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BREAKS IN MULTIPLE REGRESSIONS

(Order No. )

YE LI

Boston University, Graduate School of Arts and Sciences, 2013

Major Professor: Pierre Perron, Professor of Economics

ABSTRACT

This dissertation consists of two chapters related to inference about locally ordered and com-

mon breaks in multiple regressions and one chapter pertains to modeling exchange rate volatility

with random level shifts.

The first chapter considers inference about locally ordered breaks in a system of equations.

These apply when break dates in di§erent equations are not separated by a positive fraction of

the sample size. We extend the results of Qu and Perron (2007) in several directions allowing:

a) the covariates to be any mix of trends, stationary or integrated regressors; b) breaks in the

variance-covariance matrix of errors; c) an arbitrary number of breaks occurring in a subset of

equations. We show that the limit distributions derived provide good approximations to the finite

sample distributions and forming confidence intervals in a joint fashion allows more precision.

The second chapter considers testing for common breaks and estimating locally ordered breaks

in a multiple system with joined segmented trends. To test for common breaks, we consider

a likelihood ratio type test. The null hypothesis is that some subsets of coe¢cients for slope

shifts share some common breaks, while the alternative hypothesis is that the breaks dates are

di§erent and possibly locally ordered. To estimate locally ordered breaks, we use a quasi-maximum

likelihood estimation method. We show consistency and derive rate of convergence and asymptotic

distributions of test statistics and estimates of the break dates. Simulation results show that the

asymptotic results provide useful approximations in finite samples.

In the third chapter, we estimate a random level shifts model for the log-absolute returns of
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the Dollar-Mark and Dollar-Yen exchange rates, in order to assess whether random level shifts can

explain the long memory property. The results show that there are few level shifts, but once they

are taken into account, the long memory property disappears. We also provide out-of-sample

forecasting comparisons, which show that the random level shifts model outperforms standard

fractionally integrated models.
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Chapter 1

Inference on Locally Ordered Breaks in Multiple

Regressions1

1.1 Introduction

Issues related to structure breaks have received a lot of attention in statistics and econometrics

literature (see Perron, 2006, for a survey). In the last fifteen years, substantial advances have been

made in the econometrics literature to cover more general models in the context of estimating

and testing structural breaks in both single equation and multiple equations systems. Bai (1997)

studies the least squares estimation of a single change point in regressions involving stationary

and/or trending regressors. He derives the consistency, rate of convergence and the limiting dis-

tributions of change point estimates under general conditions on the regressors and error terms.

Bai and Perron (1998) extend the testing and estimation analysis to the case of multiple struc-

ture changes, and Bai and Perron (2003) present an e¢cient algorithm to obtain the break date

estimates, which minimize the global sum of squared residuals. Perron and Qu (2006) consider-

ably relax the conditions used in Bai and Perron (1998) and analyze models in which restrictions

within or across regimes are allowed. Kejriwal and Perron (2008, 2010) consider issues related to

estimation and testing for multiple structure breaks in a single cointegrating equation.

Work related to structural changes in a multiple equation system is comparatively scarce.

Bai, Lumsdaine, and Stock (1998) consider inference procedures for the estimate of a single break

date in multivariate times series. They show that the accuracy of break-point estimators is not

much improved with simply having more observations, but can be improved when considering a

system of series with common breaks. Also Bai (2000) considers estimation of multiple structural

break points in a VAR system with stationary regressors allowing both the coe¢cients of the

regression model and those of the variance-covariance matrix to change. He derives the consistency,

1This chapter is joint work with Professor Pierre Perron
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rate of convergence and asymptotic distribution for the estimates of the break dates. Qu and

Perron (2007) cover the more general case of multiple structural changes occurring at unknown

dates in linear multivariate regression models that include, among others, vector autoregressions,

certain linear panel data models, and seemingly unrelated regression. They also introduce a

novel structure that was labelled as “locally ordered breaks”. Oka and Perron (2011) address the

issue of testing for common breaks across or within equations in multiple equations systems with

stationary, trending and unit-root regressors.

With the exception of Qu and Perron (2007) who considered models with regime-wise station-

ary covariates, the class of models considered so far in the structural break literature consider

break dates modelled as being asymptotically distinct in the sense that each regime is separated

by a positive fraction of the sample size. So asymptotically, as the total sample size increases,

the number of observations within each regime increases proportionally. This rules out a class of

models that may have wide appeal in practice whereby the breaks across equations are close to

each other and, hence, cannot be considered as asymptotically distinct so that the estimates can

be treated independently when considering inference. In the terminology of Qu and Perron (2007),

these are “locally ordered breaks”. This theoretical setup allows constructing joint confidence in-

tervals of all such locally ordered break dates. Qu and Perron (2007) provide appropriate methods

for estimation, inference and testing of locally ordered breaks in multiple regression systems with

stationary regressors.

The aim of this paper is to extend their analysis in several directions. First, we allow the

covariates to be any mix of trends and stationary or integrated regressors (i.e., having an autore-

gressive unit root). Second, we allow for breaks in the variance-covariance matrix of the errors.

Third, we allow for an arbitrary number of locally ordered breaks, each occurring in a di§erent

equation within a subset of equations in the system. In order to do so we adopt the framework

and use some results of Oka and Perron (2011).

Via some simulation experiments, we show first that the limit distributions derived provide

good approximations to the finite sample distributions. Second, we show that forming confidence

intervals in such a joint fashion allows more precision (tighter intervals) compared to the standard

approach of forming confidence intervals using the method of Bai and Perron (1998) applied to a

single equation.
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The structure of the paper is as follows. Section 2 presents the general framework adopted

and the assumptions imposed on the regressors and the errors, as well as some preliminary limit

results. Section 3 provides the details about the method of estimation based on quasi-maximum

likelihood. In Section 4, we present our main theoretical results pertaining to the consistency, rate

of convergence and joint limit distributions of the locally ordered breaks. Section 5 discusses the

results obtained from simulations about the adequacy of the asymptotic distributions in providing

good approximations in finite samples. Section 6 provides brief concluding remarks. Appendix

A contains the theoretical derivations, while Appendix B presents the results for cases involving

changes in both the coe¢cients and the covariance-matrix of the errors.

1.2 Model and Assumptions

We adopt a framework and assumptions similar to those in Oka and Perron (2011), Qu and

Perron (2007) and Kejriwal and Perron (2008). We have n equations and T observations excluding

the initial conditions if lagged dependent variables are used as regressors. The total number of

structural changes in the system is m. The break dates are denoted by the m vector T =

(T1, ..., Tm) and we use the convention that T0 = 0 and Tm+1 = T . A subscript j indexes

a regime (j = 1, ...,m + 1). A subscript t indexes a temporal observation (t = 1, ..., T ) and a

subscript i indexes the equation (i = 1, ..., n) to which a scalar dependent variable yit is associated.

The parameter q is the number of regressors and htT = (h1tT , ..., hqtT )0 is the set that includes the

regressors from all equations. Let yt = (y1t, ..., ynt)0 and ut = (u1t, ..., unt)0, the model considered

is

yt = (h
0
tT  In)S(j) + ut, (1.1)

where In is a n by n identity matrix, S is a selection matrix, and ut is an error term having mean

0 and covariance matrix (j) for Tj1 + 1  t  Tj (j = 1, ...,m + 1). The set of regressors

includes integrated processes, trends and stationary ones, specified by

h0tT = (T
1/2z0t, T

1t, x0t),

where the scaling is introduced so that the order of all components is the same. The qx 1 vector

xt contains the stationary regressors, while the qz  1 vector zt the integrated ones, so that htT is
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a q  qx + 1 + qz vector. These are defined by

zt = zt1 + uzt, (1.2)

xt = µx + uxt, (1.3)

where z0 is assumed, for simplicity, to be either Op(1) random variables or fixed finite constants.

By labelling the regressors xt as I(0), we mean that the partial sums of the associated noise

components satisfy a functional central limit theorem. The conditions imposed are discussed

below. We then label a variable as I(1) if it is the accumulation of an I(0) process.

The set of basic parameters in regime j consists of the p vector (j) and the n by n matrix (j).

The matrix S is of dimension nq by p with full column rank. Though, in principle it is allowed

to have entries that are arbitrary constants, it is usually a selection matrix involving elements

that are 0 or 1 and, hence, specifies which regressors appear in each equation. We allow for the

imposition of a set of r restrictions of the form:

g(, vec()) = 0, (1.4)

where  = (0(1), ...,
0
(m+1))

0,  = ((1), ...,(m+1)) and g(·) is an r dimensional vector. Note

that we allow within and cross equation restrictions and in each case within or across regimes.

For a discussion of how general the framework is, see Qu and Perron (2007). To ease notation,

define the n by p matrix X 0
tT = (h

0
tT  In)S, so that (1.1) becomes

yt = X
0
tT(j) + ut, (1.5)

for Tj1 + 1  t  Tj (j = 1, ...,m + 1). It is useful to express the model in matrix form. Let

Y = (y01, ..., y
0
T )
0 be the nT vector of dependent variables, U = (u01, ..., u

0
T )
0 be the error vector and

the nT by p matrix of regressors is X = (X1T , ...,XTT )
0. For a given partition of the sample using

the break dates (T1, ..., Tm), we define the block diagonal partition of the matrix X as the nT by

p(m + 1) matrix X̄ = diag(X1, ...,Xm+1) where Xj (j = 1, ...,m + 1) is the n(Tj  Tj1) by p

subset of X that corresponds to observations in regime j. Then the regression system (1.5) can

be expressed as Y = X̄+U . The true values of the parameters are denoted with a 0 superscript

so that the Data Generating Process is assumed to be Y = X̄00 + U , where X̄0 is the diagonal
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partition of X using the partition (T 01 , ..., T
0
m). Also, the true covariance matrix of error terms is

denoted by 0(j) for each regime j = 1, . . . ,m
 + 1.

Let the break fractions be defined by T 0j = [T
0
j ] (j = 1, . . . ,m

). We assume that

0 < 01 < ... < 
0
l < 

0
l+1  ...  

0
l+m < 

0
l+m+1 < ... < 

0
m < 1. (1.6)

This stipulates that the break dates (T 0l+1, ..., T
0
l+m) need not be separated by a positive fraction

of the sample size T , while the others are. These will be the locally ordered breaks considered in

this paper. Since our main interest lies in the estimates of these locally ordered breaks, for ease

of notation, we shall label them as (K0
1 , ...,K

0
m) = (T

0
l+1, ..., T

0
l+m). As a matter of convention, we

shall also denote K0
0 = T 0l and K

0
m+1 = T 0l+m+1. The conditions imposed on these break dates

are stated in the following definition.

Definition 1.1 Locally Ordered Breaks (LOB): Let vT be a sequence of positive numbers that
satisfies vT ! 0 and T 1/2vT /(log2 T ) ! 1. The break dates (K0

1 , · · · ,K
0
m), assumed to each

occur in a di§erent equation within a subset of m ( n) equations, are said to be locally ordered
if K0

1 < ... < K
0
m, with the di§erences such that 1) v

2
T (K

0
s K0

1 ) MT with MT ! 0 as T !1;
2) (K0

s K0
1 )/(log

2 T )!1, for s = 2, ...,m.

The condition (1) implies that (K0
s K0

1 )/T ! 0 and imposes an upper bound on the distance

between the break dates. Hence, asymptotically the distances between the break dates become a

negligible portion of the sample size. Note, however, that since each of the locally ordered breaks

are assumed to belong to distinct equations, each within-equation regime contains a positive

fraction of the total sample size. The condition (2) imposes a lower bound of the distance between

the break dates so that, asymptotically, the sample size between each regime increases, albeit at

a slow rate. The lower bound departs from the definition of locally ordered breaks in Qu and

Perron (2007) so that the distance between the break dates increases with the sample size but

at a slow enough rate. This allows models with heterogeneity across segments and models with

lagged dependent variables, which were not possible in the original treatment of Qu and Perron

(2007).

As a matter of notation, “
p!” denotes convergence in probability, “ d!” convergence in distrib-

ution and “)” weak convergence in the space D[0, 1] under the Skorohod topology. Also, define

the Lr-norm of a random matrix X as kXkr = (
P
(i)

P
(j)E |Xij |

r)1/r for r  1. We make the fol-
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lowing assumptions on the regressors and the elements of the noise component t = (u
0
t, u

0
zt, u

0
xt)

0.

Assumption 1.1 Let H = (h1T , · · · , hTT )0 and H̄0 be the diagonal partition of H at (T 01 , · · · , T
0
m)

such that H̄0 = diag(H0
1 , ...,H

0
m+1). For each j = 1, · · · ,m

+1, T1H00
j H

0
j converges to a (pos-

sibly) random matrix, not necessarily the same for all j.

Assumption 1.2 There exists a l0 > 0 such that for all l > l0, the minimum eigenvalues of

Ajl = (1/l)
PT 0j +l

t=T 0j +1
htTh

0
tT and A


jl = (1/l)

PK0
j

t=K0
jl
htTh

0
tT are bounded away from zero, for

j = 1, ...,m.

Assumption 1.3 The matrix Blk =
Pl
t=k htTh

0
tT is invertible for l  k  p.

Assumption 1.4 Let Ft = field {..., t1, t, ..., ut2, ut1}. If t is weakly stationary within
each segment, then (a) {t,Ft} forms a strongly mixing (-mixing) sequence with size 4r/(r2)
for some 2 < r < 8. (b) E(t) = 0 and supt ||t||2r+ < M < 1 for some  > 0 and M > 0. (c)

Let Sk,j(l) =
PT 0j1+l+k

T 0j1+l+1
(tut), j = 1, ...,m+1, for each e 2 Rn of length 1, var(< e, Sk,j(0) >

)  v(k) for some function v(k)!1 as k !1 (with <·>, the usual inner product). If t is not
weakly stationary within each segment, we assume that (a)-(c) hold and, in addition, that there

exists a positive definite matrix  = [$i,s] such that for any i, s = 1, ..., p, we have, uniformly in

l, |k1E((Sk,j(l))i (Sk,j(l))s)|  C2k , for some C2, > 0. It is also assumed that {utu0t0(j)}
satisfies the conditions stated in this assumption.

Assumption 1.5 E(uxt  ut) = 0.

Assumption 1.6 For j = 1, ...,m + 1, 0(j+1)  0(j) = vT (j) and 0(j+1)  
0
(j) = vT(j) for

some (j) and (j) independent of T , with vT ! 0 and T 1/2vT /(log2 T )!1 as T !1.

Assumption 1.7 Break fractions (01, ...,
0
m) satisfy (1.6) with (K0

1 , ...,K
0
m) = (T

0
j+1, ..., T

0
j+m)

being locally ordered as stated in Definition 1.

Assumption 1.8 T1/2
P[Tr]
t=1 uzt ) 

1/2
z Wz(r) uniformly in r 2 [0, 1] with z positive definite.

Assumption 1.9 For all t and s: a) E[(uxt  ut)z0s] = 0, b) E[(uxt  ut)u0s] = 0, c) E[(uxt 
ut)u

0
xs] = 0, d) E[tktlth] = 0 for all k, l, h and for every t, e) E[uztktlth] = 0 for all k, l, h

and for every t.

Assumption A1 is needed for multiple linear regressions involving both stationary and inte-

grated regressors, it requires that the sample moments of the regressors exists. Assumption A2

ensures that there is no local collinearity problem so that the break dates can be identified. As-

sumption A3 is the standard invertibility requirement to have well defined estimates. Assumption

A4 determines the dependence structure of the processes tut and t. In particular, they imply
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that tut and t are short memory processes having bounded fourth moments. The assumptions

are imposed to obtain a functional central limit theorem, a generalized Hajek and Renyi (1955)

type inequality and a strong law of large numbers that allow us to show the estimates of break

dates are consistent and to derive the rate of convergence. The conditions are mild in the sense

that they allow for substantial conditional heteroskedasticity and autocorrelation. Assumption

A5 specifies that the stationary regressors are contemporaneously uncorrelated with the errors,

which is used to obtain consistent estimates. It can be relaxed by interpreting the coe¢cients as

the pseudo-true values, i.e., as the limit in probability of the inconsistent estimates. As shown in

Perron and Yamamoto (2011), this still permits consistent estimation of the break fractions and

the confidence intervals for the estimates can be constructed in the usual manner. Assumption A6

implies a shrinking shift asymptotic framework whereby the magnitudes of the shifts converge to

zero as the sample size increases. This allows the development of a limiting theory for the break

date estimates which does not depend on the exact distributions of regressors and the errors.

For the integrated regressors, things are di§erent and we need to impose a homogenous dis-

tribution throughout the sample as stated in Assumption A8. Allowing for heterogeneity in the

distribution of the errors underlying the I(1) regressors would be considerably more di¢cult.

Instead of having a limit distribution in terms of standard Wiener processes, we would have time-

deformed Wiener processes according to the variance profile of the errors through time; see, e.g.,

Cavaliere and Taylor (2007). This would lead to important complications given that, as shown

below, the limit distribution of the estimates of the break dates depends on the whole time profile

of the limit Wiener processes. The requirement that z be positive definite rules out cointegration

among the I(1) regressors and is needed to ensure a set of regressors that has a positive definite

limit. To discuss the conditions imposed by Assumption A9, it is useful to first describe the

implied limit distributions of various sample moments. Since our interest is about the estimates

of the locally ordered breaks, we consider results pertaining to segments defined by these locally

ordered breaks. Let 4K0
j = K

0
j K

0
j1 for j = 1, ...,m+ 1, we have, as 4K

0
j !1, uniformly in

s 2 [0, 1],

(4K0
j )
1PK0

j1+[s4K
0
j ]

t=K0
j1

xtx
0
t
p! sQx,j

(4K0
j )
1PK0

j1+[s4K
0
j ]

t=K0
j1

utu
0
t
p! s0(j)
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Also, with t = (
0
(j))

1/2ut for K0
j1 + 1  t  K

0
j , we have for j = 1, ...,m+ 1,

(4K0
j )
1/2PK0

j1+[s4K
0
j ]

t=K0
j1+1

t ) W
(1)
,j (s) 0 < s  1

(4K0
j )
1/2PK0

j

t=K0
j+[s4K

0
j ]
t ) W

(2)
,j (s)  1  s < 0

where the weak convergence is in the space D[0, 1]n and {W (1)
,j (s), W

(2)
,j (s)} are Brownian motion

processes defined on [0, 1]n.We define the two-sided Brownian motionW,j(s) satisfyingW,j(s) =

W
(1)
,j (s) for s < 0 , W,j(s) = 0 for s = 0 and W,j(s) =W

(2)
,j (s) for s > 0. Also

(4K0
j )
1/2PK0

j1+[s4K
0
j ]

t=K0
j1+1

(t
0
t  In) ) 

(1)
(j)(s) 0 < s  1

(4K0
j )
1/2PK0

j

t=K0
j+[s4K

0
j ]
(t

0
t  In) ) 

(2)
(j)(s)  1  s < 0

where the weak convergence is in the space D[0, 1]n
2
and where the entries of the n n matrices


(1)
(j)(s) and (2)(j)(s) are Brownian motion processes defined on [0, 1]. We define the two-sided

Brownian motion (j)(·) satisfying (j)(s) = 
(1)
(j)(s) for s > 0, (j)(s) = 0 for s = 0 and (j)(s) =


(2)
(j)(s) for s < 0. We also have

(4K0
j )
1/2PK0

j1+[s4K
0
j ]

t=K0
j1+1

xt  ut ) M
1/2
x,j W

(1)
x,j (s) 0 < s  1

(4K0
j )
1/2PK0

j

t=K0
j+[s4K

0
j ]
xt  ut ) M

1/2
x,j W

(2)
x,j (s)  1  s < 0

where

Mx,j = lim
T!1

var{(4K0
j )
1/2PK0

j

t=K0
j1+1

xt  ut}

with W (1)
x,j (s) and W

(2)
x,j (s) independent Gaussian processes. We define Wx,j(s) as a two-sided

standard multivariate Gaussian process such that Wx,j(s) = W
(1)
x,j (s) for s < 0, Wx,j(s) = 0 for

s = 0 and Wx,j(s) = W
(2)
x,j (s) for s > 0. Also Mx,j is a nonrandom positive definite matrix not

necessarily the same for all j.

Assumption A9 restricts somewhat the class of models applicable but is quite mild. Su¢cient,

though not necessary, conditions for it to hold are: for (a) that the I(0) regressors are uncorre-

lated with the errors contemporaneously even conditional on the I(1) variables; for (b) that the

autocovariance structure of the I(0) regressors be independent of the errors and, similarly, for

(c) that the autocovariance structure of the errors be independent of the I(0) regressors. This

assumption is needed to guarantee thatWx,j(·) andWz(·) are uncorrelated withW,j(·) and, being



 

 

9 

 

  

9

Gaussian, are therefore independent (these are the same conditions used in Kejriwal and Perron,

2008). Without these conditions, the analysis would be much more complex. Similarly, part (d)

implies that Wx,j(s) and W,j(·) are independent of j(·) (this is the same condition used in Qu

and Perron, 2007) and part (e) implies that Wz(·) and j(·) are independent. Note that Wx,j(·)

and Wz(·) can be correlated.

1.3 Estimation

In the sequel, we shall only consider the locally ordered breaks and ignore those whose break

fractions are asymptotically distinct. This will be su¢cient to obtain the relevant joint limit

distributions of the locally ordered breaks. Inference about the estimates of the non-locally ordered

breaks follows using the method developed in Qu and Perron (2007). Hence, we suppose that the

system of equations contains the break dates (K0
1 , ...,K

0
m) with the convention that T

0
l = K

0
0 and

K0
m+1 = T

0
l+m+1.

The method of estimation considered here is restricted quasi-maximum likelihood that as-

sumes serially uncorrelated Gaussian errors. Conditional on a given partition of the sample

K = (K1, ...,Km), the Gaussian quasi-likelihood function is

LT (K,,) =
Qm+1
j=1

QKj

t=Kj1+1
f(yt|XTt;(j),(j))

where

f(yt|XTt;(j),(j)) =
1

(2)1/2|(j)|1/2
exp{

1

2
(yt X 0

Tt(j))
01(j)(yt X

0
Tt(j))}

and the quasi-likelihood ratio is

LRT (K,,) =

Qm+1
j=1

QKj

t=Kj1+1
f(yt|XTt;(j),(j))

Qm+1
j=1

QK0
j

t=K0
j1+1

f(yt|XTt;0(j),
0
(j))

We want to obtain the estimates (K̂1, ..., K̂m,̂(j), ̂(j)) as the values of (K1, ...,Km,(j),(j)) which

maximize LRT subject to restrictions g(, vec()) = 0. Let lrT (·) denotes the log-likelihood ratio

and rlrT (·) denotes the restricted log-likelihood ratio, the objective function is then

rlrT (K,,) = lrT (K,,) + 
0g(, vec())
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and the estimates are

(K,,) = arg max
(K1,...,Km,,)

rlrT (K,,). (1.7)

where the supremum is taken over the set

k" = {(K1, ...,Km) : Tl K1 > [T"],K2 K1 > h, ...,Km Km1 > h, Tl+m+1 Km  [T"]},

where " > 0 is an arbitrarily small number and h is at least as large as the maximum number

of parameters to be estimated within a regime. What makes this estimation problem di§erent

from those analyzed previously is that the search over candidate break dates does not impose a

partition such that the break dates are separated by a positive fraction of the sample size (e.g.,

Qu and Perron, 2007).

1.4 Limiting Distribution of the Estimates

We start with the following result about the consistency and rate of convergence of the estimates

of the break dates.

Theorem 1.1 Let {K̂j , j = 1, ...,m; ̂(j) and ̂(j), j = 1, ...,m + 1} be defined as the solution
to the maximization problem (1.7). Then under Assumptions A1-A9, v2T (K̂j K

0
j ) = Op(1), andp

T (̂(j)  
0
(j)) = Op(1),

p
T (̂(j)  0(j)) = Op(1).

Theorem 1 shows the rate of convergence of the estimates of the break dates are the same

as in the case with asymptotically distinct break fractions and the maximization problem being

taken over a partition defined by asymptotically distinct break fractions. This is of interest in its

own right and, in particular, generalizes the result of Qu and Perron (2007) to the multiple breaks

case. It allows us to analyze the asymptotic distribution of the estimates of the break dates in

the following compact neighborhood of the true value:

CM = {(K,,) : v2T |Kj K
0
j | 6M,

p
T |((j)  

0
(j))| 6M,

p
T |((j)  0(j))| 6M}.

Since we can choose M large enough, the estimates will be in this set with probability arbitrarily

close to 1.

Before proceeding, it is important to discuss the possible ordering of the estimates of the breaks

dates relative to the trues values. From the definition of locally ordered breaks, the true break date
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satisfies v2T (K
0
j K

0
j1) 6 MT with MT ! 0 as T !1, so that (K0

j K
0
j1) = op(v

2
T ). It also

follows that (K0
m K0

1 ) = op(v
2
T ). On the other hand, from Theorem 1, v2T (K̂j K

0
j ) = Op(1).

