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Abstract
Transient simulations of viscoelastic materials remain common, as does interest
in the formulation of such simulations. This paper offers an alternative to the
current set of solution schemes, including the Newmark-Beta or space-time
Galerkin methods. The solution to an equation of motion for a viscoelastic
simulation can be expressed by a Taylor series, when a Leibniz integration rule
is applied to the time integral appearing in the viscoelastic stress equation. The
result is a remarkably simple scheme to implement that also offers extremely
rapid solution times. This effort includes a formulation of the approach, as
well as numerical results for a simple mass and viscoelastic spring system,
including an assessment of the number of Taylor series terms needed to accur-
ately depict transient behavior. The paper outlines how the approach could be
extended to finite element analysis and how complex loading conditions could
be accounted for. Care is given in addressing the potential limitations of the
approach.

Keywords: viscoelasticity, Taylor series, transient, shock

1. Introduction

Viscoelastic materials are a common class of materials that experience a time decay in stress
for a step in strain. This property gives them the capacity to damp energy while vibrating.
Viscoelastic behavior plays a wide role in many current areas of research such as contact
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mechanics [1, 2], nanoscale design [3], and biomechanics [4, 5]. Mathematically, viscoelastic
behavior is often expressed in the time domain as a stress that combines the initial fixed stiff-
ness of the material with a time integral. In the frequency domain, treatment of this integral
is simple and it disappears in the wake of using the Fourier transform. However, transient
behavior in the time domain remains a popular area of research [6, 7] and of interest in many
practical analyses. The common approach of many commercial finite element packages [8,
9] to linear viscoelastic materials remains a time stepping Newmark-Beta scheme to evalu-
ate vibration in discrete steps. These step-wise integration schemes are well documented [10].
The last two decades have produced an alternative in the space-time Galerkin methods [11, 12].
While these are not the common approach in commercial tools, they may offer some advantage
in convergence rate [13]. Also noteworthy are data-driven schemes [14], which have recently
been applied to viscoelastic and inelastic transient studies [15]. However, that work is new and
the literature in regard to its use on viscoelasticity is still very limited. It too does not represent
the current approach of commercial tools, but future studies may show it has computational
advantage for these same problems.

This paper presents a very different alternative approach to evaluating transient behavior
in viscoelastic material studies. It uses a Taylor series approximation of the solution of an
ordinary differential equation (ODE) in parallel with the use of the Leibniz rule to collapse the
viscoelastic time integral around the Taylor series expansion point. This method may even-
tually be applied for finite element analysis, but can also be used for solutions of any system
that can be expressed as an ODE. The benefit of this approach over others is two fold. First,
the approach is far easier to implement in a tool such as MATLAB, which means it is easier to
use for various tailored applications. Secondly, the solution time is rapid, for small problems
taking only a matter of seconds. In comparison, step-wise integration schemes for these same
studies are known to be laborious, which is why recent work has taken place to improve upon
them [16].

The notion of using a series to represent the solution to an ODE is not new [17, 18], and
power series expressions are also common [19, 20]. Furthermore, Taylor series expansions
have recently been used to study other problems in physics [21], chemical physics [22], and
electrochemistry [23]. The unique feature of this approach is in the solution of transient vis-
coelastic studies where the Taylor series, when coupled with a Leibniz rule reduction, avoids
a challenging convolution integral over time. Of course, there are limitations to this approach
as well. It is well understood that more terms in a Taylor series are needed to expand further
around any given point. To that end, the study provides the reader with the number of terms in
a Taylor series that were needed to consider longer solution times for an example problem. The
study also identifies an approach to reduce calculation time by expanding around additional
points in the solution time. Furthermore, when expanded around a single point, it may seem
the study would be incapable of handling multiple excitations at different discrete times or
functions in time. However, this too can be incorporated by use of linear superposition, which
is explored later in this document.

The formulation of a Taylor series expression for an elastic system will be reviewed in
section 2. This will set the stage for development of the approach and the introduction of the
Leibniz integration rule in section 3. Section 4 contains an example solution for a vibration
study, an example of superposition for the same application, as well as discussion and explan-
ation of the use of additional expansion points.
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2. Mathematical background, Taylor series of an ODE

To motivate the proposed method, we begin with a simple mass-spring system. The equation
of motion can be expressed as

m¥ + kx = 0, (1

where m is mass, k is the stiffness of a spring and x is displacement. The system is assumed to
have initial displacement x( and initial velocity xo.
A Taylor series expansion of the displacement solution in time would be

G(r—1)  E(r—1)
TR

x(1)=x+ + ..., 2)

where 7 denotes the point being evaluated and ¢ is the point around which the expansion is
being taken. For a Maclaurin series taken around point # = 0 this expression becomes

io (7) G (r)?

