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ABSTRACT. Consider a non-linear function G(X:) where X; is a stationary Gaussian se-
quence with long-range dependence. The usual reduction principle states that the partial
sums of G(X:) behave asymptotically like the partial sums of the first term in the expansion
of G in Hermite polynomials. In the context of the wavelet estimation of the long-range
dependence parameter, one replaces the partial sums of G(X:) by the wavelet scalogram,
namely the partial sum of squares of the wavelet coefficients. Is there a reduction principle
in the wavelet setting, namely is the asymptotic behavior of the scalogram for G(X¢) the
same as that for the first term in the expansion of G in Hermite polynomial? The answer
is negative in general. This paper provides a minimal growth condition on the scales of the
wavelet coefficients which ensures that the reduction principle also holds for the scalogram.
The results are applied to testing the hypothesis that the long-range dependence parameter
takes a specific value.
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1. INTRODUCTION

Let X = {X}1ez be a centered stationary Gaussian process with unit variance and spectral
density f(A),A € (—m,m). Such a stochastic process is said to have short memory or short—
range dependence if f(\) is bounded around A = 0 and long memory or long—range dependence
if f(A\) — oo as A = 0. We will suppose that {X;};cz has long memory with memory
parameter 0 < d < 1/2, that is,

FO)~ A2 (N) as A= 0 (1)

where the short range part f* of the spectral density is a bounded spectral density which is
continuous and positive at the origin. The parameter d is also called the long-range depen-
dence parameter.

A standard assumption in the semi-parametric setup is

/) = OIS CrO N Xe (=), (2)

where (3 is some smoothness exponent in (0,2]. This hypothesis is semi-parametric in nature
because the function f* plays the role of a “nuisance function”. It is convenient to set

FO) =1 =72, Ae (-7, (3)
Consider now a process {Y;}¢cz, such that
(ARY), =G(Xy), teZ, (4)

for K > 0, where (AY); = Y;—Y;_1, { X }+ez is Gaussian with spectral density f satisfying (3]
and where G is a function such that E[G(X;)] = 0 and E[G(X;)?] < co. While the process
{Y; }1ez is not necessarily stationary, its K—th difference AKY, is stationary. Nevertheless, as
in [Yaglom (1958) one can speak of the “generalized spectral density” of {Y}}iez, which we
denote fg . It is defined as

fax(\) =[1— e fa()) (5)
where f¢ is the spectral density of {G(X¢)}iez-

Note that G(X;) is the output of a non-linear filter G with Gaussian input. According to
the Hermite expansion of G and the value d, the time series Y may be long-range dependent
(see [Clausel et al. (2012) for more details). We aim at developing efficient estimators of the
memory parameter of such non—linear time series.

Since the 80’s many methods for the estimation of the memory parameter have been de-
veloped. Let us cite the Fourier methods developed by Fox and Taqqu (Fox and Taqqu
(1986)) and Robinson (Robinson (1995bja)). Since the 90’s, wavelet methods have be-
come very popular. The idea of using wavelets to estimate the memory parameter of a
time series goes back to Wornell and Oppenheim (1992) and [Flandrin (1989a,b, 1991, 11999).
See also |Abry and Veitch (1998); |Abry et al! (1998), Bardet (2002), Bardet et al. (2008),
Bardet et al! (2000). As shown in [Flandrin (1992), |Abry and Veitchl (1998), [Veitch and Abry
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(1999) and [Bardet (2000) in a parametric context, the memory parameter of a time series can
be estimated using the normalized limit of its scalogram (21I]), that is the average of squares
of its wavelet coefficients computed at a given scale. It is well-known that, when considering
Gaussian or linear time series, the wavelet—based estimator of the memory parameter is con-
sistent and asymptotically Gaussian (see Moulines et al.! (2007) for a general framework in the
Gaussian case and Roueff and Tagqu (2009h) for the linear case). This result is particulary
important for statistical purpose since it provides confidence intervals for the wavelet—based
estimator of the memory parameter.

The application of wavelet—based methods for the estimation of the memory parameter of
non-Gaussian stochastic processes has been much less treated in the literature. See|lAbry et al.
(2011) for some empirical studies. In Bardet and Tudor (2010) is considered the case of the
Rosenblatt process which is a non-Gaussian self-similar process with stationary increments
living in the second Wiener chaos, that is, it can be expressed as a double iterated integral
with respect to the Wiener process. In this case, the wavelet—based estimator of the memory
parameter is consistent but satisfies a non—central limit theorem. More precisely, conveniently
renormalized, the scalogram which is a sum of squares of wavelet coefficients converges to a
Rosenblatt variable and thus admits a non—Gaussian limit. This result, surprisingly, also
holds for a time series of the form Hg,(X;) where X; is Gaussian with unit variance and Hy,
denotes the go—th Hermite polynomial with gy > 2 (see [Clausel et al. (2014)).

The general case G(X;) is expected to derive from the case G = H,,. Namely, one could
expect that some “reduction theorem” analog to the one of [Taqqu (1975) holds. Recall that
the classical reduction theorem of [Tagqu (1975) states that if G(X) is long-range dependent

then the limit in the sense of finite-dimensional distributions of ZL@I G(X}) adequately
normalized, depends only on the first term cq, Hy,/qo! in the Hermite expansion of G. The
reduction principle then states that there exist normalization factors a,, — oo as n — 0o such
that
[nt] [nt]

N e O 0 o (X) |
QUnp, b1 q0°
have the same non—degenerate limit as n — oo. A reduction principle was established
in [Clausel et al| (2012), Theorem 5.1 for the wavelet coefficients of a non-linear time se-
ries of the form G(X;). In applications, the wavelet coefficients are not used directly but
only through the scalogram. For example, [Fay et al. (2008) use the scalogram to compare
Fourier and wavelet estimation methods of the memory parameter. The difficulty is that the
scalogram is a quadratic function of the wavelet coefficients involving not only the number
of observations but also the scale at which the wavelet coefficients are computed. In prac-
tice, however, the scalogram is easy to obtain and one can take advantage of the structure of
sample moments to investigate statistical properties. Its use is well-illustrated numerically
in IAbry et al! (2011) who consider a number of statistical applications.

The following is a natural question :

Does a reduction principle hold for the scalogram?

In (Clausel et all (2013) we illustrated through different large classes of examples, that the
reduction principle for the scalogram does not necessarily hold and that the asymptotic limit
of the scalogram may even be Hermite process of order greater than 2. It is then important to
find sufficient conditions for the reduction principle to hold. In this case, the normalized limit
of the scalogram of the time series G(X;) would be the same as the time series cq, Hg, (X)/qo!
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studied in |Clausel et all (2014) and therefore will be asymptotically Gaussian if go = 1 and a
Rosenblatt random variable if gg > 2. In Theorem B.2] we prove that the reduction principle
holds at large scales, namely if

nj <Ky as j — oo, (6)

that is, if the number of wavelet coefficients n; at scale j (typically N277, where N is the
sample size) does not grow as fast as the scale factor ~; (typically 27) to the power v, as
the sample size N and the scale index j go to infinity. The critical exponent v, depends on
the function G under consideration and may take the value v. = oo for some functions, in
which case the reduction principle holds without any particular growth condition on «y; and
n; besides n; — oo and 7; — 0o as j — 0.

The paper is organized as follows. In Section [, we introduce long-range dependence and
the scalogram. The main Theorem [3.2] which states that under Condition (@] the reduction
principle holds is stated in Section [B] with the critical exponent v, given in Section M and
examples provided in Section[Bl Section [6l contains statistical applications. The decomposition
of the scalogram in Wiener chaos is described in Section[7 That section contains Theorem [(.2]
on which Theorem is based. Several proofs are in Section Bl Section [0 contains technical
lemmas. The integral representations are described in Appendix[Al and the wavelet filters are
given in Appendix [Bl Appendix [C] depicts the multiscale wavelet inference setting.

For the convenience of the reader, in addition to providing a formal proof of a given result,
we sometimes describe in a few lines the idea behind the proof.

2. LONG-RANGE DEPENDENCE AND THE MULTIDIMENSIONAL WAVELET SCALOGRAM

The centered Gaussian sequence X = { X}z with unit variance and spectral density (3]
is long-range dependent because d > 0 and hence its spectrum explodes at A = 0.

The long—memory behavior of a time series Y of the form ({]) is well-known to depend on
the expansion of G in Hermite series. Recall that if E[G(X()] = 0 and E[G(X()?] < oo for
Xo ~N(0,1), G(X) can be expanded in Hermite polynomials, that is,

oo

ax) =Y “H,X). (7)

q
q=1 ¢
One sometimes refer to (7)) as an expansion in Wiener chaos. The convergence of the infinite
sum (7)) is in L%(Q),
g =E[G(X)Hy(X)], q¢=1, (8)
and
g2 dl a2
Hy(x) = (—1)% 2 @<€ 2) 5

are the Hermite polynomials. These Hermite polynomials satisfy Hy(z) = 1, Hi(x) = z, Ha(x) =
22 — 1 and one has
1

B{H, () H, (X)) = [ Hyw)Hy(o)Zm=e e = gl

Observe that the expansion (7)) starts at ¢ = 1, since
co = E[G(X)Ho(X)] = E[G(X)] =0, (9)
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by assumption. Denote by gg > 1 the Hermite rank of GG, namely the index of the first
non—zero coefficient in the expansion (7l). Formally,

go = min{qg > 1, ¢, # 0} . (10)
One has then
+oo 2
% _BiG(X)?) < oo (11)
= )
4=q0 T

In the special case where G = H,, whether {H,(X;)}ez is also long-range dependent
depends on the respective values of ¢ and d. We show in |Clausel et all (2012), that the
spectral density of {H,(X;)}tez behaves like |A|72%+(9) as X\ — 0, where

d+(q) = max(6(g),0) where d(q) =qd—(q—1)/2. (12)

We will also let 64(0) = §(0) = 1/2. For ¢ > 1, d4(q) is the memory parameter of
{Hy(X})}tez. It is a non-increasing function of ¢. Therefore, since 0 < d < 1/2, {H,(X¢) hez,
q > 1, is long-range dependentﬂ if and only if

5q) > 0 4= d > (1~ 1/q) (13)
that is, d must be sufficiently close to 1/2. Specifically, for long-range dependence,
g=1=d>0, ¢g=2=d>1/4, ¢q=3=d>1/3, ¢q=4=d>3/8. (14)
From another perspective,
g >0<—=1<qg<1/(1-2d), (15)

and thus {H,(X¢)}ez is short-range dependent if ¢ > 1/(1 — 2d).
Recall that the Hermite rank of G is go > 1, that is the expansion of G(X;) starts at qo.
We always assume that {Hg,(X¢)}+ez has long memory, that is,
g <1/(1—2d). (16)
The condition (I6), with ¢y defined as the Hermite rank (I0), ensures such that {Y;}icz =
{A=KG(X})}1ez is long-range dependent with long memory parameter
do=K +6(q) € (K,K +1/2). (17)

More precisely, we have the following result which also determines a Holder condition on the
short-range part of the spectral density. This condition shall involve gy defined in (IT), and,
if G is not reduced to cq,Hyy/(qo!), it also involves the index of the second non-vanishing
Hermite coefficient denoted by

q =inf{g >qo : ¢; #0} .
If there is no such ¢; we let d4(q1) = 0 in (Ig]).

