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Incremental Temporal Logic Synthesis of Control Policies for Robots
Interacting with Dynamic Agents

Tichakorn Wongpiromsarn, Alphan Ulusoy, Calin Belta, Emilio Frazzoli and Daniela Rus

Abstract— We consider the synthesis of control policies from
temporal logic specifications for robots that interact with
multiple dynamic environment agents. Each environment agent
is modeled by a Markov chain whereas the robot is modeled by
a finite transition system (in the deterministic case) or Markov
decision process (in the stochastic case). Existing results in
probabilistic verification are adapted to solve the synthesis
problem. To partially address the state explosion issue, we
propose an incremental approach where only a small subset of
environment agents is incorporated in the synthesis procedure
initially and more agents are successively added until we hit the
constraints on computational resources. Our algorithm runs in
an anytime fashion where the probability that the robot satisfies
its specification increases as the algorithm progresses.

I. INTRODUCTION

Temporal logics [1], [2], [3] have been recently employed
to precisely express complex behaviors of robots. In partic-
ular, given a robot specification expressed as a formula in
a temporal logic, control policies that ensure or maximize
the probability that the robot satisfies the specification can
be automatically synthesized based on exhaustive exploration
of the state space [4], [5], [6], [7], [8], [9], [10], [11], [12].
Consequently, the main limitation of existing approaches for
synthesizing control policies from temporal logic specifica-
tions is almost invariably due to a combinatorial blow up
of the state space, commonly known as the state explosion
problem.

In many applications, robots need to interact with exter-
nal, potentially dynamic agents, including human and other
robots. As a result, the control policy synthesis problem
becomes more computationally complex as more external
agents are incorporated in the synthesis procedure. Consider,
as an example, the problem where an autonomous vehicle
needs to go through a pedestrian crossing while there are
multiple pedestrians who are already at or approaching the
crossing. The state space of the complete system (i.e., the
vehicle and all the pedestrians) grows exponentially with the
number of the pedestrians. Hence, given a limited budget of
computational resources, solving the control policy synthesis
problem with respect to temporal logic specifications may not
be feasible when there are a large number of pedestrians.

In this paper, we partially address the aforementioned issue
and propose an algorithm for computing a robot control
policy in an anytime manner. Our algorithm progressively
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computes a sequence of control policies, taking into account
only a small subset of the environment agents initially and
successively adds more agents to the synthesis procedure in
each iteration until the computational resource constraints
are exceeded. As opposed to existing incremental synthesis
approaches that handle temporal logic specifications where
representative robot states are incrementally added to the
synthesis procedure [8], we consider incrementally adding
representative environment agents instead.

The main contribution of this paper is twofold. First, we
propose an anytime algorithm for synthesizing a control pol-
icy for a robot interacting with multiple environment agents
with the objective of maximizing the probability for the
robot to satisfy a given temporal logic specification. Second,
an incremental construction of various objects needed to be
computed during the synthesis procedure is proposed. Such
an incremental construction makes our anytime algorithm
more efficient by avoiding unnecessary computation and
exploiting the objects computed in the previous iteration.
Experimental results show that not only we obtain a rea-
sonable solution much faster, but we are also able to obtain
an optimal solution faster than existing approaches.

The rest of the paper is organized as follows: We provide
useful definitions and descriptions of the formalisms in the
following section. Section is dedicated to the problem
formulation. Section provides a complete solution to
the control policy synthesis problem for robots that interact
with environment agents. Incremental computation of control
policies is discussed in Section [V] Section [VI| presents
experimental results. Finally, Section concludes the paper
and discusses future work.

II. PRELIMINARIES

We consider systems that comprise multiple (possibly
stochastic) components. In this section, we define the for-
malisms used in this paper to describe such systems and
their desired properties. Throughout the paper, we let X*,
X% and X denote the set of finite, infinite and nonempty
finite strings, respectively, of a set X.

A. Automata

Definition 1: A deterministic finite automaton (DFA) is a
tuple A = (Q, X, 0, Ginit, F') where
o ( is a finite set of states,
e X is a finite set called alphabet,
d: @ XX — Q is a transition function,
Ginit € @ is the initial state, and
e 1 C @ is a set of final states.



We use the relation notation, ¢ — ¢ to denote §(q, w) = ¢'.

Consider a finite string ¢ = 0102...0, € X*. A run for
o in a DFA A = (Q, %, 9, ¢init, ) is a finite sequence of
states qoqi . .. ¢, such that gy = gini and gy — ¢ —>
@ = ... 2% g,. A run is accepting if ¢, € F. A string
o € ¥* is accepted by A if there is an accepting run of o
in A. The language accepted by A, denoted by L(.A), is the
set of all accepted strings of A.

B. Linear Temporal Logic

Linear temporal logic (LTL) is a branch of logic that can
be used to reason about a time line. An LTL formula is built
up from a set II of atomic propositions, the logic connectives
-, V, A and = and the temporal modal operators O
(“next”), O (“always”), & (“eventually”) and U (“until”).
An LTL formula over a set II of atomic propositions is
inductively defined as

p:="True|p|-@|oAp| Op|lpUp

where p € II. Other operators can be defined as follows:
PAY = (mpV), o = P = oV, Op = True U ¢,
and Oy = =g,

Semantics of LTL: LTL formulas are interpreted on infi-
nite strings over 2l Let 0 = 0go105 ... where o; € 2" for
all 4 > 0. The satisfaction relation |= is defined inductively
on LTL formulas as follows:

e 0 = True,
« for an atomic proposition p € I, o |= p if and only if
p € oo,
e 0 E —p if and only if o }£ o,
e 0 E 1 Ays if and only if o = ¢1 and o = oo,
e 0 E Oy if and only if o109 ... = ¢, and
e 0 = 1 U ¢y if and only if there exists j > 0 such
that 0041 ... = @2 and for all ¢ such all 0 < i < j,
0;0i41 .- ': P1.
More details on LTL can be found, e.g., in [1], [2], [3].
In this paper, we are particularly interested in a class of
LTL known as co-safety formulas. An important property of
a co-safety formula is that any word satisfying the formula
has a finite good prefix, i.e., a finite prefix that cannot
be extended to violate the formula. Specifically, given an
alphabet X, a language L C X“ is co-safety if and only
if every w € L has a good prefix x € X* such that
for all y € X% we have x -y € L. In general, the
problem of determining whether an LTL formula is co-
safety is PSPACE-complete [13]. However, there is a class
of co-safety formulas, known as syntactically co-safe LTL
formulas, which can be easily characterized. A syntactically
co-safe LTL formula over IT is an LTL formula over IT whose
only temporal operators are O, ¢ and U/ when written in
positive normal form where the negation operator — occurs
only in front of atomic propositions [3], [13]. It can be shown
that for any syntactically co-safe formula ¢, there exists a
DFA A, that accepts all and only words in pref(y), ie.,
L(A,) = pref(p), where pref(yp) denote the set of all
good prefixes for ¢ [9].

