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Abstract

Recurrent neural networks (RNNs) are commonly trained with the truncated backpropagation-
through-time (TBPTT) algorithm. For the purposes of computational tractability, the TBPTT
algorithm truncates the chain rule and calculates the gradient on a finite block of the overall
data sequence. Such approximation could lead to significant inaccuracies, as the block length for
the truncated backpropagation is typically limited to be much smaller than the overall sequence
length. In contrast, Real-time recurrent learning (RTRL) is an online optimization algorithm
which asymptotically follows the true gradient of the loss on the data sequence as the number
of sequence time steps t — oo. RTRL forward propagates the derivatives of the RNN hid-
den/memory units with respect to the parameters and, using the forward derivatives, performs
online updates of the parameters at each time step in the data sequence. RTRL’s online forward
propagation allows for exact optimization over extremely long data sequences, although it can
be computationally costly for models with large numbers of parameters. We prove convergence
of the RTRL algorithm for a class of RNNs. The convergence analysis establishes a fixed point
for the joint distribution of the data sequence, RNN hidden layer, and the RNN hidden layer
forward derivatives as the number of data samples from the sequence and the number of training
steps tend to infinity. We prove convergence of the RTRL algorithm to a stationary point of
the loss. Numerical studies illustrate our theoretical results. One potential application area for
RTRL is the analysis of financial data, which typically involve long time series and models with
small to medium numbers of parameters. This makes RTRL computationally tractable and a
potentially appealing optimization method for training models. Thus, we include an example
of RTRL applied to limit order book data.

1 Introduction

Recurrent neural networks are commonly trained with the truncated backpropagation through time
(TBPTT) algorithm, see for example [II, 2]. There is another training method which has recently
received renewed interest: the forward propagation algorithm, frequently called “real-time recurrent
learning” (RTRL) [3,14, 5,6, [7,8]. In contrast to the TBPTT algorithm which uses backpropagation,
the forward propagation algorithm solves an equation for the derivative of the hidden layer with
respect to the parameters. The disadvantage of forward propagation is the computational cost will
be N xdg where N is the number of hidden units and dy is the number of parameters. The advantage
is that forward propagation can be used in an online algorithm to asymptotically optimize the RNN
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in the true direction of steepest descent for a long time series (i.e., as the number of time steps in
the sequence t - oo) while TBPTT — due to its truncation of the chain rule after 7 steps backward
in time — is only an approximation (with potentially significant error).

Due to computational cost, 7 will be limited to be much smaller than the overall length of a long
data sequence. This is a significant limitation for TBPTT since it will lead to inaccurate estimates
for the gradient of the loss. Therefore, for training RNNs (or other time series models) with small
to moderate numbers of parameters on long data sequences, there is a strong argument that RTRL
is superior to TBPTT. There has been recent interest in efficient numerical implementation and
better understanding of RTRL; for example, see [9, [10, 1T, [7, 12, §]. Hybrid BPTT-RTRL schemes
have also been proposed in the literature. The hybrid schemes are applicable when fully online
learning is not the primary goal and can be used to compute untruncated gradients in an efficient
way, see for example [13], [14] §].

The RTRL algorithm forward propagates the derivatives of the RNN hidden/memory layer with
respect to the parameters. Using these forward derivatives, which are updated at each time step
of the sequence via a forward sensitivity equation, an online estimate for the gradient of the loss
with respect to the parameters is calculated. This online gradient estimate is used at each time
step to update the RNN parameters. As the number of data sequence time steps t - oo, the online
estimate will converge to the true gradient of the loss for the data sequence. The RTRL algorithm
is not limited by the length of the data sequence and can optimize over (extremely) long sequences.

In this paper, we study the convergence of the RTRL algorithm for a class of RNNs on long
data sequences. We prove convergence of the RTRL algorithm as the number of data sequence
time steps and parameter updates t - oo. The analysis requires addressing several mathematical
challenges. First, the algorithm is fully online with simultaneous updates to the data samples, the
RNN hidden layer, RNN hidden layer forward derivatives, and the parameters at each time step
t. The data samples arrive from a data sequence and are correlated across time (they are not
i.i.d. as in standard supervised learning frameworks). Analyzing the convergence of the training
algorithm as ¢t — oo first requires establishing (joint) geometric ergodicity of the data sequence,
RNN hidden layer, and RNN hidden layer forward derivatives. We use a fixed point analysis
to prove a geometric convergence rate (uniform in the RNN parameters) to a unique stationary
distribution. Using the geometric ergodicity and a Poisson equation, we can bound the fluctuations
of the parameter evolution around the direction of steepest descent and prove convergence of the
RNN parameters to a stationary point of the loss as t - oo.

We will now present the general RTRL algorithm which we study. Let (Xy, Z;,Y;) be a geo-
metrically ergodic process where (X3, Z;) is a Markov chain, Z; is unobserved, Y; = f( Xy, Z¢,mt),
and 7 is a random variable. A model is trained to predict Y; given the data sequence (X )p<. At
each time step of the data sequence, the hidden layer Sf e RY of the RNN is updated:

St9+1 = g(Szfe,Xt;eS)7 (11)

and the prediction for Y; is f(S?, X;;67). The parameters that must be trained are 6 = (8°,67).
The hidden layer Sf is a nonlinear representation of the previous data sequence (Xy)y<;. The
update function g(s,x;6°) is determined by the parameters € and therefore the hidden layer Sf is
a function of 6.

Given T observations in the sequence, the loss function is

T
Lr(8) = 7 22 (¥ S(51. X)), (12)

where £(y, f) is a loss function such as squared error or cross-entropy error. If (Sf X, Zy, Yy) s
ergodic with stationary distribution my(ds,dz,dz,dy), loss function E[Lp(0)] —» L(#) as T — oo



where
L) = / ¢(y, f(s,a:;@f)) mo(ds,dx,dz,dy). (1.3)

In order to minimize L(0), we evaluate its gradient

VoL (0)

Ve[[€(y,f(s,x;ﬁf))m(ds,dm,dz,dy)]

1 T
Va[Tlggo?gﬁ(Yt,f(Sf,Xt;Hf))]- (1.4)

The stationary distribution my(ds, dx,dz,dy) is unknown and therefore it is challenging to eval-
uate the gradient in order to optimize the parameters 6. The standard training method is
TBPTT which, for the reasons previously discussed, does not use the true gradient.

Another approach would be to select a large T and then use the standard gradient descent
algorithm: (1): For a fixed 6, simulate (S?, Xy, Z;,Y;) for t = 0,1,...,T, (2): Evaluate VoL (6),
(3): Update 0 using gradient descent. However, this approach is prohibitively expensive. Since T’
is large, a significant amount of computational time will be required in order to complete a single
optimization iteration. Also, VoLp(0) # VgL(0), i.e. there will still be error even if T is large.

Now, assuming we can interchange the gradient and limit (which will later be rigorously proven
for the class of RNNs that we study),

T
VoL(0) = Jim S VolH(vi. £(57. Xi:0%))] (L5)

~ 0 ~
Define Sf = aaigt. By chain rule, Sf satisfies the forward propagation equation

5 g o 0Oy
Sty = 5 (81, Xis0%)S] + 22 (ST, X13.0%). (1.6)

Therefore, we expect that we can write VoL(0) = lim7_,c0 7: Y, Gy where

ov

G =+
t 8f

(Y;,f(Sf,Xt;0f>)(%<s,?,xt;ef>éf+%(Sf,xt;m). (17)

This, therefore, motivates an online forward propagation algorithm for optimizing the RNN, com-
monly referred to as the RTRL algorithm, which trains the parameters 6; = (Gts ,Htf ) according
to:

Sie1 = 9(St, X4;67),

. o -0
Sier = 22(8,, X1;69)8, + 2L(8,, X,:05),
Os 00

ol 0 ~ 0
Gy = a—f(Yt,f(St,Xt;ef))(a—QSt,Xt;ef)st + a—g(st,xt;ef)),
9t+1 = 915 - CYth, (18)

where the learning rate oy is monotonically decreasing and satisfies the usual conditions Y2, oy = oo
and 92, af < oo, see [15].



Note that the parameter 6 is a fixed constant in the original equation for the RNN mem-
ory/hidden layer . The memory layer Sf evolves for a constant § which is fixed a priori.
However, in the online forward propagation algorithm , S, S;, and the parameter 6; simul-
taneously evolve, which introduces complex dependencies and makes analysis of the algorithm
challenging. The one-time-step transition probability function for Sy, S; will therefore change at
every time step due to the evolution of the parameter 6;. For example, even if the function g(-)
is linear (and then Sf is a Gaussian process), Sy in will be non-Gaussian due to the joint
dependence of the (S, 6;) dynamics.

In this paper, we prove convergence of the RT'RL algorithm for a class of RNN models. To
the best of our knowledge, our result is the first proof of global convergence for RTRL to a stationary
point of its non-convex objective function. The only other existing mathematical analysis [16] that
we are aware of studies local convergence of RTRL (i.e., if the parameters are initialized in a small
neighborhood of the local minimizer) under a priori assumptions on the convergence rate of the
RNN dynamics and the Hessian being positive definite at the local minimizer. We prove global
convergence to a stationary point of the objective function (i.e., convergence for any parameter
initialization) without assumptions on (A) the convergence rate of the RNN dynamics and (B) the
Hessian structure. Our proof addresses (A) by using a fixed point analysis under the Wasserstein
metric combined with a Poisson equation to quantify the speed of ergodicity. We address (B)
using a cycle-of-stopping-times analysis to prove convergence to a stationary point of the objective
function.

The rest of the paper is orgnanized as follows. The specific RNN architecture, assumptions,
and main convergence theorem are presented in Section[2] In Section [3]we prove the geometric rate
of convergence for the underlying sequences of interest. In Section |4 we study a Poisson equation
that will be used to bound the fluctuation terms. We prove that the fluctuation term vanishes, at a
suitably fast rate, as t - co. The convergence as t - oo of the RTRL algorithm is then established
in Sections 5] and [6] In particular, in Section [5] we prove some necessary a-priori bounds which are
then used in Section [6] to prove the convergence of the RTRL algorithm as ¢t — co. In Section [7]
we present numerical studies illustrating our theoretical findings for several datasets. In particular,
we compare the perfomrance of the TBPTT and RTRL algorithms. Appendix [A] contains detailed
upper bound calculations for the derivatives of the sigmoidal activation function and Appendix [B]
summarizes some important inequalities used throughout the paper.

2 RNN Model Architecture and Assumptions

2.1 Data generation

Let d, N be fized positive integers. Denote the input data as X = (X;)s0 with X; € R? (as column
vector), and the output data as Y = (Y;)»0 with Y; € R being a scalar. We assume that the input
data could be lifted to a time-homogeneous Markov chain (Xy, Z;)¢s0 (for Z; € R92) with transition
kernel

o((,2),A) =P(Xy1, Zs1) € A| Xy =, Zy = 2),  AeB(R¥2). (2.1)
The output data sequence (Y;)s 0 depends on (Xi, Z;) as followed
)/;f = f(Xta Zt777t) (22)

where 7; € R are independent, identically distributed (iid) noises independent from the sequence
(Xt,Z)is0. We denote the probability distribution of 7, as p,. We note that the observation
(Xt, Y:)ts0 is not a Markov process in general.



Next, we define the p-Wasserstein distance, which will be used later, in particularly for p = 2:

Definition 2.1 (p-Wasserstein distance). Let (X, -|) be a Polish (complete separable) normed
space, and M (X)) be the space of all measures on X. We define the space of measures on X with
p-th moment as

P = (e M| [ 1Pt < vos). (23)

The p-Wasserstein distance between p,v € P,(X) is

w inf x| P~y (dx, dx " 2.4
assy () =inf ([ =172 (x.a9) 24)

where 7 is a coupling of u, v, such that v(Ax X) = u(A) and v(X x B) =v(B).

Remark 2.2. We note that P,(X) is Polish with respect to Wass,. Moreover, by e.g. [17, Theorem
4.1], there exists an optimal coupling v* such that

[Wass,(1,0)] = [ Ix =" (dx, ). (2.5)

Here, we will let X be a finite-dimensional Euclidean space, and | - | being the max-norm
||| max = max; |z;|. Analogously, in the case of a matrix M = [M; ;]; ; in finite dimensions we define
| M ||max = max; j |M; ;|. Finally, Pp(X) equipped with the Wasserstein metric Wass(:,-) is Polish
as X is Polish (see e.g. [18, Theorem 1.1.3]).

With the notion of p-Wasserstein distance, we state the assumptions on the sequences (X, Z; )0
and the output sequence (Y3)s0-

Assumption 2.3 (On the dynamics and background noises of the data sequences).

1. We assume that the transitional kernel p is L,-contractive with respect to max-Wasserstein
distance for L, < 1. This means that

. Wassa (p((z,2),-), p((Z,2),"))
e T @) - G e S (2.6)

2. We assume that the function f is Ly-globally Lipschitz, that is for any (z,z,7),(Z,Z,7) €
R¥™*4z+1 and 7 we have

[f (2, 2,m) = f(&, Z,m)| < Ly [ (2, 2,m) = (2, 2,7) | max - (2.7)

3. We finally assume that the sequence (X, Z; )0 is bounded with ||( Xy, Z;)||max < 1, and that
f is bounded by the constant L; > 0.