Theorem 2.1. Let Y be defined as above. Then the generalized spectral density fo x of Y
can be written as

fax(A) =[1—e 720 fr(N),

"n our context, the values d = 1/2—1/(2q), ¢ > 1, constitute boundary values which introduce logarithmic
terms and will be omitted for simplicity. See Remark
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where dy is defined by (17) and f¢ is bounded, continuous and positive at the origin. Moreover,
for any ¢ > 0 satisfying

¢ <min(B3,2(6(q0) — 0+(q1)) and, if go > 2, ¢ <25(qo) , (18)

there exists a constant C > 0 such that
f&(A) = f&0)] < CFEO) NS, A e (=m,m) . (19)
Proof. See Section 811 O

Idea behind the proof of Theorem [21l. Starting with the regularity of the nuisance function
f* in (), one derives that of f}}q and, more generally, that of f,, taking advantage of the
fact that the terms in the expansion of G(X) in Hermite polynomials are uncorrelated.

Remark 2.1. The exponent ¢ in (I8) will affect the bias of the mean of the scalogram
(see (B3). The higher ¢, the lower the bias. Since in (I8)), ¢ is required to satisfy a non-strict
and a strict inequality (if g¢o > 2), we cannot provide an explicit expression for (. However, in
most cases one has go = 1 or d+(¢1) > 0 and hence one can set ¢ = min(3,2(5(qo0) — d+(q1)))
which then satisfies both inequalities in (IS]).

Our estimator of the long memory parameter of Y is defined from its wavelet coefficients,
denoted by {W;, j > 0, k € Z}, where j indicates the scale index and k the location. These
wavelet coefficients are defined by

Wik =Y hilyk —t)Y; (20)
teZ
where v; 1 0o as j 1 oo is a sequence of non-negative decimation factors applied at scale index
j. The properties of the memory parameter estimator are directly related to the asymptotic
behavior of the scalogram S, ;, defined by

1
Snjj = — Z Wj%k ) (21)

1

as nj — oo (large sample behavior) and j — oo (large scale behavior). More precisely, we
will study the asymptotic behavior of the sequence

Njtu—l
Snj+u,j+u = Snj+u7j+u - E(Snj+u7j+u) = m Z (Wj2+u,k - E(W]2+u,k)) ) (22)
k=0
adequately normalized as j,n; — oo.

There are two perspectives. One can consider, as in |(Clausel et all (2012), that the wavelet
coefficients W, are processes indexed by u taking a finite number of values. A second
perspective consists in replacing the filter h; in (20) by a multidimensional filter hy ;,¢ =
1,---,m and thus replacing W; s, in (20) by

Wik = hej(yk — )Yy, £=1,--- ,m,
teZ

(see Appendix[Clfor more details). We adopted this second perspective in|Clausel et al. (2014,
2013) and we also adopt it here since it allows us to compare our results to those obtained
in [Roueff and Tagqu (2009h) in the Gaussian case.
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We use bold faced symbols W ;. and h; to emphasize the multivariate setting and let
h] - {hf,j7 = 17 e 7m}7 W],k = {Wf,j,ku = 17 e 7m} ’

with
Wik = hi(yik—t)Y;=> hj(y;k—t)A™G(Xy), j >0k e Z. (23)
tez teZ
We then will study the asymptotic behavior of the sequence
1 n;—1
Sug = > (Wi —E[W3,) . (24)
7 k=0

adequately normalized as j — oo, where, by convention, in this paper,

W2k:{W£2’j7k,€:1,"‘,m}. ( )
The squared Euclidean norm of a vector x = [z1,..., 2,7 will be denoted by |x|? = 2% +
.-+ 22, and the L? norm of a random vector X is denoted by
1/2
X1 = (& [IXP])"7* . (26)

We now summarize the main assumptions of this paper in the following set of conditions.

Assumptions A {W;;, j > 1,k € Z} are the multidimensional wavelet coefficients defined

by ([23]) , where
(i) {Xi}iez is a stationary Gaussian process with mean 0, variance 1 and spectral density

f satistying (3)).

(ii) G is a real-valued function whose Hermite expansion (7)) satisfies condition (IG)),
namely ¢o < 1/(1 — 2d), and whose coefficients in the Hermite expansion satisfy
the following condition : for any A > 0

cg=0((g)% ™) asq— 0. (27)

(ili) the wavelet filters (h;);>1 and their asymptotic Fourier transform h.. satisfy the stan-

dard conditions [(W-1)H(W-3)|with M vanishing moments. See details in Appendix[Bl

We shall prove that, provided that the number of vanishing moments of the wavelet is large
enough, these assumptions yield the following general bound for the centered scalogram.

Theorem 2.2. Suppose that Assumptions A hold with M > K + §(qo). Then for any two
diverging sequences (7;) and (nj;), we have, as j — oo,

2do, —(1/2—d
[Su,all, = 0 (37%n; V270 (28)
Proof. Theorem is proved in Section O

Idea behind the proof of Theorem [2.2. One decomposes Sn ,j further in terms S( P) s

n;

in ([64) and applies the bounds obtained in part in Proposition [71]

It is important to note that Theorem 2.21holds whatever the relative growth of (vy;) and (n;)
but it only provides a bound. This bound will be sufficient to derive a consistent estimator
of the long memory parameter K + §(qo), see Theorem below.

Obtaining a sharp rate of convergence of the centered scalogram and its asymptotic limit
is of primary importance in statistical applications but this can be quite a complicated task.
We exhibit several cases in |Clausel et all (2014, [2013) that underline the wild diversity of the
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asymptotic behavior of the centered scalogram. In general the nature of the limit depends
on the relative growth of (v;) and (n;). We will show, however, that if n; <+, where v, is
a critical exponent, then the reduction principle holds. In this case, the limit will be either
Gaussian or expressed in terms of the Rosenblatt process which is defined as follows.

Definition 2.1. The Rosenblatt process of index d with

1/4<d<1/2, (29)
is the continuous time process
" i(urtug)t _ q - -
Za(t) = /]Rz Wyuly—d\ugy—d AW (uq)dW (ug), t € R . (30)

The multiple integral ([B0) with respect to the complex-valued Gaussian random measure
W is defined in Appendix [Al The symbol fﬂgg indicates that one does not integrate on the
diagonal u; = up. The integral is well-defined when (29) holds because then it has finite L?
norm. This process is self-similar with self-similarity parameter

H=2d¢e (1/2,1),

that is for all @ > 0, {Zg(at)}icr and {a'? Z;(t)}ser have the same finite-dimensional distri-
butions, see [Tagqu (1979). When ¢t = 1, Z;(1) is said to have the Rosenblatt distribution.
This distribution is tabulated in [Veillette and Taqqu (2013).

3. REDUCTION PRINCIPLE AT LARGE SCALES

We shall now state the main results and discuss them. They are proved in the following

sections. We use i> to denote convergence in law.
The following result involving the case

C
G:ﬁquacqo#oaqozla

is proved in Theorem 3.2 of |[Clausel et all (2014) and will serve as reference :

Theorem 3.1. Suppose that Assumptions A and A hold with M > K + §(qo),
where &(-) is defined in (IB). Assume thatY is a non-linear time series such that AKY =
%qu (X), with go > 1 and qo < 1/(1 — 2d). Define the centered multivariate scalogram S,, ;
related to Y by (22) and let (n;) and (v;) be any two diverging sequences of integers.

(a) Suppose qo =1 and that (v;) is a sequence of even integers. Then, as j — oo,
1/2 —2(d+K)a L
ny/ 2y RS, B AN(,T) (31)

where I' is the m x m matrix with entries
2

Z A 4 2pr| 2K+ [ﬁg,ooﬁg/,oo]()\ +2pm)| dX, 1<6,0 <m.

™

Co =420 |

—T

PEZL
(32)
(b) Suppose qo > 2. Then as j — oo,
2
n1-_2d’Y'_2(6(qO)+K)§ N 1 [7(0)% Lgg—1 Za(1) (33)

J J L] (o — 1)
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where Z4(1) is the Rosenblatt process in (30) evaluated at time t = 1, f*(0) is the
short-range spectral density at zero frequency in (1) and where for any p > 1, Ly, is

the deterministic m-dimensional vector [Ly(heoo)]i=1,..m with finite entries defined
by

lg(u1 +"'+Up)|2 ! —2d
Ly(g) = / g 24 g -~ du (34)
P RP ‘ul—i_"'—’_up’zK 21:11 2 P

for any g: R — C.

Thus Theorem [3.1] states that in the case G = Hg,, ¢o > 1 the limit of the scalogram is
cither Gaussian or has a Rosenblatt distributiond. Our main result Theorem states that
beyond this simple case, the limits continue to be either Gaussian or Rosenblatt under fairly
general conditions, involving n; and +;, namely that n; < ’y}’ ¢ as j — oo where v, is a positive
(possibly infinite) critical exponent given in Definition ] see Section Ml for details.

Theorem 3.2. Suppose that Assumptions A hold with M > K + 6(qo), where 6(+) is defined
in (I2) and that

d¢{1/2—-1/(2q) : ¢=1,2,3,...}. (35)
Define the centered multivariate scalogram §n7j related toY by (22). Let (n;) be any diverging
sequence of integers such that, as j — oo,

nj < v, (36)

where v, is given in Definition [{.1] below. Then, the following limits hold depending on the
value of qq.

(a) If go =1 and v; even, then, the convergence (31]) holds.
(b) If qo > 2, then, the convergence (33) holds.

Proof. We shall prove in Theorem [[.2] see (70), that, under Conditions ([B3]) and (B6l), gnm‘

can be reduced to a dominating term Silqg,]go,qo—l) in the sense of the L? norm (26). This

R
dominating term depends only on the term cq,Hy,(X)/(qo!) of the expansion of G(X). We
can then apply Theorem B.1] to conclude. a

This result extends Theorem 3.1 stated above, where G was restricted to G = %H q- While
extending the result to a much more general function GG, Theorem [3.2] involves two additional
conditions. Condition (B3]) is merely here to avoid logarithmic corrections, see Remark
below. Condition (B8] is restrictive only when v, is finite, in which case it imposes a minimal
growth of the analyzing scale ~; with respect to that of n;. We say that the reduction principle
holds at large scales. The main interest of having a reduction principle is to conclude that
the same asymptotic analysis is valid as in the case G = %qu.

Remark 3.1. In practice such a result can be used as follows : If d, G are both known, v,
can be evaluated numerically. We then get a practical condition, albeit asymptotic, for the
reduction principle. See Section [6.3] for an application.

Remark 3.2. The values d = 1/2 —1/(2q), ¢ > 1, constitute boundary values which already
appear in the classical reduction theorem, see [Tagqu (1975). These boundary values also
exist in our context. If d = 1/2 — 1/(2q), ¢ > 1, one gets similar results but with logarithm

2This case corresponds to £ = {0} using the notation introduce in (§7) below.
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terms. In fact, one can show that if one drops the restriction (35]), then the conclusion of

Theorem holds if

1) nj < 7} (log;)~*.

2) For any € > 0, logn; = o(75) and log~y; = o(n5) as j — oo.
The technical condition [2)]is very weak and condition 1)]is the same as (B6]) up to a logarithmic
correction. We assume (B3] for simplicity of the exposition.

Remark 3.3. We provided in|Clausel et al. (2013) several examples for which different limits
are obtained. In these examples one does not have (36 and consequently different terms in
the decomposition in Wiener chaos of the scalogram dominate and provide different limits.
Since the limits are not the same as when G = H,, the reduction principle does not hold in
these cases.

