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Abstract

We study a large deviation principle for a system of stochastic reaction—diffusion
equations (SRDEs) with a separation of fast and slow components and small noise in
the slow component. The derivation of the large deviation principle is based on the
weak convergence method in infinite dimensions, which results in studying averag-
ing for controlled SRDEs. By appropriate choice of the parameters, the fast process
and the associated control that arises from the weak convergence method decouple
from each other. We show that in this decoupling case one can use the weak conver-
gence method to characterize the limiting process via a “viable pair” that captures
the limiting controlled dynamics and the effective invariant measure simultaneously.
The characterization of the limit of the controlled slow-fast processes in terms of
viable pair enables us to obtain a variational representation of the large deviation
action functional. Due to the infinite-dimensional nature of our set—up, the proof
of tightness as well as the analysis of the limit process and in particular the proof
of the large deviations lower bound is considerably more delicate here than in the
finite-dimensional situation. Smoothness properties of optimal controls in infinite
dimensions (a necessary step for the large deviations lower bound) need to be estab-
lished. We emphasize that many issues that are present in the infinite dimensional

case, are completely absent in finite dimensions.
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1 Introduction.

Let € > 0 and § = 6(¢) > 0. Let D be a smooth bounded domain of RY, with
d > 1. In this paper, we study a system of stochastic reaction—diffusion equations with

slowfast dynamics on the domain D C R? d > 1, as follows:

(9x°=°
T(th) - A1X676(t7x) + bl(x7X€76(t7x)7 Y&é(tax))
8WQ1
+VEo (@, X5 (t,2), YO b)) =5 — (1, 2)
gy <? 1 £,0 €,0 €,0
W(t@) -5 ALYt ) + bo (2, X7°(t, 2), Y™ (taiﬂ))} (1)

Q2
(e, X5 (0,2), Y51, 0) D 1)

X9(0,2) = Xo(x) , Yo9(0,2) = Yo(x) , € D,
N1 Xt ) = NoYe0(t,2) =0, t >0, x €9D .

Here ¢ > 0 is a small parameter and 6 = d(¢) > 0 is such that § — 0 as ¢ | 0.
The operators A; and As are two strictly elliptic operators and b;(z, X,Y), i = 1,2 are
the nonlinear terms. The noise processes W and W2 are two Wiener processes with
covariance matrices Q% and Q3%, and o;(z, X,Y), i = 1,2 are functions multiplied by
the noises. The initial values X and Yy are assumed to be in L?(D). The boundary
conditions are given by operators A;, 7 = 1,2 which may correspond to either Dirichlet
or Neumann conditions.

Since § > 0is small as ¢ > 0 gets small, one can think of the solution X&9(¢, x) in ()

as the “slow” process (or slow motion) and the solution Y9 (¢, x) in () as the “fast” pro-

8WQ1
cess (or fast motion). Notice that the noise term /o1 (z, X0 (¢, z), YO (t, ) 5 (t,x)

in the equation for the slow process X 6"s(zf, x) has a small parameter /¢, and both the

deterministic as well as the noise term in the equation for the fast process Y=°(t,x)

contain large parameters 52 and % So that in the limit, we expect an interplay between
an averaging effect in the fast process Y9(¢,z) and the effect of the diminishing noise
in the slow process X=°(¢,z). In [5], Cerrai demonstrated that as ¢ — 0, the slow mo-
tion X% converges to a limit derived from averaging the fast motion over its invariant
measure. In this work, we will study the large deviations principle (LDP) of X9, The
characterization of such an interplay between large deviations and averaging principle
at the level of mathematical rigor requires delicate analysis of the asymptotic regimes
while taking the limits € — 0 and § — 0.

Our goal is to derive a large deviation principle for the process X 6’5(1‘/, x)ase—0

and thus § = d(¢) — 0. We will be studying a particular regime that roughly speaking,

0
says that d goes to 0 much faster than /e (i.e., — — 0 as € | 0, for details, see Section

NG



[B). The analysis of the problem in other asymptotic regimes is left for future work and
briefly discussed in Section [G1

One of the most effective methods in analyzing large deviation effects is the weak
convergence method [2,3], which is the method we are using in this paper. Roughly
speaking, by a variational representation (see [2]) of exponential functionals of Wiener
processes, one can represent the exponential functional of the slow process X¢ ’5(15, x) that
appears in the Laplace principle (which is equivalent to large deviations principle) as a
variational infimum over a family of controlled slow processes X&%%(t, x). In particular,
we have, for any bounded continuous function h : C([0,T]; L?(D)) — R, that

—emE[ap<—§MXﬂ%>]: inf E[%[ﬁhﬁ$ﬁds+h@ﬁﬁﬂ @

ueL2([0,1];U)
Here the Hilbert space U is called the control space, and the infimum is over all
controls v € L2([0,T];U) with finite L2([0,7];U)-norm. The controlled slow motion
X¢&%U that appears on the right hand side of @) comes from a controlled slow—fast

system (X&9% YE91) of reaction-diffusion equations corresponding to (I):

aXe,zS,u
T (t,z) = .AlXE"S’“(t, x) + bi(x, Xe’é’“(t, x), Y’S"S’“(t, x))
+oi(z, X9t 2), YOO (¢, 7)) (Quu(t)) (x)
3WQ1
+\/501(33,X€’5’u(t,3:), Ye’é’“(t,x))T(t,x) ,
OV ) = L T AVt 2) + baler, X0 (0, ), Y0 (1, )
ot , L _52 2 , L 2\, y L), , L (3)

o(w, X504 (t,2), Y0 (b, 7)) (Qault)) (x)
1 aWQ2
+SU2(CC’Xe,zs’u(tax),ya&u(tax)) ot (
X&&u(o,x) = XO(-%') ’ Y&&U(ON%') - Yb(l’) ,xe D,
NLXE0U(t,2) = NoY oo (ta) =0, >0, 2 €0D .

+6—\/EO'
t’x) )

In view of ([2)) and (B]), we see that in order to obtain a limit as € | 0 of the Laplace
functional —eIln E [exp <—§h(X 6’5)>] (i.e., to prove a large deviations principle), one
needs to analyze the limit as ¢ | 0 (and thus § — 0) of the controlled slow—fast system
(X=0u yedu) in [@). This is the first technical part of the current work (Section H).
In fact, to analyze system (3)), the first difficulty is in that the control term w is only
known to be square integrable. This makes the proof of tightness much more involved
and due to the infinite dimensional aspect of the problem, deriving the necessary bounds
is considerably more involved when compared to the finite dimensional case. Moreover,
to characterize the limit as € | 0 of the pair (Xe’é’“,Ye"s’”), we will introduce the so
called “viable pair” construction (compare with [16], [23], [24] in finite dimensions).

The viable pair is a pair of a trajectory and an occupation measuree (¢, P) that

captures both the limit averaging dynamics of the controlled slow motion X%%% and the



invariant measure of the controlled fast process Y©%*. In addition, the measure P is
obtained as the limit of a family of appropriate occupation measures P2 that live on
the product space of fast motion and control, with A(e) — 0 to be specified later on.
Showing tightness of the family {P=?,e, A > 0} is considerably more delicate in infinite
dimensions. Tightness and weak convergence of measures are topological properties and
one must be careful about the topologies that are being considered.

In the pair (¢, P), the function 1 is the solution of the limiting averaging equation
for the process X=%%, and the measure P is a probability measure on the product space
of the function space for the fast motion Y5%* and the control space U. The limiting
measure P characterizes simultaneously the structure of the invariant measure of Y%
and the control function u. Note that in general, these two objects are intertwined and
coupled together into the measure P, so that the averaging with respect to the mea-
sure P cannot be done as in the classical averaging principle (see [19, Chpaters 7, §]).
Rather, one has to fulfill the definition of the viable pair as in Definition B below.
The regime 6/+/e — 0 that we study leads to a decoupling of the limiting occupation
measure P(dudY dt) = n;(du|Y )p¥* (dY)dt, where 1;(du|Y") is a stochastic kernel char-
acterizing the control and p¥t(dY) is the invariant measure for the uncontrolled fast
process Y9 in @) with X 9 replaced by ;. The result on the weak convergence of the
pair (X=%% P2 is the content of Theorem B3l

With the analysis of the limit of the controlled slowfast process (X%, Y9%) and
the construction of viable pair, we then prove the Laplace principle (equivalently large
deviation principle) for the slow process X &0 in (@), which is the second result of the pa-
per, Theorem 3.4l Proving the Laplace principle amounts to finding an appropriate func-
tional S(-) such that for any bounded and continuous function h : C([0,7]; L?*(D)) — R
we have

: 1 oo \| _ :
hinelnE [exp <_€h(X ))] = d)EC([Og’l]f;LQ(D))[S(gb) + h(9)] .

el0

It turns out the Laplace principle upper bound can be proven using the weak
convergence of the pair (X% P%4) per Theorem The situation is considerably
more complicated for the Laplace principle lower bound, which is the second technical
part of the paper. In order to prove the Laplace principle lower bound, we need to
construct nearly optimal controls that achieve the bound. Due to the dependence on
the fast motion Y, the nearly optimal controls will in principle be in feedback form and
functions of both time ¢ and the fast motion Y. Hence, in order for averaging to work
one needs to have some regularity of such controls, where in principle we only have that
they are square integrable. In addition, given that the ergodic theorem for the cost
is used with respect to § | 0 for fixed ¢, one also needs to have extra control on the
growth of the control in order to be able to conclude that the time integral converges

for each fixed length of time. For these reasons, we have been able to rigorously prove



the lower bound in two special, but still general, cases, (a): one dimensional case with
multiplicative white-noise, d = 1 and @1 = I, and (b): potential multidimensional case,
d > 1 but with o1(z, X,Y) = o1(x, X) being independent of Y. We elaborate in detail
the reasons for doing this in Sections Bl and

Large deviations of stochastic partial differential equations of reaction—diffusion
type has been considered in previous works such as [3LOH11L20H22L29], but without the
effect of multiple scales. Results in the case of slow—fast systems of stochastic reaction—
diffusion equations has been considered in [28] in dimension one, with additive noise in
the fast motion and no noise component in the slow motion. In finite dimensions the large
deviations problem for multiscale diffusions has been well studied, see [IL[16,[18]23H26].
To the best of our knowledge, the problem of large deviations for multiscale stochastic
reaction diffusion equations in multiple dimensions, with multiplicative noise is being
considered for the first time in the present paper.

The paper is organized as follows: in Section Bl we give background definitions,
set—up as well as all our assumptions. In Section 3] we review basic facts about weak—
convergence method in infinite dimensions, we define the viable pair as well as state
our main results on averaging for controlled SRDE and the large deviation theorem.
Section [ is devoted to the analysis of the limit of the controlled slow—fast processes
(X=0u Y94y and the corresponding averaging result. In Section [l we prove the large
deviations theorem. Section [l is dedicated to discussions, remarks and generalizations
for future work. The Appendix [Al collects some classical ergodic results for the uncon-
trolled stochastic reaction—diffusion equation, which corresponds to the fast motion of

our problem with frozen slow component.

2 Set up: notations, function spaces and assumptions.

In this section we set up the notation that will be used throughout the paper and
state our assumptions.

We denote by H the Hilbert space L?(D), endowed with the usual scalar product
(e, @) ;7 and with the corresponding norm | e |;7. Let the norm in L°°(D) be denoted by
|e|p. We shall denote by By(H ) the Banach space of bounded Borel functions ¢ : H — R,

endowed with the sup—norm
ol B, (1) = sup |o(X)] .
XeH

The space Cy(H) is the sub—space of uniformly continuous mappings and Cf(H )
is the subspace of all k—times (Fréchet) differentiable mappings, having bounded and
uniformly continuous derivatives, up to the k—th order (k € N). The space Cf(H) is a



Banach space endowed with the norm

k
[elen iy = lelp, ) + Z sup |D"o(X)| iy
“— XeH
where £!(H) := H and by recurrence L (H) := L(H, L='(H)) for any i > 1. We denote
by Lip(H) the set of functions ¢ : H — R such that
|P(X) = p(Y)]

Ol1; = sup —F—"<00.
Phipon xyerxzy | X =Yg

We shall denote by £L(H) the space of bounded linear operators in H and we shall
denote by Lo(H) the subspace of Hilbert—Schmidt operators, endowed with the norm

1Qll2 = vTr[Q*Q)] -

The stochastic perturbations in the slow and in the fast motion in system () are
W&t Q2
given, respectively, by the Gaussian noise ———(¢,z) and

(t,x) for t > 0 and
x € D, which are assumed to be white in time and colored in space, in the case of space
dimension d > 1. The driving noises may or may not be independent. In order to deal
with both cases at once, we define a cylindrical Wiener process on a Hilbert space R*,

the space of infinite sequences of real numbers. Formally,
o0
W(t) =) Br(t) ,
k=1

where {(} is a sequence of independent one-dimensional Brownian motions. The linear
operators Q; : R*® — H, i = 1,2 add color to the noise and also decide if the noises are

independent. The cylindrical Wiener processes W®i(t, z) are defined as
WQi(t,z) = QW (t)(x).

As an example, in the case of spatial dimension d = 1, the systems can be perturbed
by space—time white noise. Let f; denote the element of R* for which the ith component
is one and all of the other components are zero. Let e; be a complete orthonormal basis of

H. If the linear operators satisfy Q1 fo; = €;, Q1f2i—i = 0, Qaf2; =0, and Qs fo; 1 = €5,
oW oW =2 . : . :
then T (t,x) and T (t,x) are independent space—time white noises. On the other
hand, if we choose Q1 f; = Qa2fi = e;, then W@ and W®2 are the same space-time white
noise.
We identify a Hilbert space subset U of R®. If z € R, let z; denote the ith

component of the sequence. We define the Hilbert space U C R* endowed with inner

[e.9] o0
product (z,y); = > x;y;. Thus the Hilbert space U = {z € R™, Y 2? < oo}, and the
i=1 i=1

[e.e]
norm for x € U is given by |z[3 = Y 2?2.
i=1



The operators Ay and Ay appearing, respectively, in the slow and in the fast motion
equation, are second order uniformly elliptic differential operators, having continuous
coefficients on D, and the boundary operators A7 and A5 can be either the identity

operator (Dirichlet boundary condition) or a first—order operator of the following type
d i)
> Bi(@)g—+@)]I, x€dD,
=1 aCCj

for some S;,v € C1(D) such that

inf |(8(@), v(@))] >0,

where v(x) is the unit normal at 2 € 9D (uniformly non-tangential condition).

The realizations A; and As in H of the differential operators A; and As, endowed,
respectively, with the boundary conditions N7 and N, generate two analytic semigroups
S1(t) and Sa(t), t > 0. In addition, for # € R and ¢ = 1,2 we define the Sobolev space
Hf with norm

|zlg,i = ‘(—Az‘)e/zl“‘ )

H
where A1, Ay denote the realizations of A; and As in H, endowed with their respective
boundary conditions. Clearly, for § = 0 we have H) = H = L*(D) for i = 1, 2.
In what follows, we shall assume that A;, Ay and Q1, Qo satisfy the following

conditions.

Hypothesis 1. For i = 1,2, there exist complete orthonormal systems {e; s }xen in

H, and sequences of non-negative real numbers {«; ; }ren , such that
Ajejr = —arei , k>1.