An example of a Markov chain (Xy, Z; )0 that satisfies the above assumption is the following:

Example 2.4. Let g: R%92 — R4z be a [,,-Lipschitz function bounded by 1/2, and that (e )s0
is an iid mean zero noise bounded by 1/2 with distribution p.. The chain (X, Z;) defined recursively
by

(Xes15 Zes1) = 9( Xk Zk) + €k, (X0, Z0) [ ipax < 1 (2.8)



< 1. Moreover, one could construct

automatically satisfy the boundedness assumption | (X¢, Z¢) ||,y <

a measure Y(y ), (xz)(*) on R*1 x R¥1, such that

V(w,2),(3,5) (Ax B) = fRdﬂdeH La(g(w,2) + €)lp(g(Z, Z) + €) pe(de). (2.9)

With this,

(Wassa(p((2,2), ), 9((3,2),0)) < [

Rd+1xRd+1

“ (Xa Z) - ()~(7 z) H?nax V(z,2),(2,%) (dX, dz, dx, di)

< Lo 19 2) €= 9(3.2) = el (e, 2.5) (A, dz, %, d2)

<L2[(2,2) = (%,2) | smae- (2.10)
Hence
sup WaSSQ(@((x,Z),‘), p((i”,%),)) <L <1. (211)
(z,2)#(2,2) ”(337*2) - (jvg)Hnwa T

Remark 2.5 (Ergodicity of the data sequence). We note that the Markov chain (X, Z)k>1 is
geometrically ergodic. In particular, if we let pg be the distribution of (X}, Z) at time step k, then
we can write p == (p")*po = (p*)" po, where for probability measures py and A € B(R%2),

' p(A)= [, ple.A)p(da), (2.12)
R A
and the k-step transition probabilities p* defined iteratively as

P ((52),4) = [ p((,2), )" (,2). dxda), 6°((2,2),4) =6 (). (213)
By [19, Proposition 14.3], for any probability measures p, p

Wasss (" p,0"5) < L, Wasss(p, ), (2.14)

and so by Banach Fixed Point Theorem, there exists a unique probability measure p* such that
pp =p", (2.15)
(i.e., p* is a stationary measure of the Markov chain (X, Z;)), and that
¢

L
Wassy ((p")p, p*) < . i Wassa(p" p, p). (2.16)
— L

2.2 Recurrent Neural Network

In this subsection we fix notation in handling recurrent neural networks, paying attention to the
convention of flattening tensors to matrices, and matrices to vectors.

The recurrent neural network is governed by the parameters 6 = (A, W, B,¢) with A ¢ RV*?,
W eRV*N B eRM and ¢ € R. We shall adopt the following slicing notations:

Notation 2.6 (Slicing notation). We adopt the standard slicing notation, so that given vector
B e R% and matrix A e RV*9,



e B! or [B]; refers to the i-th entry of the vector B,
o A% view as a R? vector, refers to the i-th row of the matrix A,

o A% view as a RY vector, refers to the j-th column of the matrix A, and

A or AY or [A];j refers to the (i,7)-th entry of the matrix A.

Given the input data X = (X¢);0, the output of the recurrent neural network (RNN) is modeled

as
. . d
St = SEa (X:0) = o{ L 2 oA 4 N 60757
Jj= J=1
- (5 {e(a). X))+ - (o7, 51)) (217)
Yi= fu(X;0) = (M(B), S1) + A(e) = Z MBS+ A(e), (2.18)
i=1
where o is the standard sigmoid function
1
o(2) = = (2.19)

and X, ¢ € Cp° are two infinitely differentiable function with |A\| < C) and |¢| < Cy4 for appropriate
C»,Cy > 0. We adopt the usual convention of A(B) = (A(B'),..., A(B")) for B € R and similarly
for A\(C), ¢(A) and ¢(B).

Remark 2.7. We note here that the constant Cy is selected, via Assumption to be small
enough to ensure a fixed point in our analysis. On the other hand, for A we only need to know that
C\ < oo. Introducing the functions ¢, A can be viewed as a smooth way to constraint the phase
space of the parameters, which is important for the fixed point analysis of this paper to go through.

Remark 2.8. We emphasize that the number of hidden units, IV, is not to be send to oo in our
analysis.

The sigmoid function is used as its derivatives are uniformly bounded. In particular,

Lemma 2.9. [Bounds for the derivatives of the sigmoid function] Let o : R — R be the usual
sigmoid function o(y) = (1+eY)™L. Then

\/g 1 "

1
<1 ") < =, " — <,
maxlo()] <1, maxlo’()|< 5, maxle” ()] < % < L maxlo

Proof. See Section [A] O

The following assumptions are also necessary for the fixed point analysis:



Assumption 2.10. Assume that the functions ¢, A are bounded, at least twice continuously dif-
ferentiable with all derivatives bounded. In addition, letting My =1+ [Cy/(4 - Cy)],

3Cy CyM
Lo =max| — g ( 0 ¢+l),—30¢
min(N,d) \ 10 4] 4
MyC3 CoM3C3, Clyrr
L1 =4max - ) + ¢ o0 + : 0
5(min(d,N))?  8(min(d,N))? 4min(N,d)
C2M? M,Cy ,
+% L2+ C¢ ¢ 4 _;,_1 9 7%—¢C’¢+C_¢ VC¢7

10 1-Cy/4\ 10(min(N,d))? 4 5min(N,d) 4N

C¢II C(%I
L2 = — \ .
min(N,d) Nd(4-Cy)

Let further L = Lo v L1 We shall assume that 0 < q:=/L? + L2 < 1.

Note that Assumption[2.10]is achievable for example by functions ¢ that are sufficiently bounded.
For instance, one could consider suitably scaled sigmoid functions.

Notation 2.11 (Vectorising the parameters). Note that the parameter 6 could be viewed as a
vector in © = R%, where dg = Nd + N2 + N + d. We shall arrange the entries of the parameter as
followed:
vec(A)
vec(W)

B )

c

0:

where vec(A) is the vectorisation of the matrix A, formulated by stacking the columns of A:

Aqy ]
Az
A:,l :
vec(A)=| ¢ [= Azﬂ.
A:,d Ald
_And_

We shall use A to denote both the matrix itself and its vectorisation when the context is clear.

2.2.1 Gradient of the loss function
The parameters are selected to minimize the loss function
1 2 ?
L (0) = 53 (Y : ftw)) .

To compute the derivatives of the loss function, it is important to study the forward derivatives
of the memory process S;:

5o O0S
s

8



where ¢ represents one or more parameter(s) of the neural network, e.g. an entry of the weight
matrix A%, the full weight matrix A, and the vector of all parameters 8. We are particularly
interested with the following forward derivatives:

o5,
0A’

w98

They shall be indexed in the following way:

0S5 SA oSk Wi _ 0S¢ WYk _ oSk
QA" T S 0AbT Tt Cowiit Tt S OWi

~Aij7: —
S, 7=

Using chain rule, we can compute an evolution equation of the forward derivatives:

N .
SR = o (5 (0, i)+ <¢(W’“*>,St>)x(15ik¢'<Aij>XZ +12¢<W’“‘>5£“”’€)’ (2.20
d d N&

1
N
SWij’k _a,(l(¢(Ak7;) X) l( Wk: S. ld ’ WZ] S] l N Wké gWij,é 291
t+1 = d s 43t ¢( ) t) Nzk¢( )t+Ng:21¢( )t a(' )

where §;;, =1 if i = k and zero otherwise.

Notation 2.12 (Flattening the first derivatives). Depending on what ¢ is, S could be a scalar,
vector, matrix or rank-3 tensor. For example, S{* and S}V are both rank-3 tensors.

It is sometimes convenient to flatten S{* into a (N x Nd)-dimensional matrix with entries
arranged as follows:

I A

SAN t t t t

fIat(St)— aAll 8An1 W W
[ ) ) )
(G gt g g
lae L ogame g garte]

and similarly S}V into a (N x N?)-matrix.
We shall also refer S4* as the first derivative of memory neuron S* with respect to all param-
eters in matrix A, which is itself a matrix. Similarly for S,

In this paper, we shall abuse notation and not indicate the vectorising/flattening operations of
the matrices/vectors when the context is clear.

We shall now compute the derivatives of the loss function. We start by the following application

of the chain rule:

0Lt

o1 ~ 3ft
B0 - Z (Y; ft(9)) : (2.22)

It is therefore crucial to compute the gradients 9f;/9%.



Notation 2.13 (Vectorising the gradients). For any functions g that depends on 6, Vg will always
refer to the vectorised version of dg/d¢, or simply dg/dvec(¢). For example, we have

[ 0g/0AM ]

dg/OAN!
Vag= : ;
dg/dAM

| 9g/0AN]

and similarly for Vyyg. Finally, we denote Vyg as the (vectorised) gradient of g with respect to all
parameters:

Vag

Vwg

VBY

dg/dc

Vog =

It is easy to show that
Vefi=N(B)© S, 0dfi/dc=N(c),
where ® denotes the element-wise multiplication (Hadarmard product), such that if u,v € R? then
u®w is also a vector in R? with entries (u© v)’ = u'v’.

The gradient of the loss function is given by
Y M(B¥) vec (S’f‘k)
Wk
VoL (0) = ZGm Gy =~(Y; - f:(0)) x LB )VeC<S ) . (2.23)
N(B) oS
N(c)

We observe that ét is a stochatic biased estimate of Vg L7 (#). This is crucial in developing the
online forward SGD used for minimising the loss function.

2.3 Online Forward SGD

We will now introduce the online forward stochastic gradient descent algorithm to train the param-
eters 0. At each time step t, the parameters will be updated. The current iteration of the trained
parameters at time ¢ will be denoted 0y = { Ay, Wy, By, ¢;}. An online estimate of the forward gradient
will also be introduced:

Stk ot (3 ocal), xi) = - (00, 5)) = ( zk¢(Azj)X]+—Z¢(WtM AM),

ZIH 2|

ﬁfflij’kza’G(gb(Af’:),Xt) (¢ (Wf*),st))x(l ik (W”)SJ+—Z¢(WtM)S )| (2.20)

where

L= (G (o, x) + 5 (o0, 51)) - (éi A”)X%%;z_ﬁsb(vvt“)s{

N L
Ji(0) = <A(Bt)agt) +A(e) = Z A(B])S] + Aet).

j=1

10



Note that S; is different than S; since its updates are governed by the evolving, trained param-
eters 0; instead of a fixed constant parameter 6.

We will approximate the gradients with these online stochastic estimates:

Sk A(Bfvec(S,")
VoLe(0) = Gy = ~(¥i- F(0)) x| T AEe S | (2.25)
N (er)
The forward stochastic gradient descent algorithm is:
Or+1 = 0 — Gy, (2.26)

where the learning rate oy satisfies the standard conditions:

Assumption 2.14. We assume that the learning rates are monotonic decreasing and satisfy the
Robin-Munro conditions

Z Qi = 00, Z a% < 00.

20 20

Remark 2.15. We make a short remark that if ), a% < M < +o0, then

1/2 1/2
ZaHlatS(Za?) (Za?H) SZa?§M<+oo.

t>0 t>0 t>0 t>0

Let 1Y be the distribution of (S, S?,Y:, X, Z¢). In Section [3, we will prove that ! converges
to a unique stationary distribution x’ as t - oo in the Wasserstein metric W;. For long time series
as t — oo, the loss function will therefore become

9 2
Lr(0) % L) = EB(Y - f(9)) ] (2.27)

where f(6) = A(B)S +A(C)X and (S,S,Y, X, Z) ~ u’. This result also relies upon the fact that S¢
is bounded, which we will prove later, and S, Y;, X¢, Z¢, by definition, are bounded.

The parameter evolution can be decomposed into the direction of steepest descent and a fluc-
tuation term:

01 =0 —ayVoL(0;) —ou(Gy—VoL(6y)). (2.28)

main descent term fluctuations term

In what follows we establish in Theorem [6.1] that, under Assumptions 2.3 and we have
lim E[75L(8)]2 = 0.
where | - |2 denotes the standard ¢o—Euclidean norm of a vector. The proof of this convergence

result for the RTRL algorithm is based on a detailed analysis of how 6; and the fluctuations term
ar(Gy —VgL(6;)) behave as t - oo.

11



2.4 Forward Second Derivatives

In proving the stability the RTRL we shall look into the second derivatives (Hessian) of the recur-
rent neural network. The Hessian is a tensor, so we shall fix the convention for flattening it.

We shall let g't be the Hessian of S; with respect to the weight matrices A and W. This is a
rank-5 tensor, and we shall index it by the following:

= oSk oo, OS
SO,@,IC — t SQ,W,. — t
¢ doov’ Tt AoV

where ¢, © are any entries in either matrix A or matrix W. For example, we shall have

Samn 4 S, ZAmn Wi 9S; W W 0S;

t T 9AMnY Al Tl T QAmmoWis Tl S OWmn9Wis’
éAmn,Aij,k _ 85# :Am",Wij,k _ 8Stk :Wmnawij’k — a—‘sf

! T QA9 AisT T S 9AmngWET T S OWmmgW

We shall split the S; into the following components:

5

, that consists entries of the form 5’;4 " ,

° SiAA

z . . SAm Wi
° S{‘W, that consists entries of the form 524 W, ,

S’ZV 4 that consists entries of the form S’XV mn’A”’:, and

o SVW that consists entries of the form S’F/ WEy

All these components are five-dimensional tensor.

We shall flatten each of the components to three-dimensional tensors, such that the frontal

slides are defined as follow: for SA4 we have
—§A117A11,k §A117An17k S:'An,Ald»k’ §A117And7k-
§'Anl7Allak §An17An17k S:'AnlaAldvk S:'AnlyA'ndvk
[flat(S/ )] =] DU DU DU :
SAiAk 0 GAigAnk GAigAwak | GArd,Andok
S:'AndvAlhk S:'AndyAnhk §And7Ald7k S:’AndvAndvk

and similar for the other components. We note that the following symmetry holds for the frontal
slides of the other flatten tensors:

fat(S4F)T = flat(S4),  flat(S)Y V)T = lat(S)7WEY, (ST, = lat(SPA).
The g't shall also be flattened such that the following holds:

[fat(SP) ] [at(SAY)]
k

[ﬂat(St)]ka = [ﬂat(S’F/A)]:,; .

* [Aat(SY )Lk ]

As for the case of first derivatives, we shall also use S44* as the 3D tensor [§;4A];7:7k, and similarly

for other second derivatives as well. Finally, we may vectorise S; from the flattened version of S;.

12



3 Fixed Point Analysis

We will study the convergence in distribution of the joint process of input sequence, value of hidden
layers and the derivatives of hidden layers with respect to the parameters. For convenience we shall
also take the noise 7 into consideration. The joint process is, hence, in the form

(Xt, Zt, St gt, §tu77t)7 (3.1)
where
o (X4, Z;) is the input sequence as defined in assumption
e S; is the hidden layers of the Recurrent Neural Network, as defined in the previous section,

S, = (VAaSt, Vi St) is the first derivatives (or gradient) of the hidden layers with respect to
the parameters A and W, as computed in equation ([2.21))

S, = VZ,WSt is the second derivatives (or Hessian) of the hidden layers with respect to the
parameters A and W.

