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Abstract— A multiresolution analysis is a nested chain of related approximation spaces.
This nesting in turn implies relationships among interpolation bases in the approximation
spaces and their derived wavelet spaces. Using these relationships, a necessary and suffi-
cient condition is given for existence of interpolation wavelets, via analysis of the corre-
sponding scaling functions. It is also shown that any interpolation function for an approx-
imation space plays the role of a special type of scaling function (an interpolation scaling
function) when the corresponding family of approximation spaces forms a multiresolution
analysis. Based on these interpolation scaling functions, a new algorithm is proposed for
constructing corresponding interpolation wavelets (when they exist in a multiresolution
analysis). In simulations, our theorems are tested for several typical wavelet spaces,
demonstrating our theorems for existence of interpolation wavelets and for constructing

them in a general multiresolution analysis.
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1. INTRODUCTION

Classic Shannon sampling theory is the foundation of discrete signal processing. However, since Shannon
sampling often cannot deal with non-bandlimited signals in a satisfying way, reconstructing a non-
bandlimited function from its samples has become an important topic both in the mathematical and signal
processing literature.

Sampling in an approximation space of a multiresolution analysis is an example of recovery of non-
bandlimited functions, also known as multiscale interpolation. Two important multiscale interpolation
theories have been proposed respectively by D. L. Donoho [1] and G. G. Walter [2]. In the first theory
(that of Donoho), interpolation wavelets are linked to autocorrelations of orthogonal wavelets, and ap-
proximation spaces are possibly non-orthogonal direct sums of wavelet spaces [1, 3-6]. In the second
(that of Walter), interpolation wavelets are constructed from kernel functions of approximation spaces,
and wavelet spaces are orthogonal to each other [2, 6-9]. In this paper, we restrict our attention to the se-

cond multiscale interpolation theory (that of Walter).



In [2], an orthonormal basis is associated to the existence of an interpolation basis for an approxima-

tion space ¥ in a multiresolution analysis. Using the discrete-time Fourier transform, Walter discusses

invertibility of a sampling operator from an approximation space ¥, onto/’(R) and derives an algorithm

for constructing an interpolation function from such an orthonormal basis [2]. Motivated by these results
above, invertibility of the sampling operator and construction of an interpolation function were two im-
portant topics in a number of subsequent papers. In [6], a biorthogonal basis takes the place of an or-
thonormal basis in the construction of interpolation functions; more importantly, the Poisson summation
formula is introduced for determining invertibility of a sampling operator. Based on the results of Walter

and Aldoubi, Wen Chen [8, 9] suggests that a necessary and sufficient condition for an interpolation basis

to existin ¥, € L*(R) is that the series 1/ z" #(n)e™ converges to an element of L°[0,27], where

{#(x—n)}, is a Riesz basis of V.

In addition, irregular sampling theories are discussed via combinations of the Zak transform with
wavelet sampling methods in [8, 9]. These irregular sampling theories focus on perturbations of regular
sampling and use techniques similar to Kadec’s 1/4 theorem [8, 9]. Since this, the sampling theories pro-

posed by Walter and Chen have become an important basis for extensions of irregular sampling theories

[10, 11] [12-16] [17,18] :

, special sampling theories and estimation of aliasing in approximation spaces.

In fact, the sampling theory of Walter and Chen goes further than just construction of an interpola-

tion basis for an approximation space V. In [2, 8, 9], although this is not discussed directly, it is indicat-

ed that the invertibility of the sampling operator, together with form of the reproducing kernel
q(x.y) =Y. _ Px-md(y—n), (1)

plays a critical role in interpolation in ¥} ; here {gg(x— n)}, denotes the dual basis of {#(x—n)},.

From the kernel theory, sampling f,(x) €V, ata point m € Z can always be represented as f, (m)
= J.j: q(x,m) f, (x)dx . The results in [2, 8, 9] are important in that they confirm that the sequence
{g(x,m)},, forms a Riesz basis for V; if and only if the sampling operator 7, (f;) ={f,(k)},_, is an
invertible linear transformation from the approximation space ¥, to /*(R) . Furthermore, the Riesz basis

{S’fl (x) = q(x,m)}, _, consists of translates of a fixed function, i.e. {S?(x)=S?(x—m)},_, . This Riesz ba-

sis is biorthogonal to an interpolation basis {S?(x)},_, in ¥, , so the invertibility of the sampling operator



T, (f;) becomes a necessary and sufficient condition for an interpolation basis {S?(x—n)},_, toexistin
V, [2, 8, 9]. In [2], there are examples involving several familiar multiresolution analyses where the sam-
pling operator 7, (f;)={/(k)},., is not an invertible transformation from V;, onto I*(R) and there do
not exist interpolation bases in ¥, .

Obviously, the approaches in [2, 8, 9] are not only suitable for the approximation space V; , but also
for any reproducing kernel Hilbert space (RKHS) with a kernel given by Znez y(x—n)y(y—n). Here
{y(x—mn)}, denotes a Riesz basis and {y(x—n)}, is the dual basis of {y(x—n)}, . A wavelet space W, is
also a RKHS if its reproducing kernel Znez w(x—n)y(y—n) converges, where w(x) is a wavelet in W

and y(x) is the dual wavelet of w(x) . Hence, we consider whether there is a relationship between inter-

polation bases in approximation spaces and in wavelet spaces. It is well known that a multiresolution
analysis is a nested chain of approximation spaces. The relationships among successive approximation
spaces indicate that the interpolation bases of approximation spaces should be closely related to those of
wavelet spaces. However, these relationships among different spaces are seldom considered in wavelet
sampling theories. Thus, from the viewpoint of multiresolution approximation, wavelet sampling theories
are still far from achieving what the Shannon theorem has accomplished.

In this paper, we do not focus on construction of an interpolation basis in a single space, but on rela-

tionships among those such bases in different wavelet spaces and in approximation spaces. Let ¢3(w) be

the Fourier transform of ¢(x) . Under the assumption that the functions Y ¢(k/2)e™"* and

stz gg(w +4kr) converge, we will give a necessary and sufficient condition for existence of an interpo-

lation basis in a wavelet space via analysis of a scaling function ¢@(x). We will also show that the interpo-

lation functions of approximation spaces are in fact special scaling functions, so there exists a pair of re-
construction filters corresponding to interpolation scaling functions and interpolation wavelets. Thus in-
terpolation bases in approximation spaces and in wavelet spaces are in fact related to each other. Finally,
using this pair of reconstruction filters, an algorithm is derived for constructing an interpolation wavelet
from an interpolation scaling function. Since it is relatively difficult to obtain analytical expressions for

wavelets, our algorithm simplifies the construction of interpolation wavelets.



2. INTERPOLATION SCALING FUNCTIONS AND THEIR TWO-SCALE
SYMBOLS

We will use a standard notation throughout, which is listed in Appendix G. Let W, denote a wavelet
space and V; an approximation space such that V,,, =V, @ W, so that {/;} _, forms a multiresolution
analysis (MRA) of I*(R) where @ denotes an orthogonal sum. The function ¢(x) is assumed to be a
real scaling function for the approximation space ¥, and y(x) is its corresponding wavelet.

In this paper, we discuss relationships among interpolation bases in ¥, and W, under the assump-
tion that there exists an interpolation basis {S’(x—k)},_, in the approximation space ¥, . To simplify the

discussion, we always suppose that interpolation points of {S*(x—k)},_, are located at integers k € Z,

so we have

[ )= f.()S* (x=k) @

kez

for any element f, €V, . However, the results of this paper can be easily extended to the condition that the

interpolation points of {S?(x—k)},_, are located at other positions by the Zak transform or coordinate
translation.

In addition, we assume that the series . _ ¢(k/2)e™ > and )’ d(w+4km) converge

pointwise everywhere so that the following identity

l —iw n
EZkez Pk /2)e ™ =" P(w+4kn) 3)
holds by the Poisson summation formula. Here and henceforth we normalize the Fourier transform as

¢?(w) = J‘jw #(x)e”"dx . Obviously, since {#(k)},., and {#(k+1/2)},_, are subsequences of

{p(k/2)},., and since {e"™*"*} _ are linearly independent, it follows from (3) that the series

D™ (or D p(k+1/2)e™ Yand Y H(w+2kr) (or D, D B(w+ 2kr) ) also con-
verge pointwise everywhere (see (A2) and (A3) in Appendix A). Thus, by the Poisson summation formu-
la, we also have

T f R = G+ 2k)
e*iw/Z ZkEZ ¢(k+1/2)efiwk — Zkez (_1)k ¢?(W+ Zkﬂ') . (4)



In this section, we show that the above interpolation function S?(x) is a scaling function with a spe-

cial two-scale symbol. In addition, we show that when the series Y _ ¢(k/2)e™"'* and
s @(w+4kr) converge, the series Y. S (k/2)e™ " and Y S*(w+4kr) also converge. Thus,

we can apply the Poisson summation formula to {S*(k/2)},_, in our proofs.

Assume that U, (S?) is the space spanned by {S?(2/x—k)}, with j € Z. From [6] (Section 7.6.1),
a sequence {S*(2’x—k)}, forms an interpolation basis for U;(S?) if and only if {S’(x—k)}, is an in-
terpolation basis for U, (S?) . Obviously, U,(S*) is just ¥, and U,(S*) is just ¥, in this paper. Hence,
S?(x) is a scaling function.

On the other hand, for any element f, €V, j € Z, we have f (x/ 2’y eV, (Lemma 5.1 in [20]).

Hence, it follows from (2) that

L2y =3 (k128 (y=k). 6))

kezZ

The change of variable x = y /2’ in (5) gives

£ = fi(k/12))8? (2 x—k) . (6)

keZ

Hence, it follows from (6) that S?(x) is an interpolation scaling function such that {S*(2/x—k)},_,

have interpolation points located at k /2, ke Z.

Let P,(z) denote a two-scale symbol related to a scaling function ¢(x). By definition (see equation

(5.1.8) in [20]), a two-scale symbol is an /*-sequence {p, },_, such that

009 = 3 pigl2—h) ™
and hence
dw) :%Z P I =B, ®)
where
P(z)= % dopz=e )

keZ

In [2, 8, 9], it is shown that the Fourier transform §¢(W) of an interpolation function S?(x) is ex-

pressed in terms of the Fourier transform ¢?(w) as



Somo BW _ gw) 0
v 2 Pk Y g(w+2kx) 1o

keZ keZ
with
1 2
—  eI0,27] .
Zkez d(w+2kr)

By using (3) and (10), Proposition 1 below describes a relationship among the interpolation bases

{S?(2’ x—k)},, of different approximation spaces V., j€Z.ltstates that there exists a special two-
scale symbol P.(z) corresponding to the interpolation scaling function S*(x) .

