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Limitations of the study ..... - For the purposes of com­

parison, computing ability and intelligence are included 

4 

in the study, with understanding and problem-solving ability. 

Intelligence is represented by I. Q. The other factors are 

represented as follows: 

1. The ability to compute as measured in this study 

is the ability to perform the usual processes of addition, 

subtraction, multiplication and division with whole num­

bers, fractions and decimals, with the examples presented 

in the usual vertical forms. Computing with denominate 

numbers presents another aspect of computing, and de­

nominate number, with the notion of measurement, is here 

considered part of the situation of a verbal problem. 

Ratio and percentage are not included. To separate the 

variables more completely, it is desirable in this study 

to limit measurement of computing ability to formal com­

puting with abstract number. Since there were no com­

mercial tests for precisely this purpose, a test was con­

structed. A description of the construction of the test 

is given in Chapter 3. 

2. The ability to understand as measured in this study 

is the ability to answer questions about the processes involved 

in the computations of the computations test. Included are 

questions about the nature of the fundamental processes, 



of the relations among the processes, and of the number 

system. The understandings were closely related to the 

computations of the test on computations. Since there 

were no commercial tests for precisely this purpose, a 

test was constructed. A description of the construction 

of this test is given in Chapter 3. 

3. The ability to solve problems as measured in this 

study is the ability to find numerical answers to verbal 

problems, in which a realistic practical situation is described, 

involving the same numbers and computations as are in the 

test on computations. The problems are similar in char-

acter to verbal problems which_ might be found in arithmetic 

textbooks of the fourth, fifth, and sixth grades of the 

present time. Since there were no commercial tests for 

precisely this purpose, a test was constructed. A descrip­

tion of the construction of the test is given in Chapter 3· 

4. The three tests mentioned: (1) Computations Test, 

(2) Understandings Test, and (3) Problem-solving Test; 

were administered to all of the more than four hundred 

pupils of the seventh and eighth grades of a small-city 

junior high school. 

5. Intelligence was measured by the California Test 

of Mental Maturity, form s, administered previously by the 

school authorities. 

6. Those who were present for all three tests and 

for whom there was a measure of intelligence available 



constitute the population sample for this investigation. 

There were three hundred sixty-two complete sets of data. 

7. The testees were the pupils of the junior high 

school of the 6-2-4 school system of Leominster, an in­

dustrial city of north central Massachusetts with a pop-
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ulation of about 25,000. The mean I. Q. of the group used 

was 106 with a standard deviation of 12. 

8. The study is ,-:concerned with the relations of the 

variables involved in a general way, as revealed by gen­

eral statistical procedures performed on gross data. It 

does not investigate how these variables affect the abili­

ties of individuals. It is admitted that data regarding 

groups does not get at the methods of thinking of in­

dividuals. 

Scope of the problem.-- The solution of the problem 

is based on the answers to these questions: 

1. Is there a significant statistical relation be­

tween understanding of the processes involved in compu­

tations and the ability to solve problems? 

2. How does the influence of understanding of the 

processes involved in computations on problem-solving 

compare in magnitude with the influences of intelligence, 

the ability to compute, and other possible influences, 

which, in the statistical procedures of this study, are 

grouped together but not identified singly. 



§ummarx.-- Understanding has been developing in re­

cent years as an important aspect of learning arithmetic. 

Problem-solving is recognized as an important objec­

tive in the teaching of arithmetic. 

The present study is designed to find what relations 

exist between the ability to understand the processes of 

computations and the ability to solve arithmetic problems, 

as these abilities are developed in pupils of the seventh 

and eighth grades. 

Tests were constructed for the arithmetic aspects of 

the study and administered to about four hundred seventh and 

eighth grade pupils in a small industrial city. 

The second chapter is a brief review of pertinent 

studies and other literature and their relation to the 

present study. The third chapter is a description of the 

construction of the tests .and the procedures leading to 

the collection ofthe data. The data are described and 
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analyzed in the fourth chapter. General conclusions, summa­

ries and some implications are found in the fifth chapter. 



CHAPTER II 

REVIEW OF RELATED LITERATURE AND RESEARCH 

1. Extent of the Literature 

Much has been written on problem-solving and on under-

standing of arithmetic by children. The scientific evi-

dence bearing on these subjects, however, is not extensive. 
y 

As Brownell states, tiThe extent of educational research 

on problem-solving is surprisingly limited.'' In some. 

cases the findings conflict, and not all the studies were 

controlled by equated groups or qualified by an estimate of 

significance. As for understanding of arithmetic, the 
v 

study has just begun. Glennon speaks of "The paucity of 

research studies (on understanding arithmetic) 11 as na direct 

result of the general lag in the development of adequate 

methods and devices for measuring understandings.tt 

2. The Importance of Problem-Solving 

It is generally taken for granted that the ability to 

1/ William A. Brownell, 11 Problem Solving, 11 The Psychologz 
Learning. Forty-First Yearbook, Part II, National Society 
for the Study of Education. Bloomington, Illinois: Public 
School Publishing Company, 1942, p. 419. 

Y Vincent .r. Glennon, 11Testing Meanings in Arithmetic,n 
Arithmetic 1949, The University of Chicago Press, (November, 
1949), p. 64. 
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.. ·.·- 1L 
ature on problem-solving in arithmetic, Johnson presents 

what he terms ttthe meager experimental evidence bearing on 

the problem (of vocabulary and reading)". 
gj 

One study, by Treacy, investigated the effect on 

problem-solving of reading skills. A group of 11 good achiev-

ers 11 was compared to a group of 11 poor achievers 11 on general 

reading level and on certain specific reading skills. It 

was found that: (l) in some cases there was no significant 

difference between good and poor achievers, and (2) where 

there was a significant difference it was restricted to 

one part of the population. And, it was concluded that, 

reading arithmetic problems involves the use of various 

specific skills related to arithmetic in composite forms. 
31 

A similar study was made by Hansen, including more 

communities, of varying size. The good and poor groups 

were tested by means of standardized tests on twenty-eight 

:factors. Some of the factors were reading factors, some 

were mental factors, and some were arithmetic :factors, in 

the judgement of the investigator. He found that, nrn 

general, the factors most closely associated with superior 

achievement appear to be those classified under the head-

1/ Op.cit.;p48l 

gj John P. Treacy, ttThe Relation of Reading Skills to the 
Ability to Solve Arithmetic Problems,n Journal of Education 
al Research, 38 (October, 1944) ,p86-96 • 

.}/ Carl W. Hansen, "Factors Associated with Successful 
Achievement iii Problem-Solving in Sixth Grade Arithmetic, 11 

Journal of Educational Research, 38 (October, l948),Plll-18. 





