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On the Probabilistic Continuous Complexity
Conjecture

Mark A. Konl, Boston University

Abstract: In this paper we prove the probabilistic continuous complexity conjecture. In
continuous complexity theory, this states that the complexity of solving a continuous problem
with probability 1 — ¢ converges (as 6 converges to 0), the complexity of solving the same
problem in its worst case. We prove the conjecture holds if and only if space of problem
elements is uniformly convex. The non-uniformly convex case has a striking counterexample
in the problem of identifying a Brownian path in Wiener space, where it is shown that
probabilistic complexity converges to only half of the worst case complexity in the 6 — 0
limit.

1. Introduction

In this paper we consider a situation in which probabilistic continuous complexity theory
can be compared to worst case complexity, where problem elements are restricted to bounded
sets. In [TWW] it is conjectured (section 8.5) that probabilisitc complexity of a continuous
probelm converges to its worst case complexity as the allowed probability of error 6
approaches 0. Here we prove this conjecture, showing that convergence of probabilistic
complexity to worst case complexity generically holds under weak hypotheses. However,
there are some basic and surprising situations in which this does not occur, even at the level of
information complexity (which provides lower bounds for full complexity).

Specifically, in the approximation of Brownian motion with partial data (under Wiener
measure), it turns out that the 6 — O limit of probabilistic complexity does not always
approach worst case complexity (see [Ko] for the original analysis and proof of this fact). In
fact, if we ignore a set of Brownian paths of arbitrarily small probability, the maximum error
of an approximation algorithm can be cut in half. This can occur whether or not we restrict
ourselves to standard information operations (those where information consists of pointwise
function values). This counterintuitive phenomenon can only occur in normed linear spaces
which are not uniformly convex, such as Wiener space.

We will mention some background and motivation for this problem. Probabilistic
complexity is a standard approach in the context of classical discrete complexity theory, where
complexities of such problems as primality testing and theorem checking can be significantly
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reduced if algorithms are allowed to fail with arbitrarily small probabilities. In continuous
complexity, probabilistic approaches have been taken in the context of full information (for
example, in the context of finding zeroes of polynomials, see [Sm]), and partial information
(e.g., [W], [TWW]).

Let us consider probabilistic complexity in the more specific context of the recovery of
functions. Suppose F' is a Banach space of functions on a measure space X, and By C F' is
convex and balanced. Given f € F, we wish to identify f from partial information of the
form Nf = (f(x1), f(x2),..., f(x,)). More generally, we are interested in information of
the form NF = (Li(f), La(f),..., Ln(f)), where L; are linear functionals. From the
strict viewpoint of recovering functions, the present paper will study lower bounds (based on
purely informational limits) on the errors of algorithms ¢ for recovering f from Nf,
comparing lower bounds in the probabilistic case with lower bounds in the worst case. These
lower bounds determined by radii of information. We will then augment these results to ones
which analyze full complexities of algorithms for recovering functions (Theorem 12).

We will give a general description of results here, leaving formal definitions to Section
2. Let S be a linear map between two spaces F'and G. Let N : F — R" (the information
operator) be linear. Let p be a probability measure with support in a bounded, convex,
balanced set F, C F. We study probabilistically the complexity of approximating S with a
composition ¢ o N, with N of finite rank. The parameter 6 is a (small) probability with
which we are allowed to break a given tolerance ¢ in the approximation. We investigate
when, as 6 — 0, problem parameters (e.g., radius of information, complexity) approach
those of the worst case problem, i.e., that requiring e accuracy in all cases.

This paper partially extends a result of Heinrich [H] in which £ consists of functions in
a periodic Sobolev space. Heinrich explicitly estimated the 6—probabilistic cardinalities of
information for problem elements in a ball of radius ¢, in the limits of large ¢ and small 6. He
showed that for S the Sobolev imbedding operator, the 6 — 0 limit of probabilistic
complexity for estimating S f is the same as in the worst case. Other estimates relating worst
case and probabilistic complexity have appeared in [TWW] (88.5).

The results of this paper involve several natural questions related to the above. Initially
we study whether the 6 = 0 probabilistic model has the same radii of information and
complexity as the worst case model. This asks essentially whether sets of measure 0 can make
a difference in analytic complexity. That is, do “impossible” sets of functions (sets of
probability 0) make a difference in the worst case complexity, in that worst case complexity
can be decreased by removal of such functions from consideration? The short answer in
general linear settings is "no". More precisely, we show that in linear probabilistic settings
(and uniformly convex F), the § = O probabilistic setting is identical, with regard to -
cardinality, to the worst case setting. It does not make things better to remove sets of measure
0 for worst case error.

However, remark 2 after the proof of the theorem in Section 8 shows that in some
(rather unrealistic) models of dependence of cost on information N and algorithms ¢, it is
possible to have sets of measure 0 which make a difference in full complexity (as opposed to
just information complexity). Theorem 12 below, however, also gives conditions under which
we may ignore sets of measure 0 as well in the full complexity setting; these conditions hold
when more restricted and natural models of complexity are used.

All results here cover a general class of measures on F' (nonvanishing measures) which
include orthogonally invariant and Gaussian measures. We assume throughout (without loss)



that the bounded, convex, balanced subset F, C F' (in which the unknown f is assumed to
be) is in fact the unit ball of F.
For the discussion of the case 6 = 0, we have:

Theorem 1: Let F be a separable Banach space with a nonvanishing probability measure p
on its unit ball F,. Let G be a uniformly convex Banach space. Let .S be bounded and linear
from ' to G. Then the problem of approximating S in the 6 = 0 (" almost worst case")
probabilistic setting is equivalent in terms of radius and cardinality of information to the
worst case setting.

This theorem is a corollary to the proof of Theorems 2 and 3 (see below).
Let Rad A denote the radius of a set A in a metric space. We also mention a more basic
fact than the above theorem:

Corollary: Let A be a convex set in a uniformly convex Banach space F' and p be a
nonvanishing measure on F. Then for any set £ of measure 0, Rad (A ~ E) = Rad (A).

We will also show that for a fixed information operator N, the probabilistic radius of
information converges to the worst case radius of information as 6 — 0. Letting R?mb (N) be
the probabilistic radius of information of N (again with allowance for excluding a set of
probability 6 consisting of the most difficult problem elements), and R"°"(V) be the worst
case radius, we have:

Theorem 2: Under the same hypotheses as in Theorem 1, lower error bounds in the
probabilistic setting approximate those in the worst case setting for a fixed adaptive
information operator N as 6 — O:

RY®(N) — R"O(N).

6—0

The proof of this theorem follows easily from the proof of Theorem 3 below.

We define the n™ minimal radius of information R"°" to be the infimum of R"°'(V)
over all (adaptive) information operators NV : F — R?, with the analogous definition for the
n" minimal probabilistic radius Rgfsb as an infimum over radii R5 (V). By e-cardinality
we mean the smallest cardinality »n for an information operator N for which the radius of
information is e or less. Thus the e-cardinality (as a function of ¢) is essentially an inverse to
the n'” minimal radius (as a function of n).

We will prove convergence of probabilistic e-cardinality to worst case cardinality, or
equivalently, of the minimal probabilistic radius to the minimal worst case radius. The proof
is technical, relying on the fact that in a uniformly convex Banach space, a set's radius is
essentially supported on finite dimensional subsets.

Theorem 3: For F',G, and i as in Theorem 1, let S : ' — G be linear and bounded. Then
the probabilistic minimal radius of information of cardinality n satisfies RP™(n)

6—>ORW°r(n), where the latter the minimal worst case radius of information of cardinality n.
.



Thus the probabilistic e-cardinality of this problem converges to the worst case e-cardinality
as 6 — 0, at any value of ¢ where worst case e-cardinality is continuous in e.

Remark: We show here that we cannot remove the assumption that G is uniformly convex.
Consider the case where F' is Wiener space, consisting of all continuous functions f(¢) on
[0,1] with f(0) = 0. We place the Gaussian Wiener measure on F', obtaining a canonical
probability measure on all Brownian paths. Let . be standard Wiener measure, conditioned to
the unit ball Fy, so that for A C Fy,

p(A) = n(A)/n(Fo),

where 7 is the standard Wiener measure.
We use the usual C° normon F,

1f @)= = sup |f(E)]. (1.1)

t€l0,1]

Let the space G (in which we will measure error of approximation) also be Wiener space, but
with a different norm. For f € G, let

LFIF = [Lf e+ [£(1/2)]

Let S: F — G be the identity S(f) = f (we view F' and GG as the same space, using G
because it has the error metric (1.1) ( which interests us). The metric in G differentiates
among paths f(¢) strongly by their values at 1/2, so that extra weight is given, e.g., to the
random walker's position at noon.

We show first that for the (standard) information operator N f = f(1/2), the radius of
information R (N) = 1 for all § > 0, while RY"(N) = 2, showing that the probabilistic
radius need not approach the worst case radius for a fixed information operator. To do this we
first evaluate the worst case radius. Thus

R™(N) = o | sup |57 = (NS (12)

= inf_sup |If —o(y)l

¢:R—G ferR,

=, nf sup[If = o)l +1(1/2)) = 6(y) (1/2)]

fer

where above y = (1/2). Above, ¢(y) is a function (our best estimate of f) which we
evaluateat ¢t = 1/2.

We now show the above infimum is 2. Consider the value of the expression on the right
side of (1.2) for functions f with f(1/2) = 1. Then whatever the function (¢(y))(-) =
(¢(1))( - ), the value of the expression whose supremum is on the right of (1.10)(1.2) can be
made arbitrarily close to two, using such f € Fy. Indeed, the first term ||f — ¢ (y)||z~ can
be made arbitrarily close to 1 + |¢(y) (1/2)| given the right f (still with f(1/2) = 1). On the
other  hand, the second term in (1.2) for the same f equals



11— o(y) (1/2)] > 1 —|é(y) (1/2)], yielding that (1.2) is at least 2, so that RV'(N) > 2.
It is not hard to see that in fact

R"(N) = 2. (1.2)

We will show below that

for any choice of 6 > 0, so that here deleting a set of arbitrarily small measure can reduce the
radius of information by a factor of one half.

We now extend the above result on the worst case radius, showing that for all
information operators N of cardinality 1, the worst case radius R"°"(V) is 2. Thus let N be
an arbitrary bounded linear functional on F. Then again we have

R™(N) = Inf  sup[|Sf = &(N])

:R_’GfEFU

=, inf sup ||f =N Sl +1f(1/2)) = (#NF)(1/2)],
Rl fen

where above y = f(1/2). Note that ¢Nf is a continuous function (best estimate of f),
which we again evaluate at 1/2 in the second term above. We now show the above infimum
is 2. For note C{/[0,1] is a closed subspace of C°[0, 1], so that by the Hahn Banach theorem
the dual C{[0,1]* is contained in the Borel measures on [0,1]. Thus for any N there is a
Borel measure p such that

Nf:/fd,u.

For fixed 1, we will now show that for any small > 0, there is a function f, such that
fy(1/2) =1, f(t) = —1 for some ¢ with |t —1/2| <n, and [ f,du is independent of 7.
Indeed, if 1 has no point mass at ¢ = 1/2, then

p[1/2=mn, 1247 10
nl0
and so fll//;fn” f dp becomes arbitrarily small, uniformly in f, as » — 0. Thus no matter what

the behavior of f in [1/2—n, 1/2+n] f can be adjusted outside this interval so as to
compensate in such a way that [ f, du is independent of 7. On the other hand, if x has a
point mass of weight ¢ < 1 at ¢t =1/, then

[ tydn = csap+ [ fyan =c+ [



where 1/ is absolutely continuous at ¢ = 1/2, so that the same argument works here, this
time applied to the second term on the right. This shows again that N f, is independent of
in this case. Thus in both of these cases and for any ¢,

sup [|f = ¢N fll= +f(1/2) = (6N f)(1/2)]

ferR
> |fy = oN fyll= + 11— (6N £,)(1/2)]. (1.3)

Note ¢Nf, is independent of n, so if we choose 7 to be sufficiently small,
|| fn — &N fyllz~ can be made arbitrarily close to |( — 1) — ¢N f,,(1/2)| or a larger number,
since

fn(t1> = -1

for some ¢; with |¢; — 1/2] < n, while ¢N f,, is a fixed continuous function, so for n small,
®N f,(t1) is arbitrarily close to ¢N f,,(1/2). Therefore, the expression in the supremum on
the left of (1.3) can be made arbitrarily close to
11+ (N f,)(1/2)| + |1 — (¢ N £,,)(1/2)| = 2, so that by (1.3), for any linear functional N
not completely supported at ¢t = 0,

R"(N) = 2. . (1.4)

If 1 is a unit point mass at ¢ = 1/2, then (1.4) has already been proved in (1.2), so that (1.4)
holds in all cases.

We now show that the probabilistic radius R?®(N) is half of the worst case radius for
every 6 > 0. Thus define the family of sets

Fm) = {f € B||f(t) ~ f(1/2)| <1 for |t —1/2] < 1/m}.

This is very weak Lipschitz-type condition on f € F. Since Fy is a family of continuous
functions,

so for any measure v on [y (Gaussian or otherwise),

|

m — o0

v(F(m)) v(Fo).

