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Abstract

Recurrent neural networks (RNNs) are commonly trained with the truncated backpropagation-
through-time (TBPTT) algorithm. For the purposes of computational tractability, the TBPTT
algorithm truncates the chain rule and calculates the gradient on a finite block of the overall
data sequence. Such approximation could lead to significant inaccuracies, as the block length for
the truncated backpropagation is typically limited to be much smaller than the overall sequence
length. In contrast, Real-time recurrent learning (RTRL) is an online optimization algorithm
which asymptotically follows the true gradient of the loss on the data sequence as the number
of sequence time steps t → ∞. RTRL forward propagates the derivatives of the RNN hid-
den/memory units with respect to the parameters and, using the forward derivatives, performs
online updates of the parameters at each time step in the data sequence. RTRL’s online forward
propagation allows for exact optimization over extremely long data sequences, although it can
be computationally costly for models with large numbers of parameters. We prove convergence
of the RTRL algorithm for a class of RNNs. The convergence analysis establishes a fixed point
for the joint distribution of the data sequence, RNN hidden layer, and the RNN hidden layer
forward derivatives as the number of data samples from the sequence and the number of training
steps tend to infinity. We prove convergence of the RTRL algorithm to a stationary point of
the loss. Numerical studies illustrate our theoretical results. One potential application area for
RTRL is the analysis of financial data, which typically involve long time series and models with
small to medium numbers of parameters. This makes RTRL computationally tractable and a
potentially appealing optimization method for training models. Thus, we include an example
of RTRL applied to limit order book data.

1 Introduction

Recurrent neural networks are commonly trained with the truncated backpropagation through time
(TBPTT) algorithm, see for example [1, 2]. There is another training method which has recently
received renewed interest: the forward propagation algorithm, frequently called “real-time recurrent
learning” (RTRL) [3, 4, 5, 6, 7, 8]. In contrast to the TBPTT algorithm which uses backpropagation,
the forward propagation algorithm solves an equation for the derivative of the hidden layer with
respect to the parameters. The disadvantage of forward propagation is the computational cost will
be N×dθ where N is the number of hidden units and dθ is the number of parameters. The advantage
is that forward propagation can be used in an online algorithm to asymptotically optimize the RNN
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in the true direction of steepest descent for a long time series (i.e., as the number of time steps in
the sequence t→∞) while TBPTT – due to its truncation of the chain rule after τ steps backward
in time – is only an approximation (with potentially significant error).

Due to computational cost, τ will be limited to be much smaller than the overall length of a long
data sequence. This is a significant limitation for TBPTT since it will lead to inaccurate estimates
for the gradient of the loss. Therefore, for training RNNs (or other time series models) with small
to moderate numbers of parameters on long data sequences, there is a strong argument that RTRL
is superior to TBPTT. There has been recent interest in efficient numerical implementation and
better understanding of RTRL; for example, see [9, 10, 11, 7, 12, 8]. Hybrid BPTT-RTRL schemes
have also been proposed in the literature. The hybrid schemes are applicable when fully online
learning is not the primary goal and can be used to compute untruncated gradients in an efficient
way, see for example [13, 14, 8].

The RTRL algorithm forward propagates the derivatives of the RNN hidden/memory layer with
respect to the parameters. Using these forward derivatives, which are updated at each time step
of the sequence via a forward sensitivity equation, an online estimate for the gradient of the loss
with respect to the parameters is calculated. This online gradient estimate is used at each time
step to update the RNN parameters. As the number of data sequence time steps t→∞, the online
estimate will converge to the true gradient of the loss for the data sequence. The RTRL algorithm
is not limited by the length of the data sequence and can optimize over (extremely) long sequences.

In this paper, we study the convergence of the RTRL algorithm for a class of RNNs on long
data sequences. We prove convergence of the RTRL algorithm as the number of data sequence
time steps and parameter updates t → ∞. The analysis requires addressing several mathematical
challenges. First, the algorithm is fully online with simultaneous updates to the data samples, the
RNN hidden layer, RNN hidden layer forward derivatives, and the parameters at each time step
t. The data samples arrive from a data sequence and are correlated across time (they are not
i.i.d. as in standard supervised learning frameworks). Analyzing the convergence of the training
algorithm as t → ∞ first requires establishing (joint) geometric ergodicity of the data sequence,
RNN hidden layer, and RNN hidden layer forward derivatives. We use a fixed point analysis
to prove a geometric convergence rate (uniform in the RNN parameters) to a unique stationary
distribution. Using the geometric ergodicity and a Poisson equation, we can bound the fluctuations
of the parameter evolution around the direction of steepest descent and prove convergence of the
RNN parameters to a stationary point of the loss as t→∞.

We will now present the general RTRL algorithm which we study. Let (Xt, Zt, Yt) be a geo-
metrically ergodic process where (Xt, Zt) is a Markov chain, Zt is unobserved, Yt = f(Xt, Zt, ηt),
and ηt is a random variable. A model is trained to predict Yt given the data sequence (Xt′)t′≤t. At
each time step of the data sequence, the hidden layer Sθ

t ∈ RN of the RNN is updated:

Sθ
t+1 = g(Sθ

t ,Xt; θ
S), (1.1)

and the prediction for Yt is f(Sθ
t ,Xt; θ

f). The parameters that must be trained are θ = (θS , θf).
The hidden layer Sθ

t is a nonlinear representation of the previous data sequence (Xt′)t′≤t. The
update function g(s, x; θs) is determined by the parameters θ and therefore the hidden layer Sθ

t is
a function of θ.

