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ABSTRACT 

Terahertz (THz) technologies have numerous applications such as biological and medical 

imaging, security screening, remote sensing, and industrial process control. However, the 

lack of practical THz sources and detectors is still a significant problem limiting the impact 

of these applications.  In this Thesis work, three novel THz radiation mechanisms are 

proposed and investigated, based on the distinctive electronic properties of charge carriers 

in 2D single-layer graphene and related 1D conductors (i.e., graphene nanoribbons and 

carbon nanotubes), combined with the use of nanoscale dielectric gratings. Numerical 

simulations as well as fabrication and characterization activities are carried out. 

The first proposed radiation mechanism is based on the mechanical corrugation of 

a single-layer sheet of graphene or 1D carbon conductor, deposited on a lithographically-

defined sinusoidal grating. In the presence of a dc voltage, carriers will therefore undergo 

periodic angular motion and correspondingly radiate (similar to cyclotron emission but 

without the need for any external magnetic field). My numerical simulations indicate that 

technologically significant output power levels can correspondingly be obtained at 

geometrically tunable THz frequencies. Initial graphene samples on sinusoidal gratings 
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were fabricated and found to undergo significant strain redistribution, which affects their 

structural quality. 

Charge carriers moving in a flat sheet of graphene or linear 1D carbon conductor 

parallel to a nanoscale grating can also produce THz radiation based on the Smith-Purcell 

effect. The role of the grating in this case is to diffract the evanescent electromagnetic fields 

produced by the moving electrons and holes so that THz light can be radiated. Once again, 

numerical simulations indicate that this approach is promising for the realization of ultra-

compact THz sources capable of room-temperature operation. Initial experimental results 

with ultra-high-mobility graphene samples embedded in boron nitride films show 

promising THz electroluminescence spectra. 

The last approach considered in this Thesis involves graphene plasmons at THz 

frequencies, which can be excited through the decay of hot electrons injected with an 

applied bias voltage. A nearby grating can then be used to outcouple the guided 

electromagnetic fields associated with these collective charge oscillations into radiation.  

The excitation of these THz plasmonic resonances at geometrically tunable frequencies has 

been demonstrated experimentally via transmission spectroscopy measurements.   
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1 

1 INTRODUCTION 

THz technologies can provide unique imaging and sensing capabilities, related to the 

ability of THz light to penetrate through common packaging materials with little 

attenuation, and to the presence of distinctive rotational/vibrational resonances at THz 

frequencies in many molecules of interest.   These properties enable a wide range of 

applications, e.g., for security screening, manufacturing quality control, and medical 

diagnostics.  However, despite the obvious significance and timeliness of these 

applications, to date terahertz technologies remain relatively underutilized, mostly due to 

the lack of practical sources.  Of particular importance are electrically driven solid-state 

emitters, which can provide unparalleled miniaturization, low power consumption, and 

suitability to large-scale integration. 

Light emission in semiconductors typically occurs via electronic transitions 

between different energy bands in bulk samples, or between quantum-confined states in 

low-dimensional systems.  These emission processes form the basis of several well 

established devices operating at visible and infrared wavelengths, such as LEDs, diode 

lasers, and quantum cascade lasers.  In recent years, their domain has also been extended 

to longer and longer wavelengths across the far-infrared spectrum through the development 

of THz quantum cascade lasers, whose operation however is fundamentally limited to 

cryogenic temperatures (Williams 2007).  An alternative class of radiation mechanisms in 

solid-state systems involves the periodic acceleration of charge carriers under static bias 

conditions.  This approach is similarly well established at microwave frequencies, as in the 

case of electronic oscillators such as tunneling diodes, transit-time devices, and Gunn 
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diodes.  In recent years, several efforts have also been devoted to devise similar processes 

suitable for THz light emission, motivated by fundamental questions about ultrafast carrier 

dynamics in low-dimensional systems as well as the emerging need for practical solid-state 

THz sources (Lee and Wanke 2007).  However, the resulting mechanisms mostly require 

cryogenic temperatures, and generally produce extremely broad and weak radiation 

spectra.  These limitations are fundamentally related to basic material properties of 

traditional semiconductors, such as limited carrier velocities, low mobilities at room 

temperature, and broad thermal distributions of drift velocities. 

The recent emergence of graphene, with its unique electronic and mechanical 

properties, offers a new perspective and fundamental benefits. The carbon atoms in 

graphene are connected to one another in a honeycomb lattice with sp2 hybridization, i.e., 

each atom makes three -bonds consisting of three hybridized valence electrons 2s1, 2p1, 

and 2p2 with its three nearest neighbor atoms as shown by the black lines in Figure 1.1(a). 

The remaining non-hybridized valence electron 2p3 forms a π-like orbital, as indicated by 

the green lines. As clearly established by extensive experimental and theoretical work 

(Novoselov et al. 2004; Novoselov et al. 2005; Zhang et al. 2005; Berger et al. 2006; Castro 

Neto et al. 2009), charge transport in these single-layer sheets of carbon is dominated by 

these 2p3 valence electrons leading to exceptional electronic properties. 

 The unit cell of the graphene lattice is triangular with basis vectors a1 and a2 

(shown in Figure 1.1(a)) and contains two non-equivalent carbon atoms, denoted A and B. 

The corresponding first Brillouin zone with its reciprocal lattice vectors b1 and b2 is shown 

in Figure 1.1(b). The energy band diagram can be obtained with the tight binding 
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approximation by only including the coupling between nearest-neighbor atoms, leading to 

the following expression 

 
𝐸±(𝐤) = ±𝑡√1 + 4 cos (√3𝑘𝑥𝑎

2
) cos (

𝑘𝑦𝑎

2
) + 4cos2(

𝑘𝑦𝑎

2
) (1.1) 

where a is the lattice parameter (i.e., the length of the basis vectors a1 and a2) and t is the 

nearest-neighbor hopping parameter.  The plus and minus signs in this formula correspond 

to the conduction and valence bands, respectively.  According to equation (1.1), the 

bandgap energy 𝐸+ − 𝐸−  is zero at two distinct high-symmetry points within the first 

Brillouin zone, labeled K and Kˈ, as shown in Figure 1.2(a).  In the vicinity of these points, 

both bands have conical dispersion 𝐸± ≈ ±ℏvF𝑘, where the wavevector k is measured 

from K or Kˈ and vF = (√3𝑡𝑎) 2⁄  is the Fermi velocity.  This behavior is similar to that of 

ultra-relativistic particles described by the massless Dirac equation (albeit at smaller 

speeds). As illustrated in Figure 1.2(b), a 2D sheet of graphene can be rolled up to form a 

1D carbon nanotube or 0D Fullerene, or can be stacked up to form  3D graphite, resulting 

in all cases in very different electronic properties. 
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Figure 1.1 Graphene lattice (a) and reciprocal lattice (b) 

 

 

Figure 1.2 (a) Energy band structure of graphene in its first Brillioun zone. 

(b) Graphene (2D) and graphene allotropes, i.e., carbon nanotube (1D) and 

Fullerene (0D). 

 

An important device configuration commonly used with graphene is the graphene 

field effect transistor (GFET). With this geometry, large densities of electrons or holes can 
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be created in the graphene conduction and valence bands in a highly controllable fashion 

through the application of a gate voltage, as shown in Figure 1.3. The resulting carrier 

density (n) in graphene can be calculated from the equation (Bolotin et al. 2008; Du et al. 

2008), 

 
𝑛 =

𝜀0𝜀𝑟𝑉𝑔𝑠

𝑞𝑡𝑜𝑥
 (1.2) 

where 𝜀0 is the permittivity of free space, 𝜀𝑟 is the relative dielectric constant of SiO2,  𝑉𝑔𝑠 

is the applied Gate-Source voltage, q is the electron charge, and 𝑡𝑜𝑥 is the thickness of the 

SiO2 layer. 

 

Figure 1.3 Graphene Field Effect Transistor (GFET), charge distribution, 

and Fermi energy level (EF) for Vgs=0, Vgs>0, and Vgs<0 

 

With the setup of Figure 1.3, exceptional electronic transport properties have been 

demonstrated, including micrometer-scale ballistic transport and record large room-

temperature mobilities above 1105 cm2/Vs in suspended samples (Bolotin et al. 2008; Du 

et al. 2008), and in samples deposited on atomically smooth, highly inert hexagonal boron 

nitride (hBN) films (Dean et al. 2010; Mayorov et al. 2011).  Potential device applications 
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to THz photonics have also been investigated recently (Ryzhii, Ryzhii, and Otsuji 2007; 

Rana 2008; Sun et al. 2010; Ju et al. 2011; Boubanga-Tombet et al. 2012; Prechtel et al. 

2012; Sensale-Rodriguez et al. 2012; Yan et al. 2012; Ren et al. 2012; Vicarelli et al. 2012), 

mostly based on interband electronic transitions and related to the ultrafast carrier 

relaxation/recombination dynamics near the Dirac points. In particular, THz amplification 

(Boubanga-Tombet et al. 2012) and spontaneous emission (Prechtel et al. 2012) under 

optical pumping have already been reported.  The use of tunable plasmonic excitations in 

electrostatically gated graphene is also being widely investigated for several infrared 

(including THz) device applications (Rana 2008; Ju et al. 2011; Yan et al. 2012; Koppens, 

Chang, and Garc’ia De Abajo 2011). 

The fundamental goal of this work is to show that, by virtue of their distinctive 

electronic properties (including linear energy dispersion, relatively large Fermi velocity, 

and ultra-high mobilities), charge carriers in graphene and related 1D conductors are 

ideally well suited to radiation mechanisms that so far have been the primary domain of 

high-energy electron beams in vacuum-based systems.  Such mechanisms include 

cyclotron emission, the Smith-Purcell effect (S. J. Smith and Purcell 1953; Wirner et al. 

1993) and more in general Cherenkov radiation in photonic crystals (Luo et al. 2003), all 

of which involve charges traveling at constant speed in the presence of a periodic spatial 

modulation (in either their trajectory or the surrounding dielectric environment). 
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2 CYCLOTRON-LIKE TERAHERTZ RADIATION FROM CORRUGATED 

GRAPHENE 

 
2.1 Proposed radiation mechanism 

In this chapter, I investigate the use of sinusoidally corrugated graphene for the generation 

of THz light based on a novel cyclotron-like radiation process.   The required geometry, 

illustrated schematically in Figure 2.1, could be obtained by depositing a sheet of graphene 

on a grating patterned on the surface of a suitable substrate (e.g., an oxidized silicon wafer, 

as commonly employed in graphene electronics).  Because of the ultrasmall thickness (i.e., 

single-atomic-layer) of graphene, conformal adhesion to the corrugated surface can be 

expected even with sub-micron grating periodicities.  In the presence of a dc voltage in the 

direction of the corrugation, electrons (or holes) introduced in the graphene sheet via field 

doping will therefore undergo periodic angular motion and correspondingly radiate.   

This mechanism is well established in the context of vacuum electron-beam devices 

such as free-electron lasers (Marshall 1985).  However, it represents a novel paradigm for 

light emission in condensed matter, and the formal analogy between electrons and holes in 

graphene and relativistic charges provides a natural motivation for its study.  The use of 

geometrical constraints (as opposed to the application of an external magnetic field) to 

obtain radiation via angular motion is also fundamentally new.  Specifically, in the case of 

a free-electron laser sinusoidal carrier trajectories are obtained with a periodic array of 

magnets with alternating poles (the undulator).  In the present context, the same periodic 

angular motion is instead produced by the graphene mechanical corrugation, combined 
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with its two-dimensional nature that ensures that the carrier trajectories perfectly conform 

to the corrugation.   

The basic radiation properties of charges under periodic angular motion can be 

calculated using classical electrodynamics (Jackson 1975; Fedorchenko et al. 2010). From 

the Larmor formula, when a charge travels with constant velocity 𝑣0 along a sinusoidal 

trajectory, radiation is emitted with power 𝑃𝑐ℎ and frequency 𝑓𝑟𝑎𝑑 given by 

 𝑓𝑟𝑎𝑑 =
𝑣0

𝛬
 (2.1) 

 
𝑃𝑐ℎ =

4𝜋3𝑞2

3𝜀0𝑐3

𝐴2𝑣0
4

𝛬4
 (2.2) 

Here, 𝛬 and 𝐴 are the period and amplitude of the sinusoidal trajectory, respectively, and 

the assumptions 𝑣0<<c and A <<𝛬 are made. 

 

Figure 2.1 Schematic illustration of the corrugated graphene geometry 

studied in this work.  Two exemplary electron trajectories (with different 

values of the angle ) are also shown 

 

Recently, a theoretical analysis based on these expressions has been applied to the 

case of charge transport in periodically corrugated SiGe heterojunctions (Fedorchenko et 

al. 2010). Equations (2.1) and (2.2), while only approximate, can be used to substantiate 
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the advantages of the unique electronic structure of graphene for this application.  Due to 

the linear energy dispersion near the Dirac points, all conduction electrons and holes in 

graphene travel at the same speed dE/d(ħk) = vF = 108 cm/s.  This value is substantially 

larger than the maximum drift velocities achievable in typical semiconductors (by about 

an order of magnitude), which is desirable due to the v0
4 dependence of the emitted power 

[see equation (2.2)].  At the same time, proportionally higher emission frequencies frad 

within the THz spectral region can be obtained with graphene using realistic corrugation 

periods  on the order of a few hundred nanometers [see equation (2.1)].  Furthermore, in 

a traditional two-dimensional electron gas with a parabolic energy band, the electron speed 

varies (linearly) with wavenumber k.  As a result, in the geometry of Figure 2.1, a much 

narrower distribution of the electron velocity component along the direction of the 

corrugation can be expected in graphene compared to conventional semiconductors, 

particularly under highly non-equilibrium conditions.  Since the cyclotron emission 

frequency frad is proportional to this velocity component [v0 in equation (2.1)], the end 

result is a narrower and therefore stronger emission spectrum.  

 

2.2 Simulation results 

In my thesis work, I have simulated electron-beam radiation from corrugated graphene 

(Tantiwanichapan et al. 2013) by using the FDTD (Finite-difference time-domain) method 

with the Lumerical software package (“FDTD Solutions” 2009). In order to apply the 

FDTD method to this problem, I take advantage of the formal equivalence between a time-

varying distribution of electric dipoles [described by a polarization density 𝑷(𝒓, 𝑡)] and the 
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current density 𝑱(𝒓, 𝑡) = 𝜕𝑷(𝒓, 𝑡)/𝜕𝑡   [i.e., 𝑱(𝒓, 𝜔) = −𝑖𝜔𝑷(𝒓, 𝜔)  in the frequency 

domain]. As a result of this equivalence, the radiation output of any accelerated charge 

[carrying a current density 𝑱(𝒓, 𝑡)] is identical to that of the polarization density 𝑷(𝒓, 𝑡) 

whose time derivative is equal to 𝑱(𝒓, 𝑡).  Once the equivalent dipole distribution described 

by this polarization density is identified, it can be readily modeled using the built-in dipole 

radiation sources of the FDTD simulation engine.   

