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Figure 1. This figure depicts a Euclidean bulk-boundary correlator in a black hole microstate.
Although we have forced the correlator to live on the Euclidean BTZ geometry, due to violations of
the KMS condition the correlator will be multivalued on the Euclidean time circle, and so must have
a branch cut. Thus semiclassical predictions for bulk correlators must breakdown. In particular,
as the Euclidean time circle shrinks to vanishing size at the horizon, it would seem that exact bulk
correlators must differ signficantly from their semiclassical limits at the Euclidean horizon.

1 Introduction

Perturbative gravitational physics in AdSj3 is largely determined by the Virasoro algebra
of CFTy [1-22]. But one can go further, and explicitly compute many nonperturbative
quantum gravitational effects [23-28] as well. These include a prescription for bulk recon-
struction that incorporates the exchange of all multi-graviton states [29], and has led to a
quantitative prediction for the breakdown of bulk locality at the non-perturbative level in
Gy [30]. In this work we will study the heavy-light bulk-boundary correlator

A(y, z,2) = (O (00)Og(1)OL(2, 2)¢L(y,0,0)) (1.1)

which can be used to explore the limits of gravitational effective field theory, including in
the near horizon region of the black hole microstate created by Of. We will primarily
focus on the pure graviton contributions to this observable.

In the remainder of this introduction we will discuss an aspect of the information para-
dox associated with Euclidean correlators. Then we will provide a physical interpretation
for the bulk field ¢ and a summary of the technology developed to compute universal con-
tributions to A. In this paper we will largely focus on technical machinery, while in future
work we hope to use these methods to study infalling observers.

1.1 A problem at the Euclidean horizon

Black hole microstates can be sharply differentiated from the canonical ensemble using
Euclidean correlators [23, 24, 31]. In the canonical ensemble, correlators are subject to the
KMS condition, which means that they must be periodic in Euclidean time. Black hole
solutions such as BTZ reflect this periodicity directly in their Euclidean geometry.

In contrast, microstate correlators cannot exhibit this periodicity [23]. If we attempt
to parameterize them using BTZ Schwarzschild coordinates, then they must be multivalued
on the Euclidean time circle, as pictured in figure 1. This suggests that bulk-boundary
correlators will be singular at the horizon, where the size of the Euclidean time circle
shrinks to zero. One of our goals will be to study bulk-boundary correlators near the
Euclidean horizon.



1.2 Quantum gravitational propagation

We recently derived a prescription [29] for an exact AdSs3 proto-field ¢ in Fefferman-Graham
gauge. Instead of recapitulating the formal definition of ¢ (see section 2 for those details),
let us consider some physical scenarios where ¢ plays a natural role. These include first
quantized propagation in a quantum gravitational background, and a universe including
only a free-field coupled to gravity at low energies.

We can view ¢ as a short-hand for an operator sourcing first-quantized propagation in
a quantum gravitational background. That is, to all orders in gravitational perturbation
theory about a background created by distant sources, in the vacuum sector we have an
operator relation [18, 29]

$(X1)6(Xa) = exp [ / A } (1.2)

This formula includes both quantum gravitational interactions with external sources, such
as CFT operators, as well as gravitational self-interactions.

However, ¢ does not include loops of matter fields, including itself. To clarify this,
consider a complete AdS3 theory whose sub-Planckian spectrum consists of a single species
of scalar particles with purely gravitational interactions. That is, a theory with a low-
energy effective action

3 1 o m 1
Suniverse = d’z\/—g §(v<,0) ——°+ R —2A (13)
N

Above the Planck scale, we do not have any particular requirements for the universe other
than those imposed upon us by symmetry, unitarity, and crossing.

This universe will be a large ¢ CFTy whose spectrum between the vacuum and the
Planck scale! consists entirely of a Fock space of states generated by the single-trace oper-
ator O dual to ¢, with generalized free theory OPE coefficients [32-34] modified only by
gravitational effects. In this universe, the single-particle component? of the effective field ¢
will correspond with the proto-field operator ¢ constructed from . This follows because
o has only gravitational interactions, which are encoded in the Virasoro algebra and were
incorporated into the definition of ¢. This universe must contain a Cardy spectrum of
black holes at energies £ > ¢, so it provides a very convenient laboratory to explore the
interactions of particles with black holes, including near horizons. But the reconstructed
proto-field ¢ still differs from the field ¢, as ¢ only incorporates gravitational loops, and
not loops of itself.

Although we have used the language of perturbation theory to describe ¢, as we review
in section 2.2, ¢ is defined using symmetry considerations at finite c.

!By the Planck scale we mean an energy scale < the details won’t be important for this informal

~ 24’
discussion. We do not know if a CFT like this actually exists, nor do we know of any bottom-up constraints
that make the existence of such a CFT appear problematic.

2QGraviton exchanges in n + 1-pt correlators induce mixing between ¢ and n-particle states, so that
(pO™) # 0, whereas ¢ has a vanishing 2-pt function with multi-trace operators. We describe this in more

detail in appendix D.



Universal contributions to A. In this work we will mostly focus on the pure gravi-
ton contributions to .A. But our techniques can be used to compute more general ‘bulk-
boundary Virasoro blocks’, where full Virasoro representations are exchanged between a
pair of boundary operators and a bulk-boundary pair. So it is natural to ask to what extent
the behavior of the full A correlator will differ in more general holographic CFTs.

One way to partially address this question is by adapting OPE convergence analyses
and large ¢ asymptotics [21, 35-37] to estimate the effect of new interactions and high-
energy states on A. That is, the correlator can be expanded as

Ay, z,2) = Z CHH;h,BCLL;h,BVh,fL(y: 2, %) (1.4)
h,h

where C' are conventional OPE coefficients and V are new bulk-boundary conformal blocks
involving primaries Oy, j, exchanged between the heavy and light operators.

The convergence rate of this expansion will depend on the kinematic configuration
defined by O(z, 2)¢(y, 0, 0), providing information about the sensitivity of .4 to high-energy
(or spin) states and OPE coefficients. Near the breakdown of convergence, the correlator
A will be UV sensitive, but in regions where the convergence is rapid, the correlator will be
dominated by the exchange of low-dimension primaries,? leading to a universal gravitational
prediction. Thus the vacuum or pure gravity contribution?

L—m1 o 'L—mi ’0> <0|Lnj o 'Lm
Nimatins}

Vo(y, 2, 2) = <(9H(OO)(9H(1) >
{mi}t.{n;}

X OL(Z’Z)¢L(y7070)> (15)

will be a major focus of study in this work, though the techniques we develop are also
applicable to the calculation of V), ; associated with the exchange of any state.

The full bulk operator ¢ will receive other important corrections, as full bulk fields
involve sums of proto-fields. In perturbation theory, this means that ¢ will contain small
admixtures of multi-trace operators [39-41]. Instead of the sum in equation (1.4), these
effects will appear as sums over the external operators O contained in ¢. We will not
explore these effects here, but understanding or constraining their contributions in detail
is an important problem as it would shed light on the difference between correlators of
proto-fields and full bulk fields.

3In the free field + gravity universe at infinite ¢, the vacuum Virasoro block and its images under
crossing will dominate, as discussed in section 2.1. In a more general holographic CFT2 the correlator will
be dominated by the exchange of low-dimension primaries associated with light bulk fields [33, 38].

4For simplicity, we only wrote down the holomorphic descendant states in equation (1.5), but since
Vo(y, z,2z) does not factorize, we also need to include the anti-holomorphic descendant states. We will
denote a projection operator like that in equation (1.5) as Pp°° and a full projection operator that also
includes the anti-holomorphic contributions as P, ;. We mostly consider scalar exchanged states (B = h)

and in particular the vacuum (h = h = 0) in this paper so we will often omit s in the subscript.



1.3 Summary

This work largely consists of technical developments to compute the bulk-boundary Vi-
rasoro blocks V), j, contributing to (OpOnOr¢L), with ¢1, the Fefferman-Graham gauge
proto-field [29] defined by the bulk primary condition. We mostly focus on the vacuum
block contribution Vy(y, z, Z) of equation (1.5), though all our methods can be applied to
general blocks.

We review the fact that Vy determines the physics of propagation in a semiclassical
gravitational background in section 2. We also briefly review the bulk primary condition
and the definition of ¢. Then, in the remaining sections, technical developments include:

e We compute the semiclassical limit V(S)emi (section 3) and show explicitly that it agrees

with BTZ correlators. We develop a monodromy method [42, 43] for computing bulk-
boundary blocks. We also define their symmetry transformations precisely, and show
that these greatly constrain their form.

e We develop three methods (section 4) to compute the bulk-boundary blocks in ei-
ther a y (radial direction) or z,z expansion, but exactly in hg,hr,c, and provide
Mathematica implementations as supplementary material. These methods match
the semiclassical BTZ correlators in appropriate limits, as shown in figure 2. In ap-
pendix B, we used the OPE block method [29, 44-46] to compute Vy perturbatively
at order 1/c2.

On a more conceptual level, in section 5 we demonstrate that the semiclassical approx-
imation fails if we interpret 1 as a correlator on the Euclidean BTZ solution. For explicit
results, see figures 4 and 7. In this regard the Euclidean horizon is a special place where
derivatives of the correlator become singular. But in the most conservative interpretation,
these singularities may have a non-perturbatively small coefficient.

2 Brief technical review

In this section we provide a very brief review. In section 2.1 we discuss BTZ correlators,
emphasizing that in the semiclassical limit, they are entirely determined by summing the
vacuum Virasoro block over all possible OPE channels [47]. Then in section 2.2 we re-
view our bulk reconstruction prescription, and the relation between BTZ Schwarzschild
coordinates and other coordinate systems.

2.1 Semiclassical probe correlators in a BTZ black hole background

The spherically symmetric BTZ black hole background has a Euclidean metric
2 22N\ 42 dr? 2 102
+

with the Lorentzian metric related by ¢ty — it. Note that the horizon radius

24h
r. = 21Ty = TH —1 (2.2)



where Ty is the Hawking temperature, hy is the (holomorphic) heavy operator dimension,

and ¢ = ﬁ is the central charge of the CFTy. The full semiclassical bulk-boundary

correlator for a free field in this geometry® is given by the image sum [47]

ri\ 2k o 1
Asemi = <¢O>BTZ = (?) Z — 2hr,
n=-o0 [Ti cosh(ry (60 + 27n)) — \/T? COS(TJr&E)}
(2.3)

where 60 and Jtg are differences between the bulk and boundary values of the cylindrical
coordinates tg and 6, and r is the location of ¢ in the radial direction. The sum guarantees
periodicity under 6 — 6 + 27 for the angular coordinate. The geometry and the correlator
are periodic under tg — tg + [, enforcing the KMS condition geometrically, and avoiding
a conical singularity at the horizon r = r.

If we take the limit » — oo and rescale the bulk-boundary correlator by r2"Z, we obtain
a probe CFT 2-pt correlator in the BTZ geometry. This is a semiclassical approximation to
a heavy-light CFT 4-pt correlator. In the OPE limit where the light probe operators collide,
this 4-pt function has a Virasoro block decomposition. The only Virasoro primary states
that propagate in this light-light OPE channel are the vacuum and double-trace operators.

The semiclassical vacuum Virasoro block contribution is simply the n = 0 term of the
sum in equation (2.3). In other words, in the semiclassical limit

semi T+ 2h 1
= (5) -
[TZ cosh(ry00) — T+ cos(r40tg)

is the bulk-boundary vacuum block, generalizing the semiclassical heavy-light vacuum
block [3]. We will show how to obtain this semiclassical result in section 3.

Clearly the n # 0 terms in equation (2.3) must also be intimately connected to the
Virasoro vacuum block, since all of the terms in the summation have its functional form.
From the point of view of the bootstrap, the image sum simply satisfies crossing symme-
try in the simplest possible way, as it sums the inherently crossing asymmetric Virasoro
vacuum block over all possible OPE channels. This means that in the semiclassical limit,
bulk-boundary correlators in a black hole background are fully determined by the vacuum
block, suggesting that universal features of AdSs quantum gravity can be understood by
computing Vy of equation (1.5) exactly.

2.2 CFT definition of the bulk proto-field

For completeness we will now summarize the definition of the bulk proto-field operator ¢;
for derivations and explanations see [29]. In Fefferman-Graham gauge, where the vacuum
AdS3 metric takes the form

28(2)5(2)
4

ds? — dy* + dzdz
=g

- %S(z)sz - %S(z)d? +y dzdz (2.5)

5By this we mean the limit ¢ — co with hz and h7H fixed, so that the light free field acts as a probe.



for general holomorphic and anti-holomorphic functions S, S, a bulk scalar proto-field must
satisfy the bulk primary conditions [29]

Ln>26(y,0,0)[0) =0, Lp>2¢(y,0,0)[0) =0 (2.6)

along with the condition that in the vacuum, the bulk-boundary propagator is

2hr,

(O(2,2)6(4,0,0)) = —5—

T (2.7)

These conditions uniquely and exactly determine ¢(y,0,0) as a CFT operator defined by
its series expansion in the radial y coordinate:

oo (_1)N 2N

$(y,0,0) = y*' Y~ y

Z m,C,NZ,NO(O) (2.8)

The L£_px are polynomials in the Virasoro generators at level n, with coefficients that are
rational functions of the dimension hj, of the scalar operator O and of the central charge c.
For example

_ (2h +1)(c + 8h) 12h
£ (2h + 1) ¢+ 2h(8h — 5) < 1o ¢+ ShL_2> (2.9)

Note that in the limit ¢ — oo, we have £_n — L, and £_x — L|, and our ¢ matches
known results [39, 48, 49] for bulk reconstruction in the absence of gravity. In some
situations it is convenient to compute the properties of a simpler object, which we refer
to as the ‘holomorphic’ part of ¢ [30]; it is defined by replacing the anti-holomorphic
L_ny— LY 1, so that anti-holomorphic gravitons are neglected.