Proposition 1. Assume that U, (y) is a reproducing kernel Hilbert space spanned by a Riesz basis
{r(x—k)}, and that §”(x) is an interpolation function for U (y) , whose Fourier transform S7 (w)=

y(w)/ Zkez y(k)e™ with 7(w) the Fourier transform of y(x) . If the series stz y(k/2)e™"* and

—iwk/2

stz y(w+4kr) converge pointwise everywhere, then the series Zkez S7(k/2)e and
Zkéz S7 (w+4kr) also do, so that we have
1 —iwi S
EzkezSy(k/Z)e V= ST (wdkn) (11

by the Poisson summation formula.
Thus when there exists an interpolation basis {S?(x—k)}, relative to the samples {f.(k)}, (inter-

polation points are located at k € Z)1in V,, then

P(2) =%Zs¢(5)zk=z S?(w+4kr) (12)

keZ 2 keZ

is the two-scale symbol corresponding to the scaling function S?(x) . Furthermore, we have

S?(w) = P.(2)S*(w/2) = Z§¢(W+4kﬁ)§¢(2—v‘:) (13)
and
P ()= };(z)zkezfﬁ(w/ 2+2km). 0%
znez d(w+2nrm)

Proof. See Appendix A for the proof.
Equation (12) indicates that the symbol P,(z) is thus generated by P.(z) =1/2). _ S’(k/2)z",

where the sequence {S?(k/2)}, is obtained by sampling the interpolation function S?(2’x) at intervals



1/27*" . By Proposition 1, the interpolation function S?(x) is a scaling function corresponding to the
two-scale symbol P.(z) in (12). Hence, P (z) has connected the interpolation functions S%(27 x) atall

scales 1/27.

Obvious as the result of Proposition 1 may seem, it is important for us to describe interpolation
wavelets. Just from the result of Proposition 1, Section 3 indicates that an interpolation function of ap-
proximation space V; often corresponds to that of the wavelet space W, .

Remark. If an interpolation function S*(x) is a scaling function, then a two-scale symbol P.(z)

connects the interpolation functions S?(2/x) at all resolutions 2’ by repeated application of (13). Hence,

equation (13) implies that the interpolation bases {S?(2’x—k)},_, for all V. have a close relationship in

an MRA. More importantly, it is shown in Proposition 1 that P,(z) can be presented as in terms of S%(w)

in (12), and is connected to F;(z) in (14). The following sections show that (12) and (14) are important

for connecting existence of an interpolation wavelet S¥ (2’ x) to that of S?(x).

3. A SUFFICIENT CONDITION FOR EXISTENCE OF INTERPOLATION
BASES IN WAVELET SPACES

3.1 Invertibility of the Sampling Operator from Wavelet Spaces to I>(R)

In Section 2, we have shown that S?(x) is an interpolation scaling function, so there exists the two-scale
symbol P (z) corresponding to S?(x) asin (12).
Let

PE,(w) = P(-2)E,(~2) + P(2)E, (2) (15)

where

2

§* (%+2k7zj .

E(2)=E(e")= )

k=—o0

(16)

This section shows that PE_(w) in (15) plays a critical role in existence of an interpolation basis

{S” (2’ x=k)},, in W, such that



£)=Y fi(k/2 +1/27)8" (2 x~k) (17)
k=—o0
forany f €W, and
[7s¥ @ x-k)Ss* 2" x=Dydx =0, for k., I, j,, j, €Z (18)

when there exists an interpolation basis {S?(x—k)},_, relative to the samples {f.(k)},_, in V.

It has been observed [2, 8, 9] that when ¥ is a reproducing kernel Hilbert space with its kernel giv-
en by (1) (i.e. when the series > _ ¢(x— n)@(y —n) converges) and when T, f, ={f.(k)}, is an inverti-

ble transformation from ¥, onto /*(R), then ¥, has an interpolation basis of the form {S?(x—k)}, .

This result can be generalized easily to any functional Hilbert space U, (y) spanned by a Riesz basis
{r(2’ x—k)},_, - This is summarized in
Proposition 2. Assume U, (y) is a reproducing kernel Hilbert space with a kernel

q;(x,y)=2"q(2'x,2 y)

=S y@ x—n)7(2 y—n) (19)

n=—w

where {7(2’x—k)},_, is the dual basis of the Riesz basis {y(2’x—k)},_, . Let a sampling operator T, v,
associate f (x)eU,(y) to its samples located at x = k/2’ with keZ,i.e. TU/_ (f)=1{f.(k/2")}, . Then
if TU/ is an invertible linear transformation of U ,(y) onto I>(R) , there exists an interpolation basis

{S"(2’x-k)}, in U,(y) . Furthermore, the inverse of 7;, is represented by

L) = fi(k12))S7 (2 x k). (20)

keZ
Proof. Since the proof'is very similar to that of [2], [8] and [9], we will not elaborate on it.

Obviously, every W, is just a reproducing kernel space whose reproducing kernel has the form (19),

so it follows from Proposition 2 that invertibility of sampling operator is critical for existence of an inter-
polation basis in a wavelet space.

Let

Ty, (f) =4,/ 27 +1/2))}, @1)



denote a sampling operator from W, , onto / 2(R) . In Theorem 1, we will show that T W, is an invertible
operator when 0 < |PEA, (w)|2 < +o0 . In order to prove this, we first discuss some properties of the dual
basis {S?(x—k)},, of {S?(x—k)},_, .

Since S?(x) is a scaling function by Proposition 1 and since {S?(x—k)} 1oz 15 the dual basis of
(S (x—k)} vz NV, §¢(x) is also a scaling function (see Theorems 3.25 and 5.22 in [20]). Hence,

S?(x) has a two-scale symbol P, (z) as in (7) such that

§'(x)= Y piS*(2x—k)

2 1 s k24 W
S*(w) =52p}€2k5¢(5)

kez

(22)

where § ?(w) is the Fourier transform of S (x) . From (22), we have
Lemma 1. Assume that there exists an interpolation basis {S?(x—k)},_, relative to the samples
{f.(k)},. in V, and that there exist two constants 4, and B, with 0< 4, < B <+oo such that
4, <|[PE, W =[R.(2E,(-2)+ PG, (2) "<B. (23)

Then, for any given set of coefficients {c},_, € I’(R), there exists two unique sets of coefficients
b)Y, . {d)Y,, € P(R) such that

Db @ x-ky=) S x=2k)+ d)S (27" x-2k-1), (24)
where {S?(x—k)},_, is the dual basis of {S?(x—k)},_, .

Proof. See Appendix B for the proof.

Obviously, on the right-hand side of (24), D" IS (27" x—2k) + D dy §?(27*' x =2k —1) repre-

sents an element of V., , while on the left-hand side of (24), Zkez b; §?(2’ x—k) represents an element
of V. Hence, Lemma 1 indicates that the coefficients {¢)},_, in (24) determine uniquely an element of
V.. In other words, there exists a bijection between {c)},., and {d}},_, in (24) when (23) holds.

Based on Lemma 1, we show in Theorem 1 that the sampling operator 7, w_, (f;) 1s an invertible

transformation from W, , onto I*(R) if (23) holds.

10



Theorem 1. Assume that there exists an interpolation basis {S?(x—k)},_, relative to the samples
{f.(k)},_, in ¥, and that (23) holds. Then, for any given sequence {F, },_, € (R, there exists a unique
element f (x) €W, such that

2k +1
2j

fwjl(fs):{fs( )} ={F },cs> keZ. (25)

Proof. See Appendix C for the proof.
Since Theorem 1 indicates that every {f,(k/2’"' +1/2’)}, e I>(R) corresponds to a unique ele-

ment of W, when (23) holds, it follows that the sampling operator fW/ . is a bijection between ¥, and

’(R),ie. T, isan invertible transformation from /¥, onto *(R).

J-1

3.2 Inverse of the Sampling Operator from Wavelet Spaces onto [’ (R)

Now we focus on how to construct the inverse of 7, W, based on a wavelet y(x) in W, . In addition, we

will show that when )’ g(k/2)e ™ and ) d(w+ 4kr) converge in (3), DS (k12)e™?

and Zkez sv (w+4kr) do also, so that we can apply the Poisson summation formula to {S¥ (k/2)},_, .
From Proposition 2, the inverse of the sampling operator 7, v, can be constructed using (20) when

T, is invertible. However, Proposition 2 is only suitable for the samples of f,(x) located at x =k /2,

k € Z . Observe that the sampling operator 7| W (f)=1{f.(k/27"+1/27)},_, locates the samples of

f.(x) at x=Q2k+1)/2’, so that Proposition 2 cannot be applied to construct its inverse directly. In order
to construct the inverse, the space

W= f(x=1/2)) em,, | (26)
is introduced in the following proposition, which involves an indirect application of Proposition 2.

Proposition 3. Let the sampling operator fWH (f)={f.(k/2""+1/27)},., be abijection of W,
onto *(R) and {y(x—k)}, be a Riesz basis of W, . Then,

(a)  The inverse of the sampling operator T, | is given by

0= S48 @ ), 27)

kez 2

11



where the Fourier transform of S¥ (x) is

AW oy w(w)
57w = k12 (28)

(b)  Furthermore, let O, (z):l/ZZ:nqne"'W"/2 denote a two-scale symbol corresponding to the

wavelet w(x), i.e.

py(x)=> _ q,42x—k)
p(w)=0,(2)pw/2) (29)

where y7(w) is the Fourier transform of  (x) . Then, if the series O, (z) converge pointwise everywhere,

it follows from (4) that " S (k/2)e™"* (and ) _ w(k/2)e™" )and Zkezﬁ*”(w 4kr) (and

D, W (w+4kr) ) also do. Thus

%Zkez w(k/2)e ™ =" y(w+adkr)

1 . (30)
Ezkezsw/z)e M= SV (wdkr)
holds by the Poisson summation formula. Hence, (28) can be rewritten as
—iw/2. A
AU E— (1)

D D i (w2km)
Proof. See Appendix D for the proof.

By statement (a), an interpolation basis {S* (2" x—k)}, of a wavelet space W, consists of translates
of a fixed function S¥ (2’ x) and has the interpolation points located at x = (2k +1)/2/ .

By statement (b), under our assumption that " #(k/2)e ™ and ) F(w+4kr) in (3) and (4)
converge pointwise everywhere, equation (30) holds for {y(k/2)},_, and {S" (k/2)},_, when O, (2)

also converges pointwise everywhere. Hence, the Fourier transform of S (x) in (28) can be written as in
(31). In general, since Q, (z) always converges pointwise everywhere, we will directly use (30) and (31)

in the following sections.

Theorem 1 and Proposition 3 indicate that when there exists the interpolation basis {S*(x—k)},_, in

V, , equation (23) is a sufficient condition for the interpolation basis {S" (2’ x—k)},_, to existin 7, .

12



This implies that there is a close relationship between existence of interpolation bases in an approxima-

tion space ¥, and in the corresponding wavelet space W, .

In the next section, we show that (23) is not only a sufficient condition, but also a necessary one for

{S¥(2/ x—k)},, toexistin W, . Furthermore, an interpolation wavelet S (x) is connected to the inter-
polation scaling function S?(x) by a special pair of construction filters, so that S¥ (x) can be constructed
from S?(x) directly instead of a wavelet y/(x) as in (28).