Given T observations in the sequence, the loss function is

LT (θ) =
1

T

T

∑
t=1

ℓ (Yt, f(Sθ
t ,Xt; θ

f)) , (1.2)

where ℓ(y, f) is a loss function such as squared error or cross-entropy error. If (Sθ
t ,Xt, Zt, Yt) is

ergodic with stationary distribution πθ(ds, dx, dz, dy), loss function E[LT (θ)] → L(θ) as T → ∞
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where

L(θ) = ∫ ℓ (y, f(s, x; θf))πθ(ds, dx, dz, dy). (1.3)

In order to minimize L(θ), we evaluate its gradient

∇θL(θ) = ∇θ[∫ ℓ(y, f(s, x; θf))πθ(ds, dx, dz, dy)]

= ∇θ[ lim
T→∞

1

T

T

∑
t=1

ℓ(Yt, f(Sθ
t ,Xt; θ

f))]. (1.4)

The stationary distribution πθ(ds, dx, dz, dy) is unknown and therefore it is challenging to eval-
uate the gradient (1.4) in order to optimize the parameters θ. The standard training method is
TBPTT which, for the reasons previously discussed, does not use the true gradient.

Another approach would be to select a large T and then use the standard gradient descent
algorithm: (1): For a fixed θ, simulate (Sθ

t ,Xt, Zt, Yt) for t = 0,1, . . . , T , (2): Evaluate ∇θLT (θ),
(3): Update θ using gradient descent. However, this approach is prohibitively expensive. Since T
is large, a significant amount of computational time will be required in order to complete a single
optimization iteration. Also, ∇θLT (θ) ≠ ∇θL(θ), i.e. there will still be error even if T is large.

Now, assuming we can interchange the gradient and limit (which will later be rigorously proven
for the class of RNNs that we study),

∇θL(θ) = lim
T→∞

1

T

T

∑
t=1
∇θ[ℓ(Yt, f(Sθ

t ,Xt; θ
f))]. (1.5)

Define S̃θ
t =

∂Sθ
t

∂θ . By chain rule, S̃θ
t satisfies the forward propagation equation

S̃θ
t+1 =

∂g

∂s
(Sθ

t ,Xt; θ
S)S̃θ

t +
∂g

∂θ
(Sθ

t ,Xt; θ
S). (1.6)

Therefore, we expect that we can write ∇θL(θ) = limT→∞ 1
T ∑

T
t=1Gt where

Gt =
∂ℓ

∂f
(Yt, f(Sθ

t ,Xt; θ
f))(∂f

∂s
(Sθ

t ,Xt; θ
f)S̃θ

t +
∂f

∂θ
(Sθ

t ,Xt; θ
f)). (1.7)

This, therefore, motivates an online forward propagation algorithm for optimizing the RNN, com-
monly referred to as the RTRL algorithm, which trains the parameters θt = (θSt , θ

f
t ) according

to:

St+1 = g(St,Xt; θ
S
t ),

S̃t+1 =
∂g

∂s
(St,Xt; θ

S
t )S̃t +

∂g

∂θ
(St,Xt; θ

S
t ),

Gt =
∂ℓ

∂f
(Yt, f(St,Xt; θ

f
t ))(

∂f

∂s
(St,Xt; θ

f
t )S̃t +

∂f

∂θ
(St,Xt; θ

f
t )),

θt+1 = θt − αtGt, (1.8)

where the learning rate αt is monotonically decreasing and satisfies the usual conditions ∑∞t=0 αt = ∞
and ∑∞t=0 α2

t < ∞, see [15].

3



Note that the parameter θ is a fixed constant in the original equation for the RNN mem-
ory/hidden layer (1.1). The memory layer Sθ

t evolves for a constant θ which is fixed a priori.
However, in the online forward propagation algorithm (1.8), St, S̃t, and the parameter θt simul-
taneously evolve, which introduces complex dependencies and makes analysis of the algorithm
challenging. The one-time-step transition probability function for St, S̃t will therefore change at
every time step due to the evolution of the parameter θt. For example, even if the function g(⋅)
is linear (and then Sθ

t is a Gaussian process), St in (1.8) will be non-Gaussian due to the joint
dependence of the (St, θt) dynamics.

In this paper, we prove convergence of the RTRL algorithm (1.8) for a class of RNN models. To
the best of our knowledge, our result is the first proof of global convergence for RTRL to a stationary
point of its non-convex objective function. The only other existing mathematical analysis [16] that
we are aware of studies local convergence of RTRL (i.e., if the parameters are initialized in a small
neighborhood of the local minimizer) under a priori assumptions on the convergence rate of the
RNN dynamics and the Hessian being positive definite at the local minimizer. We prove global
convergence to a stationary point of the objective function (i.e., convergence for any parameter
initialization) without assumptions on (A) the convergence rate of the RNN dynamics and (B) the
Hessian structure. Our proof addresses (A) by using a fixed point analysis under the Wasserstein
metric combined with a Poisson equation to quantify the speed of ergodicity. We address (B)
using a cycle-of-stopping-times analysis to prove convergence to a stationary point of the objective
function.

The rest of the paper is orgnanized as follows. The specific RNN architecture, assumptions,
and main convergence theorem are presented in Section 2. In Section 3 we prove the geometric rate
of convergence for the underlying sequences of interest. In Section 4 we study a Poisson equation
that will be used to bound the fluctuation terms. We prove that the fluctuation term vanishes, at a
suitably fast rate, as t→∞. The convergence as t→∞ of the RTRL algorithm is then established
in Sections 5 and 6. In particular, in Section 5 we prove some necessary a-priori bounds which are
then used in Section 6 to prove the convergence of the RTRL algorithm as t → ∞. In Section 7
we present numerical studies illustrating our theoretical findings for several datasets. In particular,
we compare the perfomrance of the TBPTT and RTRL algorithms. Appendix A contains detailed
upper bound calculations for the derivatives of the sigmoidal activation function and Appendix B
summarizes some important inequalities used throughout the paper.