This CFT operator ¢, inserted in correlation functions such as (¢OT') and (¢¢) cor-
rectly reproduces the result of Witten diagram calculations® in the bulk [29, 30]. We
will show explicitly in this paper that ¢ inserted in states generated by heavy operators
correctly reproduces the correlator of a scalar field on the corresponding non-trivial back-
ground geometry.

The function S(z),S(2) in the metric (2.5) are related to expectation values of the
boundary stress-energy tensor T(z),T(2) by

S(z) = LCQT(,Z), 5(z) = 1—C2T(2). (2.10)
Throughout this paper we will work with ¢ defined in Fefferman-Graham gauge, which is
natural in the coordinates (y, z, z), and in virtually all cases of interest we will have

_ hu T,_hH

T(x)=—, (2)=— (2.11)

5These Witten diagram calculations were performed in the Fefferman-Grahm gauge to facilitate the
comparison. In [50, 51] another construction for ¢ was proposed, which differs perturbatively from the bulk
reconstruction adopted in this paper.



due to the presence of heavy operators. The semiclassical metric (2.5) is then describing
a BTZ black hole in the coordinate system (y, z, Z). However, for clarity, we will almost
always express correlators of ¢ using the BTZ coordinates (r,tg,6). This is simply a re-
labeling of spacetime points, and not a gauge transformation. The relations between the
(y, z, Z) coordinates in equation (2.5) and BTZ coordinates are a bit subtle, and are worked
out in appendix A. The result for spherically symmetric black holes is

o [r—/T?— ri -1 .

Yy == 3 e'r
T ri+ 1
1 .

z = ZetBtid (2.12)
T

7 = ietEfie
7

where _
) r—l—ir+\/r2—r_2i_—1 "
= (2.13)

(1+idry) /r? — ri

and ry = \/% — 1 is the horizon radius. Notice that for 72 < ri + 1 the y coordinate

must be analytically continued into the complex plane, and that in this range the magnitude
of ZZ/—; remains constant, with only its phase changing with 7.

For the configuration (Op(c0)Og(0)Or (1,1) ¢r(y, 2, 2)) that will be used in sec-
tion 3.1, we can map to the BTZ coordinates (r,tg,0) via the transformation (2.12),
since the operator O at 2z = z = 1 has tg = # = 0. This configuration is intuitive
and has the nice interpretation of the correlator as a function of the location of ¢y with
fixed Or. However, in section 4 (and also parts of section 3), in order to take advan-
tage of the bulk primary condition for computation, we will compute Vy in the kinematic
configuration (O (00)Op(1)OL (2, %) ¢1.(y,0,0)). To map this configuration to the BTZ
coordinates (r,tg, #), we first perform a conformal transformation to the new configuration
(O (00)0(0)0 (1,1) ¢r(y, 2, Z")) with

1 1
y = z , 2= , Z=— (2.14)
) 1-2 11—z

and then relate the coordinates (v/,2’,Z’) to (r,tg,0). We obtain the transformation from
(O (00)0u(1)Oy (2, 2) ¢(y,0,0)) to the BTZ coordinates (r,tg,0)

r—y/r?—r3 -1
y=2 2
ri+1
z Fete = (2.15)

=1-—re
=1 — fetetit

Y

We explain more details of this relation in appendix A.2. We will be using these relations
implicitly when we probe the Euclidean horizon in section 5.



Ultimately, all of these coordinates and their relations are merely labels for the non-
local CFT operator ¢, which was precisely defined by the bulk primary conditions and
equation (2.8). From these algebraic conditions, it might not be obvious that ¢ can be
interpreted as a field in a dynamical spacetime, nor do these conditions explicitly encode
any information about the black hole geometries we will study. The bulk dynamics are
entirely emergent.

3 Semiclassical analyses and symmetry

The purpose of this section is to connect the bulk primary condition reviewed in section 2.2
to semiclassical correlation functions. It was implicit in [29] that correlators of the bulk
proto-field ¢ automatically reconstruct the leading semiclassical free-field correlators in
any vacuum AdS backgrounds, including BTZ black holes; in section 3.1 we will make this
explicit. In section 3.2 we explain how the monodromy method can be used to compute
semiclassical ¢ (bulk) conformal blocks. Finally in section 3.3 we will use the symmetry
transformation properties of ¢ to constrain the coordinate dependence of bulk-boundary
Virasoro blocks. We address both (¢OOyOpy) and a previously unexplained simplifica-
tion [30] in (¢¢).

3.1 Semiclassical bulk correlators from uniformizing coordinates

In this section, we will show that in the background of a heavy state |B), vacuum block ex-
change for the correlator (B|¢;Opr|B) automatically reconstructs the leading semiclassical
bulk-to-boundary propagator in the bulk vacuum geometry corresponding to |B).” This
treatment generalizes an argument from [5] to bulk conformal blocks.

We restrict to states |B) created by the product of a finite number of local operators
O;, so that the sources O; can be separated by a ball from the boundary points of the
probes,® and the boundary stress tensor T'(z) in the state |B) is holomorphic outside this
ball, where we can define the local operator B(z) that corresponds to the state |B) The
bulk conformal block is the contribution to (BB¢1Op) from the exchange of the vacuum
and its Virasoro descendants between ¢;Or and BB:

Vo = (B(00) B(0)Poor(y, 2,2)OL(1)) (3.1)

where Py is the projection operator onto the vacuum irrep. The background stress tensor
is its expectation value in the state |B):

Tp(z) = (B|T(2)|B). (3.2)

"By ‘bulk vacuum geometry’, we mean that the bulk stress tensor vanishes, aside from localized sources.
For CFT states |B) created by a product of local operators O; with large scaling dimensions A;, their
corresponding bulk stress tensor will be localized to geodesics in the large A; limit and therefore produce
a bulk vacuum geometry. More generally, the bulk vacuum geometry can be viewed as an approximation
where bulk sources are treated as localized.

8For instance, map to the cylinder, with the light boundary operator O at oo and the boundary point
corresponding to the proto-field at —oo, so they are separated from the finite region containing the sources.



We are interested in the limit of infinite ¢ with %TB(z) fixed. In this case, one can define
uniformizing coordinates f(z), such that they satisfy

PISE) _ (1.2, (3.3)
where S(f, z) is the Schwarzian derivative?, so that (B|T(f(z2))|B) = 0 in the uniformizing
coordinates. In other words, the OPE coefficient vanishes for T'(f(z)) in the operator
product B x B, and straightforward power-counting of factors of ¢ shows that at infinite
¢, the OPE coefficients for all powers of T'(f(z)) (normalized by their two-point functions)
vanish as well. This is equivalent to the statement that if ¢ and Op are conformally
mapped to the uniformizing coordinates, then at infinite ¢ the only state that contributes
in the projection onto the vacuum irrep in (3.1) is the vacuum state itself. Therefore in
these coordinates, (BBPy¢pr,Or) is just the usual (¢ Or) bulk-to-boundary propagator in
pure AdS.

The transformation of Op under z — f(z) is simply the usual local scalar operator
transformation Op(f(2)) = (f'(2)f'(2))""tOL(z). For ¢r, the transformation must be
extended into the bulk; by definition, ¢ transforms by extending z — f(z) into the
bulk such that Fefferman-Graham gauge is preserved. This extension is given [52] by
(y,2,2) = (u,z,Z) with

- 3
w—y %(J‘i’(Z)f’(Z))Q (3.5)
Af'(2) f'(2) + y2 " (2) f"(2)
x:f(z)_4 / 2y/( = ))2 //(Z) FIr( 5
F'(& G+ g2 () f"(2)

2y°(f'(2))* 1" (2)

Af'(2) f'(2) + y2 " (2) f"(2)

Under this transformation, ¢ transforms like a bulk scalar, ¢r(y,z,2) — ¢r(y,2,2) =

= f(z) -

ér(u,z,%). So, we have
(B(oo) BO)Podr(y, 2. 2)O1(1) = (£ (L)' ()" (b1.(u, 2, H)OL(F(L), F(1)))
—umﬁw»“(

u 2hy,
aﬂ+@—fﬂMf—ﬂnQ - (36)

where u,z,z should be understood to be the functions of (y,z, %) in (3.5). This result

reproduces the leading semiclassical contribution to the bulk-to-boundary propagator in a
general vacuum metric, which we can write in Fefferman-Graham gauge (2.5). This follows
first of all from the fact that the coordinate transformation (3.5) is also the transformation
that takes the Fefferman-Graham gauge metric (2.5) to be the pure AdS metric

du? + dxdz
ds® = — (3.7)
9The Schwarzian derivative is defined to be
_ N ORENS UM
s(ha) =y = L8 <f, (Z)) . (3.4)

~10 -



The semiclassical bulk-to-boundary propagator is therefore given by the pure AdS bulk-to-
boundary propagator in the new coordinates, which is just (3.6), plus a sum over images
arising from the fact that the coordinate transformation is typically not single-valued. The
result (3.6) is just one of these images, but each image can be thought of as just the vacuum
block in a particular channel [7]. Moreover, if h;, > 1, then there is a sharp transition
between regions where one image dominates and the others are subleading. In this case,
one can cleanly think of one image as being the dominant semiclassical contribution, which
is reproduced by the bulk vacuum block in the corresponding channel.

In the specific case where the heavy state |B) is created by a single primary operator
Op of weight hyr, we can be more explicit. Using the coordinate transformation (3.5) with
f(2) = 2% f(2) = z% we find that the bulk-to-boundary propagator transformed to the
Fefferman-Graham coordinates is

a'ralt <¢L (y7 Zs 2) OL (1’ 1)>FG (38)

atl _a+1 2hr,

_ dyatz 2 Z 2
422z -1 (-1 + ¥ ((a+ D)z +a—-1)(z¢ (@+1)+a—1)

By the above argument, this is also the semiclassical limit V™! of the bulk-boundary
vacuum block (O (00)Ou(0)PoOy (y, 2,2) Or(1)), i.e.

Vst = oheaht (g1 (y, 2,2) Or (1,1)) e - (3.9)

To obtain the result in the usual BTZ coordinates (r,tg,6), we can use the coordinate
transformations (2.12), and the result is exactly the same as equation (2.4). We have also
checked this semi-classical result with the result of Vy from the recursion relation (to be
introduced in next section) analytically at low orders and numerically up to order z'0z!%

in the limit where hTH is fixed, and hy < c.

3.2 Monodromy method

Our goal in this subsection is to extend Zamolodchikov’s monodromy method!® [42, 43]
for Virasoro conformal blocks to bulk-boundary blocks with three boundary and one
bulk proto-field operator. Although boundary blocks factorize into holomorphic and anti-
holomorphic pieces, once a bulk field enters the correlator this does not occur. In [30],
we developed the monodromy method for the two-point function (¢p¢) of two bulk proto-
fields in a “holomorphic” version where only the holomorphic stress tensors are included
(all global descendants, under either L_; or L_y, are also included).'! In this subsection,
we will continue to work in this limit for the sake of simplicity, and will relegate some
discussion of how to apply the monodromy method to the full block to appendix E.

As usual, the monodromy method begins by considering the wavefunction 1 for a de-
generate light operator V) acting on the correlator in the large c limit, where it exponentiates

%For a nice pedagogical introduction to the monodromy method, see appendix D of [53].

1 This holomorphic bulk block can be obtained by taking a chiral limit where cg > ¢r, and in particular
cr is infinitely larger than all the other parameters that determine the correlator, so that the right-moving
stress tensors decouple; it can therefore be thought of as a chiral gravity limit.
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to the form

(Or(21)Om (22) L (3, 23, 23) OL (24, 24)) = €69, (3.10)

with g ~ O(c?) at large c. The wavefunction 1 satisfies the degenerate equation of motion
6

V(2) + -T(2)d(2) = 0, (3.11)

where the potential T'(z) is the stress tensor acting on the bulk correlator. Because the
bulk field necessarily involves both z and Z dependence, we will also need to consider
the analogous anti-holomorphic degenerate wavefunction v, which satisfies the conjugate
of (3.11).

The action of the stress tensors T'(z), T'(Z) on the correlator are determined by the sin-
gular parts of their OPE with the bulk and boundary operators. For the boundary operators
Or,Opn, these singular terms are the standard ones for primary operators and simply de-
pend on the primary operator weights as well as their derivatives, which bring down deriva-
tives of the exponent g. For the bulk operator ¢, however, the OPE is more complicated:

Op+y? 8T ()
1=y 35 T (w)T (@)
(z —w)?

The origin of the complicated cubic term is the fact that ¢ transforms under special con-

1 yayﬁb(va’w) + 8’w¢(va7w) .

T(z)o(y, w,w) ~ _y2 P(y, w, w) + 9 (z — w)? 5 — w

(3.12)

formal transformation L; by moving around in the bulk in a way that depends on the
background geometry. A similar formula holds for the T(2)¢(y, w,w) OPE, related to the
above one by conjugation. These expressions require some care because, as we will dis-
cuss in more detail, the T,Ts that appear on the r.h.s. have singularities that must be
regulated appropriately. We will begin by considering the limit where Az /c is small, so to
leading order T" and T are just given by their behavior in the heavy state background. For
holomorphic backgrounds, i.e. hyy = 0, we therefore have at leading order in hz/c that

T(2)o(y,w, @) ~ —y> QP (y, w, w) lyayﬁb(?/,w,ﬂ)) O (y, w, W)

(3.13)

(z —w)? 2 (z—w)? z—w
. O + y* 2T (w) 0 1ydy¢(y, w, @) | Ipd(y, w, w)
_ _ o 2 c _ - Yy 9 9 w 9 I
T(2)d(y, w, w) ~ —y EE Oy, w, ) + 5 ooy T iiw
where Ty includes only the contribution from the heavy boundary operators Op,
(T'(2)OH(21)OHn(22))
T(z) =Ty (z) +Tr(2), Ty(z) = , 3.14
(2) =Tu(z) + T(2) H(2) (05 (21)0n(22)) (3.14)

and therefore Ty (w) is regular when ¢ is separated from the z positions of the heavy op-
erators.

