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Abstract

When analysing the behavior of complex networked systems, it is often the case that some components within that
network are only known to the extent that they belong to one of a set of possible ”implementations” —e.g., versions of
aspecific protocol, class of schedulers, etc. In thisreport we augment the specification language considered in BUCS-
TR-2004-021, BUCS-TR-2005-014, BUCS-TR-2005-015, and BUCS-TR-2005-033, to include a non-deterministic
multiple-choice |et-binding, which allows us to consider compositions of networking subsystems that allow for looser
component specifications.

1 Introduction

In this report we augment the specification language considered in [1], [2] and [3], to include a non-deterministic
multiple-choice let-binding. Briefly, with such alet-binding, we can write a specification — call it A — of the form:

|et$€{./41,...,./4n} inB

where Ay, . .., A, areflow specificationsand B is a flow specification that may mention x as afree flow variable.
Intuitively, the specification .4 saysthat any of A, ..., .4, can be selected non-deterministically and substituted for
every occurrence of x in B. We say that A is safe iff, no matter which of A4,..., A, is selected, the resulting
specification after the substitution is safe. These ideas are made precise in due course.

We present three systems for the analysis of flow specifications written in a language augmented with non-
deterministic multiple-choice let-binding: System A, System B, and the system Exact. Following the approach
proposed in [1], [2] and [3], an analysis of a specification corresponds to inferring a typing of the specification in
an appropriately defined type system. We show that System A is sound but not complete with respect to System B,
so that all flow specifications that can be type-checked in System A can also be typed-checked in System B but not
vice-versa. We also show that System B is sound but not complete with respect to Exact, thus establishing an ordering
on the expressiveness of these 3 systems. Aswill become clear from our examination, this increase of expressiveness
from System A to System B, and from System B to Exact, comeswith a significant increase in the cost.

We envision a strategy whereby the user will ascertain the safety of a flow specification by first trying System A
— technically, the specification has a typing in System A. If the attempt using System A fails, the user will next try
System B, but with an added cost. And if the attempt using System B fails, the user will last try Exact, provided the
prohibitive cost is aso tolerable.

*Thiswork is partialy supported by NSF award CCR-0205294.



2 Semantic Understanding of Multiple Choices

2.1 Syntax of Flow Specifications
Recall from [1], the language of global-flow is defined using the following BNF:

x,y,z € FlowVar flow variable
A, B,C € LocalFlow local flow
A,B,C € GlobalFlow == A | =z

| AB sequentia flow

| A|B paralé flow

| let z=Ain B let-binding

For the purpose of identification, we refer to this language as single-choice let, or ssimply Single. We now define the
language of multiple-choicelet asfollows:

A,B,C € GlobalFlow == A | =z
| A;B sequential flow
| AH paralel flow
| let z€{A,...,An} in B let-binding

and we cdll thislanguage Multi. Somewhat ambiguously, we use Single and Multi to denote the above BNF grammars
aswell as the sets of expressions generated by these grammars.
2.2 Safety of Multiple-Choice L et

Let{A;,..., A} and {By,..., B,} befinite sets of flow specifications, al written in the specification language with
single-choicelet. We write:

{As, ..., A {B1,-..,Bn} todenote {A4;||B;|1<i<m,1<j<n}
{A1, ..., A} {B1, ..., Bn} todenote {A;;B; |1<z<m 1§]§n}
let" z € {Ay,...,An} in {Bi,...,B,} todenote {let z=A; in B;|[1<i<m,1<j<n}

Define a transformation [ | : Multi — P(Single), where Multi is the flow specification language with multiple-
choicelet, Single is the flow specification language with single-choice let. Note that the transformation returns afinite
subset of expressionsin Single

[z] & {z}

[A] = {4}
[[A1§A2]] < [[Alﬂé[[-Az]]
[Aifl 4] 2 A [Ao]

[let = € {A,..., Ay} in B let" z € [A41]JU---U[A,] in [B]
The transformation [ ]| defines the semantic of multiple-choicelet in terms of single-choice let. This alows usto
express the desired safety property of multiple-choice let in terms of the safety of single-choice let established in [2].

Definition 2.1 (Safety of Multiple-Choice Let). Let A € Multi. Then A is safeiff every B € [A] is safe (safety of
Single isdiscussed in [1]).

Assessing the safety of non-deterministic multiple-choice flows requires the type system to explore the choice-
space, which explodes combinatorially. Hence, performing an exact type-checking is time consuming. An approx-
imation type-checking algorithm would reduce the exploration of search-space while rejecting some safe flows as a
trade-off. There are safe specifications in Multi that will not be derived a type in an approximation type-system. On
the other hand, in 4. We show that Exact derives atype for a specification if and only if the specification is safe.



3 TheApproximation Type-Systems

In this section, we introduce System A and System B that provide a coarse approximation of safety property. Ap-
proximation is done in the form of taking the least common supertype of all choices. System A and System B differ
only in the place for computing a least common supertype when analyzing a multiple-choice let-binding. System A
computes the least common supertype of all the choices before analyzing the let-body, in order to avoid exploring
the choice-space in the body. System B applies all the choices to the body and takes the least common supertype of
all outcomes. The difference of the two approaches reflect in the fact that System A is sound but not complete with
respect to System B. On the other hand, System B is more costly to compute.

