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ABSTRACT

Robust parameter estimation and pivotal inference is crucial for credible statistical conclu-
sions. This thesis addresses these issues in three contexts: long-memory parameter estimation
robust to low frequency nonstationary contamination, long-memory properties of financial time
series, and inference on structural changes in a joint segmented trend with heterogeneous noise.

Chapter 1 considers robust estimation of the long-memory parameter allowing for a wide
collection of contamination processes, in particular low frequency nonstationary processes such
as random level shifts. We propose a robust modified local-Whittle estimator and show it has
the usual asymptotic distribution. We also provide modifications to further account for short-
memory dynamics and additive noise. The proposed estimator provides substantial efficiency
gains compared to existing methods in the presence of contaminations, without sacrificing
efficiency when these are absent.

Chapter 2 applies the modified local-Whittle estimator to various volatilities series for stock
indices and exchange rates to robustly estimate the long-memory parameter. Our findings
suggest that all series are a combination of long and short-memory processes and random level
shifts, with the magnitude of each component varying across series. Our results contrast with
the view that long-memory is the dominant feature.

Chapter 3 is concerned with pivotal inference about structural changes in a joint segmented

trend with heterogeneous noise. We provide tests for changes in the slope and the variance of



the noise valid when both may be present, each allowed to occur at different dates. We suggest

procedures for four testing problems.
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Chapter 1

Modified Local Whittle Estimator for Long Memory
Processes in the Presence of Low Frequency (and

Other) Contaminations (joint with Pierre Perron)

1.1 Introduction

Processes that are persistent in the sense that the serial correlation between distant observa-
tions decay hyperbolically are called long memory processes. They have found extensive use
in capturing the behavior of many observed series since their introduction by Hurst (1951).
A long memory process is also characterized in the frequency domain by a spectral density
function proportional to A™2% as the frequency A approaches zero at a rate dictated by the
the memory parameter d. In terms of parametric modeling, Granger and Joyeux (1980) and
Hosking (1981) introduced the fractionally integrated ARFIM A(p, d, q) model, a long-memory
generalization of the short-memory ARM A(p, q) process.

The estimators of the memory parameter are divided into parametric and semi-parametric
ones. The theory of parametric estimators was developed by Fox and Taqqu (1986) and
Dahlhaus (1989), among others. Semiparametric estimators of the memory parameter have
become popular since they do not require knowing the specific form of the short memory
structure. They are based on the periodograms of the series, and can be categorized into two
types: the log-periodogram (LP) estimator first proposed by Geweke and Porter-Hudak (1983)
and the local-Whittle (LW) estimator which is credited to Kunsch (1987). The LP estimator is
akin to OLS and the LW estimator to the MLE in the frequency domain. Robinson (1995a,b)
analyzed the asymptotic properties of these two types of estimators. He showed that they are

asymptotically normal, have the same convergence rate and that the asymptotic variance of



the LW estimator is smaller than that of the LP estimator.

There are, however, so-called contaminations that have an effect on the bias and efficiency
of these semi-parametric estimators, either in finite samples or even asymptotically. Much of
the literature so far has focused on providing methods to mitigate the effect of additive noise
and/or short-memory dynamics, which have only a finite sample effect. In the case of additive
noise or so-called perturbed fractional processes, although both the LW and LP estimators
preserve consistency and asymptotic normality, as shown by Deo and Hurvich (2001) and
Arteche (2004), they can be severely biased. Hurvich and Ray (2003), Hurvich et al. (2005)
and Arteche (2006), among others, have proposed estimators that can reduce the effect of noise
by introducing an additive constant or polynomial term in the spectral density function. These
methods are all based on local Whittle estimators, given their flexibility in accommodating
more structures in the specified data-generating process. The estimators are also strongly
biased when substantial short-memory dynamics are present. Among others, Andrews and
Sun (2004) considered an adaptive local polynomial Whittle estimator. By substituting a
polynomial structure for the constant term used to approximate the behavior of the short
memory component near frequency zero in the local Whittle estimator, they showed that their
estimator has considerable efficiency gains compared to classic LW and LP estimators under
the presence of short memory dynamics. Recently, Frederiksen et al. (2012) combined the two
methods and proposed estimators that can simultaneously reduce the bias and mean squared
error caused by short memory dynamics and noise perturbation.

There are other low frequency contaminations (denoted as LFC) that can have a more se-
rious effect causing outright inconsistent estimates. They may be important enough to induce
researchers to mistakenly conclude that a short memory process with low frequency contamina-
tions is actually a long memory process. Such an effect is often called "spurious long memory".
These low frequency contaminations include, but are not confined to, random level shifts, de-
terministic level shifts and deterministic trends. A short-memory process contaminated by
those components will exhibit hyperbolically decaying autocorrelations as well as a pole in its

spectral density function at frequency zero, which are characteristics of a long memory process.



Among others, Diebold and Inoue (2001), Granger and Hyung (2004), Mikosch and Starica
(2004) and Perron and Qu (2010) provide theoretical explanations for and simulation evidence
of this spurious long memory effect. It has also been argued that models incorporating a short
memory process with such low frequency contaminations provide a better in-sample fit and, in
particular, forecast better compared to models assuming a pure long memory process. Various
studies reported evidence that these forms of data contaminations are in fact very likely present
in the volatility of asset prices and considerably weakens the evidence of pure long-memory;
see, e.g., Granger and Hyung (2004), Mikosch and Starica (2004), Staricd and Granger (2005),
Perron and Qu (2010), Lu and Perron (2010), Qu and Perron (2013), Varneskov and Perron
(2013) and Xu and Perron (2013).

Recent work by Dolado et al. (2005), Ohanissian et al. (2008), Perron and Qu (2010)
and Qu (2011) proposed tests in both the time and frequency domain with varying degrees of
success. Many have argued that the long-memory properties of many economic time series are
indeed spurious. These tests focus on distinguishing between a short memory process affected
by low frequency contaminations from a true long memory process. So they do not offer
methods to estimate the memory parameter in the presence of low frequency contaminations
when the true signal may be of long or short memory.

Recently, attention focused on providing modified LP or LW estimators to account for low
frequency contaminations. McCloskey and Perron (2013) proposed trimmed LP estimators
that have desirable asymptotic and finite sample properties in the presence of low frequency
contaminations. Using a similar trimming technique, McCloskey and Hill (2013) proposed
trimmed frequency domain quasi maximum likelihood estimator estimators for short-memory
time series models (e.g., ARMA, GARCH and stochastic volatility models) that may be con-
taminated by low frequency movements. McCloskey (2013) considered a trimmed frequency
domain quasi maximum likelihood estimator that can be used to consistently estimate the
parameters of a long-memory stochastic volatility model in the presence of low frequency con-
tamination assuming the signal to be an ARFIM A(p,d, q) process. lacone (2010) considered

trimmed LW estimators.



We propose modified LW estimators that work under all kinds of contaminations: low
frequency, additive noise and short memory dynamics. Our emphasis is on accounting for low
frequency contaminations and we show how to further modify the estimator to account for the
other types. It adopts techniques used in Andrews and Sun (2004), Hurvich et al. (2005) and
Frederiksen et al. (2012) to introduce additive terms in the frequency domain quasi maximum
likelihood function to capture the effect of the low frequency contaminations, based on results
of Perron and Qu (2010) and McCloskey and Perron (2013) showing the spectral density
function of low frequency contaminations to be of order O,(T~'A;;?) near frequency zero. To
account for additive noise, we follow Hurvich et al. (2005). Interestingly, our modification
for low frequency contaminations also reduces the finite sample bias induced by short-memory
dynamics, so that no further modification is necessary for this case.

Our modified estimators have the following advantages: being semiparametric, they do not
require knowing the structure of the short memory process; they do not require trimming so
all data is used; unlike the trimmed LP estimator, they do not require the underlying process
to be Gaussian; they have the same asymptotic variance as the standard LW estimator when
no contamination is present; without low frequency contaminations, they are asymptotically
equivalent to the standard LW estimator that does not account for low frequency contamina-
tions so that no efficiency loss is incurred by incorporating our modifications; they can easily be
extended to a full parametric case. When low frequency contaminations are present, it has, in
most cases, the smallest bias and mean-squared error amongst all existing estimators designed
to control for low frequency contaminations, whether or not other types of contaminations are
present. To our knowledge, our contribution is the first to provide an estimator with good
properties under all previously considered contaminations: low frequency, additive noise and
short-memory dynamics.

The structure of the paper is as follows. Section 2 presents the model and some preliminary
results. Section 3 motivates and introduces our modified LW estimator that accounts for
possible low frequency contaminations. Section 4 presents results about the consistency and

limit distribution. Section 5 discusses how to extend the estimator to account for additive noise



and short-memory dynamics. Section 6 presents the results of simulations to assess the finite
sample properties under a variety of possible scenarios. Section 7 provides brief concluding
remarks. All technical derivations are collected in a mathematical appendix.

The following notation is used throughout: "4 stands for convergence in distribution,

"B for convergence in probability, "—" for the limit as 7" — oo (unless otherwise stated),

"a Y b" denotes the maximum of a and b, "z ~ y" means that z/y ENT
1.2 The Model and Preliminary Results

We start with some basic definitions of a long memory process. Let {yt}thl be a stationary

time series with spectral density function f,(\) at frequency A given by
£,(0) = GOOA2 as X — 04 (1)

with G()) a slowly varying function as A — 04 (i.e., for any real ¢, G(t\)/G(\) — 1as A — 04).
When d > 0, y; is a long-memory process with a spectral density function that increases for
frequencies that get close to zero. The rate of divergence to infinity depends on the parameter
d. Under some general conditions, this low-frequency definition is equivalent to the following
long-lag autocorrelation definition (Beran, (1995)). Let v, (7) be the autocorrelation function

72=1 as 7 — oo, with ¢(7) a slowly varying function as 7 — oo, the

of y. If v,(7) = ¢(7)
process is said to have long memory. For 0 < d < 1/2, this implies that the autocorrelations
decreases to zero at a slow hyperbolic rate which depends on the parameter d, in contrast to
the fast geometric rate of decay that applies to a short-memory process. Examples of long-
memory processes include the popular class of fractionally integrated autoregressive moving
average models, though in what follows we shall remain agnostic about the nature of the short-
memory component imposing only high level assumptions. When d = 0, y; is a short-memory
process.

The Data Generating Process (DGP) considered is one where the series of interest, z, is a



long or short-memory process plus some low frequency contamination, viz.,
2 =c+y 4w (2)

where y; is a process with memory parameter d € [0,1/2) and ¢ a constant. Note that the
value d = 0 is allowed so the DGP includes a short-memory process contaminated by some low
frequency component. The process u; is the low frequency contamination which will be defined
below. We suppose that a sample of size T' is available. We define the periodograms of the
processes {z, ¥y, us} to be, for some frequency ordinate i, I, = I, = I.(Ag), Iy = Iy(Ax)
and I, = I,(\) where I,(\) = (27T)" 1S wie™|? for w = 2,y,u, and their spectral
density functions by f.r = fr = fo(Mk), fyr = fy(Ax) and fur = fu(Ax). Semiparameteric
frequency domain estimators for non-contaminated fractional processes are all based on the
local approximation (1) and are robust to the nature of the short memory dynamics since they
only use information from periodogram ordinates near the origin.

The local Whittle (LW) estimation method of Kunsch (1987) and Robinson (1995a) has
become popular because of its likelihood interpretation, nice asymptotic properties (smaller
asymptotic variance compared to log-periodogram estimators), mild assumptions (e.g., no
need for a normality assumption) and most importantly in our case, the possibility to easily
modify it to accommodate the presence of contaminations. It is defined as the minimizer of

the (negative) local Whittle likelihood function in the frequency domain
1 m
2d , —2d
Q(Go,d) = — Z log(GoA; ) + L.(A)) / (GoA; )]

where Gy = G(0), m = m(T) is the bandwidth which goes to infinity as T — oo but at
a slower rate than T, \; = 27j/T are the Fourier frequencies. Concentrating with respect
to Go, the estimator of d is dry = arg ming [log Go(d) — 2dm™! > i1 log Aj], where Go(d) =

m~! > >\2dl (Aj). The types of processes considered for the low frequency contamination

(LFC) component wu; are laid out in the following definition.

Definition 1 The low frequency contamination component u; is generated by one of the follow-

ing processes. 1) Random level shifts (RLS): uy = 2?:15T,t where d7¢ = My with ny ~ i.0.d.



N(0, 03,) and g ~ i.i.d. Bernoulli(p/T,1) for some p > 0. The components wry, 1, are mu-
tually independent. 2) Deterministic level shifts: u, = Ef’;lcix(Tl;l < t <T;) where B is the
(fized) number of regimes (B — 1 is the number of breaks), 0 < |¢;| < 0o, x(+) is the indicator
function, 0 =Ty <T1 < ... <Tp1 <Tp =T and T;/T — 7; with 0 <.71 < ... < Tp_1 < L.
3) Deterministic trends: u; = h(t/T) where h(-) is a deterministic non-constant function on
[0,1] that is either Lipschitz continuous or monotone with h(1) = 0 '. 4) Fractional trends:

up = O((t + 1)?71/2), ug = 0, |ugy1 — u| = O(|ug|/t) where ¢ € (—1/2,1/2).

Note that the probability of a level shift in the RLS model is sample size dependent. If
this were not the case, u; would have properties similar to that of a random walk. A defining
characteristic of the RLS model is that the average number of level shifts p remains constant as
the sample size grows. Note that p can be zero so that the assumption nests the no level shift
or no contamination case as well. Perron and Qu (2010) considered the asymptotic properties
of the periodogram of this type of process contaminating a short memory process and showed
that, for any k = 1,...,[T/2], (k*/T)E(I,x) — (poz)/(4n?) as T — oo. Mikosch and Starica
(2004) considered the asymptotic properties of the periodogram for a deterministic level shift
component when B = 2 (one level shift), with the addition of a short-memory component,
and showed that E(I,;) = O(T/k?). Kunsch (1987, Lemma 2) considered the asymptotic
properties of the periodogram of a short-memory process contaminated by a bounded monotone
trend. Qu (2011, Lemma 1) extended Kunsch’s results to the Lipschitz continuous case and
showed that E(I,x) = O(T/k?). Iacone (2010) discussed the order of the periodogram of in
the case of a fractional trend and showed that E(I,x) = O,(T/k?).

The common feature of these contaminating processes is that the mean of their periodogram
near frequency zero is of order O(T/k?), or equivalently of order O(T _1)\,;2) since A\, = 2wk/T
(note that the O term could be o since it is possible that E[(I,x)/(T/k?)] — 0, a case we shall
discuss further later). Processes with such LFC as additive components are non-stationary
so they do not have the traditionally defined spectral density function. Following common
practice in such cases, we define their spectral density function to be the expectation of their

periodogram. Since the spectral density function of a long memory process near frequency zero

'This includes all cases for which h(-) is monotonic and bounded because we can simply substract (1) from
h(-) and add k(1) to c in (2) to have the same DGP.



is of order O(A;Qd), in general the spectral density function of such contaminating components
dominates that of a long memory process at low frequencies and vice-versa at high frequencies.
Note that in the representation (1), when the process is contaminated by such LFC, we have

Gu = Gy (0) = limr_ oo (k2 /T)E (L, k).

Remark 1 Definition 1 could be replaced by the condition E(I, ) = Gy (k)(T/k*)(1+ O(1))
with Gy, (k) < B where B is a fized bounded positive constant. Hence, E(I,)/(T/k*) need not
converge to a constant, it only needs to be bounded as T — oo. All LFC in Definition 1 satisfy

this property and all results to be presented remain valid under this general condition.

Unlike short memory dynamics or contaminating noise, which cause only finite sample
biases to the memory parameter estimator, the bias caused by LFC usually remains as-
ymptotically. To see when this applies, let Ay = (k*/T)E(I, ), then one can show that
ML = AT, g 4 ApO, (T 24 /k272d). So the bias introduced by LFC is of order
Op(m=IT1=24 570" (Ag/k?721)). The following definition will be useful.

Definition 2 A LFC is said to be non-degenerate if limp_oo{(k*/T)E(Lux)} > 0 for every

k. Otherwise it is said to be degenerate.

An example of a non-degenerate LFC is a RLS model, in which case im0 (k2 /T)E(L, 1) =
(pa%) /(473). An example of a degenerate LFC is a monotone deterministic trend. The bias
caused by a non-degenerate LFC remains asymptotically while the bias caused by a degenerate
LFC can either remain or vanish asymptotically, with the degree of the (potentially asymptotic

or finite sample) bias depending on d and the bandwidth m.

1.3 The Modified Local Whittle Estimator

Let the Fourier transform of the process z; be h,()\;) = (QWT)_l/Q(ZZ;l zje ") so that
f:(Ak) = E(I,(Ag)) = E(hy(Ag)h(Ak)*), where "«" denotes the complex conjugate value. One
may then define the frequency domain pseudo Quasi Maximum Likelihood Function (QMLF)
for h,(Ar) as ¢, = log(f(Ak)) + L:(Ax)/f2(Ax). When there is no contamination in the data,
J=(Ag) reduces to f,(Ar) and the standard LW estimator is the minimizer of the pseudo-

QMLF. With low frequency contamination given by wu;, a problem is how to construct a useful



approximation to f,()\x) in such cases. Because the periodogram of u; is of order O,(T 1A, ?),
a sensible strategy is to add a term (G,,/ T))\/,:2 to the spectral density function of y; to control
for the low frequency contamination. Accordingly, we consider the pseudo spectral density
function f = f.(\x) = Go)\,fd +GuA,2/T. Let 0 = (G,,/Go) be the signal to noise ratio, the

pseudo spectral density function of the observed process is then:
fr 2 £:0n) = Godg 2+ G2 /T = Go(A 2+ (G /Go) A 2/ T) = Go(A\; 2 +0X0.2/T) = Gogi

where g, = ()\,;251 + 09)\,;2/T).

Remark 2 f;, is the "pseudo spectral density function” in the sense that it is not the true
spectral density function of the data, but an artificial construct aimed at providing a good
approximation to the behavior of the generalized spectral density function (i.e., the expectation

of the periodogram) and an extended LW type estimator with desirable properties.

This pseudo spectral density function can then be used to approximate E(I, ) and the
pseudo frequency domain QMLF is (G, d,0) = m~1 31" | ¢,(G,d,0). Using the same tech-
nique as in Robinson (1995a), we can concentrate G out of the QMLF using
G = m 'S0 (It/gr). Hence, the local Whittle (frequency domain QMLE) estimator ap-
plicable under LFC, denoted as the LWLFC estimator, is (dAm,ém) = argming,g) Jin(d, 0),

where

Im(d,0) = log(m 12 Iy /gr) +m™ 1Z:log (9k)
k=1 k=1

Remark 3 The component 0 is an "auxiliary variable” in the sense that it is not a parameter
of primary interest but is introduced as a tool used to control the influence of the contaminations
at low frequencies. Intuitively, 0 is the appropriate signal to noise ratio to use as it measures
the average of the relative magnitude of the contaminations across all frequencies. For the case
of RLS contamination, we have an expression for 6 in terms of the parameters of the model,
given by 0 = (G, /Gp) ~ (2770727/02); see Perron and Qu (2010).

Remark 4 The method can be extended to the case with a parametric specification for the
long-memory process. For example, if y; is assumed to follow the ARFIM A(p,d,q) process
(1 — L)y = 4, where A(L)j; = B(L)ey and &; ~ i.i.d. N(0,02), then we simply replace
GO)\I;Zd by o2(|B(e™™)2/|A(e=™)12)[27|1 — e=29 7L in the objective function Jp,(d,6).
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1.4 Asymptotic Properties

We start by introducing the assumptions required to obtain the consistency result for the
LWLFC estimator. Many are the same as in Robinson (1995a), but some are added or modified
to accommodate the LFC components. Henceforth, we shall denote the true value of the long-

memory parameter by dp and the true value of the signal-to-noise ratio by 6.

eAssumption Al. As A — 04, f,(A) ~ GoA™2% where Gy € (0,00) and dy € [0,1/2).
eAssumption A2. For X in a neighborhood of 0, f,(\) is differentiable and dlog(fy())) /d\ =
o\ ™).

eAssumption A3. y; is stationary and admits an infinite MA representation: y; — E(y;) =
>0 ver—j with 322, a? < oo where {&;} is a martingale difference sequence with
E(et|Fi—1) = 0, B(e}|Fi—1) = 02, E(e}|Fi—1) = g, and E(e}) = ju, where F; is the o-field
generated by {es;s < t}. Also, there exists a random variable ¢ such that E(¢2) < oo and for

all n > 0 and some K > 0, P(le;| > n) < KP(le| > n).

Remark 5 We require e; to have finite fourth moment even to establish consistency to invoke
a strong law of large numbers for m™= >\, (Ix./gk(d, 0)) and show that the convergence of the

memory parameter estimate does not depend on the signal to noise ratio.

eAssumption Ad. As T — oo, TA—(d—3do+9/9)")Y(1/2) /4 /T — 0.

Remark 6 The requirement on the bandwidth to establish consistency departs from Robinson
(1995a) who only requires that (1/m) + (m/T) — 0. This is due to the need to suppress the
impact of (I./gr) at low frequencies, k < T!(1=2d0)/(2=do)l i, which case the periodogram of
the LFC dominates that of the long memory process. With the addition of the term (G/T))\l;2
in the QMLF, we can then bound |Iy/gx|. However, to control the effect of {Ix/gr} at high
frequencies where the periodogram of the long memory process dominates that of the LFC, we
need a larger bandwidth to suppress the cumulative impact from the low frequencies. The closer
is dg to 0, the higher is the required bandwidth because the contamination will then dominate
at higher frequencies. The quantity (1 — (d3 — 3do + 9/4)™1) Y (1/2) achieves its mazimum
value 5/9 when dy = 0. Hence, in practice with an unknown memory parameter dy, we need

to choose a bandwidth of order greater than T°/9.

eAssumption A5. wu; is one of the LFC as stated in Definition 1.
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It will be useful to first establish a limit result pertaining to the estimate 0,, of the signal

to noise ratio. This will be used in the proof of the consistency of dpn-

Lemma 1 Under A1-Ab, if a non-degenerate LFC is present, 0, is bounded above by zero.

We now consider the consistency result and a preliminary bound on the convergence rate

that will be used to establish the limit distribution of our estimator.

Theorem 1 Under A1-A5: a) dy, 2 dy as T — 00; b) |dy, — do| = 0,((log(m))~3).

Note that this result does not require 0,, to be a consistent estimate, all that is required
is that if LFC components are present the probability limit of the estimate of 0,, is bounded
above by zero, which is guaranteed by Lemma 9. This implies that with probability arbitrarily
close to one, 0,, will be in a the set (0,00) and we can consider analyzing the limit of dp, for
any value or sequences of 6, in the set (0, c0).

Before proceeding further, we need to discuss a property of the estimate of the signal-to-
noise ratio 6,,, when there is no LFC present. This, in conjunction with Lemma 9, will allow
us to derive the limit distribution of d,,, for both cases with and without LFC. The required

result is stated in the next lemma, which is of independent interest.
Lemma 2 Suppose no LEC is present and that A1-A/ hold, then, as T — oo,

@m — OP(T—(l—Qdo)/(Q—QdO)) =0

To prove the asymptotic normality of ch, further assumptions are needed, some of which

are strengthened versions of Assumptions A1-A3.

eAssumption A6. For some 7 € (0,2], f,(A) ~ GoA~2®(1 + O(\")) as A — 0., where
Go € (0,00) and dy € [0,1/2).

eAssumption A7. In a neighborhood of the origin, f,(\) is differentiable and df,(\)/d\ =
O(f,(\)/A) as A — 0.

eAssumption A8. As T — oo, m~! + T~ 2"m!*27(logm)? — 0.

The following theorem states the asymptotic distribution of the estimate .
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Theorem 2 Under A1-A8: m'/?(d,, — dy) LA N(0,1/4) as T — 0.

Note that the asymptotic variance of our estimator is the same as that of the standard
LW estimator of Robinson (1995a) applicable with no LFC. The intuitive reason is that,
asymptotically, the additional term Gu(/\,;2 /T) controls the effect of LFC on the spectral
density function well enough so that no efficiency loss ensues.