The covariance operators Q; : U — H, i = 1,2 are diagonalized by the same orthonormal
basis {e;;}ren in the following sense. For i = 1,2, there exists an orthonormal set
{firtken C U. The set of {f; r}ren is not necessarily complete. There exist sequences

of non-negative real numbers {\; ; }i—1,2 satisfying
keN

Qifik = Nik€ik-

Notice that if span{fi x}ren L span{fai}ren, then the driving noises of the fast and
the slow motion are independent.
If d = 1, then we have, recalling that | e | is the L>°(D) norm,

o
ki = sup Aigleqklo < 00, Gi= D o Pileqnl3 < oo
keN pt



for some constant 3; € (0,1), and if d > 2, we have
[e o] (e o]
K 1= Z)‘ipfk‘ei’k‘% <00, (= Za;kﬁ"\ei,k\% < 00 (4)
k=1 k=1

for some constants 3; € (0,+00) and p; € (2,+00) such that

(p; — 2
Bilpi=2) ¢ (5)
Pi
Moreover
é&f\] Qi =:A>0. (6)
i=1,2

We impose the following conditions on the terms b1, bs and o1, 09. For i = 1,2, let

us define the Lipschitz constants

‘bi(xthY) - bi(x7X27 Y)‘

X
sup sup =:Lj
2€D,YER X1,X2€R,X1#Xo | X1 — X5 :
sup sup |bl(an)Y1) _bl(x7XaYé)| _. LY
2€D,XER Yi,Y2€R,Y1£Ys Y1 — Y| i
(2. X1,Y) —o;(x, Xo,Y
sup sup ’O’z(x7 1, ) Uz(wa 2 )‘ —. LO)-( ,
2€D,YER X1,X2€R,X1£X0 | X1 — Xo ‘
sup sup |Ji(an,Y1)_Ui(x?XaYé)| _. LY )
2€D,XER Yi1,Y2€R,Y1£Ys Y1 — Y5 7

Hypothesis 2. 1. The mappings b; : D x R?> — R and 0; : D x R?> — R are

measurable, both for i = 1 and for i = 2, and ) (Lgf + LY + L,Z_ + LY) < M for some
i=1,2
M > 0. Moreover,

sup |ba(z,0,0)| < oo, sup |oz(z,0,0)] < oo .
€D zeD

2. Recalling A, the constant introduced in (@), we have that
LY <\ (7)
3. o9 grows linearly in X, but is bounded in Y. There exists ¢ > 0,

sup sup | (2, X, V)| < (1 + |X]). (8)
zeDYER

4. The Lipschitz constants Lg; and LZ,; are chosen so that

LY 00 po—2 |y po+2
%ﬂ/ﬁé@};)?/o s s = e, <1 )



where
p2—2

B2 p2=2 2
Ky = <@> ? 6" kg

(&

and A\, B9, pa, (2, ko are all from Hypothesis 1.

Remark 2.1. Condition (3) is a technical condition used in proving that in a certain
ergodic semse the presence of the control in the fast dynamics Y does not influence
the corresponding invariant measure (a consequence of the regime under consideration
d/+/€ 1 0) and in proving that the invariant measure is weakly Lipschitz continuous with

respect to the slow component (see Lemmal33).

In regards to the coefficient of the slow component X we additionally assume:

Hypothesis 3. by and o7 grow at most linearly in X and sublinearly in Y. To be
precise, there exists 0 < ( <1 — W and a constant C' > 0 such that

Sug(lbl(:v,X,Y)l + oz, X, Y)]) < COL+ X[+ [Y]) . (10)
BAS

Remark 2.2. The proofs of Section[{] show that if o1 is bounded with respect to X, then
one can relax the growth restrictions with respect to Y for the drift term by and assume

arbitrary sublinear growth of by with respect to Y.

Remark 2.3. Notice that if Qq is trace class, then py = 2, in which case one can
allow arbitrary sublinear growth of o1 with respect to Y. Also, we remark here that
since we have (), (@) as well as the fact that 0 < 52%_2 < 1, the integral term

p2—2 _)\92+2

IS s N fds < 00, In fact we can write it in terms of the gamma function
p2—2
X _g,p2=2 _yp2t2 2\*2 7 ! -2
/ s ¢ tds = <)\p2+ > " T <1—52p2 >
0 P2 P2

Notice also that if oo does not depend on'Y, then the requirement (9) follows directly

from the requirement (7).

However, for the proof of the upper bound of the Laplace principle and for reasons
that will become clearer later on, we need to strengthen these requirements to the

following, which is strictly stronger than Hypothesis 3.

Hypothesis 4. by is as in Hypothesis 3. In regards to oy, either d = 1 and there
are positive constants 0 < ¢y < ¢; < oo such that 0 < ¢y < O'%(x,X, Y)<c¢,ord>1
and o1(x, X,Y) = o1(x, X) is independent of Y and can grow at most linearly in X

uniformly in = € D.



Moreover, for i = 1,2, we shall set
Bi(X,Y)(z) := bij(z, X (x),Y (2))
and
[Xi(X,Y)Z](z) := oi(x, X (x),Y (2)) Z(x)

forany x € D, X, Y, Z € H and i = 1,2. From Hypothesis 2 we know that the mappings
(X, Y)e Hx Hw— Bj(X,Y)€e H,
are Lipschitz continuous, as well as the mappings
(X,Y)e Hx Hw— %(X,Y) € L(H; LY(D))

and
(X,)Y)e Hx Hw— %;(X,Y) e L(L™(D);H) .

For any metric space E, we define Z(F) to be the collection of probability measures
on E.

As known from the existing literature such as [13] (also see [5]), according to Hy-
potheses 1 and 2 for any ¢ > 0, § > 0 and X(,Yy € H and for any p > 1 and T > 0
there exists a unique mild solution (X®9,Y%) € LP(Q;C([0,T]; H) x C([0,T]; H)) to
system (J).

Finally, concerning the small parameters € > 0 and § > 0, we assume that we have

the following.

Hypothesis 5. We assume that € [ 0, 6 = d(e) L 0 and A = A(d,¢) | 0, such that

0 0
lim — =0 d li =0
e =0 iz
It is clear that when ¢ | 0, both 6 | 0 and A | 0. Hence, for notational convenience

we will many times simply write € | 0, which implicitly implies that §, A | 0 as well.

(11)

In addition, we note that (IIJ) implies that 52 T oase 1 0. Parameter A can be
viewed as a time-scale separation parameter. In particular, as we shall see in Section
43l Hypothesis 5 enables us to decouple the invariant measure with respect to which

the averaging is being done from the control process.

3 Weak convergence and large deviations.

In this section we review the weak convergence approach to large deviations, [15],
and then we state our main results of the paper on the averaging principle for con-

trolled stochastic reaction-diffusion equations and on the large deviations principle for

10



{X®9 ¢ > 0}. As we also mentioned in the introduction, large deviations for SRDEs
in the small noise regime (but in the absence of multiple scales), have been derived
in [3, Theorem 9]. In particular, the authors in [3] use the weak convergence formula-
tion as well and establish large deviations for infinite dimensional SRDEs in the absence
of multiple scales. Before stating the main result of this paper, we review next the

mathematical framework appropriately formulated in our setting of interest.

Theorem 3.1 (see [23]). Let f be a bounded, Borel measurable function mapping
C ([0, T];R*) into R. Then
] 1 T ) °
—InE(exp{—f(W)})= inf E|= lu(s)|gds + f LW+ | u(s)ds .
u€P2(U) 2 0 0

Here the set Pa(U) consists of all U-valued predictable processes ¢(s) for which

|p(s)|?/ds < oo almost surely.
Let € and & be Polish spaces. For each € > 0, let G° : & x C([0,T];R*) — & be

a measurable map. Consider the family of random elements X% = G¢(z, /eW). From
Theorem B we immediately derive that for any bounded and continuous function

h:&— R,

1 €, o . 1 r 2 € 5 *
—chhE [exp <—gh(X ))] = ue%jn;&U)E [5/0 lu(s)|gds +hoG <x NVEW +/0 u(s)ds)] .

(12)
Let us recall that H = L?(D) and Aj, Ay denote the realizations of A; and Aj
in H, endowed with their respective boundary conditions. Also, A; and As generate

Co—semigroups Si(t) and Sa(t). Notice that if A is the infinitesimal generator of Sy(t),

1 t
then ﬁAg is the infinitesimal generator of S5 §> We now recall the definition of a
mild solution of (). The mild solution to (IJ) solves

X=0(t) = Sy (t X0+/ S1(t — s)B1(X9(s), Y(s))ds
+f / S1(t — $)T (X7 (5), Y0(5))dW P (s)
YEO(t) = S (%) Yo+ 5 <t5 ) By(X(5), Y*(s))ds

(t >22 (X=(s), Y59 (5)) AW @2 (s) .

(13)

The solution map (interpreted as in (I3) of () can be viewed as a Borel measurable
map

= ((Xo, Yo), VEW) = X0 .
By ([2)), for any bounded and continuous function i : C(H) — R we have

—elnE[exp <—§h(xeﬁ)ﬂ — inf EF /OT|u(s)|2Uds+h(X€757“) L4

u€P2(U) 2

11



Here the process (X&9% Y% is a controlled version of ({) where the control
u € Po(U). The corresponding mild solutions satisfy the following controlled system of

stochastic reaction—diffusion equations,

aXe,zS,u
T (t,z) = Ay XS0t ) + by (2, XEOU(t, ), YEOU (L, x))
+oi(a, XUt @), YOO (b, ) (Quu(h)) (x)
3WQ1
+Veoy (z, XE0U(t, ), YEOu(t, ) T (t,z) ,
aya,é,u

1
(t,z) = 52 AYEOU( 2) + bo(x, XEOU(L, 2), YEOU(E, x))
oo, X5HU (1t ), YOU 1, 2)) (Qzu(t)) (x)
OW @2

ot (15)

1
+6\/E
1
50 (2, XEOU(t ), YEOUt, x))

X0(0,2) = Xo(x) , YoO(0,2) = Yo(x) , € D,
NLX=08(t 2) = NoY = (t,2) =0, t >0, 2 €D .

(t,2)

In particular, the mild formulation of the solution (X&%% Y%%) is the controlled

process that solves
t
X=Su(8) = S ()Xo + / Sy(t — 5)By (X=54(s), Vo34 (s))ds
0
t
+ [ 81 9B 506, Y () Qus)ds
0

+ e /0 t S1(t — 8)01 (XS0 (s), YEOU (5)dW L (s) |

t 1 [t t—
YoOu(t) = Sy (?) Yo+ 5 /0 5 ( - > By(X*0(5), Y20 (s))ds (16)
b ey (28 my(xe (), Yo (5)) Qou(s)d
6\/5 o 2 52 2 S), S uls)as
1 [t t—s 0. £,0,u Q
+S Sa 5 Yo (X% (s), Y20 (5))dW 2 (s) .
0

For each NV € N, we define the set

PY(U) = {u e Py(U) : /OT u(s)|5ds < N} .

As in Theorem 10 of [3] and for each u € P2 (U) uniformly in ¢, there is a unique
pair (X&%% Yedu) ¢ LP(Q; C([0,T); H) x C([0,T]; H)) that satisfies (IG).

Now, by Section 1.2 of [I5], it is known that the Laplace principle, which amounts
to finding the limit of the left hand side of (Id]) as € | 0, is equivalent to finding the
large deviations principle for { X9 ¢ > 0}. This is the path that we follow in this paper
for finding the large deviations principle for the family {X%9 ¢ > 0} in C(]0,77], H).
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Also, as it is shown in [2], the representation implies that we can actually consider
u=uf € PY(U) for a sufficiently large but fixed N € N.

Let us denote the slow motion space to be X = H = L?(D), the fast motion
space to be Y = H = L?(D), and the control space to be U. In addition, let us define
E=¢X,Y,u) : X xYxU — H by

X, Y, u) =21(X,Y)Qiu+ B1(X,Y) .

Moreover, for any fixed X € X, consider the fast process Y~ defined by the equation

oy~ X X
P (1) = [AoY ¥ (t,2) + bafar, X(2), Y ¥ (1,
Q2
+ Ug(x,X(ﬂ:),YX(t,x))avgt (t,z),t >0and z € D .

YX(0,2) =Yy(z) , z€ D, NoY¥(t,2) =0, t>0, 2 €D . (17)

Let £ = £X be the generator of the process YX. As noted in [7], this generator

has the form

LXp(Y) = (A2Y + Bo(X,Y), Dy (¥ ) + 5 Tx[Da(X, Y)QeQ3Z5(X, ¥) D (Y )],
(15)

where Dy and D% are the first and second Fréchet derivatives in H. The domain of
definition of the operator £ = L% is a set D(L£) C H such that any ¢ € D(L) — R is
twice continuously differentiable with D ¢(Y) € H for any Y € H, and the mapping
Y + Tr[D2.¢(Y)] is continuous on H with values in R.

In addition, as we also review in Appendix [Al Hypothesis 1 and 2, guarantee that
the process Y is, for each X € H, ergodic and strongly mixing with a unique invariant

measure, which we denote by p* (dy). For any bounded and continuous f € Cy(H)

/f(Y) X(dY) = lim l/Tf(YX(t))dt (19)
H . a T Jo .

T—+o0

We now state without proof an important result on the continuity of X > X,

which is a consequence of Lemma 3.1 of [5].

Lemma 3.2. Suppose that f: H — R is Lipschitz continuous. For any X € H define
F(X)= fyf(Y)uX(dY). Then for any X1,Xs € H,

[F(X1) = F(Xo)| < [[flluip [ X1 = Xal - (20)

We need to understand not just the limit of the slow dynamics X&%% but also the
measure with respect to which the averaging is being done. This is complicated in our

case, due to the dependence of the dynamics on the unknown control process u = u®.

13



Following the recipe of [16], for the periodic finite dimensional case, we introduce the

family of random occupation measures
1 t+A
P2 (dudY dt) = / 1u(u(s)) Loy <Y€’5’“(s)) dsdt (21)
t

on U x )Y x [0,T], where A = A(e) — 0 is as in Hypothesis 5. These occupation
measures encode the behavior of the control and the fast process. It is the correct way
to study the problem because the fast motion’s behavior will not converge pathwise to
anything, but its occupation measure will converge to a limiting measure. We adopt the
convention that the control u(t) = u®(t) = 0 for ¢t > T'. Then, we consider the joint limit
in distribution of pair (X=%% P52) as ¢,6, A | 0.

In order to state our main results, we introduce the following definition of a viable

pair corresponding to [I6], but appropriately extended to infinite dimensions.