Remark. Lemma 1 indicates that {c}},_, determine {d}},_, uniquely in (24) when (23) holds. This
result forms an important condition for Theorem 1, which implies that the sampling operator 7, W, is al-
ways invertible when {S?(x—k)},_, exists in V. Hence, it follows from Propositions 2 and 3 that
when {S?(x—k)},_, exists in V,, equation (23) is a sufficient condition for the existence of the in-
terpolation basis {S" (2’ x—k)},_, relative to samples {f,(k/2’ +1/2’*")},_, in a wavelet space W,.
This implies that the existence of {S¥ (2/x—k)},_, has a close relation with that of {S*(x-k)},_, . In
addition, it is shown in Proposition 3 that when )’ _ (k/2)e™* and )" G(w+4kr) in (3) con-
verge, the Fourier transform sv (w) of §”(x) always can be represented as the form (31). It will be
shown in the next section that (31) is important for us to construct an interpolation wavelet S* (x) from

the interpolation scaling function S*(x) .

4. A NECESSARY CONDITION FOR EXISTENCE OF INTERPOLATION
BASES IN WAVELET SPACES

Section 2 states that S?(x) must be a scaling function with the corresponding two-scale symbol P.(z) =
Zkez S? (w+4kz) when the interpolation functions {S?(x—k)},_, form a Riesz basis for V, . In Sec-

tion 3, Theorem 1 and Proposition 3 state that there exists the interpolation basis {S* (2/ x—k)}, in every

W, , whenever there exists the interpolation basis {S ?(x=k)},., in ¥, and (23) holds.

13



In this section, we show that if there exists the interpolation basis {S?(x—k)},_, in ¥, , then (23) is
also a necessary condition for the existence of {S¥ (2’ x—k)}, in W, . Furthermore, we propose an algo-
rithm to construct the interpolation function S¥ (x) from S?(x) directly.

Suppose that there exist the interpolation basis {S* (2’ x—k)},_, relative to {f,(k/2'+1/2"")},_,
in /¥, and the interpolation basis {S?(x—k)},., relative to {f,(k)},., in V.

Since Proposition 1 indicates that S(x) is a scaling function when {S?(x—k)},_, forms an inter-
polation basis for ¥, and since W, c V|, we have

SY (x) :ZZZOOS"’(k/Z)SﬁZx—k), (32)

with {S¥ (k/2)},_, € *(R).

By taking the Fourier transform on both sides in (32), we obtain

S¥ (w) = %Z S (k /2)e "™ 28% (w/2) = 0.(2)S% (w/2) (33)
where
0.(2)=1/2) 8" (k/2)e™?=3 SY (w+4kr) . (34)

Since {V/;},., forms an MRA and since {S?(2’x-k)},., and {S¥ (2’ x—k)}, respectively form
Riesz bases for V; and W,, P,(z)in (12) and Q,(z)in (34) should form a pair of reconstruction filters in

{V;},.z such that

{f‘“’(w) =P (z)éj’(w/ 2 5)
SY(w)=0,(2)S*(w/2)
and
0<d, <A, , [ <B, <t (36)
(see Theorem 5.16 in [20] ), where 4, and B, are two constants and
Ap o =R (2)Q,(=2) =B (=2)0,(2). (37

Now, we discuss relationships between P.(z) and Q,(z) . Furthermore, an algorithm is proposed for
constructing Q,(z) directly from S?(x) and P.(z).

In order to explain our algorithm and the relationship between O (z)and P.(z), we first introduce

14



Lemma 2. Let w(x) be the element of /¥, whose Fourier transform is expressed as

(W) =0, (2)p(w/2), (38)
with
0,(2) = %Z G2 1 hs P(R). (39)
Then, we have
0, (2)E,(2)P,(2)+ 0, (-2)E,(-2)P,(-2) =0, (40)
where
E,(2)=E,(e"")= i |p(w/2+2kn) [} ,z="". (41)

Proof. See Appendix E for the proof.

From Lemma 2, we have Theorem 2, which implies that the interpolation basis {S¥ (2’ x—k)}, of
W, has a close relationship with the interpolation basis {S ?(2'x-k)}, of V. via the pair of reconstruc-
tion filters (P.(2),0,(2)).

Theorem 2 Assume that there exists an interpolation basis {S?(x—k)},_, relative to the samples of
f.(x) at x=k €’Z in the approximation space V; . Then, if /¥, has an interpolation basis

{S¥ (2’ x—k)},_, relative to the samples of f.(x)at x=1/2"""+k /2’ with k € Z, it follows that

P(-2)+P(z2)=1
{QS (2)/z-0,(-2)/z=1 (42)
and
Furthermore, equation (23) holds and
QS (Z) = ZES (_Z)Ps (_Z) (44)

P(-2)E,(-2)+P.(2)E,(2)
Proof. See Appendix F for the proof.

When S§?(x) is an interpolation scaling function and S¥ (x) is an interpolation wavelet correspond-

ingto S?(x), P(z) in(12)and Q,(z) in (34) form a pair of reconstruction filters. In this case, Theorem

2 indicates that (23) always holds. This implies that 4, < |PES (w)|2 < B, is a necessary condition for the
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interpolation basis {S" (2’ x—k)},, to existin W, when there exists the interpolation basis

{S?(x—k)},., - Hence, Theorems 1 and 2 imply that A4, < |PEA, (w)|2 < B, is a necessary and sufficient
condition for the existence of the interpolation basis {S¥ (2’ x—k)},_, relative to {f.(k/2/ +1/2"")},_,
in W, when there exists the interpolation basis (S?(x=k)} oy -

Furthermore, Theorem 2 shows that O (z) can be connected to P.(z) by (44). This implies that
S?(x) and S¥ (x) have a close relationship in their analytic expressions. Hence, we can construct the
interpolation wavelet S¥ (2’ x) in W, from the interpolation scaling function § /(x).

In addition, since the interpolation function S?(x) can be constructed from a general scaling func-
tion ¢(x) asin (10), £ (z) and P(z) in (44) can be constructed from a scaling function ¢(x). Hence,
(33) and (44) imply that we can construct the interpolation function S§” (x) using any scaling function
#(x) when S¥(x) and S?(x) exist.

Finally, for a pair of reconstruction filters (P¢ (2),0, (z)) , we have the equality

P()=1 P,(-1)=0
{,1,() (=D 43)

0,)=0
(see equation (5.4.1) in [26]), which is used widely in numerical computations of wavelet theory. Obvi-

ously, since {S?(x—k)},., and {S¥(x—k)},_, are respectively Riesz bases of ¥, and W, , equation (45)
also holds for (H (2),0, (z)) . From (45), P,(z) has values at z = £1 that are independent of a scaling
function ¢(x), but this holds for O, (z) only at z=1. However, by (43) and (45), O,(z) again has such
independent values at z =+1. Hence, besides (45), equation (43) is also an useful condition for numerical
computations of an interpolation function S (x) in a multiresolution analysis.

Remark. Theorem 2 indicates that 4, < |PEA, (w)|2 < B, is a necessary condition for the interpolation
basis {S¥ (2’ x—k)},_, to existin W, when there exists the interpolation basis {S ?(x-k)},_, . Simulta-
neously, it shows that O (z) has the expression in terms of P.(z) and E (z) as in (44). Since P.(z) and
E (z) can be constructed from S?(x) by (12) and (16), and since S?(x) can be constructed from a scal-
ing function ¢(x) by (10), equations (33) and (44) imply that the interpolation function S* (x) in a wave-
let space can be constructed from a scaling function ¢(x) . Hence, Theorem 2 has supplied an effective
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method for constructing an interpolation wavelet S¥ (x) in W, . Finally, since sv (w) has an analytic ex-
pression involving S? (w) as in (33) and (44), the interpolation basis {S* (x—k)},_, in a wavelet space is

closely related to the interpolation basis {S?(x—k)},_, in an approximation space.

S. SIMULATION

5.1 Wavelet Spaces in Simulation

Cardinal splines of different orders can be used to form many important interpolation functions, for ex-
ample the Haar or triangular scaling functions. Note also that interpolation bases for cardinal spline spac-
es have varying smoothness and orthogonality properties, depending on spline orders. It follows that car-
dinal spline wavelets can form a good experimental testbed for the theories of this paper, as is shown be-
low. Additionally, since the Shannon wavelet is a typical interpolation wavelet, we also include it in our
simulation below.

In the simulation, the wavelet spaces are divided into two groups. The Shannon wavelet and the
Haar wavelet spaces form the first group, for which the interpolation wavelets are known from the stand-
ard wavelet theory. The spaces spanned by the Cardinal splines of orders 2, 3 and 4 form the second
group, for which the interpolation wavelets are not widely known.

For the first group, we will construct the interpolation wavelets using an algorithm based on Theo-
rem 2. Then, these interpolation wavelets constructed by our algorithm are compared to their counterparts
made from standard wavelet constructions.

For the second group, we will first obtain a standard wavelet y(x) whose Fourier transform is
¥/ (w) = —zE, (=2)P,(-2)p(w/ 2) (46)
(equation (5.6.13) in [20]), where ¢?(w) denotes the Fourier transform of the scaling function ¢(x) in the
approximation space ¥, and F,(z) and E,(z) are respectively defined in (9) and (41). Then the inter-
polation functions {S¥ (x—k)},_, constructed by our algorithm will be applied to interpolate the above
standard wavelet y(x), as indicated below. By equation (5.6.13) in [20], the wavelets {y(x—k)},_, in

(46) form a Riesz basis for the wavelet space W, . Hence, if our interpolation functions {S* (x—k)},_,
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can recover the wavelet y(x) in (46) from its samples, then {S* (x—k)},_, also form a Riesz basis in the

corresponding wavelet space W, . This verifies that S* (x) is an interpolation wavelet for /¥ .

5.2 Shannon and Haar Wavelets

The Shannon and the Haar scaling functions are two well-known interpolation functions that form or-
thogonal bases in their respective spaces. In this section, we obtain the interpolation wavelets correspond-
ing to them by using (33) and (44). More specifically, the interpolation wavelets obtained from our algo-
rithm will be compared to the Shannon and the Haar wavelets, so that we can verify our theorems for the
Shannon and the Haar MRA.

5.2.1  Existence of interpolation basis in the Shannon and the Haar wavelet space

The scaling function S?(x) =sin(zx)/(zx) for the Shannon MRA is depicted in Figure 1-a, and the scal-
ing function S*(x) = 1,7 (x) for the Haar MRA is in Figure 1-b. Note that either the Shannon or the
Haar scaling functions can form an interpolation basis {S?(x—k)},_, relative to the samples {f.(k)},.,
in the approximation spaces ¥, for their respective multiresolution analysis. On the other hand, both the

Shannon and the Haar wavelet are known as interpolation functions relative to {f,(k+1/2)},., in W, .

S () |

0.5

Figure 1. Scaling function S?(x). (a) The Shannon scaling function. (b) The Haar scaling function.

Hence, in this section, we verify that (23) is a necessary condition for an interpolation wavelet to ex-

ist by showing that (23) holds for the Shannon and the Haar scaling functions.
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It follows from (12) that

P(2)=Y" 1 . . (w+4kx) (47)
for the Shannon scaling function and

P(z)=1/2xsin(w/2)e™*x lim )" " ™40 [ (y/ 4+ krr)
£—0" =
. o . . sin(4zw)
=1/2xsin(w/2)e™"?* x 1/ (w/4+kr)+4i sin(4zw)
(ol 20 x(F,7 1 vl vkem) i =

=1/2xsin(w/2)e ™" (cot(w/4)+i)=(1+e™?)/2 . (48)

aw)

for the Haar scaling function.
Since the Shannon and Haar scaling functions, both denoted as {S?(x —k)} 1+, here, form the or-
thogonal bases for ¥, we have
E(2)=1 (49)
for both scaling functions.

