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When real networks are considered, coupled networks withectivity and feedback-dependency links are
not rare but more general. Here we develop a mathematicakfrark and study numerically and analytically
percolation of interacting networks with feedback-depamay links. We find that when nodes of between
networks are lowly connected, the system undergoes froonsearder transition through hybrid order transition
to first order transition as coupling strength increased,A&s average degree of each inter-network increases,
first order region becomes smaller and second-order regioorbes larger but hybrid order region almost keep
constant. Especially, the results implies that averageegdgbetween intra-networks has a little influence on
robustness of system for weak coupling strength, but fangticoupling strength corresponding to first order
transition system become robustiamcreases. However, when average degdreéinter-network is increased,
the system become robust for all coupling strength. Additily, when nodes of between networks are highly
connected, the hybrid order region disappears and themsyfatgt order region becomes larger and second-
order region becomes smaller. Moreover, we find that thetende of feedback dependency links between
interconnecting networks makes the system extremely vaite by comparing non-feedback condition for the

same parameters.

PACS numbers: 89.75.Hc, 64.60.ah, 89.75.Fb

I. INTRODUCTION

Complex networks have been studied extensively owing tio tekevance to many real systems, where nodes of the network
can be grouped by connectivity links. During the past decedmplex theory is exclusively focused on the single anthisd
networks [1=20] . In reality, networks rarely appear in &min, where have wide variety of coupled networks. Regentl
there has been a turning point in accordance with the adfertnzepts of interdependent networks and interacting owdsv
[21-+37]. Buldyrev et al. developed a framework for underdiag the robustness of couple networks with only depenglenc
links between nodes of two networks, which subject to casgai@ilures according to Italy blackout on 2003. Their fimgis
suggest that dependency links between nodes of two netwasksan important influence on designing resilient infradtires
[22]. Meanwhile, Leicht et al. developed a mathematicatfesvork based on generating functions for analyzing a sysfem
coupled networks with only connectivity links between nedétwo networks. Their findings highlight the extreme loingrof
the percolation threshold possible once connectivitydihktween networks are taken into account [23]. Moreovexp @ al.
investigated cascading failures of coupled networks witlttiple support-dependence relations by consideringitegtional

support dependency links between nodes of two networkdr itealel can help to further understand real-life coupleiivoek
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systems, where complex dependence-support relationts 2. In fact, real network often contain both types ofkBn
dependency and connectivity links [25/ 26, 28]. Parshaal.anodeled single networks with two different links andodissed
it's robustness. They found that networks with high densftgependency links are extremely vulnerable, but netwaiikis a
low density of dependency links are significantly more ralf2s]. Hu et al. studied coupled networks with both connetti
and dependency links between nodes of two networks, wheendiency links is no feedback condition. Their findings dade
that the connectivity links increase the robustness of yistem, while the interdependency links decrease its rabsst[26].
Gao et al. researched the robustness cdupled loop networks with the condition of feedback deerst links between nodes
of two networks. They pointed out that coupled networks tsegrely vulnerable as feedback dependency links existdmtw
two networks|[2]7]. When real networks are taken into accotmipled networks with feedback-dependency and conritgctiv
links are not rare but more general. Here we develop a matieah&amework to study the robustness of two interacting

networks with feedback-dependency links.

I1. FRAMEWORK

Connectivity links
—  Feedback-dependency links

FIG. 1: Demonstration of interacting networks with feedbdependency links. The feedback dependency links betweemork A and

network B are random and directional. The nodes4oénd B are randomly connected with connectivity links.

For two networksA and B of sizesN, and Ng, we assume that they are coupled by both dependency andativitye
links. For the case of dependency links, the two networkgargally coupled, which means dependency links between tw
fractionsq4 andqg of nodes inA and B networks satisfies the feedback condition (as shown in Fig.Far the other case,
connectivity links connecting nodes within each networlt batween the networks, which can be presented by degreibaist
HONS P, o) Pk
k4 or (kp) links to nodes in the same network ahdg or (kg 4) links toward other network. When nodes fail in a network,

) respectively, wheré)@AykAB) andP(ﬁB_’kBA) denote the probability of an node ior (B) to have

all connectivity links connected to these nodes fails, Taysther nodes to disconnect from the network. Since depmend
relations between networks, interdependent nodes in agterork also remove along with their connectivity links. @fsume

that a functional node in netwotlt (B) must belong to the giant component of netwatKB). When this cascading process



occur, it will stop if nodes that fail in one step do not cauddiional failures and stabilizes with giant component.

