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KAHLER GEOMETRY OF QUIVER VARIETIES AND MACHINE LEARNING

GEORGE JEFFREYS AND SIU-CHEONG LAU

ABsTRACT. We develop an algebro-geometric formulation for neural networks in machine
learning using the moduli space of framed quiver representations. We find natural Hermit-
ian metrics on the universal bundles over the moduli which are compatible with the GIT
quotient construction by the general linear group, and show that their Ricci curvatures
give a Kédhler metric on the moduli. Moreover, we use toric moment maps to construct
activation functions, and prove the universal approximation theorem for the multi-variable
activation function constructed from the complex projective space.
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1. INTRODUCTION

Machine learning by artificial neural networks has made exciting developments and
has been applied to many branches of science in recent years. Mathematically, stochastic
gradient flow over a matrix space (or called the weight space) is the central tool. The
non-convex nature of the cost function has made the problem very interesting. Current
research has focused on different types of stochastic gradient flows and finding new types
of networks, which have brought great improvements of computational efficiency.

In geometry and physics, the applications of gradient flow and Morse theory have
a long history and have brought numerous fundamental breakthroughs. For instance,
the gradient flow of the Yang-Mills functional is used to find Hermitian Yang-Mills con-
nections, whose existence in a stable holomorphic vector bundle is proved by Donald-
son [ ] and Uhlenbeck-Yau [ ]. The celebrated Ricci flow found by Hamilton
[ ], which is a crucial tool to solve the three-dimensional Poincaré conjecture, is
essentially a gradient flow [ , ]. Its Kéhler analog has been an important tool in
finding Kéhler-Einstein metrics on Fano manifolds [ , , , , ,

, ]. In these works, GIT quotients and finite-dimensional models have pro-
vided important motivations and guidelines [ ]. Hamiltonian Floer theory [ 1,
which is essentially Morse theory on the loop space, was invented to solve the Arnold
conjecture [ , , ]. Various versions of Floer theory have been crucial
ingredients in the study of mirror symmetry.

In this paper, we would like to develop a foundational algebro-geometric formulation for
neural networks in machine learning. The theory of quiver representations, which is a well-
developed branch of mathematics motivated from Lie theory and has been an important
tool in mathematical physics, will be well suited for this purpose.

A quiver representation assigns to a directed graph Q a bunch of vector spaces for the
vertices and a bunch of linear maps for the arrows. Such a construction is in common with
neural networks. However, in order to use quiver theory to formulate machine-learning
neural networks, there are two main differences between these two subjects that needs to
be addressed.
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(1) Compactness of moduli space. A moduli space of quiver representations [ ]
is defined by identifying isomorphic quiver representations using GIT quotients.
As a result, the moduli space is compact when the quiver has no oriented cycle. On
the other hand, the matrix space used in neural networks is non-compact. In ma-
chine learning, isomorphic quiver representations may correspond to physically
different input or output information and in general cannot be identified.

(2) Non-linearity. Activation functions, which are non-linear maps on the vector spaces
over the vertices, serve as a crucial ingredient to achieve machine learning of non-
linear functions. Such non-linearity jumps out of the category of quiver repre-
sentations. This is also related to the first point above. Namely, such non-linear
maps are not necessarily equivariant under the group of automorphisms of quiver
representations.

For the first point, we shall use framed quiver representations, which were first found
by Nakajima [ ] in the study of affine Lie algebras. A framed representation assigns
to each vertex a vector space together with a choice of ‘framing’ (for instance it is a basis in
the simplest situation). In the applications considered here, such a decoration makes sure
that isomorphic framed quiver representations correspond to the same physical state.
Note that framed quiver moduli M are also compact when Q has no oriented cycle.
Compactness is one of the main advantages of our algebro-geometric formulation, which
makes sure the convergence of a gradient flow.

In this formulation, the weight matrices are encoded as morphisms between the uni-
versal vector bundles (over the framed quiver moduli) associated to the vertices. The data
flow is encoded by sections of the universal bundles, which are sent from one to another
bundles by the morphisms associated to the arrows of Q. The cost function, and hence
its gradient flow, is defined on the framed quiver moduli M.

In particular, the critical points and the gradient flow are controlled by the topology of M
(for instance, the Morse inequalities). The topology of a framed quiver moduli is well-
understood by the work of Reineke [ ] when Q has no oriented cycle. M is an
iterated Grassmann bundle, and its Poincaré polynomial is a product of that of the Grass-
mannians.

For the purpose of gradient flow, one needs to choose a Kihler metric on M, and
also Hermitian metrics on the universal vector bundles. As a result, we have found
metrics that are defined by explicit beautiful formulae. These metrics are not just U;-
equivariant so that they descend to symplectic quotients, but are also GL j-equivariant
and hence compatible with the GIT construction of M. Moreover, they are compatible
with the iterated Grassmann structure found by Reineke. In application, such metrics
would simplify the actual computational algorithm over the quiver moduli. They are
summarized as follows.

Theorem 1.1 (Combining Theorem 3.7, 3.15,3.18). Let Q be an arbitrary quiver. Fix a vertex
i € Qo. Let p be the row vector whose entries are Vye(t(”), where vy is any path whose head
h(v) is i (including the trivial path), t(v) denotes its tail, and V., € Hom(C%m,C%) is the
representing matrix of . Then

(o) ' = D] (v7e<f<7>>) (vn,e(fm))*

h(v)=i

—1

is GL J—equivariant, and it descends to a metric on the universal bundle V; over a certain domain
of convergence M°.
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When Q has no oriented cycle, M°® = M. Moreover, the Ricci curvature of the induced metric
on Qicq, Vi gives a Kihler metric on M.

The precise definition of M° is given in Section 3.3.

In this paper, we focus on the framed quiver moduli defined over complex numbers.
In actual applications, we can also restrict to real coefficients. Then the above formula
defines a bundle metric over Mp, and the Ricci curvature gives a Riemannian metric on
MR.

Now let us address the second point. Namely, we need to introduce non-linearity in
addition to the usual theory of quiver representations. By definition, morphisms between
universal vector bundles over M are linear along fibers. They correspond to weight ma-
trices in neural networks. To introduce non-linearity, we shall treat the universal bundles
as fiber bundles and construct suitable fiber-bundle maps that play the role of activation
functions.

One of the commonly-used activation functions is

er

1+ e
We observe that this function also appears in the base of the symplectic trivialization of
the open dense toric orbit of IP! as a toric variety:

(CX,CUC]Pl) =~ ((0,1) X Sl,wstd),
or lifted to the universal cover:
(C, N*WC]P1> = ((O, 1) X R,(A}Std).

Here, wep1 denotes the Fubini-Study metric of CP!, that is, the standard area form of the
unit sphere; wgy = dx A dy is the standard symplectic form.
Similarly, another activation function
z

ViR

also arises as a symplectic trivialization: (C, wep1) = ({we C: |w| < 1}, we).
Motivated from these observations, we consider

erl- "
ox) = —<r—> R" - A
1+ ijl e )

1

R — (0,1).

C-—-C

and

n
pE) =) " {@eC: || <1)
VI+IZ2) .,
as multi-variable activation functions, where A denotes the standard simplex with ver-
tices 0 and €, ..., €y, the standard basis of IR”. They arise from symplectomorphisms
(C", wepn) = ({weC": |w| <1}, wen). More generally, these come from moment maps
of toric varieties | , ]. We note that 1 has an advantage of being U (n)-equivariant.
The universal approximation theorem (see for instance [ , , , 1) pro-
vides a theoretical foundation for the success of neural networks. In existing literature,
the theorem was proved for single-variable activation functions.
In this paper, we prove the universal approximation theorem for the above multivari-

n
able function o = oR». Note that ¢ is the softmax function (Z ezxiZX]_> restricted to the

n
j=0°¢ i=0
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hyperplane xy = 0 and composed with the projection along xp-direction. We shall restrict
to real coefficients in this theorem.

Theorem 1.2 (same as Theorem 5.2). Let K be a compact set of R™, and f : K — R% a
continuous function. For any € > 0, there exists dy > 0 and Wy € Mat(dp, d1), W, € Mat(ds, dp),
b € R® such that Hf%hwz,b — fllizx)y < €. Here, f%],wz,b(x> = Wa - o, (Wi - x + b) is the
function coming from the As quiver.

The Asz quiver corresponds to the feed-forward network with one input layer, one
middle layer and one output layer. See Figure 1.

a%biuz

FiGure 1. The Az quiver.

The above theorem is proved by using the tropical limit of the toric manifold IP”, and a
geometric object that we call a centered polyhedral web, which is an analog of a tropical
variety in an integral affine manifold. Since we do not have integral structure in the
context here, we need to invent this new notion.

In above, we have focus on explaining non-linearity for a single vector space. We shall
globalize them as non-linear fiber-bundle morphisms for the universal bundles over M. This
can be achieved with the help of Hermitian metrics on the universal bundles, so that
the Fubini-Study metric on IP” can be globalized as a fiberwise symplectic structure on
projective bundles over M. Actually, the globalization from a single framing vector space
V to the universal fiber bundle over M works for any continuous function V.— V (and
in particular for a symplectomorphism from V to its image). Combining the ingredients
explained above together, we can construct a gradient flow over the framed quiver moduli
to achieve machine learning. The detail is given in Section 4.

Such an algebro-geometric formulation has several advantages. First, the gradient flow
under consideration runs in a compact manifold. This ensures the existence of absolute
extrema, convergence of the flow, and upper bound for the norm of the gradient vector
tield. Second, because of compactness, the flow is constrained by topology of the manifold
due to Morse theory. See Section 4.4. Finally, the moduli space has extra symmetry coming
from framing. If we use activation functions that respect this symmetry (for instance
above enjoys U (n)-equivariance), we can perform dimension reduction which improves
the effectiveness of the network. (See Proposition 4.16 and 4.17.)

In summary, from this point of view, the success of neural network is resulted from
the interplay between algebraic morphisms and (transcendental) symplectomorphisms.
Interestingly, such an interplay is also an important feature that occurs in the study of
complete integrable systems and mirror symmetry for toric manifolds and flag varieties,
see for instance [ , , , , , ].

Some related works. The relation between neural network and quiver representation
was investigated in the recent paper [ ]. Their work considered the quotient space
by (C*)N of pairs (W, f), where W is a quiver representation of Q with the dimension
vector 1, and f associates each vertex a function C — C (playing the role of an activation
function). Moreover, in dimension 1 (which is a typical case for machine learning), they
invented an interesting way of encoding the data flow as a quiver representation. (In our
work, the data flow is given as sections of universal bundles over the quiver moduli.)
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The approach and the goal of this paper is rather different. We aim at formulating
machine learning as a gradient flow over a compact quiver moduli. In [ ], quiver
representations were used in encoding the data in the network; however, the machine
learning process was independent of the quiver moduli. Moreover, ‘double-framing” was
used, and the corresponding moduli space is non-compact.

The map (W, f) — W gives an infinite-dimensional fiber bundle over the quiver moduli
M, whose fibers are the spaces of choices of activation functions. In a typical program
of machine learning, the activation functions are fixed during the optimization process.
In order to formulate the program as a gradient flow over the compact moduli M, we
found a non-trivial way by equipping intermediate vertices with additional framings and
metrics, so that we can lift f to be a well-defined fiber-bundle map over M. Note that f
is not equivariant under the group action of (C*)N (GL 7 in the higher rank case). Such a
lifting is an important non-trivial step.

Furthermore, we have dealt with representations of general rank ci: and a class of
activation functions coming from toric symplectomorphisms. Different functions (on the
same domain and target) are obtained if we deform the toric Kéhler metric. To also
optimize the activation functions during the learning process (see also [ 1), we may
consider a gradient flow on M x K where K denotes the moduli of toric Kdhler metrics in
the same class. By the celebrated works of [ , ], K is an infinite-dimensional
negatively curved symmetric space.

Recently, there is a rising interest of applying geometric techniques to the study of
neural networks. For instance, in the works [ , ], hyperbolic spaces are
applied to machine learning in graphs and achieved great performance.

Moreover, the applications of symmetry and group equivariance in neural networks
were studied and developed in [ , , , , , ].
Overall, these works aim at capturing symmetry of the input data and designing networks
that are adapted to such symmetry. Moreover, homogeneous spaces (in place of vector
spaces) have been employed in layers of convolutional neural networks.

In comparison, our paper aims at revealing the geometric nature of neural networks
and build a connection with algebraic geometry. The resulting framed quiver moduli,
which has interesting topology and metrics, is the main geometric object of interest. Fur-
thermore, we study activation functions that respects the ‘intrinsic symmetry” over the
quiver moduli, which can provide a more effective algorithm by dimension reduction.

In the reverse direction, there are interesting applications of machine learning in fron-

tier geometry and physics. For instance, [ ] used machine learning to solve problems
in computing graph Laplacians, such as recognizing graph Ricci-flatness and predicting
the spectral gap. In physics, [ , ] used deep learning to study AdS/CFT

correspondence by discretizing the equation of motion. Since we have formulated ma-
chine learning using quiver representations, it will be interesting to find direct relations
between quiver gauge theory and these problems that can be attacked via machine learn-
ing.