C. Systems and Control Policies

We consider the case where each component of the system
can be modeled by a deterministic finite transition system,
Markov chain or Markov decision process, depending on the
characteristics of that component. These different models are
defined as follows.

Definition 2: A deterministic finite transition system
(DFTS) is a tuple 7 = (S, Act, —, Sin4t, 11, L) where

« S is a finite set of states,

o Act is a finite set of actions,

e —C S x Act x S is a transition relation such that
for all s € S and o € Act, |Post(s,a)] < 1 where
Post(s,a) ={s' € S| (s,a,5") e—},

e Sinit € S is the initial state,

o Il is a set of atomic propositions, and

e L:S — 2 is a labeling function.

(s,a,8') €— is denoted by s —=+ s’. An action « is
enabled in state s if and only if there exists s’ such that
s = 5.

Definition 3: A (discrete-time) Markov chain (MC) is a
tuple M = (S, P, 1,1, II, L) where S, II and L are defined
as in DFTS and

e P:S xS —[0,1] is the transition probability function

such that for any state s € S, >, g P(s,5") = 1, and

o linit S — [0,1] is the initial state distribution

satisfying > ¢ linit(s) = 1.

Definition 4: A Markov decision process (MDP) is a tuple
M = (S, ACt,P,linit,H,L) where S, ACt, Linits II and L
are defined as in DFTS and MC and P : Sx Actx S — [0, 1]
is the transition probability function such that for any state
s € S and action a € Act, ), g P(s,a,5") € {0,1}.

An action « is enabled in state s if and only if
Y ses P(s,a,8") = 1. Let Act(s) denote the set of enabled
actions in s.

Given a complete system as the composition of all its
components, we are interested in computing a control policy
for the system that optimizes certain objectives. We define a
control policy for a system modeled by an MDP as follows.

Definition 5: Let M = (S, Act,P,1;n:,1I,L) be a
Markov decision process. A control policy for M is a
function C : ST — Act such that C(sos1 ... s,) € Act(sy)
for all s981...8, € ST.

Let M = (S, Act,P, 10,11, L) be an MDP and C :
St — Act be a control policy for M. Given an initial
state sg of M such that 1;,,;:(so) > 0, an infinite sequence
7"5{4 = $0S1... on M generated under policy C is called
a path on M if P(s;,C(sps1...8;),8:41) > 0 for all 1.
The subsequence sgsi...s, where n > 0 is the prefix
of length n of r§,. We define Paths§, and FPaths$,
as the set of all infinite paths of M under policy C and
their finite prefixes, respectively, starting from any state sg
with 1;,,:¢(s9) > 0. For sos1...8, € FPathsfw we let
Paths$,(s0s1 - . . s, denote the set of all paths in PathsS,
with the prefix sgsq ... Sp,.

The o-algebra associated with M under policy C is defined
as the smallest o-algebra that contains PathsS(75,) where



fﬁ/[ ranges over all finite paths in FPaths?w It follows
that there exists a unique probability measure Prfw on the
o—algebra associated with M under policy C where for any
8081 ...8, € FPathsf\,t,

PrﬁA{PathSﬁA(sosl ce Sn)} =
Linit(S0) H0§i<n P(s:,C(5081 - --8i), Sit1)-

Given an LTL formula ¢, one can show that the set
{s0s1... € PathsS, | L(s0)L(s1)... = ¢} is measurable
[3]. The probability for M to satisfy ¢ under policy C is
then defined as

Pri,(¢) = PrS{sosi ... € PathsS, | L(so)L(s1)... = ¢}.

For a given (possibly noninitial) state s € S, we let
M? = (S, Act,P,1},,, 11, L) where 1}, (t) = 1if s = t and
13, (t) = 0 otherwise. We define Prl,(s = ¢) = Pri,.(¢)
as the probability for M to satisfy ¢ under policy C, starting
from s.

A control policy essentially resolves all nondeterministic
choices in an MDP and induces a Markov chain M that
formalizes the behavior of M under control policy C [3]. In
general, M contains all the states in ST and hence may
not be finite even though M is finite. However, for a special
case where C is memoryless, it can be shown that M can
be identified with a finite MC.

Definition 6: Let M = (S, Act,P,1;n:,1I,L) be a
Markov decision process. A control policy C on M is
memoryless if and only if for each sequence spsi...S,
and tgty...t, € ST with s, = t,,, C(5081...8,) =
C(toty .. .tm). A memoryless control policy C can be de-
scribed by a function C : S — Act.

III. PROBLEM FORMULATION

Consider a system that comprises the plant (e.g., the robot)
and N independent environment agents. We assume that at
any time instance, the state of the system, which incorporates
the state of the plant and the environment agents, can be
precisely observed. The system can regulate the state of the
plant but has no control over the state of the environment
agents. Hence, we do not distinguish between a control
policy for the system and a control policy for the plant and
refer to them as a control policy in general, as there is no
confusion that in both cases, only the state of the plant can
be regulated and both the system and the plant can precisely
observe the current state of the complete system. Hence, even
though a control policy may be implemented on the plant, it
may be defined over the state of the complete system.

We assume that each environment agent can be modeled
by a finite Markov chain. Let M; = (S;, P;, 1init i, 11;, L;)
be the model of the ¢th environment agent. The plant is
modeled either by a deterministic finite transition system or
by a finite Markov decision process, depending on whether
each control action leads to a deterministic state transition.
We use T to denote the model of the plant and let 7 =
(So, Act,—, Sinit.0, 1o, Lo) for the case where T is a
DFTS and T = (So, Act, Po,1init.0, o, L) for the case
where 7 is an MDP. For the simplicity of the presentation,

we assume that for all s € Sy, Act(s) # 0. In addition, we
assume that all the components 7, My, Mo, ..., My in the
system make a transition simultaneously, i.e., each of them
makes a transition at every time step.