This is a process on the state space

X=R" Npy=d+dz+N*(d+N)+N3d*>+Nd+N?)+1.

)

The main objective is to show that H; admits a random fixed point.

3.1 An intermediate lemma for fixed point analysis

Given a general Markov chain (U;)sso in RV with transition kernel p that satisfies the contraction
assumption
WaSSQ(p(U, ')a @(ZNL, ))

v = 1| max

<L,<1, (3.2)

where the Wasserstein distance is defined with respect to the max norm. Define the random

sequence
Vo=0, Vi =F (U, Vi), (3.3)

where F': RN1+N2 , RN2 ig g function that satisfies the following Lipschitz condition:
| F(u,v) = F (@, 0) [max < L (u,v) = (@, 0) |max = Lmax{|[u = @max, [v = O max}, — (3.4)

where the Lipschitz constant L is defined in Assumption [2.10

Finally, we let (7)o be an iid sequence of R-valued random variables independent with (Us )¢
with distribution y, (hence also independent with (U, V;):s0). Then the joint process (Uy, Vi, 1t )10
in RM+N2+1 i 5 Markov chain with transition kernel

P((u7 v, 77)? Ax B x C) = M'ri(c)éF(u,v) (B) @(’U,, A) (35)
Under the above settings,

Proposition 3.1. The transition kernel P satisfies the contraction condition

WaSSQ(P((u7v:n)v')up((ulaUlun,)a')) S\/m. (36)

” (u7 v, 77) - (ulv ’U’, 77,) ”max

13



Proof. By e.g. [17, Theorem 4.1], one could select optimal coupling 7, ,, between p(u,-) and p(,-).
Defining A as the mapping 17 € R = (1,7) € R?. Then

Vo) 07 7) = Vet OF (u,0) O (ur ) (AFEfy)
is a coupling between P((u,v),-) and P((u’,v"),-). Therefore,
(Wassz(P((u,v,7),), P((u', 0,1, 7))’
o 107D = (V) e Ty ) (ot v i ' i)
o o 0 F ), 7) = 6 F 0, ) B i (s, ) g ()
= fRNl (max ([Ju - v max, |F(u,v) - F(u',fu')Hmax))2 Yo (du, du”)
= wal max (u = u'[Fac [ F(u,0) = F(u',0") [ Fax) Yo (du, du”)

< (=0 B T (0 = F () ) e (s )

< (Lg + L) max(fu =[x [0 =0 [F1a)
< (LZ) + LQ) maX(Hu - UIHIQHax7 ””U - U,H?na)v ”77 - an?naX)’

O]

We note that when L% + Lg, < 1, then @ is also a contraction. As a result, we can follow the
arguments from remark [2.5] to show that -

Theorem 3.2 (Existence of Unique Invariant Measure, Informal). The distribution of the joint
Markov chain (U, Vi), where (V;) is as defined in with the associated F satisfying the Lips-
chitzness condition , converges in Wasserstein distance to an invariant measure p* such that
PYp* = p*, where

PVp(A):fP(h,A)dh, h=(u,v, 7). (3.7)

Proposition [3.1]is crucial in developing the fixed point analysis for the joint process of the input
sequence, hidden states, and (derivatives) of the memory layer. The evolution could be written as

" = (UL VI, Ur= (X, Ze), V" = (Seoms Seons Seon),  Hy™ = h. (3-8)

where F := F? is a deterministic function depending on both U; and V;, which could be computed
by the chain rule in the next section. If we are able to show that F' is Lipschitz in the sense of
equation (uniform in #), then we can apply proposition to show that H; converges in
distribution.

Remark 3.3. It is important to note that F := F? hence also the process V%", all depend on the
parameters of the RNN #. Note also that the process H also depends the initial state Hy = h =
(u,v,m), and for RNN v = 0 supposedly. We will, however, not impose this assumption for the
convenience of carrying out the Poisson equation analysis in Chapter 5. Finally, we shall suppress
the dependence of 6§ and h when the context is clear.

14



3.2 The Lipschitzness of F

Before we proceed, we recall a few notations from the previous section

4 0S; - dS. i OSE oSk
Sfl:a_/;’ SF/=8_M;, St T 82:-717 Stvvj’k=avvtzj

We further adopt the following notations: firstly, for the second derivatives

S0 = 891592, S =vIAS, S =vAwS, SV =viw S,
:Amn’Aij7: _ i §Amn7wij7: _ L §Wmn,Wij,i _ L
¢ T 9Amm A Tl C9AmmaWi Tl S OWmn Wi’
§Amn,Aij7k _ asf ZAmn7wij7k _ 6Stk §Wmn,Wij,k? _ 8—5’7{{
t DAMmPAii’ T dAmnWii’ Tl OWmnoWii’

Let us also define the following dummy arguments for the input of function F'(u,v):
UZ(.CL‘,Z), U:(37§7§)7 u':(ac',z'), v = (s 8, §,)

and adopt the index notation for u,v (and similarly u',v") as we have used to define the forward
first /second derivatives:

~Aij7k §Wij7k gAmnAij7k §WWL7LAij7k Wmnwmvk
) ) )

S and §

Finally, we index the components of function F := F? so that

St = F& (U, S, @, F§ (U, Vo),
Sﬁrlj e = Fiu k(Utastast) @, Ffm + UL V),
Sfflj o k(Utast’St) Wm L (U, Vi),
SAAE G a2 (UeS6,50,50) = Flonn_gis o (U V),
SA Wk B s (Ut 5151, 81) = Flp s 1 (U, Vo),
gﬁ/{mw“ * = Fmn wis x (U, St, S, §t) = I}, mn i (Ut Vi)
Note that with the above notations, we have

OFf 4 OFf o OF% ., OFy OFS,

= —_— = _— = _:Fo . .
5A & gy P 5 an AW ww (3.9)

Remark 3.4. Here we include redundant dependence on Sy and S; in equalities marked with (*) as
a notational convenience. We will also supress the dependence of F := F? on 6 when there is no
ambiguity.

15



Our objective is to prove that F' is Lipschitz. It is useful to note that

| E(u,v) = F (@, 0) |max = max|Fsp(u, v) = Fsp(u, )|

v max | Fpis 1 (u,0) = Fpi g (u, )]
)
v max ’FW”,k(ua v) - FWiJ‘,k(% V)|
ijk
\ maX |FAmn Az] k(u U) FAmn A’L] k(u U)|
ijmnk

VvV max |FAmnW7,j (U U) FAmn Wz] k(u 'U)|
ijmnk

v max | Eyymn wid g (1, 0) = Fyymn yis g (u,v)]. (3.10)

igmnk

Therefore to establish Lipschitzness with respect to the max norm, it suffices to control the incre-
ments of the individual components.

3.2.1 Lipschitzness of Fjg},

We take note of the explicit formulae of the components of F'. Firstly, we have

Faatw) = o o044} + 1 (6075 )

therefore
(o (u,0) - Fy (', o)) < | - (045 x>+i<¢<wk*> ) = < (6045, 2') = (6(%), )
S,k\W, S,k y ~4ld 5 N ’ 5 N ;
d
o PN A D z¢(w“><s ()"
/=1
[ d
<131 e aat- @] gz eortae - @]
< 2 [max[o (45O |2 = (@) + s o (W) 37 = (1))
C’
< e = fana + 5 =
C’
< fmax[ux — 2 maes |5 = 8 max ] - (3.11)

3.2.2 Explicit computations of F' and a-priori bounds

More work will be needed to study the other components. Firstly, we take note of:

Fa sl ”)“"(EWA’““) z)+ 5 (o) S>)X L (4)07 + L S g(whtysts
e A ’ e N & ’

Fuvis o) =o' (5 (6(4%),2) +

1

N

l <§Z5(Wk ) )) X (ia gb,(Wij)Sj 4 l JEV:QS(WM)gW”f)

N N =t ’
(3.12)
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Furthermore, we have
" 1 H 1 :
Faon i (1:0) = 0" (5 (645, 2) + - (67, 5))
N 3
(oo canet « &S]
=1
1 / 1Y Ky =A™ ¢
(oo carmam s £ Sor)
1 : 1 :
w0 (5 {o(am).a) + - (0V*).5))
N 3
(o5 (A0 4 1 P74, (3.13)
-1
" 1 H 1 :
Fwnm’Au’k(u,v) =0 (a (gb(Ak’ ),x) + N (gb(Wk, ),3>)
N
% (%&Cnﬂﬁ’(wnm)sm n % Z ¢(ka)§W"m,€)
=1
1oy, 1 & NN,
x E@kﬁb (AY)2? + N;MW )sT
wof (G lo(am)a) s <¢<wk*>,s>)

Z p(WHHSV AY g) (3.14)

1 ij
_571 T ~A moy
X(Nk¢( )s N“

) (1 ; 1 ;
Py s 1,0) = 0" (2 (64,2} + (67, 5))
N
% (%(5kn¢,(an)Sm n % Z ¢(Wk:€)§W"m,€)
/=1
Lo g 5 L Kty W 0
(e 4 Soris )
vo! (%z ($(AF), ) + % (W), s>)
1 " iy L N W Wi
(b (V) LI )

3.2.3 Bounds for Gradient Process

Let’s establish an upper bound for the forward gradient processes.

Lemma 3.5.

- . Cy 1 - A Cy 1
||564||max \ ||Sé4||max < 4— C¢E S HS;‘Hmax 4 ”StA”max > _(z)C E’
Cy 1 Cy 1
S max S max < NT S max S max < . 316
15 e v 156" v < 5= 37+ == 152 s v 15 s < = (3.16)
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Proof. We begin by noting that

gAY
Sii1 " = [Fais 1 (Ug, V)|

<mmw<w M¢M%X%v—zmwmw“f)
Cuy
<Z( ; +C’¢max|SA f|), (3.17)

where in the last inequality, we used the upper bound for ¢'(y) by Lemma This bound then
implies that

Cy C ~ A
SAY [k 4 [ Ak
nrll?x|5t+1 | < T m]?x|5’t |. (3.18)

Note that §64 Tk 0, so by recursive inequality (B.5)), for Cy < 4,

< (%)k Cyr . 1- (C¢/4)k Cy B Cy

G -
max| (4-Cy)d 1-Cu/d 4d  d(4-Cy)

t+1

for any ¢ > 0. (3.19)

Similarly, we have

Jk
ISV = | Fyyis 1 (U, V)

11 / i\ QJ 1|X ke SWH £
< é_l ~ dirle' (W*)Sy| + N W™)S,
£=1
< Cy +Cyma |5’W”k| (3.20)
f— X .
a\'N T ’
which implies
C
m]?x|Sg/flj Ml < + I(b max ]SW ’ k| (3.21)
Since S,(I)/V Yk 0, so by recursive inequality 1} for Cy < 4,
maX|SW f P - (3.22)
t+1 N(4 C¢)
Using exactly the same calculations as above, we can show the bounds for 5’;4 and S’XV . O

Remark 3.6. As the proof of Lemma 3.5 shows the denominator of the upper bounds for the forward
gradient processes presented in Lemma [3.5] has to do with the inverse of the upper bound of the
derivative of the sigmoid activation function by Lemma [2.9] That is, the proofs can accommodate
other activation functions too as long as they are bounded Wlth bounded derivatives and sufficiently
smooth.

In a similar fashion, we can also establish bound for the second-order derivative process S;.

Lemma 3.7. Assume that Assumptions [2.3 and [2.10 hold, then there are uniform constants
AAAmax, AW A max ONAd QW W max mdependent of t 20, such that the following implications hold:

AA ,max :AA aAA,maX
—_—— < —— 77—
HS ”max— 1 (C /4) HSt ”max— 1—(C¢/4)
§WA s AW A,max §WA . AW A,max
G AW W,max SWW AW W,max
W e < W Womax_ Wy W Wimax (3.23)
0 1= (Co/4) 1= (Cy/4)
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Proof. We begin by noting that

SA™™ A1 [

1S |= |FA"m i 1 (Ut Vi)
1
10

N .
S0 (AV)X] ¢ 3 G
2:1

1 nm m 1 N SA™T
x| Z0nid (A"™) X +—Z¢(W’“)S;“ !

1 1 1, nm
3 [ X S a5
1 (Cy ~ C’

SE( ; +C¢mkax|524]’k|)( ; +C¢max|5 k|)
1 C¢II ZAij Anm k

+1( y +C¢max|St ' |)

S A Amm
|S; |

G
< AAAmax + — 4 max )

where, recalling that My, =1+ [Cy/(4-Cy)],

i _ L C¢/ C C¢/ O ’ C C¢/ ]'Cd)”
T T0\ d T %d(4-Cy) Yd(4-Cy)
2 22
_CoMs Gy
10d2 ad
Therefore, we have
S Al Anm Cy AU AT,
In]?X|St+1 | < UAAmax + — 1 max|S |
Note that SA AT =0, so by recursive inequality (B.1)), for Cy < 4,

= Al JAY™ K A AA max
ma. S < ———F
k‘X| t+1 | 1—(C¢/4)

Next, we have
an AZ] k
|St+1 | = | Fyynm AU k(Uta Vi)l

S’ (W™ ST +—Z¢<W“)SW !

10‘N

S0 (AV) X + N z (W)

1 Zyinm  Aij
Orn@®’ (an)SAjm Nﬁb(WkZ)StW AT

il

Cy Cy ~ Aij

< 10( ]\d; +C¢maX|SW k]) (7(1) +C¢m]i1x]5;“’k\)
& Ak W Ak

+Z(Wmax|5’ |+C¢maX|S |)

GWnm, AN &
)

C
< AW A max + 4¢ m]?x|S
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where

aw A = — Co +C, —Cd)/ C e —C¢, + ECW —C¢’
T\ N ¢N(4 Cy) ®d(4-Cy)) 4 N d(4-Cy)
2 2
10Nd  4Nd(4-Cy)

(3.29)

Since S’é/v L 0, so by recursive inequality (B.1)), for Cy < 4,

nm 74 a
m]?X |SW JA k| W A,max (330)

t+1 1= (C¢/4) .
Finally,

SWmm Wi g,
151 | = [Fyynm wis 1 (Ut, V)|

5kn¢ (an)Sm b= Z ¢(Wk:€ SW"’" 14

gin

x |0 (W) S] + — S p(WH) SV
N PN /; !

