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Introduction

L

The Bylow theorems and their generélimtimé are

goncerned with the following questions: Under what gone

- ————
.

&itims will a ‘gropp G possess a subgroup of o given opder?
When will subgrovps of the same order be qmjmg&ta’?‘. 3:1“(%2 ~
possesses & suiagmn;s B of a given order hy will all sabgfmgps
» th‘ese orders divide ‘h be contained ip conjugates of 7 How
'iﬁ&ﬁy subgroups of & will have erder h? ’Ehe‘ Sylow theprens
.;m'swer these ghestions completsly if the order being con~
sidered is a power of & :éx«ime p and is the highest poder of
p which divides the order of 4. They were first proved
by Bylow in 1872." in the ease of solvable groups, P« Hatl 8]
»génaralime& Sylow's theorems to aony factor b of the order n
off G Qﬁi&h is relatively prime to n/h, He later groved [é]
that if a group G of order n posse¢sses, £or each prime
éiviﬁing ny & swbgroup whose index is a power of p and
whose order 'is prime to py then G is solvsble., Wielandt [8],
ﬁﬁ 1854, showed that if a group G possesses & nilpotent
éz;bgraup N whoge order h is prime €6 its index, thenm all
Subgroups of order h are conjugate to N, and any subgroup
whose order fivides b ig contained in some conjugate of Ny
Using Wielandt's resulbs, PuHall [5], proved yet more

general theorems, concerning groups which are not necessarily

{1872), pape 584,

LY
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solvabie, Wielandt [7], then found these vesults usefnl;
in proving theorems concerning the pnormajizer of a Subnovmal
fsut:gxwm ,.‘

In seetion 1y we will &egiﬁﬁ thie concepts of gmgraap"
andl Sylow p-subgroup and state Sylow's theorems. We will
‘then discuss the generalization of p-group to m-group and
éylew p-subgroup te Hall M-subgroup, wheve 1T is an arbitrary
set of primesy Using these definitions, Hallls general=
lizai:iona of Sylow's theortis for solvable groups will be
stated in section 2 aid some examples of groups which |
do not satisfy these theorems will be discusseds. in}seugipﬁ
j"&, Wwe will consider the problem of gemerslizing the theorems

. b0 groups which are not necessarily solvable., Twe general-

igations of selvabilityy MT-separability and M-solvability
willi be discussed in seéction 44 Finnlly, in section 5, we
will consider Wielandtts gpplication of Hall's re&a;ﬁs in

.
¢
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his paper on subpormal subgroups.



S

1. p-Broups and mfproups

A group is said to be a3 psgroup if the order of
ecach of its elenents iz & powsyr of the prise ps A
p-stubgroup of a group is & Sylow p-subprioup if it is
gontained iﬁ,‘i“ié larger prsubgroup: The identity is ¢leariy

e 1 is the order

4 p-pubpgroup for auy prime p since p
of the identity. In seme infinite groups such as the
additive group of the integers, the ?iaenti?.y is the only
Sylow p-subgroup, W%We wiil, however, prestrict ourselves
to finite groups, in which case Sylow's three theorems
are valid, These ares

Theorem B«1, If & is of order n = }}ms where
(pys) = 15 p a prime; then & contains subgroups of orders
pig is 1y »s¥ , mg and cach iauﬁgmnp of order ;aig 'i = Ly
‘2;; ies o mWely 18 8 norasl subgrovp of at least one subgroup
of order pj‘{"li C ‘
| Pheoren S-2, In a finite group G, the Sylow pesub-
groups afe conjugates

Theorem S~3. The number of Sylow p-subgroups of
‘a finite group G is of the form 1 + Lp and is a divisor
of the order of G

The probles now to be considered concerns the

.exten&ion of the Sylow theorems and definitions to an

*
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‘&rbitrary get of primes. Let T1be a nonempty set of primes
and let TT'be the complementary set consisting of all primes
‘not in 71, Every positive integer m can be expressed as
mo= W oo,

where m is the largest divisor of m which has no divisors
in T, Denote the order of G by |6, Using this notationy
P. Ball [5] defines a group & to be a {J-group if .
) | @l = l6l,

A subgroup H cf a group G is defined to be a Hall Tl-subproup
if '

B = [Hlg = Gl
We will denote a Hall r-subgroup of a group G by Gﬂa Equiv-
“alent to Hall's definition of TT-group is the following. A&
- finite group G is a [r-group if and only if all the prime
divisors of the order of each of its elemients belong to T,
This follows immediately by observing that if b is an element
of a group G tkhen the order of h divides |G| ; and if p is
a prime dividing |G|, then G has an element of order p.
Uszsing this definition we sep that a Sylow p-subgroup

of a finite group G is a G_. A4lso if |Gl = p®, for p

a prime; then G possesses z Gqr If G has a Gy Hy then B
is e¢learly contained in no larger Tl-subgroup. Bowever, not
: all groups have Hall TT-subgroups. Consider the simple group
 ag of order 60,

A5l5,5 = 605,5 = 15



This group has no subgroup of order 15, and hence no Hall
3 4S-subgroup.,

Two useful properties of Hall groups are the following:
If 8§ is a G, of G and & is any neormal scbgroup of G, then
N4 is an 4, and HA/A is a (G/A)g« The straightforwerd
proof of these properiies is contained in a paper by
Py Hall (61s



2, BSolvable Groups

Before discussing the conditions under which a group
will poussess a Hall TT-subgroup, it will be useful to define
the concepts aflpﬁmpasiticn seriesy chief geries, derived
groups, and solyable groups, and to state some results
concerning themy* When A 1s a normal sdbgroup of G we will
write A @ §, A4 series of subgroups '

A = By < 5&~; LR R 4,31 Q4 by = G
is called 2 subnormal geries from G to A, Each of the A;'s

is said to be a gubnormal subgroup of G. When 4 is a sub-

noroal subgroup of G we will write A 4 4G, If we have
Ai < & for each i, then the series ik called a pormal series,
A gubnorpal series from G to A in which each 4; is maximal

in A; , is said to be a gomposition series from G to 4.