3.1 Least Common Supertype

For the purpose of typing |et-choice we define the least common supertype.

Definition 3.1 (Least Common Supertype). Let 7, 71, 72, ..., 7, betypes. The least common supertype of
T1, T2, .., T, denoted LCSup{7y, 7o, ..., 7, }, iSa type T such that:

(i) foreveryie {1,...,n} 7, <: 7, and
(i) for every 7', if for everyi € {1,...,n}itholdsthat r; <: 7' thenT <: 7.
Similarly, we define least common supertype for flow types.

Definition 3.2 (Greatest Common Subtype). Let , 71, 72, ..., 7, betypes. The greatest common subtype of
TLy T2y ee e T, denoted GCUb{ 7, 72, ..., 7, }, iISatype T such that:

(i) foreveryie {1,...,n} 7 <: 1, and
(i) for every 7', if for everyi € {1,...,n}itholdsthat 7’ <: 7; then 7’ <: 7.

Similarly, we define greatest common subtype for flow types.

Lemma 3.3 (LCSup Calculation). Let T and T’ be the flow types L’;l gﬂ and {pB p‘ﬂ respectively. The follow-

1 o3 04
ing holds:
(i) LCSup{T1,T»} is defined iff GCSub{p1,p3}t, LCSup{p2, ps}, LCSup{o1,05} and GCSub{o2,04} are
defined.

(ii) if LOSup{Ty, T3} is defined then

LCSupd |P1 2| |P3 o pa| | _ |GCSubip,ps}  LCSup{ps,pa}
p o1 02|’ |og oa||  |LCSup{o1,03} GCSub{oz,04}

3.2 Typing Rules
Thetyping rulesin [1] are:

I(zx)=T type(A) =T ocal AR A Ty F,Ai—Ag:Tg(ar)
TAarz. T Tara. (o T, AF Ap|[As : Ty o T P

F,AI—Alz[gl gj F,AI—AQ:[gi f’4] AFpy<ips AFos<ioy

1 04

(seq)
F,A F ./41;./42 : [pl p4:|

01 04



LAFA:T TU{z:T'},AEB:T" AI—T<:T’(t)
T.AFletz=AinB:1T" €
We consider two alternatives for typing let-choice.

1. VAR A T foreveryic{1,...,n} T =LCSup{Th,....,T,} TU{x:T}AFB:T'
I Avletw € {Ay,..., A} in B: T’

(let-choice-A)

AR A T, TU{z:T,},A-B:T/foreveryie {1,...,n} T'=LCSup{Ty,...,T}}
T AFletz e {A,..., A} inB: T

(let-choice-B)

While (let-choice-A) first calculatesthe LCSup of A4, . . ., .A,, and thentypes 5 with 2 bound to the cal culated L CSup,
(let-choice-B) first types B with every oneof A, ..., .A,, and then calculates the LCSup of all the resulting types.

Definition 3.4 (System A). Let System A be the type system with the set of rules (var), (local), (par), (seq), and
(let-choice-A).

Definition 3.5 (System B). Let System B be the type system with the set of rules (var), (local), (par), (seq), and
(let-choice-B).

Whenever we need to distinguish a derivationin System A from aderivation in System B we use the symbolst+ 4 and
5 respectively.

We no longer need therule (let) in System A and System B since (let) can be expressed by the new (let-choice-A)
and (let-choice-B) rules respectively. The equivalence of System A and System B isarequired property since System
B more accurately expresses the semantics of |et-choice where System A has a more agorithmic approach. If the
two systems were equivalent then we could say System A achieves the same results as System B with much less
computation since in the typing of let-choice it includes one L CSup calculation and one type calculation for 5 while
System B includesn type calculationsfor 3 and one L CSup calculation. Thisisobviously not aproof for the efficiency
of System A relative to System B but merely an intuition.

Although the equivalence of the two systems is a required property they are really different. Section 3 presents a
proof for the soundness of System A relative to System B, meaning that every global-flow specification that is typable
in System A is typable in System B. Section 4 shows that completeness of System A does not hold by showing a
counter example where a simple global-flow specification is typable in System B but not typable in System A. The
olobal-flow specification in the exampleis avalid onethat should not be filtered out by the type system and so it shows
System A might be too strict.

3.3 Soundness of System A to System B

Lemma3.6. LetT" bea context, A a set of subtyping assumptions, A1, ..., A, global-flow specifications, B a global-
flow specification, T', T flow types, and 7', , ..., T4, flow types.
Hypothesis:

(@l) T,A b A; : Ty, foreveryi e {1,...,n}
(@2) T =LCSup{Ta,,....,Ta,}
@) Tu{z:T},AFAB: T
Conclusion:
() TU{x:Ta,},AFp B:T/foreveryic {1,...,n}, for someTy,..., T}
(2) T" = LCSup{Ty,...,T}}
The proof is presented in the appendix.



Theorem 3.7 (Soundness of System A Relativeto System B). Let I" be a context, A a subtyping assumption set, A a
global-flow specification, and T" a flow type. f T, Ak 4 A: T thenT,Abp A: T".