1o· 
and involves the calculation of coefficients of determina-

tion. The sum of all the coefficients of determination is 

unity, since all causes are accounted for. 

11When the combined, or joint, influences are 
separated on the basis of the relative weights of 
the direct influences and the results added to the 
magnitudes of the direct influences the variance of 
problem solving ability is attributed to the differ­
ent independent variables as follows, in terms of 
percents; ·. 

a. 25.69% of the variance in arithmetical 
problem solving ability is due to variation in 
intelligence as measured. · 

b. 42.05% of the variance in arithmetical 
problem solving ability is due to variation in 
computational ability. 

c. -1.33% of the variance in arithmetical 
problem solving ability is due to reading ability. 

d. 33.59% of the variance in arithmetical 
problem solving ability is due to other causes. 

The inference may be drawn •••• that intelligence 
and computation ability are important factors in 
causing individual differences in problem solving 
ability ••••• general training in reading is likely 
to have a negligible, or possibly negative effect.ny 

Methods f2r solvipg problems.-- The question of what 

method to use in attacking a problem is still an open 

question. No method has been shown to be superior, and 

formal methods have been found of little general value. 
2/ 

Indeed, Brownell- expresses the opinion that, imposing 

a formal- abstract pattern "puts too much trust in t eehnique 

alone and disregards other essentials in effective problem-

solving. 11 

1/ Max D. Engelhart, op. cit. , p25. 

gj 11Problem-Solvingn, op.cit. ,p432. 



1/ 
Hanna - compared three methods, two of which were 

formal types, and one, the 11 individualtt method, simplu 

letting the pupil use any method he knew or could devise. 

The results showed neither of the formal methods to give 

better results than the individual method. The study of 
y 31 

Washburne and Osborn and the study of Thiele give 

similar results. They found that children do better with-
Y 

out formal analysis. Osborn and Drennan concluded that 

training in clues to problem types would transfer to other 
5I 
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types. But Luchins found that mechanization of procedure 

for solving problems aided only in the solution of particu­

lar types of problems and that these same mechanized pro­

cedures became an impediment in solving problems that 

deviated from the type. 

1/ Paul R. Hanna, "Methods of .Arithmetic Problem Solving, 11 

Mathematics Teacher, 23 (November, 1930), p. 442-50. 

Y Carleton w. Washburne and Raymond Osborne, "Solving 
Arithmetic Problems," Elementary School Journal, 27, 
(November and December, 1926), p. 219-26, 296-304. 

3./ c. L. Thiele, "A Comparison of Three Instructional 
Methods in Problem Solving,u Research on the Foundations 
of American Education, 1939, p. 11-15 •. 

Y W. J. Osburn and L. J. Drennan, 11Problem Solving in 
Arithmetic," Educational Research Bulletin, 10, (March, 
1931), p. 123-28. 

2.1 Abraham Luchins, 11Mechanization in Problem Solving," 
Psychological Monographs, 248. 
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Sims make the statement, 'nTo make an intelligent adjust-

ment to a situation •••• we must have some grasp on the 

relationships involved •••• " Computations should be under-
g/ 

stood. As sueltz, Boynton and Sauble say, ncomputations 

in school should not be viewed merely as mechanical skills 

which justify themselves •••• it is the presence of the 

factors of meaning and understanding that raises the per­

formance of the pupil above that of a computing machine. 11 

31 
And these authors go on to list several kinds of under-

standing which are associated with computation: none kind 

is understanding the usefulness of a process, as, for 

example, that addition is used for combining and grouping 

•••• A second type of understanding in computations is 

based upon the relation of one process to another, as, for 

example, the relation of addition to subtraction or to 

multiplication •••• A third type of understanding associa­

ted with computations depends upon a general mathematical 

sensing of the number relationships and leads to an ap-

17 William A. Brownell and Vernon M. Sims, rtThe Nature of 
Understanding, 11 The Measurement of Understanding, Forty­
Fifth Yearbook I. The National Society for the Study of · 
Education, Chicago, 1946, p. 28. 

Y Ben A. Sueltz, Holmes Boynton, and Irene Sauble, nThe 
Measurement of Understanding in Elementary-School Math­
ematics," The Measurement of Understanding, Forty-Fifth 
Yearbook I, The National Society for the Study of Educa­
tion, Chicago, 1946, p. 141. 

3/ Ibid., p. 143f. 







•••• in arithmetic, if the problem involves 
novel content, the process of solution should be 
familiar to the pupil. If, on the other hand, the 
process of solution calls for ingenuity or special 
insights, the content should be familiar. 

Not all pupils attain the same level of under­
standing with respect to all situations. 

From the viewpoint of evaluation it would be 
a mistake to infer that understanding is demonstrated 
by successful performance in the last stage only. 
On the contrary, even the first stage in the series 
calls for some understanding, and each successive 
stage calls for added.increments of understanding. 

Evidence of understanding is to be found in 
originality of performance on the part of pupils. 

No one type of procedure has a monopoly of 
advantage for the purpose of securing evidence of 
understanding •••• 

•••• the pupil must perceive clearly what it is 
to which he is expected to react •••• 

A test of the understanding developed in a 
certain subject·field is not a general intelligence 
test; it is concerned with the understanding of a 
particular body of definite principles and rela­
tionships in a given field • 

•••• the precise evaluation of original and 
creative behavior is difficult •••• " 

Research in understanding.-- With regard to research, 
1/ 

Sueltz, Boynton and Bauble - comment, rtThe measurement of 

meanings and understandings is beginning to creep into 

research in arithmetic. 11• However no studies have appeared 
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to date on the effect of understanding of arithmetic on 

problem-solving. A reference was made at the,beginning of the 

chapter to .the relation between the lack of studies and the lag 

in the measurement of understanding. A study has been made 

Jj Ibid. p. 25'6. 





begun. 
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Studies in the area of understandings in arithmetic 

are much needed but are waiting on the development of 

better measuring instruments. 