The factor gruups,aifa in a composition series are called

ied
composition factor groups and their orders are called

‘camgesx@;anfactqrs@ 4 normdl series in which each &i is

maximal im A; , is called a chief series. The definitions

of chief factor groups end chief factors are analogous to
these for cempnsitién factor groups and facturs. In a
finite group any subnormal series con he extended to a
composition series and any normal series éan be extended

to a chief series.

» ‘The proofs of these results can be found in The Theory
of Finite Groups by Marshall Hall, Chapiters 8 and S.[2]
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The subgroup G' generated by all commutators x*ly“;xy
‘of a group G is called the derived group of Gs A group G
is gefined to bhe golveble if the sequence

G o2gt 2 2 gld) o gl

whepe each G(&*l} is the derived group 0£‘G€i3, terninates
in the identity in a finite number of steps. Sinee the
;deﬁivea group is c¢learly & normal subgroupy a nen-abelian
ﬁimpie group such as Agsaannat b? solvables In a finite
érnap~&; the condition that the factor groups in a compesition
series from G to 1 are ¢éyclic of prime order is eguivalent

%a solvability. Prom this and Theorem $-1; we see that

évery p~group iz solvable. In a chief series for a solvable
fipite group G the chief factor groups are elementary
Qhelia&xgﬁéaps; that is they aﬁeithe direct product of .
eyclic groups of prime orders F&c%ar groups andﬁéubgraupa
of soclvable gioups are solvables
' F. Hall [3) has shown that for aﬁy solvable group,
éyiaw?s theorens ¢an be generalized in terms of Hall sube
groups. Hallts theorems are:

If & is a.salvabie group of order
) B = #lo8g,
" hen the following four statements ars traes
Theoren H-l. § possesses at least ome G (a.HallT—

subgroup )

Theorem H~2. Aby two G 's ave donjugabe,



Theorem H-3: Every T~subgiroup of G is contained. in
‘sa;ne G

Theorem H«4. The number h, of G 's may be expressed
T

fas a product of factors, each of which (a) is congruent to
1 modulo some element of 17 and (b) is a power of a prime
and divides one of the chief factors of G.
The fellowing corollaries illustrate the usefulness of Hall's
theorens in studying subgroups of selvable groups, Through~
out this paragraph, G will be a solvable group with

Gl = B @,
i . Corellary H-l: If every eclement of a & m 54 commutes
wzth every element whoge order is relatively prime o mo,
then % is the direct product of a group of order mﬁ with
one of order m_.

' Pproof; By Theorem H-l, G contains at least one Gppre
Let 5Y be such a subgroup. Since every eliecménti of 8! come
mutes with every element of 8, we have
{*) 'STUS = 8'S < the normalizer of 8 € G«

We know that

‘ISN = m and 181 = m
which implies
| BNsl = 1,
Consequently
IS*USI = 18181 = 1818 /I8NSN = 181181 = mpm, = 1l
Thus A‘

G=8'US.,



We then see by (¥} that 8 is novasl in G; Siasilariy St
is normal in Gy Therefore
& = 8 xpy ’

which proves the coreliavy.

Corollary H~2;3, HNo elemient whose order divides mg
.:i.s:« pernutable with & G vwhich dues not contain ity the
normalizsr of a G is its own normalizer sand contains no
‘obker G .

Froof: Let S be a Gy N its normalizer and x an
‘element of N whose order divides moe N ois a subgroup of
a solvable group and hence sclvable. JApplying Theorem He2
to N, we see that § is conjugate to any other N and
being pormal in N it mast be the only N_ in Wi Since
| Nl = el
:ﬁm see thak any G, contained in N is an N, and must, there-
ore; be S |

The cyelic group (X! is & T~group and is contained in )
N« From Theorem f+3, it sust be contained in 8, In partic-
ulary x itself must be contained in S, '

Let ¥y be an element in the bormalizer of Ny then y*lsy
is contained in N but y"ISy is a G4 hence
| y'lS‘y =8y
This implies that N is its own norualizer.