Proof. By induction on type derivation. Consider the last derivation rule,

e Case (var), (local), (seq) or (par). The result here is immediate since we have the subderivation by IH and the
very same last derivation can be madein System B.

e Case (let-choice-A). By the assumption we have

(1) A=letx e {A,..., A} in B

(2 T,Ab4 A, : T, foreveryi € {1,...,n}
(3) T = LCSup{Ty,...,Tn}

(A Tu{z:T}HAFAB: T

By (s2),(s3),(s4) and Lemma 3.6 we infer

(B) TU{z:T;},Atp B: T/ foreveryi € {1,...,n},forsomeTy,...
(s6) T = LCSup{Ty,..., T}

By applying IH on (s2) we infer

(s7) T,Atp A; : T; foreveryi € {1,...,n}

By (let-choice-B) and (s7),(s5),(s6) we conclude
D,Abpgletx e {Ay,..., A} inB: T’

3.4 Incompleteness of System A to System B

In this section we show the incompleteness of System A relative to System B by a counter example. In the example
we present a global-flow specification that is derivable in System B but not derivable in System A. The global-flow
specification presented in the exampleisavalid one that should not be filtered out by the type system and so it implies
that System A istoo strict.

Counter Example Showing System A is Incomplete Let p, p1, p2, p3, p4 be forward types; let o be a backward
type. The subtyping relations between the different forward types are depicted by the following figure (the forward
type p has no subtyping relations with any of the other types),

P3
/ N
P1 P2 P
N/
2!

Note 3.8 (Subtyping Relation for Counter-Example). According to these subtyping relations, we formally write A (not
including reflexive closures) as

A = {p1 <:p3,p2 <: p3,pa <: p1,pa <: p2,pa <:p3}.



Let Cy, Cy, C3, Cy belocal flows with the flow types T, Ts, T3, T, respectively, where

le[pl m}’ TQ:{”Q p2], ng[p p4], T4:[p3 p}

o o g (o g (o o (o

Let T be LCSup{T1,T»}.

So we have ; ) ; )
_ |GCSub{p1,p2} LCSup{p1,p> :
T = [ LCSup{o. o} GCSub{o, o) (according to Lemma 3.3)
= [24 ’;3] (according to the subtyping relations presented above)

We examine the following global-flow specification .A
A= letx € {C1,Co}in (Cs;2); (z;Cy)
We try to type A in both systems, System A and System B.

Type Derivation in System A

Wehave T' = LC Sup{Ty,T>} and we need to find
{z:T}HAF (Cs;2); (x;C) : ?

)
type(Cs) =T [(z) =T
{z :THAFCs: T35 {a:T}HAFz: T Abpi<ips Abo<io
{a::T},AI—Cg;a::[Z ?}
)

I(x)=T type(Cy) = Ty
{z :THArx:T {:THAFCy:Ty Abps<ips Abo<io

{x:T},AI—x;C;;:[’? ’O}

g
(3) Inorder to complete the type derivation, the following judgment must be made.
(1) (2) Abps<ips Abo<io
{z: T}, AF (Cs;2); (x;Cy) : [p p]

g O

But this derivation cannot be carried out since p 3 is not a subtype of p, and so atype derivation for A in System
A does not exist.
Type Derivation in System B

Here, we need to find 7} such that {z : T4}, A + (Cs;x); (z;Cy) ¢ T4, then find T4 such that {z : T2}, A
(Cs;2); (x;Cy) : Ty, and then find T such that 77 = LC Sup{Ty, T4}



ey
type(Cs) = T; I(z) =T

{z:T},AFC5:T5 {a:-Th}h AbFbax: Ty Abps<ipp Ablo<:io

{z:Th},AF Cs;x: [g ,01]

o
%)
F(J)) = T1 type(C4) = T4
{z: T}, Arax:Ty {o:Th},AFCy:Ty Abpi<ips Abo<:io
{x:Tl},Al—x;CZL:['?; g]
©)
(1) 2) AFpi<ipp Abo<io
{z:Th},AF (Cs;2); (2;Cy) : {g g]
4
type(Cs) = T; D(z) =T
{z:To},AFC5:T5 {x:To},Abx:To Abpi<ips Alo<:io
{x:Tg},Al—Cg;x:[ﬁ ?]
®)
[(z) =T, type(Cy) = Ty
{z: T}, At x:Ty {o:To},AFCy:Ty Abpy<ips Alo<:o
{z:To}, At x;Cy: [p; g]
(6)

4) B) AFpe<ips AFo<io

{z: o}, A+ (Cs;2); (z;Cy) L’i f,’]
From (3) and (6) we get 7'/ and T, respectively. Since T = Ty itistrivia that T/ = LCSup{T|, T4} = [g g} . We

conclude,
g, AFletx € {C1,Ca}in (Cs;x); (x;Cy) : T

Theorem 3.9 (Incompleteness of System A Relativeto System B). Thereis a global-flow specification A such that A
istypablein System B and .4 is not typablein System A.

Proof. Shown by counter examplein section 5.1 O

4 Type System “Exact”

4.1 Syntax of Types

g =T
| 7,7



Type Selectors
We define the following type selectors:

1. Given a flow type T' = [gi gz] the following operations are defined: f-in(T) = pi, f-out(T) = po,
b-0Ut(T') = o1 and b-in(T) = 5.

2. Givenatype J = T4,...,T,, the following operation is defined: s,(7) = T, for 1 < i < n. s;(J) is
undefined for improper index.