Definition 3.1. A pair (v,P) € C([0,T]; L*>(D)) x (U x Y x [0,T]) will be called
viable with respect to (§, L), or simply viable if there is no confusion, if the following are
satisfied. The trajectory » € C([0,T]; H), P is square integrable in the sense that for
some 0 > 0,

/ (Julfy + Y3 5) P(dudYds) < oo
UxYx[0,T] '

and the following hold for all t € [0,T]:

B(t) = S1(8)Xo + /U g S1(E ), V)P duaY ) (22)

the measure P is such that

pop_ {PEPWU XY [0.T]): PldudYdt) = n(dulY, O)u(dY |t)dt, o)
w(dY |t) = p?O(dY) fort € [0,T]

where pX is from (), and
PUxYx[0,t])=t. (24)

We denote a viable pair by (¢, P) € V¢ r). Notice that condition (23)) in Definition
[B1] essentially means that the second marginal of the limiting occupation measure,
w(dY|t), coincides with the invariant measure associated with the YXY0 with X = 1)(¢)
from (I7). Heuristically speaking, the viable pair (¢, P) € Vie,c) captures both the
limit averaging dynamics of the controlled slow motion X=%* in terms of (22) and the
invariant measure of the controlled fast process Y% in terms of (23). Using the viable

pair definition, we can then state the main results of our paper.

Theorem 3.3. (Averaging for controlled system) Let u € PY(U), (X%, Y04) be the
mild solution to (I8) and T < co. Let also P (dudY dt) be given by (Z1)). Assume

14



Hypotheses 1, 2, 3 and 5, Xo € H and Yy € H. Then, the family of processes { X% :
e € (0,1),u € PN(u)} is tight in C([0,T]; H) and the family of measures {P*® : ¢ €
(0,1),u € PN} is tight in 2 (U x Y x [0,T)), where U x Y x [0,T] is endowed with the
weak topology on U, the norm topology on Y and the standard topology on [0,T]. Hence,
given any subsequence of {(X€’5’”, PE’A),E, 5, A > 0}, there exists a subsubsequence that
converges in distribution with limit (X,P). With probability 1, the accumulation point
(X,P) is a viable pair with respect to (£,L) according to Definition [31l

Theorem 3.4. (Large Deviation Principle) Let (X9,Y°) be the mild solution to (I)
and let T' < oo. Assume Hypothesis 1, 2, 4 and 5 and let Yy € H and Xo € H. Define

1
S(¢) = Sx,(¢) =  inf —/ w3 P(dudY dt)|
(¢) = Sx, () G P [2 nyxml [P ( )

with the convention that the infimum over the empty set is co. Then for every bounded
and continuous function h : C([0,T]; H) — R we have

1
lim—cInE ——h(X*°))| = inf [S h(9)] -
iy et B, [oxp (~2h(X9) )| =it (5(60) + h(0)
In particular, {X°} satisfies the large deviations principle in C([0,T]; H) with action
functional S(-). An alternative representation for S(¢) in terms of an ordinary control
problem is in (60), Section L2

In Section [ we consider the limit of the controlled SRDE ([I6]) as ¢, | 0 and prove
Theorem Then, in Section [5] we give the proof of Theorem [3.41

4 Analysis of the limit of the controlled SRDEs-Proof of
Theorem 3.3l

In this section, we analyze the limit of the system of controlled SRDEs ([I6]) as
g,0 1 0. As we mentioned in Section B we need to introduce the family of occupation
measures P52 (dudY dt) as defined by @1

We emphasize that these occupation measures are measure-valued random vari-
ables. We are interested in proving that the laws of the occupations measures are tight
in order to prove that a subsequence converges weakly. The study of tightness for these
occupation measures is considerably more delicate over the infinite dimensional spaces U
and ) than in the finite dimensional space studied in [I6]. Tightness of measures as well
as weak convergence of measures are inherently topological properties and, therefore,
we must be careful about the topologies that we are discussing.

The appropriate topology to impose on U x Y x [0,T] is the weak topology on U

times the norm topology on Y times [0, 7. If we restrict ourselves to bounded subsets
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of U, then this topology is metrizable because the weak topology on bounded subsets
of U, which is a separable Hilbert space, is metrizable. We recall the famous Prokhorov
Theorem and specifically draw the reader’s attention to the sensitivity of these results

on the chosen topology.

Definition 4.1. Let E be a metric space. A family of probability measures {Py} C
P (E)is called tight if for all n > 0 there exists a compact set K, C E such that

inf P, (K;) > 1—mn.
(63

Definition 4.2. Let E be a metric space. A family of probability measures { Py} C P (F)
is called relatively compact if for any subsequence in {P,} C \J, {FPa}, there exists a
subsequence (relabeled P,) that converges weakly to some limit P. That is, for any

continuous function f: E — R,
[ t@puan ~ [ s@Pan)
E E

Notice that both of these definitions are topological. Tightness refers to compact

sets and relative compactness refers to continuous functions.

Theorem 4.1 (Prokhorov’s Theorem). Let E be a metric space. If a family of probability

measures on FE is tight, then it is relatively compact.

In order to prove that the laws of P&2 are relatively compact, we need to apply
the Prokhorov Theorem twice (because they are probability measures on the space of
measures on the space U x Y x [0,T]). For this, it is convenient to recall the use of
tightness functions (see Appendix A.3 of [15]).

Showing that the laws of X% are tight in C([0,T]; H) is standard. We need to
demonstrate that the paths have enough spatial and temporal regularity so that they
belong to compact subsets.

We show that any limit of the pair (X%% P=2) — (X, P) in the space C([0, T]; H) x
P(U x Y x [0,7T)) is a viable pair (X, P) according to Definition B.I} As in [2], the rep-
resentation ([4) guarantees that it is enough to consider controls u € P (U) for an
appropriate large enough N € N that is independent of €. In particular, we shall con-
sider controls v = u® that may depend on ¢, but such that there exists N > 0 such that
for all £ € (0,1), we have u® € PJ.

In Section BTl we show that the pair (X=%%" P52) is appropriately tight. Then in
Sections and we show that any accumulation point as € | 0 will be a viable pair
per Definition 311

16



4.1 Step 1: Tightness of the pair {(X=%% P52)}.

We show the tightness of the pair {(X&%% P&2) 0 < & < 1,u € Py} in the space
C([0,T); H)x Z(U xYx[0,T]). Tightness guarantees that for any subsequence of € — 0

there exists sub-subsequence that converges, in distribution, to some limit (X, P), i.e
(X504, P9%) — (X,P) . (25)

The tightness proof is obtained by a-priori bounds for the slow process X% (t)
in (I3 in a suitable Holder norm with respect to time and in a suitable Sobolev norm

with respect to space, as well as second moment bounds for the fast process V%% (t).

4.1.1 A-priori bounds of the slow process X%,

In this section we denote positive constants as ¢’s, sometimes with subscripts indi-
cating dependence on other parameters, such as ¢, or ¢, g, etc. .

The following lemmas will be used in our later analysis.

Lemma 4.2. Assume Hypothesis 1. Fori =1 ori =2 and 0 € R there exists a constant
such that for anyt >0, and X,Y € H,

s _h— Bi(pi—2) -~
PO [CYREECTODIE V)Quifis|, <eot " NS R ey (26)
1

<.

Proof. By assumption Q;fi; = Aije;j and Si(t)e; p = e “i#'e; ;. Then expanding the

H norm with respect to the orthonormal basis {e; 1},

ZZ< A5, (XaY)Qifi,jaei,k>2

Jj=1k=1

(DX, V) Qi SHO(=A)" i)

Nk

(A2 X, V) Quf|

<.
Il

s
e 11

2

H

o

A?,ja?,keﬁai’kt (X:(X,Y)eq 5, ei,k>§{

14=1

<.
Il

By the Holder inequality with exponents p;/2 and p;/(p; — 2), the above expression is
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bounded by

0o 00 2/pi
< ZZ Si(X,Y)ei g, i)y (27)
: 1 k=1
o oo (pi—2)/pi
0pi/ (pi—2) — 2k 2
ZZ(X L e ri—? <Ei(X7Y)ei,j7ei,k>H
Jj=1k=1
oo il o , (pi—2)/pi
i 0pi/(pi—2) ——ik
< ZAP 120X, Y )es % (Z%i/( )e \z*(X Y)ezk\H>
_]:1 k=1
oo pil oo pic (pi—2)/pi
i 0p; ) (p1—2) — ik
< YA feinl? (Z ol e mm) 11 (XY goe 11
= k=1

We used the fact that X7 (X,Y) = 3;(X,Y’), which holds because for any g, h € L>(D),

(S:(X, Y)g, by = / Gi(X(6), Y (€)g(E)h(€)de = (g, (X, Y)h)

D

xT

Because z +— 27" is bounded for z > 0, there exists a constant such that

zhie=2r < Cpg,e”*. Therefore,

GPZ' QPiai,k
Pi— p—2
4
a, & 6

0p; Op .
_ < pi >—pip2 Ry 9p1 B —51 <Pzaz kt> pz,g +8; Qp;ai,th
- e Trim2
O\Pi— 2 “ ok pi — 2

Py k't

Opi
<Ot ri-2 Py kﬁ'e Pi=2

Consequently, by () and 27,

Z‘ A2 Si(t)8 (XaY)Qifi,jZ

J=1

00 (pi—2)/pi
. o Bilei=?)
< ¢ (E :ai,gl‘ei,k‘(%) ¢ e M Zi(X, Y)HL L>(D),H)" (28)

O

Remark 4.3. fori =1 ori =2, letIl; y : H — H be the projection operator in H
onto the span of {€;1,...,ein}. By the same arguments that we used to arrive at (28),
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we see that there exists a constant such that for any N > 1,t >0, and X,Y € H,

S Tw) (A28 (X, Y) Qi fus i
j=1

0o (pi—2)/pi , ( _3)
=C ( Z O‘Zx?kz’,k@) ! e =X, Y)”ll(L"" D);H) (29)
k=N+1

Lemma 4.4. Assume Hypothesis 1. There exists C > 0 such that for i = 1,2, t > 0,
X, YeH, and u e U,
Bilpi—2)

_0_Pilpi=2) by
(—A)P28,(1) (X, Y)Quuly < Ot 27 20 e 3 |[Zi(X, V)| cnoo(py o Julo. (30)

Proof. If we expand u by its Fourier series,

[e.9]

(= 40)"2Si ()i (X, Y)Qiular = Z A)"P2Si(O)%(X,Y)Qifig (us fig)y

By the Holder inequality, the above expression is bounded by
1/2 1/2

o0

Z\ A)P2Si(0)%4(X, YV)Qifi 4l > u fis)

j=1
It follows from (26) and the fact that {f; ;};en is an orthonormal subset of U that

_A)92g, ] A _g_ﬁi(gif% At
(A0 281020V )Quliy < O 2™ 5 e [S(XY etz oy -

O

Lemma 4.5. Assume Hypothesis 1. For anyt >0,i=1,2, and X,Y € H, the linear
mapping u — S1(t)X1(X,Y)Qu is compact.

Proof. Let II; xy be the projection operator in H onto the span of {e;1,...,e; n}. Let
{un} C U be a bounded sequence. For any fixed N > 1, II; yS;(1)5;(X,Y) : U — H is
finite dimensional and bounded. By (29) and (30,

(1 =1L n)Si (1) 2 (X, Y)Qill £ (v, 1)

00 (pi—2)/pi 8;(pi—2)
§C< > aiﬁileak%) £ S Y e ()it
k=N-+1

Any linear operator that is a uniform limit of finite dimensional operators is compact
(see for example [12] Theorem I1.4.4]). O
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Let us now define

roo(t) = /0 t Si(t — )81 (X=0U(s), YU (s))dW P (s)

t —_—
rsoU(t) = % /0 Sy <—t 628> S (X0U(s), YEOU(5))dW @2 (s)

Lemma 4.6. Under Hypotheses 1, 2 and 3, there exists @ > 0 and p = > 2

such that for any e >0, T >0, p>p and 0 € [0,0), we have

2
1-B1(p1—2)/p1

T
Esup [T (02, < cpra / (1 +E[XS0(s)[2, + E|y€757“(5)|§§) ds  (31)
t<T ’ 0

for some positive constant cr g which is independent of € > 0, and

T T
| B o) Bads < el [ (141X ) ds (32)
0 0

Proof. First we prove ([B2). By the Ito isometry,
Sty (2 1[5 0/2 2 5 5 2
€,0,U )Yy )Yy
BT O = g5 [ 0 1(A028a((t = 5)/62)22(X7H(5), () Qaf iy ds.
j=1

Then by (26]),

Balp2—2)
csuny O [t t—s\T"TE T e
E|F27 s (t)|072 S ? A F (& 52

By Young’s inequality for convolutions,

T T B2(p2—2)
1 —0— _As
E / D55 ()3 0t < = / (%) 7 e s
0 ' 1) o \O

T 5 5 2
x < /0 HEQ(XE’ (), YO #(s))Hﬁ(Lw(D)’H) d5> .

2
€,0,u £,0,u
]zg(x (s), YEOu(s)) HL(LOO(D);H) ds.

Time changing the first integral,

© _g_fale2=2) T s s 2
< (/ s 2 e Sds> (/ HEQ(Xe’ H(s), Y® U(S))H d8> .
0 0 L(L>(D),H)

If we choose € small enough so that —6 — W > —1 (which is possible by (@), then

the first integral is finite and

T T 2
E [ |050(t)2,dt < C / [Za(xe 0 (s), v oo (s ds.
| st et <o [ maxesn@ s o

The result follows by (&).

Equation (BI]) is similar to (4.2) in [5] and is also a consequence of the stochastic
factorization formula of [I3]. O
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The next lemma estimates the control terms
t
ZE0u(t) = / S1(t — s)81 (X5 (s), YEOU (5))Qru(s)ds
0

and

€,0,u 1 ! t—s €,0,u €,0,u
Zy 7 (t) = 5—\/5/0 S <6—2> Yo (X5 (s), Y5 (s))Qau(s)ds.

Lemma 4.7. Under Hypotheses 1, 2 and 3, there exists @ > 0 and p = > 2

2
e T—Fi(o1 =2/
such that for any e >0, T >0, p>p and 0 € [0,0], we have for any u € Py,

T
Esup 20 (0lf, < GuranB [ (L+ X0 () + Vo)) ds (33)
t< 0
and

T 2
o
B [ 125" ods < cpran B (1 + sup |X€’5’“<s>|%{> . (34)
0 ’ € s<T

Proof. For any t € [0,T], by (30])

6_Bi(p1—2) A(t—s)

t
1205 (1)l < C/O (t=s)"27 2 e 7 [ISi(X0(s), YO ()| oo (). [uls) [ ds.
By a Hoélder inequality, along with (I0),

.
1277 (1)]o.1

¢ B1(p1—2) 2
_6_7 — —S u u
< Clulr2(o,4,0) (/0 (t—s) e M (1 4 | X0 (s) 5 + [VE (S)I§§)d8>

Applying another Holder inequality with p/2 > p/2 and recalling that by assumption
[ul 20,50y < N2,
p—2

t 0 _ Bip(p1—2) Aps 2p
__pv _PAP\pP1—<)  _ Ap
Z52 ()lo1 < CNY? < / s D D e p—2ds>
0

1
P

<[ as e + i) (3)

The first integral is finite as long as (ppf 5 T B [lf 8))1:5) < 1. By the definition of p,
% < 1. We then can choose # small enough so that the condition is satisfied.