1
+ = x
4

ik Gienm®” (WIS 4+ — S (W) GV W
N N4

< %(% +c¢max|swmk|)(%+c¢mgx|s:v“vk\)

1(Cy SWrm W g

+Z(W +C¢maX|St ’ ’ |)
C nm 'L

< AWW,max + 4¢ max\SW W k|

2 : (3.31)

where

/ ! / / 1 C21M2 1’
Cy Co )(C Co )+ Cor _ CoMs Gy (3.32)
Co)

= — C C = .
AW W,max 10 ( N ¢N(4 ¢N(4 C’¢) 4N 10N2 AN

Again ng mATE 0, so by recursive inequality (B.1)), for Cy <4,

SW"m Wi k| AW W,max

mkax| N TCM (3.33)

O]

From the above bounds, we conclude that the process H; takes its value in the hyper-rectangle

C¢ NxNd C¢ NxN?2
R =[-1.11%92 x [0, 11V x | -——2__ by
LA« 0] [ d<4—c¢>] [ N(4—c¢>]

Nx(Nd)(Nd
:| x(Nd)(Nd) [ AW A,max AW A,max

T 1-(Cyf4) 1-(Cy/4)

[_ A AA max A AA max
1-(Cp/4) 1= (Cy/4)
[_ AW W,max AW W,max

1-(Cp/4) 1= (Cy/4)

The boundedness of process H; is essential for the Lipschitzness of F'.

:|N><(N2)(Nd)

:|N><(N2)(N2)
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3.2.4 Lipschitzness of F
We may now prove that

Lemma 3.8. If (u,v),(u',v") € R, then there exists Lo >0 (as defined in Assumption such
that

e [Fyi g, (u, v) = Fyis g (0, 0')] < Lo max [l =l max, 10 = 0" max]
II;]%X |Fyyii g (u,0) = Fyyij (u',0")| < Lo max [w =t [ max: [v = 0" [ max] - (3.34)
Proof. For simplicity, we denote My =1+ [Cy/(4-Cy)]. Then
|Fpis o (w,0) = Fpij o (u',0")]

1 N
_5ik¢’(AZJ)xJ + = Z ¢(Wk€)§A N
d N4

1
< — X
10

X %l ((b(Ak’:),a: —a')+ % <¢(Wtk’:), s - s')

+—><

N - iy
5 k' (A7) (2! = (")) + I;QS(WM)@A”’Z—(5')‘4“)

(C’, Cy

2+ Cogrg 25 ) (Cole =+ ol = )

~ 10
1 Cy .
e 2 (S0 = 0+ €l )
Cy (C,M, 1 CyMyCy Cy
< <2 (228 )= e+ s = e + <215 = 8
3Cy (CyM, 1\ 3C .
< max[be (% . Z) , Tﬂ x max [ = 2 famases |5 = 8 mass |15 ~ & ma] - (3.35)

Similarly,
|Fyyii g (u,0) = Fyyis g (u',0")]

1 1N
s OV + 5 o (WHs"

< —
10
[E oty - s L oo, s- )
b - () + 3 3ot G- ()

Cy Cy
i % ( ]:; C¢N(4—¢C’)) X (C’ngaz—a:'HmaXJrC’ngs— s'HmaX)

Cy .
e (S0 = 5 e + Gl = e

Co (CoM, 1 Cov.
2 oar e+ (552 ) 1= o+ 215
3C, (C4M, 1\ 3C

o (% . Z) , —¢] « max [ - 2’ a5 5 fonoes 13 = & ma] - (3.36)

< max[ 1
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Collecting the bounds above, we obtain:

D%?X UFAU,k(Ua v) - FAiJ',k(ul7 U')’ v |FWij,k(ua v) — Fwia',k(uly U')’]

3C¢/ (C¢M¢ . 1) 3C¢
10 4)’

< z
B max(min(N, d) 4

=L

Similarly, we have

)max[:ﬁ - xlnmaxa ”S - S,”maxv H§— §,||max] :

Lemma 3.9. If (u,v), (u',v") € R, then there exists L1 >0 (as defined in Assumption such

that

max |Fynm gij g (u,v) — FAnnL’Ai,j7k(U,, v")] < Ly max [Hu = max, v = U’”max] ,

ignmk

max |Fan,Aij,k(Ua v) - Fan,AiJ',k(U’, U’)| < Ly max [HU - u,”max: v~ U’”max] )

ignmk

max |[Fyynm yis (U, v) - Fan,Aij7k(U,, v")| € Ly max [Hu — | max, v = U’”max] .

ignmk

Proof. Define

El,k = UH (é (¢(Ak7)7x> + % <¢(Wk7:)7 3)) )

By =0 (% (¢(AM), z) + % (Cf’(Wk’:),S)) ;

1 i j 1 N _Aid
Emijk = Eéikqs’(A Nl + ~ Z ¢(WM)3‘14 1757
=1

1 L 1 N Wi
Ey ik = N(Sim'(W”)S] N >, (W51,
=1
1 PNE I kN ZAU AP™ g
EV,nmijk:Eéikéij:nmqs (A7)z +NZ¢(W )s5 T
=1

1 ~ AL 1 N ~yynm ij
Bvinmijh =~ 0kn@ (W™™)347 ™ 4 — 5™ (W) VA7
N N4
! nowiyed 4 S ke\ W™ W g
EV'LHmijk:N(Sikéij:nm(b (W")s +Nz¢(W )EVWEE
0=1

so that

Fanm gii 1s(4, ) = By g En ke Binigre + Bi e BV nmijk
Fyynm i (4, 0) = By kB ke Eiige + Bi e EViamigk
Fyynm wii 1, (u,0) = By g B mk Biv,ije + Bi e Evilamigk

22

(3.37)



Similarly, define

EI/Vk ) UN (é (QS(Ak’:),:L‘,) + % <¢(Wk’:)’ 8/>) )

EI’I’k ) U, (%l (¢(Ak,:)’$,> * % (Qs(Wk’ 7S,>) )
Ellll,z‘jk zkgb (A”) Z ¢(Wk£)(~/)AU ¥,
Eiv ijk = zk¢ (W) (s Z S(WHY (YW,

1 i j j = ij Anm
BN amijh = E(Sikzéij:nm(ls”(AU)(l")] + N EZ W) (5)A7A™ L
-1

1 nm S i‘m 1 3 = nm Aij
Bt nmijk = N(Sknd),(w )(3H)AT ™ 4 ~ ST (W (F)WAY L
=1

1 ii . 1 N N S
E\I/II,nmijk = N6ik6ij=nm¢,,(W (") + ~ Z ¢(WM)(3’)W Wi
=1

Then,

Fynm pii o (U, 0) = Fanm i3 x(u',0") = (By g Bunnmk Biige = BBk Elije)
+ (B B nmijk = BN kB mijr)
Fyynm i (1, 0) = Fyynm aii (0, 0") = (Bi e Bivmi Bk = Bl By pmi B i)
+ (B e Evinmijk = B g Bt nmijn)
Fyynm wii g (,0) = Fyrnm i 1, (w',0") = (By kB nmc B ik — By e B nmi Eivije)
+ (B e Evitwmijk = Bl g B nmijx)

By our earlier calculations,

1 1 C¢1M¢ C¢1M¢
ml?X|El,k| T m]?X|EII,k| <7 m’§X|En|,ijk| S mkaX|EIV,ijk| Sy o
1 C¢, 1 Cg,/ C¢
E | < =Cyn + —————— X FE i + <
Hl]?X| V,nmwk| d @ 1- (C¢/4) A AA ma m]?Xl Vl,mmjk| Nd 1 C¢ 1- (C¢/4) AW A,ma

! b
mk?‘X|EVII,nmijk| < NCsij:nmC(b" + maww,max
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Furthermore, we compute the increments by suitable Taylor’s expansion, noting that max, [o"'(y)| <
1/8:

B~ Bl < 2 ([~ + 5~ ')
Bk~ Bl € 2 (= 2 s + s o )

Bk = Bl € 2Cole? = @Y1+ ol = s,
|Ewvijk = Eiv ijil < %C(Msj = ('Y |+ Cy15 = &' | max,
B = By el € 5Corlo? = (@' V1+ Cl5 = '
BN mmigke = BN i i < %Cas' 13 = & lmax + C[13 = ' max
| ENitnmigk = BN gkl < %de\sj = ("Y1 + Cy)|5 = 5 | mae-

Collecting all of the above bounds via the inequality

labc — a'b'c'| < |abl|c = | + |ac||b='| + |b'||a - d|,
we have:

|Fgnm aii o (t,0) = Fgom_gis j (u',0"))|
< Bk Bt pmk] [ Bk = Biijil + Bue Bkl |Bitnme = ikl + B me Einie| | Bk — Bl g

+ | Bk | By nmigh = BN i)+ BN il [ Bk = B i)

1 CyMy (1
< 2% 15222 (2o o =0 s + = ¥ o
CyMyCyMyC 1(Cgr, ; j z_3
¢ SO0 (o o o+ 1 =) + (ke = @]+ ClF = v
1 Cy Co
—C /! T~ AN max | 7~ - ,max - /max
(5o 1y aanmne) Sl o s 5= )
2 2 2
Mol CoCoMs Cor Co(Co  Co 0 Wz-v
5d? 8d2 4d 10\ d 1= (Cyfa) T -
2 2
+ —C¢C¢'M¢+% C‘z’"+ Ce aAA s =5l
82 10\ d  1-(Cyfa) M -
CyMsCly Coz =
# 5 i+ =215 = F (3.38)
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| Fyynm i i (1, 0) = Fyynm gis g (', 0")]
< |EI,kEIV,nmk‘ |Elll,ijk - EI’II,ijk‘ + ‘ELkEIIII,ijk‘ ‘EIV,nmk - EI,Vnmk‘ + ‘EI,V,nmkEIIII,ijk‘ |El,k - Ellk|

+ | B k] [ Evinmiik = Botnmiie] + B nmigil | Bk = B k)

35 % (201 e+ Coli e 5 > 8 ¢ (1= e+ o=
C /M C IM C 1 1 _ B
+ qu ¢ X ¢d ¢ X?(ﬁ(ux_xl“max—i_HS_S,HmaX)+Z(NC¢"|§_§,|’H1&X+C¢”§—§,Hmax)
’ (Nd4 G TG ™ m) 1o (12 =l 5= ')
M¢C / C¢M£C§), Cy Ci, C, ,
: " 10 + aWAamaX ”w - Hmax
5Nd 8Nd Nd(4-Cy)  1-(Cy/4)
C¢02’M£' C¢ 042)/ C ,
\TsNg 10\ Na@a-cy) T1- (C¢/4)“WA max | |8 =5 |max

(C¢M¢C¢r N C¢M¢C¢/ qu

C¢> =z
S +—||s-5§ . 3.39
oo S 5 - e + =215 - (3:39)

‘Fwnm7wij’k(u, ’U) - Fan7wij’k(’LL’, U,)‘
< Bk EN k| [Bv.iie = By ijil + 1Bk By ijil [EWnmk = By ] B nmkBiv iji] Bk = g

+ | Bk [ Bvitnmik = B nmize] + Bt nmagrl | Bk = B gl)

1 Cy M, CyMyCyM,yC
<2x 10 ¢N ¢ ( C¢’”x x ”max +C¢”5_5 “max) ¢N ¢%?¢ (H$—$,”max+ ”5_5,||max)
1 (Cyr oz Cyr C C
+Z(%”5—5'”max+c¢3—S'|max)+( ]3 + 1 (g¢/4) WWmax) 10 (HI’ x ||max+||3 S ”max)
M¢C£, C¢M£Cq25, C¢ C¢,, C’¢ ,
= 2 T T + AW W,max |7 — 2" | max
SN2 T SN2 10\ N 1 (Cyfd)
C¢021M2I C V74 C C 172 C
2 2 - + 2 + 2 ? + ¢ AW W,max ”3 - SIHmaX
8N AN 10 1- (C¢/4)
CyM,Cyr Cy ~ -
P8 = 8 i+ 15 ¥ (3.40)

Gathering these estimates together, we obtain

max [|FAnm Al k(u 'U) FAnm Az] k(u v )| |Fwnm’Aij’k(u,'v) - Fan,Aing(ul,'Ul)'

ignmk
\Fan,Wij,k(ua v) - FW"m,Wij,k(ulv U’)H

< Ly max [”1’ - x,Hmam HS - Slea)n H§ - §,HmaX7 ”§ - §,”max] ,
where L is defined in Assumption This concludes the proof of the lemma. O
In summary, we have

|F(u,v) = F(u',0")||max < L] (u,v) = (v, ") |max, L=LoV L. (3.41)
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We therefore conclude by Proposition that the transition kernel satisfies the contraction

Condition W (P(( ) ) P(( / ! I) ))
asso u,v,n),-), u,v,1 ),"
<q=+/L%*+L2. (3.42)
H(uavan) - (U,,U’,'I’]I)Hmax e

With this, we can formally establish the existence of invariant measure. Recall the definition of the
induced transition operator P p, where

PYp(A) = fP(h,A)p(dh).

Proposition 3.10 (P is a contraction). The transition operator P is a contraction in Pa(X):
for all p,p' € Py(X)
Wassa (P p, PYp") < qWassa(p, p'). (3.43)

Proof. This is [19] Proposition 14.3]. O
Further define the t-transition operators P; iteratively with

P“l(h,A):fRP(th)Pt(hjdh), PO(h, A) = §,(A), (3.44)

alongside with the transition operators (P')Y.