When the magnitude of the LFC is weak, the asymptotic distribution of Theorem 2 provides
a good approximation to the finite sample distribution. However, when the magnitude of the
LFC is substantial, 2m!/ 2(dAm—dg) does converge to a normal distribution rapidly as 7" increases
(even with T as small as 512) but the approach to a standard normal may be slow, i.e., the
mean and variance of 2m!/ 2(czm — dp) may converge slowly to 0 and 1, respectively. Some
approximate formulas to compute the finite sample bias and variance of 2m!/2 (dm — dp) have
been found in unreported simulations and they provide good approximations. Unfortunately,
they all depend on 6y, the signal to noise ratio which cannot be identified when it is greater
than zero, rendering the corrections not applicable in practice. An important avenue of further
research is to obtain a finite-sample scaling factor, say S, to replace m in order to obtain
good finite sample coverage rates for the LWLFC estimate. A conjecture is that S should
be a decreasing function of 6y to reflect the impact of LFC on the variance of the memory
parameter estimate. But since 0,, is not a consistent estimator of 0o, it is unlikely that one
can find a good applicable formula. This problem about the coverage rate is not unique to
our method, and applies to all existing methods to estimate the memory parameter under
some contamination. Alternative scaling factors have been proposed. For the log-periodogram
estimator, Geweke and Porter-Hudak (1983) suggested using the scaling factor S(I,m)%/2,
where S(I,m) = >0 (logj — (m — 1 + 1)713°™ logT)? for some lower trimming [, and its
use was also discussed by Deo and Hurvich (2001). For local Whittle-type estimators, it was
used by Hurvich et al. (2005) and Iacone (2010).
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1.5 Extension to the Case of Additive Noise and Short Memory Dynamics

An advantage of LW-type estimators is that, since they use the QMLF in the frequency domain,
they can easily be modified to accommodate more types of structures in the DGP, without
the need to trim some of the low frequencies. We consider two extensions to account for
additive noise and short-memory dynamics. These elements do not cause an asymptotic bias
and, hence, the modifications are aimed solely at improving the finite sample performance.
Consider first the case where both LFC and additive noise are to be accounted for. To be
precise, instead of (2), the DGP is now 2; = ¢ + y+ + ur + wy, where, following Assumption

(H2) in Hurvich et, al (2005), the additive noise w; is a zero mean white noise with variance

2

Ows

such that for each s # t, Flwse;] = 0 and for each t, E[wie] = p,0w, where g¢ is as
defined in A3 and p,, is the correlation between w; and ¢, assumed to be constant. Also, w;
is independent of the LFC w;. Following Hurvich et al. (2005), we add a constant term into

the spectral density function, so that the modified pseudo spectral density function is:

fi & L) = GoA* 4 Gu + Gu(N?/T) = Go(A > + (Guw/Go) + (Gu/Go) (A /T))

- GO()‘IZZd + ew + (eu/T))‘I;Q) = Gogk (3)

where, with a slight abuse of notation relabeling 6, = G, /Gy, g = ()\I;Qd + 0 + (0, /T)N?)
and the (approximate) frequency domain QMLF is ¢(G,d,0) = m~ >0, ¢,(G, d,0) with
0 = (04,6,). Concentrating G out of the QMLF, the estimate of G is G = m ™! Yoy (Ie/gx)
and the local Whittle QMLE estimator under noise perturbations and low frequency contam-

A~

inations, denoted as the LWPLFC estimator, is (cim, Om) = argmin g gy Jm(d, 0), where

Ry 1 —
T (d,0) =log(— > ) + — "log(g)
1 Ik =1

For reasons discussed by Hurvich, et. al. (2005), the LWPLFC approach is expected to work
when dy is not too close to zero. When dg = 0, the process is short-memory. We then have a
combination of two additive short-memory processes which cannot be identified separately.

For the case of short memory dynamics plus LFC, we could follow the approach of An-
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drews and Sun (2004) who add a polynomial structure into Gy, i.e., replace Gy in (3) by
Goexp(—pr(Aj,0)) where p.(A;,0) = Zgzlﬁsx\?s and 0 = (601,...,0,). However, unreported
simulations with r = 1, showed that doing so did not offer any gain in performance over our
LWLFC estimator with a smaller value of the bandwidth (see the simulations in Section 6).
This feature can be explained as follows. From simulations to be reported in the next sec-
tion, under strong short memory dynamics and RLS, the LWLFC estimator constructed with
a large bandwidth has substantial bias but very small variance, so that the overall MSE is
almost entirely due to the bias. When a polynomial component is added, the upward bias is
reduced but the variance is increased considerably so that the overall MSE is almost the same
or larger than that of the LWLFC estimator. With no RLS, the increased variance is smaller
so that the MSE is indeed reduced as reported by Andrews and Sun (2004). At the root of
the issue is the fact that both RLS and short memory dynamics cause upward biases in the
estimate of the memory parameter. Hence, there is a confounding effect so that the QMLF is
flat with respect to the correction factors for short memory dynamics and LFC. In unreported
simulations with both RLS and short memory dynamics, it was often found that either the
coefficient to correct for short memory dynamics or the coefficient to account for LFC was very
close to zero, despite having the true value of both coefficients greater than zero. As will be
reported in the simulations, the best way to account for short memory dynamics and RLS is
to use the LWLFC estimator with a small bandwidth.

When both additive noise and short-memory dynamics are to be accounted for, three
approaches are possible. One is to use the LWLFC estimator with a small bandwidth, another
is to use the LWPLFC with a large bandwidth, or we could follow the approach of Frederiksen
et al. (2012) who add polynomials and a constant as additive terms in the QMLF. One
drawback of the latter approach is that the increase in the number of parameters can induce

an important increase in variance resulting in increased mean-squared error.
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1.6 Finite Sample Properties

The Data Generating Process (DGP) used for the simulations is z; = y; + u; + wy, where y; is
an ARFIMA(1,d,0) process given by (1 — aL)(1 — L)%y = e; with e; ~ i.i.d. N(0,1), uy is a
RLS process as described in Definition 1 with U% =1, and wy ~ i.i.d. N(0,02) is the additive
noise component. The values used are: d = 0,0.2,0.45; o = 0.0,0.3,0.6 and p = 0,5, 10, 20.
The sample sizes are T' = 256, 512, 1024, 2048 and 4096 in order to use of the fast Fourier
transform algorithm with the whole data set. The estimate dp, is allowed to take values in the
set [—0.99,0.99] when evaluating the maximizers of the objective function. The value of the
bandwidth is set to m = T% for 8 = 0.6,0.7,0.8, the choice being dictated by the fact that
B must be larger than 5/9. Throughout, 500 replications are used. These specifications were
also used by McCloskey and Perron (2013) so that we can make direct comparisons of the
relative performance of our estimators with theirs (the sample sizes they used are 1000 and
2000 but the minor differences in T' should not be of concern given the rather large differences
in performance). The trimmed LP estimator of McCloskey and Perron (2013) depends on
a lower trimming and upper bandwidth, while ours depend on a bandwidth. We evaluate
bias and Root Mean Squared Errors (RMSE). When making comparisons, we do so using the
values of the bandwidth (and trimming for the LP estimator) that gives the best RMSE for
each of the statistics. We focus on random level shifts as the contaminating component as
this is arguably the most relevant in practice. The results are presented in Tables 1-3 for
the cases with only RLS and RLS plus short-memory dynamics, for which we focus on the
LWLFC estimator. Table 4 presents the results for the case of RLS plus additive noise, while
Table 5 presents results when all three types of contaminations are present, in which cases we
consider both the LWLFC and LWPLFC estimators. We do not make a direct comparison
with the trimmed LW estimator of Iacone (2010). McCloskey and Perron (2013) performed a
comparison between the trimmed LP and LW estimators. They concluded that the trimmed
LP has generally smaller bias and the trimmed LW generally lower variance and concluded

that the overall performance in the presence of RLS was comparable.
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1.6.1 The case with only RLS

The results for the case with only RLS are presented in the first panels of Tables 1-3 corre-
sponding to the case &« = 0. Note first that the best results in terms of RMSE are obtained with
a large bandwidth using 8 = 0.8, though biases are slightly smaller with a smaller bandwidth.
Second, the results show that our estimator performs better than McCloskey and Perron’s
(2013) trimmed LP estimator. When dy = 0, there is a 30-60% reduction in RMSE, when
dp = 0.2 the reduction is in the range 30-40% while when dy = 0.45 it is in the range 5-20%.
Hence, overall, the LWLFC estimator with a large bandwidth 8 = 0.8, shows smaller bias and
RMSE than alternative estimators. When the process is uncontaminated (p = 0), the bias and
RMSE of our estimator is small and close to that of the original LW estimator, so that very

little efficiency loss is incurred when no contamination is present.

1.6.2 The case with RLS and short-run dynamics

We now consider the case with both RLS and short-run dynamics (presented in Tables 1-3 for
non-zero values of «v). In this case the best results for the LWLFC estimator are obtained with
a small bandwidth, using 8 = 0.6, and more so as the magnitude of « increases. Compared
to the trimmed LP estimator, the reduction in RMSE is very substantial especially for larger
values of a. For example, with no RLS the reduction is around 65% when d = 0 and a = 0.6,
while it is around 40% when d = 0.45 and a = 0.6. The LWLFC is able to reduce bias and
variance when both RLS and short-run dynamics are present, even though it is designed to
account only for LFC contamination. As discussed in Section 5, the approach of Andrews and
Sun (2004) which adds a polynomial structure into Gy does not offer additional improvement.
As stated in the above discussion, the results show that the LWLFC estimator has indeed very

small variance when both RLS and short-run dynamics are present.

1.6.3 The case with RLS and additive noise

The results for the case with RLS and additive noise are presented in Table 4 for the LWLFC
(which accounts only for LFC) and LWPLFC estimators (which accounts for both). The
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variance of the noise is set to a large value 02 = 4. The results show that the LWPLFC
estimator has very small biases irrespective of the choice of the bandwidth. The biases are
indeed orders of magnitude smaller than those of the trimmed LP estimator which is severely
affected by noise. The superiority of our estimator also holds when judged by the relative
RMSE. According to the RMSE, the estimator performs best with a high bandwidth (8 = 0.8).
The LWLFC estimator shows higher bias (though still much smaller than that of the trimmed
LP) but its variance is smaller. In three out of the four cases analyzed (the exception being
d = 0.2 and p = 20) the reduction in variance is not big enough so that the LWPLFC estimator
has overall a smaller RMSE when using a large bandwidth. As expected, the performance of

the LWPLFC improves as d increases, for reasons explained in Section 5.

1.6.4 The case with all three types of contaminations

Table 5 presents results with all three types of contaminations. We consider strong short-
memory dynamics (« = 0.6) and a medium value for the average number of level shifts (p = 10).
For the additive noise, we use 02 = 1,4, and we set d = 0.2,0.45. The results show that both
the LWLFC and LWPLFC perform well. In general, the LWPLFC has better performance
when a large bandwidth is used, while the LWLFC is better with a small bandwidth. For
a large value of dy (0.45), the LWPLFC performs slightly better than the LWLFC under
the optimal bandwidth applicable to each. When dj is small (dy = 0.2) the LWLFC has
slightly better performance. This accords with Hurvich, et. al. (2005) who showed that the
asymptotic variance of the LW estimator increases as dy decreases. Overall, the results show
an advantage of using the LWPLFC with a large bandwidth. From unreported simulations, the
performance of the LWLFC and LWPLFC deteriorates as « approaches 1 or with a moving-
average parameter close to -1, with or without noise. This is a problem common to most, if

not all, versions of LW or LP estimators, trimmed or not.
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1.6.5 Overall summary and recommendations

The results showed that our estimators have good finite sample properties and offer improved
methods of inference compared to what is available in the literature. As with all existing semi-
parametric estimators of this type, the results can be sensitive to the choice of the bandwidth.
In our case, a large bandwidth (e.g., 5 = 0.8) is preferable in most cases. One exception
is when there is a strongly positively correlated short-memory component, in which case a
smaller bandwidth (8 = 0.6) is desirable. As of yet, there is no fully developed method to
choose the bandwidth. But some approaches are possible for the practitioner to assess what is
the best bandwidth to use. One is to estimate a preliminary parametric LFC model with an
AR component for the noise. Upon obtaining a large estimate of the AR coefficient a smaller
bandwidth is dictated and vice versa if the coefficient is small. While somewhat ad hoc, it

should provide a useful guide.
1.7 Conclusions

We proposed a local-Whittle estimator of the memory parameter of a long memory time
series process which has good properties under an almost complete collection of contamination
processes that have been discussed in the literature. The estimator has many advantages: no
assumption of Gaussianity is required unlike the trimmed log-periodogram estimator; there is
no trimming involved so that all information from the low frequency components are retained;
when there is no LFC, its performance is comparable to that of the standard LW estimator so
that no asymptotic efficiency loss is incurred, with the loss of efficiency in finite sample being
small as revealed by the simulations; with a proper choice of the bandwidth, the extended
estimator has good finite sample properties with short-run dynamics and/or additive noise;
it is semi-parametric so that there is no need for a full specification of the underlying short-
memory structure, though it can also be extended to cover a fully specified parametric structure
for the long-memory component such as an ARFIMA process.

It does, nevertheless, have some drawbacks. First, the performance of the estimator is

sensitive to the choice of the bandwidth. An adaptive, data-dependant method to select the
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bandwidth is an important avenue for future research. Note, however, that all current semi-
parametric estimators exhibit sensitivity to the bandwidth choice. Also, when the estimator
is extended to account for noise, as in Hurvich et. al (2005), the RMSE is proportional to
(1/dg) so that when the true parameter dy is close to zero the reduction in bias is offset by an

increase in variance and a possible increase in the overall RMSE.
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Appendix

We first introduce three lemmas which show that to some extent the pseudo spectral density
function controls the periodogram of the process well, in the sense that the ratio |Ij/fx| is

bounded and the average of (Ij/fi — 1) is op(1).

Lemma A.1 Let Ay = (2rT) V2321 2 cos(\t), By = (2nT)~" Y201 | 2z sin(\gt), so that
Iy = (Ar)?+(Br)?, and define the vectory = ((fi) ™2 Ax, (fr) /2By, (f;) 71245, (f;)/*B;)'.
Let k(X1, X2, X3, X4) denote the joint cumulant of the random variables X1, Xo, X3, X4 with
ni,na, N3, g nonnegative integers that sum to n. Then under Assumptions A1-Ab, for 6y > 0
and letting Mo = 0/ (2m)%~24%  for any sequences of positive integers k and j such that k > j
and k/T — 0, the following result holds for n > 2:

(178275 vat)
Tn/2—nd T1—2do

T1—2d0
<(]g(nl+n3)(1—d0)j(n2+n4)(1—do) )/ (1 + My k2—2do

)(n1+n3)(1 +MO )(n2+n4))1/2

j2—2d0

which is O(1) if j < T1=2d0)/(2=2do) qnd o(1) if j > T(1—240)/(2=2do) - Similarly, for n > 2, the
n-th cumulant of 5 = (Ap/(fr)"?, Br/(fx)"?)" are O((T™/?~7do Jjr(1=do)) /(1 4 My(T 2o/
k2~2doyn/2) " When 6y = 0, My = 0 and the result reduces to

K775, 95 YY) = O/ ) [ 1)) (1=l

Proof. This lemma is a direct consequence of Lemma A.3 in McCloskey and Perron (2013),
henceforth MP, and the definition of the pseudo spectral density function f;. The difference
in the results is simply due to the fact that we use fr = A, 2% 4 (p/T)A 2, while MP use

fr = )\,;Qdo. Hence, a different expression is obtained when g > 0. =

Lemma A.2 Under A1-A5, with I, = wywy, and My = 0o/ (2m)27 2% for 1 <j <k <m:

()E(Ix/fr) = 1+[0(k ogk)+ O(k/T)"2%]
/[1 + MO(Tl—QdO/kQ—QdO)]

(”)E(<wk)2/fk) = O(k_1 log k) + O(Tl—de/kQ—Qdo)
J[L + Mo (T 240 2~ 2do)]
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(ZZZ)E( wl}(:;) — O(k—l log]) + O(T1_2d0/(k’l_dojl_do))
(L Mo(T1=200 [k2=200)) (1 Mo (T =240 j2-240)
WEW;

=) = Ok 'logj) +O(T" 2% /(1= !~y

o (L Mo (=200 =200)) (1 4 Mo (7200 2-210))

Proof. For part (i), we have E(I, /(T %)) = Op(1). Hence, from Theorem 1 in MP,

I,

L Ak fyk
I

fy,k fk
fy,k Ifk
5 2

E(7) =

fy,k
Tk

E(M + Iu,k 2Iyu,k

) B fy,k m fy,k

)

A; 2do logk  k
= —(1+0(—=+ (%)%
Ar 0 (0o/T)A, k T
T1—2d0 ]{33 T1—2d0
+Mo k2—2do + O(ﬁ k2—2do )
1 T1—2d0

= T g ey U Mo

log k k k

FO(ZE™ +(3)°) + O()T*%)

O(k~'logk) + O(k/T)'+2do
1+ MO(TI—Qdo/kQ—Qdo)

- 1+

For part (ii),

Juk Jr Ix Ju.k

- 1 logk T2
1 4 MO(Tl—Qdo/kQ—Zdo) ( k + k2—2do )
log k) O(T1_2d° /k:2_2d0)

k 1+ Mo(T1—2do /[;2—2do)

) = B

o(
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For part (iii),

E( Wkw; ) — E( Wkw;f \% fy,kfy,j) _V fy,kfy,j E( wkw;
VIkfi ViIyklyi Iefi VIfi Nkt
= (14 My(TH 2 22

)

(1+M0(T1 2d0/k2 2d0)) 1/20( L + klfdojlfdo)
O(Tl—Qdo/k,l—dojl—do)
[(1 + MO(T1*2dO/k2*2dO))(1 + MO(T172do/j2f2do))]l/2

log 5
+0()

and the proof is entirely analogous for part (iv). m

Lemma A.3 Under A1-A5: if a) 0 = 0., is bounded away from zero or b) there is no LFC in
data, then: 1) |1/ fx| is bounded, and 2) m=1 37" (Ix/fr — 1) = 0p(1).

Proof. First,

R AR B W S
m 2 = LG ) ny,

For the first term, we have:

=1 'k
VT—-1
— i Iﬁ_lyvk)+l i(lj_lyk)
m k=1 k fy,k mk: T fk: fy,k
whose first component is such that,
VT—-1
=
moa Ik Fuk
VT—-1
_ 1 Z (Iya’f Ay 4wk Tuk +21yu,k)
m k=1 fz,k fy,k ka‘ fz,k
VT—-1
_ i Z (Iy,k( fuk)_'_ _|_2Iyu,k)
m fy,kz fz,k fz k fng

i

—_

3

u,k_fu,k_ @_ fuk yuk
( fz,k (fy,k )(fzk)+2fzk)

3=
Eod
i
1L,
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Note that

fuk ‘7_1|

k*fukliE‘ 7_1)/(]0,9

E‘Iu
fok Wk Fuk

)| =

From MP (Lemma A.3) with ny =ns =ng=ns=1and 7, =7, = Y3 =V4 = Iu,k/nyc:

I I I
B|22E | < B|122E | 41 < [B(2EER)) 241 < ¢y
fu,k f“’k fu,k
So
T-1
l\/» Iuk?_fuk)|
VT-1
1 T
= |f 7—1|<£Cl_>0

if /T /m — 0. We also have E|m™! Z,g_l(lyyk/fy,k— D)(fur/f2r)] — 0,since | fur/f2r] < 1.
From MP, Perron and Qu (2010) and Qu (2011): I, () = Op(T =20 %)y and f = f., =
fuk + fur = G)\,fdo + G, T\ % Hence,

Lk Op(T 112, 7))
e OuN®) + 0T N
1
0T ) Oy ) Op(1)
and

ﬁ_llu,k 2 VIl Lk

i ; fyz,k| =~ m — E| }jzk|
< %\/Top(l) - Op(f) 0
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if /T /m — 0. Hence,

VT-1
1 I, I
E _ N Y,
w2 G )
VT-1
1 Iuk‘_fuk ka fuk Iyuk
— E' _ ) ) _ ) _ 1 g8 +2 )
|m —1 ( fek (fy,k )(fz,k) fak )
VT-1 VT—-1
1 Iuk*fuk 1 ka fuk
S E _ ) ) +E _ 5 _1 5
[ ;( T )+ Ell— 2 (fy,k >(fz,k)H
VT—-1
2 Iy 1
B[S YD
k=1 J#F
— 0

if VT/m — 0. Tt is easy to show that E|m™! >one e/ fe = Iyx/ fyr)l — 0, and the fact
that Elm =1 Y"7" (I, x/fyk — 1)| — 0 follows from Hurvich et. al. (2005). So

E S E ]

— J
VT-1 m
i ﬁ _ Iyi’k i ﬁ . Iy,kz
< Pl X Gl E”mk;( Al
1 o= I,
El|l— AL
Bl 3 (3 = D

— 0

if v/T/m — 0. Note that during the proof we also showed that |1,/ fi| < |Ix/fx — Iy k/ fyxl +
Iy x/fyr — 1] +1is bounded. m

Proof. of Lemma 1: Let M, = ém/(27r)2_2‘zm and My = 60y/(27)*2%. We analyze the
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partial derivative of the objective function with respect to 6:

0 S 1 & 1
— o, Om) = —=| i
o mT ; gk(dmvem) g
1 U Ik -1 m Ik‘ _92
m ; gk(dma 0m> ; (.gk<dm> Qm))2 g
m —2
= - e R
mT k=1 Gogk(dmve ) -1 Z] 1( ]/gj (d m)) )\I;de + (em/T))\I;2
_ L[i(l I Go gx(do, 0o) )
mT k=1 fem=1 Z] 1( J/g]( m,Qm)) gk(dfmem)
A2
5 - (A.2)
A2 (0 /TN,
1 A2 I, X220 4 (00/T)N2

= A2 4 (8, /TN
L( AT 4 (00T
R 2dn 4 (B m/T)A;

\Z
Using summation by parts, (A.3) becomes:

D

kl/\

A2
2 (B TN

fk

1+M0(T1 2d0/k2 2d0)

i \2dm 4 (@, /TN

1+M0(T1 2d0/k2 2d0)
1+ M, (Tl 2d/]€2 2d)

)\2dm 2do (

)

Z .7 Qdm —2d0

A “
: (A—”w(m/fr)x?);[l "

Z ] 2d'm _2d0

Dli;

l—l—M (Tl 2dm/k2 2dm)

1+M()(T1 2d0/k2 2d0)
1+ M, (Tl 2dm/k2 2dm)

1—|—M0(T1 2d0/k2 2do)

1+M (T1~2dm  2~2dm)

m—1 —92 9
Yy AT
+) —)— (— j+1 ]
=1 AT (0 /TN A+ (0 O/ TN, j+1
4 1—-2d, 2—2d
E 1+ My(T 0 /k o
{ (1 _ ( )\2dm—2d0( + 0( ) / ‘ )
k fk ]- + M (T1_2d"”/k2_2d'm)

k de 2d0 1+M0(T1 2d0/k2 2d0)

Msl

k:

NI}

1 o My (T1 2 /i2=2dm)
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)\72
= (e )m
A28 4 (O /TN,
ka)\zd 2y 1+ Mo (T2 /j;22do) )
1+M (Tl 2dm/k2 de)

Z ‘7 2dm—2d0 1 + MO(TI 2d0/k2 2d0)
1 + My, (T 2d7n/k2 2dm)

m— 1 —2 —
)\ )\]+1

)= (
=1 /\ (0 O /TN, )‘J_ftlim (Om/T)NE)

Z I 1+ Mo (T2 /220
] —m kAQd —2d0 + 0( / ) ))
1+M (T1~2m /2—2dm)

_l’_

Z Ik 2d —2d0 1+ MO(T1_2ilO/k2_2df)) ))}
1 + Mm(T1*2dm/k2*2dm)

Now, suppose 0y, — 0 with (8/90)J,n(d, O) = 0. We define hy, = [14Mo (T 2o /k2=2d0)] /[1+

Mm(Tl_zdm / k2_2d"”)]. We consider two cases. In the first, suppose M,, — 0 at a slow rate

such that for some small k, we still have Mm(T1*2”im/k2*23m) — 00. Let

T = E{ My (1120 J12720m) — 0}

, then

M m—
B~ Mi(?) 2(dm —do) _|_ Y 2d1n/k;2 2 when k < 1,
1+ My(TH~ 2do/k2 2do) when k > T,

Note that we must have either (Mo/Mm)(T/k:)Q(CZm*dO) or My (T2 /[2=2d0) g0 to infinity for

some small k. Also,
T1—2d0

M, _ T, o5 _
0 )2(d do)(M (7 2(dm do)m)

Mo(T! o k20 = (o n(7)

My T i —do) T1—2dm
i G
MO T 2(dAm*d0))

Op(Mim(E)

)

k2—2dm
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when k£ > 7,,. Hence,

2220 L+ Mo(T' %0 /k2~240) [ (Mo/My,) when k < 7,
1+ My, (T12m /;2—2dm) op(Mo/M,,) when k > 7,

Let

ﬁ)\zdm—Qdo( 1+ Mo(Tl—QilO/kQ—Qd?)
fr F 1+ My (T1=2dm /j2—2dm)
then we know that a; = O,(Mo/My,) when k < 7, and a; = o,(Mo/M,,) when k > 7p,. So,

a; =

{a;} is a positive sequence whose first few terms have higher order than the rest. So we have

: It \2dm—2do ; 14+Mo (T2 /k2—2d0
(3/m) = S (N (T s i) (A4)

I de—Qd 14+ M T1-2dg /}.2—2dg
\(Zk 17 k)\ O(1+M,,?((T172:im//k2,2czn)l))) <0 <0

where Cj is some constant. Under the second case, M,, — 0 fast enough so that, for any k,

Mm(T1_2‘im//~c2_2‘im) < Op(1). For this case, hy, ~ 1 + My(T 240 /k2-2do) and

)\QCZm,QdO( 1+ MO(T172cAlo/k2f2df))
1+ Mm(Tl—de/kZ—Qdm)
- )\idmddo(l +MO(T1—2dO/k2—2do)

)

~ (T/k,)2d0—2dAm + MO(TI—QJm/kQ—Qdm)

If dy > ch, the last expression is decreasing in k for all k = 1,....m; if dy < cim, the first
is increasing in k, but always smaller than 1, and the second is decreasing in k and goes to

infinity when k is small. Hence, (A.4) still holds. Since for 7" large enough,

AT2OTH g (0,0 /TN = AT2 20 4 (0, /TON2) ™ 2 Dy > 0

where D; is some constant, we have shown that (0/00).J oy, 0m) < 0 if 0y, — 0, which is a

contradiction. So 6,, has to be bounded from zero when 6y > 0. m

Proof. of Theorem 1: First, we consider the case when LFC indeed exists in the true
DGP. The proof for the case with no LFC will follow with trivial modifications. Note that if

LFC components are present, the probability limit of the estimate 0,, is bounded above Zero,
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by Lemma 1. This implies that with probability arbitrarily close to one, 0,, will be in the
set (0,00) and, without loss of generality, we can consider analyzing the limit of ch for any
sequence or values of 6,, in the set (0, 00). Accordingly, we want to show that, with probability
arbitrarily close to one for large T' and m, if {6,,} is a sequence bounded above from zero and
if {dy,} minimizes J,(d, 0,) given {6}, then for d,, such that |d,, — do| > & for any § > 0,
we have Jm(dm,em) — Jm(do,0r,) > 0, which delivers a contradiction showing that in the
limit the minimizer of J,,(d, 0,,,) must converge to do. Let G(d, 0,,) = m™1 7", I/ gk, where
gk = 024+ (0,0 /T)N?). We first have:

T (s Om) — I (dO,H )

= [log G(dum, Oum) Zlog (A 2 ( ?mxmffm))
L Om -
—[log G(do, O Zlog (e 2dm ( + A 2+2doyy)
= log G(dm,0m) — log G(do, Om)
1 & A(dp—do) Lt (O T)N 0
+— ) log(A, " 7 - )
kzzl L+ (O /T)A, 220
= log G(dm,Hn;)d y —logG(cgem + log( lZA dm*do
Go (m—1zakn1)\(m— o)) 0 mk:l

Z )\ + Z log m/T))\ 2+2d0 )

G(dpm, Om) G(do, 0,)
. — log ——2—"™2
Go(m=1> 701, )‘2(dmid0)) Go
+1og( X200 (2(d, — dg) + 1)) — log(2(dm — do) + 1))

1 m
—2(dy, — do)[— ) (logk —1
0l D logk ~logm)

= log

1 — (_m T /\_2+2d’"
+E Z log( (0 m//T)))‘k 2+2d )

k=1




— log G(dma 0 ) o IOg G(d07 em)
( -1 Zm Az(dm_do)) Go
2(dm — do) + 1~ K \o(d o)
+ log( - ;(m) ) (A.5)
m m/T))\—Q—i-Qdm
— —dp)[ Z logk — (logm — 1)] Z /T))\_2+2d° ) (A.6)
k Om

—log(1 + 2(dm - do)) (dm —dp)

Note that for the last term of (A.6), we have —log(1 4 2(dm — do)) + 2(dm — do) > (1/6)(dnm
do)? > (1/6)5°. Hence, if we can show that the other five terms are 0,(1), we can derive a

contradiction. The third and fourth are o,(1) from Robinson (1995a).