Using the bulk OPE (3.12) and the standard boundary OPEs, the potentials for the
correlator (O (z1)On(22)¢(ys, 23, 23)OL(24)) are easily seen to be

6 y?Q,CZ Yysc Cz Cz
ZT(2) = — 3 Y3 1 2
c (2) (z—23)%  2(z—23)2 z—z1+z—22
Czy Czy hyg hy hr,

iz rem e—m)? =Pz
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for the holomorphic potential and

QT(z) _ y?Q, (Czs + yggTH (23) 653) Y3Cys + Cz
c (7 — z3)3 2(2-2)2 zZ-2
} . . h
P N N 07 (3.16)

for the anti-holomorphic one, where the ¢;s are the derivatives of the semiclassical func-
tion g:

0

The dependence of the function g on the positions of the operators must be invariant under
global coordinate transformations. An efficient way to impose this constraint is that the

potentials 7'(z) and T'(Z) must decay at large z, Z like z=4, 274

, respectively. This constraint
imposes six conditions (the first three inverse powers of z and Z), so we are able to eliminate
the derivatives with respect to all coordinates except for three, which we will choose to be

Y3, 24, 24. We set the other six coordinates to
Z21=2Z1=00, z2z9=20=1, 23=23=0. (318)

The remaining derivatives cx fixed indirectly by the two Schrodinger equations for v and
1, by demanding that the monodromy of the solutions to these Schrodinger equations
along cycles in the complex z and Z plane correspond to the weights of the operators
contained within those cycles. Setting the heavy operator to be purely holomorphic, i.e.
hyz = 0, makes the anti-holomorphic condition particularly useful, since it means that the
monodromy of the 1 solutions around a cycle containing only the points z; and/or Z; must
vanish. First of all, this condition immediately implies that the coeflicient cz, of the z = 2z
pole in 7 must vanish; we then obtain the following condition when we eliminate cz, in

terms of the ys, 24, 24 derivatives:

- 1
0= —hr — §y36y3 — Z4Cz,. (319)

This condition is equivalent to the statement that the correlator depends on z4 and y3 only
in the combination

‘O.JI\D

(3.20)

8
Il

2424

after we factor out an overall y_QEL from the correlator. In other words, the function g
must be of the form

9(y3, 24, 21) = g(z4,z) — 2k log ys. (3.21)

Next, we consider the monodromy of the 1 solutions around the point z;. This mon-
odromy must also be trivial. In the limit z; — oo that we have taken, this condition implies
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that limz, o0z = 0.2 We can then use our solution for ¢z in terms of ¢y,,c,,cz, to-
gether with the constraint (3.21) on g to write this condition on ¢z, in terms of derivatives

of g(z4, x):

0= — (224 +2) hp + 29"V (24, 2) (xiniTH(O) +z+ 1)

+x (24 — 1) 24900 (24, ) + 22401 (3.22)
The general solution to this equation is of the form
14-2)2
I S ia
9(z4,7) = g (2eft(24,7)) — hylog(l — z4) — hy log 71]12 ; (3.23)
4(1+ 1)
where we have defined the combination
1
2 —zzq(ag — 1)\ on
=1 -1 3.24
senleas) = 14+ (20— 1) (G20 (3.24)

so that it reduces to z4 at the boundary y3 = 0 (x = 0). This parameterization also
depends on the stress tensor in the heavy operator background, through the parameter

ag =14/1— &f(o). Remarkably, the dependence on all bulk coordinates has been reduced
to the dependence on a single coordinate!

In the limit that ¢ approaches the boundary, the bulk block reduces to the boundary
block, so the problem is reduced to the previously solved problem of the boundary block
behavior. Note that we did not need to use the holomorphic Schrodinger equation mon-
odromy condition to accomplish this reduction. So far, this result holds only to leading
order in the small Ay, /c limit, where we can neglect the subleading pieces of T' that depend
on the light operator. It would be interesting to extend this analysis to higher orders,
where additional conceptual issues arise due to the necessity of regulating the singularities
in T'(z) at z = 0.

3.3 Constraining bulk correlators using symmetries

In this section we will discuss the semiclassical and quantum symmetries of various corre-
lators involving the bulk proto-field ¢. Our main focus is on the heavy-light bulk-boundary
propagator, discussed in section 3.3.1, but we also discuss the bulk-to-bulk propagator in
section 3.3.2, and the discrete inversion symmetry in section 3.3.3.

3.3.1 Heavy-light bulk-boundary correlator

Because the result (3.23) at the end of section 3.2 followed essentially from demanding
certain residues of T'(z) vanished, it should be equivalent to demanding that the corre-
sponding conformal symmetries are satisfied. In this subsection, we will go through this
explicitly, though here we will specialize to the case hy, = hy, for simplicity.

12This is probably most explicitly seen by changing variables of the Schrodinger equation from Z to t = é,
in which case the condition limz, o0 cz, = 0 is simply that the coefficient of the pole of T at ¢t = 0 must
vanish. Since the map z = 1/t maps the point Z1 = oo to 0, a small cycle around ¢ = 0 contains only the
heavy operator O (z1).
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We will apply the method to holomorphic heavy operators with Ay = 0 and that
therefore (Of, (z,2) ¢, (v, 23, 23) On (21) Om (22)) have no dependence on zj, Z2. Now this
four-point function depends on seven coordinates and we can fix five of them using the
symmetry transformations L_1 1 and E—1,07 and we get

A=(0L(2,1) oL (¥,0,0) On (1) O (0)) (3.25)

The remaining generator L; acts on a bulk point as the vector field [29]

_ - - 4y"? 2y/4S _
L / / / — !=! _ _ 12 326
1 (v, 2, 7) (yz7_4+y,488,_4+85y,4+2 (3.26)

interpreted as a differential operator L{!04 in the bulk (with A running over (i, 2’,2')).

Here S is defined as

¢ ([0w(z,1)6L(y,0,0)] [Or(1)On(c0)])

where the brackets represent the normal ordering defined in [45]. In the semiclassical limit

(3.27)

subtleties concerning normal ordering are irrelevant. S would be defined in a similar way,
but it vanishes since we are considering the case that hgy = 0.

We can identify a certain linear combination of L; with other global conformal gener-
ators that will move z and y while keeping the other coordinate fixed. We will denote this
linear combination by L. We find that L acts on a bulk point as the vector field:

L(y.?.7) = (4119’ (42 = S0)y* — 22 —2) ,—y? — (' - 1),

(1) (27 = 4'50) ~ 'S¢ ) (329

N =

This transformation is a global conformal symmetry which leaves the vacuum invariant,
([L.00 (1) 61 (4.0,0) 01 (1)On ()] ) = 0 (3.29)
Therefore, the correlator eZ = A must be a solution to the differential equation
oy 4 b= (= 10T — 3 (14 57) yd, T

_ %y4 (hLS(O) + 3(0)%;@,1 + ;y8y8(0)> —0  (3.30)

In the semiclassical limit of ¢ — oo with hTH fixed, we simply have

s(0) =2 o <1> (3.31)

C Cc

Solving this equation while requiring the y — 0 limit to match the boundary heavy-light
Virasoro vacuum block, we find

2hy,

Vet =y (3.32)
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which agrees with the bulk-boundary vacuum block obtained using the uniformizing coor-
dinates (with f(z) = 2® and f(z) = z, since we are setting hyy=0) and the semiclassical
monodromy method in previous subsections.
In the large ¢ limit with hy, hy fixed, using the OPE block method developed in [29, 45],

we can compute the next to leading order correction to S (0), which is given by
_12hy  24hghp 1
=, T (y? + 2z) 23

—12(z — 1) (y* — (2 — 2)22) log(1 — 2)] + O(1/c?) (3.33)

S(0)

[z (22((z — 12)2 + 12)2 — y*(2(2(2 + 2) + 6) — 12))

with Z = 1 for §(0) defined in (3.27). Inserted into (3.30), this gives a differential equation
satisfied by the vacuum block Vg up to order O(1/c?). In appendix B, we used the OPE
block method to compute Vg up to order O(1/c?) and checked that the result (with hz = 0)
does satisfy this differential equation.

3.3.2 Symmetry analysis of the propagator (¢¢)

We can perform a similar analysis of the bulk-bulk propagator in the vacuum. In recent
work [30] we found that when (¢(X)p(Y)) is computed while incorporating only holomor-
phic gravitons (we denote this as (¢®)nolo), it depends only the the geodesic separation
between X and Y. We will now explain this fact using symmetry.

We can immediately use the translations L_; and L_; to write the propagator as

G(ylv Y2, 2, Z) = <¢(y17 2, Z)d)(y% 0, O)>h010 (334)

The transformations Ly and Lg also do not depend on S or S, and so they act simply,
giving the differential equations

0 = (y10y, + Y20y, + 220.) G
0 = (y10y, + Y20y, + 220:) G (3.35)

These require G to depend on only the quantities Z—i and Zé This is as far as we can go in
general, as the action of L; and L; depend on S and S, which themselves will depend on
the bulk fields ¢.

However, if we are only computing the holomorphic propagator [30], then we can ignore
anti-holomorphic gravitons, and so S = 0. In that case L; acts simply, so that G must

satisfy the addition differential equation

(y120y, + 220, — yi0s +y30:) G =0 (3.36)
This then implies that
2y1y2
=G| —F—— 3.37
<¢¢>holo (y% +y% T ZZ> ( )

or in words, that the holomorphic propagator can only depend on the geodesic separation
(in the AdSs vacuum) between the bulk points. It would be interesting to study this
method at higher orders in 1/c using the additional L; generator and the S determined by
gravitational back-reaction.
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3.3.3 A note on inversion symmetry

CFTs may have a discrete symmetry under inversions in the plane, which take

11

(2,2) = <2, z> (3.38)
After transforming to the cylinder, inversions correspond to the ¢t — —t time reversal
symmetry. The vacuum conformal block of CFT9 possesses these symmetries in both the
1/c expansion and also at finite central charge. Correlation functions in vacuum AdS
and probe correlators in classical BTZ black hole backgrounds also inherit this inversion
symmetry. For example, the semiclassical bulk-boundary conformal block in equation (2.4)

is manifestly symmetric under étp — —dtg.
However, complications arise when extending this symmetry to bulk proto-fields at the
quantum level. First, we must extend inversions into the bulk in the (y, z, Z) coordinate
system in the chosen Fefferman-Graham gauge. Formally, this is fairly simple. If we obtain

the vacuum AdS metric of equation (2.5) via maps f(z), f(2) from the pure AdS metric

o du? + dwdz

ds 5

- (3.39)

by the coordinate transformation (3.5) [29, 52], then inversions correspond to the identifi-
cation between unprimed and primed coordinates through the relations

u(y.f(2),f(2) =u <y’,f <21,> f(;,))
ol0f (0.7 @) =2 (v (5)7(5)) (3.40)

z(y, f(2),f(2) =2 <y/’f <21'> f(»;))

Note that because S(z) in equation (2.5) is determined by the Schwarzian derivative of f(z),
it is automatic that equation (3.40) is a discrete symmetry of the spacetime. We provide
a few examples and details in appendix A.3, but although equation (3.40) is simple, the
relation between the original and primed coordinates may be rather involved.

Beyond heavy-light semiclassical limit, to determine the inversion symmetry transfor-
mations explicitly we must incorporate the backreaction on the geometry from ¢ itself.
This echoes complications encountered when extending Virasoro transformations, such as
equation (3.26), to the quantum level in the bulk. To extend the inversion symmetry into
the bulk, the coordinates (y, z, z) must transform in a way that depends on S(2) and S(z).

A further issue arises when interpreting inversion symmetry in F-G coordinates as time
reversal in the BTZ coordinate system. The connection between F-G coordinates (r,tg, 0)
and the BTZ Schwarzschild coordinates (y, z, Z) obtained in section 2.2 was semiclassical,
and did not account for the backreaction of ¢ or quantum corrections. In other words, the
Schwarzschild coordinates were introduced as a re-labeling of the F-G coordinates, and it’s
challenging to extend this re-labeling beyond the semiclassical probe limit.
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Figure 2. These plots compare the exact (blue, log(|V§**"|)) and semiclassical (pink, log(|V§™!))
correlators for different values of r. The parameters for these plots are ¢ = 30.1, hy, = 0.505, hTH =4,
so that r. ~ 9.7. The semiclassical approximation is excellent for these values of tg and r. The

gray dashed lines are +3/2. We used the exact result from recursion up to order z%9z5% with
V§*° (60 orders) — V™" (59 orders) —12
VEXAct (60 orders) <10 ’

convergence

We demonstrate some of these points in appendix A.3, where we show explicitly how
bulk-boundary correlators transform under the inversion symmetry, including quantum
effects in 1/c perturbation theory. As a consequence of such effects, when the exact corre-
lators are plotted using the semiclassical BTZ coordinates (r, tg, 6), they are not manifestly
symmetric under a tg — —tg reflection. Violations of this symmetry are very small, but
become noticeable for BTZ r coordinates very near the horizon. We emphasize that this
apparent asymmetry comes from the application of the (merely) semiclassical coordinate
transformations from section 2.2.

4 Exact correlators

In this section we discuss two different methods that can be used to automate the calcula-
tion of the bulk-boundary conformal blocks Vhﬁ(y, z,Z), where its most convenient to use
the kinematic configuration

(OH(0)Ou(1)OL(2,2)¢L(y,0,0)) . (4.1)

The two direct methods of section 4.1 are based on a brute force sum over Virasoro de-
scendants. These methods have the advantage of providing either exact y-dependence to
some order in z, or (nearly) exact z-dependence to fixed order in y. Then in section 4.2
we discuss a generalization of the Zamolodchikov recursion relations; this enables a higher
order numerical evaluations of Vhﬁ(z, y). The direct methods are most useful for comput-
ing correlators in the Lorentzian regime, as they permit extremely high accuracy in the
boundary coordinate and Lorentzian time. The recursion relation is more efficacious in the
Euclidean regime, where it’s possible to obtain Vy as an expansion in z, Z with coefficients
exact in y. The plots in this paper are made with results from the recursion relation up to
order 250260,

We have attached Mathematica code implementing these three methods. Figure 2
provides visual confirmation that the bulk primary reproduces semiclassical physics in
black hole backgrounds at large c.
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4.1 Direct calculations

The bulk-boundary blocks can be directly evaluated in two ways. The first leverages the
simplicity of the bulk primary condition, while the second attempts to exploit the avail-
ability of high-precision information [24] on the boundary blocks. Thus the first method
computes V;(y, z) exactly in 3 but only to low-order in z (practically up to order ~ z'4),
while the second method computes the blocks only to low order in y, but to extremely high
precision in the boundary coordinates (so the result can be written in terms of the ¢ coor-
dinate [43, 54], which provides far better convergence, along with the ability to analytically

continue deep into the Lorentzian regime).