The 11 problem" in the school is expanding in scope to 

include "real life problems". However, the ttpre-formulated" 

problem of the usual arithmetic text will continue to be 

useful, even in teaching how to solve genuine problems. 

The teaching of problem-solving to children still 

presents a great challenge to teachers of arithmetic. 

Problem-solving is a complex of at least six kinds of 

elements: (1) situation; (2) reading; (3) computation; 

(4) method; (5) intelligence; (6) understanding, and some 

others of a personal nature. 

The effect of unfamiliarity of.settings (situation) 

depends on the other factors in some cases. It appears 

that able pupils are not affected by unfamiliarity, where­

as, pupils who are poor in general problem-solving ability 

are bothered by the introduction of unfamiliarity. 

Reading ability affects problem-solving when vocab­

ulary difficulties of a technical sort are involved, but 

general reading ability is not shown to be an important 

factor of problem-solving. 

The available information indicates that, as would be 

expected, computing ability is an important factor in 

probl.em-solving. 
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For general problem-solving procedure, especially 

when known type problems are not involved, the individual 

should have developed his own methods of attacking a prob­

lem. As a matter of fact, the individual is better ready 

to face a new problem situation if he has not been trained 

in particular techniques for solving problems. 

The effect of intelligence, as usually measured, on 

the ability to solve problems, is not clear. In some seg­

ments of the intelligence scale general mental ability is 

more influential on success in problem-solving than in 

other segments. 

The effect of understanding of arithmetic processes on 

the ability to solve problems has not been studied. The 

field of understanding is largely unexplored, and the need 

for information on the subject is urgent. The lag in 

development of measuring instruments has retarded the de­

velopment of evidence of the importance of understandings 

in the teaching of arithmetic. 

The procedures of the present investigation are given 

in the next chapter. 



CHAPTER III 

PLAN AND PROCEDURE OF INVESTIGATION 

1. Collecting the Data 

As was shown in Chapter I, it was considered necessary 

that the three variables -- problem-solving ability, 

computing ability and understanding -- be measured in certain 

ways, for which there were no tests available. It was con-

sidered desirable to test for these three variables with 

the same number relations, from three points of view: (1) 

computation, (2) understanding, and (3) problem-solving, 

and to reduce as much as would be practicable the effects 

of other variables, except for general intelligence. Vo­

cabulary difficulties, variations of number from test to 

test, mathematical concepts beyond the scope of the study, 

such as mensuration, percentage, etcetera, were either 

eliminated or minimized. 

Because suitable tests were not available in problem­

solving, understanding, and computing, such tests were 

constructed. These tests are closely related. 

The test in computations tests only the fundamental 

processes: addition, subtraction, multiplication, and 

division with whole numbers, fractions, and decimals. 

26 
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The test in understandings tests understandings which 

are related to the computations of the test in computations. 

The problems test requires the same computations and in 

most cases the same numbers as the corresponding items of 

the computations test. 

These tests were administered to seventh and eighth 

grade pupils; and, ages and I. Q.s were obtained from the 

school records. The arithmetic tests were given on 

successive days. Whenever possible, and for the most part, 

they were given during the scheduled periods for mathe­

matics, in the classrooms, by the mathematics teachers, one 

for the seventh grade and one for the eighth grade. 

The tests were given in six different orders: ABC, 

ACE, BAC, BCA, CAB, and CBA. These six orders were assigned 

·in a systematic way. First, a class section was chosen at 

random, and it was assigned the order ABC. Then, the 

other orders were assigned in sequence to the .other sec­

tions as they appeared on a list. See Table 1 for the 

list of sections and the order of taking the tests, with 

section sizes. 

Table 2. 

A summary of the orders is given in 







30 

The intermediate level of difficulty includes numbers 

and processes occurring in ordinary usage, as the ordinary 

person might be called upon for in everyday affairs. The 

whole numbers are of no more than four digits. In addition 

there is' carrying more than once, but no more than three 

numbers are added. There may be a zero in the multiplicand, 

the multiplier is no more than two digits, and there may 

be carrying in both the multiplication and the addition 

of a multiplication example. In division divisors would 

be no more than two digits; and no remainder. Fractions 

would include different denominators in addition and sub­

traction, and sums might give improper fractions. Multi­

plication and division would involve only proper fnactions. 

Addition of decimals would involve no more than hundredths 

with carrying. Multiplication would include hundredths by 

tenths, and division hundredths. 

The high level of difficulty includes numbers and 

stages of process at the highest level of difficu+ty found 

in a textbook of the sixth grade. Whole numbers may have 

more than four digits. Addition may involve four or more 

numbers of mixed number of digits with zeros and with 

adding through a decade or more. Subtraction may include 

carrying back more than once. In division there may be a 

remainder. In addition. of fractions there may be three or 

more mixed numbers, and perhaps fractions with mixed num-







IV. 

8 .. 
9 .. 

10 .. 
11 .. 
12 .. 
13 .. 
14. 
15 .. 

16 .. 

17. 
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MUltiplication combinations through nines 
Multiplying hundreds, single digit multiplier 
Zeros in multiplication, single digit multiplier 
Carrying to hundreds, single digit multiplier 
Carrying twice, single digit multiplier 
Multiplying thousands, single digit multiplier 
Multiplying by tens, to three digit multiplicand 
Multiplying by ones and tens, two digit 
multiplicand 
Multiplying with zeros in three digit 
multiplicand 
Multiplying by hundreds, to five digit 
multiplicand 

Division of whole numbers 
1. Discovering what division means, relating 

multiplication and division 
2. Working with division pairs to dividends of 

thirty six 
3. Dividing tens and ones to twenty tens and ones 
4. Multiplication tables, dividends to eighty one 
5. Dividing by eights and nines 
6. The uneven divisions, dividends less than one 

. hundred, divisor single digit number 
7. Carrying in division, dividing hundreds by a 

single digit divisor 
8. Dividing hundreds, through four digit 

9. 
10.-
11. 

dividends, single digit divisor 
Steps in dividing 
Zeros in the dividend, single digit divisor 
Dividing hundreds and thousands, single 
digit divisor 

12. Dividing by tens, no ones in dividend, to 
' 

13. 
14 .. 
15. 
16'. 
17 ... 
18. 
19. 
20. 
21. 
22 .. 
23. 