Organization of this paper. In Section 2, we will take a quick review on quiver represen-
tations and their moduli spaces. In Section 3, we will construct nice Hermitian metrics
on universal bundles over the moduli. For readers who are mainly interested in machine
learning, Section 3 can be skipped for the first reading. Then we give an algebro-geometric
formulation of neural network using quiver representations in Section 4. In Section 5, we
prove the universal approximation theorem for the multivariable activation function ¢.
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2. REVIEW OF FRAMED QUIVER MODULI

Let Q be a directed graph. Denote by Qo, Q; the set of vertices and arrows respectively.
A quiver representation V with dimension vector de Zg% associates each arrow a with
a matrix V(a) of size dj(,) x dy(,) (where h(a),t(a) denote the head and tail vertices of a
respectively). The set of complex quiver representations with dimension d form a vector
space denoted by R;(Q). The moduli space of quiver representations is a GIT quotient
of R(Q) by the group of isomorphisms GL(d) = [Ticq, GL(d;, C) [ ], where GL(d)
acts on R3(Q) via

g (V(a):ae Q1) = (8w V(a) g, a€ Q). (2.1)

In the applications we consider in this paper, since the vector space over the input and
output vertices are equipped with fixed basis with physical meanings, we need to use
framed quiver representations [ , , ,

Let d_: e Zg%. 1t will be the dimension vector for the framing, which is a linear map
el : C" — V; at each i € Qg (Where V; = C%). Since we will take a quotient by GL(d), we
shall think of V; as a vector space without a preferred basis, while C" is equipped with
the standard basis.

Definition 2.1. The vector space of framed representations is given by

R ;= Ry x @ Hom(C",C%).
i€Qo

It carries a natural action of GL(d) given by g - (V,e) = (g-V, (ge) : i € Qp)), where g - V is
given by Equation (2.1).

We need to remove unstable framed representations from Rﬁ 7in order to get a nice
quotient by GL(d).

Theorem 2.2 ([ . (V,e) € R yis called stable if there is no proper subrepresentation U
of V which contains Ime. The set of all stable points of R ; is denoted by R; 7 Then the quotient

-

M= R;/ 7/ GL(d) is a smooth variety, which is called to be a framed quiver moduli.

Actually M, 7 can be formulated as a GIT quotient [ , ]. Namely, by adding
an extra vertex labeled as co to the quiver and n; arrows from the vertex oo to the vertex i,
(V,e) can be identified as a usual representation of this bigger quiver with the dimension
vector (07, 1). The above stability condition can be rewritten as slope stability, and hence
it is a GIT quotient [ ].

Since (d,1) is a primitive vector, Mﬁ’ 7 is a smooth fine moduli. There are universal
vector bundles V; over M, ; corresponding to each vertex i, with fibers Vi|jy ., = V.
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Example 2.3. For the quiver with a single vertex and no arrow, and n > d,
M, 4 = Gr(n,d) = {e e Hom(C",C) : e is surjective} /GL ;

is the (dual) Grassmannian. We have the tautological bundle V over Gr(n,d). (Note that this
tautological bundle is dual to the one on Gr(d,n) =~ Gr(n,d).)

The topology of M., ; is well-understood. Let’s make an ordering of the vertices.

Namely the vertices are labeled by {1,..., N}, such that i < j implies there is no arrow
going from j to i. Such a labeling exists if Q has no oriented cycle.

Theorem 2.4 (Reineke [ 1). Assume Q has no oriented cycle. Consider the chain of iterated

Grassmann bundles M(N) 25 M(N=1) Pt =P8 A1) By bt (where pt denotes a singleton)
defined by induction:

MY = Grpyi-) (Crli@@P?A -~-P7+1(Sj)/di> — MUY,
j—i

where S; denotes the tautological bundle on M; (as a Grassmann bundle over M;_1). (The direct

sum is over each arrow j — i.) Then M, ; = (N), with universal bundles V; = p%, ... piaSi

forallie Qo.

Corollary 2.5 (Reineke [ 1). The Poincare polynomial of nonempty M.. 7 is given by

[7 (" %)
4 )

i€Qo

(n) _ﬁqn_d+k_1
= —

/g 3 -1

Remark 2.6. In [ |, the framing e goes in the other direction (from C% to C™). The above
theorem is stated in the dual way, which is the convention we take for the rest of this paper.

where

Example 2.7. Consider the As-quiver which has three verticesi = 1,2,3 and two arrows ay : 1 —
2,a; : 2 — 3. Suppose ny = dy, np = dy + 1 and nz = d3. Then the iterated Grassmann bundle is
M®) - M@ - MW, where M) = Gr(dy,dy) = pt (and its tautological bundle is the vector
space C*1); M®) = Gr(dy + 1+ dy,d2) is equipped with the tautological bundle Sy of rank do;
MO = GIGr(dy 41441 ,d>) (Qd3 @ Sy, d3) is a Grassmannian bundle over Gr(dy + 1+ dq,dy) with
fibers Gr(dy + d3, d3). The corresponding Poincare Polynomial will be

(f_s[ qz(d2+k) _ 1) (f_z[ qZ(d1+1+k) _ 1)
k_ k _ :
e )\ el

See Figure 2.
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1 +—m— Gi’(dl,dl) = pt

| T

2 ¢——— Gi’(dz +1+ dl,dz)

J- I

3 — GrGr(d2+1+d1,d2)(Qd3 @Sy, d3)
FIGURE 2. The iterated Grassmann bundles associated to the A3 quiver.

3. HERMITIAN METRIC OVER FRAMED QUIVER MODULI

In constructing fiber-bundle endomorphisms, it will be crucial to consider Kdhler met-
rics on universal bundles. In this section, we find a beautiful formula for the canonical
metric on the universal bundle V; over M,, ; written in homogeneous coordinates. Using
this formula, we then show that the sum of Ricci curvatures over the vertices i give a
Kihler metric on M i

First, let us begin by recalling the typical example Gr(n, k).

3.1 The Grassmannian. Consider
Gr (n,k) = MatS, /1 U(k) = {e e Mat$, : ee* = Ik} JU (k)

for n > k. Here we have used the dual description which better matches the frame con-
vention used in this paper. Namely, Gr (1, k) parametrizes k-dimensional quotient vector
spaces of a fixed n-dimensional vector space as opposed to k-dimensional subspaces. The
moment map for the standard U(k)-action on Matg,k is ee* : MatS,k — iug. We have taken
the moment map level x = 1 in the above symplectic reduction. Note that U(k) is acting

on the left, although in the above expression U (k) appears on the right.

Writing e = (b, p) where b € Mat}ik and p € Matgfk,k, the moment-map equation
ee* = I becomes

bb* + pp* = I.
We shall consider the chart defined by
U = {[b,p] € Gr(n,k) : detb + 0} = Maty_;
where the identification is given by the holomorphic coordinates
We also have the symplectic coordinates
7= (b*b): b pe MatC .
The entries of {* are not meromorphic functions. On the other hand, {* has the advantage
that it satisfies the moment-map equation
b*b+"(¢")* = L. (3.1)

(Note that the first term is b*b instead of bb™*.)

The construction of " uses the polar decomposition

b= (b(b*b)*%) (b*b)?
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where (b (b*b)_%> e U(k) and (b*b)% € iu(k) is positive definite. We obtain the coordi-
nates % by observing

b, p] = [(0*0)*, "]

using the left-U (k)-action, such that the first component (b*b)% is Hermitian, and is de-
termined {* due to the moment-map equation (3.1).
The two coordinate systems are related by

¢ = (v0) - (32)
Let S be the tautological vector bundle whose fibers are the quotient vector spaces.

(This is dual to the tautological bundle of Gr(k,n) = Gr(n,k).) It can be written as the
quotient of the trivial bundle:

S = ({ee* = I} x Ck) /U (k)

where the left action of U (k) on CF is the standard one.

We now take the standard metric on C*, which is preserved by U(k) and hence de-
scends to a metric H of S.

Denote the standard basis of Ck by €; for j = 1,...,k. Under this metric, we have the
lifting of a local Hermitian frame over the chart U = {detb # 0} being

i = b (b*b)"7 - ¢
since {b, p,b (b*b)f% ei] ~ [(b*b)% ,@”,e,} .
We also have the lifting of a local holomorphic frame
hi = be; = b (b*b)? b1y,

since [b, p, be;] ~ (I, " €;). The two frames are related as follows.

Lemma 3.1. h; = ujuf where (af) = (b*b)%, i is indexing the colomns and j is indexing the
rows.

Proof. Consider
1 ,
(hy ... ) = b(6*D)2 b~ (g ... ug) = (uy ... 15 (a;) .

Thus (aj) = (uy...u)"'b (b*b)% b=l (uy ... u).

i
(1 ... ux) = b (b*b) 2

since u; = b (b*b)f% €;. Result follows. O

Proposition 3.2. The metric H defined above on the tautological bundle S is represented by the

matrix (Ik + " (Ch) *> - in the local holomorphic frame h; and the local coordinates "

Proof. Using Lemma 3.1,

(H (hi,hy)) = 2 <H (afu]-,a;ul)) = Z (a{alpH (uj, u1)> :Zj: (a{ﬁé) — b*b

jil jil
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where i is indexing the rows and p is indexing the columns. By the moment map equation
(3.1) and the relation (3.2),

b*b+ (b*b)? - " (gh)* (b*b)% = I,.
Then
e+ (8" =)

Hence

e (e @)

Example 3.3. Let’s consider the simplest example:
P! = Gr(2,1) = (C*>—{0})/C* =S>/U(1).
The tautological bundle for Gr(2,1) is
S=(S$*xC)/U(1)

where U(1) acts on C in the standard way, and it acts on both factors on the left. (Note that this is
dual to the usual notion of the tautological bundle of Gr(1,2) = P!, since we are now considering
the family of quotient lines of C2, which are dual to subspaces of C2.)

Let’s take the standard metric on C. We have the local Hermitian frame (over zq # 0) u given

by
(zn22,21/ 1)) " (), 0%, 1)

where {* is the coordinate of P! which belongs to the open unit disc, and |z1| is determined by the
moment-map equation

21 + [zl =z + |2 = 1.
We also have the local holomorphic frame h defined by

(z1,22,21) < (1,Ch,1> )

The unitary and holomorphic coordinates are related by {* = |z1|-J" = (1 —|"?) - " for {" € C.
The frames are related by

h = |z1| - u.

The Hermitian frame u always have length one. Writing the metric in the holomorphic frame h:
P =zl =1- 10" =1 P [¢"
2 2
—1- (1—|z1|2‘gh‘ ) ‘gh‘ =...
B 1
1+ e

‘2

This is the standard metric on Op: (1), whose curvature gives the Fubini-Study metric on P
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3.2 Metric on framed quiver moduli. We have seen that the standard metric on the
trivial bundle over MatS,k descends to give the standard metric on Gr(n, k). However, it
turns out that for the framed quiver moduli, the standard metric on the trivial bundle
over R; 7 is not good from the GIT quotient point of view, namely it is not equivariant
under GL 7 In this section, we find a nice metric over Rﬁ’ 7 which is equivariant under
GL;.

Recall from the last section that ./\/lﬁ, i= Rsﬁ J/ GL;. The universal bundle over the
vertex i is given by ’

_ d;
Vi = (Rsﬁij )/GLE
where GL; acts diagonally on the left, the factor GL(d;,C) of GL j acts on C% in the

standard way, and other factors of GL; act trivially on C%.
There is an equivalent description of M = M., ; and the universal bundle V; in terms
of symplectic quotient. Namely, let p : R, ; — iu; be the moment map. Explicitly,

u = (Hi)ieq, where
pi=eDey — S vEve+ 3 Vv
t(a)=i h(a')=i

1
Then define
My g=n""{~c} /Uy

for the following level c.

Lemma 3.4. The slope stability condition (1, 6) e C% corresponds to the moment-map level

¢ = (~14)eq, € iug where Iy denotes the identity matrix of rank k.

Proof. The character taken in King’s stability [ ] corresponding to (1, 6) is

(1+22) ((19) - 1= (11)) = (221,000, -1)

where £d = 2.icq, 4i» and the first entry is over the root vertex. (Note that there is no

group action over the root vertex.) Thus we should take ¢ to be —I; over each vertex
i O

The universal bundle over the vertex i is then given by

Vi = <]471 {IE} X Cdi> /Ud~
Let’s review some very basic definitions about group actions.

Definition 3.5. Suppose a Lie group G acts on a vector bundle V-5 M equivariantly, namely,
gom = mog forall g € G, and the action is fiberwise linear. A metric H on V is said to be
G-equivariant if
Hy(v,w) = Hgx (§-0,8-W).

Writing in matrix form when G = GL(n,C), the above equation is v* - Hy - w = v* -

(¢* - Hg.x - 8) - w, that is,
(g*)_l - Hy '8_1 = Hg~x- (3.3)
The following easily follows from the definition.
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Lemma 3.6. Suppose a Lie group G acts on a vector bundle V. > M equivariantly and fiberwise
linearly, and the action of G on M is free and proper. A Hermitian form H on V descends to the
corresponding bundle over the quotient M/ G if and only if H is G-equivariant.

For framed quiver varieties, we have the framing map e(/): R® - — Hom (C”J,Cdf )
for each vertex j. Using this, we cook up a GLj-invariant Hermitian form on the trivial
bundle C% — R 7, which descends to a metric on V; — M iy

Theorem 3.7. Suppose Q has no oriented cycle. Fix i € Q. Let p be the row vector whose entries
are V.,et), where « is any path whose head h(vy) is i (including the trivial path), t(y) denotes
its tail, and V., € Hom (C%m,C%m) is the representing matrix of y. This defines a map

V,elt) . R - — Hom(C™,C%).

id
Take

oot =Y (V7e<f<7>)) (V,Ye(t(ﬂ))* R, ;- End(C%),
h(y)=i

Then H = (pp*)~! is GL jequivariant, and it descends to a metric on V; over M A

Proof. (pp*)~! is GL;-equivariant:

-1
= () (s
H(gh@Vag,‘(,}),gjeU))ae o1jc0n (; <3h(v)vve > (811(7) Vye ) )

-1
= (g1 <§ (vveam)) (Vve(f(”r)))*> ¢!

for all g € GL;. By Lemma 3.6, it descends to the bundle V; of the quotient.