4. CRITICAL EXPONENT

The precise description of the critical exponent given below involves a number of sequences,
in particular, the subsequence of Hermite coefficients ¢4, ¢ > 1 that are non-vanishing. We
denote this subsequence by {cy, }rer where (go)eer is a (finite of infinite) increasing sequence
of integers such that

qe = index of the (¢ 4 1)th non-zero coefficient, ¢ € L. (37)

Thus the indexing set L is a set of consecutive integers starting at 0 with same cardinality as
the set of non-vanishing coefficients. We set

Iy={¢e L :t+1€L,quy1 —q=1}, (38)

that is, ¢, and qy11 take consecutive values when ¢ € Iy. The set Iy could be either empty
(there are no consecutive values of gy) or not empty. Then we set

lo = {min([o) >0, when Iy is not empty , (39)

o0, when Iy is empty .
When / is finite (that is, Iy is not empty), gy, is the smallest index ¢ such that two Hermite

coefficients ¢y, c441 are non-zero.
We define similarly for any r > 0

L={{el : qp1=q+r+1}. (40)

which involves the terms distant by r + 1. Finally, we extend the definition of ¢y in ([B9) to
any r > 0 by
¢, =min(I,) . (41)
We also define
R={r>0: I,#0and 6(r+1) >0} . (42)

Thus r € R describes the gaps r + 1 where H,1(X;) is long-range dependent. Since by (12I),
d(r+1) > 0 is equivalent to r +1 < 1/(1 — 2d), we have

R c{0,1,...,[1/(1 —2d)] — 1} . (43)
Finally, let
Jg={leL : 0(qs1—qe) >0} = {f €L i <q+(1- Qd)_l} , (44)
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where we used the expression for §(¢) in (I2)). Note that

Ja=J I, (45)
reR
and thus
JaAD<—=R#0. (46)

We illustrate these quantities in the following example.

Illustration. Suppose

_ C3 C4 Cs5 C24
G($) = Hl(l‘) + 5 Hg(:l?) + Z H4(33‘) + y H5(33‘) + @ H24(l‘) ,

where c1, ¢3, ¢4, ¢5 and coy are non-zero constants. Then

qo = 17 q1 = 37 q2 = 47 q3 = 57 qa = 24 and £ = {071727374} )

In=A{1,2}, h ={0}, I, =--- = L7 =0, 1s = {3},

by = 1,@1 = 07618 =3.
To determine R we need to involve d. Here gy = 1 so d can take any value in (0,1/2) to satisfy
Condition (I6]) which guarantees that G(X) is long-range dependent. We need to consider

the gaps of size 1,2 and 19, namely, » = 0,1 and 18. Consequently, by (I2]) and using the fact
that (q) is decreasing,

a) If d € (0,1/4], or equivalently §(2) < 0, then R = {0}.
b) If d € (1/4,9/19], or equivalently 6(2) > 0 and §(19) < 0, then R = {0, 1}.
c) If d € (9/19,1/2), or equivalently 6(19) > 0, then R = {0, 1, 18}.

Finally, by (@5]), we get for J; the following subsets of £. In Case @ s Jg = Iy = {1,2},
Case@: Jg=Iyul; ={0,1,2} and Case: Jg=IoUlUILg={0,1,2,3}.

These sets and indices enter in the following definition.
Definition 4.1. The critical exponent is
oo, if L={0},
00, ifgo=1,d<1/4 and I =10,

w, ifqo=1,d<1/4 and Iy # 0,

vy = k%%%ﬁ,ﬁ%:1ﬂt>y41eﬁamahzw,

min <1_§fl+_(1q/12_1), 2d+1/2_2§(jff§)_5(r+1) cre R) ifqo=1,d>1/4 and J; # 0,

00, ifqo>2 and Inp =0,

[ 1 200020 0)) g > 9 and Iy £ 0

The exponent v, depends on d and on the function G through the expansion coefficient
indices (q¢)ee defined in ([B37). In fact one has
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Proposition 4.1. Every possible sequence (qp)ecr and every value of d satisfying (16) give
rise to a v, € (0,00].

Proof. See Section [R.3] d

The value v, = oo is the simplest case since then the reduction principle holds whatever
the respective growth rates of the diverging sequences (n;) and (v;) are. This happens for
instance when there are no consecutive non-zeros coefficients (Iy = () and either gy = 1 and
d <1/4 or qo > 2 (which implies d > 1/4).

5. EXAMPLES

In this section, we examine some specific cases of functions G. We always assume that G
satisfies Assumption A

5.1. G is even. If G is an even function then gg > 2 and Iy = () because the Hermite
expansion has only even terms. Hence v, = oo and the reduction principle applies for any
diverging sequences (n;) and (v;).

5.2. G is odd. If G is an odd function then we have again Iy = () since the Hermite expansion
has no even terms. But unlike the even case, we may have gg = 1. If it is not the case, then
go > 3 so that v. = oo and the reduction principle applies for any diverging sequences (n;)
and (;). If go = 1 and d < 1/4, we find again v, = co. If go = 1 and d > 1/4, the formula of
the exponent v, is more involved and takes various possible forms, see Section [5.4] for one of
the possible cases, namely Iy = 0, go = 1 and §(q1) > 0.

5.3. Iy # () and qo > 2. This corresponds to the class studied in Section 3.1 of IClausel et al.
(2013) with the additional condition d(gg, + 1) > 0 (see (3.3) in this reference). Using this
additional condition, we have §(gy,) > 0 since d(q) is decreasing. Hence 64 (qe,) = 0(qe,) and

4(0(q0) — 0+ (ary)) _ . 4(0(q0) — 6(gs,))

1—2d B 1—2d
This value of v, corresponds to the exponent v defined in (3.4) and appearing in Theorem 3.1
of IClausel et all (2013). This theorem shows that if the opposite condition to (3] holds,
namely, 7;-'6 < nj, then the reduction principle does not apply since the limit is Gaussian
instead of Rosenblatt. We say that the reduction principle does not apply at small scales. In
Theorem [3.2] the reduction principle is proved even when d4(gs, + 1) = 0, but whether the
reduction principle does apply or not at small scales, namely if ’y;C < nj, remains an open
question.

ve=1+ =1+ 2(qe, — 2q0) -

54. In =0, gqo = 1 and §(q1) > 0. The expansion of G contains H; but does not contain
any two consecutive polynomials. This corresponds to the class studied in Section 3.2 of
Clausel et all (2013) (see (3.8) in this reference). The exponent v, simplifies as follows. First
observe that d(q1) > 0 implies d;(q3 — 1) > 0, so that ¢; € R, and also §(2) > 0 and hence
d > 1/4. We thus need to focus on the term of v, in Definition 4.1l involving min. Using (12),
for the first term in the min

1 - 264—((]1 - 1) _ (Q1 — 1)(1 _ 2d) (47)

2d —1/2 4(2) ’
which corresponds to the exponent v, in (3.10) of IClausel et all (2013). Now focus on the
second term in the min. Take any r € R and consider ¢, defined in (@Il). Note that gy, is
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the smallest Hermite polynomial index of the expansion of GG such that the next one appears
after a gap equal to r + 1. There are only two possibilities : (a) either g, = g0 = 1, (b) or
qe, > q1. In case (a), we have r +1 = ¢y, 41 — qs, = @1 — 1 and thus
2d+1/2—26,(qe,) —6(r+1)  1/2—6(q1 — 1)
(r+1) g —1) 7
which corresponds to the exponent v in (3.10) of IClausel et all (2013). In case (b), using
r+1> 2 (since Iy = 0) and gy, > q1, we get
20 4+1/2 26 (au,) — S(r +1) _ 204+1/2- 25, (q) = 6(2) _ (1 —2d) _ (1~ 1)(1 —2d)
o(r+1) - 5(2) (2 5(2)
which already appeared in ([@T)). Therefore with (@7)) and ([@8]) and Definition 1] of v, for
go=1and d > 1/4, we get

=i (@020 112w 1)

6(2) o(q1 — 1)

which corresponds to min(vq, v2) using the definitions in (3.10) of IClausel et all (2013). Hence
the reduction principle established in Theorem under the condition n; < ¢ corresponds
to the cases n; < 77" and n; < 7;? of Theorems 3.3 and 3.5 in Clausel et al (2013),
respectively. These two theorems further show that when the additional condition §(g;) > 0
holds the reduction principle does not hold under the opposite condition W;C < nj, illustrating
the fact that the reduction principle may not hold at small scales.

(48)

6. APPLICATION TO WAVELET STATISTICAL INFERENCE

6.1. Wavelet inference setting. Suppose that we observe a sample Y7,...,Yy of Y. Recall
that Y has long memory parameter dy = K + 0(gp). In this section, we assume that we are

given an unidimensional wavelet filter g; satisfying Assumptions[(W-1)H(W-3)|in Appendix Bl
(see also (I28)) and (I33])). Then one can derive the wavelet estimator

p
do = Z’wl log 6-]24-7, N (49)
i=0
where wo, ..., w, are well chosen weights and (6’]2-)2-994_1, denotes the multiscale scalogram
obtained from Y7,..., Yy,
1 nj—l
(63)i<j<itp = Snyj = - > Wi, (50)
7 k=0

(see Appendix [C] for more details). In this setting, (7;) and (n;) are specified as follows
v; =27 and nj=N2774+0(1). (51)
As usual in this setting the asymptotics are to be understood as N — oo with a well chosen
diverging sequence j = jy such that
lim N277 = oo, (52)

N—oo

and thus (n;) diverge as N — co. We refer to (Moulines et al), 2007, Theorem 1) for the
asymptotic behavior of the mean of the scalogram

E[67] = C2*7 (14 0079)) (53)
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where C is a positive constant and ¢ is an exponent satisfying the conditions of Theorem 2.1l
This relation follows from Theorem [2.1] provided that M > dy — 1/2. Choosing weights such
that >, w; =0 and ), tw; = 1/(2log 2) then yields

P
> wilogR [67,;] =do+O(27%) . (54)
i=0

6.2. Consistency. We now state a consistency result.

Theorem 6.1. Consider the wavelet estimation setting ({9)-(52) and suppose that Assump-
tions A hold with M > K + §(qo). Then, as N — oo, dy converges to dy in probability.

Proof. By ({@9), we have
52 . —TF [5—2 ]
+ +
do—szlogE ]H szlog 1+ i T
i=0 E [&yzﬂ}

The numerators in the last ratio are the components of S, ; by (50). By Theorem
and (BIl), we have

5., — Or <’Yj2d° —(1/2— d)) Op <22doj (N2—j)—(1/2—d)) ,

Hence, with (B3) and (B3]), we get that

(55)

p
do — Zwi logE [&]2'+i] = OP((NQ—J)—(l/z—d)) .
i=0

Applying (54]) then yields

do = do + Op <(N2‘j)_(1/2_d)) +O(27%) (56)
The result then follows from (52)). O
Remark 6.1. We note that this consistency result applies without any knowledge of G or 5.

6.3. Hypothesis testing. Consider again a sample Y7,...,Yy of Y and suppose now that
G is known and has Hermite rank go.

Denote by dp the estimator that would be obtained instead of dy if we had G replaced by
cqoHgo/(q0!). We shall apply Theorem [C.I] and Theorem of Appendix [Cl Theorem [CT]
(case gy = 1) derives from Theorem 2 of [Roueff and Tagqu (2009a) and Theorem (case
qo > 2) derives from Theorem 4.1 of (Clausel et al! (2014). We obtain the following : for
conveniently chosen diverging sequences j = (jn), there exists some renormalization sequence
(un) such that as N — oo,

~ L
un(do — do) B U (d, K, q0) (57)
with 12
. (NQ_J) if o =1,
N = { (N279)1=24 if gy > 2, (58)

and where U(d, K,qo) is a centered Gaussian random variable if ¢qo = 1 and a Rosenblatt
random variable if gg > 2. The precise distribution of U(d, K, qp) is given in Theorems [C.I]
and Beside the chosen wavelet, the distribution of U only depends on d, K and qp.
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As application of the reduction principle in this setting, we use (57)) to define a statistical
test procedure which applies to a general G. Let dj be a given possible value for the true
unknown memory parameter dy of Y and consider the hypotheses

Hy : do=dy against Hy : do€ (0, K +1/2)\ {d5} .