Specifically, I consider an electron in an arbitrary Bloch state of wavevector k 

(measured from the nearest Dirac point), in the presence of a sinusoidal corrugation along 

the x direction having amplitude 𝐴 and period 𝛬. In the plane of the graphene sheet, the 

electron travels at constant speed 𝑣𝐹 = 108 cm/s along the direction of k.  Due to the 

corrugation, this direction varies as a function of position, while remaining at a fixed angle 

𝜃 with respect to the projection of the x-axis on the corrugated surface.  In terms of the 

system of coordinates shown in Figure 1.1, the electron trajectory can be written as  

 𝒓𝑒(𝑡) = 𝒙𝑥𝑒(𝑡) + 𝒚̂𝑙(𝑥𝑒(𝑡))tan𝜃 + 𝒛̂𝐴sin(𝑝𝑥𝑒(𝑡)) (2.3) 

where 𝑥𝑒(𝑡)  is the instantaneous position along the x direction, 𝑝 = 2𝜋/𝛬  is the 

corrugation wavenumber, and 

 
𝑙(𝑥) = ∫ 𝑑𝜉

𝑥

0

√1 + 𝐴2𝑝2𝑐𝑜𝑠2(𝑝𝜉) (2.4) 

is the arc length of the corrugation profile along the x direction.  The variable 𝑥𝑒(𝑡) can be 

calculated numerically as a function of time from the equation |𝒓̇𝑒(𝑡)| = 𝑣𝐹, which simply 

expresses the condition that the electron speed is constant and equal to 𝑣𝐹, regardless of 

the wavevector k and the externally applied electric field. 
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The current density carried by the electron is simply related to its trajectory as 

𝑱(𝒓, 𝑡) = −𝑞𝒓𝑒̇(𝑡)𝛿(𝒓 − 𝒓𝑒(𝑡)) .  To determine the equivalent polarization density, I 

Fourier transform 𝑱(𝒓, 𝑡) and divide the result by −iω, leading to the following expression:  

 𝑷(𝒓, 𝜔) =
𝑞

𝑖𝜔
[𝒙̂ + 𝒚̂𝑙′(𝑥)tan𝜃 + 𝒛̂𝐴𝑝cos(𝑝𝑥)] 

          × 𝛿(𝑦 − 𝑙(𝑥)tan𝜃)𝛿(𝑧 − 𝐴sin(𝑝𝑥)) 

(2.5) 

 

where  𝑙′ = 𝑑𝑙/𝑑𝑥  and 𝑡(𝑥)  is the time instant where the electron position along the 

corrugation satisfies 𝑥𝑒(𝑡) = 𝑥.   

Equation (2.5) describes a continuous distribution of electric dipoles linearly 

positioned on the charge trajectory, having position-dependent magnitude, phase, and 

direction of the dipole moment.  In the FDTD simulations, this distribution is discretized 

into a collection of neighboring dipoles separated by a small distance 𝛥𝑥  along the x 

direction, with 𝛥𝑥 ≪ 𝛬. A schematic plot of such an ensemble is shown in Figure 2.2, 

where each dipole is represented by a circle centered about its position and by an arrow in 

the direction of its moment.  
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Figure 2.2 Schematic illustration of the electric dipole distribution used in 

the FDTD simulations to compute the optical power radiated by an electron 

moving at constant speed in a sinusoidal trajectory.   

 

In Figure 2.3(a) I plot the calculated radiation spectra produced by such dipole 

distributions, for different trajectories (i.e., different values of the angle 𝜃) on a sinusoidal 

corrugation of period 𝛬 = 300 nm and amplitude 𝐴 = 50 nm.  As explained in the preceding 

paragraphs, these results also describe light emission from a single electron traveling along 

the same trajectories at constant speed 𝑣𝐹.  In the case of motion along the direction of the 

corrugation (i.e., 𝜃 = 0o), the emission spectrum of Figure 2.3(a) consists of a sharp peak 

centered at about 2.7 THz and a weaker feature at twice that frequency.  These emission 

lines can be simply interpreted as the result of constructive interference among the output 

fields of all the radiating dipoles in the equivalent dipole distribution (higher-order 

harmonics, not included in the figure, are also present).  The peak emission frequency of 

2.7 THz is smaller than the predicted radiation frequency 𝑓𝑟𝑎𝑑  = 3.33 THz based the 

approximate formula of equation (2.1) for 𝛬 = 300 nm and 𝜃 = 0o (i.e., 𝑣0 = 𝑣𝐹).  The 

difference is due to the non-negligible corrugation amplitude of the trajectories considered 
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in Figure 2.3(a) ( 𝐴  = 50 nm), whereas equation (2.1) assumes 𝐴 ≪ 𝛬 . When this 

assumption is not satisfied, the distance traveled per period is substantially larger than Λ 

and the oscillation time is proportionally longer than 𝛬/𝑣0.  As the angle 𝜃 is increased 

and the electron velocity along the direction of the corrugation ( 𝑣0 ≈ 𝑣𝐹𝑐𝑜𝑠𝜃 ) 

correspondingly decreases, the radiation spectrum is found to red-shift and decrease in peak 

value.  These observations are consistent with equations (2.1) and (2.2), which predict a 

decrease in both emission frequency 𝑓𝑟𝑎𝑑 and output power 𝑃𝑐ℎ with decreasing 𝑣0.  

 

 

Figure 2.3 Spectral properties of the THz radiation output of corrugated 

graphene.  (a) Calculated radiation spectra emitted by individual electrons 

traveling along different trajectories, in the absence of collision broadening 

(𝜽 is the angle between the electron wavevector and the projection of the x-

axis on the corrugated surface).  (b) Total output spectrum computed using 

equation (2.6), including the effect of collision broadening for different 

values of the mean free path d.  The grating period and amplitude used in 

these simulations are 300 nm and 50 nm, respectively. 

 

The emission lines of Figure 2.3(a) feature extremely narrow spectral widths, as 

small as a few ten GHz.  In practice, substantial spectral broadening can be expected due 

to various electronic scattering processes, involving, e.g., charged surface states in the 
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graphene substrate, phonons, and surface roughness, which are clearly not included in the 

FDTD simulations just described.  Their impact can be quantified as a broadening of the 

emission lines by the amount ∆𝑓 = 𝑣𝐹/𝜋𝑑  (where d is the mean free path between 

consecutive collisions) (Oster 1960), and a proportional lowering of their peak values.  In 

Figure 2.3(b) I show the radiation spectrum produced by an electronic ensemble in 

graphene in the presence of the 300-nm-period, 50-nm-amplitude corrugation considered 

so far, for different values of d.  These traces were obtained by adding up the single-electron 

spectra corresponding to different electron trajectories [such as the examples shown in 

Figure 2.3(a)], each convolved with a Lorentzian lineshape function of full width at half 

maximum ∆𝑓.  More details of the computation method are presented below.  It follows 

from this figure that pronounced emission spectra with reasonably large quality factors can 

be expected even with mean free paths of a few hundred nanometers.  Such values can be 

achieved in high-quality graphene samples even at room temperature (Bolotin et al. 2008; 

Mayorov et al. 2011), which is another key enabling attribute of graphene in the present 

context.   
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Figure 2.4 Peak emission frequency (circles) and total output power per unit 

area (squares) of corrugated graphene versus corrugation period (a) and 

versus corrugation amplitude (b).  The amplitude and period in (a) and (b) 

are fixed at 50 nm and 300 nm, respectively.  The output power was 

computed using equation (2.6) assuming a carrier density of 51012 cm-2 and 

room temperature. 

 

The circles in Figure 2.4(a) represent the calculated frequency of peak emission 

(i.e., the main radiation frequency of the 𝜃 = 0o sinusoidal trajectory) plotted as a function 

of corrugation period 𝛬  for fixed amplitude A = 50 nm.  The observed red-shift with 

increasing period is in agreement with equation (2.1), although the values plotted in Figure 

2.4(a) are consistently smaller than the predictions of this simple formula.  The discrepancy 

is again due to the underlying assumption of equation (2.1), i.e., 𝐴 ≪ 𝛬, which is not fully 

justified in the geometries under study.  As shown in Figure 2.4(b) (where a constant period 

of 300 nm is assumed), the emission frequency also decreases with increasing corrugation 

amplitude, which can be ascribed to the resulting increase in travel time per period.  In any 

case, the important conclusion from these plots is that radiation frequencies across a wide 

portion of the THz spectrum can be obtained with realistic values of 𝐴 and 𝛬 on the order 

of several ten and a few hundred nanometers, respectively.  Such values can be readily 
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obtained in surface-relief gratings based on current nanofabrication technologies, which 

can then be used as substrates for the conformal adhesion of pre-synthesized graphene 

sheets.   

The same FDTD simulations can also be used to determine the far-field radiation 

pattern of the emitted light.  Exemplary results are shown in Figure 2.5, for the case of an 

electron traveling along the 𝜃 = 0o trajectory on a sinusoidal corrugation with 300-nm 

period and 50-nm amplitude.  Each panel in the figure contains a polar plot of the far-field 

output intensity (at the frequency of peak emission), on a different Cartesian plane relative 

to the system of coordinates of Figure 2.1.  In the limit of negligibly small corrugation 

amplitude relative to the period, simple electromagnetic considerations based on the 

Larmor formula indicate that the far-field radiation pattern approaches that of a dipole 

oriented along the z direction.  The results plotted in Figure 2.5 still resemble such a field 

profile, except that they are not symmetric with respect to reflections about the yz plane, 

with more light emitted along the negative x direction (i.e., antiparallel to the electronic 

motion) compared to the positive x direction.  These considerations are of course important 

for the purpose of experimentally measuring and quantifying the emitted light intensity.   
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Figure 2.5 Far-field radiation pattern of a corrugated sheet of graphene 

with 300-nm period and 50-nm amplitude.  Panels (a) and (b) contain polar 

plots of the emitted light intensity on the xy and xz planes, respectively 

(defined relative to the system of coordinates of Figure 2.1).   

 

Finally, I address the question of how much THz power can be obtained based on 

the radiation mechanism described in this chapter.  Specifically, I consider an n-doped 

corrugated graphene sheet of electron density N, under the action of an externally applied 

voltage producing an electric field 𝒙̂𝐸  in the direction of the corrugation.  The total 

emission spectrum 𝑃𝑡𝑜𝑡(𝜐) can be computed as follows:  

 𝑃𝑡𝑜𝑡(𝜐) = 4 ∑ 𝑃𝑒(𝒌, 𝜐

𝑘

)𝑓(𝒌)[1 − 𝑓(𝒌′)] (2.6) 

where the factor of 4 accounts for the spin and valley degeneracies,𝑃𝑒(𝒌, 𝜐) is the power 

radiated by an electron in the conduction-band Bloch state of wavevector k (i.e., its photon-

emission rate times the photon energy), 𝑓(𝒌) is the probability that this initial state is 

occupied, and 1 − 𝑓(𝒌′) is the probability that the corresponding final state after photon 

emission is empty.  The wavevector k of the latter state is related to the initial electronic 

wavevector k by the requirements of conservation of energy, i.e., 𝐸(𝒌) − 𝐸(𝒌′) = ℎ𝜐 and 
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conservation of momentum along the y direction (where the system under study has 

translational invariance), i.e., ky = ky.     

The single-electron radiation spectra 𝑃𝑒(𝒌, 𝜐) for different wavevectors k can be 

calculated via the FDTD simulations described earlier [e.g., as plotted in Figure 2.3(a)], 

further convolved with a Lorentzian lineshape function to account for collision broadening 

as already discussed.  For any given corrugation geometry, these spectra only depend on 

the electron velocity 𝑣𝒌̂ = 𝑣𝐹𝒌̂ which in turn depends on the direction of k but not on its 

magnitude.  Therefore, 𝑃𝑒(𝒌, 𝜐) can be written as 𝑃𝑒(𝜃, 𝜐), where 𝜃 is the angle between k 

and the projection of the x-axis on the corrugated surface, as defined previously.  To 

determine the occupation probabilities f(k), I use a semiclassical model of carrier dynamics 

in crystalline solids (Kittel 1986), where an externally applied electric field 𝒙̂𝐸 has the 

effect of simply displacing the equilibrium Fermi-Dirac distribution function f0(k) as a 

whole by the amount  

 
𝜹𝒌 = −𝒙̂

𝑞

ℏ
𝜏𝒌𝐸 = −𝒙̂𝑘

𝜇𝐸

𝑣𝐹
 (2.7) 

leading to 𝑓(𝒌) = 𝑓0(𝒌 − 𝜹𝒌).  In equation (2.7), 𝜏𝒌 is the momentum relaxation time, 𝜇 

is the mobility, and the second equality is obtained by assuming 𝜏𝒌 = (𝜇ℏ𝑘)/(q𝜈𝐹), an 

expression that appears to be consistent with the key electronic transport properties of 

graphene (Castro Neto et al. 2009). 

The emission spectra plotted in Figure 2.3(b) were calculated using the procedure 

just described.  Equation (2.6) can also be used to compute the total radiated power, by 

integrating 𝑃𝑡𝑜𝑡(𝜐) over all frequencies.  The red squares in Figure 2.4(a) and Figure 2.4(b) 
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correspond to the total power per unit sample-area associated with the fundamental 

harmonic of the output radiation [e.g., the lower-frequency peak of Figure 2.3(b)], plotted 

as a function of corrugation period 𝛬 and amplitude 𝐴, respectively.  In these calculations 

I use a reasonably large electron density N of 51012 cm-2, which is well within the range 

of experimentally accessible values based on capacitive doping.  The temperature used to 

compute the distribution functions was taken to be 300 K.  Finally, for the effective drift 

velocity 𝜇𝐸 I used a value of 2107 cm/s, based on a recent measurement of saturation 

velocity in graphene at a carrier density of a few 1012 cm-2 at room temperature (Dorgan, 

Bae, and Pop 2010). If I assume a relatively small sample area of 100100 m2, which can 

be readily produced using epitaxial techniques or chemical vapor deposition, the plots of 

Figure 2.4 indicate that power levels of several ten nanoWatts can be obtained, which are 

already appreciable for this frequency range.  In fact, high-quality graphene samples with 

linear dimensions of several millimeters can now be synthesized, e.g., see (Ren et al. 2012), 

in which case very large spontaneous emission powers approaching a milliWatt become 

feasible.  In this respect it is important to note that the radiation mechanism described in 

this work is not affected by capacitive or transit-time effects, which would otherwise limit 

the usable device area as in the case of other THz sources such as photomixers.  Figure 

2.4(a) also shows that the output power of corrugated graphene increases monotonically 

with decreasing corrugation period, which is due to the resulting increase in the curvature 

of the carrier trajectories.  Furthermore, as illustrated in Figure 2.4(b), for fixed period there 

is an optimal amplitude that maximizes the (fundamental-harmonic) output power.  At 

larger amplitudes, the higher-order harmonics (not included in these plots) are amplified 
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instead at the expense of the lower-frequency peak.  I also note that the power levels plotted 

in Figure 2.4 are of the same order of magnitude, but consistently smaller, than predictions 

based on the approximate formula of equation (2.2). 