Theorem 3.11 (Existence of Invariant Measure). Let puf == (PY)Vp be the distribution of H; (that
depends on the initial distribution ug =p). If ¢* = Lfo + L% < 1, then there exists a stationary

distribution p® such that P¥u® = u?, and constant C' >0 such that
0 0 1 tto00
Wassa(pg, p0”) <C'q" - 0. (3.45)

Proof. We first note that WaSSQ(/Jg, ug) is bounded. This is because for any couplings « between
0 [%
1251 and Ko,

h—h, 2 dh dh, SQ/ h 2 + h, 2 Y dh,dh,
f < H |‘111ax7( Y ) « [|| || ax || H ax] ( )
32/ h? ,uedh +/ h|? /Ledh,:I.
[ R H ”max 1( ) R ” Hmax 0( )

for some constant C' > 0 as R is bounded. By iteratively applying Proposition and Banach
Fixed Point Theorem, there exists a unique probability measure p? such that

PYu’ =y, (3.46)

i.e., p* is an invariant measure of the joint Markov chain (U, V;)). Furthermore, we have

t
q 2C
Wassy(f, 1) = Wassa((PY)'p, u”) < 1—_anSSQ(u?, 1) = eq- (3.47)
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3.3 Evaluating the limit loss and its derivative

This chapter aims to compute the limit of

T T
Lr(8) = 35 35 (0= H0))” = 57 3 (X0 Zm) = (N(B). 50 - X))

as well as the derivative of the limits.

The limit is understood in the following sense:

Lemma 3.12. Under Assumptions cmd we have E[Lp(0)] T L(6), where
LO)= [ S0z~ B AP i), h=(ozssin). (349
Proof. We define .
HOE 5 (F(@,2,m) = (A(B),5) - Ae))?. (3.49)

Then
B[S0 00| = [0 Zum) - (B 50+ @) = [ (o an)
It therefore suffices to show that ¢°(h) is Lipschitz in h. Note that
9(h) ~ £ ()P
<5 G2m) = B, ) =A@ = (F 1) = (B, ) - M)
<6(L + RN + D)1 (2 23) = G 2 )P+ NHACB) Bl = ]

<6(LF+CHN? +1))?[h = h |7 o (3.50)
By Theorem there exists a coupling ’yt between ,u? and p? such that
[ Ih =W nf (b, dv') < Cq
Therefore, one has
| [ wucany - [ e < [ 1) /(W) b, b’
<6(L3 + CRN? 4 1))? [ = |20/ (dh, db)
<6C(L%+C3(N? +1))%* =50 (3.51)
Finally, we have
1 T
BLLe@) - [ ) ulan)|< |23 [ €~ [
t=1
T
=30 [ Etyutiany - [
=1
<1T 6C (L2 + C2(N2+1))2¢"
_ft:zy (L% +C3(N2+1))%
1 2 2( N2 2.4 _
< f\/6(J(Lf +C2(N2? +1)) " o(1/T), (3.52)
so E[L7(8)] "™ L(0) uniformly in 6. 0
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We can also use the compute the gradient and Hessian of L(#). We start by recalling that for
finite T,

T T
ToLa(8) = Vo | g 2 1)) | = = S ((0) - ¥Th(), (353)

where Vg f:(0) is the gradient of f, flattened as vector and indexed by the components, e.g.

(V0 /i (0) 4 = 2IL — 2 ()T 22

= \(B)" 54 3.54

so on and so forth. Following similar computations, we see that

S A(BF)vec(8;)
Sy AM(B*)vec(5,")
)\/(B) © 5
N (e)

<« entries from A
< entries from W, (3.55)
<« entries from B

Vo fi(0) =

Furthermore, the Hessian is given as

T
HessgL7(0) = % Z; Vo [-(Yi - f:(0))Vafi(6)']

T
= % Z; [Vofi(0)Vofi(0)" - (Y: - ft(G))Vﬁft(G)T] , (3.56)

where

SN MBI at(S) SN (B fat(S) ) far(S7) diag(N(B)) 0
Hess o f,(60) = | Zhot A(BOfat(S:™ ") 2 A(BF)flat(5," ™) flat(S5}Y) diag(N(B)) 0

diag( N (B))flat(S#)  diag(\(B))flat(S}V) diag(\"(B) © S;) 0
0 0 0 A (e).
(3.57)

We can verify this by checking the entries — for example, we have

62ft _ 0 %A(BE)S'A”’( _A(B )SAiij
OBFOA ~ 9B, |~ t k7%

To compute VoE[L7(6)] and HessyE[L7(0)], we need to exchange V4 and E. This could be

justified by noting that VoL (6) and Hessy L7 (6) are being bound (hence integrable). It follows

from the following lemma:

Lemma 3.13. Assume that Assumptions and [2.10 hold. Then, there is a uniform constant
C < o0, independent of t € Ny, such that

Hveft(e)umax <C (3.58)
IV £:(0)Vofi(0) max < C (3.59)
[Hess g f:(0) [ max < C, (3.60)

and consequently,

V0 fi(0)Vofi(0) |F < C
[Hess g fi(0)[F < C,

where | - || is the Frobenious norm.
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Proof. The boundedness of | Vg f:(Voft)" ||max and |Hess g f¢||max implies the boundedness of | Vg f: (Vo fi)"|F
and | V2| respectively. This implies that it suffice to prove that each entries of Vg f; is bounded.
This follows from the boundedness of

e \(-) and its derivatives by Assumption [2.10]
e S; since o(+) is bounded,
e S;=(S#,5") by Lemma and
5’ (S’AA SWA SWW) by Lemma
O

Lemma 3.14. Assume that Assumptions[2.3 and[2.10 hold. Then, we have that there is a uniform
constant C < oo, independent of t € Ry, such that

HHHI - Ht”max < Cay, (3.61)

and consequently
10241 = Ot]|2 < Cou, (3.62)
for a potentially different finite constant C < oo.

Proof. This follows directly by the a-priori bounds of Lemma[3.5]and the online stochastic estimates
(12.25]).

O
We can therefore exchange derivatives and the expectation operator E to compute VyE[ Lp(0)] =
E[VoLr(0)] and ViE[Lr(0)] = E[ViL7r(0)]. In particular, if we define the functions for h =
(:E’ Z? S? §’ 5777):
Yk A(BF)vec(3F)
01\ — (b e _ _ Yk A(B*)vec(5"F)
5(1) = 9(050) = ~( o 2n) = N(B)osh - 2(0) x| FHAGENCETIN (s
N(c)
then
1 1 P
VoELLr(6)] = B Lr ()] = E| 2 3" ~(Vi - (A(B), S1) - Me)Toful®) | = 13> [ o(h:6) ().
t=1 t=1
(3.64)

We further define the function

S A(BF)vec(3Y) 1T £ M(BF )vec(547) '

he (1) = | ZEABvecE ) || S A(BF Jvec(3")
N(B)os N(B)os
N(c) N(c)

- (f(z,2,m) = (A(B),5) = A(c))

Y M(BFflat(544%) S N(BF)flat(3WAF)  flat(54)diag(N(B)) 0

Y M(BFflat(3AWF) 3 N(BF)flat(5WVF) flat(5")T\(B) 0

diag(\'(B))flat(34) diag(N(B)) oflat(3"W)  diag(\'(B)) o s 0o |
0 0 0 A(e)
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then
Hess B[ L1(6)] = E[V2Lr(0)] = f he? (h) 1 (dh). (3.65)

Due to the convergence rate Wassl(,uf, ue) < Cq! with ¢ <1, we can prove that this quantity has a
limit as 7' — oo. In particular, we have Theorem [3.15

Lemma 3.15. Assume that Assumptions[2.3 and[2.10 hold. Then, we have that

Jim VoE[L7(0)] = (¢ (h). 1°). (3.66)
Jim HessyE[Lr(0)] = (he?(h), 1) . (3.67)

The limits are taken in maz-norms.

This result indicates that the online forward SGD algorithm ([2.28) has a fluctuation term
(G = Vg J(6;)) which should vanish as ¢t - co.

Proof. Tt suffices to prove that the functions g(h) and he’(h) are Lipschitz (assuming h € R). We
note that

Sk A(B*)vec(547)

k v gW,k
lg” (1) g (W) s = || (£ m) = (A(B).5) = A(e)) | A7 el

N(c)
S A(B¥)vec[ (') 4]

k N\W.k
~ () = () S) =) | A e G

A,(C) max

2

ChCly 2
2 2 2 2 2 ¢ 2
s2[Lf|(a:,z,n)—(a:’,z’,n')| +N C/\Hs—s'HmaX] [max( : (N, l)(4 C¢)’C’v)]

SR ABR)(F - ()4 7)1

S ABF) (3~ (51)TF)
N(B)o(s-s")
0

+3(L; + (N2 + 1)C’§)

max
< C](VI,LHh o] . (3.68)
where
C\Cy 2
W Zo(12+ 02N? ¢ LC2,
v =2(Ly+ GNT) |max | e =y O
+3 (L} + (N?+1)C3) max(N?,d*) max(Cy, Cy). (3.69)
Similarly, one could prove that there exists C](\?L > 0 such that
[he? () = he? (B2 < CEUlR = 1 Py (3.70)

Therefore, we could follow the arguments in the proof of Lemma to establish the above limits.
O
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We note that the limits are uniform, so one could exchange Vg and lim7_, . to establish that

Theorem 3.16.
(g"(h), ). (3.71)

HessgL(f) = Hessy [ Jim IE[LT(H)]] = lim VoE[L7(0)] = (he’ (h), 1) (3.72)

VoL(9) = Vo  Jim B[Lr(9)]] = lim VeE[Lr(0)]

Proof. This follows from the fact that we have f-uniform convergence of VyE[ L7 (0)] and Hess gE[ L1(6)]
in 6 (with rate O(1/T")), so we could exchange limit and derivatives, see e.g. Theorem 7.17 of
[20]. O

As a corollary, we have
Corollary 3.17. There exists constants C >0 such that |VgL|max Vv ||Hess g L|max < C.

Proof. This follows from the fact that |VoE[L7(0)]|max and |HessgE[L7(6)]|max are both T-
uniformly bounded. 0

4 Poisson Equation

We will now construct a Poisson equation which will be used to bound the fluctuation term in
and prove it vanishes — at a suitably fast rate — as t - co. We will emphasise the dependence
of the process H; on the parameters 0, thus adopting the notations Py for the transition kernel of
H 9), and Pg as the t-step transition probabilities of Hf . This will be crucial to the convergence
analysis in the next section.

With the above notations, we can now define the Poisson equation.

Definition 4.1 (Poisson equation). We aim to find function u(h;#) such that

u(hi0) = [ u(hi6) Py(h,dn) = Q(hi0) - [ Q(hi0) u”(dh), (4.)
where h € R and Q(h;60): R - R is a globally Lipschitz function (for each 6).

Lemma 4.2 (Existence of Solution). For any function Q(h;0) which is globally Lipschitz in h € R
such that

Q(h:0) = Q(R";0)| < Lok = 1| max (4.2)

uniform in 6, the following function V (h;0) is a solution to the Poisson equation (4.1)) for each
heR:

V(h0) = i)( @0 Pih.an) - [ Qo) () (4.3)

In addition, there is a finite constant C < oo that is uniform with respect to both 6 € © and h e X
such that |V (h;0)| < C.

Proof. The proof follows that of Lemma 7.11 in [21I]. We present the argument here emphasizing
the differences. First, we prove that V(h;#) is uniformly bounded. By Theorem and [17,
Theorem 4.1], there exists a constant C' > 0,¢ € (0,1) (independent of ¢ and couplings 7/ between
Pl(h,-) and pf such that

2 0 12 t
[ [ 1h= Wt tan )] <’ (.4)
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Consequently, by Lipschitzness of Q,

h:6) PL(h, dh —f h'; - f h:0) - Q(h';0))~?
| [ @0 Pih.an) - [ Q( [ (@(h:0) - Q(:0))
] 1/2
< h;0) — Q(h; )| A (dh, dh’ ]
[, Ja(h:6) - Qs ) 4f (dn, dn')
— 22 b WP O]
< —_
<[ [ Baln =t o an)
< LoCq'. (4.5)
Thus we have the following #-uniform bound,
o) " P e t CLQ
Vo)< 3| [ amo) Fihh - [ Q' <Y CLod' s <o (46)
=0 IR R =0 1-¢g

We will now show that V'(h;0) is a solution to the Poisson equation (4.1). Starting with
f V(h;8) PL(h, dh) = f [ (f QW) PL(h,dh') - f QW 0) 1 (dh’ ))]Pg(h dn’),
we can interchange the infinite sum and the integral due to Tonelli’s theorem, which yields:
f V(h;8) PL(h, dh) (f [ Q(N;8) PL(h,dh") Py(h, dh) f f QN0 (dh’)Pg(h,dh))
i( [ 0P (an) ~ [ (o) ().

t=0
Then,
V(h0) - [ V(h;0) Py(h, dh) ([ Q(h;6) PL(h, dh) [ Q(h;0) (dh))
—z( @) P ) - [ Q(hi6) ' (an)
= [ @(s6) i (h.dh) ~ [ F(h:6) ()
= QUui0) = [ Q(h:0) " (dh), (47)
which verifies that V' (h;#) is a solution to the Poisson equation (4.1)). O

Lemma 4.3 (Lipschitzness of solution). Let Q(h; ) be a 0-uniformly Lg-Lipschitz function in h as
specified by equation (4.2]). Then, the solution V (h;0) as defined in (4.3)) for the Poisson equation
(4.1) is O-uniformly Lipschitz globally in h € R.

Proof. Recall that

V()= 3 ( [, Qo) Pich.dn) - [ Qo) ().
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Therefore

V(h;0) -V (K;0)| =

[ f, ooy Fichan) - [ @b i)

t=
<2

t=0
By iteratively applying Proposition

Wassy (P (h,-), Pi(h',)) < Cq' [h - 1|

[ QU6 Pi(.an) - [ Q(i:6) Pi(h n')

(4.8)

max

for the same C' >0 and ¢ € (0,1) as specified in that Proposition. Thus by [17, Theorem 4.1}, there
are coupling yghﬁ, between Pf(h,-) and Pj(h',-)) such that

1/2
| [ b=l | < ot - 1]

max ’

Thus, as in the proof of Lemma, |4.2

’fRQ(h;Q)Pg(h,dh)—fRQ(h’;G)Pg(h’,dh’)

<

. (Q(h:0) = Q(W50)) 40 (dh )

/ 2 9 , , 1/2
. [foR (Q(h:0) - Q(n";0))” 7; ) (dn’,dh )]
o 6 1/2
<L f h-h /(dh, dh ]
Q [ RxR ” Hmax 'Yt7h7h ( )

<LoCq' |h=n|_ . (4.9)
Therefore, we have
Wassa(Fi(h. ), Py ) < 19 -], (4.10)
O
For our analysis, we would like to set
Q(h;0) = VoL (0) g’ (h). (4.11)

We shall first note that
Lemma 4.4. The function Q(h; ) is uniformly bounded in h and 0 for h e R.

