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1. 

THE REORGANIZATION OF SECONDARY SCHOOL MATHEMATICS. 

Efficient teachers of mathematics admit that this subject 

is ... not taught in an ideal manner. Nc subject in the entire curriculum 

is so organized or so tau~ht as mathematics in our public schools 

tod~y. The mathematics of the school has not been sufficiently re­

lated to the mathematics of the life outside of school. The roots of 

mathematics in the schools have net been sufficiently "embedded in the , 
soil of reality." 

But the r·api"d increase in the rrumber, of Junior Hip-h Schools 
' 

is one of the moat significant facts in the recefit educational pro-

,Q'ress. The organization and development of the· Junic·r Hifh School . 
"seems sufficiently in accord with experience a;{d. with common sense to 

@.'ive ..some promise of permanence and hence to justify serious consider 

tioo. n 

In the report of the "Commit tee of Ten on Secondary School 

Stud~es," a recommendation was found concerning- the articulation of 
..,. 

elementary and seconday school education. Several subjects now r9-

served for hi12'h school - such as algebra, natural science, and foreign 

language - should be begun earlier than now and therefore within the 

schools classified as elementary: or as an alternative, the secondary 

school period should be mada to begin twc years earlier than at present, 

leaving six years instead of eight for the elementary school period. 

Under the present organization, elementary methods and subjects are 

kept in use too long. 

To give a very clear idea about the Junior High School, we 

are goin~ to list the purposes, under no special subject but as a 

com:pJ,.ete unit., 
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I To.enrich the curriculum of pupils from 12 to 16. 

II To provide a more gradual transition than at present from 
elementary school to hi~h school. 

III To provide material and methods that will encourage initi~ 
tive on the part of the pupils • 

IV To provide a gradual transition to the departmental teaching, 
characteristic of the secondary school. 

V To promote by subject rather than by grade. 

VI To provide systematic educational guidance for each pupil. 

V.II To seek to retain pupils longer in school. 
I 

VIII To provide vocational or trade training for pupils who will 
assuredly leave school at the end of the compulsory education 
period. · 

·* 
IX To make possibla~the accelerated promottbn of the pupils of 

~reater ability. 

X To organize the material and methods of~~the junior hip-h schoo 
with reference to the capacities and needs of the adolescent 
boy and girl. 

, The changes in material and methods of instruction of the prase 

four year high school, contemplated in the above listed purpos3s, p 

sent great difficulties wh~n it is sought to put them into practice • 
.. 

Th~e are stiiking inadequacies in our traditional course of study, 

both in what we teach and how we teach it. 
•. 

I Mathematics, as taught, is too mechanical and formal. 

II Reasoning is deductive while practical living demands inductive 

III It is artificial. 

IV The ti~e at which it is studied, the time devoted to it, the 
manner in which it is taught, the amount to be covered are 
determined by tradition and not in general,by any consideration 
of the needs bf the child. 

V The subject itself is difficult. 

VI The average child is not mathematically inclined. 

VII More than half the conventional first year course will never 
be used by a vast majority of our pupils. 
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v·III The claims which we make that we are training pupils "to think 
intelligently" will be difficult, it not impossible, to prove. 
The very content and or~anization of the course tends to in­
hibit this. Most of it provides lit~le or no opportunity for 
training in problem solving. Our courses of study emphasize 
habit, formation and rote memory, and these courses are almost 
exactly determined by the textbook • 

• X Lastly, ~he standardized tests given to more than 100 high 
schools show clearly that neither in securing formal skill 
nor in develooing powers of analytical thinking is our 
instruction satisfactory. -~--

' Aft~r readin~ that list of bitt9~ and bold criticisms ~bold, in 

t'ha~ it revolutionizes the whole idea of high schccl mathematics~ we 

would seem to ask, "WellJ how would you teach mathemat ice?" The 

answer is acco~d.ing· to .. the purposes 01,1tlined below which have the 

" Junior hi~h aims clearly_ in mind, and also whica have the life of the , 
child. nearer the heart. 

I 

II 
... 

IJI 

•. 

IV 

v 

VI 

VII 

We sh.ould give each child such a knowle~ge of the subject as 
will enable him to understand the exactness and the force with 
which mathematics works and the part it plays in solving the 
problems of nature. 

1.re should endeavor to give to each child such a knowledge of 
mathematics as will enable him to understand the exactness and 
force of the subject .which makes it possible for a man to turn 
the elements of nature to his own use. 

We should, in so far as is consistent with the more distinct 
aims of mathematical education develop such fundamental con­
cepts as will enable the child to express his thoughts more 
clearly and to understand the written and spoken lan~age more 
read.ily. 