The analysis for Zg’é’u is a little bit different. By [B0) and (&)

0 _ Ba(pa—2)

t _9_
,0,u C t—s 2 2p2 A(t—s) b
%00 <57 [ () T (141X fuls)luds.
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By Young’s inequality for convolutions,

T T 0_ Balpa—2) 2 T
€,0,U 4\ |2 C SN\ T2 2p — A=) &0, 2 2
)y < _ 2 Yy

|1z e < (/0 () e ds) ([ (4= m) o)

N 2
< (1 +sup|X€@“<s>|%{> .

s<T
O
Lemma 4.8. Under Hypotheses 1, 2 and 3, for any T >0, p = % and any u € Py for

some N € N, there exists a positive constant ¢, n and a positive g > 0 such that for

any Xo, Yo € H and 0 < € < g9, we have

E sup | X002, < cprn(l+ [Xol?y + Yol2) | (36)
te[0,7
T

/ E|Y<30(0)2dt < e (1 + [ Xol% + [Yol%) - (37)
0

Proof. Let us write

t
Xe,&,u(t) = S1(t) X0 + / S1(t — s)By (X6,5,u(5), Ye,5,u(s))d5
0
+270 (1) + VETTU(E)

By the growth conditions on B; ([I0]), and the boundedness of the semigroup,

P

t t
| Sitt = B0, v s < e [ (1 X+ Y05 s
0 0

H

Thus by using ([B1]) and (B3] with 6 = 0, we can conclude with

t
Esup [X25%(s)[%) < cprn(1+ [ Xolly) + cpr / E|Y5 ()| ds
s<t 0

t
+ Cp,TJV/ (1 + Esup \Xa"s’“(r)ﬁ{) ds
0

r<s

so that by Gronwall’s inequality we have

t
Esup | X*0"(s)ff; < cpry (1+1Xor%+ / E\Y&&“(s)r%dS)
0

= : (38)
= Cp, TN <1 + | Xol%, +/ E\Ya"s’“(s)]%{ds> ,
0

where we chose p = 2/(. Next we want to estimate

t
/ E[Y®%%(s)|%ds .
0
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We will be using the assumptions from Hypothesis 2, in particular that ¥9(X,Y") does
not grow with respect to Y.
Set ASU(t) := YEOu(t) — Z5%%(t) — TS (t), we have AS%"(0) = Y and A5 is

weakly differentiable in time and

d ,5,'& 1 757“‘ 1 u u
ST = S AN () + = Ba(XT0U0), YESU()).
Therefore,
1d  cs d cs s
__A57 7Ut 2 _ _A57 ﬂLt A57 7Ut
5N = (FA 0457 0)
1 u u 1 m u u u
< 3 (AN (1), AT (D) + 5 (Ba(XE0M (), 237 (1) + T3 (4), AT (D)

1 u u u u u u u
g (Ba(XO0 (1), A (1) + 25 (1) + T (1)) = Ba(X=0(1), 25" (1) + T3 (1), A3 (1))

1 (AL, 5 c 5 5
< -3 ( S VISP O + 5 (1+ XSO +1257 () + T3 (0l
Here the last inequality is due to Young’s inequality. By a comparison principle,
_LX
letting p = b2 we have

767
A (O

t
<e PPNl + 5y [ e (L [XES) 257 (o) + 050 ) ds
0

By Young’s inequality for convolutions,

T

T
s otk <ol e [ (1 1X0 0+ 12200+ 05 0f ) ar
0 0

Thus using ([B2) and ([B4]) we see that

T T
)
/ E[YEU(t)|%dt < c\Yo\fq—i—c—i—c/ Esup | XU (r) |4 dt + cN—Esup | X4 (1)
0 0 r<t \/5 t<T
(39)

Combining ([B9) and B8) we see that

1)
Esup [X=%"(s)[%; < ern (14| Xolf + [YolF) + cr <1 - N—) E sup | X="(r)|}ds .
s<t \/E r<T

By Young’s inequality,

1-{-]\[i |X€,5,U(t)|2 < 1|X€,5,u(t)|p + 1+Ni (p—2)/p
N Ve =9 HTECer N

where the constant on the right hand side is different from the constant on the left. We
0
have assumed in (1) that — — 0. Consequently, ([B6]) follows. By (36]) and (39]) we

Ve
obtain (7). m
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Lemma 4.9. Under Hypotheses 1, 2 and 3, there exists 0 < 0 < 1;—4 and p = %, such
that for any uw € PN, T >0, Xo € H and Yy € H we have
sup Esup |X“OU(t) — 51()Xoly, < eporn(L+ [ Xolfy + [Yolz) (40)

e€(0,1) t<T
for some positive constant cp g1 N-

Proof. Assume that Xg € H. We have

XEu(p) — 8y (1) X / Sy(t — 5)By (XE9U(s), YE0U(s))ds
_|_Z€5u( )+\/—F€5u( ) )

We showed that Fi’&u and Z] "% have the required regularity in Lemmas and
47 and that
B sup (IS0}, + 125 (0)5,) < OO+ B sup [XT0U ()],
te[0,T] ’ ’ te(0,T]
By the Lipschitz continuity of By and the regularizing properties of the semigroup,

p
<CA+E sup |[X0U1H)[E).
0,1 te[0,T]

sup
t€[0,T

/ S1(t — s)B(X5%%(s), YU (s))ds

The result then follows from (36]). O

Lemma 4.10. There exists 8 > 0 such that for any T > 0, there exists a constant
Cr,np > 0 such that for any u € Pﬁv, Yo, Xo € H

T
| e ads < Craalt + Mol + Xl (a1
0
Notice that these bounds are independent of € and §.

Proof. This proof is a consequence of the analytic properties of the semigroup |.S;(t) Xo|g,; <
t7% Xo|g. The mild formulation for Y% is

u t 1 t—s u u
Ya,& (t) =S5 <52> Yo + 52/ So ( 52 >B(X5757 (8),Y5767 (s))ds

+ Z0M () + T ().

We bound each term of the mild solution separately. The semigroup term satisfies

T " 2 T /N0 .
/ SZ <52> }/O dt = / <_> €_>\t/6 ’YO‘%{dt < 5200‘}/0’%[ (42)
0 0,2 0

52
Denote the drift term

Ay(t) = 51—2 /0 t S, (’55_—28> B(X%%(s), Y% (s))ds.
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Then

62 52

and by Young’s inequality for convolutions and the linear growth of Bs,

T o) T
[ hatoate < ([T as) [ (1 xS o)) ds. (09
0 0 0

1 [t/ t—s\ "% _ae-s
[Aa(t)|o2 = /( S> e |B(X0%(s),Y*"(s))| urds
0

We combine estimates ([@2)), ([43]), along with (32]) and (34]) for estimating F§’5’u and
Z;’é’u to see that

T T
E [ [V*5U(0) pdt <CrvaB (w% +sup XS+ [ |Y€vf*“<s>|%{ds> .
0 ’ s<T 0

It follows from (B and (B7) that

T
E/ YU ()3 ydt < Crove (1+ [ Xol3 + [Yol3) -
0
Ol

Lemma 4.11. Under Hypotheses 1, 2 and 3, there exists 0 < 0 < 1;2< and p = %, such
that for any uw € PN, T >0, Xo € H and Yy € H it holds

sup BIX=00(t) — X=03(s)[,
€€(0,1]

< aapira (1t = sPOP( Xl + ol + 1)+ (810 = 5) = DXol%).
for s, t € [0,T] and some positive constant cg, 1N and 5(0) > 0.

Proof. We can proceed in a similar way as in the proof of Proposition 4.4 of [5], but we

have to take into account the control w. For any ¢,h > 0 and t,t + h € [0,T], we have
XU+ h) — XU (t) =(S1(h) — I)(X5U(t) = S1(t)Xo) + (Si(h) — I)S1(t) Xo
t+h
+ / Si(t+h — s)B1(X5%%(s), YU (s))ds
t
t+h
+ / S1(t+h — s)21(X5%(s), YO (5))Qru(s)ds
t
t+h
+ \/E/ Si(t4h — 8)2 (X5 (s), YEOU(5))dW @ (s) .
t

We can then argue more or less in the same way as the proof of Proposition 4.4 in [5].
The equicontinuity of the integral terms is due to the regularizing properties of Si(t)

along with the a-priori estimates of Lemma A8 For example, Holder estimates such as
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B3) with # = 0 show that we have uniform continuity as h goes to zero. The stochastic
integral term requires a stochastic factorization argument. The Holder continuity of the
(S1(h) — I)(X=%%(t) — S1(t)Xo) as h — 0 is due to the fact that () holds and HY is
compactly embedded in H.

O

4.1.2 Tightness of the pair {(X=%% P5?) > 0,0 <t <T}.

Lemma 4.12. Under Hypotheses 1, 2 and 3, for any T > 0 and Xo € H and any
Yo € H, the family of processes {X%% : ¢ € (0,1),u € P} is tight in C([0,T]; H).

Proof. We apply an Arzela-Ascoli argument to show that
{X&&u(') - Sl()XO HESES (07 1),’& € ,Pév}

is tight by using Lemmas and ET1l Therefore, {X%% : ¢ € (0,1),u € Py} is also
tight because the set differs by a fixed non-random trajectory. O

Lemma 4.13. Under Hypotheses 1, 2 and 3, for any T > 0, Xg € H and any Yo € H
the family of measures {P2 : e € (0,1),u € PY} is tight in 2(U x Y x [0,T]), where
U xYx|[0,T] is endowed with the weak topology on U, the norm topology on Y and the
standard topology on [0,T].

Proof. We use tightness functions (see [15, Appendix A.3]). For 6 > 0 satisfying Lemma
LI0L let g : U x Y x [0,T] — R be defined by

9(u, Y1) = |ulf + Y5 ,.

If M > 0, then the set {u € U : |u[}, < M} is compact in the weak topology on U by
Alaoglu’s Theorem. The set {Y € Y : |Y|g2 < M} is compact in ) because the operator
Asg is unbounded. Let E = U x ) x [0,T] be the metric space endowed with the weak
toplogy on U times the norm topology on ) times the topology on [0,7]. The function

g is a tightness function in F because the set
{(w,Y,t) 1 g(u,Y,t) < M} C {us Julfy < M} x {Y :[Y]5 < M} x [0,

is precompact.
By applying Theorem A.3.17 of [I5], we see that the function G : Z(F) — R given
by

G(w) = / o(x)dv (x)

E
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is a tightness function on Z(F). Applying Theorem A.3.17 of [I5] again, we see that
the function & : 2(#(E)) — R given by

() = / G(v)du(v)
P(E)

is a tightness function. If we choose a sequence of controls u¢ € P2, then by (@I]) and
1), letting v=* denote the law of P54,

sup 4(v**) = sup E[G (P"?)] = sup E / (Jul% 4 [Y|2 5)P=2 (dudY dt)
0<e<1 0<e<1 0<e<1 ’
UxYx[0,T]

r 1 A e 2 £,0,u 2
= sup E — (]u ()57 + [Y=%(s)|5 2) dsdt
o<e<1 Jo A Jy ’

T+A
< sup E/ (lu(s) 3y + Y =2(s) ) ds < +oc.
0<e<1 0

Since ¢ is a tightness function, the laws of PS* are tight. O

Lemma 4.14. Under Hypotheses 1 and 2, the family {P** (dudY dt) = Pi’A(dudY)dt , €>

0} is uniformly integrable in the sense that

lim sup Ex, / (Julgr + [Y]g.2)PE2 (dudY dt) | =0 .
M—00 ¢~ ’
{(U7Y,t)!‘U|U>M,‘Y|9’2>M}

The proof of Lemmas and .14 follows the strategy of the proof of [16, Propo-
sition 3.1], where here we also need to use the additional bound (1) since in this paper
the fast process does not take values in a bounded space.

With Lemmas and and the Prokhorov Theorem, we infer that for any
sequence € — 0, there exist a subsequence along which (X% P52) — (X,P) in the
space C([0,T]; H) x (U x Y x [0,T]). The next two sections show that any such

accumulation point (X, P) is a viable pair in the sense of Definition Bl

4.2 Step 2: Proof of (22).

Let us recall the mild solution (X®%* Y=9%) to the controlled problem (I6]). In

particular, let us write for the slow component
t
XE0U(t) = S1(t) X +/ S1(t — ) By (X5%U(s), Yo (s))ds
0
t
+/ S1(t — 5)81(X59%(s), YU (5))Qru(s)ds
0

4

+VE /Ot S1(t = )T (X0 (s), Y20 () AW P (s) = D I (1), (44)

i=1
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where J; ’6’u(t) represents the i*" term on the right hand side of (@4]).

Our goal is to show that each one of the terms Jf’é’u(t) is tight in C([0,T]; H) and
to identify its limit. To prove the tightness of paths, we apply an infinite dimensional
version of the Arzela-Ascoli Theorem. The Arzela-Ascoli Theorem guarantees that the

sets

t)— f(s
Koo, =1 9 € C((0,T];H) = sup |p(t)lgr < M,  sup M <M
t€[0,7] stefo,r] [t =8|
t#£s

are compact subsets of C'([0,7]; H). Such a set consists of equicontinuous paths which
live in a compact subset of H.

We show that the paths of J; U are tight by proving that they live in sets like
Ky, v with high probability uniformly with respect to ¢,6 and w.

The term Jle’é’u(t) = S1(t)Xo is non-random and doesn’t depend on e. Using the
same arguments as in the proof of Lemma and Lemma 7, we can show that for
1=2,3

sup E sup |Jf’5’u(t)gl < 00, with p =2/(.
e€(0,1)  t€[0,T) ’

At the same time, Doob’s inequality and Lemmas .6, and [L.10] give

sup E sup |[JSPU(1)[2, < oo.
e€(0,1)  t€[0,T] '

Hence, we obtain that for 0 < 6 < 1;—4 and for any 0 € (0,0], we have for i = 2,3,4

lim sup P sup [J7(t)F, > M | =o0.
M—00¢(0,1) <te[0,T} ‘ 6.1

The equicontinuity of the Jf Ou paths is a consequence of Lemma 1] and the
Kolmogorov continuity criterion.

The latter implies that the terms Jf’(s’u(t) are indeed tight in C([0,7]; H). By
Lemmas and EI3] we also know that the family {(X&%%(t),P5?),e > 0,0 <t <
T} is also tight. Therefore, we can extract a subsequence along which J; ’6’u(-) and
(X=9(.), PSA) converge in distribution. Let us denote by J;(-) and (X(-),P) the cor-
responding limits. Our next goal is to identify them.