() =0+ 20

.. 3)

Where x( and Xy are already known and the expressions of consecutive derivative of the dis-
placement x are derived from the equation of motion. Each such further derivative in the series
is represented as

d"x k dn=2)x

@ Tma @

This is the result of differentiating the equation of motion. Some conditions on the use of a
Taylor series are worth noting here and will become even more relevant in the next section.
In general, Taylor series require numerous derivatives of an analytic function. The resulting
series has a convergent radius around an expansion point up to the nearest singularity [24].
In this way the function approximation by Taylor series is best for an easily differentiable
form with derivatives that do not produce singularities. In this case, each further derivative
of displacement is primarily defined by a multiplication of _Wk’ so no singularities form. This
limitation will be re-examined in the next section. These results motivate the below application
to a viscoelastic system.

3. Mathematical development

For linear viscoelastic materials, stress can be given as [25].

! dy(t—7)
o =) ®

where o (#) is stress, €(#) is strain, and Y(¢) is the relaxation function. Other formats of the
same expression for stress are common [25] and can be derived using integration by parts
[26]. Additionally, strain history can also be used to describe linear viscoelastic materials.
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Figure 1. Diagram of a simple mass-spring system with a single viscoelastic support.

3.1. Inclusion of viscoelasticity

Now consider the replacement of the elastic spring with a viscoelastic spring. This system
will consist of a mass, m, supported by a network of springs and dashpots equivalent to a
generalized Maxwell model of a viscoelastic material, and positioned off the ground by a
notional length, /, as depicted below.

In figure 1, a reference area, A, is provided for the mass subject to initial conditions, xo and
Xo, and will later allow the incorporation of stress as a force. A general form for the equation
of motion defined by stress is

mi+ Ao (f) =0, (©)

where A is a notional area that relates a stress to a force and o (¢) is stress. If o(¢) has the
form in equation (5) then the equation of motion can be used to describe the behavior of a
viscoelastic material. For the proposed system, strain will be related to a reference length of
the viscoelastic spring in preparation for the analysis of the simple system. This is given as

e(r) =2 @

lo (1) =x(1) Y(0) + / x(7) CLY((;_TT))CIT, 8)

an expression for stress in terms of displacement.
Moving the stress term to the right hand side of equation (6) and taking additional derivat-
ives of both sides, allows for additional derivatives of displacement having the form of

d'x Adr-Dq

"~ m A2 ©
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It is critical to recognize that derivatives of stress, which contain the important time integral,
are needed. Derivatives of the stress integral o (¢), will follow this form:

n n n t Y(t—
lda d"x d/ dr (¢ T)dT. (10)

= y)+ = S
i a0 e 0+x(7) d(t—7)

3.2. Leibniz rule for integral reduction

This subsection touches on the heart of the benefit of this approach. Through the use of the
Leibniz integral rule and consideration of the Taylor series around the point t =0 (Maclaurin
Series), the time integral can be collapsed into a simple series expression. The Leibniz rule
found in many textbooks on calculus [27] is applied to the right hand side of equation (10) as

d [’ dr do "d

— t,T)dr =f(t,t) — —f(£,0) — —f(t,7)drt. 11

& | fenar=ren G -re0 G+ [ Sraner (an
In the below discussion the initial term already appearing in equation (10) will be ignored,

since it will not contribute to the treatment of the integral. The first derivative of only the time

integral in equation (10) following the well known Leibniz integral rule is

g lx . dy(r—r7) . d7Y tx . dey(—r) .
dt/0 (7) d(t—7) dr=x(0); l_0+/0 (7) d(t—r7)? ar. (12)

where an initial term taken at time ¢ =0 has appeared, which evaluates to a constant. Then,
another integral containing a higher order derivative of the relaxation function Y(¢) remains.
The second derivative taken in this way is

d’y

da [ dy(¢r— dxdY

d OX(T) d(t—7) | drdr

! dPY(t—T1)
—dr. 13
[=o+/OX(T> Q1) T (13)

=0
This continues and the nth order derivative for n number of terms taken in the Taylor Series
can be expressed as

ar [t dy(t—7) " d=P)x dry to Ay (e — 1)
— —dr =y ——— —d 14
dr /0 *(7) d(t—r7) T Z d(n—p) dgp +/0 x(7) d(r— T)(n+1) T (14)

t=0

where p is introduced to account for the higher order derivatives of the initial condition terms
that result from higher order derivatives of the integral. Each successive order derivative of
the integral will produce one additional initial condition series term. The derivative order of
the displacement will always be shifted by (rn — p), while it can be seen that the relaxation
function derivative is simply of order p. For any given number of derivatives taken, a form of
the integral on the right hand side of equation (14) will still exist and would then require a step-
wise marching scheme or equivalent to evaluate in time. However, expanding around the point
t =0, results in the replacement of ¢ in the hereditary integral with zero. This is advantageous
because integrals over a span of zero also converge to zero [28]. This can be expressed as