Here K denotes a known mazimal value for the true (possibly unknown) integration parameter
K. So to insure that the number M of vanishing moments satisfies M > dy, it suffices to
impose M > K. Since G is assumed to be known, for the given value djj, one can define the
parameters d*, K* and v} defined as d, K and v, by replacing do by dj.

Let a € (0,1) be a level of confidence. Define the statistical test

. {1 if |do — dg| > sy (@) (59)
0 otherwise.
where sy () is the (1 — «/2) quantile of U(d*, K*, qo)/un-
The following theorem provides conditions for the test d5 to be consistent with asymptotic
level of confidence «, namely, that its power goes to 1 and its first type error goes to a as NV
goes to oo.

Theorem 6.2. Suppose that Assumptions A (i),(ii) hold with M > K and that the unidimen-

sional wavelet filter g; satisfies Assumptions [(W-1)H{(W-3), Assume additionally that (33)
holds. Let j = (jn) be a diverging sequence such that (52) holds. Suppose moreover that, as

N — o0,
N277 < 20ve (60)
and that there exists a positive exponent ¢ satisfying (I8) and
27 < uyt, (61)
with uy defined as in {58). Then, if (36) is satisfied, ds is a consistent test with asymptotic
level of confidence a.
Remark 6.2. Observe that the different conditions that have to be simultaneously satisfied
by (jn) can be reformulated as follows :
° limN‘_>C>O IN = 00 and limpy_,oo N2798 = 0.
o N27IN <« 2IN¢ with
o { min(7, 20) it > 1.
min(v}, {/(1 — 2d)) otherwise.

In particular, one can easily check that since v} and ¢ are both positive so is (/. Hence these
conditions are not incompatible.

Proof. See Section O

Idea behind the proof of Theorem[6.2. Condition (60) states that n; < 7;: and will insure that
the reduction principle holds under Hy. Condition (GI)) will ensure that the bias is negligible
under Hy. These conditions will allow us through Relation (I09]) to transfer the problem to
the case G(z) = %qu (z) which was treated in [Clausel et all (2014).
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7. DECOMPOSITION IN WIENER CHAOS

As in|Clausel et al! (2012) and|Clausel et _all (2013), we need the expansion of the scalogram
into Wiener chaos. The wavelet coefficients can be expanded in the following way :

o
_ Cqxx7(9)
Wik=) o WVik (62)
q=1
where W% is a multiple integral of order ¢q. Then, using the same convention as in (23]), we
have

o0 2
Wi =S (%) (win) ey S A winw) )
q=1 T q¢'=2 q=1 q!
where the convergence of the infinite sums hold in L!(£2) sense.

Each Wﬁq,z is a multiple integral and consequently so is S, ;. in @24). (Basic facts about
Multiple integrals and Wiener chaos are recalled in Appendix [Al).

In Proposition 4.2 of |Clausel et al.! (2013), we gave the following explicit expression of the
Wiener chaos expansion of the scalogram.

Proposition 7.1. For all j, {W 1}rez is a weakly stationary sequence. Moreover, for any
JjEeN, §nj7j can be expanded into Wiener chaos as follows

n;—1
_ 1 <
Sn,j = - Z W?k - E[Wio]
7 k=0
2 ¢-1 oo q—lc o) ( )
- S (%) () s e S us s e (D)(0) s o
qg=1 q¢=2 q=1 a p=0
where, for all ¢,q' > 1 and 0 < p < min(q, ¢), Sglqj’?.l’p) is of the form
S5 = T (8157) (65)

and where the infinite sums converge in the L'(Q) sense. The function g(qq’p &), & =
(&1, Eqrqr—2p) € RIYI=2 i (G7) is defined as follows :

g9P(€) = Dy ({€ + -+ Eprgmaph) X T ™ [ TE@L () (60)
X E§p) (51 +o Tt fq—pv fq—p+l +ot §q+q’—2p) )

where f denotes the spectral density of the underlying Gaussian process X and for any integer
n,

(66)

n;—1 .
1 J ) 1 — eli¥
Dy (u) = — o = —— 67
)= X = ST 7

denotes the normalized Dirichlet kernel, and for &1, € R, if p # 0,

%§-”<51=52):/<_M (Hf ) Mt A A EORT A -4 Ay — ) dPA, (68)
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and, if p =0,
AP (6, 6) =0 @ (). (69)
')

The random summand Sglj’:]j is expressed in (G5)) as a Wiener—Ito6 integral of order g +

q — 2p and q + ¢’ — 2p will be called the order of Silqj’g’p ).

The limits involved in Theorem [3.1] are those given by the term Sﬁlqﬁ’]_‘]o,qo—l) as proved in
Propositions 5.3 and 5.4 of [Clausel et all (2013). A sufficient condition to get the reduction
principle is that the other terms are negligible with respect to this term. Theorem is then
a direct consequence of the following main result :

Theorem 7.2. Suppose that Assumptions A hold with M > K + 6(qo), where 0(-) is de-
fined in (I2) and that (F8) holds. Define the centered multivariate scalogram S, ; related
to Y by (22). Suppose that (y;) and (nj) are any diverging sequences of integers. Then
Condition (36) implies, as j — oo,

_ og0—1) oot
[y = st eY|| < lisim e, (70)
Proof. Theorem is proved in Section 841 O

Idea behind the proof of Theorem [7.3. One uses the expansion (64). The norms of the
relevant terms are bounded in Proposition [.3l We then deduce bounds for the difference

1Sn,.5 — S(qo’»qo’qo_l)Hz in Proposition [[.4l The main task in the proof of Theorem [7.2]is to

TL] 5]
show that these bounds are negligible compared to the leading term
asymptotic behavior is also given in Proposition [7.4]

HS(QO#JO#JO 1) H2 whose

Our results are based on L?(2) upper bounds of the terms HS (@, q ) ||2 established in Propo-

sition 5.1 of |Clausel et al. (2013). To recall this result, we mtroduce some notations.
For any s € Z, and d € (0,1/2), set

s

Ag(a) = H(ai!)l_w, Va = (a1, ,as) € N°. (71)
i=1
For any q,q',p > 0, define «, 8 and /3 as follows :

aladp) = {mm(l ~OHa =P -8 -1/ Ep A0, )
3 itp=0,

B(q,p) = max (6+(p) + d+(¢ —p) — 1/2,0) , (73)

B'(¢,q',p) = max (26, (p) + 64 (¢ — p) + 04(¢' —p) —1,-1/2) . (74)

Notice that for any ¢ > 0, 8(q,0) = d+(q) and that, by definition of 3, ', we have, for all
0<p<q<g, wehave
B'(a,4',p) < Bla,p) + B(d,p) - (75)
Define the function € on Z as
0 if for any s € {1,--- ,p}, s(1 —2d 1,
clp) = {0 Mforany s € {1 o) sl =) £ (76)
1 if for some s € {1,--- ,p}, s(1 —2d) =
We first recall Proposition 5.1 of |Clausel et all (2013) where Part corresponds to p > 1
and Part to p=0.
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Proposition 7.3. Suppose that Assumptions A hold.

(i) There exists C > 0 such that for for all n,v; > 2 and 1 < ¢ < ¢ and 1 < p <
min(qv q/ - 1)}

ISP, < o*5" “Aa(g — p,p) 2 As(d’ —p, p)t/2K

% [n] a(g,q ,p)%ﬁ (g,4',p) + o 1/27]5( 7p)+ﬁ( )] (77)

x (logn;) e(a+q¢'~2p) (log ; )35(‘1) )
(i1) Assume that M > K + max(d4(q),0+(q")). Then there exists some C > 0 such that
for alln,v; >2 and1<q<¢,

ISEL o < O3 Ax() 2 A () Pny O (10g @) (78)

nj,J

Note that under Condition (B5]) we have e(p) = 0 for all p > 1 in (76). Thus the logarithmic
terms vanish in (7)) and (78). Moreover, if p = 0 then A3(q,0) = A1(q), a(q,¢’,0) = 1/2,
B(q,0) = d4+(q) and B'(q,¢',0) = 6+(q) + d+(¢"). Therefore, if Condition (B5) holds, the
bounds (7)) and (78) imply the following common bound

atd
ISPy < C*5" Ag(q — p,p) Y2 Aa(d — p,p) /272K

% [n;a(q,q 7p),yjﬁ (9,9",p) +n; 1/2,},]5( a,p)+B8(q ,p)] . (79)

Consider now the decomposition

gnj,j — S(Qogo,qo—l) + <§nj,j _ S(%,@,qg—l)) ‘

Tj,] ng,J

The following result provides the sharp rate of the first term and a bound on the second one,
relying on Wiener chaos decomposition (64)).

Proposition 7.4. Assume that Assumptions (A) hold with M > K + d4(qo) and suppose
that Condition ([33) holds. Let (nj) and (v;) be any diverging sequences. Then, there exists a
positive constant C such that, for all 7 > 1,

where we denote

Ao={(g,¢",p) : 1<q<¢,0<p<min(q,¢ —1), ¢g X cg # 0} \ {(g0, 90,90 — 1)} . (81)

Moreover, the two following assertions hold :

2 (9:9',p)E€A0

(Z) IfQ(]:l, asj—)oo,

190,90—1) 1,170 -1/2_2(d+K
IS5 o = 1805” ll ~ € my 271 (82)

where C is a positive constant.
(i) If qo > 2, as j — oo,

.g0,go—1 _ 2(8(qgo)+ K
||anjojl10 q0 )H2 ~ an l+2d,7j( (g0) ) ’

where C' is a positive constant.
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Proof. By Proposition [T and (8Tl), applying the Minkowski inequality, we have

qQ (90,90,90—1) |cql leg| (q q'.p)
[Sn =i d], <2 30 e (1) (0 IS5

(q7q/7p)€A0
The bound ([9) implies that

Z M|0q’| | || qq,pH
¢ ¢t U \p "

(g,9',p)€Ao
lcql leg] q\ (d' axd

<[ > == C™2" Aalg — p,p)'*Aa(d — p,p) '/
q! ¢ p)\p

(¢,9',p)€.Ao
- ) /7 ! ) /7 —-1/2 ) + l7
% ,szK sup [nj a(g,q p)’yf (9,9",p) +n; / ,Yj@(qzi) B(q p)] _
(¢,9',p)€Ao0

By Lemma 8.6 of |Clausel et al. (2013), the last two displays yield (80).

We now prove (82)) and (83]). First consider the case where gy = 1. This asymptotic equiva-
lence (82)) is related to the convergence (31) and follows from its proof, see e.g. [Moulines et al.
(2007). Since o = 1, we have ¢; # 0. Moreover in Condition on the wavelet filters
recalled in Appendix [B] lAzg,oo are functions that are non-identically zero and which are con-
tinuous as locally uniform limits of continuous functions. Therefore ), FZZ > 0 and we
get (82).