five digit dividends 
Zeros in the quotient, dividing by tens 
Dividing by tens and ones 
No carrying in multiplication, no ten 
to subtract 
No carrying in multiplication 
Carrying and subtracting tens 
Trial quotients 
Using zeros 
Remainders in dividing 
Dividing by hundreds 
Zeros in the quotient, five digit.dividend 
Dividing by thousands, six digit dividend 





5. Dividing a fraction by a whole number 
6. Dividing a whole number by a mixed number 
?. Dividing a fraction by a mixed number 
8. Dividing a mixed number by a mixed number 

IX. Addition of decimals 
1. Adding mixed decimals with tenths 
2. Adding mixed decimals with hundredths 
3. Adding mixed decimals with thousandths 

X. Subtraction of decimals 
1. Subtracting mixed decimals with tenths 
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2. Subtracting mixed decimals with hundredths 
3. Subtracting mixed decimals with thousandths 

XI. MultiElication of decimals 
1. Multiplying mixed decimals with tenths by 

whole numbers 
2. Multiplying mixed decimals with hundredths 

by whole numbers 
3. MUltiplying decimals by decimals, thousandths 

XII. Division of decimals 
1. Dividing mixed decimals with tenths by 

·whole numbers 
2. Dividing mixed decimals with hundredths 

by whole numbers 
3. Dividing decimals by decimals, including 

ten-thousandths by hundredths 
4. Finding the quotient to the nearest hundredth 

All four processes with whole numbers, fractions, and 

decimals are continued in spiral fashion from the beginning 

into the sixth grade, where they are often completed, 

basically. Enlargement and extension continues in the 

following grades. 

This program is not uniform throughout the country, 

but is an example of programs now in practice. 













mixed number, no borrowing, and no change required in the 

difference. 

2. The intermediate level of difficulty in the 

subtraction of fractions includes subtraction of fractions 

with unlike denominators. This stage is here considered to 

be of ordinary difficulty. This is usually introduced at 

about the fifth grade. Item number 14 requires the sub-

traction of a simple fraction from a simple fraction with 

a different denominator. 

3. It is likely that a pupil who can subtract 

mixed numbers with unlike denominators and with borrowing 

will be successful with any .example of subtraction of 

fractions in the familiar form. This is usually introduced 

at about the fifth grade. Item number 22 requires subtrac­

tion with mixed numbers, with different denominators, and 

with borrowing. The denominators are unrelated. 

G. Multiplying fractional numbers 

1. Among the simplest multiplications with frac­

tions is the multiplication of a whole number by a frac­

tion with a factor of the denominator a factor of the 

whole number. This is usually introduced at about the 

sixth grade. Item number 7 requires multiplication of a 

two digit number divisible by four by a fraction in six­

teenths. 

2. The intermediate level of difficulty in the 

41 
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multiplication of fractional numbers includes the multi­

plication of proper fractions with no reduction called for. 

This stage is here considered to be of ordinary difficulty. 

Item number 15 requires the multiplication of a proper 

fraction in eighths by a proper fraction in halves. 

3. The multiplication of mixed numbers with no 

short cut evident, such as 3j x 12, involves enough, pre­

sumably to test high achievement in multiplication of 

fractional numbers. This is usually introduced'at about 

the sixth grade. Item number 23 requires multiplication of 

a mixed number in halves by a mixed number in sixths. 

H. Dividing fractional numbers 

1. Among the simplest divisions with fractions is 

the division of a whole number by a fraction with numer-

ator one. This is usually introduced at about the sixth 

grade. Item number 8 requires division of a single digit 

number by a fraction with numerator one and denominator 

less than six. 

2. The intermediate level of difficulty in the 

division of fractional numbers includes the division of 

a fraction by a fraction. This stage is taken as the or-

dinary case of division with fractions. This is usually 

introduced at about the sixth grade. Item number 16 re­

quires division of a mixed number with single digit 
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Second, the formula for a measure of discriminating 

power was applied. The difference WL - WH represents dis-

criminating power, where WL is the number wrong in the low 

group, and WH is the number wrong in the high group. Items 

omitted were considered wrong. After finding this differ-

ence for each item, the items were arranged in descending 

order of the difference. See Table 3, following page. 
y 

According to Stanley, when 0.27N is about 100, the 

value of (WL - Wff) flat or above which an item can be con-

sidered sufficiently discriminatingu is 14. As can be seen 

in Table 2, twenty-three items were tradequatelytt discrim-

inating. The seven other items were of positive discrimi-

nating power. It should be remembered that this test in-

eluded, by design, a lower level of achievement for the 

purpose of obtaining positive evidence of ability to per-

form.in the fundamental processes. It was to be expected 

that some of these items would be answered by almost all, 

and therefore would not discriminate, to any considerable 

degree. 

Third, a measure of the difficulty of the items was 
y 

found. According to Stanley, ttthe estimated percentage 

of examinees who did not 1 know 1 the correct answer to the 

1/ c. c. Ross and Julian C. Stanley, Ibid., p. 438 

g/ loc.cit. 
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A tentative list of groups of understandings 

1. Understandings or the meaning of whole numbers 
2. Understandings of the addition of whole numbers 
3. Understandings of the subtraction of whole 

numbers 
4. ·understandings of the multiplication of whole 

numbers 
5. Understandings of the division of whole numbers 
6. Understandings of tpe meaning of fractions 
?. Understandings of the addition of fractions 
8. Understandings of the subtraction of fractions 
9. Understandings of the multiplication of fractions 

10. Understandings or the division of fractions 
11. Understandings of the meaning of decimals 
12. Understandings of the addition of decimals 
13. Understandings of the subtraction of decimals 
14. Understandings of the multiplication of decimals 
15. Understandings of the division of decimals 

Understandings were written to average more than five 

for each category in the above list. Then a new list of . 

understandings was compiled ·from an examination of the book, 

Elementary Arithmetic: Its Meaning and Practice, by 
11 . 