Example 1: Consider a problem where an autonomous
vehicle (plant) needs to go through a pedestrian crossing
while there are NV pedestrians (agents) who are already at or
approaching the crossing. Suppose the road is discretized into
a finite number of cells cg, cs, ..., cpr. The vehicle is mod-
eled by either a DFTS T = (S, Act, —, Sinit,0, 1o, Lo)
or an MDP T = (Sy, Act, Po, Linit,0, o, Lo) whose state
5 € Sy describes the cell occupied by the vehicle and whose
action o« € Act corresponds to a motion primitive of the
vehicle (e.g., stop, accelerate, decelerate). If each motion
primitive leads to a deterministic change in the vehicle’s
state, then 7 is a DFTS. Otherwise, 7 is an MDP. The
motion of the ith pedestrian is modeled by an MC M, =
(Si, Piyvinie,i, II;, L;) whose state s € .S; describes the cell
occupied by the ith pedestrian. The labeling function L;, 7 €
{0,..., N} essentially maps each cell to its label, indexed
by the agent ID, i.e., L;i(c;) = ¢} for all j € {0,... M}.

Control Policy Synthesis Problem: Given a system
model described by 7, M1, ..., My and a syntactically co-
safe LTL formula ¢ over I1Io UIl; U... U Ily, we want to
automatically synthesize a control policy that maximizes the
probability for the system to satisfy .

Example 2: Consider the autonomous vehicle problem
described in Example [I] and the desired property stating
that the vehicle does not collide with any pedestrian until
it reaches cell cps (e.g., the other side of the pedestrian
crossing). In this case, the specification ¢ is given by ¢ =

—|\/i>17j>0(c? A 03)) U ;. Using simple logic manipu-
lation, it can be checked that @ is a co-safe LTL formula.

IV. CONTROL POLICY SYNTHESIS

We employ existing results in probabilistic verification and
consider the following 3 main steps to solve the control
policy synthesis problem defined in Section [III}

1) Compute the composition of all the system components
to obtain the complete system.

2) Construct the product MDP.

3) Extract an optimal control policy for the product MDP.

In this section, we describe these steps in more detail
and discuss their connection to our control policy synthesis
problem described in Section

A. Parallel Composition of System Components

Assuming that all the components of the system make a
transition simultaneously, we first construct the synchronous
parallel composition of all the components to obtain the com-
plete system. Synchronous parallel composition of different
types of components is defined as follows.

Definition 7: Let M = (Sl,P1,linit71,H1,L1) and
My = (S2,Pa,1init,2, 112, Ly) be Markov chains. Their
synchronous parallel composition, denoted by M, || Mo, is
the MC M = (Sl X 52, PalinihHl U Hg, L) where:



e For each s1,¢f € S; and so,8f, € 9o,
P((s1,52),(s1,55)) = P1(s1, 51)Pa(s2, 55).

e For each sy € S and s, € So, 1init(<81752>) =

1z‘m‘t,1(Sl)lim‘t,Q(SQ)-

o For each s; € S; and sy € Sy, L({s1,52)) = L(s1) U

L(SQ).

Definition 8: Let T; = (51, Act,—>, Sinit, 111, L1) be
a deterministic finite transition system and M5
(S2, P2, 1init2, 12, L) be a Markov chain. Their syn-
chronous parallel composition, denoted by 77||Ma, is the
MDP M = (Sl X Sy, Act, P, 1554, 111 U HQ,L) where:

e For each s1,8] € Sy, $2,8, € Sy and o € Act,
P((s1,52),, (s],55)) = Pa(sq,sh) if s, — s} and
P((s1,s2), , (s, s5)) = 0 otherwise.

e For each s, € S5, 1init(<8init752>) = limtg(Sg) and
1init(<51752>) =0 for all s; € S\ {Sinit}~

o For each s; € S7 and s5 € S5, L(<81,82>) = L(Sl) U
L(Sz).

Definition 9: Let M = (Sl,ACt,Pl,limt71,H1,L1) bea
Markov decision process and Mo = (Sa, P, 1init.2, 2, L2)
be a Markov chain. Their synchronous parallel composi-
tion, denoted by M;||Ms, is the MDP M = (S; x
SQ,ACt, Palinit7H1 @] HQ, L) where:

o For each s1,s] € Sy, s2,8, € Sy and o € Act,
P(<51a 52>’ a, <S,17 Sl2>) = P1(51,Oz, 5/1)P2(527 Sl2>

e For each s; € S; and sy € Sa, 1mit((s1,52)) =
Linit,1(51)linit,2(52)-

o For each s; € Sy and sy € Sy, L({s1,s2)) = L(s1) U
L(Sg).

From the above definitions, our complete system can
be modeled by the MDP T|M,]|...|[My, regardless of
whether 7 is a DFTS or an MDP. We denote this MDP by
M= (S, ACt,P,li"it,H,L).

B. Construction of Product MDP

Let A, = (Q,2",6, ginit, F') be a DFA that recognizes
the good prefixes of ¢. Such 4, can be automatically
constructed using existing tools [14]. Our next step is to
obtain a finitt MDP M,, = (S,, Act,, Pp, 1 init, @, Lp) as
the product of M and A, defined as follows.

Definition 10: Let M = (S, Act,P,1;::,11,L) be an
MDP and let A = (Q, 2", 3, ginit, F) be a DFA. The product
of M and A is the MDP M, = M ® A defined byﬂ
M, = (Sp, Act,Pp, 1, init, I, L,) where S, = S x @ and
L,((s,q)) = L(s). P, is defined as

Pp(<57 q>7 «, <S,7 q/>)
if ¢ = 6(q, L(s'))
0 otherwise
(1)

where P,((s,q),a, (s',¢")) = P(s,a,5'). For the rest of
the paper, we refer to P, : .S, x Act x S, — [0,1] as the

Pp(<‘97 q>>a7 <Sla q/>) =

'We slightly modify the definition of atomic propositions and labeling
function of the product MDP from the definition often used in literature to
facilitate incremental construction of product MDP, which is explained in

Section

intermediate transition probability function for M, Finally,

if ¢ = 0(qinit, L(s))
otherwise

2
where 1, ;i ((S, ¢)) = 1init(s). For the rest of the paper, we
refer to 1 init : Sp — [0, 1] as the intermediate initial state
distribution for M,,.

Stepping through the above definition shows that given
a path rf\flp = (s0,90)(s1,4¢1) ... on M, generated under
some control policy Cp, the corresponding path spsp ... on
M generates a word L(sg)L(s1)... that satisfies ¢ if and
only if there exists n > 0 such that g, € F' (and hence
qo¢1 - - - gn is an accepting run on A,), in which case we
say that rjc\ftp is accepting. Therefore, each accepting path
of M,, uniquely corresponds to a path of M whose word
satisfies . In addition, a control policy C, on M, induces
the corresponding control policy C on M. The details for
generating C from C, can be found, e.g. in [3], [10].