Then we prove that the matrix-valued function Hy, ) = (pp*)"! defines a

a€Q1,j€Qq
positive-definite metric on the trivial bundle C% over the moment map level u="(1 ;) (rather
than the whole R;, 7). We prove by induction on the vertices that pp* = I, + B where B is
a semi-positive-definite Hermitian matrix, and hence pp* is positive definite (and so does
(o))

Since the quiver does not have oriented cycle, Qo can be ordered such that i < j when-
ever there is an arrow i — j. Let iy be the minimal vertex.

At ig, there is no incoming arrow (other than the framing), and the moment-map equa-
tion reads

e(iO) (e(io))* — Idio + Z Vﬂ*va‘
t(ﬂ)zio
2t(a)—iy Va Va is semi-positive definite: v* - VifVy -0 = [V, - |2 > 0 for any column vector
v. Thus the statement is true for pp* = e e} .

Suppose the statement is true for all vertices less than i € Qp. At i, the moment-map
equation is

Ve =L+ > ViVa— Y VuVi
t(a)=i h(a")=i
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Then
PP*:e(i)(e(i))*‘i‘ 2 VaP(t(a))P’(kt(u))Va*
h(a)=i
=L+ Y, ViVa— D, VaVi+ D) Vella, + Bya))Va
t(a)=i h(a’)=i h(a’)=i
:Idi+ Z V;Vu—i— Z Va’Bt(u’) ;;
t(a)=i h(a’)=i
where p(,)) = (V7e(t(7))>h(7):t(a), which by inductive assumption can be written as

Idt(u,) + Byw) where By(4ry is semi-positive definite. The matrices V;*V, and Va/Bt(u,)V;i are
semi-positive definite:

U*Vu’Bt(a’) V;;Z) = (V;;U)*Bt(a/) (V;U) > 0
for all v. This proves the statement for the vertex i. O

The expression (pp*)~! can be understood as follows. p* embeds the dual V* into the

dual frame which is a trivial bundle equipped with the standard metric. This gives an
induced metric on V;*, which is pp* written in matrix form. Taking the dual, we get the
metric H; = (pp*) ! on V.

By construction, the metrics on the dual V7 (still denoted as H;) have the following nice
property. Inductively, it gives nice expressions of H; in terms of holomorphic coordinates.

Proposition 3.8. Suppose Q has no oriented cycle. For v,w € (V;)*,

Hi(o,w) = Ho((e")*(v), ()*(w)) + 3, Hyq)(a*(v),a*(w))
h(a)=i

1

where Hy denotes the trivial metric on the trivial bundle, and e, a are denoting the holomorphic
bundle maps corresponding to the framing and arrow maps respectively.

Proof. The metric on V} is given by the matrix pp*. Then the above equation follows from

op* = eV + 3 Vapia) ey Ve
h(a)=i

O

Remark 3.9. As we have seen, the Grassmannian Gr(n, k) can be understood as the framed
moduli for the quiver which has one vertex and no arrow. The matrix e € Hom(C",CF) is the
framing map. Then the moment map equation implies

pp* = ee* = I

in the above proposition. This is the standard metric on the trivial bundle C* that we have used
in the last subsection. In particular pp* = (pp*)~1 in this case. But this is not true for other
quivers.

Remark 3.10. Note that the above becomes an infinite sum if the quiver has oriented cycles.
The GL j-equivariance still holds. We should restrict to the open subset of R}, ; that (pp*) 1 is
convergent. In the next subsection, we will prove that the same expression defines a metric for any
given quiver.
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The GIT description will be important to the proof of Theorem 3.14.
There is a residual symmetry Uy = [[,cq, U(n;) acting on M, . Actually, there is a

bigger symmetry by the non-compact group GL(W) [ ]. U; is considered here since
this is the symmetry of the metric H on V; as we shall see.

Definition 3.11. The right residual action of Uy on M is defined as

[(Vaze(j))ate,jer} g = [(Va,e(j) Ogj)ute,jer]
for g = (gj € U(d))jeq, € U
Since the above commutes with the left action of GL 7 the action is well-defined on M.

Lemma 3.12. There is a canonical lift of the action of Uy on M, ; to the universal bundle V;, so
that the bundle map V; — M., 7 is equivariant.

Proof. V; is the GL ;-quotient of the trivial bundle R} ; x V;. Uj acts on this by acting on
the component V; trivially. This action commutes with the left action of GL; on R;, ; x V;,
and hence descends to act on V. O

Lemma 3.13. The metric defined in Theorem 3.7 are Ug-invariant.

Proof. For any g € Uy, since g;¢7 = Iy, for any j € Qo,

H(V“’e(j))ate,jer'g N (Z <V76(tm) -gt(7)> <V7e(tm) gtm)*)

v

-1

y

-1

O

Recall from Theorem 2.4 that Mﬁ 7 is the total space of an iterated Grassmann bundle

MN) BN N1y PSP () By pt. Moreover, V; is the pull-back of the tautological
bundle S; of the Grassmann bundle M) = Gr;, (C" @ Dinipf - Pl (S),di) — M1,
The tautological bundle of the Grassmannian is equipped with a standard metric as illus-
trated in Section 3.1. Inductively, V; is also equipped with a pull-back metric. We show
that this equals to the metric H we defined by an explicit formula.

*\ —1
Theorem 3.14. For all i € Qq, the metric H = (th:i (Vﬂ,e(tm)) (Vye(tm)) ) equals to
the metric on V; constructed from the iterated Grassmann bundle.

Proof. As the proof of Theorem 3.7, we do induction on the vertices, which are totally
ordered such that i < j whenever there is an arrow i — j.

First, we have the GIT fiber-bundle map M — M (), where M) is the framed moduli
of the quiver QU) (which is obtained by removing all vertices k > j and the correspond-
ing arrows from Q). This map (V,e) — (V’,¢') is simply forgetting all the irrelevant
arrow maps and frame maps that are not supported on the subquiver QU). Note that
the stability condition is preserved: any subrepresentation R’ < V' can be extended to a
subrepresentation R c V by assigning the whole Vj to the additional vertices k > j (and
the arrow maps just come from restriction). If Im(e’) = R’, then Im(e) < R.
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Note that here we use the GIT description instead of symplectic reduction since (V, ¢’)
no longer satisfies the moment-map equation in defining M) (even when (V, ) satisfies
the moment-map equation for M).

We start with the minimal vertex ig. The quiver Q) is simply a single vertex, and the

corresponding framed moduli is M) = Gr(n,,,d;,). The universal bundle Vlg(io) is the
tautological bundle of M (i0) = Gr(n,,d;,). From the last subsection, the standard metric
of Vlg(lo) is descended from I , which is exactly (eQ"' (¢Q")*)=1 by the moment map

equation for Q(). The statement is trivial in this case.
Now consider the vertex i. Denote the vertex right before i by i — 1. For the quiver

QU=1), assume that the two metrics on the universal bundle VJQ(i_l) agree for every
j € Q(()ifl). We have the bundle map 7 : M) — MU=, and V].Qm = N*V].Q(H) for
all j < i. Moreover, the metric on VJQ(i) is pull-back from VJQ<i_]), which equals to
(Zh(’y):j (Vw“”») (Vye(tm)y)il by inductive assumption. The pull-back map does

not change the arrow and framing maps of QU~1). This proves the statement for SJQ(]) for
j<i

Consider VZ.QU), which is the tautological bundle associated to the Grassmannian bundle
over M(i=1) parametrizing quotients of

l, , (i-1)
(@, (Va)na)=) : (Cd‘@ ( S, ‘Vt%) ))
h(a):Z xeM(i_l)

The metric on (Vl.Qm )* is induced by the embedding (e?, (Va)n(ay=i)* to (@ @ (@h(a):i Vt(a)) ) *,
whose metric is given by

I, @ ( 3 (Vvem))) (Vveuwn)*)
h(@)=i \h(y)=t(a)

. . . . . M\ 4 .
by inductive assumption. Thus the induced metric on (VZ-Q )* is

(e(i)’ (Va)h(a)=i> . (Idi D ( 2 <Vve(t(7))) (nye(t(’”)> *) ) ) (e(i), (Va>h(a):i)*
h(a)=i \ i

7)=t(a)
— e+ 3, (Vﬂre(t(v))> (Vye(tm))* v
h(a)=i

— C%,

h(y)=t(a)
B h(y)=i (Vve(t(V))) <Vye(t(7))> K

. . . . () . . .
Taking reciprocal gives the metric on VZ-Q . This proves the metric has the given expres-
sion.

Theorem 3.15. The Ricci curvature of the metric on R, Vi given in Theorem 3.7 defines a
Kiihler metric on M.
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Proof. As in Theorem 3.7, denote p = p()) = (Vve(tm)) )i ~which is a matrix-valued
T

function on the vector space R;, ;. At each pointof R -, pisa hnear map from

W= @ C"o (3.4)
Yh(y)=i

to V;. The Ricci curvature of the metric (pp*) ! is given by iddlog det pp*. We have
ddlogdetpp* = 0 (tr ((pp )1 *)))

(o i o)

=tr ((p ~op (0p)* + <5 (PP*)_l) p(é’p)*)
=t ((20)" (p 1ap) =t (o) (2 (op™) (pp) 0 (40)")
= tr ((20)* (0p") " 0p) —tr ((o0™) ™" P (20)" (™) ™" ((00) ™))

() (- (o) o1 o)

where dp = 0 since the matrix p has polynomial entries in holomorphic coordinates.
We can take the singular value decomposition

p=U-(diag (A1,...,Ag) 0)-V*

where Ue U (d;), Vel (dim Wi), and A; > 0. (A; # 0 since p is surjective.) Then

0* (pp*) 2 =V ( diag ()\1,0.. .,)\a(i)) ) (diag (Al—ll.“’/\;(lz_») U* — v < Lo iy ) U

0

In other words, p* = ( %> 2 is decomposed into the rescaling pp* and the
orthogonal embedding (p (pp )~ %) to Imp* < Wi.
Now take a vector v € TR, ; =~ TR, 4, and evaluate the above two-form by (v, 7). The

first term tr ((é’vp)* (op*) 8vp) is the square norm of the linear map

0o (Wi’hStd> - (Vi’ h(pp*)’l> '

Namely we take the standard basis in W; (which is orthonormal under the standard

metric hgq), map it to V; by d,p, and take the sum of their square norms with respect to
the metric h (o)1

The second term
r (e (p* (pp*)_%))* (00*)™ (20 (P* (00*)7%)))
is the square norm of the following component (d,0), of d,0. Namely, we decompose
W; = (Im p*) @ (Im p*)*
and write 0y0 = ((0op)1 , (%up),) Where (up); : Tm p* — V; and (dpp), : (Im p*)* — V.
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We have B 5 )
0u0y log det pp* = |0up3; — [ (8op); [y = |(2up)1[3; = 0 (3.5)
for all v € TY. (H stands for the metric (op*)~1.) This proves that the Ricci curvature of

the metric for each 7 is semi-positive definite.
Now consider

Hr = 2 ddlog det p) <p(i))*.
i€Qo
Suppose it is zero when evaluated at (v,7). Then each individual term equals to zero.
This forces (é’yp(’))z = 0 for all i, that is, image of ((%p(l)) = 0,(p\")* sits in the image

of (0\))*. This exactly means v descends to the zero tangent vector in the quotient M: v
does not alter the subspaces given by (o())* : V; — W; for all i. By the identification of M
as a quiver Grassmannian [ ], it means v does not change the position of the point
((0™)* : i e Qp) in the quiver Grassmannian, and hence must be the zero tangent vector.
This proves the above expression is positive definite. O

By Equation (3.5), the metric on T M produced from the Ricci curvature of V; is
Hr(v,0) = 3 (20p™)al};.
i€Qo
We have the tautological exact sequence of vector bundles over M:
0— (—B End(Vl) - @ Hom(Vta, Vh,,) @ (—D V;qi —-TM -0
i€Qo a€Qy i€Qo
where the second arrow is given by sending X|(¢ cjer € Dicg, End(V;) to

((Xhafl)a — ¢aXt,)acq,s (Xie(i))ier)

(which is the derivative of the action of GL;), and T M is obtained as the quotient bundle
(of the middle one by the first one). H(v,v) can be defined for v € @®,co, Hom(V4,, Vi) ©
@icq, Vi Hrm is zero on @;cq, Epd(Vi): the actiop of GL(dj,C) does not change o)
for j & i; for X € End(V;), (X -p¥ - w)*v = w*(p)*(X*-v) = 0forall v € V,w €
(Im(p)*)*, and so (dxp®), = 0.

3.3 Quiver with oriented cycles. When the quiver Q has an oriented cycle, the framed
moduli M, 7is no longer projective. Examples of such quivers were studied algebraically
by [ , ] along the line of Reineke.

On the other hand, the metric given in Theorem 3.7 still makes sense for quiver with
oriented cycles, as long as we stay in the domain of convergence and prove that it is
positive-definite. Below we will prove this for any given quiver.

Denote the moment-map level by R’;;I ={np =1} c R; ;. Let |[A]| = sup,_, [|A -] be
the operator norm of a matrix A. We take the following open subset of RZ;I.
Definition 3.16. Define
R;}I’O ={(V,e) e RZ;I V()| < 1 for every oriented cycle v}

where V(y) = V(ay)...V(ay) for v = ay...a;.
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and

.— RH¥ ~=R° -
MG ;= RIZ /Uy = RS 4/GL.

B H

e
<

d

The above definition of /\/l; 7 makes sense because of the following.
Lemma 3.17. RZ?’O is invariant under Uy.

Proof. For every oriented cycle y ati € Qo, (g-V)(7) = &V (7)g; ', and hence the condi-
tion |V ()| < 11is respected for g € U. O

The main theorem in this section is the following.