We know that Ji(t) = S1(t)Xo. Also, the bounds of Lemma L8 guarantee that
Jy(t) =0 for all t € [0, T]. It remains to identify J;(t) for i = 2,3. At this point, we will
use Skorokhod representation theorem (Theorem 1.8 in [I7]), which, for the purposes
of identifying the limit, allows us to assume that the aforementioned convergence holds
with probability one. The Skorokhod representation theorem involves the introduction

of another probability space, but this distinction is ignored in the notation.
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Let us present the argument only for J3(t) as the argument for Jo(t) is the same
but simpler. Because we have proved tightness, we know that Jf O all converge in
C([0,T]; H) to a limit. In order to identify the limit, it is sufficient to identify the
pointwise limits of J=%%(t) for any ¢ € [0, T]. We have that

J5(t) = /0 S1(t — 5)S1 (X5 (s), Y0 (5))Quu(s)ds

= / S1(t — 5)81(X59%(s),Y)Q1uP™ (dudY ds)
UxYx[0,t]
t
- ( / S1(t — s)81(X59%(s), YEOU (5))Qru(s)ds—
0

— / S1(t — 5)81(X59%(s),Y)Q1uP*? (dudY ds) (45)
UxYx[0,t]
By (&7) below, the first term on the right hand side of (45) satisfies

/ Si(t — )51 (X5%%(s), Y)QuP=* (dudY ds)
UxYx|[0,t]

— Si(t — 5)21(X(5),Y)QiuP(dudY ds).
UxYx|[0,t]

By (48) and ([#9) we have the second term of ([45]) converges to zero in probability.
Therefore, we have shown that any limit (X, P) of (X&%% P%2) solves (22)).
Lemma 4.15. Let t € [0,T) be given. Assume that (X%% PS2) — (X, P) in distribu-
tion in C([0,T]; H) x P(E) for some subsequence of € | 0, and Hypotheses 1, 2 and 3

hold. Then the following limits are valid in distribution along this subsequence:

/ Si(t — s)By(X=%%(s),Y)P5? (dudY ds)
UxYx[0,t]

— S1(t — s)B1(X(s),Y)P(dudY ds), (46)
UxYx[0,t]

and

/ Si(t — 5)21(X5%%(s),Y)QruP™ (dudY ds)
UxYx[0,t]

— S1(t — 5)21(X(s),Y)QiuP(dudY ds). (47)

UxYx[0,t]
Lemma 4.16. Let t € [0,T] be given. Assume that (X&%" P&2) — (X, P) in distri-
bution in C([0,T); H) for some subsequence of € | 0, and Hypotheses 1, 2 and 3 hold.

Then the following limits are valid in distribution along this subsequence:
t
/ Sy(t — 8)By (XS04 (s), YEOU(s))ds
0

— / Si(t — s)By (X=%%(s),Y)PS? (dudY ds) — 0 , (48)
UxYx[0,t]
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and
/Ot S1(t — 5)01 (X5 (s), YO (5))Qru(s)ds—

— / S1(t — )21 (X59%(s), Y)QruP* (dudY ds) — 0 . (49)
U xYx|0,t]

Proof of Lemma[].15. We begin by proving ([#6]). This is a consequence of the weak
convergence of the occupation measures, but the situation is somewhat delicate because
we are integrating the measures against H-valued functions. By Skorohod’s Theorem,
there exists a probability space and a subsequence along which on which X%* converges
almost surely to X in C([0,T]; H). By the Lipschitz continuity of By and ¥,

/ S1(t — s)B1(X5%(s), V)P (dudY ds)
U xYx|0,t]

- / S1(t — s)B1(X(s),Y)PS? (dudY ds)
U xYx|0,t] I

<C |xed(s) - X (s)
U xYx|[0,t]

<C (XE"S’“ - )‘(‘

P&A (dudY ds)
H

50
c(o0,1);H)’ (50)

which converges almost surely to zero as € — 0. This estimate is uniform with respect

to the occupation measures. Similar arguments show that

/ S1(t — s)21(X59%(s), Y)QruP™ (dudY ds)
UxYx[0,t]

- / S1(t — 5)81(X(5),Y)QiuP™ (dudY ds)
UxYx[0,t]

H
B1(p1-2)
<C (t—s) S o319
UxYx[0,T]

X0 (s) — X (s)

. lu|y P2 (dudY ds)

_M A i A 5 )
<C / (t — 8) 201 ¢ 3 ( S)’u‘UP& (dudes) ‘Xe, u X‘
UxYx[0,t] ot

<C / luf2 P52 (dudY ds) ‘X&M - X( . (51)
UxYx[0,t] ([0, T);H)

The final inequality is due to Holder’s inequality and the fact that % < 1. The
integral of |u|? is bounded by assumption. Based on (500) and (EI)), it is sufficient to
prove (@6) and @T7) with X=%* replaced by X.

By Skorohod’s Theorem we can find a probability space on which P& = P almost
surely in the topology of weak convergence of measures. Recall that the space U x ) X

[0, 7] is endowed with the weak topology on U times the norm topology on ) times the
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usual topology on [0,7]. Weak convergence of measures means that for any bounded

continuous function ¢ : U x Y x [0,T] — R,

/ g(u,Y,s)PS2 (dudY ds) — / g(u,Y,s)P(dudY ds).
UxYx[0,T] UxYx[0,T]

It is not automatically true then that similar statements hold for unbounded H-valued
continuous functions like S(t — s)B1(X(s),Y) and S(t — s)X1(X(s),Y)Q1u.
We now show that

S1(t — s)21(X(s), Y)QuuP*? (dudY ds)
UxYx|[0,t]

/ S1(t — 5)%1(X(5),Y)QiuP(dudY ds).
UxYx|[0,t]

The argument with By will be similar but simpler.

First, we argue that the convergence is valid for any finite dimensional projection.
Let Iy x : H — H be the linear projection operator onto the span of {e11,...,e1 n}.
Then for any N > 1,

I NSy (t — 8)21(X (5), Y)QuP¥? (dudY ds)
x Y x[0,t]

- / Iy nSi(t— s)21(X(s),Y)QruP(dudY ds)
UxYx[0,t] H

N
= / (xSt — )51 (X (), Y)Quu 1), P (dudY ds)

k=1 \yxyx[o,]

- / (M N S1(t—5)21(X (), Y)Quu, 1 1)y P(dudY ds)
UxYx[0,t]

Each term of this sum converges to zero because for any k, (S1(t — s)$1(X(s),Y)Q1u, 617k>H
is a one dimensional function. It is continuous in s, in the norm topology on Y, and in
the weak topology on u by Lemma (recall that a compact linear operator is contin-
uous from the weak topology to the norm topology). Since it is a finite sum, and by the
uniform integrability of the measures (Lemma [£.14]), the above finite sum converges to

zero as € — 0.
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The remainders are uniformly bounded as a consequence of (29) and (30

2
/ (I =TIy §)S1(t — 8)21(X (5), Y)Q1uP¥> (dudY ds)
x Y x[0,t] H
o0 %
§C’< Z alk |elk|0> X
k=N+1
7»31(!71*2) A t— _ A
« / (t—s) e 309 (14 X (s)]a + V) [ulo P (dudY ds).
U xYx|0,t]

The above expression is uniformly bounded and small by Lemma .14] and (). The
above expression also holds with P replacing P&

Since the tails are uniformly bounded and the finite dimensional projections con-
verge, the result holds. The analysis for the B; terms are similar but less technically
difficult. O

Proof of Lemma[{.16. We focus on addressing the second statement of the lemma, since
the first statement of the lemma follows along the same lines, but it is simpler technically.
For notational convenience let us also write g(X,Y,u) = X1(X,Y)Q;u for the purposes
of this proof. We notice that

/ S1(t — 8)g(X=%%(s), Y, u)P (dudY ds)
UxYx[0,t]

/ / Lt — 8)g(XE0U(s), YEOU (1), u(r))drds

By the uniform continuity of g in X and the uniform continuity of X=%% from
Lemma [ TT] it follows that

/ / $)g(X =" (s), YO (r), u(r))drds
/ / $)g(X=(r), YU (), u(r) ) drds

converges to zero as € | 0. Therefore, it is enough to study the limit of

/ / Lt — 8)g(XE0U(r), YEOU (1), u(r))drds.
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By changing the order of integration, the above expression equals
A 1 T
|5 [ $itt = 99X, yeou o), utr)dsdr
0 A 0
t 1 T
+/ —/ Sl(t—s)g(XE"S’“(r),Ye’é’“(r),u(r))dsdr
t+A
+/ / S1(t — s)g(X=U(r), YEOU (1), u(r))dsdr.

The first and third terms in this expression converge to zero as A — 0, so we only need
to focus on the second term. To motivate why we need to be careful about averaging

the semigroup, we make the following observations. For any fixed X € H,

hm—/ Sy(t)Xdt =
AL0 A

This is due to the continuity of the semigroup. The convergence is, unfortunately, not
uniform over X in bounded subsets of H. The convergence is uniform over bounded
subsets of Hle for any 6 > 0, because of the compact embedding of Hle into H, the set
of trajectories {t — Si(t)X : |X|g1 < 1} is equicontinuous. This means that

12 [ s

=0, (52)
L(H{,H)

in operator norm.

Consequently,

1 / ' Si(t — 8)g(XE%%(r), YEOU(r), u(r))dsdr
r—A

/ S(t—r)g(X=0"(r), Y=Ou (r), u(r))dr

/ Sl ds —

We bound this expression using (30]) along with Lemma [L8] implying that the above

H

‘S(t . T)g(X€’5’u(T), Ye,5,ﬂ(r)’ u(?“)) - dr.

)

L(H{,H)

display converges to zero.
O

4.3 Step 3: Proof of (23) and (24).

We show in this section that any limit P(dudY dt) of P2 (dudY dt) satisfies (23)
and (24) under Definition B.J1
We start by showing that (23] holds. This is shown in Lemma 19, but before

doing that we need some preliminary estimates that we present in Lemmas T7] and
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A IR below. Recall the controlled fast process Y% satisfying the equation

1

dYe,(S,u (t) _ =

|:A2Ya,6,u(t) + BQ(XE’é’u(t),YE’é’u(t))] dt
19
+5 %zxxev&“(t), Yoo (1)Qault)dt

1
+ SEQ(X’S"S’“(t),Ya"s’“(t))dWQQ L YSOU0) =Yy e H.  (53)

With some abuse of notation, let us also consider the uncontrolled fast process Y&
driven by the controlled slow process X=%* from (IB):

1

dYS°(t) = =

AgYEO (1) + Bo(XE0U(L), YO (1)) dt (54)

1
- SEQ(X&M(t),Y&é (t)dW? [ Ye(0) =Y, € H.

Note that the fast process Y still depends on the control u, but only through
the controlled slow process X©%%. The driving slow process X% is the process that
comes from (I0]), and we remind the reader that this slow process in ([I6]) depends on
the controlled fast process V%" in (53): the two driving slow processes in (53)) and (54))
are actually the same process.

In Lemma A I7 we show that the processes Y% and Y9 are close in a time-

averaged L? sense.

Lemma 4.17. Let u € Py (U) and let €,5, A > 0 be as in Hypothesis 5. For any T > 0,
there exists eg = eo(T, N) > 0 such that for any 0 < & < g9, we have

1 T
EZ / [Yeou() — YO ()% dt < O(T, N, ¢) , (55)
0

where for each fized (T, N), we have the upper bound C(T,N,c) — 0 as e ] 0.

Proof of Lemma [{.17, Without of loss of generality we can assume that Yy = 0. Set
1/t t—
T(t):== [ S <—3> [Sa(X=0(s), YO (5)) — So(X=04(s), YO (5))|dW D2 (s) .

Let p(t) := YOU(t) — YS9 (t) and set A(t) := p(t) —T'(t) — Zg’é’u(t), where we recall

;0,0 1o ! t—s 0, 0,u
ZgM(t) = 2/ Sy <7> Yo (X&M(s), YU (5))Qau(s)ds.
Notice that A(t) satisfies the equation
1
ANE) = [AsA() + (Bo(X792(2), Y92(1)) — By(X (1), Y*3(1))] dt, A(0) = 0,
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Therefore by Hypothesis 2 and Young’s inequality we know that,

A0 = (FA0.A0)
= A+ (BXE0.Y55710) - BX 0. Y50, A

52
/\IA( )i+ 5 L PO |A ()|
] 1 (Lg,)?

< S A=Z) AW + 52 2.
< (A 3 ) I8 + o

By comparison principle, we know that for 0 <t <T

1(Ly,)? ! 2
AOBy < g [ eI s
By applying Young’s inequality of convolutions, we know that

T (ng)2 1 T /s T (LY)2 T
[ <= (5 [Ceriar) [inoiha < S5 oo

By applying Young’s inequality we then obtain with 1,792,173 > 0

IN

T

T T
E / (O3t < (1+ 57" + 3B / D)t + (1 4+ + 72)E / A3 dt
0 0 0

T
_ _ )
(4t 4 E /O 250 1) 3t

-1 T 2 (LZQ)2 4 2
<n+mE [0+ () [l

52
+ern(L+nt +n5h)— <1+E sup |X€"*’“(t>|%{>- (56)
€ 0<t<T

Now let us bound the term E|T'(t)|% as in the proof of Lemma 3.1 and (4.10)
of [5]. We shall make use of the bound (3.5) in [5], so that for any J € L(L*>(D),H) N
L(H,L*(D)) with J = J*, and for any s > 0, we have

_B,P2=2 _yp2t2g
192(5) T Qa3 < Kas™™ #2 e 0 12 (L (), (57)

where
02

B2 P22 2
K2 = <&> CQ r2 A;Q )

e

and the constants (o, pa, (2, A2, A all come from Hypothesis 1.
By using (57) and setting J = No(X50%(s), YE0U(s)) — Lo(X0%(s), YoI(s)) we
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can estimate
2

1 /[t t—s
E[L (1)} = 5—2/ E |15 <—52 ) [(S2(X0(s), YO (s)) — Tp(X (), Y*(s)))Qa]|| ds
0 2
1 tit—s _ﬁQPQP—;Q _\P2t2t=s
: 5_2[(2/0 < 5 > e "2 @ (Lg,) Elp(s)|fds (58)

2
1 tt—s\ P _aP2t2i=s
—rhyiy [ ()7 TR s

t
Thus by applying Young’s inequality of convolutions to (G8]) that bounds E / IT(t)|%dt
0

in (56) and Lemma 8 to get
4 2 (L};)? r 2
| Bl < (0 +m+m) S5 [ Blotoa

P2

—2
_ 1 T t *62 0o ,)\p2+2L T
FOn ) Ka(LL, ) <5— [ () wt) | Bt ar
0

0

62
+ern(l+nyt + 03— (1 +E sup !XE’S’“(t)\?f)
€ 0<t<T

A
= (w5 [ Bl

T
§2  _p,P2—2 _\p2t2 r
+ (L4t +n3) Ko (L) </5 s P2 e M Sds>/ E|p(t)|3dt
0 0

_ N
+ern(L+my ' 03—+ [Xolf + [Yolh)-

2
9

Let us also choose 19 = n3 = % 4 0. Then, we obtain

TE t)Fdt < (1 5 ) (Ley)” TE t)|3dt
[ B0 < (1+m+ =) S5 [ Bl
T

1 + 771 5 > Y \2 /52 _62_92—2 —)\p2+28 /T 2
+ + — | Ko(L s r2 e © r2 ds E|p(t)|5dt
(o S ) a2 ([ el

0
ez (L [Xofiy + [Yoli)-

Let us consider now for n > 0 the function

po2+2

LY)2? 1 o _g,p2=2 _
( b2) —|——K2(L3/2)2/ S B2 3’2 e A P2 sds .
n 0

fln) =@ +mn) | —3

It is easy to see that f(n) is convex with a minimum at

[e’s) —92 2 LY 2
0= \/K2<L§2>2 / s N s ;’;) -
0
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Then, we compute that

2
LY 0 4 pa—2 ypat2
) = <%+\/K2<L3;>2 [ e Sds) |
0

By Hypothesis 2 we know that the Lipschitz constants LZQ

that

and LY are chosen so

(&) )7 = fir) <1,

and therefore we obtain with 7 = n* and for §/,/c sufficiently small

T

cT,N 1)

| Eloto)far < : D+ X0l + Yol
0 1= (2,) — 066/vE)

where O(6/+/2) L 0 as §/4/¢ | 0 so that

1 (7 CT N
5 | Blofhat < ; (1+ | Xol% + [Yol3y) = C(T, N, ),
1 —

1)
(25,,) —06/ve) 2VF

b2,02
and C(T, N,e) — 0 as € | 0 by our Hypothesis 5. ]

Lemma 7 shows that Y% is close in the appropriate ergodic sense to the process
Y4, Notice now that Y& depends on the controlled slow component X%%. As in the
finite dimensional case, one expects that in small time intervals one can regard the
effect of X% as frozen. To formalize this argument, for ¢t < s, we introduce the two

parameter process Yo¥ =0 () (s;t).