From a technological standpoint, an important property that emerges from the two 

traces of Figure 2.4(a) is the increase in output power with increasing emission frequency.  

As a result, the radiation mechanism described in this chapter may allow extending the 

frequency range of existing room-temperature THz sources such as microwave frequency 

multipliers and photomixers, whose output power near 1 THz can reach a few microWatt 

but then rapidly scales down with increasing frequency (Lee and Wanke 2007).  

Furthermore, cyclotron-like radiation in corrugated graphene can also in principle be used 

to provide stimulated emission and optical gain for the development of graphene-based 

THz lasers.  Specifically, radiation propagating in the direction of the corrugation can 

produce a bunching of the electron beam (via a resonant electromagnetic interaction), 

leading to amplification and coherent light emission, as in the case of traditional free-

electron lasers (Marshall 1985).  Similar laser sources can therefore be envisioned based 

on corrugated graphene structures, combined with an optical cavity where the emitted light 

is reflected back and forth in the direction of the applied voltage.  For a comparison with 

existing THz quantum cascade lasers, I note that at cryogenic temperatures the total 

spontaneous emission power of their active materials (in the absence of optical feedback 

leading to stimulated emission) is also a few ten nW for sample areas of order 100100 

m2 (Xu, Hu, and Melloch 1997; Rochat et al. 1998; Köhler et al. 2002).  However, as the 

temperature is increased, their radiative efficiency rapidly decreases due to phonon-assisted 
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nonradiative transitions between the active subbands (Williams 2007), so that no detectable 

radiation is produced at room temperature.  In the corrugated graphene emitters considered 

in this work, increasing the temperature mainly leads to a decrease in the maximum 

achievable drift velocity E (an effect that can be quite modest as shown in (Dorgan, Bae, 

and Pop 2010)), and to enhanced collision broadening of the radiation spectra.  As shown 

in Figure 2.3(b), the latter effect can also be relatively weak in high-quality graphene 

samples (particularly when deposited on hBN), which feature room-temperature mean free 

paths d of several hundred nanometers.   As a result, if graphene-based THz “free-electron” 

lasers can be developed, they may potentially allow for room temperature operation.   

 

2.3 Sinusoidal grating fabrication and corrugated-graphene strain analysis 

A key ingredient of the proposed cyclotron-like THz radiators is a nanoscale grating with 

highly sinusoidal surface corrugation and minimal sidewall roughness, to allow for the 

required conformal adhesion of the overlaying graphene sheet.  In order to fabricate such 

gratings, I have developed the process illustrated schematically in Figure 2.6.  First, a 

periodic pattern of properly oriented chromium lines is formed on the top surface of an n-

type 100 Si substrate, using electron beam lithography (EBL) with a PMMA resist, 

followed by metal evaporation and liftoff [Figure 2.6(a) – (d)].  This pattern is then used 

as a mask for the wet etch of Si in potassium hydroxide (KOH), which provides a highly 

orientation-dependent etch rate (400 times faster along the 100 crystal directions 

compared to 111) [Figure 2.6(e)].  As a result, a periodic pattern of trapezoidal ridges 

with 111-oriented sidewalls is produced after the Cr lines removal, as shown 
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schematically in Figure 2.6(f).  AFM images of the resulting surface morphology are 

presented in Figure 2.7(a), for the case of a grating with period  = 400 nm [giving frad = 

2.5 THz based on equation (2.1)] and peak-to-peak depth 2A = 90 nm.   

Next, the patterned Si samples are annealed in a dry thermal oxide furnace at 

1100ºC for around 5 hours to produce a conformal silicon dioxide coating of the desired 

thickness (~ 300 nm) on their top surface, as shown schematically in Figure 2.6(g).  The 

purpose of this SiO2 layer is to enable visualization of the subsequently deposited graphene 

sheets under an optical microscope, and to electrically insulate these sheets from the 

conducting Si substrate.  Extensive characterization of the oxidized samples (including 

AFM measurements before and after a buffered oxide etch to selectively remove the SiO2) 

reveals that the buried Si/SiO2 interface features a much smoother, nearly sinusoidal 

morphology compared to the trapezoidal shape of the sample top surface.  To illustrate, in 

Figure 2.7(b) and (c) I show AFM images measured with the same sample of Figure 2.7(a), 

after oxidation and subsequent SiO2 etch.  A highly uniform sinusoidal pattern with 

sidewall roughness of less than 1 nm is observed in these images.  This highly desirable 

smoothing effect is attributed to different oxidation rates near the sharp corners of the Si 

grating compared to the flat regions.  A similar sinusoidal shape can be produced in the 

sample top surface with a second oxidation step after removal of the original SiO2 layer 

[Figure 2.6(h) – (i)].   
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Figure 2.6 Schematic process flow for the fabrication of Si/SiO2 nanoscale 

sinusoidal gratings. 

 

 

Figure 2.7 AFM images of gratings fabricated on a Si substrate: (a) after a 

wet etch in KOH; (b) and (c) after a subsequent oxidation step followed by 

a buffered oxide etch to selectively remove the SiO2 layer.  In (a) and (b), 

the bottom left panel contains a plan-view surface-morphology image; a 

cross-sectional line scan is shown in the top panel, with its Fourier spectrum 

plotted in the bottom right panel. 

 

h) SiO2 Selective Etchg) Oxidation

a) PMMA Spin b) E-Beam Lithography c) Cr Deposition

d) Liftoff e) Si Wet Etch f) Cr Removal

Si PMMA Cr SiO2

i) Oxidation
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Regarding the grating period , sub-micron values are needed in order to obtain 

radiation frequencies frad above 1 THz as indicated in equation (2.1).  Furthermore, as 

discussed above, the smaller the period, the larger the emitted power and the smaller the 

broadening of the radiation spectrum due to carrier collisions.  At the same time, gratings 

with larger period are generally easier to fabricate and can perhaps be expected to more 

readily allow for conformal adhesion of the overlaying graphene sheets.  In my initial work, 

high-quality gratings with a period of 400 nm have been developed reproducibly, as 

illustrated in Figure 2.7.   

A procedure for transferring mechanically exfoliated graphene sheets on these 

gratings has also been developed by my collaborator Xuanye Wang in Professor Swan’s 

group. Mechanically exfoliated graphene is employed in this work because of its superior 

electrical properties compared to epitaxially grown samples. However, given the small 

dimensions of typical exfoliated flakes and of nanopatterned gratings (a few ten microns), 

an aligned transfer procedure is required that allows placing an exfoliated sheet of graphene 

on a target pattern with an accuracy of a few microns.   

In the procedure developed by Xuanye Wang, graphene is first exfoliated 

mechanically on a Si substrate that was previously coated with a 90-nm-thick film of the 

water-soluble polymer polyvinyl-pyrrolidone (PVP) followed by a 200-nm-thick layer of 

PMMA.  The overall optical thickness of this polymeric bilayer is such that single-layer 

graphene flakes on the PMMA top surface can be readily identified with an optical 

microscope based on interferometric contrast.  Next, the PVP film is dissolved in water to 

produce a free-standing PMMA membrane supporting the exfoliated flakes.  This 



 

 

25 

membrane is transferred onto a thicker polymer (PDMS) film on a glass side, which is then 

mounted upside down on a translational stage under a microscope.  A single-layer graphene 

flake of suitable dimensions is identified through the transparent glass/PDMS/PMMA 

stack.  The target substrate is then placed under the same microscope, and the translational 

stage is used to align and press the selected graphene flake onto the grating.  Finally, the 

sample is heated beyond the PMMA glass transition temperature (~ 110 C) to enhance 

graphene adhesion to the substrate, while the PDMS film is peeled off.   Because the 

deposition step takes place under a microscope, an alignment accuracy of a few microns is 

readily achieved.   

In order to demonstrate THz cyclotron-like radiation from graphene, the charge 

carriers in the corrugated sheet must travel for at least a few periods of the gratings without 

collisions. Unfortunately, however, all exfoliated graphene samples transferred on the 

gratings under study have shown relatively low mobilities corresponding to mean free 

paths well below the grating period (400nm), due to cleanliness and mechanical-strain 

issues. Possible graphene transfer methods that may be able to address this problem include 

the use of hBN-graphene-hBN heterostructures deposited on corrugated gratings, and the 

formation of suspended corrugated graphene by self-assembly. These processes have not 

been tried in the course of this thesis work. Instead, samples based on the fabrication 

process described above have been used by Xuanye Wang to study strain redistribution in 

corrugated graphene including clamping, sliding and friction between graphene and the 

SiO2 surface (X. Wang et al. 2015). These issues are important for the future development 

of higher-quality corrugated graphene samples, and more in general for strain engineering 
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applications. 

The graphene strain study starts from a detailed analysis of the surface morphology. 

An optical image, Raman 2D-band peak-center map, and AFM data of a corrugated 

graphene sample are shown in Figure 2.8(a), (b), and (c), respectively. The lighter-blue 

areas in the microscope image correspond to graphene with an average sinusoidal 

corrugation of 20 nm as determined from AFM, which is smaller than what was measured 

with the same grating before graphene deposition (55 nm).  Based on this corrugation level, 

we can estimate an average geometrical strain  equal to 0.62%. On the other hand, the 

dark lines in Figure 2.8(a) represent partially suspended graphene regions with a 

corrugation depth of only 5nm, corresponding to a lower estimated average strain of 0.15%. 

In contrast, the 2D Raman mapping of Figure 2.8(b) shows that the strain is less than 0.5% 

in the highly conformed graphene, and more than 0.15% in the low conformed. In other 

words, the strain values from the 2D Raman map feature smaller variance compared to the 

geometrical AFM estimates. This observation indicates partial sliding of the graphene over 

the grating causing a redistribution and homogenization of the induced strain. 
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Figure 2.8 Graphene on a silicon dioxide grating. Scale bar: 10μm. (a) 

Optical image.  (b) Map of the Raman 2D-band peak center. (c) AFM height 

map. (d) AFM line profile.  The red and green boxes correspond to the same 

regions in (a), (b) and (c). 
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To investigate the strain in corrugated graphene in more detail, we observe the 

Raman G-band peak position and linewidth along the scan line shown in Figure 2.9(a), 

measured with the Raman laser polarized perpendicular to the grating lines. These results 

can be separated in three regions. The first area is on the left of the grating, and corresponds 

to graphene on a flat SiO2 region. In this region, the G peak position is larger than 1582 

cm-1 and the average linewidth is relatively small (around 8.58 cm-1). The corresponding 

strain  is negative, indicating compression of the graphene sheet cause by heating during 

the transfer process. Inside the grating, the green data represent the less conformed 

graphene regions with G peak positions between 1567-1572 cm-1 and G linewidth around 

9.12 cm-1. Finally, the more highly conformed graphene areas are labeled by the red data. 

Between the flat SiO2 and the grating, there is a wide transition region where the G peak 

position rapidly downshifts. These results demonstrate that the van der Waals forces 

causing friction between SiO2 and graphene are not strong enough to fully clamp the 

graphene on the flat area, and therefore the graphene close to the grating can slide to 

redistribute its strain.  
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Figure 2.9 Line scan of the Raman G band. Top through bottom: optical 

image of graphene, G peak center versus position, and G linewidth versus 

position. The blue, green and red boxes correspond to graphene on the flat 

surface (under compression), and on the grating under medium strain and 

high strain, respectively. 

 

Finally, the friction f between the SiO2 substrate and graphene is studied as a 

function of strain. The estimated friction (i.e., the force to clamp graphene on the substrate) 

is found to be inversely proportional to strain for both bilayer and single layer graphene, 

as indicated in Figure 2.10. The decrease in friction with increasing strain can be explained 



 

 

30 

as a result of decreasing surface contact area. For zero strain, graphene can conform very 

well to the underlying substrate surface morphology. Strain however, smooths out the 

graphene sheet and, hence, reduces the contact area. Such strain dependence of the friction 

clamping could be an issue for strain engineering devices, although it could be reduced 

with flatter substrate surface. For the application of interest in this work (i.e., cyclotron-

like emission from corrugated graphene), zero strain is desired to obtain maximal 

conformation and avoid strain-induced structural damage. 

 

 

Figure 2.10 Friction versus strain. There is a clear indication of reduced 

friction with increasing uniaxial strain. The corresponding value of /m 

versus strain is marked on the right hand side. The purple diamond data 

point on the right shows the maximum strain variation predicted from the 

linewidth broadening calculation. 
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3 GRAPHENE ON NANOSCALE GRATINGS FOR THE GENERATION OF 

TERAHERTZ SMITH-PURCELL RADIATION 

 
3.1 Proposed radiation mechanism 

An alternative electron-beam radiation mechanism involves the use of charges under 

uniform rectilinear motion in the presence of a periodically modulated dielectric 

environment.  This effect was discovered by Smith and Purcell in 1953, through the 

measurement of  visible light emission from a high-energy electron beam traveling near a 

metallic grating in vacuum (S. J. Smith and Purcell 1953).  Its observation was initially 

explained in terms of cyclotron radiation from the image charges induced in the metal by 

the electron beam, which undergo periodic angular motion due to the periodically 

corrugated metal surface.  More rigorously, the underlying radiation mechanism can be 

ascribed to the evanescent electromagnetic fields associated with the actual moving 

charges, which, under the proper conditions, can be diffractively scattered by the grating 

into radiation (van den Berg and Tan 1974).  The resulting emission spectrum consists of 

several peaks whose frequencies 𝜔𝒈 are related to the reciprocal lattice vectors 𝒈 of the 

grating array (which define the corresponding orders of diffraction).  In the nonrelativistic 

limit, where the carrier velocity v is much smaller than the speed of light c, this relationship 

is simply 𝜔𝒈 = 𝒗 ∙ 𝒈. The use of this mechanism for the generation of microwaves in 

vacuum-based devices (orotrons) is already well established (Bratman et al. 2010).  The 

measurement of Smith-Purcell (SP) radiation at THz frequencies in condensed matter has 

also been reported, based on the two-dimensional electron gas (2DEG) of a GaAs/AlGaAs 

heterojunction near a periodically corrugated surface (Wirner et al. 1993).  However, the 
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output spectrum of this device was found to be extremely broad and weak, and could only 

be detected at cryogenic temperatures.  More recently, the use of charge domains in Gunn 

diodes has also been theoretically proposed as a promising approach for the generation of 

THz SP radiation (D. D. Smith and Belyanin 2011). 