€oroilary H-4. If the solvable group G is of order
{;lalp a2 ... por where Py > Pg> -+ >P, ore primnes,

2 Pr
‘and if the chief factors of G .are all primes, then & has



seif conjugate subgroups of orders p_l’a‘j.,g o ﬁlpgazi -
;@3‘&1 . A Pr,_lar%;

Proof: A subgroup of ordey 131&&133% wir n 3"&3 gt be
& &?1?3’% e }'iji By Theorem H-1, there is at least one
such subgroup, Hy The nusber of conjugates, h, of B is ihe
ingex of the normalizer of H in @, This implies that b
:»:‘iivma's Py *1‘5";{&1 vee pfm By Theorem H~4 and the fact
that the chief factors of G are all primes, h is a product
of termsg of the form 1 + kpi {1 ¢ j}), where
) L+ kpy = pp (8> 3)e

However
’ Py < Py = Bye
Hence k = 0 and h = 1. Thus H is a uermal subgroup of Gi

Given p ahy prime, we call a Hall p'-subgroup of a
group G a p-complement of G, P Hall [4] proved thet a
finite group is solyable if it pcss*esség a p~couplomend
for every prime pi: Trivially evéry group G possesses a p-
complement for any prime p which does not divide |Gl. By
i‘i‘hfgerem fi-i, if G is solvable, since

&l= &l |G|

+e
it must possess a G‘p, for aﬁy giime p. Conseguently we
can state
' Theorem H~5. A finite group is solvable if and only
ifr it possesses a p~complenent for every prime ps

Ay is clearly insolvable since it possesses no 2wcomplenent



O Ay also demonstrates that Theorems H-S and Hed are
not necegsarily valid for insolvable grﬁups** Ag has Hall
By2«=subgroups of order 12, which are generated by elementis
?1* A5y and B with the following properties
B a1, Blam = ay, BNAB = A8y 4% = A% = 1y 84, = 28,

: éac%z of these subgroups bhas only one subgroup of order 4.
fﬁieﬁae; ‘33} 322 and ,&iaz are the only elements of order 2 in
'i&l,ﬁzgﬁ§g The subgroup generated by (123), {I2)(45) is a
2,B3-snbgroup of order &, Howsver,
(123)(12)(45)(132) = (13)(45).

The element (13){45) is of order 2, but does not comwuate with
{32)(48), Thus {(123), (12)(45)] is contained in no Hall

6 3, 2-zubgroug and Theorem H-3 iz iavalid in Ass There ave
six Hall S~subgroups in Age The prime factors of six are
not congruent to 1 modulo 5¢ Further, although
K 6 = 1 moduio §,
it is not the power of g prime, Thus Theorem He4d is invelid
ﬁfar Ags

Theorem H~2 is invalid for the group G of auvtomorphisms

‘of the elementary Abelian group & of erder 8. & is s gimple
group of order 168, It permuites boih the seven subgroups
‘uf order 2 and the seven subgroups of order 4 transitively.
A subgroup Fy of & which leaves ope of the subgrougs of 4

‘of order 2 fixed cannot be conjugate to a subgreég F4 of G

\‘i’ x Burnside Eli discusses Ag completely in his Theery of
Finite Groups, Section 127.
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b which leaves one of the subgroups of 4 of order 4 fixed.
Hewever, both F, and F, bave index 7 and are Hall 2,3-

sunhgroups.

¥ -
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3 Dy €y 8nd D Properties of Groups

We will pow investigate conditions under which Hall's
first three theorews will be valid for a perticnlar set of
priges TTin & group which is net necessarily selvable: For
ease In gtating theorems, we will refer to the following
%ﬁree.yrnpaaiﬁieaa eoncerning a finite group G¢
L Eqr G fDas at least one G .

: Cqr & satisfies Eqand any two G 's are conjugate in Gs

Pt G satisfies O and averyﬂTmaﬁbgranp of & ig Cofim
tained in some G .

Bylow's theorems ilLaply ‘

Theoven P~l: If 9 iw a prime,; thon every finite group
%aﬁisﬁiﬁs 9?1
Hallts theorems H-l; H~2; H~3; and H-0 can now be stated am
& siogle theoren,

Theorem D=2, G L8 solvable i apd only if G satisfies
¥_; for all primes p«

P
$he gscending cenbral sgeries of a group G Is defined

to be the serie¢s of subgroups

1=ﬁa§&15&2 LA
where Ay is the center of G and, gssuning 44 hag already
besn defined, ﬁi*l4is defined so that &i+£fﬁi is the center
of &/Aig A greoup is said o be pilpotent if the asconding

gentral series terminates with &, Bince the center of any
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12
group is 2 normal abelian subgroup, a nilpotent group is
clearly selvable, It can also be shown that subgreups and
ii‘s,cfi;or grouns of nilpotent groups are nilpotent . We will
now copgider the following propusitions
,Eﬂ&; G possesses a G which iz pilpotent,
ﬁf 3 & possesses a G which is golvable.. _

Si G Y e i . '
€ : @ satisfies £ and its G !'s are salvable.

8
'g}’ﬂ‘

, & satisfies D and its TT-subgroups are solvable.
Wielandt [6] has proved that if the Linite grm}p G contains

E 2

a nilpotent subgroup H, whose order h is prime to its mdex,
anﬁ 3,1' %& is any subgroup whose order divides h, then there
exists an olowent % such that M is contained in g~ ﬁg‘ Con=
‘ai&ez‘m’g that subgmuys and conjugates of nilpotent groups
iare n‘ilpa{iezgt, this theorem can be more simply stated as

' Theorem -3, G satisfies E," implies thet G satisfies
il}iﬂ mi ite ﬂ'm:suhgrcugs aré nilpotent,

f} satisfies B 5 is. not a mfi‘xcz.ent condition for & to satisfy

it}

Do Consider the simple group of erder 168. Its I%ail. 243~

Subgroups,; which we looked at earlier, are solvable, but the
‘gmug does not )sai:isi:y gaish
The following lemsa is useful when working with groups
"féhieh can bg writiten as divect producis of ﬁimpl;r Eroups.
Lemga. a1 Let H = HyXHy X re ﬁr‘ If each H, satisfies
'a given one of Ep, Gp, Dy, BN, €5 b5, BS, then so
does Ru; '