Now consider radii of information for N f = f(1/2) with respect to this family. For
any A C F,defineforan N : F — R?
R(N,SA) = sup Rad(S(N'(y) N A)).

y ERE

Then for any m:



R(N,SF(m)) = sup Rad(S(N~1(y) N F(m)))

y€eR

= sup Rad{f € S(F(m)): f(1/2) =y}

y€[7171]

= sup Rad{f € SFy. f(1/2) =y and |f(t) —y| <1 for |t —1/2| < 1/m}.
y€e[-1,1]

But for any y € [— 1,1], one can check that the set whose radius is computed above has a
center ¢, (t) € Fy such that

eym(1/2) =y,  cym(t) =0 for |t —1/2] > 1/m,

and c,,, decreases (increases) monotonically to 0 as |t — 1/2]| increases. Thus for a c,,, with
the above properties we have for f € SF(m) with f(1/2) = y that

Hf_Cym” = ”f_ CymHoo <1

Thus forany y € [—1,1],
Rad{f € SFy: f(1/2) =y and |f(t) —y| <1 for [t —1/2| <1/m} <1

so by (1.16), R(N,SF(m)) < 1.
It is not hard to show that the above inequality is an equality, so

R(N,SF(m)) = 1.

Now define 1 — 6,, = pu(F'(m)). Then 6,, —>. 0, and since the probabilistic radius is

prob .
R (N) = f R(N,SA
(o) ( ) ;L(Al)glfé‘ ( 75 )7

we have that for m a positive integer,

RY(N) < R(N, SF(m)) = 1.

Thus for all 6 > 0,
RY'(N) < 1.

Thus we have an example where RY'(N) = 2, whereas R"(N) < 1.
Now taking infima over N to get minimal radii of information, we have by the above



while

prob o prob
R5 (1) —carclirjl\;:l Ré‘ (N) <L
showing that for arbitrarily small 6, probabilistic radii of information (which represent lower
bounds for error) can be quite different from worst case radii.

The intuition here for the case N f = f(1/2) is the following. In our error metric,
suppose we want to estimate a Brownian path f(¢) from knowing f(1/2). Then if we are
willing to ignore a set of arbitrarily small probability (essentially ignoring functions f(t)
which approach their values f(1/2) very suddenly), we can cut error in half, no matter how
small a set we throw away. This is somewhat unexpected. In this case it does not pay to heed
the worst case scenario, since functions whose possibility we are ignoring can have arbitrarily
small probabilities.

This example can be extended to information operators N of higher cardinality, giving
values of the Brownian path at several points, as opposed to just one.

In addition, though the above example for Brownian motion involves a space F which is
non-separable, this is also not essential. One can replace the Wiener space F' by the following
restriction X of Wiener space to a discrete sequence space. Consider the set A of real-valued
functions f(1/2 —1/n), defined only on a, =1/2—1/n, for n=1,2,3,... , with the
property that nlmgo f(1/2 —1/n) exists. Endow A with the supremum norm, making it a

Banach space. Note this space is separable, being the space of all real-valued sequences with
limits. Now let us give A the following Gaussian measure. First define a map M from F
(Wiener space) into A by M (f) = {f(1/2 —1/n}, (thus M takes f to the sequence defined
by its restriction on the points {1/2—1/n}. It is easy to check that the function
f(1/2—1/n) is indeed in A. Note also the map M is bounded with norm 1. Define the
Gaussian measure v on A by defining, for any Borel set B C A,

v(B) = u(M~\(B)).

Since M is continuous, this defines a Borel measure on A, and it is easy to check that it is
Gaussian (note that applied to all cylinder sets the measure is clearly Gaussian).

Using the arguments above, if we let the space B be A endowed with the norm
WFll = I1flle +1f(1/2) (where f(1/2) = lim f(1/2 - 1/n)), and define the linear
operator S : A — B by Sf = f, it can be shown in the same way as above that for the fixed
information operator Nf = f(1/2), R\ (N) <1 for all § >0, while for any linear
functional NV, R"*"(N) = 2, so that earlier comparison between worst case and probabilistic

radii of information holds here.
The above can be summarized in:

Theorem 4: Let A be all continuous linear functionals or just linear functionals consisting
of standard information, i.e., pointwise evaluation. Then for S' the identity operator from F' to



G above (in either the Wiener space or its discrete restriction), the worst case radius
R (evaluated as an infimum over N) is strictly larger, by a factor of at least 2, than

(Ising R?mb. The same is true if we evaluate the above radii of information for the fixed

information operator N f = f(1/2).
Thus Theorems 2 and 3 are false if uniform convexity for G is not assumed.

Remarks: 1. This type of result of course extends to situations where the information
operators N have arbitrary cardinality n, with an appropriate modification of the norm on G.
2. This theorem shows there are scenarios in which total error can be cut in half (below that in
the worst case setting) in a completely risk-free way, by ignoring a set of problem elements
whose total probability is arbitrarily small.

We also remark that though one might suspect on the basis of Theorem 3 that the
probabilistic limit is the same as the worst case limit for a much more general class of
measures than the nonvanishing ones defined here (see Def. 2.2) this is definitely not the case,
even for the class of measures which (along with their conditionals and marginals) are
nonvanishing on all open sets. To see this, consider ' = R? with Euclidean norm, and the
measure p = v x A restricted to the unit ball Fy and normalized, where X is Lebesgue

measure and v is the point measure ) ¢; 6,, with > ¢; =1, and {z;}°, an enumeration of
) 7

the rationals in R. It can be shown that the marginals and conditionals of v can be chosen in
such a way that they do not vanish on any open set. However, it can also be shown that the
identification problem with S: F, — F; the identity has R{"*" = 1, where R{"" is the minimal

worst case radius of information for information of cardinality 1, while Rf;rfb:O for all 6 > 0,
where R denotes the minimal §-probabilistic radius for information of cardinality 1.

As corollaries of the results used for analyzing the worst case limit of probabilistic
recovery, there are others of basic interest in the geometry of Banach space and in its
applications to continuous complexity. Though some of these are presumably known in the
theory of Banach spaces, they are listed here for completeness.

Proposition 5: Let F' and G be Banach spaces and let N : F' — R" be linear. Let S : F
— (G be a continuous linear operator. Then for B C F a closed convex set, the function
R(N,y) = Rad S(N~'(y) N B) is continuous in (NN,y), taken in the uniform operator
topology crossed with the topology of R", in the interior I of the support of the function R, if
the operators NV are restricted to have given fixed rank n

Proposition 6: Every set in a uniformly convex Banach space has a unique center.
Proposition 7: Let F' be a Banach space, and G be a uniformly convex Banach space.
Given arbitrary (adaptive or nonadaptive) information N, a strongly optimal algorithm for

approximating S : F — G always exists and is unique.

Proposition 8: In a uniformly convex Banach space the radius functional is continuous in the



topology of set convergence, in that if A, !

—00

A, then Rad(4,) ,— Rad(4).
Proposition 9: In any separable uniformly convex Banach space F', the radius of a set ' is
the supremum of the radii of its finite subsets,

Rad(FE) = sup Rad(C).
C CE, C finite

Proposition 10: For a fixed adaptive or nonadaptive information operator N and a convex
set A in a Banach space F, the N-radius R(N, A) of A is supported on finite dimensional
subsets. That is, for any set A there exist finite dimensional subsets A, C A such that
R(N,A,) == R(N,A). The same is true for partially defined information operators N.

We also prove a result on the relationship of alternative definitions of average
complexity (using L? norms instead of L? norms), to worst case complexity.

Theorem 11: Assume g is a nonvanishing measure supported on the unit ball F, C F, with
F' separable Banach space, and S : FF — (, is a bounded linear operator, with G a
uniformly convex Banach space. Define the p-average local radius of information
analogously to the average radius, but using an L? norm,

m) = inf ([ ||Sf—Sh(Nf)||pdu(f)>1/p-

h:R"—F

Thenas p — oo,

RYI(N) — R (N).

p— 0
Further, if we take infima over IV of cardinality n,

lim R — RY = inf R"(N). (1.5)

n—00 rank N=n
In addition, for the corresponding e-cardinalities of information

card?’(e) =0 card"(¢),

for every e at which card"" is continuous.

Above, the infima over operators NV are taken over the class with worst case cardinality
n, as opposed to average cardinality. This is because it does not make sense to take infima
over information operators N of average cardinality N in the definition of R5"(n) as p
— 00, since in the worst case (i.e., essentially p = co) setting, n-radius of information is

defined as an infimum over the class of operators IV of worst case cardinality n, as opposed to

10



average cardinality n. The statement of the theorem changes if we define the p-average radius
of information of order n by taking infima over N of average cardinality n, to say that
generically the convergence in (1.5) does not occur, since then different definitions of
cardinality would be used on the right and left sides.

We define the adaptive Gelfand n-radius of a set A in a Banach space F' as a natural
generalization of the Gelfand n-width, more appropriate to the notion of adaptive estimation.
Namely, let the adaptive Gelfand radius (or just Gelfand radius) of order n of the set A be
defined as

wor - -1
Rn <131\):F:Rr!pszadaptive ysglgn Rad(N (y) ﬂA).

As opposed to the standard notion of a Gelfand n-width, this measures a radius minimized
over the intersections of the set A with larger classes of subspaces.

This notion of radius, when applied to a set F;, of problem elements in a normed linear
space F', gives exactly the adaptive radius of information. It is interesting to ask how this
radius of information changes with varying a priori information. Assume that there is a
nonadaptive information operator M, and we are given a priori information that our problem
element f € Fy satisfies M f = z. In this case, what is the smallest error (radius of
information) in approximating f using n-adaptive information? More specifically, does this
error vary continuously with M and z? We conjecture it does, and prove a partial result
(lower semicontinuity) on the minimum error in this situation (Theorem 11).

Another important motivation for this result has to do with the fact that the adaptive
Gelfand radius can be defined recursively (assuming the adaptive information N is given as
(Lh L27 cee Ln)) by

WOr(A) = inf Rad(N ! A
R (A) N:FﬂR!li;’]Nadaptive Sljp ad( (v) nA)

—_— M _1
B L:F—>I|Rr;]11;|inear Sl;p R, (L (y) NA).

It is sometimes useful to know that in this recursive definition, R (L *(y) N A) is lower
semicontinuous in y and L. We have the following theorem.

Theorem 12: Let F and G be Banach spaces with F separable and G uniformly convex, and
letN: F — Y = R" be nonadaptive information operators assumed to remain of fixed rank.
Let S: FF — G be a continuous linear operator. Then the function R(N,y, B) = Rad
S(N~1(y) N B) is lower semicontinuous in (N,y), in the interior I of the support of the
function R. Here we assume the topology of uniform convergence on \V, i.e., that N —-.
N if for each i and each choice 1, ..., y;i—1, Lri(y1,---,9i-1) T Li(y1y2,---,Yi-1)

in the uniform topology on linear functionals, where L;; is the i component of N, .

11



Finally, we consider computational complexity, by taking algorithms into account.
Results in [TWW, section 8.5.4] on optimality of spline algorithms do not apply here, since
we are not dealing with Gaussian measures, nor with the entire space F', but a measure u
restricted to a bounded convex subset Iy .

Nevertheless, we show that under the most general model of combinatory cost for the
algorithm ¢, we can talk not only about the approach of the cardinality of information to the
worst case limit as 6 — 0, but also regarding full computational complexity. We will assume
that the combinatory cost denoted by cost (¢, N(f)) of the optimal algorithms ¢ may have
any dependence on the operator NV and information y = N f. Our theorem applies to any
situation in which uniformly continuous families of optimal (i.e., optimal on a set of
probability 1 — 6) probabilistic algorithms exist. This occurs, for example, if we restrict to
linear algorithms of some uniform bound, to any class of uniformly continuous ¢, or in any
situation where we can prove uniformly continuous families of ¢-optimal algorithms exist.
The theorem shows also that if the hypothesis of some type of continuity is taken away, the
statement that probabilistic complexity approaches worst case complexity is false.

Throughout our discussion we assume we are dealing with an allowed class ® of
algorithms (e.g., all algorithms, all continuous algorithms, all linear algorithms, etc.). All
infima over ¢ will be assumed to be over this class. The probabilistic computational
complexity has the form

comps (e) =

inf {c card N + sup cost(¢, N cinf - su N — Sfl| <€},
inf {c sup cost(, N(£) ; inf,_ sup [|6(N(f)) = SfI < e}

where ¢ denotes the cost of each information operation, and cost( ¢, N(f)) denotes the so-
called combinatory cost of using information N(f) and the algorithm ¢ to arrive at an
approximation ¢(N(f)). Above and henceforth it is assumed that the infimum over A is
taken only over As C F,. Worst case complexity comp"® (e¢) has the same form as above,
with A; replaced by F, and the infimum over A;s eliminated.

Define
cost(¢, N) = sup cost(¢, N(f)),
feR
comp(¢,N)=ccard N + cost(¢, N) (1.6)
(1.28)

and

es(¢,N) = inf - sup [[¢(N(f)) — Sfl.

1(As)>1-6 feAs
We will prove:
Theorem 13: (i) Let F' and G be Banach spaces, S : F' — G be a continuous operator, and

p be a nonvanishing measure on the unit ball £, of F. Assume the worst case e-complexity
is bounded for all . Then if for given ¢ and arbitrarily small § there exist information
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operators Ns and algorithms ¢s € ® such that comp(¢s, Ns) — comps(e€) 6—>00 and the

¢s(y) are continuous in y, uniformly in 6, it follows that the probabilistic complexity
approaches worst case complexity, i.e.,
comps (e€) i comp™® ().

(i) if either of the assumptions regarding bounded complexity or continuity of the ¢ is
removed, assertion (i) becomes false.