Based on this argument, our control policy synthesis
problem defined in Section [III] can be reduced to computing
a control policy for M, that maximizes the probability of
reaching a state in B, = {(s,q) € S, | ¢ € F}.

1p,init(<8,q>) = { Bp7i”it(<qu>)

C. Control Policy Synthesis for Product MDP

For each s € S, let z, denote the maximum probability
of reaching a state in B,, starting from s. Formall, x;, =
supe Prf\/lp (s = ©B,), where, with an abuse of notation,
B, in ¢B, is a proposition that is satisfied by all states
in B,,. There are two main techniques for computing the
probability =, for each s € S,: linear programming (LP) and
value iteration. LP-based techniques yield an exact solution
but it typically does not scale as well as value iteration.
On the other hand, value iteration is an iterative numerical
technique. This method works by successively computing the
probability vector (xgk))segp for increasing k > 0 such that
limg_ 0o xsk) =z, for all s € S,. Initially, we set xgo) =1
if s € B, and 2°) = 0 otherwise. In the (k -+ 1)th iteration
where k > 0, we set

1 if s € B,
Z P,(s,a, t)xgk) otherwise.
tes,

Jﬂngrl) max

a€Acty(s)

3)

In practice, we terminate the computation and say
that xsk) converges when a termination criterion such as
maXges, |xgk+1) - xgk)| < € is satisfied for some fixed
(typically very small) threshold e.

As discussed in [15], [16], decomposition of M, into
strongly connected components (SCC) can help speed up
value iteration. C' C S, is an SCC of M, if there is a
path in M, between any two states in C' and C' is maximal
(i.e., there does not exist any C C S such that C' C C and
C' is an SCC). The algorithm proposed in [17] allows us to
identify all the SCCs of M, with time and space complexity
that is linear in the size of M,,.



The SCC- based value iteration Works as follows. First
we set x( ) — 1if s € B, and xg =0 otherwise

Next, we identify all the SCCs C ,C’nj\{t P of ./\/l

From the definition of SCC, we get that C N C’
0,Vi # j and |J, CM” = . For each SCC C*'7, we deﬁne
Succ(CiM") CSp\ Ci ” to be the set of all the immediate

successors of states in C; ° that are not in C’ ?. A (strict)
partial order, <y, among C .76’7/:1 P can be defined
such that CJMP <M, Ci if Succ(C )ﬂC’ ? £ (). (Note
that from the definition of SCC and Succ, there cannot be
cyclic dependency among SCCs; hence, such a partial order
can always be defined.)

An important property of SCCs and their partial order that
we will exploit in the computation of the probability Vector
(75)ses, is that the probability values of states in C’
can be affected only by the erobabﬂrty values of states in

Cl- ? and all C ? <m, C; 7. Thus, our next step is to
generate an order oM among C ..,C’T/,\{l ? such that
C’éM” appears before Cj ? in (O)MP 1f C’Z-MP <M, CJM"
We can then process each SCC separately, according to the
order in QM>, smce the probability values of states in C’
that appears after C ? in @M~ cannot affect the probablhty
values of states in C’ ?. Processing of SCC CiM
at the kth iteration where all 1'( ) se CiM P converges. Let
x5 be the value to which x( ) converges. When processing
C’iM , we exploit the order in Q> and existing values of
xy forall ¢ € Succ(C’Mp) to determine the set of s € C’iMp
where ;1:( +1) needs to be updated from xg ). The formula
in 1 replaced by x; for all t € Succ(C’Z-Mp) can
be used to update those xgkﬂ). We refer the reader to [15],
[16] for more details.

P terminates

) with x

Note that computation of an order QM requires O(|S,|?)
time. Thus, the pre-computation required by the SCC-based
value iteration can be computationally expensive, unless all
the SCCs of M, and an order QM> are provided a-priori.
As a result, the SCC-based value iteration may require more
computation time than the normal value iteration, if the pre-
computation time is also taken into account.

Once the vector (z,)scs, is computed a memoryless
control policy C such that for any s € S, Pr{(s = ©B,) =
z, can be constructed as follows. For each state s € S,
let Act**(s) C Acty(s) be the set of actions such that
for all a € Act}(s), x5 = > ,cg P(s,, t)z;. For each
s € S, with x4, > 0, let ||s|| be the length of a shortest
path from s to a state in B, using only actions in Act;'®.
C(s) € Acty®®(s) for a state s € S, \ By with 75 > 0 is
then chosen such that P,(s,C(s),t) > 0 for some ¢ € S,
with [|t]| = ||s|| — 1. For a state s € S, with ;s = 0 or a
state s € By, C(s) € Act,(s) can be chosen arbitrarily.

%In the original algorithm, all the states s € Sp, with x5 = 1 and all the
states that cannot reach B}, under any control policy need to be identified but
it has been shown in [16] that this step is not necessary for the correctness
of the algorithm.

V. INCREMENTAL COMPUTATION OF CONTROL POLICIES

Automatic synthesis described in the previous section
suffers from the state explosion problem as the composition
of 7 and all My,..., My needs to be constructed, leading
to an exponential blow up of the state space. In this section,
we propose an incremental synthesis approach where we
progressively compute a sequence of control policies, taking
into account only a small subset of the environment agents
initially and successively add more agents to the synthesis
procedure in each iteration until we hit the computational
resource constraints. Hence, even though the complete syn-
thesis problem cannot be solved due to the computational
resource limitation, we can still obtain a reasonably good
control policy.

A. Overview of Incremental Computation of Control Policies

Initially, we consider a small subset M C
{My,...,My} of the environment agents. For each
M; = (Si,Pistiniti, i, Li) ¢ My, we consider a

simplified model M, that essentially assumes that the
ith environment agent is stationary (i.e., we take into
account their presence but do not consider their full model).
Formally, M, = ({si},f’z,Lm“,Hl,i) where s; € S;
can be chosen arbitrarily, P;(s;,s;) = 1, Tins,i(s;) = 1 and
L(sz) = L;(s;). Note that the choice of s; € S; may affect
the performance of our incremental synthesis algorithm;
hence, it should be chosen such that it is the most likely state
of M;. We let Mg = {M; | M; € {M1,... Mn}\My}.

The composition of 7, all M; € My and all M j € M, is
then constructed. We let MMo be the MDP that represents
such composition. Note that since M, is typically smaller
M, MMo is typically much smaller than the composition
of T,M;y,..., My. We identify all the SCCs of MMo
and their partial order. Following the steps for synthesizing
a control policy described in Section we construct
Mg/lo = MMo g A, where A, = (Q,2",8, qinit, F) is
a DFA that recognizes the good prefixes of . We also
store the intermediate transition probability function and the
intermediate initial state distribution for ./\/lg/IO and denote
these functions by PM‘J and 1 1p it Tespectively.