Now consider the case where gy > 2. The bound (83)) is then related to Theorem B.2((b)))
where the weak convergence is stated and follows from its proof, see Clausel et al! (2014). O

8. PROOFS

8.1. Proof of Theorem [2.1l The generalized spectral density fg x of Y is related to the
spectral density fo of G(X) by (B). By definition of dy, the result shall then follow if we
prove the existence of a bounded function f, such that

fo(\) = 1 —e P 7200) fa(3) (84)

and satisfying all the properties stated in Theorem 211
We now prove (84). To this end, we consider the following decomposition of G(X) as the
sum of two uncorrelated processes,

c c
G(X)=Gi(X)+Ga(X) = > o Ha(X) + > ).
1<g<1/(1-2d) ¢>1/(1-2d)
The proof of Proposition 6.2 in [Clausel et al. (2012) shows that G2(X) admits a bounded
spectral density fg,. We first consider the case where G reduces to the term cq,Hg,/qo!.
Since the two processes Hy,(X) and G2(X) are uncorrelated, one has

2

fo(N) = %f%(x) + fa (V) -

We can then set
2

C .
FEN) = 28 Fiy () + 1= e, (3)
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Let us check f& has the properties stated in the theorem. Relation (84) follows from the
definition of f/, and f}}qo. To prove the other properties stated in Theorem [2.1], we distinguish

the two cases o =1 and qo > 2. If g0 = 1, fu,, = [, f}}qo = f* and then ¢ < (3, one has

|fir,(N) = Fi, ()] < CA (85)
for some C' > 0. If ¢y > 2, Lemma yields that there exists a bounded function f};qo such
that

T, (N) = 1= e 2720 1 (A) (86)
Moreover for any ¢ € (0,2(q)) such that ¢ < /3, one has
|1, (N = f,(0)] < CIAL, (87)

for some C' > 0. In any case, the boundedness of fg, and the properties of f}}qo (equation (83)
if go =1 or (80), (7)) if go > 2) then imply that (I9) holds in the case G| = ¢4, Hyg,/q0!, that
is if 64 (q1) = 0.

We now deal with the case where H,, has also long memory, namely 64(q1) > 0. Since
the terms H,(X) for ¢ < 1/(1 — 2d) are all pairwise uncorrelated, the spectral density of
long-range dependent part G1(X) reads as follows

2
c
fa N = > q—Zqu(A) :
1<g<1/(1=2d) =
We now apply Equation (II1]) of Lemma 0.1 successively to each ¢ < 1/(1 — 2d). Hence

2

. C .
fer(N) = |1 — e |20 Yo e RP@mR@ ()
1<g<1/(1=2d) *°
Since fa = fa, + fa,, we then get (84]) with
2
c : :
fe\) = Y e PP@mR@ g ()] 41— e TP fe, ()

1<q<1/(1-2d)
ince |1 —e ™| = 0 for A = 0, we have f* = ¢’ f* qo!. We now prove that under
Since |1 P =0 for A = 0, we have f&(0) = ci f3, (0)/qo!. W h d
Condition ([8)) on ¢, we get (I9). Indeed,
c * * 03 —i - *
1) = FEO1 < D1 () = fi, O] + [ Sy cqerjazg S — e D020 pr ()]
T — AP0 e, ()
Using the boundedness of f}}q for any g > ¢1, we deduce that for some C' > 0 and any ¢ > q¢1,
- e—i)\‘26(qo)—25(q)f;1 (\) < C‘)\‘26(QO)_26(‘11) 7 (88)

whereas by Lemma applied with ¢ = gg, we deduce that for any ¢ € (0,2d(qg)) such that
¢ < 3, one has

| iy V) = Fi,, (O)] < LIS (89)
We now combine (88) and (R9) and deduce that for any ¢ € (0,2d(qp)) such that ¢ <
min(f,26(qo) — 26(q1)), one has

[f&(N) = &) < L' (90)
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for some L’ > 0.

8.2. Proof of Theorem The bound (28] follows the same lines as the proof of Propo-
sition [(4l It is a consequence of Proposition [(.1] Proposition [Z.3] Lemma 8.6 of |Clausel et al.
(2013) and of the following bounds :

a(q,q',p) >1/2 —d and equality implies ¢ = ¢+ 1 and p= ¢,
B(q,p) < 0(q0) and equality implies ¢ = qo ,
8'(¢,4',p) < 26(qo) and equality implies ¢ = ¢’ = qo -
The two first bounds follow from Lemma 8.3 in |Clausel et all (2013), and the last one
from (7). The equality cases are used to get rid of the logarithmic corrections appear-

ing in (T7) and (78) since ¢ = ¢+ 1 and p = q imply e(q¢+¢' —2p) = (1) =0 and g = ¢ = qo
implies €(¢’) = &(go) = 0. This concludes the proof.

8.3. Proof of Proposition 4.1l We want to show we always have v, > 0. By definition of
0 and 64 in (I2), we have §(q) < 6(1) = d for all ¢ > 1, and since d > 0, 64 (¢) < d. With
d < 1/2, this implies that d + 1/2 — 261 (qs,) > 1/2 —d > 0 and thus the third line of the
definition of v, is positive. For the same reason, 1 -2, (q1 —1) > 1—2d and the fourth line of
the definition of v, is positive. In addition, for any r > 0, 2d+1/2—2, (q,)—d(r+1) > 1/2—d
and 0(r + 1) < 1/2 so that, for any r € R,

2d+1/2 —204(qs.) —0(r + 1)
o(r+1)
which ensures that the quantities inside the min are uniformly lower-bounded by a positive

value. Finally, for the last line, we separate the cases d4+(qs,) = 0 and d4+(qe,) = 9(qe,)- In
the first case, we have 4(8(qo) — 0+(qs,)) = 46(q0) = 2 — 2qp(1 — 2d) and so

4(6(q0) — 6+ (a8))
1—2d
as a consequence of (I6]). In the second case, we have 4(d(qo) — d+(qe,)) > 4(5(q0) — 0(qe,)) =
2(qe, — qo)(1 — 2d) and so
4(6(q0) — 6+ (q0))
1—2d

which is non-negative by definition of gy,. Hence the last line defining v, is at least one, hence
is positive, which concludes the proof.

>1-2d>0),

=2(1/(1 = 2d) — q) >0,

2 Q(QZO —QO) 2 07

8.4. Proof of Theorem By Proposition [74], it is sufficient to show that the right-
hand side of (80) is negligible with respect to the right-hand side of ([82]) if go = 1 or to the
right-hand side of (83) if gy > 2, that is, respectively,

. 1/2 —2d —Q (],q/,p ﬂ/ q,q/,p —1/2 ﬂ q,p +ﬂ q’,p
: —2d 0 q0 64 Q7q,7p ! qvqlvp 1 . /7 — !'

We now distinguish the two cases gg = 1, qo > 2.
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8.4.1. Proof of Theorem [7.3 in the case qo = 1. In this case, we need to show that Condi-
tion (B8] implies (@TI).

By Lemma 8.3 (4) in/Clausel et all (2013), we have, for all0 < p < ¢ < ¢/, 8(q,p)+8(¢,p) <
d4+(q) + 6+(¢). We may thus write
5+(9)+d+(d') §up{5+(4)+5+(q,) : 1<q<d’, (a,¢)#(L,1)}

sup sup 7 <9, ,
(9,9',p)€A0 (9,9',p)€Ao

’Yﬁ (g,p)+B8(d’,p) <

since for gy = 1, the triplet (go,q0,q0 — 1) = (1,1,0) is excluded from Aj. Using Lemma [0.2]
we obtain, as j — oo,

~1/2_B(q, / —1/2
sup VeI g (/2 (93)
(a,4',p)EAo
Inserting this in (O1]), we only need to show that (36]) implies
J=oo (¢,4':p)€A0

Observe that, by definition, «(q,q’,p) < 1/2. We shall therefore partition Ay into Ay =
A U Ay, where

Ar={(¢,d,p) € Ao : alq,qd,p) =1/2}
A2 ={(¢,d,p) € Ao : alg,q',p) < 1/2}.
Since a(q,q',p) = 1/2 for (q,q',p) € Ay, we get with (78] that

—1/2_ Blap)+B(d'p) _ (n_1/2 2d) ’

—alg,q'p)  B'(9.4'p) ~ 122
= J J j

sup n 7 sup n
(9,9’ ,p)EAL (a,4',p)EAo
as j — oo by ([@3).
If A2 = () we conclude that ([©@4]) holds. By Lemma [0.4] we note that Ay = 0 if and only if
d < 1/4 and I defined by (B8]) is an empty set. Hence, from now on, we assume that As # (),
that is, either d < 1/4 and Iy # 0, or d > 1/4. It only remains to show that, under these
conditions, (B0 implies
hm n;/2,Y;2d sup n;a(q,q’,p),yjﬁ’(q,q’,p) =0. (95)
J—oe (4,4 ;p)EA2

To compute the sup, we first optimize on p, then on ¢’, and finally on g.
Optimization on p. By Lemma 03] if (¢,q¢’,p) € Ay for a given (q,¢'), then a(q,q¢,p) is
minimal and (¢, ¢’,p) is maximal for the largest possible p, which corresponds to p =¢q — 1
if ¢ = q and to p = ¢ if ¢ > ¢q. For such a p, we have, if ¢ = ¢/,

a(Qv q/7p) = a(Qv q,9 — 1) = Hlln(l - 2d7 1/2) ’
and if ¢ > ¢,

alg,q'\p) = alg.q',q) =1/2 = 64(d" — q) -

Since being in As implies a(q,q¢’,p) < 1/2, we must have 1 — 2d < 1/2 (that is d > 1/4) if
qg=¢ and §(¢' — q) > 0 if ¢ > q. To separate the cases ¢ = ¢’ and q # ¢/, we define

{@ if d < 1/4,

Ao =
"TV@ag—1) g2, ¢ A0 ifd>1/4,

)

and
Aso ={(q,d,q) : ¢ >q>1,cqey #0, (¢ —q) >0} .
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Note that in Ay we set ¢ > 2 to avoid (¢,q,q — 1) = (1,1,0). Recall that the indices of the
non-zero coefficients ¢, are labeled as ¢y, see ([87)). Then

{(gq,0—1) : ¢>2,¢,#0} ={(qe.qe,.q0—1) : L€ L, {>1},

and, similarly,
Ao ={(qe,qe,q0) : 0,0 €L,0<0 <V, 6(qr —qe) >0} .

Defining
Aj = sup nf1/2+5(Qel—fH),y]@l(QquZMQZ) ’ (96)
(£.0)

where the sup, , is taken over (¢,¢) € £ such that ¢ < ¢ and §(qe — q¢) > 0, and
Bj = Sl;p ,yfl(%qmn—l) : (97)

where the sup, is taken over all ¢ € £ such that ¢ > 1, we thus obtain the two following
assertions.

e If d < 1/4, the sup over A, can be restricted to Asge. This gives

sup nj—a(q7q,7p),}/f,(q7ql7p) — AJ , (98)

(9,9’ ;p)€A2

e If d > 1/4, the sup over As has to be performed over Ag; and Agy. This gives

Sup nj—Oé(qulvp),y‘f,(Q7qlvp) — max <n‘]—1+2dB]’ AJ) . (99)
(9,9’ ,p)€A2

Optimization on ¢’. We only need to consider A; since B; corresponds to ¢’ = ¢. For Aj;,
optimizing on ¢’ means optimizing on ¢ in the sup of ([@8)). We know from Lemma that,
for each ¢, a(qs,qe,qe) is non-decreasing and (g, qer, q¢) is non-increasing as ¢ increases,
hence the sup, , is achieved when ¢’ = £ + 1 and thus a(qy, g, g¢) < 1/2 implies
sup nj—1/2+6(qe+1—QL/),Yf’(Qe,qu,qe) if Ty £ 0,
A; = { ted, (100)
0 otherwise ,

where J; is defined in ([#4]). When J; = (), the sup in ([@0) is taken over the empty set. We
use the convention supy(...) = 0.

Optimization on ¢q. We deal separately with the cases

(a) d <1/4.

(b) d > 1/4.
The case @ is the simplest since in (O8], B; does not appear. Recall also that we have Iy # ()
in this case since we assumed Ay # (). The optimization on ¢ here amounts to optimize A;
on ¢ in (I00) in the case J; # (). Observe that when d < 1/4, 6(r) = 0 for all > 2, see (I2).