Proof. Since VoL(6) = (g(h;0),up) and g(h;6) is uniformly bounded in 6 for h € R, VyL(6)
is uniformly bounded in 6. Consequently, for h € R, VyL(0) g(h;6) is uniformly bounded in
(h,0) e R x ©. O

By checking @ is globally Lipschitz in R, we can show that there exists a 8-uniformly Lipschitz
solution (global in h) for the Poisson equation (4.1)).

Lemma 4.5. There exists Lg > 0 such that the function Q(h; ) is -uniformly Lg globally Lipschitz

in h in both the |||, .. and |-|, norms.
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Proof. We present only the proof of the global Lipschitz property in the | - |max norm as the proof
in the | - |2 follows the same way. We note that

Q(h:0) - Q(h'50)] = |VoL(8)" (¢°(h) - ¢°(1"))]
< dg| Vo L(0)maxll g’ (1) = ¢° (h') | max
< Lg|h- R || max,

thanks to the fact that |[VoL(0)| is bounded as proved in Corollary and g% is Lipschitz as
established through the calculations in Lemma, [3.3 ]

As a result, the following function

V(h:0) f(:)( [ @0y Fih.an) - [ F(ns6) u”(an)) (4.12)

is a well-defined, #-uniformly Lipschitz-in-A solution to the Poisson equation. In fact, we will show
that the function V is differentiable in # with uniformly-bounded derivatives.

To establish this, we first compute the derivatives

0 0
o ELQ(H0)] = = [ Q(h:0) Pl (n.dn).

We shall start by computing the gradients VyQ(h;0):
VoQ(h;0) = (HessL)g” (h) + (Dyg” (1)) VoL, (4.13)

where Dgg?(h) is the (flatten) Jacobian matrix of g?(h) with respect to . Computing the entries

[ \(B*)vec(54F)]
, Yo M(BY)vec(54) (B )vec(5"F)
dg” |, Yo M(BY)vec(5W) 0
o = VB T ey [FU@Em B XD | ey
N (e) 0
L O B
, Y M(BY)vec(54) 0
¢ Wl
L x@ [P () - 0B A |
N (e) N'(c)

We have the following computation

diag(N(B))flat(4) 0

diag(\'(B))flat(3") 0
diag(\'(B) @ s) 0

0 0 M'(c)

0
0
0
0

0 ] Y M(BY)vec(544)
)

o O o

Dog”(h) = (f(2,2,1) = (\(B),z) = \(¢))

T A(B)vec(3™)
N(B)os
N(e)

diag(\N'(B) @ s)
N(e
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SO
”V@Q(h; 0)” < CN,d”HeSSLHmax”ge(h)Hmax + CN,d”DGQG(h)HmaXHvﬁLHmaX < 07

so by dominated convergence theorem, we could exchange derivatives and expectations for the
computation of derivatives.

We note that Pet does not depend on the parameters B and C, thus it is true that

2H-«:[c;)(Ht;e)] =K [%] . o=B, Y.

¢
We also note that by exchanging derivatives and expectations, for variables ¢ = A% or W¥
5 _
%E[Q(Hﬁ 0)] = (Hm@) Z (Ht, 0)S " + Z 8 Ak (Ht, 6)S; 4 k]

=E

00 Z@QSM b 0@ poars, 5 0Q go,wmm',k] (414

0% ask ! 8 AM’ o 8§Wmm,7k t

We shall define the vector i:=1i(h;6) to be indexed by variables ¢ = A% W% B! C! with the usual
vectorisation convention in notation 2.13] such that

Z aci S0k . ag, z0,4% ks 5 oQ , sowmm g YUR L
[i(h;0)]° ={ % Os (o 05T mont k 05K
0 o=DB,CI.
Let J = V@ +1i, then one could show by dominated convergence theorem,
VoE[Q(Hy;0)] = E[T(Hy;0)]. (4.15)
Lemma 4.6. Recall Q(h;0) =VeL(0)"g(h;0), with
Si A(BF)sAE
o ~ ~ Yp A(B*)3H
g(hae)_(f(xwzvn) (A(B)a‘S) )‘(C))X )\’(B)@S ’
N (c)
then J(h;0) is globally Lipschitz in h € R (with Lipschitz constant uniform in 6).

Proof. The Lipschitzness of VyQ(h;8) follows from the boundedness of VgL, Hess L, and the func-
tions g(+;0) and Dpg? defined on a compact set R is smooth. B
For the second term, we shall note that for © = s*, §4° 7k LSk
el
o |Gz - (B - M) ]

8@
_E’ :E (B!
6<> 8@ (7 0AY (B) o)

0| (f(z,2,m) - (A(B),s) - A(¢)) 3V
+ oL )\(Bl) [ K ]

‘i O’ o0

oL [(f(x>z777)_<>‘(B)?3>_)‘(C))Sl]
+ Z (‘)Bl)\ (BY) 59

1 2 OLf (2, 2,m) = (A(B), 5) = A())]
E)\ (¢) 50 : (4.16)
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In particular, we shall have

O = DL (7w ) - (A(B), ) - A AB) (4.17)
= o (J( )~ (A(B), )~ A) AB) (4.18)
ok =B 3 5 B+ Z,l S B T SEN (B SN )

b (F@azm) — (B),5) = M(€)) N (BY), (4.19)

Since the entries are all smooth in h, and that h € R (a compact set), so J(h;0) is h-globally
Lipschitz in R. 0

Lemma 4.7. The solution u(h;0) to the Poisson equation (4.1|) is differentiable in 6 and g—Z(h;H)
is uniformly bounded with respect to 0 € © and h € X.

Proof. Recall that by Lemma the following is a solution to the Poisson equation (4.1

V(o) =3 ([, Qo) PiCh.an) - [ Qe)u(am) = 32 [EQ(H 0)] - [ Qs ().

t=0

We are interested in bounding VoV (h;6). Define
6:(h,0) =E[Q(H1.0)] - [ Q(h:6)y (ah).
Then,
Voo = VoE[Q(H0)] - Vo [ Q(h:0)p (ah). (4.20)

We have shown that VoE[Q(Hy;0)] = E[J(H;0)]. Since J is globally h-Lipschitz with Lipschitz
constant independent of §, we can make use of the uniform geometric convergence rate by Theorem
to exchange differentiation and integral signs. In fact, there shall be a coupling fyz , between

Pl(h,-) and pf(-) such that

2
[Wassa(Pj(h, ), 1/ (D] = [ Ih=1[2nf (b, di') < O, (4.21)

[voELQUH:0)] - [ 3(0:0) i (aw)| = | [ 3(hi6) Py(h.h) - [ 3
<\do | [ 3(h:6) Py (i)~ [ 3(hs6) ”(an)|
<Vdy [ [3(056) = 3(;0) |, 180, ')

<Cnad 370, (4.22)

max

where Cly 4 is the Lipschitz constant of the function J as obtained in Lemma The convergence
is uniform, so:

V| [ Q(:0) i (dh) | = im B[3(H::0)]. (4.23)
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The bound also shows that ‘Mt (h, 9)‘ is uniformly bounded with respect to 6 € © and h e X. Let

us now return to study 2 ) V.(h:0).

o (b 9)——[2@@ e>]

Due to the dominated convergence theorem,

(h 9) Z 09

o (h:0).
Due to the bound (4.22)), we have the uniform bound

ov
%(hﬁ) <Cny,

where Cly 4 is independent of 0 € © and h € R.

5 A-priori Bounds for Convergence Analysis
Let us now consider the evolution of the loss function L(6;) during training:
L(0t+1) = L(6) = VoL(0:)" (Or1 — 0¢) + (Or+1 — 0;) "Hess g L(0; ) (0141 — 0r)
= —OétVBL(Qt)T(VeL(Ht) - (G- VOL(et))) + Ry
= -y VoL(0:)"VoL(6:) + Vo L(6:)" (Gr — VoL (6:)) + Ry,
where Ry = (0111 — 0¢)"Hess g L(60; ) (0141 — ;) and
2k )\(Bf)é’f’k
~(f(Xs, Zeom) - ()‘(Bt)v 5}) - Aer)) x Zf\,)(\(B?fzfg:k .
N(er)
We recall Q(h;0) = VoL(0) g(h;0) and
Sk A(BF vec(34")
o0150) = (F0m) = ). ) - X(@)) x |G el
N (e)
If we define the joint process with online estimates of forward derivatives
Hy = (X4, Zt, St S, e)

Then, we can write

Gt = g(ﬁt;et),
VoL(0:)"(Gy— VoL(0:)) = Q(Hy, 0;) — VoL (0;) VoL(6y).
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Due to equation (3.71]), we can show that

[ Q@b o) = [ [90L60) a(h:0)] sa(ad) = 9oLO) | [ 9(h:0) ra(h) | = VoL(6) V0 L(6).
Therefore:
VoL (6:)T(Gy — VoL(6:)) = a [Q(ﬁt,et) - /Q(h;@)ugt(dh)] (5.3)
- o [u(f[t;ﬁt)—Lu(h;ﬁt)Pgt(ﬁt,dh)], (5.4)

where u(h; ) is a solution to the Poisson equation (4.1]), which is shown to be uniformly bounded.

We have shown in Lemmas [f.4] and [£.5] that the function @ is bounded and Lipschitz in h. Using
these bounds, we can now return to analyzing equation (5.1]) using (5.4). In particular, summing
(1) yields

T-1 T-1 . . T-1
L(67) = L(6y) — Z aVoL(60;)"VoL(6;) + Z o [u(Ht;Ht) - fRU(h; 0r) Pet(Ht7dh):| + Z Ry
t=0 =0 t=0

We shall now prove the following proposition on the behavior of fluctuation and remainder
terms.

Proposition 5.1. Assume that Assumptions and [2.14) hold. There is a finite constant
C < oo that is independent of 1 <T < oo such that

T-1
> E <C.
=0

The proof of Proposition will be presented later in this section and it is a consequence of a
number of intermediate results. In the lemmas that follow in this section, Assumptions
and [2.14] will be assumed to hold throughout. The first step is to use the decomposition

at(u(ﬁt;ﬁt)—Lu(h;Qt)Pgt(fIt, dh))+Rt

T-1

t;)at [u(ﬁt;Gt)—Au(h;@t)Pgt(ﬁt,dh)]=Q1T+Q%+R(1), (5.5)
where
= : J
Qh= 3 o (U(Ht;et)—Au(h;gt)Pet(Ht—ladh))z
Q2T:j_llat(/Ru(h;ﬁt)Pgt(fIt_l,dh)—Lu(h;Qt)Pet(ﬁt,dh))a
Rl=-q (u(ﬁ[j;ej)_Au(h;ej)ng(ﬁj,dh)). (5.6)

. . 1,A 1,B
Furthermore, we will decompose Q%F into two more terms Q%F = Q7" +Qp ", where

T-1

Q;’A = ; Qi (_[Ru(h;et)Pez—l(ﬁt—l,dh) - Au(h;et)Pet(ﬁt_l’dh)) ’
R . .
Qr}p’ = t; Qg (U(Ht§9t) - Au(hﬂt)P&_ﬂHt—ladh))’ (5.7)
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Since u(h; @) is uniformly bounded by Lemma hence
|Rj| < Ca;j < oo, (5.8)

where the C' does not depend upon 60, T', or j.
In the lemmas that follow we analyze the terms Q;A, Q%F’B, QZT and Rp. These yield the proof
of Proposition

Lemma 5.2. For T > i, define

T-1

R R T-1
at(Au(h;&t)Pgtfl(Ht_l,dh)—/Ru(h;et)Pgt(Ht_l,dh)): S QUA®). (5.9)

t=1 t=1

Note that Q%F’A = Q}’?. Then, there are constants C,C1 < oo independent of T so that

T-1
QI < SR ()| < C < o0,
t=1

where |QVA(t)| < Cra?.

Proof. From Lemma u(h;0) is globally Lipschitz in h for h € X. Thus we have
|Q1’A(t)‘ = ‘ [ U(X,Z,th'l(thla Zi-1, St—lygt—l),th_l(Xt—la Zi1,8i-1,8-1); 000 (X1, Zi1, dx, dz) i, (dn)

_fU(X,Z,th(Xt_hZt_l,gt_l,gt_l),th(Xt_l,Zt_l,St_l,St_l);et)P(Xt_l,Zt_l,dX, dz)ﬂn(dn)

C( Hth'l (Xt-1, Zi-1, 51, S1-1) — th (Xt-1,Zt-1,5¢-1,5¢-1) H

max

v Hth_l (Xi-1, 211,801, 501) - th(Xt—l’ Zi-1, 81, 8-1) Hmax )

We can now calculate bounds on the difference |F%-1(-) = F%(-)|max. In the calculations below,
the finite constant C' may change from line to line.