At the end of the initialization period (i.e., the Oth it-
eration), we obtain a control policy CMo that maximizes
the probability for MMo to satisfy ¢. CMo resolves all
nondeterministic choices in M™?¢ and induces a Markov
chain, which we denote by ME/IN?O

Our algorithm then successively adds more full models of
the rest of the environment agents to the synthesis procedure
at each iteration. In the (k + 1)th iteration where k& >
0, we consider My,; = My U {M;} for some M, €
{My, ..., My} \ Mk Such M; may be picked such that
the probablhty for MM oM, | [ M to satisfy ¢ is the minimum
among all M; € {Mj,..., My} \ My. This probability
can be efficiently computed using probabilistic verification
[3]. (As an MC can be considered a special case of MDP
with exactly one action enabled in each state, we can easily
adapt the techniques for computing the probability vector of
a product MDP described in Section to compute the



probability that /\/l 2, || M satisfies ¢.) We let M1 =
M \ {M;} and let /\/lM’C+1 be the MDP that represents
the composition of 7T, all M; € Mj,; and all ./\/l €
M. 1. Next, we construct ./\/lM"+1 MM+t @ A, and
obtain a control policy CM#++1 that maximizes the probability
for MMr+1 to satisfy . Slmllar to the initialization step,
during the construction of Mp k+1 we store the intermediate
transition probability function and the intermediate initial
state distribution for M}YI " and denote these functions by
Py and 1 i Mii1 | respectively.

The process outlined in the previous paragraph terminates
at the Kth iteration where Mg = {My,..., My} or
when the computational resource constraints are exceeded.
To make this process more efficient, we avoid unnecessary
computation and exploit the objects computed in the previous
iteration. Consider an arbitrary iteration k& > 0 In Section
we show how ./\/lM'“+1 ISM’““, and 1, l’;;;; can be
incrementally constructed from MM’“ PMk and 12/5’;”,5.
Hence, we can avoid computing MM’“H In addition, as
previously discussed in Section [IV-C| generating an order
of SCCs can be computationally expensive. Hence, we
only compute the SCCs and their order for MMo and all
M; € {My,...,Mn} \ My, which are typically small.
Incremental construction of SCCs of MM#+1 and their order
from those of MM# is considered in Section (Note
that we do not compute M™* but only maintain its SCCs
and their order, which are incrementally constructed using
the results from the previous iteration.) Finally, Section
describes computation of CM*, using a method adapted from
SCC-based value iteration where we avoid having to identify
the SCCs of Mg/[k and their order. Instead, we exploit the
SCCs of MM# and their order, which can be incrementally
constructed using the approach described in Section [V-C|

B. Incremental Construction of Product MDP

For an iteration k > 0, let M1 = My U {M;}
for some M; € {My,..., Mn} \ My. In general, one
can construct Mg/[‘“’“ by first computing MM#+1, which
requires taking the composition of a DFTS or an MDP with
N MCs, and then constructing MMt A,. To accelerate
the process of computing Mg/[k“ , we exploit the presence of
MMk its intermediate transition probability function f’g/[k
and intermediate initial state distribution 111>/I7,n2t’ which are
computed in the previous iteration.

First, note that a state s, of M%’Ik is of the form s, =
(s,q) where s = (sg,81,...,8Nn) € Sop X S1 X ... x Sy
and ¢ € Q. For s = (sg,81,...,8n) € Sp X S1 X ... X
Sy, ¢ € {0,...,N} and r € S;, we define s|;, =
(S04 ++38i—1,T8it1y-+-,SN), 1.€., S|icr is obtained by
replacing the ith element of s by 7.

Lemma 1: Consider an arbitrary iteration k& > 0. Let
Mk+1 =M, U {Ml} where M; € {Ml, .. MN} \Mk
Suppose Mk = (), Act)t PM’»,lezmt,HMk L)
and M; = (SlaPlvlinzt,hHl;Ll)

Assuming that for
any i,7 € {0,. N}Hﬂﬂfﬂ)then/\/lg/["”“:

(SMkJrl Ac th+1 PMk+1 M 41 HM’“ L11>/Ik+l)

s Ly imit where

S = sl a) | (s,q) € SMeandr € S},
Act;}/lk“ = Actg/[’“, Hl,y[k“ = Hg/l’“, and for any
s = (S0y..-,SN),8 = (s{,...,8N) € So x...Sy and
0,9 €
e Y (5, ), 0, (') =
Py " ((s,0), . (s, 4)
if ¢ = 8(q, Ly ((s',q')) >
0 otherwise
where the intermediate transition probability function
is given by
f)Mk+1 ’ _
p (< > <8 »q >) - (4)

P (s, 51)15,1)“’“«5, q); @, (8',4))

for any (3,q), (',¢') € SY* such that 5|, ,, = s and

§/|l(—52 = sls

M,

lp,il;:g; (<57 Q>) M
if q= 5(qinita Lp e (<S7 Q>))

0  otherwise

where the intermediate initial state distribution is given
by

My,
° lp,il;:gtl ((s,q)) =

~M ~Mp, ~
1p,i1:;gtl (<S, (]>) = Linit l(sl) 1y, 17sz(<$7 q>) ®)
for any (5,q) € Sp™ such that 5|, = s, and

o I ((s,0)) = (EM*((5,0)) \ La(1)) U Lilsa) for
any (3,¢) € Sy such that 5|l<—ﬂ =s.

Proof The correctness of Sp Mt 4 tM’“+1 Hg/l’““
and Lp ¥ is straightforward to verify. Hence we will only
provide the proof for the correctness of P, M+ and PM’““
The correctness of 1, l’;;;tl and 1, l’;:;tl can be proved in a
similar way.