Theorem 3.18. Let Q be an arbitrary quiver. As in Theorem 3.7, for each i € Qy, set

Hi= (o) = 3] (vye“(v))) (Vve(m)))*

h(v)=i

-1

which is an infinite sum, whose terms are ordered by the length of the path -y. (There are just finitely
many paths under each fixed length.) This gives a convergent function H; : RS, — End(C%). H;

is GL j-equivariant, and it descends to a metric on V; over /\/l;, 7
We break into several steps to prove the above theorem. First, consider the convergence.

Lemma 3.19. pp* is absolutely convergent over RZ . Hence (pp*) " is well-defined and GL ;-
equivariant on R - g

=1, . .
Proof. For (V,e) e R" 7 ° we consider the expression
i,

[

(t(7)) ta)* (t(7))
3 [t |t} | < 3 et

There are only finitely many paths 71,..., v, with h(;) = i which do not contain any
oriented cycle. Any other path (with h(y) = i) can be written as concatenation of one of
these ; and some oriented cycles at some vertices. Thus

k 0

k o0 K Jyetn))2
3 [t @[ < X e R Y (- = D el P Y (1 e = 53 TE
h(y)=i I=1

1=1 p=0 1=1 p=0
where given V, there is a fixed € € (0,1) such that ||V, |* < 1 — € for all oriented cycles 7.
Hence pp* is absolutely convergent for every (V,e) € R;}I’o.
Every element in RS ; can be written as ¢- (V,e) for ¢ € GLy and (V,e) € R;;f’o.
(00*) Mgve) = (87) " (00*) M(we)8; ' where (pp*) (v is convergent. 8

It remains to prove positive definiteness of H;. First we consider the following specific
quiver which is simply a single oriented cycle.

Lemma 3.20. If Q is a single oriented cycle with N vertices, then for each vertex i, p;p} is positive
definite. (In particular, when N = 1, Q consists of one vertex and a self loop.)

< 0
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Proof. By symmetry, we just need to prove for i = N. Let | = ay...a;, where a; is the
arrow (k—1) — k.

N

* & ok * & ok * *®
ONPN = Z AN ... Ak41€KeEap 1 - .. AN + Z IPay ... agexegag, .. .an(lP)
k=1 p>0

The moment map equation at the vertex k is exef = I —agay + aff 1ax11. Then the first
term gives

*
Z an - .- a1 (1 — akag + ag,qa51)ag, - ay

N

N

* * * ok * * * *
Z . ak+1ﬂk+1 “e. LIN - 2 ﬂN B ak+1llkakﬂk+l B llN + 2 ﬂN . e ak+1ﬂk+1ﬂk+1ﬂk+1 . e ﬂN
—1 k=1

=I—-1I"+ Z AN -« A1 Af 1 A 18] 11 - - - AN

k=1
Similarly, the second term gives

Z Z Pan ... a1 (I — agag + af g ak01)afq - an(IF)*

k=1p>0
= D IPAPYE = Y TIPIE(IP)* 4 Y 2 Pay ...ap a5 4 0k10), - ag(1P)*
p>0 p>0 p>0k=1

N

* * * * *

=II* 4+ Z Z IPan ... Qg 185 1 A1 4 - - - an(1P)".
p>0k=1

Combining the two terms,

onpn = I+ Z 2 Pay ... ax 10510k 01a5 4 - - - an(1P)*
p=0k=1

and the second term is semi-positive-definite. Hence pnp¥; is positive definite. U
The following is the key lemma to prove positive-definiteness for a general quiver.

Lemma 3.21. Suppose Q has the property that for every i € Qo, restricted to the intersection of
the moment map locus and RS; , plQ(plQ)* = I + B, for some semi-positive definite matrix B;. Let

Q' be obtained by concatenating to Q a chain x; a . % Xy where x1 and xy are certain vertices
in Q. (x1 can be equal to xy, meaning what we have added is an oriented cycle. When k = 1, we
have added a loop; aj, = a. When k = 2, there is no intermediate vertex in the chain.) Then Q'
has the same property. Namely, for every i € Q(, restricted to the intersection of the moment map

locus and R%O, piQ, (plQ,)* = I + B! for some semi-positive-definite matrix B..
Proof. First, consider the case that the given vertex i € Q[ belongs to Q. For the original

quiver Q, plQ(sz)* = I + B; where B; is semi-positive definite. After concatenating the
chain, the terms in piQ,

’YS_)ie(l)(e(l))*Wg ')* and ’)’xk_)le(k)( N wak_)Z)
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xkﬂl'

where 'nyl_’i (’)/Q resp.) is a path from x; (from x; resp.) to i, get affected. Namely, the
moment map equation for e(!) (e())* (or e®) (e(K))*) gets an extra term (a})*a} (—a,_,(a}_,)*
resp.). (If k = 1, x; = x; and ) = a), and the moment map equation for e(!)(e))* gets
both the extra terms (a;)*a; and —ag(ag)*.) As a result, we have an extra negative term

— g7 (g ) (T (3.6)
for each path ’yxkﬁi. We shall show that these negative terms can be canceled.
p 0 g
We also have additional paths in Q' heading to i, which can be divided into the follow-
p &
ing types:
(1) 'ny’ﬁia;{_l . a?e(x’) for | =2,...,k—1. (This is an empty case when k = 1,2.)
() 'ny"_’i'ynew')fg u ej where Ynew := aj_ ...a} and 'y](.;xl is any path in Q from j € Qo
to x1. ('ygﬁx1 can be the trivial path. ynew = aj, when k = 1.)

(3) 'nykHi (Hle 'ynew'nykfxl) a,_,...a)e™) for some p>0and ! =2,...,k—1.

X—>X1

4) 'nykHi ( - Trew V(3 ) fynew'y];xle]- for some p > 0 and j € Qo.
For (1), by the moment-map equation e (e(*))* = I + (a})*a} — a}_,(a}_,)*, we have

'ny"Hia;(_l ) elD) (el (’ygﬁiafc_l coeap)®

Xp—1 1 Xp—1 1

S S ) ST (@) (S )
- ’Ykaﬁiai_l ooy (a)_p)*( kaHiai—l )
The first term above for | = k — 1 cancel with the extra negative term (3.6) for plQ. The
third term (which is negative) for / € {3, ...,k — 1} cancel with the first term of ] — 1. As a

result, after combining (1) with the modified sz' the remaining negative terms are

g7 A (ST a) = =S T Y ew (VT Ynew) (3.7)
(For the case k = 1, this trivially holds since ynew = 47, and the above equals to (3.6).)

Now consider (2): 'yg‘_’i'ynew'ngxleje;"('nyk_’i'ynew'y{;xl)*. The moment map equation
for ejef when j + x1, xy are the same for Q and Q'. Summing 'yg‘_”'ynew'yg)xleje]’-" (’)/xQ"_’Z'yneW’yg’xl )*

over arbitrary ’)/](;xl and j € Qp, we obtain

(')’SHZ’Ynew) 'Pgl ( gﬁl’)’neW)* = ( gﬁl'YneW) (I+By)- (')’g%i'YneW)*
plus
Z 73_)i')’new')’le_)x] <a/1)*a,1('78_>i'7new'78_)h)* - 2 'Yg_)i'Ynew'Yg_wq T4 (a;el)*('YS_)i'Ynew'Yg_)m)*
,)/8—)3(1 ,)/8(—)?"1

which is due to the additional terms in the moment map equations for e*1)(e(*1))* and
e() (e))* (When k = 1, 'yg’_’xo being the trivial path at xq is one of the possibilities.) In
above, B; is semi-positive-definite by the assumption on Q. Then the negative terms (3.7)
cancel with the first term. After combining the paths in Q and (1) and (2), the remaining
negative terms are

Xp—X1 1

- Z ’)’g{_)i')’new')’Q g1 (ﬂgcfl)*(’)’g_)i')’new’)’g_)xl)*. (3.8)

S
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Xp—X1

(If there is no path 70 in Q from x; to x1, then this is zero, and we do not have (3) nor

(4). We stop here and get that piQ, (piQ,)* = [ + B! for a semi-positive-definite matrix B;.)
The terms in (3) for p =1 and I = k — 1 cancel with the above (3.8):

®
Xkﬁl <H 'Ynew'Yxkﬁxl) ﬂ;<—1 R a; ' €(x]) (E(xl < o (H ')’new’)’Xka) a;c—l . a?)

=5 <H %ewv"k*’”) ( o (H ')’new')’xk_)x]> .a;>

*
x —1 Xr—X ! / Xp—i Xr—X ! Vi
o (H Trew Y Qs 1) Ay -..ay(ay)*a ( k (H Trew V(3 1) Ay - ..al>
ES
X l X, X X, l X, X
kﬁ <H ')’new’)’ kﬁ 1) ...agaLl (l/‘l; 1 ( k> (H r),newf), kH 1) tZ;) .

Like in (1), for each p, the third term (which is negative) for [ € {3,...,k — 1} cancel with
the first term for [ — 1. (When p = 0 and | = k — 1, the third term is exactly (3.8).) Then

the remaining negative terms are (3.7) modified by inserting the loops (Hr 1 7new787x1>
for p > 0, that iS, —')’gﬁl (H -1 Vnew787x1> ')’new(')’gﬁl (HP 1 ’)’new')’g;?ﬁ) ')’new) . Then
like in (2), these negative terms cancel with terms in (4). Summing up to finite p, the only

negative terms left are (3.8) modified by inserting the loops (Hr 1 ’ynew'yg‘fxl).

Xk—>xl

which cancel with terms in (3) for (p +1). As p — o, || (Hr 1’7new’)’8‘7x1> | — 0. This

finishes the proof that pl.Q/ (piQ/)* = I+ B;, for i € Qy.

For the case that i = x; for j = 2,...,k—1, the proof is similar. (We do not need to
consider this case when k = 1,2.) The paths in Q" heading to x; are divided into the
following types:

1) a;
(2) a’

L eeeae®) for1=2,...,].
- ..a1< — 1’yg‘r x]')/new)’)’Q e]forsomep 0, j € Qo.

\\.\\.

(3) a'_ ) ( 1 'Ygr_)xl')’new> 78‘_’“(1,{71 ...aje™) forsome p > 0,1=2,...,k—1.
The cancellation is similar and we do not repeat here. O

Similarly, adding a chain at a single vertex of Q preserves the positive-definiteness
property.
Lemma 3.22. Suppose Q as in Lemma 3.21. Let Q' be obtained by concatenating to Q a chain

Y a; / /
x1 5 55 x at either xq or xi in Qo. Then for every i € Qp, pZQ (pZQ )* = I+ Bj for some
semi-positive-definite matrix B;.

Proof. The proof in this case is simpler than that of Lemma 3.21, since there is no new
oriented cycle.

- > g (H TrewYiay ) TrewYe g 1 (@) ) ( X (H Trew Vs )'Ynew’)’g_)xl

j
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Consider the case that x; € Qp. If i belongs to the chain, then the only paths that
head to i are contained in the chain. Since no oriented cycle is involved in all such paths,
Theorem 3.7 already gives the result.

If i € Qq, then

plQ (PZQ )* = Z Z (’)/é;le(j)) * 4 Z r),xk_’l .e (k) e(xk)>* . (,)/g—n‘)*
jerf{xk} fy]é_)i XQk—H

k-1
+ Y S (8 e aevel, - (VS Ay )

,Yg—w‘rzl
—Pz Z ’Yxk_)l (@1 (a_q)" )(7’{5%)
A’/Qk—)l
+ ) Z (Vg ) (T = a) (@ 0)* + (@) a)) - (v g - a))®
8—”1’ 1
R Y S ) (0 )
’)/8(_)lr 1

Since plQ(sz)* = I + B, for some semi-positive-definite matrix B;, and the second term is
semi-positive-definite, pIQ, (plg)* satisfies the requirement.
The case that x; € Qo is similar and the proof is omitted. O

Proof of Theorem 3.18. Without loss of generality, suppose Q is connected. (Otherwise
M; 7 and V; decompose into products coming from the connected components, and we
just need to study each component.) The case without oriented cycle is given in Theorem
3.7. Suppose Q has at least one oriented cycle. By Lemma 3.20, the statement is true for
this oriented cycle as a quiver. There must be additional arrows if this single oriented
cycle is not yet the whole Q. Then we can either add a chain as in Lemma 3.21 or 3.22,
and the statement still holds. (Both the cases of loop at a vertex or multiple edge are
covered by Lemma 3.21.) Inductively the statement holds for Q. H

Example 3.23. For the Aj-quiver, p;p} gives a metric for all i. By Lemma 3.21, this is still true
if we add an oriented cycle with arrows Iy, .. .,1,. See Figure 3.

Note that the following equality still holds over R} ,
pp* = e Z Vil (1) P i o) Vi

=i

Thus Proposition 3.8 still holds for quivers w1th oriented cycles.

Proposition 3.24. For any quiver Q and every v, w € (V;)*,

Hi(v,w) = Ho((e")*(0), (e)*(w)) + D] Hya)(a*(v), a*(w)).

(a)=i

Now we consider a version of Theorem 3.15 in this case. We define W; by Equation
(3.4). But this time, it is an infinite direct sum of Hilbert spaces (meaning that it consists
of infinite sequence w = (w, : h(y) = i) with |w|* = 3, [w,|* < o).
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Ficure 3. A; modified by adding an oriented cycle.

Lemma 3.25. For each (V,e) € R}, ;, pi(V, e) defines a bounded linear map W; — V. Its adjoint
0i(V,e)* : Vi — Wi; has a singular-value decomposition.
Proof. For w = (w., : h(7y) = i) € W;, p;(V,e) maps it to
Z Ve, .
rih(y)=i
Like in the proof of Lemma 3.19, consider >, ;=i HVye(t(’m Hewy | < llwll 220 (4)=i HVye(t("m | <
+o0. This also shows that if |w|| = 1, then the image of w is also bounded. p;(V,e)* has

image being finite-dimensional (since V; is finite-dimensional), and hence is a compact
operator. Thus it has a singular-value decomposition. O

Proposition 3.26. The Ricci curvature of the metric given by (p;pF) ™" is semi-positive definite
on M°.