3. Givenatype 7 =1T4,...,T,, thefollowing operation is defined: | 7| = n.
4. Thetype.7 = T1,..., T, isdenoted by (T;)'<*<". We also usethis notationin the extended version asfollows:
Forevery1 < j<m,let 7, =Tj1,...,Tj,,. Thetype 7, ..., 7, isdenoted by (.7;)'=i=™,
4.2 Typing Rules

Nx)=T

e N

type(A) =T

local) YPAA) =1
(local) S AF AT

AFA T T,AFAy: T’
LAE A Az s (s:i(7)s; (7)) <=7 == 7

(par)
I'AFA 9 AFfout(s;(7)) <: f-in(s; ()
AR Ay 9" AFb-out(s;(7")) <: b-in(s;(7

f-in(s;(.77)) f-out
b-out(s;(7)) b-in

~—

) forevery 1<i<|7|,1<j<|7|

SER) T

(seq)

—~ |~

F,A"AN.AQ : (|:

—~

DARA 7 Tu{z:s(Z%)L,AFB: T/, forevery 1<i<n, 1<j<I[7
IV AFletz e {A,..., A} inB: (%fj)lgignllgjﬂ%'

(let-choice)

4.3 *"Exact” Characterizes Safety

In order to justify the name of Exact, we need to show that Exact has the property of typing a specification if and only
if the specification is safe (according to definition 2.1). This implies that the set of typable specifications in Exact
is the same as the set of safe specifications. Hence, the name Exact. For this purpose we extend the notation of a
judgment as follows

Definition 4.1.
D,AR{Ay, ... A} T & foeveryl <i<n T,AF A;:s(9)
Note:
e The expression “I', A~ {A44,..., Ay} : 7" isnot aformal judgment, which can be defined using inference

rules, but rather an abbreviation for » > 1 distinct judgments.
e Implicitly weimpose || = n.

Lemma4.2. Let A € Multi, .7 beatypein Exact, I' be a context, and A be a set of subtyping assumptions. If the
judgment ', A = A : .7 can bederived in Exact thenT", A t [A] : 7 holds.



Lemma 4.3. Let A € Multi, .7 be atypein Exact, " be a context, and A be a set of subtyping assumptions. |If
T, Aro [A] : 7 holdsthen thejudgment T, A - A : 7 can be derived in Exact.

Theorem 4.4 (“Exact” Characterizes Safety). Let A € Multi, 7 beatypein Exact, I" be a context, and A be a set of
subtyping assumptions. ThejudgmentT', A - A : 7 can bederivediff T, A+ [A] : 7 holds.

Proof. Implied by Lemma4.2 and Lemma4.3 O
The accuracy of Exact isimplied by Theorem 4.4.

4.4 Soundness of System B relative to “ Exact”

Lemma 4.5 (Parallel Flows Preserve Suptyping). Let Ty, T», T5 and T}, be flow types and A a set of subtyping
assumptions. If AF Ty <:Tzand ATy <:Tythen ATy e Ty <: T3 eT)y.

Theorem 4.6 (Soundness of System B relativeto “Exact”). Let I" be a context, A a set of subtyping assumptions, A a
global-flow specification, T aflow typein SystemB and .7 aflowtypein Exact. ', A+ A : TimpliesT, A+ A: T
,where A+ s, () <: Tforeveryl <i < |7].

Proof. By induction on the structure of A:

1. A=A
The same derivation can be made in Exact.
2 A=z
The same derivation can be made in Exact.
3 A=A A
By the assumptions we have
I'Atp Ay : T for sometypeflow T and D
I'A+Fp Ay : Ty for sometypeflow T, where 2
T=T T, (3)
By the IH and (1) we make the following judgment
AR A AAwhere A s (F) <: Ty forevery 1 < i < |9] 4
By the IH and (2) we make the following judgment
AR Ay : o where A -s;( %) <: T forevery 1 < j < || (5
Using (4),(5) and (par) we make the following judgment
IAFA: 7, where 7 = (si(7) 8 5;(T)) ==l 15| 72| (6)
By (4),(5) and Lemma 4.5 we make the following judgments
forevery 1 <i <|Z|,foreveryl < j <|%| AFS;(T1)es;(F) <:TieT (M
4. ./4 = .A1;.A2
By the assumptions we have
I'Atp A, : T for sometypeflow T and D
')A Fp Ay : Ty for sometype flow T with ()]
A+ f-out(Ty) <: f-in(T3) and (3
A+ b-out(T,) <: b-in(T}) and 4
T= bféﬁ(t@) fbc-)il:\t((z% )) ©)

By the IH and (1) we make the following judgment



AR A - Sy where A s (77) < T forevery 1 < i < |7]
By the IH and (2) we make the following judgment
AR Ay : o where A-s;( %) <: T forevery 1 < j < ||
From (6) and (ftype-lift) we have the following for every 1 < i < |71
A Ff-in(Ty) <: f-in(s;(Z)) and
A+ f-out(s; (7)) <: f-out(Ty) and
A F b-out(s; (%)) <: b-out(77) and
A F b-in(Th) <: b-in(s; (1))
From (7) and (ftype-lift) we have the following for every for every 1 < j < |F5|
A Ff-in(Ty) <: f-in(s;(2)) and
A+ f-out(s; (%)) <: f-out(T>) and
A+ b-out(s; (%)) <: b-out(T3) and
A F b-in(T3) <: b-in(s;(.%))
Thefollowing subtyping relations hold for every 1 < i < | 74|, forevery 1 < j < | %]