2. Background and Definitions

Throughout this paper, we refer to terminology and formalism more fully described in
[TWW]. Hilbert and Banach spaces will be real unless otherwise specified. Our theorems
will generally deal with classes of nonvanishing measures on a Banach space (see definition
below). This includes Gaussian and more general classes. A more general collection of
measures on a Banach space is the so—called orthogonally invariant measures. In infinite
dimension, this is the class of measures p with

us) = [ (%) da() 2.1)

for every Borel set B C F', where g is a fixed Gaussian measure on F', and « a measure on

R* such that
/ da(t) = / tda(t) =1.
0 0

In infinite dimension, such measures coincide with the so—called elliptically contoured
measures. In finite dimension, orthogonally invariant measures can be defined as measures
with constant densities on scaled families of ellipses, i.e., measures p with densities
w(||Mz|), where M is s positive definite linear transformation, and w: Rt — R* is
properly normalized.

We now give the essentials of probabilistic analytic complexity (see [W]).

Definition 2.1: Let F' be a linear space. An linear operator N : I’ — R" is called a
nonadaptive information operator. An operator N : F' — R"is called an adaptive
information operator if

NF = (LlfaLQ(yl)faL?)(ylayZ)fa 7Ln(y17 7yn71)f)7

where each L;(y1,...,y;—1) is a bounded linear functional (by convention of norm 1) which is
allowed to depend in any way on vy, ...,y;_1, Where by definition

yi = Lif.
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Definition 2.2: Let F' be a Banach space with unit ball B and a probability measure ;. on B.
Let S be a linear map from F' into a Banach space G. Let N : FF — R"™ be an information
operator. Let 0 < & < 1. The probabilistic radius R (V) is defined by

R (N) = inff  R(N,SA), 2.2

where R(N,SA) is the radius of information of the operator S with information NV on the
admissible set A4, i.e.,
R(N,SA) = sup Rad(S(N'(y) nA)).
yER“
We should note that the Definition 2.2 is different from the form in which it appears

elsewhere, e.g., in [TWW]. There the definition is made as follows. First for a given function
(algorithm) ¢ : R? — G, we define the probabilistic error eP(¢, N, §) by:

rob —
OGN = int o sup S(f) 6N

(A)>1— feA

where again all sets A in the infimum are understood to be contained in F. Then the
probabilistic radius there is defined by

RPMP(N) = igfepfow, N, 6).

However, we see that therefore

prob o : .
By (N) = dnt, 1t sup [S(F) = oV ()

= inf -~ infsup  sup [IS(f) = (N ()

Ap(A)21=6 ¢ yerd feN-(y)na
= inf  sup inf su S(f) —
AZ/L(A)Zl—éyeﬂgd geG fGN*E)(y) nA || (f) g“
= inf  sup Rad(S(N '(y) NA
A:p(A)>1-6 yeﬂgd (S( (y) )
— inf R(N,SA),
A:p(A)>1-6

asin (2.2).
Definition 2.3: Let F' be a Banach space and . a finite Borel measureon B C F'. We call i
nonvanishing if for every finite dimensional subspace U of F’, the conditional measure py of

p restricted to U satisfies p,(P) >0 for every P C U N B with positive Lebesgue
measure, and the same holds for the marginal measure on any finite dimensional subspace U
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with respect to a complementary subspace. Thus Lebesgue measure is absolutely continuous
with respect to x on finite dimensional restrictions.

If 1 is a Borel measure on B and p; is a marginal measure of u, the corresponding
conditional measures u( - |y) are defined only up to y in sets of u;-measure 0; thus we define
two sets of conditionals (- |y) and w/( - |y) to be equivalent if they differ only on a set of y-
y-measure 0. Thus, more precisely, we say a measure p is nonvanishing if for every marginal
measure p, the set of equivalent families of conditional measures has a member {u( - |y)},
such that Lebesgue measure is absolutely continuous with respect to it for all y.

Definition 2.4: Let F' be a probability space with measure 1, and B C F, with u(B) > 0.
Then the restriction p = | is the measure concentrated on B (with domain {E N B : E is
po-measurable}) defined by

for E C B and E uy-measurable.

We now prove Proposition 5 on the continuity of the radius of information. We require
the following definitions and lemma:

Definitions 2.5: We will let d denote the distance in the metric induced by the norm of F.
We will also denote d as the distance in G if there is no confusion. Let I denote the interior of
the set {(V,y) : N has fixed rank & and RD(N,y) # 0}. As usual B.(z) denotes the
closed ball of radius e about the point z.

Definition 2.6: Let d be the distance in a metric space M, and assume the usual notion of
distance d(g,V) = finr/ d(g, f) between a point and a set. Let V;,V, C M. Denote the
S

maximal set distance between V; and V5 by 6(V4, V32) = max (sup d(g,V3), sup d(g, Vl)).
geW gEVs

Lemma 1: If W, and W are sets in a Banach space X and 6(W,, W) —= 0 , then
Rad(W,) . ——_ Rad(WW).

n — oo

Proof: We have Rad(W,,) = inf sup ||f — g|. Further, forany e > 0,
feX gew,

Rad(W) — e = inf ( sup ||f —gll — e>
feXx gEW

< inf sup |[|f — g|| = Rad(W,)
fEXgEWn
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< inf <sup ||f—g||+e) = Rad(W) + ¢
Jex geWw

for n sufficiently large. Hence Rad(W,) ,—- Rad(W). = . O
Proof of Proposition 5 : Let (N,,,y,) — (N,y) € I inour topology. We will show that
R(Nn,yn) ;= R(N,y),  and hence the radius of information is continuous. Let

W = N"1y) NnB and W, = N, (y,) N B. Our approach is to show that under the above
assumption  6(W,,,W) —= 0, and hence the same is true of o(SW,,SW), so that
Rad(SW,) , == Rad(SW) by the sub-lemma, showing the radius of information is
continuous.

We show that 6(W,,, W) —=_0 by contradiction as follows. irst, for any sets 1}
and Va, if 6(V1, Vo > 2¢, either

sup d(f,Va) >2e or supd(f,Vi) > 2e.
fen fen

In the first case we have B.(f) NV, = 0, for some f €Vj, and in the second B.(f)
NVy = (0 forsome f € V5.

Thus assume for a contradiction that 6(W,, W) does not go to 0, (by taking
subsequences we will assume that 6(W,,, W) > 2¢ for all n, for some ¢ > 0). Hence at least
one of the following will hold:

CASE I: B.(f,) NW,, = 0 for some subsequence {n;}, with f, € W,..
CASE Il: B.(f.,) N W,, = ( for some subsequence {n;}, with f, € W.

We will find a contradiction in either case by showing that it follows that (N,y) ¢ I.

To this end, we claim it suffices to show W = (N~!(y) N B) C dB.
To verify this, assume W 0B. Note that the interior B° of B is convex (since B is), and
that N~1(y) N B° =(. Thus y ¢ N(B°). Inaddition N(B°) isconvex since N is linear.
By the Hahn-Banach theorem there exists a sequence {z;} C R" such that z; — y, and
d*(z;, N(B°)) >0 forall i, where d* denotes Euclidean distance. Hence d(N!(z),
B°) >0 forall i. Hence N'(z;) NB=10, andso R(N,z)=0 forall i. Since z;
— vy, the point (N, y) is on the boundary of the set where R(NV,y) is nonvanishing, so it is
not in its interior, proving that (N,y) ¢ I, as desired.
Thus it is left to prove that in either Case l or Cse Il, W C 0B.

We first show that for any g € W, d(g, N, '(y.)) ,—=, 0, uniformly in g. Thus
let ¢ € W. Let X; be asubspace complementing Ker N in F. Consider N as a linear
operator, restricted to the affine subspace X, = g + X;. Since N|x, is bijective and X, is
finite dimensional, there is a constant C' such that for A € X5.
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IN(R)I > CllAlx, , 2.3

where | h||x, denotes the norm relative to X5, i.e., ||k|lx, = ||h — g|/x. Thus
IN(R)[ > C|lh =gl
for h € X,. Consider the affine map N,|x,. For n sufficiently large,
[Nolx, = Nlx.[| = sup || Nyz — Nz

x €Xo; ||| x, <1

can be made arbitrarily small (uniformly in ¢ € W = Ker N N B, since all = which can
occur can in the supremum are from a set in F which is uniformly bounded). Thus there
exists a constant M such that for n > M, N,|x, is a bijective affine map, i.e., an affine
map whose gradient never vanishes. Note further that the choice of M can be made uniform
in g € W, because the gradient of N||x, is bounded away from 0, uniformly in g € W.
Let N,|x,f = NEf + v, be the decomposition of N, |x, into a linear map and a translation.
Then if

[Nnlx, = Nlx,[l = sup [[N,h — Nh] <e,

7] x,<1

€ > [[Nalx,(0) = Nlx, (0)[| = llvn]|x,,

sothat ||v,||lx, < e. Note therefore thatas n — oo, N* — N|x, in the norm topology,
uniformly in ¢ as above. Consequently, there existsa ¢ > 0 and an M (possible increased
fromthe M above) such that if n > M, then ||[NEh||x, > c|h|lx, for h € X5. Again
note that this estimate can be made uniformly in ¢ € W. Let z, € X, be the zero of
N,|x,. Then NIz, + v, =0. Hence

||Un||X2 = ||Nrfzn||X2 > CHZnH

for n > M. Thus for such n, ||z,|lx, < (1/¢)||lva] — 0, uniformly in g. Thusif § >0,
there exists M > 0 such that if n > M, then forall ¢ € W, there existsa z € Ker N,
such that ||z — g||x < 6. Equivalently,

d(g, KerN,) < é. 2.3

uniformly in g € Ker N, for n sufficiently large.
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Similarly, it can be shown that d(h, KerN) < § uniformly in h € W,, for n
sufficiently large. Indeed, choose g € Ker N sothat h € X, = g+ X; as above. Then for
C asin (2.3), ||[NR| < Cb for n sufficiently large, uniformly in A, since N, h =0 and
N, =, N in the uniform operator topology. Since we also have C||h||x, < [[Nh]|, we
conclude that ||h||x, < 6, i.e., d(h, Ker N) < ¢, again uniformly in h € W,,.

Now assume first that CASE | above holds (for a contradiction). Thus there is a
subsequence {n;}; and points f,. € W, forwhich d(f,, W) > e for some fixed ¢ > 0.
Again by taking subsequences, assume this is so for all n. By the result of the previous
paragraph, forany & > 0, and for n sufficiently large, d(h, N~(y)) < &, uniformly for
h € W,. Hence if h € B.(f,) NW,, then d(h,N~'(y)) < 6. Recall of course that
B.(f,) NW = () under the present assumption of CASE I. We will show from this that W
C OB. Tothisend, let f € W. Choose 6 and n as above. Consider the line segment L
from f to f,. Let |L| be its length.

We claim that

d(f,0B) < 2(8/€)|L] < 4(6/e),
the latter inequality following from the fact that |L| < 2, L being entirely in the unit ball B.

To see this, assume it is false for a contradiction. Then we would have By z(f) C B.
Let C be the convex hull of {Bys/e))(f) U {fn}}n. Under our assumption, C C B. Let

h = ((e/2)/|L])f + (1 = (e/2)/|L]) fn,
sothat h ison L, and ¢/2 unitsaway from f,.

We then would have Bs(h) C C C B. To see this, note that if p € Bs(h), then
p" = (ILI/(e/2))(p = fu) + fu € Bosseyn(f)-
Indeed,

" = f1 = I(1L]/(e/2)(p = fu) + fn = []

(IL1/(e/2))(p = fu) = (f = fu)l
= (ILI/(e/2)|(p = fu) — (e/ILD)(f = fu)l
= (ILI/(e/2)) [ (p = fu) = (h = fu)
= ([LI/(e/2))[p = hl <2(8/€)|L].

Thus under the above assumption p* € B. We also have
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p=((e/2)/|L1)p" + (1= (e/2)/ |L]) fn,

sothat p € C C B asdesired.

However, Bs(h) C B is impossible for sufficiently small ¢ for the following
reason. Since h ison the line L from f, to f, andsince d(f,, N"'(y)) < 6, and f
€ N~ 1(y), it follows that d(h, N7'(y)) < 6. Hence there is at least one point g
€ N~!(y) suchthat ||g—h| < 6. For & sufficiently small, Bs(h) C B.(f,), so that
Bs(h) "W = (. Hence g ¢ W. Since g€ N'}y) and W = BN N 1(y), we
conclude that ¢ ¢ B. This shows that Bs(h) C B is impossible, giving us the desired
contradiction. Thus (2.5) is proved.

Since 6 above is arbitrarily small, we conclude f € 0B, as desired.

Now assume CASE Il above holds. Thus we can assume there existan ¢ > 0 and a
subsequence {n;}°, with a sequence of points f, € W, such that d(f,, W,) > e.
Taking subsequences, assume without loss that d(f,, W,) > e for all n. Here we again
show that W € 0B as follows. Again forany f € W and 6 >0, we claim d(f,0B)
< 46/e. To prove this, assume it is false. Choose n so that for any g € B.(f,) N W, we
have d(g, N, '(y,)) < &. This can be done by (2.4). Let L and h be defined as above
relative to f and f,. Then as before, by our assumption we have By )z (f) C Bus/e
C B. By the same argument as above, Bs(h) C B. Again let § be sufficiently small but
fixed. Then Bs(h) NN, (y,) # 0, since h € B.(f,) NW. Thus Bs(h) NW,, # 0 for n
sufficiently large. But we can choose ¢ so small that Bs(h) C B.(f,), so by our
assumption above, Bs(h) NW, = (. This gives the desired contradiction. Since 6 was
arbitrary, we conclude f € 0B, as desired.

We have shown by contradiction in both CASES that 6(W,,,W) —= 0, so that by
the above arguments R(N,,,y,) ,—. R(N,y), which is what was needed. [

n — oo
One can actually show more than Proposition 4. Not only is the radius of information

continuous in information operator N and element y, but it is also a lower semicontinuous
function of the information N with infimum taken over .