Proof. By the previous lemma, the proof of Theorem 3.15 on semi-positive definiteness
still works. Namely,

1

2 logdetpp* = tr ((3p)* (op™) ") —tr (3~ (0" (0p™) %)) (pp™) " (20 (0% (00") ) -
Note that the two terms on the RHS are finite: tr ((6p)* (op*) 8p) =tr (pp*) ' op ((0p)*) =
27;1@,0 (0p)%€j, (op*) €jyv; which is a finite sum, and similar for the second term.
p* = (p* (pp*)_%> (pp*)% is decomposed into the rescaling (pp*)% and the orthogonal

embedding (p* (pp*) %> to Imp* — W;. Then the above equals to ||(9p)2]% = 0 as in
Theorem 3.15. 0
4. FIBERWISE NONLINEARITY

In the mathematical study of quivers, we mostly focused on linear representations. In
particular, the morphisms between universal vector bundles are linear along fibers. On
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the other hand, nonlinear ‘activation functions” play a key role in machine learning. In
this section, we construct some natural non-linear fiber-bundle endomorphisms of the
universal bundles V; over M by using fiberwise symplectomorphisms.

For simplicity, we shall take n; = d; 41 for all i € Qg in this section.

4.1 Activation functions arising from toric moment maps and symplectomorphisms.
In this section, we make the observation that several activation functions commonly used
in machine learning actually belong to a much bigger class, namely the T-equivariant
symplectomorphisms on open subsets of a symplectic toric variety.

First, let’s recall the basic setup for toric varieties. Let’s equip C™ with the standard
Kéhler structure. We obtain a symplectic toric variety (X, wx) as a symplectic quotient
by the real torus T" 9. We assume X is smooth. The T"“-action can be specified by an
injective homomorphism Z"~4 — Z™, which induces a map T"~% — T™, and T™ acts on
C™ by coordinate-wise multiplication. We assume that the quotient of Z™ by the image
of Z" is again a lattice, which we identify as Z%. We denote by v; € Z7 the images of
the standard basic vectors of Z" under the quotient map Z" — Z4.

The residual action of T¢ on X gives a moment-map fibration over a polytope P, which
is given by the intersection of m half-spaces in R?:

{xe]Rd:Ej(x) =0vj-x—c; =0}

where the constants ¢; € R are determined by the level taken in the symplectic quotient.
We assume that the level is chosen such that for all j, {{;(x) = 0} n P is a (non-empty)
codimension-one boundary of the polytope P.

Consider the open toric orbit of X, which can be identified as (C*)“ by fixing a basis
of Z%. Denote by wy the Kahler form induced on the symplectic quotient. Let wgy =

Z?:l dx; A df; be the standard symplectic form on R? x T (where T? denotes the real d-
torus). The symplectic form wx| ¢ )« has an explicit description by the following beautiful
formula.

Theorem 4.1 ([ , D.

1 m o exp y
(z (Zvilogeiw)fld) F (P x T Wgalpowye) = R x T = (€)Y, wx|(c )
i=1

is a symplectomorphism.
Taking the universal cover R — T* and lifting the above, one obtains the following.
Corollary 4.2. The inverse of (3 (3" v;log ¢i(x)), 1d) gives a symplectomorphism
oc = (0(Re(2)),Im(2)) : (C?, exp* wx) — (P° x RY, wgy)
where exp : C? — (C*)? < X, and o : R? — P° is the inverse of (3 (3], vilog¢;(x)), 1d).

Example 4.3. For C14, the moment polytope P is IR‘;O ={x>0:i=1,...,d}.o=(1,...,1

~—

log x;

d
The above map is simply < 2 ) L RZ ) — RY. The symplectomorphism ((C*)?, wen|cxya)

\d
. log z—log Z;
(RYy x T, wd|pescya ) 8 ('Zi|z’w>i:1'

L

Example 4.4. For the complex projective space P?, the corresponding moment polytope P (for a
chosen level) is the d-simplex given by {; > 0 where {;(x) = x; fori =1,...,d, and {;,1(x) =
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2

< <
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l =
1 1
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’ ’
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FiGure 4. C as a Covering Space Mapped to an Open Strip

1—x1 —xp—---— x4 The generators are v; = €; for i = 1,...,d (the standard basis) and
Vg = — Zle v;. We have

(%z ) log ¢;(x ) Z g( le})dxl

as a map P° — R?. By direct computation, the inverse of this map equals to
d

=2 ( e ) d o
o) = ——— :R* — P°. 4.1)

dor
T+ 25 e i=1

Written in terms of the complex coordinates Z € (C*)*, the symplectomorphism ((C* )9, wpn (¢ ) —
(P° x T, weid | pox 7a) is given by

d
( |zi[? log z; —logz})
d ¢ / '
1+ P 2 )

d
Pulling back by C% — (C*)“, we have the symplectomorphism oc = ((Hz‘fjr’zﬁ> ,Id> :
=167/ i=1

(C, exp* wx) — (P° x RY, wyy).
When d =1, % is a commonly-used activation function. See Figure 4. By taking a direct

d
product, <1+ - ),:1 :RY — [0,1]% corresponds to (IP1)".

Remark 4.5. In above, we have taken the quotient Kihler structure from C™. For a general toric
Kiihler structure, the symplectomorphism in Theorem 4.1 is given by

<d (; <i£ilog€i(x)> +h> ,Id>
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where h is a smooth function on the closed polytope P such that the Hessian of (5 (3.1, ¢;log ¢;(x)) + h)
is positive definite in P° [ I
In particular, for a general projective toric variety X, we can take an embedding of X to PN by
toric holomorphic sections of a very ample line bundle L, and use the induced toric Kihler structure
from PN, Then the symplectomorphism oc is given by (o,1d) where

il; are points such that their convex hull equal to P, and (ii,7) is the standard dot product on R%.
See | , Section 4.2].

Now we have the symplectomorphisms ¢x : (P° x T, W | po x4 5 ((Cx)d,kacx)d)
and e : RE ) x T 5 (€)%, wea |(cx)e) (Example 4.3). For the toric structure of X, let’s
arrange the order of the indices such that the first d vectors v; fori =1,...,d form a basis
of Z%. (We assume m > d.) Moreover, we take the first d constants ci=0forj=1,...,d.
Then P° = RY,.

Consider the composition ¢ca o ¢x' : ((C*)?, wxlcxyt) = ((C*)4, wedlcxye). Itis a
symplectomorphism onto the image ¢cs(P° x T%).

Proposition 4.6. pca o ¢y extends to a T-equivariant symplectomorphism
(e (Cdr wX|Cd> > (7-(611 (P - B>’de|n&l(P—B)>

where B = | 4,1 {li(x) = 0}, and 7ca = (|zi*)4_, : C* — RY, is the moment map for C*.

Proof. ¢x is given by 2rX = logx; + Z;-n:dﬂ(v](.i) log £;(x)), where v; = (v}l), . .,v](d)). $ca
d (1) d d

is given by 2r?d — log x;. Hence e = ¢ [T ;)’ (e¥T,...,e%7 ). In terms of the

complex coordinates, this gives

1/2

i

(
X ct i 2 2
=2 ] ¢ (|z1 2,125 |)
j=d+1

It is obviously well-defined over ng} (P — B). We need to show that it has inverse, which
gives the required extension of ¢cn o ¢y'. Since (Pen 0 Py')* (wen) = wx on (C*)4, this
still holds over C“ as the equality is a closed condition.

Consider the Jacobian of ZX(ZCd,ZTd). We shall show it is positive definite, and hence
invertible. To simplify, we write z = z€". Denote G = 3 (XM, ti(x)log i(x) — v - x). For
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any non-zero vector (ay,...,a4),

Za]a 8212]

Zj
—Za]a 0z, | exp 6x]|xp_ZprG)

2]

5(21'2_1‘) G
+ > a az -exp(0y,|x,=z,7,G) - .
> 2 J i X1 Xp=2pZp é’zi axié’xj

:Zﬁjaiexp(axjhp:zpz'p ) 5z,<

=Dl (55y) + Dl |zX|-m-a~z-~—52G
| Il ez s

() 1/2
Note that |zj|—1|zX| - (H,Q”_dﬂ 0 (|z°f“’|2,...,|zg"|2)) which is positive. Let ¢ =

. .2 .
min{|z;|~ 1|z | : j =1,...,d}. Then the second term is no less than ca;z; - #{%. Since

% is positive definite on P°, it is semi-positive definite on P — B. Thus this term is

non-negative. The first term is positive. Thus }; ; ;i 62 > 0. Similarly 2 a;ja; é’zlz]
Hence the Jacobian is positive-definite and hence 1nvert1b1e
Eil
pd o

IEDWRE
(12| < 1}. From Example 4.3, x; = |zC 2. Hence the symplectomorphism (C%, wpa|ca)

d .
(2] < 1) werl ooy pp)) s

Example 4.7. We continue to consider P%. From Example 4.4, x; = NE} (P-B) =

Lne

Zi - 17”. (4.2)
14 (27

which is another activation function used in machine learning. (z

When d = 1, this gives ‘ B

is restricted in R in most algorithms.) The symplectomorphism can be easily checked in this case:
(z = 2% for simplicity)

Z
Vl E Vl +[z2
(14 22)dz — (z)Pdz + 2%dz) /2 (1+2z2)dz — (|z*dz 4+ 22dz) /2 dz ndz
- (1+22)372 A (1+22)372 T (1+z22)2
giving the Fubini-Study metric. See Figure 5.

dz€ A dzC =

d
By taking the direct product, the symplectomorphism for the case X = (IP1)4 is < \/1Z+]|72|2> .
/=1

Due to the nice fact that the Fubini-Study metric on IP? is U(d)-invariant (and so does
the standard metric on C?), we have the following (which is not true for (IP*)4 nor general
toric manifolds).

Lemma 4.8. For X = P4, the symplectomorphism i : (C%, wpa|cs) = <7TE}(P — B), wen |ﬂ1(PB)>
cd

in Proposition 4.6 is U(d)-equivariant.
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Z =
\/1‘HZ|2 .~ \\
_—

FIGURE 5. C as a Chart in P! Mapped to an Open Disk

Proof. Using the explicit expression (4.2),

_‘IPd _.]Pd
pu-Fy = U2 L2y

Jiru e i e
for all U € U(d). O

As explained in Remark 4.5, we can also equip X with another T-invariant Kidhler form
(that do not come from the standard Kéhler structure on C”). The symplectomorphism
is given by

o exp «
( (ZZE 10g£ +h( )) ,Id) (P XTd/wStd|POXTd) —)]RdXTd =~ ((C )d,wh|(cx)d).

Thus the toric construction is rather flexible.

Example 4.9. The ‘softplus’ function x = log(1 +e%) : R — R gives an example of such
a Kihler structure on C (by identifying it with R~¢ x R with the standard symplectic struc-

ture). The inverse is y = %log(e* — 1), whose difference with tlogx is i’ = 1 log €=l —

3 log (1 + X0, (k%)» which is indeed a smooth function on R=o. Moreover, y' = m >0
on R~.

4.2 Symplectomorphisms of fiber bundles over the moduli. In the last subsection, we
have exhibited various symplectic embeddings for C". Now we want to make a family
version of these maps over the framed quiver moduli M . The last subsection can be

understood as constructing self-maps on a fiber of a vector ‘bundle over Mﬁ I

To globalize (4.2), we consider the universal bundle V; equipped with a Hermitian
metric H;. (We have constructed a nice Hermitian metric on V; in Section 3.1.) We have a
fiberwise symplectic structure wy, induced from the Hermitian metric. Moreover, we have
the projective bundle P(V; @ O ) which is a fiberwise compactification of V;. Then the
fiber bundle IP(V; @ O4) is equipped with a fiberwise Kahler metric wp(y,g0,,) induced

from H; (namely, %83 log(H; @ Hy) where Hj is the trivial metric on Oyy).

Proposition 4.10. There is a fiberwise symplectomorphism

by, Vi wpgo,lv) = ({U €V Hi(v,v) <1}, wylin, vv)<1}>

Proof. For each p € M, we have computed the symplectomorphism

Vilp, wp@on vi,) = <{U e Vil : Hi(v,0) < 1}/wVi|{Hi(v,v)<l})

n (4.2), with the metric given by H;|, here. Thus
v

¥y, (v) = ITHGD (4.3)
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gives a fiberwise symplectomorphism whose image is {H;(v,v) < 1}. O

Recall that the universal bundle V; — M admits an action of U coming from framing
(Definition 3.11). One advantage of 1y, is that it is equivariant under this action.

Lemma 4.11. For g € Uj,

P08 =8y,
if we used the metric H; given in Theorem 3.7.
Proof. This follows from (4.3) and H;(g-v,¢-v) = H;(v,v) by Lemma 3.13. O

Remark 4.12. Equation (4.3) has an alternative derivation using the framing. Namely, we have
the surjective morphism p : @ — V; (see Equation (3.4)), whose dual give a fiberwise-linear
H; Ak . " . .
embedding p* : V; = Vi — W; . (The underline means the trivial bundle over M associated with
the vector space.) Then 11’(@* @ O) (with the standard metric) induces a fiberwise Kihler form
on V¥, and we have a fiberwise symplectic embedding (V;, Wy 69(9)) — (V;, wy,). This gives
pp* - Hj-v _ pp* - Hj-v
\/1+H0(p*-Hi-U,p*-Hi-U) \/1+U*'Hi*-pp*-Hi'U'

Now if we use the metric H; = (pp*)~! given by Theorem 3.7, then the above equals to the
expression in (4.3).