As already mentioned, the pursuit of this and similar radiation mechanisms in 

traditional semiconductors is hindered by several material properties, including limited 

saturation velocities, low mobilities at room temperature, and broad thermal distribution of 

carrier velocities (leading to proportionally broad SP emission peaks). By virtue of its 

exceptional electrical properties, (Novoselov et al. 2004; Novoselov et al. 2005; Zhang et 

al. 2005; Berger et al. 2006; Castro Neto et al. 2009) graphene provides a natural candidate 

to overcome these limitations. Specifically, record large room-temperature mobilities 

above 1×105 cm2/Vs can be obtained with optimized sample geometries, including 

suspended sheets (Bolotin et al. 2008; Du et al. 2008) or sheets deposited on atomically 

smooth, highly inert hexagonal boron nitride (hBN) films (Dean et al. 2010; Mayorov et 

al. 2011; L. Wang et al. 2013).  The corresponding mean free paths are on the order of one 

micron, and values exceeding 15 m have also been measured at cryogenic temperatures 

(L. Wang et al. 2013). These properties, combined with the truly 2D nature of the graphene 

electron gas, are ideally suited to the demonstration of electron-beam radiation mechanisms 

at THz frequencies in compact solid-state systems.  
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3.2 Simulation results 

In order to evaluate the potential of this approach, I have investigated numerically the 

specific device geometry shown in Figure 3.1(a) (Tantiwanichapan et al. 2014), where a 

single-layer sheet of graphene is deposited over a 2D hole array in a solid substrate (e.g., a 

SiO2 film on a silicon).  In practice, an ultrathin hBN liner could also be inserted under the 

graphene sheet to increase its carrier mobility.  The holes are arranged on a triangular lattice 

with period 𝛬 and have cylindrical shape with depth H and diameter D fixed at 200 nm and 

0.6𝛬, respectively. An external voltage is applied between the source and drain contacts, 

producing an electric field 𝒙̂𝐸 in the direction of a line of holes.  The use of a 2D array as 

opposed to a 1D grating (as in the original experiment by Smith and Purcell (S. J. Smith 

and Purcell 1953)) is motivated by a fundamental difference between the electron gas in 

graphene and the typical electron beam of a vacuum-based device.  In the latter case, all 

electrons can be made to travel roughly along the same direction (to within a small 

divergence angle).  In contrast, in a semiconductor 2DEG the carrier distribution in 

reciprocal space is such that, even in the presence of a bias voltage, there are carriers 

traveling along all possible directions on the 2DEG plane.  In general, efficient SP emission 

can only be excited by carriers traveling along the directions of the array reciprocal lattice 

vectors 𝒈.  Therefore, a larger fraction of the 2DEG carriers can contribute to the SP 

emission if a 2D array (with its multitude of reciprocal lattice vectors along several 

different directions) is employed.   
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Figure 3.1 (a) Schematic illustration of the sample geometry investigated in 

this chapter.  (b) Close-up image of the hole array of (a), with a pictorial 

definition of some of the key parameters used in the simulations.   

 

N-type samples are considered in these simulations (e.g., produced via electrostatic 

doping with a positive back-gate voltage), although the same results also apply to p-doped 

graphene. Once again, the starting point of our analysis is the current density 𝑱𝒌 =

−𝑞𝒗𝒌𝛿(𝒓 − 𝒗𝒌𝑡) carried by a single conduction-band electron in between consecutive 

collisions, where k is the electronic wavevector (measured from the nearest Dirac point) 

and 𝒗𝒌 = 𝑣𝐹𝒌̂ .  Using Fourier analysis, 𝑱𝒌  can be decomposed in a superposition of 

harmonic waves at all frequencies ω , each having wavevector component along the 

direction of motion given by q|| = 𝜔/vF.  Based on the linearity of Maxwell equations, the 

electromagnetic fields produced by this current density can be decomposed in exactly the 

same fashion.  Since 𝜔 /vF is much larger than the total wavenumber q0 = 𝜔 /c, the 

wavevector component perpendicular to the graphene plane qz is imaginary for each term 

in the superposition (i.e., the electromagnetic fields produced by the electron are 

evanescent, as one would expect for an electron in uniform rectilinear motion).  In the 
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geometry under study, diffractive scattering by the array can then shift the in-plane 

wavevector of each harmonic component of these electromagnetic fields by any grating 

vector g, to produce a multitude of diffracted waves.  In particular, the harmonic 

components of frequencies near 𝜔𝒈 = 𝒗𝒌 ∙ 𝒈 are correspondingly scattered into radiative 

waves, i.e., their shifted in-plane wavevectors become smaller than q0 so that the out-of-

plane components qz are real and radiation away from the sample is produced.  The 

argument just presented provides a rigorous explanation of the SP radiation mechanism, 

and can be used for the numerical evaluation of the output light under suitable assumptions 

on the grating geometry (van den Berg and Tan 1974). Instead, here, I again use the 

Lumerical simulation tool based on the FDTD method, which allows for an accurate 

solution under very general conditions. As in the work of the previous chapter, these 

simulations rely on the formal equivalence between current and polarization density. The 

effect of electronic collisions can then be directly included in the calculations by setting 

the length of the equivalent dipole distribution equal to the electron mean free path between 

consecutive collisions d.  With this arrangement, the evanescent electromagnetic fields 

produced by the simulated dipole distribution are only coherently scattered by a finite 

number of holes in the array proportional to d/, as in the case of an electron undergoing 

recurrent collisions in a realistic sample.  Specifically, only the holes within the evanescent 

tail of these electromagnetic fields (i.e., within a distance on the order of  𝑣𝐹 𝜔𝐤̂,𝐠 ⁄  from 

the simulated dipole chain) can participate in the SP radiation process.   

Using this procedure, I find that the emission spectrum of each electron indeed 

consists of a series of peak  𝑃𝐤̂,𝐠(𝜔)  at the SP frequencies 𝜔𝒈 = 𝒗𝐤 ∙ 𝒈 = 𝑣𝐹𝒌̂ ∙ 𝒈 for any 
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reciprocal lattice vector 𝒈. These peaks can be clearly resolved in the FDTD spectra 

provided that the ratio d/ is sufficiently large (i.e., larger than about 3); therefore, only 

structures that satisfy this condition are considered in the following.  The larger d/the 

narrower the peak linewidths, as illustrated in Figure 3.2, where I show representative 

single-electron emission spectra computed with a mean free path of 4 m, 1 m, and 400 

nm.  In each case, the array period is 100 nm and the angle 𝜃𝒌 [as defined in Figure 3.1(b)] 

is 0 in Figure 3.2(a) and 10 in Figure 3.2(b).  Importantly, all three values of d considered 

in this figure are experimentally accessible.  Specifically, mean free paths of about 400 nm 

and 1 m have been reported at room temperature with graphene samples on oxidized Si 

substrates (Novoselov et al. 2004) and on ultrathin h-BN films (Mayorov et al. 2011; L. 

Wang et al. 2013), respectively.  The higher value of 4 m (equal to the full length of the 

simulated array) has been measured at about liquid-nitrogen temperature with graphene on 

h-BN (L. Wang et al. 2013).  It is also apparent from Figure 3.2 that the center frequency 

of each emission peak is shifted with decreasing mean free path, a behavior that is often 

associated with collision broadening (Peach 1981). 
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Figure 3.2 Single-electron radiation spectra for different values of the mean 

free path d, produced by an electron traveling at an angle 𝛉𝐤̂ = 0 (a) and 

10 (b) with respect to the x direction in the sample geometry of Figure 3.1.  

The array period is 100 nm.  The arrows in the insets show the direction of 

the electron velocity.   

 

The same FDTD simulations can also be used to determine the far-field radiation 

properties of SP emission in graphene.  To illustrate, Figure 3.3 shows the radiation pattern 

in the plane of the substrate produced by an electron traveling along θ𝐤̂ = 0 for  = 100 nm 

and d = 1 m.  The corresponding emission in the air above is significantly weaker and 

therefore is not considered.  The key observation here is that most of the light is radiated 

in an oblique direction with respect to the surface normal, whose projection on the graphene 

plane is antiparallel to the electronic motion.  The radiation pattern of Figure 3.3 was 

computed at the frequency of peak emission of the electron under study.  As the frequency 

is detuned from this value, the emission angle changes (consistent with the diffractive 

nature of the underlying mechanism), while the intensity decreases.  These results are 

qualitatively consistent with the far-field radiation properties of SP emission from high-

energy electron beams in vacuum (van den Berg and Tan 1974).  
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Figure 3.3 Far-field radiation pattern in the array substrate produced by 

an electron traveling in the x direction, for  = 100 nm and d = 1 m.  The 

x-y coordinate system is the same as in Figure 3.1(b)  

 

The total radiation output of the sample geometry under study is finally obtained 

by summing the single-electron contributions over all values of the wavevector k, properly 

weighted by the electronic distribution function fk.  Specifically, the output power spectrum 

is computed as follows:  

 𝑃tot(𝜔) = 4 ∑ 𝑃𝐤̂,𝐠(𝜔)𝑓𝐤(1 − 𝑓𝐤−𝐠)

𝐤,𝐠

 (3.1) 

where the factor of 4 accounts for the spin and valley degeneracies, fk is the probability that 

the electronic initial state is occupied, and 1–fk-g is the probability that the corresponding 

final state after photon emission is empty.   The assertion that this final state has wavevector 

k–g follows from the requirement of conservation of quasi-momentum.  Furthermore, if g 

is small relative to k (which is generally the case), the energy difference between the 

graphene Bloch states of wavevectors k and k–g can be readily shown to be equal to 
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ℏ𝜔𝐤̂,𝐠 = ℏvF𝐤̂ ∙ 𝐠 (i.e., the emitted photon energy)  so that conservation of energy is also 

automatically satisfied in equation (3.1).  

In order to compute Ptot() with a practicable number of FDTD runs, the following 

procedure is followed.  First, the FDTD simulations just described are carried out for a few 

values of the angle θ𝐤̂ (i.e., the direction of k), namely 0, 10, 20, and 30.  From these 

simulation results, the center frequency, full width at half maximum (FWHM), and 

integrated power of the corresponding single-electron emission peaks 𝑃𝐤̂,𝐠(𝜔)  are 

determined.  Next, the values of the same parameters for all other angles θ𝐤̂  are 

extrapolated using a polynomial fit and symmetry considerations.  The single-electron 

spectra 𝑃𝐤̂,𝐠(𝜔)  in equation (3.1) for all values of θ𝐤̂  are then approximated with a 

Gaussian peak having the correct center frequency, FWHM, and integrated power (as 

determined with this fitting procedure).  The choice of a Gaussian function is consistent 

with the shape of the FDTD single-electron emission peaks, and does not in any case 

significantly affect the shape of Ptot().  An additional complication is that the single-

electron integrated output powers also depend on the displacement parameter  defined in 

Figure 1.1(b) [i.e., the distance from the electron trajectory to the center of a nearby 

reference hole].  Therefore, for each simulated value of θ𝐤̂, different FDTD runs with 

representative values of  are also carried out to find the average single-electron output 

power.  Finally, to determine the occupation probabilities fk, I use once again a 

semiclassical model of carrier dynamics, where an externally applied electric field 𝐱̂𝐸 has 

the effect of simply displacing the equilibrium Fermi-Dirac distribution function as a whole 
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by the amount 𝛅𝐤 = −𝐱̂𝑘 v𝑑 v𝐹⁄ , where vd = E is the drift velocity and  is the mobility 

(Castro Neto et al. 2009). 

Figure 3.4 shows the radiation spectra Ptot() of three structures of different period 

between 100 to 300 nm, computed with a mean free path of 1 m.  A reasonably large 

carrier density of 5×1012 cm-2 is used in these calculations, at a temperature of 300 K.  For 

vd I use the experimental saturation value of 2×107 cm/s, obtained from the high-field 

current-voltage characteristics of a graphene sample with carrier density of a few 1012 cm-

2 at room temperature (Dorgan, Bae, and Pop 2010). As illustrated in Figure 3.2, these 

radiation spectra Ptot() are derived from two θ𝐤̂-dependent emission lines associated with 

diffraction by g1 and g1+g2.   The latter feature is strongest for θ𝐤̂ = 30° (and equivalent 

directions), whereas for θ𝐤̂ = 0° the two lines are degenerate.   In the 100-nm structure of 

Figure 3.4, the two emission peaks derived from these two lines are sufficiently close to 

each other in frequency that they overlap (despite their relatively large quality factor), 

leading to particularly high peak power.  In contrast, in the other structures of Figure 3.4 

these two peaks are clearly resolved.   
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Figure 3.4 Emission spectra of three graphene SP samples of different period , 

computed with a mean free path d of 1 m.  The total output power per unit area 

of each structure, integrated over all frequencies, is also listed in the inset.   

 

The total output powers per unit area of the structures of Figure 3.4, integrated over 

all frequencies, are listed in the inset.  The key conclusion that emerges from these data is 

that technologically significant power levels of several W/mm2 can be obtained at 

geometrically tunable THz frequencies, similar to the cyclotron-like radiation mechanism 

investigated in chapter 2.  Importantly, these high power levels are again produced at 

frequencies of several THz (in fact, the smaller the array period, the higher the emission 

frequency and at the same time the larger the output power), contrary to the case of 

traditional microwave oscillators which are generally limited to frequencies below ~1 THz 

(Lee and Wanke 2007).   Combined with the inherent design simplicity and array scalability 

of the geometry of Figure 3.1, this property makes the SP effect in graphene an attractive 

candidate to extend the frequency range of existing room-temperature THz sources based 
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on compact solid-state systems.  Once again, these favorable results are a direct 

consequence of the high mobility and large carrier velocity of single-layer graphene.  

 

3.3 Sample fabrication 

For the demonstration of Smith-Purcell THz emission form graphene, two-dimensional 

arrays are preferable as explain in the previous section.  The sample fabrication process 

has been developed, involving a square periodic array of dielectric holes on SiO2/Si 

substrates. The first step of this process is the formation of a gate contact on the doped-Si 

substrate, using photolithography and a wet etch in buffer oxide etch (BOE) for 5 minutes. 

Next, Cr and Au are deposited on doped-Si substrate with 5-nm and 60-nm thickness 

respectively, using by electron-beam evaporation and liftoff, as shown in Figure 3.5(c) and 

(d). 2D hole arrays in SiO2 are then patterned by electron beam lithography (EBL) 

combined with reactive ion etching (RIE), as illustrated in Figure 3.5(e) and (f). The RIE 

parameters used in this process include 200-watts electrical power with 5-sccm oxygen 

flow and 45-sccm CHF3 flow under 40-mTorr pressure for 1.5 minutes. Representative 

SEM and AFM images of a hole array with 100-nm diameter, 20-nm period, and 45-nm 

depth are shown in Figure 3.6. Highly uniform features with good periodicity can be 

observed in these images.  