Proof that the first term of (A.6) is 0,(1). To show that, it is equivalent to prove that
G(dpm, Om)/[Go(m ™! oy )\z(dm_do))] — 1 =o0p(1). To that effect,

G(dm, Om) B
( -1y )\2(dm—do))
1R 2dy—do) s Ik
— (Go(m 1 )\2(dm do))) 1 {
dm—d
_EGO Z )\i( 0)}
= Z 220 —do)y -1 {Z T A2 —do)

Pt G())\ 2d0 1+( m/T)A 2+2dm)
A (dm do)]}

= Z/\2(dm do) 1{2 )\g(dm,do e 1+(90/T))\—2+2d0 -
fk 1+ (/T A 22

= (= Y ()dmdo)y—1

1
m

MSEME

3= 3=

)2([;m_d0) I 1+(90/T)/\;2+2d0 -
Fe 1 4 (0T A 220

3=
£
ll
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From Robinson (1995a), m =1 3>, (k/m)2(dm=do) = o (1) if d,,, — do # —1/2. When k > VT,

1= <f;1>+fk0<(’“>2d°>

I 14 (0 /TN 220
Fe1 4 (0,)T) N 220

From Lemma 14, m=t >0 (Ix/fx — 1) = 0p(1), hence m™1 37" | I/ fr = 1 + 0p(1). Also,

I’f_lz\ﬁ:([’f yk‘ Z
m~ f, m fr fy, fyk

The first term is 0,(1) from Lemma A.3 and the second is o,(m~'v/T) = 0,(1) from Hurvich

et. al. (2005). Combining these results, we have m ™! >z Ie/ fr = 1+ 0p(1). Now,

i i (£)2(dm_d0) & 1+ (GO/T)A’;}F%?O - 1)
mrm™ Fe1 4 (0,,/T) A 220
_ 1 Z (£)2(dm_d0)(& 1)+
m Yy m Ir
1 <k 2(dm—do) (y L (K \2doy Lk
— = )2(dm — (= = A.
— () Ol (7™ % (A7)
k=vT
_ L 3 (F 2oy T _ Lyey 1 3 (F o) uke 4y (A.8)
mk:\/T m fk fy,k mk:\/f m fy7k
1 <& koo T m Ii I
+— Y ()" O(5 (7)) e
k2'T
mk:\/f m fk fy,k
1 & ki T m I,
L D o e e C R (A.9)
h=r/T Y,

We will show that all four terms of (A.8) are o,(1) by showing that the expectations of their

absolute values are o,(1). For the first term, we have from Lemma A.3,

m m
i Z ﬁ dm—do Iy _ ka § i Z E 2(dm—do) E|( @”
m — m fk; fy7 m Ny m T fyk

From Lemma A.1, we know that E|(Iy/fi — Iy k/fyx)| ~ C(k/T)% < C(m/T)%, where C is
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some constant not depending on 7" and m. We also have

75 d'm dO

VT
— @7Z(i) (dm*do)(@)z((iﬂz*do)
m VT ='VT m
VT
(YT ysstdman LNyt
m I — vT
VT
= Op(ﬁ)—)()

where the last equality is from Robinson (1995a), Equation (3.7). Hence,

1

m~! k/m 2(dm—do) - ——
Z(/ ) 1+ 2(dy, — do)

k=T

, which shows that the first term is 0,(1). For the second term,

1 & koo —an, Iyk
Bl 3 (il )
k=T yk
m VT
1 k _ k 1 k _ k
= B| Y (e (B gy - 3o L
m ; m fuk m=m Iy,
1 <~ k —an Lk
< B|= Y (=)2dmmdo)(wk )
m; m fy,k
VT
+(@)1+2(11Am—do)E|i (E)Q(dm—do)(Iy:k 1)]
m Tk:l m fy,k

= op(1)
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For the third term,

IN
a2
3|~
(]
e
=
3
s
~
S
=
e

IN
>

For the fourth term,

IA
3=
NE
3=
—
S&.)
TS
©
NS
£
=
‘FN
_??

< 0y

according to Equation (3.15) in Robinson (1995a). Hence,

m 1 9 T )\ 2+2d0
1 S ﬁ 2dm—do) I 1+ (6/7T) 1) =0,(1)
m:fm fk1+(m/T) *

Proof that the second term of (A.6) is 0,(1). Note that

(Hm/T))\]:;2+2dm — Hm(zﬂ.)72+2dm (T1*2dm/k272dm)



33

and let My = 0o(2m) 27240 M, = 0,,(27) 228 and M = infyns1{0m }(27)"2+2dm . Then

z i D 1 00/ T
fk 1+ (em/T))\_2+2d'm
d I 1+ My(T12do /}.2—2do
*Z dmdo)( 2k ot / ))+op(1)

fk 1+ My (T 2dm /2—2dm)

Suppose first that dp, € [0,do — 8), then (1 — 2dg)/(2 — 2do) < (1 — 2dpn)/(2 — 2dy,). When
My > 0 and M > 0, we have

~ 1—2dpm,

e[+ M) 1+ M), if k > T2—2dm
1+MO(T172do/k,272d0) ) 2[[2( 1 2)d 0] o .
1+Mm(T1fzdm/k272cim) = O, (k¥ 2dm JT1-2dm) — ¢ (1), if k € (T7 2% , T2-2dm )

12d

< 2(Mo/ M) (k) T)Hdo=dm) | if | < 7720
Hence,

VT

. 1—2dp /1.2—2d
) LS (Bt Jr LEMITE2/D
me—m fe1l+ M, (T1—2dm [ |2=2dm)
< 1 Z (d—do) |Ik |( 1+ MO(Tl_QilO/kQ_Qd?)
> fk 1 +Mm(T1_2dm/k2_2dm)
T(l 2dg)/(2—2dg)
< g Z (E)Q(&m—do)Q%(E)ﬂdo—&m)
om k=1 m M T
VT
1 + MO k 2(dm_d0)
+ C > (E)
k=T(1—2dg)/(2—2dg)
= op(1)

Second, suppose dp, € (do + 0,1/2), then (1 — 2d,,) /(2 — 2dym) < (1 — 2do) /(2 — 2dp), and

= 1—2d,
d d €[(1+M)"1 1+ My, jkaTﬁ
LMy L i 1o2dpy  1-2dy
o _ / A) = Op(k?72dm JT172m) = 0,(1),if k € (T22dm TQ,ng)
1 4 My, (T1—2dm /[;2—2dm) i -

(Mo M)(k/T)2do—dm)  if |y < T>20m
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E,i §(k)2(dmdo)(l’f 1+ Mo(T"' 2 /2~2d0) )|
m m

— Ji 14+ My, (T1-2dm /j2—2dm)

72 2(dm—do) gy T L+ Mo(T' >0 /k272%)
fk 1+ My, (T~ 2dm /|2 2dm))

T(1*2dm)/(2*2dm)

2 J— 0 0 m
(m) > Ly Eye

k=1
C T(1—2dg)/(2—2dg) i R
+2 <M0> Z (7)2(dm—d0)(Tl—QdO/kQ—QdO)
m ~ R m
k:T(1—2d7rL)/(2_2d7n)
VT
C k o
14+ My)— 2 \2(dm—do)
Hasmws) >

k=T(1-2dg)/(2—2dg)

Note that (A.10) is of order

T(1—2zim)/(2—2zfm)+2(d—d0)/m1+2(tfm—do) = 0,(1)

and (A.11) is of order

if

Let

T1—2d0—(1—2c2m)2/(2—2(2m)/m1+2(dm—do) = 0,(1)

m/T[172d07(172027”)2/(272czm)]/[1+2(cszdo)] —

/Bl(dma dO) = [(1 - 2sz)/(2 - QCZm) + Q(dm - dO)]/[l + 2<sz - dO)]a

By(dm,do) = [1—2dg— (1 —2dm)?/(2 — 2dn)]/[1 + 2(dpm — do)]

(A.10)

(A.11)

(A.12)

Note that (1 — 2d,)/(2 — 2dp) + 2(dm — do) = (1 — 2do) — (1 — 2d,n)%/(2 — 2d,,), so that

B1(dm, do) =

Ba(dm, do) £ B(dm,do) = 1 — (2(1 = d)(1 = 2do + 2d,)) ™

1 Tedious algebra

shows that if 0 < dy < dp, < 1/2 (which holds since we are considering the case dp €

(do +9,1/2)), then for a given doy, the maximized value of B((fm, do) is 1 — (d3 —

3do +9/4)
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So if T+ (d3=3do+9/4)"" /1y, 0, which holds under Assumption A4, then (A.11) is op(1). The

arguments to show that (A.12) is o,(1) are similar but applied to the case dm € [0,dy — 9).

Proof that the fifth term of (A.6) is 0,(1). We have:

i m +( m/T))\I;2+2dAm
m 2 g, )

L 1+ (0 T/ (Am2K2)) A2

R mkz_llog( TS TIETE )
1L 14 (0T (Ar2K2)) A2

- mzllog( + (O T/(4772k2)))\2d°) (A.14)

1 + (0, T/ (4n2k2)) N2

k=
1 m
m Z} 1+ (O, T/(47r2k2)))\2d°) (4.15)

It is easy to show that the second term of (A.14) is 0,(1). For the first term,

T/ (47.‘.2 k,2)))\2dm
I— Zlog ]
0T/ (477K2)) A2
1 o A
= | llog(l + (6 T/ (4 k) N;™) = log(1+ (0 T/ (4m* k) AL®)]]
m
k=1
1 & _ : I
< = Zlog(l + M(T1—2dm/k2—2dm) + = Zlog(l + MO(T1—2do/k2—2d0)
m m
k=1 k=1
1 YT - 5 1 VT
s - > log(1+ MT' 2y + — > log(1 + MoT? ™)
k=1 k=1
T i T
~ Op(\g log(T*2%)) + O (£10g(T1_2d0))
\/TlogT \/>10gT
~ OP(T) Op(—————) = 0p(1)

This completes the proof for part (a) of Theorem 1. For part (b), note that Jy,(dm,0pm) —
I (do, ) = Op(m 1T/ =3do+9/9)Y(1/2)) * So if m > O,(T?) with 8 > (1/2)(d2 — 3do +
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9/4) Y (1/2):

o
Y

O, (T2 =309/ (1/2=F) _ (1/2) log(1 + 2(dp — do)) + 2(dy — do)

> O, (T (d=3do 9/ Y (1/2)=8Y 1 (1/6)(d,, — do)?

Hence (1/6)(dy, — do)? < Op(TA/D(5=3do+9/9)Y(1/2)=B) "6 that |dy, — do| = 0,((logm)3)
if T~(d5=3do+9/9)")¥(1/2)=F) — o ((logm)~3) which is guaranteed if 5 > (1 — (d2 — 3do +
9/4)~1) ¥ (1/2), by Assumption A4. This completes the proof of Theorem 1 for the case in
which LFC are present. If no LFC is present 6y = 0, in which case all proofs go through with
no requirement on ,,, since the ratio (1 4 Mo (T2 /E2=2do)) /(1 4 Mm(T1*2dm/k2*2‘Zm)) =
1/(1+ Mm(Tl_Q‘jm/kQ_z‘j’")) is bounded for any choice of M,, > 0. m

Proof. of Lemma 2: Let 0 = limsup0,,, M = (27r)2‘im*29, M,, = (2%)2‘2’"*297,1, T, =
supk{k\kQ*ZdO/TI*QdO < My,}and Ty = supk{k]k2*2d0/T1*2d0 <M} = OP(MT(PMO)/@*MO)).
Note that from Theorem 10, d,,, — do. Then, (A.3) becomes
m )\_2
Z 2d M-
AL+ (0 m/T))\k
Ik; )\—2d0 )\*Qdo

fr A~ 2dm+( o/ TIA? ij A 2dm+( m/T)>\j_2))]}

(m
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m )\_2 1
= D (——=~ )1 = (m AQd’" 2do - .
; T L S WS TR
Z 22 1 )
1 + My (T —2dm [ ;2—2dm)
~ (2m)? 2dm{z 22 Iy (kP20 120 I}
fk (k2= 2dm/T1 2dm)+M
m T, 7 m
> Z( 2 2y, Z 2 2y, ‘ o Z (7)272dm7
=k fk T1-2dm o T
T Ty, m
T _ 7 ]. Ik; T _ 7 Ik‘
> Y- = Y T - Y ()P
il M= k=Thp,, +1 k Jr
_ _ _ _ T T2 2o gk
— T2 2d0(1 _ T]%ZdO 1) - Op(T1+(1 2d0)/(2 2d())) . Z W + Op<1)
k=Ty;+1
If > 0, then M > 0, and
2-2do (] _ q2do—1y _ o (1+(1-2do)/(2—2do) ~ T logk
( Vs )_ p( )_ Z W
k=Ty+1

> Op(T1+(1_2d0)) _ Op(T1+(1—2do)/(2—2do)) _ Op(T2—2d0 10g m(TJQ\JCl()fQ _ m2d0—2)) — 00

So the partial derivative with respect of 8 will be always greater than zero and the objective
function can not be minimized at @m, which is a contradiction. Hence, 9m 2, 0 when there is

no LFC in the data. To complete the proof, note that:

T2 2D )ogk
_ do— _ _ g
727200 (1 — 27y ) (71172 m2do)y N — e <0
k=Ty;+1

so that T]%?O_l > O,(1). Hence,

T]‘l—J_MO Op(M172d0T(172d0)2/(272d0))

_ Op(élf2d0T(172d0)z/(272d0)) < Op(l).

which implies that 6 = limsup 6,, < O,(T —(1=2do)/ (2_2d0)) and proves the result. m

Proof. of Theorem 2: The proof follows Robinson (1995a) with appropriate modifications
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to accommodate the extra term. Note that given Theorem 1 (b), we can restrict the analysis
to values of dy, in the set Cyn(d) = {dpm : |dm — do| < log(m)~3} and 6,, in the set (0, 00) by

Lemma 1 when LFC are present. We can write the objective function as

Jm(d,0) = 1og(1 ZA (0TI -) Zlog A2 4 (0)T)N2)

Since G(d,0) =m0 (Ie/ (A2 4 (0/T)A2)), we have

0
J (d,0) = —Jn(d,0
W(@,0) = 0 (d,0)
I Ik 2 Iyk
= - = — — log( A\ ) ==
)Qk gl g(Ak) "
and the second order derivative is
1 82
Jo(d,0) = —8d2Jm(d,0)
41 KL )
= —— E — log( A\
m2 G(d,@)?(k:1 gk Gk 8(%))

4 1
G(d,0)m

((g)32LcA];2dguk) +;Z((log()\k))2)\k guk) (A.16)
k=1

We first show that when evaluated at d,, and ,,, both terms of (A.16) are o,(1). For the first:

- i “ o 2 Iy, 9]2 k Guk
7 Do RIEH )
o o)
k=1

For d,, in Cy,(d), we have for T and m large enough, 2d,, — do > (1/2)dp, so that the first

term is op(1). It is trivial to show that the second is o,(1). Hence, the second derivative of the
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objective function evaluated at (dp,,0,,) is such that:

- 4 1 " T Ay 2
T (dy 0) = —— 55— LIk Jog(Mg))?
(e ) m? G(dm,am)2(; g g B

41 (08P i
B m = gor PN+ oD

Let Gi(dm, 0n) = m™" 327 (L/ 91) (10g(Ak)) (gy/gv)', then

A~ ~ ~

J" (A O) = m[Go(dm, 00)Go2(dm, Om) — G1(dm, Om)?] + 0p(1)
0\%m,YUm

Defining G(dm, 0m) = m~2 327 (In/gr) (log(M))!, we will show that Gy (dp, Om) = Gi(dim, Om)+
op(él(cfm,ém)), for 1 =0,1,2. When [l =1,

A A A 1 & I gk
1 o= T “ 5
= *kalog)\k—*z (k)
mk;: 9k k= gk
= G1(dm,0m) + 0p(G1(dy, é))

if [m™1 Y7 (Ie/9k) log(Ae) (guk/9x)]/[m ™ >y (Ik/ gi) log(Ax)] — 0, which we now prove.

m~ Y (T gk) 1og(Ak) (Guk /9k)
m1 Z? 1(Ix/ gx) log(Ax)
_ m~! Z T (T gi) log (M) (uk/ 9 (A.17)
Gl(dm’em)
m~1 Zzl:ﬁ(lk/gk) IOg()‘k)(guk/gk)

é1 (dm, ém)

(A.18)
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For the first term,

m L VT (1 gi) og (M) (9 / k) |
G (dm,0,)
VT—1
ver e/ 9) (9% / 96) (Gur/ gr) log (k)
> hey (Ik/9R) (90 / gr) log (M)

5 1-2dg /3,2—2d
\F 1(Ik/gk)(k/T)2(dm do) 1_1‘_"]‘\/[]\/{?((;117212//’“272&2) log()\k)(guk/gk)

1+ Mo (T1—2dg /[2—24d,
S g kT st 10B()

f 1 —do) 14 Mo(T1—2do /2—2do
(Ik/gk)(k/T)z(d do) 1M, O((T1 2dm//k-2 2dn)7) log(Ax)

_ 14+Mo(T1—2dg /}2—2d
> i1 L/ g) (ke T)C (6 —do) 1&\4 O((Tl 2d7(‘r)1//k2 240))10g()\k)

IN

VT-1 (dm—do) _1+Mo(T" %0 /k2~20)
10g( ) (k/m) 0 1+Ai[ 2(6,_}11 id,;d/kz 2dm)
1 —do) _1+Mo (T~ 2do /2—2do
— VT (/) 2@ do)1+MT:((T1_2(im//k2_2dn)b)log(k:)

m 7 1+M T172d0 k_272d0
log(T) Zk:\/f(k‘/m)z(dm do) 1+M,:((T1—23m//k2—2‘i”)t)

m Am* 1+M T1—2d0 k2_2d0
- Zk—f(k/m)Z(d do) 1+M7:((T1*2‘2m//k2*2‘i77)1) 10g(k’>

— 14+ M, T1—2d0 k‘2_2d0
(k/m) (dm—do) 1+M£((T1*2dm//k2*2'iw)l) )

Sop (ke /m)2(dm=do)

From Robinson (1995a), Equation (3.7) and a result in the proof of consistency,

i k/m (dm—do) i(k/m) (dm—do)
=vT

= m(1+ 2(dm — o)) + 0p(m) ~ m

k

for d in Cy,(d). Hence,

f 1 —do) 1+Mo(T'2do /2—2do
(k)=o) i

Sf )20 =0)

T
VT—1 o) 1+M0(T1 2do/k2 2d0)

1 k:
m 1 m 1—|—Mm(T1 2dm/k2 2dm)

which is 0,(1) under Assumption A4 from the proof of consistency. For the second term in
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(A.17), using similar arguments, we have:

m=t 3 (T k) 1og(Ak) (guk / gr)

Gl(dmv é’m)
- i (K 2t -ty Lt Mo(TV20/220) (6 /T)N
" " Lot My (T4=20n [12=20m) \ 2§, /T) ;2

(A.19)

If dy > 0, then (A.19) is asymptotically equivalent to m ™1 Z?:ﬁ(k/m)Q(d'n_dO)(k:/T)Q‘jm =
(m/T)zczmﬂf1 Z?:ﬁ(k/m)%zdm*do) — 0, for dy, in Cpy(d). If dy = 0, then (A.19) is asymp-
totically equivalent to (7'/m) Z?:ﬁ(k/m)‘l(@m/lzﬁ) ~ (T/m?) D e /T k2 ~ (T/m5)m3 =
(T/m?) — 0. Hence, both terms of (A.17) are 0,(1) and we have G (dm, 0) = G1(dm, Om) +

0(G1(dp, 01n)). Similarly, Go(dp, 0m) = Go(dm, 0m) + 0(Ga(dp, 0m)). Accordingly,

g;Jm(CZm’ém)Né (@93 C0tdm Bn) G (dm,Bm) = G (dn, B )]
=~ m _12k41(1k/gk ;g: ;gjg’“ log2(\e))

G Y R
) (m—lzﬁ(h/gk))ﬂ(;@; g ) log? (k

9k

(= S (%) log(k))?
k::

Let Fy(dpm, 0m) = m™ 27 (In/g) 1og (k) by = hp(dm, 0m) = 1+ (ém/T)A,;Mdm — 14+
Mm(Tl_zd"”/kz_Q‘Zm), and hQ = hy(do, 0p) = 1+ My(T"2% /k2=2d0) Then

Ii — Ik _ k:QCZm (21)2Jm]
z 14 (O /TN 220 T
Ik 27
= [gin 2 ypdn,

hi T
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For 7 =0,1,2,
|FT(CZm7 ém) - FT(d07 90)‘

1 — 1
= = Ilog" (k)[——— (A.20)
M= A2 4 (O /TN

1
Aoy (90/T)A,;2” (A.21)
I I log" (k) A+ (00/TINS
- |m;)\ 2do+(0 /T))\— )\—2dm _|_( m/T))\ 2 1)’
1% o (k 200 4 (9o /T)\
= |Ez>\*2d0k+ (geo(/T))A2 x2dmii //T)))\‘ -V 422
k=1 k k Om k
‘7 Z I, log™ (k) A%+ (00/THN
oA 00/ TN N2 1 (B, TN

For the first term of (A.22), we have

|§ I, log” () A2 4 (00 /T)A2 )
ST+ (00/TING A2 4 (B, /TN
< ’i i I log™ (k) gl’ N ’i i Iy, logT(k:)’
-om it m 9
k=1 k=1
|10g7(m) § i)\Z(sz*dO) hk(do,GO) ’ I |10g7(m) VT &|
mo gt hie(dr, ) m =g
1 hi(do, 0 log™
~ |22 og’ (m) 2(d0 dm)z 2(dm—d0) k(do, 0o) |+ 0,( og’ (m) \/T)
m hk(dm,e ) m

Note that from results in the proof for consistency and the fact that d,, is in Cp,(d), this last

term is op(1) if A4 holds. For the second term of (A.22), we have

3=

o I, log™ (k) A2 4 (00T,
= > "
k=T

20 4 (6o /T)A‘ N (D, /TN
m Py A];Qdm + (ém/T))\I;Z

Djs

—1)log" (k)|
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and the first derivative of the second term of (A.22) is

1 m gO —2dm .
I~ gf’“log(kk) '“g (—2) log" (k)|
T k k
1 & gg .
= Op(|= > “E(logk —logT)log" (k)|)
m gk
k=VT
10ngog - 2(dy—do) Iy,
= Op(|———— Z A m o) — )
0 -2
S + (00/T)N,
21 1 T ;
< | ogm Og Z E 2|dm d()l 27_[_) (dm*do)’
T+1 N .
_ Op(log (m)mT\dmfdo\)§10g7+1(m)m2|dmfdo|_>0
m

since d, in Cp(d). Also, under A4 and for d,, in C,(d): log7+1(m)m2|‘27'L_d0‘|czm —dp| =
op(logT*Z(m)mmCZm*dO') < 0p((logm)™2mlem=1) < o,((logm)™"2) = 0,(1). Hence, the sec-

ond term of (A.22) converges to 0, so that |Ey(dp, 0,m) — Fr(do, 00)] 2 0, and

O s s p 4

I (dpy O0py) > ———
2 Fo(do, 00)?