4.1.1 Using the bulk primary condition

Consider the direct evaluation of the general bulk-boundary conformal block

L—m1 e L—mi|h> <h‘Lnj o 'Lm
Nimating}

Vn(y, 2,2) = <(9H(oo)oH(1) >
{mi},{n;}

x Or(z, 2)¢L(y,0,0)> (4.2)

For simplicity we have only explicitly included a holomorphic intermediate primary |h)
along with a sum over holomorphic Virasoro descendants, but in general we would
also simultaneously include an anti-holomorphic intermediate state and a sum over anti-
holomorphic Virasoro descendants. Due to the presence of ¢r,(y,0,0) this block will not
factor into a product of holomorphic and anti-holomorphic contributions, although the
coefficients of any given power y?"LT2N do factorize in this way.

We can compute using equation (4.2) almost as efficiently as in the pure boundary
case of (OgOpyOrOr). This follows because the bulk primary condition

implies that almost all Virasoro generators act trivially on ¢, meaning that

<h|(Lnk e )LmOL( )¢ (ya 0 O)>
= (h|(Lny =+~ Lny)[Lny, OL(2)]6L(y, 0,0)) (4.4)
==z l(hL(l + nl) =+ Za )<h‘( ng """ an)OL(z7 Z)¢L(ya Oa 0))

whenever n; > 2. Thus we can simply extract any string of Virasoro generators. When

computing the vacuum block, we have (Op(z,2)ér(y,0,0)) = ngJyrZZ)QhL and we can
choose a basis where all n; > 2, so that all calculations can be performed in this way.

The calculation of the other factors in equation (4.2) are just a standard application
of the Virasoro algebra, and are easily automated. This makes it possible to compute
Vo(y, 2, Z) to reasonably high order order (e.g. at least z'* for the holomorphic ¢) with

exact, algebraic coefficients, including the exact y dependence. For example, up to order
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2* we find that the contributions from the exchanged vacuum state and its holomorphic

descendants are

Vo(y, 2, Z) 14 2hphy(1+432)22  2hphg(1+ 22)23
(OL(z,2)¢1(y,0,0)) c(l1+x) c(1+z)
thHZ4

* c(be+22)(x +1)

+ 32% (24 + 5¢ + 6hy, + 10hy + 30hphy) + 9c + 40) + - --

(4.5)

5 (12$ (9+20)—|—(2+121‘)(hL + hyg + 5thH>

where we define!® z = z—; and note that when x — 0 this reduces to the usual boundary

Virasoro block. We have also verified that these results agree with those of section 4.2,
which are based on an adaptation of the Zamolodchikov recursion relations [42]. At large
¢ with hy/c and hy, fixed, these results match the semiclassical correlators reviewed in
section 2.1.

2n+1

These methods imply that terms of order 22" or z
1
(I4z)m -
single 0, derivative acting on (Ofr(z,2)¢r(y,0,0)), and since m > 2 we have at most n
2n+1

are always given by polynomials
of degree n in x times a factor of This follows because each L,, includes only a
such derivatives producing the 22" or z terms. This insight makes it possible to extract
the exact = dependence from the methods of section 4.2, which formally only produce a
series expansion in the variables x, z,Z. In practice, this is how we study bulk-boundary

correlators in the Euclidean region.

4.1.2 Using knowledge of the boundary correlators

As our starting point, we can instead use the expression

0 2hL +2n

Z) = o0)Og (2,2 g
Vi(y, 2, 2) = <0H( )0 ()PrOL(2, );)n!(%L)n

L’_n/:‘_n(’)L(O)> (4.6)
for the bulk-boundary block. The L£_, are linear combinations of products of Virasoro
generators at level n, determined by the bulk primary condition from section 2.2, and P,
is the Virasoro projector onto the block with primary dimension h. All Virasoro genera-
tors L,, commute with Pj, so we can compute V, by commuting the individual Virasoro
generators in £_,, to the left, where they act on Or(z,z) and Oy (1) before annihilating
the (0|Op(oc0) state.

This method outputs the coefficient of y?/r+2n

in V,, as a differential operator acting
on the boundary Virasoro block

Vh(y,z,i) = <OH(OO)OH<1)’P}LOL(Z,E)OL(O» (4.7)

13We apologize for the usage of z in several different places in this paper (e.g. x is also used in equa-
tion (3.7) as the coordinate in the pure Poincare metric). But its meaning should be clear from the context.
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As a concrete example, in the kinematic configuration z = Z, the first three terms are

Vy, =

Sl (1 o I ) 1

z4he 2hr,22

4 (1+2hL)(ZhL(cfﬁzzhH+2hL(c+8hL75))Vh(2)72(17z)z(cz+2h14(73+c+z+8hL))V,;(z)+(fl+z)222(c+8hL)V};’(z))z
ahpz4(c+2h (—5+c+8hr))?

+y

+)

The boundary blocks Vj,(z) can be computed to extremely high precision [24] using the
Zamolodchikov recursion relations. In particular, V} can be computed in the g-expansion,
which remains convergent after arbitrary analytic continuation into the Lorentzian regime.
This last property will make this method very useful for studying Lorentzian bulk-boundary
correlators. We have attached Mathematica code implementing this computation.

We can also use this method to compute A directly from the boundary correlator
(OgOpOLOr). In particular, in regimes where the boundary correlator is extremely well-
approximated by its semiclassical limit, we can simply feed the semiclassical V},(z) into this
algorithm. When our goal is to uncover new effects from bulk reconstruction (rather than
from deviations between the exact and semiclassical boundary correlators), this is a useful
trick: any deviations between the result and the semiclassical bulk correlator will be due
to the difference between extrapolating boundary operators into the bulk via classical bulk

wave equations vs via the protofield construction.'*

4.2 Recursion relations

The Zamolodchikov recursion relations [42, 43, 55] can be adapated to compute the bulk-
boundary block V. This requires a sum over holomorphic and anti-holomorphic Virasoro
descendants from both the Virasoro projector P, and from the definition of ¢. Thus the
bulk-boundary correlator V, has the complexity of two coupled 5-pt Virasoro blocks [56].
In this section we will present the c-recursion relations for computing V.

4.2.1 Order by order factorization of the bulk-boundary blocks

At each order of y, the proto-field

> _ 1
_ 2h 1\, 2n = —
b=y ;( D" " MLnLnO (2, 2), A i, (4.9)

factorize in to the product of holomorphic and antiholomorphic parts. This will lead to
the factorization of the bulk-boundary blocks at each order of y. Thus we can compute
the “holomorphic” part of the bulk-boundary block first and recover the full block at the

14To be more precise, for any heavy-heavy-light-light boundary correlator we can compare a ‘semiclassical’
and an ‘exact’ extrapolation of one of the boundary operators into the bulk. The ‘semiclassical’ extrapolation
is defined as using the bulk wave equation for the classical geometry corresponding to the heavy state,
whereas the ‘exact’ extrapolation is defined as using the protofield, as in (4.8).

- 21 —



end. We define the holomorphic part of the proto-field to be'®

A (y,2,2) =y Y Ay LnOnp (2, %) . (4.10)
n=0

Then the holomorphic bulk-boundary block is given by !¢
Vioto (11, h2,¢) = ( O(00) On ()P OL (2, 2)915° (1,0,0)) (4.11)

where the holomorphic projection operator Ph‘)lo only includes the holomorphic descendants
of the Op,. We will introduce a recursion relation to compute Vyolo (h1, ha2,¢) in next sub
section. Eventually, we are interested in Vy,o (0, hz, ¢), which will be given as an expansion
in terms of y2, that is

Vhoto (0, 1z, ¢) = @)m i (f)n Fo(2). (4.12)

n=0
where F), (z) is an expansion in terms of z (starting from 2°). And we can obtain the full
bulk-boundary vacuum block via

Vo=V (0,hr,c) = (%)%L 3 CV" o, (2 Fy (2) (4.13)

2

where F), (%) is defined to be F, (z) with z replaced by z and z = .
The above result is an expansion of Vy in terms of z,z,z. On the other hand, as
explained at the end of section 4.1.1, we know that the vacuum block is of the form

y 2hy, B
Vo=| 5—"— Vo. 4.14
o= (22s) w (1.14)
Here Vy = 1 + --- is an expansion of z,z with the coefficient of 2"z™ being a product

f W and a polynomial of degree |m/2] + [n/2] in x, where | k] means the

maximum integer that’s small or equal to k. So we can use the coefficients of 2"z

in Vo
up to xlm/2+1/2] and extract its exact dependence on . Eventually, the result we obtain
for the vacuum block Vj is an expansion in terms of z and z, with coefficients exact in .

4.2.2 Recursion relation

Now our task is to compute Vyolo (A1, h2,c). We will show that Vi, (b1, he,c) can be
computed via the following recursion relation

Vholo (R1, h2, ¢) = Vholo (h1, ha, ¢ — o) (4.15)

(hi,h
+ Z mn L 2)Vholo (hl — h1 + mn, h27c — Cmn <h1))

—c
m>am>1 © mn (P11

)

mn h].) 2)

+ Y T Yl (i hy — ha + mn, ¢ = e (h2))
m>2.n>1 ¢ = cmn (h2)

5Note that the definition of the holomorphic part of the proto-field ¢ is different the definition of that
in [30]. The definition here is simply for computational convenience.

8For the convenience of discussing the recursion relation later on, here we are being more general by
setting the dimensions of the intermediate state and the proto-field to be arbitrary hi and hz. Eventually,
we are interested in the case that h1 = 0 and hs = hr.
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with

0 m,n h c c c
R (hy, hy) = — Zomen 2D éhl( 1)An§'f’,{b(h1)Pm%"(hl) [Zi Py () [Zz] :
6 m,n h C C
Sm.n (h1,ho) = _WAnﬁg(hz)mehn(hz) [Z;] . (4.16)

We will parametrize the central charge ¢ in terms of b as ¢ = 13+ 6 (b2 + b_2). The poles
¢mn (h) are given by

Cmn () = 1346 [ (b (1)) + (b (0)) 7] (4.17)
with
) 2h—|—mn—1+\/(m—n)2+4(mn—1)h+4h2
(bmn (h))" = ) )
1-m
m=2,3,,n=12--. (418
The functions A¢, ,, and Py, ,, [Z;} are given by
TR ﬁ ﬁ ! (k,1) # (0,0) , (m, n) (4.19)
m,n 2 et kb + é7 ) Y Y ) I .
and

P (4.20)

ha 2 2

h1] :H)\1+)\2+Pb+qb_1 A — A2 +pb+gbt
pa

with )\12 = b2+ b2 +2 — 4h;. The ranges of p and ¢ in the above product are

p=—-m+1,-m+3,---,m—3,m-—1,
g=-—n+1,-n+3,--- ,n—3,n—1
Note that in Ry, (h1,ha), Aff{f;{‘(hl) means that the b in A7, |, should be replaced by
bm.n (h1), and similarly for other terms in Ry, ,, (h1, h2) and Sy, (h1, he).
The last piece of information we need for the recursion (4.15) is the bulk-boundary
global blocks
G (hl, hg) = Vholo (hl, hg, cC — OO) . (4.21)
In the limit that ¢ — oo, all the Virasoro generators will be suppressed, therefore in the
projection operator Py, and the holomorphic proto-field qb%glo, all that left are the global
descendants. Thus we have

OuOp L™ |h) (h|L" Or (2) L% |hs)

G (hy,hy) = yohesama!
L) = 3 L ) [ ) P

mi,ma=0

(4.22)
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The details for computing G (hi, ha) is provided in appendix C, and the result is given by

a\h2 0 () s (hi,hr, ho) 2\ ™2
G h h — hl yf mq ©M1,Mm2 ) 9 mi yf 4‘23
( b 2) 5 < z ) ml%:o (2h1)m1 m1! (th)m2 mQ! § z ( )
with [57]
Sk,m (hl, hg, h3) = <h1‘L1n1 Oh2 (1) LTf |h3> (4.24)
min(k, m) !
= Z p'(k_p)!(2h3+mfp)p(mfp+1)p

X (h3+hy —h1),,_, (b1 +ha —hg+p—m);,_,,.

Solving the recursion (4.15) will give Vyolo (b1, ha,c) as a sum over global blocks

o
Violo (h1, ha,¢) = > ConnG (b1 + m, hy +n). (4.25)
m,n=0

The global block G (h1 +m, hg +n) is the contribution to Wy, from a level-m quasi-
primary in 73}111;)10 and a level-n quasi-primary in qﬁl,}b‘;lo. The coefficients (), 5, are functions
of the operators dimensions and the central charge ¢. As shown in equation (C.12), they
are related to three point functions of primaries with one or two quasi-primaries and the
norms of the quasi-primaries. Specifically, C, ,,G(h1+m, ha+n) computes the total contri-
bution to Vil from all the level-m quasi-primaries in P}}L‘flo and level-n quasi-primaries in
Qﬁ%gb. One way of understanding the recursion (4.15) is that it provides an efficient way of
computing these coefficients. More details about the recursion relation and the algorithm

for implementing it in Mathematica can be found in appendix C.
After obtaining V1o (0, hr, ), we can use the method discussed in last subsection to

compute Vy. Concretely, the first several terms of Vy are given by

~ 2(3x + 1)hghr
=14+ —-—r - =
Vo + or+1)
n 43 hy, (2(5z—2)+ (1422 —32?%) hp+ (1722 +122+2) h? + 122%h} —42%h]) 252
A(x+1)2(2hg, +1)

(2 +22) (4.26)

We’ve checked that all the three methods discussed in this section for computing Vy
give the same result, which also agrees with the large ¢ expansion of Vy (appendix B) and
the semiclassical result V(S)emi (section 3.1) in the appropriate limits.