We also have a more flexible construction using the framing, which globalize any given
non-linear continuous map oc : C" — C". Namely, oc can be regarded as a fiberwise
non-linear self-map on the trivial bundle C" — C"i (still denoted by o¢). Then we take
the composition

i (1) y* i
yi2yr A e s ey,
and denote it by 0y,. See Figure 6.

~

€O Sy o

le(i) (e(f>)*T

Ficure 6. Using the framing to globalize an activation function o¢ : C" —
C" over M.
It is easy to get the following explicit expression in terms of o¢.

Lemma 4.13. The above fiber-bundle map o, : V; — V; equals to

i

oy, (v) = Z(Uc)k (Hi(egi) v),...,Hi(efz?,v)) -e,((i) (4.4)
k=1
where we write oc = ((o¢)1,. - ., (0¢)n,) and e = ( gi) . e,(f,.)).

For instance, we can take ¢ to be the one coming from the symplectomorphism in
Corollary 4.2. We shall prove the universal approximation theorem for such ¢ in Section
5.



KAHLER GEOMETRY OF QUIVER VARIETIES AND MACHINE LEARNING 30

4.3 A machine learning program using the framed quiver moduli. Let Q be a digraph
and denote by C - Q its path algebra over C. Let de Zg% be a dimension vector. We
take the framing dimension vector to be # = d + 1, where T,:=1forallie Qo. The one
additional framing vector is used for translation (called a ‘bias” vector).

We fix a collection of input vertices and a collection of output vertices Iin, Iout = Qo,
and

Yelow (C-Q) In= @ j-(C-Q)-i

iEIin/jEIout

(The trivial path at a vertex i is again denoted by i.)

4.3.1 Machine learning using a flat space. Let’s first formulate a typical machine learning
program in the quiver setup. The following flat space

U= [ ] Hom(Vy, < [TV

aeQ, ieQo
is used frequently in the subject.

Lemma 4.14. The open subset
={[VieJe My 1 ;: (eg), . ,eg)) =1y forallie Qo} ¢ M
gives a coordinate chart of M. (I;, denotes the identity matrix of rank d,.)

Proof. First, such (V,e) are stable: Im(e) is the whole V. Second, for distinct (V,e), (V’,¢’)

satisfying the above condition, [V,e] £ [V’,¢]: since they are stable, their orbits are

closed. Suppose ¢ (V,e) = (V',¢') for some g € GL;. Then gi-e(i) = (e')(i). But

since (egl),...,et(;i)) =1 = ((e')gl),...,(e’)gi)), this forces ¢ = Id and so (V,e) = (V',¢),
contradicting that they are distinct

Then we have the chart map U = [ Taeq, Hom(Vya), Via)) * [ licq, Vi defined by
Wo = (el e ) 1V (a), b= (ef,....e{)) e, .
U

Now we fix a path 7 from the input vertices I, to the output vertices I,y:. For each

(£(a))
dt(a)+1

a in the path <, together with some non-linear functions ¢; : V; — V; that are called
‘activation functions’, one obtains a non-linear function
(e(i) (i)) (/) (/)

6Ty, (e di) )
fvg:@BC" = @Vi- DV, = DC

i€lin i€lin j€lout j€lout

element [V, ¢] € U, by composing the affine linear maps V,(-) +e attached to arrows

which is used to approximate a non-explicitly given function f. A stochastic gradient
flow of the error function on U is employed to find the optimal point in U.
Let’s write down the symmetry in Lemma 4.11 in the chart U.

Lemma 4.15. The chart U is invariant under the right action by

[Tu@) e [Juldi+1)=u;

ZEQQ ZEQO

where U(d;) < U(d; + 1) is embedded as ( u%di) (1) )
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Consider the trivialization Vi|y = (]_[ueQ Hom(V;(a), Vi) * [ eq, ) x Vi. The right
action of g € U(d;) on V| is given by
(Wa/ b]/ v) IZEQl . g - (g_l . Wﬂ/g_1 . bj/g_lv) ElEQl
jEQo,bjEVj jEQo,bjEV]‘
veV; veV;
where g~ - W, equals to g~ W, if h(a) = i, Wag if t(a) = i, and W, otherwise; g~ - bj equals to
g 'bjifj=i,and bjif j % i.
Proof. U consists of points [V, e] where (egj ),...,eo(i]; )) are invertible for all j € Qp. This
property is invariant under the action of | [;.o, U(d;). Hence U is an invariant subset.
(Wa,bj,v) 4eq, corresponds to the point [W,e,v] € Vi = (R}, x V;)/GL;. where
j€Qo.b;eV; ’
4 veV;
6(]) = (Id/- b])
[W e,v]-g= [W e-8 0] = [W, (g bj)jeq, 7]
=[g" W, (Ig; g7 bj)jea,, & 7]
where the left action by ¢! (as an element in GL ) is as specified by definition. O]

Now we prove an important symmetric property that the activation function (4.2) en-
joys, which can be used to reduce the dimensions.

Proposition 4.16. Suppose the activation functions o; : V; — V; are taken to be the one given
in Equation (4.2). Then fY is invariant under [ Ligron. Udj) = Us. (See the embedding in
Lemma 4.15.)

Iout

Proof. The terms of f! are of the form o) (Wak . (O'h(al) (Wal (v) + bh(a1)> . ) + bh(ﬂk)>.
By the above lemma, for ¢ € U(dy,,)) where h(a;) ¢ Iin U lout, the action of g results in
Ti(a)) 7 & Oh(a;) ¢~ ! in the above expression and does not affect any other part. By Lemma
4.8, 0; is U(d;)-equivariant, and hence f! remains invariant. O

By the above proposition, we can descend fU to the orbit space U/ [Tignon. U(d)) to
reduce the dimensions. However, the quotient space will be highly singular. Instead, we
can realize the dimension reduction by restricting fU to a submanifold U’ of U whose
orbit occupies the whole U, and do stochastic gradient flow on U’ instead of U. The

following gives one simple possibility.

Proposition 4.17. Consider a subset {ay,...,a,} of arrows whose heads and tails do not belong
to Iin U Iout, and for any two distinct arrows ay,ay in the subset, t(a1) # h(az). Then the vector
subspace

U’ = {(Wa, b) 56% y e U : W, is of the form (D W, ) Vi=1,...,p}
j€Qo/bieV;

has its orbit being the whole U, that is, (Hj¢1inu Tout u(dj)) -U" = U. In above, D is a diagonal

matrix (of the maximum possible size) and W;_is any matrix occupying the rest.

Proof. This follows from the singular-value decomposition of a matrix Was A- (D W’)-B
where A and B are unitary matrices of appropriate sizes. O
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4.3.2  Machine learning using the quiver moduli. The quiver moduli M = M, ; gives a
compactification of U. Compactness is important for the formulation of Morse theory
and convergence of a gradient flow. We would like to use the whole M in application of
machine learning. Non-trivial metrics over the moduli will play a crucial role.

First, consider the situation before adding in activation functions. Each arrow a € Q; is
associated with a vector-bundle morphism a4 : Vy(,) — Vy(q). For each path ay...a1, we
take the map

(h(a1)) (h(a2)) (h(ax))
@) (- (@) ((@0)pa() e ) ™)) )+ el @)
which is fiberwise affine linear. Thus a path 7 gives an affine bundle morphism

’)/M : Vlin = @ Vi - Vlout = @ V]

i€ly j€lout

Then we have

di
L7 ((5]((1))ke el ) = <H] (eg)’ Z Y M I;Slsl)elg))> . . @Cd,- N @ @

in
{1,...,d1‘} iEIjn iEIir\ jEIouf

J4S] 1,...,dj

(4.6)
Suppose a continuous function f = K — @iy, C% is given, where K is a compact

subset of ;). C%. Then the fiberwise integral

£ = L IF =~ Lof}, duk 47)

gives a smooth function on M.

Remark 4.18. Alternatively, we can define the fiber-bundle morphism

d; ‘ .
fM . Z Zfl(]) 'el(]) ‘K > Vlout

jEIoutlzl
and take
d; 2
o () )= S Bl e
K ke{l,...,.d;} i€l k=1 %

out

However, with such a definition, we need to worry that (egj ), cee, eg )) for some output j degenerates
]

(as a frame), in which case approximating f and approximating fq are different.

We have a gradient flow r : R — M which can be used to minimize £:

dr
=~ (VE)(r(1))

where VE = (d€)% where (-)g : T*M £ TM is the identification by a metric ¢ on M.
(VE)P = gMo,& in local coordinates.) ¢ can be taken to be the induced metric from
the trivial metric on the vector space R ; via symplectic reduction. Alternatively, ¢ can
be taken to be the metric given by the Ricci curvature in Theorem 3.15 (when Q has no
oriented cycle), which has a better expression in homogeneous coordinates.

Note that (L,)|[y, is affine linear on @;.; C% for every [V, e] € M, which is not good
enough for the purpose of approximating f. We introduce fiberwise non-linearity below.
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Definition 4.19. Let A be a finite set whose every element is associated with two vertices (head h
and tail t) in Qq. Elements in A are called activation arrows. (These are not arrows in Qq.) The
semiring generated by Qq and A, denoted by T'(Q, A), has the underlying vector space spanned
by the independent set ]_[;OZO Sy where S, is defined inductively as follows.

(1) Sp consists of all paths of Q.
(2) Suppose Sy, has been defined, and each element in Sy, has a head h and a tail t. S, 1 consists
of v-a-q, where « € A, 7y is any path of Q with h(a) = t(vy), and ¥ € t(a) - (C-Sp).
(C - Sy, denotes the vector space generated by Sy, t(a) - (C - Sp) is the subspace generated
by elements of S, with head being t(«).) The above element has the head h(vy) and the tail
().
The above vector space T'(Q, A) has an obvious product by concatenation. (s1-s; = 0if h(sp) F
t(s1).) Note that for a € A, (s1+¢s2) o =1 - +csp -, but a- (s1+¢sp) + a-s1 + ca - sp.

Now, suppose each element a € A is associated with a fiber-bundle morphism
[V Vt(a) - Vh(a)-

Then by composing the corresponding affine linear morphisms (as in Equation (4.5)) and
ar, an element 4 € I'(Q, A) induces a fiber-bundle morphism
v Viq) = Vi)
In particular, if we fix 4 € Ioyt - T'(Q, A) - Iin, then we define
fi:@PCi > Pl
i€l j€Iout

like in the definition of L, in (4.6) by replacing vy, by 4. Then a stochastic gradient
flow for the corresponding error function (by replacing L, by f5 in (4.7)) can be carried
out.

For now, we set A to be Qp as a set, and each element o; has the head and tail being
i € Qo. We can associate o; with the fiber-bundle morphism ¢y, given in (4.3), or oy, in
(4.4). Then we obtain f; above which is non-linear along fibers for the purpose of machine
learning.

If we associate o; with 9y, given in (4.3), then the symmetry of [ [;4; . U(dj) = U5 is
respected, by Lemma 4.11. The proof is similar to that for Proposition 4.16 and is omitted
here.

Proposition 4.20. Suppose o; is assigned as y, given in (4.3), and H; is taken to be the metric in
Theorem 3.7. Then fy is invariant under | [, U(dj) = Ug. (See the embedding in Lemma

finwlout
4.15.)
Remark 4.21. Since we are taking affine linear morphisms (a;) pm(v) + e(gl:l((:;)ll for the arrows
which involves the term eg:l((:l;azl, only the symmetry U(d;) rather than U(d; + 1) = U(n;) is

(h(a;))
dh(”i) +1

the bigger group [ Ljgy, o1, U (1)
4.3.3 A simple example. Recall the quiver in Example 2.7. Let’s take ny = dy,np = do +
1,n3 = d3 instead of n; = d; + 1Vi, since we do not need to use bias vectors at the input
and output vertices. The path -y is simply a2a;, and § = a3 - 01 - a5.

We have the universal bundles V; =~ le, V, and V3. We have p(l) = (), p(z) =
(e a1eM), p®) = () azel® gya1eM)). In terms of homogeneous coordinates (namely

respected. If the bias vector e is not used in the program, then fs will be invariant under
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the coordinates (e(l), e(z), 8(3), a1,ay) on the vector space Rﬁ g where each entry is a matrix
of suitable size), the metrics given in Theorem 3.7 are
-1 -1
Hl = (e(l)(e(l))*> , H2 e (6(2) (3(2))* + ale(l) (e(l))*aik) ,
-1
H; = (6(3) (e * 4 ae® (eP))*a% + azale(l)(e(l))*ai‘a;‘) .

on V;,i = 1,2,3 respectively. The activation functions we constructed in the previous
subsection are

di+1
_ v _ ()= () yx (i)
(V) = ————and 0;(v) = o/ e Hv,..., (e; Hov) e,
llljl( ) \/m Z( ) kZ:l( C)k (( 1 ) i ( dl+1) i > k
where we can take (0¢)k(Z) = % +iIm(zx) for instance. Both have the GL-

1+ 2’
equivariance property ¢;(g-v) = g- l,bz( ) and 0;(g-v) = g - 0i(v).
The function (over M) cooked up from this quiver is f; : C* — C%,
d;

f’?(sl/-- Sdl) (Hg (6; ),Clz (%) <El1 Z skek —|—€‘(i )+1>>>
k=1 p=1

if we use o as the activation function, or the same expression with o, replaced by ».
Then we run a stochastic gradient flow on M (or on the vector space R; 7 upstairs) to

minimize the distance of f; and a function f coming from reality.
To run the gradient flow, we need to take a metric on M. Recall that we have the metric
on the tangent bundle of M coming from the Ricci curvatures of H;:

*
th ((a0pt ) Hy2up®) - Zfr ((%p (o) .H}) H, - (awp(i).(p(i))*.H}))
‘ ' (4.8)
Consider the open subset of the vector space R ; in which (e%l), e ,et(;i) ) is invertible.
(This is the preimage of the chart U < M.) A tangent vector v of M is lifted as

(6ay,ban, 56‘(13)“) (and all other components are set to be zero). Since p(l) = e(l), p(z) =
(e, a1eM), p®) = (0, 22e?), a5a,eM)), we have 6,01 = 0, 9,02 = <(0 565(511), (5a1)e(1)>,
and

0,09 = (0, (832)e® + (0 mdel?) ), (om)are™) + ax(oar)e!)).