Inserting (47) and (49) into (15) yields

PE(w) =" 1 . (w+2z+4km)+Y. " 1_. (w+4kr)

=3 1w 2km) =1 (50)

for the Shannon scaling function and inserting (48) and (49) into (15) yields

PE (w)=(+e ™)/ 2+ (1+e D)/ 2=1/2+e"? /24+1/2-€" /2 =1. (51)

Equations (50) and (51) indicate that |PES (w)|2 =1 for both the Shannon and the Haar scaling func-
tions, i.e. equation (23) holds. This verifies that (23) is a necessary condition for the existence of interpo-
lation wavelets in the Shannon and the Haar wavelet space.

5.2.2  Constructing interpolation wavelets
From Theorem 2, an interpolation wavelet S* (x) can be constructed from an interpolation scaling func-
tion S?(x) . Here, we construct the interpolation wavelets S¥ (x) corresponding to the Shannon and the

Haar scaling function respectively by using (33) and (44). Then, we verify our constructions by compar-

ing them to their respective (the Shannon and the Haar) wavelets.

Since each of these two scaling functions forms an interpolation basis {S*(x —k)},_, relative to the

samples {f,(k)},_, , the interpolation functions S* (x) in the corresponding wavelet spaces W, can be

obtained directly from (33) and (44) based on Theorem 2.
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Inserting (50) or (51) into (44) yields
0.()=zE,(-2)P.(=2). (52)
for both the Shannon and the Haar MRAs. Since (49) indicates E,(z) =1 for both the Shannon and the
Haar scaling function, equation (52) is rewritten as
0.(2)=zP(-2). (53)

Inserting (47) and (48) into (53) yields respectively

0(2)=zx2. " 1, (w+2r+4kr) (54)
for the Shannon MRA and
[ |
_1 _2 55
0.z)=5e" (55)

for the Haar MRA.
Inserting (54) and (55) in (33) and taking the inverse Fourier transform yields the interpolation func-

tion

sin (x—1/2) -
SY(x)=—2—cos L (x—1/2) (56)
%(x—1/2)

for the Shannon wavelet space, and the interpolation function

SV’(x)z—l[Ol](x)+l[l]](x). (57)

for the Haar wavelet space. The interpolation wavelets in (56) and (57) are respectively described in Fig-

ures 2-a and b.
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Figure 2. Interpolation functions S (x) . (a) S* (x) in Shannon wavelet space. (b) S¥(x) in Haar wavelet space.

By comparing the interpolation wavelets S* (x) in (56) and (57) to the Shannon and Haar wavelets,

it follows that the interpolation wavelets S (x) in (56) and (57) are the same as their counterparts from

the standard theory. Hence, the simulations of this section have validated our algorithm for the Shannon

and the Haar wavelet spaces.

5.3 The spline function of order 2

5.3.1.  Existence of interpolation function in W,

The spline scaling function of order 2 (known as the triangular function) can be considered a typical in-

terpolation function, and is depicted in Figure 3-a. Its corresponding Fourier transform is

G sin(w/4)j2
8% (w) [—w/4 . (58)

Since the translates of the triangular functions form an interpolation basis {S?(x —k)}, relative to
{f.(k)},., in V,, Theorems 1 and 2 imply that (23) is a necessary and sufficient condition for an interpo-
lation wavelet S¥ (x) to exist. Hence, in this section, we first use (23) to determine existence of an inter-

polation spline wavelet of order 2.

It follows from (12) and (58) that the two-scale symbol of the spline scaling function of order 2 is
P(z)=e™?/4+1/2+e"* /4. (59)
Inserting (59) into (15) yields
PE.(w) = P.(-2)E,(~z)+ P.(2)E,(z) = (2+cos’(w/2)) /3. (60)
Obviously, equation (60) indicates 4/9 < \PE‘,(w)\2 <1 for the spline scaling function of order 2, which

implies that (23) holds for the spline function of order 2. Hence, there exists an interpolation basis

{S¥(x—k)}, relative to {f,(k+1/2)},_, in W, according to Theorem 1 and Proposition 3.

5.3.2. Construction of interpolation function in W,

By Theorem 1 and Proposition 3, equation (60) indicates that there exists an interpolation spline wavelet

SY(x) of order 2, so we construct S¥ (x) using (33) and (44) in this section .
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Inserting (59) and (60) into (44) yields

e " sin’(w/ 4)(1+2sin*(w/ 4))

= 61
G.() 2+ cos’(w/2) (61)
It follows from (33) and (61) that the Fourier transform of the interpolation wavelet S* (x) is
—iw/2 2 2 2 . 2
ﬁ”(w)z e """ sin (w/4)gl+2sm (w/4))>{sm(w/4)j ‘ (62)
2+cos (w/2) w/4

The corresponding interpolation function S¥ (x) is depicted in Figure 3-b, which is obtained by calculat-

ing numerically the inverse Fourier transform of Sv (w) in (62).

5.3.3.  Illustration of wavelet recovery

Since w(x) in (46) is a wavelet, we verify that ¥ (x) of Figure 3-b is an interpolation wavelet by using
{S¥ (x—k)},_, to interpolate w(x).

It follows from (46) that the Fourier transform of a spline wavelet y(x) of order 2 is

vin) = 24 w4 (63)

™2 —6+10" —6e™ + &2 (sin(w / 4) Jz '
The spline wavelet w(x) shown in Figure 4-a is obtained by calculating numerically the inverse Fourier
transform of y(w) in (63). The interpolation functions {S* (x—k)},_, with ¥ (x) depicted in Fig. 3-b
are applied to interpolate the samples {y(n—1/2)},_,, n=-3,---,3. The recovery f, (x) of y(x) is
shown in Fig. 4-b. The error e(x) of f,, (x) is depicted in Figure 4-c. Since both ¥ (x) and y(x) are
obtained from the numerical calculation in our simulation, the accuracy of recovery is connected with the
quantity of data in the numerical calculation. Hence, an error e(x) between the recovery f, (x) and the
wavelet w(x) cannot be avoided because it arises from computer memory limitations. However, it is

known from Figure 4-c that the error e(x) of recovery f,,(x) is smaller than 2x 107", which is reasona-

ble for our numerical calculation.

Hence, we can conclude that /(x) has been recovered successfully using our interpolation functions
{S§¥(x—k)},_, . This result indicates that the constructed interpolation functions {S* (x—k)},_, can form

an interpolation basis in W, and so S¥ (x) is an interpolation wavelet. This experiment verifies Theorem

1 and Proposition 3 for the spline function of order 2, i.e., equation (23) is a sufficient condition for the
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existence of the interpolation spline wavelet of order 2. On the other hand, this experiment also shows
that our algorithm in Theorem 2 can construct an interpolation wavelet from an interpolation scaling

function.

Figure 3. Spline scaling function S?(x) of order 2 and its corresponding interpolation function S¥ (x) in #, . (a) Scaling function

S?(x) . (b) Interpolation function S (x) in W, .

w(x)q e(x) oo

I

Figure 4. Spline wavelet y/(x) of order 2 and its recovery f, (x). (a) Spline wavelet w(x) of order 2. (b) Its recovery f, (x). (c)

ap ap

Error e(x) of recovery.

5.4 The spline function of order 3

The spline function ¢(x) of order 3 is shown in Figure 5 and its Fourier transform is
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. (sinw/2)Y
¢(w>—[(w " } . (64)

P(x) o
0.7
0.6
0.5
0.4
0.3
0.2

0.1

Figure 5. Spline function ¢(x) of order 3.

For this spline, we have

2
cos (W/2)+1£

123" §(w+2kn) = >

1. (65)

By Theorem 1 in [8], an interpolation basis {S*(x—k)},_, exists in an approximation space if and only if
1/ ZZ% d(w+2kr) e I’[0,27] . Hence, equation (65) indicates that there exists a basis {S* (x —k)} ez 1N
the third order spline space.

Inserting (64) into (10), we obtain the Fourier transform of S?(x) as

16sin’(w/2)

S (w) = —— :
w’(cos” (w/2)+1)

(66)

By taking the inverse Fourier transform of (66), we obtain the interpolation function S*(x), shown in
Figure 6-a, for the third order spline space.

Since there exists an interpolation basis {S?(x—k)},_, in the third order spline space, there exists an
interpolation basis {S* (x—k)},_, relative to {f,(k+1/2)},_, in the corresponding wavelet space W, if
and only if (23) holds, by Theorems 1 and 2. Hence, we apply (23) to decide existence of an interpolation
wavelet ¥ (x).

Inserting (66) into (15) yields
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PE.(w) = P.(-2)E.(~2)+ P.()E. (=) = % COS?:/C i)sj(ii:j(;;/ 4

8 15+15sin(w/ 4)cos(w/ 4) N 11sin’ (w/ 4)cos’ (w/4)—2sin* (w/ 4)cos* (w/ 4)
(1+cos’(w/ 4))(1+sin* (w/ 4)) (1+cos’(w/4))(1+sin’ (w/ 4))

J » (67)

which is depicted in Figure 6-b. This figure and equation (67) indicate that PE (w)=0 for w=4kz + 7 ,
which implies that (23) does not hold. By Theorem 2, if there exists an interpolation basis {S¥ (x—k)},_,
in W, then (23) must hold for all we R . Hence, the condition PE (w)=0 for w=4kz + 7 in (67)

implies that there does not exist an interpolation basis {S* (x—k)},_, in the wavelet space W7, .

S

0.5

Figure 6. Interpolation function S?(x) of the third order spline space and its corresponding PE,(w) . (a) Interpolation scaling func-
tion S¢(x) . (b) Function PE, (w) .

In fact, the spline function ¢(x) with Fourier transform (64) cannot be represented as a linear com-
bination of {¢(2x-k)}, , so the spline function of order 3 is not a scaling function in this case. Hence,
there does not exist a wavelet space corresponding to the third order spline space, so there also does not
exist an interpolation wavelet S¥ (x) corresponding to S*(x) .

Hence, the above numerical simulation for the third order spline verifies that (23) is a necessary

condition for the existence of an interpolation wavelet.
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5.5 The spline function of order 4

5.5.1. Existence of interpolation function in W,

Figure 7-a depicts the spline of order 4 whose Fourier transform is represented as
d(w) = (sin(w/2)/ (w/ 2))". (68)

Obviously, this spline is a scaling function (equation (7.11) in [6]). From (68), we have
1/3sz;‘j_wq?(wwkn)=%(2cos2(w/2)+1)31. (69)
Equation (69) indicates that there exists an interpolation basis {S?(x—k)},_, in the space ¥, spanned by

splines of order 4 (see Theorem 1 in [8]). Figure 7-b shows the spline interpolation function S*(x) of

order 4 with Fourier transform

G 3 sin(w/z))“
5w ZCosz(w/2)+1( wi2 ) (70)

$(x)0.4
0.3

0.2

0.1

S?(x) 1.2
1

0.75
0.5
0.25

Figure 7. Spline scaling function @(x) of order 4 and its corresponding interpolation scaling function S%(x) . (a) Scaling function
#(x) . (b) Interpolation scaling function S*(x) .