We should as nearly as possible, give each child, such a 
knowledge of mathematics as will enable him to carry on the 
work of his future occupation as it is now conducted. 

We should give to each child such a knowledge of mathematics 
as will serve as a bas'is for future preparation if progress 
in his work should demand it. 

We should, as nearly as possible, ~ive to each child such a 
knowledge of mathematics as will enable him to find new and 
better ways of doin~ his work. 

We should ~iv~ him such a knowledge of the subject as will 
enable him to reco~ize a mathematical situation when it 
arises, and if he cannot solve it, he can take it to an expert. 



----------------------~----------------~ 

4. 

VIII We should require of each pupil sufficient mathematics to 
determine whether he will profit by further study of t~e 
subject and to select those who will probably be leaders in 
mathematical thought. 

IX To those who show marked ability, we should ~ive enou~h 
mathematics to keep the door of specialization in mathematics 

~ and in fields of wor~ dependent on mathematics, open. 

Here we have the aims of the mathematics of the secondary schools 
"'-

laid-before us, but in order to be more concrete, we will ~ive a very 

brief outline of the mathematical course of a standard high school. 

':The traditional course is a succession of partial courses or 

b~anches taken through the high school period; that is, we have an 

alternation of topics in rather large units of years and half years -
~ 

one year of algebra, one year of geometry, and o6e half or one year of 

advanc'ed algebra with the more advanced students · :following up geometry 
' .-;: 

anO. -s-olid geometry. Here there is a question of ·:a unifying or coerdin-

ating~principle- What is it in the traditional course1 
., 

· The principle of geometry seems to be lo~ical sequence, for the 

most_ part and a fair degree of completeness as the final goal; while 

the principle of unification in algebra seems to-~ave bee the histori-.., 

cal order of the de.velopment of the operations of arithmetic with 

generalized numbers. 

Many who have not studied the subject from every angle and have 

not probed to its very depth will ask, "What is to be gained in chang­

ing from a time honored course?" Several advanta~s seem to be gained 

by such a procedure: 

I It is possible so to arrange a course in a sequence that the 
most useful (Mathematically and practically) can be presented 
in cum·Jlat ive order - while acknowledged difficult parts can 
be postponed to a later stage, when they will be more easily 
approached. 

II BY bringing al~braic and geometric methods into close rela­
tion from the start, a longer period of trainin~ in correlating 
these methods is gained. 
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III For students who will not go far in mattematica either on 
account of taste or ability, a combined course seems to offer 
more that is useful (or Usable) an,d within grasp of weaker 
\~tudenta (mathematically) than is possible under the old 
plan. 

IV Those who may desire to take more advanced courses will 
approach them with better perspective of their ~ ontent and 
purpose. As a consequence, they will make more rapid pro­
gress in the more specialized branches, such as formal 
algebra and demonstrative geometry~ . ....._ 

V Saving of time has been offar~d as a distinct advantage. 
Teachers who have tried it c laim that both plane and solid 
geometry can be satisfactorily completed in a single year 
following a good course in combined mathematics. 

It might be well to outline an example of procedure for definite-

ness. For example, one- book starts out with the ~imple equation as 
:' 

the instrument in solving concrete groblems within the understanding of 

the pupils. Incidently, but with definite purpose, through the first 
~~ 

chapter, some of the terms and fundamental processes relating to 

equations are used and explained; such as: 
1 

1. Equal numbers may be added to both sides of an equation, or 

.,2. 

... 

If both numbers of an equation be multiplied by the same or 
equal numbers, the results will be equal~ 

In the next chapter, some definite fundamental ~eometric facts 

and ~~inciples are introduced. Then the equation is applied to a new 

set of problema involving the geometric knowled~e just gained • 
• 

In the following chapters, some further algebraic and geometric 

principles are developed and applied to problems of a more advanced 

type. In general, the year's work is de vel oped systematically and with 

as much logical soundness as pupils are capable of appreciating. 

There is thus accumulated a stock of intuitional and experimental ~eom­

etry correlated with a working knowledge of the fundamentals of 

algeb7a. ir. use of simple forms. Such a foundation will, with little 

doubt, form a good basis for a study of a course in formal algebra or 

p-... orne try. 
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The five distinct advantages as described above have distinct 

factors involved in gaining satisfaction in the change from the old 

standards. First, we consider the students; their needs, interests 

and capacities. Subject matter must function throu~hcut the process 

of learning and the present mathematics does not seem to function 

even in the hands of skilled teachers. Not only that bUl we must con­

side~ the mental characteristics of adolescent, students. Adolescence 

i·s not a period of formal drill, the old time method of mathematics; 
' . 