Buckingham, for understandings stated or implied in the 

area of the fundamental processes. This list was then 

compared with the previous list and revisions were made 

accordingly, to make the list of understandings as com-

prehensive as possible. An experimental test form was 

then constructed. This form showed a reliability coeffic-

ient, by the Kudar-Richardson Formula 20, of 0.71, when 

administered to 104 pupils of the eighth and ninth grades 

1/ Burdette R. Buckingham, Elementary Arithmetic: Its 
Meaning and Practice, Ginn and Company, Boston, 1949, 
pp. 3-351. 
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Table 4. Relation of Understandings and Items by the Jury 

Understanding 
No. Description 

(1) (2) 

1 Number system 
2 Addition-classes 
3 Re-grouping 
4 Subst.-counting 
5
6 

Borrowing-re-grouping 
Mult. by tens 

7 Garry in mult. 
8 Comm.ute-mult. 
9 Distribution-mult. 

10 Mult.-addition 
ll Div.-subtraction 
12 Place val.-quotient 
13 Fract.-symbol 
14 Equivalence-fract. 
15 Fract.is a prod. 
16 Commute-addition 
17a Like fract.-add. 
17s Like fract.-subtr. 
18 Diff.-two mixed nos. 
19 Diff.,fract.-prod. 
20 Prod.-mixed nos. 
21 Prod.-fract. 
22 Mu1t.numerator 
23 Quot.-mixed nos. 
24 Quot.,fract.-prod. 
25 Div.by unit fract. 
26 Dec.-ext.no.system 
27 Div. by 10,etc. 
28 Div. addends 
29 Subtr.-dec. 
30 Prod.dec.-quot. 
31 Dec.-mult. 
32 Div. cleared·. of dec. 

Understanding 
Item 
Number 

(3) 

l 
2 
2 
3 

'20 
17 
21 
16 

7 
none 

8 
22 

9 
4 

11 
19 
g 

23 
18 
24 

none 
10 
27 
27 
12 

none 
25 
25 
14 
13 
26 
15 

% of Corresp. 
Jury No. Comp. 
Choosing & P.S. 

100 
100 

62.5 
75 

100 
75 
50 
87.5 

100 

87.5 
100 
100 
100 

62.5 
100 
100 

75 
100 

75 
87.5 ---
87.5 
62.5 
62.5 
75 -<---
62.5 
50 
75 
87.5 
75 

100 

Item 

none 
1 
1 
2 

18 
3 

19 
none 

3 
19 

4 
20 

none 
none 
15 
21 
g 

22 
14 
23 
15 

7 
24 
24 

8 
9 

25 
25 
10 
27 
29 
28 











10. Multiplication is addition.-- The process of 

multiplication is used instead of addition when the addends 

are identical. 

This understanding was not related to an item by any 

of the jury. It is not represented on the test. 

11. Division is subtraction.-- Division as a process 
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is used to find how many. times the divisor may be subtracted 

from the dividend. 

Seven of the jury selected this understanding to be 

tested by Item number 8, which calls for the new quotient 

when the divisor is subtracted once from the dividend, 

without performing the division. The item was modified 

slightly on suggestion of one of the jury to improve the 

item. It proved to be a very good item. This item is 

represented on the computations test by Item number 4; and· 

by the corresponding item on the problem-solving test. 

12. Place value in a quotient.-- The place value of 

a quotient figure is related in a particular way to the 

figures of the dividend and the divisor. 

All of the jury selected this understanding to be 

tested by Item number 22, which requires the place value 

of the first figure of the quotient when a six digit num­

ber is divided by a four digit number, and figure given. 

This item is represented on the computations test by Item 









the corresponding item on the problem-solving test. 

20. The product of mixed numbers.-- Mixed numbers may 

be multiplied by finding the product of the equivalent 

fractions. 

Seven of the jury selected this understanding to be 

tested by Item number 24, which requires recognition of 

the equivalence of the product of two mixed numbers and 

the product of the usual improper fractions, but written 

in horizontal form. This item is represented on the com­

putations test by Item number 23; and by the corresponding 

item on the problem-solving test. 

21. A product of fractions.-- The product of two 

fractions may be considered as the product of the numer­

ators by the product of the unit fractions. 

None of the jury related this understanding to any 

item. It is not represented on the test. 
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22. A fraction is multiplied when the numerator is 

multiplied.-- Seven of the jury selected!this understanding 

to be tested by Item number 10, which requires recognition of 

the equivalence of a product of a fraction by a whole num­

ber to a fraction.with the numerator the indicated product 

of the whole number and the numerator of the original frac­

tion. This item is represented on the computations test by 





in horizontal form. This item is represented on the 

computations.test by Item number 8; and by the correspond­

ing item on the problem-solving test. 

26. Decimals extend the number system.-- As in a 

whole number, each digit of a decimal has ten times the 

value of the same figure in the place to the right. 

None of the jury related this understanding to any 

item. It is not represented on the test. 
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27. Division by 10; etc.-- The division is accomplished 

by re-locating the decimal point. 

Five of the jury selected this understanding to be 

tested QY Item number 25, which requires recognition of 

the total of five decimal numbers, with the six digit sum 

with thousandths given, after the numbers were divided 

by 100. The item was modified somewhat, on suggestion of 

a jury member, to shorten the time, without changing the 

sense of the question. This item is represented on the 

computations test by Item number 25; and by the correspond­

ing item on the problem-solving test. 

28. Dividing addends.-- When all the addends are 

divided, or multiplied, by the same number, the total is 

divided by the given number, or multiplied, as the case 

may be. 

. Four of the jury selected this understanding to be 



tested by Item number 25. No item was added. 

29. Subtraction of decimals.-- The subtraction is 

accomplished in a way similar to the process with whole 

numbers. 

Six of the jury selected this understanding to be 

tested by Item number 14, which requires recognition that 

when the hundredths digit of a number is subtracted and 

borrowing is required a number of hundredths is subtracted 

from a number of hundredths in two figures. This item 

is represented on the computations test by Item number 10; 

and by the corresponding item on the problem-solving test. 

30. A product of decimals is a quotient.-- The pro­

duct of two decimals is the quotient of the product of 

the numerators divided by·the product of the denominators. 
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Seven of the jury selected this understanding to be 

tested by Item number 13, which requires recognition of a 

product of two decimals: a three digit number in hundred­

ths and a two digit number in tenths, as an indicated 

quotient in fraction form with the product of the numerators 

in the numerator and the product of the denominators in 

the denominator. This item is represented on the com­

putations test by Item number 27; and on the problem­

solving test by the corresponding item. 

31. Decimals multiplieg.-- The multiplication of 



decimals is as with whole numbers, ignoring decimals. 

