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ABSTRACT

DISSIPATION AND EXERGY EQUIPARTITION
by Merion Elizabeth Badoian

In the study of general physics; many problems arise in which
the process which takes place iz such that the energy delivered to
a system is equally divided between the energy storéd, and later
available for work, and the energy dissipated by the system.

This paper constitutes a rather detailed analysis of three of
these many processes and an attempt,; through the examination of the
characteristics of the processes, to develop an underlying physical
theorem, ot extend an existing theorem that would govern these
characteristics. Particular emphasis was placed on the Virial
Theorem, on the classical egquipartition of energy law, and on the
Rayleigh dissipation function in relation to the problems of: a
patellicte moving in an inverse square central force field and
encountering a dissipative medium, a condenser being charged from a
constant source of emf through an arbicrary resistor, and a
capacitor whose plates are being filled with a dielectric while it
is held at constant potential. Nome of these theorems could be
extended to cover all the problems, and a new theorem was not
developed.,
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Introduction

In an isclated conservative system, one in vhich any force is
& function of position only and {8 derivable from a potential, the
total mechanical energy, expressing the sum of the kinetic and
potentlal energies i constant. Thus any change in one kind of
energy is compensated for by an equal b\"ﬂ]lllﬂlltl change in the
other. That is

EsTa+V

is constant, therefora

AE =0 and DY =~-40V

In a non-congervative syvstem, one in which the f[orce is any
function of position, velocity andfor time, F =T (q,4, t) , and
is not derivable from a scalar potential, the previous statement of
the principle of conservation of energy &s not valid since, im
addiction to the kinetic and potential energies, other kinds of energy
may exist. In order to include these, the principle of conservation
of energy may be stated as: The sum of the various kinds of energy
in an isolated system, one which does not interact with the rest of
the universe, romains consatant. Thus,

E - 3.6
{s conscanc, and
ﬂE'ﬂg.&': = .

Therefore, when one kind of energy increases or appears, another
kind of energy decreases or disappears, as long as the system is
isclated from the rest of the universe.



In a variety of physical processes, where the isolated system
is defined so that it includes sources and sinks of energy, it is
found that a decrease in the energy of the source, as a result of work
done by the source on the rest of the systém (defined as negative
work), not only satisfies the latter form of the conservatiom of
energy law, but, in fact, is equally divided between the energy stored
in the system so that it is later available for work, and the energy
digsipated as the process takes place, That is,

w

~av_ .., = Alsiod + 4 W ieipated

i
MMgpsd =~ 3 AWsouree
and
‘ﬁiﬁi"pﬁfuhﬁl - .'!i'ﬁJakdnur:; .

The rates of change of energy may be similarly related.

The purpose of this study is to investigate the details of some
of the problems in which such energy partition occurs to achieve
greater understanding of the source of the equal division of energy
by finding what, if any, similarities exist among the processes which
result in the equipartition, and by determining the conditions required
for the equal division of energy to take place. Beyond this, ic vas
hoped that these characteristics would suggest and enable
development of an underlying physical theorem, or the extension of
an exiscting theorem, that would govern the parcitions in the problems
considered. Toward this endy; the possible usefulness of the
following classical energy concepts were considered: the Virial
Theorem, the equipartition of energy law of classical statistical
mechanics (kinetic theory), and the Rayleigh dissipaction function.

The Virial Theorem relates the time average walues of the



kinetic and potential energiles of a system, subject to central
forces, as

Ty

i

where n gives the power relation of the force field to the
position vactor , r . In the case of the inverse sguare force
fields, n = -2 , and the relation reduces to

R ] .

1‘ ==3 v

If, in a time which is long compared to the time for averaging, the

total energy of thé system is caused to change by altering the state
of the system designated by T,,V. to one designated by Tl’ vl 5

then

This indicates that if a system can be devised which uses the
potential energy of the system as the acurce of the energy to the
system then the work dome by this source is at the expenme of the
potential energy, and that if one were to calculate the change in
this energy in time, only & of it could be accounted for in the
system after the process had taken place, regardless of the amount
of time required for the change to occur. The other % s lost as
dissipated energy. This result is independent of the process which
causes the change to occur and of the initial and fimal states of the
system, other than that they be different from each other. It secexs
only to depend on the form of the conservative force ficld
dependence on r .

The energy stored, the kinetic energy, which shares the change
in potential energy equally with the dissipaced energy, is quadratic
in form and therefore suggests a possible extenmsion, to non-conservacive
systems, of the classical equipartition of emergy law as governing



this partition of energy, into stored and dissipaced energy, if the
disgipated energy is quadratic in form also.

In classical statistical mechanics, the energy of a single
particle in a conservative system iz, in most cases, a homogeneous
function of a number of position or momentum coordinates, which may
be designated as PO PUREEER qj . The total number, | , of
parameters upon which the energy depends is called the muwmber of
degrees of freedom. The equipartition of energy law states that each
degree of freedom vhich contributes quadratically to the total energy
of the system, contributes equally to that emergy. This indicates
that, if energy is added to this conservative system, each degree of
freedom which contributes quadratically to the total energy will share
equally the energy being added &nd that the vates at which the energy
assoclated with each degree of freedom change will also be equal.

For non-conservative systems, it may be possible to extend this
idea so that it includes the resulcs of the Virial Theorem, if the
dissipated energy as well as the stored energy has a quadratic form.
It might be supposed that if the stored and dissipated energies have
quadratic forms that they will therefore share equally in any change
in the tocal energy of the system and that their rates of change will
alsc be equal. Purthermore, if the dissipative term is related to
the momentum in the form of the Rayleigh dissipation function,

E; - :% ELihi;tgi »

then the rate at which energy is lost is aleso dependent on the
quadratic form,

a4€ .« 2% ,
dt

This study is an actempt to extend these three ideas to che
following problems:



A, A satellite of mass m moves about a body of mass M in
a near circular orbit which continually decreases in radius due to
the presence of a resistive medium. For any change in the orbits
the resultant potential energy change is found to be equally divided
between the increase in kinetic energy and the increase in the energy
dissipated as the satellite moves through the resistive medim.

B. A battery, switch and capacitor are connected in series by a
wire of arbitrary but constant resistance. When the switch is closed,
the battery delivers energy to the syste=m of capacitor and resiscive
wires, but only half of this energy is finally stored in the capacitor.

C. A capacitor is connected to & battery which maintains a con-
stant potential difference between the conducting surfaces. A slab
of dielectric, of constant A s 18 inperted between the surfaces
completely filling the space between them. The work done by the battery
during the insertion process is just twice the increase in
electrostatic energy between the capacitor plates wvhen the slab com-
pletely fills the space between the surfaces.



Chapter 1
Satellite

The motiom of a satellite about the earth, so that the
gravitational force between them {s along their line of centers, is
referred to as motion under a central force and takes place in a plane.
The details of the motion of any satellite about the earth may be
found in standard texts on classical mnchlnlcl.l However, these
discussions of orbite and energies are for conservative force fields
only, such as the inverse square law forces. These lead to the usual
results of conservation of angular momentum and constancy of areal
velocity. The closed orbits may ba either circular or elliptical.