2 RNN Model Architecture and Assumptions

2.1 Data generation

Let d,N be fixed positive integers. Denote the input data as X = (Xt)t≥0 with Xt ∈ Rd (as column
vector), and the output data as Y = (Yt)t≥0 with Yt ∈ R being a scalar. We assume that the input
data could be lifted to a time-homogeneous Markov chain (Xt, Zt)t≥0 (for Zt ∈ RdZ ) with transition
kernel

℘((x, z),A) = P((Xt+1, Zt+1) ∈ A ∣Xt = x,Zt = z), A ∈ B(Rd+dZ). (2.1)

The output data sequence (Yt)t≥0 depends on (Xt, Zt) as followed

Yt = f(Xt, Zt, ηt) (2.2)

where ηt ∈ R are independent, identically distributed (iid) noises independent from the sequence
(Xt, Zt)t≥0. We denote the probability distribution of ηt as µη. We note that the observation
(Xt, Yt)t≥0 is not a Markov process in general.
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Next, we define the p-Wasserstein distance, which will be used later, in particularly for p = 2:

Definition 2.1 (p-Wasserstein distance). Let (X , ∥ ⋅ ∥) be a Polish (complete separable) normed
space, andM(X) be the space of all measures on X . We define the space of measures on X with
p-th moment as

Pp(X) = {µ ∈ M(X) ∣ ∫X
∥x∥p µ(dx) < +∞} . (2.3)

The p-Wasserstein distance between µ, ν ∈ Pp(X) is

Wassp(µ, ν) = inf
γ
(∫X×X

∥x − x̃∥p γ(dx, dx̃))
1/p

, (2.4)

where γ is a coupling of µ, ν, such that γ(A × X) = µ(A) and γ(X ×B) = ν(B).

Remark 2.2. We note that Pp(X) is Polish with respect to Wassp. Moreover, by e.g. [17, Theorem
4.1], there exists an optimal coupling γ∗ such that

[Wassp(µ, ν)]p = ∫X×X
∥x − x̃∥p γ∗(dx, dx̃). (2.5)

Here, we will let X be a finite-dimensional Euclidean space, and ∥ ⋅ ∥ being the max-norm
∥x∥max =maxi ∣xi∣. Analogously, in the case of a matrix M = [Mi,j]i,j in finite dimensions we define
∥M∥max = maxi,j ∣Mi,j ∣. Finally, Pp(X) equipped with the Wasserstein metric Wassp(⋅, ⋅) is Polish
as X is Polish (see e.g. [18, Theorem 1.1.3]).

With the notion of p-Wasserstein distance, we state the assumptions on the sequences (Xt, Zt)t≥0
and the output sequence (Yt)t≥0.

Assumption 2.3 (On the dynamics and background noises of the data sequences).

1. We assume that the transitional kernel ℘ is L℘-contractive with respect to max-Wasserstein
distance for L℘ < 1. This means that

sup
(x,z)≠(x̃,z̃)

Wass2(℘((x, z), ⋅), ℘((x̃, z̃), ⋅))
∥(x, z) − (x̃, z̃)∥max

≤ L℘ < 1. (2.6)

2. We assume that the function f is Lf -globally Lipschitz, that is for any (x, z, η), (x̃, z̃, η̃) ∈
Rd+dZ+1 and η we have

∣f(x, z, η) − f(x̃, z̃, η)∣ ≤ Lf ∥(x, z, η) − (x̃, z̃, η̃)∥max . (2.7)

3. We finally assume that the sequence (Xt, Zt)t≥0 is bounded with ∥(Xt, Zt)∥max ≤ 1, and that
f is bounded by the constant Lf > 0.

An example of a Markov chain (Xt, Zt)t≥0 that satisfies the above assumption is the following:

Example 2.4. Let g ∶ Rd+dZ → Rd+dZ be a L℘-Lipschitz function bounded by 1/2, and that (ϵk)k≥0
is an iid mean zero noise bounded by 1/2 with distribution µϵ. The chain (Xt, Zt) defined recursively
by

(Xt+1, Zt+1) = g(Xk, Zk) + ϵk, ∥(X0, Z0)∥max ≤ 1, (2.8)
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automatically satisfy the boundedness assumption ∥(Xt, Zt)∥max ≤ 1. Moreover, one could construct
a measure γ(x,z),(x̃,z̃)(⋅) on Rd+1 ×Rd+1, such that

γ(x,z),(x̃,z̃)(A ×B) = ∫
Rd+1×Rd+1

IA(g(x, z) + ϵ)IB(g(x̃, z̃) + ϵ)µϵ(dϵ). (2.9)

With this,

(Wass2(℘((x, z), ⋅), ℘((x̃, z̃), ⋅)))2 ≤ ∫
Rd+1×Rd+1

∥(x, z) − (x̃, z̃)∥2max γ(x,z),(x̃,z̃)(dx, dz, dx̃, dz̃)

≤ ∫
Rd+1×Rd+1

∥g(x, z) + ϵ − g(x̃, z̃) − ϵ∥2max γ(x,z),(x̃,z̃)(dx, dz, dx̃, dz̃)

≤ L2
℘∥(x, z) − (x̃, z̃)∥2max. (2.10)

Hence

sup
(x,z)≠(x̃,z̃)

Wass2(℘((x, z), ⋅), ℘((x̃, z̃), ⋅))
∥(x, z) − (x̃, z̃)∥max

≤ L℘ < 1. (2.11)