Corollary 2.2: For adaptive or nonadaptive information operators, the radius of information

Rad"'(N) = sup Rad""(NV,y)
yeRd

is lower semicontinuous in the information operator N in the interior of its support, as a

function of information operators N of constant rank. Here we assume the topology of

uniform convergence on the family N of adaptive information operators, i.e., that V;. L N
— OO

if for each ¢ and each choice y1,...,yi—1, Liki(y1, -+, Yi-1) R Li(y1,92,...,yi—1) inthe
dual space topology of F™.
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Proof: Let N be a fixed adaptive information operator, and let Ny(y, -) e

N(y, - ). Here the adaptive operator N( - ) is written in the form N(y, - ) to make explicit its
adaptive dependence on the information y = N(f). Namely, N(y, -)is the adaptive
information operator defined by

N(y7 f) = (L17L2(y7f)’L3(y7 f)7 7Ln(ya f))a

where L;(y, - ) as a linear functional depends only on the first  — 1 coordinates of y. Note
that even though in the notation above it is assumed that y = N(f) has been isolated in its
dependence on the first component y of its argument and so for fixed y, N(y, f) is a
nonadaptive information operator. Thus in particular for y fixed, by Proposition 4,

Rad N '(y) = Rad Ni'(y,y) ,— RadN~'(y,y) = Rad N~'(y)

where N~1(y,y) is the inverse image of y under the linear operator N(y, f) (if the first
argument y is considered fixed). Now

liminf Rad"®" (N, ) = liminf sup Rad(N, '(y) N Fp)

k—o0 k—o0 yeRd

> sup lim Rad(N, (y) N Fy)

y €ER k—o0

= sup Rad(N'(y) N Fy)
y ER?

= Rad""(N),

where we have used Proposition 5 in the second to last equality. This proves that Rad"°' (V)
is lower semicontinuous. [

Remark: Though this argument does not prove it, we expect that the radius of information
R, (N) is a fully continuous function of IV in the uniform operator topology.

3. Radii of sets in Banach spaces

We also require some lemmas about radii of sets in Banach spaces:

Lemma 3.1: Let E be a set in the metric space X. Let T, denote the collection of radius r
centersof E,i.e.,, T, = {a: B.(a) 2 E}. Then T, is closed.

Proof: Let a, ,—> _a be a convergent sequence of points, with a,, € 7T, for all n.
Then E C B,(a,) for all n, so that for any e € E, d(e,a,) < r. Since a, ,—> _a it
follows that d(e,a) < r,sothat e € B, (a). Thus E C B, (a),sothat a« € T,,. O
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Definition 3.1: Let F' be a Banach space. Then F' is uniformly convex if for every e > 0,
thereisa 6 =g(e) > 0 suchthat ||z]| = [jy|| = 1 and ||(1/2)(x+y)|] > 1—¢6 imply that
llx — y|| < e. The function g(e) is the modulus of convexity. A set A in a Banach space is
uniformly convex if the Chebyshev norm induced by A is uniformly convex.

Essentially, a Banach space is uniformly convex if its unit ball is uniformly convex, the
latter meaning that there is a certain minimal curvature at each point on the surface of the unit
ball.

Lemma 3.2: Let F be a uniformly convex Banach space.

(a) Then every set in B has a unique center.

(b) Let A be a set of radius r, and let C(A, ¢) = {z € F': B, .(z) D A} be the collection
of centers of balls of radius r + ¢ containing A.  There is a universal function f(r,e¢)
(depending only on F’) such that the diameter D(C(A,¢)) < f(r,e). Further, f(r, e¢) ejoo'

uniformly on compact r-subsets.

Proof: We first prove (b), since (a) follows from it. Let A C F', and C(A,¢) be as
above. We will give a universal upper bound on the radius » = Rad(A) as a function of r
itself and the diameter of the set of centers, d = D(C(A,¢)), thus getting a constraint on
D(C(A,¢)). Thus let B,i.(c;) and B,i.(c2) both contain A, with |j¢c; —cf|=d—6
(we will let 6 — 0). Let B = B,,(c1) N Byic(c2).

Note A C B. Further, B is balanced with center ¢ = (¢; + ¢2)/2. Indeed, if b
€ Byic(c1), then its opposite about ¢ is b =c—(b—c)=2c—b. Note
|6f —coll = |2¢ —b—cof| = [[(c1 +¢c2) —b—c2| = |1 —b]| <7+, SO b € Brye(co).
Similarly if b € B, (co) then b € B,,(c1). Henceif b €, sois b/, and B is balanced
about ¢. We now estimate the diameter of B, which will translate into an estimate on the
radius since B is balanced. Let D(B) be the diameter. Let P be a two dimensional
subspace of F' containing ¢;, and ¢, (and hence c¢). Let ¢ be the point of tangency to P
N B,.c(co, of the parallel translation of the line containing c¢;c, so that it is tangent to both
P N Brie(c1) and P N Byye(c).

The problem is now in two dimensional geometry. Let g(¢) be the modulus of
convexity of F'. We can also consider the modulus of convexity gp(e) of F' N P in the plane
P, defined by restriction of the norm in ' to P. It is easy to see from the definition that £’
N P has the same or a larger modulus of convexity than F. Note that in finite dimension,
gp(€) is invariant under all linear transformations, i.e., if we take the unit ball of a given norm
and we transform it linearly, then it is the unit ball of a new norm, and the modulus of
convexity of the new norm coincides with that of the old norm. Let 7" be a one to one linear
mapping of P N F into a two dimensional coordinate system {(z,y) : =, y € R}. Assume T’
has been chosen so that the image 7'(ci, c2) of the line segment ¢; ¢, is orthogonal to T'(¢;t)
(in the usual sense in the (x — y) plane). Further, assume the Euclidean diameters of 7" (P
N B,+c(c1)) in the directions T'(cyc2) and T'(cqt) both have length 2(r + €). For any
(z,y) € R?, define
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Il = 1T (@, y)llr- (3.1)
Then there is a C such that for any (z,y) € R?,
CH @+ )" < @yl < O +y*)"7. (32)

This compatibility allows us to define the modulus of convexity of the norm ||(z, y)|| in
terms of the Euclidean norm ||(z,9)|2 = (2® + %?)/2. Namely, for z; = (z;, ;) with

||Zz|| = 1(’L =1,2, if ||21 —252”2 > ¢, then ||Zl+22||2 <1-24, where
5 = £ 9(/C)
= Cg €

this being obtained just by the comparison (3.2). This gives a "Euclidean” modulus of
convexity for say the unit || - || -ball of R?, and by scaling a Euclidean modulus of convexity
may be obtained for any ball which is defined in R? with respectto || - || .

In this case, it is not difficult to show using two dimensional geometry that the || - || -
diameter of the intersection of the two balls B, .(c;) N P (in the Banach norm (3.2))
satisfies

D(P NB) = D(T(P NB)) < 2(r+¢)h (i+ f) (3.3)
where h(-) is a function depending only on the modulus of convexity g(e¢); the factor
2(r 4 €) represents the diameter of the original balls B, .(c;). The dependence of h on the
ratio % reflects the fact that up to the overall scaling factor 2(r + €), the diameter (again in
the Banach norm) of the intersection 7'(P N B) is determined by ratio of the distance d — ¢
between the two balls, and their radius r + € (all of which can be translated into compatible
Euclidean distances). A way of justifying the two dimensional result (3.3) is to note that for
any unit vector v in R?, the diameter of P N B in the direction v is less than or equal to its
value 2(r + €) when the separation d — 6 of the two balls is 0, multiplied by a factor of at
most h(‘fT‘f), as can be seen from looking at the geometry in the above standardized
representation in R,

In addition, the function h(z) satisfies h(z) < 1 for = > 0, and is decreasing. Since
(3.3) holds for all planes P (and since the maximal diameter of B occurs on a line going
through the center ¢ of B), it follows that

-6
i—ke)'

Since Rad(B) = (1/2) D(B) (recall B is balanced), (3.3) also gives an estimate for
Rad(B), so that (since A C B) we have

D(B) < 2(r +¢) h(
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= Rat) < Rat®) < o+ (1 0)

r+e

d—o6 r ic i H d—90 -1 r
Hence h(m> > . Thisimplies =2 < h (m, or

D(C(A,¢)) = d

IN

(v v

Since this holds for all 4, we may let 6 — 0 to conclude

) (r4+e¢) = f(rye).

D(C(A,€)) < b7 (

r+e€
Note thatas A~1(1) = 0, we have
flrie) —,0,

e—0
and this convergence is uniform on compact r-subsets, which completes the proof of (b).

To show (a), let A C F. By Lemma 3.1, the collection C(A,1/n) of r+1/n-
centers of A is closed, and Rad(C(A,1/n)) < D(C(A,1/n)) < f(r,1/n), for n € N.
Let ¢, € C(A,1/n)) for each n. Since the sets C(A, 1/n) are closed and nested, i.e.,
C(A,1/n) 2 C(A,1/(n+1)), and since Rad(C(A4,1/n)), —» 0 it follows the
sequence ¢, Iis Cauchy, and that ¢ = lim ¢, is in all of the sets C(A, 1/n). Because

n—oo

Rad(C(A, 1/n)) ,—~,0, itfollows that c is the only element of n C(A, 1/n). Thus A

C B,(c+1/n)), forall n andso A C B,(c), sothat ¢ isa center of A. The fact that ¢
is unique follows from the fact that it is unique in N C(4, 1/n). O

Corollary 3.3: Let F' be a Banach space, and G be a uniformly convex Banach space. Given
an (adaptive or nonadaptive) information operator N, a strongly optimal algorithm for
approximating S : F' — G always exists and is unique.

Indeed, a strongly optimal algorithm is a central algorithm, and the lemma shows that such an
algorithm always exists and is unique in this case. ~We remark that such algorithms are
generically nonlinear; see [KT1, 2].

Definition 3.2: Let Ebeaset,and A, A, C E forn=1,2,... . Then we write
A, T Aif A, C A, andif U A, = A.

Proposition 8: In a uniformly convex Banach space the radius functional is continuous in the
topology of set convergence, in the sense that if A, nl A, then Rad(4,) ,—> Rad(A4).

o0
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Proof. Assumethat A, ' A. Let r = supRad(A,). Forall n, let T,,/,(A,)

" n—oo

denote the centers of all balls of radius =+ 1/n which contain A,. Then T,,,/,,(A4,) is
closed by Lemma 3.1. Since A, € A,.1, and r+ 1/n > r + 1/(n+1), we have
Tri1/n(An) 2 Trv1jtns1)(Any1). Thus the sequence {T,.1/,(Ax)}, is a nested sequence of
closed sets. Furthermore, by Lemma 3.2,

Rad(TrH/n(An)) < f(rm En)a

where
_ T
r, = Rad(A,) T,
n — oo
and
_ !
& =1r+1/n—1r, 0.
n — oo

0, so

By Lemma 3.2, we have f(ry, €,) ,—0,

RAG(T;.1/u(Ar)) =0

n— oo

Hence by the same arguments as at the end of Lemma 3.2, there is unique point
a € [ Toym(An),

the intersection being of nested closed sets whose radii approach 0. Hence for all n and ¢ we
have A, C B,,.(a), so that

A= U An - Br+e(a);

Hence Rad(A) =r, since any number smaller than » would make the previous equation
false for sufficiently small e. Thus Rad(A,) ,—-.Rad(A) =r, asdesired. [

This lemma implies that in terms of radii, all sets can be approximated by finite sets in a
separable uniformly convex Banach space. More precisely,

Corollary 3.4: In any separable uniformly convex Banach space F', the radius of a set E' is
the supremum of the radii of its finite subsets. That is,

Rad(E) = sup Rad(C). (3.4)
C CE,C finite

Proof: Let E' be a countable dense subset of F, and E/, be a sequence of finite subsets
such that Rad(E/, ——_ Rad(E’) (this is possible by the lemma above). Then

nn—oo
Rad(F) = Rad(E’) = lim Rad(E] ). Since Rad(E]) < sup Rad(C) (forall n,. we
n—0oo C C E, C finite

conclude
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Rad(E) < sup Rad(C),
C CE, C finite

and the equality (3.4) follows. O

We also have the following corollary, useful when the set A whose radius we are
measuring satisfies ©(A) = p(A°), with A° the interior of A.

Corollary 3.5: Let F' be a Banach space with nonvanishing measure u, and A C F. LetG
be a uniformly convex Banach space, and S : F — G be linear and bounded. If A, C A
and p(A,) = m1(A), then liminf Rad(SA,) > Rad(SA?).

n— oo
Proof. Assume the conclusion is false. By taking subsequences we may assume that
p(A) — u(A,) <1 —-2"" Let B, = N>, A;. Then B, C A,, B, C B,,;. and

p(Ba) > p(A) = 3027 = u(A) — 2 p(A).

>n

Let B = %Bn Cn A,,. By the above, u(B) = u(A), and B C A. Thus, u(A°) = u(B
NA°), sothat B N A° isdensein A°, since p is nonvanishing. Hence S(B N A°) is
dense in SA°. sothat R(S(B NA°)) = R(SA°). Note that since B, T B, we have
SB, T SB, so that Rad(SB,) T Rad(S(B)). Hence Rad(SA,) > Rad(SB,) 1
Rad(SB). and ”nrligf Rad(SA,) > Rad(SB). But Rad(SB)> Rad(S(B NA?%) =

Rad(SA°). Combining these facts, we have liminfRad(SA,) > Rad(SB) > Rad(SA°?).

n—oo

Since this contradicts our assumption that the conclusion of the Corollary is false (which
carried over to the present subsequence), we conclude that in fact Rad(SA,) ,—>

— O
Rad(SA), asdesired O
We will also state a convergence lemma to be used in the theorem below.