Hence, in large samples, with probability arbitrarily close to one, the values of all the true break

dates will either: 1) occur before any of the estimates; 2) occur after any of the estimates; or 3)

all occur between two estimates. This corresponds to the following three cases:

• Case 1: K̂1 < ... < K̂m  K0
1 < ... < K

0
m;

• Case 2: K0
1 < ... < K

0
m  K̂1 < ... < K̂m;

• Case 3: for some 1  b  m, K̂1 < ... < K̂b  K0
1 < K

0
2 < ... < K

0
m  K̂b+1 < ... < K̂m.

The relevant limits to be derived will need to allow for these three di§erent scenarios. Following

Qu and Perron (2007), the next step is to decompose the likelihood function in two components:

one that involves only the break dates and the true values of the coe¢cients, so that the estimates

of the break dates are not a§ected by the restrictions imposed on the coe¢cients; the other

involving the parameters of the model, the true values of the break dates and the restrictions,

showing that the limiting distributions of these estimates are influenced by the restrictions but

not the estimation of the break dates. The relevant result is stated in the following theorem for

the case with only changes in the regression parameters 0. The case with changes in both 0

and the covariance matrix of the errors 0 is more involved and relegated to Appendix B. Note

that given the possible cases for the relative positions of the estimates relative to the true break

dates, in the maximization problem, we need only consider candidate break dates (K1, ...,Km)

that satisfy a similar ordering, namely: Case 1: K1 < ... < Km  K0
1 < ... < K0

m; Case 2:

K0
1 < ... < K

0
m  K1 < ... < Km; Case 3: K1 < ... < Kb  K0

1 < ... < K
0
m  Kb+1 < ... < Km.

Theorem 1.2 Under Assumptions A1-A9, with m breaks in 0 only, we have

max
(K,,)

rlrT = max
(,)2CM ,K0

[rlr1T (K,,) + 
0g(, vec())]

+ max
K2CM ,(0,0)

rlr2T (K,
0,0) + op(1)

where

rlr1T (K
0,,) = (1/2)[

Pm+1
j=1

PK0
j

t=K0
j1+1

(Yt X 0
Tt(j))

0()1(Yt X 0
Tt(j))


Pm+1
j=1

PK0
j

t=K0
j1+1

(Yt X 0
Tt

0
(j))

0(0)1(Yt X 0
Tt

0
(j))]
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and for Case 1 (K1 < ... < Km  K0
1 < ... < K

0
m):

rlr2T (K1,, ...,Km,
0,0)

= (1/2)
Pm
j=1(

0
(j+1)  

0
(j))

0(
PK0

j

t=Kj+1
XTt(

0)1X 0
Tt)(

0
(j+1)  

0
(j))


Pm1
j=1

Pm
i=j+1(

0
(j+1)  

0
(j))

0(
PK0

i
t=Ki+1

XTt(
0)1X 0

Tt)(
0
(i+1)  

0
(i))

+
Pm
j=1(

0
(j+1)  

0
(j))

0(
PK0

j

t=Kj+1
XTt(

0)1ut) + op(1)

For Case 2 (K0
1 < ... < K

0
m  K1 < ... < Km):

rlr2T (K1,...,Km,
0,0)

= (1/2)
Pm
j=1(

0
(j+1)  

0
(j))

0(
PKj

t=K0
j+1

XTt(
0)1X 0

Tt)(
0
(j+1)  

0
(j))


Pm1
j=1

Pm
i=j+1(

0
(j+1)  

0
(j))

0(
PKj

t=K0
j+1

XTt(
0)1X 0

Tt)(
0
(i+1)  

0
(i))


Pm
j=1(

0
(j+1)  

0
(j))

0(
PKj

t=K0
j+1

XTt(
0)1ut) + op(1)

and for Case 3 (K1 < ... < Kb  K0
1 < ... < K

0
m  Kb+1 < ... < Km, with 1  b  m):

rlr2T (K1,...,Km,
0,0)

= (1/2)
Pb
j=1(

0
(j+1)  

0
(j))

0(
PK0

j

t=Kj+1
XTt(

0)1X 0
Tt)(

0
(j+1)  

0
(j))


Pb1
j=1

Pb
i=j+1(

0
(j+1)  

0
(j))

0(
PK0

i
t=Ki+1

XTt(
0)1X 0

Tt)(
0
(i+1)  

0
(i))

(1/2)
Pm
j=b+1(

0
(j+1)  

0
(j))

0(
PKj

t=K0
j+1

XTt(
0)1X 0

Tt)(
0
(j+1)  

0
(j))


Pm1
j=b+1

Pm
i=j+1(

0
(j+1)  

0
(j))

0(
PKj

t=K0
j+1

XTt(
0)1X 0

Tt)(
0
(i+1)  

0
(i))

+
Pb
j=1(

0
(j+1)  

0
(j))

0(
PK0

j

t=Kj+1
XTt(

0)1ut)


Pm
j=b+1(

0
(j+1)  

0
(j))

0(
PKj

t=K0
j+1

XTt(
0)1ut) + op(1)

This result has strong implications. In particular, it implies that to analyze the asymptotic

distribution of the estimates of the break dates, we need only consider the component rlr2T .

Remark 1.1 In the leading case of interest with only one pair of locally ordered breaks in coe¢-
cients only, the various components in Theorem 2 reduce to:

rlr1T (K
0,,) = (1/2)[

P3
j=1

PK0
j

t=K0
j1+1

(Yt X 0
Tt(j))

0()1(Yt X 0
Tt(j))


P3
j=1

PK0
j

t=K0
j1+1

(Yt X 0
Tt

0
(j))

0(0)1(Yt X 0
Tt

0
(j))]
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and for Case 1 (K1 < K2  K0
1 < K

0
2):

rlr2T (K1,K2,
0,0) = (1/2)(0(2)  

0
(1))

0(
PK0

1
t=K1+1

XTt(
0)1X 0

Tt)(
0
(2)  

0
(1))

(1/2)(0(3)  
0
(2))

0(
PK0

2
t=K2+1

XTt(
0)1X 0

Tt)(
0
(3)  

0
(2))

(0(3)  
0
(2))

0(
PK0

2
t=K2+1

XTt(
0)1X 0

Tt)(
0
(2)  

0
(1))

+(0(2)  
0
(1))

0(
PK0

1
t=K1+1

XTt(
0)1ut)

+(0(3)  
0
(2))

0(
PK0

2
t=K2+1

XTt(
0)1ut) + op(1)

and for Case 2 (K0
1 < K

0
2  K1 < K2)

rlr3T (K1,K2,
0,0) = (1/2)(0(2)  

0
(1))

0(
PK1

t=K0
1+1

XTt(
0)1X 0

Tt)(
0
(2)  

0
(1))

(1/2)(0(3)  
0
(2))

0(
PK2

t=K0
2+1

XTt(
0)1X 0

Tt)(
0
(3)  

0
(2))

(0(3)  
0
(2))

0(
PK1

t=K0
1+1

XTt(
0)1X 0

Tt)(
0
(2)  

0
(1))

(0(2)  
0
(1))

0(
PK1

t=K0
1+1

XTt(
0)1ut)

(0(3)  
0
(2))

0(
PK2

t=K0
2+1

XTt(
0)1ut) + op(1)

while for Case 3 (K1  K0
1 < K

0
2  K2)

rlr2T (K1,K2,
0,0) = (1/2)(0(2)  

0
(1))

0(
PK0

1
t=K1+1

XTt(
0)1X 0

Tt)(
0
(2)  

0
(1))

(1/2)(0(3)  
0
(2))

0(
PK2

t=K0
2+1

XTt(
0)1X 0

Tt)(
0
(3)  

0
(2))

+(0(2)  
0
(1))

0(
PK0

1
t=K1+1

XTt(
0)1ut)

(0(3)  
0
(2))

0(
PK2

t=K0
2+1

XTt(
0)1ut) + op(1)

In order to derive the limit distribution of the estimates of the break dates, some additional

results are needed. These are stated in the following lemma.

Lemma 1.1 Under Assumptions A1-A9, we have

v2T
PK0

j+[sjv
2
T ]

t=K0
j+1

XTt(
0
(l))

1X 0
Tt ) S0(sjD(

0
j ) (

0
(l))

1)S sj > 0

v2T
PK0

j

t=K0
j+[sjv

2
T ]
XTt(

0
(l))

1X 0
Tt ) S0(|sj |D(0j ) (

0
(l))

1)S sj < 0

vT
PK0

j+[sjv
2
T ]

t=K0
j+1

XTt(
0
(l))

1Ut ) S0(Iq  (0(l))
1(0(j+1))

1/2)(0j )Wj(sj) sj > 0

vT
PK0

j

t=K0
j+[sjv

2
T ]
XTt(

0
(l))

1Ut ) S0(Iq  (0(l))
1(0(j))

1/2)(0j )Wj(sj) sj < 0
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with

D(0j ) =

0

B@

1/2
z Wz(

0
j )Wz(

0
j )
0
1/2
z 0j

1/2
z Wz(

0
j ) 

1/2
z Wz(

0
j )µ

0
x,j

0jWz(
0
j )
0
1/2
z (0j )

2 0jµ
0
x,j

µx,jWz(
0
j )
0
1/2
z 0jµx,j Qx,j

1

CA

(0j ) =

0

B@

1/2
z Wz(

0
j ) In 0

0jIn 0

0 M
1/2
x,j

1

CA , Wj(sj) =

 
W,j(sj)

Wx,j(sj)

!

where Mx,j = (
0)1/2Mx,j(

0)1/2 and Wx,j(·) = (0)1/2Wx,j(·).

Remark 1.2 Without structural breaks in 0, Lemma 1 reduces to

v2T
PK0

j+[sjv
2
T ]

t=K0
j+1

XTt(
0)1X 0

Tt ) S0(sjD(
0
j ) (

0)1)S sj > 0

v2T
PK0

j

t=K0
j+[sjv

2
T ]
XTt(

0)1X 0
Tt ) S0(|sj |D(0j ) (

0)1)S sj < 0

vT
PK0

j+[sjv
2
T ]

t=K0
j+1

XTt(
0)1Ut ) S0(Iq  (0)1/2)(0j )Wj(sj) sj > 0

vT
PK0

j

t=K0
j+[sjv

2
T ]
XTt(

0)1Ut ) S0(Iq  (0)1/2)(0j )Wj(sj) sj < 0

We are now in a position to state the main result of this paper about the joint limit distribution

of the locally ordered breaks. Again, we present in the text the case with only changes in the

regression coe¢cients 0. The more general case with also changes in 0 is presented in Appendix

B.

Theorem 1.3 Let Q(0j ) = S
0(D(0j ) (0)1)S, (

0
j ) = S

0(Iq  (0)1/2)(0j ),
j = 

0
jQ(

0
j )j, 

i
ij = 

0
iQ(

0
i )j,

j
ij = 

0
iQ(

0
j )j, j = 

0
j(

0
j )(

0
j )
0j,

b = 1/
2
1 and sj = bvj. Under Assumptions A1-A9, with m breaks in 0 only, we have:

1v
2
T (K̂1 K

0
1 , ..., K̂m K

0
m)) arg max

v1...vm
H(v1, ..., vm)

where H(v1, ..., vm) = 0 if v1 = ... = vm = 0, and for Case 1 with v1  ...  vm  0:

H(v1, ..., vm) = 
1

2

Pm
j=1 |vj |

j
1

+
Pm
j=1(

j
1
)1/2Bj(vj)

Pm1
j=1

Pm
i=j+1 |vi|

iij
1

For Case 2 with 0  v1  ...  vm:

H(v1, ..., vm) = 
1

2

Pm
j=1 |vj |

j
1


Pm
j=1(

j
1
)1/2Bj(vj)

Pm1
j=1

Pm
i=j+1 |vj |

ij
1
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and for Case 3 with v1  ...  vb  0  vb+1  ...  vm:

H(v1, ..., vm) = 
1

2

Pm
j=1 |vj |

j
1


Pb1
j=1

Pb
i=j+1 |vi|

iij
1


Pm1
j=b+1

Pm
i=j+1 |vj |

jij
1

+
Pb
j=1(

j
1
)1/2Bj(vj)

Pm
j=b+1(

j
1
)1/2Bj(vj)

Remark 1.3 For the case with only one pair of locally ordered breaks, Theorem 3 reduces to:

1v
2
T (K̂1 K

0
1 , K̂2 K

0
2 )) arg max

v1v2
H(v1, v2)

where H(v1, v2) = 0 if v1 = v2 = 0, and for Case 1 with v1  v2  0:

H(v1, v2) = 
1

2
|v1|+ (

1
1
)1/2B1(v1)

1

2
|v2|

2
1

+ (
2
1
)1/2B2(v2) |v2|

212
1
,

and for Case 2 with 0  v1  v2:

H(v1, v2) = 
1

2
|v1| (

1
1
)1/2B1(v1)

1

2
|v2|

2
1

 (
2
1
)1/2B2(v2) |v1|

112
1
,

for Case 3 with v1 < 0, v2 > 0:

H(v1, v2) = 
1

2
|v1|+ (

1
1
)1/2B1(v1)

1

2
|v2|

2
1

 (
2
1
)1/2B2(v2),

The cumulative distribution function does not have an tractable analytical formula. However,

the relevant quantiles can be obtained using simulations. First, generate the realizations of H

by replacing the true value of parameters with consistent estimates and simulating the Brownian

motions over a reasonable range, i.e. [M,M ]. Then, apply a dynamic programming algorithm

to find the global maximizers of H over (v1, v2, · · · , vm) 2 [M,M ]. This is repeated for all

possible cases and the overall maximum obtained. These steps are repeated to obtain the relevant

quantiles.

Remark 1.4 For the special cases with a single type of regressors, the limit distribution di§ers
according to the specifications of the matrices D(0j ) and (

0
j ), and the definitions of Q(

0
j ),

(0j ), j, 
i
ij, 

j
ij, and j. When only stationary regressors are present, we have

D(0j ) = Qx,j, (
0
j ) =M

1/2
x,j .

On the other hand, with only a trend as the regressor:

D(0j ) = (
0
j )
2, (0j ) = 

0
j .
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With only integrated regressors,

D(0j ) = 
1/2
z Wz(

0
j )Wz(

0
j )
01/2z , (0j ) = 

1/2
z Wz(

0
j ) In.

If only two types of regressors are involved, we have: a) with stationary and unit root regressors,

D(0j ) =

 

1/2
z Wz(

0
j )Wz(

0
j )
0
1/2
z 

1/2
z Wz(

0
j )µ

0
x,j

µx,jWz(
0
j )
0
1/2
z Qx,j

!
,

(0j ) =

 

1/2
z WZ(

0
j ) In 0

0 M
1/2
x,j

!
.

b) with stationary and trend regressors,

D(0j ) =

 
(0j )

2 0jµ
0
x,j

0jµx,j Qx,j

!
, (0j ) =

 
0jIn 0

0 M
1/2
x,j

!
.

c) with a trend and unit root regressors,

D(0j ) =

 

1/2
z Wz(

0
j )Wz(

0
j )
0
1/2
z 0j

1/2
z Wz(

0
j )

0jWz(
0
j )
0
1/2
z (0j )

2

!
,

(0j ) =

 

1/2
z Wz(

0
j ) In

0jIn

!
.

The results allow us to construct joint confidence intervals for the estimates of the break

dates, all we need is to have consistent estimates of the various parameters. From Theorem

1, quasi-maximum likelihood estimation will provide consistent estimates of the break fractions,

even though the estimates of break dates are not consistent per se. The method will also deliver

consistent estimates of the coe¢cients 0(j) and the variance-covariance matrix 
0. The long-run

covariance matrix Mx,j can be estimated using kernel-based methods, as suggested by Andrews

(1991). Also, with homogeneity across segments: Q̂x = T1
PT
t=1 xtx

0
t, µ̂x = T1

PT
t=1 xt, ̂ =

T1
PT
t=1 ûtû

0
t, and ̂(j) = ̂(j+1)  ̂(j).

1.5 Monte Carlo Simulations

In this section, we provide Monte Carlo simulation results to examine the accuracy of the asymp-

totic distribution to the corresponding finite sample distribution. We conducted several simulation

experiments with di§erent combinations of regressors. For all cases there is only one pair of locally

ordered breaks and two equations. Throughout T = 200 and 500 replications are used. The data
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generating processes considered are:

Table 1.1: Specification of Data Generating Process

Equation 1 Equation 2

DGP-1: y1t = 
(j)
11 xt + u1t y2t = 

(j)
21 xt + u2t

DGP-2: y1t = 
(j)
11

t
T + u1t y2t = 

(j)
21

t
T + u2t

DGP-3: y1t = 
(j)
11

ztp
T
+ u1t y2t = 

(j)
21

ztp
T
+ u2t

DGP-4: y1t = 
(j)
11 xt + 

(j)
12

t
T ++u1t y2t = 

(j)
21 xt + 

(j)
22

t
T + u2t

DGP-5: y1t = 
(j)
11 xt + 

(j)
12

ztp
T
+ u1t y2t = 

(j)
21 xt + 

(j)
22

ztp
T
+ u2t

DGP-6: y1t = 
(j)
11

t
T + 

(j)
12

ztp
T
+ u1t y2t = 

(j)
21

t
T + 

(j)
22

ztp
T
+ u2t

DGP-7: y1t = 
(j)
11

ztp
T
+ 

(j)
12

t
T + 

(j)
13 xt + u1t y2t = 

(j)
21

ztp
T
+ 

(j)
22

t
T + 

(j)
23 xt + u2t

for j = 1, 2. The values of the coe¢cients and break dates used are as follows:

Table 1.2: Specification of Data Generating Process


(1)
11 

(2)
11 

(1)
12 

(2)
12 

(1)
13 

(2)
13 

(1)
21 

(2)
21 

(1)
22 

(2)
22 

(1)
23 

(2)
23 K0

1 K0
2

DGP-1: 1 1.5 1 1.6 80 95

DGP-2: 1 1.7 1 1.8 80 95

DGP-3: 1 2.0 1.5 2.3 80 86

DGP-4: 1 1.5 2 3 2 2.6 3 3.8 80 95

DGP-5: 2 2.5 3 3.7 3 3.6 1.5 2.3 80 95

DGP-6: 1 3 1 1.5 1 2.5 1.5 2.1 80 90

DGP-7: 1 1.5 3 3.3 3 3.6 2 2.6 2 2.2 1.5 2.2 80 95

We set ut = (u1t, u2t)
0  i.i.d N(0,) with var(u1t) = var(u2t) = 1 and E(u1tu2t) = . The

stationary regressor xt is specified as the sum of a constant term µ = 2 and a normal error

t  N(0, 1). The I(1) regressors are the partial sums of i.i.d. N(0, 1) random variables. We

consider two cases with  = 0, 0.3. We first consider the exact sizes of the joint confidence

intervals constructed using the asymptotic distributions, for nominal sizes of 90% and 95%. The

results are presented in Table 1. They show that, in general, the finite sample coverages are close

to the nominal ones.
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Table 1.3: Exact Sizes of the Joint Asymptotic Confidence Intervals

 Nominal Size DGP1 DGP2 DGP3 DGP4 DGP5 DGP6 DGP7

 = 0 .90 .88 .92 .93 .85 .88 .92 .87

 = 0 .95 .92 .97 .95 .91 .93 .94 .92

 = 0.3 .90 .88 .92 .92 .87 .90 .91 .89

 = 0.3 .95 .95 1.0 .93 .93 .94 .93 .93

We now assess the benefits of constructing confidence intervals in a joint fashion using the locally

ordered break framework relative to using the method of Bai (1997) one equation at a time. To

that e§ect, we adopt the specifications of DGP-1. The results are presented in Table 2. They

show indeed that the length of the confidence intervals are smaller using the locally ordered joint

approach, especially for the first break date.

Table 1.4: Joint versus Single Equation Confidence Intervals

90% CI for K1 90% CI for K2 95% CI for K1 95% CI for K2

Bai [74,87] [90,100] [70,89] [88,101]

 = 0 [74,81] [93,100] [71,82] [92,101]

 = 0.3 [73,83] [91,101] [71,85] [89,102]

1.6 Conclusion

We studied the problem of multiple locally ordered breaks occurring at unknown dates in a mul-

tiple regression system with integrated, trends and stationary regressors. We analyzed cases with

shifts in both the coe¢cients and the covariance matrix of the errors. Theoretical results con-

cerning the consistency, rate of convergence and asymptotic distributions of the break dates were

obtained. Through simulations, we showed that the asymptotic distribution derived provides good

approximations in finite samples and allow more precise inference compared to single equation

methods treating each break date in isolation. Our results are of practical interest given that

breaks across equations can often be treated as ordered in applications.
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1.7 Appendix 1

They key ingredients in the proofs are a generalized Hajek-Renyi type inequality, a Strong Law of

Large Numbers (SLLN), a Functional Central Limit Theorem (FCLT), a Strong Approximation

Theorem (SAT) and a Law of Iterated Logarithm (LIL) applicable under the stated assumptions.

We first state a few lemmas due to Qu and Perron (2007) and Oka and Perron (2011).

Lemma 1.2 Let (i)i>1 be a sequence of mean zero Rd-valued random vectors satisfying A4.

Define Sk(l) =
Pl+k
l+1 i, then, (a) (SAT) the covariance of k

1/2Sk(l),k converge, with the limit

denoted by , and there exists a Brownian Motion (W (t))t>0 with covariance matrix  such thatPt
i=1 i W (t) = Oa.s.(t

1/2) for some  > 0; (b) (FCLT) T1/2
P[Tr]
t=1 t ) 1/2W (r), where

W (r) is a d-vector of independent Wiener processes and ) denotes weak convergence under the

Skorohod topology; (c) (SLLN) k1
Pk
i=1 i

a.s! 0 as k !1; (d) (LIL)

lim sup
k!1

(k1/2 log1/2 k)1||1/2k

Pk
i=1 i|| = Op(1).

Lemma 1.3 Let t = (0(j))
1/2ut for K0

j1 + 1  t  K0
j . Under Assumption A4, with vT a

sequence of positive numbers satisfying vT ! 0 and T 1/2vT /(log2 T )!1, we have

for s < 0, vT
PK0

j

t=K0
j+[sv

2
T ]
(t

0
t  In)) 

(1)
j (s)

for s > 0, vT
PK0

j+[sv
2
T ]

t=K0
j+1

(t
0
t  In)) 

(2)
j (s)

where the weak convergence is in the space D[0,1]n2 and where the entries of the n n matrices

(1)
j (s) and 

(2)
j (s) are Brownian processes defined on the real line. The two-sided Brownian

motion j(·) satisfies j(s) = 
(1)
j (s) for s < 0, j(s) = 0 for s = 0, and j(s) = 

(2)
j (s) for s > 0.

Furthermore,

for s < 0, vT
PK0

j

t=K0
j+[sv

2
T ]
xt  ut )M

1/2
x,j W

(1)
x,j (s)

for s > 0, vT
PK0

j+[sv
2
T ]

t=K0
j+1

xt  ut )M
1/2
x,j W

(2)
x,j (s)

where the weak convergence is in the space D[0,1]p and where the entries of the p vectors W (1)
x,j (s)

and W (2)
x,j (s) are independent Wiener processes defined on the real line. Let Wx,j(·) denote the

two-sided Brownian motion such that Wx,j(s) = W
(1)
x,j (s) for s < 0, Wx,j(s) = 0 for s = 0 and

Wx,j(s) = W
(2)
x,j (s) for s > 0. Also W

(1)
x,j (s) and W

(2)
x,j (s) (resp., 

(1)
j (s) and 

(2)
j (s)) are di§erent

independent copies for j = 1, ...,m.

Lemma 1.4 Let (t)t1 be a sequence of mean zero Rd-valued random vectors satisfying A4, and
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let t stands for t or (t/T )t.Then there exists L <1 such that for any " > 0 and m > 0:

P ( sup
mkn

dk||
kP
t=1
t || > ")  L"

2[md2m +
kP

t=m+1
d2t ]

Lemma 1.5 Under A4, we have uniformly over all 0 < r < s < 1 : a)
P[Ts]
t=[Tr] t = Op(T

1/2), b)
P[Ts]
t=[Tr] zt = Op(T

3/2), c)
P[Ts]
t=[Tr] ztz

0
t = Op(T

2), d)
P[Ts]
t=[Tr] zt

0
t = Op(T ).

Lemma 1.6 Let T1 = [aT ] for some a 2 (0, 1) and t stands for (htT  t) or (t0t  I). Under
Assumptions A1-A4:

a) there exists a positive constant k0 such that supk0kT (
p
k log k)1||

PT1+k
t=T1+1

t|| = op(1);

b) supTkT k
1||

PT1+k
t=T1+1

t|| = op(vT /
p
log T ) for any  2 (0, 1);

c) suppTv1T kT k
1||

PT1+k
t=T1+1

t|| = op(vT /
p
log T );

d) there exists a A > 0 such that supAv2T kT k
1||

PT1+k
t=T1+1

t|| = op(vT );

e) sup1kAv2T
k1||

PT1+k
t=T1+1

t|| = (Av
2
T )

1/2Op(1) for any constant A > 0;

f) sup1k
p
Tv1T

k1||
PT1+k
t=T1+1

t|| = op(vT ).