Then the above metric Hr can be computed explicitly in terms of the homogeneous coor-
dinates.

Remark 4.22. In above, if we use trivial metrics over the vector space R - instead of H; and
Hr, the expressions will get simpler; however they will only be ll+equzvarmnt rather than GL -~
equivariant. Then we need to restrict to the moment-map level y‘l(l ) © R; yand its tangent
bundle, in order to stay in the same moduli M downstairs. This would increase the computational
complexity.

We can also write in inhomogeneous coordinates (W;, Wy, b) in the chart U < M,
where (egl), .. .,e((;]_)) = I; forall i = 1,2,3. W;, W, are the matrices of the arrows ay,a,

and eo(é)ﬂ = b is the bias vector. Then H; = I, Hy = (I + bb* + W1W1*)*1, and Hz =
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(I +WoW5 + Wobb* W5 + W2W1W1*W2*)_1. Then we can run the gradient flow in U ¢ M
(which has lower dimensions than Rﬁ, 9

Note that when Wj, W», b are close to zero, H; are close to the identity matrix, and o;
is close to o¢. Moreover, the second term of (4.8) is close to zero, and the first term is
close to the standard metric. Thus when Wy, Wy, b are small, the function f5 is close to the
commonly used one

fhwyp(0) = Wa - (0c(Wy -0+ D)), (4.9)

and the gradient flow is close to the usual one on the flat space U (see Section 4.3.1). The
additional terms can be understood as modifications to ensure the flow converges in M.

4.4 A discussion on Morse inequalities. By the work of Reineke [ ], the framed
quiver moduli M is a tower of Grassmannians (Theorem 2.4), and hence its Poincaré
polynomial is a product of that of Grassmannians (Corollary 2.5). Such topological in-
variants give important information about a gradient flow on M.

In particular the Morse inequalities for a Morse function £ on a compact manifold M
state as follows. Let ¢/(£) be the number of critical points of index j for £. Then for every

1
Jd(E) = W(M)

where 1/(M) denotes the cohomological numbers (which are coefficients of the Poincaré
polynomial).

Given a gradient flow, which is a path v : R — M satisfying the gradient flow equation,
lim;_, . o y(t) are critical points. Moreover, critical points carry important effect to the rate
of the gradient flow. Namely, when the flow 7 gets close to a critical point with index
being 1,...,dim M —1, |¥/(t)|| = |grad £(¥(t))| becomes small. In other words the flow
slows down when it passes through a neighborhood of a critical point. Such a slowing-
down effect of saddle points was studied in machine learning in [ , ].

The cohomological numbers /(M) give the minimum number of critical points and
hence are important invariants of a neural network (which simply means a directed graph
Q together with a dimension vector d here). Over C, I/ (M) = 0 when j is odd. Thus the
Euler characteristic x ; equals to 2 hi (M), which is the minimal total number of critical
points. It is computed by simply setting g = 1 in Corollary 2.5. Another important
invariant is dim M (that is, the number of training parameters of the network), which is
simply

DQ,{IZ 2 dl' l’ll‘—|—2d/'

i€Qo joi
JFi
using the notation of Corollary 2.5. (We take n; = d; + 1 in this section.) These are
illustrated in the two practical examples below.

Example 4.23. Consider Q being the Ay, quiver, which has k 4- 2 vertices labeled by 0, ..., k+1,
and there is exactly one arrow from i to i+ 1 for i = 0,...,k, and no arrow otherwise. Set
d_y := 0. Then the minimal total number of critical points is

k
di+dii1+1
XQ,‘{: H < i i+1 )

dit1
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and

k
Doi= Z dip1(di +1).
i1

Example 4.24. Now consider the following quiver Aj_,,, which has vertices labeled by 0, ..., k +
1, and there is one arrow from vertex i to vertex j for every i < j. Set d_; := 0. Then

k i+1
Xod = H < = >

dit1

and

k i
Doi= Didia [ Dodi+1
i=—1 j=0

Figure 7 shows the graph of log x, ; versus D, ; for the two examples, where we set
k= 3, d1 = 600,d5 = 10, and d2 = dg = d4.

Note that the quiver denoted by A;_, in Example 4.24 is a simple analog of the network
known as ResNet, which adds arrows to the Ay, ,-quiver that skip the middle vertices to
get around with the ‘gradient-vanishing problem’. Namely, in the Ay, case, the deriva-
tives of £ with respect to matrix entries for arrows in the early stage are typically very
small by chain rule, which is not good for the flow rate. Arrows that skip the middle
vertices are added, so that there are short paths which involve the early arrows.

From Figure 7, we see that in the same dimensions, the minimal number of critical
points in M is smaller for A than that for As. (We have numerically verified this for
general k.) This gives a supporting evidence that Xq,q 18 an important invariant in appli-
cations to machine learning.

As

2000 | As’
1500 |
1000 |
500 |

1 | 1 1 1 | 1 1 1 | 1 1 1 |
200000 400000 600000 800000

F1IGURE 7. A plot of log Xod (y-axis) versus DQ, 7 (x-axis) for As and AL

4.5 A remark on Abelianization. In many basic neural networks, each vertex of Q is
associated with a vector space of only dimension one. When d = T, that is, all entries of
the dimension vector equal to one, M., ; is a quotient by the Abelian group (C* )*, and

hence a toric variety. Indeed, by Theorem 2.4, M_.+ is a tower of projective spaces IP* for
a sequence of k.
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Given Q and d, we can always construct a bigger quiver QAP das follows. For each

vertex i € Qp, we make d; copies indexed by (i,p) for p = 1,...,d;. For each arrow of

Q from i to j, we make a corresponding arrow for QAb"f from (i,p) to (j,q) for every
p=1,...,diand g = 1,...,d;. See Figure 8 for an example.

/]

OF#,0
O—O—0 \O

NG

O

O

FIGURE 8. An example of Abelianization. The LHS shows a quiver Q to-
gether with the dimension vector d. The RHS shows QAP

Given a dimension vector 7i € Qy, define AP e Q?b A by *?b) = #i; for all p. The relation

between ./\/lQ -and the toric variety Ms “Ab T is known as Abelianization and is well-studied
in [ I The basic example is Gr(#, d) (which is the framed moduli for the quiver with
a single vertex), whose Abelianization is (IP")? (the disconnected quiver with d vertices

and no arrow).
Namely, the moduh spaces /\/lQﬂ and MQ

sy are GIT quotients of the same vector

space RQ = RY by GL; and (C* )= respectlvely. More precisely, we have the fiber

71Ab 1

bundle yud_({l N/T — /\/lQ with flbers being a product of complete flags U;/ T and

the inclusion ya;({l N/T c M2, The universal bundles V; over MQq is descended

71Ab 1

from the direct sum of universal line bundles (—Bdi i,p) over ML (restrlcted to the

"Ab
above subset). The cohomology of ./\/lQﬂ is generated by the Chern classes cx(Vi), which
can be written as the k-th elementary symmetr1c polynomials in ¢1(V; ) forp = 1,...,d;.
On the other side, the cohomology of M2

Note that the functions fQ and £° over ./\/ldQﬂ constructed in Section 4.3.2 cannot be

lifted to M2

“Ab

*is generated by c1(V(; ,))-

HAb

-. The reason is that, f7 and £X are GL ﬂ-equlvanant functions on RYS nd? the

subset of stable representations, rather than the whole RQ The definition of f =~ involves
the metrics on the universal bundles V;, which take the expression (p;p¥)~!, and it is only

. Qs . .. . QAbA QAbd
deflned over R~ where p; is surjective. Rather, we have the functions 5 and &

on M2 Which uses the metrics (pi/pp;’:p)_l on the line bundles V; ,,.

—»Ab 7
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Previously we have taken i=d +1 for MQ . After Abelianization, the dimension

vectors 74P and T for ./\/lQ

an 7 O longer satlsfy such equality. This is actually not a prob-

lem, since the function f7 v defmed on /\/l can be lifted to M?Ab T Alternatively,
we can set the k-th framing vectors to be Zero for allk =2,...,d; + 1 and for all vertices
Q Ab,d

(i,p) € Q5. A This gives a subvariety of M2 which is 1somorph1c to ./\/l

“Ab

5. UNIVERSAL APPROXIMATION THEOREM

In Section 4.1, we have introduced the multi-variable functions ¢ coming from moment

maps of toric varieties. For instance, oy (x) = Hzeikh for X = IP?. In this section, we will
Ji 1€

give a theoretical basis for using this as an activation function, by proving the universal
approximation theorem for this function.

The universal approximation theorem ensures that in theory, any given function on a
compact set can be approximated (as close as you want) by the functions produced from
directed graphs (denoted by f[%,e] in Section 4.3.1). There are several different versions of
this theorem [ , , , ]. To the authors” knowledge, the past works
have focused on proving the theorem for single-variable activation functions.

In the work of Cybenko in proving the theorem below, rescaling on the domain of the
activation function plays a key role. The rescaling technique will also be very useful in
our situation.

Theorem 5.1 ([ I). Let ¢ : R — R be any continuous function with limy_,o ¢(x) = 1 and
limy, o ¢(x) = 0. Let K be a compact set in R?. Then the collection of functions G : K — R of
the form
N
G(x) = Z a]¢( x4+ 0;)

j=1

where N € Z-0yj € R?, and 0;,aj € R, are dense in the space of continuous functions C(K).

The above function G can be understood as fVL\gl,Wz,b (4.9) produced from the graph

Az, when the dimension at the output vertex is d3 = 1, and ¢ : R% — R% is taken
to be 0'(55) = ((/)(xl),...,(p(xdz)). (Take dy = N, Wy = (ij)]ﬁl,m,N/ b = (9]‘)]‘:1,“,,1\[, and
Wy = (&;)j=1,.,n.) For general dimension d3, we simply have (Gy, ..., Gg,), where G; are
of the same form as above (with different &;;) which can be used to approximate any
given continuous function K — R%.

We will prove the following theorem. Consider the quiver with three vertices as in
Section 4.3.3, and the function fVL\gl,Wz,b(v) = Wa(c(Wy -0+ D)) in (4.9), where ¢ is the

multi-variable activation function on R%2 made from P%.

Theorem 5.2. Let K be a compact set of R™, and f : K — R% a continuous function. For
any € > 0, there exists dp > 0 and Wy € Mat(dy, d1), Wo € Mat(ds, dz), b € R% such that

| fww,e = fliz) <€

The compact set is given as a subset in R”. Thus from now on we restrict to the real
field, which will suffice for the theorem. This means we take real-valued matrices and the
real part o of oc.
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5.1 Tropical limit. A crucial idea in the work of [ ] is to compose ¢ with a rescal-
ing, so that it tends to a step function in the limit. We can apply such a rescaling to the
multi-variable function ¢ : R? — P°. This is well-known in toric geometry and is called
the tropical limit.

Let X be the dual fan of the moment polytope P. ¥ is the collection of cones that are
dual to the boundary strata of the polytope P. In particular, maximal cones of ¥ are
one-to-one corresponding to corners of P.

We assume that |Z| = R?. R¥ is stratified into the relative interiors of cones in £. We
recall the following interesting fact from toric geometry. It plays an important role in the
study of holomorphic discs and Lagrangian Floer theory for toric varieties.

Lemma 5.3. Let Xy be a toric variety (equipped with any toric Kihler form). Let C be a cone in
Y. For any x % 0 which lies in the relative interior of C, pc = limy_, o, o (tx) exists and equal
to a point (which is independent of x) in the boundary stratum of P that is dual to C.

In other words, the family of functions oy(x) = o (tx) converges (as t — +o0) to the discontin-
uous function 0., where 0w, (x) = pc if x belongs to the relative interior of C.

Proof. The cone C corresponds to a complex torus orbit of the toric variety X. To be more
explicit, consider a maximal cone C™® that contains C. Without loss of generality, let
CM™ = Rsg - {v1,...,04}, and C = Rsq - {v1,...,0¢}. C™ gives a local chart C? of the
toric variety, and the complex torus orbit corresponding to C is given by z; = ... = z; = 0.

We have a special point given by z; = ... =z =0, 2441 = ... = z4 = 1 in the orbit.
We assert that pc = lim;_,_ 0(tx) € P (for any x in the relative interior of C) is the
moment-map image of this point.

To see this, we write x = Zi;l x;v; where x; & 0 foralli =1, ..., k. Consider the lifting
of tx = (tx1,...,tx,0,...,0): (e™1,...,e™,1,...,1) in the chart C¢ = X. Then o(tx) is the
moment-map image of (e™*1,...,e",1,...,1). Taking t — —oo, (e"1,..., e, 1,...,1) >
(z1=...=2zx =0,2k41 = ... = zg = 1). Thus o(tx) converges to the above special point
pc-

In terms of solving equations, pc is the solution of the simultaneous equations x; =
.= x = 0 and xi]_[;ﬁ:dﬂf?’i 0,...,0,x¢41,...,x5) = 1fori=k+1,...,m. (We have

used the dual basis of {vy,...,v,} to write the coordinates of P, and v; = 4 v;i0v;.) By
above, the solution exists and is unique.