£,6,u 1 £,0,u u £,0,u
AYSXT O (14) = = [AQY&X ) (s3) + Ba(X®%(#), YOX"" O (s:4)) | ds
1 1> u 1> u
oS (X0 (), YOXT O (5,0)dw Q2 | YOXT O (44) = YSO(t) € H,

4]

where the initial condition Y&X**"(®) (t;t) is taken to be Y*°(¢) as in (B4)). Similarly
as in the previous lemma, we are going to demonstrate in the next lemma that the
processes Y9(s) and YoX(®)(s;¢) are close in a time-averaged L?-sense on the interval
t <s<t+ A. We have the following.

Lemma 4.18. Let u € PY(U) and let £,6, A > 0 be as in Hypothesis 5. For anyt > 0,
there exists eg = eo(t, N) > 0 such that for any 0 < e < g9, we have

t+A
By [ I¥90(s) =YX s )ds < Ot N.2) (59)
t

where for each fized N, we have the upper bound C(t,N,e) — 0 as e | 0.
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Proof. The proof of the estimate (B9]) follows very much the same line as Lemma [LI7]
Hence, we only describe what is different here. Notice that, for ¢t < s < t+ A and fixed
Y € H, we have

| Bo(X=%(s),Y) = Ba(X¥(1),Y) i < Lig | X*%(s) = X¥U() |
and then by Lemma [ TT] we get for p = 2/¢ > 2 that

lim sup E]XE‘S“( t) — X'S"S’u(s)]% = 0.
lt—s|=0c¢(0,1)

With this estimate at hand, we can then proceed using the same estimates as we

did in Lemma [I7] to obtain (B9)). O

Now, we have all the necessary tools to show that (23] holds. In particular we have

the following lemma.

Lemma 4.19. Under Hypothesis 1,2 and 3, if (Xe’é’“, PE’A) converges in distribution to
(X,P) in C([0,T]; H) x P(E), then we have that P € P, i.e. that for any f € Cy(H),

/U><)J><[O,T]f() P(dudY dt) //f (X (dY)d

where ,uXt(dY) is the invariant measure associated to the operator LX introduced in (I8)

Proof. Without loss of generality we can also assume that f is Lipschitz continuous with

Lipschitz constant L. We begin with the following decomposition

U X(t —
[y PO P00 = [ [ 0Oy
= < / F(Y)P(dudY dt) — / f(Y)PE’A(dudet)>
UxYx[0,T] UxYx[0,T]

- </UXJJX[O,T]f( )PEA (dudY dt) / /f H(dY dt)
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A A
(/T%/H FY=(s) dsdt—/T . /t+ Y= ))dsdt>
0 t
A A
+(f L [ s yasar - /Tl [ e O sstdsat
T t+A
+</ %/+ FOYOXO) (5:4))dsdt — / /f dY)dt>
0 t
T t+A . t+A
+< /O % /t FOOAT O (55 8))dsdt — i % t f(Y‘S’X(t)(s,t))dsdt>
5
>IN
i=1

The next goal is to show that each of the J;’ % A( T') terms goes to zero in probability
as € | 0. We assumed that (X%%(.),P2) converge in distribution to (X(-),P). At
this point, we will use again the Skorokhod representation theorem (Theorem 1.8 in
[17]), which, for the purposes of identifying the limit, allows us to assume that the
aforementioned convergence holds with probability one. The Skorokhod representation
theorem involves the introduction of another probability space, but this distinction is
ignored in the notation.

We immediately get that J} ’5’A(T) goes to zero in probability as € | 0. Lemma [£T17]
and dominated convergence theorem shows that J;’é’A(T) goes to zero in L' as £,6 | 0.

Indeed, we notice that
' 1 t+A

t+A t+A
foreteds = 5 [ p0res(enas) < g [ [resns) - veses)|

t
1 t+A 1/2 t+A s, 5 2 1/2
< - €,0,u _ ve,
<Lix (/t 1ds> (E/ ‘Y () -V (s)‘Hds>

1 A e,0,u €,0 2 2
gLf<EZ/t ‘Y” (s)—Y’(s)‘ ds>

H

— 0.

Similarly, Lemma .18 and dominated convergence theorem shows that J§’5’A(T)
goes to zero in L' ase,d | 0. As far as Ji’é’A(T) is concerned, we define the time-rescaled
process YX®) (5) = YOX®) (¢ 4 §25: 1)

Y ¥ (s) = | A YO (s) + By(X (1), YO (5))] ds + DX (1), YO (5))dW

l>

YY) =Yt e H, 0<s< 5,
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and we notice that

A

A
LR SR L[ X
5[ OO = < [T O,
52

Hence, by making use of Lemma [AT] and of Hypothesis 5, to obtain that in L'

A
.1 [ 7 <
tm s [ 5O O)as = [ g Oay)
el0 52 J0 Y

which together with dominated convergence indeed implies that Jj’é’A(T) goes to zero

in probability as € | 0. It remains to study the term
T 1 t+A 6 T 1 t+A _
JEOA(T) = / — / FOYSXT"®) (s:4))dsdt — / — / FYOX®) (s:¢))dsdt
o Ay o Ay
T 1 5% £,6,u 1 5% %
= / ~ / FOYE O (s))ds — < / FOYXO(s))ds| dt.
o |5 Jo 52 Jo

Due to dominated convergence and Lemma 3.1 of [5], this term goes to zero.

O

We end this section with the validation of (24]). As in the finite dimensional case,
see [I6], this follows by the fact that the analogous property holds at the prelimit level
together with the fact that P(U x Y x {t}) = 0 and the continuity of t — P(U x Y x [0, ])

to deal with null sets.

5 Derivation of the large deviation principle — Proof of
Theorem 3.4l

In this section we prove the upper and lower bounds for the Laplace principle and
compactness of level sets of the action functional. These results then directly imply The-
orem B4l The upper bound is proven in Subsection [5.1] the lower bound in Subsection
and compactness of level sets of the action functional in Subsection

It turns out that based on the representation (I4]), Theorem B3] and Fatou’s lemma,
the Laplace principle upper bound follows immediately. Things, however, are consid-
erably more complicated for the Laplace principle lower bound. For the lower bound,
we need to construct a nearly optimal control that achieves the lower bound. Due to
the presence of the multiple scales, it turns out that any nearly optimal control, has
in principle to depend on Y. Hence, averaging principle would then work if regular-
ity properties of such a control were known. In the finite dimensional case [16], this
was done via an explicit construction of the control and possible connections to related

Hamilton-Jacobi-Equations. The situation is considerably more complicated here.
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If the spatial dimension is higher than one, i.e. when d > 1, and if o7 depends
on both X and Y components it turns out that the available explicit constructions are
problematic because of the colored noise, leading to potentially unbounded controls. We
will see this in detail in Subsection [.2.1] and Section [fl As we will see in Subsection
(211 even in the one-dimensional case the proof is quite involved. If, on the other hand
o1(z,X,Y) = o1(z, X) does not depend on Y, then one can effectively consider a nearly
optimal control that depends only on time ¢ and not on Y or ¢, in which case the proof
is rather straightforward as we shall see in Subsection

5.1 Laplace principle upper bound.

Our goal is to show that for any bounded, continuous functions h mapping C'([0,T]; H)

into R we have

. h(X=9) .
hnslisoupalnE [exp <— - )] < - ¢>eC(l[g,fT];H){S(¢) +h(p)}

)

1
—  inf —/ ul}P(dudY dt) + h(¢
(. P)EV(e, 1) [2 U><y><[O,T}| |U ( ) ( )

where S is the rate function defined in Lemma [B.4].

It is sufficient to prove the above upper limit along any subsequence such that

i o (1)

elnE[eXp<—h(X€’5)>H< sup  |h(¢)| such

€  $eC([0,T):H)

converges. From the moment that

a subsequence will exist.
Recalling that the controlled process X% defined via (IH), (I4) implies that there
exists a family of controls {u®,e > 0} in Py(U) such that for every € > 0

cnE [exp <h<XT§)>] <- <E [% /OT i (8)[B dt + h(X’f"S’“E)] - s>

Without loss of generality, we can assume that u® € P for N large enough using the
arguments of Theorem 4.4 of [2]. Hence, using this family of controls and the associated
controlled process X% to construct occupation measures P2 in (ZI)), the results of
Section guarantee that the family {(X%% PS2) ¢ > 0,0 <t < T} will be tight.
As a consequence of Theorem B3] given any subsequence of £ | 0 there is a further
sub-subsequence for which (X%%% P=4) — (X,P) in distribution, where (X,P) is a
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viable pair. By Fatou’s Lemma we have

X6,5
limsupeln E [exp <—L)>}

el0 2 €
1 e
< limsup <—E [—/ |u€(t)|(2]dt + h(XE"S’” )] —|—6>
€10 2 Jo
PR 1 T 1 A 2 £,0,uc
< —hI?ilOnf E 5/0 Z/t |u®(s)|frdsdt + h(X=* )})
1 e
— —liminf (E |= / [u|5 P52 (dudY dt) + h(X=0%)
el0 2 Juxyx[o)
1 _
< —|= / lu}P(dudY dt) + h(X)
2 Juxyxo,1]
1
< - inf —/ ulP(dudY dt) + h(d) |,
(& P)EV(e 1) [2 U><y><[O,T}‘ ’U ( ) ( )

which concludes the proof of the Laplace principle upper bound.

5.2 Laplace principle lower bound.

To prove the Laplace principle lower bound we need to show that for all h :
C([0,T]; H) — R bounded and continuous

. h(X=0) .
hrenjélpglnE [exp <_T>] > — ¢€C€£§};H)[S((b) + h(o)] .

For a given constant n > 0, consider ¢ € C([0,T]; H) with ¢y = Xy such that

S() + h(y)< ¢€C(i£7fT};H)[S(¢) +h(p)]+1n < oo .

Before we continue with the proof of the upper bound, let us first rewrite the action

functional in a more useful form. Using the definition of S(¢) we can write

T
- / LI (w)dt |
0

1
S(p) = inf - / ulF P (dudY dt
®) (¥, P)EV (e ) [2 UXJJX[O,T]‘ o )

where for each ¢ € [0,7] we have

1
Li(¢) = inf = 2P, (dudY
1) = it 5 [ b Puay)

with

ne = {Pt e P(U x V) : Py(dudY) = n(du|Y, t)u?® (dY) , / (lulf + |Y3) P(dudY) < o ,
UxY

»(t) = S1(t)Xo +/

U xYx|[0,t]

Si(t — 9)¢(Y(s),Y, u)PS(dudY)ds} ,
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where p~ is the invariant measure from ().
Now, for each ¢ € [0,7] let us define

L{(¢) = inf /\th! ( Y),

vG.AO

where
’, ={v<t,Y>: /y (o V) + 1Y By) 0 (dY) < oo
wm=&®%+/

Y x10,t]

Sl (t - S)£(¢(S)’ Y’ U(S’ Y))Mw(S)(dY)dS} :

Our claim is that for almost every ¢ € [0, 77, one actually has that Lj(¢) = L{(v).
This follows by the quadratic dependence of the cost on the control and by the affine

dependence of € on the control. Indeed if we let v(¢,Y) = / un(du|Y,t) where n(du|Y,t)
U
is the conditional distribution, so that v € .Aw ;» then by Jensen’s inequality we get

1 1
“|uFPy(dudY) > | =
oM 2

UxY Y

and so Lj(1) > L{(®)

For the reverse direction, for given v € A7 ,, we can define P, € A7, via Py(dudY’) =
Ou(t,Y) (du)p*®(dY). Hence, we have L} (v)) < L2(1)).

Therefore, we have indeed obtained that for ¢t € [0,7], Lj(y)) = L?(3), which in

turn implies that

T
sw) = [ L) - /0 in / [o(t, ¥t (dy )t (60)

2

/U un(dulY, )

p?Ody) = / lo(t, Y)[Zur®dy)
U

vE.A"

Having derived the representation of the last display, let us continue with the proof
of the lower bound. Let us consider 9(¢,Y’) € A7, ;, such that

/ /yth\ O @YVt < S() 1 .

In general, it is very difficult to find an explicit representation for v(¢,Y"). At this
point we strengthen Hypothesis 3 to Hypothesis 4. In Subsection [B.2.1] we consider the
one dimensional case with o7 bounded from below and above. In Subsection we
consider the multidimensional case, d > 1, with o1(z, X,Y) = o1(z, X) independent of
Y.
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5.2.1 Lower bound for the d = 1 case with ¢? bounded from below and

above.

We will study the problem in the special case that U = H = X = Y = L*([0,1])
and Q1 = I. We also assume that o1 is bounded above and below ¢y < O'% (z, X,Y) < ¢1.

In this case, we can use the methods from [I6] to find an explicit formulation for o(¢,Y).
Define a(X) : L2(Y, u™*;U) — H by

a(X)u = / 1 (X, Y)u(Y)puX (dY). (61)
y
For any X € X, a(X) is a bounded operator and for any u € L*(Y, uX;U),

la(X)ule < Verlulpzy ux.0)-

Then the adjoint of a(X) is a*(X) : H — L*(Y, u;U)

[ (X)R)(Y) = 21 (X, Y)h. (62)
Define ¢(X) : H — H by
¢(X)h = a(X)a*(X)h = /yZl(X, YV)SH(X, Y)hp™ (dY). (63)

For presentation purposes, we first present a few technical lemmas that are essential

for the proof. We defer their proof to the end of this subsection.

Lemma 5.1. The operator ¢(X) : H — H is invertible and |¢~'(X)h|y < %\h!H for
alheH, X cX.

Lemma 5.2. If¢ € C([0,T]; H), S(¢) < 400, and n > 0, then there exists a control
v(t,Y') that for each t € [0,T], is bounded uniformly and Lipschitz continuous in'Y in
the sense that there exists v € L?([0,T]) such that for anyt > 0,

sup [o(t,Y)[5 < y(2),
Yey

forany Y1,Yo €Y,
lo(t, Y1) —v(t, Y2)|lu < y(t)[Y1 — Ya|m,

and v takes the form
o(t,Y) = Z1((1), Y)g  (@(1)a(w(t))u(t, ). (64)

Furthermore,

1 T
5/0 /)}|U(S,Y)|2UMX(dY)dsgS(an
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and
B(t) =81 (£)(0) + /0 /y S1(t — 5)B1 (1(s), Y )u"® (dY)ds

' — s s v(s () s.
n /O /y S1(t — 81 (1(s), ¥ )u(s, Y )u?t (@Y )d (65)

Lemma 5.3. Let Hi and Hs be Hilbert spaces and a : Hi — Hs be a bounded linear

operator. Let ¢ = aa*. Let ¢! be the pseudo-inverse of q. Then for any v € Hy,

1

‘a*qi au’H1 < ‘u’fﬁ

Now, if we have any v(¢,Y") that is Lipschitz continuous in Y, then we have unique

solvability of the control problem.