Lemma 3.6: Let f,(y) be a sequence of real-valued functions on a space Y, which are
nondecreasing in n. Then

lim sup f,(y) = sup lim f.(y).

n—00 n—00
) Y

In constructing the proof of Theorem 3, we will require the following simple lemma:

Lemma 3.7: Let F' be a Banach space, and L be a linear dense subset. Then L is also dense
in any closed subspace K of L which has finite codimension.

Proof: We proceed by induction on codimension. Assume first that codim K = 1.
Then K separates F' into two disjoint components, F; and F»>. Letz € K. Since L is dense,
there exists a sequence {x;} C L such that z; et and such that z; € Fy; similarly

there exists a sequence {y.} C L such that y; .t and such that y, € F, for all k.
Thus for each k, there is a unique element z; contained in the line with endpoints y; and x;
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such that z; € K. Itiseasy to check that also that z; et since z;, € L, it follows from

the fact that x is arbitrary that L N K is dense in K. Now assume that the lemma is true for
all K with codimension n. To show it for codimension n + 1, let K have codimension n + 1.
There is a subspace K’ of codimension n containing K. Thus L N K’ is dense in K’ by the
induction hypothesis, and K has codimension 1 in K’. Thus the proof is completed by the
application of the n = 1 result. [

We will now require a notion involving partially defined information operators:

Definition 3.2: An (adaptive or nonadaptive) information operator N( f) is partially defined if
the component linear functionals L;(y1,v2,...,v:—1) are not necessarily defined for all
choices of y1,49,...,y;-1. Thus in general, L;(y1,y2,...,y;—1)f is defined if and only if
(Y1, 925+, yi-1) isinasetQ;.

We define the radius of information R(N,A) in the same way as for a fully defined
information operator:

We define the radius of information R(N, A) in the same way as for a fully defined
information operator:

R(N,A) = sup R(S(N'(y) nA)).

(Y1, yi-1) €Q; alli

Lemma 3.8: For a fixed adaptive information operator N, a solution operator S, and a
convex set A in a separable Banach space F, the radius R(N,SA) is supported on finite
dimensional subsets. That is, for any convex A there exist finite dimensional subsets A, C A
such that R(N,SA,) ,—= R(N,SA). The same remains true for partially defined
information operators N.

Proof: We give a proof of fully defined information operators N. Let {x;}7>,be a
dense set of points in A. Let A, be the affine subspace spanned by {x;}}_, (i.e., the smallest
affine subspace containing {xz;}}_,), intersected with A. Let A’ = U A,,. Note A’ is dense

in A. We now show that R(N,SA’) = R(N,SA). Note that |

R(N,SA") = sup R(N,y,SA") =sup Rad(S(N1)(y) N A4"))

y eR? y eR?

(3.5)

= sup Rad(S(N!(y) NA)) = sup R(N,y,SA) = R(N,SA),
y eRn y eR®

where in the third equality we have used the fact that a set has the same radius as a dense
subset, together with Lemma B above. We remark here that convexity of A may be needed
for the third equality to hold, since in fact this equality may be false for highly irregular sets A
whose intersections with the sets N~1(y) “miss" the dense subspace spanned by the {z,} .
Note that since A’ is dense in A, it follows that for any y € R?, we have N~1(y) N A" is
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dense in N~!(y) N A, by Lemma B. Further, since 4, T A’, we have by Proposition 7,

n—oo

applied to sets of the form N~1(y) N A, that
R(N,SA,) = sup Rad(S(N'(y) NA4,)) T sup Rad(S(N '(y) nA"))

y ER? n—00 y eRe

= R(N,SA') = R(N, SA),

as desired; we have used Lemma 3.6 in evaluating the limit above. The proof in the case that
N is partially defined is exactly the same as above. []

Definition 3.3: A continuous measure on a Banach space is one all of whose finite
dimensional conditional and marginal measures have continuous density functions with
respect to Lebesgue measure. A measure p on a Banach space is nonvanishing if the
conditional measure 1, of y restricted to any finite dimensional subspace satisfies A, <<y, ,
where )\, represents Lebesgue measure on that subspace and << denotes absolute continuity,
and if the same holds for all finite dimensional marginal measures of 1.

Examples of continuous measures on Banach spaces are Gaussian and elliptically
contoured measures.

4. Proof of Theorems 2 and 3

Lemma 4.1: (Lebesgue decomposition theorem for infinite dimensional spaces): Let i be a
Borel measure on a Banach space F. Then there exist unique nonnegative measures y; and
fo such that u = py + pe, and such that for every finite dimensional subspace G, the

conditional measure G, of uy on G, =G + a (with respect to any complementary
subspace H; here we assume a € H) is absolutely continuous with respect to Lebesgue
measure for a.e. [u15] @, and uoq is singular with respect to Lebesgue measure, for a.e. [¢] a,
where p1z 1s the marginal measure of ;; on H. Further, all finite dimensional marginals of
w1 are absolutely continuous with respect to Lebesgue measure.

More precisely, this Lemma states that given a pair of complementary subspaces H and G
in I/, with p* the marginal measure on H and pg the conditional measure on G with
respect to the decomposition F = G & H, then for almost every G (with respect to the
marginal measure '), g and g satisfy the properties mentioned above. Recall that
since the conditional measures i and o are defined only on a set of G's of full -
measure, this is the best possible statement of this type that can be made.

Proof of Lemma 4.1: Let g be a nondegenerate Gaussian measure on F. Then by the
Lebesgue decomposition theorem, the measure ;. can be uniquely decomposed into a sum
(1 + pe insuch away that ©y < < g and ue L g (i.e., uo is singular with respect to g).
It is easy to check that these two measures satisfy all the conditions of the Lemma. Namely, it
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is not difficult to show that the finite dimensional marginals of p; are a.c. with respect to
those of g, and hence with respect to Lebesgue measure. To show the same of the finite
dimensional conditional measures, note that by the above Lemma, since p; << g, it follows
that the conditionals of ., are a.c. with respect to those of g, a.e. [1]. That the condtionals of
(12 are singular with respect to those of g and hence to Lebesgue measure follows immediately
from the fact that 1, is supported on a set A C F of g-measure 0, and that therefore the cross
sections Ay, = {X = (X1,X2): X € A} have marginal g - measure 0 a.e. [g]. This proves that 1
and u, have the properties desired. Unicity of p; and u, follows from unicity of their finite
dimensional marginals, which are unique by the Lebesgue decomposition theorem. [J

Recall that on a finite dimensional subspace, measures p,, converge to a measure g strongly if
lttn — pll1 ;=7 0, where the norm represents the sum of the absolute values of the total

measures of the positive and negative parts of u,, — pu.

Def. 4.1: Let p be a Borel measure on a Banach space F'. Then given a closed subspace V'
C F', we say that a subspace 7; complementing V is typical with respect to another
subspace 75 if the measure pr,, which is the conditional measure on 77 with respectto V/,
has the property that the measure w47, (A-) convergesin 177 & 75, and pag, denotes the
conditional measure on A7 with respectto V.

Note that it is not difficult to show that if 77 is typical, then this implies that if P4
denote linear projections onto the subspaces AT; such that ||Psf — f|| A—>IO uniformly
on bounded f -subsets of T3, then par, Py e strongly, where by definition 17,
P4(D)) for D isameasurable subset of AT;.

Lemma 4.2: If 4 is a nonvanishing continuous measure on %, then for any linear
operator N : R? — R% and almost every z; € Range N, the subspace N~!(z;) is
typical. Thus

pan-(a) Pa = v (21)

strongly, where A represents a member of the (finite dimensional) space of affine
transformations of R?, and P, represents the linear projection (relative to some
independent subspace G) onto AN !(zy).

Proof: Note that since ;. can be represented by a density function f, we have for a
B measurable in N~1(zy) :

(15a)
pan-1 Pa(B) = ca / paB) f(X)dA AN 1) (7) = CA/Bf(PAw)JAdAN—l(m)(I),

where A\ denotes conditional Lebesgue measure, ¢4 is a constant which depends on the
choice of the complementary G and A only, and .J, denotes the (Lebesgue) Jacobian of
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the transformation P4 from N~!(z;) to AN~!(z;). On the other hand, we have, writing
x = (71,72),

m [ i = 1@ =0

since |Pjz — x| A—>IO, where above we have used standard facts about multtivariate

functions (for example that the multivariate transformation group on L' generated by the set
of affine transformations is continuous). Therefore, for almost every z; € G, we have

[ deliean) - 1@ =0
N-1(z)
so that we conclude from (15a) that

IL(,AN—I(Il) PA(B) = CA /B f(PAT) JAd)\N—l(xl)(x‘)

= o [ @)@

_ C[/Bf(x)d)\Nl(:m)(x)
fn-1(a) (B);

since this convergence can easily be shown to be uniform in the choice of the set B, it
follows that we have the desired strong convergence. [

By convention, all pu-measures on subspaces defined by inverse images of the
operators N, will be assumed to be the appropriate conditional measures with respect to the
marginal measures induced by the N;. Recall we assume that all of our information operators
consist of linear functionals of norm 1.

Lemma 4.3: Suppose p is a nonvanishing measure on a finite dimensional Banach space
F, and A isaconvex set with A, C A, and u(Ap) T u(A). Let N(y)(-) = No(y)(-)
be a partially defined adaptive information operator of order n on F which is defined for a
set Q@ of y € R" insuchawaythat N is defined for a dense setof f € F. Let S bea
linear operator from F' to a Banach space G. Let g, denote the conditional measure of 1
restricted to N ~!(y) , with respect to the marginal measure defined by N(y, - ). Let N}, be
adaptive information operators of order n with the property that Ny k?ooN weakly,

wherever N is defined. Assume that for k£ =0,1,2,..., we have that for y € Q,
p(NH(y) NAR)/u(NHy) NA) ., 1 (where we assume 0/0 =1). Assume further

that N~!(y) is typical with respect to F for all y € Q. Then Iikminf R(Ny,SAL) >
R(N < SA).
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Note that by weak convergence of the N, to N we mean that for each component linear
functional L (y) in Np we have L (y)(-) T Li(y)(-) (generally in the weak

topology of F') whenever L;(y) is defined.

Proof of Lemma 4.3:  We will assume without loss that the measure g is continuous (that is,
that its finite dimensional conditionals are continuous). This can be done by Lemma 4.1,
which shows that there is a nonvanishing continuous measure that is dominated by u. We
will now adopt the notation Ny = N.

Assume now that the conclusion of the lemma is false. Recall that the component functionals
Li(y1, .-, yi-1) = Ly (y) of the operators N, convergeto L;(yi,...,y;—1) Whenever the
latter are defined (henceforth we omit the arguments (yi,...,y;—1) inthe linear functionals
L; and L;.. Since F is finite dimensional, this convergence is uniform. Let p > 0, and y
€ R™ Dbe chosen such that

R(N,y, SA) > R(N, SA) — p, (4.1)

and such that y is in the range of the partially defined operator N, so that N~!(y) is
typical. We claim that R(Ny, y, SA) T R(N, y, SA). To see this, note first that we

can take the set N~!(y) and consider projections (relative to a fixed complementary
subspace ) onto N~'(y) of the sets Ay, = A, NN (y). We will assume that G
complements all of the subspaces N, !(y), which can be done since N, T N.

Let P, denote the G-projection of N, '(y) onto N~!(y). Let p; denote the measure
pey P, where py, denotes the conditional measure of 1 on N '(y) with respect to the
complementary subspace G. Since N, '(y) N A converges in the maximal set distance
sense to N~'(y) N A, it follows that since the subspace N ~!(y) is typical for p, that the
measures 1y, converge in the sense of L; convergence of densities to p,. Furthermore, if
A, = N (y) NA, and A; = P4,

by the result of Lemma 4.2. On the other hand, by our assumptions,

/ka(Aky)/Mky(AZy) kD o L. (4.2)

Note also that the measures ., P, converge strongly to 1, by Lemma 4.2. Therefore, by
(4.2) we have

My(Pk_lAky)/My(Pk_lAzy) — L

k — oo

In addition, since P 'A, C P, 'Aj,, we conclude that for any measurable set C, we also
have
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My(PkilAky A C)/Ny(PkilAZy NnC) . 1,
so long as /uby(P,glAzy NC)>e€ >1 forsome e and sufficiently large &. But note also
that

as can be seen from the fact that A is a convex set, and that |z — Pyz| kﬁoo() for z
€ N~1(y), together with the fact that  is a continuous measure. Therefore, we conclude
that

Hy(Pk_lAky NAy)/py(Ay) ,— 1.

k — oo

By Corollary 3.5, this implies that Rad(SP; 'Ay,) T Rad(SA,), so thatwe have
Rad(SAy,) P Rad(SA,). This proves that R(N,y,SAx) k?ooR(N’y’SA)'

Finally, the conclusion of the Lemma follows from (4.1) and the fact that p > 0 is arbitrary.
(]

Lemma 4.4: If p is a nonvanishing probability measure on a convex set A in a Banach
space F, and if A, C A, and wu(Ax) T u(A), then RY'(SA;) — RY'(S,A), where
R)°" is either adaptive or nonadaptive Gelfand radius of order n, and S: F — G isany
continuous solution operator, with G a uniformly convex Banach space.

Proof: Assume not. Then there exists a sequence of adaptive information operators
N, such that

R(Nk,SAk) S Rgor(SA) — €

for some fixed positive e. We assume as always that the components L;(y;_1,
Yi—2,-...,y1)(x) have norm 1 as linear functionals. For convenience we extend the domain of
L; to the set {yi1,....,y1; flyr €ER; f € F} =R"! x F; note that a priori the
functionals L, are defined, for example, only for y; € Ran(L4|g).