I 

an adolescent studen can grasp mathematical concepts but the concepts 
. ~ 

must be brought in to ~he range of h_is experience. 

The second factor-involved is one including ~ocial needs which 
- . t 

; 

the hi12"h school must meet. The biigh school is l;>.ein~ rapidly re orszan­

ized to adapt itself to changing social needs, ~d in so doinsz is be­

comi~g an institution ~or all the people. It must discover broad 

zol)!es for special talents of individuals and the curricula should be 

d.iff_e:r;entiated to parallel broad zones of adult activity. 

The chief division of which the high school has many members have 

edu~ational foundations in (1) Homemaking and housekeepin!2", (2) 

Ag~\culture (3) Mechanical and engineering pursuits (4) Commerce (5) 

Professions thru a colJege preparatory curriculum. Each one of these 

special divisions mustt have the appr.opriate mathei:natics. 

Another important question under the social needs which a high 

school must meet is the moral purpose. Mathematics, as such, does, 

at present contribmte little to moral trainin?, contrary to what some 

enthusiastic mathematicians claim. Essential morality is a question , 
of relations of individuals in society, and that all we mean by moral 

etlucation is the adjustment of the pupils to the standards of life in 

a society eanctioned by the highest social ideals of his time. It is 

not a matter of book learning but rather arises from an interaction 
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of various personalities composing the school; - but in the very 

nature of the subject matter, mathematics ia. as devoid of personality 

as possible. The only train? we can claim for mathematics is exact 

thinking . ... 

The third and last advantage in the chan~e from the old standards 

is the critical evaluation of material available in mathe~atics. Given 

a body of pupils in the adolescent per~od, whose development proceeds . 
according to natural law, the secondary schocl has its function first . . 

' 
to· direct their several individual native abilities into the proper 

broad zones of adtilt activity and then to equip them with an organized 
,., 

system of ideas which will enable them to interpr.et the new and strange , 
i 

situations in which they will be placed. The que~tion there arises, 
; 

w~at has mathematics to offer which is essential~and valuable in this 

proce§s? 

.'The most important use of mathematics is as a tool in scientific 

thinkin:g and to provide opportunities to use the tool of mathematics, 

diff~rentiated courses are needed; 
\ 

The firs.t, which really requires the minimum of mathematics, is 

the ,Domestic Arts course where the student needs only arithmetic and 

mechanical drawin~. The second, the Agricultural course needs three 

phases of mathematics, Geometry, Trip:onometry, and Algebra; but the 
! 

geometry is to be taught constructively, the trigcnom~try is to 

include no theory but only a practical use of lo~arithms; and the 

algebra is to teach a mastery of the equation and subordinate processes. 

The third curriculum, the comrr.ercial, presents special problems 

and opportunities in securin€Z' educative content. Here we become in-

volved in rational interpretation of statistics, in records of com­

plicated transactions, an understanding of backing, currency and 

I 
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kindr~d questions. So the problem in this light is to give the pupil 

as far as possible, a wcrking knowledge of the s:Jience of accounting-, 

the principles of statistics, and of the higher arithmetic and algebra 

of business processes, which, of course, take in insurance, returns c 

or investments, annuities and bonds. 

The fourth, the mechanic arts, offers the broadest ~~ope for 

meth~matical teaching. The curriculum ordinarily embraces woodwork-
.. 
:tng of a somewhat advanced type; forgin, pattern-making; molding and 

; 

' casting; general machine shop practice with engine lathe, drill 

press, bed planer and millinl2' machines. To this must he added, mech-

ical drawing of a more advanced type than that ~ound elsewhere. The - : , 
underlying mathematics which will interpret the subject matt~r of this 

.curriculum and which also answers for college w-9rk is (1) Geometry, 

plane, solid, and descriptive. (2) Elements of plane trigonometry and 

(3) E'lements of analytic geometry and calculus. 

so much for the gains and the factors involved in ~ains in a 
~. . 

change from the old standards. As has been pointed out, we want to 

teabh the child what he himself will need in his.work in life. So 

it~~eems to be a practical and altol2'ether desirable thing to outline 

a course of mathematics for the three years at least in which mathe-

matics is required. 
( 

We would be ~in in the first half of the seventh grade with a 

study of arithmetic, reviewing briefly all the essential topics of 

previous grades for accuracy and aga1nst future needs. This subject 

relates to the iJtmediate mathematical interests of the pupils; it 

connects directly with the mathematics that has preceded and it will 

enable the pupil to maintain or increase his efficiency in the com­

putation V!hich he ·has acq1!llired. The work in arithmetic should be 

organized about certain lar~e topics of practical value which chal­

lenge the interests and needs of the pupils. Such topics as ·percent-
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age, and its various operations, profit and loss, commission, dis­

count, and ' taxes open a wide field for problems that link up with 

life. 