AFfout(s;(7)) <: f-out(Th) (by (8))
< f-in(Ty) (by (3))
< Hin(s;(%)  (by (9)

Inasimilar way forevery 1 <i < |71, forevery 1 < j < | %]
A+ b-out(s; (7)) <: b-in(s; (7))
By (6), (7), (10), (11) and (seq) we make the following judgment
fin(si (7)) f-Out(Sj(%)):|)1<i<|yl|’1<j<|%|
b-out(s;(71)) b-in(s;(%2))
By (5), (8), (9) and (ftype-lift) we have the following
forevery1 <i < |7||%| AFsi(T)<:T
. A=letz e {A,..., A} inB.
By the assumption we have
I'N'Abrpg A; : T; forevery1 <i<mnand
Fu{z:T;},Atp B: T/ forevery1 <1i <nand
T =LCSup{Ty{,...,T)}
By the IH and (1) we have
DAR A Tywhere A -s;(7;) < T; forevery1 <i <n, forevery 1 < j < |.J;|
By the IH and (2) we have
Tu{z:T;},AFB: 7' whereA s, (7)) <: T, foreveryl <i <n, forevery1 < k < |.7/|
And furthermore using (3) we aso have
Abs (7)< T foreveryl <i<n, foreveryl < k < |7/
By (4),(5) and the subsumption rule we make the following judgments
Fru{z:s;(%)},AFB:7 foreveryl <i<n, forevery1 < j < |7]
Let 7 = (F/)1=i=". According to (let-choice) and (6) and (7) we make the judgment
I'N'AFA:7andby (6) wehave A +s,(.7) <: T forevery1 < /(¢ < |7

INA+FA: 7 whereJ = <[
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45 Incompleteness of System B relativeto “ Exact”

Using the same setup of A in Note 3.8, we examine a different flow example that exploits the weakness of System B.
Let C1, Cy belocal flowswith the following types T, T» respectively, where

nfp 2] e 2l

g g g g

Let T be LCSup{T1,T»}.

So we have ; ) ; )
_ |GCSub{p1,p2} LCSup{p1,p> :
T = [ LCSup{o. o} GCSub{o, o) (according to Lemma 3.3)
= [’;4 @3] (according to the subtyping relations presented above)

We examine the following global-flow specification A

A 2 lety=
let x € {Cy,Ca}in z;x
inysy

Wetry to type A in both systems, System B and Exact.

Type Derivation in System B

We use the following sub-derivations

ey
type(C1) =Ty
@, A+ Cl : Tl
@
type(C2) =Ty
@, A+ 02 : TQ
©)
I(z)=T1 Nz) =T
{z - T}, Arz: Ty {z:T1},Atz: Ty Arfout(Ty) <:fin(Th) AF b-out(Ty) <: b-in(T1)
{z: T}, Atz : Ty
4

I'(z) =Ty [(x) =T,
{z T}, At a:Ty {z:Ta},AFx:Ty AFfout(Tz) <:f-in(Tz) AF b-out(T:) <: b-in(T3)
{z:To}, Az : Ty

We attempt to use the above sub-derivationsin the following derivation

11



L(y)=T P(y)=T A F f-out(T) <: f-in(T)
1 2 ) @ {y:T},AFy:T {y:T},AkFy:T AbFb-out(T) <:b-in(T)
g, Arletx e {C,Co}inzw: T {y:THAFyy: T
g, AFlety = (letx € {Cy,Co}inzx)inyy:T

However, this derivation cannot be carried out. We don’t have the assumptions A + f-out(7T") <: f-in(T), since
A& p3 £ pa.

Type Derivation in “ Exact”
By using the above sub-derivations, which also hold in Exact, and the following sub-derivations
©)
I'y) =T I'y) =T
{y: T} Abty:Th {y:Thi},Aby: Ty AFfout(Ty) <:f-in(Ty) AF b-out(Ty) <: b-in(T1)
ly: i}, A yy: Ty

(6)
Iy =T, Iy =T,
{y: o}, Aby: Ty {y:To},Abty:Ty AtFfout(Tz) <:f-in(Tz) AF b-out(Ts) <: b-in(T3)
{y: T} Abyy: T

We derive the following
1 2 B @
g, AFletx e {C1,Cotinzx:Th,To (5) (6)
g, AFlety = (letx € {C1,Co} inmx) inyy : T1,Ts

Theorem 4.7 (Incompleteness of System B Relative to “Exact”). Thereis a global-flow specification A such that A
istypablein Exact and A is not typablein System B.

Proof. Asshown by the counter example above. O
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A Proofs

A.1 Lemma3.3

For the purpose of proving thislemmawe use (ftype-lift), defined in [1], which expresses a subtyping relation between
two flow types.

AFA < pspr AFA<ipops AFA<: o105 AFA< 0409

(ftype-lift)
AL A < [m ,02} [,03 04}

01 02| [03 04

Lemma. Let T} and T, bethe flow types {m 52] and [pg’ gﬂ respectively. The following holds:

01 2 g3

(i) LCSup{T1,T»} is defined iff GCSub{p1,p3}t, LCSup{p2, ps}, LCSup{o1,05} and GCSub{o2,04} are
defined.