Remark 2.5 (Ergodicity of the data sequence). We note that the Markov chain (Xk, Zk)k≥1 is
geometrically ergodic. In particular, if we let ρk be the distribution of (Xk, Zk) at time step k, then
we can write ρk ∶= (℘∨)kρ0 = (℘k)∨ρ0, where for probability measures ρ0 and A ∈ B(Rd+dZ),

℘∨ρ(A) ∶= ∫
Rd+dZ

℘(x,A)ρ(dx), (2.12)

and the k-step transition probabilities ℘k defined iteratively as

℘k+1((x, z),A) = ∫
A
℘((x, z),A)℘k((x, z), dxdz), ℘0((x, z),A) = δ(x,z)(A). (2.13)

By [19, Proposition 14.3], for any probability measures ρ, ρ̃

Wass2(℘∨ρ,℘∨ρ̃) ≤ L℘Wass2(ρ, ρ̃), (2.14)

and so by Banach Fixed Point Theorem, there exists a unique probability measure ρ∗ such that

℘∨ρ∗ = ρ∗, (2.15)

(i.e., ρ∗ is a stationary measure of the Markov chain (Xt, Zt)), and that

Wass2((℘∨)tρ, ρ∗) ≤
Lt℘

1 −L℘
Wass2(℘∨ρ, ρ). (2.16)

2.2 Recurrent Neural Network

In this subsection we fix notation in handling recurrent neural networks, paying attention to the
convention of flattening tensors to matrices, and matrices to vectors.

The recurrent neural network is governed by the parameters θ = (A,W,B, c) with A ∈ RN×d,
W ∈ RN×N , B ∈ RN and c ∈ R. We shall adopt the following slicing notations:

Notation 2.6 (Slicing notation). We adopt the standard slicing notation, so that given vector
B ∈ Rd and matrix A ∈ RN×d,

6



• Bi or [B]i refers to the i-th entry of the vector B,

• Ai,∶, view as a Rd vector, refers to the i-th row of the matrix A,

• A∶,j , view as a RN vector, refers to the j-th column of the matrix A, and

• Ai,j or Aij or [A]ij refers to the (i, j)-th entry of the matrix A.

Given the input data X = (Xt)t≥0, the output of the recurrent neural network (RNN) is modeled
as

Si
t+1 = Si

t+1(X; θ) ∶= σ(1
d

d

∑
j=1

ϕ(Aij)Xj
t +

1

N

N

∑
j=1

ϕ(W ij)Sj
t ),

= σ (1
d
⟨ϕ(Ai,∶),Xt⟩ +

1

N
⟨ϕ(W i,∶), St⟩) (2.17)

Ŷt = ft(X; θ) ∶= ⟨λ(B), St⟩ + λ(c) =
N

∑
i=1

λ(Bi)Si
t + λ(c), (2.18)

where σ is the standard sigmoid function

σ(z) = 1

1 + e−z
; (2.19)

and λ,ϕ ∈ C∞b are two infinitely differentiable function with ∣λ∣ ≤ Cλ and ∣ϕ∣ ≤ Cϕ for appropriate
Cλ,Cϕ > 0. We adopt the usual convention of λ(B) = (λ(B1), ..., λ(BN)) for B ∈ RN and similarly
for λ(C), ϕ(A) and ϕ(B).
Remark 2.7. We note here that the constant Cϕ is selected, via Assumption 2.10, to be small
enough to ensure a fixed point in our analysis. On the other hand, for λ we only need to know that
Cλ < ∞. Introducing the functions ϕ,λ can be viewed as a smooth way to constraint the phase
space of the parameters, which is important for the fixed point analysis of this paper to go through.

Remark 2.8. We emphasize that the number of hidden units, N , is not to be send to ∞ in our
analysis.

The sigmoid function is used as its derivatives are uniformly bounded. In particular,

Lemma 2.9. [Bounds for the derivatives of the sigmoid function] Let σ ∶ R → R be the usual
sigmoid function σ(y) = (1 + e−y)−1. Then

max
y
∣σ(y)∣ < 1, max

y
∣σ′(y)∣ ≤ 1

4
, max

y
∣σ′′(y)∣ ≤

√
3

18
< 1

10
, max

y
∣σ′′′(y)∣ ≤ 1

8
.

Proof. See Section A.

The following assumptions are also necessary for the fixed point analysis:
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Assumption 2.10. Assume that the functions ϕ,λ are bounded, at least twice continuously dif-
ferentiable with all derivatives bounded. In addition, letting Mϕ = 1 + [Cϕ/(4 −Cϕ)],

L0 =max(
3Cϕ′

min(N,d)
(
CϕMϕ

10
+ 1

4
) ,

3Cϕ

4
)

L1 = 4max

⎡⎢⎢⎢⎢⎣

MϕC
2
ϕ

5(min(d,N))2
+

CϕM
2
ϕC

2
ϕ′

8(min(d,N))2
+

Cϕ′′

4min(N,d)

+
Cϕ

10
(L2 +

Cϕ

1 −Cϕ/4
(

C2
ϕM

2
ϕ

10(min(N,d))2
+ 1

4
L2)),

CϕMϕCϕ′

5min(N,d)
+
Cϕ′

4N

⎤⎥⎥⎥⎥⎦
∨Cϕ,

L2 =
Cϕ′′

min(N,d)
∨

C2
ϕ′

Nd(4 −Cϕ)
.

Let further L = L0 ∨L1 We shall assume that 0 < q ∶=
√

L2 +L2℘ < 1.

Note that Assumption 2.10 is achievable for example by functions ϕ that are sufficiently bounded.
For instance, one could consider suitably scaled sigmoid functions.