Consider an arbitrary iteration k& > 0 and let MM
(SMr | ActMr PMe (Me TIMi [Miy  and  pMet
(SMk+1 ACtM"“ PMk+1 le+1 TIMk+1 LMk+l) It

) init

is obvious from the deﬁnmon of product MDP that
PMe+1 i correct as long as 152/[’““ is correct, i.e.,
Py ((s,q), o, (s, ¢)) PM’C“(s,a,s’) for all
(s,q),(s',q) € Sp™* and a € Actp"™**". Hence, we only
need to prove the correctness of PM’“+1

Assume that PB’I’* is correct, 1.e.,
f’g/[k(<s,q>,oz, (s',¢")) = PMk(s,a,s) for all
(s,q),(s',¢) € S and o € Acty™. Let | be the
index such that My, = My U {M,}. Consider arbitrary
(s,0),(s".¢) € SY™" and o € Acty™™'. Suppose
s = (sg,...,sn) and s’ = (s(,...,sy). Note that since
M, only contains one state, there exists exactly one
(3,q) € S)™ and exactly one (5,¢') € S}* such that
815, = s and 3|}y = s'. Since My, is the composition
of T, all M; € My, and all Mj € M, and since M, Z M,
and Py(-,-) = 1, it follows that if 7 is a DFTS, then

H Pi(si,s}) if so — sh

ie{1,.., N\ {1} )
0 otherwise

and if 7 is an MDP, then

PMk(§7a7‘§/) = PO(‘SO’O[’SI)) H
i1, N1}

PM: (3, 0,5) =

Pi(3i7 S;)



Thus, PMr+1(s, 0, 8') = Py(sy, s))PM*(5,a,§). Com-
bining this with (), we get

P ((s,q), a, (s',q))
=Py(s1, )Py ((5,9), 0, (7, ¢))
= Py(s;,5)PM* (3, a, )
=PMr+i(s 0, 8).

+1

By definition, we can conclude that 132/[ k+1 is correct. W

C. Incremental Construction of SCCs

Consider an arbitrary iteration £ > 0. Let [ be the index
of the environment agent such that M1 = M U{M;}. In
this section, we first provide a way to incrementally identify
all the SCCs of MM&k+1 from all the SCCs of M™* and
M. We conclude the section with incremental construction
of the partial order over the SCCs of MM?#+1 from the partial
order defined over the SCCs of MM+ and M.

Lemma 2: Let CM* be an SCC of MM* and C' be an
SCC of M; where My, 1 = M U{M;}. Suppose either of
the following conditions holds:

Cond 1: [CM#| =1 and the state in C™* does not have
a self-loop in MM,

Cond 2: [C'| = 1 and the state in C' does not have a
self-loop in M;.

Then, for any s € CM* and r € C', {s];_,.} is an SCC of
MMe+1 Otherwise, {s|;., | s € CMr r € C'} is an SCC
of MM+,

Proof:  First, we consider the case where Cond 1
or Cond 2 holds and consider arbitrary s € CM* and
r € C'. To show that {s|;.,} is an SCC of MMw+1,
we will show that there is no path from s/, to itself in
MMe+1 Since condition (1) or condition (2) holds, either
there is no path from s to itself in M™* or there is
no path from r to itself in C'. Assume, by contradiction,
that there is a path from s|;., to itself in MM#r+1, Let
this path be s|;.,,s!,s?,..., 5", s|;, where for each i €
{1,...,n}, s* = (s},...,s%). From the proof of Lemma
we get that PMe+1(s|, ., a, s1) = Py(r, s1)PMe (s, a, 81,
PMiti(s™ o, sljr) = Py(st,r)PMr(3", a,s) and
PMiti(st a, sH1) = Py(sh, s )PMr (3, a, 51) for all

a € ActMr+1 where for each i € {1,...,n}, & € SM»
s i
such that §'|;_; = s".
. 1 2 . .
Since  s|jp, s, 8% ..., 8", Sl is @ path in

MMet1 ] there exist ag,...,a, € Act™Mr+1 such
that PMe+1 (5|1, g, s1), PMit1(s™ ay, 8lier)s
PMi+1(st q; st > 0 for all i € {1,...,n}. Thus, it
must be the case that P;(r, s}), Py(s?,7), Py(si,si™!) > 0
and PM* (s, 81), PME(37, o, 5), PME(3 a, 5F1) > 0
for all i € {1,...,n}. But then, r,s},...,s",r is a path
in C! and s,3',...,5", s is a path in MM*, leading to a
contradiction.

Next, consider the case where both Cond 1 and Cond 2
do not hold. To show that CM#+1 = {5, . | s € CM*r r €
Cl} is an SCC of MMx+1 we need to show that for any
5,5 € CMr+1 and any s’ ¢ CMr+1, (1) there is a path in
MMe+1 from s to §, and (2) there is no path in MMk+1

either from s to s’ or from s’ to s. Both of these statements
can be proved by contradiction, using the same reasoning as
in the proof above for the case where either Cond 1 or Cond
2 holds. [ ]

We say that an SCC C™M#+1 of MM#+1 is derived from
(CMr 1), where CM* is an SCC of MMk and C! is an
SCC of M;, if CM#+1 ig constructed from CM+ and C!
according to Lemma [2| i.e., CMr+1 = {s|;, .} for some
s € CMr and r € C' if Cond 1 or Cond 2 in Lemma
holds; otherwise, CM#+1 = {s];._,. | s € CM* r € C'}.

Lemma 3: For each SCC CM#+1 of MMr+1 | there exists
a unique (CM*, C') from which CM#r+1 is derived.

Proof:  Similar to Lemma [I] it can be checked that
SMit1 = L)), | s € SMk and r € S;} is the set of states
of MM&k+1_ Consider an arbitrary SCC CM#+1 of MMe+1
and an arbitrary s = (sq,...,sy) € CMw+1,

By definition, for any arbitrary SCC C™* of M™* and
arbitrary SCC C! of M;, CM#+1 is derived from (CM#x, C1)
only if s; € C! and there exist s/ € CM# such that
§'|1—s, = s. But since M, contains exactly one state, there
exists a unique s* € SM* such that s'|;._s, = s. Also, from
the definition of SCC, there exist a unique SCC CMk of
MMk and a unique SCC C' of M; such that s’ € CM=
and s; € C'. Thus, it cannot be the case that CM++1 ig
derived from (CM#, C!) where CM» £ CMk or CF +# (.
Applying Lemma we get that there exists an SCC CMk+1
of MMe+1 that is derived from (C™* C!) and contains s.
Since s € CMr+1 and s € CMr+1 from the definition of
SCC, it must be the case that CMr+1 = CMe+1: thys, CMk+1
must be derived from (CM#, C1). [

Lemma 2] and Lemma [3| provide a way to generate all the
SCCs of MM#+1 from all the SCCs of M™* and M, as
formally stated below.

Corollary 1: The set of all the SCCs of MM#+1 is given
by

{CM#+1 derived from (CM*, C) |

CM: is an SCC of MM?* and C' is an SCC of M;}.