In & recent Plpllzl it 15 shown that when an artificial satellite
travelling, under the influence of a central force, in a circular orbit
encounters a drag force which is velocity dependent and direccly
opposite the direction of the welecity, the path changes adiabatically
and the acceleration of the gateilite is as Iif the drag force were
pushing the satellice. Actually, the drag force results from a
succession of impulses each of which causes an i{nstantaneous decrease
in the kinetic energy of the satellite, unbalance in the relationship
of the centripetal and gravitational forces, and thus allows the
gravitational field to move the satellite into an orbit closer to
the source of the gravitational field. 'This results in an increase
in the kinetic energy of the satellite. Thus, the satellite descends
gradually in a quasi-circular orbit with the ratio of the change in
the angle of descent to the change in the polar angle being ouch less
than unity and nearly constant in time. As the sactellice descends,
precisely half icts loss in potencial energy appears as increase in
kinetic energy, the other half is dissipated as heat by the drag

force.

1. Goldstein, H., Classical Mechanics, Addllnn-Hillly Publishing
Co., Inc., i::ginl. Mamn., 1957, Ch. 3, for cxmmple.

2, Milla, Blake D., Jr.,"Satellite Paradox) Am.J. Phys., 27,
February 1959, p.115-117,



This energy division, and other energy relations, can be derived
from end-point argusents, from congideration of the Virial Theorenm,
or from purely dynamical arguments.

Firet, from consideration of the end-points: The [orce
existing betwaen the satellite of mass, m , and the earth of mass,
M , is &n attractive force

A h- A
-ri

and for any change, dr, in the radius of the orbit, say from T,

ke Ey, which may be shown diagramatically as

we have

Flz =-N

where V 4s the potentinl energy. Since the change f{s in the radial
direction,

Vie)- Vi) = [ e - (-1)

Buk ;
A g ar A
- = - —— r
i! = i%fi-'- r i
*
-
vhere r

eircular orbite. Therefore, @ vi = kfr . Hence, the kinetic

energy of the satellite is given by T , where T f{s &k I“z and

.
L is the centripetal force, must be true for



and since
Vi)« - %

then

which means that the kinetic and potential emergy for a single orbit
of radius £, Aare related by TI',1 - =k 'il'1  and for ¢
TI = ok '.I’2 . Thus for changes in orbics,

T%-Ty»- ’;.("rt-"ﬂ‘)

and defining AT as T,-T and 4V as V, =¥ ., we
get

2 w

AT =-% AV .

This result is always trug when the initial and final states, as spec-

iffed by T,, V, and T, V,

This result is independent of the form of the velocity dependence of

respectively, are circular orbits.

the dissipacive force, but does depend on the form of the conservative
central force since the assumption made with respect to the force that
f T = ?,l‘ = = "trt‘ 11 ; Which 18 true for circular orbits
only, is basic to the derivation of the relation between the kimecic
energy and potential energy changes.

Since we can relate the kinetic energy change to the potential
energy change, £t is also possible to relate the kinetic energy change
in cime to that of the total mechanical energy, E , of the systes,
where E=T+V . Hence,

dT . dV
ﬁ'at* 4t



but T= -3V and AT = -5 AV ., a relation wvhich is true for
any time interval, infinitesimal or long, so that 4‘-1. = - 4 j{ :
Making this substitution for % stves

- = dT
i

Thus, for the case of circular orbits, the rate of decrease of total
mechanical energy of the system, that is to say the rate of energy
dissipation, i{s exactly equal to the rate of increase of kinetic energy.
Since the rates of change are equal, then the integrals of the rates
areé equal, i.e.

t
o
I U LT
), T N dt
where the limits of integration specify the time interval over which
the change in energy occurs and are arbictrary. The change in total
energy E intime T 1a given by A E, and the change in
T is AT , vhete
[ & T
e - ".Jl_gI ‘t = i L‘lt - ﬁT

ac=| -4f 4 e
Thus, the rate at which energy is stored in the system {s equal to
the rate at which energy is dissipated by the system, independently

of the time interval & - © involved. The net energy dissipated
by the system is equal to the net {ncrease in energy stored in the
systes.

It was suggested by Dr. E. L. 0'Neill that a similar result for
the energy division, but one which includes the case of elliptical
orbits as well, could be obtained by formulating the sacellite problem
in terms of the Virial Theorem of Gl:uuu:.l

L RS R Rl L R S 2 S R K R R S & L % R L 1 R R R S _JE L R X R R S L L R L L R L L K B &L & F B & & R & Q0 £ R & &£ B F E &L £ & & 0 F I 0 & F J

1! Gﬁldl-tliﬂ-. E-l-' EEI c’.t-. Flﬁg'?l'
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The satellite, of mass m and position vectors T 18 acted on
by a force Fl"'. such that 'F.- iE'i- s If we now define a
scalar quantity G in terms of components ag G = ;.+ ? » then the
rate of change of G is given by

- 1579

dt
ix -am sy |
Taking the time lvlriu. 2 ~
dé _((“ae ,LIH‘J-&+-— Fe
it tf dt " =4 * b

-

i_f = _;t_ [G{?)- an[]r- T4 F.i_

Consider the motion of the satellite over a short time interval,
for example the peridd of a single orbit, circular or elliptiwal. If
the angle of descent {8 small, then over a single perioed
G(t ) = G(p), that is the satellite comes back to approximately the
same posicion and velocity so that

G@)-6G(0)= o :

—

IJT = ~F-F

However, 1if we examine the satellite in its inicial and final staces
where its position and velocity values are not equal them G{(P) ¥ G(2).
For this case, consider the satellite ac discances T, and Ty »
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such that at r, it is closer to the earth than at rI. In pagssing

from r;, to r, under the combined effect of gravitational and

dltlipltive fnita. the satellite may be considered as passing

through a series of orbite for each of which G{®)= ¢ (o) = 0.
Thus, since this i{s true, the sum of all such terms is also zero, and
the time average is cero., Thusg, for aony time interval which is an

integral mumbeéer of periocds (or very much larger than s pericd)

d& _
dt

and again
JT :-F'z .
We wish to consider the changes in orbits from €y te T, in

detail. Suppose -
F=FQ)efy) - - Z +14)

where {‘ is proportional to the velocity and {s not derivable

from a scalar potential, then

F .47 @3

2

ff‘i) ﬂf's , or f - PI . giving the veleeiry

duplnﬂtntt explicitly. Therefore,

For a circular orbit, the friccional force is always tangent to the
path, it is perpendicular to the position vector, and the scalar
product between I'.‘BJ and '1'. vanishes as a4 result. Por elliptical
orbits, the velocicy is symmetric about the major axis, so chac th e
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—

e
average over an integral number of periods of F(‘i)' 'E
vanishes identically. Thus, there is no contribution to the
average value of the kinetic emergy from the dissipative force.
Thus,

T = W-3

This is the general expression for the time average of the kinetic

energy. Since the satellite moves in a central force field, q = r,
vv=$ ¢ hence 7 = 1 B

and r r y hance 'T':-i =¥ a

If V= g5 rﬂ+1 y Ehen

Tty

and {f the force is an inverse square law, which it is for gravitational
forces, then n= = & , and

—_ ‘d
MH==3V .
But 2

Tek[mae ;g

ﬂ-l-
T, 4t

whete 3 and P‘_ are times used in averaging 1'1. '-’l and TI" 'n'z §

and
— ¢
VosL(Cyat v o=t (Cvae
" T ) e Y e .l %
g0 thac

— ——

T, -T, = AT =- !-.-'.("Fr..' v,)a--'_lf_s,ﬂ

or



13

Thus the time average of the kinetic energy {s equal to half the time
average of the potential enmergy, and the average of the increase in
the kinetic energy is equal to exactly onme-half the average of the
decrease of the potential energy. This result is independent of the
initial and final states designated by Iﬁ 5 vn and Tq_* HﬁL
regpectively. Thus, when & satellite moving under the influsnce of an
inverse square central force encounters a dissipative force vhich
produces adiabatic changes in its path, the time average of the loss
of total mechanical energy is given by