In next section, we will compare the result from the recursion with the semiclassical
result. For clarity, we will convert all results to the usual BTZ coordinates (r,tg, ), where

the semiclassical result is given by

1

[& cosh (r40) — | /% — 1cos (r+tE)th'

VEEmi (1, 15, 6) — (ri)%L

5 (4.27)
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As discussed in section 2.2 and appendix A.2, the right object to compare with V(S)emi is
the following
h h y O\
V¥Rt (r tp,0) = (1 — 2)" (1 — )" [ 22— % 4.28
Pt (nten) = (1= 2 (-9 (1) (1.25)
with the coordinate transformation from (y,z,z) to (r,tg,6) via (2.15) and Vy as given
in (4.26). For better visibility of the plots, we will actually divide both V§e™ and V§xact
by 32" (which is not singular in the region we are interested in).

5 Exploring the Euclidean horizon

Now we will explore the behavior of the correlator when the bulk operator ¢ approaches
the Euclidean horizon'” of a black hole microstate. For simplicity we study spherically
symmetric black holes with hy = hp, and since ¢ is a scalar we have hy = hr. Our
plots always indicate bulk-boundary correlators with no angular separation, so that the
correlators depend only on (r,tg).

The Euclidean horizon is the region where r 2 r, with purely Euclidean BTZ time
coordinate tp. We have reason to expect a sharp, order-one deviation between the semi-
classical and exact correlators in this region. As one can see from figure 3, the classical
BTZ geometry and the semiclassical correlators are periodic in Euclidean time. But exact
CFT correlators in a pure state (or even in the microcanonical ensemble) cannot be peri-
odic [23, 31]. As illustrated in figure 1, the exact CFT correlators must lift to multivalued
functions on the ‘cigar’ geometry. This suggests that the correlators will be badly behaved
at the Euclidean horizon where the tg circle shrinks to zero size. We will confirm this
expectation with an explicit numerical computation using the exact correlators. We will
also see that the region where the exact and semiclassical correlators differ shrinks as we
increase c.

Near the Euclidean horizon, the corresponding Fefferman-Graham coordinates z, Z re-
main in the Euclidean region with z = z*, and thus the correlator can be best approximated
using the algorithm of section 4.2. With it we can compute the correlator to order z%0z%°
with coefficients that capture the exact dependence on hpg, hr,c and the kinematic y-
coordinate. For clarity, we will convert all results into the usual BTZ coordinates (r,tg, 0)
as discussed at the end of section 4.2.

To any finite order in y, these results should converge for all |z|] < 1. However,
since we are only computing to finite order in the z expansion, the radius of convergence
will be smaller, and must be estimated empirically based on the growth of terms in the
series expansion. We find that the recursion relations of section 4.2 converge best when
24hpg/ec > 1, hy < 1, and ¢ > 1 is relatively small. For the most part we will focus on
this regime, as our goal is to compare the exact and semiclassical correlators as precisely
as possible. Note that in this regime there are two relevant length scales in the bulk, the

Y"The bulk field operator ¢(y, z,z) was defined in terms of a local CFT2 primary and its descendants
via the bulk primary conditions of section 2.2. So when we discuss the ‘horizon’, we are referring to
certain values of the (y, z, Z) coordinate labels determined mathematically in terms of the BTZ black hole
coordinates (¢,7,0) through equation (2.12). Bulk interpretations of these labels are emergent.
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Figure 3. Left: this figure depicts a Euclidean bulk-boundary correlator |V5™| on the BTZ
‘cigar’ geometry, focusing on slices at fixed r, where we can easily study Euclidean time periodicity.
Right: these plots display the semiclassical bulk-boundary correlator V™! on constant-r slices. The
semiclassical correlator is periodic in tg, and its range of variation becomes smaller as we approach
the horizon r = r, where it is constant in ¢tg. The red dashed line is tg = 5 and the parameters

are hTH =1,hy =1.

24h g
C

—1>1.
Typically with our chosen parameters r; ~ 10 — 100. As explained in section 3.3.3, the

AdS scale Ragqgs = 1 in our conventions, and the larger horizon scale . =

exact results are not exactly symmetric under tp — —tg in the BTZ coordinates.

We compared the exact and semiclassical results for small tg and large r in figure 2
and we found excellent agreement. Now let us investigate r ~ r, larger tg, and small
c. In figure 4 we have compared the exact and semiclassical correlators as functions of
the Euclidean time tg for various fixed values of the radius r. We see that the exact and
semiclassical correlators are very similar for tp < 8 when r > r, though the correlators
deviate significantly for tp &~ [, as expected based on the boundary behavior [24]. But
as we approach the horizon, the correlators disagree for a greater and greater range of
tg values, such that for r ~ ry the exact and semiclassical correlators are significantly
different for all tg.

We compare the exact and semiclassical correlators on the full Euclidean ‘cigar’ geom-
etry in figures 5, 6, and 7. These plots indicate the full dependence on r and tg, and give
some idea of the way the results change with ¢. However the ‘migration’ of the discrepancy
from tg = [ to the full range of tg is easier to see in figure 4. Notice that the semiclassical
correlator Vgemi in figure 5 is smooth everywhere, even at the Euclidean black hole horizon
at the center of the disk. This is not the case for the exact correlator V§*°* in figure 6.
The exact correlator also has a discontinuity between tp = 0 and tp = 8 (the wiggling
lines in the plots), which indicates that V¥ is not a periodic function in ¢g, in contrast
to Vgemi,

Minimizing violations of bulk effective field theory. Since these results are some-
what preliminary, we would like to interpret them as conservatively as possible. So its
natural to ask how to minimize the discrepancy between a naive bulk effective field theory
description — i.e. the semiclassical correlator — and the exact correlator.
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Figure 4. The blue lines are the exact result |[V§**!| and the yellow lines are the semiclassical
[Vsemil. From top to bottom the rows of plots correspond to ¢ = 8.1,16.1,32.1,64.1, respectively.
Other parameters for these plots are hy = 0.01, hTH = 100, and r =~ 50. The first two plots in each
row are in the region whose distance from the horizon is much smaller than the AdS radius. The
red dashed line is tg = § and the gray dashed line is tg = +3/2. The exact results in the visible
plot range have converged to better than 1073 precision (the precision of convergence is defined as
in figure 2).

h
hr = 0.01, — = 100
C

1.146
1.144
1.142
1.140

1.138

Figure 5. This is a plot of [V5*™!| zoomed in to the tip of the Euclidean ‘cigar’, with 7, < r <
1.025r4 and 0 < tg < B. The radial coordinate of the disk is » — r; and the angular direction is
%rtE; the BTZ angular coordinate § = 0. The center of the plot is the position of the Euclidean
horizon and 7, ~ 49. Notice that [V5¢™i| is smooth everywhere in this plot, in contrast to |V§<a<!|
in figure 6 below.
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c=32.1 c=064.1
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1.144
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Figure 6. These are plots of |V§**!| for hy, = 0.01,hg/c = 100 but with different values of c.
These are plotted in the same region and use the same range as figure 5 for ease of comparison.
These results have converged to better than 10710 accuracy except for a tiny region at the origin
of the disk (i.e. the white point at the center).

c=32.1 c=064.1
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exact semi
pgxact _yg
vsem:

Figure 7. These plots show the difference between the exact and semiclassical results:

in the same region as figure 5 and 6. They have the same parameters as figure 6: hy, = 0.01, hy/c =
100. The difference between exact result and semiclassical result is numerically small because we’'ve

chosen very small hy = for better convergence, and this means that both the exact result and

100
the semiclassical result are very close to 1. Qualitatively, we can see that as we increase c, the
agreement between the exact result and the semiclassical result improves. The exact results have

converged to better than 107!0 accuracy.

The discrepancy between the exact and semiclassical correlators becomes unavoidable
once we approach tg— £ ~ O ( \[> And for |tg| larger than [ the semiclassical description
completely fails. We have now seen that this applies both on the boundary and in the bulk.
This unsuppressed effect is due to non-perturbative corrections in the large ¢ limit, though
surprisingly, there are already hints of this phenomenon in 1/¢ perturbation theory [23, 58].

However, one can brush this problem under the rug by defining the correlator on
the Euclidean cigar using the exact correlator evaluated in the range tg € [—g, g} On
the boundary, the disagreement between the exact and perturbative correlators will be
extremely (non-perturbatively) small for this range of tg. This fact has been discussed
previously [24], as analytic continuation in tg to g can also be used to mimic the correlators

in the double-sided eternal black hole geometry.

_ 98 —



Even if the bulk correlators can be smoothly connected between tp = :I:g up to ~ e~ ¢

corrections, then at exponentially small values of |r — r| we might nevertheless see a large

deviation from naive effective field theory predictions. This follows because the derivative
1

r—ry’

significant. But this will only occur at a distance exponentially close to the horizon, and

of the correlator will grow as and so eventually even a tiny effect may become
so it’s unclear if it would affect observers.

We also see indications in figure 4 that the exact and semiclassical correlators disagree
for a greater range of tp as r — r;. We have confirmed this phenomena for some other
choices of parameters. Unfortunately, due to the limitations of numerical convergence we do
not have the dynamic range to determine if this effect is perturbative or non-perturbative
in nature, or to work out its empirical dependence on hp,r,, and c. Hopefully some of
these issues can be clarified through a more detailed analysis, or by directly studying the
Lorentzian regime in future work.

6 Discussion

The primary purpose of this paper was to develop methods for computing the gravitational
contributions to the bulk-boundary propagator in a black hole microstate at finite G . In
CFTy terminology, we studied the conformal block decomposition of a 4-pt correlator
involving three CFT primaries and a single bulk proto-field ¢, which has been defined as
a specific infinite sum of Virasoro descendants [29] parameterized by the bulk coordinate
y. We explored the semiclassical limit of these correlators, and demonstrated that they
reduce to known results in the probe or heavy-light limit.

It would be interesting to better understand the convergence of the bulk reconstruction
algorithm and of the associated conformal blocks. It would be especially useful to develop
an analog of the ¢ variable [43, 54] that can achieve a maximum radius of convergence for
these objects. To reach the interior of a microstate black hole, it seems that one must
analytically continue through a bulk-boundary light-cone OPE [59, 60], as the bulk field
must cross the past lightcone of O in the bulk. The ¢ variable allows analytic continuation
through infinitely many boundary light-cone limits, so an analog in the bulk might clarify
the definition of correlators in the black hole interior.

We performed a preliminary comparison of exact vs semiclassical Euclidean bulk-
boundary correlators. Our goal was to understand the bulk implications of the fact that
correlators in black hole microstate backgrounds violate the Euclidean periodicity mani-
fest in the classical black hole geometry. The result was that Euclidean bulk correlators
deviate from their semiclassical limit in a way that appears to be unsuppressed at tg 2 £.
The effect appears increasingly impactful as r — r4, since the naive Euclidean-time circle
contracts to zero size. We also found evidence that the effect spreads to a much greater
range of tg as one approaches very near to the horizon.

The most conservative interpretation still allows for an exponentially suppressed de-
viation for physical observables. Furthermore, violations of Euclidean-time periodicity
in perturbative CFTy computations [58] are an important case where even for boundary
correlators, the distinction between effects that are and are not visible in bulk effective
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field theory remains to be understood. Note that even if our results have implications for
‘drama’ at the horizon [61, 62], they would not immediately apply to eternal black holes
or the canonical ensemble, which satisfy the KMS condition exactly.

Do physical observers see violations of bulk effective field theory outside the horizon,
and are there relatively unambiguous predictions for what observers might see inside a black
hole? To address these questions, we must investigate the behavior of the Lorentzian cor-
relators pertaining to physical observers. It will also be important to differentiate between
corrections to CF'T correlators and qualitatively new effects due to the bulk reconstruction
process itself. Non-perturbative corrections to reconstruction can dramatically alter the
bulk equations of motion and invalidate bulk locality [30]; it is the investigation of such
effects in black hole backgrounds that necessitates exact bulk reconstruction.
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A Coordinate systems

The purpose of this appendix is to explain the relationship between the BTZ black hole in its
standard form and in the coordinate system that we use in this paper. We will see that the
relation has a surprising feature: real values of the standard AdS-Schwarzschild coordinates
(tg,r,0) correspond with complex values for the Fefferman-Graham radial coordinate y. As
far as we are aware, this feature has not been noted in the literature. For completeness and
perhaps for pedagogical value, we will also make some elementary comments concerning
the connection between diffeomorphisms and conformal transformations.

A.1 Various coordinate relations
The Euclidean BTZ black hole metric is typically written using Schwarzchild coordinates

r2dr?
(r2 —r3)(r2+r2

(r? —rH(* +12)

2 7“+7“_
- dt}; +

ds®> =

r2

. th>2 (A1)

+ 7 <d9 +
)
where we note that to avoid a conical singularity at the horizon, we must identify tg ~
tg + E—I, and by definition we identify 6 ~ 6 + 27w. As we take r — oo with fixed tg, 0 we
approach the boundary cylinder, with metric ds? = dt% + df?. We can easily obtain the
Lorentzian BTZ metric via the simultaneous analytic continuations tg — it and r— — ir_.
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Our exact results are based in a Fefferman-Graham coordinate system, where in the
presence of a heavy source the Euclidean metric takes the form

dy? + dzdz  6h 6h 36hyh
2= +2 = - I;dZQ_ —I;dz2+y2 2172[—2H
y Cz Ccz CoZ°Z

The boundary corresponds to y — 0, and if we take this limit uniformly (without scaling by

ds

dzdz (A.2)

any function of z, z) then we obtain a flat boundary metric ds? = dzdz. The heavy sources
with conformal weights (hz, hy) are located at z = 0 and z = 0o on the boundary. When
the sources are absent, this metric reduces to that of the standard Euclidean Poincaré
patch for AdSs.