Finally, in the following lemma, we provide a necessary
condition, based on the partial order over the SCCs of MM#
and M, for the existence of the partial order between two
SCCs of MMi+1,

Lemma 4: Let C}™**' and Cy **' be SCCs of MMi+1,
Suppose C}*+' is derived from (CM* Cl) and C)™+!
is derived from (C™ CL) where O and O3 are
SCCs of MMt and C! and C} are SCCs of M. Then,
C;/Ik“ </\l/le+1 CY™ 1 only if CM* < m, CME and
C1 <m, Cs.

Proof: Consider the case where C’ivl < M
Y™+, By definition, Succ(Cy *+') N CY ' #£ ). Con-
sider a state s’ = (s},...,sy) € Succ(Cy™ 1) N O+
Since s’ € Suce(Cy "*'), there exists s = (sg,...,Sn) €
C;\/I’““ and a € ActMr+1 guch that PMr+i(s o, s") >
0. But from the proof of Lemma [} PMt+i(s a,s') =
P, (s, s;)PM~ (3, , §) where § and § are unique states in
SMk such that 3|, s, = s and 8|15 = s'. Thus, it must
be the case that P;(s;,s)) > 0 and PM*(3,a,5) > 0.



In addition, since C7 **" is derived from (C™M* CL) and
C’;VI 1 s derived from (C3™ CL), from Lemma and
Lemma [3| it must be the case that 3 6 Cyt, 5 € O,
51 € C5 and s € CL. Since 5 € CM ,§’ e CMx and
PMx (3, o, 8') > 0, we can conclude that 3 s 6 Succ(C’M’“)

C%VI’“, and therefore, by definition, C = My, CM

Similarly, since s; € C}, s, € C! and Pl(sl,s;) > 0, we
can conclude that s, € Succ(Ch) N C!L, and therefore, by
definition, C! <4, C}. u

D. Computation of Probability Vector and Control Policy for
Mg/[’“ from SCCs of MM&

Consider an  arbitrary iteration k > 0
and the associated product MDP /\/lg/[k
(SMe, ActMr PM’C,@/IZ’;M,H%’I’“,LZIYI’C). Similar to the

SCC- based value iteration, we want to generate a
partition {D}¥ ... DMr 1 of SMs with a partial
order = MM such that Dglj’“ = Mk D;\fli’““ if
Succ(DMk) Dl\flj’“ # (). However, we relax the condition
that each DIIYIZ’“,Z € {1,...,mg} is an SCC of M}** and

only require that if DZIXIZ-’“ contains a state in an SCC C;VI’C of
Mg/lk, then it has to contain all the states in C’;VI’C. Hence,
DM* may include all the states in multiple SCCs of MM,
The following lemmas provide a method for constructing
{D}\/I"‘,...,D}\fk’“} and their partial order from SCCs of
MM and their partial order, which can be incrementally
constructed as described in Section [V-C

Lemma 5: Let C)™ be an SCC of M}, Then, there
exists a unique SCC CM*» of MM+ such that )M C
CMr x Q.

Proof: This follows from the definition of product MDP
that for any s,s’ € SM* and ¢, ¢’ € Q, there is a path from
(s,q) to (s',q') in Mg/lk only if there is a path from s to s’
in MMk, ]

Lemma 6: Let CII,V[’“ and C’},\/Ik’ be SCCs of M%’["". Sup-
pose CMr and CM* are unique SCCs of MMk such
that CM’c C CMr x @ and C’}DVI’“ C CMk x Q. Then,
C’M’c = M C’p * only if CM* <\ i, CMk,

Proof This follows from the definition of product MDP
since for any (s, q) € Sp™, (5,q) € S} is a successor of
(s,q) in M} only if 5 is a successor of s in MM:. m

Lemma 7: Let CY™ ..., CM* be all the SCCs of MM
and for each i € {1,... ,mk} let Dzl)V[l" = CM* x Q. Then,
{Dp .- D;}/Ir’;k} is a partition of S})V[k In addition, the
following statements hold for all 4, € {1,...,my}.

o If DM’“ contains a state in an SCC CMk of M}k, then

it contams all the states in CMk
. Succ(D%k) DII)\’/I]" #0 only if CJM"' < gy, OME
Proof: Consider arbitrary i, € {1,...,my}. It follows
directly from Lemma |[5| that if DM’c contains a state in an
SCC C)M« of M}k, then it contams all the states in C)x.,
Next, cons1der the case where Succ(DM") DM" 7é 0.
Then, from Lemma there exist SCCs C . C DM" nd

C%" - Drj’“ of /\/lp * such that Succ(C;\g’“) CM’” #

AR
Ol | o

C3

Fig. 1. The road and its partition used in the autonomous vehicle example.

(). Thus, C'}lj\ﬁ»"' < M ka' Applying Lemma@ we get
CM* <, O [ ]

Applying Lemma we generate a  partition

{D)F,....DMs }  of  SMr  where for each
ie{l,...,mg}, DM’“fCM’“anndCf/I’“,..WCM;

are all the SCCs of MMk,
this partition is defined such that Dg[j’“

A partial order < m, over
p

My 41
=AM Dy

if CM’”‘ = My, CiM’“. Hence, an order (O)g/[’“ among
Dg{, . D;}/In’i% can be simply derived from the order of
C’,lxlkk, which can be incrementally constructed

based on Lemma l This order @M* has the property
that the probability values of states in D ;- that appears
after DMk in @yk cannot affect the probablllty values of
states in D .. Hence, we can follow the SCC-based value
iteration and process each D%’“ separately, according to
the order in Og/lk to compute the probability x, for all
s € Dllyll’“ Finally, we generate a memoryless control policy
CMx from the probability vector (. M, as described at

the end of Section [[V]

o)

VI. EXPERIMENTAL RESULTS

Consider, once again, the autonomous vehicle problem
described in Example [I] and Example 2] Suppose the road is
discretized into 5 cells co, ..., cq Where cs is the pedestrian
crossing area as shown in Figure|l| The vehicle starts in cell
co and has to reach cell c4. There are 5 pedestrians, modeled
by MCs My,..., Ms, initially at cell ¢;. The models of
the vehicle and the pedestrians are shown in Figure 2] A
DFA A, that accepts all and only words in pref(¢) where

(P =

First, we apply the LP-based, value iteration and SCC-
based value iteration techniques described in Section [[V] to
synthesize a control policy that maximizes the probability
that the complete system M = T||M||[Ma]|...||[Ms
satisfies ¢. The time required for each step of computation
is summarized in Table [ All the approaches yield the
probability of 0.8 that M satisfies ¢ under the synthesized
control policy. The comparison of the total computation time
required for these different approaches is shown in Figure
Ml As discussed in Section although the SCC-based
value iteration itself takes significantly less computation time
than the LP-based technique or value iteration, the time
spent in identifying SCCs and their order renders the total

“Vis150(c] A c;)) U ¢ is shown in Figure [3
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Fig. 2. The models of vehicle and pedestrians.
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Fig. 3. A DFA Ay, that recognizes the prefixes of ¢ = —col U cg where
col is defined as col =/, j>0(c§.’ Ac%). qu is the accepting state.
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computation time of the SCC-based value iteration more than
the other two approaches.