-~ DE =-aT — AV = + AT

gince

AT )

==L
2
that is, che average energy lost in dissipation i{s equal to the average
energy stored i{m the system. This relation in the time average of

the changes means that for suitable choice of ?" -
T
e T L I a7
TJﬂIJ"t'“ = %) =
regardless of the orbital motion. This does not mean that
at Jt :

whereas this latter relationship does hold for circular orbits onmly.
Furcher relations between these quanticies can be obtained by using
the Rayleigh dissipation function and the Langrangian formulation.
Consider the satellite of mass m to be moving under the influence

of a central force field ? =-L‘;§-tj# in a ecireular or elliptical
orbit, The position of the satéllite is described in temrs of the
polar cocordinates r and O +« The orbit is caused to change as

a resulc of the satellite passing chrough a dissipative oediuwm. If
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the diggipative [orce is linearly dependent on the velocity, i.e.
i & -
Ffr = —F""" —rr'ﬂ @ , it is derivable from a dissipacion Function’

of the form
L] -
F=336T;

where the sum {8 over each degree of freedom of the mass m , or

for a homogeneous medium,
= '1[‘{""* ")

Thus, -F':' Lo '; « The kinetic and potential ensrgles of the
satellite are . .E-fr +r*®") and V=- %ﬂ respectively.
In the Lagrangian formulationm, the Lagrangian of the system is

defined as L = T -V , The equations of wotion, including the

dissipative force, are of the form

Jt(:'- )""— S F;-f

where q = ¢ and g, -E +» In terms of the dissipation functionm,
the equations are of the form

s }L)_}L >F

Jt )1, i‘l J"’bj
= 4
Eimlﬁ""‘*r .%‘i-“"‘s and %.'L—;'="""'ﬂ'%

the equations of motions are in fact
w# e *
M T O %-. = --F"'
mr‘i 2 e = -la'l"'ﬁ'

FEE L EEE L] FE T L LR R R R T T i R aaEdFssssaeseseSeeed

1. Landau and Lifshits, Mechanics, Addison-Wesley Publishing Co.,
Inc., Reeding, Mass., 1960, p.76.
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The latter equation is a torque equation and may be written as the
time derivative of the angular momentum

:—r{{nr"é) = - ’Brl‘:"

Thus, in the presence of an external torque acting on the system,
the angular momentum is not conserved, and Kepler's second law
demanding that the satellite sweep out equal areas in equal cimes
does not hold.

Without solving the equations of motion, the time rate of change
of the total dynamical energy can be related to the dissipation
function which is quadratically dependent on the velocity, i.e.

Tz ip(;"'}r"é"} » and thus, in extension of the classical
equipartition of energy law, would be expected to constribute % co
the rate of decrease of energy. The dynasical energy of the systis
can be given by considering the constraints of the system independent
of time so that L o L(E) explicicly.

dl. 5 st
dt J.%"-?!‘ . ég,ﬁ’ :

For a conservative system, )i-g— =0  therefore

L

" geaaegi A - 240

or
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where E 18 called the dynamical energy of the system. Therefore,
the rate of change of dynamical energy in time i{s given by

dt('j" 3 }h b)

L

Subscituting fn: j:' s the energy expression may be written as

':itf’ dt( )i-‘ 5

" ‘IZ 15[}; 57I’f‘:’:_.;,) _%1.-5]

But for non-conservative systems in which the dissipative force is

or

of the form specified in the statement of the problem, Lagrange's

equation is of the fomm

Y L __2F

dt 31: "1: “ii

g0 that the rate at vhich the energy changes may be related to the
dissipation funccion by the following relation

-3 23F .
%h"ij 2%

since by Euler's theorem of homogenwous functions
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;Ti%%-: |

where {t itk‘ . Thus the result is wholly dependent om the power
dependence of the dissipation function on the velocity of the systes.
This result is not limited to the case of circular ofbits. Thus,

for any orbit, in which 3:- is quadratic in dj‘: i

ot - _ a4
dt
a result wholly dependent on the form of 4 . If the orbit con-

sidered is circular, then, as was showm before,

47 _ _ 1dv
4f 24

which means thac

or

This result i@ not true for elliptical orbics.

It is possible to derive this relation between the ra tes of
change of éhe dynamical energy and the kinetic emergy from whelly
dynamical arguments using j: = l:.P(;"" reé “) , and
making the assumption of quasi-circular orbits so that

= -~
- e i —
= r )
From the preceeding section, we have #
,- )

dt

- LS 2, i'jﬁt‘ifﬁ’
)
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which for a non-conservative system becomes

Z(hdl:( )+3‘B _I”"' TB

L fo 3 2\ F
j%‘“ 2...#(3 55) ?:J&Ej

J

or

How referring to the equations of motion an page ff, shis is

_j_li- —--( we - & .|.-l-..rEr) P{f rf"ﬂ'

or

% 2 d [smry 4*"*'55-&-”“:5“"15‘]
J i

But

- - i h_ - - W
wmrte e s 52 L
Lyvwred :_Fré
therefore

Mre 4mr e &4 mrré = ...P(F ‘yrré’)- 5‘
=

and the rate of change of the Lagrangian is given by

_,_:?é'—

But for quasi-circular orbits, as d!atin:t from ellipeical orbics,
e -
.-F_'-___....Hr so that -kﬂ*!&'

, and as was shown before
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- \
T =-1y
and
4T _ _1dY¥
dE = ~2dE "
Therefore

'éJ: - EijE __‘i!{ ¥ - e
dt dt 4t 2F -2

which gives

dT dv dar
—_— = - -—— = - T
dt 2% it 25 +25¢

or

-2 2.1
Thus, again, for quasi-circular orbits (for example where r < r 5 )

dT _ _ dE

dt dt

Note that this relation between E and T {8 only true for circular
orbite, or quasi-circular orbits, whereas the dependence of E on

3" is wholly dependent on the power relation between # and qJ.

The results are independent of the initial values of T, V or -F ,
of the time lapse involved for the enargy change to take place.

The relation between the kinetic energy and the dissipation function
allows the time dependence of the kinetic energy to be determined
explicitly for the case of a dissipative force linear in the velocicy
{such as a viscous force cbeying Stokes' law), and this result can
then be extended to give cthe parametric equations of motion, without
having to solve the equations of motion which arise from the
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Lagrangian formulation.
How,

+ =4 p( 4 e6?)
and for quasi-circular orbits,

dT dE _

st =~ at = °7%

ﬂ:lﬁ;"

d

T T 2 P : =
s €
the kinetic energy increases exponentially in cime.