Throughout, we will use the relation o = /1 — 24hy

C
convention when «, & are imaginary we take them to have opposite signs. These parameters

,and & = 1—%, and by

are related to the outer and inner horizon radii of the Euclidean black hole via o = iry —r_
and & = —iry — r—. We mostly focus on the spherically symmetric case with r_ = 0.
Now let us discuss the coordinate relations. First, let us note that equation (A.1) does
have a simple relationship with a metric that looks superficially like our Fefferman-Graham
coordinate system. This is a third distinct form of the metric
gt = I 07dE | arde <1 n20‘20‘2> dédg (A.3)
n 4 & 4 &2 n? 16 &€

Notice that in the absence of sources, when o = & = 1, this metric does not reduce to the

Poincaré patch form of AdSs. Relatedly, when we approach the boundary by taking the

limit n — 0, the term %2‘15%2 in the metric has an interpretation as an expectation value

for the CFT stress tensor (T') = %, and it is non-zero even in the vacuum. Both of these
facts follow because in equation (A.3), the coordinates £, { parameterize the surface of a
cylinder, rather than a flat plane when we take n — 0. This is manifest with & = etz
and & = et2—,
We can relate the metric (A.3) and the standard form of BTZ (A.1) straightforwardly;
we take ¢ = e'21% and € = €'~ as above, while
9 (042712 — 4) (642122 — 4)

= 16n2 (4-4)

This means that the horizon is located at!®

_ 2 _ 2
vaa T2+

in the coordinate system of equation (A.3).

(A.5)

T«

Now let us identify a relation between the metric (A.3) and the Fefferman-Graham met-
ric (A.2) that we are using in this paper. This is more complicated, but it can be achieved
by obtaining both metrics as sub-regions of empty Poincaré patch AdSs. Starting with

B du?® + dxdz

2
ds 3

. (A.6)

18Recall that in the Euclidean region this actually represents a line, rather than a 2d surface, because
the thermal Euclidean time circle shrinks to a point at the horizon.
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we can obtain any vacuum metric by identifying [52]

A () (2))2
YirOTE) + 2 2)f"(2)
) W)
Af'(2)f'(2) + 21" (2) " (2)
e WG
Af'(2) f'(2) + y2 " (2) [ (2)
for suitable f, f. To obtain the metric of equation (A.3) we use f(z) = e followed

by z = log&, whereas to obtain equation (A.2) we directly use f(z) = 2z®. These two
transformations are subtly different because the derivatives of f are respect to different

variables. The end result is a dictionary between coordinate systems

4zzV aaze—1zo-1 Any/ aafaga

4zz+(a—1)(a71)y2:“: 4 + aan?
oAz (et (@-ly? - €4 —aan?) (A.8)
A2z + (a — 1)( 1)y2 4 4+ aan?
sAzz—(a—D(@+1)y® __ E(4—aan?)
0 =r=—F"—""———"—>5 "
422+ (o —1)(a —1)y? 4 + aan?

Notice that at small y and n, we have z ~ &, Z ~ €, and _ ~ n. This means that taking

the limit y — 0 results in a different boundary metric from n — 0; in the former case we

obtain a CFT in flat space, whereas in the latter case we obtain the CFT on a cylinder.
One can solve the relation between coordinates explicitly. Defining a discriminant

D? = o*a*n® — 1602a*n8 + 32(20* 4 2a* — o?a?)n* — 25602 + 256 (A.9)

we find the results

2 a2a?n* —8n2+16—-D

v _

2z 2n2(1 —a?)(1 —a?)

o go a?a’n* — 8a?n? 4+ 16 + aD
(1+ a)(16 — a?2a2n?)

Z

a_ <a2a2n4 8an? + 16 + @D)

(1+ ) (16 — a?a2n®) (4.10)

This makes it possible to connect the standard BTZ metric and our Fefferman-Graham
coordinate system; for completeness note that

2 <a2 +a® +4r? — \/(a2 —a2)® + 1674 + 8r2 (a2 + a2)>
2

n? — —— (A.11)

which allows us to write y, 2, Z explicitly in terms of r, tg, 8. The results simplify somewhat
in the spherically symmetric case r— = 0 when we connect directly to the BTZ coordinates.
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In that case we find

o0EE [T~ r2—r3—1
Yy = p

T 7"3_+1

1

T

1-_
gzjf

7

. - r4iryA/r2—r2 —1
Wlth r = <++

- | .
WCrir )T ) . Recall that we can rewrite these results in terms of tg, 6 of

the BTZ metric via £ = 21 and & = ¢!#~%; note that the BTZ and Fefferman-Graham
time coordinates are only identical at the boundary.

However, these expressions imply something unexpected about the 3d real manifold
in the (y, z, Z) coordinate systems associated with real r,tg, 6 in the standard BTZ metric
— the y coordinate takes complex values when (r,tg,6) are real. This occurs whenever
r2 <1+ 7“_2|_. In particular, the horizon corresponds with

Y 4

2
- - @@ A.13
2z (ry £i)2—1r2 ( )

Despite these complex values for y, by definition the line element ds? from (A.2) will be
real when evaluated as a function of real ¢,7,0 (and also after a Lorentzian continuation
via tp — it and r— — ir_). Nevertheless, these complex values for y are a feature of the
relationships between these coordinate systems.

Eddington-Finkelstein. To study the horizon of a BTZ black hole, it is useful to use
coordinates that are well-behaved in its vicinity. Thus we can use the Eddington-Finkelstein

coordinate
1 r
v=t— —tanh™! <> i (A.14)
T4+ T4+ 2T+
which we have written in terms of the Lorentzian BTZ time coordinate (t = —itg) and

radius. In the spherically symmetric case, this produces a metric
ds® = —(r? — ri)va + 2dvdr + r?d6? (A.15)
which is non-singular through the horizon.

Holomorphic limit. The relationship between the Z—; and r coordinates simplifies in the

holomorphic limit, where hy = 0 and @ = 1. In that case we simply find that
y? 4
22T 4Pl (4.16)
where the Fefferman-Graham coordinates are on the left hand side. We see that even in the
case of deficit angles (with real «), when r becomes sufficiently small we must analytically
continue to complex values of y. However, the relationship between z,z and r remains
quite complicated.
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A.2 Bulk-boundary vacuum block in BTZ coordinates

In section 4, we’ve developed several methods to compute the bulk-boundary vacuum block
Vo (y, 2, Z) in the following configuration: (Op (00) Op (1) Of, (2,2) ¢ (y,0,0)), where the
heavy sources Oy are at z = 1 and z = co. However, the Euclidean BTZ metric (A.2) in
the Fefferman-Graham coordinate system has heavy sources located at z = 0 and z = c©
on the boundary. To make the physics more transparent in that metric, we can move the
heavy operator Oy at z = 1 to z = 0, by using a conformal transformation that takes
oo — 00,1 — 0,z — 1. This uniquely fixes the conformal transformation to be

1—z
1—2z

x — (A.17)

Under this transformation, the bulk position (y,0,0) transforms as

(y,0,0) — ( (1_5)(1_2),1iz,1i2> = (y/jzljg/), (A.18)

and we find

(On (00) O (0) O (1) ¢ (¥, 2", 2")) (A.19)
=(1—2)" (1 =2" (0O (c0) O (1) OL (2,2) ¢ (y,0,0)) .

Now we can use equation (A.12) to map (y' 2 ,z_’) to the usual BTZ coordinates
(7”, tE,H), i.e.

2 2
r—a/re—ri—1

+ 1 . - 1, .
tE7 ZI:jetE+19, Z,:*EtE 7,9? (Azo)

r_%_—i—l T T

<o

. - ir4+/T2—12 —1 TL . . . - _
with 7 = % " Using the relationship between (y’, 2 z’) and (y, z, Z), that
(+iry)/r2—ry

is, equation (A.18), we find that to map the bulk-boundary vacuum block V, (v, 2, z) of
section 4 from (y, z, Z) to the BTZ coordinates (r,tg,6), we need to use

r—y/r? =12 -1
y=2 5 ;
ri+1
=1 — e tri0, (A.21)

z
Z=1-—7e Bt

A.3 Inversion symmetry

In this section, we give two examples of inversion symmetry discussed in section 3.3.3. In
Feffereman-Graham gauge, the AdS3 metric
_dy*+dzdz S (2)

S(z)
_ 2 2
" > dz 5 dz° +y

25 (2)

ds* 4(Z)dzdz (A.22)
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can be obtained from the pure Poincare metric ds? d“:w with transformations (A.7),

where S (z) and S (2) are given by Schwarzian derivatives S (z) = {f(2),z}, S(2) =
{ f(2 ,2}. This metric has an inversion symmetry, because the same metric can be ob-
tained by the same functions f, f, but with inverse arguments, i.e. f (%) f (%) Specifically,
the inversion corresponds to the identification between unprimed and primed coordinates

w7 @) = (v (5)7(5))
ot .7 @) =2 (v (3)7(5)) (A23)

z(y,f(2),f(2)) —w(y’,f(»,f(i,))

The solutions to these equations (i.e. (y, 2z, Z) in terms of (y/, 2, Z’)) are often rather com-
plicated. Here, we give two examples: the Poincare AdS; and BTZ black holes.

through the relations

Poincare AdS3. The Poincare metrlc ds®> = w can be simply obtained by f (z) =

z,f(2) =z So we have f (L) = 2 and f (4) = L. And equations (A.23) become

0 ( %) (, 11 y
w(y,z,z2) =y=1u — =] =
y7 ) y y7zl72/ y/2+ZZ
11 2
/
(y,zz)—z:x< 72,72,):y,2+2,2, (A.24)

11 zZ
_ - = = / .
x(y,z,z)-z-x(y, ,) -

y/2 + ZIEI
where the relations between (y, z, z) and (y/, 2/, Z') are manifest.

BTZ black holes. The BTZ black hole case is more relevant to this work; it is also
more complicated. To obtain the BTZ black hole metric (A.2) in terms of (y, z, Z), we used

f(z) =2+, f(2) = 270+ with r, = 4/ 24hH — 1. So we have f () = 2/*"”,]?(%) =

2"+, Then equations (A.23) become

(y iy ——'LT+) — 4T+yz% 2 2%_”;
e 42z + (r} +1) y?
L
olpieie) SIS e
+
24+ (4zz —(ry —1) 2y2)
(y7 zr+ zr+) —

42z + (r3 +1) y?
—_ (y/7 2/71;7"4_72,1'7‘4_) —

27 (422 — (rg +14) %y?)
4zz+ (r2 +1)y

= —ir "ir _
—.QZ'(y,Z +,Z 7L)_

- iy (42 ( +—{—z) 2y/2)
42/7 + (r2 4+ 1) y?

T (y7 er+, Z—zr+) —

lz*mr (42, ( ry — Z) 2y/2)
42'7 + (r3 + 1) y?
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where the solution gives the coordinate relations after an inversion:

B 9 r—a/r2—r2 -1
V= V2272 r? +1
1
= (A.26)
1
F=—
72

. ~ 1 [r2_p2 _1 % 2 11)y2442"3" .
with 7 = % T and r = M# We emphasize that although the
(I+iry )y /r2—r3 4y'Vz2'z

above solution looks complicated, in terms of the BTZ metric (2.1) in coordinates (r,tg, ¢),
this just corresponds to the time reversal symmetry tp — —tp. One can also check that
expanding the above solution in small Ay, the leading term are indeed given by the inversion
solution (A.24) for the pure Poincare metric.

A.4 Elementary note on diffeomorphisms and conformal symmetries

Here we will make some very elementary comments about bulk diffeomorphisms and bound-
ary conformal transformations. These ideas are probably well-known among experts, but
they are rarely stated explicitly, so for completeness we will briefly review them. The
ultimate point is to contrast the diffeomorphism (A.7) with a different and more naive
procedure for implementing conformal transformations in AdS/CFT. First, let us remind
ourselves of a trivial point concerning the definition of conformal transformations.

Consider a CFT5 in the metric ds? = dzdz. If we introduce new coordinate labels via
z = f(C), then we obtain a new expression for the metric, so ds? = dzdz = f'f'd(d(. This
is the same physical metric; we have just re-written it using a different set of labels for
the points. However, if we now perform a Weyl transformation and multiply our metric
by ﬁ, then we obtain a physically distinct metric ds”> = d(d(. This metric once again
appears flat, but distances between points have clearly changed as a consequence of the
Weyl factor. The key point is that the metrics are physically different because we have
fixed the relation z = f(().

Now let us consider the transformation rule for a primary operator. When we transform
from O(z) to O(§), what we really mean is that we define z = f(§) and we change the
metric from dzdz — déd€. Then the transformation rule is

(d€)"O(¢) = (d2)"O(2) (A.27)
Since we have that z = f(§) this means that as usual

O = (f'(€)"0(2). (A.28)

For example, we can verify the standard result for f(£) = ef that

b 2h
(0(E)0(E) = (1) (M) _ 211(15152> (A.29)
S11 I

providing a quick check of the logic.
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Now we can see why the diffeomorphism of equation (A.7) implements a general con-
formal transformation in the CFT3. Under this transformation, the boundary metric
ds? = dxdZ corresponding to the limit n — 0 becomes a new boundary metric ds? = dzdz
when we take the (different) limit y — 0. Though these boundary metrics appear identical,
they are physically distinct, since by definition z = f(z).

We have utilized the bulk diffeomorphism (A.7) to move the CFT from one spacetime
metric to another via a (Virasoro) conformal transformation. We can distinguish this
operation from another kinematical procedure, which appears to function in any number
of spacetime dimensions, and is often discussed in the context of the null cone embedding
of AdS/CFT. In this procedure we write

dy* + dx?

ds* = A.30
) (A.30)
and then take y = eF(x;) followed by € — 0, resulting in a boundary metric
1
ds* = dx? A.31
s F2(z7) x; (A.31)

that differs from the flat metric by a completely general Weyl factor.