Notation 2.11 (Vectorising the parameters). Note that the parameter θ could be viewed as a
vector in Θ = Rdθ , where dθ = Nd +N2 +N + d. We shall arrange the entries of the parameter as
followed:

θ =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

vec(A)
vec(W )

B
c

⎤⎥⎥⎥⎥⎥⎥⎥⎦

,

where vec(A) is the vectorisation of the matrix A, formulated by stacking the columns of A:

vec(A) =
⎡⎢⎢⎢⎢⎢⎣

A∶,1
⋮

A∶,d

⎤⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A11

A21

⋮
An1

⋮
A1d

⋮
And

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

We shall use A to denote both the matrix itself and its vectorisation when the context is clear.

2.2.1 Gradient of the loss function

The parameters are selected to minimize the loss function

LT (θ) =
1

2T

T

∑
t=1
(Yt − ft(θ))

2

.

To compute the derivatives of the loss function, it is important to study the forward derivatives
of the memory process St:

S̃♢t =
∂St

∂♢
,

8



where ♢ represents one or more parameter(s) of the neural network, e.g. an entry of the weight
matrix Aij , the full weight matrix A, and the vector of all parameters θ. We are particularly
interested with the following forward derivatives:

S̃A
t =

∂St

∂A
, S̃W

t =
∂St

∂W
.

They shall be indexed in the following way:

S̃Aij ,∶
t = ∂St

∂Aij
, S̃Aij ,k

t = ∂Sk
t

∂Aij
, S̃W ij ,∶

t = ∂St

∂W ij
, S̃W ij ,k

t = ∂Sk
t

∂W ij
.

Using chain rule, we can compute an evolution equation of the forward derivatives:

S̃Aij ,k
t+1 = σ′ (1

d
⟨ϕ(Ak,∶),Xt⟩ +

1

N
⟨ϕ(W k,∶), St⟩) × (

1

d
δikϕ

′(Aij)Xj
t +

1

N

N

∑
ℓ=1

ϕ(W kℓ)S̃Aij ,ℓ
t ) , (2.20)

S̃W ij ,k
t+1 = σ′ (1

d
⟨ϕ(Ak,∶),Xt⟩ +

1

N
⟨ϕ(W k,∶), St⟩) × (

1

N
δikϕ

′(W ij)Sj
t +

1

N

N

∑
ℓ=1

ϕ(W kℓ)S̃W ij ,ℓ
t ) , (2.21)

where δik = 1 if i = k and zero otherwise.

Notation 2.12 (Flattening the first derivatives). Depending on what ♢ is, S̃♢t could be a scalar,
vector, matrix or rank-3 tensor. For example, S̃A

t and S̃W
t are both rank-3 tensors.

It is sometimes convenient to flatten S̃A
t into a (N × Nd)-dimensional matrix with entries

arranged as follows:

flat(S̃A
t ) =

⎡⎢⎢⎢⎢⎢⎢⎣

↑ ↑ ↑ ↑
∂St

∂A11
...

∂St

∂An1
...

∂St

∂A1d
...

∂St

∂And

↓ ↓ ↓ ↓

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

S̃A11,1
t ... S̃An1,1

t ... S̃A1d,1
t ... S̃And,1

t

⋮ ⋱ ⋮ ⋱ ⋮ ⋱ ⋮
S̃A11,k
t ... S̃An1,k

t ... S̃A1d,k
t ... S̃And,k

t

⎤⎥⎥⎥⎥⎥⎥⎦

,

and similarly S̃W
t into a (N ×N2)-matrix.

We shall also refer S̃A,k as the first derivative of memory neuron Sk with respect to all param-
eters in matrix A, which is itself a matrix. Similarly for S̃W,k.

In this paper, we shall abuse notation and not indicate the vectorising/flattening operations of
the matrices/vectors when the context is clear.

We shall now compute the derivatives of the loss function. We start by the following application
of the chain rule:

∂LT

∂♢
= − 1

T

T

∑
t=1
(Yt − ft(θ))

∂ft
∂♢

. (2.22)

It is therefore crucial to compute the gradients ∂ft/∂♢.
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Notation 2.13 (Vectorising the gradients). For any functions g that depends on θ, ∇♢g will always
refer to the vectorised version of ∂g/∂♢, or simply ∂g/∂vec(♢). For example, we have

∇Ag =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂g/∂A11

⋮
∂g/∂AN1

⋮
∂g/∂A1d

⋮
∂g/∂ANd

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

and similarly for ∇W g. Finally, we denote ∇θg as the (vectorised) gradient of g with respect to all
parameters:

∇θg =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

∇Ag
∇W g
∇Bg
∂g/∂c

⎤⎥⎥⎥⎥⎥⎥⎥⎦

.

It is easy to show that
∇Bft = λ′(B) ⊙ St, ∂ft/∂c = λ′(c),

where ⊙ denotes the element-wise multiplication (Hadarmard product), such that if u, v ∈ Rd then
u⊙ v is also a vector in Rd with entries (u⊙ v)i = uivi.

The gradient of the loss function is given by

∇θLT (θ) =
1

T

T

∑
t=1

G̃t, G̃t = −(Yt − ft(θ)) ×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∑k λ(Bk) vec (S̃A,k
t )

∑k λ(Bk) vec (S̃W,k
t )

λ′(B) ⊙ St

λ′(c)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (2.23)

We observe that G̃t is a stochatic biased estimate of ∇θLT (θ). This is crucial in developing the
online forward SGD used for minimising the loss function.