Since there exists an interpolation basis {S?(x—k)}, relative to {f(k)},_, in the fourth order spline

space, equation (23) is a necessary and sufficient condition for an interpolation wavelet S” (x) to exist in

the corresponding wavelet space W, , by Theorems 1 and 2. Hence, we apply (23) to determine existence

of interpolation spline wavelet ¥ (x) of order 4.

It follows from (12) and (70) that
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cos*(w/4)

P(z)= S*(w+ dkm) = ———————
2 (2) Zkez ( ) 2cos*(w/2)+1

(2cos”(w/4)+1). (71)

From (15), (70) and (71), we have

3cos(w) 129 39

PE 00 =R ot B, () == ™ s a0tcostm 12) | 140cos(m)—7)

+149/140, (72)

which is depicted in Figure 8-a.

Figure 8-a illustrates the fact that 0.9705 < |PES (w)|2 <1.From Theorem 1 and Proposition 3, it fol-

lows that there exists an interpolation function {S* (x—k)}, relativeto {f,(k+1/2)},_, in W.

PE (w)
1.01

Figure 8. PE (w) and interpolation wavelet S* (x) corresponding to the spline function of order 4 (a) Function PE, (w) . (b) Interpo-

lation wavelet S§”(x) .

5.5.2.  Construction of interpolation wavelet

By Theorem 1 and Proposition 3, equation (72) indicates that there exists an interpolation spline wavelet
SY(x) of order 4, so we construct S¥ (x) by using (33) and (44) in this section.
Since equation (23) holds, inserting (70) into (44) yields

e ™ x(cos(w/2)— 1)2
—2sin®(w/ 2)+594sin* (w/ 4) +840sin’ (w/ 2) — 2520
><(cos4 (w/4)—58cos’ (w/2)+177 cos®(w/2) +322cos(w/2)— 544) . (73)

0.(2)=

Then, by using (33) and (70), we have the Fourier transform of S” (x) as

o 3 sin(w/4)\’
§ (W)_Qs(z)xzcosz(w/4)+1( w/d j 4
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with O (z) in (73).
By calculating numerically the inverse Fourier transform of s (w) in (74), we obtain the interpola-

tion S¥ (x) , depicted in Figure 8-b.

5.5.3.  Illustration of wavelet recovery

Since w(x) in (46) is a wavelet, we verify that ¥ (x) of Figure 8-b is an interpolation wavelet by using
{§¥(x—k)},., to interpolate y(x).

It follows from (46) that

N 1 3iw | e 24T 241 —iw
!//(W) :[ e 3iw 3 e Siw/2 + 559 e 2iw 7 3iw/2 + 9 e iw 337 e iw/2

e
80640 20160 26880 2520 40320 1120
. 4
+ 9241 B 247 oM 4 559 o 31 N 1 2" | sin(w/ 4) (75)
40320 2520 26880 20160 80640 w/l4

is the Fourier transform of a spline wavelet y(x) of order 4. Figure 9-a shows the wavelet y/(x) obtained
by calculating numerically the inverse Fourier transform of y7(w) in (75). The samples {w(n—1/2)},_,
at n=-4,---,4 , are used to recover y/(x). The recovery f, (x) of w(x) is shown in Figure 9-b. Since
S¥(x) and w(x) in our simulation are obtained from numerical calculations, the recovery cannot avoid
an error e(x), shown in Figure 9-c. From this figure, it is seen that the error e(x) is smaller than
10x107° . This error level is reasonable for the recovery in our algorithm.

Hence, this simulation shows that /(x) has been recovered, verifying that {S¥ (x—k)},_, obtained

by our algorithm is the interpolation basis relative to {f.(k+1/2)},_, . Hence, we conclude that equation

(23) is a sufficient condition for the existence of the interpolation spline wavelet of order 4.
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Figure 9. Spline wavelet y(x) of order 4 and its recovery f, (x). (a) Spline wavelet y/(x) of order 4. (b) Its recovery f,,(x) . (c)

Error e(x) of recovery.

5.6 Simulation Summary

The simulations in Section 5.2 illustrate that equation (23) (0 < 4, < |PES (w)|2 < B, <+ holds for the

Shannon and Haar scaling functions due to the fact their corresponding wavelets are interpolation func-
tions. Furthermore, it is demonstrated in Section 5.4 that (23) fails to hold when there does not exist a

wavelet space corresponding to the third order spline space. On the other hand, the simulations in Sec-
tions 5.3 and 5.5 illustrate that we can always construct an interpolation wavelet S” (x) when (23) holds

for the spline functions of orders 2 and 4. Hence, our simulation results validate experimentally the fact

that (23) is a necessary and sufficient condition for the existence of an interpolation basis
{SY(2'x—k)},, relative to {f.(1/2"" +k/27)},, in w,.

In addition, the simulations in Section 5.2 illustrate that the algorithm based on Theorem 2 has suc-

ceeded in reconstructing the Shannon and Haar wavelets. Simultaneously, in Sections 5.3 and 5.5, the

algorithm based on Theorem 2 is applied to construct the interpolation wavelets {S* (x—k)},_, corre-
sponding to the spline functions of orders 2 and 4. By interpolating the wavelet y(x) in (46), we have
verified that these constructed functions {S¥ (x—k)},_, are the interpolation spline wavelets of orders 2

and 4. Hence, the simulations in this paper also validate that the algorithm based on Theorem 2 can in-

deed construct an interpolation wavelet from an interpolation scaling function.
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6. CONCLUSION

In an MRA, interpolation bases in wavelet spaces {//;},_, and approximation spaces {V,} _, are related

closely to each other. We have verified that if there exists an interpolation basis {S*(x—k)},_, relative to
. N, -~ N, N 2 . .
{f.(k)},zin V;,then 0< 4 < |P(-2)E (-z)+ P (2)E,(z)] <B, <+oo is anecessary and sufficient

condition for the existence of the interpolation basis {S¥ (2’ x —k)},_, relative to {f.(k/2/ +1/2"")},_,
in all wavelet spaces ¥, . In addition, it has been shown that S?(x) is a scaling function (an interpolation
scaling function) forV, so (Ps(z),QY (z)) form a pair of reconstruction filters for {/';},_, . It has been

indicated in Theorem 2 that (P.(z),0, (z)) have a number of interesting properties and are connected to

each other in the form of an analytic expression. With this connection, we propose an algorithm for con-

structing an interpolation wavelet S* (x) from an interpolation scaling function S?(x) directly. These
results above all indicate that an interpolation basis {S" (2’ x—k)},_, in W, is related closely to an inter-
polation basis {S?(2'x—k)},_, in V. The simulation indicates that our theorems are effective for deter-

mining the existence of S¥ (x), and for constructing S¥ (x) from an interpolation scaling function S?(x) .
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Part 1: Proof that the series )’ §7(k/2)e™" ' and ) _ S”(w+4kx) converge pointwise every-

1 . . .
where, so that 5 kezSV(k/z)e*”""2 =D ..., S  (w+4km) holds by the Poisson summation formula.

Since the series ) 7(w+4kx) and ) y(k/2)e™"' both converge, we have

A 1 —iwi
D, Wt k) = EZM y(k/2)e™? (A1)

by the Poisson summation formula.

In fact, since

D P WH2km) =" p(wHdkz+2m)+ Y, p(w+4dk)

It —iw 1 A —i(w+2r 1 A —iw
D e ™ :EZkez Pk 1 2)e vk +§Zkez Pk 1 2)e™™ (A2)

(or
DL D P w2km) = pw+dkz) =Y p(w+akz +27)

—iw, o) —iwl 1 o) —iw) 1 o) —i(w+2rk
ey plk+1/2)e™ :Ezkszy(k/Z)e k2 —Ezkezy(k/Z)e (w272 (A3)
it is derived from (A2) (or from (A3)) that the series z iz y(k)e™ (or z iz y(k+1/2)e™ ) and

Z v YW+ 2k7) (or Z iz (=1)* 7(w+2kx) ) also converge pointwise everywhere when

D, Pw+dkm) and Y’ 7(k/2)e ™ converge in (A2) (or in (A3)). Hence, we have

stz 7(k)eiiWk = Z keZ };(W + Zk”)
o2 ZkeZ y(k+1/2)e™ = Zkez D p(w+2kr) . (A4)

Since $” w)y=y(w)/ z iz y(k)e™ , it follows from the first identity in (A4) that

Sy 7(w)
§(w)= iwe2kn) (A5)
and
Sy _ y(w+4krm) .
§7 (w+ dher) = Strr o keZ. (A6)

nezZ

Since the series Z ‘ez y(w+ 4kr)and Z ‘ez y(w+2kr) converge pointwise everywhere, equation (A6)

indicates that zkez S”(w+4kr) = stz y(w+4dkr)/ Znez y(w+2nr) also converges pointwise every-

where.
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1 o o
Now, we show that EZkeZ S7 (k/2)e”™'* converges pointwise everywhere.

Since {S”(x-k)},., and {y(x—k)},_, are respectively an interpolation basis and a Riesz basis in
the space U, (y) , there exists a unique set of coefficients {a, } € /*(R) such that
ST (x) =, L ar(x—k). (A7)
The Fourier transform of (A7) yields
ST (wy=Y ae™p(w). (A8)
The uniqueness of (A7) implies that the element Zkez ae™ of I’[-x,x] is unique in satisfying
(A8). Observe that the function 1/ stz 7(w+2kr) is an element of L’[—7z, 7] if there exists an inter-
polation basis {S”(x—k)}, in U,(y) (see Theorem 1 in [8]). Hence, it follows from (A5) and (A8) that

Dae™ =11y p(w+2kn), (A9)

—iwk

Since 1/ z iz y(w+2krx) converges pointwise everywhere, equation (A9) indicates that Z iz A€

does also.

It follows from (A7) that

S (n/2)=Y a,y(n/2-k) (A10)

kez

By taking the Fourier transform on both sides in (A10), we obtain

D87 (n/2)e™? =2 ae™ > j(w+4nr) (A11)

nez kez nez

It follows from (A9) and (A11) that Zn S7(n/2)e™"” converges pointwise everywhere since
Dae™ and Y P(w+4nx) both do.

Since both znez S7(n/2)e™"? and z iz S (w+4kr) converge pointwise everywhere, inserting

(A9) into (A11) yields
lz S7(k/2)z" = pw+4km) Y. p(w+2nm) =Y. 87 (w+4kr) (A12)
2 keZ keZ keZ keZ

which implies that the Poisson summation formula holds for {S”(k/2)},_, .
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Part 2: Proof that P.(z) = % > 8% (k12)2'=> §(w+4kx) with z=¢™" is the two-scale sym-

keZ kezZ

bol corresponding to the scaling function S?(x) and

P(2)Y, ., d(w/2+2kn)

P(z)= -
@) Z,,Ez d(w+2n7)

Since ¥, c ¥, and {S?(2x—k)}, is an interpolation basis with interpolation points located at & /2,

k eZ,wehave

Sy =" S'(k/2)S(2x—k).