Lemma 5.4. Assume that v(t,Y") is bounded and Lipschitz continuous in'Y in the sense
that there exists v € L?([0,T]) such that for any t € [0,T],

Sup ’U(t7y)‘U < 7(07
Ye)y

and for any Y1,Ys € Y,
‘U(t, Yl) — U(t,YQ)’U S ’y(t)‘Yl — YQ’H
Then there exists a unique v solving (G5).

Now we show that if a sequence v, (,Y") approaches v(¢,Y’) in an appropriate way,

then the control processes 1, associated with v, in ([63]), converge to v associated with
v in (GH)).

Lemma 5.5. Assume that v, (t,Y) is a sequence of processes satisfying
sup |vn (5, Y) o < yn(s), for allY €Y
n

and
sup |vn(s, Y1) — vn(s, Yo)|lu < (s)|[Y1 — Yalu, for allY1,Y2 €Y
n

for some 7, € L*([0,T]) with sup,, fOT’yn(s)st < 4o00. Let ¢, € C([0,T];H) be the
solution to the control problem ([G3) associated with v,. Assume v(s,Y') satisfies the
same boundedness and Lipschitz properties with respect to v € L?([0,T)]) and let 1) €
C([0,T]; H) be the solution to the control problem (G3]) associated with v. Assume that

T
lim / / lon(,Y) — v(t, Y)[Zu¥® (dY)dt = 0.
n—+oo Jg y

Then ¢y, — ¢ in C([0,T]; H) and

T T
tm 5 [ [ o) O@yia = [ [ jpey)pa @,
0 y 0 Yy

n—-+oo 2
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Theorem 5.6. Let S : C([0,T]; H) — [0, +00] be the large deviations rate function and
let h: C([0,T]; H) — R be a bounded continuous function. For any n > 0 there exists a
control v(t,Y) that is bounded, continuous in t, and Lipschitz continuous in'Y such that
the unique solution ¥ € C([0,T]; H) to the control problem (B8) for © is an approzimate

manimazer to S + h in the sense that

Lt 2 ,0(s) ; i
3| BB @i n@) <t (S(0)+he) +

Proof. 1f inf,(S(¢) + h(¢)) = +oo, then the result is trivial so we assume that the
infimum is finite. There must exist some ¥ € C([0,T]; H) such that

S(¥) +h(w) < nf(S(6) +h(9)) + 3

By Lemma [52 there is a control v and a function v € L?([0,T]) such that
sup [v(t, V)| < ~(t)
Yey

and for any Y7,Ys € ),

[v(t, Y1) = v(t, Y2)lu < v(H)Y1 — Y|,

L[ [y @yas < _nt 56+ (66

= v(s s in =

2 Jy Syl = vec(o.1)) 3’
and 1 and v satisfy ([64]) and (G3]). Let

o) = b)) = [ .Yy Oa)
By Holder inequality and the fact that o; is bounded above, we know that for any
te 0,77,

OB <€ [ oy ROy,
Y

Therefore, h € L([0,T]; H) and

T T
| mokae<c [ [ pey)ga @,
0 0 y

It is standard that C([0,7]; H) is dense in L?([0,7]); H). Therefore, we can find a
sequence {hy, tnen C C([0,T]; H) such that
T
lim |hn(t) — h(t)|3dt = 0.

n—-+o00 0

Let v, (t,Y) = S5(¥(t), Y)q 1 (¥(t)) hn(t). We claim that v, (¢,Y) is continuous in ¢ and
Lipschitz continuous in Y. Furthermore,

T
lim sup |v,(t,Y) — v(t,Y)|%dt = 0. (67)
n—-4o0o 0 Yey
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The continuity in Y of v, is a consequence of Lipschitz continuity of ¥; and the bound-
edness of ¢~ 1(¢(t)). Specifically, for Y7,Ys € Y,

sup [vy(t,Y1) —vn(t, Y2)|lu < C sup |hy()||Y1 — Ya|n-
te[0.7) te[0,T]

For continuity in ¢, we write for any fixed n € Nand Y € ),
Un(t,Y) = on(s,Y) =(S1(4(1),Y) = Z1((5), Y))g~ (1 (8)) (1)
+27(0(5), Y) (a7 (0 (1) = ((5)))hn(t)
+B7((5), Y)a ™ (() (hn(t) = hn(s)).

By Lipschitz continuity and boundedness of o7,

Sup IE1((),Y) = E1(4(5), )l gempy < Cmin{1, [() — ¥(s)|m}-

Y
Y

To understand the continuity of ¢~1, it is helpful to recall that H = L?([0,1]). For any
heH,¢el01],

[q(())R](€) = /yff%(?/)(t)(@aY(E))h(ﬁ)duw(t) (dY).
Then ¢~ !(z)), must be given by

™ (@(E)RE) hl)

L, o)), Y (€)dut O (dY )’

In operator norm,
lim [|g ™ (42(8)) — ¢~ (¥ (5))llary =0
due to the continuity of ¥ and oy and the fact that oy is bounded from below. Because

hy, is built to be continuous in time, we see that for any ¢ € [0, 7],

lim sup |v,(£,Y) — vn(s,Y)|y = 0.
s—t Yey

We also need to show (67)). This is a simple consequence of the fact that

ua(t,Y) = v(t,Y) = S1(4(1), Y ) (1)) (ha(t) — (1)),
the boundedness of the operators, and the fact that h,, — h in L?([0,T]; H).
By Lemma [5.4] for each v,, there exists 1, solving (63]). By Lemma 5.5,

1T 1 [t
5 [ lonls VOBt © @y s = 5 [ oo, Bt @y s
0 0
and ¢, — 1 in C([0,T]; H). Because h is continuous, h(,) — h(1)). We can find n
large enough so that

1

T
3 [ lonls YO @ )ds + hiwn) < nf(S(8) + h(6) + .
0 ¢

Set & = vy, and ¥ = ,,. O
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Now we use this 1) and §(¢,Y") function from Theorem to build approximating
stochastic control problems that approximate 1; Let us introduce the auxiliary process,
where A(8)/6% — +o0, A(&) — 0,

Ay (1) = (A2Y<W< )+ Ba(u([t/A]A), Y0 (1)) ) dt (68)

52
+ 522<¢<[t/A]A>, YOO (1)) Q2dW (1) (69)
In the above equation [e] is the floor function. We will study the pair (X edu’ Y‘f"s’“é)

where

W) = 5([t/AJA, YO (1).

We will be able to prove the Laplace principle lower bound by showing both that

T
lim B2 /0 3([t/AJA, YOI (1)) 2. dt = / /|th| uO @y )t

60—0
and

X0 ¥ in C([0,T;H) ase,6 =0 .

Lemma 5.7. If Y% solves [©6]), then

iy [ o/A1 = 3 [ [ oty ara
0

0—0
Proof. For any A > 0,

[T/Al=1 o (k+1)A

/[M} B(1t/AA, YO0 (1)) 2 dt Z/ Bk, YO0 (1) Pt
0 kA v

Recall that for t € [kA, (k+ 1)A), the process V% solves

AYS9(0) = 143 P0(0) + BalB (), Y HO)Ndt + 55D (6A), Y (1) ().

)
Perform the time change fﬂw(t; s) = Y‘w(s + 62t). Then 575’1Z(t; s) solves
AY ¥ (t;.5) = [A2Y OV (1) + Ba((s), ¥V (1 ) Lt + Ba(0(s), YO (8: )i (1)

Here w is a cylindrical Wiener process, and w is a cylindrical Wiener process that

depends on §, but we suppress this technicality. Then

(k+1)A 52 -
[ Ayt = A% * ok, s RAN Bt

By Appendix [A] we have, for any fixed s > 0, f/‘s’i(t; s) is ergodic with respect to

the invariant measure MZ(S). This means that for any s € [0,7],

A
lim — |9(s, VOO (1; 8)) 2 dt = /|v 5, V)2 1?9 (dy).
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Therefore, due to the continuity of © in ¢ and Lipschitz continuity in Y, and the fact
that [t/A]A — ¢,

T N T -
/O [o([t/A]A, YV (1))[Fdt /0 /y| (t,Y)u (dy)‘

(T/A]

602 [
<A (A, YO (4 kA)) 2 dt — | [5(kA,Y)p?F3)(dY)
;; e h
/ 15(t,Y) % (dY)dt—/ 6([t/A]A,Y)|2UMZ’(WA]A)(CZY)‘dt
y
52

ds

S/o

~ / 10015/ A1, 00 s/ ALt — [ 5/ A8 ) )

/|v t, V)% M(dY)dt—/ @([t/A]A,Y)|2UM<WAJA>(dY)‘dt.
y

This converges to 0 by the ergodic theorem (in Y), the continuity of uX from Lemma
B2 and the dominated convergence theorem (in ¢) (¢ was built to be bounded) and the

continuity of ¢ in . O

Lemma 5.8. [f(Xe"s’”é7 YE";’“(S) solves the stochastic control problem with control u®(t) =
o(t, YO¥(t)), then X0 4 i, C([0,T);H) ase — 0 and 6 — 0.

Proof. First by similar techniques in Lemma 17 Lemma I8 and by using (B3] of
Lemma B.17] we see that we have to show that there exists C' > 0 and £y > 0 such that
for 0 < e <eggand T > 0 we have

T - T ~
| et -y o < o [C1xet @~ dohde . (70)

where the term [y depends on ¢ and Ip(¢) — 0 as ¢ — 0. Here and below, we use the
constant C' > 0 to represent a general positive constant that is independent of ¢ and 9,
but may depend on ¢.

Then, we observe that
X0 (f) — ap(t) = /0 B4t — ) (B (X (5), Y295 (5)) — By (3(s), VO3 (5)))ds
NG / t S1(t — 8)S1 (X0 (5), YO (5))dw(s)
(/ Si(t = $)T1 (X704 (5), Y29 )5 [s/ Als, Y9 (5) ds
/ / 21 (¢ (s,Y)p ¢<S>(dY)ds>
=NL+L+1I;,
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where the terms 17, Is and I3 depend on €, and w is a cylindrical Wiener process.
By the Lipschitz continuity of B; and (0],

t S5 5
Rl <€ [ (159 (5) = wis)l + V9 0) = Y ()] )

t
<c /O XD () (s)|rds

so that, by Holder inequality we have

t ~
e <c /0 X0 (5) — (s)[Eyds -

Due to the fact that 3; is bounded, as ¢ — 0, we have Is — 0 since it is multiplied

by /e.

As for the I3 term, it is helpful to rewrite it as

[ sler < /0 Si(t — $)[S1(X= (5), Y20 (5)) — 1(d(s), YU (5))]5([s/ Al A, YU (5))ds

H

+ /O Si(t = 5)Sa((s), Y0 (5))5([s/AlA, Y9 (5))ds

_ /Ot /y Si(t — 8)S1(9(s), Y)i(s, V)P (dY)ds

H

=:\I31|u + |I32|H ,

where the terms /31 and I32 both depend on €.
By arguments similar to Lemma 7] and by (70]), we can show that

salfy < C ( /0 t |@([5/A]A,yw<s))g{ds>g /0 t (1X20 (5) = b(s)lyds + [Y=0" (5) = YO (s)?) ds
<C /0 t X0 (5) — (s)[B ds .
Combining all of these estimates and applying some Hélder inequalities we see that
X80 = G0l < € [ )~ D6 + T+ o
and using the Gronwall inequality, we conclude that
| x =0 Dloqorm < CeT (I + I3 ).

We conclude by showing that I3 2 goes to zero by the Ergodic Theorem 3.3.1 of [I4], the

fact that X, is bounded, as well as the Dominated Convergence Theorem. O
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Now we can finish the proof of the lower bound. By the variational representation
and using the specific control u®(t) = 9([t/A]A,Y%?) and Theorem [(.6}

Xs,é 1 T
liminfeln E [exp (—M>} = lim inf <— inf E [5 / lu(s)|? ds + h(X’S"S’“)}>
< 0

e—0 e—0 uePlN

5 " ()3 ds + o)) )

>~ / [ v yis-+ 1) )

> - (56 + ) + )

> hml(l)nf < E

> — ( inf
o€C([0,7):H)

Because n > 0 was arbitrary, the result is proven.
We conclude this subsection with the proofs of Lemmas [5.1H5.5]

(S(6) + h(9)} + n) .

Proof of Lemma 5. First, observe Xj(X,Y) = ¥1(X,Y) because for any h,u € H =
U,

(XY by = [ o1(X(O, Y ()u(h(EE = (0, B (XY}
[0,1]
In particular, the fact that o?(z, X,Y) > o for all z,y € R, implies that for any h € H,
XeX,andY € ),

[S1(X,Y)SI(X,Y)h](€) = 0 (X(€), Y (€)h(€) = coh(€).
Then because u* () =1,
| [ mvsic @] @) > ael

We can conclude that
l¢(X)h|z > colh|m.

O

Proof of Lemma[22. By the assumption that S(¢)) < +o0o and by the representation
o there exists u(t,Y’) such that

//\usyy X(dY)ds < S@W) +1

and

B(t) =81 (£)(0) + / / S1(t — 5)B1 (1(s), Y )t (dY)ds
0o JYy
4 /O /y Su(t — 8)S1 ((s), Y yuls, V)b (Y )ds.
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Of course, there is no guarantee that w(t,Y’) is bounded or Lipschitz continuous in

Y. We only know that it is in L2([0,T] x Y, u¥®)(dY)ds;U). We build v(t,Y) =

SE((), Y)g (1 (t))a(b(t))u(t, ) and claim that this has the desired properties.
Foranyt > 0,Y € ),

~ 1
o(t,Y)|o < verllg Ol canlla@ ) ez w0, w2 (oo, < a\u(ﬂ')’w(y,w(t);U)-

Therefore, there exists C' > 0 such that for all ¢ € [0, 7]
sup]v(t Y)[Fdt < C’/ lu(t, Z)[H v (dZ).

Similarly, by the Lipschitz continuity of X7,

(8, ) — ot Vo)l < YLl = ”m</|t2| um)

€o

(/mt2|¢“<>)

for an appropriately big constant. This is square integrable in ¢.

We can set

Additionally, v solves the same equations as u because for any t > 0,

a(()v(t, ) = a((t))a* ((1)g™" (Y (t))aW(t))ult, )
= q(¥(t)a ™ (W(1)a((t))ult, ) = a(w(t))ult,-).