2.3 Online Forward SGD

We will now introduce the online forward stochastic gradient descent algorithm to train the param-
eters θ. At each time step t, the parameters will be updated. The current iteration of the trained
parameters at time t will be denoted θt = {At,Wt,Bt, ct}. An online estimate of the forward gradient
will also be introduced:

ŜAij ,k
t+1 = σ′ (1

d
⟨ϕ(Ak,∶

t ),Xt⟩ +
1

N
⟨ϕ(W k,∶

t ), S̄t⟩) × (
1

d
δikϕ

′(Aij
t )X

j
t +

1

N

N

∑
ℓ=1

ϕ(W kℓ
t )Ŝ

Aij ,ℓ
t ) ,

ŜW ij ,k
t+1 = σ′ (1

d
⟨ϕ(Ak,∶

t ),Xt⟩ +
1

N
⟨ϕ(W k,∶

t ), S̄t⟩) × (
1

N
δikϕ

′(W ij
t )S̄

j
t +

1

N

N

∑
ℓ=1

ϕ(W kℓ
t )Ŝ

Wij ,ℓ
t ) , (2.24)

where

S̄i
t+1 = σ (

1

d
⟨ϕ(Ai,∶

t ),Xt⟩ +
1

N
⟨ϕ(W i,∶

t ), S̄t⟩) = σ
⎛
⎝
1

d

d

∑
j=1

ϕ(Aij)Xj
t +

1

N

N

∑
j=1

ϕ(W ij
t )S̄

j
t

⎞
⎠
,

f̄t(θ) = ⟨λ(Bt), S̄t⟩ + λ(ct) =
N

∑
j=1

λ(Bj
t )S̄

j
t + λ(ct).
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Note that S̄t is different than St since its updates are governed by the evolving, trained param-
eters θt instead of a fixed constant parameter θ.

We will approximate the gradients with these online stochastic estimates:

∇θLT (θt) ≈ Gt ∶= −(Yt − f̄t(θt)) ×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

∑k λ(Bk
t )vec(Ŝ

A,k
t )

∑k λ(Bk
t )vec(Ŝ

W,k
t )

λ′(Bt) ⊙ S̄t

λ′(ct)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (2.25)

The forward stochastic gradient descent algorithm is:

θt+1 = θt − αtGt, (2.26)

where the learning rate αt satisfies the standard conditions:

Assumption 2.14. We assume that the learning rates are monotonic decreasing and satisfy the
Robin-Munro conditions

∑
t≥0

αt = ∞, ∑
t≥0

α2
t < ∞.

Remark 2.15. We make a short remark that if ∑t≥0 α2
t ≤M < +∞, then

∑
t≥0

αt+1αt ≤ (∑
t≥0

α2
t)

1/2
(∑
t≥0

α2
t+1)

1/2
≤ ∑

t≥0
α2
t ≤M < +∞.

Let µθ
t be the distribution of (St, S̃

θ
t , Yt,Xt, Zt). In Section 3, we will prove that µθ

t converges
to a unique stationary distribution µθ as t→∞ in the Wasserstein metric W1. For long time series
as t→∞, the loss function will therefore become

LT (θ)
L2

→ L(θ) = E[1
2
(Y − f(θ))

2

], (2.27)

where f(θ) = λ(B)S +λ(C)X and (S, S̃, Y,X,Z) ∼ µθ. This result also relies upon the fact that S̃θ
t

is bounded, which we will prove later, and St, Yt,Xt, Zt, by definition, are bounded.
The parameter evolution can be decomposed into the direction of steepest descent and a fluc-

tuation term:

θt+1 = θt −αt∇θL(θt)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

main descent term

−αt(Gt −∇θL(θt))
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

fluctuations term

. (2.28)

In what follows we establish in Theorem 6.1 that, under Assumptions 2.3 and 2.10 we have

lim
t→∞E∥∇θL(θt)∥2 = 0,

where ∥ ⋅ ∥2 denotes the standard ℓ2−Euclidean norm of a vector. The proof of this convergence
result for the RTRL algorithm is based on a detailed analysis of how θt and the fluctuations term
αt(Gt −∇θL(θt)) behave as t→∞.
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2.4 Forward Second Derivatives

In proving the stability the RTRL we shall look into the second derivatives (Hessian) of the recur-
rent neural network. The Hessian is a tensor, so we shall fix the convention for flattening it.

We shall let ˜̃St be the Hessian of St with respect to the weight matrices A and W . This is a
rank-5 tensor, and we shall index it by the following:

˜̃S♢,♡,kt = ∂Sk
t

∂♢∂♡
, ˜̃S♢,♡,∶t = ∂St

∂♢∂♡
where ♢, ♡ are any entries in either matrix A or matrix W . For example, we shall have

˜̃SAmn,Aij ,∶
t = ∂St

∂Amn∂Aij
, ˜̃SAmn,W ij ,∶

t+1 = ∂St

∂Amn∂W ij
, ˜̃SWmn,W ij ,∶

t+1 = ∂St

∂Wmn∂W ij
,

˜̃SAmn,Aij ,k
t = ∂Sk

t

∂Amn∂Aij
, ˜̃SAmn,W ij ,k

t+1 = ∂Sk
t

∂Amn∂W ij
, ˜̃SWmn,W ij ,k

t+1 = ∂Sk
t

∂Wmn∂W ij
.

We shall split the ˜̃St into the following components:

• ˜̃SAA
t , that consists entries of the form ˜̃SAmn,Aij ,∶

t ,

• ˜̃SAW
t , that consists entries of the form ˜̃SAmn,W ij ,∶

t ,

• ˜̃SWA
t , that consists entries of the form ˜̃SWmn,Aij ,∶

t , and

• ˜̃SWW
t , that consists entries of the form ˜̃SWmn,W ij ,∶

t .

All these components are five-dimensional tensor.