Exfoliated graphene sheets encapsulated in thin hBN films (L. Wang et al. 2013) 

have been transferred on these arrays by Carlos Forsythe, a Ph.D. student working in 

Professor Cory Dean’s group at Columbia University. The transfer process begins with 

coating a Si substrate with ~1m of poly-propylene carbonate (PPC) and transferring a 5-
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20 nm thick hBN flake on it.  Next, this hBN/PPC film is peeled off manually and placed 

onto a transparent PDMS stamp. A previously exfoliated graphene sheet and another hBN 

flake are then picked up sequentially from their initial SiO2 substrate, using the inverted 

PDMS/PPC/hBN stamp under a microscope. Next, the resulting stack is transferred onto 

the hole array again under a microscope. The PDMS film is then released from the glass 

slide by heating up the substrate to 90oC. Finally, the PPC layer is dissolved with 

chloroform, leaving only the hBN-graphene-hBN stack on the hole array.  

Next, 1D source and drain contacts to the graphene sheet are processed. To that 

purpose, the top hBN flake is patterned by EBL, followed by etching through the graphene 

sheet by RIE. With this process, both ends of graphene are exposed to air. A second EBL 

step is then performed followed by evaporation of Pd/Au with 5/60 nm thickness, to create  

source and drain metal contacts connecting to the exposed 1D graphene edges (L. Wang et 

al. 2013). Figure 3.7 presents an optical image of a completed sample based on this 

fabrication process, with array period of 150 nm. 
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Figure 3.5 Schematic process flow for the fabrication of samples involving 

hBN-graphene-hBN heterostructures on 2D hole arrays. 

 

      

Figure 3.6 SEM and AFM image of a 2D hole array with 200-nm period and 

100-nm hole diameter on an SiO2/Si substrate fabricated by EBL, and RIE. 
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Figure 3.7 Optical image of an hBN-graphene-hBN stack transferred on top 

of a hole array (blue areas) with metal contacts (yellow areas). 

 

  
 
3.4 Electrical characteristics and electroluminescence measurements 

The structural quality of the sample just described (and their suitability to the 

demonstration of SP emission) can be evaluated from the carrier mobility  and mean free 

path lm, which can be estimated through the measurement of the drain-source resistance 

versus back-gate voltage Vgs. In these measurements, I supply a fixed AC current Ids with 

70-nA amplitude between the source and drain contacts, and measure the resulting voltage 

Vds across the same contacts using a Lock-In Amplifier (LIA). This measurement is 

repeated for several different values of the back-gate voltage Vgs. 

The graphene mobility can be estimated from these data using a standard procedure 

(Dean et al. 2010; Hwang, Adam, and Sarma 2007).  Specifically, first I use equation (1.2) 
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to convert the gate voltage Vgs to the graphene carrier density n.  Next, the measured drain-

source voltage Vds is used to determine the sheet resistance Rs = Vds/Ids, from which the 

conductivity  = 1/Rs is obtained.  Finally, the resulting plot of conductivity versus carrier 

density is fitted with the following expression (Dean et al. 2010; Hwang, Adam, and Sarma 

2007) 

 
𝜎 =

1

(𝑞𝜇𝑛 + 𝜎𝑚𝑖𝑛)−1 + 𝜌𝑠
 (3.2) 

to estimate the mobility , together with the additional fitting parameters min (the 

minimum conductivity) and S (the sheet resistivity due to short range scattering).  The 

solid line in Figure 3.8(a) is the result of this fitting procedure for the hBN-graphene-hBN 

sample of Figure 3.7 at room temperature, from which a large mobility of about 44,570 

cm2/Vs is extrapolated. The mean free path lm is proportional to the mobility and to the 

square root of the carrier density according to the expression 

 
𝑙𝑚 = (

ℏ

𝑒
)𝜇√𝑛𝜋 (3.3) 

Figure 3.8(b) shows lm based on this equation plotted as a function of for different values 

of n. Using these data, room-temperature mean free path of the sample of Figure 3.7 is 

found to be approximately 500 nm, which is larger than (but relatively close to) the array 

period of 150 nm. 
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Figure 3.8 (a) Room-temperature conductivity of the sample of Figure 3.7 

vs. carrier density. (b) Mean free path vs. mobility for different values of 

the carrier density. 
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The same measurements are also carried out with the sample at liquid-nitrogen 

temperature (77 K).  Significantly larger values of mobility and mean free path (225,000 

cm2/Vs and 2.8 um, respectively) are correspondingly obtained for 1x1012 cm-2 carrier 

density. These values suggest that Smith-Purcell radiation can be produced since electrons 

can travel over considerably longer distances than the hole array period without collisions. 

The experimental setup used to measure electroluminescence is shown 

schematically in Figure 3.9. This setup employs a Fourier transform infrared (FTIR) 

spectrometer equipped for operation across the entire THz spectrum. The sample is 

mounted in a continuous-flow cryostat suitably wired to enable the application of a DC 

gate bias Vgs and a periodically modulated source-drain voltage Vds or current Ids. In the 

measurements, the FTIR interferometer is operated in step-scan mode, and the signal is 

detected with a liquid-He-cooled Si bolometer followed by a Lock-In Amplifier (LIA) to 

further improve the measurement sensitivity.  Finally, the output signal from the LIA is 

sent back into the FTIR electronics for Analog to Digital (ADC) conversion and spectral 

analysis. Based on the bolometer noise properties, THz optical signals in the picowatt range 

can be detected with this setup.   
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Figure 3.9 Electroluminescence measurement setup. 

 

Pronounced emission peaks in the expected frequency range were obtained with the 

sample of Figure 3.7 at 77 K.  Figure 3.10(a) shows representative electroluminescence 

spectra measured with a fixed source-drain current Ids = 24 mA, for different values of the 

gate voltage Vgs.  A small degree of smoothing was applied to these curves, to remove 

periodic features due to etalon effects in the bolometer filter.   A peak near 8 THz is clearly 

observed in these plots which is attributed to Smith-Purcell emission, superimposed on a 

broad pedestal due to blackbody radiation.  For the array period of 150 nm of the sample 

under study, the first-order Smith-Purcell radiation frequency is about 6.7 THz.  The shifted 

emission frequency of the peaks of Figure 3.10(a) can be explained as a result of collision 

broadening, consistent with the simulation results of Figure 3.2.  Figure 3.10(b) shows 

electroluminescence spectra of the same sample at room temperature, again measured with 
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Ids = 24 mA and different values of Vgs.  Compared to the low-temperature data of Figure 

3.10(a), the broad blackbody-radiation pedestal is stronger, and no obvious peak 

attributable to Smith-Purcell emission is observed.  This behavior is consistent with the 

mobility measurements described above.  At room temperature, the mean free path is 500 

nm, i.e., only about 3 times larger than the array period.  In this regime, Smith-Purcell 

radiation can barely be resolved according to our simulations (as discussed in section 3.2).  

In contrast, at 77 K the mean free path is over 18 times larger than the period, so that strong 

Smith-Purcell radiation (only limited by the graphene sheet area of 30×10 m2) is expected.   
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Figure 3.10 Emission spectrum with different gate voltage Vgs at liquid 

nitrogen temperature 77 (a), and at room temperature 300 K (b) with fixed 

Ids = 24mA. 
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Figure 3.11 shows similar data measured at a slightly higher source-drain current 

Ids = 28 mA, where an increase in both the Smith-Purcell emission peak and the blackbody 

background is observed.  In general, increasing Ids causes an increase in the temperature of 

the graphene electron gas, which has two opposite effects.  On the one hand, the probability 

that the final electronic states after photon emission are empty [i.e., the factor 1 – fk–g in 

equation (3.1)] increases, leading to stronger Smith-Purcell radiation.  On the other hand, 

the mobility and mean free path decrease, which tends to quench the Smith-Purcell 

emission as discussed above.  As a result, the Smith-Purcell emission peak does not 

increase indefinitely with increasing Ids, and eventually blackbody radiation takes over. 
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Figure 3.11 Emission spectrum with different gate voltage Vgs at liquid 

nitrogen temperature 77 (a), and at room temperature 300 K (b) with fixed 

Ids = 28mA. 
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These results represent the first experimental demonstration of THz electron-beam 

radiation from graphene.  As clearly illustrated by the temperature dependence of the 

output spectra, the ultra-high mobility of the hBN-graphene-hBN heterostructure used in 

these experiments provides a key enabling feature for the measurement of this novel 

radiation mechanism.  It is also important to point out that similar samples have displayed 

mean free paths > 1 m even at room temperature (L. Wang et al. 2013), so that Smith-

Purcell emission without cryogenic cooling should also be possible with the same materials 

platform.  Future work in this area will involve additional electroluminescence 

measurements with samples of different grating periods, to demonstrate the expected 

geometrical tuning of the emission frequencies.   
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4 TERAHERTZ ELECTRON-BEAM RADIATION IN 1D CARBON 

NANOSTRUCTURES 

 
One-dimensional carbon nanostructures such as nanotubes and nanoribbons can also 

provide near-ballistic electronic transport over micron-scale distances even at room 

temperature.  Here, I consider the generation of terahertz light in these 1D conductors based 

on the two radiation mechanisms, considered in this thesis (namely cyclotron-like radiation 

in a sinusoidally corrugated conductor, and the Smith-Purcell effect).  In both cases, the 

radiation properties of the individual charge carriers are again investigated via full-wave 

electrodynamic simulations, including dephasing effects caused by carrier collisions as in 

Chapter 3.  The overall light output is then computed with a standard model of ballistic 

charge transport for two particularly suitable types of carbon nanostructures, i.e., zigzag 

graphene nanoribbons and armchair single-wall nanotubes.   Relatively strong emission 

peaks at geometrically tunable THz frequencies are obtained in each case, with 

significantly reduced spectral linewidths compared to the graphene samples of the previous 

chapters, due to the 1D nature of transport in these nanostructures.  The corresponding 

output powers are experimentally accessible even with individual nanowires, and can be 

scaled to technologically significant levels using array configurations. Therefore, these 

radiation mechanisms once again represent a promising new paradigm for light emission 

in condensed matter, which may find important applications in nanoelectronics and THz 

photonics.   
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4.1 Proposed radiation mechanisms 

One-dimensional carbon nanostructures including graphene and nanotubes represent a 

promising materials platform for future device applications in nanoelectronics and 

photonics.  Of particular interest for such applications are the large carrier mobilities of 

these materials, which have enabled the observation of ballistic electronic transport over 

micron-scale distances even at room temperature.  Specific examples of such ballistic 

samples reported to date include single- and multi-wall carbon nanotubes (Frank et al. 

1998)(Javey et al. 2004)(Park et al. 2004)(Purewal et al. 2007), and epitaxial graphene 

nanoribbons (Baringhaus et al. 2014).  Because of their exceptionally long mean free paths, 

a distinctive analogy can be drawn between the electron (and hole) gases in these 

nanomaterials and electron beams in vacuum-based systems, so that novel applications 

inspired by traditional vacuum-tube devices may be envisioned.  In the present work 

(Tantiwanichapan, Swan, and Paiella 2016), I investigate numerically the use of one-

dimensional (1D) carbon nanostructures for the generation of terahertz light based on two 

related electron-beam radiation mechanisms: (I) the emission of cyclotron-like radiation in 

the presence of mechanical corrugation (as opposed to an externally applied magnetic 

field), and (II) the Smith-Purcell effect (i.e., radiation by charges in uniform rectilinear 

motion near a grating (S. J. Smith and Purcell 1953)), as same as examining in 2D graphene 

in Chapter 2 and 3 respectively. 

The basic sample geometries under study are illustrated schematically in Figure 

4.1.  In Figure 4.1(a), a 1D conductor (such as a carbon nanotube or graphene nanoribbon) 

is corrugated mechanically to produce a sinusoidal trajectory.  In practice, this geometry 
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could be realized through the direct growth or conformal transfer of the conducting wire 

on a substrate surface patterned in the shape of a sinusoidal grating.  Because of the 

conductor 1D nature (which ensures that the carrier trajectories perfectly conform to the 

corrugation), in the presence of a dc voltage the injected electrons (or holes) undergo 

periodic angular motion and therefore can radiate. This mechanism is analogous to 

cyclotron radiation as mentioned in Chapter 2. In Figure 4.1(b), I consider a rectilinear 

conducting wire in the immediate vicinity of a periodic dielectric grating, which could be 

patterned in the supporting substrate (as in the figure) or fabricated directly above the wire.  

In this case, radiation can still be emitted by the charge carriers in the 1D conductor as they 

pass near the grating under uniform rectilinear motion, via the Smith-Purcell effect.   

 

Figure 4.1 Schematic cross-sectional view of representative device 

structures for the demonstration of THz electron-beam radiation in 1D 

carbon nanostructures.  (a) Corrugated carbon nanowire for the generation 
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of cyclotron-like THz radiation.  (b) Carbon nanowire in the near-field 

vicinity of a grating for the generation of THz Smith-Purcell radiation.   

For both radiation mechanisms of Figure 4.1, the emission frequency is on the order 

of v/ (as shown in detail below), where v is the Fermi velocity and  the period of either 

the sinusoidal trajectory or the nearby grating.  In metallic carbon nanostructures, the low-

energy electrons and holes generally feature a relatively large Fermi velocity near vF ≈ 

1×108 cm/s.  As a result, cyclotron-like and Smith-Purcell radiation frequencies spanning 

the entire THz spectrum can be obtained with periods of a few hundred nanometers.  

Therefore, these devices can provide a promising new approach to address a key 

technology gap of modern-day optoelectronics, namely the lack of practical solid-state THz 

sources capable of room-temperature operation (Lee and Wanke 2007).  More in general, 

the use of carbon nanomaterials for THz science and technology has already become the 

subject of increasing interest (Low and Avouris 2014; Tredicucci and Vitiello 2014; 

Hartmann, Kono, and Portnoi 2014), motivated by their unique electronic properties.  In 

the area of THz sources, several theoretical proposals involving carbon nanotubes 

(Dragoman and Dragoman 2004; Kibis, Parfitt, and Portnoi 2005; Nemilentsau, Slepyan, 

and Maksimenko 2007; Kibis, Rosenau Da Costa, and Portnoi 2007; Portnoi, Kibis, and 

Rosenau da Costa 2008) have been presented, mostly based on interband electronic 

transitions, tunable plasmonic excitations, or real-space charge oscillations.  The 

experimental demonstrations of THz amplification and emission in optically pumped 

samples have also already been reported (Sun et al. 2010; Boubanga-Tombet et al. 2012; 

Prechtel et al. 2012; Bahk et al. 2014; Titova et al. 2015).   
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In recent chapter, I have investigated numerically the feasibility of THz electron-

beam radiation from the two-dimensional electron gas (2DEG) in corrugated 

(Tantiwanichapan et al. 2013) or grating-coupled (Tantiwanichapan et al. 2014) graphene 

sheets.  In both cases, promising results were obtained in terms of radiated optical power 

and tunability of the emission frequencies.  Here I consider instead two specific types of 

1D carbon nanostructures, namely zigzag graphene nanoribbons (ZZ-GNRs) and metallic 

armchair single-wall nanotubes (AC-SWNTs).  The use of 1D conductors for electron-

beam radiation is intuitively compelling in light of the aforementioned analogy with 

vacuum-tube devices, where all electrons can be made to travel roughly along the same 

direction.  In contrast, in a condensed-matter 2DEG the carrier distribution in reciprocal 

space is such that, even in the presence of a bias voltage, there are carriers traveling along 

all possible directions on the 2DEG plane.  However, carriers traveling along different 

directions (relative to the corrugation or grating) radiate at different frequencies with 

different efficiency.  Therefore, 1D conductors can be expected to provide narrower and 

stronger emission peaks, as confirmed by our simulation results presented below.  In 

addition, both zigzag-like GNRs (Baringhaus et al. 2014) and metallic SWNTs (Park et al. 