Define a set of linearly independent vectors v, which span F. Let
T, = span{vy,...,v,}.

Let Ly be the first component of N. Clearly the sequence {Li;}; C F* hasa
weak-x convergent subspace (note the sequence is also weakly convergent in F* since
F = F** whenever F is uniformly convex). This subsequence converges to some fixed
functional L, = L,,. Thus by taking subsequences, we may assume that {N;} has been
chosen so that L;; converges in the weak-* topology. Now (after replacing {Ny} by this
subsequence) we will select a countable dense set of numbers @Q; as follows.

Define the measure 1, to be the marginal measure pL;!. We define our conditional
measures below with respect to this marginal measure. Namely, define the conditional
measures sz, to be the conditionals of the measure p restricted to Ly (y), with respect to

the marginal measure ., (as opposed to ur,,).
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Now define @, C R to be the set of points such that for y € @, the ratio of
conditional measures

Wi(y) = pryey (Lit () 0 AR) /1y (Lig (y) N A) — 1. (4.3)

(recall we have defined for convenience 0/0 = 1). We will show (after possibly taking a
subsequence in k) that we can conclude that iz, (Q1) = 1.

Given >0 let My(n) be the set of y points such that Wy(y) < 1 —n. We
claim that up, (Mg(n)) T 0. For suppose not. Then for some n > 0, thereisa p >0

such that (after possibly taking subsequences in k) we have

pr, (My(n)) > p.

Consider
pA) = [ i)y (A O L)),

where above all conditional measures 1.7, ,, are again understood to be chosen with respect
to the marginal measure duy,. By our assumption,

u(A) = [ s, ) W4 0 L)

< ( / + / )duLl(y)Wk(y)um,y(A N Ly (y))
M (e€) ~M;(€)
< -9 i) A 0 L)
]\/fk(é)
[ () a4 0 L)
~Mj(e)

< ﬂ—@mﬁm@»+/MUWm@MmdAﬂL£®)
= (1- E)MLl(Mk(e))-i-p,Ll(NMk(e))
= (1= Opn (M) + 1 — s (Mi(e))
= —epr,(Mp(e)) +1
< 11—k,

which contradicts the above assumption that p(Ay) T w(A). Thus we have that for all

€ >0, (Mi(e))
respect to ur,. By standard facts therefore, we can take a subsequence in & which

guarantees that W (y) convergesto 1 a.e. After taking this subsequence we have verified the
above claim that uz,(Q1) = 1.

— 0, as desired. Thus the W;(y) converge to 1 in measure with

32



Define L; = Ly Ew-klim L;. We will assume that all the finite dimensional
— 00

subspaces T, as defined above are transverse to Ker L. If not, we can redefine the
sequence {v;} so that no w; is contained in Ker L,. For each subspace 7, we
permanently fix a complementary subspace V,, which has sthe same transversality properties
as assumed above for T,,. All conditional measures on the spaces 7, will be assumed to be
defined with respect to the complementary spaces V,. Consider for fixex 1T, T,/ the
collection A of a € F with the property that (7,, N Ker L;) + a is typical with respect
to 7,. Note that all conditional measures here are to be taken with respect to a fixed subspace
V, N Ker Ly & ¢; complementary to 7, N Ker Ly, where here /¢ is a one dimensional
subspace complementary to ;.

We claim that A has full measure in F,. To see this, note that the set 7,, N Ker
Ly + a is finite dimensional, and if a is momentarily restricted to be in a finite dimensional
affine subspace B+ b C F, with B a subspace containing 7,, ® 7,, and B + b endowed
with a conditional measure relative to some fixed complementary subspace B’, then by
Lemma 4.2, T, N KerL; + a is typical with respect to 7,  foralmostall a € B, when all
measures are viewed as inherited from B + b. Note however that for almost all choices of B
(with respect to marginal measure pp on B’) and almost all choices of a within B, itis
true that 7, N Ker Ly +a is typical with respect to 7,, with conditional measures
inherited from B if and only if it is typical with respect to 7, with conditional measures
inherited from Fj. Thus we conclude that for almost all « € F', T,, N Ker Ly + a is typical
with respect to 7,, with respect to conditional measures inherited from x on F, with
respect to the complementary subspace V,, N Ker L; & ¢; mentioned above.

It follows that for almost every y with respect to the marginal measure gz, itis true
that for almost all a € L;!(y), we have T, N Ker L; + a is typical with respect to 7,
again viewing our conditional measures as inherited from p on F. In addition, for almost all
a € L7 (y) the conditional measure in 7, N Ker L; +a inherited from F (using the
complementary subspace V,, N Ker L; & /) is proportional to the conditional measure in 7,
N Ker L; + a inherited from the conditional measure on L~!(y) (using the complementary
subspace V,, N Ker Ly). Therefore, we conclude that for almost every a € L~(y) (with
respect to the conditional measure up,,), 7T, N Ker L; +a is typical with respect to 7,
using conditional measures inherited from the conditional measure g, ,, relative to the
complementary subspace V,, N Ker L;.

Let A,(n,n’) bethesetof a € Ly'(y) suchthat 7, N Ker L; + a is typical with
respect to 7,,. We have shown above that py, ,(L7'(y) ~ A,(n,n’) = 0. Let

A, = ﬂn,n, Ay(n,n').

Then a standard countability argument shows that
NL1-,y(L1_1(y) ~Ay) =0,

i.e., that for almost every y and almost every a € L;'(y), the set L~ (y) NT, +a is
typical with respect to 7, forall n,n’.

Now choose the set @Q; C @) to be a countable dense set in Li(F"), which is
possible since @} has full measure with respect to the nonvanishing measure py, on Lq(F).
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For each y; € Q;, we may assume that Lo (y;) converges weakly to Lo(y1) = Lao(y1)
(by a Cantor diagonal argument for subsequences).

We now restrict our attention to L;!(y;) for some fixed y;. Note that the measure
on this set is the conditional 1z, ,; the new linear functional L, defined on Li(y) defines
a new marginal measure with respect to the conditional ., ,. We will denote this marginal
measure with respect to Lo within Ly'(y) by pup,,.,. and its precise definition is

MLyl = Ky La(y1) ™, (4.4)

where Lo(y1)(-) in (4.4) is by assumption restricted so that its domain - consists only of
elements of L;1(y1).

Furthermore, we can show using the exact same arguments as before that for any given
y1 € Qq, there exists a set )2,, C R of full marginal measure with respect to .z, .1,
such that for y» € Q2,, ,

Hoyy 2 (Ll_,% (ylv y2) N Ak)/:uylyz (Ll_%(yla y2) N A) kjoo L, (45)

where we have adopted the notation L;. ; = (Li, Li,...,L;). Here, the measure s,
denotes the conditional measure on Li%(yl,yg) with respect to the marginal defined by
PLy, = “211,2' To see why (4.5) holds, note that the conditional measure .z, ,, is continuous,
and so by the same arguments as those which established (4.3), equation (4.5) follows.

We can again further choose @, so that for almost every y, (with respect to the
marginal measure iz, ,.z,), theset A, has full measure in Li;(y1,52) (with respect to
the conditional measure f,,,,). Here A, ,, is defined as the set of all a € Ly;(y1,12) such
that (Ker Ly NT,) + a is typical with respect to 7, for all n,n/, with respect to
conditional measures inherited from the conditional measure (e, ,,.

For notational convenience, we assume that the sets @, are defined in such a way
that whenever Li3(yi1,y2) isempty, yo is automatically included in Q.

Now let

Q2 = ﬂ;ln 6@1 QQ.,yla

so that (), is of full measure, and let Q, C @, be countable set which is dense in @,. We
continue in this way until we have a collection Qq, Qo,...,Q, of countable dense sets in R
such that for any y € @ =Q; x ... xQ,, we have that L;(y;,...,y;-1) converges
weakly in 4, and such that u(N~1(y) N Ag)/u(N"1(y) N A) k?ool, and also that for any

y € Q and any n,n’, (Ker N(y) NT,)+ a is typical with respect to any T, forall a
€ N-'(y) inaset of full conditional measure, where y = (y1, ..., ¥n).

Consider now the partially defined adaptive information operator N(f) with
component linear functionals L;(y1,v2,-..,yi—1; f), as described above. Since L;(y) is
defined only for y; € Q; for j <4, it follows that N is only a partially defined
information operator. By Lemma C, we note that the radius of information with respectto N
is approximately supported on a finite dimensional subset, and furthermore, from the proof of
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the Lemma, it can be seen that such a set can be chosen to be of the form T,,, since g T, is
dense in F and hence in any fibore N~!(y), ¥y € Q. More precisely, given a > 0, there
exists a finite dimensional subspace 7, C F such that if Ap =A N7, then
R(N,SAr) > R(N,SA) —a.

We will select the subspace 7,, more precisely as follows. First note that
R(N,SAr) is a continuous function of the subspace 7" in that R(N, SAry,) is a
continuous function of a € F' in the interior of its support, as follows from an argument like
that for Proposition 5 above (note that here T is a finite dimensional set, though the proof of
the result is exactly the same in this case). Note in particular that by construction, the
subspaces 7, are transverse to N~!(y), which allows us to use an argument like that in
Proposition 5.

We will choose T' as follows. First, choose a finite dimensional subspace 7,, from the
above collection for which R(N,SAg) > R(N,SAr)—a for some pre-determined
«a > 0. Now consider the collection of spaces of the form T, = T,, + a, for a € F. Let

Dy =A{a € F|p.(Axr,) T wa(Ar,)) and T, is typical with respectto all 7,,,}, (4.6)

where p, denotes the conditional measure on 7, with respect to the complementary
subspace V,,. Then note that D, has full measure with respect to p, by the same arguments
as used previously to show that the sets (; have full measure.

Recall we have constructed the subspaces 7, (with readjustments of the selection of
the v, if necessary) so that the 7), are all transverse to the subspaces N~'(y) for y € Q.
This has been possible because the set of all possible y € Q and hence the collection of
subspaces IN~!(y) is countable.

Now let {y’} denote an enumeration of Q, and define D; by

(4.7)
D;= {a € Flua(N"'(y') N Ar,)
— pa(N"Y(y") NAr,) and T, is typical for all T;,}

k — oo

Again since all of the D; have full measure, we let D = N D;, and D also has full

measure. Thus we can shoose an « arbitrarily close to any given number, a; in such a way
that 7;, satisfies the condition inside of (4.7) above, for all y € Q. Thus by the continuity of
the radius of information, we choose a from the dense set of values such that the condition in
(4.7) is satisfied, and also so that

R(N,SAz) > R(N,SA) —a. (4.8)

Define T'= T, for this choice of a.
We now restrict to the finite dimensional affine subspace 7. Since « in (4.8) is
arbitrary, it suffices to show that
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so that our problem is now reduced to a finite dimensional one in the affine subspace 7'. Note
now that for each y € Q, u(N"'(y) NAgr)/u(N"1(y) NAr) e and also that

pw(Air)/p(Ar) T 1, so that by Lemma 4.3 for finite dimensional spaces, we conclude
that indeed (4.9) holds, as desired. Letting «« — 0 we concliude that

liminf R(N, SA4;) > R(N,S4) > Ry*(SA).

By the continuity of the local radius of information it is easy to show that even though N is
partially defined, the fact that it is defined for a dense set of y means that it has an

~

everywhere defined extension N with the same radius of information, so that
R (SA) < R(N,SA) = R(N,SA) < liminf R(N, SAy).

Therefore,
Iikminf R(Ng, SA;) > Rad)*(SA),

giving us the desired contradiction of the assumption (34) at the beginning of the proof. [
Proof of Theorem 3:  Assume that the result is false. Then we have
Rad”® (n) 7, o < Rad"(n).
Thus there exists a sequence oy o 0 such that
Rad?®(n) < Rad"*(n) — v
for some ~ > 0. But note that

Rad”"? — inf Rad"“" (S A,).
6 (M) ApCAp(Ag)<i-s " (S4)

Therefore, there exists a sequence of sets A, C A such that u(Ax) > 1 — &, and
RY(SAy) < RI(SA) - 2.

However, note that R"*"(SA) is just the adaptive Gelfand n-radius of SA, and thus this
statement contradicts Lemma 4.4. Therefore, we conclude that the statement of the theorem
holds for the & — O convergence of probabilistic radii of information RY*(n) to the worst
case radius RY°'(n).

We now need to translate these results into ones on cardinality of information.
Recall that the cardinality of our problem S is defined by

card’(S, ) = C%(e) = inf{n: R"(n) < ¢},

Now we wish to show that for any e,
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C%(e) C(e) = worst case complexity.