The equation of deviation from cthe path, r(@) , may be derived
from this equation for T( t ) . From the previous ar mn;l: we have,
'
Twa«khV , for near circular orbits, and : #T., = .
But Y=~ % . therefore T = 'i l'?"’r and 'T’ = '.i l:‘/.l: ’
Subatituting into the equation for T(t) gives

_ t
r=r,€ :P;_

The radius decreases exponentially with an increase in time, the

= -
rate of decrease depending on the ratio P la . If V car'®,
which is trus for s=mall sngles of descent, then

:f/ t
ctwmrré s Lmnrg e I

or ) ey - 3 t
o =n%6 e pa
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go that

&5 =0, €
or
[ o sr/ﬂlt
e =Eﬂ e
Thus . sl;;‘ﬁt
.8 E
$.cg
but
Mt
ran 2
and
.3
-3 ~Ya 3{“"‘
Y = ¥
therefore $/s
. 2 s
e = EF o r!{t
or
. 3
EB* T-!Fi. — E;?; l!. ':u N
Bince
y Y B &
'fa =‘%‘iﬂkri atri= 55%3 il ;F - i: o a %%ﬁ
than
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which gives
.
e.-‘{glr" and e = l_‘.;.., 4

with the result being

Yo W, (e L
¥ .-sf.‘_‘ e

This is the equation of the path of the satellite moving in near
eircular orbits through a homogeneous dissipative medium, whenever
the dissipative force is linearly dependent on the velocity of the
satellice and acts tangentially co the direction of motiom of the
satellite.

If the dissipative force iz of the fora

E . _rn":r =~f [+ r'él][" raré 3]

i
then in order that F e f; vhare g iz the

dipsipation function, }- must be of the form 51 = %[F'l:* r‘é"]

And for this relation between 4.  and the velociries, the time

rate of change of cotal energy becomas

dE - -
IE" 1%

Now, regardless of the form of the dissipative force, for quasi-
eircular orbits, the following relation is alvays true:

== f!:gi. = ‘EQ:IF
at dt '
Thus we have that

d
T - 7F

i



5= L7

g0 that

T 4T g £, dt

Integrating and setting the integration constant equal to the value
of T at t=0, i.e. T=T, , ve have that

s E
:}-‘ . q:lamﬂt
[ =
2 I8 2o T W
5 = =t

Thus, a8 ¢ increases, 4’ ~ 1‘_"1- t decteases, and T
o
decreases in time from T..

The path deviation r{t) 1is derivable from

or

1 ke R - .
Lt & o _._1‘,&1:
ar

*5‘3!:;# ff

and results In che following expression for r(t):
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F=r - ;ﬁf%: AEJ&

which indicates that as t increases, r(t) decreases linearly from
¥y « As for the qusdratic dissipation function, these esgquations
could be extended to give E{'E} and then l"@.} « It seems
unnecessary to do so since it adds little information te the energy
discussion at hand.

In summary, when a satellite moves in an inverse square field, inm

a quasi-circular orbit, and is simulsaneously influenced by a velocity
dependent dissipative force, causing an orbital change from ome
circular orbit to another, end-point arguments show chat the resultant
increase in kinetic energy is equal to & the potential emergy
decrease, and, that the rate of change of the total dynamical emergy
of the system equals the negative of the rate of change of kinetic
enargy, 1.e. of the energy stored in the system.

More importantly, discussion of the problem in terms of the
Virial Theorem removes the restriction to circular orbits, and gives
time averaged energy relations which are applicable to elkliptical
as well as circular orbits. The central force field result of

? = - -}_ -I.F wvas extended to give tha average of the increase
in the kinetic energy equal to exactly & the average of the decrease
of potential energy, independently of the boundary conditions. That
is, the average energy lost in dissipation ism equal to the average
energy stored in the system. This result is wholly dependent on

the form of the conservacive force field only, not the dissipacive
force. Since the result is true for any dissipative force-velocity
relation, this discourages the desire to extend the equiparcition

of energy concept, as stated in the Introduction, te cover the
dissipative processes.

Although energy expressions, similar to those found via the
end=point arguments, are found when considering the problem in
terms of Lagrange's equations and a dissipation function derived
from a homogeneous Stokes' law force, the elegance of this
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treatment of the ptoblem is in being able to determine the rate

of change of dynamical energy in terms of the dissipetion, to

relate it to the time rate of change of energy stored in the systenm,

and to determing the path equation of the satellite moving in
guasi-circular orbits. Unfortunately, this {s not extended to the
elliptical case, and thus is not as general a treatment of the sateilite
problem as that using the Virial Theorem.

The equipartition {s wholly dependent on the fore of the central
force field. HKeither the initial and final conditlons, the tioe
interval required for the change, nor the form of the dissipation
function effect any of the energy relations. The only change due
to a different dissipation functionm is in the factor multiplying

{5 /m in the equation for the rate at which energy s dissipated,
and correspondingly changes the path equation dertved from this as
a4 bagis. The ratio of the rate of dissipation and of kinetic
energy increase is not affected by the change.
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Chapter II
Capacitor Charging

When a battery charges a capacitor, through a series resistor,
the anergy delivered by the battery inm the charging process is
di{ vided equally between the electrostatic enmergy stored in the
capacltor, and later available for work, and the energy dissipated
as joule heat in the resistor, regardless of how small the resistor
may be, This problem scems similar to the satellite problem, as far
a8 energy divieions are concerned, but it i{s distinct in oeny
characteristics, which will be discussed {n the following text, and
in application of the arguments which yield energy partition. In
this problem the Virial Theorem does not apply. However, the
energy division may be derived from end-point arguments or from purely
dynamical arguments, including an "electrical dissipation functiom™.
If che capacitor is inicfally uncharged, the battery, of comstant
omf é' , does work in depositing each Increment of charge dg
on the capacitor sc that

_dtﬂw = Lﬂfdrﬁ = é'ﬂ .

That is, the energy of the battery decreases by an amount S Q.
The energy of the capacitor changes from zero energy to an energy

determined from a
4 wur.dfw ) -L b:" J%

where ?= is che potential drop across the capaciter and is equal
to QfC . This results in
Qr

d“é'.f.‘.-,;,. - e
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Thus, the energy gained by the capacitor {s exactly L that
delivered by the battery in the charging process. The other half
is dissipated in the resistor.
For a more detailed discussion, consider a perfect capacitor, ¢ ,
initially uncharged, connected through a series resistor, R , and
a4 switch, to & constant source of emf, . The resistor is considered
to be the wire-resistance, but may include the internal resistance
of the battery, or of the capacitor thereby assuring perfection in

the capacitor. Diagramacically:
—"'ﬁ"_fh-.

1
|

As soon as the switch 19 closed, current flows in the circuit and at
any instant the potential drops in the circuit satisfy the equation

f=l{‘t+I{: ,

where ?n is che voltage drop across the resistor, and ?c is
the woltage drop across the capacitor. At any {nstant of time,
q= E#n iz the chavge on the capacitor and 1 = ?lf R iz the
current theough the resistor. Hence

f:ff'ﬂ"ﬁé

where {=dq/dr, f is constant, and the dissipation force is
an Ohm's law fofce for which N

Note that 4f q 4is considered a generalized coordinate, then
i =§ may be conmidered a generalized velocity and the circuit

equations relating these quantities to the potential drops in the

is linearly related e 1{ .

circuic, and the potential drops to each other, should be vectorial.
For example, they shoul be written in the form '#! ;-l? ; where
the negative sign indicates that the potential drop ﬁ‘ opposes the
direction of the current. (It is the constant applied emf which
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pushes the current against the retardations.) In this form, it is
izmediately noted that the dissipation force {s an Oha's law force
for which "1? is lioearly related to T in exactly the sase form

= - 8 -E as it was for the satellite, but here ‘,3:"1, a

il il —
positive constant. Therefore, Fg —# V, —P R — -Ri ~ ,

R -1
and may be derived from a dissipation function of the fmé:i"‘l .
However, it seems more ugeful to maintain the standardized notation
of electricity for the problem and to omit the vector notation,

without loss of generality.