0 d Dy (r—7)
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In place of the evaluation of this integral, the solution now uses the series of terms result-
ing from the application of the Leibniz Integral rule, taken at # = 0. The nth order derivative
expression of these terms can be reduced to

n

Z d=rx dry

_ den=r) dw
=0 p=0 =0

do” d"x
0) =
dr (0) dr

Y(0) (16)

Of immediate concern to the reader may be the perceived loss of information in regard to
the relaxation function Y(#). However, almost all common relaxation functions map an analytic
function to measured relaxation data across the entire time decay of the relaxation. This means
that so long as the user is applying a relaxation function fit to the overall curve, such as the
Generalized Maxwell Model, Kelvin—Voight Model or even a quadratic function, the higher
order derivatives of Y(¢) fulfill the same role. The implication of this approach then is to say
that all future behavior of a system can be expressed as being a result of what is known about
the material, initial conditions and forcing at a single expansion point.

It is worth now examining what conditions apply to the above formulation. In particular, the
conditions for the application of a Taylor series. Review of equations (16) and (9) collectively
impose the condition that only derivatives of the relaxation function itself put a limit on the
use of the Taylor series. The case of a Prony series form of relaxation and its derivatives are a
clear example of an infinitely differentiable function with no singularities. This is because each
additional derivative only differs from the previous derivative by a multiplication by the neg-
ative inverse constant within the exponential function. Other representations of relaxation are
more complex, such as fractional derivative models which present gamma functions. Finding
values for derivatives of the gamma function may prove challenging [29]. The extension of
the formulation to all constitutive relations is worthy of a separate effort.

The conditions on the use of a Leibniz integral rule, sometimes noted as ‘differentiation
under the integral sign’ are also worth considering. In general two conditions apply [30].
The first is that the function inside the integral and its derivative(s) be continuous within the
considered domain. The second is that the bounds of the integration be continuous and have
continuous derivatives within the given domain. To the first condition, the continuity of the
function inside the integral has already been discussed in regard to the use of a Taylor series.
The dependence on the form of the relaxation function has already been noted. To the second
condition, the bounds of integration are 0 and ¢, which are both continuous and differentiable
regardless of the form of the relaxation function.

3.3. Solutions with time-dependent forcing functions

The above formulation is done assuming free vibration of a system. However, the inclusion of a
forcing function need not be an issue. In the same way a relaxation function can be incorporated
still accounting for its behavior over a period of time, a forcing function with an analytical
definition can also be incorporated as

d'x  kd2x  AdYe 1402
x_kdvTx AdT 7o 1477 (17)
det mdi=2)  m de=2)  m dr(n—2)

Where a term has also been included for the case of a simple spring in parallel, but is not
needed to evaluate forcing. In the case of a non-analytically defined forcing function or one
that varies by steps, analysts can refer to the superposition section below.
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3.4. In three dimensions

Following the formulation for viscoelasticity presented in [31], a 3D framework for the imple-
mentation of this computational scheme is presented. Y(¢ — 7) is a generalized relaxation func-
tion, but when it is taken to be the Youngs relaxation function, it can be further decomposed
into

E = GE; + BE;. (18)

Where G is the shear relaxation function, B is the bulk relaxation function and Eg and Ep
are modulus matrices. Combining equations (5) and (18) yields a stress function describing a
viscoelastic material in terms of bulk and shear relaxation.

t t

G (t—7)e(7) d7'—|—EB/ B'(t—7)e(r)dr.

a(r):[G<O>EG+B<O>EB]e<r>+EG/ 0
)
(19)

0+

Further development comes from [32], which will allow a transition from strain to displace-
ment and results in a standard equation of motion as

A+MA=f+Q, (20)

where A replaces stress and contains the additional terms needed to re-express the strain
equation in terms of displacement, M is the traditionally understood mass matrix, A is the
three dimensional displacement vector, f is a body forcing function and Q is a traction forcing
function. Stress had already been decomposed into shear and bulk components and similar, A
can be partitioned into the same three components as