* "}.‘hé proef of this statement can be found in The Theory of
Fipite Groups by Marshall Hell, page 153.[21 ™~ ™




‘ Proof«

(1) Assume each H; possesses a ain* E;» Then
By X B % 9 X, | = 1Ky | (gl 2o KL = Ml tEpl o orer I8y
= (gl HgL 9% 1) ) = } N
Thus U satisfies B .
(ii) Assume each Hy satisfies €, This implies, by (i)
that H possesses at least one Ho» Leb R and M be any two-
'H _Ys, Then we can write . o
' B = MJ.’LE;QX “"YMr
ang 5
R. = Rlxﬂa X s X&rg ,
wpere Mi and ﬁi are subgroups of H,. Each fﬁi is ¢learly a
C Ti-subgroup of Hy since
R R R AL R (P
R S ¥ K; were not an Hiﬂ" we \cmﬂ.d find a Tr-subgroup of Hyy Ky,
‘such that |K;| would be greater that |#;| . Ia which case
the subzroup
. ki’ zﬁ;XﬂgX”*xKi*“* XL;I"
would be a T-subgroup with order greater that \ii:}m; which is
:clearly impogsible, Similarly each R’i ig a Hi < For each i,

&

‘we can find an element of H;, x; such that
Consider the. ¢lement of H,
x-lyg = (Xi',‘lg*“’ 3 Kr”‘l)(ml X awe XMy 5400 xr)

0 ‘ T o= {:‘c}‘“ll’éixix iy xxﬁ”‘lﬁrxx‘} = (Rl X Rg X #en x-ﬂr)fr



i4

Thug H satisfies Cge

(iii) Assume each H; satisfies Dn, Let
Y = {Yl)(YzXH* XYr}

‘he a TT-gubgroup of H« Then each ¥, is & T~subgroup of ﬁi’
which implies there is aﬂ‘ﬂifﬁ Mi, sach that ?i‘is contained
in k&iq

Y = "(‘Yl Xise X’xr) < (z&lx P xg,,gp)_,! |

By the proof of (i), ﬁilxﬁfzx ey me, is an B Therefore
B satisfies D
{iv) It can é&sily be shown that

HY gltx ngt X #ew Xﬁr}‘;

,where H' is the derived group of H and H,' is the derived
group of Hi for each i. This implies that H is solvable if
and only if H. ig seolvable for each is “Therefore, by (i},
(ii), and (iii), if eaehlﬁi satisfies a given one ﬁf‘Eng
eﬁ?, Bﬁgi so does H.

(v) If N is & normal subgroup of H;
No= Ny Xoea XNy
then
H/N = By /Ny XHy/Ng X $0# X B /N,
if z ig in the center of H,
‘ 2 = (Byy Bgy *1h y By
ﬁhea'zi/i& in the center of H, for each i and conversely.

Thereforey H is nilpotent if and enly if H_i ig nilpotent

for each i. Conmbining this last statemsent with (i) coumpletes
the proof of the lenmsa.
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sn imgediate conseguence of this lemas s that a group will
gatisfy both D and Dif it is the direet product of T and
'T1’groupss By a well known theorem coneerning compesition
semﬁs, if & is @« finite group, then ¢ach of ifs tsha:eﬁ zﬁf&ctar
gseau;:e is the direct product of isomorphic simple gwmmu
':;{-xz particular if H is & minimal povmdél subgroup of a finite
sRoup &,; then there is sone ghief series fré.m i to § con-
tainipg Hy

i 4&«41*3& * % 4§6= Gy
Gonseqguently B/L = H is the divect prodimet of simple groups,
: H= Ay Xind x,f‘smg
Eaeh of the z&i*s is subpormal in &, sipnce it is noroal in H,
Being simple, they must be minimal sdbnormal subgroups ef G,
which implics they are composition factor groups of G, From
the above,; we se¢ that K is the direet product of its cbu~
position :taamr.gmups. Coitbining this with Lémma J:l,
we have . '

Lemma 348 If all the composition factor groups of G
‘satisfy & given ome of By Gny Dy Boy 6.5, B °, BN, then
;ao does every minimal normal subgiroup of G

A sufficient condition for G to satisfy E_ is that G
‘?ﬁﬁfsﬂ‘ss 8. pormal Gﬂ/.” An immediate conseguenge of this is
( Theoren Bk, " If K is a normal subgroup of G such that
K satisfies G and G/K satisfies B, then G gatisfies Enm

. %‘hearem 8.0 ’éﬁ The Theory 3%1 Pipite Groups, E&gﬁﬁbaié Eai.‘%&[?]
% Theorem 25 apter—4y The W’mm Sy Sassenhans
k%% The grgaf of this can’ be found in a paper by P, Hail [Bl,
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Proceading by ianduction on the order of G and using Leuwma 3.8,
we have as 2 gorollary -

Corsilarvy E-l,1, If all the composition factor groaps
0f G satisfy Gy then G satisfies B
snother dseful result concerning composition series is the
‘following. ’
| Lemma 343 If there is a subnermal series from G fo 1,