Thus the condition §(ger1 — q¢) > 0 on ¢ € J; is equivalent to gs41 = g7 + 1, in which case
0(qes1 — qe) = 0(1) =d > 0 and J; = Iy. Hence,

—1/2+d_ B (ar,qe+1, —1/2+d_26 d—1/2
Aj = supn; /+7@(qzqz+ qe)zsupn‘ /24d_ 26+ (qe)+d—1/ ’
J J J J
Lely Lely
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where we used that '(qs, q¢ + 1,q¢) = max(204(qe) +d — 1/2,-1/2) = 204 (q¢) + d — 1/2,
see (7). This sup is achieved for the smallest ¢ since ¢, is non-increasing. Recall that the
smallest ¢ in I is denoted by ¢ in (39]), thus,
—1/24d_ 204 (qe)+d—1/2
Aj = n; / o’ %o .
Now, we note that in case @ with gg = 1, v, in Definition [£.1] takes value
_ d+1/2—-264(qs)
Ve = g .

Hence Condition (36]) implies
n;/27;2dAj _ n? ]?5+(qe0)—d—1/2 —o(1) .
With ([@8)), we obtain (35 and case [(a)|is complete.

We now turn to the case[(b)] that is, we assume now that d > 1/4 and show that (95) holds
under Condition (36). Optimizing B; on ¢ amounts to optimizing the sup in [@7) on £ € L
with £ > 1. Note that 8'(qs, qo, qr —1) = max (204 (qp—1)+2d—1,—-1/2) = 204 (qs—1)+2d—1
which is non-increasing as ¢ increases. Hence the sup in (7)) is achieved for £ = 1 and thus

B; = 7]g5+(ql—1)+2d—1 ‘ (101)
Note that in this case v, in Definition [£.1] takes value
1-264 (q1—1 .
i 2d +1/2 — 204 (qp,) — 0(r +1) =0, (102)
Ve = - 1-26 (i1 . — 204(qe,.) —Or .
min ﬁ,gg&< 5o+ 1) >> if Jg # 0.

In both cases, we have v, < (1 —201(q1 —1))/(2d —1/2), and thus Condition (3] implies, as
J = 00,
—9od —1/2+2d —1/24+2d 26 -1)—1
jznj/ Bj:nj/ j+(q1 ) =o(1) .

If J; =0 so that A; =0 in (I00), we thus obtain with (99) that (36) implies (95]). Similarly,
if Jg # (), which we now assume, it only remains to prove that (36 implies
o1/ -
Jim, ny/?y 7245 =0. (103)
Using (I00) and that 8'(qe, qe+1, g¢) = max(254+(qe) +1/2 4+ 6(qer1 —qe) — 1,1/2) = 264 (qe) +
6(qe+1 — qe) — 1/2, we have

A; = sup nj—l/2+5(¢n+1—QZ),7]25+(qg)+5(¢n+1—tu)—1/2 ‘ (104)
ledy
Optimizing on ¢ here means optimizing this sup on £ € J;. To do so, we partition J; as
in (45) and, by the definition of I, in (@0]), we have, for all ¢ € I,.,
nj—l/2+5(Qe+1—QZ),YJ25+(Qe)+5(Qe+1—QZ)—1/2 _ nj—l/2+5(7’+1),y]25+(QL/)+5(7“+1)—1/2 ]

Since ¢ is non-increasing, we get with Definition (@Il that, for all r € R,

sup nf1/2+5(qz+1—QZ),Y25+(QZ)+5(¢1£+1—¢12)—1/2 _ nf1/2+5(r+1)725+(q£r)+5(T+1)—1/2 .

el J j j j
Hence, by (I04) and ({3]), we get that
1/2_—2d 4 S(r+1) 204 (qe, ) +0(r+1)—1/2—2d
n;' Ty A = max n; 7; .
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Now, since we are in the case Jg # 0, v. in ([I02)) satisfies v, < (2d + 1/2 — 251(qe,) — 6(r +

1))/(6(r + 1)) for all » € R and recalling that R is a finite set (see (43))), we see that (B6])
implies (I03)). The proof of the case gy = 1 is concluded.

8.4.2. Proof of Theorem [7.2 in the case gy > 2. In this case, we need to show that (3G
implies (O2)).

Recall that in Assumptions A include Condition (I6) and thus gy > 2 implies d > 1/4.
Hence we have 1 — 2d < 1/2 and since moreover for all ¢ > ¢ > go and 0 < p < ¢, we have

B(q,p) + B(q,p) <25+ (q0) = 20(qo), we obtain that

lim n1._2d7j_25(q0) f1/27§3(q,p)+ﬁ(q’,p) 0.

sup n
j—o00

(9,4’ ,p)€A0

This correspond to the second term between brackets in ([@2]) and we thus only need to prove
that ([B6) implies

lim n

1—-2d_—26(qo)
; P
]—)OO

j ‘—O{(q,ql,p)/y@/((Lq/,p) — 0 . (105)

sup n i

(¢,4',p)€A0

Let us partition Ag into Ay = UJ_;A;, where

Ar = {(¢,4,p) € Ao, 4= ¢ = @},
Ay = {(¢,9,p) € Ao, 4= > qo},
As = {(¢,¢,p) € Ao, ¢ > q+ 2},
Ay = {(¢.¢,p) € Ao, ¢ =q+1,p<q—1},
As = {(¢,4".p) € Ao, q=p. ¢ =q+1}.
We shall prove that for i = 1,2, 3,4,
hm n1._2d"yj_26(QO) sup nj_a(qvqlvp),.yf(qyp)‘f'ﬁ(q/7p) =0, (106)
I (9,9’ .p)EA;
and that, when I defined as in (B8] is not empty, (B6]) implies
lim nl—2d,ny25(qo) sup nj—a(%qz-l-l,qe),yjﬁ'(%qz-‘rl,qe) —0. (107)
J—0 Lely

Since B'(q,q',p) < B(q,p) + B(¢',p) and As = {(qe,q¢ + 1,q¢) : ¢ € Ip}, we indeed have
that (I06) and (I07) imply (I05) and the proof will be concluded.

The limit (I06) can be deduced for ¢ = 1,--- ,4 from Lemma 8.3 of |Clausel et al. (2013).
More precisely this lemma implies the following facts (recall that d > 1/4).

(1) For all p =0,...,q0 — 2, we have a(qo,qo,p) > 1 — 2d and 25(qo,p) < 26(qo), which
implies (I06]) for i = 1 since (qo, qo, g0 — 1) is excluded from Ay.
(2) Forall g > go+1and p=0,...,q — 1, we have a(q,q,p) > 1 — 2d and 28(q,p) <
204+ (q0 +1) < 26(qo), which implies (I06]) for i = 2.
(3) For ¢ > qo, ¢ > g+2and p=0,...,q, we have a(q,q',p) > 1 —2d and B(q,p) +
B(q',p) < d4+(qo) + 0+(q0 +2) < 25(qp), which implies (I06]) for i = 3.
(4) For ¢ > gqoand p=0,...,q—1, we have a(q,q+1,p) > min(3/2(1—2d),1/2) > 1—2d
and B(q,p) + B(g+1,p) <d4+(q0+ 1)+ (q0) < 26(qo), which implies (I06) for i = 4.
Hence we obtain that (I06) is valid for ¢ = 1,--- ,4. If Iy is empty, the proof is concluded.
We now assume that Iy is not empty, so that ¢y is finite, and it only remains to show that
Condition (36) implies (I07)). Observe that, for any ¢ > qg, we have a(q,q+ 1,9) =1/2 —d
and ' (q,q + 1,9) = 26:(¢) + d — 1/2 is non-increasing as ¢ increases. Hence over ¢ € Iy,
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a(qe,qe + 1,qp) is constant and 3'(q, qv + 1, q¢) is maximal at ¢ = £y, where it takes value
264(qe,) +d —1/2. We conclude that

n;—zd,yj—%(qo) sup n] (tu,qe-l-l,qe),yjﬁ (20,9e+1,90) _ n;/Q—d j_1/2_2(6(qo)_5+(q%)) ]
Lely
Note that in this case v, in Definition 4.1] takes value
4(6(qo0) — 6+ (qs))
1—2d '

Thus Condition (36]) implies (I07) and the proof is finished.

ve=1+4+

8.5. Proof of Theorem The fact that the test J, is consistent follows directly from the
consistency statement in Theorem [6.1] and the fact that (uy) is diverging.

To show that the test d5 has asymptotic confidence level «, it suffices to show that when
do = d§ (null hypothesis), we have

un(do —do) B U . (108)

We first observe that under the conditions on j = (jn) of the theorem, the convergence (57))

involving Jo holds, see [Clausel et all (2014).
The computations of Section 5 in |Clausel et all (2014) allows us to specify (B6]) as

(io —dy = L(2_2d0j§nj,j) —+ op <2_2d0j§nj7j> + O(Z_Cj) ,
where L is the linear form

P
—2do1
L(z, -+ ,2p) = Zwﬂ 2

where the weights (w;) have been defined in Section The same linearization holds for
do — do with Sn,.j replaced by S(qo’qo’q0 1 , so by subtracting, we get

gnj’] S(qogqo,qo 1)D +0P<

Using (60]), which corresponds to (B6) under Hy, we can apply Theorem so that

S . _glowaw-1) _ g(40.90,90—1)
LY 77/3,] - n]?]

dAo—do = (Z)—d0+2_2d0j [Op ( N

s o) +0(279) . (109)

With ([I09), we get
dA() —dy = (% —dy+ op <2_2d0j

S(qo,gmqo—l)H > +O(2_Cj) .
2

nj,J

Since uy (do—do) converges i

o0

and un2~% = o(1). By the definition of uy in (B7) and since v; = 2/, dy = K + 6(go) and
0(1) = d, the asymptotic equivalences (82]) and (83]) in Proposition [7.4] can be written as

) ) -1 — j
HSr(ZO,qu qo0 )||2 ~C uN122d0J )

The bound wu, = O(1) follows under Hy. Finally the bound un2~% = o(1)

follows from the bias negligibility condition (GIl). Hence we get (I08]), which concludes the
proof.

S(qo,go,qo—l)‘
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9. TECHNICAL LEMMAS

The next lemma give an explicit expression of the spectral density of H,(X) for ¢ <
1/(1 — 2d) and is a refined version of Lemma 4.1 in |Clausel et al. (2012). It is used in the
proof of Theorem 211

Lemma 9.1. Let g be a positive integer greater than 2. The spectral density of {H,(X¢)}iez
18

fr, =l (f > % f), (110)
where f denotes the spectral density of X = {X}eez. Moreover if in addition g < 1/(1 — 2d)
the function f};q mn

fr () = [1—e 7X@ () (111)
is bounded on \ € (—m,m) and for any ¢ € (0,20(q)) such that { < B, where B has been
defined in (2), one has

5, (N) = f17,(0)] < LIS, (112)

for some L > 0.

Proof. The explicit expression (IT0) of fx, has already been given in Lemma 4.1 in|Clausel et al.
(2012). Moreover in the same lemma, we also already showed that f}}q defined by (II1J) is a
bounded function. We then only need to prove that (I12)) holds for some L > 0. We prove
the result by induction on q.