A=A)+Ap+Ag, 21

where Ag, Ap, and Ag are defined by

M:/ﬁﬂamm+mmmmA@M®@, (22)
Q
t
A= / B'EsB (/ G (t—1)A(7) dT) dxdydz, (23)
Q 0+
t
Ap= / B'E;B (/ B'(t—T1)A(T) dT) dxdydz. (24)
Q 0+
Here, B is the strain displacement matrix. Creating a lumped integral as
hz/BT&M@% (25)
Q
h:/B%mw@@ (26)
Q

yielding the following reduction
Ag=[G(0)JcA (1) +B(0)JpA(7)], (27)

7
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Ag = J(;/ G'(t—1)A(7)dr, (28)
0+

AB:JB/ B'(t—71)A(7)dr. (29)
0+

Applying the Taylor-Leibniz Expansion for a displacement vector around the expansion
point ¢ =0 would look like

: o
A(T)=Ag+ AOU(T) + Aoz(!T) Fo (30)

Which requires definition of the derivatives of A, which can be derived from the equation of
motion. Formulating equation (20) in terms of the second displacement derivative yields

A=-M'A+Mf+M Q. 31

Equation (31) starts with the second derivative of displacement. Accounting for the zeroth
and first order derivatives of displacement introduces the initial conditions of the system,
namely initial displacement and initial velocity. Taking further derivatives of displacement
creates the following result

n (n—2) (n—2) (n—2)
dA:_M_,<d A dedp 4 Q) )

dr di=2)  qn=2)  gyn-2)

Assuming that f and Q are differentiable functions, then only higher order derivatives of A
still require definition. Recalling equations (22)—(24) and taking further derivatives using the
Taylor-Leibniz expansion yields

dmMA d"A A d"-P A &G
G (0 ——B(0 —

drm) JG Gl )t:0+JB dm ( )t JGZ dr?)  de

=0
d"-P) A &B
+ BZ o ar| (33)
=0
4. Application

4.1. A mass and viscoelastic spring system

A system was defined in section 3 that can now be used to demonstrate the application of this
approach. The viscoelastic spring consists of a 20 °C nitrile rubber support [33]. The Young’s
relaxation function has a five term Prony fit based on the terms provided in the same source.
The function is the stress response of the material for a unit step in axial strain. The material
parameters for the rubber are defined in table 1 and depicted in figure 2. The generalized
Maxwell model fit presented here follows the format seen in ABAQUS [8], which is

- i (1 - c,,e“/%))] . (34)

n=1

E(t) =E
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Table 1. Generalized Maxwell model curve fit parameters for 20 °C nitrile rubber.

Property Description Value
Ey Initial relaxation value 4.7 MPa
E} Adjusted relaxation value 5.3MPa
Cy First Prony multiplier 0.0526
S1 First Prony time constant 27.374s
C Second Prony multiplier 0.0570
82 Second Prony time constant 3.3234s
Cs Third Prony multiplier 0.07589
53 Third Prony time constant 0.44676s
Cy Fourth Prony multiplier 0.09849
S4 Fourth Prony time constant 0.07532s
Cs Fifth Prony multiplier 0.1325
S5 Fifth Prony time constant 0.0121s
6
455 10 . i .

Discrete Data
T * Generalized Maxwell Fit

Youngs Relaxation, E (Pa)
e &

2.5 . : .
1072 107! 100 10 102
Integration Time (s)

Figure 2. Young’s relaxation function for 20 °C nitrile rubber derived from data and
Prony terms in [33]. Reproduced from [33]. © IOP Publishing Ltd. CC BY 3.0

The choice here of a generalized Maxwell model to define the relaxation is done for con-
venience. The formulation works for any expression of the relaxation function analytically
across the entire time decay. This fit could just have easily been geometric, cubic spline, or
any other fit. Other properties of the system including the dimensions used, initial conditions
and basic rubber material properties are provided in table 2 alongside boundary conditions and
solver settings for an ABAQUS benchmark study. Non-linear effects have not been included
here and will not be included in any other part of this analysis.

The displacement of the system is depicted in figure 3. The results of the function are con-
sistent with a damped single frequency system. To validate the results, the same system was
modeled in ABAQUS as a simply supported one degree of freedom bar and evaluated using
an iterative time-stepping scheme. While the mass input is direct in units of kilograms for the

9
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Table 2. Model parameter and solver setting comparison for figure 3 with the Taylor—
Leibniz expander left and the ABAQUS Explicit solver right.