Kow,
TR Rt
g0 that
o gy s
which gives - 5 +/&c
(= Ae

At t=0, g=0, therefore 8 = {R ori, = ;flt =4 so0 that

t t
- 8 _~Yee . _-Yhe
t"EE _—__{'E

and the current decreases as ¢ incredses.

T T T L L L L L e T - -

1. The full arrow (—™) 1is used to denote “corresponds to"; the
half arrow (—=) iz used to d-an vector notacion.
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Since E- iR + q/C , substituting for i(t) gives gq(t), or
_T . o -
f:Cﬁ(f’*E /‘j*@(f'f' ﬁﬂj

where Q= l‘.:£ is the final charge on the capacitor since at
equilibrium 1i=0 and 'lifﬂ =R = 0 which gives '.F': = £ "

The energy associated with the capacitor can now be found since
the inscantaneous power input to the circuic from the battery is
defined as P = G-Ii y OF

P-‘-‘ f{ﬁlf- %'

so that

_t
P=dc'R+ ¢ ? (1-e fﬂ)

. s
where "g’ (""‘ € /fe) is the instantancous rate of

power input inte the capacitor, and 1311 is the joule heat, the
instantaneous rate at which electrical energy is converted into heac
energy in the resistor. Since { may be considered a degree of
freedom of the system, and since it eneers quadratically into the
total energy of the system, the classical equipartition of energy law
extended to this case might lead to the assunption that this should
contribute L che cotal energy of the system, i.e. that the
quadratic { will csuse a % factor to appear in the energy
contribution to the system fram R so that Ri? - 5.8 i.

Since the power {s defined as the rate at wvhich work is done,
the energy given the system by the battery may be determined froo

“'J“i.mr"f‘;ﬁ ,

where the minus sign indicates work done on the system, which gives

_wﬁﬂ? _-ffaa.. CE?
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since G =C ‘E + Ine energy stored in the capacictor is obtaimed from

. o ¢
f? - ‘ijfh';= %ggi(jlr‘* [ = ‘H:J)

€ at
or
Jw. = £4 (E-%r. E-“x&y
ot ck N
glnce 1 = IE e *"é': . GSince it takes an infinite time to charge

the capacitor, the change in electBostatic energy stored in the
field between the capacitor places is

8 [[e ey [T Heu]

AW gﬂ[fc EE] "; .

which i{s exactly % the energy delivered by the battery.
Since the only remaining circuit element 4s R , the other half

ar

of the battery's inieial available energy must go into heat loss in
the resiscor, That is,

fi; ] flllf? - %5%&5E

g0 thac 1t/

L[ - T

where the limits of integration are the same [or the d’“c integral
since the current flows only as long as charge is being deposited on
the capacitor, Integrating, this gives

dﬂk_ K Q‘* = lclf
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This is equal to /W_ , and is exactly 5 the energy delivered to
the system by the battery. Since d-“! - AW_ , than

aw, - jﬁ I8 ot

aw, = [~ J%Jf

are also equal. Alcthough the inttgrﬂ.l are equal, this does not mean
that the integrands are squal, i.e. dt #': .i—'!‘ ., Thus, this
relation is not as general as that found for I:'l'l.l- satellite probles
where at any instant of time the energy being added Co the system was
equal to the rate of change of the energy stored in the syste=.

The equipartition result found here is independent of the mon-
gero value of R , and exists regardless of how ssall R =ay be. That
{s, R , although it may be ssall, may not be considered negligible
since it 1 R 1in conjumction with C (as the time congtant T = RC)
which determines the rapidity of response of a given system. For a
given battery and capacitor, the value of R determines the rate of
charging the capacitor, and therefore determines the initial
maximen value of the current, 1, = ffa , and the rate at which
it falls off to zero, iufu'v“ « At ‘i‘ Q(I E*f/*c)
is zero, and i, -gﬂ. is a maximum. Thus, all the energy is mu‘hffr
dissipated in the resistor, regardless of its small but non-zero
value, so that PB. = 'l‘r'li = 12!. is not negligible.

That the joule heat loss s % the total emergy depends omly
on the size of the capacitor and battery used, and cn the choice of
initial and final condicions as we shall now show.

For example, if the capacitor is considered to be initially
charged to some value Q, , but with a potential difference ?c-ﬁﬁ "
a more physically real case than the preceeding, the energy ex-
pressions which result from the calculations are

~auw, - £(Q-Q) = €(C6-a,)
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for the work done by the battery in charging the capacitor;

.
aw, = 5; (c6-q, cs-q,) |
for the change in electrostatic potentfal energy of the capacitor;
and

AW, = - (c&-@ (Cé~ @)

for the energy dissipated in the resistor. Thus

e =30~ %)

TI-WL 1
and

(8wel L+ g,)

—— =)
[Aw, | Qg
The two ratios are equal only when @, = 0. Thus, the equiparcition
of energy does depend on the initial conditions.
As ancther change in boundary conditions, consider & change in
the time interval. That is, instead of considering the process in
a time interval 0 £t £ a0, conaider the process in the time
{nterval OS££2 where (° 1is arbitvary. Note that since the energy
ltﬂll:l rate is an exponential function which increases in time, i.e.
:gf (E ~Sfe e ﬂfﬁ") , to its final value “"‘j
and the energy dissipation is an ntially decreasing fum-.l:inn
of time, 1.e. ‘5%"‘ = .-5 s-tw , from its initial
uluimﬂj = &% , then the rates are cbviously not equal for
an arbi I'.'!I.'-I-l"_'l' I:l.nr {nterval. Therefore, as was noted on page 31,

a,
d‘?" oF
S A

If one carried through the details of this argument , one

and this is crue for any time interval
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would find that

aw, =~ C& *(i- ve |1 - e ke)

Aw, =4 CE*(1- 2 ) -e M‘){ 2)-(1- -!) E‘/“]

and

L
AW, = 3 f“’('*"&f} (i o fre'i’l/f‘)

-

The sum of d“" and ﬂ'“’ftl equal to -d-lli as 1: should be,
but ﬂﬂi?f-ﬂﬂ" for arbitrary time intervals, so that -i'-t' iédnk.
Asgigning different values to the ratio of v - - will give
different values of AW, A& -Aul .. s, and lll!://;”ﬁ -

and it can chere be seen that only for the case where the tize interval
in A5 £ w and the value of X is zero so that the
capacitor is initially uncharged does the "equipartition" occur.

Thus the equipartition depends on the chelce of initial
voltage of the capacitor and occurs only in the case f[or which V,=0.
It {8 also dependent on the time intervals involved, and on the
final state of the system.

To show that tha result is independent of the form of tha
dissipacive force, @onsider the following. Instead of the Ohm's law,
wvhich, like Stokes' law, is linsar force-veloclty relation, aszsume
the dissipative force dapendant on some other power of the current.
Lat the force be expressed In terzs of odd powers, to aveld Jifficulsy
with the sign of che dissipation Cerm, 1i.e. power logs, upon reversal

of the sign of the eaf, That is,
la+1

Fér o ‘“‘I"...'.nu € = L"f



o, in terms of the current,
« 24

E.,:- :-u-;‘ = Vg

where the minus sign again indicates that the potemtial drop opposes
the direction of the current, as was pointed out on page 27 bottom.
The potential drops in the circuit satisfy the equation

Lw#i
= ”
‘-f Ezur . ¥ 5/(:
or, taking the time derivative,

Lk e i
O =% (1u+~3)1 it + é .