I [Fy(do, o) Fo(do, 60) — F2(do, 09)]

We now show that F(do,6p) = Gom™* > e, (logk)™ + 0,(1). Using summations by parts,

P2 (do,0) — Go > (og k)| = |- > (2% ) og(k)" — o > (log k)'|
k=1 =1 Ik k=1
m—1 T
<S03 ([flogn)* ~ (log(r + 1) (55~ 1)
r=1 k=1 7k
+ 0 ogm) Y (6 1)
k=1
GO s T—1 - Ik
< 00 S (ostr+ DY IS0 < 1D+ (1)
r=1 k=1
T1/2+e
= G0 (ot 1y S )

r=1 [t gk
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m—1
Go — Iy
LS (oatr 4 00 1+ o)
r=T1/2+e41 "= gk
T1/2+e

> (Qog(r +1))™7))

r=1

m—1
+% Z (|(log(r + 1)) op((log(r + 1)) 72) + 0,(1)

r=T1/2+c41
T1/2+6

= 0p(Go (log(m +1))"1) + 0, (Go(log(T*** +1))772) + 0,(1)

= op(1)

So
82J(CZ 41§:1k 1§:Ik ] +0,(1) — 4
—_— = 4| — — —
8d2 m\Ym, m m e Og m —~ Og Op

Note that the derivations above are valid so long as the sequence {9m} is bounded below
from zero, which holds if LFC are present. Now because G(dg,8m) = m~1 37, L[\ 2% +
(9m/T))\,;2]_1 %, Gy, from the fact that the second term in (A.6) is 0,(1) in the proof of

Theorem 10, then using similar arguments as in Robinson (1995a), we have

9 ; I
1/2 J d 79m _ —1/2 k Gy,k gu,k ve 4+ o1
od (do ) kagk gk)k (1)
_ 71 2 gyk
a : Z fk gk (1)
= _1/2 _ gy,k v
Z fyk gk ) k

112 _ yk 9y,k +on(1
Z fk fuk gk)k p(1)

where vy, = [logk — (m™1 > j-1logj)]. Using the same approach as in Robinson (1995a, pp.
1644-1653), the first part converges to a N(0,4) (note that for the part involving the 4-th
cumulant cum(w;/ f;,wr/ fi,@;/ fj, ©r/fix) we need to use the results of Lemmas A.1-A.2 to

get the corresponding results for the DGP with LFC). What remains to be shown is that the



45

second part is 0,(1). We have, where Ly =TI — Ik

m—1/2 _ yk Jyky,
Z fk Jyk gk) g

m
_ Ty Guk 9y .k
m-1/2 Z((l_ ﬁ);—k;’—k)uk

3}—‘

k
Iy — Iy — f
-1/2 k= Lyk uk \ Ju.k 9y.k
+m — Vg
kg(( Suk ) 9k Gk )

-

= 12 Tuk — fuk guk:gyk

= E v+ op(l
e uk gk gk ) p( )

n - M,,G
_ 71/2 0 gukgy, +0 1
Z M mGo ) Gk gk) bt op(l)

PR Ly o 2222 2d
= mm / kzl[(TIukaGo)(gk) (A " )] + 0p(1)

= op(1)

using summations by parts and My, Go = [Sop; (A\e 2/gk) 2 (K% /T) Lux/ S5y (Mo 2/gk)?]. Hence,
a CLT can be applied so that /m(9/dd)Jm(do, 0r) 4, N(0,4). Thus from

2 (do, )—ﬁj (d é)+i2J (O (di — do)
8dm07m—8dmm7m ad?mmamm 0

and the fact that (8/0d)Jm (dm, Om) = 0, we have

= o <dm,e >>/ad2 = N

This completes the proof of Theorem 2 for the case with LFC present. To complete the proof

for the case with no LFC, we need to show that

_1/2 . yk: Gyk _
Z fk fyk " Jur = 0,(1). (A.23)

Note that with no LFC, we have I}, = I;, and fuk = 0. Hence,

_1/2 yk 9yk Ur = _1/2 Guk gyk
_ = — v+ op(1
Z fk Juk gk) Z 9k 9k v(1)
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So we want to show that m~1/2 7 (gur/9r)(guk/gr )UK = 0,(1). To that effect, it suffices to
k=1 y P

show that m~1/2 7 A guk/gr)vr = 0,(1). To prove this, note that
k=1 p

2 G O /TN,
mfl/zzggi:vk: 71/22 / v

-1 )\_ dm, + ( m/T))\_

2
—1/2 M/T )‘ +o.(1
Z 2d0 + m/T))\ 2 k ( )

_ _1/2 M (Tl 2d0/k2 2d0)
Zl+M (Tl 2d0/k2 2d0)

v + Op(l)

since dp, = do + Op(m~1/2). Now, let Ty = supy, {k| M, (k*>~2% /T1=2d0) = 0,(1)}. We have

Ty = Op(T(ldeo)/(Qf%lO)éi]{(Q—Qdo))
< Op(T12d0)/(2=2do) p=[(1-2d0)/(2-2do)}/ (2-2do)

— OP(T((l—Qdo)/(Q—Qdo))Q)

using Lemma 1. Then,

m

71/22 M Tl 2d0/k2 2d0)
1+M Tl 2d0/kz2 2d0)

(g3
_ _1/22 Tl 2d0/k2 2d0>
1+M Tl 2d0/k2 2d0)

m M (Tl Zdo/kQ 2d0)
-1/2
+m~Y Z 1+ M,y (T1=2do [ [;2—2do) Uk

k=Tp+1
m~=1/2T, —|—m_1/29mT1_2d0T9_(1_2d0)

IA

— Op(m—1/2T((1—2do)/(2—2do))2) = 0,(1)

from Assumption A4. Hence, (A.23) holds when there is no LFC, which completes the proof

of Theorem 2. m
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Bias and RMSE for a short memory process ARFIMA (a,d=0,0)

with RLS
P p=5 p=10 p=20
T\Beta 0.6 0.7 0.8 0.6 0.7 0.8 0.6 0.7 0.8 0.6 0.7 0.8
a) Bias a=0
256 -0.087 -0.047 -0.021 -0.021 -0.038 0.004 0.004 -0.017 -0.002 -0.011 -0.059 0.023
512 -0.052 -0.025 -0.008 -0.016 -0.007 0.005 -0.014 -0.028 -0.012 -0.086 -0.055 0.011
1024 -0.037 -0.016 -0.006 -0.029 -0.001 0.003 -0.018 -0.001 -0.004 0.008 -0.026 0.001
2048 -0.013 -0.009 -0.006 -0.012 0.001 0.001 0.016 -0.006 0.005 0.013 -0.011 -0.005
4096 -0.007 -0.004 -0.004 -0.009 -0.006 -0.001 -0.032 -0.009 0.003 0.003 -0.009 0.000
a=0.3
256 -0.022 0.070 0.168 0.009 0.122 0.246 0.215 0.413 0.524 -0.012 0.131 0.270
512 -0.029 0.041 0.134 0.015 0.116 0.194 0.166 0.354 0.491 0.059 0.142 0.242
1024 -0.012 0.025 0.118 -0.009 0.048 0.137 0.123 0.267 0.436 0.023 0.053 0.160
2048 -0.005 0.027 0.092 0.004 0.033 0.107 0.072 0.206 0.383 -0.012 0.040 0.013
4096 -0.007 0.014 0.073 0.018 0.015 0.085 0.044 0.145 0.329 -0.011 0.024 0.100
a=0.6
256 0.128 0.299 0.432 0.176 0.387 0.498 0.213 0.414 0.524 0.221 0.449 0.561
512 0.093 0.223 0.392 0.135 0.307 0.459 0.178 0.344 0.492 0.174 0.388 0.517
1024 0.052 0.170 0.347 0.109 0.250 0.406 0.069 0.202 0.380 0.108 0.298 0.463
2048 0.020 0.125 0.307 0.066 0.186 0.361 0.063 0.143 0.330 0.085 0.234 0.409
4096 0.013 0.084 0.267 0.036 0.131 0.311 0.014 0.101 0.281 0.035 0.161 0.349
b) RMSE a=0
256 0.191 0.111 0.078 0.423 0.291 0.140 0.546 0.327 0.162 0.656 0.421 0.231
512 0.132 0.075 0.046 0.353 0.169 0.082 0.402 0.197 0.121 0.575 0.362 0.104
1024 0.095 0.057 0.037 0.262 0.130 0.068 0.280 0.147 0.071 0.376 0.213 0.078
2048 0.068 0.041 0.026 0.215 0.089 0.044 0.274 0.108 0.046 0.316 0.131 0.052
4096 0.062 0.029 0.019 0.147 0.069 0.031 0.218 0.075 0.031 0.264 0.101 0.041
a=0.3
256 0.172 0.118 0.180 0.371 0.201 0.265 0.467 0.269 0.277 0.524 0.337 0.311
512 0.132 0.086 0.142 0.282 0.179 0.207 0.354 0.185 0.235 0.432 0.241 0.261
1024 0.082 0.058 0.122 0.157 0.087 0.142 0.203 0.096 0.154 0.276 0.117 0.172
2048 0.068 0.049 0.096 0.128 0.060 0.111 0.140 0.066 0.120 0.221 0.083 0.137
4096 0.049 0.035 0.076 0.102 0.041 0.088 0.115 0.047 0.094 0.150 0.060 0.102
a=0.6
256 0.194 0.312 0.437 0.357 0.407 0.504 0.385 0.442 0.530 0.482 0.493 0.569
512 0.145 0.233 0.395 0.237 0.322 0.463 0.300 0.370 0.497 0.340 0.414 0.522
1024 0.099 0.177 0.349 0.190 0.260 0.409 0.229 0.278 0.438 0.279 0.313 0.466
2048 0.066 0.132 0.308 0.136 0.194 0.362 0.167 0.216 0.385 0.203 0.245 0.411
4096 0.053 0.098 0.268 0.092 0.138 0.312 0.116 0.153 0.330 0.146 0.170 0.351




Table 1.2:

48

Bias and RMSE for a long memory process ARFIMA (a,d=0.2,0)

with RLS
P p=5 p=10 p=20
T\Beta 0.6 0.7 0.8 0.6 0.7 0.8 0.6 0.7 0.8 0.6 0.7 0.8
a) Bias a=0
256 -0.106 -0.054 -0.033 -0.103 -0.05 -0.030 -0.093 -0.057 -0.053 -0.159 -0.094 -0.047
512 -0.050 -0.025 -0.020 -0.054 -0.011 -0.026 -0.107 -0.027 -0.025 -0.064 -0.052 -0.001
1024 -0.033 -0.019 -0.015 -0.025 -0.012 -0.036 -0.012 -0.014 -0.042 -0.054 -0.029 -0.039
2048 -0.016 -0.011 -0.012 -0.027 -0.008 -0.027 -0.016 -0.010 -0.031 -0.009 -0.013 -0.030
4096 -0.015 -0.008 -0.006 0.004 -0.009 0.020 -0.011 -0.006 -0.022 -0.006 -0.009 -0.022
a=0.3
256 -0.047 0.063 0.149 -0.080 0.101 0.203 0.021 0.114 0.214 -0.030 0.118 0.237
512 -0.017 0.034 0.126 -0.023 0.088 0.167 0.001 0.098 0.185 -0.019 0.102 0.220
1024 -0.014 0.019 0.102 -0.006 0.054 0.141 0.003 0.003 0.162 -0.035 0.073 0.172
2048 -0.022 0.023 0.088 -0.018 0.035 0.117 -0.020 0.040 0.128 -0.011 0.048 0.140
4096 -0.014 0.013 0.074 0.010 0.025 0.092 0.004 0.033 0.101 0.005 0.042 0.112
a=0.6
256 0.128 0.302 0.424 0.160 0.336 0.442 0.192 0.362 0.474 0.149 0.383 0.483
512 0.080 0.223 0.384 0.098 0.268 0.415 0.138 0.297 0.427 0.129 0.339 0.461
1024 0.045 0.170 0.348 0.078 0.209 0.365 0.091 0.227 0.380 0.118 0.251 0.412
2048 0.038 0.120 0.306 0.050 0.153 0.322 0.067 0.170 0.335 0.056 0.194 0.361
4096 0.015 0.086 0.267 0.031 0.114 0.277 0.039 0.125 0.292 0.026 0.137 0.309
b) RMSE a=0
256 0.229 0.126 0.082 0.409 0.213 0.139 0.508 0.298 0.191 0.635 0.398 0.191
512 0.132 0.083 0.058 0.302 0.136 0.091 0.414 0.198 0.103 0.514 0.273 0.116
1024 0.097 0.057 0.040 0.205 0.076 0.059 0.244 0.068 0.057 0.370 0.088 0.059
2048 0.065 0.041 0.028 0.163 0.051 0.044 0.194 0.043 0.039 0.265 0.057 0.039
4096 0.053 0.033 0.021 0.109 0.037 0.032 0.148 0.029 0.028 0.205 0.039 0.029
a=0.3
256 0.174 0.114 0.161 0.330 0.201 0.221 0.379 0.226 0.243 0.485 0.316 0.274
512 0.128 0.085 0.137 0.256 0.146 0.179 0.292 0.173 0.198 0.409 0.203 0.235
1024 0.085 0.056 0.107 0.200 0.099 0.147 0.256 0.115 0.169 0.329 0.140 0.180
2048 0.078 0.045 0.091 0.114 0.070 0.121 0.170 0.079 0.132 0.202 0.097 0.145
4096 0.056 0.033 0.077 0.096 0.048 0.095 0.118 0.066 0.104 0.143 0.070 0.115
a=0.6
256 0.216 0.314 0.429 0.264 0.350 0.447 0.323 0.380 0.479 0.382 0.434 0.503
512 0.137 0.233 0.387 0.218 0.279 0.418 0.231 0.311 0.430 0.265 0.352 0.465
1024 0.098 0.180 0.350 0.135 0.217 0.367 0.171 0.238 0.382 0.139 0.262 0.414
2048 0.075 0.126 0.307 0.106 0.160 0.323 0.122 0.177 0.337 0.139 0.203 0.363
4096 0.051 0.090 0.268 0.077 0.120 0.278 0.093 0.132 0.293 0.099 0.143 0.310




Table 1.3: Bias and RMSE for
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a long memory process ARFIMA (a,d=0.45,0)

with RLS
P p=>5 p=10 p=20
T\Beta 0.6 0.7 0.8 0.6 0.7 0.8 0.6 0.7 0.8 0.6 0.7 0.8
a) Bias a=0
256 -0.148 -0.056 -0.065 -0.142 -0.082 -0.080 -0.144 -0.096 -0.062 -0.195 -0.090 -0.099
512 -0.073 -0.0382 -0.036 -0.075 -0.047 -0.045 -0.081 -0.041 -0.050 -0.097 -0.050 -0.063
1024 -0.049 -0.025 -0.026 -0.041 -0.039 -0.033 -0.036 -0.027 -0.081 -0.036 -0.027 -0.081
2048 -0.027 -0.018 -0.017 -0.060 -0.040 -0.030 -0.023 -0.014 -0.062 -0.023 -0.014 -0.062
4096 -0.016 -0.009 -0.010 -0.049 -0.035 -0.022 0.004 -0.013 -0.047 0.004 -0.013 -0.047
a=0.3
256 -0.071 0.069 0.142 -0.091 0.034 0.162 -0.060 0.079 0.170 -0.053 0.101 0.200
512 -0.056 0.043 0.125 -0.061 0.048 0.143 -0.054 0.078 0.144 -0.046 0.074 0.074
1024 -0.034 0.027 0.106 -0.014 0.044 0.118 -0.034 0.050 0.126 -0.005 0.054 0.140
2048 -0.001 0.015 0.091 -0.008 0.024 0.094 -0.014 0.033 0.105 -0.014 0.038 0.112
4096 -0.007 0.015 0.070 -0.006 0.019 0.078 0.002 0.020 0.081 -0.005 0.027 0.088
a=0.6
256 0.107 0.289 0.407 0.069 0.302 0.409 0.129 0.291 0.417 0.135 0.304 0.414
512 0.067 0.223 0.376 0.067 0.234 0.380 0.079 0.246 0.388 0.095 0.266 0.389
1024 0.042 0.169 0.341 0.049 0.169 0.342 0.048 0.185 0.344 0.061 0.201 0.355
2048 0.032 0.129 0.300 0.028 0.130 0.284 0.028 0.141 0.305 0.040 0.154 0.310
4096 0.019 0.089 0.263 0.014 0.071 0.227 0.022 0.100 0.234 0.009 0.107 0.269
b) RMSE a=0
256 0.324 0.160 0.129 0.405 0.236 0.172 0.456 0.340 0.151 0.561 0.391 0.258
512 0.238 0.105 0.069 0.288 0.169 0.090 0.327 0.167 0.107 0.404 0.253 0.143
1024 0.187 0.077 0.052 0.191 0.101 0.084 0.210 0.099 0.082 0.288 0.133 0.084
2048 0.147 0.064 0.039 0.130 0.078 0.064 0.142 0.055 0.059 0.158 0.089 0.047
4096 0.080 0.043 0.030 0.092 0.059 0.050 0.097 0.040 0.042 0.116 0.061 0.028
a=0.3
256 0.329 0.124 0.159 0.356 0.206 0.199 0.347 0.193 0.201 0.451 0.256 0.229
512 0.213 0.093 0.135 0.257 0.161 0.154 0.270 0.137 0.155 0.399 0.181 0.183
1024 0.133 0.066 0.111 0.144 0.090 0.124 0.215 0.094 0.133 0.227 0.114 0.146
2048 0.085 0.044 0.094 0.094 0.056 0.097 0.117 0.066 0.109 0.146 0.081 0.116
4096 0.060 0.033 0.072 0.063 0.042 0.081 0.082 0.048 0.083 0.097 0.055 0.091
a=0.6
256 0.244 0.307 0.413 0.324 0.320 0.414 0.250 0.325 0.422 0.289 0.385 0.421
512 0.195 0.234 0.380 0.196 0.243 0.383 0.215 0.257 0.391 0.239 0.278 0.392
1024 0.105 0.177 0.343 0.121 0.186 0.346 0.130 0.195 0.350 0.147 0.208 0.357
2048 0.073 0.135 0.301 0.088 0.135 0.284 0.091 0.148 0.310 0.101 0.160 0.311
4096 0.060 0.094 0.264 0.045 0.074 0.228 0.062 0.114 0.236 0.059 0.110 0.270
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Table 1.4: Bias and RMSE for a long memory process ARFIMA (0.6,d,0) with
RLS (p=10) and additive noise

LWLFC LWPLFC
noise var(noise)=1 var(noise)=4 var(noise)=1 var(noise)=4
T\Beta 0.6 0.7 0.8 0.6 0.7 0.8 0.6 0.7 0.8 0.6 0.7 0.8
a) bias: d=0.2
256 0.131 0.252 0.246 -0.015 0.060 0.038 0.271 0.293 0.310 0.045 0.117 0.183
512 0.106 0.212 0.251 0.013 0.080 0.054 0.231 0.239 0.260 0.060 0.136 0.140
1024 0.061 0.178 0.242 0.004 0.061 0.076 0.179 0.185 0.250 0.061 0.106 0.121
2048 0.045 0.128 0.226 0.008 0.050 0.070 0.135 0.139 0.227 0.103 0.076 0.092
4096 0.021 0.092 0.202 -0.011 0.029 0.069 0.113 0.107 0.204 0.127 0.044 0.071
8192 0.012 0.066 0.176 -0.009 0.013 0.062 0.112 0.076 0.182 0.101 0.031 0.046
b) bias: d=0.45
256 0.057 0.167 0.145 -0.027 -0.064 -0.139 0.131 0.218 0.230 -0.014 0.072 0.115
512 0.032 0.171 0.184 -0.013 0.025 -0.051 0.112 0.185 0.215 0.05 0.082 0.113
1024 0.030 0.139 0.193 -0.023 0.033 -0.004 0.094 0.142 0.195 0.046 0.064 0.096
2048 0.015 0.112 0.186 -0.016 0.030 0.021 0.062 0.113 0.183 0.030 0.050 0.068
4096 0.010 0.083 0.174 -0.012 0.028 0.034 0.059 0.085 0.173 0.044 0.040 0.052
8192 0.005 0.059 0.156 -0.009 0.015 0.039 0.050 0.063 0.161 0.030 0.035 0.030
¢) RMSE: d=0.2
256 0.290 0.287 0.280 0.305 0.171 0.112 0.380 0.325 0.331 0.396 0.321 0.293
512 0.202 0.231 0.258 0.236 0.119 0.087 0.345 0.263 0.268 0.322 0.197 0.190
1024 0.144 0.189 0.246 0.142 0.089 0.088 0.291 0.199 0.254 0.282 0.149 0.147
2048 0.111 0.137 0.228 0.102 0.075 0.077 0.229 0.153 0.229 0.225 0.110 0.103
4096 0.088 0.100 0.204 0.077 0.050 0.072 0.206 0.121 0.205 0.231 0.078 0.076
8192 0.067 0.072 0.177 0.063 0.033 0.067 0.205 0.086 0.183 0.212 0.061 0.056
d) RMSE: d=0.45
256 0.319 0.251 0.219 0.273 0.258 0.216 0.303 0.245 0.255 0.362 0.272 0.212
512 0.232 0.188 0.198 0.204 0.122 0.097 0.186 0.198 0.222 0.200 0.145 0.158
1024 0.142 0.150 0.196 0.160 0.075 0.058 0.145 0.157 0.199 0.162 0.100 0.121
2048 0.081 0.120 0.190 0.097 0.059 0.040 0.111 0.121 0.185 0.120 0.072 0.089
4096 0.061 0.089 0.175 0.061 0.043 0.041 0.099 0.091 0.175 0.094 0.060 0.060
8192 0.050 0.064 0.157 0.047 0.029 0.042 0.076 0.066 0.162 0.067 0.049 0.040

Table 1.5: Bias and RMSE for a long memory process with additive noise and

RLS
p=0 p=20
d=0.2 d=0.45 d=0.2 d=0.45
T\Beta 0.6 0.7 0.8 0.6 0.7 0.8 0.6 0.7 0.8 0.6 0.7 0.8
a) Bias of LWLFC
256 -0.218 -0.180 -0.172 -0.349 -0.328 -0.342 -0.248 -0.177 -0.164 -0.403 -0.366 -0.368
512 -0.182 -0.165 -0.164 -0.284 -0.296 -0.324 -0.228 -0.164 -0.164 -0.332 -0.314 -0.344
1024 -0.161 -0.146 -0.152 -0.224 -0.254 -0.299 -0.138 -0.141 -0.151 -0.257 -0.282 -0.322
2048 -0.133 -0.138 -0.145 -0.183 -0.223 -0.279 -0.096 -0.123 -0.123 -0.163 -0.182 -0.232
4096 -0.124 -0.128 -0.137 -0.142 -0.197 -0.261 -0.102 -0.110 -0.121 -0.114 -0.152 -0.215
b) RMSE of LWLFC
256 0.278 0.213 0.186 0.436 0.355 0.355 0.462 0.285 0.212 0.601 0.445 0.398
512 0.225 0.178 0.172 0.335 0.320 0.332 0.420 0.229 0.182 0.490 0.352 0.355
1024 0.191 0.156 0.156 0.261 0.266 0.303 0.276 0.181 0.162 0.358 0.307 0.328
2048 0.150 0.144 0.147 0.208 0.230 0.281 0.190 0.132 0.125 0.256 0.205 0.238
4096 0.135 0.131 0.139 0.158 0.202 0.263 0.157 0.109 0.119 0.157 0.163 0.218
c) Bias of LWPLFC
256 -0.420 -0.296 -0.158 -0.310 -0.241 -0.228 0.236 0.248 0.195 0.028 -0.007 0.060
512 -0.450 -0.246 -0.171 -0.219 -0.144 -0.115 0.258 0.137 0.116 0.096 0.068 0.066
1024 -0.368 -0.184 -0.107 -0.094 -0.074 -0.033 0.279 0.155 0.104 0.134 0.082 -0.006
2048 -0.232 -0.083 -0.038 -0.074 -0.050 -0.044 0.190 0.163 0.131 0.092 0.051 -0.006
4096 -0.188 -0.048 -0.030 -0.036 -0.030 -0.026 0.136 0.136 0.051 0.081 0.009 0.009
d) RMSE of LWPLFC
256 0.645 0.551 0.370 0.524 0.433 0.361 0.559 0.582 0.522 0.456 0.454 0.392
512 0.675 0.485 0.387 0.436 0.284 0.298 0.587 0.538 0.505 0.358 0.381 0.327
1024 0.613 0.431 0.258 0.288 0.184 0.163 0.563 0.564 0.496 0.338 0.272 0.252
2048 0.490 0.309 0.131 0.195 0.144 0.123 0.544 0.470 0.457 0.234 0.208 0.151
4096 0.447 0.231 0.105 0.160 0.113 0.090 0.531 0.419 0.341 0.145 0.153 0.117
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Chapter 2

Robust Memory Parameter Estimates: A
Re-examination of Daily and High-Frequency Asset
Returns Volatility

2.1 Introduction

Time series that exhibit hyperbolic decay of serial correlation are called "long-memory" processes.
(For relevant background material concerning long-memory processes, see Baillie (1996).) The
estimation and modeling of long-memory processes date from the seminal contribution of Hurst
(1951) in the context of hydrology, and have attracted a substantial amount of attention from
researchers since the discovery of a long-memory property in most financial time series. Long-
memory processes are usually characterized in the time domain by an autocorrelation function
with a diverging summation of their absolute value, and an autocorrelation decaying hyper-
bolically at long lags. A long-memory process is charaterized in the frequency domain by
having a spectral density function proportional to 2724 a5 the frequency A approaches to zero,
with d being known as the "memory parameter". Such a process is stationary when d < 0.5,
with the special case of d = 0 nested as a short-memory process. A process with d > 0 has
autocorrelations that hyperbolically decay and is called a genuine long-memory process. When
d € (0,0.5), the process still resides in the stationary region, while it is no longer stationary
when d € (0.5,1). The case of d = 1 coincides with that of a unit root process. If d € (—0.5,0)
the process is said to be anti-persistent and its inverse autocorrelations decay hyperbolically,
which is of relatively less importance in practice. As in most of the previous literature, through-
out the present paper we confine our attention to the stationary long-memory process with

d € 10,0.5), although simulation evidence shows that our Local-Whittle estimators are still
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consistent when d € [0.5,1).