When a fractionl — p of A nodes are initially removedu (w;, ;) andgg(w:, w;) are equal to the fraction of nodes in the
giant components of networkbsandB at stept, after removal of fraction$ — w; and1 — =@y, respectively. Thus, the cascading
dynamics can be described by

wi =p, @1 =1, P = wiga(wr, @),

wy =1—qp(1 - P{"), P = @w:Gp(w,m2),
wy = p[l — ga(1 = PP)), Ps' = waga(ws, @),
w3 =1—qp(l— Ps'), Py = @3gp(ws, ws),

1)
w3 = p[l — qa(1 — PP)], P! = wzga(ws, ws),

@ =1-qp(l—P2,), PP = wgp(wi—1, @),
= p[l - QA(l - PtB)]v PtA = wtgA(wta wt)'

Where, P (PF) is the corresponding giant components of netward).
Forw;, w;, PP andPA, att — oo, since eventually the clusters stop fragmenting. Thusieaidy state, the expression of

system can be given by

’woo:1—QB(1_P£)aP£:woogB(Womwoo)v )

Woo = p[l - QA(l - PoBo)]7P£ = ngA(Wmvwoo)-
I1l. THEORY

In this paper, we consider the case where all degree distitsiof the connectivity intra- and interlinks are Poigaon

Thus, the two-dimensional generating function are as\al{23, 26]
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where, (k4 + 1)P,;4 Fatl is the probability of following a randomly chosén link connecting and node of degreé 4 to a

B node with excesk, degree andi{!Z(z 4,z g) is generating function of this distribution. Accordinglye other three excess



generating functiongz{'4, GB4 GEBE, can be obtained [23, 26]

(4)

Thus, from Eqgs.(3) and (4), the four excess function can begnted
G4 (wa,ap) = P (2a,25) = G (wa,v5) = G (aa)G4P (ep) = Fatra—DeFatron), ©)
GPP(xa,28) = GPAwa,28) = GF (x4, 28) = GEM(24)GEP (zp) = eFe@a—Dkelza—1),
After removal ofl — w and1 — w fractions of network4d and B, from Egs. (4) and (5), we have
ga(w, @) =1=Gg[1 —w(l = fa),1 —w(1 - fga)), )
9p(w, @) =1 -GGl —w(l = fap),1 —w(l - fB)].

where,
fa=GM L —w(l = fa),1 - w(1- fpa)l,
fB =GPl —w(l - fap),1 —w(l - fp)],
fap =GPl —w(l = fa),1 = =(1 — fpa)],
fea =GPl —w( — fap), 1 —w(l - fp)].

For cascading process, we compare our theoretical requ#igied from Egs. (1), (4), (5), (6) and (7) with results ofmarical

()

simulations as shown in Fig. 2. One can see that the simoleggults show excellent agreement with the theory.
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FIG. 2: (a) Comparison between simulations and theory, tthetibn P/* of giant component of network as a function of stage with
parameterés = kg = 5, ka = kp = 0.5, gz = 1 andN* = N® = 10°. We choose parameteys = 0.8, p = 0.928 for main figure and
ga = 0.7, p = 0.828 for sub-figure. (b) The fractio®?* (O) , P2 (0J) of giant component of network, B as function of stage with the

same parameters as in (a) lgut = 0.7, p = 0.843. The simulation results are averaged over 50 realizations.

Submitting Egs. (5), (6) and (7) into Eq. (2), at steady stie corresponding? andP.Z are expressed

P4 =p[l — qa(1 — PB)][1 — e~ (RaPetkaPo)y, ®)

PE=1-gp(1~ PA)[1 — e~ FaPirkard)]
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We presents comparison the theoretical predictions andlafions for the giant components as a functiony@fandk as
shown in Fig. 3(a)-(b). One can see that the theory predistitom Eq. (8) agrees well with simulation results for diéet
set ofg4 andk as shown in Fig. 3(a)-(b). Furthermore, we can clearly firad &8 coupling strength, increases, the system
undergoes second order transition to first order transttioough hybrid order transition, which means the size ofgtamt
componentjumps at*! from a large value to a small value then continuously deeeap" /! to zero. And, Fig. 3(a)-(b) also
presents corresponding critical fractipn including first and second order transition poiptsp!!, two hybrid order transition
pointsp!, pl11. Additionally, the number of iterative failuresV(OT) as a function ok andp is shown in Fig. 3(c), one can
observe thatvVOI has a peak at jump pointg! andp/!. Thus, it provides a useful and precise method for idemtgfythe

transition pointg? andp’! by computingVOI as a function op.
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FIG. 3: (a) Comparison between simulations and theoregicadictions, the fraction of giant componert, as a function op andga with
parametersis = kp = 5, ka = kg = 0.5, Na = Np = 10°. (b) p2 as a function ofp andk with the same parameters as in (a) but
ka = ks = 5. (c) NOI as a function op andk with same parameter as in (b) from numerical analysis. Tinelsition results are averaged
over 50 realizations.