Assume first that ¢ = 2. By assumption on f* and definition of 3, we know that for some
C>0and any ( < f

[F*(0) = [ (0) < OIS (113)
Since fg, = 2f % f, we then apply the second part of Lemma 8.2 of |Clausel et al. (2012),
with 81 = P2 = 2d, ¢f = ¢35 = [* (using the notations of that lemma). We see that
Condition (66) of Lemma 8.2 of [Clausel et al. (2012) is satisfied provided that ¢ < 8 and
(< pP1+pP2—1=2d+2d—1=26(2) (which are necessary conditions of the lemma). Hence
for some L > 0, one has
| (V) = fi (0)] < LI

If we now assume that ¢ > 2, we can also apply the second part of Lemma 8.2 of|Clausel et al.
(2012), with 51 =26(q — 1), f2 = 2d, g} = f}}q,1 and g5 = f* which allows us to proceed by
induction. ([l

Lemmas to are used in the proof of Theorem
Lemma 9.2. Let 6T be the exponent defined in (I2). One has
sup {67 (q) +67(¢") : 1<q¢<d,(g;4)# (1, 1)} <2d. (114)

Proof. For any (q,q’) in the considered set, one has ¢ > 1 and ¢’ > 2. Since ¢, is non-
increasing, we get 67 (¢) +07(¢") < 67 (1) +617(2) = d+ (2d — 1/2)4 < 2d since d < 1/2.
Lemma [0.2] follows. U

Lemma 9.3. Let a(q,q',p) and B'(¢q,q',p) be the exponents defined in (72) and (7})) respec-
tively, for 0 < p < q <. Then the following facts hold :

(i) a(q,q',p) is non-decreasing as q or ¢’ increases and is non-increasing as p increases.
(i1) B'(q,q',p) is non-increasing as q or ¢’ increases.
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(ii) On the set {(q,q',p) : 0<p<q<d,alg,d,p) <1/2}, B'(q,q',p) is non-decreasing
as p increases.

Proof. The facts|(i)| and directly follow by observing that . is a non-increasing function.
Now suppose that a(q,q’,p) < 1/2. Tt follows that p # 0 and 64 (q—p) > 0 and §; (¢’ —p) > 0
since otherwise 04 (¢ — p) + 0+ (¢ — p) < 1/2 which implies a(q,q¢’,p) = 1/2 in the case p # 0.
Now, when 64 (¢ —p) > 0 and d4 (¢ — p) > 0, we have in the definition of 8" that

B(g.dp) = max(d(q —p) +0(¢' —p) = 1,-1/2) if 6(p) =0

o max(d(q) +4(q'), —1/2) if 61 (p) > 0.
The second line comes from the fact that 20(p) + d(¢ — p) + (¢’ —p) —1 = d(¢) +6(¢'). Now
it is clear that (8'(q, ¢, p) is non-decreasing as p increases. O

Lemma 9.4. Let a(q,q’,p) be the exponent defined in ([79) for 0 < p < q < ¢'. Then we have
a(q,q',p) € (0,1/2] and the three following assertions hold :
(i) For any q > 1, a(q,q+1,9) =1/2—-d < 1/2.
(i1) If d < 1/4, then for all1 < q< ¢ and 0 < p <min(q,q — 1) such that ¢ # q+ 1, we
have a(q,q',p) = 1/2.
(11i) If d > 1/4, then for all ¢ > 2, a(q,q,q—1)=1—2d < 1/2.
Proof. Assertion |(i)| follows by applying (72]), since d4+(0) = 1/2 and 04 (1) = d.

Suppose that d < 1/4. If p =0, a(q,¢,p) = 1/2 for any q,q' by ([@2)). Let now p > 1. Let
(¢,q¢") besuch that 1 < ¢ < ¢, 0 < p <min(q,¢'—1) and ¢’ # ¢+ 1. Then either ¢ = ¢ > p+1
(first case) or ¢ > ¢+ 2 and ¢ > p (second case). Then by Lemma @.3I[(3)), we have in the
first case

a(¢,¢;p) = a(p+1,p+1,p) =min(l —2d4,1/2) =1/2,
since d < 1/4. In the second case, Lemma implies

a(g,q',p) = a(p,p+2,p) = min(1/2 - 0,(2),1/2) = 1/2,
since d < 1/4 implies 64 (2) = 0. This proves Assertion
To obtain Assertion we remark that
alg,q,q—1) =min(1 —2d,1/2) =1-2d < 1/2,
since d > 1/4. O

Lemma 9.5. Consider a sequence {q, £ € L} with L a set of consecutive integers starting at
0. Let v.(d) be as in Definition[{.1] for all d € (1/2(1 —1/q0),1/2), so that ({16) holds. Then
the following assertions hold :

(i) If go = 1, ve(d) is non-increasing as d increases.

(i) If qo > 2, vc(d) is non-decreasing as d increases.

Proof. We first consider the case qo > 2. In this case, either Iy = () and v.(d) = oo, or Iy # ()
and v, is a continuous function taking values

4(6(q0)—6 .
ve(d) = {1 e =1 2, —a0) i dlaw) >0

1+ 415_((]2(11) =1-2g0+2/(1 —2d) otherwise.

Hence we obtain
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We now consider the case gy = 1. In this case, with the convention a/0 = oo for a > 0 the
following formula can be applied in all cases :

o (1=26 (1 —1) 2d+1/2—26,(q,) —O(r+1)

Ve(d) = min < 5 2) , 50+ 1) :rE€R
This comes from the fact that if d < 1/4, we have 64(2) = 0 and R C {0} with equality if
and only if Iy # (). Let us denote

R={1+qu—q : LEL},
so that R =RN{r : d(r+1) > 0}. Since 2d +1/2 — 26, (g, ) — 6(r +1) = 2(d — 6, (qr,)) +
(1/2 = d(r+1)) > 0 we get using the same convention as above that
1-2 —1) 2 1/2 -2 — 1 ~

) =i (L2200 212 la) 20 )
6+(2) o4(r+1)
where now the set R does not depend on d. To prove we thus only need to show the
following two assertions (setting ¢ = ¢1 — 1 and then p=r+ 1 and ¢ = ¢y,.).

(a) For any given positive integer ¢, (1 — 204 (q))/d+(2) is non-increasing as d increases,
(b) For any given positive integers p and ¢, p(d) := (2d + 1/2 — 204 (q) — d(p))/d+(p) is
non-increasing as d increases.

Assertion @ follows from the fact that §(q) is increasing with d for any given ¢ > 1. Finally,
we need to prove Assertion Take some integers p,q > 1 and denote u(d) as in If
0+(p) = 0, which is equivalent to d < 1/2(1 — 1/p), pu(d) = oo. Now u(d) is continuous over

d>1/2(1 —1/p) and takes value
. 1/24+2d  1/2+ (g —1)(1 — 2d)
pld) = min <dp+(p—1)/2’ dp+(p—1)/2 > '

Since the two arguments in the min are decreasing functions of d over d > 1/2(1 — 1/p), we
conclude that @ holds. The proof of the lemma is achieved. O

APPENDIX A. INTEGRAL REPRESENTATIONS

It is convenient to use an integral representation in the spectral domain to represent the
random processes (see for example Major (1981); Nualart (2006)). The stationary Gaussian
process { Xy, k € Z} with spectral density (B) can be written as

T - T LA px1/2 -
ng/ el’\ff1/2()\)dW()\):/ %dwu), (eEN. (115)

This is a special case of
Tlo) = [ a@i¥ (o). (116)

where /W() is a complex—valued Gaussian random measure satisfying, for any Borel sets A

o~ o~

and B in R, E(W(A)) =0, E(W(A)W(B)) = |AN B| and

W(A) =W(-A).
The integral (II6)) is defined for any function g € L?(R) and one has the isometry

E(|T(g)[2) = /R () 2dz
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-~

The integral I(g), moreover, is real-valued if

g9(x) = g(—x) .

We shall also consider multiple It6—Wiener integrals

"

T) = [ g0 AT () - (3

where the double prime indicates that one does not integrate on hyperdiagonals \; = +\;,7 #
j. The integrals fq(g) are handy because we will be able to expand our non—linear functions
G(X}) introduced in Section [Il in multiple integrals of this type.

These multiples integrals are defined for g € ﬁ(Rq, C), the space of complex valued func-
tions defined on RY satisfying

g(—m,--- 7_xq) = 9(33‘1,"' 7:1711) for (:Elv"' 733!1) € R? ) (117)
lgll2s = /R 9o, )P da ey < oo (118)

Hermite polynomials are related to multiple integrals as follows : if X = [ g(a;)dW(m) with

E(X?) = [z |g(z)|*dz =1 and g(z) = g(—=) so that X has unit variance and is real-valued,
then

1"

Hy(X) = I,(g%9) = /R g(z1) - glag)dW (1) - - - AW () - (119)

APPENDIX B. THE WAVELET FILTERS

The sequence {Y;};cz can be formally expressed as
Y = A_KG(Xt), teZ.

The study of the asymptotic behavior of the scalogram of {Y;};cz at different scales involve
multidimensional wavelets coefficients of {G(X¢)}iez and of {Y;}ez. To obtain them, one
applies a multidimensional linear filter h;(7),7 € Z = (hj (7)), at each scale index j > 0. We
shall characterize below the multidimensional filters h;(7) by their discrete Fourier transform :

. . 1 /7 ~ .
B0 = Y ohy(r)e ™ A€ [ma], hy(r) = o / h,NeVd\reZ.  (120)
TEL

—Tr

The resulting wavelet coefficients W 5, where j is the scale index and k the location are
defined as

W= Zhj(%‘k‘ —t)Y; = Zhj(%'k? —t)ATEG(Xy), j > 0,k € Z, (121)
tez tez

where v; T 0o as j 1 0o is a sequence of non-negative scale factors applied at scale index j,
for example v; = 2J. We do not assume that the wavelet coefficients are orthogonal nor that
they are generated by a multiresolution analysis. Our assumption on the filters h; = (h; )
are as follows :

(W-1) Finite support: For each ¢ and j, {h;(7)}rez has finite support. Further there exists
some A > 0 such that for any j and any ¢ one has

supp(hje) C v[—A, A . (122)
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(W-2) Uniform smoothness: There exists M > K, o > 1 and C > 0 such that for all j > 0
and \ € [—m, 7,

~ Cv P Al M
h(\)| < —2— . 123
By 2m-periodicity of ﬁj this inequality can be extended to A € R as
1/2 M
~ - {A
() < 0 i{ A} (124)

= TR

where {\} denotes the element of (—m, 7| such that A — {\} € 27Z.
(W-3) Asymptotic behavior: There exists a sequence of phase functions ®; : R — (—m,7]

and some non identically zero function }Aloo such that

lim (7R (757" A) = hao(N) (125)

Jj——+oo
locally uniformly on A € R.
In |(W-3)| locally uniformly means that for all compact K C R,

sup 7;1/21A1j(’yj_1)\)e@j()‘) —hoo(N)]| = 0.
AEK

It implies in particular that ﬂoo is continuous over R.
A more convenient way to express the wavelet coefficients W ;, than in (I2I)) is to incor-

porate the linear filter A=X into the filter h; and denote the resulting filter th). Then

W= hg.f“ (vik — )G(Xy) (126)
teZ
where
. e
hO0) = (1 e Fhy() (127)

is the discrete Fourier transform of hg-K), see (Clausel et al) (2013) for more details.

APPENDIX C. THE MULTISCALE WAVELET INFERENCE SETTING

We state here two theorems that are used in Section [6] to derive statistical properties
of the estimator of the memory parameter dy. This parameter is obtained from univariate
multiscale wavelet filters g;. Since, Theorem 3.2l applies to multivariate filters h; which define
the multivariate scalogram S, ;, we explain in this appendix the connection between these
two perspectives.

We first give some details about the definition of the estimator of the memory parameter.
We use dyadic scales here, as in the standard wavelet analysis described in [Moulines et al.
(2007), where the univariate wavelet coefficients are defined as

Wik=>_gi(2k-1)Y;, (128)
teZ

which corresponds to ([20) with v; = 27 and with (g;) denoting a sequence of filters that
satisfies [(W-1)H(W-3)[ with m = 1. In the case of a multiresolution analysis, g; can be
deduced from the associated mirror filters.
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The number n; of wavelet coefficients available at scale j, is related both to the number
N of observations Y7, -+, Yy of the time series Y and to the length T of the support of the
wavelet 1. More precisely, one has

=29 N-T+1)—-T+1]=277N+0(1), (129)

where [z] denotes the integer part of = for any real x. Details about the above facts can be
found in Moulines et all (2007); Roueff and Tagqu (2009a).