Independently, Granger and Joyeux (1980) and Hosking (1981) introduced the fraction-
ally integrated ARFIMA (p,d,q) process, which then served as the most frequent examples of
long-memory processes in simulations because of their easy generation. The ARFIMA (p,d,q)
is a long-memory generalization of the I(0) ARMA(p; q) process. Under this ARFIMA (p,d,q)
framework, full-parametric estimates of d requiring the correct specification of the entire spec-
tral density function have been proposed by Fox and Taqqu (1986) and Dahlhaus (1989),
among others. Semiparametric estimates of the memory parameter have become popular, as
they do not require specification of the short-memory process underlying the long-memory
process. The most widely applied semi-parametric estimators are the log-periodogram (LP)
estimator of Geweke and Porter-Hudak (1983) and the local Whittle estimator proposed by
Kunsch (1987).

The seminal work by Perron (1989, 1990) shows that unit roots (d = 1) and structural
changes are easily confused in the sense that the sum of the autoregressive coefficients from a
stationary process are biased toward 1 if the series is contaminated by shifts in the mean (see
Perron (2006) for a comprehensive survey), and also raises the possibility that long-memory
may be confused with a short-memory process contaminated by level shifts, now labelled as
"spurious long-memory". Similar findings are demonstrated by Bhattacharya et al. (1983),
with regard to deterministic trends. Following this lead, Lobato and Savin (1998), Diebold and
Inoue (2001), Granger and Hyung (2004), and Perron and Qu (2007, 2010), among others, show
theoretically, empirically, and through simulations that a short-memory process contaminated
by level shifts will acquire hyperbolically decaying autocorrelations similar to those which
characterizes genuine long-memory, and hence confirm the concept of spurious long-memory.
Monte Carlo simulation studies by Haldrup and Nielsen (2007) reveals that both short- and
long-memory processes under a broad range of d values can exhibit a largely upwardly biased
memory parameter estimate when the mean of a time series undergoes random level shifts, with
both parametric and semi-parametric estimators affected. The same conclusion arises from

another branch of the literature that considers testing for spurious long-memory against the
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alternative of a short-memory process contaminated by level shifts; see Ohanissian, Russell and
Tsay (2008), Qu (2011), and Perron and Qu (2010) for detailed accounts. Such contaminations,
among which random level shifts (abbreviated to RLS throughout this paper) are the most
common, are called "low frequency contaminations" (abbreviated as LFC throughout this
paper).

Whether the theoretical possibility of LFC contaminations is relevant in economic and
financial time series has been explored. For example, the almost universal presence of LFC in
stock market volatility data has been reported by Granger and Hyung (2004), Mikosch and
Starica (2004) and Perron and Qu (2010), among others. Garcia and Perron (1996) identified
the large magnitude of level shifts in U.S. real interest rate series. Applying a test against
spurious long-memory, Qu (2011) rejects the null hypothesis that a U.S. inflation rate series is
a stationary short- or long-memory process. Recently, Varneskov and Perron (2013) propose a
new forecasting approach modelling both short- and long-memory components as well as LFC
and find improvements on the forecasting results compared to previous models.

The extensive and ever-growing evidence of the LFC naturally poses new tasks for econo-
metricians, which includes, to name a few, distinguishing true from spurious long-memory,
identifying the contaminations present in a given data series, and robustly estimating the
true memory parameter under such contaminations. In terms of the robust estimation of a
memory parameter under LFC, several semi-parametric estimators, (e.g. Smith (2005) and
McCloskey and Perron (2013)) have been proposed. Using a similar trimming technique as
in McCloskey and Perron (2013), McCloskey and Hill (2013) proposed a trimmed estimator
for ARMA, GARCH, and stochastic volatility models that may be contaminated by low fre-
quency movements, while assuming the true signal process to be short-memory. McCloskey
(2013) considered a trimmed frequency domain quasi-maximum likelihood (trimmed FDQML)
estimator that can be used to consistently estimate the parameters of a long-memory stochas-
tic volatility model in the presence of low frequency contamination, assuming the signal to
be an ARFIMA (p,d,q) process. lacone (2010) considered trimmed LW estimators. However,

although these estimators are robust under LFC, they are silent on the possibility of other



54

contaminations present in the data, which as well-known in the literature (e.g, Deo and Hur-
vich (2001), Arteche (2004, 2006), Hurvich and Ray (2003), and Hurvich et.al. (2005), among
others), can also have an significant effect on the bias and efficiency of memory parameter
estimates. Among those other contaminations the most important is additive noise, which
is shown to be prevalent in most long-memory processes. The aforementioned LFC-robust
estimators, which do not consider additive noise, tend to exclude the existence of genuine
long-memory in most daily financial series that show the high persistence of autocorrelation
(by attributing such persistence to the effect of LFC), a conclusion that contrasts with those
derived from other estimators that are not robust under LFC but may be robust to other
contaminations.

Hou and Perron (2013) propose a modified semi-parametric Local-Whittle estimator (ab-
breviated to LWLFC throughout this paper) and its variants that are robust under LFC and
have the following advantages: they do not require the knowledge of the structure of the short-
memory process; they do not require trimming, so all data are used; they do not require a
Gaussian assumption on the underlying process; they have the same asymptotic variance as the
standard LW estimator when no contamination is present so that without low frequency con-
taminations, no efficiency loss is incurred; and they can easily be extended to a full-parametric
case and to perturbed estimators to model the additive noise. When low frequency contami-
nations are present, the LWLFC has, in most cases, the smallest bias and mean-squared error
amongst all existing estimators designed to control for LFC, whether or not other types of
contaminations are present.

This paper extends the modified local-Whittle estimator of Hou and Perron (2013) to a
broader class of full-parametric and perturbed estimators as they suggested. Those estimators
include: an LWLFC estimator, perturbed LWPLFC (P denotes perturbed) estimator, and
full-parametric ARFIMA(0,d,0)+LFC, ARFIMA(1,d,1)+LFC, PARFIMA(0,d,0)+LFC, and
PARFIMA(1,d,1)+LFC. We perform simulations to measure the performance of these esti-
mators with DGP settings pertaining to those reported in empirical settings. Then we apply

the LWLFC and its variants to a collection of daily and high-frequency financial time series,
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including volatilities of stock indices and exchange rates. The estimators proposed in the
aforementioned literature, such as the classical semi-parametric LW estimator, the LWP esti-
mator modelling for additive noise, and full-parametric ARFIMA estimators are also used for
comparison. A sufficient condition for the existence of a long-memory process in the data and
a mixed procedure to implement it are provided which, to the best of the author’s knowledge,
is among the first empirical approaches to robustly estimate memory parameters allowing for
the simultaneous coexistence of short-memory process, long-memory process, as well as low
frequency contaminations such as level shifts and additive noises in the data. Our findings
suggest that most low frequency daily financial time series consist of both long- and short-
memory processes as well as low frequencies contaminations such as random level shifts. The
relative magnitude of each of these components varies substantially according to the specific
type of the low frequency data. On the other hand, our results also indicate the existence of
a short-memory process in some measures of volatilities constructed from high-frequency data
(e.g. 30-year T-Bonds), in contrast with the view that long-memory is the dominant feature
for such measures.

The structure of the paper is as follows. Section 2 introduces the model of the long-
memory process under low frequency contamination, the LWLFC estimator and its variants
with preliminary results, as well as a brief description of the data, simulation, and estimation
strategy. Section 3 carries out simulation studies on those estimators extended from LWLFC
to modelling for additive noise or to full-parametric estimators; and introduces a sufficient
condition to confirm the existence of a long-memory process in the data with a procedure to
implement it. Section 4 considers the empirical application of our approach to financial time
series and provides a detailed discussion of the findings. Finally, brief concluding remarks are
afforded in Section 5.

The following abbreviations are adopted throughout this paper: LFC denotes Low Fre-
quency Contamination; RLS denotes Random Level Shift; LWLFC denotes Modified Local-
Whittle Memory Parameter Estimator robust under LFC; LWPLFC denotes Perturbed Modi-
fied Local-Whittle Memory Parameter Estimator robust under LFC; ARFIMA (p,d,q) denotes
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the Full-parametric Modified Local-Whittle Memory Parameter Estimator; ARFIMA (p,d,q)
+LFC denotes the Full-parametric Modified Local-Whittle Memory Parameter Estimator ro-
bust under LFC; PARFIMA(p,d,q)+LFC (or ARFIMA(p,d,q)+LFC+noise) denotes the Per-
turbed Full-parametric Modified Local-Whittle Memory Parameter Estimator robust under
LFC and additive noise; and LWP denotes Perturbed Local-Whittle Memory Parameter Esti-

mator as in Hurvich et. al. (2007).

2.2 The Model of Long-Memory under LFC: Motivation and Specification

2.2.1 The Data Generating Process with Low Frequency Contamination

Consider the data generating process (DGP):

2t = a+ Y + U + w

where a is a constant, y; is a long-memory process, u; is a low frequency contamination (LFC),
mostly in the form of random level shift (RLS), and w; is a noise. These components are

defined in the following;:

Definition 3 1) The long-memory component y; is given by the fractionally integrated process

with memory parameter d (abbreviated to FI(d)) of the form
(1= L)% =G

where Gy is a short-memory process (often called the underlying short-memory process for y; ),
de(-1/2,1/2).

2) g+ may have short-memory dynamics itself. Particularly, y; is called an ARFIMA (p,d,q)
process if gy an ARMA (p,q) process, i.e. if

A(L)jy = B(L)ey, ¢ ~ i.i.d.N(0,02)

where A(L) = >0 _,apL*, B(L) = Y¥_ bL*, a9 = by =1, and A(L), B(L) have no common
roots. Also, the roots of A(L) and B(L) are outside the unit circle.
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Definition 4 The low frequency contamination (abbreviated to LFC) component uy is gener-
ated by one of the following processes:

1) Random level shifts (RLS): uy = X 614 where o1 = wrm, with n, ~ i.i.d. N(O,a%)
and mry ~ i.4.d. Bernoulli.(p/T,1) for some p > 0. The components wr¢, 1, are mutually
independent.

2) Deterministic level shifts: u; = Zf;lcix(Ti,l < t < T;), where B is the number of
regimes (so that B — 1 is the number of breaks), 0 < |c;| < oo, x(-) is the indicator func-
tion, 0 =Ty <T1 < ...<Tp1<Tp=T, and T;/T — 7; € (0,1) fori=1,....,B—1.

3) Deterministic trends: u; = h(t/T) where h(-) is a deterministic non-constant function on
[0,1], that is either Lipschitz continuous or monotone with h(1) = 0.

4) Fractional trends: w; = O((t + 1)*7Y2), ug = 0, |ugy1 — w| = O(Jug|/t), where ¢ €
(—1/2,1/2).

The components ¥, u;, and w; are assumed to be mutually independent.

Remark 7 The semi-parametric estimators can be applied to any long-memory process defined
in Definition 1-1); but Definition 1-2) has to be imposed in order to implement full-parametric

estimators. However, in the latter case, the normality of &+ is not needed for consistency.

Remark 8 It is important to note that the probability of a level shift in the RLS model is
sample size dependent. If this were not the case, u; would have properties similar to that of
a random walk. A defining characteristic of the RLS model is that the average number of
level shifts p remains constant as the sample size grows. Note that p can be zero so that the

assumption nests the no level shift or no contamination case as well.

Remark 9 An important, or defining characteristic of a LFC component u; lies in its spectral

density function:
E(L, )
T/k?

= Op(1)

where Ly = L,(\y) = (27T) XL ue™|? is the periodogram of uy. For RLS components,
Perron and Qu (2010) showed that

E(Iu,k) p(7727
. n
T/k? 473

as T — oo. For other types of LEC components, Mikosch and Starica (2004) considered the
asymptotic properties of the periodogram for a deterministic level shift component when B = 2
(one level shift), with the addition of a short-memory component. Of interest, they showed
that E(I, ;) = O,(T/k?). Kunsch (1986, Lemma 2) considered the asymptotic properties of
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the periodogram of a short-memory process contaminated by a bounded monotone trend. Qu
(2008, Lemma 1) extended Kunsch’s results to the Lipschitz continuous case and showed that
E(IL.x) = Op(T/Kk?). Iacone (2010) discussed the order of the periodogram of in the case of a
fractional trend and showed that E(I,.1) = O,(T/k?).

Remark 10 Unlike short-memory dynamics or contaminating noise, which introduce only fi-
nite sample biases to the memory parameter estimator, the bias caused by LFC usually remains
asymptotically, as in Hou and Perron (2013). In this sense, LFC is a more potent form of

contamination than additive noise and short-memory dynamics.

Remark 11 In the aforementioned literature, w; is often referred to as an additive noise
component when the primary concern is the long-memory property of the observed time series.
{w} comes into the data series mostly as idiosycrastic innovations of a stationary short-
memory process and, when it coexists with a long-memory process, is known to cause downward
bias to memory parameter estimates of the long-memory process if ignored by the model (note
that this is different from the short memory dynamics of the long memory process §;). Such
bias is higher when using a larger bandwidth. Additive noise can be captured by perturbed LW
estimators as in Hurvich. et. al. (2007), but not by LP estimators. We know from Hou and
Perron (2013) that although a downward bias on memory parameter estimates is universal
among models not capturing noise, the LWLFC' estimator has a smaller bias caused by such

contamination of additive noise than both trimmed and non-trimmed LP estimators.

It is assumed throughout this Chapter that the regularity assumptions A17A5 in Hou and
Perron (2013) hold, in order to have consistency and the usual asymptotic distribution for the

modified LW estimators.

2.2.2 The Modified Local-Whittle Estimators

We suppress the existence of noise processes in the DGP, i.e. assuming w; = 0, until the
introduction of perturbed LW estimators and start by giving the definition of these modified

LW estimators below:

Definition 5 The LWLFC estimator proposed in Hou and Perron (2013) is the minimizer
(d,0) of the following objective function:

1 &I 1 —
In(d,0) =log(— Y =)+ =Y lo
(d,0) g(m;gk) m; &(9k)
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where g, = A,;Qd +(0/T)N2, Ik = L) = 2nT) 7Y SL, ze™|? is the periodogram of the
observed data z;, and 0 = G, /Gy is the noise-signal ratio for LFC.

Remark 12 LFC is controlled because the spectral density function is of order (GU/T)/\,;Q,
where G, is the magnitude of the LFC. LWLFC is semi-parametric in the sense that it assumes
the spectral density function of a long-memory process can be approrimated by Gg)\lzm, when

Ak 18 small enough and the approximated spectral density function for z; is

Gu . _

fro = GoA 2 4+ =202
T

which is called the pseudo spectral density function of z.

Definition 6 The full-parametric ARFIMA (p,d,q)+LFC LW estimator is the minimizer & =
((i, 0, {ar}i_;, {Bk}zzl,ag) of the following objective function:

1 =1 1 &
Im(9) = log(a Z ﬁ) T Zlog(gk)
k=1 k=1
where g
gk: — ’1 _ 677"/\|72d + T)\];2
and 5 o A2
Gy IBOP? | Gu_ o [AO)P 2r
|A(0)]2 27 Go |B(0)[? 02

It is the frequency domain MLE if we assume that the long-memory process y; follows an

ARFIMA (p,d,q) process:
(1= L)% =G

where
A(L)js = B(L)ey

g, i.i.d N(0,02), so the spectral density function of y; is

‘B(eii)‘)‘Q 02

3
’A(e—i)\)|2 27T|1 _ e—i)\|2d

and the pseudo-spectral density function of z is given by

|[Ble=™)? ol G

Al ™2 onl — e T T

A2

fr =
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We now address the additive noise process w;, a component which stimulated perturbed

estimators. An advantage of LW-type estimators is that, since they use the QMLF in the

frequency domain, they can easily be modified to accommodate more types of structures in the

DGP, without the requirement to trim some of the low frequencies. The extension to account

for additive noise, known as the perturbed modified Local-Whittle estimator or LWPLFC, is

introduced below. The reader is referred to Hou and Perron (2013) for more details.

Definition 7 The LWPLFC estimator is a perturbed LWLFC estimator, where both LFC and

additive noise are accounted for: we add a constant term into the spectral density function, so

that the modified pseudo spectral density function is:

A2 G
A _ —2d ko _ —2d w
= ()= GoA, " + Gy + GU—T GO(A,C + —GO

fr
—2d u o
= GU()‘k + Hw + ?Ak ) = Gogk
where, with a slight abuse of notation relabeling 0, = G, /Gy,
—2d Ou 2
gk = (A, 0, + =A%)
T
and the (approximate) frequency domain QMLEF is, with 0 = (6,,0.),
1 m

SO(Gv d: 0) = — Z Spk(Gv da 9)
k=1

3

Concentrating G out of the QMLF, the estimate of G is:

1T
G-
m = gi

G /\,;2)
Go T

and the local Whittle (frequency domain QMLE) estimator under noise perturbations and low

frequency contaminations, denoted as the LWPLFC estimator, is:

A~

(A, 0n) = arg minJ,, (d, )
4,0

Another direction of extension is assuming a full parametric structure on the long-memory

process ¥y, which results in the full-parametric modified Local-Whittle estimator:
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Definition 8 The full-parametric perturbed ARFIMA (p,d,q)+LFC LW estimator is the min-
imizer ¢ = (d,0 = (0,,,0,), {ar}i_;, {Bk}izl,ag) of the following objective function:

1 <= I} 1 &
I (@) = 10g(a > %) + - > log(gx)
k=1 k=1
where 9
g = |1 —e 720 4 %)\;2 + 0w
with 5 o A2
Gy BOP  Gu_ AOP 2 Gy
|A(0)[? 27 Go [B(0)|* 02 Go

It is the frequency domain MLE if we assume that the long-memory process y: follows an
ARFIMA (p,d,q) process:

(1 — L)%y, = g

where

g/ i.i.d N(0,02), so the spectral density function of y; is

| B(e ™) ol

|A(efi)\)|2 27T|1 _ efi)\|2d

and the pseudo-spectral density function of z; is given by

B —iA\\ |2 2 Gu
BEME 2 Gua g

o= ™ P ari—e P T T

Remark 13 The full-parametric perturbed LW estimators are constructed as full-parametric
LW estimators with a perturbation (noise) parameter. By modeling additive noise, the variance
of those estimators are all proportional to the reciprocal of the true memory parameter in the
long-memory process (see Hurvich et.,al. (2005) for details). Hence, care should be ezvercised
when interpreting the numerical results from these types of estimators, and cross-checking with
results from other estimators should be performed to determine the most likely true DGP of
the data to avoid applying the perturbed estimators to DGPs with a true memory parameter

close to zero.

Remark 14 An effective technique for distinguishing a process with both true long-memory
and short-memory components from a true pure short-memory process is to first apply non-
perturbed LFC-robust LW estimators, such as LWLFC, to get a lower bound of the true memory

parameter since it is not upward-biased by LFC' (and short memory dynamics with proper choice
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of bandwidth), but may be downwardly-biased by additive noise. If the LWLFC estimate of the
memory parameter is above zero, then the true memory parameter of the long-memory process
s greater than zero, so we can apply the perturbed LW estimators legitimately. However, an
LWLFC estimate close to zero does not guarantee a pure short-memory process, since it may
be the result of a large additive noise component. An important future research objective is to

develop strategies applicable for this case.

Remark 15 For the bandwidth choice, as pointed out in Hou and Perron (2013), when there
is additive noise, the performance of LWLFC is better when using a small bandwidth, while
the performance of LWPLFC is better when using a large bandwidth. For the full-parametric
estimators, ideally, the choice of bandwidth should not be a problem, and all frequencies should
be taken into consideration; but when there is noise in the data, the QML function becomes
flat at higher frequencies and hence the variance becomes large. To mitigate this, we report
the truncated full-parametric estimation using truncation m = T8, a bandwidth with good

performance according to simulations.

Remark 16 Semi-parametric and full-parametric estimators have their own advantages and
drawbacks. For semi-parametric estimators, the DGP is not required to follow a specific dis-
tribution; for LW based estimators even Gaussianity of the underlying process is not required,
while LP based estimators do need Gaussianity. However, semi-parametric estimators uses an
approzimation of the spectral density function of the observed data when the frequency is close
to zero, and hence cannot utilize the full range of frequencies. By using an approrimation of
the true spectral density function they will be less effective than full-parametric estimators if
the latter are applied to a correctly specified DGP. Full-parametric estimators generally gives
better results than semi-parametric estimators when applied to a correctly specified DGP, but

may give biased and inconsistent estimates if the model is not correctly specified.

2.2.3 The Data

The data collected in this paper consists of ten financial time series that have been identified
by aforementioned researchers as either arising from or exhibiting properties of long-memory
processes. ! The first four time series we study are those examined by Lu and Perron (2010)
and McCloskey and Perron (2011): log-squared daily returns series of the 1) S&P 500, 2) Dow
Jones Industrial Average (DJIA), 3) NASDAQ), and 4) AMEX stock market indices. The S&P

500 series analyzed here starts on July 3, 1962 and ends on March 25, 2004, with T = 10504

'"We are grateful to Adam McCloskey and Rasmus T. Varneskov for providing the first four and last six
financial time data series, respectively.
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observations; the DJTA series starts on March 4, 1957 and ends on October 30, 2002, with T =
11534 observations; the NASDAQ series starts on December 15, 1972 and ends on December
31, 2006, with T = 8592 observations; the AMEX series starts on July 3, 1962 and ends on
December 31, 2006, with T = 11201 observations. As discussed in Lu and Perron (2010),
log-squared returns are a common measure of volatility, and appear to resemble that of a long-
memory process (Mikosch and Starica (2004)), but at the mean time can also explained as
an i.i.d. series affected by occasional shift in the unconditional variance (Stdricd and Granger
(2005)). When returns are zero or close to it, the log-absolute value transformation implies
extreme negative values. To avoid this problem, we bound absolute returns away from zero by
adding a small constant so-called offset parameter, a technique introduced to the stochastic
volatility literature by Fuller (1996). Lu and Perron (2010) show that the results of this
approach are robust to alternative specifications, for example using another value for offset
parameter, deleting the zero observations, or replacing them by a small value.

The other six time series are those examined by Varneskov and Perron (2013): 5) realized
volatility series constructed from tick-by-tick trades sampled on the SPY from January 1997
through July 2008, with T = 2914 observations (trading days); two series of realized volatility
estimates for the period of 1982 to 2007 using five-minute returns on 6) S&P 500 with T =
6262 observations and 7) T-bond futures during trading hours with T = 5069 observations,
respectively, after deleting missing entries; daily returns on the 7) Dollar-Aus and 8) Dollar-
Yen exchange rates from January 4, 1971 to April 10, 2009, both with T = 9600 observations;
and 10) S&P 500 daily returns dating from 1929 to 2004, with T = 20327 observations. As
pointed out in Varneskov and Perron (2013), HF estimates of volatility are unbiased and highly
efficient proxies of return volatility, thus permitting greater statistical precision. The reader
is referred to Varneskov and Perron (2013) for details about construction of data series. For
similar reasons mentioned in the construction of the first four time series, we remain concerned
with the same logarithmic transformations of these last six measures as well.

Note that all these empirical time series are much longer than those studied in simula-

tions. As a result, we expect bias and RMSE measures to be lower than those indicated by
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simulations, provided that the models adopted are consistent with true DGPs of the empirical

data.

2.2.4 Simulation and Estimation Strategy

We briefly describe the simulation and estimation strategy adopted throughout this paper. In
simulation we focus on a performance analysis of estimators under misspecification. For non-
perturbed estimators, we study their performance under additive noise; for semi-parametric
estimators, we study their performance under short-memory dynamics. We are particularly
interested in the performance of estimators under DGPs with large additive noise, with close
to zero or large memory parameters, since these features are pertinent to empirical data. We
also study the general performance of full-parametric estimators, which is not covered by Hou
and Perron (2012).

In empirical analysis, we first apply non-perturbed estimators and investigate their perfor-
mance under different bandwidths. After finding evidence that the true memory parameter is
above zero and is sufficiently large, we use perturbed estimators and compare the difference
between results. This approach is defined as a mixed procedure, for reasons that will become

apparent in Section 2.3.

2.3 Simulation Studies of Various Estimation Methods under Different Con-
taminations Magnitudes

In this Section we use simulations to illustrate the performance and effectiveness of various
LW based estimators under a variety of different DGPs for which our robust estimators were
designed. The parameter settings of simulations are adjusted to imitate those of particular
interest in the current literature. The primitive shocks €; used to generate the long-memory
process y; are i.i.d Normal, and always has its variance normalized to unity: var(e;) = 1. The
long-memory process y; is generated using a Gaussian fractional ARFIMA (p,d,q) process with
innovation variance var(e;) set to unity as above, and reduces to a simple Gaussian fractional

long-memory process when p = g = 0; y, is said to be contaminated by short-memory dynamics
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if p or ¢ are not equal to zero. The LFC wu; is exclusively considered as RLS for its proven
prevalence in most financial time series in the contemporary literature. We report results for
d = 0 as y; being a short-memory process, 0.45 as a stationary long-memory process, and 0.7
as a nonstationary long-memory process. The last setting of d is motivated by the empirical
findings, in which some perturbed estimators have a d estimate larger than 0.5 in certain data
series.

The average number of level shifts per sample is set to p = 10,20 and the distribution of
the shifts is 1, 74.i.d.N(0,02), so 0, = 2p(07/02) is the noise-signal ratio for LFC. This setting

is adopted by most authors studying RLS. Throughout the simulations, w; is a white noise:

2

. . . o . . . _ 2 2
2 so the noise-signal ratio of additive noise is 0,, = 03, /02,

w;"i.3.d.N(0,02), with variance o
and the noise-signal ratio 6, is set to be either moderate (6, = 1,4) or large (6, = 30),
simulating series either composed of long-memory process and small additive noise, or series
composed of a large noise and a moderate long-memory process.