(A13)

Since we have assumed that both > @(k/2)e™*and )" d(w+4kr) in (3) converge pointwise

everywhere, it follows from Part 1 of this proof that )" §(k/2)z" and )" S (w+4kr) do also.

Hence, it follows from (A12) and (A13) that

§¢(W) = PS(Z)S’V’(W/Z) = ZZj,wS¢(k/2)Zk§(w/2)
= z;j_w‘§¢(w+4kﬂ)§¢(w/2) ,z= o2

Equation (A14) implies that
P()=" S'(k/2)z"=>" S$*(w+dkr).
Applying (10) to (A15) gives

b(w+ 4k
P(z)= M
Znez o(w+2nrw)
On the other hand, it follows from (8) that
P(w+4kr) = P,(e ") p(w ) 2+ 2kr) = P (2)p(w! 2+ 2k7) , ke Z

Inserting (A17) into (A16) yields

P(2)Y, ., d(w/2+2kn)

P(z)= =
(@) ZHEZ¢(W+ 2nr)

Equations (A14), (A15) and (A18) respectively imply (13), (12) and (14).o0
Appendix B : PROOF OF LEMMA 1

Proof. In (24), the change of variable y =2/x gives

DS -k =) a8 Qy-2k)+,  d)S(2y-2k-1).

(Al14)

(A15)

(A16)

(A17)

(A18)

(B1)
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Obviously, equation (24) holds if and only if (B1) does.

First, we show that
<400, With we[-z, 7]

-2
~s _—iwk
0< | E D€

for the coefficients {p,},_, in (22).

Since P, (2) is a two-scale symbol corresponding to the scaling function 5“”(x) , it follows from (14)

that

P2, S w2+ 2kn)

P(2)= : (B2)
ZWEZS¢(W +2nr)
Since {S*(x—k)},_, forms the dual basis of {S?(x—k)},_, , we have
R &9
Sz (B3)
|8 v 2k
(see equation (5.6.8) in [20]). Inserting (B3) into (B2) yields
A 2
S4(w/2+2k _|S?(w+2kx)
P20 WP TR L \ | N B4
> S (w+ 2kr) M‘s*’(w/ 2+ 2k)|
It follows from (10) that
> S W 2km) =1, (BS)
Inserting (BS) and (16) into (B4) yields
A 2
DS (W 2kx) E (2
P(2)= By (1) 2 | h B (B6)
> o|St w24 2km) E(2)
Equation (B6) indicates that
ok B(2)E (=2)+ F(2)E (2)
> Bie =3 ( (-2)+ Py (2)) = ) (B7)
It follows from (B7) that
[P JE— 2
Sl —f _|[PCOE D+ REEC) * [PC2E 2+ REE()|
S =X 7™ 26,() i B9
Since {S?(x—k)},., forms a Riesz basis of ¥, , there exists two constants A4, and B, with
0< 4, < B, <+ such that
0< A, <E (z*)< B,, <+% (Theorem 9 in [19]). (B9)
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It follows from (23), (B8) and (B9) that

|z ﬂwk
2 - 2k
B k

B
4ASZ < 400 (B10)

Es

. 2
Equation (B10) indicate that 0 < |Zk pre ™

<+ forevery wel-z,x].

Second, we show that there always exists a unique set of coefficients {»/},., and {d/},_, for

which (B1) holds.

.12
Assume that {c; },_, is any element of /*(R) . Since 0 < |zk pye™

<+o0 by (B10), the series
ZZkEz cle ™/ stz ps,e™ is an element of L’[-z, 7] for any given {c/},_, € I*(R).
Since 2)° _c¢le™ /Y pye™ e I’[-x,x], there always exists a unique set of coefficients

{b)}, € ’(R) such that
Zkez bl?eiiw}c = 22 keZ Cl?eiiWk / Zkez iy’;keiiWk : (Bl l)
. . 1 ; - k-

On the other hand, since {b; }, €/>(R) in (B11), we have that EZkeZ bie ™y Paae ™ isalso
an element of L’[—x,7]. Hence, there always exists a unique set of coefficients {d;}, €/*(R) such that
1 —iw, —iw —iw

Estzbfe ka zp2k+1e ' _Zkezd'?e ‘. (B12)

Equations (B11) and (B12) indicate that there always exist two unique sets of coefficients {b/},_,

and {d/},_, inI’(R) such that

0 _—iwk —iw/2 0 —mk 0 —mk ~s _—iwk
vy ——Z
Zkez cke € keZ k keZ k kez pzke

—iw/2 0 _—iwk ~5 —iwk
+_e Zkezbke Zkezpy‘“e
_ 0 —mk —mk —m/2 ~5 —iwk
Zk zb (Zk szk Zkezpﬂfﬂ )/2
0 _—iwk Z ~s 7mn/2
2 Zkezb nez ” (B13)

for any given set of {c;},_, € ’(R).

Multiplying (B13) by § ?(w/2) and inserting (22) yield

(Zkez cl(c)efiwk +e*iw/2 Zkez d}i)efiwk )S:¢(W/ 2) — lzk ZbO —iwk Znez ~; 7mn/2S¢(W/ 2)

.(B14)
zkezbo _IWkS'/)(W)
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forany {c]}, e ’(R).

Taking the inverse Fourier transform on both sides in (B14), we obtain

D8’ 2x—2k)+ Y. d)S?(2x—=2k—-1)=" B)S*(x—k). (B15)

Since the coefficients {b)}, and {d}}, for which (B13) holds are unique, it follows from (B15) that, for
any given {c\}, €/*(R), there always exist two unique sets of {b'},_, , {d;},_, € ’(R) for which (B1)
holds. Hence, for a given set of coefficients {c,f h € I*(R), there always exists two unique sets of coeffi-
cients {b},_, , {d}},, € ’(R) for which equation (24) holds.o

Appendix C :PROOF OF THEOREM 1

Proof. Let f,(x) € V. From Section 2, we know that if there exists an interpolation basis {S?(x—k)} , In
V, , then there must exist an interpolation basis {S*(2’x—k)}, in every V.. Hence, the function

J.(x) €V, can be written as

£ = kEZZf( )5 () = Z( DS @+ £.CDS ,zk(x>j (1)
where S, (x) = $* (2 x~k).
Substituting (25) into (C1) yields
£ = kEZZf( NOE kEZZ(FS“’,ZkH(fo( s ,2k<x)j. (€2)

Inserting (C2) into Z< " k>5’f4,k yields

kez

Y fnS0) 8 = D S (00.87,,)8 ,mZZf(Z"(¢,,2k(x>,sz’,l, )87, (C3)

nez neZ ke neZ ke

where {S f ()= §?(2/ ' x—k)}, is the dual basis of {S ¢ a0=8Q" " x-k)}, .
Obviously, Z <sz j 1”> 1, In (C3) is the projection of f,(x) on V, . Hence, f (x) isanel-
ement of 7, , ifand only if 3" _(£.,87,,)87,, =0 in(C3).

Now, we show there exists a unique set of {f.(2k/2’)},_, in (C3) such that

AFASTRNIED 3 WACTIRET BYIIED 3 WA I GO B L S (e

nez neZ ke neZ ke
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for a given set of {F, }, , i.e. the sequence {F, }, in (C2) determines a unique function f,(x) whose pro-

jection Z”E <ﬂ, j 1n> Nj .. On V. vanishes.
Letting
=(8(27%),5° (2 x - l)>:%<S¢(x), $*(x=1)), (C5)
then

S22 x—k)= Z<S"’(2fx),S‘”(2jx—l)>§¢(2fx—l—k) = ZaIS'"’(fo—l—k) . (C6)
! 1
Substituting (C6) into (C2) yields that

f(x)= ZFkZang‘”(Z"x—n—2k—l)+Zﬂ(%)Zan§¢(2fx—n—2k) (C7)

keZ nezZ kez neZ

It follows from (C4) and (C7) that

<fs’S,¢'}71,1> ZFZ‘Z < o2kl 111> Zf(_)z < o2k ,1,1>:0- (C8)

keZ neZ keZ nez

Due to the fact that {S"’ . (x)}, is the dual basis of the interpolation basis {S?,(x)}, in V,, we have

§¢ .8 S (X)S?, (x)dx=S5* (2" L]_‘H_l) -5 (M)
J.n+2k+1 / -1,/ J.n+2k+1 J-L1 2»/ 2
n+2k n+2k-21
(82,200S801) = j §tas ] (e =527 T 1) = 5 () (C9)

where §?(x) is the complex conjugate of S%(x).

Hence, equation (C8) can be rewritten as

TR IED Wod WA T WA WA SN )

keZ nezZ kez nezZ

The Fourier transform of (C10) yields

iw - 2k-21+1. _,,
Z<fs’ - 11> o =4, +B, = ZFICZ%ZS‘”(%V "

keZ nez IeZ

+Zf )Z DI "+2k nr2k =2y , (C11)

keZ nez 1eZ

whereA/.:ZFkZ ZS‘/’M) —iwl and B, _Zf( )Z ZS¢ n+2k 21) il

keZ nezZ 1eZ kez nez ez

Similarly to ¢(x) in (4), since the Poisson summation formula holds for sequence {S?(k/2)},., by

Proposition 1, the Poisson summation formula also holds for sequence {S*(k+1/2)},_, . Hence, we have
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Z§¢(n+2k_2l+l)e’”‘”:ZS"’(n+l+k De™ ZS"’(”+1+k+l)e’“‘"

leZ 2 leZ leZ
— Z§¢ (W+ Zlﬂ)e[(wzm)(muzk)/2 ) (CIZ)
leZ

where $?(w) is the Fourier transform of S*(x) .