The univariate scalogram is an empirical measure of the distribution of “energy of the
signal” along scales, based on the N observations Yi,--- , Yy. It is defined as

njl

Z ji>0, (130)

and is identical to Sy, ; defined in (2I]). The wavelet spectrum is defined as

of =E[6;] =E[W},] forall k, (131)

where the last equality holds for M > K since in this case {W) i, k € Z} is weakly stationary.
To define our wavelet estimator of the memory parameter dy, we are given some positive
weights wp, - - - ,w, such that

Zwl =0 and Zzwl = 210g %)

We then set

P
do = Z w; log(3j+i) . (132)
i=0

To derive statistical properties of this estimator, we apply Theorem using a sequence
of multivariate filters (h;);>o related to the family of univariate filters g; in a way indicated
below.

We first give an example and consider the case p = 1. To investigate the asymptotic prop-
erties of dy, we then have to study the joint behavior of W;_,, j for u = 0,1. Recall that j —1
is a finer scale than j. Following the framework of [Roueff and Taqqu (20094), we consider the
multivariate coefficients W, = (W%k, Wi_1,2ks Wj—1,2k+1), since, in addition to the wavelet
coefficients W . at scale j, there are twice as many wavelet coefficients at scale j — 1, the ad-
ditional coefficients being W;_1 o, Wj_1 2x4+1. These coefficients can be viewed in this case as
the output of a three-dimensional filter h; defined as h;(7) = (g;(7), gj—1(7), gj—1(T+2771)).
These three entries correspond to (u,v) below equal to (0,0), (1,0) and (1,1), respectively,
in the general case below.

In the general case, each h; is defined as follows. For all, j > 0, v € {0,...,j} and
ve{0,...,2% — 1}, let £ = 2"+ v and define a filter hy ; by

hej(t) = gj—u(t +27"), tE€Z. (133)
Applying this definition and (I28) with v; = 27, we get

j —u,2%k+v = Zhéj 2]k_t
teZ

These coefficients are stored in a vector W ;, = [Wm,k]g, say of length m = 2P — 1,
Wg7]’7k = Wj—u72“k+v7 {=2"4+0v= 1,2,....m, (134)
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which corresponds to the multivariate wavelet coefficient ([23]) with h;(¢) having components
hej(t), £ = 1,2,...,m defined by ([I33). This way of proceeding allows us to express the
~2

vector [0

w ajz_u]u:07,,,,p_1 as a linear function of the vector Sy, ; defined by (22)), up to a

negligible term. We can then deduce, as in Section [f, the asymptotic behavior of do of the
multivariate scalogram S, ; using (I32).

We now indicate the asymptotic behavior of the univariate multiscale scalogram in the case
G = H,, since it will be needed in Section [6l We state the results separately for ¢o = 1 and
for gqg > 2.

We first consider the case gg =1 :

Theorem C.1. Suppose G = Hgy, with qo = 1 and that Assumptions A (i), (i) in Section [2
hold. Set v; =27 and let {(g;);>0, goo} be a sequence of univariate filters satisfying [(W-1))
(W-3) withm =1 and M > d+ K. Then, as j — o0,

0% ~ 5(0) L1 (Gog) 22 (O (135)

where Ly has been defined in (54). Let now j = j(N) be an increasing sequence such that
j — 0o and N277 — co. Define nj, 55 and o3 as in (I29), {I30) and (I31), respectively.

Then, as N — 00,
~2
1/2 [ O5—u ﬁdl (d)
(e )} ey, 9
u >0 >

where Q@ denotes a centered Gaussian process with covariance function
A7 22(d+K)|u —u|—max(u,u’) T
L1(9c0)? /

Cov(Q®, QD) =

with for allm € Z and \ € (-7, 7),

Doom(N) =D [A+ 2| 72K e (X + 270) oo (X + 270) oo (27™ (A + 270)) |
LeZ

Doy (M) [PdN (137)

—Tr

and ‘
em(g) = 2—m/2 [6_227”%57 v=20,--- ’2m - 1]T :

Proof. We first observe that the proof of formula (4.5) in Theorem 4.1 of (Clausel et all (2014)
remains valid in the case ¢o = 1. This yields (I35]).

We now prove the convergence (I36). To do so we adapt the corresponding proof of Theo-
rem 4.1 of|Clausel et al. (2014) done for gy > 2. From|Clausel et al. (2014) (see equality (9.5)),
we have

2u—_1

~2 2 nj N 2

Oy = Oy = njiu E Sn; i (2" +v) + Op(0j_y/nj—u), u=0,....,p—1,
v=0

where we denoted the entries of the multivariate scalogram Sn j in @2) as [S, 15 (O)]e=1,...m-
In addition, we also proved in Section 9 of |Clausel et al! (2014) that the multivariate filters
h;(t) involved in the definition of the multivariate wavelet coefficients, defined by (I33]), satisfy
the assumptions of Theorem 3.2 of |Clausel et al. (2014). We can then apply Theorem 3.2 (a)
of IClausel et al. (2014) which provides the asymptotic behavior of the multivariate scalogram

Sh,,j- Using the equality (9.6) of (Clausel et all (2014) relatlng hg 0o and goo as,
Rieo(A) = 27250 (27N )N
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we then deduce that as j — oo,
) _ C ~
{n;/22—2<ﬂ—“>(d+K)snj,j(2“ + v)}u ) N0, T)
where (we denote A\, = X + 2pm),

— 92(utu)(d+K)

F(uyv)v(ulﬂ}l) 2“‘-‘1—1},2“’-‘1—1}

_ 47T(f*(0)) 92(utu’ Jd+K—1) / Z |/\ i 2(K+d (279 )goo(2—u’)\p)ei(Q*uv—2*U’v’))\p
T |pez
and (u,v) (resp (v/,v")) take valuesu = 0,...,p—1 (respu’ =0,...,p—1)and v =0,...,2"—1
(resp v’ = 0,...,2% —1). We showed in [Clausel et all (2014), Relation (9.4), that as j — oo,
nj/nj_, ~ 27" Using also (I35), which implies that 02  ~ f*(0) L (g) 220~WFK) a5
j — oo, and following the proof of Theorem 4.1 of |Clausel et al. (2014), we get

2u—1
1 ; — —
{ni” —— Eisnj,j<2“+v>} © 0,1

O'j_u Nj—u

v=0
with
fu,u’ (138)
—u— gu_19v 1
= FOPLGE & > Luwww)
(f Ll v=0 v'=0

92(utu’)(d+K—3) 2v—12%' 1

~ (F(0)2L1 (7 Z_: Z Lou 00 4o

2

471'22 utu’)(d+K—1) 2u—12v'—1 goo 2 )\ goo( u’ ) ) i(27%y—2" o v )Ap
= /_ﬂ DO SWECE=D dx, (139)

v=0 o'=0 |peZ

and where u,u’ = 0,...,p — 1. Thereafter, we follow the same lines that in the proof
of (Roueff and Taqqu, 2009a, Theorem 2). Assume for example that v/ > u. We have to
estimate

u_12v' 1 ) 2

Do D D PTG (27N )G (27N )T A

v=0 v'=0 |p€Z

2v' 1
which reads ) Gy (X) with
v'=0
2% —1 o . 2
qu/’vl()\) — Z Ze1(2 v—2"%0 ))\pgu,u’(z_u)\p)
v=0 |p€Z

where g, /(&) = [29¢|2EFDG (€)Foo (207 €). We now observe that Gy, . is a 27r-periodic
function and write p = 24g+r with r € {0,--- ,2* —1}. Hence (\, = A\, +2%q x 2 and e?"™,

dax,
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if v is integer),

2v—1 |2%—1 , , 2
S(O— U, __o—U )/ _sou—u ,,/ —
Gu7ul7vl()\) = E E 61(2 v=2 v)Ar E (S i2 v 27rqgu’u/(2 u)\r + 27Tq>
v=0 | r=0 qEZ
2u_1|2u—1 2
0w B
— § : el2 VA hu,u’,v’(2 u/\r) ’
v=0 | r=0
with
—igu—u'yr (2
hy v E e’ v'(2mate) u,u’(é + 27TQ) .
qEZL
Hence

2¥—12%—-12%-1

uu W Z Z Z 127 %2 (r—r’ uu U( _u)\T)hu,u’,U’(Z_u)\r’) )

v=0 r=0 r’'=

Observe that if r # 7/
2u_1

Z ei2’uv27r(r—r’) -0

v=0
whereas in the case 7 = r’ this sum equals 2“. Hence
2u_1

Guurr ) =2 D> Jhurwr (27N
r=0

As in the proof of (Roueff and Taqgqu, 2009a, Theorem 2), we apply Lemma 1 of[Roueff and Taqqu
(2009b) with g = |hy [, ¥ = 2% and get

™ ™ 2v-1 ™
G (NN = 2“/ (Z gt (278N >d)\ / gt () 2N

—T —Tr

We then deduce that

2v' 1
Z / wat (NN = 22 / D N WP | dX
- - v'=0

Using (I38)), the definition of G, ./, and the last display, we deduce that

Fu,u’

A o2(utu’)(d+K~1

) o 2% -1
= — 22u/ P o (A 2
Ll(goo)2 —m v’z::(] ‘ T ( )‘

2

47T22(u+u/)(d+K_l) Ueo—4u — —i U7u/q_)/ —~ = 7
= L1(000)2 % 92ug—4u(d+K) Z / |Aq] 2(d+K) o —i2 M0G0 (Ag)Goo (2= =) N )| dX
1 9o =
2
492 —w) (@) 2w 2

2u —1
- | O NG () ()|
Ll(goo) v’z:(] / qeZ e 1 e
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For v/ € {0,---,2% — 1}, we write v/ = v 4+ k2% with v € {0,---,2*"% —1} and k €

{0,---,2% — 1} and transform the sum in v’ into a sum over v and k. We obtain
lfu u 2
T 42200/ —) (A K) =2 2 TR e A |20+ E) =12 k2 NG\ Yo (o= =) \)| dA
) = - - a —(u—u .
uu L1(G00)? Z /7r Z [Aql € oo (Aq)Foo ( q)

v=0 k=0 """ |qeZ

. _ou—u', _ou—u’ . w_ s
Since e™12"7" V'Aa = ¢7i2" 7" vAge—ikA gnd Zi:ol le7##A|2 = 2% one has

2

, 2u/7u_

N 47T22(u’—u)(d+K)—u’ Qu—u 1 r B g gy — .
Luw = L1(§so)? 2 / D g I g ()G (27700 | A
o0 v=0 -

q€Z

Define now for any m € Z, the vector
em(g) :2_m/2[ei27m057’l):0,"' 72m_1]T .
We then recover ([I37) which concludes the proof. O

The case gy > 2 has been considered in (Clausel et all, 2014, Theorem 4.1). We recall it
here.

Theorem C.2. Suppose G = Hy,, qo > 2 and that Assumptions A(1i),(ii) hold with gy > 2.

Set v; = 27 and let {(g;);j>0, goo} be a sequence of univariate filters satisfying [(W-1JH(W=-3)
with m =1 and M > 6(qo) + K. Then, as j — oo,

05 ~ 0! (f7(0))% Ly (Goc) 27 (140)
where Ly, has been defined in (34) for any p > 1. Let now j = j(N) be an increasing sequence

such that j — oo and N277 — oo. Define nj, 5; and o3 as in (IZ9), {I30) and ({I31),
respectively. Then, as N — o0,

/\2 ~
{”}_zd (U’{“ - 1)} L {2<2d—1>u Lay-1(Gec) Zd(l)} . (141)
05 —u w>0 q0! Lgo (9o0) >0
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