2M 4y

This gives
- 204 = dt

L d¢ = = {z’“")ﬂu-n C-:

i L
-y
P e L - -f-l'ljif ‘_}
B @'*’)fimrc y B0
F 5
abd since at ¢t = 0, ge0, iim‘l x=5 =], , then
FedF
. L. ;;: t+ - Ln .
i = = —t e L
o) T
i Y
!,"T Y

- J Y - =
= [‘(;)'_ ¢ T |

M T
The power dissipation term in the resistor is calculated as before

from

ol caat
P=W"-'cl---l.u-.n‘If ‘ _;;,j i



a5

Thus, -
fjl. =
aw, = | AR
I i ’
E /o ﬁtnﬂ i
where the upper limit of integration t,i=0 Indicates lete charg-

~ant S am [
ing of the capacitor since i= &a:jc" c s I; -be:mes
equal to zero at that instant of time. This will obviously occur

at a value of t <o,

How, ; .H”]

L)

f t=0 F
ﬂwﬂ é_-n[ [ inf'__' « L, d’f«"

“’""“ 'q,-u--
fimei) f:.q-prfl,

2 2a E - 2N
i P : -+_T
3 Bt [e;-ﬁ,u:...,

tat!

[} ¥ [ AN N LS LT wi
'ifz-:n Cﬁf. :‘} =4 o _’;"_;( .)

Buk
a |

U.f-.g:ﬂui-; j:_., ’

thus
= A z
AW, =5 C& _
Therefore, equipartition of energy occurs whenever the dissipation
force is of the form F = = “Inlrl lMI ., This includes all odd

powers of 1.
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Thus, the dependence of the equipartition result is wholly omn
the constancy of E- » ©on the initial state of the capacitor, and,
through the time interval tequiremenc, om the [inal conditions. If
we desired to charge the capacitor with smaller loss of energy, i.e.
with an efficiency greater than 507, we would replace the single
source by N equal sources such that the emf of the cells used in
each step is related te the final potential by '.Fn = %v. « The
*u"n is the potential of the battery used in the nth step of the
process. The efficiency ? for an N step charging of a capacitor
is

N
17 wei :

In review, wvhen a capacitor is charged through a series resistor
from a single source of conscant emf, the process is 50% efficient,
independently of the magnitude of the resistance. The efficiency,
as in the case of the satellice, is independent of the fora of the
dissipative function, i.e. does not depend on Ohm's lawv being
satisfied by the resistor, but does depend on the initial and final
conditions, unlike the satellite, and on the time Intervals imvolved.
The rates of change of energy stored and dissipated are not equal.

An initial expectacion that the Stokes® law type dissipative
force, derivable from a dissipative !tmntlm.f - g‘—: y might
allow extension of the classical equipartition of energy law was not
realized since this was not the case. The equipartition, as we have
said, is independent of the form of the dissipative force, and it
does not apply to the rates of dissipation and storage of energy either.
It vas shown I:hlt Jrven when the dissipative force is of che form
lr"""‘ﬂ-" the equipartition of energy occurs. That the
equipactition is independent of the magnitude of the resistor and of
the form of the dissipacive force is one of the most important
results i{n Chapter II.
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Chapter 111
Capacitor-Dielectric

Congider the case of a capacitor being filled with an idezal
dielectric, f.e, one which is isotrepic, homogeneous, and linesr so
that D . ™ s and .F. are linearly proportional. Choosing che
MES system of units, the relation between T and T is written
“H-:EE =& K E whare A’ 1is the dielectric constant, and is
unity for air. The process can be carried out by one of two basic
methods, either by keeping the charge @ on the plates constant, or
by keeping the potential difference, vﬂ
to be considered in detall, For either case, the final value of the
capacitance is greater than that of the air-filled capacitor, i.e.
- Cage

For the constant voltage case, the potential between the capacitor

; constant which i{s the case

C4

plates is kept constant by connecting the capacitor te a battery of

constant emf, + The connection {s made by low-valued

reslstance wire so that the joule heat loss may be so small as o

be neglected, The resiscance of the wire, R , s small and the

current, i ,through the resistor, which depends wholly on the

velocity of the dielectric, is alsc small since the dielectric moves

slowly, Thus, since the current i{s small, P = [13 ig very small

and may be neglected Iin comparison to tha power losses assoclated

with the capacitor. That is, at any instant of time, V_ = r.s,-:'.’v: = q/C.
Hote that for the case of the capacitor problem discussed in

Chapter II, { depends on and is not small, although R may be,

sc that P = 111{- ;;l initially) is quite large, and is not negligible.
The air filled capacitor of this section is considered afcer it

is fully charged (hercafter designaced as t = 0) so that the potencial

difference across the capacitor is equal to the emf of the battery

and a current no longer £lows until the dielectric is introduced.
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The initial III:::m;E:I.;g:l.lrl.l:l.:m is an equilibrium configuration with g={,,
c=Co= SF and vo= £ =V, asd 1=0, The potential
energy stored in the fleld between the air filled capacitor plates
is

i
q‘f‘ '—_'_.;rnlf-‘ = T; l:;l‘-‘

L

A dielectric, moving through a resistive medium which causes it to
move without acceleration, {s Introduced into the fileld region a
distance 'é: - X, a= ,E . The potential difference across the plates
tends to drop, due to the change in E , the fleld between the plates,
caused by the presence of the dielectric of mass m and its
polarization charges, and a current flow {s set up by the battery
which acts to maintain ‘il'c at its equilibrium value & , and this
is done by an increase &n the amount of charge by an amount dq .

The rate at which charge is deposited depends on the rate at which

the dielectric moves into the field region, When the dielectric is
wholly in the reglon between the plates, the capacitance has increased

from C, = %87 o ¢« €A% . K, . Bu
d - ___fﬂ.' K = rt [ '“E'l

[av | whde [aV]
hence the charge depoait has incroased to Q =AQ, , for the same

value of V, -g ; 80 that the energy stored in this final
configuration is
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%

The change in the stored energy is

au =0~ U =3 GE(K=)

=L 8= Lke & 7 U,

But the battery does work in charging the capacitor from @, to
A q, . This work (s

—aw = [ Vedq = EQUK1) - " (k—0),

Therefore, there is a decrease in the battery's energy which goes
into energy stored in the capacitor. But

— aw,_ = 2(su)

which means that the work done by the battery is not wholly stored
in the capacicor field. The othar ome-half should be found i{n the
méchanical work done on the dielectric. This work may be used in
one of two ways: It may be used to accelerate the slab, in the absence
of friccion, such that the rate of this dissipation is equal to the
rate of storage of energy in the capaciter; or the work may be dissfpated
in such a way that the dlelectric always has negliglble accelerationm,
in which case the frictional force is at all times just equal to the
electrical force. It is the latter case which we vish to consider
here, for which, the increase in potential energy of the field and
the work done by the field in moving the dielectric should be equal,
and thelr rates of change should also be equal.