(i) if LOSup{Ty, T} is defined then

LCSupd |P1 2| |P3 pa| | _ |GCSubipr,ps}  LCSup{ps,pa}
p 01 09 ’ o3 04 B LCSup{O'l,O'g} GCS'LLb{UQ,O’4}

Proof.

(i) (1) Firstweassume LCSup{T},T»} isdefinedand prove GC Sub{p1, p3}, LCSup{p2, ps}, LCSup{o1,03}
and GCSub{o2, 04} are defined.

Let T be LCSup{Ty, T»} with the following form [gi gi]. We prove that GC'Sub{p1, p3} exists and

isinfact ps.

T = LCSup{T1,T»} and s0 by (ftype-lift)we have

(s1) ps <: p1, p2 <:pg, o1 <:o0s5and og <: o2

(s2) ps <: p3, pa<:pg, 03 <:o0s5and og<:o4

So p5 holdsthefirst part of GCSub definition, ps <: p; and ps <: ps. Inorder to proveps iIsGC Sub{p1, p3}
we still need to show that for every type pf that satisfies (s3), it holdsthat pf <: ps.

(83) p5 <:p1and pg <: p3

/
Let 7" be [pS pﬁ} .
o

06
From (s1), (s3) and (ftype-lift)we derive
(9 ,
pPs <:ip1 p2<ipg 01 <:05 O0Og<:02
AFA < TlT/
From (s2), (s3) and (ftype-lift)we derive
(s5) ,
Py <:ip3 pa<ipg 03<:05 0 <:04
AFA<: TQT/
(s4), (sb) and thefact that T = LC Sup{T1,T>} imply that
(s6) T <: T’

From (s6) and (ftype-lift)we have, pi <: ps and we conclude p5 is GC'Sub{p1, ps}.
Similarly we can prove that, pg is LCSup{pa2, psa}, 05 is LCSup{o1,03} and o¢ is GCSub{o2,04}
hence the conclusion of (1).
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(2) Nextweassume GCSub{p1, ps}, LCSup{p2, ps}, LCSup{o1, 03} and GCSub{os, 04} aredefinedand
prove LC Sup{T1,T>} is defined

Let T be ['05 (';)2] where p5 = GCSub{p1,p3}, ps = LCSup{p2,ps}, o5 = LCSup{oy,03} and

05

06 = GCSub{og,04}.

We show that LC Sup{T1,T>} exists and isin fact T'. By the definition of LCSup and GCSub and by
using (ftype-lift)we derive

(s1)

GCSub{p1,ps} <:p1  p2 <: LCSup{ps2,ps} o1 <: LCSup{ci,03} GCSub{ci, o3} <: 09
AFA<TNVT

Similarly we derive
(2)

GCSub{p1,ps} <: p3s ps <: LCSup{ps,ps} o3 <: LCSup{ci,03} GCSub{ci,o3} <: 04
AFA<TOT

So T holdsthefirst part of LCSup definition, T, <: T'andT»> <: T'. InordertoproveT is LC Sup{T, T}
we still need to show that for some flow-type T’ such that 77 <: 7" and T> <: T" it holdsthat T <: T".

pPs pPer
g5/ ¢/ ’

Assume T" has the following form [
Since T} <: T, by (ftype-lift)we have
(B) ph <:p1, p2 <:py, o1 <:ofand oy <: o
Similarly, since T, <: T’ we have
(4) pt <:p3, pa<:pg, o3 <:ofand of <:oy4
From (s3), (s4) and the definition of LCSup and BCSub, we have
(sB) ps <: GCSub{p1,ps}, LCSup{pa,pa} <: pg. LCSup{o1,03} <:ofand of <: GCSub{o2,04}
From (s5) and (ftype-lift)we derive
(sb) AFA<:TT’
We concludethat ' = LCSup{T1, T }.
(i) Aswesaw in part (i) of thelemma, sinceT = LC'Sup{T1, T>} we have the following results:

1. GCSub{p1, ps}, LCSup{p2, ps}, LCSup{o1, 03} and GCSub{o2, 04} are defined.

p1 p2| |ps pa|| _ |GCSub{p1,ps} LCSup{p2,ps}
2 LCSUP{{Q 02}’[03 04]}_ l:LCSUp{Ul,Ug} GCSub{oa,04}

A.2 Lemma3.6

Lemma. LetI" beacontext, A a set of subtyping assumptions, A4, ...,.A, global-flow specifications, 3 a global-flow
specification, T', T” flow types, and T4 , . . ., Ty, flow types.
Hypothesis:

(@l) T,A b A; : Ty, foreveryi e {1,...,n}
(82) T = LC’Sup{TAl, ce ,TAn}
@) Tu{z:THAFAB: T’
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Conclusion:
() TU{x:Ta,},AFp B:T]/foreveryic {1,...,n}, for someTy,..., T,
(€2) T = LCSup{Ty,...,T}}
Note: if 2 does not occur freein B the result isimmediate.

Proof. by induction on the structure of 5.

e case B=EB
Immediate.

ecase B=y
for some varigble y. If y # x then the result is immediate. If y = =, then by (a3) and by (var) rule we get
T’ =T.Weget (c1) by (var) ruleand by assigning T/ = T, forevery i € {1,...,n}. We have (c2) by,
T'=T=LCSup{T},,..., T} } = LCSup{Ty,...,T}}

e Case 8261;82.