Parameter Taylor—Leibniz Bar parameter ABAQUS
Spring length 1m Bar length Im
Area 1 m? Bar area 1 m?
Density — Density 1300kgm~*
Mass 650kg Nodal mass 650kg
Displacement (xo) 0 Displacement (xp) 0
Velocity (o) 0.0001 ms™! Velocity (ko) 0.0001 ms~!
Poisson ratio 0.47 Poisson ratio 0.47
Solver MATLAB Solver Explicit
Evaluation points 200 Time increment 0.001s
Boundary Grounded Boundary Fixed Node
Solution time 0.2s Step end time 0.2s
Elements 1 Elements 1
-6
1.5 712 : : -

—Taylor-Leibniz
1t —— ABAQUS-Explicit|

o
o

Displacement (m)
o
(&)} o

1
—_

1.5 : : :
0 0.05 0.1 0.15 0.2

Time (s)

Figure 3. Displacement of a viscoelastic system with comparison to an explicit
ABAQUS solution.

spring code, a density needs to be used in ABAQUS that creates an equivalent nodal mass.
This can be resolved based on the form of the mass matrix for a bar element and verified by
examination of matrix output from within the solver. It was desirable to use unity values for
area and length, so the parameter parallel was the closest between ABAQUS and MATLAB.
However, the resulting dimensions of the object are cube like and so have an intermediate mod-
ulus between Young’s and Bulk. We have corrected the effective modulus of the viscoelastic
spring in MATLAB based on the formula and parameters for a rubber like material in Snow,
1968 [34]. The change in effective modulus is small and shown in table 1. The ABAQUS expli-
cit solver uses numerical dissipation schemes for stability [8] and The parameters used were
the default. The ABAQUS solution is susceptible to small changes based on various solver
and element assumptions, including small Poisson effects in the bar. However, the results still

10
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6
10
42 & :

O  Relaxation Test
41 r — Generalized Maxwell Input

a)

a39rf

Stress (
w
(o]

Time (s)

Figure 4. Relaxation test versus prescribed generalized Maxwell model values.

indicate a high degree of accuracy. Both calculations produced run times that were at or below
the minimum threshold for reference in MATLAB or ABAQUS. The system used to produce
this figure is a 14 core system with Intel i9 processors.

To further ensure the validity of the approach, a basic relaxation test was formulated. In the
study the mass of the system will be set to zero and strain will be set to a unit step, such that
the expansion actually solves for the stress required to maintain the unit strain. The material is
viscoelastic, so the stress should decrease over time. Furthermore, the resulting stress should
be exactly equal to the generalized Maxwell model used to define the material. Without mass
the equation of motion becomes

Ao (1) =f(1), (35)
where f(¢) is a force representing stress related by the unit area A. f(0) is easily calculated as
f(0) =AY (0)x(0), (36)

when substituting the stress equation from equation (10). Furthermore, displacement, x, is
constant because strain is constant so the higher order derivatives of f(¢) reduce to

da'y
dr |,_,

f"(0) =x(0) (37

Evaluating the Taylor series around # = 0 as was done with the oscillating system then yields
figure 4.

It can be seen that the simple relaxation test successfully approximated the expected
Generalized Maxwell Model behavior, up until the 100 term expansion reached its limit.

1
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Table 3. Single Prony term fit and system parameters for a parametric sweep of s;.

Property Description Value
Ey Initial relaxation value 4.7 MPa
Cy First Prony multiplier 0.5

S1 First Prony time constant X

Table 4. Number of Taylor series terms needed for calculation based on material relax-
ation time and total number of periods.

Number of

periods 1 2 3 4 5
S1

.01 20 45 65 — —
.025 18 38 58 74 90
.05 17 35 53 70 88
1 17 34 51 68 85
25 16 34 51 68 85
.5 16 34 51 67 85

1 16 34 51 67 84

4.2. Evaluation of required series terms and numerical demand

One concern of the approach may be the number of Taylor series terms required to represent
a signal response of meaningful duration and what limitations may exist in expanding the
series around a single point. A similar system was simplified to allow for a parametric study.
The generalized Maxwell model of the system was reduced to a single term, with the intent
of varying the Prony time constant. Table 3 defines the new viscoelastic parameters of the
generalized Maxwell model fit used for these variations.

The Prony time constant s; was varied in small increments along with the number of Taylor
series terms to produce table 4. For every given time constant evaluated, the number of Taylor
series terms required to accurately depict the specified number of periods of oscillation is
provided. This assessment was based on visual convergence of the displacement plot. The
change in calculated displacement in early periods was found to be small for changes in 7. As
expected, greater time ranges required a greater number of Taylor series terms. The number
of terms required to calculate a period was found to be higher for small time constants, but
ultimately converged to a steady number as the constant value increased. A select number of
these time constants are depicted in figure 5.