G=06,0 &> G D3 PQ = 1,

50 that each &i/{'ii *1 satisfies E.WN s then pvery couposition
‘factor grmi;; of G satisfies E,Tﬁ »

Proof: Since G is finite, we can extend the subnormal
'series to & compugition series by inserting a fimite number

of stbnormel subgroups between f&i and & +i Lfor each ie Ye

5
will then have for sach i,

Gy =81 0™ 8,1™ VP8 n = Gyge
‘Let Gi i be any subgroup frow the composition series we
bave constiucted: Let ﬁ/@i* g be a nilpotent Hall TTesubgroup
of ﬁ‘:i/fii*lw @ince ﬁi,m is subnormal in G'.i-? (&i,mnﬁ'}/ﬁi’b}-
is a nilpotent Hall T-subgroup of Gi,m‘/ﬁul‘- from this .. °
.znd the fact that ﬁi‘,m+3./&i+1 is norsal in &ia,ﬂ/%i»kl’ it folw
Aows that
, {&i §ft 1"‘ &i‘ﬁl) (g‘i 48 N/ t};'w-i W {Gi ,m-b;i! G:i.+13 '
which we will depote by By is a TT=Hall subgroup of
Now

F o mi,mn BAG; 1)/ Ly NE/G, )
and (G ;mnﬁ/‘ﬁ‘i{-l)f (Gi,m-r-lﬁ H/G, ,), Being & factor group
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{mi‘ a pilpotent group; is nilpotent; Hemce
(85 B0 )85 0, 3/%543)
satisfies BN, Also:
€0 0 %3:30/08 nedB50nd * & 0B e
By the Jordan .ﬁamez' thoeorem, given any composition factor
;g:fﬂm,zgs ¢ of Gy there is some i and m such thab
: S + S aigm/ﬁi;m«bl,‘ ;
Therefore every compoesition fadtsr group of G satisfies Eﬂﬁg
‘,;i‘,’iw princinle theorem of Py Hall's ‘paper, "Theorems Like
lﬁylﬁwl"s" [5] is stated belows 4
Theoren D-4. IL K is a normal subgroup of G sach that
K saﬁisf‘iea B N and G/ satisfies ﬁﬁs, then § satisfies Dﬁe’ "
Yeing ﬁ{zxs theoren, Lemmas 3.2 and 3,3, and proceoding by
induction on the opder of G, we have
Gorollary Ded«ls If G bas a subnormal ‘series
G = Gy v G11>i~*ia »1>§§ = ¥
guch that each of the facbor groups “i/‘:“i+1 satisfies ﬁ.‘—?zg

then G satisfies gq_l_s, .
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4, Ti-Separable and T-Solvable Groups

We found in segtion & that for TTany sét of primes,
7a‘13. solvable groups sabtisfly nns‘:, For 1Ta particalar set of
primes, we con define g property of groups which is similar
‘te solvability in terms of D_. We say that a finite group
is [eseparoble if ite eampe:@a:itim; factor groups are ﬂ§p~gx‘auys

for various primes p in T By Theorem $«%, all the compo~
sition factor groups of a Tl=-separable group sai:isfy,ET?a
We then have, as$ a special case of Garéﬂary Datyl,

5

Gorellary D-4.2. 411 M-separable groups satisfy bﬂ-l

© for any subset TTof TT,

The following theorem is analopgous to a theorem concerning

:salv'sﬁ}le Eroups ¢
' Theoregm 4.1, A group & is T-separable, if it has a
normal -subgroup H saech that both H and G/H are Th~separable,

Proofs Let

G/ = Ag/HPree DA, /0 > B /0= B/E

aad

: He By >By»et BBy =By =4
‘e compogition series for G/H and H respeciively. Then
by the hypothesis of the theoren, (Ai/ﬁ)/ C“&i-ia,!./ﬁ} and
and B, /B; , are TT;p-subgroups, Also

(A /H)/ (g G /B) = AyTAG 4o

Hence the cowposition series
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G = g& [ ﬁlp- sa4 OH >BIP«HH x>3s = %
satisfies the conditions for G to be Tr~geparables
The following theorem is similar to Theoresm B-~B. Xt gives
:a sufficient condition for a group te be M=-separable.
Theorem 4.2+ If G satisfies B aud B,y for sl primes
P in T, then G is Tseparable,
’:Ee:f:i)re proving the theores, it will be useful to prove the’
folloving lemmax ’
l Lentiz 4.231. If |Gl = Wy, *3E Mg (ﬁ’i%mé.) = 1y & # 3%
and § satisfies Er/ s &= 248, *+*sn, where T7; denotes the
‘set of all primes dividing my; then & satisfies Eﬂl-; ‘
Proof: This is ftrivial in the cas¢és n = 1 and o = 2,
Gonsider the case of b = 8. For i = 8,8, +++ 4 n, let B,
‘be one of the ﬁfq ts guaranieed by the hypothesis, Then
'. I8l = '\fil[@is
We will show by induction on J that

- | 4
C \:an 8;1 = lel/fm, ,

for ail j. In particuler we will have

e a - 0

o Byl = 161 /Tm; o myy
‘8o that G POSSCESeE 2 ﬂﬂ.l; ..
£1) 185N 8, divides both S
¢ | . \a\/ma = maﬁrim% P mﬂ
and _
. Gl /my = mpmym, 50 my,
‘and

(mgimg) = 5,
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Conseguently \szn ssl divides
mlm4 Ve mn &= lﬁ‘/mzm;!’#
£ii) We have '
lgl 2 198 = 185]185] /185N Byl
This implies that
‘Combining (i) and (ii) we have

S 3
305 851 = 1a!/om,s

Now assume this relationship is true for all i < j« Then

lﬁl ﬁ\“lﬁl/jﬁlm~mmm "o
is2 "1 7 i=2"1 ~ 17§ J+} n*

jl
ecnsequentiy'ls N0 1)‘ divides both

IG\/mﬁ % My ¥ m3~1m1 el hexomy
and
61
Gl/;Tgfty = ByMyMgy *o* Wy
Also .