Assume T’ = |1 P
o1 oh|’

According to the assumptions (al), (a2), (a3), and (seq) rule, we must have
/
(s1) TU{z: T}, At 4 By : Ty With Ty = L‘;i f’}]

(2) TU{z: T}, Ak By: ToWith Ty = [Zz p?]

With
(3) Al p) <:p2
(4 AFpog <:o}
ThelH and (al),(a2),(s1) imply
(s5) TU{x:Ta,},Abp By :T] foreveryic {1,...,n}
(s6) T1 = LCSup{Tl’!l, . 7T1/,n}
ThelH and (al),(a2),(s2) imply
(s7) TU{x :Ta,},Abp By : Ty foreveryi € {1,...,n}
(8B) Ty = LCSup{Ty,,..., T3 .}
From (s5) and (s6) we derive
(9 TU{x:Ta,},Abrp By :Thforeveryi e {1,...,n}
From (s7) and (s8) we derive
(S10) TU{x:Ta,},Abrp By : Thforeveryi € {1,...,n}
We can now make the following derivations, according to (s9),(s10) and (seq) rule,

foreveryi € {1,...,n}

FU{{EITAi},A'—B Bi:Ty FU{{EITAi},A'—B By : Ty (83) (84)
Tu{z:Ta,},AFpB: T

Sowe have (cl). Since T’ = LCSup{T’,...,T'} istrivia, we have (c2) as well.
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e case B=1D5; || B
According to the assumptions (al), (a2), (a3), and (par) rule, we must have,

s) TU{z:T'}HAFAB : Ty
(2 TU{z:T'},AF4By:Ts

WithT' =T; o T.

ThelH and (al),(a2),(s1) imply

() TU{z:Ta,},Alp By : T, foreveryi € {1,...,n}
(s4) Ty = LCSup{Ty ;,..., T} ,}

ThelH and (al1),(a2),(s2) imply

(B) TU{z:Ta,},Abp By: Ty, foreveryi e {1,...,n}
(s6) Tp = LCSup{TQ'J, . 7TQ”n’}

From (s3) and (s4) we derive

() TU{z:Ta,},Atrp By :Tiforeveryi e {1,...,n}
From (s5) and (s6) we derive

(B TU{z:Ta,},Atrp Bs: Thforeveryi e {1,...,n}
We can now make the following derivations, according to (s7),(s8) and (par) rule,
foreveryi e {1,...,n}

FU{{EITAi},A'—B Bi:T FU{{EITAi},A'—B By : 1o
Tu{z:Ta,},AFpB: T

Sowe have (c1). Since T’ = LCSup{T’,...,T'} istrivia, we have (c2) as well.

e case B= lety € {By,...,Bn}in Bo.
Assumey # z. thisiseasy to do sinceif y = = then we could just rename every free occurrence of = in B to
adifferent variable. Moreover, assume that y does not occur freein54,...,5,,,andin Ay, ..., A,.. Again, this
is easy to achieve with renaming.

According to the assumptions and (let-choice-A) rule, we must have

() TU{z: T}, A, Ab4 B :T;’foreveryj e{l,...,m}
(2) T" = LCSup{Ty,..., T}
(B TUuf{z:T,y:T"}AAF By : T

For every j € {1,...,m}, by IH and (al),(a2),(s1), we derive (s4.j),(s5.j) as followed:

(A)) TU{z :Ta,},AAFp B : T, foreveryi € {1,...,n}

(S5J) TJ// = LCSup{TjJ, ce ,ij}
By IH and (sl1),(s2),(s3) we derive
(6) Tu{z: T,y :T}},A,Abp By : T} forevery j € {1,...,m}
(s7) T' = LCSup{T}",...,T"

For every j € {1,...,m}, from (al) and the weakening lemmawe derive (s8.j) as followed:
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(Bj) PU{y:Tj'}, A Aka A Ty, foreveryi € {1,...,n}
For every j € {1,...,m}, by IH and (s8,),(82),(s6), we derive (s9.j),(s10.j) as followed:
(89)) TU{w:Ta,y: T/}, A Alp By : T foreveryi € {1,...,n}
(s10j) T4 = LCSup{T},,.... T} .}
Forevery j € {1,...,m}, by (s9,),(s10.j) we derive
(S11)) TU{z : Ta,,y: 1]}, A, Abp By : T} forevery i € {1,...,n}
Forevery j € {1,...,m}, by (s4),(s5.j) we derive
(s12j) TU{z : T, },A,Abp B; : T/ foreveryi € {1,...,n}
By (let-choice-B) we can make the following derivation

Foreveryie {1,...,n}

(s12.1),...,(s12.m) (sll.j),...,(sll.m) (s7)
TU{z:Ta,}, A Abpgletye{By,...,Bpn}tinBy: T’

We have (c1) by assigning 7/ = T’ for every i € {1,...,n}. We have (c2) by the trivial fact T’ =
LCSup{T’,...,T'}

O

A.3 Lemmad.?2

Lemma. Let A € Multi, 7 be atypein Exact, I" be a context, and A be a set of subtyping assumptions. If the
judgment T, A + A : 7 canbederivedin Exact thenT", A ~ [ A] : 7 holds.