The second half of the seventh grade should be devoted to con­

structive and intuitional geometry. The subject is more concrete 

than algebra and it admits of more simple illustrat ion-r-.i t relates 

to ~~e arithmetic immediately preceding; it challenges the interest; 

·of. the pupil and it can be made very practical. Problems correlat-
i .. 

ing with this wo:rk everyday activities such as p1astering-,. carpeting, 

·~aingting, paving as ~ell as with the work of the department of arts 

and the shop are constantly presented for solu~on. The mere formal 
/ , 

~elution is not accepted in the performance of _any of the above 

problems unless accompanied by some expression~of the modg of 

procedure applicable to each case. 

Many whc have not gone very de3ply into this subject would say, 

"Teach geometry to seventh grade pupil.sl How absurdJ " But not if 

one goes into the teaching of it as a practical tool. Take it first . 
as~"Geometry of Form: What shape is it'" Here we find angles, tri-

a~gles, quadrilaterals and common polygons. With common drawing 
·. . 

instruments, such as compasses, ruler protractor and right triangle, 

we can construck various kinds of triangles, and discover the angle 

sum of any triangle; we can construck perpendiculars and bisectors; 

we can construct an angle equal to a given angle and a triange2 with 

various parts given; we can construct parallels and develop princi­

ples relating to the angles formed by transcutting two parellels. We 

can draw to scale and apply the problems of the builder, the farmer, 

the engineer, the designer, and the geographer. 
ti 

Next we take the subject as the "Geometty of Size; Hew long is it • 1 
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Here we introduce numerous practical problems involving the estimates 

and measurements of hei,fZ'hts, distances, and areas. Make the pupils 

estimate the dimensions of the school room, the school ground and then 

check the estimate by measurQment. By the use of congruent triangles, .. 
• 

we measure such heights as trees, buildings, flagpoles and widths of 

rivers. The pupil is delighted to find that he has suffic"ient mathe-
. 

matical knowledge tc determine inaccess+ble beigbts and distances. He 
' 

has t~e knowledge and should feel the power. 

Here we may introduce the study of area by the use of squared 

pap~r and develop formulae for areas of com~on figures which apply to 

numerous practical situations such as those which .. most commonly con-
I 

front th.e farmer, hou,sewife, enginee·~, business map, and artisan. 
' 

The third topic, "Geometry of Position, Wberi is it?" may be very 

niceiy~ introduced by problems such as locating the the proper position 

for l?'econd base on a basball diamond after the other bases have been 

located.. This especially will be facinating because there are more 

argum~;nts on this point in a "scrub" · p-ame than any other in any organ­

ized p~ay. You can also challenge the interest of the pupil by intro­

duci~g problems dealing with attempts to locate buried treasure. Thus 

you will develop four important principles; (1) a practical method for 

determining points equidistant from two ~iven points. {2) distance of 

a point from a line. (3) points which are equidistant from two lines 

and (4) the points at a given distance from a given point. 

Experience seems to indicate that the arithmetic and constructive 

and intuitional geometry of the seventh grade should be continued on 

through the eighth year. We should develop the geometric sense by 

introducing mensuration of figures, including surface and volume. We 

should derive formulas for and apoly to problems arising from the (a) 

Trapezoid (b) Circle (c) Equilateral trian~1e (~) cylinder (e) prism 
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(f) cone (g) pyramid (h) sphere. 

This, of course, should not be burdened with technical phrase­

ology but should be utilitarian in the largest sense. In deriving 

~he formulas for the above, we are teaching the algebra of formulas • 
and equations, the knowledge of which is needed in r~ading many boom 

and a~ticles; the graph is used in many lines of business, the 

equation is helpful in manipulating formulae and the knowledge of 

ne'gative numbers is necessary to t_he equipment of every reader of 

.current literature as well as of scientific books. -· 
But, during thi_a· time we must c·ontinue the study of arithmetic. 

~ 

Fundamental operations ~with inte~ers, common_ ftactions and decimals 

should be reviewed for speed and accuracy. Th~n we take up for de-

.. tafled study those practical topics of arithmetic for which the 

pupi) 1 s maturity has prepared him; among the .se topics should be a 

c'omplete study of percentage and interest, taking un successive dis­

co}lnt, the arithmetic of trade, transportation, industry, building, 

tanking, home life, farming, problems includin·g. investments, loans, 
..,. 

mo~tgages, stocks and bonds, insurance, taxes, internal revenue, and 

tatiff. As one will notice this year is a continuation, after a 

review, of the seventh grad~ and merely takes tl'\e intuitional and 

practical side of the three subjects in a unified manner. 