While this procedure appears to correctly implement the transformation rule for pri-
mary operators, it is purely kinematical. In this sense it is somewhat misleading, as knowl-
edge of CF T correlators in flat spacetime does not determine the correlators in the general
metric of equation (A.31). For example, this procedure does not account for effects such
as the expectation value of the stress tensor in the new background metric, which arises
automatically (as a Schwarzian derivative of the conformal transformation) when we use
the diffeomorphism (A.7) in the context of AdS3/CFTs. Thus the diffeomorphism (A.7)
correctly implements conformal transformations in CFT9; the fact that no equivalent dif-
feomorphism exists in higher dimensions reflects the physical fact that the conformal group
is finite dimensional, and cannot be used to implement non-constant Weyl transformations.

B Bulk-boundary vacuum block via OPE blocks

In this section, we will use the OPE block formalism developed in [29, 45] to compute
the vacuum bulk-boundary block Vy = (Og (00) O (1) PoOL (2, Z) ¢1. (y,0,0)) up to order
1/c%. Here, we are considering the large c limit, with hz and hy fixed.

The vacuum bulk-boundary OPE block for Op ¢y, is given by

¢r (¥,0,0) O (2, f) L Rty Rk btk bl jebulicy . (B.1)
<¢L (ya 0, 0) Or (Zv Z))
with
12h (¥ +2'2) (= — &)
bulk L
Kpt == /d’ Zz+y T (7)),
bulk 72hL // / 2 o m?2 / "
Kt = dz dz —2) (y +z2")°T ()T ("), (B.2)
2 (y? +zz
72y2hL 2 N2 =
Kb‘ﬂk:—/ dz' (z — 2 / az’ (z-2)"T ()T (7).
| o i ey T )
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K%“lk is anti-holomorphic version of K'%“lk , that is, K;i“lk with T — T and z < Z,
and similarly K%l—,lk is the anti-holomorphic version of K%‘%k . The OPE block of OygOy
factorizes and we have

Op (00) O (1) = I AR o KON KD

with
12hg

K:];dy = d2' (¢ —=1)T (%), (B.3)
1

L

d2" (2" = 1)°T () T (+") .

and the anti-holomorphic K;’dy and K;%y. The superscript “bdy” means “boundary”.
To obtain the vacuum block Vj, we need to compute the correlation functions of OPE
blocks of ¢; O and OgOf. The one-holomorphic-graviton-exchange contribution is

z 2 /3 ! 00
<K%u1kK;dy> _ <12hL /0 ds (y + Z_Z) (z z )T (Z/) 12hy /1 ds" (Z// B 1) T (Z//)>

c 2Z+y c

_ 12hhy (z (22 + yQ) + 10g(} —2) (?J2 —(z2— 2)2))7 (B.4)
c (22 + y2)

and the one-anti-holomorphic-graviton-exchange contribution <K%UIkK;dy> is simplify

<K%,1“1kK;dy> with z, zZ exchanged, ie z < Z.
The one-graviton-exchange contribution computed above is order 1/¢, and two-
graviton-exchanges will contribution at order 1/c?. There are three types of two-graviton-

exchanges,
Ki= < ( K;ulk Kbulk Kbulk) ( K;dy K;dy> > 7 (B.5)
Kbulebulk KbdyKbdy
Ko = << T 5 T Kbulk) T 5 (AN K;‘}y 7 (B.6)

Kbulebulk KlzdyKbdy
Ks = < <2 Kbulk Tf + Kbdy ’ (B.7)

where we’ve grouped them by contributions from different types of gravitons. X3 is simply
the anti-holomorphic version of Ko, ie, Ko with z, Z exchanged, so we will focus on Xy
and KCo.

K1 is contribution from exchanges of one holomorphic graviton and one anti-
holomorphic graviton. The first term in X; is

<KTT (KbdyK?dy>> (B.8)
_ 10368h%;hy? " " 200 _1) (5 —
_C4y+zz/ /dz/dz/dzzz(zz)(z 1) (1)

><<T(Z’)T(z’) (=) T ("))
72hh?
:—CQ(ZJQL—+ZE)2((Z—2)Z—G—2(Z—1)10g(1—z))((§—2)2+2(2—1)log(1—2)),
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where we've used (T' (/)T (') T (") T (z")) = %ﬁm. The second term in Ky is

<KTKT (KbdyK'?dy)> (B.9)
2 12
20736h; hy, / dz/ dz/ dz"/ dz" y + 2z ( —z,) (y2+2/z) (5—2,)
c4 (2 + 22)?

< (=) (=T () T ()T (") T ("))

:144h%h12q (2 (v +22)+ (y2—2 (2-2)) log (1-2)) (= (224+y?) + (v*— (2 —2)z) log(1—2))
2 (y? + 22)° ‘

And the sum of these two terms gives us

72h%hy,

TP [y2 (2= 2)z+2(1 — 2)log(1 — 2)) (£ —2) 2 +2(2 — 1) log (1 — %))

+2hy, (2 (22 + %) +1og(1 — 2) (y* — (2 — 2)2))
x (2 (v +22) + (v* + 22 — 22) log (1 —2))}.
Similarly, s is given by

72hHhL

]CQ_ —|—zz /dz/ dz” 2hy, y+zz)(z—z)(y2+z”2)(z—z”)
b (2= ) (2 + )]
X /100 dZ/// /1'2: dz//// [2hH (Z”/ _ 1) (z//// _ 1) + (z//// _ 1)2]
([T ()T E T )T E™)])
T2hghr,

— W [1og2(1 —2) (hH (hL (y2 —(z— 2)2)2 90z — 1)z (2+y2))

+(1—2)z (2hg (2+ °) —ZZ—I—E))
— 2Liy(2) (2y22 —(z2—2)22% + y4)
+ %<2y2z2 (6hp (2 (4hy — 1) — 6) — 6(2 + 6)hr, — = + 34)
+ 16222 (3hy (hy — 1) — 3hy + 2) + y*(2h, (22 (6hp + 1) + 62 — 24)
22 (6hgg +1) + 2 (10 — 36hzr) + 24))
+ log(éz_z)< — 2y°2% (6hp (2°hr, — 4zhy — 22+ 3) — 12zhy, + 18hy, + 6z — 5)
— (2 —2)222% (6hy (4hy, — 1) — 6hy, — 1)
+y* (6hy (222hy + 32 — 4) + 122%hy — 182hy — 132 4 12) )]

The four-point function of 7" in the second line is regularized as in [29, 45} and it’s given by
(0T ENEETE) = 5 (i b + ) + Oe). Note

z’fz/”)4 (z'—2 (=" z’”)4 (= Z////)4
that the above equation, in the first term of the ﬁrst line, we’ve made use of the symmetry
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between 2’ and 2” to change the integration range from [ d2’ [ d2" to § [ d2’ fozl dz", so
that both terms of the first line have the same integration ranges. And similarly for the
second line.

Adding up all the above contributions, we obtain the result for the bulk-boundary
vacuum block Vg up to order 1/¢?, and it’s given by

2hy,
Vo = <y2 i ZZ) [1 + <K;'%“1kK§dy> + <K};,“1kK;dy> + K1+ Ko+ K340 (Clsﬂ

(B.10)
In section 3.3.3 and appendix A.3, we discussed the inversion symmetry, i.e. the sym-
metry under tg — —tgp. Here, we would to comment that the above large ¢ expansion of
Vo is symmetric under tg — —tg at order 1/c but not 1/c¢2. The order 1/c terms of the
above result is just the same as the 1/c terms of the semiclassical result when expanded
at large c. But at 1/c?, there are quantum-correction terms in the above result that are
not included in the semiclassical result, which breaks this symmetry if we use the naive

semiclassical transformation (A.21) and expand to order 1/c2.

C Details of the recursion relation and algorithm

In this section, we will analyze the structure of the proto-field ¢ (y, z, zZ) and bulk-boundary
blocks in more details and explain why the recursion relation of section 4.2 works.

In the main text, we’ve written the proto-field as a sum over descendant levels N
as follows

) y2n _ 1
¢ (y,2,2) —yZhZ yAL L0 (2,2), Al @) ml’ (C.1)

with £_,, and £_,, uniquely determined by the bulk primary condition (2.6) and the nor-
malization condition (2.7). As shown in [29], we can solve these conditions and write the
proto-field ¢ as a sum over quasi-primaries and their global descendants. That is, we can

& (y,2,2) ZZ(]ﬁ (C.2)

n,n i,j

write ¢ as

where qSZ;ﬁ means the contribution to ¢ from the ith level n holomorphic quasi-primary
and jth level n anti-holomorphic quasi-primary and their global descendants. And in the
above sum, we sum over all quasi- primaries Here we'’ve assume that all the quasi-primaries
are orthogonal. It can be shown that qb " is given by [29]

2h+2 ZOO (—1)n+m y*" mlﬁqum !

n,n +2n

(Z)zj (y;Z Z) Yy — )\(h) o quasi.i P (CS)
m=0 n+m L,lﬁ_n @

7 m+n—n pquasi,j
o [ L 51 0(z2).
7 m+n—n pquasi,j
‘L_l La2shio
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In writing down the above equation, we’ve assumed that n > n, but the case with n < n
is similar. One interesting fact about the above equation is that the contribution to ¢Z’jﬁ
from each descendant of O is normalized by its norm with other factors independent of
the central charge c. As we will see, this is a feature that also holds for the the Virasoro
projection operator. And this is one of the reason that we can use the c-recursion to
compute the bulk-boundary blocks.

Similar to ¢, the holomorphic part of the proto-field QEEOIO defined in equation (4.10), i.e

[o¢]
A (y,2,2) =y Y APy L0 (2, 7). (C.4)
n=0

can be written as a sum over contributions from different quasi-primaries as

holo y,z Z Z¢n (C5)

with
n — y2h+2n - h+n) 2m rm pquasi, _
o7 (y,2,2) = ‘qg§ Ay L™ L3N0 (2, 7). (C.6)
E uasi ZO‘ m=0

In order to make the structure of the holomorphic bulk-boundary block Welo (1, h2,c)
more transparent, we can also write the holomorphic Virasoro projection operator in terms
of quasi-primaries and their global descendants:

‘Lml EquasL]O > <L11111 ‘C(iliiSLjOlu

Pholo Z Z Z — 5 (C?)
m=0 j m1=0 ‘LT%E%%SI’]Ohl
) Pramm——— Z M | L 290y, ) (L 255 0y,
m=0 ‘Equashjo =0
Plugging equation (C.6) and (C.7) into the definition of Vyelo (h1, k2, ), we obtain
Vielo (1, h2,¢) = (OuOPEOLHI (4,0,0) )
oo )\(h1+m) y2n
_ y2h2 Z Z mi Z )\ h2+n 2m2 (C.8)

s 2 ..
ma=0 lﬁciuasmohl ‘Eciu:smo m1,ma=0

<OHOH ‘er Equam ZOh1> <LT11 ﬁ(il;ZSi’iOhl

(2) LT L2590, )

The two factors in the last line can be simplified to be

(0|08 (LT LY O, ) = (hy +m),,, (OulOn (DIELE O ), (C)
and
(L L2550, Oy, (2) L7 L2 Oy, (0,0)) (C.10)

= smms (0 + B,y + ) ZPEmThemme (£SO, 10,1 L2 0y, )

with s, mo (R1 +m, hr, ho +n) given in (4.24).
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Now we can separate the factors in V01 that depend on ¢ (i.e. those terms that involve
EquaSi) from those that don’t depend on ¢, and write Vy1, as a sum over global blocks

Vholo (h1, ha,¢) = > ConnG (ha + m, hy +n). (C.11)
m,n=0

with

<0H0H|L‘1‘;zsi”'oh ><Lquasi’io 1oL ) \c‘i‘;jSi’jOh2>

’L'7j )[’quaﬁ Z ‘Equa51,]o
and the global blocks are
2 h2 o0 2 ma2
Yy (P1)n, Smama (h1,hr, ha) Y
hi,ho) = 2" | = 1 o= : 1
G (7, ha) < z > (2h1),,p ! (2h2),,, m2! i z (C.13)

m1,ma=0

It’s easily seen from the above derivation that G (hy 4+ m, ho + n) are the contributions from
the global descendants of quasi-primaries of dimension hy +m and ho+n. The sum over 4, j
in equation (C.12) is summing over the level-m quasi-primaries of Oy, and level-n quasi-
primaries of Op,. So C, , is the sum of the product of 3-pt functions of quasi-primaries
with primaries normalized by the norms of the quasi-primaries, at specific levels.

A detail derivation of the recursion can then be obtained along the line of [56]. Ba-
sically, the function A7, , in (4.19) encode the information about the norms of the states
in the denominator of (C.12) and P

. 0 (4.20) encodes the 3-pt functions of one quasi-

primaries with two primaries. In (C.12), we have a 3-pt function with 2 quasi-primaries,
but at the residues of (4.15), one of the quasi-primaries becomes a primary, that’s why PS
can be used to compute this 3-pt function. The reason that the Zamolodchikov recursion
relation can be modified to compute the bulk-boundary Virasoro blocks is that the the
structure of the proto-field ¢ is very similar to the structure of the projection operator, i.e.
the proto-field is built up of descendant states of O normalized by their norms.