It |

This iwplies that |8, (\(i 2 1)\ﬁivi&eg

61 /my(ign;) = 161/, .

By reasening similar to that in (ii),

s, sl 2 et/
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H

. 2k

Therefore, for all valoes of jy
syl = 18,060 501 = 10 Ry,

iwh:i@h gonsiudes the proof of the lemua.
We will also use a lemma which was proved by P, Hall (4).
' fenma 45242 If G is of ovder paqug where p and g
are different primesy whighh do not éwme, my afid & and b
‘are positives; and if G %@g a gubgroup H of eoprder .g}%b, and
‘also twe preper subgroups of index. ga and qb ruspectively,
then G cannet beé simple, ‘
We are now ready to prove the thaerein.
‘ TG is a y-{grﬁm}, the theorew is trivisl, Qﬁnaidar
then that |G| is the product of powers of fwo or more primes,
rPxfaeeeding by induction on the order of &, assume the theoren
Zhaa been proved for e.&l}; groups whose urders ave less than
‘“&he opder of Gy ¥We can write

Bl = ﬁﬁlaipaaﬁ 2L yrmx-,
where py € TT, i= 1y e , ry, and B has po prime divisors
;frem T Then letting plaliaaaa 312 ml in Lenma 4.2.1, 9 sce

that & possesses a @ « 'Phe hypothesis of the theoren

PysPg

stabes that G possesges a %i} and a & Hence by

f’z" b
Lemma 4,242, & containg & proper norsal subgroup, M., For

each i, let 8, be one of the G, ,'s guarantced by the

iﬁif
hypothesis of the theorem,; and let S be one of the G 's.
!

Then SNM is an Moy B;7NM is an }-igi,; Sk/8 is a Hall 7=

subgroup of G/M, aud 8, 'M/M i a Hall pi_*maahgmay of G/
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‘ aise 1Ml < |Gl ang |6/ < |Gl. Hence by the induction
hypothesis, ¥ and G/ are Thsgpurable. Therefore, by
Theorest 431y G is Thgeparables &

: We shall call a finite growp G Tl-gerial if every
'éwmpaaitim factor group of & is pither a T-grdup or a
Tegroups A group which is both TT-separable and T-serial

is said o be Tesolvable, That is, 5 group is Timsoivable

if and enly if all of its composition factor groups are
either ﬂigraxxga or pegroups £Or various primes p in 1T, :
‘Bvery sclvable group is clearly TT-solvable for any set of
primes Ty since all of its composition factor greups are
pegroupss 1€ T is a subset of TTand 6 ig T~s6ivable, then
G is Ti-selvable. This follows by noting that T, 2 T an °

" immediate consegience of the foliowing théorem is that any
'ﬂﬂsﬁbgr@u}a of a TT=golvable group is selvabile. '

_ Theorem #:3. If H is a Tla-aﬁbgréﬁp of & T~geparable
‘group §,'then il is solvable. ’
Proof: Let ;
Ho= Ay >4, > ba =1
be a copposition series for H, Then, since & is T~separable
-each compogition factor group is a T,p-group. Also
'Ai/éié-l‘ ﬁiﬁﬁea B » Sionce H is & Tegroup, Ai/#ia»l is a
prgroups; For A;/A; , to be a composition facter group, it

‘must be simple; By Theorem 8-1, the only siumple p-groups

lare the gyclic groups of prime order, Hence the compositien

"

factor groups of B are all of prime order, which implies
6 that H isg solveble.

Al



O " A8 a special ecase of Corollary D~4,2, we have

Theoren 4.4. Every -solvable group satisfies nﬂ%

for eny subset ™ ofT. ”
. A useful corollary of this is the following,
Gorollary 4.4, If G has a normal G_s, K, such that

:ﬁffi is solvable, then & satisfies i}ﬂ‘

'~ Proofy Bince K is a n-group, it is m-solvable. The
solvability of G/f, implies that it is tsolvables By
similar reasoning to that used in 'tiia prosf of Thearém. 4«1;
‘since K and G/E are T-sclvable groups, G is m-solvable.
Thé%ﬁfﬁ!‘ﬁg by Theorem 4.4; G satisfies ﬁﬂ'?‘: for any subsét ’

of T -

] Anether property of Tr«»sc‘wab&a groups is given by the
6 | following iheﬂrem, ' )

( Theorenm 4.5, EBvery rr-e-solvablg group satisfies Bﬂ(
for any subset TT 0L 1.
This theorem is not necessapily true for groups which are
T-Separable, but not TT-solvable, The simple group Ag of
farder 60 is 2~geparable; but not B-solvable. It doeés not
satisfy 232,, sinee a 2'-subgroup would have order 18, As
a corollary to Theorem 4.5, we have

Corallary 4.5. If G has a normal G_,, K, such that
K ig solvable, then G satisfies D_.