Inserting (C12) in 4, yields

—L-Hw[ ~ .
A, = ZF,(e"'kWZa”e 2 ZS"’(W-&-Zlﬂ')e'(””)I” . (C13)

keZ neZ [1=v4

Cutting the summation (C13) into two parts, one for n = 2m and the other for n=2m -1, yields

A, =Y Fe™ (z ay,e ™Y S (w2m) (1) + a,, e S (w+ 21;;)) . (C14)

keZ meZ leZ meZ leZ

Since {S?(x—k)} . 1s the interpolation basis of V, it follows from (10) that

> §*(w+2im) =1 (C15)
leZ
Substituting (C15) into (C14) yields
Af _ Z Ecefikw (Z azm,leimwi + Z azmefmwiefiw/Z Z §¢(W+ 21”)(_1)1j . (C16)
keZ meZ meZ 1eZ

It follows from (C5) that

D a,e " =— (S“’(x) §%(x— 2m)> =2 [ 75 @8 (x-2m)dxxe ™

meZ meZ

l—zj |8 u/2)F e duxe ™ . (C17)

Jj+l
2 T mez

In sense of distributions (Theorem 2.4 in [6]), equation (C17) can be rewritten as

—iwm _
2 Be

—j 1S /2)F S e xe ™ du

meZ 21“ meZ
2’1” I |S¢(u/2)| Zé‘(u+w 2mm)du . (C18)
meZ

Observe that {S*(x —k)},_, is a Riesz basis of ¥, , so
G0 w+2kr $ (w24 2\ P S (w/2 i i
stZ' —)I —Zkez| (w/2+2krm) | +stz| (w/2+7+2km)|

converges by the frame theory [19]. Since | §¢(u /2) [* is an even function, it follows from (C18) that

1

—mwi __
2 e =5,

Jj+l
meZ 2 keZ

w+2kz |

\
S -

(C19)



Similarly, we have

2

iw

> ay, e = %e’7 3 (1) Qv+ 2km, (C20)
meZ 2j+ keZ
Inserting (C19) and (C20) into (C16) yields

e it wl|ag WH2mr ’

A, =S TR Y ) [§
kezZ meZ
2
Py g (Z §¢(w+217r)(—1)1j] . (C21)
mez leZ

Cutting the summation (C21) into two parts, one for m =2n and the other for m =2n-1, yields

e*iw/Z i R P R
4, = Fsze . X[Z‘Sﬂ’(w/ 24 27[11)‘ (1 + Z(—l)’s¢(w+2m)J
keZ neZ 1eZ
_Z‘S‘¢(w 124270+ n)r [1 ~3 1) 8 (wr 21;;))] (C22)
neZ leZ

Since it follows from (10) that > §*(w+2i7) =Y $(w+4lz)+ Y. §(w+4lz +27) =1, equation (C22)

1€Z IeZ I€Z

indicates that

—iw/2 -
4, =5 ZF,{eik“'x(2‘§¢(w/2+27m)rZ§¢(w+ 4lr)

I 2j keZ nez leZ
—Z‘SV’(W/ 2+ 27n +;r)r 3 8% (w4l + 2;;)] . (C23)
neZ leZ
Similarly,
B = 2K it §¢ w24 2am)| | 8% (w4l
= DG > [8¢ (wr 2+ 2mm)| | 3 8# (w+ i)
keZ nez leZ
+Z‘S‘¢(w/ 2427+ n)‘z (Z S (w+4lr+ 27r)jJ ) (C24)
neZ leZ
Let
0.(z)=—zE,(-z)P.(-z) with z=¢ * (C25)
and
¥,(w)=0,(2)8(w/2), (C26)

where P.(z)and E (z) are respectively defined in (12) and (16).
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Since P(z) is a two-scale symbol corresponding to the scaling function S?(2/x) by Proposition 1,

the sequence {y,(x—k)}, forms a Riesz basis of I, (see equation (5.6.13) in [20]), where the Fourier

transform of w, (x) is ¥, (W) .
It follows from (12) that

P(2)=Y. 8% (w—4nr).

nez

Inserting (C27) and (16) into (C25)yields

0,(2) _—Zz S¢(—+7r+27rk) ZS¢(W+27Z'+4I’I7Z')
and
O(-2)=zy, S”’(—+27rk) Zs¢(w+4m)

Inserting (C28) and (C29) into (C23) yields

A, :i F, -lkw><<QS(—Z)+QS(z)).

J
2 kez

Inserting (C28) and (C29) into (C24) yields

) % (0,(-2)-0,(2)).

/z iz

(C27)

(C28)

(C29)

(C30)

(C31)

A 2
Since ZkeZ‘S‘” w/2+ 27zk)‘ € I’[-r, 7] by the frame theory [19] and since it follows from (11)

and (12) that )’ S*(w+4nz) e [-27,27], O,(z) can be written as

0.(z)=-z), S¢(—+ 7 +27k)

keZ

ZS¢(W+27Z'+4I’I7Z') = qu

nezZ keZ

with {G,},., €’ (2).

Then, applying (C32) to (C30) gives

A_f :i Fe ik x(QS (-2) +Qs (z)) ZF z** quzl

J
2 kez kEZ leZ

Applying (C32) to (C31) gives

Zf( 2ot (. (-2)-0.(2)) = - Zf( ERED I AN

Z kezZ keZ leZ

Substituting (C33) and (C34) into(C11) gives

(C32)

(C33)

(C34)
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Z:fs(%)z”_l XZLLHZZH - ZE{ZM xzqzlz” =0. (C35)

keZ leZ kez lezZ

Let 17, (x) be the dual of y,(x) in W, . Consider the “decomposition relation” of scaling function

and wavelet, it follows from (12), (C32) and Theorem 5.16 in [20] that

m_) Z[S*” )zz"§¢(w)+c72kz“uig(w>j

S¢( = Z(y’ : 2k=1y 1S¢(w)+(§2k_122klt/§g(w)) (C36)

keZ

where §¢ (w) is the Fourier transform of S (x) and tﬁQ(w) is the Fourier transform of 7, (x) .

By multiplying the two identities in (C36) by »_(~F,)z** and )’ /. ( z**"" consecutively, we

keZ keZ
have
- F, 2"8“’( —)=->_F, “Zy’( )2215¢(w) Y Fz*Y g,z l//Q(w)
keZ keZ leZ keZ leZ
IACEIEO R WAt 2"*125¢<—2"1)z”*‘§<”(w>
keZ keZ leZ 2
Zf( )25 Gy 2y (W) . (C37)
keZ leZ

Then, it follows from (C37) that
Y RS LD S -

keZ kez
(—ZEZ”ZW( 2 +Zf( EDIES 1) " l)w’(w)
keZ =74 keZ =74
(z f ( 2/{71 262[7122/71 _ z F;{ZZk Z'q~2IZZIJV§Q (W) ) (C38)
kez 1eZ keZ IeZ

Applying (C35) to (C38), we obtain
YRS T D) -

keZ keZ
(—Z Y s Gy £ Q’leS*”(ﬂ)zZ“jﬁ%w). (€39)
kez 1eZ kezZ 1eZ 2

By taking the inverse Fourier transform on both sides in (C39), we obtain

f.(x)== F8°(Qx-2k)+_ f.(2k/2)8’(2x -2k +1)

—Z(Z[ <—) (M) F,,S‘”(@)}S‘#’(x—m)) (C40)

Obviously, it follows from (C40) that £ (x) is an element of V. Comparing (C40) to (24), it is

shown that {~F,},_, and {f.(2k/2’)},_, in (C40) respectively corresponds to {c,},_, and {d.},_, in
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(24). Since equation (23) holds, it follows from Lemma 1 that the coefficients {f,(2k /2’)},_, for which
(C40) holds is unique for any given sequence {-F,},_, . Hence, equation (C40) indicates that {F,},_,
determine uniquely {f.(2k/27)},., in (C4).

Since {f,(2k/2’)},., and {F,},., determine a unique element of V. in (C2), equations (C4) and
(C40) imply that the sequence {F}},_, determines a unique element of ¥, whose projection on V, | van-
ishes, i.e. {£},},_, determines a unique element of /¥, , . This proves the statement in Theorem 1. O

Appendix D : Proof of Proposition 3

Part 1: Proof that the inverse of 7, isgivenby f.(x)=) _ f.(k/2""+1/2/)S" (2" x~k).
Obviously, it follows from (26) that Wj_] c V, (see equation (7.1) in [6]). Simultaneously, a transla-
tion
Tr(f(x) = f(x=1/2) (D1)
is a bijective isometry of Z*(R) onto L*(R), so the Hilbert spaces WH and W, are isometric in V.
Assuming that the sampling operator TWH (f)=1{f.(k/2"")},_, isa transformation of WH into
I’(R) , then it follows from (21) and (D1) that
T, Tr () =T, (fx-1/2)=1fK/2"), =T, (f). (D2)
forany f. e WH , which implies TWH = TWH Tr, inV,.
Since both ]N’WJ . and T, in (D2) are invertible linear transformations, TWH is an invertible linear

transformation of Wj_] onto /*(R) . Since the translation T r; is an isometry of W, onto W, ,

W Q7 =) =y (2 X -k + 1/ )}, (D3)
is a Riesz basis of Vf/j,, where w(x) is a wavelet of /¥, . The space Wj,l is obviously a reproducing ker-
nel Hilbert space whose reproducing kernel has the form (19) with w,,(x) in place of y(x), i.e. the ker-

nel of 17, , canbe writtenas 2/ _ y,,(2'"' x—n)p,,(2'" x—n) , where ,,,(2'"'x) is the dual func-

tion of v/,,,(2"'x) in W,_,.
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Since the data TWH (f)=4{f.(k/2"")},_, are the samples of f,(x) located at x=k/2"" with
k € Z, it follows from Proposition 2 that there exists an interpolation basis relative to {f,(k/2’")},_, in
W, .
Let {S{’j2 2" x- k)}kez be the interpolation basis relative to {f,(k/2’")},_, in W,_, . It follows
from (20) that the inverse of T 7, is represented as
@)=Y, /278 k) (D4)

for every f.(x)e WH .

Since f; (x+%) € Vf/j_] for every element f(x) e W, ,, it follows from (D4) that

1 ko1 -
ﬁ(x+—):2ﬁ(j+—)Sﬁz 2/ IX—k). (DS)
2/ 2772/
k
The change of variable x = y —1/27 in (D5) gives
k 1 v (nJ-1 J k 1 v (nJ-1
S )= ZJIS(FJ"?)Sm(z (y-1/2")-k)= Zfs(F"‘?)S]/z(z y=1/2-k). (Do)
k k
Since the operator 77, is a bijective isometry of W, onto W,_, andsince S},(2"'y) is a Riesz basis

for w,_,,
(8" 2 x =k} = TridS!, (27 x =)} = {81,277 x-1/2- )}, (D7)
is a Riesz basis for w._,.

By substituting (D7) into (D6), we have

k
2/

=31 %)S“’ @ x—k), (D8)

which proves (27). Equation (D8) implies that {S¥ (2’ x—k)}, is just an interpolation wavelet basis
relative to the samples of f,(x) located at x = (2k +1)/2’.

Since y(x) is an element of ¥, (D8) indicates that

V)=, ks DS (). (09)

The Fourier transform of (D9) yields
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S 10
57 ) > wlk+1/2)e ™ (D19)

which proves (28).
Part2: Proofthat > SY(k/2)e™” (3, w(k/2e™)and Y. 8" (w+4kx)

( D, ¥(w+4kr) ) converge pointwise everywhere.

It follows from the first identity in (29) that
%Zkezw(’c /2)e ™ = %Z Y L0 bl=—me ™ =0, ()Y, g™ (DI1)
Since we have assumed in (4) that Zkez p(k)e™™'* converges pointwise everywhere and since 0,(2)
also converges pointwise everywhere, O, (z)Z:kEZ p(k)e ™™ is a convergent series in (D11). Hence,
equation (D11) indicates that )" y/(k/2)e™"'? converges pointwise everywhere.
On the other hand, it follows from the first identity in (4) and the second identity in (29) that
0,2, L dk)e™"? =0,(2)y. dw/2+2kn)=> _y(w+dkr). (D12)
Since O, (Z)ZmEZ p(k)e™""* converges pointwise everywhere, equation (D12) indicates that
Zkéz w(w+4kr) also does. By substituting (D12) into (D11), we have

1

3 Lez wk/2e ™ =" w(w+dkr), (D13)

which proves the first identity in (30).

