) <m2T>b,b<1>,h<1> (AW, ag) + W (u, ) - (sz)b,b,b(l) (a0, A) = 0.
On the other hand, we have

@ p(M (1)
(mg)"* P (AN, ) = (mg)"**" (a0, 1) = a0 ©Agy
(recall that A and A() are partial units). Hence we have
W (u,v) = +AxD,

By exp x(1) = 1 — uv, we have

S (1)
W = Alog(l —uv) = —AZ i
j=1

0

Remark 4.7. Note that if we did not take the non-trivial spin structure, then the gluing formula
reads exp x = -1+ uw. However, the left hand side lies in 1 + A, while the right hand side
lies in —1 + A, and hence there is no common intersection. It means the formal deformations of
L(T1 ) in the trivial spin structure cannot be isomorphic with the formal deformations of St. This is
why we take the torus L") equipped with the non-trivial spin structure in the very beginning.
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