—
6—0
Now note that

C(e) = inf{n: R (n) < €}

Since the functions R’ are monotonically decreasing in n and increasing in 6, it follows
without too much difficulty that according to our definitions, C?(e) 0 C(e), as desired,

at any continuity point e of the function C(¢). O

Proof of Theorem 2: The proof of Theorem 2 follows in the same way as the proof of
Lemma 3.4 above and the proof of Theorem 3. The only difference is that the sequence Nj
of operators in the proof of Lemma 3.4 is replaced by the single operator N. [

Proof of Theorem 1:  This theorem is now a corollary to Theorems 2 and 3. [

5. The p — oo Limit For p-average Case Complexity.

In this section we will prove the statememts of Theorem 10. For convenience here we
will define the LP-expectation of a random variable X by

E,(X) = E(|X|")"",

where FE denotes ordinary mathematical expectation. The average case complexity and
radius of information are generally defined in terms of mean square error, i.e., F,. The local
radius, for example, can be written in the form (see [TWW, 86.2])

1/2
Rag(N.9) = jnf Bl = S71) =jnf ([ = srPuasn) 60

where pu(df|y) is the conditional measure of p on the set N~!(y), with respect to the
marginal measure pN~! on Y = R". To define the average radius of information for N,
we have

1/2
Run(N) = EoRag(N,0) = ( [ Ren¥o2ai) (52
where p; = pN-! is the image of the measure p under N. When square norms are
replaced by LP” norms, we have what is called the L? average local radius of information, or
RY(N,y) = inf, E,(||lh — Sf|l ly), with the radius of information N defined by
S

RYO(N) = Ep(R®(N,y))
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where the expectation F, above is taken with respect to the measure u; = uN 1. Thus the
p-average radius can also be written as an infimum over functions A given by

1/p
m) <ot ([ 186 - nvplrantn)
ART— F

Note that measurability issues regarding the function A do not arise since it can be shown
(see [TWW], 8§6.2) that the local radius of information in the L? setting (defined analogously
to (5.1) with 2- norms replaced by p-norms) for p < oo is a measurable function. The set
of h over which the infimum is taken therefore can simply be chosen to be simply the set of
h for which the locally defined function

Ry®(N,y) = inf Ey([lh =S |y)
 €G
is measurable in y (note that an equation analogous to (5.2) can also be used to define the p-

average radius of information).
Finally, the overall p-average radius of information is given by

R = it B0

where N denotes the class of admissible information operators N : FF — Y = R".
In order to study the limitas p — oo of Ray(N), We require the estimate

m) < nf ([ ||Sf—h(Nf)||pdu(f))l/p

h:Rr—G

1/p
inf Sf—nh(f)|?d
- h:I[éDHG((/leh(Nf)>R§'°b(N)|| f=h(hl Mf))
1/p
>t (R0 pQISs - V) 2 RE))

b b 1/[7
= inf RI(W) (P(IISf—h(Nf)II > R <N>))

hR—G

Z Rgl’Ob(N) 61/1) ,
where RP(N) is the probabilistic radius of information for probability 1 — &. Thus taking
infima over operators N of cardinality n, we have

R}"8(n) = inf R)9(N) > inf RI®(N) VP = RP(n) 6177,

Note that we are defining the p-average radius of order n as an infimum over information
operators N of fixed cardinality n; see the remark after the statement of Theorem 11.
Further, letting p — oo,
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lim R%9(n) > RY(n) (5.3)

p—00

forall 6. Letting 6§ — oo, we conclude that
lim R2"(n) > R"(n), (5.4)

p—

since we have showed that the 6 — 0 limit of the right side of (5.3) is the right side of (5.4).
On the other hand, noting that for any random variable X, we have

E(X")'" < [ X]loo
we conclude that for each 1y,
RYS(N,y) = inf Ey(|lh —Sf|Iy)

_ 1/p
= ([ e ssruarn)

< inf sup ||lh—Sf
jnf sup b =SS

=  R"(N,y)

Further,

RIO(N) = Ep(R)P(N,y)) < Ep(R™(N,y)) < [[R*™(N,y)llcy < B™(N),
and taking suprema over (adaptive or nonadaptive) information operators N, we conclude
(7.11) R3(n) < R,"(n). (5.5)

Combining (5.4) and (5.5), we have lim R;¥(n) = Ry (n), as desired. The further

identities stated in Theorem 11 all follow from the above identities as well.

6. Model of Complexity and the Proof of Theorem 13

Our model of complexity here assumes that an algorithm ¢ for solving the problem S
may have a complexity which depends arbitrarily on the solution operator N and the
information y. Before considering the proof of Theorem 12, we will require a lemma
regarding the relationship of Gelfand n-widths and compactness (the converse of this lemma
appears in [P]).
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Lemma 6.1: Let G be a Banach space, and let A C G be convex and balanced. Then if
the Gelfand n-widths D*(A) of A convergeto 0, A is compact.

Proof: Itis easy to check that if A is convex and balanced, then our hypothesis implies
that there exists a sequence of linear functionals L, of norm 1 such that if
Ny = (L1, Ly, ..., L), then R(Ny, A) < DF(A) . 0 Let {ay} beasequencein A.
Then using a diagonalization argument, there is a subsequence a,, such that for all j,
Lj(ay,,) converges monotonically to a constant ¢; as [ — oo, with [L;(an) —¢;| < aj,
and ¢ l_)—>000 for each j. Without loss we may assume that c¢;, decrease monotonically in

[ and in j. Note that for each finite j and ¢ >0 thereisa §;(e) such thatif |Ly(a)l
< éj(e) (1 <k <), then d(a, KerN;) < e, where d denotes distance in F. We will
assume without loss that 6;(¢) is a decreasing function of j. Choose ¢;; sothat ¢, < :
6(1/1) for I > j. Thisimplies that for [;,ls > j,

[Li(aniy) — Lian,) | < 2cp <6;(1/5)  (k=1,...,)),

sothat d ((an, — an,), Ker N;) < 1/j. Therefore, for 11,1> > j,

|anl1 — G, | < diam (KerN;) +1/j jj)oo 0,
so that the sequence is indeed Cauchy. Thus A is compact, as desired. [

Proof of Theorem 13 :  Note that since the e-complexity is assumed to be defined for
all e >0 (however small), it follows that the adaptive radius of information R"*'(n) —-.
0, and hence that the same is true of the nonadaptive radiius and thus diameter of
information. Therefore, the Gelfand n-widths of the set SF, converge to 0, so that SFj is
is compact. Therefore, weak convergence properties in F' are translated under S into strong
convergence properties. Note in particular that if a sequence of information operators N,
converges weakly to NV in F', then E, = S(Ker N, N Fy) converges partially in the sense
of maximal set distance to F = S( Ker N N F;). Specifically, the distance

sup d(g, En) =0 (6.1)

n — oo
ger

This can be seen by the fact that we can restrict attention to a finite dimensional subspace V/,
and certainly (6.1) holds on restrictionto V' inboth £ and E,. Choosing V' as increasingly
better approximations to SN~!(y) N F, gives (6.1). We will use the compactness of SF;
and thus finite dimensional approximability here in this way.

For each 6 > 0, and for each ¢, define (N, ¢s) as an information operation and
algorithm such that

65(N57 ¢5) < €,

forafixed ¢ > 0, and
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C(N57¢5) = Comp5(€) + 67

where C(N,¢) denotes the total complexity comp(N, ¢) (equation (1.6)). Now without
loss of generality assume that we take a further subsequence above so that the operators
N5, (y, - ) all have the same cardinality » and converge weakly to an operator N for y ina
dense subset Q € R, constructed as in the proof of Lemma 4.4 in such a way that all of the
conditions in that proof are satisfied.

Define the local worst case error by::

=Y

We have
p{f € Fo: e(No, ¢, Nof) <e} 21 -6 — 1.

Therefore, as in the proof of Lemma , we can choose our set Q so that for y € Q,
Py S € Fry s e(Noy, b6, y) <€} — 1, (6.2)

where 1, is the conditional measure on Nézl(y) with respect to the marginal yN~!, and
Fyy = Fy NNy (y).
For afixed y € Q, consider the local worst case error e(N, ¢,,s,,y). We claim that

liminf e(N, ¢s,,3) < . (6.3)

For suppose not. Then we can assume (possibly by taking subsequences) that

e(N, ¢s,,y) > v > e, (6.4)
forall k. Thus for each k there exists f, € N~y such that

s N(y) = Sfell > 7,

However, as in the proof of Lemma 4.4, we can select a finite dimensional subspace V'
(denoted by T in that Lemma) on which the radius of S(N~!(y) N Fy) is essentially
supported, so that

R(Nay7SFOV) > R(NayaFO) -«

for some small « > 0, where henceforth the subscript V' on a set denotes that set intersected
with V. We can, further, assume without loss that F* is transverse to N~'(y) and N;'(y)

forall £ and y € Q, as in the proof of Lemma 4.4. According to our choice of y, we
have because of our restriction to finite dimension (see the proof of Lemmas 4.3, 4.4)

R(N&«?yv SFOV) kj)ooR(N7y,SFOV)

Further, since SF; is pre-compact, we can choose the finite dimensional set V' so that the
maximal set distance
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5(SFOVy7 SFoy) < o.

It is then not difficult to show (using the measure theoretic arguments in the proof of
Lemma 4.4) that

8(SFoy, S(Nb, (1) N AK) ,— 0.

MOk
Therefore, the worst case error

e(N7¢5k7 y) = sup ||¢§k(y) - Sf”
fenN-t

< sup @5 (y) = SfIl + e (6.5)

feN—ty)nV

= €V(N, 6k7y)

On the other hand, we can select V' so that N~!(y) NV s typical for p with respect to
V. Then arguments like those in the proof of Lemma 4.4 show that (since the measure u
may again be assumed without loss of generality to have continuous restrictions to finite
dimensional subspaces)

fyv Brv == iy, (6.6)

where 4, denotes the conditional of 4 on N(il(y) NV, and P, denotes the
projection of N~'(y) NV onto N;'(y) NV, and p,y is the conditional on N~'(y)

NV, the above projections and conditionals taken with respect to a fixed complementarity
subspace of N~!(y) NV. The convergence above is again in the strong topology in the
space of signed measures. Note now that by (6.2), we can select V' so that in addition to the
properties above, it holds that

gy {f € Fryv + ev(Noy, do,y) <€} — 1, (6.7)

where €y isas in (6.5). On the other hand, by (6.6), it follows from (6.7) that
/LyV{f € FyV : Ev(N, gb(Sk?y) < E} kj)ool

(note that N5, can now be replaced by ). Since the measure ;- is continuous and we
are in a finite dimensional setting, it follows that given any (3 > 0, it is true that for all y
€ Q and k sufficiently large,

ev(N, ¢s5,y) < € + .

It follows from the above that letting o and G — 0, we can conclude that for any y € Q
and n, If k is sufficiently large,
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e(N, ¢s,y) < e+, (6.8)

since V' can be chosen to approximate S(N~!(y) N FE,) arbitrarily well in the sense of
maximal set distance. This contradicts (6.4), proving (6.3).
Recall that the set @ was selected in such a way that

Q = {y cR": Y1 € le Y2 € QQ(QI),:U?; € @3(y17y2)7 .oy Yn € Qn(ylay27 7?/71*1)}7

where Q. (y1,...,yk—1) isa countable dense subset of the real numbers. Let us now consider
the local error as a function of 7. Let y = (y1,42,...,yn), and fix 3y Y = (y1,...,y._1).
For k£ <n, definé

Qr ={(y,y2 - ) s vi € Qilyr, - yi1)}-
For y*) € Qy, let

Q. ={yeR"™: ",y cQ}

We then know that for y,, € Q

Y1) 7

e(N, ¢s, 4"V, yn)) < € + 7 (6.9)

if k& is sufficiently large. Here and henceforth, the dot above the operator ¢(-) generically
indicates that ¢(-) has been replaced by ¢(a-), where a < 1 is sufficiently close to 1 so
that (8.18)(6.9). (or any other identity under consideration) is still valid (note that our
assumption is that the ¢s, are continuous, uniformly in k), but a is sufficiently small that

@5, has the property that for all f in Fy, N(f) is in the domain of ¢;. The
accomplishment of this may require that &£ be increased, which does not create any difficulty,
since we assume k is so large that oour identities hold not only for % individually, but for
the given k£ and all k& greater than it. Note that this involves no change in complexity, since
the multiplier « in the argument of ¢ may be interpreted as a multiplier of the adaptive
information operator NN, and this does not change the cardinality of the operator N, the
scaling of whose components is initially arbitrary in any case.

Define T'(y" V) ={f € Fy: Nf = (y™ Y, yn) for some y,}. Then N is purely
linear in T'(y™V). Note that therefore if N is only partially defined in 31, there is a
unique linear extension of N in T'(y"~Y)) sothat N is linear there. Thus we may assume
that for each 3™V, N is defined and linear in all of 7'(y"), as opposed to just
Q Ny™V). We know that for any y € Q, (8.17)(6.8) holds for & sufficiently large, so by
our allowed assumption of a uniformly bounded modulus of continuity for the ¢s,, it follows
that for % sufficiently large it is true that for all of f € T'(y"Y),

s, Nf = SfIl < e + 7. (6.10)
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We now begin to define the operator N forall f in
Ti(y" ) = N {y = ", Yn2,Yn)  Yn1; Yo € R}

First note that now N is defined for all f € T,(y""Y), aslongas ™Y € Q,. In order
to extend this definition, we note that for &k sufficiently large, (8.19)(6.10) holds for all f
e T(y™ V) for y» Y fixed. Thus given y 2 € Q,_,, then for an arbitrary p > 0
there exists a & such that the set of y,_; € Q,_;(y™?) with (8.18)(6.9) holding (with its
third argument replaced by (y™?, y,_1,5,) and ~ replaced by 2v) forall v, is p-
dense in the set

Py ={z: (y"?,2) e NT(y" )}

By p-dense here we mean that for every =z € P, 1, thereexistsa z; € P, ; satisfying
e(N,q.ﬁ(sk,(y(”_Q),zl,yn)) < e+2y forall y, €R

such that |z — 21| < p. Again using continuity arguments (namely the uniform continuity of
the algorithms ¢s, ), we conclude that for sufficiently large % (and thus sufficiently small p)
above, we can replace the information operator N (y"~2)), -) by an operator N;(y™%, .)
such that

C(Nl, Qbéka (y(n72)7 Yn—1, yn) < €+ 2’7

forall (y,_1,y,). To see this, note that for any y"2 € Q, 5, and y,_; such that (8.22)
holds for all y,,, we have

G(N, ¢5k_, (y(an), Yn—1, yn)) = Ssup ||¢6ka - Sf” <€+ 27
FE€TW™ D yn-1,un

Again using the uniform continuity of the gbé‘ thereisa p; > 0 such that for |y),_; — 1]
< p1, we have for each v,

sup s, (U Yne1syn) — SNl <€+ 2v; (6.11)
FETW 2y, yn

note that in the above supremum we have taken f from a set 7' whose argument uses a

different choice of y, 1 than the algorithm ¢, in the supremum. This follows again

because we can restrict this supremum to a finite dimensional transverse subspace V, such
that the maximal set distance of S(V N F,) from SF, is arbitrarily small. Since (6.11)
above is true for all p; > 0, we can select k so that for every y,_, € Q(y™ %) thereisa

Y,y suchthat [y,—1 —y, 1| < p1, and e(N, ¢s,, (¥ 2,y 1.yn)) < e+27 forall y,
€ R. Therefore, together with (6.9) this shows that we can for a given choice of p; redefine
the operator N on T'(y"?)) to obtain a new operator N; such that :
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(i) For f € T(y"2,y, 1) suchthat e(N,dy, (y™ 2, yn1,yn)) < €+ 27 forall y,
€ R, we choose Nif = NFf.