Proof of Theorem 1.1: The proof is based on establishing several properties of the sequential

likelihood functions with k observations free from structure change. To that e§ect let T = [T]

for some 0 <  < 1. For a sample involving k observations from T + 1 to T + k, the likelihood

ratio is

LRk(,) =

QT+k
t=T+1

f(yt|XTt,,)
QT+k
t=T+1

f(yt|XTt,0,0)

where (,) are generic values of the parameters and (0,0) are the true values. Since

log f(yt|XTt,,) = (1/2) log(2) (1/2) log || (1/2)||1/2(yt X 0
Tt)||

2,

the log-likelihood ratio is

logLRk(,) = (k/2) log |(0)1/2(0)1/2| (1/2)||1/2(yt X 0
Tt)||

2

+(1/2)||(0)1/2ut||2.

The following three properties of the likelihood ratio are proved in Oka and Perron (2011).

Property 1. For any  2 (0, 1] and for T large enough, supTkT LRk(,) = Op(1).

Property 2. For any  > 0, there exists a B > 0 such that
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P (sup1kT logLRk(,) > B(log T )
2) <  for su¢ciently large T .

Property 3. Let bT = dvT for some d > 0. For any  > 0, there exists C > 0, such that

P ( supp
Tv1T kT

sup
S(,)c

logLRk(,) > C
p
TvT ) < 

where S(,)c = {(,) : ||  0||  vT or || 0||  vT }.

Property 4. Let T1 = [Ta] for some a 2 (0, 1] and let T2 = [
p
Tv1T ] where vT satisfies

Assumption A6. Also let

yt = x0t
0
(1) + (

0
(1))

1/2t t = 1, ..., T1

yt = x0t
0
(2) + (

0
(2))

1/2t t = T1 + 1, ..., T1 + T2

where ||0(2)  
0
(1)|| MvT and ||

0
(2) 

0
(1)|| MvT for some M <1. Let N = T1 + T2 be the

size of the pooled sample and let ((N),(N)) be the associated estimates. Then
p
T ((N)

0
(1)) =

Op(1),
p
T ((N)  0(1)) = Op(1).

Property 5. With vT satisfying Assumption A6, for each  and  satisfying ||0|| MvT

and || 0|| MvT , with M <1, we have

sup
1k

p
Tv1T

sup
,

LRk( + T
1/2,+ T1/2)

LRk(,)
= Op(1)

Proof:

logLRk(,) = (k/2) log || (1/2)
PT+k
t=T+1

(yt X 0
Tt)

01(yt X 0
Tt)

+(k/2) log |0| (1/2)
PT+k
t=T+1

(yt X 0
Tt

0)0(0)1(yt X 0
Tt

0)

Let T = (0)1/2( 0)(0)1/2 and

L1T (,) = (k/2) log |I +T | (1/2)
PT+k
t=T+1

0t(I +T )
1t

+(1/2)
PT+k
t=T+1

0tt

L2T (,) = (1/2)(  0)0(
PT+k
t=T+1

XTt
1X 0

Tt)(  
0)

+(  0)0(
PT+k
t=T+1

XTt
1(0)1/2t)
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Then logLRk(,) = L1T (,) + L2T (,). First, for L1T (,),

L1T ( + T
1/2,+ T1/2) L1T (,)

= (k/2)[log |I +1T | log |I +
2
T |]

(1/2)
PT+k
t=T+1

0t((I +
1
T )
1  (I +2T )

1)t

with I +1T = (
0)1/2(0)1/2 + T1/2(0)1/2(0)1/2, I +2T = (

0)1/2(0)1/2. Let

A = (0)1/2(0)1/2, B = (0)1/2(0)1/2, then I +1T = A+ T
1/2B, I +2T = A. Since

(I +1T )
1  (I +2T )

1 = (A+ T1/2B)1 A1

= (I  T1/2A1B + T1A1BA1B)A1 A1

= T1/2A1BA1 +Op(T1)

then

(1/2)
PT+k
t=T+1

0t((I +
1
T )
1  (I +2T )

1)t

= (1/2)T1/2tr(A1BA1
PT+k
t=T+1

(t
0
t  I))

+(k/2)T1/2tr(A1BA1) + op(1)

= (k/2)T1/2tr(A1BA1) + op(1).

Given that

(k/2)[log |I +1T | log |I +
2
T |]

= (k/2)[log |A+ T1/2B| log |A|]

= (k/2)[log |A|+ tr(A1T1/2B)

tr(T1A1BA1B) + op(T
1) log |A|]

= (k/2)T1/2tr(A1B) + op(1),

we have

L1T ( + T
1/2,+ T1/2) L1T (,)

= (k/2)T1/2[tr(A1BA1) tr(A1B)] + op(1)
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= (k/2)T1/2tr(A1BA1(0)1/2( 0)(0)1/2) + op(1)

= Op(1)

and

L2T ( + T
1/2,+ T1/2) L2T (,)

= (1/2)( + T1/2 0)0(
PT+k
t=T+1

XTt(+ T
1/2)1X 0

Tt)( + T
1/2 0)

+( + T1/2 0)0(
PT+k
t=T+1

XTt(+ T
1/2)1(0)1/2t

+(1/2)(  0)0(
PT+k
t=T+1

XTt
1X 0

Tt)(  
0)

(  0)0
PT+k
t=T+1

XTt
1(0)1/2t

= (1/2)(  0)0(
PT+k
t=T+1

XTt((+ T
1/2)1  1)X 0

Tt)

( + T1/2 0)

+(  0)0(
PT+k
t=T+1

XTt((+ T
1/2)1  1)(0)1/2t

(1/2)T10(
PT+k
t=T+1

XTt(+ T
1/2)1X 0

Tt)

T1/20(
PT+k
t=T+1

XTt(+ T
1/2)1X 0

Tt)(  
0)

+T1/20(
PT+k
t=T+1

XTt(+ T
1/2)1(0)1/2t

= Op(1)

since except the fourth term, which is Op(1), all other terms are op(1). Hence, logLRk( +

T1/2,+ T1/2) logLRk(,) = Op(1).

Property 6. With vT satisfying Assumption A6, for each  and  satisfying ||0|| MvT

and || 0|| MvT , with M <1, we have

sup
1kMv2T

sup
,

LRk( + T
1/2,+ T1/2)

LRk(,)
= op(1)

The proof is quite similar to the proof of Property 5, except for two terms whose order are

op(1) instead of Op(1). Given these properties, we are in a position to prove results about the

consistency and rate of convergence of the estimates of the break dates. We start with the following

proposition.
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Proposition 1.1 Under Assumption A1-A9, we have for every  > 0, P (|K̂jK0
j | >

p
Tv1T ) < 

(j = 1, ...,m).

Proof. Let N = [
p
Tv1T ] and Aj = {(K1, ...,Km) : |Kj  K0

j | > N}. Then to prove that

(K̂1, ..., K̂m) /2 Aj , it su¢ces to show that P (sup(K1,...,Km)2Aj LR(K1, ...,Km) > 1)  . Let

LR(K1, ...,Km) denote the likelihood ratio evaluated at (K1, ...,Km) and note that LR(K1, ...,Km)

 LR(K0
1 , ...,K

0
m)

 LR(K0
1 , ...,K

0
m,

0,0). We consider the five possible cases separately.

Case 1. K1  ...  Kj  K0
j N < K0

j < K
0
j +N < Kj+1 < · · · ,Km.

Then

LR(K1, ...,Km) =
Qj
l=1 LR(Kl1 + 1,Kl) · LR(Kj + 1,Kj+1)

·
Qm+2
l=j+2 LR(Kl1 + 1,Kl)

or

logLR(K1, ...,Km) =
Pj
l=1 logLR(Kl1 + 1,Kl)

+ logLR(Kj + 1,Kj+1)

+
Pm+1
l=j+2 logLR(Kl1 + 1,Kl).

From Properties 2 and 3, there exists constants C1 > 0 and C2 > 0, such that

logLR(K1, ...,Km) < C1 log
2 T  C2

p
TvT

= C1 log
2 T [1 C2

p
TvT /(log

2 T )]! 1

as T !1.

Case 2. K1  ...  Km  K0
j N < K0

j < K
0
j +N .

Then

LR(K1, ...,Km) =
Qm+1
l=1 LR(Kl1 + 1,Kl) · LR(Km + 1,K

0
j N)

·LR(K0
j N,K

0
j +N) · LR(K

0
j +N + 1, T )



 

 

25 

 

  

25

or

logLR(K1, ...,Km) =
Pm+1
l=1 logLR(Kl1 + 1,Kl)

+ logLR(Km + 1,K
0
j N)

+ logLR(K0
j N,K

0
j +N)

+ logLR(K0
j +N + 1, T ).

Case 3. K0
j N < K0

j < K
0
j +N  K1  ...  Km.

Then

LR(K1, ...,Km) = LR(1,K0
j N) · LR(K

0
j N + 1,K0

j +N)

·LR(K0
j +N,K1) ·

Qm+1
l=2 LR(Kl1 + 1,Kl)

or

logLR(K1, ...,Km) = logLR(1,K0
j N)

+ logLR(K0
j N + 1,K0

j +N)

+ logLR(K0
j +N,K1)

+
Pm+1
l=2 logLR(Kl1 + 1,Kl).

Case 4. There exist i, i > j,

such that K1  ...  Kj  · · ·  Ki  K0
j N < K0

j < K
0
j +N  Ki+1  ...  Km.

Then

LR(K1, ...,Km) =
Qi+1
l=1 LR(Kl1 + 1,Kl)

·LR(Ki + 1,K0
j N)

·LR(K0
j N,K

0
j +N)

·LR(K0
j +N + 1,Ki+1)

·
Qm+1
l=i+2 LR(Kl1 + 1,Kl),
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and

logLR(K1, ...,Km) =
Pi+1
l=1 logLR(Kl1 + 1,Kl)

+ logLR(Ki + 1,K
0
j N)

+ logLR(K0
j N,K

0
j +N)

+ logLR(K0
j +N + 1,Ki+1)

+
Pm+1
l=i+2 logLR(Kl1 + 1,Kl).

Case 5. The region [K0
j N,K

0
j +N ] is partitioned into C intervals, in which case there must be

at least one sub-interval such that [Kl1 + 1,Kl]  C1
p
Tv1T , then

LR(K1, ...,Km) =
Qj+1
l=1 LR(Kl1 + 1,Kl)

·
Qj+C
l=j+2 LR(Kl1 + 1,Kl)

·LR(Kj+C + 1,K0
j +N)

·LR(K0
j +N + 1,Kj+C+1)

·
Qm+1
l=j+C+2 LR(Kl1 + 1,Kl)

and

logLR(K1, ...,Km),Km) =
Pj+1
l=1 logLR(Kl1 + 1,Kl)

+
Pj+C
l=j+2 logLR(Kl1 + 1,Kl)

+ logLR(Kj+C + 1,K
0
j +N)

+ logLR(K0
j +N + 1,Kj+C+1)

+
Pm+2
l=j+C+2 logLR(Kl1 + 1,Kl).

For all the cases, the log-likelihood function has at least one term with Kl  Kl1 
p
Tv1T ,

||  0||  dvT or ||  0||  dvT (given that a structural break happens). Hence, applying

Property 3, there is at least one term in the log-likelihood function such that

P ( supp
Tv1T kT

sup
S(,)c

logLRk(,) > C
p
TvT ) < .
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Applying Property 2 to the other terms, we have

P ( sup
1kT

logLRk(,) > B(log T )
2) < .

Hence, for the whole log-likelihood function, there exist constants C1 > 0 and C2 > 0, such that

logLR(K1, ...,Km) < C1 log
2 T  C2

p
TvT

= C1 log
2 T [1 C2

p
TvT /(log

2 T )]! 1

as T !1. This shows that P (sup(K1,...,Km)2Aj L(K1, ...,Km)  1)  .

Proposition 1.2 For every  > 0, there exists a C > 0, such that P (|K̂j K0
j | > Cv

2
T ) < .

Proof. Given Proposition 1, it remains to prove that

P ( sup
(K1,...,km)2Aj(C)

L(K1, ...,Km)

L(K0
1 , ...,K

0
m)

 1)  

for Aj(C) = {(K1, ...,Km) : |Kj  K0
j | 

p
Tv1T and |Kj  K0

j | > Cv2T }. Using Property 5,

we can show that the estimates of the coe¢cients are
p
T consistent, then applying arguments as

in Bai (2000, pp. 327-328) to the five cases analysed above, we obtain the desired result. This

establishes Theorem 1. The results pertaining to the estimate of 0 and 0 follow given the rate

of convergence of K̂j .

Proof of Theorem 1.2: The likelihood ratio is

LRT (K1, ...Km,(j),(j))

=
Qm+1
j=1

QKj

t=Kj1+1
f(Yt|XTt,(j),(j))


Qm+1
j=1

QK0
j

t=K0
j1+1

f(Yt|XTt,0(j),
0)

=
Qm+1
j=1

QKj

t=Kj1+1
(2)1/2|(j)|1/2

exp{(1/2)(Yt X 0
Tt(j))

0((j))
1(Yt X 0

Tt(j))}


Qm+1
j=1

QK0
j

t=K0
j1+1

(2)1/2|0|1/2

exp{(1/2)(Yt X 0
Tt

0
(j))

0(0)1(Yt X 0
Tt

0
(j))}.
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With the restrictions g((j), vec((j))) = 0, the restricted log-likelihood function is

rlrT (Kj ,(j),(j)) = (1/2)
Pm+1
j=1 (Kj Kj1) log |(j)|

(1/2)
Pm+1
j=1

PKj

t=Kj1+1
(Yt X 0

Tt(j))
0((j))

1(Yt X 0
Tt(j))

+(1/2)
Pm+1
j=1 (K

0
j K

0
j1) log |

0|

+(1/2)
Pm+1
j=1

PK0
j

t=Kj1+1
(Yt X 0

Tt
0
(j))

0(0)1(Yt X 0
Tt

0
(j))

+0g((j), vec((j)))

Let

A =
Pm+1
j=1 (Kj Kj1) log |(j)|

Pm+1
j=1 (K

0
j K

0
j1) log |

0|

B =
Pm+1
j=1

PKj

t=Kj1+1
(Yt X 0

Tt(j))
0((j))

1(Yt X 0
Tt(j))


Pm+1
j=1

PK0
j

t=K0
j1+1

(Yt X 0
Tt

0
(j))

0(0)1(Yt X 0
Tt

0
(j))

then lrT = A/2B/2 and rlrT = A/2B/2 + 0g((j), vec((j))). We have

A =
Pm+1
j=1 (Kj Kj1) log |(j)|

Pm+1
j=1 (K

0
j K

0
j1) log |

0|

=
Pm+1
j=1 (Kj Kj1) log |(j)|

Pm+1
j=1 (K

0
j K

0
j1) log |(j)|

+
Pm+1
j=1 (K

0
j K

0
j1) log |(j)|

Pm+1
j=1 (K

0
j K

0
j1) log |

0|

=
Pm
j=1(Kj K

0
j )(log |(j)| log |(j+1)|) (A.1)


Pm+1
j=1 (K

0
j K

0
j1)(log |(j)| log |

0|) (A.2)

B =
Pm+1
j=1

PKj

t=Kj1+1
(Yt X 0

Tt(j))
0((j))

1(Yt X 0
Tt(j))


Pm+1
j=1

PK0
j

t=K0
j1+1

(Yt X 0
Tt

0
(j))

0(0)1(Yt X 0
Tt

0
(j))

=
Pm+1
j=1

PKj

t=Kj1+1
(Yt X 0

Tt(j))
0((j))

1(Yt X 0
Tt(j))


Pm+1
j=1

PK0
j

t=K0
j1+1

(Yt X 0
Tt(j))

0((j))
1(Yt X 0

Tt(j))

+
Pm+1
j=1

PK0
j

t=K0
j1+1

(Yt X 0
Tt(j))

0((j))
1(Yt X 0

Tt(j))


Pm+1
j=1

PK0
j

t=K0
j1+1

(Yt X 0
Tt

0
(j))

0(0)1(Yt X 0
Tt

0
(j))
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Let

rlr1T (Kj ,(j),(j))

= (1/2)(A.2) (1/2)(B.2) + 0g((j), vec((j)))

rlr2T (Kj ,(j),(j)) = (1/2)(A.1) (1/2)(B.1)

and note that rlr2T will depend on the position of Kj relative to that of K
0
j . Using the fact that

p
T ((j)  0) = Op(1), then (j) = 0 + T1/2(j) where 


(j) =

p
T ((j)  0). Hence,

((j))
1 = (0 + T1/2(j))

1

= (0(I + T1/2(0)1(j)))
1

= (I  T1/2(0)1(j)  T
1(0)1(j)(

0)1(j)

+op(T
1))(0)1

= (0)1  T1/2(0)1(j)(
0)1

T1(0)1(j)(
0)1(j)(

0)1 + op(1)

We start with the simplest case and then expend the results to more general cases.

a) m = 2, no break in variance-covariance matrix. In this case

(A.1) =
P2
j=1(Kj K

0
j )(log |(j)| log |(j+1)|)

=
P2
j=1(Kj K

0
j )(log |

0| T1/2tr((0)1(j))

 log |0| T1/2tr((0)1(j+1))) + op(1)

For (B.1), we need to consider the three cases separately. For Case 1 (K1 < K2  K0
1 < K

0
2 ):

(B.1) = 
PK0

1
t=K1+1

(Yt X 0
Tt(1))

0((1))
1(Yt X 0

Tt(1)) (1)


PK0

2

t=K0
1+1
(Yt X 0

Tt(2))
0((2))

1(Yt X 0
Tt(2)) (2)

+
PK2
t=K1+1

(Yt X 0
Tt(2))

0((2))
1(Yt X 0

Tt(2)) (3)
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+
PK0

1
t=K2+1

(Yt X 0
Tt(3))

0((3))
1(Yt X 0

Tt(3)) (4)

+
PK0

2

t=K0
1+1
(Yt X 0

Tt(3))
0((3))

1(Yt X 0
Tt(3)) (5)

We analyze each of the five terms separately.

(1) = 
PK0

1
t=K1+1

(ut +X
0
Tt

0
(1) X

0
Tt(1))

0

((1))
1(ut +X

0
Tt

0
(1) X

0
Tt(1))

= 
PK0

1
t=K1+1

u0t(
0)1ut

+T1/2
PK0

1
t=K1+1

u0t(
0)1(1)(

0)1ut

+((1)  
0
(1))

0(
PK0

1
t=K1+1

XTt(
0)1X 0

Tt)((1)  
0
(1))

+op(1)

= 
PK0

1
t=K1+1

u0t(
0)1ut

+T1/2
PK0

1
t=K1+1

u0t(
0)1(1)(

0)1ut + op(1)

(2) = 
PK0

2

t=K0
1+1
(ut +X

0
Tt

0
(2) X

0
Tt(2))

0

((2))
1(ut +X

0
Tt

0
(2) X

0
Tt(2))

= 
PK0

2

t=K0
1+1

u0t(
0)1ut

+T1/2
PK0

2

t=K0
1+1

u0t(
0)1(2)(

0)1ut + op(1)

(3) =
PK2
t=K1+1

(ut +X
0
Tt

0
(1) X

0
Tt(2))

0

((2))
1(ut +X

0
Tt

0
(1) X

0
Tt(2))

=
PK2
t=K1+1

u0t(
0)1ut

T1/2
PK2
t=K1+1

u0t(
0)1(2)(

0)1ut

+(0(2)  
0
(1))

0(
PK2
t=K1+1

XTt(
0)1X 0

Tt)(
0
(2)  

0
(1))

2(0(2)  
0
(1))

0(
PK2
t=K1+1

XTt(
0)1ut) + op(1)
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(4) =
PK0

1
t=K2+1

(ut +X
0
Tt

0
(1) X

0
Tt(3))

0((3))
1(ut +X

0
Tt

0
(1) X

0
Tt(3))

=
PK0

1
t=K2+1

u0t(
0)1ut  T1/2

PK0
1

t=K2+1
u0t(

0)1(3)(
0)1ut

+(0(3)  
0
(1))

0(
PK0

1
t=K2+1

XTt(
0)1X 0

Tt)(
0
(3)  

0
(1))

2(0(3)  
0
(1))

0(
PK0

1
t=K2+1

XTt(
0)1ut) + op(1)

(5) =
PK0

2

t=K0
1+1
(ut +X

0
Tt

0
(2) X

0
Tt(3))

0((3))
1(ut +X

0
Tt

0
(2) X

0
Tt(3))

=
PK0

2

t=K0
1+1

u0t(
0)1ut  T1/2

PK0
2

t=K0
1+1

u0t(
0)1(3)(

0)1ut

+(0(3)  
0
(2))

0(
PK0

2

t=K0
1+1

XTt(
0)1X 0

Tt)(
0
(3)  

0
(2))

2(0(3)  
0
(2))

0(
PK0

2

t=K0
1+1

XTt(
0)1ut) + op(1)

Hence,

rlr2T (K1,K2,,)

= (1/2)
P2
j=1(Kj K

0
j )[log |

0| T1/2tr((0)1(j)) (C.1)

 log |0| T1/2tr((0)1(j+1))]

(1/2)[
PK0

1
t=K1+1

u0t(
0)1ut + T

1/2PK0
1

t=K1+1
u0t(

0)1(1)(
0)1ut


PK0

2

t=K0
1+1

u0t(
0)1ut + T

1/2PK0
2

t=K0
1+1

u0t(
0)1(2)(

0)1ut

+
PK2
t=K1+1

u0t(
0)1ut  T1/2

PK2
t=K1+1

u0t(
0)1(2)(

0)1ut

+
PK0

1
t=K2+1

u0t(
0)1ut  T1/2

PK0
1

t=K2+1
u0t(

0)1(3)(
0)1ut

+
PK0

2

t=K0
1+1

u0t(
0)1ut  T1/2

PK0
2

t=K0
1+1

u0t(
0)1(3)(

0)1ut]

(1/2)[(0(2)  
0
(1))

0(
PK2
t=K1+1

XTt(
0)1X 0

Tt)(
0
(2)  

0
(1)) (C.2)

+(0(3)  
0
(1))

0(
PK0

1
t=K2+1

XTt(
0)1X 0

Tt)(
0
(3)  

0
(1))

+(0(3)  
0
(2))

0(
PK0

2

t=K0
1+1

XTt(
0)1X 0

Tt)(
0
(3)  

0
(2))]

+[(0(2)  
0
(1))

0(
PK2
t=K1+1

XTt(
0)1ut) (C.3)

+(0(3)  
0
(2))

0(
PK0

2

t=K0
1+1

XTt(
0)1ut)

+(0(3)  
0
(1))

0(
PK0

1
t=K2+1

XTt(
0)1ut)] + op(1)
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Note that

(Kj K0
j )T

1/2tr((0)1(j)) + T
1/2PK0

j

t=Kj+1
u0t(

0)1(j)(
0)1ut

= (Kj K0
j )T

1/2tr((0)1(j)) + T
1/2tr((0)1(j)(

0)1
PK0

j

t=Kj+1
utu

0
t)

= (Kj K0
j )T

1/2tr((0)1(j)) + T
1/2tr((0)1(j)(

0)1
PK0

j

t=Kj+1
(utu

0
t  

0))

(Kj K0
j )T

1/2tr((0)1(j)) = op(1)

vT
PK0

j

t=Kj+1
(utu

0
t  

0) = (0)1/2[vT
PK0

j

t=Kj+1
(t

0
t  I)](

0)1/2

) (0)1/2[(sj)](
0)1/2

P2
j=1(Kj K

0
j )[T

1/2tr((0)1(j)) T
1/2tr((0)1(j+1))]

+
PK0

1
t=K1+1

u0t(
0)1ut +

PK0
2

t=K0
1+1

u0t(
0)1ut 

PK2
t=K1+1

u0t(
0)1ut


PK0

1
t=K2+1

u0t(
0)1ut 

PK0
2

t=K0
1+1

u0t(
0)1ut = op(1)

So (C.1) becomes op(1). For (C.2) and (C.3), we have

(C.2) = (1/2)[(0(2)  
0
(1))

0(
PK2
t=K1+1

XTt(
0)1X 0

Tt)(
0
(2)  

0
(1))

+(0(3)  
0
(2))

0(
PK0

1
t=K2+1

XTt(
0)1X 0

Tt)(
0
(3)  

0
(2))

+(0(2)  
0
(1))

0(
PK0

1
t=K2+1

XTt(
0)1X 0

Tt)(
0
(2)  

0
(1))

+2(0(3)  
0
(2))

0(
PK0

1
t=K2+1

XTt(
0)1X 0

Tt)(
0
(2)  

0
(1))

+(0(3)  
0
(2))

0(
PK0

2

t=K0
1+1

XTt(
0)1X 0

Tt)(
0
(3)  

0
(2))]

= (1/2)[(0(2)  
0
(1))