Proof: K is solvable, henece K iz Tiisolvable, G/K,
béing a T~group, is also tlsolvable, Thus 6 is Ti<solvable;
Therefore, by Theorem 4.5, & satisfies B . ‘

x ‘rhe grmf of this theorem can be found in P. Hall's
paper "Theorema Like Sylow's," [5].
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5« An Application of MT-groups

{

Wielandt [7] uses Hall M-gubgroups in studging the
‘normalizer of a subnorial subgroup., Given a set of primes Tl
he éen;ﬁes the subgroup generated by all ﬁéil17asuhgrﬂﬂps
of a group G by TIG. TG is cieavly a characteristic subgroup
;“f Gy since any G is mapped by ao automerphism inte some
other G,y The normalizer of a subgroup A is denetsd NA, In
stuﬁying N4y Wielsndt shows that ii'ﬂi;'ﬂa, b4, T, are sebs
‘of primes with the property that the index of each maximal
neriaal subgroup of A contains at least one prime Factor from

O fiQi T, 3 then

n
; NA = JLUNTLA

In this way, he reduces the problem of studying N4 to stndying

N
The subnormal closupe of A in G is the intersection of

‘all subnormal subgroups of G whigh contain A. We will denote
this by 4%, That is
A% 2 N8 (4 c8544q),
Wielandt [7] shows that TTA is the intersection uf those
subnormal subggoﬁps B of A for which
| " a8l = 1.
. Using this fact, it follows that
O { A = ¥ +8 " K“G,

fa
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ﬁ | where K is an A A consequence of this eguality is

Theoren B¢ If B is an Any then
, HE € NfTAs
?Iﬁf'certm restrictions are made on Ay we can obiain a
iiﬂﬂre useful expression for NMi..

Theorem 5.8, Let A< 4Ge If A pontgins an Any Ky
‘with the property fthat for each & in NTA there éxi@i;s an
'a in TIA, such that
! ' g~ Yg = a~lga;

‘then '
: NTA = TA'NE = NK*TA, -
Theorens 5+ and 5.2 are due to Wiclanat [7].

It is not always true that an A with the properties
‘ Bypothesized by Theoren 542 exists, even when A patisfies
Be Gen&iﬁéx’ the simple group & of order 168, We saw in

gection 2, that G poséesses two distingt genjugate sets

of Hail 8,3-subgroups, There is an auboworphism & of order
2 which exchanges the t-a{a setss Let M ﬁ»e the poraasl product
of G by the group of automorphisms (1,58 Then M is the
'set of all symbols p{t,-g] s where © is an element of I, ?
and g is an eiemen:ﬁ of &, Multiplication fi.gx ¥ is defined by
: | l64 58, [tg,;@g] =[t6o4t;08; 2 %8 ‘

'The subgroup of symbols of the type [£,1] is icomorphic teo
{,L,:etf apd the subgroup of symbols of the type [1«,g] ig iso~
m&rp%ﬁg to G, We will denote the 1&%1{@1* sabgroup by (1 ,t‘ﬂ . |

* A e’%isé:aiz%éiégi‘ of the Nopmal Product can be foupd in CGhapter
6 of The Theory of Groups by Marshall Bail [2].
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e [1,6] iz & nupmal subgrong of My snd (2,5)6 iz s chavapter=
iavie subgrowp of G, Ounsequently (843) [1,8] iz & sevasl
subgroup of M Lot (£,3) B8] be the & of Thoores 8,2, Wo
‘then bave

(2,538 = (2,8)(2,8 [18)) = (2483 [1,8] = 5.
Fron the sbove eyusiities and the fact thet & isn avraal is
fdy it foliows that
B{2,SXA = M
Thus s3] &8 an clemont of N{2,5)a. Lot ¥ bo g %g}g* e
have
‘{o(,x,]*?i (2] egd] = [oh, 2] 1,80 [y2) & [ocFaa 302 9] [y
o ool FY s [Leli)]s
Now < guehonges the twe closses of Hall gvroups, Honge fer ‘
® o x in & is Sy

ﬁwiﬁ’x a <{F Y

Uonsequentlyy for no [1yx] dn {25334 is
[&4%] *};Ehﬁﬂ [150] = [1,%(¥3),

Phorefore # has & pobnornsl subgroup &, whigh containe ne
Ag o5 patisfying the hypothesis of Theorom 5.2.

We Gan new consider the problem of finding suificicnt
copGitions for- the exisiende of a Hall Thwsubgrouy which does
satisfy thoe hypothesgis of Theores §.:2. . Bofore dodag this,
it will be useful %o mﬁw@w the gencept f & Sylow perdes
of Soaplexion, Ieb Pyeligs **% aPps be distinot prises. We
aay thaet & finite group H has a §ylow Gepies of Comnlowion

‘ gy *** 40 48 B 3 divieible by no primes sther then
- Big 7% gpp ond 3F for euch & = 14 By v ped H }:ma &

’
™~
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normal H X + We should note that ‘the order of the

Py " 9By
primes is impertant, For example, g Sylow seriss of cofi~
plexion (2,3:8) would consist of a agmal Sylow Z«gubgroup
and & normal Hall 2,S5-subgroup, while a Sylow éaries of
‘conplexion (5,8,2) would consist of a normal Sylow St
group and a normal Hall ByB~gubgroup.