Since {l//(k / 2)}/(6Z = {V/(k+l/2)}kez u{l//(k)}kez and since {e”"**},_, are linearly independent, it

follows from (D13) that

zkez Vl(k)ei[Wk = Zkezl/}(w—‘r 2k7z.)
e*iw/Z zkezl//(k_,’_l/z)efiwk — zkez (_l)k l/}(W"f‘ 2kﬂ') N (D14)

(also see (A2) and (A3) in Appendix A). Inserting the second identity in (D14) into (D10) yields (31).
Now, we prove the second identity in (30).

Since y,,,(x) =w(x+1/2), it follows from (D13) that

stz v, (k/2)e™"? = Zkezl/l(k /2+1/2)e ™"

_ | | . (D15)
— elw/Z zkezl//(k / Z)eﬂwk/Z — Zelw/Z Zkezl//(w+4kﬂ-)

Simultaneously, we have
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W, (w+4kr) ="y (w+4dkr) (D16)
forevery keZ.

Inserting (D16) into (D15) yields

1 —iwi A
Ezkezl//l/z (k2™ =3y, (w+dkn). (D17)

Equation (D17) indicates that the Poisson summation formula holds for {y,,(k/2)}, when the Poisson
summation formula holds for {y/(k/2)},.
Since {S},(x—k)},_, is an interpolation basis relative to {f,(k)},_, in WO by (D4) and since

{w,,,(x—k)}, has formed a Riesz basis for WO , it follows from Proposition 1 that
1 y —iw) S~
3 2SIk e = 3 S (w4 (D18)

if (D17) holds. It follows from (D7) that

SV, (x)= 8" (x+1/2)
S, (w) = ™28 (w) . (D19)

Inserting (D19) into (D18) yields the second identity in (30).
Appendix E : PROOF OF LEMMA 2

Proof. By Parseval’s identity,
rw (X)p(x —n)dx = L I Ty dw = L 3 r’”“” S )™ dw
- l// 27[ - l// 27[ o —n+2knm l//

_ 2L [ S i (vt 2km)gw+ 2km)e™ dw for neZ. (E1)
7[ -

kez

Since w(x) is an element of W, and since W, is orthogonal to V;,, we have

[T wgte=mux=0. (E2)
Inserting (E2) into (E1) yields

"N w2k ) d(w+ 2km)e™ dw =0 . (E3)
.2

kez

Since {e""}, is a complete orthonormal basis of L[z, ], it follows from (E3) that

> (w+2kz)p(w+2kr) =0 (E4)

kez
almost everywhere.

It follows from (8) and (38) that
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_i(w+4k7[)

G(w+4km) =P, [e 2 ]5(% +2kx)

= Pq,(z)é(%+ 2%kn), keZ

_i(w+dkm+27)

(w27 + dkr) = Pq{e 2 Jé(g+ﬂ+2k7r)

= Pq,(—z)é(%+ 2kntr), keZ (ES)
and

W (w+4kn)=Q, (z)¢3(%Jr 2kr), keZ

(w27 +4kn) = O, (—z)gz;(%+ dkr+7x), keZ. (E6)

Equations (E5) and (E6) indicate that

S (w+2km)(w+2kr) = Dy (w+ 4km)G(w+4km) + Yy (w+ 27 + 4km)p(w+ 27 + 4k )

keZ kez keZ

0,()% B0, ()Y

keZ kez

= @

AW ~ W
¢(3 +2kr) ¢(5 + 2k + 1)

Inserting (41) and (E4) into (E7) yields

0, (2)E,(E,(2)+Q, (-2)E,(e """ IE(-2) = 0, (2) E,()E, (2)+0, (-2) E,(-2)F, (=2) = 0,

which verifies (40).0

Appendix F : PROOF OF THEOREM 2
since {S? (2’ x—k)},_, and {S¥ (2’ x—k)},_, respectively form Riesz bases for V,and W,, P(z) in(12)
and Q, (z) in (34) form a pair of reconstruction filters in an MRA {V},_, .
First, we show that P.(—z)+ P(z)=1and Q,(z)/ z— Q,(-z)/z=1.
It follows from (12) and (34) that

P(z)=Y. 8% (w+4kn)

keZ

Qs(z)/zleS""(w-i—Mcﬁ). (F1)
z

kez

The change of variable w=u + 27 in (F1) gives

P(-2)= > 8 (u+r+4kn)

kez

QS(—Z)/z=lZS’“’(u+7r+4k7z). (F2)

Z kez

It follows from (F1) and (F2) that
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P(2)+P(-2) =Y S/ (w+4km)+ Y. 8 (u+ 27 +4kz) =Y S* (u+27k) (F3)

keZ keZ keZ

and

0.(2)/ z=Q.(-z)/ z :l(z SY (w+4km)= . 8¥ (u+ 27+ 4kr))
z

keZ keZ
= 12(—1)]‘ kY4 (w+2krm)= Z SV (w+ 2kﬂ.)ei(w+2lm)/2 . (F4)
Z kez =

Applying (10) and (31) respectively to (F3) and (F4) yields
P(2)+P(-2) =Y. 8 (u+2mk) =1

keZ

0.(2)/z2=0,(-2)/ 2= 8" (w+2kx)e " =1. (F5)

kez
It follows from the second identity in (F5) that O, (1)—Q,(-1) =1. Recall that as a pair of recon-
struction filter, (P, Q,) satisfy the conditions

{R(l) =1 R(=D=0 (F6)

0.1H=0
(Equation 5.4.1 in [20]). Hence, equations (F5) and (F6) imply (43).
Second, we show that there exist two constants 4, and B, with 0 < 4, < B <+ such that
4, <|PE,(w) =[B(-2)E,(-2)+ R, ()| <B..
It follows from the second identity in (F5) that

0,(2)(R(-2)E,(-2)+ E,(2)R.(2)) = O, ()R (-2)E, (=2) + O, (E,()P,(2)

= 2P (-2)E,(~2)+0,(=2)P,(-2)E,(-2) + O, (2)E,(2)P.(z) . (D)
Since P,(z) in (12) and Q,(z) in (34) form a pair of reconstruction filters in an MRA {V,} , , it fol-
lows from (40) that
0,(2)E,(2)P.(2)+ 0, (-2)E,(~2)P.(=2) =0 . (F8)
Inserting (F8) into (F7) yields
0,(2)(P(-2)E,(=2)+ E,(2)P,(2)) = 2P, (~2)E, (-2) (F9)
On the other hand, applying (F5) to (37) yields
Ay o =P(2)0,(2)~P(-2)0,(2)~2P(). (F10)
Now, consider the following formula
Ap o (E(-2)P.(-2)+ E,(2)P.(2)) . (F11)
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Inserting (F10) into (F11) yields

Ao (E (2R +E(2)P(2) = (R ()= B(=2)0,()(E(-2)R (D) + E,(2)P(2))

~zP(2)(E,(-2)P.(-2)+ E,(2)R.(9)) : (F12)

Applying (F9) to (F12) yields

Ay o (E, (2R (=2)+E,(2)P(2)) = (P.(2) = P.(-2)) zP.(~2)E,(~2)

2P (2)(E,(-2)R () + E,(DR() =~z(E (2[R 2 +E @R[ ). (F13)

It follows from (16) and (13) that

2 2

E (2| +E @R = Z $¢ (§+ 2kt nja (2| + Z $¢ [§+ 2/m]12.<z)
- ]ﬁ: 8¢ v+ 2k7z)r —E () . (F14)
Inserting (F14) into (F13), we have
—2E () =4, , (E (-2)P(-z)+E, (z)%) . (F15)

Since (PS (2),0, (z)) forms a pair of reconstruction filters, equation (36) holds. Hence, it follows from
(F15) that
E,(-2)P.(=2)+ E,(2)P(2) =—zE,(z*) I A, , (F16)
Since the sequence {@(x—k)}, is a frame, there should exist two constants 4, and B, with
0< A4, < B, <+ such that
A, < E(z*)< B, (Theorem 9 in [19]). (F17)
Applying (36) and (F17) to (F16) yields
£,/B, <|E, (0P (D)+ E @@ =|EE)/A,,[ <B4, (F18)
which proves (23).
Equation (F18) implies that

1

e — e ’[-x,7]. (F19)
P (=2)E (-2)+ E (2)F,(z)

Hence, it follows from (F9) and (F19) that

2E,(-2)P(-2)
P.(=2)E,(~2)+E,(2)P.(2)

0,(z)= (F20)

which verifies equation (44).0
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Appendix G A LIST OF SYMBOLS

Wavelet space

5'1(1//2 (w)

The Fourier transform of

! S1(x)
Approximation space of multireso- . . .
V. -
f lution analysis {re-ny,_, Riesz basis of a Hilbert space
Space spanned by a Riesz basis . .
U.(7) @ x— ), {7e-ny,_, Dual basis of {y(t-k)},_,
I/f/];1 W ={f)|f(x=1/2")eW, _} 7(w) The Fourier transform of y(¢)
b Interpolation basis relative to
Jy :
L’(R) Square integrable function 7@ x=Blicz | the samples {f(k/2")},., for
Vj
PR Finite eilwergy disczrete signals {§¢ 2/ x—k)},., Dual basis of {S%(2/x— 0}y
zk:,w fs(k)| < 4o for V;
¥ (2 Interpolation basis relative to
Si(x) Signal to be recovered 8" (2 x =k the samples
{f.(k/2)+1/27*)}, _, for W,
. S$Y (2 vk Dual basis of {S” (2’ x—k)},.
Sup (%) Recovery of signal 7@ =iz for W, tes
Ji (w) Fourier transform of f; (x) q,;(x,») Reproducing (klegr)nel defined in
#(x) Scaling function of ¥ Fy(2) I* -sequence defined in (9)
q;(w) The Fourier transform of ¢(x) P(z) [? -sequence defined in (12)
w(x) Wavelet of 1, 0.(2) I? -sequence defined in (C25)
w(w) The Fourier transform of w(x) 0,(2) I* -sequence defined in (39)
S%(x) Interpolation function for ¥ 0.(2) I* -sequence defined in (34)
N (w) The Fourier transform of §*(x) E (2) Period function defined in (16)
SY(x) Interpolation function for W, E,(z) Period function defined in (41)
S¥ (w) The Fourier transform of S (x) Ap o Function defined in (37)
Sampling operator 7, . f)=
() Complex conjugate of f(x) Ty {f.(k/2™M)},, from W, to
I*(R)
_ Sampling operator 7, (f,)=
57,(x) S92 x—k) T, )
’ {/.(k)}, from ¥, to I*(R)
Sampling operator TU/ (f)=
Wo(x) Wavelet defined in (C26) T, {f.(k/2)}, from U, to
I*(R)
Sampling operator 7, W, f)=
1/7Q (w) The Fourier transform of y, (x) fW/-,l {(f.(k/2/ +1/27")}, _, from
2R
W, to I"(R)
W, (x) Function defined in (D3) Tr, Shift operator defined in (D1)
W,,(w) The Fourier transform of y,,, (x) @ Orthogonal sum.
SY.(x) Interpolation function of 17, de-

fined in (D4)
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