0(
PK0

1
t=K1+1

XTt(
0)1X 0

Tt)(
0
(2)  

0
(1))

+(0(3)  
0
(2))

0(
PK0

2
t=K2+1

XTt(
0)1X 0

Tt)(
0
(3)  

0
(2))

+2(0(3)  
0
(2))

0(
PK0

2
t=K2+1

XTt(
0)1X 0

Tt)(
0
(2)  

0
(1))] + op(1)

(C.3) = (0(2)  
0
(1))

0(
PK2
t=K1+1

XTt(
0)1ut)

+(0(2)  
0
(1))

0(
PK0

1
t=K2+1

XTt(
0)1ut)
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+(0(3)  
0
(2))

0(
PK0

2

t=K0
1+1

XTt(
0)1ut)

+(0(3)  
0
(2))

0(
PK0

1
t=K2+1

XTt(
0)1ut)

= 0(2)  
0
(1))

0(
PK0

1
t=K1+1

XTt(
0)1ut)

+(0(3)  
0
(2))

0(
PK0

2
t=K2+1

XTt(
0)1ut)

Finally,

rlr2T (K1,K2,,) = (1/2)(0(2)  
0
(1))

0(
PK0

1
t=K1+1

XTt(
0)1X 0

Tt)(
0
(2)  

0
(1))

(1/2)(0(3)  
0
(2))

0(
PK0

2
t=K2+1

XTt(
0)1X 0

Tt)(
0
(3)  

0
(2))

(0(3)  
0
(2))

0(
PK0

2
t=K2+1

XTt(
0)1X 0

Tt)(
0
(2)  

0
(1))

+0(2)  
0
(1))

0(
PK0

1
t=K1+1

XTt(
0)1ut)

+(0(3)  
0
(2))

0(
PK0

2
t=K2+1

XTt(
0)1ut) + op(1)

Case 2: K0
1 < K

0
2  K1 < K2. For (B.1), we have

(B.1) =
PK0

2

t=K0
1+1
(Yt X 0

Tt(1))
0((1))

1(Yt X 0
Tt(1)) (1.8)

+
PK1

t=K0
2+1
(Yt X 0

Tt(1))
0((1))

1(Yt X 0
Tt(1)) (1.9)


PK0

2

t=K0
1+1
(Yt X 0

Tt(2))
0((2))

1(Yt X 0
Tt(2))


PK2

t=K0
2+1
(Yt X 0

Tt(3))
0((3))

1(Yt X 0
Tt(3))

+
PK2
t=K1+1

(Yt X 0
Tt(2))

0((2))
1(Yt X 0

Tt(2))

so that

rlr2T (K1,K2,,) =

(1/2)(0(2)  
0
(1))

0(
PK1

t=K0
1+1

XTt(
0)1X 0

Tt)(
0
(2)  

0
(1))

(1/2)(0(3)  
0
(2))

0(
PK2

t=K0
2+1

XTt(
0)1X 0

Tt)(
0
(3)  

0
(2))

(0(3)  
0
(2))

0(
PK1

t=K0
1+1

XTt(
0)1X 0

Tt)(
0
(2)  

0
(1))
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(0(2)  
0
(1))

0PK1

t=K0
1+1

XTt(
0)1ut

(0(3)  
0
(2))

0PK2

t=K0
2+1

XTt(
0)1ut + op(1)

Case 3: K1  K0
1 < K

0
2  K2. For (B.1), we have,

(B.1) = 
PK0

1
t=K1+1

(Yt X 0
Tt(2))

0((2))
1(Yt X 0

Tt(2))


PK0

1
t=K1+1

(Yt X 0
Tt(1))

0((1))
1(Yt X 0

Tt(1))

+
PK2

t=K0
2+1
(Yt X 0

Tt(2))
0((2))

1(Yt X 0
Tt(2))


PK2

t=K0
2+1
(Yt X 0

Tt(3))
0((3))

1(Yt X 0
Tt(3))

and using arguments similar to those for Case 1,

rlr2T (K1,K2,,)

= (1/2)(0(2)  
0
(1))

0(
PK0

1
t=K1+1

XTt(
0)1X 0

Tt)(
0
(2)  

0
(1))

(1/2)(0(3)  
0
(2))

0(
PK2

t=K0
2+1

XTt(
0)1X 0

Tt)(
0
(3)  

0
(2))

+0(2)  
0
(1))

0(
PK0

1
t=K1+1

XTt(
0)1ut)

(0(3)  
0
(2))

0(
PK2

t=K0
2+1

XTt(
0)1ut) + op(1)

b) Multiple breaks in coe¢cients only.

Case 1: K1 < ... < Km  K0
1 < ... < K

0
m. In this more general case, we have:

(A.1) =
Pm
j=1(Kj K

0
j )(log |(j)| log |(j+1)|)

=
Pm
j=1(Kj K

0
j )(log |

0| T1/2tr((0)1(j))

 log |0|+ T1/2tr((0)1(j+1))) + op(1)

(B.1) = 
PK0

1
t=K1+1

(Yt X 0
Tt(1))

0((1))
1(Yt X 0

Tt(1)) (D.1)

+
Pm
j=2

PKj

t=Kj1+1
(Yt X 0

Tt(j))
0((j))

1(Yt X 0
Tt(j)) (D.2)


Pm
j=2

PK0
j

t=K0
j1+1

(Yt X 0
Tt(j))

0((j))
1(Yt X 0

Tt(j)) (D.3)
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+
PK0

1
t=Km+1

(Yt X 0
Tt(m+1))

0((m+1))
1(Yt X 0

Tt(m+1)) (D.4)

+
Pm
j=2

PK0
j

t=K0
j1+1

(Yt X 0
Tt(m+1))

0((m+1))
1(Yt X 0

Tt(m+1)) (D.5)

with

(D.1) = 
PK0

1
t=K1+1

(ut +X
0
Tt

0
(1) X

0
Tt(1))

0

((1))
1(ut +X

0
Tt

0
(1) X

0
Tt(1))
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Case 2: K0
1 < ... < K

0
m  K1 < ... < Km. We first have,

(B.1) =
Pm
j=2

PK0
j

t=K0
j1+1

(Yt X 0
Tt(1))

0((1))
1(Yt X 0

Tt(1))


Pm
j=2

PK0
j

t=K0
j1+1

(Yt X 0
Tt(j))

0((j))
1(Yt X 0

Tt(j))

+
Pm
j=2

PKj

t=Kj1+1
(Yt X 0

Tt(j))
0((j))

1(Yt X 0
Tt(j))

+
PKm

t=K0
m+1

(Yt X 0
Tt(m+1))

0((m+1))
1(Yt X 0

Tt(m+1))

+
PK1

t=K0
m+1

(Yt X 0
Tt(1))

0((1))
1(Yt X 0

Tt(1))

Using arguments similar to those for Case 1, we get
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so that
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Proof of Lemma 1.1: For the case with sj > 0, we have
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) 1/2z Wz(
0
j )W,j(sj)

vT
XK0

j+[sjv
2
T ]

t=K0
j+1

T1tt = vT
PK0

j+[sjv
2
T ]

t=K0
j+1

T1(tK0
j +K

0
j )t

= op(1) + T
1K0

j [vT
PK0

j+[sjv
2
T ]

t=K0
j+1

t]

) 0jW,j(sj)

vT
PK0

j+[sjv
2
T ]

t=K0
j+1

xt  t )M
1/2
x,jWx,j(sj)

Hence,

vT
PK0

j+[sjv
2
T ]

t=K0
j+1

htT  t )

0

BBBB@


1/2
z Wz(

0
j )W,j(sj)

0jW,j(sj)
1/2
z

M
1/2
x,jWx,j(sj)

1

CCCCA
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=

0

BBBB@


1/2
z Wz(

0
j ) In 0

0jIn 0

0 Mx,j

1

CCCCA

0

@W,j(sj)

Wx,j(sj)

1

A

= (0j )Wj(sj)

and

vT
PK0

j+[sjv
2
T ]

t=K0
j+1

XTt(
0
(l))

1Ut ) S0(Iq  (0(l))
1(0(j+1))

1/2)(0j )Wj(sj)

Proof of Theorem 1.3 (m = 2, breaks in coe¢cients only).

Let Q(0j ) = S
0(Iq  (0)1)(D(0j ) In)S and (

0
j ) = S

0(Iq  (0)1/2)(0j ),

then Case 1 (K1 < K2  K0
1 < K

0
2 ):

rlr2T (K1,K2) ) H1(s1, s2)

= (1/2)|s1|01Q(
0
1)1 + 

0
1(

0
1)W1(s1)

(1/2)|s2|02Q(
0
2)2 + 

0
2(

0
2)W1(s2)

|s2|01Q(
0
2)2

Case 2 (K1  K0
1 < K

0
2  K2):

rlr2T (K1,K2) ) H2(s1, s2)

= (1/2)|s1|01Q(
0
1)1 + 

0
1(

0
1)W1(s1)

(1/2)|s2|02Q(
0
2)2  

0
2(

0
2)W2(s2)

Case 3 (K0
1 < K

0
2  K1 < K2):

rlr2T (K1,K2) ) H3(s1, s2)

= (1/2)|s1|01Q(
0
1)1  

0
1(

0
1)W1(s1)

(1/2)|s2|02Q(
0
2)2  

0
2(

0
2)W2(s2)

|s2|01Q(
0
1)2



 

 

42 

 

  

42

01(
0
1)W1(s1)

d
= (01(

0
1)(

0
1)
01)

1/2B1(s1)

02(
0
2)W2(s2)

d
= (02(

0
2)(

0
2)
02)

1/2B2(s2)

and let 1 = 01Q(
0
1)1, 2 = 

0
2Q(

0
2)2, 

1
12 = 

0
1Q(

0
1)2, 

2
12 = 

0
1Q(

0
2)2,

1 = 
0
1(

0
1)(

0
1)
01 and 2 = 02(

0
2)(

0
2)
02, then

H1(s1, s2) = (1/2)|s1|1 +
1/2
1 B1(s1)

(1/2)|s2|2 +
1/2
2 B2(s2) |s2|212

H2(s1, s2) = (1/2)|s1|1 +
1/2
1 B1(s1)

(1/2)|s2|2 
1/2
2 B2(s2)

H3(s1, s2) = (1/2)|s1|1 
1/2
1 B1(s1)

(1/2)|s2|2 
1/2
2 B2(s2) |s1|112

Let b = 1/21, s1 = bv1 and s2 = bv2. Applying a changing variables technique as in Bai (1997),

we obtain the following results.

Case 1 (v1  v2  0):

1v
2
T (K̂1 K

0
1 , K̂2 K

0
2 ) ) arg max

v1v20
(1/2)|v1|+ (

1
1
)1/2B1(v1)

(1/2)|v2|
2
1

+ (
2
1
)1/2B2(v2) |v2|

212
1

Case 2 (v1 < 0, v2 > 0):

1v
2
T (K̂1 K

0
1 , K̂2 K

0
2 ) ) arg max

v1<0,v2>0
(1/2)|v1|+B1(v1)

(1/2)|v2|
2
1

 (
2
1
)1/2B2(v2)

Case 3 (0  v1  v2)
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1v
2
T (K̂1 K

0
1 , K̂2 K

0
2 ) ) arg max

0v1v2
(1/2)|v1|B1(v1)

(1/2)|v2|
2
1

 (
2
1
)1/2B2(v2) |v1|

12
1

Proof of Theorem 1.3 (multiple breaks in coe¢cients only):

For Case 1 (K1 < ... < Km  K0
1 < ... < K

0
m):

rlr2T (K1, ...,Km)) H1(s1, ..., sm)

rlr2T (K1, ...,Km) ) H1(s1, ..., sm)

= (1/2)
Pm
j=1 |sj |

0
jQ(

0
j )j


Pm1
j=1

Pm
i=j+1 |si|

0
jQ(

0
i )i +

Pm
j=1 

0
j(

0
j )Wj(sj)

For Case 2 (K0
1 < ... < K

0
m  K1 < ... < Km):

rlr2T (K1, ...,Km) ) H2(s1, ..., sm) = (1/2)
Pm
j=1 |sj |

0
jQ(

0
j )j


Pm1
j=1

Pm
i=j+1 |sj |

0
jQ(

0
j )i 

Pm
j=1 

0
j(

0
j )Wj(sj)

For Case 3 (K1 < ... < Kb  K0
1 < ... < K

0
m < Kb+1 < ... < Km):

rlr2T (K1, ...,Km) ) H3(s1, ..., sm)

= (1/2)
Pb
j=1 |sj |

0
jQ(

0
j )j 

Pb1
j=1

Pb
i=j+1 |si|

0
jQ(

0
i )i

+
Pb
j=1 

0
j(

0
j )Wj(sj) (1/2)

Pb
j=b+1 |sj |

0
jQ(

0
j )j


Pm1
j=b+1

Pm
i=j+1 |sj |

0
jQ(

0
j )i 

Pm
j=b+1 

0
j(

0
j )Wj(sj)

Let j = 0jQ(
0
1)j , j = 0j(

0
1)(

0
1)
0j , iij = 0iQ(

0
i )j ,

j
ij = 0iQ(

0
j )j , b = 1/

2
1 and

sj = bvj . We then have the following results.

For Case 1 ( v1  ...  vm  0):

1v
2
T (K̂1 K

0
1 , ..., K̂m K

0
m)) arg max

v1...vm0
(1/2)

Pm
j=1 |vj |

j
1
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+
Pm
j=1(

j
1
)1/2Bj(vj)

Pm1
j=1

Pm
i=j+1 |vi|

iij
1

For Case 2 (0  v1  ...  vm):

1v
2
T (K̂1 K

0
1 , ..., K̂m K

0
m) ) arg max

0v1...vm
(1/2)

Pm
j=1 |vj |

j
1


Pm
j=1(

j
1
)1/2Bj(vj)

Pm1
j=1

Pm
i=j+1 |vj |

jij
1

For Case 3 (v1  ...  vb  0  vb+1  ...  vm):

1v
2
T (K̂1 K

0
1 , ..., K̂m K

0
m)

) arg max
v1...vb0vb+1...vm

(1/2)
Pm
j=1 |vj |

j
1


Pb1
j=1

Pb
i=j+1 |vi|

iij
1


Pm1
j=b+1

Pm
i=j+1 |vj |

jij
1

+
Pb
j=1(

j
1
)1/2Bj(vj)

Pm
j=b+1(

j
1
)1/2Bj(vj)
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Results for Multiple Breaks in Both Coe¢cients and Variance-Covariance Matrix

Theorem 1.4 Under Assumptions A1-A9, we have

max
(K,,)

rlrT = max
(,)2CM ,K0

[rlr1T (K
0,,) + 0g(, vec())]

+ max
K2CM ,(0,0)

rlr2T (K,,) + op(1)

where

rlr1T (K
0,,) = (1/2)[

Pm+1
j=1

PK0
j

t=K0
j1+1

(Yt X 0
Tt(j))

0((j))
1(Yt X 0

Tt(j))


Pm+1
j=1

PK0
j

t=K0
j1+1

(Yt X 0
Tt

0
(j))

0(0(j))
1(Yt X 0

Tt
0
(j))]

and for Case 1 (K1 < ... < Km  K0
1 < ... < K

0
m):

+(1/2)
Pm1
j=1 (

0
(j+1)  

0
(j))

0

(
Pm
l=j+1

PK0
l

t=Kl+1
XTt(

0
(l))

1X 0
Tt)(

0
(j+1)  

0
(j))


Pm1
j=1

Pm
i=j+1(

0
(j+1)  

0
(j))

0

(
Pm
l=i

PK0
l

t=Kl+1
XTt(

0
(l+1))

1X 0
Tt)(

0
(i+1)  

0
(i))

+
Pm2
j=1

Pm1
i=j+1(

0
(j+1)  

0
(j))

0

(
Pm
l=i+1

PK0
l

t=Kl+1
XTt(

0
(l))

1X 0
Tt)(

0
(i+1)  

0
(i))

+
Pm
j=1(

0
(j+1)  

0
(j))

0

(
Pm
l=j

PK0
l

t=Kl+1
XTt(

0
(l+1))

1ut)

+
Pm1
j=1 (

0
(j+1)  

0
(j))

0

(
Pm
l=j+1

PK0
l+1

t=Kl+1+1
XTt(

0
(l))

1ut) + op(1)

rlr2T (K1,...,Km,(j),(j))

= (1/2)
Pm
j=1 tr((

0
(j))

1/2(0(j+1))
1(j)

(0(j))
1/2(vT

PK0
j

t=Kj+1
t

0
t  In))

(1/4)
Pm
j=1 |v

2
T (Kj K

0
j )

|tr((0(j+1))
1(j)(

0
(j+1))

1(j))

(1/2)
Pm
j=1(

0
(j+1)  

0
(j))

0

(
Pm
l=j

PK0
l

t=Kl+1
XTt(

0
(l+1))

1X 0
Tt)(

0
(j+1)  

0
(j))



 

 

46 

 

  

46

For Case 2 (K0
1 < ... < K

0
m  K1 < ... < Km):

rlr2T (K1,...,Km,(j),(j))

= (1/2)
Pm
j=1 tr((

0
(j+1))

1/2(0(j))
1(j)(

0
(j+1))

1/2(vT
PKj

t=K0
j+1

t
0
t  In))

(1/4)
Pm
j=1 |v

2
T (Kj K

0
j )|tr((

0
(j))

1(j)(
0
(j))

1(j))

(1/2)
Pm
j=1(

0
(j+1)  

0
(j))

0(
Pj
l=1

PKl

t=K0
l +1

XTt(
0
(l))

1X 0
Tt)(

0
(j+1)  

0
(j))

+(1/2)
Pm
j=2(

0
(j+1)  

0
(j))

0(
Pj1
l=1

PKl

t=K0
l +1

XTt(
0
(l+1))

1X 0
Tt)(

0
(j+1)  

0
(j))

+
Pm1
j=2

Pm
i=j+1(

0
(j+1)  

0
(j))

0(
Pj1
l=1

PKl

t=K0
l +1

XTt(
0
(l+1))

1X 0
Tt)(

0
(i+1)  

0
(i))


Pm1
j=1

Pm
i=j+1(

0
(j+1)  

0
(j))

0(
Pj
l=1

PKl

t=K0
l +1

XTt(
0
(l))

1X 0
Tt)(

0
(i+1)  

0
(i))


Pm
j=1(

0
(j+1)  

0
(j))

0(
Pj
l=1

PKl

t=K0
l +1

XTt(
0
(l))

1ut)

+
Pm
j=2(

0
(j+1)  

0
(j))

0(
Pj1
l=1

PKl

t=K0
l +1

XTt(
0
(l+1))

1ut) + op(1)

For Case 3 (K1 < ... < Kb  K0
1 < ... < K

0
m  Kb+1 < · · · < Km for some 1  b  m):

rlr2T (K1,...,Km,(j),(j))

= (1/2)
Pb
j=1 tr((

0
(j))

1/2(0(j+1))
1(j)

(0(j))
1/2(vT

PK0
j

t=Kj+1
t

0
t  In))

(1/4)
Pb
j=1 |v

2
T (Kj K

0
j )|tr((

0
(j+1))

1(j)(
0
(j+1))

1(j))

(1/2)
Pm
j=b+1 tr((

0
(j+1))

1/2(0(j))
1

(j)(
0
(j+1))

1/2(vT
PKj

t=K0
j+1

t
0
t  In))

(1/4)
Pm
j=b+1 |v

2
T (Kj K

0
j )|

tr((0(j))
1(j)(

0
(j))

1(j))

(1/2)
Pb
j=1(

0
(j+1)  

0
(j))

0(
Pb
l=j

PK0
l

t=Kl+1
XTt(

0
(l+1))

1X 0
Tt)(

0
(j+1)  

0
(j))

+(1/2)
Pb1
j=1(

0
(j+1)  

0
(j))

0(
Pb
l=j+1

PK0
l

t=Kl+1
XTt(

0
(l))

1X 0
Tt)(

0
(j+1)  

0
(j))


Pb1
j=1

Pb
i=j+1(

0
(j+1)  

0
(j))

0(
Pb
l=i

PK0
l

t=Kl+1
XTt(

0
(l+1))

1X 0
Tt)(

0
(i+1)  

0
(i))

+
Pb2
j=1

Pb1
i=j+1(

0
(j+1)  

0
(j))

0

Remark 1.5 With only one pair of locally ordered breaks, Theorem B.1 involves the following

simpler expressions.
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For Case 1 (K1 < K2  K0
1 < K

0
2 ):

rlr2T (K1,K2,(j),(j))

= (1/2)
P2
j=1 tr((

0
(j))

1/2(0(j+1))
1(j)(

0
(j))

1/2(vT
PK0

j

t=Kj+1
t

0
t  In))

+(1/4)
P2
j=1 |v

2
T (Kj K

0
j )|tr((

0
(j+1))

1(j)(
0
(j+1))

1(j))

(1/2)(0(2)  
0
(1))

0(
PK0

1
t=K1+1

XTt(
0
(2))

1X 0
Tt)(

0
(2)  

0
(1))

+(1/2)(0(2)  
0
(1))

0(
PK0

2
t=K2+1

XTt(
0
(2))

1X 0
Tt)(

0
(2)  

0
(1))

(1/2)(0(2)  
0
(1))

0(
PK0

2
t=K2+1

XTt(
0
(3))

1X 0
Tt)(

0
(2)  

0
(1))

(1/2)(0(3)  
0
(2))

0(
PK0

2
t=K2+1

XTt(
0
(3))

1X 0
Tt)(

0
(3)  

0
(2))

(0(3)  
0
(2))

0(
PK0

2
t=K2+1
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For Case 2 (K0
1 < K

0
2  K1 < K2):
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For Case 3 (K1  K0
1 < K

0
2  K2):
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0
(1))

1/2(vT
PK0

1
t=K1+1

t
0
t  In))

+(1/4)|v2T (K1 K
0
1 )|tr((

0
(2))

1(1)(
0
(2))

1(1))

(1/2)tr((0(3))
1/2(0(2))

1(2)(
0
(3))

1(vT
PK2

t=K0
2+1

t
0
t  In))

(1/4)|v2T (K2 K
0
2 )|tr((

0
(2))

1(2)(
0
(2))

1(2))

(1/2)(0(2)  
0
(1))

0(
PK0

1
t=K1+1

XTt(
0
(2))

1X 0
Tt)(

0
(2)  

0
(1))

(1/2)(0(3)  
0
(2))

0(
PK0

2
t=K2+1

XTt(
0
(3))

1X 0
Tt)(

0
(3)  

0
(2))
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Proof of Theorem 1.4: We first consider a more detailed proof for the case with one pair

of locally ordered breaks (m = 2) and later outline the main changes for the more general case.