It is not impropable that the ninth school year will be the last 

year of required n,athematics. It is very desirable, therefore, that 

the pupil have some knowledge of formal mathematics. The time, then, 

.~n the ninth grade is devoted to a study of demonstrative alrebra and 

geometry. By omitting the non-essentials, it has been proved that 

pupils can complete algebra through quadratics during the first half 

of the year. This means the pupils are introduced to factoring, 
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fractions, fractional equations, graphs, simultaneous equations, 

square roots, and quadratics. In some ef the schools where the plan 

has been tried, the trigonometry of similar triangles was introduced. 

There should be, however, a gradual introduction to demonstr~ 

• tiTre georr,etry. Independent deductions should precede formal proofs 

and a_ large number of practical exercises should follow e·ach propo­

sition studied. Extreme formality of treatment should be avoided and 

originality, clearness, and conciseness should be emphasized. The 

' way to do this, in .my opinion, is to follow the method used in the 

Girl's High School, B.osi;_on, for first year demonstrativ·e geometry­

use no textbook • The te~cher dictates the theor~ or perhaps, only 

'the.hypothesis, and the class draws 1the figure anq nuts down in their 
; 

notebQoks the hypothesis and what is to be provedt The proff is left 

to them. This method leaves the pupil to her own in~enuity and orig-

inalJty of proof and any proof is acceptable, providing it is right, 

althoui'!'P. sometimes the proofs are long and complicated. It seems to me, 

howev~r, an excellent way to avoid rote learning and gives opportunity 
... 

for f\ne work. 

, .. With the work thus laid down by the seventh, eighth, and ninth 

grades, which are commonly called the junior hi@'h school grades, the 

question arises as to how we are to articulate the work of mathe-

matics of the junior and senior high schools. We may f!et continuity 

in the work of the secondary schools in th~ee way: 

I By the continuity of the plan; which is secured by having 

one man, or group of me in conference, prescribe the work in any given 

locality for both the junior and senior high schools. 

II By continuity of the supervision; which is secured bv having­

as supervismrs those who have had experience as classroom teachers 
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in both elementary and high school. 

III By continuity of the instruction, which is secured by com-

pulsory frequent exchanges of visits, and so of ideas, by class­

room teachers in the two schools. 

• The method which seems to be the beat for securinp- cont.inuity 

of i~atruction is by means of the function. A rather reee.nt European 

book, ; Scneffer' a "Lehrbuck dar Mathemat ick" (Le,ipsic, 1911) on 

mathematics for non-technical students is divided into chapters with . -. 
I . 

headinf! like this; I, Linear Function, II. Quadratic FUnctions, III. 

Aigebraic Function, IV• __ Logarithmic Functions, V. Exponential 

Furot1ons, VI. Trigonomet_Eic Functions. In each .. ~hapter, the author , 
catries the reader from the very el~menta of th~ ~ubject up through 

the g~aphical representations, the analytic geo~try and calculus. 

This idea, then, is the one which is suffio·ient in scope to 

unif,y a whole course. The concept of a variable and the dependence 
• 

of this variable upon another is of great importance to everyone. Of 
-course, it is true that the abstract form of these concepts can become 
~ 

sign~ficant to the pupil only after long experience and training in 

mat}l~matics; but, we can present specific concrete examples and illus'f'l 

trations of dependence even in the early parts of the course. That is, 

we are not to teach even the element of the theory of functions and 

the work "function" itself should be used sparin~ly, if at all, and no 

formal definition of the word should be insisted upon. 

"What is desired is the growth in the mind of the pupil of the 

idea of relationship between quantities, of the dependence of one 

quantity upon another, of the correspondence that exists between re­

lated quantities either of an arithmetical or geometric character. 

It is desired further that the pupil form the habit of seeking to 

understand such relations when they present themselves and of think-
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ing clearly in terms of them. "Such is the requirement of the 

functional training made byt "The National Committee on vathematical 

Requirements." 

The first relationship which we meet are those which occur in .. 
• algebra. The very first illustrations ~ivan are the uses of letters 

in t~e place of numbers, which offer valuable material f~ the dis­

cussion"of quantitative relations. Thus, such -relations as 
-A·- ~i bh (area of a tr-iangle) I: rpt (simple interest) and A-

I rr r, are statements of ~eneral relationships, the nature of which 

~ should be understood. ..These shouli be used to accustom the student 
-

not only to the use of l~tter in the place of n~~bers and to the 

solutj.on of simple numerical probl~ms, but,_ ais.Q, to the idea, for . 
example that changes in "r" affect the value of:./A. "If "r" is 

doub~ed, what will happen to A? If. "r" is doubled, what will happen 

to.T?" Appreciation of the meaning of such relationships will tend 

to cl~~ify the entire subject under consideration. 