Six of the jury selected this understanding to be 

tested by Item number 26, which requires the product of a 

six digit decimal and a four digit decimal to be recognized 

as equal to the product of the whole numbers obtained by 

ignoring decimals multiplied by the product of the unit 

decimals involved. This item is represented on the compu­

tations test by Item number 29; and by the corresponding 

item on the problem-solving test. 

32. Division may be cleared of decimalg.-- Dividend 

and divisor may be multiplied by powers of ten so as to 

remove all decimals from the process. (result to the 

nearest unit) 

All of the jury selected this understanding to be 

test·ed by Item number 15, which requires the quotient of a 

two digit integer by a three digit fraction in hundredths 

to be recognized as equal to the quotient of the whole 

numbers obtained by mUltiplying each by 100, and written 

in horizontal form. This item is represented on the com­

putations test by Item number 28; and by the corresponding 

item on the problem-solving test. 

Table 5 shows that twenty-seven understandings were 

tested and that all of the four processes were represented 

with whole numbers, fractions, and decimals. The items on 





the understandings test were related to items of the other 

tests, as has been shown. (see Table 4) 

A description of the understandings and the items 

which represent them has just been given. The items them-

selves are given in Appendix A, as sent to the jury, and 

in Appendix B, as they appeared on the test. 

Item analysis of the understandings test.-- The 

Stanley method of item analysis as described on page 47; 

was applied to the scores of the test on understandings. 

A list of the item numbers, ordered on the basis of dis­

criminating power, is given in Table 6, with the estimated 

per cents of those not knowing. The discriminating power 

of all items is positive, and only two items were less 

than 11 adequate 11 in discriminating power, according to the 
y 

Stanley table. The median difficulty was 63 per cent 

not knowing. As with the computations test, the boundary 

of easy items was 24 per cent and of hard items 126 per 

cent. One item would be considered easy and none would be 

very hard. 

Reliability of the understandings test.-- The relia­

bility of the understandings test as computed by the Hoyt 

method, described on page 9-0, is 0.775. Applying the F-

test to the hypothesis that there is no difference between 

the means of individuals, F was found to be 4.45, which, 

with 424 and 11024 degrees of freedom, is significant 

Vop. cit. 
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Validity of the uroblem-solving test.-- The validity 

of the problem-solving test rests on the method of 

construction of the items. The items were written as 

verbal problems involving the same computations as the 

correspondingly numbered items on the computations test. 
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The situations are realistic and practical and the vocabulary 

is placed at the fifth grade level. The test, moreover, 

discriminates adequately between those able to solve such 

problems and those not so able. 

The problem-solving test was satisfactory to be used 

in the present investigation. 

The preceding has been.a description of the construc­

tion of the tests on computations, understandings, and 

problem-solving, and statistical data on reliability and 

discriminating power. 

A brief description of the statistical procedures of 

the study follows. 

5. Statistical Procedures 

The present investigation is a correlation study. 

Correlations among all the variables were found, to corre-

lations of the second order. Means and standard deviations 

were computed for all of the measured variables. 

The correlations of zero order were used in the path 

coefficient technique. This technique made possible the 

computation of the proportional influence on problem-solving 
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of the three other variables considered and a composite of 

all other contributing variables. 

By means of a special technique utilizing the regres­

sion upon problem-solving of the other variables, the 

effect of eliminating the various independent variables 

was computed, to show the relative importance of these 

variables with regard to problem-solving. 

The techniques used and the resultant data are given 

in Chapter IV. 
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The statistical significance of these differences will 

be shown by means of the t-test. 

As shown in Table 9, by application of the t-test to 

the differences in means between seventh and eighth grades, 

there is noticeable difference in problem-solving and 

computations, less difference in understanding, and no 

significant difference in intelligence. 

Table 9. Test of Differences in Means Between Seventh and 
Eighth Grades 

Tested Degrees of t-value t-value from table 
Variable Freedom comiuted d.f. t J2robabilit;2: 

(1) (2) (4) ( 5) (6) -3) 

I. Q. 174 0.444 200 ·0.675 .50 

P. s. 174 5 .• 55 150 2.61 .01 

Und. 174 2.43 200 2.60 .01 

Comp. 174 3.43 150 2.61 .01 
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Table 12. Partial Correlations of the First Order 

Correlated Variables 
(1) 

r12.3 P.S. Intell.-Computing const. 

r12.4 o.s. Intell.-Understanding const. 

r13.2 P.s., Comp.-Intelligence const. 

r13.4 P.S., Comp.-Understanding const. 

r14.2 P.S., Und.-Intelligence const. 

r14.3 P.S., Und.-Computing const. 

r23.4 Intell., Comp.-Uriderstanding const. 

r24.3 Intell., Und.-Computing const. 

r34.2 Comp., Und.-Intelligence const. 

s/ N = 362, d.f. = 358 

Coefficient of 
Correlation a/_ 

(2) 

0.2911 

0.1606 * 
0.7047 

0.5893 

0.6636 

0.5642 

0.1682 * 

0.4132. 
I 

0.4963 

* With 300 degrees of freedom, coefficients of the first 
order are significant at the 1% level if as large as 0.1?4 
and are not significant at the 5% level if less than 0.141. 

The correlation r13.2 = 0.7047 indicates that when 

intelligence is constant, problem-solving and computing are 

found to have high positive correlation. Note also, that 
. I 

problem-solving correlates well with computing when under-

standing is constant, r13.4 = 0.5893. 

A comparison of correlations may be made by grouping 







3. Analysis of Regression 

The relative importance of understanding, computing 

ability, and intelligence in relation to problem-solving 

ability are shown by means of regression equations. A 

multiple regressi_on equation was written to show the rel­

ative amounts of contribution to problem-solving ability 

from understanding, computing ability, and intelligence. 

Then, an examination was made of the losses in contribu­

tion when the factors were withdrawn from the regression, 

one by one. 
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The regression equation with all of the factors present, 

in deviation form, is: 

x1 = 0.4q78x4 • 0.4666x3 + o.0497x2 

In this equation xr represents deviation in problem-solving, 

x4 represents deviation in understanding, x3 represents 

deviation in computing, and x2 represents deviation in 

intelligence. 
11 

The authors Wert, Neidt, and Ahmann point out, "when 

more than one variable is used to predict a criterion, the 

relative influence of each of the prediction variables with 

respect to any other cannot be inferred from a direct compar­

_ison of the size of the coefficients of the variables. n 

1/ James E. Wert, Charles 0. Neidt, and J. Stanley Ahmann, 
Statistical Methods in Educational and Ps cholo ical Research, 
Appleton-Century-Crofts, Inc., New York, 19 4. p. 243. 