For Case 1 (K1 < K2  K0
1 < K

0
2 ), we have from the proof of Theorem 2:

(A.1) =
P2
j=1(Kj K

0
j )(log |(j)| log |(j+1)|)

=
P2
j=1(Kj K

0
j )(log |

0
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0
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0
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(B.1) = 
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We again expand each term of (B.1).
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Hence, rlr2T (K1,K2,,) = (1/2)((A.1) + (B.1)) consists of the following four parts, labelled I

through IV :
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t  

0
(j)))]

+(K0
j Kj)tr((
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For Case 2 (K0
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For Case 3 (K1  K0
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Proof of Theorem 1.4: Multiple breaks.
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1 < ... < K

0
m):

(B.1) = 
PK0

1
t=K1+1

(Yt X 0
Tt(1))

0((1))
1(Yt X 0

Tt(1)) (F.1)

+
Pm
j=2

PKj

t=Kj1+1
(Yt X 0

Tt(j))
0((j))

1(Yt X 0
Tt(j)) (F.2)


Pm
j=2

PK0
j

t=K0
j1+1

(Yt X 0
Tt(j))

0((j))
1(Yt X 0

Tt(j)) (F.3)

+
PK0

1
t=Km+1

(Yt X 0
Tt(m+1))

0((m+1))
1(Yt X 0

Tt(m+1)) (F.4)

+
Pm
j=2

PK0
j

t=K0
j1+1

(Yt X 0
Tt(m+1))

0((m+1))
1(Yt X 0

Tt(m+1)) (F.5)



 

 

54 

 

  

54

We consider the development of each term.
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Hence, rlr2T (K1,K2,,) = (1/2)((A.1) + (B.1)) contains four parts as follows:
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i=j+1(

0
(j+1)  

0
(j))

0(
Pj1
l=1

PKl

t=K0
l +1

XTt(
0
(l+1))

1X 0
Tt)(

0
(i+1)  

0
(i))
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
Pm1
j=1

Pm
i=j+1(

0
(j+1)  

0
(j))

0(
Pj
l=1

PKl

t=K0
l +1

XTt(
0
(l))

1X 0
Tt)(

0
(i+1)  

0
(i))


Pm
j=1(

0
(j+1)  

0
(j))

0Pj
l=1

PKl

t=K0
l +1

XTt(
0
(l))

1ut

+
Pm
j=2(

0
(j+1)  

0
(j))

0Pj1
l=1

PKl

t=K0
l +1

XTt(
0
(l+1))

1ut + op(1)

Case 3: K1 < ... < Kb  K0
1 < ... < K

0
m  Kb+1 < ... < Km, for some 1  b  m:

rlr2T (K1,...,Km,(j),(j))

= (1/2)
Pb
j=1 tr((

0
(j))

1/2(0(j+1))
1(j)(

0
(j))

1/2(vT
PK0

j

t=Kj+1
t

0
t  In))

(1/4)
Pb
j=1 |v

2
T (Kj K

0
j )|tr((

0
(j+1))

1(j)(
0
(j+1))

1(j))

(1/2)
Pm
j=b+1 tr((

0
(j+1))

1/2(0(j))
1(j)(

0
(j+1))

1/2(vT
PKj

t=K0
j+1

t
0
t  In))

(1/4)
Pm
j=b+1 |v

2
T (Kj K

0
j )|tr((

0
(j))

1(j)(
0
(j))

1(j))

(1/2)
Pb
j=1(

0
(j+1)  

0
(j))

0(
Pb
l=j

PK0
l

t=Kl+1
XTt(

0
(l+1))

1X 0
Tt)(

0
(j+1)  

0
(j))

+(1/2)
Pb1
j=1(

0
(j+1)  

0
(j))

0(
Pb
l=j+1

PK0
l

t=Kl+1
XTt(

0
(l))

1X 0
Tt)(

0
(j+1)  

0
(j))


Pb1
j=1

Pb
i=j+1(

0
(j+1)  

0
(j))

0(
Pb
l=i

PK0
l

t=Kl+1
XTt(

0
(l+1))

1X 0
Tt)(

0
(i+1)  

0
(i))

+
Pb2
j=1

Pb1
i=j+1(

0
(j+1)  

0
(j))

0(
Pb
l=i+1

PK0
l

t=Kl+1
XTt(

0
(l))

1X 0
Tt)(

0
(i+1)  

0
(i))

(1/2)
Pm
j=b+1(

0
(j+1)  

0
(j))

0(
Pj
l=b+1

PKl

t=K0
l +1

XTt(
0
(l))

1X 0
Tt)(

0
(j+1)  

0
(j))

+(1/2)
Pm
j=b+2(

0
(j+1)  

0
(j))

0(
Pj1
l=b+1

PKl

t=K0
l +1

XTt(
0
(l+1))

1X 0
Tt)(

0
(j+1)  

0
(j))


Pm1
j=b+1

Pm
i=j+1(

0
(j+1)  

0
(j))

0(
Pj
l=b+1

PKl

t=K0
l +1

XTt(
0
(l))

1X 0
Tt)(

0
(i+1)  

0
(i))

+
Pm1
j=b+2

Pm
i=j+1(

0
(j+1)  

0
(j))

0(
Pj1
l=b+1

PKl

t=K0
l +1

XTt(
0
(l+1))

1X 0
Tt)(

0
(i+1)  

0
(i))

+
Pb
j=1(

0
(j+1)  

0
(j))

0(
Pb
l=j

PK0
l

t=Kl+1
XTt(

0
(l+1))

1ut)

+
Pb1
j=1(

0
(j+1)  

0
(j))

0(
Pb
l=j+1

PK0
l

t=Kl+1
XTt(

0
(l))

1ut)


Pm
j=b+1(

0
(j+1)  

0
(j))

0(
Pj
l=b+1

PKl

t=K0
l +1

XTt(
0
(l))

1ut)

+
Pm
j=b+2(

0
(j+1)  

0
(j))

0(
Pj
l=b+1

PKl

t=K0
l +1

XTt(
0
(l+1))

1ut) + op(1)

Limit Distribution of the Locally Ordered Break Dates with Breaks in both Co-

e¢cients and Variance-covariance Matrix; m = 2.
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For Case 1 (K1 < K2  K0
1 < K

0
2 ), let A(j) = (

0
(j+1))

1(j), then using Lemma 1, we get

rlr2T (K1,K2,(j),(j))) H1
T (s1, s2)

= (1/2)
P2
j=1 tr(A(j)j(sj)) (1/4)

P2
j=1 |sj |tr(A

2
(j))

(1/2)|s1|[01S
0(Iq  (0(2))

1)(D(01) In)S1]

+(1/2)|s2|[01S
0(Iq  (0(2))

1)(D(02) In)S1

01S
0(Iq  (0(3))

1)(D(02) In)S1

02S
0(Iq  (0(3))

1)(D(02) In)S1]

|s2|[01S
0(Iq  (0(3))

1)(D(02) In)S]2

+[01S
0(Iq  (0(2))

1)(0(1))
1/2(01)]W1(s1)

+[02S
0(Iq  (0(3))

1)(0(2))
1/2(02) 

0
1S

0(Iq  (0(2))
1)(0(2))

1/2(02)

+01S
0(Iq  (0(3))

1)(0(2))
1/2(02)]W2(s2)

Note that

tr(A(j)j(sj)) = vec(A(j))
0vec(j(sj))

d
= vec(A(j))

0vec(A(j))Uj(sj)

for j = 1, 2, where  = E(vec((1))vec((1))0). Also let A = 01S
0(Iq  (0(2))

1)(0(1))
1/2(01),

B = 02S
0(Iq  (0(3))

1)(0(2))
1/2(02) 

0
1S

0(Iq  (0(2))
1)(0(2))

1/2(02)

+01S
0(Iq  (0(3))

1)(0(2))
1/2(02), then

AW1(s1)
d
= (A0A)1/2V1(s1)

BWs(ss)
d
= (B0B)1/2V2(s2)

where U1(·), U2(·), V1(·) and V2(·) are standard two-sided Brownian motions. The independence

implies

(1/2)tr(A(1)1(s1)) + 
0
1(3)(

0
1)W1(s1)

d
= [(1/4)vec(A(1))

0vec(A(1)) +A
0A]1/2B1(S1),

(1/2)tr(A(2)2(s2)) +BW2(s2)

d
= [(1/4)vec(A(2))

0vec(A(2)) +B
0B]1/2B2(s2)
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Then

H1(s1, s2) = [(1/4)vec(A(1))
0vec(A(1)) +A

0A]1/2B1(S1)

[(1/4)vec(A(2))
0vec(A(2)) +B

0B]1/2B2(s2)

(1/2)|s1|[(1/2)tr(A21) + 
0
1S

0(Iq  (0(2))
1)(D(01) In)S1]

(1/2)|s2|[(1/2)tr(A22) + 
0
1S

0(Iq  (0(2))
1)(D(02) In)S1

01S
0(Iq  (0(3))

1)(D(02) In)S1

02S
0(Iq  (0(3))

1)(D(02) In)S1]

|s2|[01S
0(Iq  (0(3))

1)(D(02) In)S]2

1 = (1/2)tr(A21) + 
0
1S

0(Iq  (0(2))
1)(D(01) In)S1

2 = (1/2)tr(A22) + 
0
1S

0(Iq  (0(2))
1)(D(02) In)S1

01S
0(Iq  (0(3))

1)(D(02) In)S1

02S
0(Iq  (0(3))

1)(D(02) In)S1]

12 = 01S
0(Iq  (0(3))

1)(D(02) In)S2

1 = (1/4)vec(A(1))
0vec(A(1)) +A

0A

2 = (1/4)vec(A(2))
0vec(A(2)) +B

0B

Let s1 = bv1, s2 = bv2 and b = 1/21, then

1v
2
T (K̂1 K

0
1 , K̂2 K

0
2 )) arg max

v1v20
H1(v1, v2)

where

H1(v1, v2) = (1/2)|v1| (1/2)|v2|
2
1

 |v2|
12
1

+(
1
1
)1/2B1(v1) + (

2
1
)1/2B2(v2)

For Case 2 (K0
1 < K

0
2  K1 < K2),

let A = 01S
0(Iq  (0(1))

1)(0(1))
1/2(01) + 

0
2S

0(Iq  (0(1))
1)(0(1))

1/2(01)

01S0(Iq  (0(2))
1)(0(1))

1/2(01),
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B = 02S
0(Iq  (0(2))

1)(0(3))
1/2(02),

1 = (1/2)tr(A21) + 
0
1S

0(Iq  (0(1))
1)(D(01) In)S1

+02S
0(Iq  (0(1))

1)(D(01) In)S2

02S
0(Iq  (0(2))

1)(D(01) In)S2]

2 = (1/2)tr(A22)

+02S
0(Iq  (0(2))

1)(D(02) In)S2

12 = 01S
0(Iq  (0(1))

1)(D(01) In)S2

1 = (1/4)vec(A(1))
0vec(A(1)) +A

0A

2 = (1/4)vec(A(2))
0vec(A(2)) +B

0B

Then

1v
2
T (K̂1 K

0
1 , K̂2 K

0
2 )) arg max

0v1v2
H2(v1, v2)

where

H3(v1, v2) = (1/2)|v1| (1/2)|v2|
2
1

 |v1|
12
1

(
1
1
)1/2B1(v1) (

2
1
)1/2B2(v2).

For Case 3 (K1  K0
1 < K

0
2  K2), let A = 

0
1S

0(Iq  (0(2))
1)(0(1))

1/2(01),

B = 02S
0(Iq  (0(2))

1)(0(3))
1/2(02),

1 = (1/2)tr(A21) + 
0
1S

0(Iq  (0(2))
1)(D(01) In)S1

2 = (1/2)tr(A22) + 
0
2S

0(Iq  (0(3))
1)(D(02) In)S2

12 = 01S
0(Iq  (0(1))

1)(D(01) In)S2

1 = (1/4)vec(A(1))
0vec(A(1)) +A

0A

2 = (1/4)vec(A(2))
0vec(A(2)) +B

0B

then

1v
2
T (K̂1 K

0
1 , K̂2 K

0
2 )) arg max

v1<0,v2>0
H3(v1, v2)
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where

H2(v1, v2) = (1/2)|v1| (1/2)|v2|
2
1

+(
1
1
)1/2B1(v1) (

2
1
)1/2B2(v2)

In summary:

Theorem 1.5 Under Assumptions A1-A9, with two locally ordered breaks in 0 and/or 0, we
have:

1v
2
T (K̂1 K

0
1 , K̂2 K

0
2 )) arg max

v1v2
H(v1, v2)

where H(v1, v2) = 0 if v1 = v2 = 0, and for Case 1 with v1  v2  0: H(v1, v2) = H1(v1, v2);

for Case 2 with 0  v1  v2: H(v1, v2) = H2(v1, v2) and for Case 3 with v1 < 0 and v2 > 0:

H(v1, v2) = H
3(v1, v2).

Limit Distribution of the Locally Ordered Break Dates with Breaks in both Coe¢-

cients and Variance-covariance Matrix; arbitrary number of breaks.

For this most general case, we present only the main results. The derivations are similar as

for simpler case, though much more tedious.

Case 1: K1 < ... < Km  K0
1 < ... < K

0
m. We have

rlr2T (K1,...,Km,(j),(j))) H1
T (s1, · · · , sm)

= (1/2)
Pm
j=1 tr(A(j)j(sj)) (1/4)

Pm
j=1 |sj |tr(A

2
(j))

(1/2)
Pm
j=1 

0
j(
Pm
l=j |sl|S

0(Iq  (0(l+1))
1)(D(0l ) In)S)j

+(1/2)
Pm
j=1 

0
j(
Pm
l=j+1 |sl|S

0(Iq  (0(l))
1)(D(0l ) In)S)j


Pm1
j=1

Pm
i=j+1 

0
j

Pm
l=i |sl|S

0(Iq  (0(l+1))
1)(D(0l ) In)S)i

Let

Qj+1(
0
j ) = S0(Iq  (0(j+1))

1)(D(0j ) In)S),

Qj(
0
j ) = S0(Iq  (0(j))

1)(D(0j ) In)S)

j+1(
0
j ) = S0(Iq  (0(j+1))

1)(0(j))
1/2

j(
0
j ) = S0(Iq  (0(j))

1)(0(j))
1/2
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Then

H1
T (s1, · · · , sm) = (1/2)

Pm
j=1 tr(A(j)j(sj))

(1/4)
Pm
j=1 |sj |tr(A

2
(j))

(1/2)
Pm
j=1 |sj |(

Pj
l=1 

0
lQj+1(

0
j )l

+(1/2)
Pm
j=2 |sj |

Pj1
l=1 

0
lQj(

0
j )l


Pm
j=2 |sj |(

Pj1
l=1

Pj
i=l+1 

0
lQj+1(

0
j )i

+
Pm
j=3 |sj |(

Pj1
l=1

Pj
i=l+1 

0
lQj(

0
j )l

+
Pm
j=1(

Pj
l=1 

0
lj+1(

0
j )Wj(sj)

+
Pm
j=2(

Pj1
l=1 

0
lj(

0
j )Wj(sj)

= (1/2)|s1|((1/2)tr(A2(1)) + 
0
1Q2(

0
1)1)

|s2|01Q3(
0
2)2  (1/2)

Pm
j=2 |sj |[(1/2)tr(A

2
(j))

+
Pj
l=1 

0
lQj+1(

0
j )l 

Pj1
l=1 

0
lQj(

0
j )l]


Pm
j=3 |sj |[

Pj1
l=1

Pj
i=l+1 

0
lQj+1(

0
j )i


Pj2
l=1

Pj1
i=l+1 

0
lQj(

0
j )i]

+(1/2)tr(A(1)1(s1)) + 
0
11(

0
1)W1(s1)

+(1/2)
Pm
j=2[tr(A(j)j(sj))

+(
Pj
l=1 

0
lj+1(

0
j ) +

Pj1
l=1 

0
lj(

0
j ))Wj(sj)]

Applying similar arguments as before, let

1 = (1/2)tr(A2(1)) + 
0
1Q2(

0
1)1,

1 = (1/4)vec(A(1))
0vec(A(1)) + 

0
11(

0
1)1(

0
1)
01,

then we have

1v
2
T (K̂1 K

0
1 , ..., K̂m K

0
m)) arg max

v1...vm0
H1(v1,..., vm)
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with

H1(v1,..., vm)

= (1/2)|v1|+ (
1
1
)1/2B1(v1)

1

1
|v2|01Q3(

0
2)2

(1/2)
1

1

Pm
j=2 |vj |[(1/2)tr(A

2
(j))

+
Pj
l=1 

0
lQj+1(

0
j )l 

Pj1
l=1 

0
lQj(

0
j )l]


1

1

Pm
j=3 |vj |[

Pj1
l=1

Pj
i=l+1 

0
lQj+1(

0
j )i


Pj2
l=1

Pj1
i=l+1 

0
lQj(

0
j )i]

+
Pm
j=2(

1

1
)1/2[(1/4)vec(A(j))

0vec(A(j))

+(
Pj
l=1 

0
lj+1(

0
j ) +

Pj1
l=1 

0
lj(

0
j ))

0

(
Pj
l=1 

0
lj+1(

0
j ) +

Pj1
l=1 

0
lj(

0
j ))]

1/2Bj(vj)

Using similar arguments, we obtain the following for

Case 2 (K0
1 < ... < K

0
m  K1 < ... < Km).

Let 1 = ((1/2)tr(A21) +
Pm
l=1 

0
lQj(

0
1)l 

Pm
l=2 

0
lQj+1(

0
1)l,

1 = (1/4)vec(A1)
0vec(A1) + (

Pm
l=1 

0
lj+1(

0
1)

Pjm
l=2 

0
lj+1(

0
1))

(
Pm
l=1 

0
lj+1(

0
1)

Pjm
l=2 

0
lj+1(

0
1))

0, then

1v
2
T (K̂1 K

0
1 , ..., K̂m K

0
m)) arg max

0v1...vm
H2(v1,..., vm)

where

H2(v1,..., vm) = (1/2)|v1| (
1
1
)1/2B1(v1)

(
1

1
)1/2[(1/4)vec(A(m))

0vec(A(m))

+0mm(
0
m)m(

0
m)

0m]
1/2Bm(vm)

(1/2)
1

1

Pm1
j=2 |vj |[(1/2)tr(A

2
(j))

+
Pm
l=j 

0
lQj(

0
j )l 

Pm
l=j+1 

0
lQj+1(

0
j )l]

(1/2)
1

1
|vm|[(1/2)tr(A2(m)) + 

0
mQm(

0
m)m]

|vm1|
1

1
[0m1Qm1(

0
m1)m]
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
1

1

Pm2
j=1 |vj |[

Pm1
l=j

Pm
i=j+1 

0
lQj(

0
j )i


Pm1
l=j+1

Pm
i=j+1 

0
lQj+1(

0
j )i]


Pm1
j=2 (

1

1
)1/2[(1/4)vec(A(j))

0vec(A(j))(
Pm
l=j 

0
lj(

0
j )


Pm
l=j+1 

0
lj+1(

0
j ))

(
Pm
l=j 

0
lj(

0
j )

Pm
l=j+1 

0
lj+1(

0
j ))

0]1/2Bj(vj)

Case 3 (K1 < ... < Kb  K0
1  ...  K

0
m  Kb+1 < ... < Km, for some 1  b  m). Let

1 = (1/2)tr(A21) + 
0
1Q2(

0
1)1,

1 = (1/4)vec(A1)
0vec(A1) + 

0
11(

0
1)

0
1(

0
1)1.

Then

1v
2
T (K̂1 K

0
1 , ..., K̂m K

0
m)) arg max

v1...vb0vb+1...vm
H3(v1,..., vm)

where

H3(v1,..., vm) = (1/2)|v1|+B1(v1) |s2|
1

1
01Q3(

0
1)2

(1/2)
1

1

Pb
j=2 |vj |[

1

2
tr(A2(j))

+
Pj
l=1 

0
lQj+1(

0
j )l 

Pj1
l=1 

0
lQj(

0
j )l]


1

1

Pb
j=3 |vj |(

Pj1
l=1

Pj
i=l+1 

0
lQj+1(

0
j )i


Pj2
l=1

Pj1
i=l+1 

0
lQj(

0
j )i)

+
Pb
j=2(

1

1
)1/2[(1/4)vec(A(j))

0vec(A(j))

+(
Pj
l=1 

0
lj+1(

0
j )

+
Pj1
l=1 

0
lj(

0
j ))(

Pj
l=1 

0
lj+1(

0
j )

+
Pj1
l=1 

0
lj(

0
j ))

0]1/2Bj(vj)

(1/2)
1

1

Pm1
j=b+1 |vj |[(1/2)tr(A

2
(j))

+
Pm
l=j 

0
lQj(

0
j )l 

Pm
l=j+1 

0
lQj+1(

0
j )l]
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
Pm1
j=b+1(

1

1
)1/2[(1/4)vec(A(j))

1vec(A(j))

+(
Pm
l=j 

0
lj(

0
j )

Pm
l=j+1 

0
lj+1(

0
j ))(

Pm
l=j 

0
lj(

0
j )


Pm
l=j+1 

0
lj+1(

0
j ))

0]1/2Bj(vj)

(
1

1
)1/2[(1/4)vec(A(m))

0vec(A(m))

+0mm(
0
j )m(

0
j )
0m]

1/2Bm(vm)

(1/2)
1

1
|vm|[(1/2)tr(A2(m)) + 

0
mQm(

0
j )m]


1

1
|vm1|0m1Qm1(

0
j )m


1

1

Pm2
j=b+1 |vj |[

Pm1
l=j

Pm
i=j+1 

0
lQj(

0
j )i


Pm1
l=j+1

Pm
i=j+1 

0
lQj+1(

0
j )i]

In summary:

Theorem 1.6 Under Assumptions A1-A9, with m locally ordered breaks in 0 and/or 0:

1v
2
T (K̂1 K

0
1 , ..., K̂m K

0
m)) arg max

v1...vm
H(v1, ..., vm)

where H(v1, ..., vm) = 0 if v1 = ... = vm = 0, and for Case 1 with v1  ...  vm  0:

H(v1, ..., vm) = H
1(v1, ..., vm); for Case 2 with 0  v1  ...  vm: H(v1, ..., vm) = H2(v1, ..., vm)

and for Case 3 with v1  ...  vb  0  vb+1  ...  vm: H(v1, ..., vm) = H3(v1, ..., vm).

Remark 1.6 Under shrinking magnitudes of shifts, 0(j) ! 0 as T ! 1, for j = 1, ...,m + 1.
Hence, 0(j) could be replaced by 

0. However, using the results with 0(j) is likely to provide better

approximations.
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Chapter 2

Inference Related to Locally Ordered and Common

Breaks in a Multivariate System with Joined

Segmented Trends1

2.1 Introduction

Issues related to structural breaks have received a lot of attention in the statistics and econometrics

literature (see Perron, 2006, for a survey). Substantial advances have been made to cover general

models in the context of estimating and testing structural breaks in both single and multiple

equations systems. In the single equation case, Bai (1997) studies the least squares estimation of

a single change point in regressions involving stationary and/or trending regressors. He derives

the consistency, rate of convergence and the limiting distributions of change point estimates under

general conditions on the regressors and the errors. Bai and Perron (1998) extend the testing and

estimation analysis to the case of multiple structure changes, while Bai and Perron (2003) present

an e¢cient algorithm to obtain the break date estimates as the global minimizers of the overall

sum of squared residuals.

Much of the work in the literature concentrated on the case where the regressors and errors

are stationary. Nevertheless, issues related to structural changes are also important in the context

of trending regressors and non-stationary time series. Perron and Zhu (2005) consider a linear

trend function subject to a one-time change in the parameters. They analyze the consistency, rate

of convergence and limiting distributions of the parameters with errors that can be stationary or

have an autoregressive unit root. They consider three di§erent models: a “joint broken trend”,

a “local disjoint broken trend” and a “global disjoint broken trend”. They show that each case

involves di§erent asymptotic results, in particular pertaining to the rate of convergence and the

asymptotic distribution of the estimates of the break dates. The model we consider in this paper

1This chapter is joint work with Professor Pierre Perron
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is the “joint broken trend” model, whereby the slope of the trend changes and the series is joined

at the time of the break.

Advances have also been made for structural change problems in the context of a multiple

equations system. Bai, Lumsdaine and Stock (1998) develop methods to construct a confidence

interval for the estimate of a single break date in multivariate system, assuming a priori the

break date to be common across all equations. Bai (2000) analyses multiple structural changes

in both the regression coe¢cients and the variance-covariance matrix in vector autoregressive

models. Qu and Perron (2007) provide a comprehensive treatment of issues related to estimation,

inference and computation with multiple structural changes that occur at unknown dates in linear

multivariate regression models, including VAR, certain linear panel data models, and seemingly

unrelated regression. They also introduce a novel structure labelled as “locally ordered breaks”.

These occur when one has prior knowledge of which coe¢cient is subject to the first break and

when the subsequent break date is local in the sense that the distance is not a positive fraction

of the sample size (and can even be a fixed small number), as usually assumed in the structural

change literature. They provide appropriate methods for estimation, inference and testing for

such locally ordered breaks in the context of a bivariate system with stationary regressors. As

for testing in a multivariate system, Oka and Perron (2011) provide a general framework to test

for common breaks across or within equations in a multivariate system with stationary, trending

and/or unit root regressors. The null hypothesis is that some subsets of the regressors share some

common breaks, with the break dates separated by a positive fraction of the sample size, while the

alternative hypothesis is that the break dates are not the same and need not to be asymptotically

distinct. Li and Perron (2012), building on the work of Oka and Perron (2001), extend the analysis

of locally ordered breaks to cover systems with stationary, trending and/or unit root regressors.

A problem with the analysis of Oka and Perron (2011) and Li and Perron (2012) is that,

while trends are permitted, the trend function cannot be restricted to be joined at the time

of the break. Such breaking trends are very relevant in practice as evidenced by many series

in macroeconomics, finance and even climate change (e.g., Estrada, Perron and Martinez, 2013).

The latter case is indeed the motivation behind this paper as global and hemispheric temperatures

as well as radiative forcings (e.g., greenhouse gases) are well approximated by a linear trend with

a one-time change in slope near 1955 with the noise component being stationary. As shown in
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Perron and Zhu (2005), the limit results with joined segmented trends are very di§erent from

locally or globally disjoined trends. Hence, the need for a separate treatment. The aim of this

paper is to provide the relevant results to test for common breaks in a bivariate system of trending

series, as in Oka and Perron (2011), as well as to extend the results of Qu and Perron (2007) and

Li and Perron (2012) for the analysis of locally ordered breaks in such systems.

The structure of this paper is as follows. Section 2 presents the model and results about the

test for common breaks. Section 3 discusses inference about locally ordered break dates. Section

4 provides some simulation results to assess the adequacy of the limit distributions in providing

useful approximations in finite sample. Section 5 o§ers brief concluding remarks and technical

derivations are contained in an appendix.