We shall flatten each of the components to three-dimensional tensors, such that the frontal

slides are defined as follow: for ˜̃SAA
t we have

[flat( ˜̃SAA,k
t )] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

˜̃SA11,A11,k ... ˜̃SA11,An1,k ... ˜̃SA11,A1d,k ... ˜̃SA11,And,k

⋮ ⋱ ⋮ ⋱ ⋮ ⋱ ⋮
˜̃SAn1,A11,k ... ˜̃SAn1,An1,k ... ˜̃SAn1,A1d,k ... ˜̃SAn1,And,k

⋮ ⋱ ⋮ ⋱ ⋮ ⋱ ⋮
˜̃SA1d,A11,k ... ˜̃SA1d,An1,k ... ˜̃SA1d,A1d,k ... ˜̃SA1d,And,k

⋮ ⋱ ⋮ ⋱ ⋮ ⋱ ⋮
˜̃SAnd,A11,k ... ˜̃SAnd,An1,k ... ˜̃SAnd,A1d,k ... ˜̃SAnd,And,k

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

and similar for the other components. We note that the following symmetry holds for the frontal
slides of the other flatten tensors:

flat( ˜̃SAA,k
t )⊺ = flat( ˜̃SAA,k

t ), flat( ˜̃SWW,k
t )⊺ = flat( ˜̃SWW,k

t ), flat( ˜̃SAW,k
t )⊺∶,∶,k = flat(

˜̃SWA
t ).

The ˜̃St shall also be flattened such that the following holds:

[flat( ˜̃St)]∶,∶,k =
⎡⎢⎢⎢⎢⎣

[flat( ˜̃SAA
t )]∶,∶,k [flat( ˜̃SAW

t )]∶,∶,k
[flat( ˜̃SWA

t )]∶,∶,k [flat( ˜̃SWW
t )]∶,∶,k

⎤⎥⎥⎥⎥⎦
.

As for the case of first derivatives, we shall also use ˜̃SAA,k as the 3D tensor [ ˜̃SAA
t ]∶,∶,k, and similarly

for other second derivatives as well. Finally, we may vectorise ˜̃St from the flattened version of ˜̃St.
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3 Fixed Point Analysis

We will study the convergence in distribution of the joint process of input sequence, value of hidden
layers and the derivatives of hidden layers with respect to the parameters. For convenience we shall
also take the noise ηt into consideration. The joint process is, hence, in the form

(Xt, Zt, St, S̃t,
˜̃St, ηt), (3.1)

where

• (Xt, Zt) is the input sequence as defined in assumption 2.3,

• St is the hidden layers of the Recurrent Neural Network, as defined in the previous section,

• S̃t = (∇ASt,∇WSt) is the first derivatives (or gradient) of the hidden layers with respect to
the parameters A and W , as computed in equation (2.21)

• ˜̃St = ∇2
A,WSt is the second derivatives (or Hessian) of the hidden layers with respect to the

parameters A and W .

This is a process on the state space

X = RNH , NH = d + dZ +N2(d +N) +N3(d2 +Nd +N2) + 1.

The main objective is to show that Ht admits a random fixed point.

3.1 An intermediate lemma for fixed point analysis

Given a general Markov chain (Ut)t≥0 in RN1 with transition kernel ℘ that satisfies the contraction
assumption

Wass2(℘(u, ⋅),℘(ũ, ⋅))
∥u − ũ∥max

≤ L℘ < 1, (3.2)

where the Wasserstein distance is defined with respect to the max norm. Define the random
sequence

V0 = 0, Vk+1 = F (Uk, Vk), (3.3)

where F ∶ RN1+N2 → RN2 is a function that satisfies the following Lipschitz condition:

∥F (u, v) − F (ũ, ṽ)∥max ≤ L∥(u, v) − (ũ, ṽ)∥max = Lmax{∥u − ũ∥max, ∥v − ṽ∥max}, (3.4)

where the Lipschitz constant L is defined in Assumption 2.10.
Finally, we let (ηt)t≥0 be an iid sequence of R-valued random variables independent with (Ut)t≥0

with distribution µη (hence also independent with (Ut, Vt)t≥0). Then the joint process (Ut, Vt, ηt)t≥0
in RN1+N2+1 is a Markov chain with transition kernel

P ((u, v, η),A ×B ×C) = µη(C)δF (u,v)(B)℘(u,A). (3.5)

Under the above settings,

Proposition 3.1. The transition kernel P satisfies the contraction condition

Wass2(P ((u, v, η), ⋅), P ((u′, v′, η′), ⋅))
∥(u, v, η) − (u′, v′, η′)∥max

≤
√

L2 +L2℘. (3.6)
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Proof. By e.g. [17, Theorem 4.1], one could select optimal coupling γ∗u,u′ between ℘(u, ⋅) and ℘(ũ, ⋅).
Defining ∆ as the mapping η ∈ R↦ (η, η) ∈ R2. Then

γ̃(u,v,η),(u′,v′,η′) ∶= γ∗u,u′δF (u,v)δF (u′,v′)(∆#µη)

is a coupling between P ((u, v), ⋅) and P ((u′, v′), ⋅). Therefore,

(Wass2(P ((u, v, η), ⋅), P ((u′, v′, η′), ⋅)))
2

≤ ∫
RN1+N2

∥(u, v, η̃) − (u′, v′, η̃′)∥2max γ̃(u,v,η),(u′,v′,η′)(du, dv, du′, dv′, dη̃, dη̃′)

= ∫
RN1
∥(u, F (u, v), η̃) − (u′, F (u′, v′), η̃)∥2max γ

∗
u,u′(du, du′)µη(dη)

= ∫
RN1
(max (∥u − u′∥max, ∥F (u, v) − F (u′, v′)∥max))

2
γ∗u,u′(du, du′)

= ∫
RN1

max (∥u − u′∥2max, ∥F (u, v) − F (u′, v′)∥2max) γ∗u,u′(du, du′)

≤ ∫
RN1
(∥u − u′∥2max + ∥F (u, v) − F (u′, v′)∥2max) γ∗u,u′(du, du′)

≤ (L2
℘ +L2)max(∥u − u′∥2max, ∥v − v′∥2max)

≤ (L2
℘ +L2)max(∥u − u′∥2max, ∥v − v′∥2max, ∥η − η′∥2max).