HFGH (Xt-1, Zt-1, St-1, St—l) - th(Xt—h Z-1,S-1, St—l) | max
; 1 o 1 | 1 o
( (¢(Afl1)vXt—l> + N <¢(thi,1)’ St—1>) -0 (E (QZ)(A?’ )vXt—1> + N <¢(Wtk7 )a St—1>)’

= Il’laX

11X NI 1 & key|1S¢
ax [3 §|¢<A 5 = oADKl + 5 Do) - oW ISi- 1|]
1N
<max—[az AM‘JF_ZCW Wtkz‘]
(;) Cans, (5.10)
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where (*) is from Lemma which yields that |60; — 0;-1 | max < Ca—1. Moreover,
| F% (X1, Zie1, Sie 1,S1) - FY, k(Xt—laZt—lagt—lv‘gt—l)Hmax

|y (Zz (qb(Affl),Xt_l) = (¢(Wt:'1),st_1)) —a’(é (6(4F). X11) + % (¢(Wtk,:)’§t_1>)‘

X 15ik¢(AW Z¢( WS
o (5 {o0al), X} + 1 (oW, 51)) H ok (9 (A7) - ¢<A”>>XJ1+—2<¢< H) - o (W) S
3 éeﬁwm%) SALY)XE, + }Vg(mwfﬁ)—wwt“))ﬁfl
R -+ 1 S erE) - snES L
(;) Caps. (5.11)

”Fg‘ﬁ'zglk(Xt 15Zt 175t 1vst 1) A"J k.(Xt—17Zt—17§t—1agt—l)‘|max

=|o (c_l <¢(A7]:_’:1)7Xt71> + = (Qb(Wt_’-l)ySt—l)) —pd (é (¢(Af’:),Xt,1> + % <¢(Wtk’:)a 5}1))‘

1 i
x| 0md' (WS + Zé(Wff)SWJ !

/ 1 k,: L k:\ & 1 iJ iJ N kKl ke aWH9 1
n a( (o] ),Xt_1)+N(¢(Wt ),5i1) ‘ Sin(¢'(W2)) - ¢/ (W) X] Z_le(wt_l) S(WE)) S,
N
<[5 Bt - oAl XE L+ L S 6OrE) - s,
G NS R emE - smisl
© cars. (5.12)

Consequently, we have for some finite constant C' < oo that may change from line to line

T-1
1,A JA
|QZ,T| < Z ’Ql (t)‘
t=i

T-1
<C Z Qi1
t=1
<(C < . (5.13)
0
Lemma 5.3. Define
M, = u(Hy: 0,) - fxu(h’;et)Pgt_l(ﬁt_l,dh), (5.14)

40



and for T > j,
T
Q;:jl? = Z ap M. (5.15)

Note that Q;’B = Q}’?. Then, there are constants C,C1 < oo independent of T' so that
1,B\2 &
E[(Qj:T) ] <C1 Y af <C<oo.
t=j

The constant C' does not depend upon T or j.

Proof. We start by writing

LBl | |
E[(Qj,T) ]—E Z Z oo My M;

=7 t=)
T-1T-1
= O[tO[ZE[MtMZ]
=] t=j
T-1 T-1 T-1 ) )
= G E[M M1+ Y Y v E[MM;] + Y o/ E[M[]. (5.16)
i=j t>i,t<T—-1 t=5 i>t,i<T—-1 t=7

Note that the joint process (ﬁt,ét) is Markov (in fact 641 = 6; — atg(ﬁt;ﬁt) is a deterministic
function of (Hy,6;)). Using iterated expectations, we can show that if ¢ > :

E [Mt|ﬁi—179i—1] =E E [Mt‘f{t—laet—l] ‘ﬁi—lyei—l]

=E E[u(ﬁt,et) - /;zu(h;ﬁt)PgH (Ht—ladh)‘ﬂ—t—179t—1j| |ﬁi—176i—1]

~B[E[u(f:0) | 0] - [ ulhi6) Py, (Hir,db)| iy, |- (517
We note that
E[u(ﬁt;et)‘gt—lyet—l]
=E [U(Xt, 21, F& (X1, Zi1, Si1, Sicr), Fgf—l (Xt-1, Z1-1, 51, S1-1); 04)| Hy-1, 9t—1]

= f w(x,z, F2 (X4-1, Zt-1,54-1, S1-1), th'l (Xi-1, Zt-1, S1-1, 51213 64)) (X1, Zo-1, dx, dz)

- f w(h: 6,) P, , (Hy_1, dh). (5.18)
Therefore for all ¢ > i,
E[M;|H;1,0,1] =0. (5.19)
Using iterated expectations again,
T-1 T-1 .
oY awaE[MM]=> > oo E[E[MM;|Hio1,6;-1]]
i=j t>it<T-1 i=j t>it<T-1
T-1 .
= Y R [MzE [Mt‘Hiflaei—l]]
i=j t>it<T-1
=0. (5.20)
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Similarly, we have

> oo B[MM;] = 0. (5.21)

Since by Lemma u(h;0) is uniformly bounded, E[M?] < C < oo, where C is uniform in .
Therefore, since Y ;2 a? < oo,

T-1 T-1
E[(@)7)’] < ¥ ofE[MZ] < C Y, of < o, (5.22)
t=j t=j
which proves the uniform bound ([5.16)). 0
Lemma 5.4. Define
T-1 R )
DY at(ﬁzu(h,;et)PHt(Ht—ladh) —fRu(h;Ht)Pgt(Ht,dh)). (5.23)
=

Note that QQT = %’T. Then, there are constants C,C < oo independent of T so that

T-2
<Cy Z Q104 + OéjCQ <C < oo. (5.24)
t=j

2
QT

The constant C does not depend upon T or j.
Proof. We begin by decomposing Q?,T into several terms:

T-1

= at(/;zu(h;gt)PGt(ﬁt—ladh) —Au(h;&t)Pgt(ﬁt,dh))

t=j

T-1 T-1
:ajf u(h; 0;) Py, (Hj 1, dh) + 3 atfu(h;é?t)Pgt(Ht_l,dh)— Zat/u(h;ﬁt)Pgt(Ht,dh)
R t=5+1 IR t= R

T-2 T-1
= CK] Au(h70])P9] (H]—ladh) + Z Oyl Au(ha 6t+1)P9t+1(Ht7dh) - Z O Au(h, et)Pgt(Ht,dh)
t=j t=j

T-2
= 3 [oner 000 P Gy o 0P, ()|« R
=J

T-2 T-2
= % avnt [ uhi0i1)(Pag, (Hr,dn) = By (o dh)) + 3 (ager = ) [ u(hi0r1) Py, (Hr,dh)

t=j =
T-2 A

+ 3 [ (ulhi0r1) = u(hs0,)) Py, (Hrydh) + R, (5.25)
=

where .
RiT=ajLu(h,;Oj)ng(dh,|Hj,1)+aT_1 [Xu(h;eT—l)PQT_l(HT—ladh)- (5.26)

Since by Lemma u(h;0) is uniformly bounded by some constant C' < +o0 and oy is monotonically
decreasing,
|R? 7| < Cayj. (5.27)
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For the same reason, we shall also have

T-2
S (arst =) [ u(hibha)Po, (fr,dn)
t=j

Recall from equation (3.62)) that ||0;+1 — ;| max < Cay. Due to the uniform bound from Lemma
and the Remark Yioq Q10 < 00, we can prove the second term is bounded:

<C Z (¢ — 1) < Cay.
t=j

H6t+1 -0 ”max P9t (ﬁtv dh)
max e— —

T-2
ﬁz(u(h;ﬁtﬂ) —u(h;@t))Pgt(Ht,dh) < Z th+1 C H
t=j

—"—" <Ca
<C (by Lemma ¢
T-2
SC’Zat+1atSC’<oo.
t=j

The first term can also be bounded in the same way as Lemma noticing that

URu(h; 01:1)(Po,., (Hy, dh) — Py, (Hy, dh))‘

:‘/u(X,Z,Fng(Xt,Zt,St,gt),Fng(Xt,Zt,St,gt);9t+1)p(Xt,Zt,dX,dZ)un(dTl)

—/U(X,Z,th(Xt,Zt,St,gt),th(Xt7Zt,gt,gt);6t+1)p(Xt7Zt,dx,dz),un(dn)‘
< C( HFng (Xt, Ztygtygt) - th(Xt, Zt;St; ét)HmaX \% Hth+1 (Xta Zta Sta St) - th(Xt’Zt’St’St)Hmax )7

as u(h;0) is globally Lipschitz in h (with Lipschitz constant L, uniform in 6) by Lemma

Consequently,

T-2
<C Z Qpy10¢ < 00, (528)
t=j

Au(h;ﬂm)(PgM(I;[t,dh)—Pgt(ﬁIt,dh))

Combining these bounds proves the
O]

The finite constant C' < co may change from line to line.
uniform bound (j5.24)).

Lemma 5.5. For any j < T, the remainder term R; satisfies

T-1 T-1
IR/ <C1 Y af <C < 0.
t=j t=j

The constant C' does not depend upon T or j.

Proof. We recall that Ry = (0411 — 6;) "Hess g L(6; ) (0141 — 6;) where Hy(0) is the Hessian matrix of
L(0). Let us recall that 6 = {A,W,B,C} € ©, with © = R% where dg = Nxd+ N xN +N +d
is be the dimension of the parameter space ©. If ¢ and © are the labels of the parameters (i.e.,

AU W B or C%), then
Ry = (0441 — 0:) " Hy (0] ) (0141 — 0;)
82L(9t )
= 9 9° : 5.29
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2 *
By Corollary [3.17| we have that the second order partial derivatives 2 8%?5905) are uniformly bounded.

Namely, there is some finite constant C' < oo so that for all 4,5 € {1,---,do}

This, together with the bound (3.62)) and the assumption Y72, a? < co yields

9°L(6;)

rrvad € (5.30)

T-1 T-1 T-1
SR <Cdg Y [0pa1 = 0if53™ < C Y o < oo,
t=j t=j t=j

for some constant C' < oo that may differ from line to line but is uniform in time. This completes
the proof of the lemma. O

We are now ready to prove Proposition [5.1}

Proof. (of Proposition The proof follows immediately by triangle inequality and using the
bounds from Lemmas and O

6 Convergence as t - o
We will now prove convergence of the RTRL algorithm as ¢ - co. Recall that
L(0t+1) = L(gt) - atVQL(Ot)TVQL(Ht) + athL(Ot)T(Gt - V(;L(Qt)) + Rt. (61)

Recalling Proposition this representation suggests potential convergence of 6; to critical points
of L(#). In particular, in this section we establish Theorem

Theorem 6.1. Assume that Assumptions and[2.1]] hold. Then, we have that
tliglo E|VeL(0;)]2 = 0.

This theorem builds on some intermediate estimates that collectively lead to the statements
for the liminf and the limsup of Lemmas and respectively that then directly yield the
convergence theorem.

Lemma 6.2. Assume that Assumptions and hold. E[L(60;)] converges to a finite
value as t - oo and Y120 [V L(0:)"VoL(0;)] < oo.

Proof. We adapt the proof from Lemma 1 in [I5] to prove this lemma.
Let i <T'. The evolution of the loss function from time step ¢ to T satisfies:

T-1 T-1 R . T-1
L(0r) = L(8:) = 2, Vo L(6) VoL (6e) + ), (“(Ht;9t) - /R”(h;@t)Pet(Ht,dh)) IR

t=1 t=1

T-1 T-1
= L(0:) - Y ayVoL(6:) Vo L(0:) + Qi) o+ Qi+ Qip + BRI+ Y R (6.2)
t=1 t=1
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Taking an expectation of (6.2)) and using the Cauchy-Schwarz inequality yields:

E[L(GT)]

E[L(Gi)] - Tf Ozt]E[VgL(et)Tvé)L(et)]

+

EI:|QZ+1 T ] + EI:|QZ+1 T|2:| 2 + E|:|Q12+1,T|:| + E|:|Rzl|:|

T-1

3 E[|Rt|]. (6.3)
t=1

Then, applying the bounds from equation (5.8]) and Lemmas and the evolution
of the loss function satisfies the following bound:

+

T-1 T-1 T-1 1
EI:L(QT):I < E[L(@Z)] - Z OétEI:VQL(Ht)TVQL(Ht)] + Clai + CQ Z Oz? + Cg( Z a?)Q. (6.4)
t=i t=i t=i
Since the second term on the right hand side of (6.4)) is non-positive,
T-1 T-1 1
E[L(QT):l < E[L(@Z):l +Cra; + Oy Z Oz? + Cg( Z Oz?)z.
t=i t=i
The above inequality implies that
s 1
hmsupE[L(eT)] < E[L(H )] +Croy + Cy Z af +C3( D af)? < oo. (6.5)
T—o0 t=1 t=1

Since Y7 oa? is monotone increasing in s and Y507 < C < oo, the monotone convergence

theorem implies that it must converge to a finite value L as s — co. Then, Y%, a? = L - Y-} a?
and lim; 0o 352 @7 = 0. Therefore,

limsupE[L(GT)] < linlglfIE[L(Gi)]<oo. (6.6)

T—oo

Therefore, since L(#) is non-negative, E| L(67) | converges to a finite value. Furthermore, using

the bound (6.4]) and letting 7" — oo,

gatﬂi ng(Ht)Tng(Ht)] < —jli_r)noE-L(GT)- +E[L(00)] +Chrag + Cy iaf + cg,(gaf)é
< E[L(HO)] +Chrag + Cy i ai +Cs( i af)§
< (C<oo. = ~
O
Lemma 6.3. Assume that Assumptions and[2.1]] hold. We have that
liginfEHVgL(Qt) |2 =0. (6.7)
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Proof. The proof of this lemma is standard and follows directly from Lemma Indeed, let us
assume that there is some constant n > 0 so that for some 7 > 0 and for all ¢ > 7 we have that
E|VoL(6;)|3 >n. Then, we naturally have that

> B[ VoL (0:)[3] > n Y ar = oo, (6.8)
t=T t=T
which contradicts the statement of Lemma [6.2] This concludes the proof of the lemma. O

Lemma 6.4. Assume that Assumptions and[2.1]] hold. We have that
limsupE|VoL(8:)]2 = 0. (6.9)
t—o0

Proof. The proof of this result is classical and largely follows the proof of Proposition 1 in [15]
modulo some necessary adjustments due to the differences on the setup. We present the full details
for completeness.

Let us assume that limsup,_,., E[|VgL(0;)|l2 > 0. This means that there is some 7> 0 such that
E|VeL(6:)|2 < n/2 for infinitely many ¢ and E|VgL(6;)|2 > n for infinitely many ¢. This means
that there is an infinite subset of integers B ¢ N, so that for all ¢t € B there is some ¢ > t with the
properties

E|VoL(8,)]2 <

E[voL(0;)]2>n
g <E|VoL(85) |2 < n, for s € (t,1).