As expected the lowest time constants create the greatest short term damping, as the relax-
ation decays rapidly. In table 4, the number of required terms for any given Prony relaxation
constant, s, appears to continue linearly, approximately following the trend of 18 additional
Taylor terms per additional period of oscillation. The relationship is depicted in figure 6.
However, these results and projection should be viewed only as a notional result for two
primary reasons. The first, is that the residual which determines convergence in Taylor series
expansions will change depending on the physical properties of the system. The second is that
the relationship was seen to break down sharply past 100 terms. More analysis is needed to test
the limits of a single expansion point and to understand where further expansion points would
be advantageous for extending solution time. This would best be done with a more complex
and physically meaningful system in mind.
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Figure 5. Displacement results for selected single Prony term constants.
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Figure 6. Projections of required terms for increased periods of oscillation.

While the number of terms required per oscillations in a more complex study may be
dependent on the physical system, the numerical floating point operation (flop) count for a
given number of terms is easier to evaluate. To assess the numerical demand in flop count of
the Taylor series expansion versus a traditional Newmark-Beta scheme, three conditions are
considered. In all cases flop count will be assessed for a simple one degree of freedom system
similar to the one developed above. The first case will be the Taylor series expansion imple-
mented here. The second will be the Newmark-Beta scheme with only simple damping, which
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is computationally simpler. The third case will be the Newmark-Beta scheme with the full
viscoelastic terms developed in Abercrombie and et al [31]. This is a useful reference point
because it provides the complete expressions for viscoelastic forcing at each time step, which
is otherwise unavailable. Implementation of the Newmark-Beta method is based on widely
published literature [10]. Flop calculations are based on a combination of sources [35, 36].

From Chang [10] we have a description of the iterative calculations for displacement, velo-
city and acceleration as

1 _
Ajp1 = [WHH_ ﬁc’—i—k) 1][fi+l

+ (ﬂ(zl)z (Ai +(A)A + (% w) (Az)ZA,))

—c(Ai+ (1 =7)(ANA) +c (B(LJ (Ai +(ADA; + (% —ﬁ) (At)zA,ﬂ , (38)

Ay = <7(1At)m+c>1 (f,.+1 kA + (7&[)) (A,» F(1—7) (At)Ai)>, (39)

and

Bivi = (firs — s~k ), (40)
respectively. Here, 8 and ~y are coefficients that inform the specific behavior of the numerical
method. Practically, v is included with a value of % while (5 varies based on assumption as
further outlined in [10]. The flop count associated with the calculation of displacement is 40,
velocity is 15, and acceleration is 6, when m, ¢, k and A are scalar. This means that each
Newmark-Beta iteration has a flop count cost of 61 for the case of simple damping.

For the case of viscoelasticity, a damping value is still formed and assumed to be fixed,
given a constant At, so evaluation of the Newmark-Beta method will still cost 61 flops as in
the baseline. However, an additional and expensive treatment of the viscoelastic time integral
is needed with each iteration in the form of the operators g; and b;, which form the viscoelastic
forcing function. For one operator this was defined in Abercrombie and et al [31] for the form
of a Prony series as

ti C T—lig1] Cr J-h . . i —lig1
g = hjg/ TGIG %6, A(T)dT + 012 G (ZA, - ZA,‘Z‘,‘ + 2Aiti+1 - ZA,'C %6,
0 °G

. . i~ i C Ai] h i~
—2A;Sg, +2A;Sg,e ) - (ZSG, ti — 256,141 — 255, €

—21ti41 + 285, + 1 + 1)

Evaluation of g;, shear viscoelastic forcing, for one Prony term has a flop count of 100, five
times that will be required for five Prony terms and then the same will be needed to calculate
b;, bulk visoelastic forcing. For execution of an exponential, 20 flops was assumed [36]. This
means the additional cost of incorporating viscoelastic forcing in the Newmark-Beta method

14
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Figure 7. Flop count required for a given integration time using a Taylor-Leibniz expan-
sion with viscoelasticity included, a Newmark-Beta scheme with simple damping, and
a Newmark-Beta scheme with viscoelasticity.

with the Maxwell Model is 1200 per timestep. This additional cost is substantial due to the
number of operators in g;, and the high cost of evaluating numerous exponentials.

The Taylor-Leibniz expansion demonstrated here has two primary sources of flop counts
during evaluation. The first is the expanding sum in equation (16) and the second is evaluation
of the Taylor series in line with equation (30). The computational cost in flops can then be
assessed as

Flopsyiar = Flopses + Flopsts 42)
Flops,s = 4N — 1 (43)
Flopsts = Flopstsiv—1) +N (44)

where es is used to denote the expanding sum, 7' is used to denote the Taylor series, and N is
the number of Taylor series terms used.