In order to find the work done on the dielectric, it is necessary
to determine the force exerted on the dielectric., This force should
ba derivable from the negative grallient of the total potencial enezgy

of the system, U 1f che system is defined to include the battery,

T L ]
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then the total potential energy is that stored in the battery plus
that stored in the field, i.e,

U= Ve + Wi '
o Ally = AW +AU

W aw, 55596

to that 8 Uy = — W) ¢lothe) = — (a2f,)

£ (%%’“ =~ i?(‘ﬂ‘)] =@’%v

or

* :(.E'_’E""'-)

% /o

F

»

where x 1s the axis of the capacitor. The potential energy stored
in the capacitor's field may be written as a function of x since the
capacitor acts as two in parallel, one alr-filled and one filled with
the dieleccric, That Lis

I-Allnu.i'-"' "I

i I

5 UL

e - =

A aer -




a1

Kow,
vhere

or

so that when x = 0, %-1{;:: and wvhen x= ] ,’H,-%l’{;.ﬁ?

Therefore,

auy = Uy = GE' [x k-9t Lce”

= LG 1M (k-1)

-

sinca K> | always, % increases as x increases. Therefore,

L b
- (32 u-ﬁf—(m)

the force

is a constant positive force independent of x which indicates that
we must postulate a constant dissipacive force Lf we wish to aveid

acceleration, The work done by the force is
x {x-.] [
w - L GE? o

:1;_'(;51(!,‘*—5-')‘):-b1(c .
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If the energy delivered by the battery is only that used Ln charging
the capacitor from Q to Q' = ¢C g y then

-—ﬂ“-"b = L:reAﬂb= {(ﬂ‘ —Q.,)
L =5 2
= &' (re 2 -675) " ¢ |

ar

Z
,.jitljhr = EE%E%* (fff-[} x

HBence, the energy supplied to the system is equally divided between
energy stored and energy lost as work done on the dielectric, But

e j&ﬂllh g Jr "’ dt
£
i Se % ,

S0 = 1 4% i

»* d dat .

s

And furthermore, qu- lw;’ for any interval 51' and SE .
thus not only is

rﬁ"Jf de ‘MF dt

dt
but since this is true for any time incerval, then
dUc _ dwe, .
dt ot

That is, just as in the case of the satellite in the circular orbic,



&3

the rates of change of sncrgy are also equal. The argument may be
extended to give

w 4 U dW¢g
— _____h = » L 1‘3 i,
dt A d1 at :

These energy relations are true for any {nterval % x and SL
The results are thus true {ndependently of the initial and final con-
ditions of the problem, as was the case for the satellite problesm.
Therefore, only when the change is independent of the {nitial and
final conditions do the rates of change of energies seem to be equal.

If the dielectric were dravn into the capacitor plates at constant
charge rather than constant voltage, the change in electrostatic
energy equals the mechanical work done in moving the dielectric. The
force drawing the dielectric in is Fu and can be shown to be equal

Eo
C y D r K= =
Fx = 3 o A Lax(x=1)

which is not constant but decreases as x increases. This is not
equal to F: » & conscant force, in general, although the following

statements erronecusly indicate otherwisei

"The force in both cases must ba the same, since
it depends on the inicial state of the
syvatem which may be t:i-rnlld in cerms of either

charge or potential."™

"For a given configuration of the system the forces
are the same, or course, “thf charges or
potentials are kept constant,"

1. Bcott, W. T., Physics of Electricity and Magnetism, John Wiley
£ E ﬂﬂ“? Il!.-l:., H‘“ !ﬂr i lm, PPI - L]

2, Page and Adams les of Electrici D. Van Hoatrand Co., Inc.
i % Hqur 5‘ ¥ Piﬁii ! ,




Contrary to the first quotation, the force does not depend only
on the ®Inicial state of the system™ but on both the i{nitial and
final conditions, and since the final energy states differ in the
two methods, i,e, constant potential and constant charge, then there
will be a difference in the magnitudes of the forces acting on the
dielectric, For constant potential, the force is constant; and for
constant charge, the force falls off from the same initial value,



Chapter IV

Problems in Which Energy Equipartition Occurs

The following problems, found in the literature or suggested
by Dr, Michael Rice, are statements of processes in which an

equipartition of energy takes place, Although all were not

included in detail in this text, the problems chosen were considered
representative of those listed here, had dissipative forces which were
known explicitly and therefore the energy dissipated therein could
easily be calculated,

1. EItIllltﬂ%

A gatellice of mass m wmoves about the carth of mass
M 4in a near circular orbit which continually decreasas
in radius due to the presence of a resistive medium,
For any change in the orbits, the resultant

potential energy change is found to be equally divided
betwean the increase in the energy dissipated as the
gatellite moves through the resistive medium and the
anergy stored in the aystem.

2, Sand on Conveyer 311:21 Sand pours at a constant rate onto a

conveyer belt moving horimontally., Calculate the
force required to keep the belt moving with a constant
valocity, Calculation of the force from the time rate
of change of momentum yields a horizontal force twice
as large as that calculated to give the sand its
kinetic energy.

EEESAEESEESSE RS- Ll I e e

l-ll mll'] Bi u!_j Jf-, lhl- Jl m.'l ﬂ" 115 (lg'sg}-'
Bacon, R.H., Am. J. Phys. 27, 69 (1959),

2. This problem was suggested by Dr, Rice, Hereafter, all problems
which were suggested by Dr, Rice will not be foot-noted, all others
will be noted appropriately,
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1 Enpa—pulll: A rope is pulled with constant velocity across a smooth
floor, Of the energy supplied, only one-half goes
into increasing the kinetic energy of the moving rope.

Account for the distribution of energy.

&, Train in trnughz: A locomotive scoops up water from a trough of
given length while moving at & constant velocity.
Find the additional force of traction which must be
applied by the lecomotive in order to keep its velocity
constant, The work done by this force is equally
divided between the captured water's kinmetic energy
of mass motion with the locomotive, and all other
forms of energy, such as energy of agitation within
the tank, potential energy due to the elevation, and
heat epergy due to frictiom and partial clasticicy
of impact,

J, Condenser=-charging: A battery, switch, resistor and capacitor
are cénnected in series, When the switch is closed,
the battery delivers an amount of energy which is
equally divided between energy stored in the electric
field between the plate, and the energy dissipated
ai joule heat in the resistor,
6. Enupled-capaeitnraaz A capacitor of capacitance cl and charge
q, %is connected in parallel to an equal (i.e, cl'ci}
but uncharged capacitor EE « Comparison of che initial
and final configurations of the system indicates that
O L — (P—
l. Sleator, W,W., Am, J, Phys, 15, 474 (1947),; Hull, G.F.; A=, J.

Phys, 16,447 (1948).; Stephenson, R, J., Am, J. Phys,
17, 224 (1949).; Chapin, E. K., Am. J. Phys, 19, 6 (1951),

2. Dadourian, H.,M., Am, J. Phys, 16, 344 (l34E),
3, 2ucker, C,, Am, J, Phys, 23, 469 (19553),
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of the energy in Bl Initially available to the
gystem only one-half is found stored in the parallel
configoration of El plus EE .
7. Putty-ballﬂl: Two particles of masses m, and m, , chosen such
that m, = m, , are allowed to collide inelastically,
The kinetic energy of the system after collision is
one=half the kinetic energy of the svstem before the

collision takes place,

8., Coupled fly-wheels: If two fly-wheels, of moments of inertia

Il and I2 guch that I1

gtatiomary, the other turning about an axiz through

= 1, , one initially

its center, are coupled in a frictional process, the
energy of the final configuration is ome-half that
of the initially moving fly-wheel,