2.2 Testing Common Breaks

We adopt a framework similar to that of Perron and Zhu (2005), extended to have multiple breaks

and considering a bivariate system. Each variable is represented by a linear trend with multiple

changes in slope such that the trend function is joined at each break date. There are m1 breaks

in the trend of the first variable and m2 breaks for the second variable. More specifically, the

bivariate system is, for t = 1, ..., T , with T the sample size:

y1t = µ01 + 
0
1t+

Pm1
j1=1

01j11(t > K
0
1j1)(tK

0
1j1) + u1t

y2t = µ02 + 
0
2t+

Pm2
j2=1

02j21(t > K
0
2j2)(tK

0
2j2) + u2t

where K0
1j1
(j1 = 1, ...,m1) are the break dates for the changes (with magnitudes 01j1) in the trend

of the first variable and K0
2j2

(j2 = 1, ...,m2) are break dates for the changes (with magnitudes

02j2) in the trend of the second variable. In matrix form, we have, with yt = (y1t, y2t)
0 and

Ut = (u1t, u2t)
0,

yt = X
00
t 

0 + Ut
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with

X00
t =

2

41 t 1(t > K0
11)(tK

0
11) · · · 1(t > K0

1m1
)(tK0

1m1
)

0 · · · 0

3

5

...

2

40 · · · 0

1 t 1(t > K0
11)(tK

0
11) · · · 1(t > K0

2m2
)(tK0

2m2
)

3

5

and

00 =
h
µ01 01 011 · · · 01m1

µ02 02 021 · · · 02m2

i
.

It is assumed that Ut has mean 0 and covariance matrix 0 and long-run covariance 0, i.e.,

limT!1E(T
1PT

t=1 UtU
0
t) = 

0.

For the bivariate system, it is assumed that there are m breaks, denoted by T 01 , ..., T
0
m. We

are interested in testing whether a break date for one variable is common to one for the other

variable. Hence, the null and alternative hypotheses are:

H0 : K0
1l1 = K

0
2l2 = T

0
l

H1 : K0
1l1 6= K

0
2l2

for some l1 and l2. We consider testing only for a single common break date, allowing the

possibility of other common breaks which are, however, not the object of testing. The analysis

could be extended to cover the more general case of testing for multiple common breaks. We do

not pursue this extension here as the case of more practical interest is that for which there is a

single common break.

To make the notation clear consider the following simple example. There are 4 breaks i.n the

first equation and 2 breaks in the second equation. The order of the break dates are as follows:

the first equation has the first break at K0
11, the second break is common to both equations, so

that K0
12 = K

0
21. The next break is in the first equation at K

0
13 followed by a break in the second

equation at K0
22. The last break is in the first equation at K

0
14. Hence, there are 5 breaks in

total given by T 01 = K
0
11, T

0
2 = K

0
12 = K

0
21, T

0
3 = K

0
13, T

0
4 = K

0
22 and T

0
5 = K

0
14. In this example,

m = m1 +m2  1.

The estimation method we consider is Quasi-Maximum Likelihood assuming serially uncorre-

lated Gaussian errors. We define the sets K0
1 = {K

0
11, ...,K

0
1m1

} and K0
2 = {K

0
21, ...,K

0
2m2

}. Also
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0 = {T 01 , ..., T
0
m} is the set of true break dates for the bivariate system. The candidate break

dates for the two equations are K1 = {K11, ...,K1m1} and K2 = {K21, ...,K2m2}. Under H0, the

set of candidate break dates are

 = {T1, ..., Tm;K1l1 = K2l2 for some l1 and l2},

while under H1 the set is unrestricted.

LetdLRT be the likelihood ratio under H1,gLRT be the likelihood ratio under H0, blrT be the

log-likelihood ratio under H1 and elrT be the log-likelihood ratio under H0. Also, eXt denotes the

regressor matrix and (e, e) the estimates of the coe¢cients and the variance-covariance matrix

under H0. Under H1 we use the notation bXt and (b, b). Then,

dLRT =

QT
t=1 f(Yt| bXt,b, b)QT
t=1 f(Yt|X

0
t , 

0,0)

gLRT =

QT
t=1 f(Yt| eXt,e, e)QT
t=1 f(Yt|X

0
t , 

0,0)

and

blrT =
PT
t=1 log f(Yt| bXt,b, b)

PT
t=1 log f(Yt|X

0
t , 

0,0)

elrT =
PT
t=1 log f(Yt| eXt,e, e)

PT
t=1 log f(Yt|X

0
t , 

0,0)

The test statistic is the likelihood ratio test that compares the values of the likelihood function

under the null hypothesis of a common break date and the alternative hypothesis of distinct break

dates. It is defined as:

CBT = max
T1,...,Tm

blrT ( bXt,b, b) max
T1,...,Tm2

elrT ( eXt,e, e)

2.2.1 Theoretical Results

We now consider the limit distribution of the test statistic for common breaks. We first state the

assumptions needed to obtain the required results.

Assumption 2.1 0 < 01 < ... < 
0
m < 1, with T

0
j = [T

0
j ].

Assumption 2.2 01j1 6= 0 and 
0
2j2 6= 0 for j1 = 1, ...,m1 and j2 = 1, ...,m2.

Assumption 2.3 Let Ft = field {· · · , ut2, ut1}. If ut is weakly stationary within each

segment, then (a) {ut,Ft} forms a strongly mixing (-mixing) sequence with size 4r/(r 2) for
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some 2 < r < 8. (b) E(ut) = 0 and supt ||ut||2r+ < M < 1 for some  > 0 and M > 0, (c) let

Sk,j(l) =
PK0

j1+l+k

K0
j1+l+1

ut, j = 1, ...,m + 1, for each e 2 Rn of length 1, var(< e, Sk,j(0) >) > v(k)
for some function v(k) ! 1 as k ! 1 (with <·>, the usual inner product). If ut is not

weakly stationary within each segment, we assume that (a)-(c) holds, and in addition, that there

exists a positive definite matrix  = [wi,s] such that for any i, s = 1, ..., p, we have, uniformly

in l, |k1E((Sk,j(l))i (Sk,j(l))s)  wi,s|  C2k
 , for some C2, > 0. It is also assumed that

{utu0t  0} satisfies the conditions stated in this assumption.

Assumptions 1 and 2 are standard and simply state that the break dates are asymptotically

distinct (i.e., each regime increases proportionally with the sample size T ) and the changes in the

parameters are non-zero at the break dates. Assumption A3 determines the dependence structure

of the processes ut. In particular, they imply that ut are short memory processes having bounded

fourth moments. The assumptions are imposed to obtain a functional central limit theorem, a

generalized Hajek and Renyi (1955) type inequality and a strong law of large numbers that allow

us to show the estimates of the break dates are consistent and to derive the rate of convergence.

The conditions are mild in the sense that they allow for substantial conditional heteroskedasticity

and autocorrelation. They are the same as those in Oka and Perron (2011) and Li and Perron

(2012), so that we can use some of their results for trending series. Note, in particular, that under

assumption A3, we have for t = (
0)1/2ut,

T1/2
PT 0j
t=1 t ) W (0j ) = (W1(

0
j ),W2(

0
j ))

0

= (0)1/2(0)1/2W (0j ) = (W

1 (

0
j ),W


2 (

0
j ))

0

where W (·) is a bivariate vector of Weiner process with vovariance matrix (0)10, W (·) is a

bivariate vector of independent Wiener processes and “)” denotes weak convergence under the

Skorohod topology.

We start with some preliminary results about the rate of convergence of the various estimates,

whose proofs follow the developments in Perron and Zhu (2005), hence details are omitted.

Proposition 2.1 a) (Rate of Convergence Under H1) Under Assumptions 1-3 and as-
suming the break dates not to be common, the following quantities are all Op(1):

p
T (T̂i  T 0i )

(i = 1, ...,m),
p
T (µ̂i  µ0i ) (i = 1, 2), T

3/2(̂i  0i ) (i = 1, 2), T
3/2(̂1j1  01j1) (j1 = 1, ...,m1),

T 3/2(̂2j2  02j2) (j2 = 1, ...,m2); b) (Rate of Convergence Under H0) Under Assumptions
1-3 and assuming the break dates to be common, the same results hold for the restricted estimates

defined with a “”instead of a “ˆ”.
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The results in Proposition 1 allow us to analyze the properties of the common break test

statistic under the following compact sets:

C
(1)
M = {µ̃i, ̃i, ̃i, T̃i :

p
T (µ̃i  µ

0
i ) M,T

3/2(̃i  
0
i ) M

T 3/2(̃ij  0ij) M,
p
T (T̃i  T 0i ) M}

and

C
(2)
M = {µ̂i, ̂i, ̂i, T̂i :

p
T (µ̂i  µ

0
i ) M,T

3/2(̂i  
0
i ) M

T 3/2(̂ij  0ij) M,
p
T (T̂i  T 0i ) M}.

Then, within the sets C(1)M and C(2)M , the common break test statistic is:

CBT = max
T1,...,Tm

blr
2

T (X̂t, 
0,0) max

T1,...,Tm2
elr
2

T (X̃t, 
0,0)

with

blr
2

T (X̂t, 
0,0) = 

1

2
[
PT
t=1 

00(X0
t  X̂t)(

0)1(X0
t  X̂t)

00

+2
PT
t=1 

00(X0
t  X̂t)(

0)1Ut]

and

elr
2

T (X̃t, 
0,0) = 

1

2
[
PT
t=1 

00(X0
t  X̃t)(

0)1(X0
t  X̃t)

00

+2
PT
t=1 

00(X0
t  X̃t)(

0)1Ut]

The limit distribution of the test statistic is stated in the following Theorem proved in the ap-

pendix.

Theorem 2.1 Under the Assumptions 1-3, we have:

CBT ) max
s1,s2

Ĥ(s1, s2) max
s1,s2 with s1l1=s2l2

H̃(s1, s2)
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with

Ĥ(s1, s2) = max
s1,s2

(1/2)[2(
Pl
j=1 tr((

0)1/2Â1)

+
Pm+1
j=l+1 tr((

0)1/2Â2))

+
Pl
j=1 tr(B̂1)+

Pm+1
j=l+1 tr(B̂2))]

where s1 = (s11, ..., s1m1) and s2 = (s21, ..., s2m2). Also,

H̃(s1, s2) = (1/2)[2
Pm+1
j=1 tr((

0)1Ã

+
Pm+1
j=1 (

0
j  

0
j1)tr((

0)1(0)1/2B̃)]

Also, the elements of the 2 2 matrices Ã, B̃, Â1, Â2, B̂1 and B̂2 are defined by:

Ã(1, 1) = (
Pj11
i1=1

01i1s1i1)
2

Ã(1, 2) = eA(2, 1) = (
Pj11
i1=1

01i1s1i1)(
Pj21
i2=1

02i2s2i2)

Ã(2, 2) = (
Pj21
i2=1

02i2s2i2)
2

B̃(1, 1) = (
Pj11
i1=1

01i1s1i1)(W

1(

0
j )W


1(

0
j1))

B̃(1, 2) = (
Pj21
i2=1

02i2s2i2)(W

1(

0
j )W


1(

0
j1))

B̃(2, 1) = (
Pj11
i1=1

01i1s1i1)(W

2(

0
j )W


2(

0
j1))

B̃(2, 2) = (
Pj21
i2=1

02i2s2i2)(W

2(

0
j )W


2(

0
j1))

Â1(1, 1) = (
Pl11
i1=1

01i1s1i1)(W

1(

0
j )W


1(

0
j1))

Â1(1, 2) = (
Pl21
i2=1

02i2s2i2)(W

1(

0
j )W


1(

0
j1))

Â1(2, 1) = (
Pl11
i1=1

01i1s1i1)(W

2(

0
j )W


2(

0
j1))

Â1(2, 2) = (
Pl21
i2=1

02i2s2i2)(W

2(

0
j )W


2(

0
j1))

Â2(1, 1) = (
Pl11
i1=1

01i1s1i1 + 
0
1l1s1l1

+
Pj11
i1=l1+1

01i1s1i1)(W

1 (

0
j )W


1 (

0
j1))

Â2(1, 2) = (
Pl21
i2=1

02i2s2i2 + 
0
2l2s2l2

+
Pj21
i2=l2+1

02i2s2i2)(W

1 (

0
j )W


1 (

0
j1))

Â2(2, 1) = (
Pl11
i1=1

01i1s1i1 + 
0
1l1s1l1

+
Pj11
i1=l1+1

01i1s1i1)(W

2 (

0
j )W


2 (

0
j1))

Â2(2, 2) = (
Pl21
i2=1

02i2s2i2 + 
0
2l2s2l2

+
Pj21
i2=l2+1

02i2s2i2)(W

2 (

0
j )W


2 (

0
j1))
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B̂1(1, 1) = (0j  
0
j1)(

Pl11
i1=1

01i1s1i1)
2

B̂1(1, 2) = (0j  
0
j1)(

Pl11
i1=1

01i1s1i1)(
Pl21
i2=1

02i2s2i2)

B̂1(2, 1) = (0j  
0
j1)(

Pl11
i1=1

01i1s1i1)(
Pl21
i2=1

02i2s2i2)

B̂1(2, 2) = (0j  
0
j1)(

Pl21
i2=1

02i2s2i2)
2

B̂2(1, 1) = (0j  
0
j1)(

Pl11
i1=1

01i1s1i1

+01l1s1l1 +
Pj11
i1=l1+1

01i1s1i1)

B̂2(1, 2) = bB2(2, 1)

= (0j  
0
j1)(

Pl11
i1=1

01i1s1i1

+01l1s1l1 +
Pj11
i1=l1+1

01i1s1i1)

(
Pl21
i2=1

01i2s1i2 + 
0
2l2s2l2

+
Pj21
i2=l2+1

02i2s2i2)

B̂2(2, 2) = (0j  
0
j1)(

Pl21
i2=1

02i2s2i2

+02l2s2l2 +
Pj21
i2=l2+1

02i2s2i2)
2

Remark 2.1 In the leading case of interest when testing for one common break in two equations,
we have the DGP:

y1t = µ01 + 
0
1t+ 

0
11(t > K0

1 )(tK
0
1 ) + u1t

y2t = µ02 + 
0
2t+ 

0
21(t > K0

2 )(tK
0
2 ) + u2t

and we are interested in testing:

H0 : K0
1 = K

0
2 = T

0
1

H1 : K0
1 6= K

0
2

The limit distributin of the test statitic reduces to:

CBT ) argmax
s1,s2

Ĥ(s1, s2) argmax
s1
H̃(s1)

= argmax
s1,s2

[tr((0)1/2

 
01s1(W


1 (1)W


1 (

0)) 02s2(W

1 (1)W


1 (

0))

01s1(W

2 (1)W


2 (

0)) 02s2(W

2 (1)W


2 (

0))

!
)


1 0

2
tr(

 
021 s

2
1 01

0
2s1s2

01
0
2s1s2 022 s

2
2

!
)]
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 argmax
s1
[tr((0)1/2

 
01s1(W


1 (1)W


1 (

0)) 02s1(W

1 (1)W


1 (

0))

01s1(W

2 (1)W


2 (

0)) 02s1(W

2 (1)W


2 (

0))

!
)


1 0

2
tr(

 
021 s

2
1 01

0
2s
2
1

01
0
2s
2
1 022 s

2
1

!
)]

2.3 Inference about Locally Ordered Breaks

We now consider the problem of forming a confidence interval for a pair of locally ordered breaks

for changes in the slope of a trend function joined at the time of the break. Again, we consider

a bivariate system with a single break in each equation. We also omit other possible breaks that

are not locally ordered since confidence intervals for these can be constructed in the usual manner

(see, Qu and Perron, 2007, and Li and Perron, 2012). Accordingly, the model is:

y1t = µ01 + 
0
1t+ 

0
11(t > K0

1 )(tK
0
1 ) + u1t

y2t = µ02 + 
0
2t+ 

0
21(t > K0

2 )(tK
0
2 ) + u2t

Again, Ut = (u1t, u2t) has mean 0, variance 0, long-run variance 0 and satisfies Assumption

A3.

Definition 2.1 Locally Ordered Breaks (LOB): Let vT be a sequence of positive numbers that
satisfies vT ! 0 and T 1/2vT /(log2 T )!1. K0

1 and K
0
2 are said to be locally ordered if K

0
1 6 K0

2 ,

and v2T (K
0
2 K

0
1 ) 6MT with MT ! 0 as T !1.

Remark 2.2 The condition v2T (K
0
2 K

0
1 ) 6 MT with MT ! 0 implies that (K0

2 K
0
1 )/T ! 0.

Hence, asymptotically the distance between the break dates becomes a negligible portion of the

sample size. If limT!1(K0
2 K

0
1 )/T > 0, then the two break dates are asymptotically distinct and

the usual asymptotic distribution theory applies.

The method of estimation considered is restricted quasi-maximum likelihood that assumes se-

rially uncorrelated Gaussian errors. Conditional on a given partition of the sample K = (K1,K2),

the Gaussian quasi-likelihood function is

LT (K,,) =
QT
t=1 f(yt|Xt; ,)

f(yt|Xt; ,) =
1

(2)1/2||1/2
exp{

1

2
(yt X 0

t)
01(yt X 0

t)}
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and the quasi-likelihood ratio is

LRT (K,,) =

QT
t=1 f(yt|Xt; ,)QT
t=1 f(yt|Xt; 

0,0)
.

We wish to obtain the values of (K1,K2,, ,),which maximizes LRT subject to restrictions

g(0, vec(0)) = 0, if applicable. Let lrT (·) denote the log-likelihood ratio and rlrT (·) the re-

stricted log-likelihood ratio, the objective function is then

rlrT (K,,) = lrT (K, ,) + 
0g(0, vec(0))

and the estimates are

(K̂, ̂, ̂) = arg max
(K1,K2,,)

rlrT (K, ,).

The supremum with respect to (K1,K2) is taken over a restricted set of partitions k". For a

small number " > 0, k" = {(K1,K2) : K1  [T ],K2  K1 > h, T  K2  [T ]}, where h is at

least as large as the number of parameters to be estimated in each regime. We do not impose

the restriction that the number of observations in a single regime increases as the sample size

increases, as is common when dealing with non-local break dates.

2.3.1 Theoretical Results

We again start with some preliminary results about the rate of convergence of the estimates.

Throughout, we assume that 01 and 
0
2 are non-zero and that Assumption 3 holds.

Proposition 2.2 Under the stated conditions, the following quantities are Op(1):
p
T (K̂1K0

1 ),p
T (K̂2K0

2 ),
p
T (µ̂1µ01),

p
T (µ̂2µ02), T

3/2(̂1
0
1), T

3/2(̂2
0
2), T

3/2(̂101), T 3/2(̂2
0
2).

The results follow using arguments similar to those in Perron and Zhu (2005), hence details

are omitted. Given the rates of convergence, we can analyze the likelihood function under the

compact set

CM = {µi,i, i,Ki :
p
T (µi  µ

0
i ) M,T

3/2(i  
0
i ) M

T 3/2(i  0i ) M,
p
T (Ki K0

i ) M}
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The log-likelihood function is given by:

lrT = 
T

2
[log || log |0|]


1

2
[
PT
t=1[(Yt X

00
t )

01(Yt X00
t )


PT
t=1(Yt X

00
t 

0)01(Yt X00
t 

0)]


1

2
[
PT
t=1 

00(X0
t Xt)(

0)1(X0
t Xt)

00

+2
PT
t=1 

00(X0
t Xt)(

0)1Ut] + op(1)

Then, within the set CM , this log-likelihood function can be separated in two parts (except for

terms that converge in probability to 0), namely,

lr1T = 
T

2
[log || log |0|]


1

2
[
PT
t=1[(Yt X

00
t )

01(Yt X00
t )


PT
t=1(Yt X

00
t 

0)01(Yt X00
t 

0)]

lr2T = 
1

2
[
PT
t=1 

00(X0
t Xt)(

0)1(X0
t Xt)

0

+2
PT
t=1 

00(X0
t Xt)(

0)1Ut]

so that to derive the asymptotic distribution of the estimates of the break dates, we need only focus

on lr2T . Given the rates of convergence and the definition of locally ordered breaks, we have the

following six cases for the position of the estimates of the break dates relative to the true values;

Case 1: K̂1  K0
1  K̂2  K0

2 , Case 2: K̂1  K0
1  K0

2  K̂2, Case 3: K̂1  K̂2  K0
1  K0

2 ,

Case 4: K0
1  K̂1  K

0
2  K̂2,Case 5: K

0
1  K̂1  K̂2  K

0
2 , Case 6: K

0
1  K

0
2  K̂1  K̂2. It

turns out, however, that the limit distribution of the estimates of the break dates is the same in

all cases, as stated in the following theorem.

Theorem 2.2 Under the stated conditions,

"
T 1/2(K̂1 K0

1 )

T 1/2(K̂2 K0
2 )

#
) argmax

s1,s2
H(s1, s2)

= 
1

2
{tr(

"
(1 02)

02
1 s

2
1 (1 02)

0
1
0
2s1s2

(1 02)
0
1
0
2s1s2 (1 02)

02
2 s

2
2

#
)
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+2tr((0)1/2"
01s1(W


1 (1)W


1 (

0
2)) 02s2(W


1 (1)W


1 (

0
2))

01s1(W

2 (1)W


2 (

0
2)) 02s2(W


2 (1)W


2 (

0
2))

#
)}

Remark 2.3 In the case with

0 =

 
!21 0

0 !22

!

we have
"
T 1/2(K̂1 K0

1 )

T 1/2(K̂2 K0
2 )

#
) argmax

s1,s2
H(s1, s2)

= (1/2)(1 02)((
0
1)
2s21 + (

0
2)
2s22)

((!101)s1(W

1 (1)W


1 (

0
2))

+(!1
0
2)s2(W


2 (1)W


2 (

0
2)))

The first order conditions yield,

(1 02)(
0
1)
2s1 = !1

0
1(W


1 (1)W


1 (

0
2))

(1 02)(
0
2)
2s2 = !2

0
2(W


2 (1)W


2 (

0
2))

So that,

s1 = !1
W 
1 (1)W


1 (

0
2)

(1 02)
0
1

s2 = !2
W 
2 (1)W


2 (

0
2)

(1 02)
0
2

.

These imply that

"
T 1/2(K̂1 K0

1 )

T 1/2(K̂2 K0
2 )

#
) N(

"
0

0

#
,

2

4
!21

(102)
02
1

0

0
!22

(102)
02
2

3

5)

which corresponds to the result obtained by Perron and Zhu (2005).

2.4 Simulation Result

In this section, we provide Monte Carlo simulation results to assess the adequacy of the asymptotic

distribution in providing useful approximations to the finite sample distribution of the locally

ordered break dates. We also we provide simulation results concerning the size and power of the

common breaks test statistic. All results are based on 1,000 replications and the Wiener process
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are approximate by the partial sums of a sequence of i.i.d. N(0, 1) random variable of length

1, 000.

2.4.1 Simulation Result for Testing Common Breaks

We start by considering the exact size and power of the common breaks test. The Data Generating

Process (DGP) is specified by:

y1t = µ01 + 
0
1t+ 

0
11(t > K0

1 )(tK
0
1 ) + u1t

y2t = µ02 + 
0
2t+ 

0
21(t > K0

2 )(tK
0
2 ) + u2t

The sample size is set to T = 100, and we use the following parameter values

µ01 = 1,01 = 0.5, 
0
1 = 0.2

µ02 = 0.8,02 = 0.5, 
0
2 = 0.3

with

Ut = (u1, u2t)
0  i.i.d. N(0, I2)

Under the null hypothesis, there is one common break at mid-sample, i.e., K0
1 = K0

2 = 50.

To obtain the quantiles of the asymptotic distribution. We impose 0 = I and, hence, the

limit distribution depends only on 01, 
0
2 and 

0. In order to better assess the reliability of

the asymptotic distribution we use the true values. Hence, this permits us to avoid finite sample

e§ects due to the estimation of the parameters. The nominal and exact quantiles of the asymptotic

distribution of the test are presented below. The results show a close correspondence so that the

test has no size distortions.

Table 2.1: Size Comparision of Test Statistics

Asymptotic 95% 90% 85% 80% 75% 70%

Exact 96% 89.9% 83% 77.4% 73.7% 68.9%

To assess the power of the test, we set K0
1 = 50 and vary the date of the break in the second

equation with the following values: K0
2 = 40, 42, 44, 46, 48, 50, 52, 54, 56, 58, 60. We consider a test

with size 5%. The power of the test is shown in the following figure. The results show that power
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increases rapidly as the distance between the break dates increases, even with a relatively small

sample size.

Figure 2.1: Power of Test Statistics

40 45 50 55 60
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2.4.2 Simulation Result for Locally Ordered Breaks

We now consider the adequacy of the limit distribution for the estimates of locally ordered break

dates. The DGP used is:

y1t = µ01 + 
0
1t+ 

0
11(t > K0

1 )(tK
0
1 ) + u1t

y2t = µ02 + 
0
2t+ 

0
21(t > K0

2 )(tK
0
2 ) + u2t

The sample size is set to T = 100, and we use the following parameter values:

µ01 = 1,01 = 0.5, 
0
1 = 0.2

µ02 = 1,02 = 0.5, 
0
2 = 0.4

K0
1 = 45,K0

2 = 50

with

Ut = (u1, u2t)
0  i.i.d. N(0,)
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where

 =

0

@ 1 

 1

1

A

We compare the nominal size and real size, with di§erent values of  . The result is as follows:

Table 2.2: Size Comparision

Nominal Size  = 0.9  = 0.85  = 0.75

95% 87.9% 83.9% 80.6%

75% 63.7% 61.8% 59.3%

50% 63.7% 33% 36.1%

Though, the experiments are quite limited they indicate that the limit distributions derived

can provide tests with reliable size in finite samples and decent power. Also, the limit distribution

of the estimates of the locally ordered breaks provide a good approximation to the finite sample

distribution. This shows the usefulness of the results derived.