Algorithm for solving the recursion. Solving the recursion (4.15) (reproduced here
for convenience)

Vholo (M1, h2, ¢) = Vholo (b1, ha, ¢ — 00) (C.14)

mn h 7h
+ Z = 2)Vholo (hlﬁh1+mn,h2,64>cmn (hl))

m>2n>1 € — cmn (M1

)
mn hl') 2)
+ E ————Violo (hl, ho = hg + mn,c = cmn (hg)) ,
m>2m>1 & Cmn (h2)

will give us the coefficients Cs n (here we use M, N instead of m, n for clarity). The basic
idea of the algorithm for obtaining Cjy n is similar to that of the algorithm for computing
(0®) holo 111 [30] using the c-recursion relation, as described in detail in appendix D of that
paper. Here, we briefly describe the algorithm for this more complicated recursion.
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From recursion (C.14), we know that Cs n get contribution from every decomposition
of M, N in the following forms

M =mimi + ... +mpmg ... +mym,, N:mm—l—...—i—nlﬁl...—i—njﬁj (C.15)

where my, myg, ng, 7y are integers with myg,n; > 2 and myg,n; > 1 and the orders of the
products in the sums matter. We can imaging obtaining (M, N) from (0,0) step by step,
where at each step, we either choose mymy or n;n;. Different ways of arriving at (M, N)
give different contributions to Cys n. Denoting the contribution to Cjs,ny whose last step
is mim; as C(rm, m;),(Nn;,7;),1 and the contribution to Cy,v whose last step is n;n; as

C(M,mi,mi),(Niny,7;),2- Then we have
CM’N = Z Z [C(Mrmivmi)v(anjvﬁj)rl + C(Mvmizmi)v(Ninj7ﬁj)’2 : (C16)
2<mm; <M 2<n;i; <N

C(Mmi ) Nynji;),1 and C(Mmi i) Nynji;),2 are computed as follows (from special and
simple to more general cases):

1. The simplest case is

Ry iy (h1, ha)

C - N = Mo A 2/ C.17
(mari,ma,ma),(0,0,0),1 = Conpaing (1) ( )

o o Sm (o)

(0,0,0),(n171,n1,71),2 C— Coyiny (hg)

where the recursion is only used once.
2. For the case with N =0 and M — m;m; > 2, we have
C(ami 1), (0,0,0),1
B Z Ry (M1 + M —mimg, ha) C i my i), (0,0,0),1

Crn e (B M —miym; —mpmy) — Cm. s (h1+M — m;m;
2<my iy, <M —m;in; i (1 i kM) = Cg g (M1 + im;)

Similarly for M =0 and N —n;n; > 2, we have

C(O,O,O),(N,?’L] 7ﬁj)72

_ Z Sy (1 ho + N — i) C0,0,0),(N—n;ij iz 2

B Cny g, (h2 + N —njn; —ngng) — cp, 5, (he + N —nyn;
2<ny i <N—njfi; i g (2 + JT = ) = iy (ha + i)

3. For terms with M — m;m; > 2 and N = ni1n;, we have
C(M,mz‘ymi)7(nlﬁl,nl,ﬁl)yl

= Z R, (hl + M —mimy, ha + nlﬁl) (0.18)

2<mp g < M—m;i;
C(M*Tﬂi’fhi,’l’ﬂk,’]’hk),(ﬂlﬁl,ﬂl 7ﬁ1)71

x - - -
[ka,mk (h1 + M — mym; — mypmy) — Cmym, (b1 + M — mimy)

C(M_miﬁliymk M), (n1ng,n1,n1),2

+ ~
Cny,iy <h2) — Cmy; (hl + M — mzmz)
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and

Spy iy (1 4+ M, h2) C(agm, i),(0,0,0),1

ey = = = . 1
C(M,ml,ml),(nlnl,nl,nl),Q Cmi7mi (h]_ + M — mzﬁ%) — Cnhﬁl (hz) (C 9)

And similarly for the case with N —n;n; > 2 and M = mym;.

4. For the general case with m — m;m; > 2 and n —n;n; > 2, we have
C(Mamivmi):(anj»ﬁj)vl
= Z Rmiﬁli (hl + M — mymy, he + N) (C.QO)
2<mpm <M —m;my;

% [ C(M_miﬁliamkamk)v(Nanj77~Lj)71
Cmpo iy, (R1 + M —mymy; — mpmy) — Cmym,; (b + M — mimny)

C(M—mz'ﬁ%’ mp,my),(N,nj,ng),2

+ — =
Cnj i (h2 + N — njnj) — Cmy;,m; (h1 + M — m@m@)

and
C(M7m17ml)7(N7n]»ﬁj)72
= Z Snj,ﬁj (h1 + M,hs + N — ’I’Ljﬁj) (021)
2§nkﬁk§N—njﬁj
% [ C(Mvmivrhi)v(N_njﬁj7nk7ﬁk)72
Cny iy, (he + M = nifty — ngig) — cn; iy (he + N = nji)

Cmi i) (N =i g i) 1
Cmgm; (M1 + M —mimg) — ey iy (he + N —nyng)

+

Using the above equations, we can compute C(M’mijmi)y(Njnj’ﬁj)’l and C(M’miymi)y(Nynj’ﬁj)’Q
from small (M, N) to larger (M, N) up to the order we want for Cps y. The Mathematica
code for this algorithm is attached with this paper.

D Multi-trace contributions and bulk fields

In this appendix, we will discuss some of the differences between correlators of the proto-
field ¢ and a full bulk field ¢ that can be seen within perturbation theory in a low-energy
EFT description. In particular, consider a bulk theory with only ¢ and gravity as low-
energy fields:

1 1
S = /d%\/g <MpR + 5(Vg0)2 - §m2g02 - 2A> : (D.1)

The bulk field ¢ will contain contributions from multi-trace O™ operators in the CFT due
to gravitational interactions, even at tree-level. This occurs because ¢ is dressed by the
bulk gravitational field A, , which in turn picks up contributions from multi-trace operators
at the boundary. It is easier to see this effect on h,,, which is what we will calculate in
this section.
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Fortunately, the main content of the necessary computations were done in [63]. In the
presence of two boundary scalar operators O(x1) and O(x3), the bulk field h,, is given by

_ 1
h,ul/ = |ZL‘13| QAWJMA(w)JVp(w)I)\p(w, - l’,13),

1 d0u00u
Bl = a1g) = £0) (gt + 22 ) o (D2
where f(t) is the solution to a differential equation to be presented below. The ... here

are pure diffeomorphism terms, which depend on the choice of gauge; when h,, is part
of an internal graviton line in a bulk correlator, e.g. (¢OQOQO), these gauge-dependent
contributions vanish, and we will neglect them. The notation of the above equation is that
w = (wp, W) is the bulk position of h,,, where wy is the radial Poincaré patch direction.
Translation invariance has been used to set the operators at O(0) and O(z13). The primes

denote inversion,

, w w / x13

w?  wi + w?’ 13 z3,’ (D-3)

and g,,, = dur  The argument ¢ is

Wo
w/2
t= U D.4
W (0 )2 (b4
The polarization vectors are
wyw

Ju (W) = 0 — 2 Z}QV' (D.5)

The boundary operator content of h,, can be read off by taking the limit x13 — 0. Using
the OPE, we have

x1,23—0

(huwO(x1)O(x3)) "R (hu) a2 + (hwO?) + ... (D.6)

In the limit x1, 23 — 0, we have z}5 — 00, so

. The differential equation determining the function f(t) is
4t(1 —t) f'(t) — 2(d — 2) f(t) = 2482, (D.8)

and its solution in d = 2 is

tAA+ At F (LA +1;A+2:8) + 1)
2(A +1)

f) =1+ (D.9)

where ¢; is fixed by an appropriate boundary condition. We are interested in the limit
t — 0, where
A

ft) ~c + % + Ot (D.10)
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Therefore,

1 [ 22222 ) 00,0
I, ~ —(ZB 0 _ P T0p0v D.11
o (e (o)) (o + (D1

and
_ 1
(hywO(21)O(x2)) ~ |13 722 (wQ)QJ/M(w)JVp(w)
1 [ 228w2? Sxp , %0xdop

(=230 _ D.12
X(“*z(m%%))( wp t wf%) (D-12)

Comparing to (D.6), we read off from the leading term at small x13 that ¢; is the vac-
uum expectation value of the stress tensor, and so should be taken to vanish. From the
subleading term, we obtain the double-trace O content of the bulk gravitational field:

{hu|O?(0)) = (&)m (W) . (D.13)

Near the boundary, wg — 0, this contributions vanishes,' as it must since the bulk field
wy 2h,w becomes the boundary stress tensor in this limit. However, it is clearly nonzero at
wp > 0, and this effect implies that each bulk graviton that dresses a bulk field ¢ brings
(at least) two boundary Os along with it. For instance, in the tree-level diagram with
one-graviton exchange for (@OOQO), this effect produces a contribution from O3 to the
bulk field ¢.

E Non-holomorphic bulk monodromy method

In this appendix, we describe how to apply the monodromy method to the full bulk block
for (¢ OOy Op). The analysis is complicated by the fact that both 7" and T' get contribu-
tions from the heavy background, and so both the holomorphic and the anti-holomorphic
Schrodinger equations for 1,1 are difficult to solve and must be solved simultaneously. We
will again work only to first order in Az, /c, and show how to solve the monodromy equation
order-by-order in a small y expansion. It would be much preferable to have a method to
solve directly at any y. However, we will see that it is already somewhat nontrivial that
the monodromy method contains enough information to solve for the bulk block, so the
fact that it can be solved order-by-order in y is a useful proof of principle.

The potential T for the Schrodinger equation is again derived using the singular terms
of the T'" x O and the T x ¢ OPEs, for the latter see (3.12). Since we are expanding in
hr /e, we divide the potential T'(z) of the Schrodinger equation for v into a “heavy” piece
and a “light” piece:

T(z) =Th(z) +Tr(2), (E.1)

where the heavy piece is just Ty (z) = ':—’2{, the stress tensor in the heavy state background.
In the T x ¢ OPE, at leading order in hy /c, only Ty contributes on the r.h.s. of (3.12), so

YFor A < 2, the computation should be modified to use an alternate boundary condition for ¢.
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ambiguities related to the singularities of 77 (z) at the location of the light operators do
not arise at this order. We use conformal invariance again by demanding that 7'(z) and
T (%) decay like z=% z=* at large 2, 2. In this section, it will be more convenient to work
with the configuration

71 =00, 20=0, z4=1. (E.2)

After making these simplifications and performing some straightforward but tedious ma-
nipulations, the light piece T (z) is

__h 10 1 1 Cz3(1—23)2 Cz Y3
) = g o (g o) T e

4 26Ty (23) \ 67w (23)
B y3(623+623y3%%)%23 +..., (E.3)

(2 = 23)2(1 — Y323 Tr (23) T (23))
where ... are higher order in hz/c, coming from the evaluation of T(z3),T(Zz3) inside the
T x ¢ OPE. As before, cx = 0xg. At zeroth order in hy/c, only Ty contributes to the
Schrodinger euqation, and the solutions for ¢ are

1+apg

YO =272, P =277 (E4)

At next order, we apply the method of separation of variables, which ultimately gives the
monodromy matrix M as the residues of a matrix m;;
_ Ti(2)

P ()M (2) — p@ (2)y' M (2)

in terms of which M is just

()P (), (E.5)

mij

Mij = 21 (reSzalmij + reszﬁz;;mij) . (EG)

The diagonal components vanish, and the off-diagonal components are

7:772370[}[71 2 Qfr
Mg = —T<y3 (g — 1) apgcs, + yszacy, (g + 257 — 1)
+222¢,, (257 — 1)+ 2hLaHz§‘H+1)
My = Mia(ag — —am) (E.7)

The eigenvalues vanishing requires M9 Mo = 0, i.e. either Mo or My must vanish.
To solve for the “action” ¢ order-by-order in y3, we take

c > " _
6g = 2hy log(ys) + hr Z y§ 92n (23, 23) (E.8)

n=0
If we demand that Mjo and My vanish, we find two differential equations for go:
—apzZs? —zZ5" —ag +1
z3 (25" — 1)
—apg —agzs? — 23" 41

(1,0) Za) — E
90 (237 23) 23 (Z?t)lH — 1) ( '9)

90(0’1) (23,%23) =
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These are solved by

af
(25" = 1) (55" = 1)

which just reproduces the boundary block in this large ¢, small hy /c limit.

9o(z3,23) = 2log ( ) + (ag — 1) log (2323) (E.10)

Next, we solve for go. At this order, the equations we find for go reduce to

92(1’0) (23,23)
_ (ag—1)ag ((ag+1) 257 +ag—1)—223%3 (ag+257 —1) g2 (23, 23) (237 —1)
3232 (27— 1) (7 — 1)

92V (23, %)
(ap—1)ag (ag+(ag+1) 253" —1)—22373 (257 —1) g2 (23, Z3) (257 +ag—1)
22373 (257 — 1) (257 — 1)

(E.11)

Each of these equations can be viewed as an ordinary differential equation, with z3 or Z3
treated as a constant. Solving these ODEs, one therefore obtains two equations for go, one
with an integration function of z3, one with an integration function of Zzs3:

2z3c1 (Z3) 257 (257 — 1) + (ag — 1) (g + 1) 257 + g — 1)
- 22373 (25" — 1) (757 — 1)

2z3¢1 (23) (237 — 1) 257 + (ag — 1) (ag + (ag +1) 257 — 1)
- 22373 (25" — 1) (757 — 1)

92 (23,23) =

92 (23,23) =
(E.12)
We can solve for ¢1(23) in terms of ¢1(z3):
z3 *H (201 (23) zg‘HHZ?H — 2z3¢1 (23) 257 — a%{Z??H + zZ5H + alzng‘H — Z?H>

273 (z3" — 1)

C1 (2,'3) =

(E.13)

Since the r.h.s. cannot depend on z3, we can take z3 to be any value we want. Naively,
we can just take zg = 1, but this is too fast since this causes ¢1(z3) to be multiplied by
z5H R 0, and in the correct answer c; has a singularity at z3 = 1. In the correct
answer, the singularity cancels the zero, but to extract the correct answer will define a new
function as

b1(t)

Cl(t) = m

(E.14)
Now, b;(t) is regular at ¢ = 1. The above equation for ¢;(Z3) in terms of ¢;(z3) becomes

by (5) = %zgaH (261 (23) 257 + () — 1) (0 — 20)) (E.15)

Setting z3 = 1, we obtain an equation for b;(2z3) in terms of b;(1). The solution is

tH +ag -1
bi(t) = & +2QH

where 1 is an undetermined integration constant.

(E.16)

48 —



We fix 81 by substituting back into g2(z3,23) and demanding that the result be a
holomorphic times antiholomorphic function. We compute

(ag — 1) 204%1 ((aH +1)2 - ,6’1) ngfléngl

S0 (Bizg" +a% —1) — (ag — 1) ((am + 1) 557 + ag — 1)) 2
(E.17)

02,0z, log g2(23, Z3) = (

and therefore
Br=(1+ay)? (E.18)

This procedure can be continued recursively to any order in y, and we have explicitly
checked that it works up to and including g4.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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