The remaining parameter settings of the simulations are: bandwidth 5 = 0.8,0.7,0.6,0.5;
total observation T=3000, 5000; and number of replications N=500. Although 6, cannot be
consistently estimated when LFC exists (see Hou and Perron, (2013)), its value will be recorded
on occasions where it may be of interest. It will be shown later that although 0, will converge

to zero when there is no LFC, having a large 0, cannot be presented as evidence supporting

the existence of LFC.

2.3.1 Performance of Semi-Parametric LW Estimators

Performance of LWLFC under additive noise, T=5000

We begin our simulations by studying the performance of LWLFC estimators with varying

bandwidth. The DGP used here is the one with long-memory and additive noise:
Zt = Yt + ug + wy

where z; is the observed data, y,"ARFIMA(0,d,0), u; is a RLS process with an average number

of shifts p = 10 and variance of shift 0'727 S0 0, = 2[)(0,27 /o?), and w; is white noise with variance
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02 50 0, = 02 /o%. The results are recorded in Tables 2.1-2.3.

Tables 2.1-2.3 illustrate a substantial downward bias that even a moderate additive noise
can cause in an LWLFC estimator. Even with a large number of observations (T = 5000), the
downward bias is still strong enough to induce an erroneous identification of the process of
interest as a short-memory process contaminated by LFC. Bias increases with the noise-signal
ratio 6, = 02, /02, although it still remains sizable when ,, is small. Bias also increases with
the bandwidth, an unwelcome feature that inhibits maximum usage of data. Nevertheless,
LWLEFC is still the estimator with lowest downward bias among all LEC-robust estimators as

mentioned in Hou and Perron (2013).

Performance of LWLFC under short-memory dynamics, T=5000

Next we study LWLFC and LWPLFC under short-memory dynamics. The DGP used here is
without additive noise:

2t = Yt + Uy

where z; is the observed data, y; . ARFIMA(1,d,1), with a being the AR(1) coefficient and b
being the MA(1) coefficient, u; is an RLS process with an average number of shifts p = 10 and
variance of shift O'% so 6, = 2p(0% /o2). The results are listed in Tables 2.4-2.5.

Upon examination of Tables 4-5, it is clear that a positive AR(1) coefficient in short-memory
dynamics can cause a high upward bias when bandwidth is large, but its impact decays rapidly
when bandwidth decreases. A positive MA(1) coefficient has almost no observable effect on
LWLFC; but a negative MA(1) coefficient can cause a downward bias similarly to how additive
noise does, and its impact also decays with a decreasing bandwidth, although the rate of
decrease is slower than that with a positive AR(1) coefficient. An ARFIMA(1,d,1) process
with both a positive AR(1) and a MA(1) coefficients will show primarily AR(1) feature and
causes an upward bias. An ARFIMA(1,d,1) process with a positive AR(1) and a negative
MA(1) coefficients will have the biases caused by its AR(1) and MA(1) coefficients cancel
out each other to make the final magnitude of bias smaller than any of the two biases alone.

As a special case, when AR(1)=-MA(1), these biases completely neutralize each other and
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an ARFIMA(1,d,1) process simplifies to an ARFIMA(0,d,0) process, which is a trival case
that is not reported in the simulations. A DGP with a lower true memory parameter is more
strongly biased by a MA, and as a result occasionally a negative value of the memory parameter
estimates is recorded. Since applying LWLFC with a small bandwidth efficiently eliminates
upward bias on the memory parameter caused by short memory dynamics as well as LFC,

LWLFC with a small bandwidth gives a credible lower bound of the memory parameter.

2.3.2 A Sufficient Condition to Identify Long-memory: The Mixed Procedure

As pointed out by the literature cited above, the two primary contaminations that can cause
substantial bias in memory parameter estimation in empirical studies are additive noise, which
causes negative bias; and LFC, which causes positive bias. When additive noise is of concern,
non-perturbed estimators are shown to have a large negative bias whether they are robust to
LFC or not. On the other hand, although perturbed estimators are robust to additive noise in a
genuine long-memory environment, their variance inflates to infinity as the memory parameter
of the long-memory process approaches zero. These complications raise the natural question
of whether there is a criterion that can robustly identify long-memory processes. In what
follows we provide the first estimation strategy to address these two types of contaminations
simultaneously and to establish a sufficient (but not necessary) condition to positively identify

the existence of a long-memory process, even under large additive noise and LFC.

Recall that the DGP used here is
2t = Yt + Ut + Wt

where z; is the observed data, y,”ARFIMA(0,d,0), u; is a RLS process at an average of shifts

2

p = 10 and variance of shift 0727 s0 0, = 2]9((7727 /o?), and w; is white noise with variance o2,

SO
O = 02 /02

To illustrate the method, we first need a clear picture of the biases of LWLFC and LWPLFC
under different settings, which is listed in Tables 2.6-2.7.

Table 2.6 provides estimates of d and 6, for LWLFC and LWPLFC under large noise. As
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noted in the beginning of the simulations, here we report the non-consistent estimator 9u, which
is a random variable, to offer some insight. An interesting fact is that when the true DGP is the
combination of a long-memory process (usually nonstationary as well) and a additive noise, the
LWLFC estimator, without additive noise modeled, while giving a downwardly biased estimate
of the memory parameter, will mostly give an upwardly biased estimate of 6,. Because 0,
will converge to zero when there is no LFC, a large 0, may induce a practitioner to falsely
conclude evidence of LFC in the data. The intuitive explanation for this is that the objective
function, failing to be consistent with true DGP, will try increasing 0, to "compensate" the
bias on the memory parameter estimate. In this sense LWLFC tends to confuse a long-memory
process component and an LFC component, and when only a long-memory process but no LFC
exists, generates a memory parameter estimate value in between the long and short-memory
parameters, while suggesting the false existence of LFC. This is a feature that we suspect is
shared by all estimators that are robust under LFC but not under additive noise. On the
other hand, the perturbed LWPLFC estimator removes the negative bias of d caused by noise,
but still has large estimates of 6,, indicating that LWPLFC may also lead to a false-positive
existence of LFC despite its robustness under both noise and LFC. As a consequence, we
recommend that in practice the large value of 6, cannot be used as evidence confirming the
existence of LFC.

Table 2.7 reveals the degree of RMSE explosiveness when LWPLFC is applied to a DGP
without long-memory. Interestingly, the bias of d is always positive and 0, is arbitrarily large.
Such huge bias and RMSE of LWPLFC under a short-memory process casts a shadow on any
results with a large cz, since it may be either caused by a genuine long-memory contaminated
by additive noise, or by a genuine short-memory process without additive noise.

However, using a procedure that combines LWLFC and LWPLFC can establish a sufficient
condition for the existence of a long-memory process and give a robust estimate of the memory
parameter of the long-memory process once that condition is satisfied. In this procedure, the
practitioner first applies LWLFC to the data series of interest, and as discussed above, receives

a lower bound of d. If this value is sufficiently greater than zero, one can confidently conclude
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that the true d lies above zero, and hence validate an application of the LWPLFC estimator
that will eliminate a negative bias on d of LWLFC and result in a robust estimate of d. We
refer to this procedure as a "mixed procedure", and exploit it extensively in the empirical
studies.

It is also of interest to explore the order of estimates given by LW, LWP, LWLFC, LWPLFC,
and trimmed LP estimators applied on the same data. The classical LW estimator is subject
to two types of biases: the upward bias from LFC and the downward bias from additive noise.
LWP is subject to upward bias from LFC but not subject to downward bias from additive
noise. On the other hand, estimators only controlling for LFC (trimmed LP, LWLFC) are not
subject to an upward bias from LFC but to downward bias from additive noise. So in a DGP
where both LFC and additive noise exist, the value of d estimates should be in the following

order:

{drwirc, dpimmedrr} < {dow,drwprre} < dowe

where estimates using estimators in the same group may have any order. From this comes the
well known fact that classical LW or LP estimators that do not consider any contamination
have larger d estimates than LWLFC and trimmed LP estimates. The perturbed estimators
not robust under LFC, which are not biased downwardly by noise but biased upwardly by
LFC, should always have the largest estimate of d.

Remark 17 The mized procedure can positively confirm the existence of long-memory. How-
ever, it cannot be employed to exclude the existence of long-memory in data. As of now, there is
no known credible strategy that can generate a sufficient condition for absence of long-memory.

Research on this problem may prove promising in the future.

2.3.3 Performance of Full-parametric LWLFC Estimators

We now turn our sights to the parametric LWLFC estimator ARFIMA((p,d,q)+LFC. Our
primary interest is the case in which p = ¢ = 0 and p = ¢ = 1, as simulations (not listed)
having too many ARMA coefficients will greatly increase the time of computation, as well as

the difficulty of finding the true global maximum of QMLF and the RMSE of all estimates. For
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ARMA coefficients, we choose the most appropriate settings that may occur in our empirical
data: when there is no short-memory dynamic (a« = 0, b = 0); and when there is positive
autocorrelation and a negative moving average (a = 0.3, b = —0.7). The memory parameter
may take value of 0, 0.45, or 0.7, representing a short-memory process, and a stationary or
nonstationary long-memory process, respectively. Departing from the previous analysis, we
fix a bandwidth at § = 0.8 in all full-parametric simulations because 1)  is not required to
be smaller than one since the true form of the QML function is adopted; 2) if the full range
of frequencies is used (5 = 1) the QML function becomes flat at higher frequencies and the
estimate loses accuracy (as confirmed by unreported simulations).
The DGP used here is

2t = Yt + U + Wy

where z; is the observed data, y,"ARFIMA(0,d,0), u; is a RLS process with an average number

of shifts p = 10 and variance of shift o7, so 6, = 2p(07/0Z), and w; is white noise with variance

2
w

Table 2.10 with noise.

02 50 0, = 02 /02. Simulation results are presented in Tables 2.8-2.9 without noise and in
The parameter values used in Tables 8-9 are: 1) 0727/02 =1, p=10, 6, = 20, 6, = 0.
2) 02/0 =1, p = 10, 0, = 20, 0, = 0. These two tables show that the ARFIMA+LFC
estimators generally have good accuracy about the memory parameter, but large RMSE on
the ARMA coefficients. Note that even without additive noise, 8, is still highly volatile.
Table 2.10, with parameters set to 0727/02 =1, p =10, 6, = 20, 6, = 10, explores
the performance of ARFIMA+LFC estimators under additive noise and attempts to check if
an ARFIMA(1,d,1)+LFC model can absorb additive noise efficiently by adjusting its MA(1)
coefficient. We can see that although an ARFIMA(1,d,1)+LFC model has lower downward bias
on memory parameter estimates than an ARFIMA(0,d,0)4+LFC model, it is still downwardly
biased. So its MA(1) parameter absorbs a part, but not all, of the additive noise. The estimate
of 6, is still inflated by additive noise, just as in the case of semi-parametric estimators with
inaccuracy growing with d, further indicating that 0, cannot be used to confirm the existence

of LFC using full-parametric estimators.



71

2.3.4 Performance of Full-parametric Perturbed LWLFC estimators

For the reason stated earlier, throughout this subsection we retain the setting of a fixed band-
width 8 = 0.8 and sample size T=5000.

We now study the most complicated estimator: full-parametric perturbed LW estimators
PARFIMA(0,d,0)+LFC. In such models, an important question arises: whether the benefit
from the additional fit between a complex model and true DGP can compensate for the in-
creased RMSE caused by the greater number of parameters introduced. The DGP used here

is the same as that for the non-perturbed ARFIMA+LFC estimators:
zZt = Yt + u + wy

where z; is the observed data, y;"ARFIMA(0,d,0), u; is a RLS process at an average of shifts

2

W SO

p = 10 and variance of shift o7 so 6, = 2p(0}/02), and w; is white noise with variance o
0, = 02,/02. Results are shown in Tables 2.11-2.12 for PARFIMA(0,d,0)+LFC, and in Tables
2.13-2.19 for PARFIMA(1,d,1)+LFC.

The performance of full-parametric perturbed LW estimators PARFIMA(0,d,0)+LFC (Ta-
bles 2.11-2.12) reveals that when the true memory parameter is far from zero, even for data
with large additive noise, perturbed full-parametric LW estimators can still capture the long-
memory process with decent accuracy, but without good accuracy on parameters other than
the memory parameter. However, as predicted by the theory of perturbed estimators, when
the true memory parameter is zero, the bias and RMSE of perturbed estimates are large and
the PARFIMA (0,d,0)+LFC estimator loses accuracy.

The performance of PARFIMA(1,d,1)+LFC (Tables 2.13-2.19) indicates that the bias and
RMSE of our PARFIMA (1,d,1)+LFC estimator is comparable with the trimmed ARFIMA(1,d,0)
estimator in McCloskey (2013), with our estimator having less bias, less RMSE for d, and a
larger RMSE for the ARMA coefficient. Also there is trade-off effect between MA(1) and
additive noise, since they both have large RMSE. Again, as predicted by the theory of per-

turbed estimators, when the true memory parameter is zero, the bias and RMSE of perturbed
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estimators inflate immensely and the PARFIMA (1,d,1)+LFC estimator loses accuracy.
2.4 Empirical Analysis

In this Section, we apply our estimators to various time series that have been identified in the
literature as either arising from or exhibiting properties of long-memory processes. We examine
the extent to which RLS or other LFC components may be playing a role in influencing the
long-memory character of the data, and biasing the memory parameter estimate toward the
conclusion that a genuine long-memory process is coexisting with them. We also investigate
the variation of estimates according to bandwidth choice and report the random variable 0, for
each time series under study, with the hope of deriving more insights about the most likely types
of DGPs underlying the data. All statistics reported as zero are accurate to absolute values
within 1073, It must be pointed out that the true DGP of the long or short-memory process
may not follow an ARFIMA((p,d,q), so all the full-parametric estimators may be misspecified.
For each data series, two tables are provided to present results from semi-parametric and full-
parametric estimators, respectively. We also report LWLFC with more bandwidths in the last
column of the table of semi-parametric estimators, to give more insight on the sensitivity of
the d estimate to bandwidth choice, in order to investigate whether the mixed procedure is
applicable.

The first data series we analyze is the S&P 500 daily volatility series (1962-2009), with
the results listed in Tables 2.20-2.21. The classical LW estimator gives a memory parameter
estimate from 0.261 to 0.495, increasing as bandwidth decreases, implying a long-memory
process. The significant changes on parameter estimates with bandwidth indicates that the
true DGP is not a pure long-memory process, and can be explained both as (1) the true DGP
is a long-memory process, possibly accompanied by a noise process and contaminated by LFC;
and (2) the true DGP consists of the noise and the RLS, and possibly some short-memory
process. The LWP estimator has higher estimates of d, confirming the existence of a noise
but, as we appeal to the case discussed earlier, excludes neither possibility (1) nor (2), since

in condition (2) the LWP estimator loses its accuracy when applied to a pure short-memory
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process.

The LFC-robust estimators, such as LWLFC and trimmed LP, on the other hand, confirmed
the existence of LFC by giving much lower memory parameter estimates than those using
classical LW and LP estimators. It remains to be seen whether a true long-memory process
exists or not. The LWLFC estimates increase as bandwidth decreases, which is consistent
with the pattern of LFC-robust d estimates of a long-memory process contaminated by noise.
And a d estimate of 0.183, 0.212, 0.237 when 8 = 0.75,0.73,0.7, respectively, is large enough
to positively identify a pure long-memory process and invoke the mixed procedure. While
we admit that at the highest bandwidth our LWLFC estimates (0.095 when 5 = 0.8), albeit
still positive and higher than that of trimmed LP from McCloskey and Perron (2013) ( -0.017
when 8 = 0.8), are not far enough from zero, we argue that this is most likely caused by the
existence of noise, since the d estimate increases considerably with bandwidth.

Turning to full-parametric estimators, the ARFIMA(0,d,0)+LFC estimator produces esti-
mates reminiscent of those from LWLFC when § = 0.8. The ARFIMA(1,d,1)+LFC estimator
gives a high memory parameter estimate and strong mean reverting coeflicient, suggesting the
existence of a large additive noise and a long-memory process.

The perturbed models, both LWPLFC and full-parametric ones, all give similar results. As
was noted in Sections 2 and 3, because noise in the data causes the frequency-domain QMLF
to become flat at higher frequencies, using a bandwidth of 8 = 0.8 is better than using a full
range of frequencies. These high d estimates ( diwpLrc = 0.655 when 8 = 0.8), larger than all
that derived using LWLFC and less sensitive to bandwidth, are consistent with a long-memory
process contaminated by a noise process.

We conclude that our findings for these data, besides confirming the existence of noise
and a LFC, which is consistent with the previous literature, also suggests the evidence of a
long-memory process. Although the LWLFC estimate of d at 8 = 0.8 is not far enough from
zero, the fact that the LW and LWLFC d estimates increases rapidly as bandwidth decreases
and that ARFIMA(1,d,1)+LFC yields a high memory parameter estimate and strong negative

MA(1) coefficient indicates that the true d is indeed large enough to employ the mixed strategy.
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At every bandwidth the trimmed LP gives a lower d estimate than the LWLFC does, reiterating
the theoretical explanation in (Hou and Perron (2013) that under contamination of additive
noise, the trimming technique aggravates negative bias by excluding low frequencies (at which
the spectral density of a long-memory process with higher memory differs most from a short-
memory process,) from data.

Most of the daily data studied- i.e. daily returns series of DJIA in Tables 2.22-2.23,
NASDAQ in Tables 2.24-2.25, AMEX in Tables 2.26-2.27, another S&P 500 daily volatility
series in Tables 2.30-2.31, and daily data on the Dollar-Yen exchange rate in Tables 2.34-2.35-
show properties reminiscent to various degrees of those from the first data of the daily S&P 500.
These properties are: (1) those d estimates that are not robust to LFC suggest a long-memory
and even a nonstationary process; (2) those d estimates that are robust to LFC but not additive
noise (such as trimmed LP) find no evidence of long-memory memory but strong existence of
LFC; (3) those d estimates of non-perturbed Local-Whittle LEC-robust estimators are positive,
below those d estimates not robust to LFC and above those previous d estimates robust to
LFC, and although they may not be large enough at the largest bandwidth considered, increase
rapidly as bandwidth decreases; (4) perturbed LFC-robust estimators give large d estimates;
(5) the ARFIMA(1,d,1)+LFC estimator gives negative MA(1) coefficient estimates. These
properties lead us to the conclusion that aside from LFC and noise previously identified in the
data, a long-memory component resides in them as well.

Unlike the other daily series, daily data on the Dollar-Aus exchange rate follows a different
pattern. Its LWLFC d estimate remains relatively steady across bandwidths above 0.7 and
the MA(1) coefficient is positive and close to zero, implying the possibility of a true memory
parameter close to zero and casting doubts on the credibility of perturbed estimators. This is
a case for which the mixed procedure cannot be reliably applied. We conclude that the data
reflect a short-memory process and LFC, possibly mixed with a weak long-memory process.

Presented in Tables 2.28-2.39 are the results for high-frequency data series, including HF
data on SPY in Tables 2.28-2.29, HF data on the S&P 500 in Tables 2.36-2.37 and HF data

on 30-Year T-Bonds are similar among themselves, but are quite different than those for daily
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data, with strong evidence of long-memory. All estimators have relatively stable d estimates
across all bandwidths. Classic LW and LWP estimators do have higher estimates of d due to
bias caused by LFC. For HF data on SPY and the S&P 500, perturbed estimators, validated
by large d estimates from non-perturbed estimators, give d estimates not significantly larger
than their non-perturbed counterparts and small estimates of 8,,, indicating that the presence
of noise is not substantial using high-frequency data. Their true DGPs are best construed as a
long-memory process with LFC. The case of HF data on 30-year T-Bonds is slightly different
from the other two high-frequency data series, in that it shows the presence of additive noise
supported by the facts the that d estimates of LWLFC increases as bandwidth decreases, that
significant increases of d estimates are given by perturbed estimators, and that a negative
MA(1) coefficient estimate is given by ARFIMA(1,d,1)+LFC. This shows that although addi-
tive noise is considered to be insubstantial in most high-frequency based series, it cannot be

completely excluded from consideration.
2.5 Conclusions

In this paper, we provide the first empirical approach for robustly estimating the memory
parameters of data series that allows for coexistence of both short-memory process and long-
memory process, low frequency contaminations such as level shifts as well as additive noises.
We provide a sufficient condition for the existence of long-memory and propose a mixed proce-
dure that combines a modified Local-Whittle estimator and its perturbed and full-parametric
variants to verify that sufficient condition in practice. We apply our estimation methodol-
ogy to daily returns based volatilities on S&P 500, DJIA, NASDAQ, AMEX, Dollar-AUS and
Dollar-Yen exchange rates, together with high-frequency based volatility for the bond and stock
market data. These series have been the focus of research using a variety of methods, due to
the fact that they exhibit evidence of long-memory that however also appears to be spurious if
contaminations are taken into account. Our estimation results reveal that: 1) level shifts are
indeed present in all series; 2) a genuine long-memory component is present in high-frequency

based measures of volatility, where little evidence of noise is present, except for the realized
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volatility series of 30-year Treasury Bond futures; and 3) that noise is present in all daily
data. These findings agree with the contemporary literature that studies LFC and spurious
long-memory, such as McCloskey and Perron (2013). Through our mixed procedure, we con-
tribute to the literature by finding evidence of long-memory processes in most low frequency
daily measures, suggesting a combination of a long-memory processes, a noise, as well as a
LFC in such data, with the relative magnitude of each of these components varying according
to the specific series. We also perform simulations to show the finite sample properties of
several modified LFC-robust LW estimators, including several perturbed and full-parametric
estimators.

There appear to be many promising avenues for future research. The mixed procedure,
although it can verify the sufficient condition for evidence of long-memory, loses its power
when the lower bound of the d estimates given by non-perturbed estimators approach zero.
Methods to identify a long-memory process in a DGP with a large noise component are desired.
Estimation strategies that can model the correlation between different components in the same
data should provide more reliable empirical results than current methods assuming the mutual

independence of different components.
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Table 2.1: LWLFC under large noise, d=0.45, T=5000
LWLFC, 9, =20, d=0.45
0y, =5 A, =10 G, =20
~ § Bias RMSE Bias RMSE Bias RMSE

Table 2.2: LWLFC under large noise, d=0.7, T=5000
LWLFC, 4, = 20, d=0.7
f, =5 A, =10 0, =20
~ f Bias RMSE Bias RMSE Bias RMSE




78

Table 2.3: LWLFC on short-memory process with short-memory dynamics,
T=5000

Zt = Yt + U, LWLFC, 4, = 20, d=0
T=060=0 a=0b=—06]a=005=06

a=06,6=086

Table 2.4: LWLFC on long-memory process with short-memory dynamics,

T=5000
2t = Yt + Ug, LWLFC, 4, = 20, d=0.45
a=06b=0 a=0,b=-06 a=0,0=06 a=0.6,0=0.6
6] Bias RMSE Bias RMSE Bias RMSE Bias RMSE

Table 2.5: LWLFC on nonstationary long-memory process with short-memory
dynamics, T=5000
2y = Yt + Uy, LWLFC, 4, = 20, d=0.7
a=06,0=0 a=00b=-06 a=0,b=06 a¢=06,0=0.6
6 Bias RMSE Bias RMSE Bias RMSE Bias RMSE

Table 2.6: LWLFC, LWPLFC on a stationary long-memory process with large
noise

2y = Yt + Up + Wy, dy=07,0,=30,0,=0

mean of 6, Bias of d mean of 6, Bias of d

5000 3000 5000 3000 5000

Table 2.7: LWLFC, LWPLFC with pure short-memory process+RLS

2 =1y +ug, dg = 0,02/02 =1,p = 10,0, = 20

mean of 6, Bias of d mean of 6, Bias of d
B/T 3000 5000 3000 5000 3000 5000 3000 5000
0.8 76.8 448 -0.076 -0.043 19E9 4.7E5 0.722 0.745
0.75 343 409 -0.097 -0.055 1.4E9 1.6E6 0.604 0.664
0.7 274 40.9 -0.116 -0.067 1.7E6 3.6E8 0.666 0.657
0.65 237 384 -0.081 -0.068 5.0E6 1.IEI0 0.711 0.729
0.6 339 181 -0.094 -0.091 2.7E6 6.2E5 0.644 0.721
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Table 2.8: Full Parametric ARFIMA(0,d,0)+LFC
B=08, % =1,p=10, 6, = 20, §,, = 0, T=5000
n

% = Ui + ug, ARFIMA(0,d,0)+LFC
a=0,b=0 a=03,b=—07
d=0 d=0.45 d=0 d=0.45
a0, d 0, d 7, d 0,
1as . . . . -uU.