2.5 Conclusions

In this paper, we considered the issues of testing for common breaks in a bivariate system described

by a linear trend function with changes in slope such that the series are joined at the time of the

breaks. We also considered the problem of performing joint inference about the estimates of the

break dates in the same setup when the break dates are locally ordered. We provided the rate of

convergence, the asymptotic distribution for the estimates of the locally ordered breaks and the

asymptotic distribution of the common break test statistic. Limited simulation results showed

that the theoretical results derived deliver good approximations in finite samples.

2.6 Appendix 2

Proof of Theorem 2.1 (asymptotic distribution of the common break test statistic).

For t 2 [T 0j1 + 1, T
0
j ], the regressor matrix in regime j is:

X0
tj=

2

41 t tK0
11 · · · tK0

1j11 0 · · · 0 0

1 t tK0
21 · · · tK0

2j21 0 · · · 0

3

5
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so that the data for the first equation is in its j1-th regime and that for the second equation is in

its j2-th regime. Under H0, for the jth regime with t 2 [Tj1 + 1, Tj ]:

X̃tj =

2

41 t tK̃11 · · · tK̃1j11 0 · · · 0 0

1 t tK̃21 · · · tK̃2j21 0 · · · 0

3

5

so that

X0
tjX̃tj=2

66666664

0
K̃0
11

K0
11

· · ·
K̃1j11

K0
1j11

0 · · · 0

0
K̃21

K0
21

· · ·
K̃0
2j21

K0
2j21

0 · · · 0

3

77777775

For simplicity, assume that Tj < T 0j , then for t 2 [Tj + 1, T
0
j ], depending on which equation has a

change at T 0j , the form of X̃tj+1 could be either: a) with the first equation having a break at T 0j ,

so that:

X̃tj+1=

2

66666664

1 t
t

K̃11

· · ·
t

K̃1j11

t

K̃1j1

· · · 0 0

1 t
t

K̃21

· · ·
t

K̃2j21

0 · · · 0

3

77777775

b) with the second equation having a break at T 0j , in which case

X̃tj+1=

2

66664

1 t tK̃11 · · · tK̃1j11 0 · · · 0 0

1 t
t

K̃21

· · ·
t

K̃2j21

t

K̃2j2

· · · 0

3

77775

c) with both equations having a break at T 0j , in which case

X̃tj+1=

2

41 t tK̃11 · · · tK̃1j1 · · · 0 0 0

1 t tK̃21 · · · tK̃2j2 · · · 0

3

5
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We first have

PT
t=1 

00(X0
t  X̃t)(

0)1Ut

=
Pm+1
j=1

PT 0j
t=T 0j1+1

00(X0
tj  X̃tj)(

0)1Ut

+
Pm
j=1

PT 0j
t=Tj+1

00(X0
tj  X̃tj+1)(

0)1Ut


Pm
j=1

PT 0j
t=Tj+1

00(X0
tj  X̃tj)(

0)1Ut

=
Pm+1
j=1

PT 0j
t=T 0j1+1

00(X0
tj  X̃tj)(

0)1Ut + op(1)

=
Pm+1
j=1

PT 0j
t=T 0j1+1

[
Pj11
i1=1

01i1(K1i1 K
0
1i1) +

Pj21
i2=1

01i2(K1i2 K
0
1i2) ](

0)1Ut

=
Pm+1
j=1 tr(

PT 0j
t=T 0j1+1

(0)1/2t

[
Pj11
i1=1

01i1(K1i1 K
0
1i1)

Pj21
i2=1

01i2(K1i2 K
0
1i2) ])

=
m+1P
j=1

tr((0)1/2
PT 0j
t=T 0j1+1

t

[
Pj11
i1=1

01i1(K1i1 K
0
1i1)

Pj21
i2=1

01i2(K1i2 K
0
1i2) ])

=
m+1P
j=1

tr((0)1/2

2

666664

T 0jP

t=T 0j1+1

1t(
j11P
i1=1

01i1(K1i1
K0

1i1) )
T 0jP

t=T 0j1+1

1t(
j21P
i2=1

02i2(K2i2
K0

2i2) )

T 0jP

t=T 0j1+1

2t(
j11P
i1=1

01i1(K1i1
K0

1i1) )
T 0jP

t=T 0j1+1

2t(
j21P
i2=1

02i2(K2i2
K0

2i2) )

3

777775

)
m+1P
j=1

tr((0)1/2

2

6664

(
j11P
i1=1

01i1s1i1)(W 1(
0
j )W 1(

0
j1)) (

j21P
i2=1

02i2s2i2)(W 1(
0
j )W 1(

0
j1))

(
j11P
i1=1

01i1s1i1)(W 2(
0
j )W 2(

0
j1)) (

j21P
i2=1

02i2s2i2)(W 2(
0
j )W 2(

0
j1))

3

7775


m+1P
j=1

tr((0)1/2B̃)
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with

B̃ =

2

4(
Pj11
i1=1

01i1s1i1)(W 1(
0
j )W 1(

0
j1)) (

Pj21
i2=1

02i2s2i2)(W 1(
0
j )W 1(

0
j1))

(
Pj11
i1=1

01i1s1i1)(W 2(
0
j )W 2(

0
j1)) (

Pj21
i2=1

02i2s2i2)(W 2(
0
j )W 2(

0
j1))

3

5

Note that in the derivations above and below, we use the fact that on the compact sets C(1)M and

C
(2)
M , we have s1i1 =

p
T (K1i1K

0
1i1) and s2i2 =

p
T (K2i2K

0
2i2) are bounded in probability. In

what follows, we provide details for case (a) for which the first equation has a break at T 0j and

indicate the changes needed for the two other cases. Now,

PT
t=1 

00(X0
t  X̃t)(

0)1(X0
t  X̃t)

00

=
Pm+1
j=1

PT 0j
t=T 0j1+1

00(X0
tj  X̃tj)(

0)1(X0
tj  X̃tj)

00


Pm
j=1

PT 0j
t=Tj+1

00(X0
tj  X̃tj)(

0)1(X0
tj  X̃tj)

00

+
Pm
j=1

PT 0j
t=Tj+1

00(X0
tj  X̃tj+1)(

0)1(X0
tj  X̃tj+1)

00

PT
t=1 

00(X0
t  X̃t)(

0)1(X0
t  X̃t)

00

=
Pm+1
j=1

PT 0j
t=T 0j1+1

00(X0
tj  X̃tj)(

0)1(X0
tj  X̃tj)

00


Pm
j=1

PT 0j
t=Tj+1

00(X0
tj  X̃tj)(

0)1(X0
tj  X̃tj)

00

+
Pm
j=1

PT 0j
t=Tj+1

00(X0
tj  X̃tj+1)(

0)1(X0
tj  X̃tj+1)

00

=
Pm+1
j=1

PT 0j
t=T 0j1+1

[
Pj11
i1=1

01i1(K1i1 K
0
1i1)

Pj21
i2=1

01i2(K1i2 K
0
1i2) ]

(0)1

2

4
Pj11
i1=1

01i1(K1i1 K
0
1i1
)

Pj21
i2=1

01i2(K1i2 K
0
1i2
)

3

5

+
Pm
j=1

PT 0j
t=Tj+1

[
j11P
i1=1

01i1(K1i1 K
0
1i1) + 

0
1j1(tK1j1)

j21P
i2=1

01i2(K1i2 K
0
1i2) ] (2.1)

(0)1

2

6664

j11P
i1=1

01i1(K1i1 K
0
1i1
) + 01j1(tK1j1)

j21P
i2=1

01i2(K1i2 K
0
1i2
)

3

7775
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=
Pm+1
j=1

PT 0j
t=T 0j1+1

[
j11P
i1=1

01i1(K1i1 K
0
1i1)

j21P
i2=1

01i2(K1i2 K
0
1i2) ]

(0)1

2

6664

j11P
i1=1

01i1(K1i1 K
0
1i1
)

j21P
i2=1

01i2(K1i2 K
0
1i2
)

3

7775
+ op(1)

=
Pm+1
j=1 (

0
j  

0
j1)tr((

0)1

2

6664

(
j11P
i1=1

01i1s1i1)
2 (

j11P
i1=1

01i1s1i1)(
j21P
i2=1

02i2s2i2)

(
j11P
i1=1

01i1s1i1)(
j21P
i2=1

02i2s2i2) (
j21P
i2=1

02i2s2i2)
2

3

7775
)

=
Pm+1
j=1 (

0
j  

0
j1)tr((

0)1Ã)

with

Ã =

2

4 (
Pj11
i1=1

01i1s1i1)
2 (

Pj11
i1=1

01i1s1i1)(
Pj21
i2=1

02i2s2i2)

(
Pj11
i1=1

01i1s1i1)(
Pj21
i2=1

02i2s2i2) (
Pj21
i2=1

02i2s2i2)
2

3

5

Remark 2.4 For case (b), with the second equation having a break at T 0j , the term (2.1) is

replaced by

mP
j=1

T 0jP
t=Tj+1

[
j11P
i1=1

01i1(K1i1
K0

1i1) + 
0
1j1
(tK1j1

)
j21P
i2=1

01i2(K1i2
K0

1i2) + 
0
2j1
(tK2j1

)]

(0)1
"Pj11

i1=1
01i1(K1i1 K

0
1i1
) + 01j1(tK1j1)Pj21

i2=1
01i2(K1i2 K

0
1i2
) + 02j1(tK2j1)

#

and for case (c) for which both equations have a break at T 0j , it is replaced by

Pm
j=1

PT 0j
t=Tj+1

[
Pj11
i1=1

01i1(K1i1 K
0
1i1)

Pj21
i2=1

01i2(K1i2 K
0
1i2) + 

0
2j1(tK2j1)]

(0)1

" Pj11
i1=1

01i1(K1i1 K
0
1i1
)

Pj21
i2=1

01i2(K1i2 K
0
1i2
) + 02j1(tK2j1)

#


Pm
j=1

PT 0j
t=Tj+1

[
Pj11
i1=1

01i1(K1i1 K
0
1i1)

Pj21
i2=1

01i2(K1i2 K
0
1i2) ]

(0)1
"Pj11

i1=1
01i1(K1i1 K

0
1i1
)

Pj21
i2=1

01i2(K1i2 K
0
1i2
)

#
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Hence,

elr
2

T ) max
s1,s2 with s1l1=s2l2

(1/2)[2
Pm+1
j=1 tr((

0)1/2B̃) +
Pm+1
j=1 (

0
j  

0
j1)tr((

0)1/2Ã)]

Under H1, we have similar results as under H0 for regimes other than the lth one. However, for

the lth regime things are di§erent given that we estimate K1l1 and K2l2 . Now suppose we have

the case T 0l1 < T1l < T2l < T
0
l (note the subscripts 1 and 2 for T1l and T2l are not related to the

number of equation, but rather to their order of occurrence). Then a) for t 2 [T 0l1 + 1, T
0
l ]:

X0
tl=

2

41 t tK0
11 · · · tK0

1l11 0 · · · 0 0

1 t tK0
21 · · · tK0

2121 0 · · · 0

3

5

b) for t 2 [T 0l1 + 1, T1l]:

X̂t1l=

2

41 t tK0
11 · · · tK̂1l11 0 · · · 0 0

1 t tK0
21 · · · tK̂2121 0 · · · 0

3

5

c) for t 2 [T1l + 1, T2l], if the first break is in the first equation

X̂t1l=

2

66666664

1 t
t

K0
11

· · ·
t

K̂1l11

t

K̂1l1

· · · 0 0

1 t
t

K0
21

· · ·
t

K̂2121

0 · · · 0

3

77777775

while if the first break is in the second equation

X̂t2l=

2

41 t tK0
11 · · · tK̂1l11 · · · 0 0

1 t tK0
21 · · · tK̂2121 tK̂212 · · · 0

3

5

d) for t 2 [T2l + 1, T 0l ]:

X̂tl+1=
2

41 t tK0
11 · · · tK̂1l11 tK̂1l1 · · · 0 0

1 t tK0
21 · · · tK̂2121 tK̂212 · · · 0

3

5
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Using these results, we have

PT
t=1 

00(X0
t  X̂t)(

0)1Ut

=
Pl
j=1

PT 0j
t=T 0j1+1

[
Pl11
i1=1

01i1(K1i1 K
0
1i1)

Pl21
i2=1

02i2(K2i2 K
0
2i2)](

0)1Ut

+
Pm+1
j=l+1

PT 0j
t=T 0j1+1

[
Pl11
i1=1

01i1(K1i1 K
0
1i1) + 

0
1l1(K1l1 K

0
1l1)

+
Pj11
i1=l1+1

01i1(K1i1 K
0
1i1)

+
Pl21
i2=1

02i2(K2i2 K
0
2i2) + 

0
2l2(K2l2 K

0
2l2)

+
Pj21
i2=l2+1

02i2(K2i2 K
0
2i2)](

0)1Ut

)
Pl
j=1 tr((

0)1/2Â1)+
Pm+1
j=l+1 tr((

0)1/2Â2)

with

Â1 = 2

66666664

(
Pl11
i1=1

01i1s1i1)(W 1(
0
j )W 1(

0
j1))

(
Pl21
i2=1

02i2s2i2)

(W 1(
0
j )W 1(

0
j1))

(
Pl11
i1=1

01i1s1i1)(W 2(
0
j )W 2(

0
j1))

(
Pl21
i2=1

02i2s2i2)

(W 1(
0
j )W 1(

0
j1))

3

77777775

and the elements of Â2 are given by:

Â2(1, 1) = (
Pl11
i1=1

01i1s1i1 + 
0
1l1s1l1 +

Pj11
i1=l1+1

01i1s1i1)

(W1(
0
j )W1(

0
j1))

Â2(1, 2) = (
Pl21
i2=1

02i2s2i2 + 
0
2l2s2l2 +

Pj21
i2=l2+1

02i2s2i2)

(W1(
0
j )W1(

0
j1))

Â2(2, 1) = (
Pl11
i1=1

01i1s1i1 + 
0
1l1s1l1 +

Pj11
i1=l1+1

01i1s1i1)

(W2(
0
j )W2(

0
j1))

Â2(2, 2) = (
Pl21
i2=1

02i2s2i2 + 
0
2l2s2l2 +

Pj21
i2=l2+1

02i2s2i2)

(W2(
0
j )W2(

0
j1))
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Using similar arguments, we have:

PT
t=1 

00(X0
t  X̂t)(

0)1(X0
t  X̂t)

00

=
Pl
j=1

PT 0j
t=T 0j1+1

[
Pl11
i1=1

01i1(K1i1 K
0
1i1)

Pl21
i2=1

02i2(K2i2 K
0
2i2)]

(0)1

2

4
Pl11
i1=1

01i1(K1i1 K
0
1i1
)

Pl21
i2=1

02i2(K2i2 K
0
2i2
)

3

5

+
Pm+1
j=l+1

PT 0j
t=T 0j1+1

[
Pl11
i1=1

01i1(K1i1 K
0
1i1) + 

0
1l1(K1l1 K

0
1l1)

+
Pj11
i1=l1+1

01i1(K1i1 K
0
1i1) +

Pl21
i2=1

02i2(K2i2 K
0
2i2)

+02l2(K2l2 K
0
2l2) +

Pj21
i2=l2+1

02i2(K2i2 K
0
2i2)]

(0)1

2

4
Pl11
i1=1

01i1(K1i1 K
0
1i1
) + 01l1(K1l1 K

0
1l1
) +

Pj11
i1=l1+1

01i1(K1i1 K
0
1i1
)

Pl21
i2=1

02i2(K2i2 K
0
2i2
) + 02l2(K2l2 K

0
2l2
) +

Pj21
i2=l2+1

02i2(K2i2 K
0
2i2
)

3

5

)
Pl
j=1 tr((

0)1B̂1)+
Pm+1
j=l+1 tr((

0)1B̂2)

where

B̂1 = 2

66664

(0j  
0
j1)(

Pl11
i1=1

01i1s1i1)
2

(0j  
0
j1)

(
Pl11
i1=1

01i1s1i1)(
Pl21
i2=1

02i2s2i2)

(0j  
0
j1)(

Pl11
i1=1

01i1s1i1)(
Pl21
i2=1

02i2s2i2) (0j  
0
j1)(

Pl21
i2=1

02i2s2i2)
2

3

77775

and the elements of B̂2 are:

B̂2(1, 1) = (0j  
0
j1)(

Pl11
i1=1

01i1s1i1 + 
0
1l1s1l1 +

Pj11
i1=l1+1

01i1s1i1)
2

B̂2(2, 2) = (0j  
0
j1)(

Pl21
i2=1

02i2s2i2 + 
0
2l2s2l2 +

Pj21
i2=l2+1

02i2s2i2)
2
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B̂2(1, 2) = bB2(2, 1)

= (0j  
0
j1)(

Pl11
i1=1

01i1s1i1 + 
0
1l1s1l1 +

Pj11
i1=l1+1

01i1s1i1)

(
Pl21
i2=1

01i2s1i2 + 
0
2l2s2l2 +

Pj21
i2=l2+1

02i2s2i2)

Collecting results:

blr
2

T =) max
s1,s2

tr(2(
Pl
j=1 tr((

0)1/2Â1)+
Pm+1
j=l+1 tr((

0)1/2Â2))

+
Pl
j=1 tr((

0)1B̂1)+
Pm+1
j=l+1 tr((

0)1B̂2))

The result stated in Theorem 1 follows using the fact that W (·) = (0)1/21/2W (·) and the

fact that the term 0 is common to all components, hence can be dropped.

Proof of Theorem 2.2 (asymptotic distribution of the estimates of locally ordered

breaks): The limit distribution of the estimates can be obtained from the maximization of

lr2T = (1/2)[
PT
t=1 

00(X0
t Xt)(

0)1(X0
t Xt)

0

+2
PT
t=1 

00(X0
t Xt)(

0)1Ut]

Given the rates of convergence and the definition of locally ordered breaks, we have 6 possible

cases for the position of the candidate values for the estimates of the break dates relative to

the true values; Case 1: K1  K0
1  K2  K0

2 , Case 2: K1  K0
1  K0

2  K2, Case 3:

K1  K2  K0
1  K0

2 , Case 4: K
0
1  K1  K0

2  K2, Case 5: K0
1  K1  K2  K0

2 , Case 6:

K0
1  K

0
2  K1  K2. We derive the results only for Case 1, the arguments being similar for the

others. We first have,

PT
t=1 

00(X0
t Xt)(

0)1Ut

=
PK0

2

t=K0
1+1
[01(K1 K

0
1 ) 0](

0)1Ut

+
PT
t=K0

2+1
[01(K1 K

0
1 ) 

0
2(K2 K

0
2 )](

0)1Ut
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For the other term,

PT
t=1 

00(X0
t Xt)(

0)1(X0
t Xt)

0

=
PK0

2

t=K0
1+1
[01(K1 K

0
1 ) 0](

0)1

2

4
0
1(K1 K0

1 )

0

3

5

+
PT
t=K0

2+1
[01(K1 K

0
1 ) 

0
2(K2 K

0
2 )](

0)1

2

4
0
1(K1 K0

1 )

02(K2 K0
2 )

3

5

Collecting terms,

lr2T = 
1

2
{
PK0

2

t=K0
1+1
[01(K1 K

0
1 ) 0](

0)1

2

64
PK0

2

t=K0
1+1

01(K1 K0
1 )

0

3

75

+
PT
t=K0

2+1
[01(K1 K

0
1 ) 

0
2(K2 K

0
2 )](

0)1

2

64
PK0

2

t=K0
1+1

01(K1 K0
1 )

02(K2 K0
2 )

3

75]

[
PK0

2

t=K0
1+1
[01(K1 K

0
1 ) 0](

0)1Ut

+
PT
t=K0

2+1
[01(K1 K

0
1 ) 

0
2(K2 K

0
2 )](

0)1Ut}

) 
1

2
{tr((0)1

2

4 (1 02)
02
1 s

2
1 (1 02)

0
1
0
2s1s2

(1 02)
0
1
0
2s1s2 (1 02)

02
2 s

2
2

3

5)

+2tr((0)1/2

2

4
0
1s1(W1(1)W1(

0
2)) 02s2(W1(1)W1(

0
2))

01s1(W2(1)W2(
0
2)) 02s2(W2(1)W2(

0
2))

3

5)}
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This implies that

2

4T
1/2(K̂1 K0

1 )

T 1/2(K̂2 K0
2 )

3

5 ) argmax
s1,s2

H(s1, s2)

= 
1

2
{tr((0)1

2

4 (1 02)
02
1 s

2
1 (1 02)

0
1
0
2s1s2

(1 02)
0
1
0
2s1s2 (1 02)

02
2 s

2
2

3

5)

+2tr((0)1/2

2

4
0
1s1(W1(1)W1(

0
2)) 02s2(W1(1)W1(

0
2))

01s1(W2(1)W2(
0
2)) 02s2(W2(1)W2(

0
2))

3

5)}

The result stated in Theorem 1 follows using the fact that W (·) = (0)1/21/2W (·) and the

fact that the term 0 is common to all components, hence can be dropped.
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Chapter 3

Modeling Exchange Rate Volatility with Random

Level Shifts1

3.1 Introduction

A vast literature has documented that various measures of the volatility of asset returns display

features akin to those of a long-memory process. This is also the case for the volatility of exchange

rate series; see, e.g., Anderson et al. (2001) and Anderson and Bollerslev (1997), among others.

On the other hand, it has been suggested that the long-memory features present in the data could

be due to occasional level shifts; see, e.g. Diebold and Inoue (2001). This follows from similar

arguments used in Perron (1989, 1990) who showed that changes in level and/or slope of the trend

function of a series causes the estimate of the sum of the autoregressive parameters to be biased

towards one, suggesting non-stationarity.

Some recent papers have tried to assess whether random level shifts are indeed responsible

for this long-memory feature and not simply a theoretical curiosity. Early attempts to that e§ect

include Stărică and Granger (2005) and Granger and Hyung (2003), who argued that for the

volatility of stock market indices the evidence for long-memory is weaker when level shifts are

taken into account. Stărică and Granger (2005) presented evidence that log-absolute returns of

the S&P 500 index is an i.i.d. series a§ected by occasional shifts in the unconditional variance

and showed that this specification has better forecasting performance than the more traditional

GARCH(1,1) model and its fractionally integrated counterpart. Perron and Qu (2007) analyzed

the time and spectral domain properties of a stationary short memory process a§ected by random

level shifts. Perron and Qu (2010) showed that, when applied to daily S&P 500 log-absolute returns

over the period 1928-2002, the level shift model explains both the shape of the autocorrelations

and the path of log periodogram estimates as a function of the number of frequency ordinates used.

1This chapter is joint work with Professor Pierre Perron
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Qu and Perron (2012) estimated a stochastic volatility model with level shifts using a Bayesian

approach with daily data on returns from the S&P 500 and NASDAQ indices over the period

1980.1-2005.12. They showed that the level shifts account for most of the variation in volatility,

that their model provides a better in-sample fit than alternative models and that its forecasting

performance is better for the NASDAQ and just as good for the S&P 500 as standard short or

long-memory models without level shifts. Lu and Perron (2010) considered a random level shift

model for which the series of interest is the sum of a short memory process and a jump or level

shift component, modeled as the cumulative sum of a process which is 0 with some probability

(1  ) and is a random variable with probability . They applied it to the logarithm of daily

absolute returns for the S&P 500, AMEX, Dow Jones and NASDAQ stock market return indices.

The point estimates obtained imply few level shifts for all series. But once these are taken into

account, there is little evidence of serial correlation in the remaining noise and, hence, no evidence

of long-memory. Once the estimated shifts are introduced to a standard GARCH model applied

to the returns series, any evidence of GARCH e§ects disappears. They also considered rolling out-

of-sample forecasts of squared returns. In most cases, the simple random level shifts model clearly

outperforms a standard GARCH(1,1) model and, in many cases, it also provides better forecasts

than a fractionally integrated GARCH model. Varneskov and Perron (2011) extended the analysis

to introduce random level shifts in a general ARFIMA (autoregressive fractionally integrated

moving-average) model. They showed that random level shifts are an essential component to

model adequately the volatility of various series, whether from daily data or from realized volatility

series constructed using high frequency data. From a forecasting perspective, they showed that

the random level shift model is the only one that consistently belong to the 10% Model Confidence

Set of Hansen et. al. (2011).