Proof. By induction on the structure of A.

1L A==x.
In this case we know .7 = I'(z). Since [x] = {z} it meansT', A~ [z] : T'(x), whichis exactly the same as
7.

2 A=A.
Very similar to case 1.
3. A=A A .
By applying IH we get
I Aro [A] 2 91, whereT, A - Ay 2 5
We do the same with A, to get
I Aro [As] : S
That means that
DL AR JA | [A2] : (i(Fh)s;(F2)) <=1 71 1=
Whichisthe sametypeas 7.

4. ./4 = .A1;.A2 .
By applying IH we get
T Aro [A] 2 91, whereT, A - Ay 2 5 Q
We do the same with A, to get
T, AN [[./42]] D (2)
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By the assumption we have that the following constraints hold
forevery1 <i < [7], j <1< |7, (©)
A Ff-out(s; (7)) <: f-in(s;(%)) and A F b-out(s;(%2)) <: b-in(s;(%1))
By (1), (2) and (3) we have
. 1<i<| 71, 1<5<| T |
I Ao [A] 5[A2] ({btcl)rsl(t?é@))) fb(_)iL:]t((;j 7({%)?])
Whichisthe sametypeas .7.

5. A=letz € {A,..., Ay} in B.

By assumption we have
AR A : J;forevery 1 < i <nand QD
Fu{z:s;(Z)}L,AFB: 7 foreveryl1 <i<n, j <1<|7| 2
By IH and (1) we have

D,Aro [A] : i forevery1 <i<n

By IH and (2) we have

Fu{z:s;(7)},Ar[B]: 7/ forevery 1 <i <n, j <1< |7

That means we have

I''Arolet® z e [A41]JU---U[A,] in [B]: (ij)lgign’1§j§‘2|

By that typeis exactly the sameas .7.

A4 Lemmad.3

Lemma. Let A € Multi, 7 be a type in Exact, I" be a context, and A be a set of subtyping assumptions. If
', Aro [A] : 7 holdsthen the judgment ', A - A : .7 can be derived in Exact.

Proof.

1L A=z,
Inthiscaseweknow .7 = T'(x) Since [z] = {z}. [tmeansT', A - = : .7 in Exact aswell.

2 A=A.
Very similar to case 1.

3. A=A A .
By the definition of | | wehave T, A ko [A1] || [A2] : 7

Assume

I'NAre [A] - 74 andT, Ao [As] © % (@)
By IH and (1) we have

IAF A ZiandD AR Ay T @)
By the definition of [ ]| and (1) we have T, A ko [A] : (si(%1)s;(Z)) ' SiSIZ1li<1<] 72
and by (2) wehave [, A = A : (s;(71)s;( %)) SisI7ilis1<| 2
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4, A = A1;.A2 .
Wehavel', A o [A1;A2] : 7 or by definition T, A ~ [A1] ;[ A2] : &

Assume

LAk [A] s Zrand T, Ao [A2] © Z5 (@)
By IH and (1) we have

DLAFA : AAandT, AR As 0 T 2

By (1) and the definition of [ | we have
T, Ak [A] : ([bf-imsi(z%)) f-o,ut(sj@))DKK'%’KN%
’ -out(s:(%)) b-in(s;(%))
Further more, it means the following constraints hold
forevery1 <i <|7|, j <1< |%|,
A Ff-out(s; (7)) <: f-in(s;(%)) and A F b-out(s;(%2)) <: b-in(s;(%1))
Using that and (2) we can say

fin(s(71)) f-out(sj@))DKK'%’KN%

AFA: (|:b-0ut(31'(<71)) b-in(s;(.%2))

5. A=letz € {A,..., Ay} in B.

By the definition of [ | wehaveT', A tolet™ z € [A1]JU---U[A,] in [B]: 7.

Assume

forevery1 <i<n Ak [A] : Z . 1)
Further assume

foreveryl1 <i<n, j <1< |7 FPu{z:s;j(Z)}, A [B]: ;. 2

By the definition of [ | wehave .7 = (7)1 <i<m 1i<IZil,
By applying IH on (1) and then on (2) we have

foreveryl <i<n I''AFA;: .7 and

foreveryl1 <i<mn, j<1<|Z| ru{z:s;(Z%)}L,AFB: ;.
That means

A A=letx e {A,...,Ap}inB: 7.

A5 Lemmad4b

Lemma. Let Ty, T5, T5 and T, be flow types and A a set of subtyping assumptions. If A - T, <: Tsand A - T, <:
T4thenA|—T1.T2 <:T3eTy.

Proof. Let T}, = Pl pl} , Ty = P2 p% , T3 = ps pﬂ and T, = pa Pi . Since A F T; <: T3 and
o1 03 o2 0Oy o3 03 o4 Oy
A+ Ty <: Ty, using (ftype-lift) we have
AFps<ip, AFpi<:phy Aoy <:ozandAtF o} <:0f and 1)
AFps<ip, AFph<iph, Aoy <iosand Al o) <: o) 2

Using (fwtype-lift), (bwtype-lift) and (1) and (2) we get

19



Ak P1 - P2 Pi'ﬂé] < [03'04 Pé'ﬂi]

o3-04 0h-0)

o1-09 O -0h

whichisthesameas A T, e Ty <: T3 e T}.
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