The second topic in the algebra field which relies ~n the 
... 

func'.tion is the equation. Every simple problem leading to an equa-

tiG~ in the first part of an al~ebra would be better understood for 

just such a discussion as that mentioned above. 

The third topic which will relate more closely to the first 

is the function in formulas .of pure science and of practical affairs. 

In such formulas as those for falling bodies, laYers, etc., the 

manner in which changes in one quantity cause chanp-es in another, 

are of prime importance and then discussion nee.d cause no
2
difficul ty 

whatever. Take for a specific example, the formula F.: ~. When 

such a formula is used, the teacher should ~et intelligent answers 

to any ~~estion of this sort: "If theweight is twice as heavy, what 
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is the effect upon the force? If the speed is twice as ~reat what 

is the effect upon th~ force? 

Another type of relationship is found in the formulas of pure 

al£ebra. For instance, the square of the sum of two numbers, (x ~ h)
2 

will be better understood and ~ppreciated if accompanied by a dis-
"'-

cuss-ion of the manner in which changes in "H" cause changes in the 

total result. This can be accomplished safely by attaching such a dis-.. . 
cuss,ion to s1roh concrete realties as the error made in computinEr the .. 

I 

area of a square field or of a square room when an error has been mads 
-· 

in measuring the side of the rcom. 

"' In connection with the formula for a pro~uct, we may introduce 
i 

the functional idea in tables. For example, a table of squares is 
' 

c·<Dns't-ructed from a functional relation, y : x2 ~-:'The differences in such 
• 

a t~Qle are the differences caused by changes in the value of the in-
I 

dependent variable. An appreciation of the facts in such tables is 

desi~able and all necessary for their proper use. 

The sixth and last type of functional relation is that which 

exists in graphical representations. This is so obvious that no detailed 

explanation seems to be neoessary. However, it is desirable to point 

out the functional relations may be studied directly by means of graphs 

without the intervention of any al@'ebraic formule, 

Thus far the instances taken up have been lar~ely algebraic, 

though certain mensuration formulas of geometry have been mentioned. 

There are five distinct relationships in geometry which illustrate the 

functional concept. 

The first is the relationship in the congruence of triangles. 

In any such theDrems, the parts necessary toestablish congruence evident-
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ly d~termine completely the size of each other part. Thus, two sides 

and the included angle of a triangle evidently determine the length 

of the third side. If the student clearly grasps this fact, the mean­

ing of this case of congruen~e will be more vivid to him and he will .. 
• be able to use his understanding of the situation in practical cases. 

, In theorems regarding unequalities, the functional Cb.aracter 
.. 

is ver.y pronounced. If two sides remai~ the same, as the angle between 

them ,grows, the side opposite it becomes largecr:-. A full realization of 
' 

the fact would envolve a real grasp of the functional connection between 

the angle and th~ ·aide opposite it. 

" The third class of theorems in which the functional ccncept plays 
I . 

a large part is the circle. We imagine variations of the figure 
' 

throup-)l all the intermediate sta~es from one case~; to another.. The angle 

betwe~p two lines that cut a circle is measured by a proper combination 

of tlie two arcs cut out of the circle ~ the two lines. Such observa­

tions~ a:t;e assent ially functional in character, for they consist in 

careful observations of the relationships between. the angle to be 

measured and the arcs that measure it. 

, ._That discussion leads to the fourth c l ass, actual r:rotion. As 

figures move, either in whole or in part, the relationships betwe~n the 

quantities may change. To note these change s is to study the function­

al relationships between the parts of the figures. Without the 

functional idea, geometry would be wholly static. 

The fifth and last class of theorems, perhaps is the most obvious 

one - the theorems of propertion. Evem the simplest t~eorems on 

rectangles assert that the area of a rectangle is directly proportional 

to its height if the base is fixed. 
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The concept of the function is geometry leads very naturally 

to the function in trigonometry which is nothing more nor less than 

the ratio of the sides of a right triangle. ~hus the side of an anfle 

is a definite ratio, whose value depends upon and is determined by the 

~ize of the angle to which. it refers. 