We can also define & Sylow series of complexion in

teras of factor groups of a normal seriesy Let ﬁj he a

nornal %’1* che *pj&

Since K;} is namalq and

Pys vv* :5’3;
it folldws that K, is contained in Kj for apy t < Jj» Let
8 4 Be @ Sylow p-subgroup of K;. Then

'Also sj is a Sylow pjwsu!agmug of Hs Frpfiz the above gstabew

‘ments, we see that a group H with a Sylow series of comw

:ple:giun will possess a normal sjeries in which the factor
groupsiof sach neighboring’ element are isemorphic to the
:Sﬁriw aubgr;m}s jczf Hs The t;éxxVersa- is eﬁ&iiy seen to be
true alsos )

1 ¥, Hall [B] proves the following theorem,
Theorem 5.3y Let Pys *** 4 Pp be the distingt primes

}

© which divide |G|, then any two G 's, both of which have

| & Sylow series of complexion (b, Yy P,) must be eonju

'gale in Gy Q
By the above theorem, if TIA contains an Ane M, with a Sylow
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series of complexion, then M is conjugate to any &%ﬁ)er A
with the game series of complexions: Two subgroups which
gdo not have the same series of complexion cannot be isow
Borphic, Go‘naequentwg ¥ satisfieés the hypothesisg of
Theorem §.2:

The principal theorem of Wielandt's paper [7] "Der
‘Roramslisator einer Subnormalen Untergruppe,® gives necw
essary and sufficient conditions £e§~ A to be mmél-, when
. A satisfies certain conditions,

Theorem 5.4+ Lebt A2 <8 If in the normal subgroup
‘a:(? G

B = (g 60

kthex*é is. an K.;n,; Ky with the follewing property (*) that fov
each g in G there exists an h in H for which
| g kg = h™Kh;
‘end letting ¥ be the A . KNA, any two of the following are
eguivalent,
‘ (a) TA is normal in G.

(b) I£ U is a subgroup of & with the property that
J M dis a Tegroup, where -

: | ‘ B o= Q\EJ& o™ b -

then '

ﬂﬂ = My
{c) It is trme that NK is conbtained in NM:
(d) 'ﬁhere is a group U contained in NK with the prep-

erty that
Hﬂ&' = G
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Again by Theorem 8.3, if H possesses an H which has a
Sylow series of complexion, then this Hy satisfies grapérty
(*} of the above theorems; Wielandt [7] proves that if X is
a sabnorsmal sabgroup of G, and

B 1748,
end if A possesses an Ayy M, with a Sylow series of come
plexion, then H possesses an ﬁﬂ, Ky with a Sylow series
of g“emple?xian and A‘ﬂl{f ¥, This implies that a sufficient -
conpdition for mptatements a « 4 of Theorem 5,4 to be equivw-
alent is that A PoOSSess an Ag withh a Bylow series of gom=

plexicon, If H satisfies Cnor Doy it will clearly satisfy

property (*}): Using this fact, and Qorollaries D~4.1, 4.4,
‘ and 4.5, Wielandt [?7] proves the following theorem,

Pheorem 5,5, Let A < 4G and let
" H o= TTA&;'

Let at least one of the £a$1swing two conditions be trues

{a) Each composition factor group of A sa@isfies EﬂN *

(B) A contains & normal 4., Ly with the property that
L or A/L is solvable.
Then A satisfies Enj for each By My there is am Mo, K,
with AOK = M} and cach H. sstisfies property (*) of
Theoren 5:4:
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Abstrast

¥

The thesis treats the generalization of Bylow's
theorags about  p-subgroups to theorems eém«aming Halirrw
subgroups, The Hall m-gubgroupy is an extension of the
Sylow pwsubgroup o a set of primes T instesd of the single
PEFLBe By .:!n, the Tirst section S&ylowts 'ﬁhewem_& are sisted
and the Hall T-gubgroup ig defimed, Hall L[3] é&ﬂeﬁa&iﬁé&
Sylow's theorems completely in the case of sslvable groups.
In papticuler he showed that every solvable group posscesses
a Hall Tl-gubgroup for any set of primes o He also showed [4]
that if & group G is noet golvable there is at ledst one gel

of primes T such that G possesses po Hall Tl-subgroup, His

resulbs ax*é discussed in section 2 and some examples of
insclvable groups for which hisg generalized theorens are
invalid are givens For s particslar set of primes T7it
ig possible to generalize Sylowls theorsss even when the
gronns being congidered are not necgssarily sbiveable. Sesme
theoreus of this type are considered in section & Por
examnple, one of the theorems gives sufficient conditions,
depending on the set of primes 1T, for a growy to possess
a Hall TT-gubgroup. Fer a pavticular set of priwes TT;
solvability can be generalized ta Ti-separability and TT-
solvability. Theorens sigilar to ﬁéll*s theorens fopr

solvable groups can be proved f{or TT-sepsrable and Tsolvable




"0 groupsy Thege are discussed in sectien 4, A theerem
concerning sufficient conditions for a grnuﬁ to be T
- separable is proveds Finally in section 5, some of the
results of the earlier sections sre applied t0 the Problem
;a;f subnormal subgronps and their nornalizers.