Unlike the flop count associated with the Newmark-Beta method which grew linearly with
each step, the cost of the Taylor—Leibniz grows geometrically with the number of terms used.
The cost of the factorial is assumed to be drawn from a stored table and so taken to be free in
flop count. With these calculations in mind, it is possible to compare the cost of each approach
in flop count as shown in figure 7.

Relating the number of Taylor series terms to integration time was done by consideration
of table 4. Examination of figure 7 should be viewed as exemplary of the results of this spe-
cific study and not a general study. The time stepping scheme of one tenth of the period of
oscillation was adequate in this case, but more refinement is likely needed in more complex
systems. Similarly, the cost of the Taylor-Leibniz Expansion does not include the cost of pro-
ducing a dense number of evaluation points, so the cost likely increases if high resolution is
desired, although the same would be true of the Newmark-Beta method. Additionally, the role
of the number of degrees of freedom is uncertain and requires further study. Any advantage one
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method has over the other in that regard may dominate the calculation as systems of interest
become larger and larger. With those conditions acknowledged, the Taylor—Leibniz expansion
does appear cheaper than the Newmark-Beta method when considering viscoelasticity in the
time domain. Simple damping for the Newmark-Beta scheme is included only as a reference to
highlight the costs associated with viscoelasticity in any solver. It is notable that viscoelasticity
is numerically expensive compared to simple damping. The geometric increase in flop count
observed in the Taylor-Leibniz expansion would eventually equal the Newmark-Beta method
for viscoelasticity, but it should be possible to extend integration time by coupling expansion
points together. This is discussed later in this work, but would have the added benefit of reset-
ting the number of Taylor terms and thus restarting the geometric increase in flop count. Any
benefit in computational cost reduction would then come from successfully coupling expan-
sion points around the inflection point between solver types. In this way, the solver continually
operates in the time range after each expansion point for which it is computationally faster than
the Newmark-Beta method.

4.3. Comparison with other solver schemes and extension to finite elements

Use of this approach with a finite element formulation may be ideal for increasing the calcu-
lation time of short transient responses and even of very large systems. For a finite element
calculation, the spring stiffness, k and mass, m, can be replaced by a stiffness matrix, K and
a mass matrix, M, as was previously shown. The rapid solution time seen in the mass and
viscoelastic spring system would of course be slowed down by incorporation of matrix calcu-
lations, which could be of any size. However, the improvement for any number of degrees of
freedom may still be substantial.

It may seem desirable now to simply compare calculation time in MATLAB to a com-
mercially available tool. However, there are multiple complications in considering relative
performance to a commercial solver. In a commercial finite element GUI, it is less clear what
contributions in CPU time are based on and some effort may be spent on non-solver operations.
Additionally, these two codes would then be programmed in two different languages, which
may have preferable or lower speed. Furthermore, the effort is deserving of its own independ-
ent consideration on a physical problem to apply real world constraints to the needed solution
time. Such a study could even provide guidelines for what type of systems and relaxation
behavior is best suited for improved study time with this scheme.

There are substantial differences between the proposed solution scheme and other tradi-
tional schemes, such as the Newmark-Beta method and the Runga—Kutta approximation. Of
primary interest are accuracy and efficiency. For the purpose of considering the differences, it
should for now be assumed that in either solver the same constitutive relation is used, so that
fitting error is uniform among solver types. The accuracy of a step-wise integration scheme
is then dependent primarily on the number of time points used, with an increasing number of
time points yielding a more accurate interpretation. Such step-wise integration schemes are
known to exhibit numerical overshoot [10], particularly in early time. The error arising from
each step compounds over time as each point influences the next. In a Taylor series expan-
sion, error is expressed differently. Each time point is evaluated entirely independently of the
previous or next, so the error is not based on how many time points are evaluated. While it is
true that each Taylor term is associated with an order of the approximation, the order does not
present as a level of global inaccuracy for all time points. Instead, early time points are highly
accurate, as can be seen in the relaxation test in figure 4, while all time points past a certain
time are completely inaccurate. To summarize, a Newmark-Beta scheme with a fixed time step
can be used to represent solutions over any length of time with a degree of accuracy based on
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Figure 8. Imposed velocities on a viscoelastic mass-spring system.

the acceleration assumption and time step duration. Each Taylor-Leibniz expansion provides
a very accurate approximation over a short time range defined by the number of Taylor terms.

Due to these differences in evaluating time, comparison of efficiency is less clear than may
be expected.