Hence, there is growing evidence that a random level shift model is indeed a genuine contender

to explain the long-memory features of volatility. However, most of the results so far pertain to

stock market return indices. Little evidence is available concerning the properties of the volatility

of exchange rate series. Our goal is to use some of the methodologies recently developed to

address this issue. One exception is Morana and Beltratti (2004) who considered structural

changes in the realized variance processes of the DM/U.S.$ and Yen/U.S.$. exchange rates. Their

results show that the volatility of DM/U.S.$ and Yen/U.S.$ exchange rates show clear evidence
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of genuine long memory and that the structural changes can only partially explain the long

memory features. Their forecasting exercises indicate that for short-term forecasting neglecting

the structural changes is not that important, but that accounting for them provides substantial

improvements for long-term forecasting. However, as noted by Varneskov and Perron (2011), the

results obtained are very di§erent when considering historical spans of daily returns compared to

shorter spans of realized volatility series constructed from high frequency data.

In this paper, we follow the approach of Lu and Perron (2010). We consider historical series of

daily exchange rates for the Yen/U.S.$ and DM/U.S.$. We estimate a random level shifts model

for log absolute return series, adopting the specification that the series is the sum of a short

memory process and level shift component. The level shift component is specified as a mixture

model which takes value 0 with probability  and is some random variable with probability 1.

To estimate the model, we cast it into a generalized state space framework with a mixture of

normal distributions and use the estimation method developed by Perron and Wada (2009). We

also evaluate the forecasting performance of the random level shifts model relative to the popular

ARFIMA model. We show that the former indeed provides improved forecasts in most cases.

Also, we document that though few level shifts are present, once they are taken into account any

evidence of long-memory disappears and what is left is a noise component that is essentially white

noise.

The structure of the paper is as follows. Section 2 presents the model and the specifications

adopted. Section 3 discusses the method of estimation. The empirical results obtained from

estimating the model are presented in Section 4 along with evidence that the level shifts account

for all the long-memory features. The forecasting evaluations and comparisons are presented in

Section 5. Section 6 o§ers brief concluding remarks.

3.2 Model

The random level shift model considered is specified by

yt = a+  t + ct
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where a is constant term,  t is the random level shift component and ct is a short memory process

to model the remaining noise. The level shift component is given by:

 t =  t1 + t

where

t = tt

with t a binomial variable, which takes the value 1 with probability  and value 0 with probability

1  . When t = 1, a random level shift t happens having a distribution t  i.i.d N(0,2).

Furthermore, t, t and ct are mutually independent. For the short memory component, in general

ct can be defined by the process ct = C(L)et with et  i.i.d. N(0,2e), where C(L) = 
1
i=0ciL

i,
P1
i=0 i|ci| < 1 and C(1) 6= 0. However, as will be shown for the series considered, once the

level shifts are accounted for, barely any serial correlation remains. Accordingly, we shall simply

specify ct as an AR(1) process. Hence, the model to be used is:

yt = a+  t + ct

 t =  t1 + t

ct = ct1 + et

t = tt

Note that we can write t = t1t + (1 t)2t, with it  i.i.d N(0,2i) and 
2
1 = 

2
, 

2
2 = 0.

This allows us to cast the model into a state space framework. More specifically, with the error

term being a mixture of two normal distributions, where

yt = ct  ct1 + t

and

t = t1t + (1 t)2t

ct = ct1 + et
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In matrix form,

yt = HXt + t

Xt = FXt1 + Ut

In general, when ct follows an AR(p) process, then

Xt = [ct, ct1, · · · , ctp]
0

F =

0

BBBBBBBBBB@

1 2 · · · · · · p

1 0 · · · · · · 0

0 1 · · · · · · 0

...
. . . . . . . . .

...

0 · · · 0 1 0

1

CCCCCCCCCCA

H = [1,1, · · · , 0], Ut is a p-dimensional normally distributed random vector with zero mean and

covariance matrix

Q =

0

@ 2e 01(p1)

0(p1)1 0(p1)(p1)

1

A

Comparing this model with the standard state space model, the di§erence is that the error term

is a mixture of two normal distributions.

3.3 Estimation Method

We apply the estimation method proposed by Perron and Wada (2009), see also Wada and Perron

(2006). In their paper, they generalized the trend cycle decomposition framework based on unob-

served components with errors that are mixtures of normal distributions, thereby allowing shifts

in the slope and level of the trend functions. The main ingredient that underlies the estimation

procedure is that the model can be written as a state space model with normal errors occurring

in two di§erent possible states. These states can be described by the combined values of the

Bernoulli random variables. From this we can generate the log likelihood function from the de-

composition of the prediction errors to obtain estimates. Let Yt = [y1,y2, · · · ,yt] represents

the observations available at time t and  = [2,,
2
e,1, · · · ,q] be the parameter vector to be
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estimated. The log-likelihood function is

ln(L) =

TX

t=1

ln f(yt|Yt1, ),

where,

f(yt|Yt1, ) =
2X

i=1

2X

j=1

f(yt|st1 = i, st = j, Yt1, )Pr(st1 = i, st = j|Yt1, )

Here, st is an indicator to represent whether or not a random level shift occurs. That is, when

st = 1, then t = 1 and a random level shift happens; when st = 2, t = 0 and there is no level

shift. Let

$ijt = f(yt|st1 = i, st = j, Yt1, ), i, j 2 1, 2

and

"̃ijt|t1 = Pr(st1 = i, st = j|Yt1, )

= Pr(st = j)

2X

k=1

Pr(st2 = k, st1 = i|Yt1, )

= Pr(st = j)e"t1|t1, i, j 2 1, 2

where,

e"kit|t1 = Pr(st2 = k, st1 = i|Yt1, )

=
f(yt1|st2 = k, st1 = i, Yt2, )Pr(st2 = k, st1 = i, Yt2, )

f(yt1|Yt2, )

So we have,

e"kit+1|t = Pr(st+1 = i, st = k|Yt, ) = Pr(st+1 = i)
2X

j=1

e"jkt|t.
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with

e"11t+1|t = 
2X

j=1

e"j1t|t = [e"
11
t|t + e"

21
t|t]

e"21t+1|t = 
2X

j=1

e"j2t|t = [e"
12
t|t + e"

22
t|t]

e"12t+1|t = (1 )
2X

j=1

e"j1t|t = (1 )[e"
11
t|t + e"

21
t|t]

e"22t+1|t = (1 )
2X

j=1

e"j2t|t = (1 )[e"
12
t|t + e"

22
t|t]

In matrix form,

0

BBBBBBB@

e"11t+1|1
e"21t+1|t
e"12t+1|t
e"22t+1|t

1

CCCCCCCA

=

0

BBBBBBB@

  0 0

0 0  

1  1  0 0

0 0 1  1 

1

CCCCCCCA

0

BBBBBBB@

e"11t|t
e"21t|t
e"12t|t
e"22t|t

1

CCCCCCCA

The conditional likelihood function for yt is:

f(yt|st1 = i, st = j, Yt1, ) =
1
p
2
|f ijt |

1/2 exp(
vij

0

t (f
ij
t )

 1
2 vijt

2
)

where vijt is the prediction error,

vijt = yt y
ij
t|t1 = yt  E[yt|st = i, st1 = j, Yt1, ]

and f ijt = E(vijt v
ij0

t ) is the prediction error variance. The prediction yt|t1 based on past

information does not depend on the state of time t, but yt does. The basic inputs are predictions

for the state variables and their variances, which are

Xi
t|t1 = FXt|t1

P it|t1 = FP
i
t|t1F

0 +Q

The prediction error is vijt = yt  HX
ij
t|t1, so that f

ij
t = HP it|t1H

0 + Rj , where Rj is the

variance of the error term, which takes two possible values: Rj = 2 with probability  when

t = 1, Rj = 0 with probability (1  ) when t = 0. Applying the updating formula, given
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st = j, st1 = i, we obtain:

Xij
t|t = X

i
t|t  P

i
t|tH

0(HP it|1H
0 +Rj)

1(yt HXi
t|t1)

P ijt|t = P
i
t|t1  P

i
t|t1H

0(HP it|t1H
0 +Rj)

1HP it|t1.

As in Perron and Wada (2009), to reduce the dimension of the estimation problem, we adopt the

re-collapsing procedure of Harrison and Stevens (1976), given by:

Xj
t|t =

P2
i=1 Pr(st1 = i, st = j|Yt, )X

ij
t|t

Pr(st = j|Yt, )

and

P jt|t =

P2
i=1 Pr(st1 = i, st = j|Yt, )[P

ij
t|t + (X

j
t|t X

ij
t|t)(X

j
t|t X

ij
t|t)

0]

Pr(st = j|Yt, )
.

3.4 Empirical Results for Exchange Rate Returns

We consider the random level shift model for two daily exchange rate returns series, the Yen/U.S.$

and DM/U.S.$ (both daily series from 10/11/1983 to 7/30/2010; 6,994 observations; obtained from

the CRSP database). We apply our level shift model to log-absolute returns since they do not

su§er from a non-negativity constraint as do, say, absolute or squared returns. There is also no

loss relative to using squared returns in identifying level shift since log-absolute returns are a

monotonic transformation. Since we wish to identify the probability of shifts and their locations,

the fact that log-absolute returns are quite noisy is not problematic since our methods are robust

to the presence of noise. Another reason is the fact that for many asset returns, a log-absolute

transformation yields a series that is closer to being normally distributed (see, e.g., Andersen,

Bollerslev, Diebold and Labys, 2001). When returns are zero or close to it, the log absolute

value transformation implies extreme negative values. Using our method, these outliers would be

attributed to the level shift component and thus bias the probability of shifts upward. To avoid

this problem, we bound absolute returns away from zero by adding a small constant, i.e., we use

log (|rt|+ 0.001), a technique introduced to the stochastic volatility literature by Fuller (1996).

We first discuss some features of the series. Figure 1 presents the autocorrelation functions

up to 100 lags. They show the autocorrelations to decay slowly, a feature typical of a long-

memory process. To provide further evidence about this long-memory feature, we estimate the
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long-memory parameter d using the log-periodogram estimator of Geweke and Porter-Hudak

(1983) with a trimming value of m = T 1/2. The estimates obtained were 0.32 (s.e.=0.03) for

the Yen/U.S.$ and 0.34 (s.e.=0.03) for the DM/U.S.$ , strongly suggesting the presence of long-

memory. The results are qualitatively the same using other values for the bandwidth.

Our aim is to assess whether this long-memory feature is genuine or caused by the presence

of level shifts. To that e§ect, we estimate the RLS model. For the specification of the short

memory component, we consider two cases: 1) ct = et, so that the parameters to be estimated are

(2e,
2
,); 2) ct = 1ct1 + et, so that 1 is an additional parameter to be estimated. The initial

value for the state vector is X 0
0|0 = (0, 0)

0 and the initial value for the covariance matrix is set to

P0|0 =

0

@ 2e 0

0 0

1

A .

The estimates are presented in Table 1. The first feature of interest is that in the specification with

an AR(1) component, the estimate of 1 is very close to zero, indicating the near absence of serial

correlation in the noise component once level shifts are accounted for. Hence, in what follows,

we concentrate on the case with i.i.d. errors. The probability of shifts is small and imprecisely

estimated. However, even if it is not statistically significant, as we shall see, it is practically very

significant. One way to see this is that the standard deviation of the shifts component is larger

than the standard deviation of the noise. Hence, it plays an important role. Given the point

estimate of the probability of shifts, one can deduce an implied estimate of the number of shifts

occurring in the sample. For the DM/U.S.$ it is 8 and for the Yen/U.S.$ it is 5. As we shall

see, even when such few shifts are taken into account the properties of the remaining noise is

dramatically altered; a feature we discuss next.

3.4.1 The E§ect of Level Shifts on the Long Memory Property

Given the estimation results, we seek to assess whether or not the random level shift component

can explain the long memory property of the exchange rate returns. The strategy we adopt is the

following. Given the estimated number of shifts, we estimate the break dates and regime specific

means using the method of Bai and Perron (2003). Once these are obtained, we estimate the

noise component as the di§erence between the original series and the fitted level shift process.

To be more specific, let m be the number of breaks (8 for the DM/U.S.$ and 5 for the
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Yen/U.S.$), Ti (i = 1, · · · ,m) be the break dates (with the convention that T0 = 0, Tm+1 = T ),

and {ui; i = 1, ...,m + 1} be the means within each regime. The method of Bai and Perron

(2003) allows obtaining estimates of the break dates {T̂i; i = 1, ...,m} and regime-specific means

{ûi; i = 1, ...,m+ 1} as global minimizers of the objective function:

m+1X

i=1

TiX

t=Ti1+1

(yt  ui)2

The noise component, say ĉt is then obtained as ĉt = yi 
Pm+1
i=1 ûiDUi,t, where DUi,t = 1 if

T̂i1 < t  T̂i and 0, otherwise. To get a better view of the implied level shift process and its

relation to the volatilty of the exchange rate series, Figure 2 presents a graphs of the fitted level

shift process in conjunction with a smoothed estimate of the log-absolute returns, obtained using

a standard Gaussian kernel.

The autocorrelation function of ĉt is presented in Figure 3, which shows that basically no serial

correlation is left once the level shifts are taken into account. We estimated the long-memory

parameter d using the log-periodogram estimator of Geweke and Porter-Hudak (1983) with the

same trimming value of m = T 1/2, applied to the noise component ĉt. The estimates obtained

were 0.05 (s.e.=0.03) for the Yen/U.S.$ and 0.02 (s.e.=0.04) for the DM/U.S.$, reinforcing

the conclusion that the long-memory feature in the data disappears once the level shifts are taken

into account. Even if the level shifts are few in number, they can fully explain and account for

the long-memory features of the exchange rate series.

3.5 Forecasting

We now consider the performance of the random level shift model with white noise errors in

forecasting volatility proxied by squared returns relative to the ARFIMA model. The reason

to make the comparisons with the ARFIMA model is that it is generally perceived as the best

forecasting model for asset volatility. In order to assess the robustness of the results, we adopt

two di§erent designs; one follows Stărică and Granger (2005) and Lu and Perron (2010), the other

follows the framework of Varneskov and Perron (2010).

For the first experiment, we start forecasting at observations 2, 000, and re-estimate the models

every 20 days, at which point forecasts of up to 200 days are constructed. Since the proxy of

realized squared returns are quite noisy, to reduce the e§ect of sampling variability we follow
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Stărică and Granger (2005) in the construction of a metric to gauge the relative performance. Let

̂2t,p be a p-step ahead forecast of 
2
t+p, the variance of returns rt at time t + p, proxied by the

squared demeaned returns. Let n be the number of forecasts produced, then the estimated MSE

is constructed as:

MSE(p) =
1

n

nX

t=1

(r2t,p  
2
t,p)

where 2t,p =
Pp
k=1 b

2
t+k and r

2
t,p =

Pp
k=1 r

2
t+k is the realized volatility over the interval [t+1, t+p].

The relative forecasting performance of two models is evaluated by the ratio of their MSEs.

For the random level shift model, since the noise component is serially uncorrelated and the

level shifts are unforecastable, the best predictor is the mean of the last regime. The issue then

becomes how to obtain a good estimate of the current mean of a regime at a given date at which

the forecasts are made, without using information after that date. For reasons discussed in Lu and

Perron (2010), we resort to using a backwards CUSUM procedure, as in Pesaran and Timmerman

(1999). At each forecasting period, we use the CUSUM test of Brown, Durbin and Evans (1975).

We determine the cuto§ point to get the mean to forecast as the first time the CUSUM statistic

crosses one of the critical lines, determined by the criterion that the probability of at least one

of the last 1,000 cumulative sums of standardized recursive residuals crossing a line is 10%. The

CUSUM is a procedure that e§ectively indicates the date at which a forecast failure occurs and

is, accordingly, the best suited from a forecasting perspective (see, e.g., Pesaran and Timmerman,

1999). The results are presented in Figure 4. They show that the RLS model provides better

forecasts than the ARFIMA model for a wide range of forecast horizons.

To assess whether the increased forecast accuracy is statistically significant we consider tests

based on a Mincer and Zarnowitz (1969) type of regression given by

r2t+p  r
2
t = b1(f

LS
t,p  r

2
t ) + b2(f

ARFIMA
t,p  r2t ) + ut

where fLSt,p denotes the p-step ahead forecast of 2t+p from the random level shift model and

fARFIMA
t,p denotes the p-step ahead forecast from the ARFIMA model. The goal of this regression

is to see if the forecasts from the ARFIMA model are uncorrelated with the forecast errors from the

random level shift model. This is done by testing the null hypothesis HA
0 : (b1, b2) = (0, 1) using

a standard Wald test with an asymptotic chi-square distribution. We can also test if the forecast
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errors from the random level shift model are uncorrelated with the forecasts from ARFIMAmodels.

This is done by testing HB
0 : (b1, b2) = (1, 0). The p-values of such tests are presented in Table

2. For the DM/U.S.$ series, the results are clear and informative. For most horizons, the null

hypothesis HA
0 cannot be rejected at the 5% significance level, while the null hypothesis HB

0 can

be rejected. In all cases, the p-values of the test for HA
0 are higher than the p-values for the test

HB
0 . The results therefore provide evidence that the RLS model provides statistically significant

improvements in forecasting relative to the ARFIMA model. For the Yen/U.S.$ series, the results

are somewhat ambiguous. Again, the p-values of the test for HA
0 are higher than the p-values for

the test HB
0 for all forecasting horizons. However, in most cases both tests lead to a rejection at

the 5% level, indicating that both models fail to yield accurate forecasts. Nevertheless, for very

long horizons (160 and 200 steps), the RLS model performs significantly better.

The second design to assess the relative forecasting performance follows the method adopted

by Varneskov and Perron (2011). The first main di§erence is that for random level shift model,

we obtain  -step ahead forecasts directly from the filtered estimates obtained when estimating

the state-space model. The  -step ahead forecast is then given by:

byt|t+ = yt + F (
1X

i=0

1X

j=0

Pr(st+1 = j) Pr(st = i|Yt))H
ij
t|t

The second di§erence pertains to the method to compare the forecasts. We consider out-of-

sample forecasting of the last 900 (T out 2 [1, 900]) days of the two exchange rate series, which are

also divided equally into three subperiods to assess the robustness of the results, T out 2 [1, 300],

T out 2 [301, 600] and T out 2 [601, 900] . We compare three models, the Random Level Shift,

ARFIMA(1, d, 1) and ARFIMA(0, d, 0) and consider direct  -step ahead forecasting for three

di§erent horizons  = (1, 5, 10). The  -step ahead forecasts are defined as yt+ |t =
P
s=1 byt+s|t.

Similarly the cumulative volatility proxy is defined by 2t, =
P
s=1 yt+s. We use the mean square

forecast error (MSFE) criterion defined as:

MSFE =
1

T f

T fX

t=1

(2t,  yt+ |t)
2

where T f is the total number of forecasts produced. The forecasts are evaluated and compared

using the 10% Model Confidence Set (MCS) of Hansen et al. (2011). The MSFE’s and accompa-
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nying MCS p-values (in parenthesis) for multiple and pairwise comparisons of the three models are

shown in Table 3. In 19 out of 24 cases, the RLS model belongs to the 10% Model Confidence Set

for all and pairwise comparisons as well as all pairwise comparisons. Again, the evidence about

the superiority of the RLS model is strongest in the case of the DM/U.S.$ exchange rate. Hence,

in general, the evidence points to the fact that is many cases the RLS model provides statistically

better forecasts, while for some others the di§erence is not statistically significant.

3.6 Conclusion

We considered historical series of daily exchange rates for the Yen/U.S.$ and DM/U.S.$. We

estimated a random level shifts model for the log absolute return series, adopting the specification

that the series is the sum of a short memory process and level shift component. We documented

that though few level shifts are present once they are taken into account any evidence of long-

memory disappears and what is left is a noise component that is essentially white noise. We also

evaluated the forecasting performance of the random level shift model relative to the popular

ARFIMA model. We showed that the former indeed provides improved forecasts in most cases.

Our paper therefore adds to the recent literature that considered the volatility of stock market

indices, by showing that a random level shift model is indeed a serious contender to explaining

the long-memory features of the volatility of exchange rate series.
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3.7 Appendix 3

Table 3.1: Estimates of the RLS model with ct = et and ct = ct1 + et

  e 

Yen/U.S.$ 1.043
(0.046)

0.0007
(0.00025)

0.7522
(0.007)

1.132
(0.247)

0.0005
(0.00019)

0.7533
(0.00657)

0.0309
(0.0136)

DM/U.S.$ 0.678
(0.2418)

0.0012
(0.00078)

0.748
(0.0065)

0.2289
(4.377)

0.0089
(1.704)

0.7488
(0.007)

0.009
(0.022)

Table 3.2: Comparison of forecasting performance between the RLS and ARFIMA models

Horizon p-values for the Wald Statistic

p Dollar-Mark Dollar-Yen

(days) HA0 HB0 HA0 HB0

20 0.0726 0.0081 0.0024 0.0001

40 0.1524 0.0214 0.0016 0.0001

60 0.0514 0.0030 0.0000 0.0000

80 0.3888 0.0604 0.0000 0.0000

100 0.0198 0.0007 0.0254 0.0015

120 0.2739 0.0484 0.0216 0.0014

140 0.0262 0.0023 0.0000 0.0000

160 0.0020 0.0005 0.0809 0.0067

180 0.6402 0.1731 0.0286 0.0039

200 0.9325 0.3196 0.2084 0.0253
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Table 3.3: Forecast evaluations of the RLS, ARFIMA(0,d,0) and ARFIMA(1,d,1) models

a) Dollar-Mark exchange rates

T-out 2 [1, 300] T-out 2 [301, 600]

1-step 5-step 10-step 1-step 5-step 10-step

RLS 0.442
(1.000)

(a)(c) 3.881
(0.052)

5.299
(1.000)

(a)(c) 0.699
(1.000)

(a)(c) 3.878
(1.000)

(a)(c) 8.978
(1.000)

(a)(c)

ARFIMA(0,d,0) 0.470
(0.0012)

3.903
(0.0069)

8.664
(0.000)

0.738
(0.1099)

(a) 4.925
(0.0005)

13.551
(0.000)

ARFIMA(1,d,1) 0.445
(0.6595)

(a) 3.695
(1.000)

(a) 5.805
(0.1418)

(a) 0.712
(0.199)

(a) 4.177
(0.076)

10.406
(0.0169)

T-out 2 [601, 900] T-out 2 [1, 900]

1-step 5-step 10-step 1-step 5-step 10-step

RLS 0.641
(0.610)

(a)(c) 3.066
(0.042)

8.012
(0.0116)

0.573
(1.000)

(a)(c) 4.522
(0.221)

(a)(c) 7.430
(1.000)

(a)(c)

ARFIMA(0,d,0) 0.632
(1.000)

(a) 2.917
(0.756)

(a) 7.216
(1.000)

(a) 0.594
(0.0036)

4.659
(0.0001)

9.810
0.000

ARFIMA(1,d,1) 0.634
(0.741)

(a) 2.891
(1.000)

(a) 7.341
(0.626)

(a) 0.575
(0.657)

(a) 4.401
(1.000)

(a) 7.851
(0.0856)

b) Dollar-Yen exchange rates

T-out 2 [1, 300] T-out 2 [301, 600]

1-step 5-step 10-step 1-step 5-step 10-step

RLS 0.538
(0.245)

(a)(c) 3.881
(0.052)

10.460
(0.0465)

0.691
(0.716)

(a)(c) 5.675
(0.863)

(a)(c) 14.624
(1.000)

(a)(c)

ARFIMA(0,d,0) 0.534
(0.533)

(a) 3.903
(0.007)

10.651
(0.0002)

0.701
(0.208)

(a) 6.208
(0.003)

17.520
(0.000)

ARFIMA(1,d,1) 0.530
(1.000)

(a) 3.695
(1.000)

(a) 9.752
(1.000)

(a) 0.686
(1.00)

(a) 5.629
(1.000)

(a) 14.784
(0.8489)

(a)

T-out 2 [601, 900] T-out 2 [1, 900]

1-step 5-step 10-step 1-step 5-step 10-step

RLS 0.641
(0.610)

(a)(c) 4.008
(0.4487)

(a)(c) 10.22
(0.295)

(a)(c) 0.623
(0.101)

(a)(c) 4.522
(0.221)

(a)(c) 11.768
(0.2855)

(a)(c)

ARFIMA(0,d,0) 0.632
(1.000)

(a) 3.868
(1.000)

(a) 9.584
(1.000)

(a) 0.622
(0.255)

(a) 4.659
(0.0001)

12.585
(0.00)

ARFIMA(1,d,1) 0.634
(0.741)

(a) 3.8802
(0.9034)

(a) 9.714
(0.673)

(a) 0.617
(1.00)

(a) 4.401
(1.000)

(a) 11.417
(1.000)

(a)

(a) indicates that model belongs to 10% MCS using all comparisions, (c) indicates that the RLS

model belongs to the 10% MCS using all pairwise comparisions
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Figure 3.1: Autocorrelations of log absolute returns
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Figure 3.2: Level shift component and smoothed volatility series
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Figure 3.3: Autocorrelations of the residuals from the fitted level shift process
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Figure 3.4: MSE ratio
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