(i) For f € T(y""?,y, 1) otherwise, choose (in a measurable way) a 3/, , such that
the condition in (i) holds with y,_; replaced by ¥/, and define

Nl (y(n—2), Yn—1, yn) - N(y(n_2)7 y;],—l? yn)'

In this way, the operator Ny has the property that

€<N1 Cb(sk, (y(n72)7yn*17yn)) <€+ 2’7

for all choices of (y,,—1,yn).

We continue araguing in this way. For y™3) € Q, 5, it follows again that for %
sufficiently large, the set of y,,_» such that

e(Nh Qb&ka (y(n—?’), Yn—2,Yn—1, yﬂ)) <€+ 3’7 (612)

is eventually p-dense for any choice of p, so that by the same continuuity argument as
before, we can replace N; by a redefined operator N, which is defined for all
y = (¥, Yp_2,Yn_1,yn), and which satisfies (6.12) for all (y,_2,¥n_1,yn) € R>. We
continue redefining N in this way, at each stage, getting for each fixed y"% € Q,; an
operator  N,_; defined for all y= (v, yu_i11,Ynts2,...,y.) for arbitrary
(Yn—i41, Yn—i+2, - -- > Yn) With the property that

€<N171¢5k7(y(nil)ayanlaynflJrQa---a?/n)) < €+ 1y

we may need to increase the range of & for which our reasoning is valid at each stage of this
process; however, since at each stage we assume that our identities hold for all £ larger than
some fixed K, increasing the lower threshold K will not change the validity of previous
assertions.

Finally, at the last stage we have an operator N,_»(y) obtained as above, and we replace
it by an operator N.(y) = N, _o(c(y)y) such that N, is defined for all y, and such that for
sufficiently large k(v),

e(Ny: s,.,5y) < € +1ly + M(ly)
for all y. Above, c(v) is a multipllicative constant satisfying c¢(v) VLO 1, and chosen so
that ]h is defined for all arguments f, and M/(~) is the modulus of continuity of the
family ¢s,, which has been chosen to be uniformly continuous, with ¢ a constant. The term
M (¢~) is needed to adjust for the fact that N, has been replaced by NV = Ny(e(y)+)
(note that by our assumption M (y) .—_ 0).

Yy — 00
It follows that the ¢ + [~- worst case complexity is bounded above by
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C(Ny, ds,.,) = cn+cost(N,, g5 ) < comps,(€) + &

using (8.4). Letting & — oo, we conclude that

comp™(e) < klim comps, (€) + O :klim comps, (€) = (!mg comps(e),
—00 —00 —

so that

comp™ () = lim comp(e)

as desired. This proves asertion (i).
The second assertion is proved in the remarks below. [

Remarks:

1. To prove assertion (ii), we first consider the removal of the assumption of bounded
complexity. If the complexity comp"®(e) fails to be bounded for small e, the following
example shows that the conclusion of Theorem 12 is false.

For a given information operator N and algorithm ¢, again define the worst case error

by
e"™ (N, $) = sup [[¢(N(f)) = Sfll,

feR
and the &-probabilistic error (for a given measure p on Fy C F) by

es(N,¢) = inf — sup [lo(N(f)) =SS,

p(As) >1-6 fEAs

where it is understood here and afterward that all sets As in such infima are contained in Fp,.
Recall we are assuming here a model of computation in which the complexity is defined by

Cs(e) = inf {ccard N + sup cost(¢, Nf): es(N,p) < €},
ped feR

where card N denotes the cardinality of the information operator N, and cost (¢, Nf) is
the assumed cost of the algorithm ¢ applied to information N f. A similar definition (using
eV instead of es) is valid for the complexity C"°'(e). Under some mild assumptions
regarding the model of cost (i.e., on how cost(¢, N f)) depends on ¢), it has been shown
above thatas 6 converges to 0,
Cs(e) e C""(e). (6.13)
However, there exist models in which cost(¢,y) depends continuously on ¢ and y, for
which (9.1)(6.13) fails. In fact, such models exist in canonical situations, involving Hilbert
space with Gaussian measure.
We will construct such an example. Let F' Dbe a Hilbert spacae with Gaussian measure,
Fy, beits unit ball of F,S: FF — F denote the identity operator. Let u be a Gaussian
measure on H. Note that here the Gelfand n-widths of SF, donotgoto 0. Let N bean
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adaptive information operator of cardinality n, and ¢ be a corresponding algorithm, for
which e(N,¢) < ¢, and

C(N,¢) = ccard N + sup cost(¢, N f)
ferR

is close to its minimal value C""(e). We will here assume a model of computation for which
it is true that for all y, cost(¢,y) is very high unless ¢(y) is near the boundary of N~1(y)
N Fy  (this case can easily be made precise). Then it is clear that (independent of the
cardinality of ) the worst case error (given a maximum cost we are willing to bear) of our
information operation together with the algorithm can be made arbitrarily close to 2. This is
because the optimal estimate ¢(0) of an f € Fy in the kernel of N will be close to the
boundary of F; (by the assumption above on the model of cost), so that f can be chosenin a
way that |¢(0) — f]| isclose to 2. Thus we can arrange things so that

€W0r<N7 d)) Z 2 -7

forany ~ > 0.

On the other hand, we can show that the probabilistic error es(N, ¢s) of certain other
algorithms in our model is small, and in fact 1/1/2 of the error of ¢"'(N,¢), even as
6 — 0. To see this, note that due to the fact that the measure  and thus its conditional
measure u, on N~!(y) is Gaussian, there exist sets A; of measure arbitrarily close to 1
such that for each y it is true that for some z € N '(y),a € As N N'(y) implies
[(24,a)| < . Intuitively, the sets A; have slices in  N~'(y) which are very thin in some
directions (given by z,) in N~!(y). Thus using the same information operator N as above,
choose ¢s(y) = z,. Then itis easy to check that (if e is chosen to be small)

es(N,¢s5) = V2 + 7,

where 7 =0 0. This follows from the fact that

es(N,¢5) = sup  la — 2,

a €AsNN~1(y)

together with the fact that |(z,,a)| < n (where n is small), and that both z, and a are in
the unit ball.

Our conclusion is that for a given cost & and « >0 (« small), we can find
information operator N and algorithm ¢ such that

C(N,¢) = C,
while
"' (N,¢) < e"(C)+a =2 + «

where
e"'(C) = ]i\pz;{ewor(]\f,qﬁ): C(N,¢) < C}.
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However, with this same information operator and the proper choice of ¢s for each 6, we
find that C'(IV, ¢s) = C, while

65(N,¢§) - \/5 + 7,

with 7 o 0.

We conclude that in this model, for e = /2 + 3 for some positive 3, C"°'(¢) can be
kept arbitrarily high (since by our assumption a central algorithm ¢ is costly), while
Cs(e) = ¢ card N + cost (NN, ¢s) can in fact be kept low for all §, since we may here use a
¢s Which gives points ¢s(y) in the boundary of the set N~!'(y) N F,, which by

assumption are easy to compute, and still keep our error less than \/5 + B.

2. Second, we will show that the removal of the assumption of existence of ¢s which
are uniformly continuous makes statement (i) of the theorem false. We give a sketch here.
More realistic examples exist, but this is a simple one which illustrates the principle on which
our model of computation is based. Consider the situation in which F' is two dimensional,
Fy is the Euclidean unit ball in F', and S is the identity operator on F'. Assume that p is
Lebesgue measure on F{, normalized to have unit measure. Further, assume a model of cost
in which ¢ is discontinuous, in that for any information operator N, the complexity of
computing a good approximation ¢(N f) with N f = 1/2 is prohibitively high (say a cost
of M > > 0; recall in our model of computation and in the above theorem we assume that
the cost ¢(y) may depend in any way on y and on N; dependence on N is a natural
assumption in that different choices of N yield different domains for the function ¢(y).
Assume further that for any other value of N f, the cost of ¢ is some small number
m < < 1. Inthis case, given ¢ = 1/2 and any information operator N, the worst case e-
complexity is ¢ + M if the cardinality of the best information operator N is 1 (i.e., the cost
¢ of one computation plus the cost of computing ¢ if Nf = 1/2). If we use the best
information operator of cardinality 2, then the worst case cost is 2¢ + 0, since in that case ¢
is the identity operator and so has 0 cost. So in any case, the worse case cost is

comp"®(e) = min(c + M, 2c¢).

However, the 6-probabilistic complexity is smaller, since the set of f for which Nf = 1/2
has measure 0. In this case forall 6 > 0, the complexity is

comps(e) = min(c + m, 2c¢).
Therefore, if we assume that m < ¢ < M, we have that

gin?) comps(e) = ¢ + m < comp™(e) = ¢ + M,

showing the conclusion of Theorem 8.1 to be false in this case.
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7. Semicontinuity of the Adaptive Gelfand Radius

The techniques of proof of Lemma 3.4 and Theorem 3 lead to another interesting result,
namely Theorem 12, regarding the lower semicontinuity of the so-called adaptive Gelfand
radius worst case complexity. In addition to continuity results on the radius of information
(Proposition 5, Corollary 2.2 ), it can be shown that for a fixed n, the adaptive Gelfand n-
radius of a set N~!(y), where N is a nonadaptive operator of fixed cardinality, is a lower
semicontinuous function of N. That is, if we "slice™ a convex set A with the hyperplane
N-1(y), then not only is the radius of this set continuous in N and y, but the adaptive
Gelfand radius of this slice is lower semicontinuous in the same variables. The technique of
this proof involves the finite dimensional reduction used in the proof of Theorem 3.

Proof of Theorem 12: Assume this is false. Then there exists a pair (NV,y) with (N, yx)
— (V,y) inour topology, such that R(Ay,,) = R(A,), where

k — oo k —

Apy = N k) N4; 0 A = N (y) n A

Let M, be adaptive information operators of order n such that

(9.4) Rad(Ay,,) < R(Mj, Ary,) < Rad(Agy,) + e, (7.1)
with
€ T 0. As in previous proofs (see proof of Lemma 3.4), we can without loss of

generality take a subsequence such that for a countable set Q of information elements z,
we have Kj(z, -) k—>OOK,,;(z, ), where Kj;; denotes the i component linear

functional of Mj, with convergence in the weak topology. Let M(z, -) =
(Ki(-), Ko(z, +),...,K,(z, -)). Since Q isdensein R", we canchoosea z € Q such
that for given n > 0,

R(M,z,A)) > R(M,A,) — n. (7.2)
Now we claim that

R(Mk, Z, Akyk) ?00 R(M, Z, Ay).

k

To see this, consider the combined (nonadaptive) operators P, = (Ng, My(z, -)) =
(Ly,...,Lg; K1, Ks(z, - ),...,Ku(z, -)). We have Py k?OOP = (N,M(z, -)) in the

weak operator topology. We also have by Proposition 5

R(MknzaAkyk) — R(Pk,(yk,z),A) — R(Pa (y,z),A) - R(M,Z,Ay), (73)

k — oo

as desired. Note that the convergence in (7.3) is in the weak operator topology, however,
Proposition 5 applies because by Lemma C we can restrict A and P to a finite dimensional
affine subspace T', for which (using the notation of the proof of Lemma 4.4)
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R(P,(y,2),Ar) > R(P,(y,2),A) — € (7.4)

for arbitrarily small ¢ > 0. If the rest of the radii evaluations in (7.3) are similarly restricted
to 7', then follows strictly from Proposition 5 (since in 7' the convergence of P, to P is
in the uniform operator topology). However, it is easy to check that if a sequence of T are
chosen so that ¢ — 0 in (7.4), then (7.3) is verified.

By (7.1) and (7.2) therefore,
liminf R(Agy,)

k—o00

lim inf R(My, Ax,,)
liminf R(My, 2, Ay,

R(M,z,Ay)
R(MvA!/> -7
R(A4,) —n

v

AVARAVARI

Letting n — 0, we conclude that
liminf R(Ay,) > R(A,),

k—o0
or

Since (7.5) holds for a subsequence of our original sequence, it also holds for the original
sequence, and thus in general for any sequence.

Thus we conclude that for any «, if R,(Nk,yr) < «, then R, (N,y) <« so that
{(N,y)|R,(N,y) < «} isclosed, showing that R,(N,y) islower semicontinuous. [

Remark: Though it is likely that in fact the above Gelfand radius is a continuous function of
N and y, the above method of proof does not prove upper semicontinuity. It is likely that a
modification of the arguments in Proposition 4 would prove this, and thus full continuity of
the adaptive Gelfand radius.

Acknowledgments:  The author would like to thank S. Heinrich and H. Wozniakowski for
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