Then because a(i(t))v(t,-) = [}, Z1((t),Y)v(t, Y)u?®(dY), [©) and (B7) are satisfied.
Notice that

T
/l/th! @yt = [ 1a W) WO o0 0
T
;A|<»mwwwmﬁzﬂ‘Amwm%ﬁmwmﬁsaw+

The last line is a consequence Lemma O

Proof of Lemmal2.3 For any u € Hy,

‘a*q_lauﬁ{l = <a*q_1au, a*q_lau>H = <aa*q_1au, q_1au>H2

< (au, q_lau>H2 = <u,a*q_1au>H < |ulm, |a*q  au|y, -

1

The second line follows from the fact that aa*¢~" is equal to the identity operator. The

1

result follows by dividing both sides by |a*¢™ au|q, . O
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Proof of Lemma[5.7] We prove this using the contraction mapping principle. Let J¢ :
C([0,T]; H) — C(]0,T); H) be defined by

H()(8) =S(1) X0 + / / S1(t - $)Bi(p(s), Y ) (Y )ds
/ /51 (t — 5)1((s), Y)u(s, Y)uf® (dY)ds.
For any 1,99 € C([0,T]; H),
H(1)(t) — K () (8) = / / S1(t — 8)(Bi(1(5),Y) — Blipals), Y)u#' ) (dY )ds
0 JYy
" /0 /y S1(t — 3)Bu(pa(s), Y) (i) (dY) — p#2) (dY)) ds
+ /0 /y S1(t - $)(D1(01(5),Y) — T (0a(s), Y))u(s, Y (@Y )ds
v t | 8100 = 1o, Yl ¥ DY) = iy s,

Notice that for any X € X and s € [0,T], Y — 31(X,Y)v(s,Y) is Lipschitz continuous.

In particular, for Y1,Y, € Y, and s € [0, T], by the Lipschitz continuity and boundedness
of 21,
sup [X1(X, Y1)v(s, Y1) — E1(X, Y2)v(s, Y2)|
Xex
< sup (|(Z1(X, Y1) = E1(X, ¥2))o(s, Y1) |m + |[E1(X, Y2)(v(s, Y1) — v(s, Y2))|m)
Xex
< Cy(s)[Y1 — Yalm. (71)

By the Lipschitz continuity of By, X1, v, and the Lipschitz properties of the measures
wX (see 20)), and (ZI), it follows that

A (1) () — H (o) (t)]ir < C /0 01(5) — a(s) p ds

+C/ 5) |¢1(s) — w2(s)|y ds

<c|ris (/OTfﬂ(s)ds)é (/{)T\w(s)—w(s)\%{ds)é.

The last line follows by Holder inequality. By taking T small enough, we can guarantee
that J is a contraction mapping on C'([0,7p]). Using standard arguments we can string

together solutions until we get a unique fixed point in C([0,7T]; H). O
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Proof of Lemmal[2. For any t > 0,
nlt) — (t) = /O /y Si(t — 8)(B(thn(s), V) — Bu(w(s), Y (dY )ds
[ [ 510 9B V@) - O avyas
0 JYy
+ / / Sy(t — 8)(S1 (n(s), Y) — 1 (6(5), Y))un(s, ¥ ) ) (Y )ds
0o JYy
4[] Sitt = 9% Yol V) (O (@) - ¥ @y )ds
0o JYy
— S v, (8 — (s U(s) .
+/0 /ysl@ IS ((5), Y) (wa (s, Y) — v(s, ¥))ut®) (V)

By the Lipschitz properties of By, ¥1, vp, v, and X, and a few applications of Holder’s
inequality, we see that for ¢ € [0, 7],

ettt o ([ 200 ([ - c0)
+C\F<//!vnsY—v(sY)\ 1) (d )d8>2

the fact that ¢, — ¢ € C([0,T]; H) follows by squaring both sides and applying a
Gronwall inequality.

Finally we show that the energies converge. We claim that Y — |v,(t,Y)[3 is
Lipschitz continuous with Lipschitz constant 2v2(t). Notice that for Y7,Ys € Y,

[on(t, Y[ = [o(t, Yo) B = (Jon(t, YD) + ot Y2)lw) (Joa(t, YD) — Jon(t, Y)l0)
< 22(0)|Y: - Yaly.

Therefore, using the Lipschitz property from Lemma B.2]
T
. )2 pnt dd—l 2 0@ (qyd
//|th| a5 [ ] o) @y
5 [ [ e O @y) - w0 @y
/ / 0t Y — [ot, YR (@Y )t
< [ S0t - v+ 3 [ [ GV~ 1RO @
T
2 _ - 2 2 @Z)(t)
< ([ 200 o~ vlogoman + 3 [ e V)l = e, V)0 v .

This converges to zero by the assumptions of the lemma and the previously established
fact that 1, — 1. O
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5.2.2 Lower bound for the d > 1 case with oy(z, X,Y) = o1(z, X).

If ¥1(X,Y) = £1(X) is independent of Y, then the proof of the Laplace principle
lower bound is very similar to the standard cases [2L3]. Let h : C([0,T]; H) — R be
bounded and continuous. Fix n > 0, and let ¢ € C([0,T]; H) with ¢y = X such that

SW)+h) < b [S(6)+h(6)] + 2.

o€C([0,7):H)

There exists a function v : [0,7] x J — U such that

W (s) 1
_2//11)31/\ (@Y )ds + ]

and
t
v) =Si0Xo+ [ [ St = 5)Ba(w(s), V) Y )ds
0 JYy
t
+ [ Su(e= )2 ) Quo(s, ) @ s
Define the time dependent control u € L%([0,T]; U)
u(s) = / v(s, V)t (dY).
y
Notice that because Y7 is independent of Y, 1) solves
t
0) =Si0Xo+ [ [ St = 9)Bi(w(s), V) @ )ds
0 JYy
t
+ [ $it - 91 (0(s)Quuts)ds
0

Consider the sequence of controlled processes X%% with this control. By Lemma
AI5] we can show that X©%% converges to . Then

o h(Xe9) o . 1T 5 5
liminfeIn E |exp | — = liminf { — inf  E|= lu(s)|rds + h(X=Y)
0 5 e—0 weL2([0,T];U) 2 Jo

>hm1nf< E[l/Ty (5)[Bds + R(X=04 )D

e—0

( / /|MY| w(s) (dY)ds+h(¢)>

> — (S +h(w) +7)

- <¢ecinf {5(¢) +h(e)} + n) .

([OvT]§H)

Y

Because n > 0 was arbitrary, the result is proven. Notice that this method cannot work
if 31 depends on Y.
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5.3 Compactness of level sets.

We want to prove that for each s < oo and for any X € H, the set
s x, = {0 € C([0,T); H) : Sx,(¢) < s}
is a compact subset of C([0,7T]; H).

Lemma 5.9. Fiz K < oo, 8 > 0 and consider any sequence {(¢",P™) , n > 0} such
that for everyn >0 (¢",P") € Vie,r) s viable and

/ (Julfy + [Y[52) P"(dudY dt) < K .
UxYx[0,T] '

Then {(¢™,P™) , n > 0} is pre-compact.
Proof. Noticing that the third marginal of P"(dudY dt) is the Lebesgue measure, a

similar, but easier technically, argument as in Lemma [L.§ establishes that for p = 2/¢

sup o™ ()5 < er (14 Xoly)
t€[0,T],neN

The last display and the fact that for any ¢, h > 0 such that ¢, ¢+ h € [0,T] we have
¢t + h) — ¢(t) = (S1(h) — I)o(t) + / S1(t+h —s)8(¢(s), Y, u)P(dudY ds)
UXxYx[t,t+h]
imply via an argument similar to the proof of Lemma @ ITthat there exists 0 < 6 < 1;2<

and p = %, such that for any T > 0, Xy € H, it holds

up |67 (¢ + 1) = " (O)lfy < copr.xc (A7OP(Xolfy +1) +[(S1(h) — 1) Xolfy)
ne

for some positive constants ¢y, 7 x and 3(6) > 0.
Pre-compactness of {¢",n > 0} then follows. Pre-compactness of {P" , n > 0}
follows exactly as in the proof of Lemma 13|, concluding the proof of the lemma. [

Next, we prove that limit of a viable pair is also viable.

Lemma 5.10. For K < oo and 0 > 0, consider any convergent sequence {(¢",P™),n >
0}, such that for every n >0, (¢",P") € V(¢ 1) is viable and

/ (Julfr +1Y15.2) P"(dudYdt) < K .
UxYx[0,T] '

Then the limit (¢,P) € Vi¢ r), i.e. it is a viable pair.
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Proof. Since (¢",P") € V(¢ 1) we have

SO =SOXot [ St )ed" 6L Y0P (dudYds) (72
UxYx[0,t]
and
P"(dudY ds) = ™ (du|Y, s)u?" ) (dY )ds. (73)

By Fatou’s lemma we can show that P satisfies
/ (JufZ + [Y[2,) P(dudY dt) < oc
UxYx[0,T] ’

Now, observe that the function {(X, Y, u) is continuous in X and Y, grows at most
sublinearly in Y and is affine in w. In addition, one can prove a uniform integrability
lemma for P™ analogously to Lemma [£T4l Hence, since by the assumption of this
lemma we know that (¢, P™) — (¢,P) and thus that (¢, P) also satisfy equation (72)
with (¢", P™) replaced by (¢, P).

Next we show that (73] holds with (¢™, P™) replaced by (¢,P). Essentially it is
enough to show that the second marginal of P(dudY ds) will be u#()(dY’). This follows,
by the fact that for any X, uX(dY) is Lipschitz weakly continuous with respect to X,
which due to Hypothesis 2 follows as in the proof of Lemma .19l

Finally, it follows from P™"(U x Y x [0,t]) = t and P(U x Y x {t}) = 0 that
P(U x Y x [0,t]) =t for all t € [0,T]. O

We finally have that for each X¢ € H, the action functional Sx,(¢) is lower semi-
continuous. The proof of this lemma, is omitted as it follows from Lemmas and (.10

in a standard way.

Lemma 5.11. For every Xog € H, the map ¢ — Sx,(¢) is a lower semicontinuous map
from C ([0,T]; H) to [0,00).

6 Remarks and Generalizations.

In this section we comment on the obstacles that one faces when trying to extend
the proof of the Laplace principle lower bound to d > 1 under the general Hypothesis 3.
In addition, we comment on the possibility of considering scaling regimes different from

the one considered in this paper, i.e., different than §/,/ — 0.

6.1 Difficulties for proving Laplace principle lower bound for d > 1.

In order to prove the Laplace principle lower bound, we need to construct a nearly
optimal control that achieves the lower bound. Under the general Hypothesis 3 (under

which we can prove averaging Theorem B3], in dimension d > 1, o1(x, X,Y") depends
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on both X and Y and the nearly optimal control v(t,Y") will be a true feedback form
control with respect to Y (see the discussion in Subsection [5.2)). The generalization of
(64) to d > 1 now takes the form,

o(t,Y) = QIZT(v (1), Y )a ™ (v(8)a(y(t)v(t,)
with
a(X)u:/El(X,Y)Qlu(Y),uX(dY)
Yy

and

a(X)h = a(X)a*(X)h = /yzl(x,y)QlQ;z;(X, Y)hpX (dY).

Notice now that the covariance matrix ()1 enters the calculations and recall that for
d > 1 it needs to have decaying eigenvalues. But in the formula for v(¢,Y), the inverse
operator ¢~ (X) appears which now is an unbounded operator. The issue of unbound-
edness of ¢~ (X) complicates the subsequent mathematical analysis of Subsection [F.2.1]
significantly. For instance, the statement of Lemma (.7 would not be necessarily true
anymore, or at least a different non-obvious argument is needed.

We believe that this is a technical issue that one should be able to overcome.

However, despite our best efforts, we had not been able to do so.

6.2 Generalization to other regimes

In this paper, we analyzed the regime 6/4/¢ | 0. One can of course ask what is the

behavior in all possible interaction regimes
0, Regime 1,

)
l. _— = o
;fol N v € (0,00), Regime 2,

00, Regime 3.

Regime 1, that we studied in this paper, allows to decouple the invariant measure

and the control from the limiting occupation measures P. Namely, it allows us to write
P(dudY dt) = n,(du|Y )%t (dY)dt

and what is important is that the measure p does not depend on the control variable .

However, it is easy to see that in the cases of Regimes 2 and 3, one would have
P(dudY dt) = n,(du|Y)p? (dY |u)dt

which means that in these cases ;1 depends on the control variable u. This dependence

on u makes the analysis considerably more complicated and in particular there is no
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guarantee that p is invariant measure to some process, as this process is a controlled
process in which case one needs to know regularity properties of the optimal controls.
This program was carried out in the finite dimensional case with periodic coef-
ficients, in [I6], using the characterization of optimal controls through solutions to
Hamilton—Jacobi—Bellman equations. Such a characterization is not rigorously known
in infinite dimensions and even if that becomes the case, one would need to establish suf-
ficient properties of such equations that would then imply that the resulting controlled

process has a well defined invariant measure that is regular enough.

A  Ergodic and mixing properties of the fast process Y X0,

Let us start with reviewing some basic ergodic and mixing properties of the fast
process YXY0. We show the exponential ergodicity of the fast transition semigroup
defined by (I). For more details we refer the interested reader to [4.[5].

Under Hypotheses 1 and 2, for any 7" > 0 and p > 1, and any fixed frozen slow
variable X € H and initial condition Yy € H, such a problem admits a unique mild
solution YXY0 € Cp, ([I4, Theorem 5.3.1]). As it is proven in Theorem 7.3 of [4], there

exists some 01 > 0 such that for any p > 1 we have
E[Y 100 < p(1+ | X[ + e Yoly) , £20.

In addition, the latter statement implies that there exists some 6 > 0 such that for

any a > 0 we have

sup BY X0 (t)] g < ca(1+ X1 + [Yoln) - (74)

t>a

Due to (7)), the family {£(Y*Y0(#))};>0 is tight in the space P(H, B(H)) and thus
by Krylov-Bogoliubov theorem there exists an invariant measure u~ for the semigroup
P generated by the process YX:¥0(¢). Moreover, by Lemma 3.4 of [7] we have

/H Y (AY) < ep(1+ (XT3 - (75)

As in [4, Theorem 7.4], it is possible to show that if X is sufficiently large and/or

Lz;, L}T/Q, (o and ko are sufficiently small, then there exist some ¢, o > 0 such that
sup E[Y XY (1) - YXY2(4)| g < ce ™Yy — Yalg , t >0, (76)
XeH

for any Y;,Ys € H. In particular, this implies that ¢~ is the unique invariant measure
for PtX and is strongly mixing. By arguing as in [7, Theorem 3.5 and Remark 3.6], from
(@) and ([76l), we have, for some 6 > 07

A—

LY
2 > 0 by Hypothesis 2 part 2.

In fact 6 = 5
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P o(Yo) — /

[ w(Y)MX(dY)‘ < o1+ |X s + Yolm)e Teluipun

for any X,Yy € H and ¢ € Lip(H), and

B o(Yo) —/

H

1
sD(Y)uX(dY)‘ < o1+ X + Yolw)e ™t A1) 3lo

for any X,Yy € H and ¢ € By(H).

As in [5, Lemma 2.3], we have the following lemma.

Lemma A.1. Under the above conditions, for any ¢ € Lip(H), T >0, X, Yy € H and
t > 0 we have

E‘l/HT (YX,YO(S))dS_/ (Y) X(dy)‘<i(ﬂ (X,Yo) + |¢(0)])
T t 4 HSD 8 - \/T : - : |

for some ¢ > 0, where

Hy(X,Y0) := [p]pip(ery (1 + [ X |1 + [Yoln) -
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