B 0.022 329 0.008 56.5 -0.028 1.425 0.067 42.3
RMSE 0.144 23.0 0.094 175 0.095 2I.3 0.095 416

Table 2.9: Full Parametric ARFIMA(1,d,1)+LFC
8 =0.8, E =1, p=10, 6, =20, 8, = 0, T=5000
71
Zt = Y + Uy, ARFIMA(l,d,1)+LFC

a=0,b= a=03,b=-07
d=0 d=0
d eu b d 7. a b
Bias 0003 101 0092 0150 Bias  0.015 3.64 0057 0217
d=0.45 d=0.45
d 0., a b d 7. a b
Bias  0.0I1 76.6 -0.144 0.016 Bias 0.057 27.9 -0.080 -0.279
"RMSE 0.060 194 0.571 0.440 RMSE 0.109 233  0.247 0.390

Table 2.10: AREIMA—{—LFC model with additive noise
5=08, % =1,p=10, 6, = 20, §, = 10
Zt ]:yt+ut+wt, d=10.45

ARFIMA(0,d,0)+LFC ARFIMA (1,d,1)+LFC
d 7. d 0. a
Bias  0.381 -I18.1 DBias -0.303 -18.6 0.037 -0.23%
0.382  18.2 0.315 18.7 0.508 0.482
d=0.45 d=0.45

d 0. d 0., a b
Bias -0.584 6.19 Bias -0.274 -8.87 0.036 -0.428

Table 2.11: PARFIMA(0,d,0)+LFC on long-memory process with LFC and
noise

PARFIMA(0,d,0)+LFC, 8, = 30
2t =Y + us +wg, p=10

0,=0 f,=20
d=0.45
d 0, O d 0. O
Bias  -0.094 1.05 -0.061 Bias -0.086 -7.36 17.4
0.221  2.30 .5 0.252  31. 96.9
d=0.7
d 0. [ d [4 [4

Bias  -0.066 33.5 0490 Bias -0.092 21.7 -3.81
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Table 2.12: PARFIMA(0,d,0)+LFC on moderate or no additive noise
PARFIMA(0,d,0)+LFC, 6, =0
2t =Yt + ur + we, p=10

0, =0 O, =4
d=0.45
d 0., [ d 0. [
ias . . . ias  -0. . -0.
d=0.7
d 0. O d 0y O
Bias  0.026 23.9 0.I09 Bias -0.010 50.7 -0.052
RMSE 0.044 747 0.I75 RMSE 0.091 125 1.7

Table 2.13: PARFIMA(0,d,0)+LFC on pure short-memory processes with
LFC

ARFIMA(0,d,0)+LFC+noise
thyt—i‘ut‘g’wt,p:loa d=0

w =

0,=0 0,=14

d 0. 0. d 0., O
Bias -0.064 0.0I8 12.0 Bias -0.076 0.0I8 4.53

g, =20

0,=0 0, =4

d g, 0. d 0., Ow
Bias 0.371 196 82.1 Bias -0.020 9.77 284

0.68 808 1 0.469 88.5 8&7.

Table 2.14: PARFIMA(1,d,1)+LFC on long memory process
PARFIMA(1,d,1)+LFC, 8 = 0.8, T=5000
2=y +wy, Oy =
d=0.45

d 0, AR(1) MA(D) 0,

Bias 0.0I8 0.692 -0.033 0.043 0.334
0.03 5.90 0.29 0.32 1.643

1

d=0.7
d 0, AR(1) MA(D) 0,
Bias_ 0.025 0342 _0.004 _ 0.003 _0.163

Table 2.15: PARFIMA(1,d,1)+LFC on long memory process, and LFC
PARFIMA(Ld,1)+LFC, B = 0.8, T=5000
2t =Y + up + wy, 0, = 20,0, =0
d=0.45
d 0, AR(1) MA(1 [
1as -0. .

“RMSE _0.057 70.1 0343 0479 L.667_
d=0.7
d 0, AR(1) MA() 0,
1as -

RMSE 0.115 509 0.262 0.408 0.562
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Table 2.16: PARFIMA(1,d,1)+LFC on long memory process and additive
noise

PARFIMA(1,d, 1) LEC
2 =Y +wy, Oy =4

d 9, AR(1) MA(D) 0,

Bias  0.023 1.IS -0.005 0.046 5.2

RMSE _ 0.087 541 0.304 0499 10.5
d=07

d 8, AR() MA() 4,

Bias  0.022 0.128 -0.056 0.143 2.01

Table 2.17: PARFIMA(1,d,1)+LFC on long memory process, LFC and addi-
tive noise

PARFIMA(L,d,1)+LFC, B = 0.8, T=5000
Zt = Y + U + Wi, 0, = 207011} =4
d=0.45

i 0, AR() MA(I) 0,
Bias  -0.060 21.3 -0.0I8 0.I88  6.95
RMSE 0.129 783 0.311 0.594 177
d=0.7
d 0, AR() MA(1) 0,
Bias -0.037 158.8 -0.071 0.136 3.15

Table 2.18: PARFIMA(1,d,1)+LFC on short-memory process and LFC

PARFIMA (1,d,1)+LFC, B = 0.8, T=5000

d=10,0, =0
. =0
d 9, AR(1) MA() 0,

Bias  -0.137 00.008 0.011 0.00I 24.6
RMSE 0.416 0.030 0.187 0.199 102
0, =20

d 9, AR(1) MA() 0,
Bias 0.961 -19.7 0.130 0.268 280
RMSE 0.966 19.8 0.469 0.457 932

Table 2.19: PARFIMA(1,d,1)4+LFC on short-memory process with additive
noise and LFC

PARFIMA(1,d,1)+LFC, g = 0.8, T=5000
b, =1,d=0,

=

d 7, AR(1) MA() 0,

Bias -0.142 0.0IT 0.010 0.037  20.7

RMSE 0.434 0.038 0.210 0.220 95.2
0, =20

d 9, AR(1) MA(1) 0,

Bias 0.937 -19.7 -0.325 -0.254 441

RMSE 0943 19.7 0.528 0.409 548
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Table 2.20: SP 500, Semi-Parametric Estimators

Table 2.21: SP 500, Full-Parametric Estimators
ARFIMA(0,d,0)+LFC ARFIMA(1,d,1)+LFC
d d a b

T 0118 0.643 0178 0805
PARFIMA(0,d,0)1LFC __ PARFIMA(1,d,1)7LEC

3 d 0. 4 AR(1) MA(1) 4,
0.8 0655 293 0.630 0017 0591 348

Table 2.22: DJIA, Semi-Parametric Estimators
assic F F FC, more
I} d d [ d d O B d
0.8 0.241 0.654 324 0.066 0.654 324 0.8 0.065
0.7 0.363 0.575 125 0.277 0.575 25 0.75 0.148
0.6 0.476 0.486 0 0.480  0.500 0.783 0.73 0.223
0.5 0.441T 0.485 3.06 0.475 0485 3.06 0.7 0.277

Table 2.23: DJIA, Full-Parametric Estimators
ARFIMA(0,d,0)+LFC ARFIMA(1,d,1)+LFC
Jé] d d a b

1 0.105 0.407 0.289 -0.678
0.8 0.097 0.481 0.443 -0.780
PARFIMA(0,d,0)+LFC PARFIMA(1,d,1)+LFC

3 d O 4 AR(1) MA(1) 0,
T 0.683 56.7 - - -

Table 2.24: NASDAQ, Semi-Parametric Estimators
assic LW LWP LWLF LWPLF LWLFC, more
Jé; d d [ d d [ B d
0.8 0.269 0.631 23.9 0.I10 0.606 20.9 038 0.1T0
0.7 0379 0588 140 0259 0444 427 0.75 0.208
0.6 04517 0.668 487 0.294 0.572 21.9 0.73 0.212
0.5 0538 0.667 5I.8 0.407 0407 0 0.7 0.259

Table 2.25: NASDAQ), Full-Parametric Estimators
ARFIMA(0,d,0)+LFC ARFIMA(1,d,1)+LFC
Jé] d d a b

1 0.124 0.357 0.288 -0.604
0.8 0.113 0.332 0.317 -0.603
PARFIMA(0,d,0)+LFC PARFIMA(1,d,1)+LFC

d O 4 AR(1) MA(1) 0,
I 0.586 24.1 - - -
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Table 2.26: AMEX, Semi-Parametric Estimators
assic LW LWP LWLF LWPLF LWLFC, more
d d [ d d [ B d
0.8 0.246 0.541 11.9 0.I55 0.542 9 08 0.155
0.7 0346 0487 552 0274 0333 0.84 0.75 0.213
0.6 0403 0.524 T1T1.1 0.306  0.307 0 0.73 0.232
05 0449 0.707 224 0.232 0.708 224 0.7 0.274

Table 2.27: AMEX, Full-Parametric Estimators
ARFIMA(0,d,0)+LFC ARFIMA(1,d,1)+LFC
d d a b

T 0153 0.354 0.384 0635
PARFIMA(0,d,0)tLFC __ PARFIMA(1,d,1)7LFC
d 7 d_ AR(1) MA(1) 0,

w
I 0457 7.03 -

Table 2.28: SPY, Semi-Parametric Estimators
Classic LW LWP LWLFC LWPLFC LWLFC
B d d 0. d d 0. B d
0.8 0.540 0.590 0.386 0.503 0.516 0.06 0.8 0.503
0.7 0570 0.674 2.25 0525 0.674 224 0.75 0.50
0.6 0.626 0.637 0 0.625 0.634 0 0.73 0.467
0.5 0.546 0.714 386 0.378  0.377 0 0.7 0525

Table 2.29: SPY, Full-Parametric Estimators
ARFIMA(0,d,0)+LFC ARFIMA(1,d,1)+LFC
g d d b

a

T 0466 0.486 0.355 0379
0.8 0514 0.532 -0.063 -0.019
PARFIMA(0,d,0)+LFC PARFIMA (Ld,1)+LFC
d 0 d__ AR() MA(I) 0,

w
1 0472 0.02 -

Table 2.30: SP 500 (2), Semiparametric Estimators
Classic LW LWP LWLFC LWPLFC LWLFC, more 5
B d d [ d d [ Jé] d
0.8 0.206 0.608 50.4 0.095 0.604 49.2 0.8 0.095
0.7 0308 0566 29.1 0.I87 0.503 155 0.75 0.148
0.6 0403 0578 36.3 0282 0283 0 0.73 0.169
0.5 0.468 0.723 398  0.250 0.723 398 0.7 0.187

Table 2.31: SP 500 (2), Full-Parametric Estimators

ARFIMA(0,d,0) 1 LFC ARFIMA(1,d,1) 1 LFC

3 d d a b

1 0.090 0.288 0.396 -0.650
PARFIMA(0,d,0)1LFC __ PARFIMA(L,d,1)7LEC

d O d  AR(1) MA(1) 0,
1 0.567 44.1 - - -
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Table 2.32: Dollar-AUS, Semi-Parametric Estimators
assic LW LWP LWLF LWPLF LWLFC, more
B d d [ d d [ B d
0.8 0349 0.78T 5I.6 0.094 0488 12.6 0.8 0.094
0.7 0.456 0.832 935 0.121 0.655 41.5 0.75 0.120
0.6 0.596 0.864 147 0.215  0.864 147 0.73 0.119
0.5 0.768 0.832 36.5 0.641 0.810 16.0 0.7 0.121

Table 2.33: Dollar-AUS, Full-Parametric Estimators

ARFIMA (0,d,0)+LFC ARFIMA(L,d,1)+LFC
B d d a b
T 0124 0357 0.288 -0.604
0.8 0113 0.332 0.317 -0.603
PARFIMA (0,d,0)+LFC PARFIMA(L,d, 1)+ LFC
d 9 d__AR() MA(1) 0,

w
I 0.586 24.1 -

Table 2.34: Dollar-Yen, Semi-Parametric Estimators
assic LW LWP LWLF LWPLF LWLFC, more
B d d 0. d d 0. Jé; d

Table 2.35: Dollar-Yen, Full-Parametric Estimators
ARFIMA(0,d,0)+LFC ARFIMA(1,d,1)+LFC
B d d a b

1 0.194 0.401 0.263 -0.540
0.8 0.175 0.456 0.413 -0.673
PARFIMA(0,d,0)+LFC PARFIMA(1,d,1)+LFC

3 d 0. d__ AR(1) MA(1) 0,
T 0542 6.61 - - -

Table 2.36: SP 500 HF, Semi-Parametric Estimators

assic LW LWP LWLFE LWPLF LWLEFC, more
d d [ d d [4 d

0.8 0438 0.438 0 0.438 0439 0.03 08 0.438

0.7 0.384 0.420 0.598  0.369 0.378 0.I0 0.75 0.404
0.6 04117 0.48T 2385 0.412 0.485 3.0 0.73 0.386
0.5 0.435 0.463 0 0.463 0.462 0 0.7 0.369

Table 2.37: SP 500 HF, Full-Parametric Estimators
ARFIMA(0,d,0)+LFC ARFIMA(1,d,1)+LFC
B d d a b

T 0477 0472 0.008 -0.001
0.8 0443 0.410 0.006 -0.002
PARFIMA(0,d,0)+LFC PARFIMA (Ld,1)+LFC
d O d__ AR(I) MA(1) 0,
T 0477 0

0.8 0.440 0 0.441 -0.004 0.0I7 0.004
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Table 2.38: 30-Year T-Bonds, Semi-Parametric Estimators
assic LW LWP LWLF LWPLF LWLFC, more

B d d [ d d [ J5} d
0.8 0.3I7 0585 5.84 0.200 0585 5.84 0.8 0.200
0.7 0416 0531 2.62 0409 0532 263 0.75 0.339
0.6 0.448 0.457 0 0.457 0.457 0.013 0.73 0.373
0.5 0.408 0.437 0 0.436 0.613 38. 0.7 0.409

Table 2.39: 30-Year T-Bonds, Full-Parametric Estimators
ARFIMA(0,d,0)+LFC ARFIMA(1,d,1)+LFC
B d d b

a
T 0183 0427 0215 0530
PARFIMA(0,d,0)1LFC __ PARFIMA(1,d,1)7LFC
d 7 4 AR(1) MA(1) 0,

w
I 0.564 6.74 -
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Chapter 3

Pivotal Inference on Structural Changes in Joint
Trend Break Model with Heterogeneous Innovation

(joint with Pierre Perron)

3.1 Introduction

Issues related to structural breaks have received a lot of attention in the statistics and econo-
metrics literature (see Perron, 2006, for a survey). Substantial advances have been made to
cover general models in the context of estimating and testing structural breaks in both sin-
gle and multiple equations systems. In the single equation case, Bai (1997) studies the least
squares estimation of a single change point in regressions involving stationary and/or trending
regressors. He derives the consistency, rate of convergence and the limiting distributions of
change point estimates under general conditions on the regressors and the errors. Bai and
Perron (1998) extend the testing and estimation analysis to the case of multiple structure
changes, while Bai and Perron (2003) present an efficient algorithm to obtain the break date
estimates as the global minimizers of the overall sum of squared residuals. Andrews (1993),
Bai and Perron (1998), and Altissimo and Corradi (2003) discuss issues related to testing for
a single or multiple changes.

Much of the work in the literature concentrated on the case where the regressors and
errors are stationary. Nevertheless, issues related to structural changes are also important
in the context of trending regressors and non-stationary time series. Perron and Zhu (2005)
consider a linear trend function subject to a one-time change in the parameters. They analyze
the consistency, rate of convergence and limiting distributions of the parameters with errors

that can be stationary or have an autoregressive unit root. They consider three different
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models: a "joint broken trend", a "local disjoint broken trend" and a "global disjoint broken
trend". They show that each case involves different asymptotic results, in particular pertaining
to the rate of convergence and the asymptotic distribution of the estimates of the break dates.
The model we consider in this paper is the "joint broken trend" model, whereby the slope of
the trend changes and the series is joined at the time of the break.

Advances have also been made for structural change problems in the context of testing for
changes in the regression coefficients and the variance of the noise component. Building on
the work of Perron and Qu (2007), Perron and Zhou (2008) provide a comprehensive treatment
of the problem of testing jointly for structural changes in both the regression coefficients and
the variance of the errors in a single equation involving stationary regressors, allowing the
break dates for the two components to be different or coincide. They provide the required
tools for addressing the following testing problems, among others: a) testing for given numbers
of changes in regression coefficients and variance of the errors; b) testing for some unknown
number of changes less than some pre-specified maximum; c) testing for changes in variance
(regression coefficients) allowing for a given number of changes in regression coefficients (vari-
ance); and d) estimating the number of changes present.

A problem with the analysis of Perron and Zhou (2008) is that trends are not permitted,
in particular those joined at the time of the break. Such breaking trends are very relevant
in practice as evidenced by many series in macroeconomics, finance and even climate change
(e.g., Estrada, Perron and Martinez-Lépez, 2013). The latter case is indeed the motivation
behind this paper as global and hemispheric temperatures as well as radiative forcings (e.g.,
greenhouse gases) are well approximated by a linear trend with a one-time change in slope
near 1960 with the noise component being stationary. As shown in Perron and Zhu (2005), the
limit results with joined segmented trends are very different from locally or globally disjoined
trends as well as the stationary case. Hence, the need for a separate treatment.

The aim of this paper is to provide the relevant results concerning testing for changes in
the slope of the trend and the variance of the noise. We start with a single possible break

in each and address the following issues: 1) testing for a change in trend with or without a
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change in variance; b) testing for a change in variance with or without a change in trend.
Asymptotically pivotal statistics are provided for each cases. We then generalize some results
to the case of multiple changes. Our work is related to that of Li and Perron (2013) who
analyzed the problem of testing for common breaks and forming confidence intervals when the
breaks dates are locally ordered in a system of equations with joint-segmented trends.

The structure of this paper is as follows. Section 2 presents the model and the assumptions.
Section 3 presents results about the limit distribution of the estimates of the trend function,
while Section 4 does so for the estimate for the change in variance. Section 5 is devoted to the
pivotal statistic to test for a trend change allowing for a variance break. Section 6 is concerned
with pivotal statistics for the coefficient of the trend when there is a trend break allowing for
a variance break. Section 7 offers some extensions for cases with multiple breaks. Section 8
provides brief concluding remarks and technical derivations are contained in an appendix.

The following notation is used throughout this paper: " stands for convergence in

distribution, "==" for weak convergence in Skorokhod Topology, "" for convergence in

probability, and "—" for the limit as 7' — oo (unless otherwise stated).
3.2 The Model and Assumptions
The model considered is a joint-segmented trend of the form:

Yy =p+pt+ 0B +u

where By = t — T when t > T and 0 otherwise. We let A\p = Ts/T and assume that
€ < Ap < 1— ¢ for some € € (0,1/2). If there is no change in the slope of the trend, 6 = 0 and

Tp is undefined. In vector form, we have:
Y=XTp)k+U

where Y = (y1,..,y), U = (u1,...,ur)’, & = (u,3,9), X(T) = (X1, X2, X(TB)3) with
X; =(1,..,1), Xo = (1,2,...,7) and X(Tp)3 = (0,...,0,1,..T — T)'. If there is a change
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in the structure of w, it occurs at some date Ty with Ay = Ty /T where we assume that
e < Ay < 1— € for some € € (0,1/2). The true Data Generating Process will be denoted with

a 0 superscript or subscript, so that
Y = X(TO)RY +U

where 0 = (10, 3°,6%), T = [\}/T) and TY = [A),/T] with [-] denoting the integer argument.
In order to state the conditions pertaining to the noise component u;, we first state the following
condition.

Condition 1: Define the L,-norm of a random matrix X as [|X|[, = 32, >, E | XY™ for
r > 1and F, = o-field {...,xi—1, v, up—2,up—1 }. If x40, is weakly stationary within each seg-
ment, then (a) {zyu:, 1} forms a strongly mixing (a-mixing) sequence with size —4r/ (r — 2)
for some r > 2, (b) E(zyur) = 0 and [|ziuely,, 0, < C1 < oo for some Co,C1 > 0, (c)
Let Sip1(f) = ITJ‘%Z_ZM U and Sgo (£) = Z;é“_ﬁiéth , for each e € R of length 1,
var ({e, Sk ; (0))) > v (k) for some function v (k) — oo as k — oo (with (), the usual inner

product). If z;u; is not weakly stationary within each segment, we assume that (a)-(c) holds,

and in addition, that there exists a positive definite matrix W such that we have, uniformly

in £, EE ((Skd (6))“ (Sk,j (6))8) — (W)@S‘ < CQ/{Z—C3, for some Cy,C3 > 0.

We consider two assumptions about the noise component ;.

e Assumption 1(a): Let var(u;) = o2 if t < TY and var(u) = 0%, if t > TO. We assume
that Condition 1 holds with z; replaced by u; or u?/ (Tj2-0 — 1 in each regime defined by

4

1 <t <Ty; (j =1,2), with the convention that Ty, =1 and Ty, = T.

e Assumption 1(b): {u;} is an autoregressive process of order p given by uy = > b_, ciup—;+
et, where the roots of C(L) =1 -3 ;L' are outside the unit circle and e; = ojoe,
for T\(/)',j—l <t < T, ‘% (j = 1,2), with g; a martingale-difference sequence satisfying

Condition 1 in each regime.

The conditions are mild in the sense that they allow for substantial conditional het-

eroskedasticity and autocorrelation. Also, if no autocorrelation is present, i.e., {u;} is mar-
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tingale difference sequences with respect to the filtration F;, then even the weak stationarity
assumption can be dropped and u; allowed to be unconditionally heteroskedastic with bounded
fourth moments. Note that Condition 1 could be replaced by other sufficient conditions that
can yield a strong invariance principle or Functional Central Limit Theorem (FCLT)!.

Consider first Assumption 1(a). Here a change in the structure of the noise u; corresponds
to a change in the variance of u;. Under the stated conditions, the following FCLT's hold for
all r € [0, 1]. First,

T7-1/2 [ir‘j T2 1[21] u; when r < )\?/
ug = _ T _ .
t=1 t T2 Zl[tzl‘/] up + T2 ZEZ[]T,/\%H ug when r > \Y,

wioW (r) when r < A}, = 6(r)
wioWAY) + wag[W(r) — W(AY)] when > \) | =

where wig = limp_,o F(( ET?V] ug)?) and wog = limy_ oo ((Zt 720,41 U ug)?), are the so-

called long-run variances in each regime. Here, and throughout, "=" refers to weak conver-
gence in distribution under the Skorohod topology. Let oy = o019 for t < T, 8 and o9 = 099

for t > T‘(}, then we also have,

[Tr]

T—WZ ZL)2 1) = ¢B(r) (1)

Uto

where ¢ = limp_, E'((z:thl((ut/o',go)2 —1))?). Note that W(r) and B(r) are independent
standard Wiener processes.

Under Assumption 1(a), what is being considered is a change in the variance of u;. This
implies that the change can be due to either the nature of the serial correlation or the underlying
variance of the primitive shocks. In some cases, it may be desirable to test for a change in
the variance of the primitive shocks assuming constant coefficients for the dynamics. This
can be achieved adopting Assumption 1(b), which specifies an autoregressive structure for
the dynamics. The conditions are obviously less general than those in Assumption 1(a) but

this is inevitable given the need to model the dynamics. We assume for simplicity that the

!Examples of such conditions are discussed by Davidosn (1994), Dehling and Philipp (1982), Altissimo and
Corradi (2003) and Lavielle and Moulines (2000), among others.
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order of the autoregression is fixed for simplicity. Our results could be extended to more
general processes having an infinite AR structure, which can be approximated by a sequence of
increasing autoregressive orders, at the expense of considerable technical complexities. Under

the conditions stated in Assmption 1(b), the following FCLTSs hold for all r € [0,1]. First,

—-1/2 - T2 Zgﬂ e when 7 < A?/
T Z € = T7-1/2 Z[TA?/] L7172 Z[TT] h < )\0
t=1 t=1 ¢t t=[TAY 41 €t WHELT = Ay
N o10W (r) when r < )\?/ = 6(r)
o10W(AY) 4 aoo[W (r) = W(AY)] when r > ) | —
Also,
(Tr]
1/22 2—1)=9B(r) (2)

Uto
where 1 = limp_ E((Zthl((et/atg)Q —1))?). Again, W(r) and B(r) are independent stan-
dard Wiener processes. Note that if there is no break in the variance wig = wog = wg and
¢(r) = woW (r) under Assumption 1(a), while o190 = 020 = 09 and ¢(r) = oW (r) under
Assumption 1(b).

The goal is to derive pivotal test statistics for the following testing problems:

e TP-1) Hp : no break in either trend or volatility versus Hj : one break in trend and no

break in volatility.

e TP-2) Hy : no break in either trend or volatility versus Hj : no breaks in trend and one

break in volatility.

e TP-3) Hy : one break in trend and no break in volatility versus H; : one break in trend

and one break in volatility.

e TP-4) Hy : no break in trend and one break in volatility versus H;j : one break in trend

and one break in volatility.

We return later to some extensions involving multiple changes.
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3.3 Limit distributions of the estimates of the trend function

We start with results pertaining to the estimates of the trend function. We cover the cases with
or without a break in the slope and for each cases with or without a change in the variance.
We consider estimates of the parameters of the trend function obtained using a least-squares
method. Hence, the estimate of the break date is given by:

Tp = arg. min{Y (I — X(T5)(X(T5)'X(Ts)) "' X (Tp))Y}

where the minimization is taken over the set A; = {A|e < A < 1 — €} with T = [T')\], while

the estimates of the coefficients are:
k= (i1, 3,0) = (X(Tp) X (Tg)) X (T5)'Y

The estimate of the associated break fraction is A B = TB /T. Also, the estimated residuals are

U = (4, ..., ur) defined by:
U=Y - X(Tp)k (3)
The results are presented in the following Theorem.

Theorem 1 Let

A+3 _3(M+1) 3
3(/}\+1) (M2 (N)2(1-X)
ZG(A)_l _ _ 3(3A+1) _3(2241)

- 02 %% )3I=)
3(2A+1) 3
M2A=A) —3a—y ()3A-A)3

1 1 1
) = ( /0 AW (r), /0 rdW (). A (r— \)dW ()
and
1 1 1
) = ( / dé(r), / rdd(r), A (r — Ndo(r)). (4)

(1) When there is break in the trend at \%,

~ 4X
T32Ag —A\}) = ————— 2>
B SO0, (1 — AD)
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where

A5 AL — (AL)2 = 3p 4 37N\ 2+ 29
= BB Bdg(r +/ )\Oid r
X /0 BV (r) o B 31— D) o(r)

with ¢(r) defined in Section 2. Note that when there is no break in variance x ~ N(0,\%(1 —
A%)/4) and T32(Ag — A%) = N(0,4(w?)2/A%(1 — A%)(6°)2) as in Perron and Zhu (2005).