In reading over this rather long discussion on the importance of 
.....__ 

th~ function idea in the mathematics of the secondary schools, some 

might say that we have not followed our creed of practical knowledge 

and usefulness in future activities. But, the problem of insurance 
' 

takes into consideration the relation of time, Interest and chance; 
. ~ 

the great questions· of· tariff, rates .of postage and express, freight 
·' 

rates, regulation of insurance rates; income ta):es and many other public 

questions involve relationships between 'luantit'fes that require habits 

'of f~nctional thinkin~ for intelligent decisions. The training in 

~uc~~ habits of thinking is therefore a vital element toward the creatim 
1 

o~ ~ood citizenship. 

... So far, this paper has dealt only with the topics and courses that 

we ~hould teach. There are many topics which have been recommended fqr 
.,. 

omiasion in a course which would follow the ideal unified method. Many 

of~these, of course, could be taken up later when the pupil has left 

the required mathematics class for the specialized or elective courses. 

Those to be omitted are:-

1. Parentheses more complicated than one within the other. 

(2.) Multiplication and division of polynomials having literal exponents 

or fractional coefficients. (3) Special rules for square of polynomials 

(x plus y plus zf • (4) Factoring leadin~ to irrational or imaainary 

factors. (5r Transformation of proportions by alternation, etc. (6) 

In simultaneous equations, method of elimination by comparisons and the 

the solution of examples with more than three unknowns. (7) Radicals 
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of ord~r higher than 3rd. mationalization of binomial denominations. 

Radical equations. (8) ~heory of expon3nts except sufficient work with 

monomials to make clear the meaning of fractional and negative expon­

ents~ (9) In quadratic equations, the "Hindu" method of completing the 

square. (10) Imaginary numbers except for a brief mention when encoun-
""'"--

tered in the -quadratic formula. (11) Equations in quaqratic -form. 

Simultaneous quadratics exc-3pt when one equation is linear and the 

exampl~ can b~ easily soived by substitution. (12) Theory of ~uadratics 
I 

Now that we have desi~ated what topics ought to be eleminated .. 
and havinP' carefully and ·in detail covered the work which is to be .. 
taken or omitted in the fir-st three years of the s~condary schools, that 

which we wil.l name as "required mathematics" the question now arises as 
·~ 

to what- ~he student who wishes to go on farther in that field should 

hav~ open to him the last three years of hiP'h school. 
I 

·First, havin~ the elementary notions of demonstrative geometry, 

a continuation of this course should be presented. If the student has 

had a ~eal, valuable course in intuitional geometry, this will simply 
~ 

be a r~view plus a great number of ori~inals ana exercises based direct-

ly on~the theorems, as is done in Girl's High School. 

An advanced course in algebra should also be open to them. 

"Advanced" in that it is a course in formal algebra, a continuation of 

the ninth year. Here we should include IJ Illustrations and problems 

involvinP' linear, quadratic and other simple functions of one variabls; 

II. Various methods for solving a quadratic equation in one unknown. In 

this connection, we should include a very brief discussion of compleE 

numbers, III. The algebraic solution of linear equation in two or three 

unknowns and the graphic solution of linear equations in twc unknowns. 

IV. A study of exponents, radical;3 and logarithms, giving the defin~-



19. 

tiona of negative, zero and fracticnal exponents and making clear that 

these definitions must be ad~pted if we wish such exponents to con-

form with the laws for positive integral exponents. Reduction of radical 

expressions to those involving fractional exponents should be given as 
.. 

well as the inverse transformat;on. The rules for performing the 

fundamental oper~tions on expressions involvin~ radicals. -~fn close con­

nection W·i th the work on radicals and exponents :there should be given 

as mu9h of the theory of logarithms as is involved in their application 
" .. 

to computation and sufficient practice in their use in computation to 

assure a fair degree of -- ~acility. v. Arithmetical and geometric pro­

gressions should be studied to the extent of findi~g the formula for the 
.. 

n tb term and the sum of n terms and .the applicati~;'l to si~ificant prob-. 
lema. VI. Binomial theorem with a proof for posi¥ive inte~al exponents; 

.... ~; 

• 
it may be stated that the formula applies to the case of negative and 

fractional exponents under suitable restrictions, and the problems may 
• 

include the use of the formula in these cases as well as in the case of 

posittve integral exponents • 
.. 
~nether course which would rightly come into the higher mathe-

matics· of the hip.-h school is solid geometry. The aim of the work should 
•. 

be to exercise further the spatial imagination of the student and to 

give him both a knowledge of the fundamental spatial relationships and 

the power to work with them. The minimum of such a course should cer-

tainly include propositions dealing with perpendiculars to planes, 

dehedial angles and the simpler theorems on areas and volumes. It 

should be possible to complete such a minimum course in a third of a 

year. Some European schools have found it desirable to replace some of 

the work now usually given in solid geometry cy certain important topics 

of descriptive geometry. 
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The work in elementary tri~oncmetry begun in earlier years should 

be completed by inc~udinf the logarithms solution of ri~ht and oblique 

triangles, radian measure, ~aphs of trigonometric functions, the deriva­

tion of the fundamental relaticns between the functions and their use 

in providing indentities and in solving easy tri~onometric equations. 