The number of time points solved for has a minimum in the case of the Newmark-Beta
scheme, while the Taylor—Leibniz expansion can be calculated for only those times of interest
to the analyst. Additionally, each Taylor—Leibniz expansion as elucidated here presents the
displacement result. It takes additional effort to produce final results for other variables.
Ultimately, the relative efficiency is defined in part by the needs of the user.

The introduction highlighted the broad range of studies that incorporate viscoelasticity. The
fact that step-wise integration schemes are so common means that the number of potential
applications that have incorporated such a scheme is likely extensive. This approach similarly
should be just as applicable. Further work and utilization will be the more definitive measure
of where the benefits of this approach are felt most.

4.4. Accommodating multiple time events with linear superposition

The authors envision the approach may be particularly beneficial when considering short tran-
sient events, such as shock. However, such studies may have multiple events effecting motion
in the system and the formulation so far has revolved around a single expansion point. If a
study had two discrete shock events in time as depicted in figure 8, the second event would not
appear in the initial conditions at time =0 and be invisible to the study.

This condition can be accommodated in the approach by a superposition of solutions at
two expansion points, in this case at t =0 and r = 0.1 seconds. Employing this for the system
described above with all five Prony terms, the superposition system displacement can still be
evaluated as shown in figure 9. In this way two discrete Dirac impulses have been included in
the solution of the system.
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Figure 9. Superposition of a viscoelastic mass-spring system subject to two shock
events.

4.5. Extension of solution time with further expansion points

The use of additional expansion points has already been discussed for the purpose of hand-
ling multiple shock events. However, it may also be desirable to incorporate multiple expan-
sion points to create longer time studies while minimizing computational costs. A Maclaurin
series is limited by the number of terms required to represent further and further oscillations.
However, the result can be extended by incorporating an expansion of the Taylor series around
a new time, 7. In effect, this new expansion point may be best incorporated by still treating it
as a time ¢t =0, but using the solution in the first expansion as initial conditions in the next.
Optimization of expansion point selection in reference to time convergence may prove to be
the key to implementing this approach as a generalized analysis tool. However, such work
is extensive and worthy of a future effort. Figure 10 is an example of the extension of solu-
tion time using an additional expansion point. The Taylor-Leibniz solution in figure (10) was
again implemented in MATLAB, while benchmarking was done using the ABAQUS explicit
solver and a single bar element. The mass matrix relationship with density was used again to
create an equivalent system out of a bar with the equivalent mass established by matrix output
from ABAQUS. The ABAQUS explicit solver was once again implemented with the default
numerical dissipation. The parameters of the study are listed in table 5. The material values
are arbitrarily selected and not necessarily indicative of a rubber, so the Snowdon formula has
not been used.

5. Conclusion

A formulation for a Taylor series expression of the solution of a viscoelastic system has been
provided that was enabled by incorporation of the Leibniz integration rule and expansion
around a single point in time. An explanation of how a Taylor series can be used to express
the solution of an ODE was provided and then refined for the case of a viscoelastic material.
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Figure 10. Extension of solution time using an additional expansion point with a numer-
ical accuracy benchmark using an ABAQUS explicit solver.

Table 5. Model parameter and solver setting comparison for figure 10 with the Taylor—
Leibniz expander left and the ABAQUS explicit solver [8] right.

Parameter Taylor-Leibniz Bar parameter ABAQUS
Spring length Im Bar length Im

Area 1 m? Bar area 1 m?
Density — Density 1500 kg m~>
Mass 750kg Nodal mass 750kg
Displacement (xp) 0 Displacement (xp) 0

Velocity (xo) .001 Velocity (xo) .001

Time constant (s1) 1 Time constant (s1) 1

Prony constant (Cy) 4947 Bulk constant (Cy) 4947
Shear constant (C) — Shear constant (C) 0

Modulus (Ep) 3.5 MPa Modulus (Ep) 3.5 MPa
Poisson — Poisson 47

Solver MATLAB Solver Explicit
Time increment — Time increment .001s
Boundary Grounded Boundary Fixed Node
Step end time — Step end time s
Elements 1 Elements 1

Limitations of the approach were considered and a parametric sweep was performed to define
the number of Taylor series terms needed to calculate oscillation periods for different material
profiles. The capability to expand the formulation to allow finite elements analysis, longer time
ranges, and multiple discrete impulses was developed.

The long term impact of the approach may be dominated by the solution speed up time it
could provide to transient finite element calculations. A substantial additional effort is needed
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to understand that impact and an effort is already underway. However, the methodology here
can be used to consider any number of systems that can be defined by a differential equation
and so constitutes a potentially valuable tool to any number of the many viscoelastic studies
done every day. It may also be valuable in the development of specialized tools for individuals
and institutions regularly working with these materials.
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