The limit distribution of the estimates of the coefficients is given by:

T2 —
T-32(3 - % | = N(0,55) = N(0,Z.(A\B) ' 24a(A) )
T=3/2(5 — %)

where g4 is the variance-covariance matriz of

=208 4+3(0\%)2+6r—6r2Y

z 1HAg —
)‘% ()\0 )3 2 ();\13 )22 )\O +3 1 _1+>\0
s BT3r do(r) + 3G +(\G)2 - 47"—!—2 2r2% do(r).
0 (\p)? 20 71+)\O
0 (10 (1-2%)? B
Ag(Ag — 1)+ 3r 002 —2—2)\ + 4r
B
When there is no break in variance,
4-29% 4—-4(0\%)2 40 4+(\%)3+2(0%)2-72%
A 209 229
w2 4-4(0%)24+2% 3-3(\%)3— 3(,\%)2+4,\0 (A\)*+6(0Y )3 9()\0 )2—42%+6
d 0 229, 329, dg
(A%)3+2(>\0 12-72%  (AB)r+6(0\%)3 - 9(>\° )2—4X% 46 —(A%)4+6(>\B)2—8>\%+3
229 629 32%

and the limit distribution reduces to that in Perron and Zhu (2005).
2) When there is no break in the trend, we have Ap = N where

Np = argmaxEO)Sa() ) = argmas fOfO ; Adf O, )
B (wio J3 g\ )dW (r) + wao Lo, 9O, 7)dW (r)]2
- e IO r)dr } (6)

with the function g(\,r) given by
gL T) =1 >A)(r—A) + 23— 2224 X —2X3r +3)\2r — (7)

is the continuous analog of the residuals from a regression of X (Ts) on X1, Xa. The limit

distribution of the coefficients ([L,B, 8) is given by

(TY2(f = 1), T*(B — Bo), T*26)’ = a(A) '€ (N) (8)
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If, in addition, there is no break in variance, {(\) = wo((\) and we have:

1 . «

(T2 (5= 19), T**(B — o), T*?6) = Sa(A)"'¢(\p) (9)
wo

With &* as consistent estimate of wg, note that when there is no break in variance the statistic

Spry & T3/23/6J can act as a test for a change in trend since it has a pivotal limit distribution

given by (9). Tedious algebra leads to its limit distribution as

3
(AB)(1 = Ap

Sprv = |

/2] / g r)W ()] (10)
Bl 90

This addresses the testing problem TP-1. While this approach was used in Sayginsoy and
Vogelsang (2011), the critical values have never been published. For completeness, we present
them in Table 1. See Remarks 1 below for the construction of the estimate &°.

3) When there is a break in variance, the limit distribution of T3/25 is

J g r)d(r) w10 oY g r)dW (r) 4w [y 9. )W (1)
Jo ¢ X Jo 9N, r)dr

(11)

Allowing heterogeneous variance, Ay = T3/25 can be used as a test for TP-4): Hy:0°=0
versus Hy : 60 # 0 with limit distribution of (11) with X having limit distribution given by

(5).

Remark 18 When there is a break in variance, the limit distribution (15) depends on nui-
sance parameters ()\[‘)/,w%(),wgo), and is non-standard. Hence, to carry proper inference, some
modifications are mecessary, among them wusing simulations to obtain the relevant quantiles
or resorting to bootstrap. To use simulation to obtain the relevant quantiles, first estimate
the heterogeneous trend break model to get estimates of nuisance parameters about innovation
(5\\/,@1,@2), then invoke 11 to simulate its critical values that depends on these nuisance pa-
rameters, with the true value of nuisance parameters replaced by their estimates, respectively.

We return to this problem in Section 5 for a pivotal statistic.
Remark 19 With homogeneous variance, (11) simplifies to the pivotal one given by (10).
Remark 20 The authors have simulation evidence in favor of a pivotal distribution for

. 1 AY
o= /0 (N r)dr) o /0 9(Xg r)AW (r)

1
tzg A (N, )W (1))

0
14
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. However, a rigorous proof is not readily accessible and is left to future work.
3.4 Limit distributions of the estimates for the change in variance

The test for a change in variance will involve different quantities depending on whether we
deal with Assumption 1(a) or 1(b). In the case of Assumption 1(a), it will be based directly
on the least-squares residuals U = (@, ..., i) defined by (3). The estimate of the break date

and variance in each regime are then

Ty T
(651,65, T) = axgmin 3 ((@)* — 022+ 3 ((60)? — o3)?
o1,02,Tv 4= t=Ty +1

Under assumption 1(b) a second-stage OLS regression is needed, namely the following esti-
mated AR(p) )
=Y Glyj+ é.
j=0
which yields the estimates ¢; (j = 1,...,p) and & (t = p+1,...,T). The test will then be based

on the residuals é; and the estimate of the break date and variance in each regime are

Ty T
(61,62, Tv) =argmin Y (&) —o1)*+ > ((&)° —03)>
01,02,y t=p+1 t=Ty+1

In both cases, the minimization problem is taken over the set A. = {Ay]e < Ay < 1 —€}.We
start with the following lemma, which shows that the FCLTs (1) and (2) remain valid when
the true residuals are replaced by estimates. The proof is straightforward given the rate of

convergence of the estimates and, hence, omitted.

Lemma 1 Under Assumption 1(a), with or without a break in the trend, we have for s € [0, 1]:
[Ts]
T_l/QZ t/ot —1) = ¥B(s).
Similarly, under Assumption 1(b), with or without a break in the trend, we have for s € [0,1]:

[T's]

T‘l/QZ 2/52 1) 4 pB(s).
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Using this lemma, it is straightforward to prove the following results about the limit dis-

tribution of the estimates.

Theorem 2 Under Assumption Al.(a) or 1(b), under the alternative of a change in variance:

- B(\y,
253 — 30) = o §0>
B 0
126 - o) = ooy 2L = EY)
v

Under the null hypothesis of no change in varinace

T1/2(&2 — 0(2)) = Ugwl/zB(l)

Remark 21 A consistent estimate of ¢ can be constructed using Andrews’ (1991) kernel

method, namely

T 1 T
=T Y K(@m) Y i}
j=—(T-1) t=j+1

where K (j,m) is some kernel function with m the bandwidth. A common choice for the kernel
function is the Quadractic Spectral and m 1is selected using Andrews (1991) method with an
AR(1) appmm'mation Under Assumption 1(a) ﬁt (4/5¢)>—1 where 62 = 6% = T Z] A A?
f1<t<Ty, 62=6%=(T-Ty)" Z]T Foi1 j if Ty <t <T. Alternatively, one could use
an estimate that imposes the null hypothesis, namely & O't =71 ijl uj for all t. A method
that offers better finite sample properties was suggested by Kejm'wal (2009) (see also Kejriwal
and Perron, 2010). It involves using the residuals under the null to construct u; but using the
residuals under the alternative to select the bandwidth parameter m. The same applies under

Assumption 1(b) except that one uses &2 instead of 02.

The result of Theorem 2 allows us to construct pivotal statistics for the testing problem

TP-2 and TP-3, which pertain to testing for a change in variance with or without a change
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in trend. Let 6> = T-'Y[_ @7 under Assumption 1(a) and 6% = T~ Zfzpﬂ €2 under

~2
Assumption 1(b). Also let ¢~ be as defined in Remark 1, then we consider the statistic

Fr = T'Y2(5% - 353)/(¢6%)

where

A = arg min [B(\)? + (B(1) — B(\))?]

A€A:
The limit distribution stated in (12) is non-standard but pivotal. The relevant quantiles can

be obtained via simulations. The critical values are presented in Table 3.1.
3.5 Pivotal statistic to test for a trend change allowing for a variance break

We recall that from Theorem 1, when there is a variance break at )\9/ but no break in trend,

we have

DYk — %) = Ta(Np) E(NE)

where where A5, £(-) is given by 5, 4 respectively, and g(\,r) defined by 7 is the residual
function on r € [0, 1] from a continuous time least-squares regression of 1(r >\) on [1,r]. The
limit distribution of regression coefficents &, and hence 5 , is non-pivotal since ¢(s) is no longer
a homogeneous Brownian motion. Nevertheless, because innovation wu; is still stationary in
each regime [0, [\, T)] and [[A\),T] 41, T], trend break tests in each regime will stay pivotal, if a
minimum distance is imposed between A, and A\}. This motivates us to consider the following

two regression and testing problems:
Y10 =+ Bt + 6B +uiy

and

Y26 = p+ Bt + 0By + uay
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where By =t — T when t > Ty and 0 otherwise. Or, in vector form:
Y1 =X(Tg)k+ Uy

and

Yo = X (Tg)k + Us

where Y1,Ys, U, Us, &, X(Tg) = (X1, X2, X(Tp)3) defined similarly as the standard model,
but with Uy, Uy being stationary process with long-run variance w%o,wgo, respectively. The

true Data Generating Process will be denoted with a 0 superscript or subscript, so that
Y) = X(T2) + Uy

and

Yy = X(T3)K® + Uy

where k0 = (u°, 8°,8°), TY = [A\}/T7]. So a test for trend break with heterogeneous innovation
is disintegrated into two tests for trend break each with stationary innovation and independent
of each other.

This lead us to the following result about the construction of a pivotal statistic for a change
in trend under heterogeneous innovation. It bears resemblance to the supLR tests considered
in Perron and Zhou (2008) in the sense that its limit distribution is the summation of several
maximized square of Brownian motions.

Theorem 3 Allowing heterogeneous variance, assuming |)\(‘)/ = )\OB| > €, a pivotal test for TP-

4): Hy : 6% = 0 wversus Hy : 6° # 0 that only depends on the trimming parameter € can be
defined as

~2 ~2
. ) . 0
Fyr=\W)>T? o+ (1— ()13 2 (13)
Wio Wao
Its limit distribution is given by
wox syl [ 90w o)
e<Ai<l—e ()\1)3(1 — )\1)3 0 gIAL;

3

1
©. gl oe i OR) "
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where (5\‘/, W3, w3y) are the estimates of the volatility break fraction and the long-run variance
of the innovation, and 61,09 are the trend break coefficients in the regime [0, [\yT]] and [[M\yT]+
1,T), respectively, estimated by
Ti,p = arg min{Y;(I — X (T5)(X(Tp)' X (T5)) ' X (T5))Yi}
Tp

where the minimization is taken over the set A, = {\ = Tg/Tile < A < 1 — €} with T; = TAY,,
T =T(1— )\?/). The estimates of the coefficients in each regime are:

A A~

i = (1, Bisb3) = (X (T3 ) X (T3.5)) 7 X (T3.5)'Y,2

Remark 22 The limit distribution (14) is non-standard, but the relevant quantiles can be

obtained via simulations. The relavant quantile values are presented in Table 3.1.
3.6 Pivotal statistics with trend break allowing heterogeneous variance

With trend break, Ap converges to A% at rate 7%/2 and 6 has normal distribution. Hence we

have the following result:

Theorem 4 Allowing for a break in variance, when there is trend break, i.e., 6° # 0, 1) a
pivotal test for Hy : 6° = &' wversus Hy : 6° # 6% that does not depend on the trimming
parameter € 1S:

Spry = T32d5(&%, &2, A\, \v)d = N(0,1)

where the scalar d‘%(d}%,d}%, B, S\V) 1s defined by

(Ag)*(1 — Ap)?
BwiVaréy(Av, Ap)] + @3V ar(Eys(Av, Ap)])]1/2
(AB)3(1 = )
3[“%0‘/‘17”(551()\?/7 )\JOB)) + w%OVar(féz(/\O aA%))]l/Q

d%(@%nga)\B,)\V) ==

where £51 (A, \%S) and €55\, \%) are normal random variables which do not depend on the

long Tun variances wig and wsg, having variances

Var(§s (AW, Ap))
= WAB(1 = AB)* = () AB(2AE + 1)(1 - Xp)*

AO 3 ]
PR 00 41200 28— 200 — min{x, A PAR(L — A%

1 .
=3\ = min{AB, AP (AAE — 6A + 1)}
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and

Var(€s(\v, Ap))
= (1= =AR)" = (1= A0))ABRAE + (1 = Ap)*
L= O%) o0 o qy2 0.y4
(20 + 11 - X
=2[(1 =A%) — (max{Xp AV} = ARHAs(L — AR)

1
—3ld- Np)? — (max{Np, AV} — Np)*J(4A5 — 6L + 1)

_l’_

The limit distribution of 5 prv 1s standard normal:

3w
(AB)3(1 = Np)?

i = | GO )W ()] 12 = N(0,1) (15)

(2) Generally, for each pair of parameters 3 whose elements is a subset of {ﬂ,B, 3}, we have
a pwotal statistic >pry and a scaling matrix or scalar d7 so that >pry = dfs« is piwotal. In

particular, for the whole vector of coefficient estimates &, we have that

. N 1/2,.
kprv = dp (W10, W20, Av, )\B)DT/ (k= k")

can be used to test a joint hypothesis of the form Hy : kK% = k'. The specific form of the

normalization statistic d7 depends on the coefficients involved in the hypothesis testing. The

limit distribution of xpry is standard normal.

Remark 23 When there is no variance break, 3p1v simplifies to
Sprv = T%%6d5(&2, Ag)

where

. Ag)3(1 — Ap)?
#(@3,Am) = (P A e
3w
Remark 24 The construction of d‘ST(cD%O,cD%O, 5\3, S\V) depends, in general, on the number of

variance breaks and only the case of a single variance break is shown here.

Remark 25 Fach pivotal statistic can only be used to test an hypothesis corresponding to
estimates included. For example, kpry can only be used to test the joint hypothesis Hy : k0 = k!
but not hypotheses pertaining to individual coefficients, e.g., Hy : u° = pt, B° = gt or 6° = 6.
This is because the elements of kpry are linear combinations of all three parameter estimates

and, hence, they cannot be separated to test hypotheses about individual coefficients.
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3.7 Extensions to Multiple Breaks

We now consider extensions of the testing problems TP-2 and TP-3 to the case of multiple
breaks in variance. While it is feasible to similarly extend the testing problems TP-1 and
TP-4, the task is much more difficult and left for subsequent work.

Under both the null and alternative hypotheses there may be no break in trend (TP-2) or
there may be a break in slope at date T3 (TP-3). Under the null hypothesis there is no break
in variance while under the alternative there are n breaks occurring at dates {T; & 1r ey I Sn}
Again, the break fractions are )\?/71 = T&i/T (i =1,...,n). We use the convention that T\(},o =1,
T&n n =T, )\(‘)/70 =0 and )‘(‘)/m 41 = 1. Under Assumption 1(a), the estimates are obtained as:

ntl Tv,
(61, ...,6n+1,TV71, ---,Tv,n) = arg min Z Z (af — 05)2
st TV Ty 52 o

where 1, is defined by (3). Similarly, under assumption 1(b), we estimate the following AR(p)
P
dy =Y Gly_j+ é.
j=0

which yields the estimates ¢; (j = 1,...,p) and & (t = p+1,...,T). The test will then be based

on the residuals €; and the estimates of the break dates and variances in each regime given by

n+1 TV,j
~ ~ - - . ) 212
(615 Ont 1, L0, o Tyn) = arg min E E (e7 — O'j)

0'17~--,Un+17TV,17~--’TV,n j=1 t:Tijl

where T\(},o =0 and T‘(},n 41 =T In both cases, the minimization problem is taken over the set

A ={Av1s s Avml(Avj = Avjm1) > €}

The test is defined as

Fp = (L) 162 - 52,07
Q;Z)O- j=1

The limit distribution of the test is presented in the following theorem, whose proof is

standard and, hence, omitted.
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Theorem 5 Under Assumption 1(a) or 1(b), with or without a break in trend, under the null

hypothesis of no break in variance, we have:

n e~ BO,) = B(AY, )
FT = Z[ )\»:] K = ]2
j=1 Vi V,i—1

where
n+1

A AUt = arg min {D_(BOwy) = BOwv,;-1))%
)\V717 ""7)“/7”} €A, j=1

3.8 Conclusions

We provide relevant results about testing for changes in the slope of the trend and the variance
of the noise for a joint segmented trend. We start with a single possible break in each and
address the following issues: 1) testing for a change in trend with or without a change in
variance; 2) testing for a change in variance with or without a change in trend. We give results
about the limit distribution of the estimates of the trend function allowing for a variance
break, and the estimate for the change in variance allowing for a trend break. We propose
asymptotically pivotal statistics for each cases. We also generalize some results to the case of

multiple changes.
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Appendix

Definition 9 In a T-dimensional linear metric space RT, we define the following: a) the
standard inner product: YU,V € RT (U, V) = U'V = L U;Vi; b) ||-|| as the Buclidian norm
induced by the inner product ||U||*> = (U,U) = U'U; c) the standard normalized orthogonal
basis {F; YL, as Ey = (0,...0,1,0,..0) with its t-th element being 1 and the others being 0; d)
the following vectors in RT: ag = (1,...,1)', a1 = (1,...,T) and oy = (0,..,0,1,...., T —t + 1)".
Also &g, ay are the normalized vector of ag,ap: &p = ap/||awl|,e = au/||au||. Note that
Qp = T*1/2040 and &1 = V3T 732a;.

Proof. of Theorem 1: The proof of Theorem 1 part 1) and 2) is a straightforward extension
of some results in Perron and Zhu (2005) and, hence, omitted. To show 3), from regression by

parts, we know that
U' Mo U'May
1™ B

a%BMlaTB B SSR(aTB , Qp, ()

8:

where ag is the constant regressors, «; is the trend regressor and M; = M (g, 1) = (I —

P(ap,q)) is the matrix that projects on the orthogonal complement to the range space of

(v, 7). Also, S SR(aT , g, 1) is the sum of squared residuals from a regression of Qp, On
B

(g, v1). Denote the residuals from a regression of oy = X (t) on (a, 1) by X, = M(ap, ag)ay.

We have:
X 1
(el = [ sunder)
|| X 0
Ay 1
— ol [ g0V E) [ 9N )W),
0 A9,
and
X
Ny = arg max {(—=>—,U)?
B AE[e,l—s}“”XAH ’y

Ay 1
= arg max {[wlg[/o g()\*B,r)dW(r)—i-wgo//\ g( N, r)dW ()]}

A€le,1—¢] 9
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. We elaborate on X; and its continuous analog X (r), which is the residual from regressing

1(r >\)(r — A\) continuously on [1,7]. The minimization problem is:

1
Xa(r) = min/o [1(r >A)(r — ) — o — c17]Pdr

€0,C1

Tedious algebra and calculus lead us to its solution:

co = —2A(1 — \)?
c1 =2\ =3\ +1
and the residual function of X, (r) is given by (7):

Xa(r) = g(Ar)

= 1Lr>A)(r—A)+N -2+ A -2Vr +3)\°r — 7

. Hence, with A% the limit of estimate of the trend break date fraction,

U/MlaTB d fO )‘B7 T‘)
SSR(CYA ozo,al) fO

w10 fg 9N, 7)dW (1) + wao f,\o g )\B,r)dW(r)
fO )‘B7

732§ =

Proof. Theorem 3: Denote the minimized sum of squared residuals from a regression of U
on all regressors by SSR(U) and the minimized sum of squared residuals from a regression
of U on (g, 1) by SSR(U, a, 7). We know that SSR(U) can be generated by regressing

the residuals from a regression of U on (ag, 1) on the residuals from a regression of @, on
B

(o, 7). Hence,

SSR(U) = SSR(U,ag,a1) —U'P(X_ U

B

= SSR(U, @, 041)

—U/(Oéo,041)04TB(04/1%BM(040>Oél)Oé;ﬁB)_IO/ (ag, 1)U

T
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with a variance break profile { )\9/, w10, w20}, the convergance rate for each parameter estimates
remains invariant. Hence we can consistently estimate the parameters

{6,8, 1, AB, A\v, 61, 62,61,09}. Because {u;} is stationary on each regime {1,...[A%T]} and
{MNST]+1,..., T — [\)T]}, we then do two re-searches of trend break dates using model of one
trend break and no variance break in the regime [0, \yT] and [AyT,T] separately, assuming
stationary innovation with variance &; and long-run variance w;, ¢ = 1,2 in each regime.
Denote the estimates of the trend break date fraction and the trend break coeflicient in each
regime by ;\31,5\32 and 51,32, respectively, with € < 5\31 < ;\v —e< 5\1/ +e< 5\32 <1l-—e.
Note that a minimum distance between )\9/ and )\% is required for this approach to work.

Under the null hypothesis of no break in trends, we have

3 * 3 A?/ *
)‘Bl — )\Bl = argmax (A)3<1—)\)3[/0' g()\Bl,T)dW(T)]Q

a<)\<)\(€,—a
3

— 1
5\32 A\, = arg max / g A\ o IW(r )
" A%+5<A<1_E()\)3(1—)\)3[ 0 (Apa,m)dW (1)

and
52 3 1
0P8 0L ol 9O N raw (o)
W%o ( Bl/)\?/)g(l—)\Bl/)‘g/)S 0
d 3

! 2
= s<f\r113)1(—6()\1)3(1—)\1)3[/0 g(A1,m)dW (r)]

5 3 Lo
(=T 32 = s sgsal | 90/ A o)

d 3 '
LBt ) e
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A2 22
Because 4,0, are constructed on different regimes, they are independent so

F4,T — ()\0 )3T3 51 (1 _ ()\O ) ) 52
Wlo W20

3

1
= Gl o)

3

1
B g, S0 OR)

is a pivotal statistic for TP-4. m

Proof. of Theorem 4: In what follows let {dW (7)},c[0,1) be a realized value of all differential
increments dWW (r) and let Q2°° be the probability space with events that determine the value
of {dW(7)},¢[0,1)- Recall from Theorem 1 that A — A}| = Op(T3/2) and

DI (& — £°) = Ta(A%) " LE(NG)

Recall that
(1) = wioW (r) when r < A},
T\ wioWOAY) 4 wao[W(r) = W(AY)] when 7 > XY,

1 1 1
€0 = ( /0 dg(r), /0 rdd(r), A (r — N)do(r))’

To see how dj(w?y, w3y, X5, \)) is constructed, note that the estimate of the trend break

with

coefficient 4, as the 3rd element of Dl/ 2( k%), has the following limit distribution:

7325 = [Dy*(R = k") = [Sa(\B) €D

B AV 1 AL + D) 1 > AR (r = AS)
- oo | o~ pep g ¢ oRi g )
1 1 (20% + 1)r
won [ (Ggrn g ~ pepa g
1 (=)
Loy TG )

3

= ()\OB)3<1 _ )\%)3 {wlOEVl(A(\)/V A%) =+ w20§V2(>‘(€/’ )‘%)}
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where

/\

£ (08, 00) /0 A1 = AD)? — (2% + 1)(1 = A2 + 1(r > AL)(r — AD)]dIV (1)
min{\% 2%}
DS =252 — 2X% + 1)1 — AL)?r]dw (r)
0
+/ M1 =252 — 2\ + D)1 = AL)%r + (r — AQ)]dW (1)
min{\% A%}

and

a0 = [ OB - A - 22 +1)(1 — X))

0
v

+ / (r — AL)]dIV (1)}

max{A, A3}

= /1 AS1=A%2 — 22 + D)1 = A0 2 +1(r > AB) (r — A)]dW (r)
A

0
%4
max{\p AV} 0 012 0 012
-/, MR AR — (20 + 1)(1— XY ]d W (r)
A%
1
+/ o }[/\%(1 252 — 208 + 1)1 = AL + (r = A} ]dW (r)

with the variance of £,1(A), %), €15(AY, A%) given by

Vargy(Ay, Ap)]

A - X — (N + (1 - Xy + L

(275 +1)*(1 = AB)]

=2[A) — min{A, AV 2N (1 - AB)* — %[AO — min{X\j, AP} (A(NB)° = 6(AB)* + 1)}
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and

Var[€ys(AV, Ap)]

= {1 =2A)AB(1 = AB)" = (1= (\W)*)AB(2AE + 1)(1 = Ap)*

* 1_(;%)3@% +1)%(1 - AB)*
—2[(1 = X)? — (max{A3, AV} — AB}ZAB(1 — Ap)?
0= A% — (max{, A0}~ AR AOS) — 60%)? + 1))

This motivates defining the scaling statistic

(AB)3(1 = AB)?
3[“%0‘/‘17’[5\/1(/\(&)/7 )\93)] + w%OVar[gvz(/\?,, A%)])]l/27

6 (2 2 10 10
d7(wio, wag; A, Av) =
so that we have
fy 2 2 2 td
6PIV = T3/ dg“(w107w207 )‘OBv )‘(\)/)6 - N(O7 1)
In practive, true values of parameters are replaced by their estimates. So

(Ap)%(1 = Ap)®

Ao (02,02, A, Ay) = 7 S—
3[@iVar(éyr(Av, Ap)] + @3Var[&yo(Av, Ag)])]1/2
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Table 3.1: Critical Values for Pivotal Tests

V for variance break test Iy r, F3 1

e\quantile 99% 97.5% 95% 90%
0.05 -14.0,15.9 -12.4,13.7 [—10.37 10.72] -9.24, 9.37
0.1 -9.89,10.6] [-9.18,8.87] [-8.26, 7.96] [-6.86, 6.82

V for trend break test Fy r

e\quantile 99% 97.5% 95% 90%
0.05 -3.64,4.01 -3.35,3.76 -2.70,2.69 -2.28,2.31
0.1 -3.18,3.39 -2.79,3.13 -2.43,2.42 -2.17,2.13

V for trend break test F} 7

e\quantile 99% 97.5% 95% 90%
0.05 30.4 25.9 14.58 10.5
0.1 204 18.1 11.5 9.24
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