Beyond trigonometry in high school, there are very few who believe 

in teaching more but up to this time~ mathematics has been required 

through the four years of high scpool tr~ining and now, we hope to have 

only those who are especially fond of mathematics or wh~ really need it 

for use in higher education take the. four year mathen:.atic course. Henc~, 

we have a relativly pio-ked group. Why would i£ not be possible, then, , 
' 

to i~troduce the elements of college work? ·) 

' 

For instance, why not include in a course the meaning and use of 

fu~amental concepts of elementary statistics with simple frequency 
1 

~istributions with various graphic representations and measures of cen-, 

t~al tendency. In this group of electives we could also introduce a 
' course in elementary calculus. The work should be lar~ely graphic and 

"!" 

closely related to that in physics: the necessary technique should be 

reduced to a minimum by basin~ it wholly or mainly on al~ebraic poly­

nomials. The work should include (a) the ~eneral notion of a deriva­

tive • (b) Applications of derivatives to easy problems in rates and 

in maxin:.a and mi~ima. (c) Simple cases of inverse problems. (d) 

Approximate methods of summation leading up to inteQTation as a power­

ful method of summation. (e) Appl icationc to simple cases of mot ion, 

area, volume and pressure. 

Throughout all these elective courses, historical and bio~aphi­

cal material 'should be used to make the work more interesting and 

significant. Such additional electives as mathemat ics of investment, 
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shop mathemati~s, surveying and navigation, descri~tive or projective 

geometry will appropriately be offered by schools which have special 

needs cr conditions. So, with these additions, it is possible to ~et 

in high school a knowledge of the elements of the au bjects which are .. 
usually taught in college. 

, :As a summary we wisb/ tO call to mind the fact that mathematics 
. 

has really three aims: First, the pract~cal aims which apply to the 
. 

immed'iate or direct usefulness in life of a fact method or process .. 
l 

in mathematics. The second, is the disciplinary aim, with proper 
... 

restrictions-sucn training involves th~ _ development of certain more 

"' or less general characteri~t ice and the formation .. ·of certain mental , 

habits which, besides bein~ directly applicable 1~ the setting in which 
; 

they are developed or formed, are expected to ope~ate also in more or . 
less c~lcsely related field. Third, is the cultural aim by which we 

mean.'the development or acquisition of the appreciation of beauty in 

the geom_etrical forms of nature, art and industry, in the ideals of 

perfe~t ion, as to logical structure, and the anpreciatic·n of the power 
' ..,. 

of mathematics. 

'·-The course, which is still atrcnf:r in traditional high schools is 

obviously inadequate for the needs and abilities of students. By a 

change from the old standard we ~ain many advanta~es which are net only 

helpful to those going on farther but also to those who are to leave 

school early or who enter busineslil. The change to be made involves the 

question of differentiated courses so that the mathematics of a domestic 

arts course will be as adequate and useful to a pupil there as the 

mathematics given to students in an academic or college trainine- ccurae .• 

But, before we branch out to the differentiated courses, we have 

a three year course in unified mathematics which includes higher arith-
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metic, alrebra, and contructive and intuitional geometry. From this 

last year of required mathematics, that is, the ninth year, we go on 

to the higher branches, bound throughout the whole course by the 

func~ion concept which be~ins with first substitution of letters for 

numbers and continues on through calculus and statistics. So, we have 
'-. 

the ·ent~re course developed, giving the pupil who does not wish to go 

on farther in mathematics, the elements of al~ebra and geometry and 

giv~ng the pupil who wishes to go on, an opportunity to take the higher 

branches of mathematics. 

ln closin·g-, we "!ill quote a statement made by the National ,.. 

Committee on Mathematical Requirements, which s~ems the idea we 
i . 

' ,• 

should· always have in mind in teaching mathematips: "The primary 

purposes of the teachinp- of mathematics shculd be to develop those 

p·owers of understandinv and of analyzing relations of quantity and space 
'' . 

which are necessary to an insip-ht intc and control over our environment 

and.to·an appreciation of the progress of civilization in its various 

aspe'bts, and to develop those habits of thought ·a.nd of action which will ..,. 

make these powers effective in the life of the individual." This is 
~ 

wha~ a unified course in mathematics will aim to do. 
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