9. Spring (extension): An extension spring of constant & s 18
inicfially at rest in a poeition of slight extension
under the force of the whight of a hook, attached
to the free end of the spring. If an additional mass
is added to the hook, the spring undergoes simple
harmonic motion resulting in a change in gravitationmal
potential, This results in a decrease in the potential
energy af the mass, and this decrease is
found to be equally divided between potential energy
stored in the spring and kinetic energy of the spring.
There continues a constant interchange of kinecic
and potantial energiea in the entire wystem untcil

the imperfect spring causes the motion to die out,

e S S S S S S EE S EES IS S SIS ST SRR

1, Bacon, R, H,, Am, J, Phys. B8, 154 (1940)., This was alsc
suggested by Dr. Rice.
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10, cCapacitor-dielectric: A capacitor is connected to a battery
whidhmaintains = potential difference between
the conducting surfaces., A slab of dielectric, of
dielectric constant ff-, is inserted between the
surfaces, completely filling the space between them,
The work done by the battery during the insertion
process is that in charging up the capacitor, qﬁf - 1)
whare qu is the charge on the capacitor surfaces
before the slab is inserted., When the slab
completely fills the space between the surfaces, the
energy stored in the capacitor has been increased

by e, € (A1)

11, Flywheel-increasing in moment of inertia 1: A congtant Corgue
is applied to a body rotating about a fixed axis
with a constant angular velecity S . The
angular acceleration which would normally result £ 3
prevented by increasing the moswnt of inertia of che
system at the rate JIA!" « In terms of lni;,"!tl.- s
express the power required and account for the
distribution of energy which results. Neglect friction,

12, cCofiductor of increasing !.ndu::f-lm:a? A source of constant emf is
connected to a pair of long parallel conductors,
A conductor, free to move at the rate dr/ﬁi’-‘ y 1
placed {n the circuit., When it moves the inductance
of the circuit increases, maintaining 1 constant,
Find the encrgy required of the source; account
for the discribution of the energy supplied,

E. Chapin, E.K.; Am, J, Phys, 19, & (1951).

4, Chapin, E.K,, Op. Cit,
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13, Inductor-paramagnetic substance; A long solenoid of K turns,
and length 1 , carries a current 1 , the resulting
magnetic field is not quite uniform, A rigid body
of p-r-:-hility#,Jl ; and volume v 1is brought
into the field at a point where the magnetic inductlion
was T. Suppose the voluma v of the body is
small enough that B does not vary appreciably through-
out this volume and that the magnetic susceptibilicy
of the body iz extremely small compared to unity ( the
case of ordinary paramagnetic or diamagnetic materials)
s0 that we may consider the induction ﬁf unaltered
by the presence of the body. The work done by the
battery is 1";‘(7&’ H = s but the energy stored
in the magnetic field wvhen the material is inserted
is 1{?4 .?q_’] oY . Account for the other half
of the energy.

Diagramatically, these problems may be grouped together as
shown on page 50, Note that it is also possible to list
problems 5-7 in Group I under Croup II1 depending on the definition
of the system, This listing i{s not to be considered as the only
posmsible listing of the problems, others may exist, This
list was formulated through considerations resulting from end-point
arguments,

In Group I, the equipartition of energy which occurs in each of
the problems can be extended to give equal differential energy
ralations, The same {s true of the problems in Group III., For the
problems in Group 1II, however, only equal integral relations involving
the energles may be deduced.



Dissipative Problems
(all yield equiparcicion of energy)

Internal Dissipative Forces External Dissipative Forces
Grgug 1 Ernug IE Grgu III
(rates of tnergy change are {rates of "Encrgy (rates of &nergy change are
cqual and independent of change are not equal equal and independent of
initial and Final dand depend on initial initial and final
conditionsg) and final conditions) conditions)
1, capacitor-dielectric 1. condenser-charging 1. sarellite
2, inductor-paramagnetic 2. coupled-capacitors
gubstance 3. coupled f[ly-wheels
-y T
3. [1; 'ﬁ%lufflﬁgﬁiigbl"g &4. putty balls

J. Bpring
&, culfd“HﬁE EnEE increasing

5% Erain in Erough
6, saml on conveyer belt
7. vope increasing in massg

419
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Conclugion

There are many processes which take place (see Chapter IV) such
that the energy delivered to a system is divided between the energy
stored in the system, and later available for work, and the energy
dissipated by the system. The division further yields that some
processes are characterized by equal time-differential energy
relatione, while others are characterized by equal time-integral
energy relations. Thus, the equipartition of energy is sometimes
dependent on any or all of the following; the initial and final
conditions, on the time intervals required for the changes to take
place, and on the form of the force in the energy source. It is
definitely independent of the form of the dissipative force, and
thus negates the possibility of any extension of the classical
equipartition of energy law, although this force may be useful in
relating rates of energy changes and in developing other
parametric relations.

Only three of the problems listed im all the groups in Chapter
IV were considered in the main text of the thesis, in decail, one from
each group listed. In general, these were chosen because the
characteristics were the same as those of the other problems in the
same group; because the form of their dissipative force was
immediately known, and thus allowed more easily the decailed
caleulations for energy partitions than did other problems in the sase
group; and because they were more interesting than the others as a
rosult of being extended to {nclude other results than just the decails
of the energy partitions. For example, a differential equation uas
derived for the kinetic energy as a function of time in the satellice
problem of Chapter I, and this equation was used to derive the path
equation of the satellite. In Chapter II, we demonstrated the nature
of the charging process with a hypothetical "gUNIE" Oham's law,
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Furthermore, the satellite was chosen for Group II1 since it
allowed use of the Virial Theorem whereas the other impact problems
(listed as 5-7 in Group I here) did mot. (It is also considered
an impact problem since the dissipative force is considered to be
a series of impulses which serve to retard the satellicte.) By use
of the Virial Theorem, a more general result, including elliptical
as well as circular orbits, was obtained. That is, the time
averages of the energles were related. As an added actractiom, it
introduced the idea of the dissipation function rather nicely into
the discussion of the problem of equipartition of emergy, especially
by allowing extension of the argument using this function to give
the path equation of the satellite as it moved through the
dissipative medium.

In Grouwp I and Group II, the capacitor problems were chosen
because of the known form of the dissipative force. The problems in
Group 11 are such that the systems involved are coupled systems. The
capacitor charging may be considered a coupled system by considering
the battery as coupled to the capacitor, thus the physical sec-up
is analagous in all problems. The systems in Group I each have
something added to the system, thus resulting {n the energy transfer
and in the equipartition of energy. The capacitor-dielectric, because
pof the erronecus force discussions found in some texts on Electricicy,
was chosen to represent this group. Dr. Rice suggested that an
interesting extension of this problem would be the ullcu]:li:iun of the
equations of motion, assuming little or no fricction, subject to a
driving force vhich is a periedic step fumction.

The problems listed here as “equiparcition™ problems should not
be considered as all-inclusive, but it is hoped that should other
problems arise, the brief discussions above and the diagran on page
50, will prove helpful in cacagorfizing the nev problems and thus
immediately give the energy relations to be expected for the new
problems, without going through detailed calculations, and

perhaps indicate possible extensions to other characteristics of
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these problems, as was the case of the satellice-path equation, and
the capacitor charging independence of the form of the dissipative
Eorce.

The characteriscics and results of the problems considered in
detail and of the others sentioned above were not sulficlencly
inter-related to enable at present the desired development of a
theorem to govern the problems considered. Although few of the
articles listed in the bibliography developed to such an extent the
detailed problems or those listed in Chapter IV, the possiblilicy
should not be excluded that physical laws and/or principles
other than those listed in the introduction, may be found or
extended which may satisfy the requirement of equiparticion of energy.
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