2004; Purewal et al. 2007) have already been shown to exhibit robust ballistic transport 

over distances longer than 1 m even at room temperature.  Therefore, they both represent 

a particularly suitable system to investigate THz electron-beam radiation in condensed 

matter, with significant promise for future technological impact.   
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4.1.1 Graphene nanoribbons 

The crystal structure of a ZZ-GNR (oriented along the y direction) is shown schematically 

in Figure 4.2.  As in all sp2-hybridized carbon allotropes, the underlying lattice is triangular 

with two carbon atoms per unit cell, denoted A and B.  In zigzag nanoribbons, all atoms 

on each edge parallel to the ribbon axis belong to the same sublattice (A on one edge, B on 

the other).  The opposite extreme is that of armchair edges, which consist of an equal 

number of alternating A and B atoms.  This distinction is important, because the edge shape 

has a profound impact on the nanoribbon electronic band structure (Nakada et al. 1996).  

In particular, ZZ-GNRs support localized edge states near the Fermi energy.  In contrast, 

in armchair nanoribbons edge states are absent, and an energy bandgap can be found 

depending on the ribbon width.   In practice, the edges of typical nanoribbons contain both 

zigzag and armchair sections, and the electronic properties tend to be dominated by the 

zigzag sites (Katsnelson 2012).  Therefore, our present focus on ZZ-GNRs is quite general 

in terms of applicability to practical samples.  Furthermore, the main channel for ballistic 

transport measured in graphene nanoribbons so far is actually associated with the low-

energy subbands involving edge states (Baringhaus et al. 2014), which are characteristic of 

zigzag-like samples only.   
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Figure 4.2 Crystal structure of the 1D carbon nanostructures under study.  

(a) ZZ-GNR.  (b) AC-SWNT.  In (a), a1 and a2 are the basis vectors of the 

crystal lattice, Ch is the chiral vector, and the letters A and B indicate 

representative atoms belonging to the two sub-lattices. 

 

In general, the energy band diagram of any graphene-derived nanostructure can be 

computed from that of graphene through the application of suitable boundary conditions.  

An analytical expression for the dispersion of the conduction and valence bands in 

graphene can be obtained using a simple tight-binding model as indicated in equation (1.1). 

A two-dimensional analogue of the massless Dirac equation can in fact be derived 

from equation (1.1) using the k∙p approximation.  In this formulation, the states near the K 

point are described by a two-component energy eigenvector ΨK = [ΨKA, ΨKB]T 

(multiplied by the Bloch-periodic function at K), where ΨKA and ΨKB are the electronic 

envelope functions over sublattices A and B, respectively.  The corresponding energy 

eigenvalues E are obtained from the equation 
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vF [

0 𝑝𝑥 − 𝑖𝑝𝑦

𝑝𝑥 + 𝑖𝑝𝑦 0
] ΨK = 𝐸ΨK (4.1) 

where p is the linear momentum operator.  Similarly, the envelope functions ΨKˈA and ΨKˈB 

of the energy states near Kˈ satisfy the same equation with the Hamiltonian matrix replaced 

by its transpose.   

Within this k∙p description, the appropriate boundary condition for a zigzag-like 

edge that mostly contains atoms of one sublattice (e.g., A) is that the envelope functions 

associated with the other sublattice (B) must vanish everywhere along the edge (Palacios 

et al. 2010).  For the ZZ-GNR of Figure 4.2(a), I can therefore write  

 ΨKB(𝑥 = 0) = ΨKˈB(𝑥 = 0) = ΨKA(𝑥 = W) = ΨKˈA(𝑥 = W) = 0 (4.2) 

where W is the width of the nanoribbon.   Furthermore, because of translational invariance 

along the y direction, all envelope functions  (for  = KA, KˈA, KB, and KˈB) must vary 

with y as Ψ𝜇 ∝ exp (𝑖𝑘𝑦)  (with the symbol k now used to indicate the electronic 

wavevector along the ribbon axis).  By combining equation (4.2) with (4.1) (and its 

counterpart for the states near Kˈ), I then find that nontrivial solutions exist only if  

 tanh(𝛼𝑊) = ± 𝛼
𝑘⁄  (4.3) 

where 𝑘 indicates the electronic wavevector along the ribbon axis, and the parameter 𝛼 is 

related to the energy eigenvalues E according to  𝐸 = ±ℏvF√𝑘2 − 𝛼2.  The nanoribbon 

subbands are finally computed by solving equation (4.3) for E as a function of k.   

Representative results are shown in Figure 4.3 for a ZZ-GNR of 40-nm width.  Of 

particular interest here are the lowest-energy conduction and valence subbands, which 

exhibit a nearly flat dispersion for k between Ky = 2π 3𝑎⁄  and Ky
′ = 4π 3𝑎⁄  (i.e., the y 
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components of the wavevector at K and Kˈ, respectively).  Vice versa, for k < Ky or > Ky
′ , 

the slope of both bands rapidly increases to the graphene limit of 𝑑𝐸 𝑑𝑘 = ±ℏvF⁄ .  These 

subbands contain the aforementioned localized states confined near the edges of the 

nanoribbon, as can be verified by solving equation (4.1) and its Kˈ-valley counterpart for 

the envelope functions.  In contrast, for all states in the remaining subbands, the 

wavefunctions are delocalized across the entire width of the nanoribbon.  More detailed 

band structure calculations also show that electron-electron interactions can lift the 

degeneracy of the partially flat subbands, thereby opening a bandgap even in ZZ-GNRs  

(Wakabayashi, Takane, and Sigrist 2007). However, whether these modifications are 

included or not in this analysis, the Fermi level can still be pushed to the high-slope portion 

of the lowest-energy conduction (or valence) subband at similar carrier densities. The 

resulting radiation spectra are then going to be essentially the same, since they are mostly 

determined by the carriers near the Fermi level. 
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Figure 4.3 Electronic band structure of a ZZ-GNR with 40-nm width.  The 

wavevector k is measured along the axis of the nanoribbon, relative to the 

center of the graphene first Brillouin zone. 

 

The possibility of ballistic transport in graphene nanoribbons even in the presence 

of disorder has been investigated theoretically in (Wakabayashi, Takane, and Sigrist 2007).  

The key conclusion of this study is that the lowest-energy conduction and valence subbands 

involving edge states can provide a perfectly conducting channel, as long as impurity 

scattering is sufficiently long range that it cannot promote intervalley transitions (i.e., from 

states near Ky to states near Ky
′ , and vice versa).  The underlying physics is related to the 

violation of pseudo time-reversal symmetry associated with the different number of 

forward and backward traveling modes within each valley.  Experimentally, room-

temperature ballistic transport associated with these conducting channels has been 

measured in ~40-nm-wide nanoribbons, over distances as long as 16 m (Baringhaus et al. 

2014).  At the same time, transport in the higher energy subbands of the same samples has 

been found to be diffusive, with much shorter mean free paths of about 200 nm.  The 

nanoribbons used in these measurements were synthesized via epitaxial growth on SiC, a 
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technique that can be scaled to high-density arrays over large device areas.   

 

4.1.2 Carbon nanotubes 

The other type of 1D nanostructures considered in this work, AC-SWNTs, is illustrated 

schematically in Figure 4.2(b).   These nanotubes can be conceptually visualized as ZZ-

GNRs rolled up about their long axes, so that both ends of the resulting nanocylinders 

feature armchair edges.  As shown in Figure 4.2(a), the chiral vector of AC-SWNTs (i.e., 

the vector running across the unrolled nanotube perpendicular to its axis) is 𝐂𝐡 =

𝑛(𝐚𝟏 + 𝐚𝟐) = √3𝑛𝑎𝐱̂, where 𝐚𝟏 and 𝐚𝟐 are the basis vectors of the crystal lattice and n is 

an integer related to the tube circumference 𝐶 = √3𝑛𝑎.  In general, the electronic band 

structure of carbon nanotubes can be obtained from that of graphene by imposing periodic 

boundary conditions with periodicity C along the direction of the chiral vector, i.e., by 

requiring that the wavevector component in the direction of 𝐂𝐡 is quantized in integral 

multiples of 2/C (Saito, Dresselhaus, and Dresselahus 1998).  For AC-SWNTs, this 

condition simply becomes  

 
𝑘𝑥 =

2𝑠𝜋

√3𝑛𝑎
 (4.4) 

for any integer s between 1 and 2n.   

Figure 4.4 shows the electronic band structure of an AC-SWNT with n = 15 

(corresponding to a typical tube diameter C/ of 2 nm), computed by substituting equation 

(4.4) into equation (1.1).   As illustrated by this plot, AC-SWNTs are metallic, which 

follows from the fact that the crystal wavevectors of the high-symmetry points K and Kˈ 
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(where the graphene bandgap is zero) satisfy the boundary condition of equation (4.4) for 

s = n.  As a result, the conical shape with slope ℏvF and the zero-energy crossing of the 

graphene conduction and valence bands near K and Kˈ are preserved in the s = n subbands 

of AC-SWNTs near Ky  and Ky
′ .  This arrangement is particularly favorable for the 

radiation mechanisms under study, because all electrons and holes in the main conducting 

channels (the s = n subbands) travel at the same, relatively high velocity vF, and therefore 

can radiate at the same frequency with relatively high output power.  In passing I note that 

approximately one third of all possible types of SWNTs (depending on their chiral vector 

𝐂𝐡 = 𝑛𝐚𝟏 + 𝑚𝐚𝟐) can be expected to be metallic based on similar arguments.  Therefore, 

the calculation results presented below may also be extended to these other types of 

nanotubes, although in many instances (but not in AC-SWNTs) curvature effects lead to 

the opening of a small bandgap (Saito, Dresselhaus, and Dresselahus 1998).   

 

Figure 4.4 Electronic band structure of an AC-SWNT with 2-nm diameter. 

The wavevector k is measured along the axis of the nanotube, relative to the 

center of the graphene first Brillouin zone.    
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The electronic transport properties of metallic SWNTs have been widely 

investigated over the past several years, including the theoretical prediction (White and 

Todorov 1998) and experimental observation of (quasi)ballistic conduction (Javey et al. 

2004; Park et al. 2004).  At room temperature, the electronic mean free path lm of high-

quality samples is limited by electron-phonon scattering and its specific value depends on 

the applied voltage.  At low bias (less than about 0.2 V), all carriers have insufficient energy 

to emit optical phonons, and their mobility is limited by a relatively weak acoustic-phonon 

scattering mechanism, leading to large mean free paths exceeding 1 micron (Park et al. 

2004).  At higher voltages, the emission of optical phonons becomes allowed, and lm is 

correspondingly decreased by an order or magnitude.  Finally, at low temperatures and low 

bias, mean free paths as long as ~8 m have been measured, only limited by impurity 

scattering (Purewal et al. 2007).  In general, the electron-beam radiation mechanisms under 

study require ballistic transport over at least a few periods  of the sinusoidal trajectory or 

nearby grating, and THz radiation frequencies are obtained with periods of a few 100 nm.  

Therefore, metallic SWNTs also appear to be suitable for these mechanisms, even at room 

temperature, as long as the applied voltage is kept sufficiently small.   

In order to investigate the radiation properties of the nanostructures of Figure 4.1, 

I first consider an arbitrary individual electron in these 1D conductors and compute its light 

output using the FDTD method as same as the simulation of graphene in chapter 2 and 3.   

Next, I consider a ZZ-GNR or AC-SWNT of length L and electron density N (e.g., 

introduced via electrostatic doping with a back gate), in the geometry of Figure 4.1(a) or 
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Figure 4.1(b) under a bias voltage V.  Its total output power spectrum per unit length can 

be calculated as follows  

 
𝑃tot(𝜐) =

2

𝐿
∑ 𝑃𝑘(𝜐)𝑓(𝐸0(𝑘))[1 − 𝑓(𝐸0(𝑘) − ℎ𝜐)]

𝑘

 (4.5) 

where 𝜐 is the emission frequency, the factor of 2 accounts for the spin degeneracy, 𝐸0(𝑘) 

is the dispersion relation of the lowest conduction subband, 𝑃𝑘(𝜐) is the output power 

spectrum of a single electron in the Bloch state of energy 𝐸0(𝑘), and f is the electronic 

distribution function.  Pauli blocking effects are explicitly included in this equation through 

the last two terms, where 𝑓(𝐸0(𝑘)) is the probability that the initial electronic state is 

occupied, and 1 − 𝑓(𝐸0(𝑘) − ℎ𝜐) is the probability that the corresponding final state after 

photon emission is empty.  At the same time, equation (4.5) does not include any 

contribution to the output radiation from the higher-energy subbands of the wire, even 

though these subbands may contain an appreciable number of electrons (particularly in 

highly doped and/or large wires).  The reason is that (quasi)ballistic transport in these 1D 

carbon conductors has only been measured in the lowest-energy subbands (i.e., the partially 

flat subbands involving edge states in ZZ-GNRs (Baringhaus et al. 2014), and the linear 

subbands with zero energy separation in metallic SWNTs (Javey et al. 2004; Park et al. 

2004; Purewal et al. 2007)).  In contrast, for the higher-energy subbands the measured 

mean free paths are too small to allow for appreciable electron-beam radiation.   

For each device geometry (either cyclotron-like or Smith-Purcell), the single-

electron emission spectra 𝑃𝑘(𝜐) depend on the wavevector k only through the velocity 

v𝑘 = 𝑑𝐸0 𝑑(ℏ𝑘)⁄ .  These spectra are computed via the FDTD simulations described above 
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for a selection of all possible velocities v𝑘 ≤ vF, and are generally found to consist of a 

sharp peak at a frequency on the order of v𝑘 Λ⁄  (weaker features at higher-order harmonics 

are also obtained in the same calculations, but are not considered in the following analysis 

for simplicity).  From these simulation results, the center frequency, full width at half 

maximum (FWHM), and integrated power of each peak are determined.  Next, the values 

of the same parameters for all other velocities v𝑘 are extrapolated using a polynomial fit.  

The single-electron spectra 𝑃𝑘(𝜐) for all values of v𝑘 are then approximated in equation 

(4.5) with Gaussian peaks having the correct center frequencies, FWHMs, and integrated 

powers (as determined with this fitting procedure).  The choice of a Gaussian function is 

consistent with the shape of the FDTD single-electron emission peaks, and does not in any 

case significantly affect the resulting shape of 𝑃tot(𝜐).   