These data are combined with those or Table 10 to show 

the loss or variation in problem-solving due to elimination 
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or intelligence. 

which follows: 

The necessary information is in Table 15, 

Table 15. Testing the Loss Due to Elimination of 
Intelligence 

Source of Degrees or Sum of 
Variation Freedom Squares 

(1) (2) (3) 

Three-variable 
Regression· 3 4027 

Two-variable 
Regression 2 3943 

Loss due to elimi-
nation or intell. 1 84 

Three-variable 
Residuals 3l8 3645 

Total 7672 
F = 8.25' 

3 1 

84 

10.18 

This F-value is significant, since the F-value at the 

1% level with 200 and 300degrees or freedom is 1.39. Hence, 

there is a loss due to the elimination or intelligence which v­

cannot be attributed to chance alone. 

The loss due to elimination of understanding was computed 

in similar fashion, and found to be 609. 

59.71, which is highly significant. 

The F-value was 

The loss due to elimination of computing ability was 

round, likewise, to be 889. The F-value was 87.33, which is 

also highly.significant, compared to the F-value with 200.and 



300 degrees of freedom which at the 1% level is 1.39. 

These figures show that the greatest loss in problem­

solving ability comes from the elimination of computing 

ability, and a large loss comes from the elimination of 

understanding. The loss due to elimination of computing 

is more than ten times the loss due to elimination of 

intelligence, and the loss'.:due to elimination of under­

standing is more than seven times the loss due to elimi­

nation of intelligence. 
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A direct comparison can be made by means of the sums 

of squares. The sum of squares for understanding was 1638; 

for computing, 1925; and, for intelligence, 464. The pro­

portional importance of the three variables is shown by the 

percentages which these sums represent, namely: (1) com­

puting, 47.80 per cent; (2) understanding, 40.68 per cent; 

and, (3) intelligence, 11.52 per cent. 

This shows, again, that computing ability and under­

standing are high in their influence on problem-solving, 

and that general intelligence is low, relatively. This 

means that changes in intelligence do not bring like changes 

in problem-solving ability, whereas, changes in ability to 

understand and to compute are very likely to be accompanied 

by considerable changes in ability to solve problems. 

It remains to be seen what proportion of the total 

of all effects on problem-solving by other factors comes 
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The second step is to find· the pa:th coefficients. Any 

path coefficient is equal to the coefficient of correlation 

of the two variables directly connected minus the products 

of path coefficients of the paths indirectly connecting them. 

The computation of the path coefficients of the diagram 

shown above involves the solution of the simultaneous equations 

written upon the rule just stated. In this case, the path 

coefficients are found from the following equations: 

(The symbols used in these equations refer to the 

diagram shown above, and the rule for computing path coe­

fficients which was stated just above.) 

a = r24 = 0.5804 

b = r 23 =.0.4722 

c = r12 - ae - bf = r12 - 0.5804e - 0.4722f 

d = r34 - ab = 0.3562 

e - rl4 - ac - df - abf • 0.7655 - o.5804c - o.6303f 

f = r 13 - be - de - bae = 0.7769 - o.4722c - o.6303e 

Solving these equations simultaneously., the path 

coefficients are found to be: 

a • 0.5804 

b = 0 .. 4722 

c = 0.05068 

d '"' 0.3562 

e • 0.4338 

f = 0.4795 

The third step is to find the coefficients of deter-

mination. The coefficients Df determination are the 









vocabulary is of the fifth grade difficulty. 

These tests were administered to about four hundred 

pupils of the seventh-eighth grade junior high school of 

a city of about twenty-five thousand. I.Q.s were obtained 

from the school records, with ages. Three hundred sixty­

two complete sets of data were obtained. 

Besides simple correlations, partial correlations to 
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the second order were computed. A multiple regression was 

set up. One factor at a time was eliminated from the multi­

ple regression and the effects of the eliminations were 

compared. Also, the total 11 determinationn of problem­

solving ability was found by means of the path coefficient 

technique. 

3· The Pupils 

The pupils tested were a fairly representative group, 

362 seventh and eighth grade pupils of a small industrial 

city of north central Massachusetts, with mean intelligence 

106, and with normal chronological age. 

4. The Tests 

The tests constructed measured fairly well(l) the ability 

to compute, (2) the ability to understand computational 

aspects of arithmetic, and (3) the ability to solve verbal 

problems. 
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These tests were closely related, so as to reduce to a 

minimum extraneous influences such as vocabulary, situation, 

and variations in process and number from test to test. It 

may be said that these three tests answer the questions: (1) 

How is the group distributed with regard to computation with 

whole numbers, fractions and decimals? (2) How is the group 

distributed with regard to ability to understand what is done 

in the computations? and (3) How is the group distributed 

with regard to ability to solve problems involving the very 

computations which were tested. 

5. Simple Correlations 

By the simple correlation coefficients it appears that 

understanding, computing ability, problem-solving ability, 

and intelligence are significantly related. 

6. Partial Correlations: First Order 

By the first order correlations the following obser­

vations can be made: 

a. When understanding is constant the relation between 

problem-solving and computing is high, whereas, the relation 

of both problem solving and computing to intelligence are 

low although significant. 

b. When computing is constant the relation between 

problem-·solving and understanding is higher than the re-
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9. Comparing Loss . 

In the prediction of problem-solving ability most is 

lost by the elimination of computing. Mueh is lost by the 

elimination of understanding, and a small but significant 

amount is lost by elimination of intelligence. 