SCCs
Technique My | & order vlz:(izr CZT;ZOI Total
of My, pouecy
LP 156.3 - 8.8 6.8 171.9
 Value 1563 | - | 313 | 68 | 1944
1teration
SCCbased 15051 711 | 19 | 68 | 2361
value iteration
TABLE 1

TIME REQUIRED (IN SECONDS) FOR COMPUTING VARIOUS OBJECTS
USING DIFFERENT TECHNIQUES WHEN THE FULL MODELS OF ALL THE
ENVIRONMENT AGENTS ARE CONSIDERED.

Next, we apply the incremental technique where we
progressively compute a sequence of control policies as
more agents are added to the synthesis procedure in each
iteration as described in Section [V] We let My = 0, M; =
{M1}, My = {My,Ma},..., Mg = {My,..., M5},
i.e., we successively add each pedestrian M, Ma, ..., Ms,
respectively, in each iteration. We consider 2 cases: (1) no
incremental construction of various objects is employed (i.e.,
when MM#+1 and MIIYI’““, k > 0 are computed from
scratch in every iteration), and (2) incremental construction
of various objects as described in Section is

0.8

o.6f_'

0.4} O Solving full problem using LP-based approach

O Solving full problem using value iteration

# Solving full problem using SCC-based value iteration

0.2+ _ . Successively adding agents, without incremental
construction of product MDP and SCCs

___Successively adding agents, with incremental
construction of product MDP and SCCs

0 50 100 150 200
Computation time (s)

Probability of satisfying the specification

Fig. 4. Comparison of the computation time and the probability for the
system to satisfy the specification computed using different techniques.

applied. For the first case, we apply the LP-based technique
to compute the probability vector as it has been shown to be
the fastest technique when applied to this problem, taking
into account the required pre-computation, which needs to
be done in every iteration. For both cases, 6 control policies
CMo ... CMs are generated for MMo, . . MMs respec-
tively. For each policy CM*, we compute the probability
Pri:/[k (¢) that the complete system M satisfies ¢ under
policy CM*. (Note that CM*, when applied to M, is only
a function of states of M; &€ M, since it assumes that
the other agents M; ¢ M, are stationary.) These proba-
bihtliv?f are given by Pfi;ﬂo (p) = 0.08, P;/f?\;/ll (p) = 0.46,
Pri* (9) = 0.57, Priy,* (i9) = 0.63, Pry, " (i) = 0.67 and
Pr%,° (p) = 0.8.

The comparison of the cases where the incremental con-
struction of various objects is not and is employed is shown
in Figure 4 A jump in the probability occurs each time a
new control policy is computed. The time spent during each
step of computation is summarized in Table [[I| and Table
for the first and the second case, respectively. Notice that the
time required for identifying the SCCs and their order when
the incremental approach is applied is significantly less than
when the full model of all the pedestrians is considered in
one shot since M™Mo, M, ..., Ms, each of which contains
3 states, are much smaller than M, which contains 2187
states.

From Figure [ our incremental approach is able to obtain
an optimal control policy faster than any other techniques.
This is mainly due to the efficiency of our incremental
construction of SCCs and their order. In addition, we are
able to obtain a reasonable solution, with 0.67 probability
of satisfying ¢, within 12 seconds while the maximum
probability of satisfying ¢ is 0.8, which requires 160 seconds
of computation (or 171.9 seconds without employing the
incremental approach).



Tteration | MMk | A 2/1 b Prob Conﬁrol Total
vector policy
0 0.0064 | 0.0185 | 0.0464 | 0.0084 0.08
1 0.0123 | 0.0762 | 0.0203 | 0.0104 0.12
2 0.0154 | 0.3383 | 0.0231 | 0.0296 0.41
3 0.0357 | 1.7055 | 0.0542 | 0.1503 1.95
4 0.1393 | 9.1950 | 0.2155 | 0.7975 10.35
5 3.1836 | 152.86 | 8.2302 | 6.8938 | 171.17
TABLE II

TIME REQUIRED (IN SECONDS) FOR COMPUTING VARIOUS OBJECTS IN
EACH ITERATION WHEN INCREMENTAL CONSTRUCTION IS NOT APPLIED.

My,
Iter- M SCCs &Ncl>rder MT,’ ‘k’ Prob Control
ation M0 of M0, | partition vector policy Total
Mi,...,Ms5| & order
0 |0.0055 0.0043 0.0203 | 0.0112 | 0.0036 0.04
1 - - 0.0726 | 0.0102 | 0.0087 0.09
2 - - 0.3239 | 0.0193 | 0.0282 0.37
3 - - 1.6036 | 0.0567 | 0.1424 1.80
4 - - 8.6955 | 0.1876 | 0.7755 9.66
5 - - 139.27 | 1.6122 | 7.0125 | 147.89
TABLE III

TIME REQUIRED (IN SECONDS) FOR COMPUTING VARIOUS OBJECTS IN
EACH ITERATION WHEN INCREMENTAL CONSTRUCTION IS APPLIED.

VII. CONCLUSIONS AND FUTURE WORK

An anytime algorithm for synthesizing a control policy for
a robot interacting with multiple environment agents with
the objective of maximizing the probability for the robot to
satisfy a given temporal logic specification was proposed.
Each environment agent is modeled by a Markov chain
whereas the robot is modeled by a finite transition system
(in the deterministic case) or Markov decision process (in
the stochastic case). The proposed algorithm progressively
computes a sequence of control policies, taking into account
only a small subset of the environment agents initially and
successively adding more agents to the synthesis procedure
in each iteration until we hit the constraints on computational
resources. Incremental construction of various objects needed
to be computed during the synthesis procedure was proposed.
Experimental results showed that not only we obtain a
reasonable solution much faster than existing approaches,
but we are also able to obtain an optimal solution faster
than existing approaches.

Future work includes extending the algorithm to handle
full LTL specifications. This direction appears to be promis-
ing because the remaining step is only to incrementally
construct accepting maximal end components of an MDP.
We are also examining an effective approach to determine an
agent to be added in each iteration. As mentioned in Section
such an agent may be picked based on the result from
probabilistic verification but this comes at the extra cost of
adding the verification phase.
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