Clearly # depends on ¢, but we do not show this explicitly in the notation. By Corollary
VoL(0) is globally Lipschitz in f3 norm, so we have

E|VoL(O+1) ]2 —~E[VoL(0:)|2 <E|VoL(0i1) = VoL(6:)|2
< Lyp] 01 =042
< LyrCoy,

where Ly, denotes the global Lipschitz constant of VL(#) and where we used (3.62)) in the last
line.

Let now t € B large enough so that Ly Coy < 7. Then, we shall have that E|VeL(6;)]2 > 7,
otherwise the condition E|VgL(641)[2 > 2 will be violated. Hence, for all ¢ € B we shall have that

E|VeL(6;)|2 > 7. Next, with that bound in mind, we have the following estimate for all t € B

N3

<E[VeL(0;)]2 - E[VeL(6:)]2

<E|VoL(6;) - VoL (6:)]2
< Lyr] 0z = 02

i-1

<LyrC )Y as,
s=t
which then implies that
o -1 n
hgglf Szztozs > 3Lo.C > 0. (6.10)
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Now, going back to we get
i-1
E[L(6;)] =E[L(6:)] Zas [IVoL(8:)3] + D E[asVoL(8s) (Gs - VoL(8s)) + Rs]

s=t
2{-1 i-1

E [L(at)] - ( ) Z Qg + ZE [asVGL(a ) (Gs - VGL(HS)) + Rs] .

s=t s=t

This then gives the inequality

i-1

zass—[ [L(6:)] - [L(ef)]+;E[aswL(es)WGs—wL(es)>+Rs] :

Using now the fact that E[L(6;)] converges to a finite value as ¢ - oo via Lemma and
the uniform boundedness of Y520 E [asVoL(0s)"(Gs — VoL(6s)) + Rs], which follows from (5.4]) and
Proposition we obtain that

i-1
lim Zas—O
t—>ootEBS =

which contradicts (6.10). Hence, we shall indeed have that limsup,_, ., E[VgL(6;)]2 = 0 as desired.
O

7 Numerical Examples

In this section, we compare the numerical performance of the RTRL algorithm with the more
widely-used TBPTT algorithm for several examples. Section evaluates the performance of
RTRL for linear RNNs on synthetic data. Section [7.2) evaluates RTRL performance for single-layer
RNNs (with the Elman architecture) on synthetic data. A comparison of RTRL and TBPTT for
neural ODEs is provided in Section RTRL is compared with TBPTT for several different
small-scale RNN architectures for natural language processing (NLP) on a sequence of length 1
million characters in Section[7.4 Section [7.5] compares RTRL with TBPTT on financial time series
data for the order book of a stock

In each of these cases, we focus on relatively small models (in terms of the number of parameters
and hidden units) when comparing RTRL and TBPTT. Of course, deep learning has found that
generally large models can perform better (e.g., millions of parameters), where RTRL would not
be computationally tractable. Our objective here is therefore limited to evaluating whether, for a
series of fixed problems, RTRL performs better than TBPTT. Improved computational performance
would motivate (A) further research into computationally tractable approximations of RTRL for
large-scale problems and (B) the application of RTRL to problems where small or medium-scal
models are appropriate (i.e., limited or noisy data where large models may overfit).

7.1 Linear RNNs
Consider the linear RNN
Si1 = S;+WS,A+BX, VA,

}/;5 = ASt+17
_ Ly
Lr() = =2.(Yi-Yo)", (7.1)
t=1
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where Y; is generated from the process

Shy o= SP+WrSIA+ B X VA,
}/i = A*St*‘i-l‘ (72)

can be considered a (linear) neural SDE with time step size A or, alternatively, it can be
re-written in the standard form of a linear RNN by recognizing that Si,1 = W.S; + BX; where
W =1-WA and B = BVA. To ensure ergodicity of S;, we would need to constrain the d x d
matrix W to be negative definite (assuming a sufficiently small time step size A). There are various
approaches which could be implemented. W = —070 where 0 is a d x d matrix parameters would
guarantee that W is negative semi-definite. A slightly more mathematically elegant construction of
a negative definite matrix is W = —exp(076). In the following examples, we do not however impose
any constraints on the matrix W and simply let the RTRL/TBPTT algorithms try to directly learn
an appropriate matrix parameter.

In the following numerical example, the data X; is a 2 x 1 vector with an i.i.d. Gaussian
distribution, W is a 10 x 10 matrix, B is a 10 x 2 matrix, A is a 1 x 10 vector, and A = 1072,
The objective is to train the parameters § = (W, B, A) to minimize the error Lp(#). The true
parameters 0* = (W*, B*, A*), which are used to generate the data Y;, are randomly initialized.
W* is constructed from a Wishart distribution such that it is positive definite while B* and A* have
i.i.d. standard normal elements. Before each training run, the model parameters 6 are randomly
initialized. The time step size A = 1072.

The specific construction for the Wishart distribution of W* is:

w* =Y ¢, (7.3)

i=1

where G is a 10 x 1 i.i.d. standard Gaussian vector and n = 20.

We compare the standard TBPTT and RTRL algorithms for training the parameters 6 using
a mini-batch size of 103. Optimization updates are performed using the RMSprop algorithm with
an initial learning rate magnitude LRy, which is gradually reduced according to a learning rate
schedule. Figure[[]compares RTRL and TBPTT for several different initial learning rate magnitudes
and choices of truncation length 7 for TBPTT. Typically, RTRL performs better than TBPTT.
In several cases, TBPTT becomes unstable (hence the log-loss log L7 (#) is only plotted for a few
training iterations in some of the figures). In particular, TBPTT seems to require a very carefully
selected choice of learning rate magnitude and truncation 7 to achieve good performance. Increasing
the standard deviation of the data sequence X; by a factor of 4, we re-train the linear RNN with
the RTRL and TBPTT algorithms in Figure 2] RTRL outperforms TBPTT, typically achieving a
much smaller loss.

7.2 Single-layer RNNs

We now consider a single-layer RNN with the standard Elman network architecture. Specifically,

St+1 = O'(Wst-l‘BXt),
}A/;f = ASt+17
14 - 2
Lr(0) = Z2(Yi-Yo)", (7.4)
t=1
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Figure 1: Clockwise: RTRL, TBPTT (7 = 1), TBPTT (r = 2), TBPTT (r = 10), TBPTT (7 = 100),

and TBPTT (7 = 1,000).
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where Y; is generated from the process

Y = o(W'S;+B*Xy),
Y;f = ¥ t*+1v (7'5)

where the activation function o(-) is the tanh function and the weight matrix W* is constructed as
(I-cW*) with ¢ = 1073. The true parameters W*, B*, and A* are randomly generated in the same
way as in the previous section except BZ j has standard deviation 107", X, is a 2 x 1 vector with
an i.i.d. Gaussian distribution. For the case of ReLU activation functions (i.e., o(2) = max(z,0)),
Figure [d] displays convergence results for the TBPTT algorithm while Figure [3] presents the training
results for the RTRL algorithm. RTRL outperforms TBPTT for ReLLU activation functions.

We next consider a numerical comparison where the activation function o(z) = tanh(z). The
matrix W* is again constructed as (I — cW*) with ¢ = 1073, The TBPTT results are presented in
Figure[6] while the RTRL results are displayed in Figure[5] RTRL outperforms TBPTT, with faster
convergence and a lower overall value for the objective function. Finally, we consider o(z) = tanh(z)
where the matrix W* = (I —cW*) is constructed with a different value ¢ = 1072, The corresponding
RTRL and TBPTT results are displayed in Figures [7] and [§ respectively. RTRL outperforms
TBPTT in this case.

—— RTRL, LR 0 = le-2
—-- RTRL,LR_O = le-3

o 50 100 150 200 250 300
Time steps (x 1,000 )

Figure 3: RTRL algorithm for ReLLU activation functions.

7.3 Neural ODEs/SDEs
We now compare the RTRL and TBPTT algorithms for training a (discretized) neural SDE:

St+1 = St - O'(USt + BXt)A - CStA,

}/;f = ASt+17
15 .
Lr(0) = = X(Vi-Y)% (7.6)
t=1
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Figure 8: Activation function is a tanh unit with ¢ = 1072

where C = exp(WTW) is positive definite, the parameters to be optimized are 6 = (U, B,W), and
Y; is generated from the process

Sty = Sf—o(U"S; + B*X)A - W*S,A,
i = A'Sh, (7.7)

where W* is a positive definite matrix generated from the Wishart distribution. Figure [9] compares
the performance of the TBPTT and RTRL algorithms for training the parameters 6.
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Figure 9: Comparison of TBPTT and RTRL for training a neural ODE.
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7.4 Natural Language Processing

We now compare RTRL and TBPTT for predicting the next character in a sequence of 1 million
characters from Shakespeare [22]. The objective function is the cross-entropy error. Figure
presents the comparisons for several different architectures, including: a GRU-type architecture
with 10 and 20 units, an Elman network with tanh activation functions 10 and 50 units, and an
Elman network with ELU activation functions with 10 and 50 units. RTRL does not consistently
perform better than TBPTT, although it does perform better in several notable cases, including
the GRU network with 20 units. Since the results are for a specific dataset with relatively small
model sizes (due to the computational cost of RTRL), it is difficult to draw general conclusions
except that it may be worthwhile, for a specific dataset, to implement and compare both RTRL
and TBPTT to determine which yields the most accurate model.

7.5 Financial Time Series Data

Finally, we compare RTRL and TBPTT for training a single-layer Elman recurrent network on
financial time series data. The dataset is order book data from the stock Amazon consisting of a time
series of approximately 180 million order book events from January 2, 2014 - September 1, 2017. The
objective function is the cross-entropy error to classify whether the mid-price increases, decreases, or
stays the same at the next event in the time series. Recurrent neural network classification models
for price moves have been previously trained on order book data using the TBPTT algorithm [23].
In the example here, the recurrent network has 25 hidden units with tanh() activation functions.
The input variables to the recurrent neural network are the previous price change and the current
order book queue imbalance [24]. A softmax layer is applied to its output to produce a probability
distribution over the three classes (price increases, decreases, or stays the same). Figure|l1|compares
the training results from TBPTT and RTRL.

Acknowledgements

This article is part of the project “DMS-EPSRC: Asymptotic Analysis of Online Training Al-
gorithms in Machine Learning: Recurrent, Graphical, and Deep Neural Networks” (NSF DMS-
2311500). Samuel Lam’s research is also supported by the EPSRC Centre for Doctoral Training in
Mathematics of Random Systems: Analysis, Modelling and Simulation (EP/S023925/1).

A Bounds for the Derivatives of Sigmoid Function

Proof of Lemma[2.9 Since e™¥ > 0, we have 0 < o(y) < 1, which leads to the first bound. The
second bound follows from:

2
() =p1(c(®), p(z)=a(l-z)=x-2°= _(x_ %) N i

Since 0 < o(y) < 1, it follows that 0 < ¢'(y) < 1/4, with maximum of ¢'(y) attained at
o(y) =1/2 <= y=0. This leads to the second bound.
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Second row: Elman RNN with 10 tanh hidden units and 50 tanh hidden units. Third row: Elman
RNN with 10 ELU hidden units and 50 ELU hidden units.
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Figure 11: Left: Loss averaged over 1,000 time steps for each “training epoch”. Right: Loss
averaged over 100,000 time steps for each “training epoch” to provide a less noisy comparison.

Differentiate again yields

o"(y) =o'(y) - 20(y)o'(y)
=o(y)-o(y)*-20(y)* +20(y)°
=p2(o(y)),

where

3 .9 1\ 1
pa(x) =22° -3z“ +x =2 v-5) ~(z-3)

The derivative of pa(x) is

h(z) =622 — 62+ 1 —6(33— 1)2— !
p2 - - 92 25
which has zeroes at 3
1 3
xE=-+-—, 27~0.789, =, ~0.211.

276
Checking p2(0) = p2(1) = 0, one could confirm that ¢”(y) attains maxmimum at o(y) = p* and
minimum at o(y) =p~. One could then show that pa(z}) < o”(y) < p2(z;), where

V3 18 1
- +

= — =< — = —,
pg(.’L‘*) pz(x*) 18 18 10

Differentiate again yields

o""(y) = 60(y)*o(y)(1-0a(y)) —60(y)*(L-a(y)) +o(y)(1-o(y))
=60(y)* - 60(y)* - 60(y)* +60(y)* + o(y) - o (y)*
=p3(a(y)),

where
4 3 o9 1\* 1\ 1
ps(x) = 62"+ 122° = Tx* +x = —6 T-5 +2lx-=] - =.

The polynomial ps(z) has derivative

1\3 1
py(x) = 242> + 362 — 14z + 1 :—24(95—5) +4($—§),
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which has zeros at x, = 1/2 and

1 1
T,=—+ \/j, z+ ~0.908, z_~0.092.
2 6

Checking again p3(0) = p3(1) = 0, and noting that

1

p3(zy) = p3(z-) = i, m(z,.) = 3

one could confirm that ¢’”(y) attains maximum at o(y) = z, and minimum at o(y) = z. = 1/2 =
y = 0. Therefore —-1/8 = p3(z+) < 0" (y) < ps(x+) = 1/24, which leads to the final bound. O

B Important Inequalities

We indicate the application of the following inequalities

e the Cauchy-Schwarz inequality: for any ay,b; € R

n 2 n n
(San) <(sa)() B.1)
k=1 k=1 k=1
as well as its special case

(éak)2 S”(i ai)> (B.2)

k=1

e the Young’s inequality: for any ¢ > 0,

1
lab| < Ca+ —b2, (B.3)
2 2e

e the Jensen inequality: for any convex functions ¢, and sequence (wy) such that ¥, wg = 1,
we have

w(i wkxk) < i wip (k) (B.4)
k=1 k=1

Many proofs of the technical lemmas also involves the study of a sequence (ay)gso. If the
sequence satisfies the following recursive inequality:

ap < Myag_1 + Mo,

for some My, Ms >0, then

o for M; <1:
k
- 1
ar < MFag + My < MFag + Mo, (B.5)
- M - M
which imply
Moy My
ag < ap < ,
1-M; 1-M;
e and for M; > 1,
akSMfa0+ k_lMQSMf(a0+ M, ) (BG)
-1 M;-1
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