In fact, Egs. (8) can be solved graphically as shown in Figrat.given parameters, Fig. 4 implies that the critical ppint
andp’-! is the intersection of the two curvé! (P2) and P2 (PZ). Thus, the corresponding critical manifold can be found
from the tangential condition

dP2 dpPB
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FIG. 4: PE as a function ofP2 are shown from Eq. (8) with the differept p = 0.6 (a),p = 0.94 (b), p = 0.96 (c). One can see that as
p < 0.94, only a trivial solutionP2 = PZ = 0 exists from (a). A = 0.94, the non-zero giant component of both networks appears at
stable state from (b). As = 0.96 > 0.94, the largest solution of two curves is chosen, since theafigéant component gradually decreases

at cascading process.



From above analysis, the coupling strengthas a function op is studied from Eqgs. (8) and (9), as shown in Fig. 5(a)-(c).
We can observe that gse [0, qi’cH], the system only occurs second order transitioplatfrom Fig. 5(a)-(c), where coupling
strengthgs' ™ is a boundary point of between second order region and hylder region. As; € (¢57, ¢%[F], the system
undergoes hybrid order transition and have two criticahsi”/? andp/!, where coupling strengit,;” is a boundary point
of between hybrid order region and first order region. Siryilasq > qf{gF, the system only behaves first order transition
andp! appears. Furthermore, we can observe that when systensasond order transition behavigsé! has a little change
ask increases from Fig. 5(d), which implies thiahas a little influence to robustness of system for weak cogplHowever,
when system only undergoes first order transition behatworstrong couplingp’ decreases and system become more robust
ask increases. Especially, for coupling strengthcorresponding hybrid order transitiopl»/ keep constany/! decreases
and eventually coincidence, which suggests that hybriérorelgion disappears. However,/aincreases, one can see that all
the critical pointsp. increases a& increases from Fig. 5(d), which means the system becomestalsuaverage degree of
inter-network increases. Fig. 6(a) and (b) describe thaptiase transition region changes:amdk increase. We can see that
first order region gradually become larger dueqﬁgF increases ak increases from Fig. 6(a). Meanwhile, since the difference

betweeny:"" and ¢

become smaller, the hybrid order region become smaller aenteally disappear asincreases. At
this time, the system only occur first order transition. Aiddhially, whenk increases, first order region becomes smaller and

second-order region becomes larger but hybrid order reajimonst keep constant.
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FIG. 5: The coupling strengti as a function op for different parametek with parameterés = kg = k =5,k = kg = kandgg = 1.
(@ k = 1. (b) k = 0.5. (c) p. as a function of; for differentgs with parameterés = ks = k = 5 andgs = 1. (d) p. as a function of: for

differentga with parameterés = kg = k = 0.5 andgp = 1.
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FIG. 6: The coupling strengths as a function of: (a) andk (b) at the critical factiorp.. (a) the parameters akey = kg = k = 5,

ka = kg = kandgs = 1. (b) The parameters are the similar with (a) but= 0.5. The blue and red dash line dengtg;” and¢5 "
respectively.

Furthermore, we compare our model with model under nonkfaekl condition for two interacting networks. For the same
parameters, by comparing Fig. 7(a) with Fig. 5(b), one caah tfirat when dependency links satisfy feedback condifipris
more bigger than that under non-feedback condition. Tharswo coupling links, feedback condition between two nekgo
make the system extremely vulnerable, which means thatytsters is difficult to defend for feedback condition. And, for
feedback conditioan{f and (fol:H are smaller than that under non-feedback condition, whieama the system have bigger
first order region under randomly attacking as shown in Hb).7
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FIG. 7: (a) The coupling strengiu as a function of: at the critical factiorp. under non-feedback condition for the same parameters with
Fig. 5(b). (b) The coupling strength as a function op for different parametek for the same parameters with Fig. 6(a).

IV. CONCLUSION

In summary, we have introduced a framework for two interactietwork with feedback dependency links. Our theory is in
excellent agreement with the numerical simulations on lipetworks with Poissonian distribution, which also carapplied
to any degree distribution networks. We find that for weakptiog strengthp!’ has a little change and robustness of system is
not altered significantly ak increases. But for strong coupling strengthdecreases and the system become more robust as

increases. However, for all the coupling strength, theesgdtecome robust dsincreases. Moreover, aisincreaseSqf"cH and



8

qff gradually become small and eventually coincidence, whielhms that hybrid order region disappears, and meanwhile the

system only occurs first and second phase transitions. idddity, by comparing non-feedback dependency conditetwben

interacting networks, we find that the system is extremelgetnable and difficult to defend for cascading failures.
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