10. Total Determination 

When the total determination of problem-solving ability 

is analyzed the following observations can be made: 

a. About 40 per cent of the variation in problem­

solving ability is due to computing ability. 

b. About 33 per cent of the variation in problem­

solving ability is due to understanding of the computations 

involved. 

c. About 26 per cent of the variation in problem­

solving ability is due to variables which have not been 

investigated in this study, among which may be certain 

special reading abilities, aspects of reasoning, insights, 

and attitudes. 

d. About one per cent of the variation in problem­

solving ability is due to aspects of intelligence, other 

than those leading to understanding and computing. 
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ll. Conclusions 

Insofar as the scores used in this study represent the 

abilities of the pupils tested, and insofar as the sample 

of pupils is representative, the following conclusions can 

be drawn: 

a. When understanding of arithmetic is good, the ability 

to solve problems depends to a large extent on the ability 

to compute. 

b. When computing ability is good, the ability to solve 

problems depends to a large extent on the ability to under­

stand the relations implied by the numerical aspects of the 

problem.· 

c. When intelligence is good, the ability to solve 

problems depends to a large extent on the ability to com­

pute and to understand computations. 

d. A person of good intelligence, who has developed 

good ability to compute, will have b·etter success in prob­

lem solving if he understands numerical relationships. 

e. A person of good intelligence, who has developed 

an understanding of numerical relationships, will have 

better success in problem-solving if he has developed good 

computing ability. 

f. A person who understands well and is able to handle 

with facility in computation the numer.ical information in 

J 



a problem may not have general intelligence of comparable 

strength. Evidently there are special mental abilities 

involved in solving arithmetic problems. 

g. As has been shown elsewhere, problem-solving is 

still a challenge to teaching methods because of the com­

plexity of abilities involved, and because some of these 

abilities have not been studied sufficiently. 

h. Understanding of the mathematical principles in­

volved in computation is related to problem-solving in 

such strength that it should be included when improvement 

of problem-solving is to be considered. 
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i. Understanding of computations is strongly related 

to ability to compute, and should be considered in efforts 

to improve computing. 

j. General intelligence does not affect problem­

solving in a significant way. 

12. Some Implications 

a. It has been found elsewhere that reading ability, 

in general, is not a·':strong factor in problem-solving, bu:t 

some special reading skills are sometimes critical factors. 

When the reading of quantitative statements is examined 

more carefully, it may be found that the numerical infor­

mation is not read with the same understanding as the 

situation information, and not with the same interest. 
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Improvement of understanding may result in increased inter­

est as well as increased ability to grasp the import of the 

problem situation. 

b. Problem-solving ability is likely to be improved 

by increase in understanding as defined, as wel+ as by 

increase in computing ability. 

c. Special aspects of intelligence, such as, presumably, 

reasoning, understandings of various kinds, insights, and 

reflective thinking should be examined more closely for the 

ways in which they enter into the process of solving a 

problem. 
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Appendix A 

1. List of the Jury 

1. Vincent J. Glennon, Syracuse University 

2. Foster E. Grossnickle, State Teachers College 
Jersey City 

3. Maurice L. Hartung, University of Chicago 

4. Harold E. Moser, State Teachers College 
Towson, Maryland 

5. Rolland R. Smith, Director of Mathematics 
Springfield, Massachusetts 

6. Herbert F. Spitzer, State University 
Iowa City 

7. Henry Van Engen, State Teachers College 
Cedar Falls, Iowa 

8. Harry G. Wheat, West Virginia University 



2. List of Understandings as Sent to the Jury 

Below are listed understandings presumed to be involved 
importantly in the computations of elementary arithmetic. 
Fuller descriptions of these understandings are on the 
following pages. 

1. Please indicate on each card the understandings which 
are acceptably measured by the item by encircling the 
number of the understanding as it appears on the list. 

2. If an understanding is measured especially well by the 
item, underline the number after circling it. 

3. If the item could be answered correctly from mechanical 
learning alone, circle "Mn. 

4. If there are other understandings, too important to be 
left out, please add them to the list, and identify 

.-them if possible with given items. 

IMPORTANT UNDERSTANDINGS INVOLVED IN COMPUTATIONS OF 
ARITHMETIC 

1. The number system. Place value of digits. 

2. Addition of classes. Tens are added as ones, etc. 

3. Addition is a re-grouping. Carrying is a special 
grouping. 

4. Addition is· (subtraction is) a substitute for counting. 

5. Borrowing is re-grouping before subtraction. 

6. Multiplication by tens gives tens, etc. 

7. Carrying is re-grouping after multiplication. 

8. Commutation in multiplication. 

9. Distribution in multiplication. 

10. Multiplication is addition. 
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29 Mr. Bowser wanted to bring a jewel into this country 
from Europe which had been valued at $5942.07. The · 
customs authorities charged him .0673 of the value of 
the gem as import duty. How much.did Mr. Bowser have to 
pay the customs authorities to get' the jewel into the 
country? a b c d 

a $43.37 b $57.97 c $579.74 
d none of these your answer __________ _ 

30 The school tax in Greenv.ille last year was .041 of the 
value of the property. That is, for every $.041 of tax 
to be spent on the schools there must be one dollar of 
property value. How many dollars of property value was 
necessary to provide $4039.28 to pay for the new books 
the library wanted to buy? a b c d 

a $98,519 b $98,519 c $.098519 
d none of these your answer __________ __ 



Appendix C 

Rinsland Frequencies and Group Classifications, Grade v, 
for Words Used in the Problem-Solving Test 

Word Rinsland Group Word Rinsland Group 
Frequ. Class. Frequ. Class. 

(12 (22 (32 (12 (22 ( 32 

a 19412 lal bureau 1 
about 2389 lal bus 31 2b 
after 1527 lal but 3129 lal 
against 780 la2 buy 364 la3 
altogether 8 4a buying 15 3b 
among 34 2b camp 108 lb3 
amount 35 2b campaign 2 
an 2389 lal can 1816 lal 
and 24519 lal car 446 la3 
another 553 la3 careful 40 2a 
answers 15 3b carefully 24 2b 
apples 88 lb4 cell 
April 19 3a charged 9 4a 
at 3164 lal chosen 25 2b 
athlete 1 cloth 60 2a 
athletic 1 clothing 69 lb5 
authorities 1 coal 88 lb4 
average 37 2b collect 8 4a 
bagged collected 9 4a 
bags 17 3a collection 8 4a 
barrels 8 4a complete 6 4b 
baskets 26 2b cost 60 2a 
bazaar could 544 la2 
be 2468 lal country 342 la4 
been 1588 lal cream 44 2a 

·bicycle 111 lb3 cup 25 2b 
board 79 lb5 customs 6 4b 
Bob cuts 15 3b 
books 524 la3 cutting 65 2a 
Bowser days 452 la3 
boys 671 la2 decided 240 la4 
brass 7 4b did 2211 lal 
bring 364 la3 dishes 198 la5 
Brink divided 30 2b 
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