Example 5.4. Consider X = P%. Denote the coordinates of R by (x1,...,xz), and set xg = 0.
The (d +1—1)-cones C of L are given by {x;, = ... =x;, > x forallk € {0,...,d} — {i1,...,i1}},
d
where iy,...,i; € {0,...,d} are fixed, | = 1,...,d+ 1. For o = (edh) , the point
1+Zi=1e ] p=1
pc = limy_,_o o(tx) has coordinates (pc);, = 1/1 forr =1,...,1 and i, £ 0, and (pc)]- =0
for all other j # iy,...,1;,0. In particular, for the maximal cones S; = {x; > xi forallk €

{0,...,d} = {i}}, ps, = €i fori = 0,...,d where €y := 0 and {€y,...,€;} denotes the standard
basis.

2xp

Corollary 5.5. Let K be any compact set in R?. For any € > 0 and an open neighborhood of the
union U of codimension-one strata of X, there exists t » 0 such that |0;(x) — 0o (x)| < € for all
x € K—U. (0w is defined in Lemma 5.3.)
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o(1/3,1/3)

FIGURE 9. The left shows the fan picture of IP?, and the right shows the
moment-map polytope. The dots show the limit points p¢ for each cone C
of the fan.

Proof. Any x € K — U belongs to one of the maximal cones C. By Lemma 5.3, 0;(x)
converges to pc. Moreover, both ¢; and ¢, are continuous on K — U. Then the result
follows from the compactness of K — U. O

In order to prove Theorem 5.2, we consider a particular type of polyhedral decomposi-
tions of IR”, which we call to be a centered simplicial web.

5.2 Centered polyhedral web.

Definition 5.6. A centered simplicial web with N ordered compact chambers in R" is a polyhedral
decomposition of R" whose vertices are all trivalent, defined inductively on the number of compact
chambers as follows.

A centered simplicial web with zero compact chamber is the polyhedral decomposition given by
the fan of IP", up to an affine linear isomorphism in GL(n, R) x R".

Now suppose the notion of a centered simplicial web with N ordered compact chambers has
been defined, which has exactly (n + 1) non-compact rays (which we call the outer rays), whose
corresponding infinite lines intersect at exactly one point called the N-th center that lies in the
union of the N compact chambers. Moreover, the web is required to have (n + 1) non-compact
chambers; each non-compact chamber is adjacent to n outer rays and opposite to the remaining one
outer ray. (‘Opposite” here means that the non-compact chamber is disjoint from the corresponding
outer ray, whose infinite line intersects the chamber at a half-line.) The outer rays are one-to-one
corresponding to their opposite non-compact chambers.

A centered simplicial web with (N + 1) ordered compact chambers is defined as follows. First,
take a centered simplicial web with N ordered compact chambers. Second, we choose a non-compact
chamber, and denotes the direction of its opposite ray by a non-zero vector v. Third, we take an
affine hyperplane which intersects all the relative interior of the n adjacent rays of the non-compact
chamber. This bounds a new compact chamber and the intersection points V; are the new vertices.
Finally, we choose the (N + 1)-th center to be cy+1 = cN — tv, where c is the N-th center, and
t € R~q is taken such that cn1 lies in the union of the compact chambers (including the new
one). Then we have n new rays emanated from the vertices V; whose infinite lines pass through
cN+1. This gives a new web with (N + 1) ordered compact chambers, and it still has (n + 1)
non-compact chambers, each of which is adjacent to n outer rays and opposite to one outer ray.

See Figure 10 for some examples of centered simplicial webs in IR?.
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FiGure 10. Examples of centered simplicial web in IR?. They have zero,one,
and two compact chambers respectively.

From the above definition, there is a one-to-one correspondence between the cen-
ters and compact chambers. Moreover, the (k + 1)-th compact chamber Ci 1 (for k =
1,...,N —1) is associated with a one-strata of the web, which is a subset of the opposite
ray of the non-compact chamber containing Cy in the (k + 1)-th inductive step. Further-
more, both the k-th and (k + 1)-th centers lie in the infinite line of the associated 1-strata
of Ck+1.

Remark 5.7. The above notion is closely related to tropical subvarieties. In the tropical context,
there is an integral structure on the ambient space and the balancing condition (whose definition
requires the integral structure) is imposed on each vertex of a tropical variety. However, we do not
have an integral structure here, since o¢ is defined on the universal cover C* rather than (C*)?
(see Corollary 4.2 and Example 4.4). It means affine linear maps are taken over R rather than over
Z.. Instead of the balancing condition, we impose the notion of centers in the above definition.

Theorem 5.8. Given a centered simplicial web A with N ordered compact chambers in R", there
exists an affine-linear embedding L : R" — RY, where d = n + N, such that the L-preimage of
the fan of P4 in R? equals to the web A.

Proof. We shall prove the following statement: given a centered simplicial web A with
N = 1 compact chambers in IR", there exists a centered simplicial web B with N —1 com-
pact chambers in R"*! such that the intersection of R” =~ R” x {0} with B equals to A.
Then by applying this statement N times, we obtain a web B(N) with zero compact cham-
ber in R"*N whose intersection with R” x {0} gives A. By an affine linear isomorphism
on RN, B(N) is identified with the fan of P"*N. The required map L is given by the
composition of the inclusion R" x {0} = R"*N with this linear isomorphism.

The above statement is proved by induction on N. First consider the case N = 1.
We take a point V away from R" x {0} < R"*!. Then we take a cone at V over the
compact simplicial chamber of A. Moreover, the line joining V with the given center
of A intersects with the complement of the cone and produces a ray emanated from V.
This gives a simplicial web in R"*! with no compact chamber, whose intersection with
R" x {0} is exactly A. (See Figure 11.)

Now suppose it is true for N. Consider a centered simplicial web A in R" =~ R" x
{0} with N + 1 ordered compact chambers. We can take away the (N + 1)-th compact
chamber C = Cy41 (and forget the corresponding center cy.1) and obtain a centered
simplicial web A’ with N compact chambers. By inductive hypothesis, there exists a
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centered simplicial web B’ in R"*! with N — 1 compact chambers whose intersection
with R" x {0} gives A’.

The compact chamber C of A is contained in a non-compact chamber C' of A’, which
is the intersection of R" x {0} with a non-compact chamber D’ of B’. C’ is opposite to an
outer ray R of A’, which is the intersection of R" x {0} with a non-compact 2-plane P of
B’. Note that the last two centers cﬁ and cf] 41 of A are contained in the line of R, and
hence contained in the infinite 2-plane of P. Consider the two rays of B that are adjacent
to P. Denote the one which is opposite to the chamber D’ by L. The other one is denoted
by L', which must be adjacent to D'.

Now we construct a web B in R"™! whose intersection with R" x {0} gives A. A point
V in the relative interior of the ray L' is taken to be a new vertex. Consider the line passing
through V and the last center ¢4 +1- This line lies in the infinite 2-plane of P. Thus for a
generic choice of V, it must intersect with the infinite line of L at a point, which we shall
define as the new center c& for B. V is taken far away enough in the ray L’ so that the
intersection point c& equals to c§_; — v for some vector v in the direction of L.

Consider the n outer rays of A’ that are adjacent to the chamber C'. They are the
intersections of R"” x {0} with the corresponding n outer-2-planes of B’ that are adjacent
to L. The last chamber C of A is formed by the hyperplane through the vertices taken in
the relative interior of the n outer rays of A’. The lines joining V to these vertices in A
lie in the outer-2-planes of B/, and hence intersect with the corresponding outer rays of
B’ at certain points, which we take to be new vertices of B. The hyperplane through V
and these new vertices bounds a new chamber. The lines joining c¥; with the new vertices
produce the outer rays of the new web B. This gives B whose intersection with R” x {0}
equals to A. O

FiGure 11. Construction of a tropical web with zero compact chamber
whose intersection with a hyperplane equals to a given tropical web with
one compact chamber.

The inductive step in the above proof is illustrated by Figure 12.

Next, we consider polytopes rather than simplices and the corresponding webs formed
from polytopes. Motivated from the well-known fact below, we define a centered polyhe-
dral web to be the intersection of a centered simplicial web with an affine subspace.

Proposition 5.9. For a polytope P with m facets in R" where m > n + 1, there exists a simplex
S in R~ such that S ~ (R" x {0}) = P (where R" is identified with R" x {0}).
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Ficure 12. Construction of a tropical web with 3 compact chambers whose
intersection with a hyperplane equals to a given tropical web with 2 com-
pact chambers.

The simplex S in Proposition 5.9 can be constructed as follows. Without loss of general-
ity suppose 0 € P. Consider the dual polytope PV = {v e (R")* : (v,v) <1 for all v € P},
which is the convex hull of its vertices v; for i = 1,...,m. Then we have a surjective map
from the standard simplex S¥ = {3} a;€f € (RZ)* : >};a; = 1} (where {¢} : i =1,...,m}
is the standard basis) to P by sending € to v;. S in the affine subspace {}; 2; = 1} can
be identified as a simplex in (RZ; 1)* by the projection along the direction — 3 ;¢;. Then
the dual linear map gives the desired linear injection R” — R™~! which sends P into S.
By composing with a linear isomorphism, the image of R” can be made to be R" x {0}.

As a result, a centered polygonal web with one compact chamber (which is constructed
by taking a polygon with a chosen center ¢ and outer rays at vertices whose lines pass
through c) can be obtained as an intersection with R” x {0} of a centered simplicial web
with one compact chamber in R”~! (where m is the number of non-compact chambers).
See the left of Figure 13 for an example.

F1GUre 13. The left shows an example of a polyhedral web with one com-
pact chamber, which is given as an intersection of a simplicial web with a
subspace. The right two figures show a concentric simplicial and a polyg-
onal web.
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The following degenerate configuration will be helpful. In Definition 5.6, suppose we
take all the centers to be the same. Moreover, suppose the new hyperplane introduced to
bound a new chamber is allowed to intersect the outer rays at the original vertices (rather
than their relative interior). Then we can construct the following configuration.

Definition 5.10. Let’s take (n + 1) rays emanated from 0 € R", such that any n of them are
linearly independent. For each ray, we take a sequence of distinct points V; (wherei =1,...,n+
1 is indexing the ray) such that V; 1 — V; is pointing in the ray direction. Then for each k > 0,
we take a simplex with vertices at Vi fori =1,...,n + 1. This gives a polyhedral decomposition
of R". This is called a concentric simplicial web.

By taking an intersection of the above degenerate simplicial configuration with a sub-
space (that passes through the center 0), we get a configuration made from a sequence
of polytopes whose vertices lie in a fixed collection of p rays, where p is the number of
vertices of each polytope. We call this a concentric polyhedral web. See the right of Figure
13.

5.3 Proof of the approximation theorem. We are now ready to prove Theorem 5.2.

Proof of Theorem 5.2. For any § > 0, we can take a concentric polyhedral web B in R%,
such that for every chamber C of B, C n K is contained in a J-ball. B is constructed
as follows. Without loss of generality, let K 5 0. First, we take a polytope P that lies
in a d-ball centered at 0 € R™. P induces a subdivision on the unit sphere S%~! by
projecting its boundary strata onto S#171. P is taken with sufficiently many vertices such
that the induced subdivision on the unit sphere %1~ lies in a ¢&'-ball for a chosen ¢’. By
Proposition 5.9, P = S n (R% x {0}) for some simplex S in R"~! where m is the number
of facets of P. We take 0 € S to be the center. Then we take rays from 0 through the
vertices of S and construct a concentric simplicial web. Since K is compact, by taking
0" sufficiently small, and the sequences of vertices in the rays sufficiently close to each
other, the resulting concentric polyhedral web B can be made such that every chamber
intersects K in a J-ball.

Next, we take a centered simplicial web A in R~ whose centers are chosen suffi-
ciently close to each other, and the vertices in the inductive steps are taken such that
A n K is sufficiently close B n K. Namely, for every chamber C of A, C n K lies in the
d-neighborhood of C’ n K for the corresponding chamber C’ of B. In particular, C n K is
contained in a 26-ball.

By Theorem 5.8, there exists L’ : R™1 — R% such that A is the L’ -preimage of the fan
Tpi,. By composing L' with R% x {0} = R™~!, we obtain L : R — RR% such that for
every maximal cone S; of Xpa,, L71(S;) n K lies in a (26)-ball.

Since f is uniformly continuous in K, for every € > 0, § can be taken such that |f(x) —
f(y)] < € for every x,y € K lying in a 2é-ball. In particular, we have a step function
s = >, rcdc supported over A (where dc(x) = 1 for x € C and 0 otherwise, and C are
chambers of A) such that |f —s|2(x) < €4/Vol(K).

We have the step function ¢, which sends the interior of the maximal cones S; of X4,
toe fori = 0,...,dy, where ¢¢9 = 0. (See Example 5.4.) The cone S; corresponds to
chambers L~1(S;) of A under L. Since {e; —eg:i = 1,...,d>} forms a basis, there exists
a unique affine linear map W : R% — R% which sends e; to rL-1s;) foralli =0,...,d>.
Thus s = Wr o0, 0 L.

Finally, by Corollary 5.5, there exists t » 0 such that |IW,o00; — Wy 004,| < €/2 On
L(K) — U, where U is an arbitrary open neighborhood of the codimension-one strata
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of Lps. Moreover, |W; 0 0; — W, 00 is bounded. Hence by taking Vol(L~Y(U) n K)
sufficiently small, we have [Wy 00t 0L — Wz 00y 0 Lf|12(x) < €. In conclusion, |[Wa o0 o
(tL) = flizy < [Waooo(tL) = Wao 0w o Llpak) + [Wa 00w 0 L — f[12(k) can be made
arbitrarily small. O
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