Finally, the occupation probabilities f in equation (4.5) are computed using a 

standard model for the electronic distribution function of ballistic conductors with ideal 

(i.e., reflection-less) contacts (Datta 1995).  In this model, all electrons moving from left 

to right can only originate from (and therefore must be in thermal equilibrium with) the 

contact on the left side of the conductor, and vice versa.  As a result, for states with positive 

velocity (i.e., with 𝑑𝐸0 𝑑𝑘⁄ >  0), the occupation probability 𝑓(𝐸0(𝑘)) can be taken to be 

a Fermi-Dirac distribution function with Fermi energy equal to the chemical potential 𝜇𝑙 

of the left contact.  Similarly, all electrons in states with 𝑑𝐸0 𝑑𝑘⁄ <  0 can be assumed to 

be in thermal equilibrium with the same chemical potential 𝜇𝑟 as the right contact.  To 

determine 𝜇𝑙 and 𝜇𝑟, first I note that their difference must be equal to the applied voltage 

V times the electron charge –q.  Second, I require that the sum of the occupation 
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probabilities of all states in the conducting wire (including states in the higher-energy 

subbands) must be equal to the electron density N.  The same description of the electronic 

distribution function f leads to the Landauer formulation of conduction, which provides a 

well-established model of (quasi)ballistic transport (Datta 1995). 

 
4.2 Simulation results 

The simulation methods just described were applied to several structures based on the 

corrugated wire of Figure 4.1(a) or the Smith-Purcell configuration of Figure 4.1(b), for 

different values of the period  and the electron mean free path lm.  In each structure the 

substrate material below the conducting wire is SiO2, modeled with a frequency-dependent 

permittivity from the internal database of the FDTD simulation engine (“FDTD Solutions” 

2015). This choice of substrate material is based on the aforementioned measurements of 

(quasi)ballistic transport with metallic SWNTs (Javey et al. 2004; Park et al. 2004; Purewal 

et al. 2007). Alternative substrates may also be considered for the same devices, including 

hBN, SiC (as used with the ballistic ZZ-GNRs of (Baringhaus et al. 2014)), and HfO2. In 

fact, theoretical studies indicate that improved transport properties may be obtained with 

carbon-based conductors deposited or grown on such substrates, due to reduced remote 

scattering from surface optical phonons and coupled plasmon-phonon modes compared to 

SiO2 (Javey et al. 2004; Park et al. 2004; Purewal et al. 2007). The corrugation of the 

cyclotron-like samples is sinusoidal with amplitude A = /4, whereas in the Smith-Purcell 

devices the grating consists of rectangular ridges of width W = /2 and height H = 300 nm.  

These parameters were selected via initial FDTD simulations so as to maximize the output 
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radiation power.  The lateral dimensions of the 1D conductors are the same as in the band-

structure calculations of section 4.1.1, i.e., the simulated ZZ-GNRs have a width of 40 nm 

(as in the ballistic samples of ref. 9) and the AC-SWNTs have a typical nanotube diameter 

of 2 nm.  Additional calculations show that the output radiation depends only weakly on 

these lateral dimensions, as long as the dispersion of the lowest-energy conduction subband 

maintains the same features shown in Figure 4.3 and Figure 4.4.   

In the FDTD calculations of the single-electron emission spectra, the computational 

domain has the shape of a cube centered about the dipole distribution, with 600-m side 

length and perfectly matched layers on all boundaries.  The corrugated substrate or grating 

lies at the center of the x-y plane, with 5x5 m2 area.  All the FDTD computational 

parameters including mesh size and frequency resolution were optimized through extensive 

convergence tests.  In passing, I note that the large disparity between the calculated 

emission wavelengths (several 10 m) and the periodicities of the underlying 

nanostructures (a few 100 nm) makes these simulations extremely demanding in terms of 

computational resources.  As explained above, in the FDTD simulations I consider an 

electron traveling along the conductor trajectory at a few different velocities v𝑘 

(specifically, 0.2, 0.4, 0.6, 0.8, and 1 times the graphene Fermi velocity vF).  The details of 

the conductor band structure (ZZ-GNR versus AC-SWNT) are then introduced when the 

total output power spectra are computed from the FDTD simulation results using equation 

(4.5).  In all calculations presented below based on this equation I assume a Fermi energy 

EF = 100 meV above the Dirac point, an applied bias voltage V = 0.1 V, and room 

temperature. In the case of ZZ-GNRs, a wide range of electron velocities v𝑘 ≤ vF 
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contribute to 𝑃tot(𝜐), due to the significant curvature of the lowest-energy conduction 

subband near such Fermi energy.  In AC-SWNTs the lowest-energy conduction subband 

is relatively linear near EF and all radiating electrons have velocity close to vF.   

Representative FDTD simulation results for a cyclotron-like device are shown in 

Figure 4.5 for all five electron velocities considered.  Specifically, the traces plotted in this 

figure are obtained by dividing the single-electron power spectra 𝑃𝑘(𝜐) by the photon 

energy ℎ𝜐, which gives the photon emission rate per unit frequency.  The corrugation 

period  here is 68 nm, and the corresponding length lcycle traveled by the electron in each 

cycle of the sinusoidal trajectory is approximately 100 nm.  The mean free path lm (i.e., the 

length of the equivalent dipole distribution in the FDTD simulations) is taken to be 3 m, 

which is large enough to ensure that the resulting broadening does not affect the shape of 

the output spectra 𝑃tot(𝜐), but otherwise reasonably short to minimize the computational 

time.  The results presented here therefore apply to the optimal case of highly ballistic 

samples, whereas the effect of shorter mean free paths is described later in this section.  For 

each electron velocity v𝑘, the frequency of peak emission in the spectra of Figure 4.5 is 

approximately equal to v𝑘/𝑙𝑐𝑦𝑐𝑙𝑒  (i.e., v𝑘 v𝐹 × 10 THz⁄  for 𝑙𝑐𝑦𝑐𝑙𝑒 = 100 nm), which is 

consistent with expectations for cyclotron-like radiation (Jackson 1975).  Incidentally, it 

should be noted that only a relatively narrow spectral region is considered in each one of 

these calculations, centered about the main radiation peak, so that the aforementioned 

weaker emission features at higher-order harmonics are not included.   
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Figure 4.5 Photon emission rate per unit frequency of an electron in a 

corrugated carbon nanowire, plotted as a function of radiated frequency for 

different values of the electron velocity vk.  The corrugation period and 

amplitude are 68 nm and 17 nm, respectively.   Inset: total emission rate of 

the same electron, integrated over all frequencies, versus electron velocity. 

 

The spectra of Figure 4.5 also show that the single-electron output power increases 

rapidly with increasing electron speed.  This behavior is again in agreement with basic 

expectations: for example, 𝑃𝑘 ∝ v𝑘
4  according to the Larmor formula for cyclotron 

radiation (which however only applies in the limit of A << ) (Jackson 1975).  The 

radiation mechanisms under study therefore benefit strongly from the relatively large 

electron velocities of carbon-based nanostructures.  In particular, in the AC-SWNTs of 

Figure 4.4, the slope |v𝑘| = |𝑑𝐸0 𝑑(ℏ𝑘)⁄ | of the lowest-energy conduction and valence 

subbands is approximately equal to vF ≈ 1×108 cm/s over a broad energy range across the 

Dirac point.  In the ZZ-GNRs of Figure 4.3, the lowest subbands feature a nearly flat 

dispersion with almost zero velocity near the Dirac point, but their slope |v𝑘| then rapidly 

approaches vF as the energy is increased or decreased beyond a few 10 meV.  As already 
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mentioned, in the calculations presented below I assume a chemical potential EF = 100 

meV, so that even in the ZZ-GNRs the carriers near the Fermi level (i.e., the carriers that 

produce the largest contribution to the sum of equation (4.5) travel at a relatively high 

velocity close to vF.   

The inset of Figure 4.5 shows the total emission rate 1 𝜏𝑟𝑎𝑑⁄  integrated over all 

frequencies and plotted as a function of electron velocity.  Values above 1×106 photons/s 

are obtained for v𝑘 ≈ vF, corresponding to a radiative lifetime 𝜏𝑟𝑎𝑑 of less than 1 s.   I 

emphasize that such emission rates are significant at THz frequencies.  In fact, similar or 

smaller rates are obtained for spontaneous emission from the active materials of THz 

quantum cascade lasers (QCLs), which represent the current state-of-the-art for solid-state 

THz sources, albeit limited to operation at cryogenic temperatures (Lee and Wanke 2007).   

For example, spontaneous emission lifetimes ranging from 3 to over 60 s are reported in 

references (Xu, Hu, and Melloch 1997; Rochat et al. 1998; Williams et al. 1999) for 

different THz QCL designs.  Finally, I note that the same FDTD simulations of Figure 4.5 

applied to Smith-Purcell devices produce qualitatively similar results.   

Figure 4.6 shows a selection of emission spectra 𝑃tot(𝜐) computed with equation 

(4.5) for different combinations of carbon nanostructure (ZZ-GNR or AC-SWNT) and 

radiation mechanism (cyclotron-like or Smith-Purcell).  Each panel contains four spectra 

corresponding to different values of the corrugation or grating period , which were 

selected to produce emission peaked near 4, 6, 8, and 10 THz, as an illustration of the 

inherent geometric tunability of the underlying radiation mechanisms.  The linewidth and 

shape of these spectra are determined almost entirely by the dispersion of the single-
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electron emission frequency with velocity |v𝑘|.  In general, the output radiation is mostly 

produced by the electrons in states within a few units of thermal energy kBT from the Fermi 

level (due to Pauli blocking constraints), and the emission spectrum then depends on their 

velocity distribution.  In ZZ-GNR samples, |v𝑘| near EF exhibits an appreciable variation 

with k, which results in the asymmetric broadening observed in the emission spectra of 

Figure 4.6(a), and Figure 4.6(b), with the slower electrons emitting at lower frequencies 

and at a smaller rate.  In AC-SWNTs, |v𝑘| near EF is nearly constant with k, but with 

slightly different values in the two branches of opposite slope on either side of each 

conduction-subband minimum.  As a result, the AC-SWNT emission spectra consist of two 

narrow overlapping peaks centered at slightly different frequencies, which can be observed 

most clearly in the 10-THz feature of Figure 4.6(c),  In any case, all spectra shown in Figure 

4.6  are significantly narrower than the output of similar radiation mechanisms in 2D 

graphene samples (Tantiwanichapan et al. 2013; Tantiwanichapan et al. 2014), which 

suffer from substantial broadening caused by carriers traveling along different directions 

and emitting at different frequencies.   
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Figure 4.6 Output radiation spectra per unit length for different periods of 

the grating or corrugation: (a) cyclotron-like radiation from sinusoidally 

corrugated ZZ-GNRs; (b) Smith-Purcell emission from ZZ-GNRs near a 

rectangular grating; (a) cyclotron-like radiation from sinusoidally 

corrugated AC-SWNTs; (b) Smith-Purcell emission from AC-SWNTs near 

a rectangular grating.   

 

The total radiation power per unit length produced by the structures of Figure 4.6, 

integrated over all frequencies, is plotted as a function of the corresponding frequency of 

peak emission in Figure 4.7.  The comparison among the different nanomaterials and 

radiation mechanisms under study is clearly displayed in this figure.  For both types of 1D 

conductors (ZZ-GNRs and AC-SWNTs), cyclotron-like emission is always more efficient 

than Smith-Purcell radiation.  This observation makes intuitive sense, since the latter 
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mechanism involves charges in linear rectilinear motion and relies on the (non-unity) 

diffraction efficiency of the underlying grating.  Furthermore, regardless of the emission 

process, AC-SWNTs consistently produce stronger radiation than ZZ-GNRs emitting at 

the same frequency.  This difference can be ascribed to the more favorable band structure 

of metallic nanotubes, which leads to a smaller distribution of carrier velocities near the 

maximum speed vF for all the radiating charges.   

 

Figure 4.7 Total output power per unit length of the structures of Figure 

4.6, integrated over all frequencies and plotted as a function of the 

corresponding frequency of peak emission.   

 

The data of Figure 4.7 also show that experimentally measurable cyclotron-like or 

Smith-Purcell radiation can be produced even by a single nanotube or nanoribbon.  

Specifically, for all structures considered in this figure, output powers of several pW (i.e., 

above the noise equivalent power of standard Si THz bolometers) are obtained with 

reasonable conductor lengths of about 100 m.  For comparison, I also note that the power 

levels per unit length shown in Figure 4.7 are about three orders of magnitude higher than 

theoretical predictions for THz interband spontaneous emission across fully inverted bands 
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in metallic SWNTs (Kibis, Rosenau Da Costa, and Portnoi 2007).  The device structures 

under study can therefore be envisioned as promising building blocks for future nanoscale 

electronic circuits operating at ultrahigh frequencies.  Furthermore, if the same structures 

can be integrated in high-density arrays, technologically significant power levels for THz-

photonics applications are obtained (e.g., in the W range).  In particular, the ballistic ZZ-

GNRs described in section 4.1.1 are produced by epitaxial growth techniques (Baringhaus 

et al. 2014), which are readily applicable to the fabrication of ordered arrays with 

macroscale (e.g., mm-range) dimensions.  Significant progress has also been reported in 

recent years towards the synthesis of high-density arrays of horizontally aligned nanotubes 

with sorted chirality (Titova et al. 2015; Kang et al. 2007).  In principle, these ZZ-GNR or 

AC-SWNT arrays could also be combined with an optical cavity for the demonstration of 

coherent stimulated emission, and ultimately even lasing, in analogy with the operation of 

traditional FELs.  The design and analysis of suitable device geometries will the subject of 

future study. 

Finally, the effect of electronic collisions is illustrated in Figure 4.8, where again 

each panel corresponds to a different combination of carbon nanostructure and radiation 

mechanism.  In each case, we consider three different values of the mean free path lm (i.e., 

the length of the equivalent dipole distribution in the FDTD simulations), namely 3, 1, and 

0.5 m.  The device period  is fixed at the value that produces emission near 10 THz, and 

all other parameters are the same as in Figure 4.6.  As expected, decreasing the electronic 

mean free path causes a broadening of the emission spectra and a reduction in their peak 

values.  A shift in the center frequencies is also observed (particularly in the case of Smith-
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Purcell emission), a behavior that is often associated with collision broadening (Peach 

1981).  In any case, even for the lowest mean free path of 0.5 m considered in these plots, 

the emission peaks remain well resolved with relatively large quality factor.  The key 

conclusion is that the phenomenon under radiation study can be implemented using 

realistic high-quality samples based on existing technologies.   

 

 

Figure 4.8 Output radiation spectra per unit length for different values of 

the electronic mean free path: (a) cyclotron-like radiation from sinusoidally 

corrugated ZZ-GNRs; (b) Smith-Purcell emission from ZZ-GNRs near a 

rectangular grating; (a) cyclotron-like radiation from sinusoidally 

corrugated AC-SWNTs; (b) Smith-Purcell emission from AC-SWNTs near 

a rectangular grating.   

In summary, I have investigated numerically the use of 1D carbon nanostructures 



 

 

80 

(specifically ZZ-GNRs and AC-SWNTs) for the generation of THz light based on two 

related electron-beam radiation mechanisms (i.e., cyclotron-like emission in the presence 

of mechanical corrugation and the Smith-Purcell effect).  In all cases I find that 

experimentally accessible output powers at geometrically tunable THz frequencies can be 

obtained even with individual nanowires.   Of all combinations of radiation mechanism 

and carbon nanostructure considered, cyclotron-like emission from AC-SWNTs produces 

the highest output power at all frequencies.  At the same time, ZZ-GNRs have the 

advantage of more immediate compatibility with integration in high-density arrays, at least 

based on current fabrication methods.  The cyclotron-like sample geometry may also be 

more challenging to implement compared to Smith-Purcell devices, due to the critical 

requirement of conformal adhesion on a nanoscale sinusoidal grating.  Both radiation 

mechanisms are also found to be relatively robust with respect to electronic collisions, with 

pronounced emission peaks obtained even in the presence of sub-micron mean free paths.  

These results suggest that 1D carbon nanostructures represent a uniquely suited materials 

platform for the demonstration and study of electron-beam radiation processes in 

condensed matter.   Possible applications include ultrahigh-frequency oscillators for future 

nanoelectronic circuits, and (in the case of high-density arrays) radiation sources for THz 

photonics.  The observed increase in output power with increasing frequency of peak 

emission (see Figure 4.7) is particularly significant in this respect, since existing room-

temperature THz sources are limited to frequencies below ~1 THz (Lee and Wanke 2007).  

The radiation mechanisms under study may therefore provide a promising solution to this 

important technology gap.   
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5 GRAPHENE TERAHERTZ PLASMONICS 

 
5.1 Theoretical background 

The basic device geometry investigated in chapter 3 (i.e., a conducting sheet parallel to a 

nearby grating) can also be for the excitation and outcoupling of 2D plasmon polaritons in 

the conductor.  This approach has been used experimentally to generate THz radiation in 

high-mobility semiconductor heterojunctions, where the plasmonic oscillations were 

excited through the decay of hot electrons (injected with an applied bias voltage) and then 

diffractively scattered by the grating (Höpfel, Vass, and Gornik 1982; Hirakawa et al. 

1995)  A recent theoretical study has also considered the same radiation mechanism in 

graphene (S. Liu et al. 2014) with an external electron beam propagating near the graphene 

layer used for the efficient excitation of THz surface plasmons.  In the course of this Thesis 

work, I have also investigated THz plasmon in grating-coupled graphene via transmission 

spectroscopy and electroluminescence measurements. 

Plasmonics is an exciting area of applied-physics research with a variety of 

potential applications in information processing, bio-medical sensing, and imaging 

technologies.  Plasmon-mediated THz detection and emission is another promising 

mechanism, for example in the context of 2D hot plasma oscillations in Field Effect 

Transistors.  Graphene is a relatively new material for plasmonic research with a couple of 

important advantages, namely high electronic mobility at room temperature leading to 

relatively low plasmon propagation losses, and dynamically tunable carrier densities that 

allow tuning the plasmonic dispersion curve.   
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Surface plasmon polaritons are guided electromagnetic waves propagating along 

the interface between two materials having negative and positive dielectric constants (e.g., 

a metal and a dielectric), as shown schematically in Figure 5.1. Their dispersion relation is 

given by 

 

𝑘 =
𝜔

𝑐
√

𝜀𝑚𝜀𝑑

𝜀𝑚 + 𝜀𝑑
 (5.1) 

where 𝑘 is the surface-plasmon wavenumber, 𝜔 is its angular frequency, εm < 0 is the 

dielectric constant of the metal, and 𝜀𝑑 > 0 is the dielectric constant of the dielectric 

material. 

 

Figure 5.1 (a) Surface plasmons at the interface between a metal and a 

dielectric. (b) Dispersion relation of surface plasmons (solid line) and of 

radiation in the bulk dielectric material (dash line). 

 

In a sheet of graphene bounded by two dielectric materials, the plasmonic 

dispersion relation becomes (Jablan, Buljan, and Soljačić 2009) 

 𝜀𝑟1

√𝑘2 −
𝜀𝑟1𝜔2

𝑐2

−
𝜀𝑟2

√𝑘2 −
𝜀𝑟2𝜔2

𝑐2

= −
𝜎(𝜔, 𝑘)𝑖

𝜔𝜀0
 

(5.2) 
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where the graphene conductance 𝜎(𝜔, 𝑘) can be approximated as (Jablan, Buljan, and 

Soljačić 2009) 

 
𝜎 =

𝑒2𝐸𝐹

𝜋ℏ2

𝑖

𝜔 + 𝑖𝜏−1
 (5.3) 

 

In these equations, 𝜀𝑟1 and 𝜀𝑟2 are the dielectric constants of the surrounding materials, 𝐸𝐹 

is the graphene Fermi energy, and 𝜏 is electron relaxation time.  By combining equations 

(5.2) and (5.3), the plasmonic dispersion relation in graphene can be written as 

 
𝑘(𝜔) =

𝜋ℏ2𝜀0(𝜀𝑟1 + 𝜀𝑟2)

𝑒2𝐸𝐹
(1 +

𝑖

𝜏𝜔
)𝜔2 (5.4) 

 

In general, surface plasmon polaritons have higher wavevector (i.e., momentum) 

compared to light at the same frequency propagating in the adjacent bulk dielectric 

material.  Therefore, in order to couple externally incident light into plasmon waves (or 

vice versa), a suitable momentum matching technique must be employed.  One option is 

the use of a diffraction grating of period Λ , leading to the phase matching condition 

𝑅𝑒(𝑘(𝜔)) =
2𝜋

𝛬
 (for the case of normally incident light).  Using equation (5.4), this 

condition implies that a grating of period Λ can be used to couple normally-incident light 

into and out of graphene plasmons at the specific frequency ω0 given by (Gao et al. 2012) 

 

ω0 = √
2e2EF

ℏ2ε0(εr1 + εr2)Λ
 (5.5) 

It is important to note that since the Fermi energy EF depends on the gate voltage, the 

resonance frequency of grating-coupled graphene plasmons can be tuned electrically by 
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varying Vgs (Gao et al. 2012; P. Q. Liu et al. 2015).  A plot of ω0 versus carrier density n 

for different values of the grating period Λ is shown in Figure 5.2. It is clear from this figure 

that ω0 can be tuned across the entire THz spectrum by suitably varying the gate voltage 

and/or the grating period.  

 

Figure 5.2 Resonance frequency of grating-coupled graphene plasmons 

versus carrier density, for different values of the grating period. 

 

THz plasmons in graphene can then be investigated via normal-incidence 

transmission spectroscopy measurements with grating-coupled samples, through the 

observation of absorption peaks at the resonance frequencies of equation (5.5). These 

measurements have also been carried out during this thesis work. THz emission from the 

same geometry can also in principle be obtained through the electrical excitation of 

graphene plasmons and their subsequent outcoupling via diffraction by the grating.  As in 
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the work of reference (Höpfel, Vass, and Gornik 1982) and (Hirakawa et al. 1995), this 

mechanism can be driven by a sufficiently large DC bias, leading to the creation of a high 

density of hot electrons, some of which will then decay into plasmonic oscillations.  

Compared to the SP effect described in the previous sections, grating-coupled plasmon 

emission at THz frequencies requires larger grating periods, and has the advantage of 

longer mean free paths of the underlying electronic excitation (i.e., plasmons as opposed 

to individual electrons).  On the other hand, its excitation process is likely less efficient as 

a significant fraction of the excited hot electrons are likely to decay by other means (e.g., 

phonon emission).  In previous work with traditional semiconductor 2DEGs (Wirner et al. 

1993; Höpfel, Vass, and Gornik 1982; Hirakawa et al. 1995), stronger THz emission from 

grating-coupled plasmons has been measured compared to Smith-Purcell radiation.  

However, as described in the previous chapter, this situation may be different in graphene 

by virtue of its unique electronic properties.   

 
5.2 Sample fabrication 

To investigate these THz plasmons in graphene, I have fabricated several samples 

consisting of 2D metal pillar arrays on CVD using the process shown in Figure 5.3. CVD 

graphene sheets are used in this work because they can be substantially larger than 

mechanically exfoliated flakes, as needed for transmission measurements with the 

relatively large (~1mm2) beam of the FTIR Spectrometer. The fabrication process starts 

with the formation of the gate contact on a doped-Si substrate by photolithography, BOE 

etching, and deposition of Cr and Au by electron-beam evaporation (same as in section 

3.3). CVD graphene is then transferred on the SiO2/Si substrate by my collaborator Xuanye 
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Wang from Professor Swan’s group. Specially, Xuanye first spins PMMA on top of CVD 

graphene grown on a copper foil. Next, the PMMA/graphene stack floating in the copper 

etchant is scooped with a piece of Si and cleaned in DI water. Finally, the same 

PMMA/graphene stack is picked up it with the pre-gated substrate and the PMMA is 

removed with acetone. In order to identify high-quality regions in the transferred graphene 

sheet, Xuanye also performs a detailed Raman spectroscopy map. Next, I pattern the 

graphene sheet using Electron beam lithography (EBL) and plasma ashing to produce a 

rectangular sample of high-quality graphene. Finally, I fabricate the 2D metal pillar array 

and the source-drain contacts using EBL and electron-beam evaporation consisting of a 

Cr/Au bilayer with 5nm and 60nm thickness, respectively. 

 

Figure 5.3 Schematic process flow for the fabrication of pillar arrays on 

graphene. 

 

Figure 5.4 shows a graphene sample fabricated with the process just described. 

Figure 5.4(a) is an optical microscope image of an 800x1000 m2 sheet of CVD graphene 
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after the patterning step of Figure 5.3(g). The same sample after fabrication of the source-

drain contacts and a 2D array with 10-m period and 5-m pillar diameter is shown in 

Figure 5.4(b). 
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Figure 5.4 CVD graphene for transmission measurements, after patterning 

(a) and after deposition of the pillar array and source-drain contacts (b).  

 
The electrical characteristics of these samples were measured using the same 

method described in Section 3.4 to confirm the graphene quality after all the fabrication 
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processes. The measured mobilities are in the range of 2000-6000 cm2/Vs which is quite 

good for CVD graphene. 

 
5.3 Transmission spectroscopy and electroluminescence results 

The samples just described were characterized via transmission measurements using the 

FTIR spectrometer.  Representative results are shown in Figure 5.5(a) and 5.5(b), measured 

with two different samples having 1.5-m and 5-m array period, respectively.  In each 

case, the sample is held at room temperature, and several spectra are recorded for different 

values of the gate voltage Vgs (listed in the caption relative to the charge neutrality point 

Vcnp).  The traces shown in both figures are normalized to the transmission spectrum of the 

respective device at Vcnp, where no plasmons can be excited due to the very low carrier 

density.  In Figure 5.5(a), a sharp transmission dip around 240 cm-1 (7.2 THz) is observed, 

in agreement with the expected grating-coupled plasmon frequency of equation (5.5) for  

= 1.5 m and carrier densities in the order of 1012 cm-2.  If the period is increased to 5 m, 

as in the device of Figure 5.5(b), the transmission dip is red shifted to the 117-122 cm-1 

(3.5-3.7 THz) range, again consistent with the predictions of equation (5.5).  The results of 

similar measurements with several other devices of different array period are summarized 

in Figure 5.6, where the geometrical tunability of the graphene plasmon resonance across 

the THz spectrum is clearly illustrated. 
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Figure 5.5 Transmission spectrum from plasmons graphene sample with 

1.5m period (a) and 5m period (b) 2D metal pillar array. 
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Figure 5.6 Transmission spectrum from plasmons graphene sample with 

different period P. 

 

In each device, increasing the gate voltage away from the charge neutrality point 

(i.e., increasing |Vgs-Vcnp|) has the effect of producing stronger plasmonic absorption, due 

to the corresponding increase in the overall carrier density in the graphene sheet.  
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Furthermore, a small blue shift in the frequency of peak absorption with increasing gate 

voltage is also observed, as shown most clearly in Figure 5.5(b).  This shift however is 

generally found to be smaller than predicted by combining equation (5.5) with equation 

(1.2).  The likely explanation for this discrepancy is a large variation in carrier density 

across the sample area, with the regions of highest density producing the strongest 

contribution to the plasmonic absorption.  Therefore, as |Vgs-Vcnp| is increased, the 

absorption strength increases since a larger and larger fraction of the sample area contains 

a high density of carriers, but the frequency of peak absorption does not tune as effectively.  

In any case, the plasmonic resonances revealed by the data of Figure 5.5 Figure 5.6 are 

promising for applications in THz photonics, including the development of spatial light 

modulators for imaging and spectroscopic sensors.   
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6 CONCLUSION 

In this thesis work, the generation of THz radiation based on cyclotron-like emission and 

the Smith-Purcell effect in graphene and in 1D carbon conductors on nanoscale gratings is 

investigated numerically and experimentally. Full-wave electrodynamic simulations 

combined with a basic model of charge transport are applied in the calculations. The 

simulation results indicate that technologically significant power levels of several W/mm2 

can be obtained at geometrically tunable THz frequencies. In particular, cyclotron radiation 

from AC-SWNTs provides the most efficient mechanism with the narrowest emission 

peaks, compared to the other structures considered in this thesis.  In practice, the initial 

experimental results demonstrate electroluminescence at 8 THz from the electron beam in 

an hBN/graphene/hBN stack transferred on a 150-nm-period hole array, in agreement with 

numerical simulations of Smith-Purcell emission. Finally, tunable THz absorption from 

plasmons in CVD graphene coated with a 2D array of metallic nanocylinders is also 

observed experimentally in this work. 

  To further develop this study in the future, Smith-Purcell radiation from graphene 

on nanoscale gratings can be investigated with different hole array periods to verify its 

tunable emission frequency. The hole depth and size are also interesting parameters to 

control the Smith-Purcell effect and optimize its output power. In contrast, THz cyclotron 

radiation from graphene is more challenging to demonstrate experimentally, due to the 

difficulty of producing good graphene conformation on the corrugated substrate and the 

resulting strain variations that can decrease the sample quality. THz radiation from 1D 

carbon conductors (i.e., ZZ-GNRs and AC-SWNTs) is also intriguing due to its higher 
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efficiency and narrower emission spectra predicted by the simulation result. Finally, THz 

emission from graphene plasmons should be pursued by optimizing hot-carrier injection 

and plasmon diffraction in the grating-coupled samples studied in the final section of this 

thesis. 
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