We note that when L2 + L2℘ < 1, then Q is also a contraction. As a result, we can follow the
arguments from remark 2.5 to show that -

Theorem 3.2 (Existence of Unique Invariant Measure, Informal). The distribution of the joint
Markov chain (Ut, Vt), where (Vt) is as defined in (3.3) with the associated F satisfying the Lips-
chitzness condition (3.4), converges in Wasserstein distance to an invariant measure ρ∗ such that
P ∨ρ∗ = ρ∗, where

P ∨ρ(A) = ∫ P (h,A)dh, h = (u, v, η̃). (3.7)

Proposition 3.1 is crucial in developing the fixed point analysis for the joint process of the input
sequence, hidden states, and (derivatives) of the memory layer. The evolution could be written as

Hθ,h
t = (Ut, V

θ,h
t , ηt), Ut = (Xt, Zt), V θ,h

t = (St,θ,h, S̃t,θ,h,
˜̃St,θ,h), Hθ,h

0 = h. (3.8)

where F ∶= F θ is a deterministic function depending on both Ut and Vt, which could be computed
by the chain rule in the next section. If we are able to show that F is Lipschitz in the sense of
equation (3.4) (uniform in θ), then we can apply proposition 3.1 to show that Ht converges in
distribution.

Remark 3.3. It is important to note that F ∶= F θ, hence also the process V θ,h, all depend on the
parameters of the RNN θ. Note also that the process H also depends the initial state H0 = h =
(u, v, η), and for RNN v = 0 supposedly. We will, however, not impose this assumption for the
convenience of carrying out the Poisson equation analysis in Chapter 5. Finally, we shall suppress
the dependence of θ and h when the context is clear.
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3.2 The Lipschitzness of F

Before we proceed, we recall a few notations from the previous section

S̃A
t =

∂St

∂A
, S̃W

t =
∂St

∂W
, S̃Aij ,k

t = ∂Sk
t+1

∂Aij
, S̃W ij ,k

t = ∂Sk
t

∂W ij
.

We further adopt the following notations: firstly, for the second derivatives

˜̃Sθ1,θ2
t = ∂St

∂θ1∂θ2
, ˜̃SAA

t = ∇2
AASt,

˜̃SAW
t = ∇2

AWSt,
˜̃SWW
t = ∇2

WWSt,

˜̃SAmn,Aij ,∶
t = ∂St

∂Amn∂Aij
, ˜̃SAmn,W ij ,∶

t+1 = ∂St

∂Amn∂W ij
, ˜̃SWmn,W ij ,∶

t+1 = ∂St

∂Wmn∂W ij
,

˜̃SAmn,Aij ,k
t = ∂Sk

t

∂Amn∂Aij
, ˜̃SAmn,W ij ,k

t+1 = ∂Sk
t

∂Amn∂W ij
, ˜̃SWmn,W ij ,k

t+1 = ∂Sk
t

∂Wmn∂W ij
.

Let us also define the following dummy arguments for the input of function F (u, v):

u = (x, z), v = (s, s̃, ˜̃s), u′ = (x′, z′), v′ = (s′, s̃′, ˜̃s′),

and adopt the index notation for u, v (and similarly u′, v′) as we have used to define the forward
first/second derivatives:

s̃Aij ,k, s̃Wij ,k, s̃AmnAij ,k, s̃WmnAij ,k and s̃WmnWij ,k.

Finally, we index the components of function F ∶= F θ so that

Sk
t+1 = F θ

S,k(Ut, St)
(∗)= ∶ F θ

S,k(Ut, Vt),

S̃Aij ,k
t+1 = F θ

Aij ,k(Ut, St, S̃t)
(∗)= ∶ F θ

Aij ,k(Ut, Vt),

S̃W ij ,k
t+1 = F θ

W ij ,k(Ut, St, S̃t)
(∗)= ∶ F θ

W ij ,k(Ut, Vt),
˜̃SAmn,Aij ,k
t+1 = F θ

Amn,Aij ,k(Ut, St, S̃t,
˜̃St) = F θ

Amn,Aij ,k(Ut, Vt),
˜̃SAmn,W ij ,k
t+1 = F θ

Amn,W ij ,k(Ut, St, S̃t,
˜̃St) = F θ

Amn,W ij ,k(Ut, Vt),
˜̃SWmn,W ij ,k
t+1 = F θ

Wmn,W ij ,k(Ut, St, S̃t,
˜̃St) = F θ

Wmn,W ij ,k(Ut, Vt).

Note that with the above notations, we have

∂F θ
S

∂A
= F θ

A,
∂F θ

S

∂W
= F θ

W ,
∂F θ

A

∂A
= F θ

AA,
∂F θ

W

∂A
= F θ

AW ,
∂F θ

W

∂W
= F θ

WW . (3.9)

Remark 3.4. Here we include redundant dependence on S̃t and
˜̃St in equalities marked with (∗) as

a notational convenience. We will also supress the dependence of F ∶= F θ on θ when there is no
ambiguity.
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Our objective is to prove that F is Lipschitz. It is useful to note that

∥F (u, v) − F (ũ, ṽ)∥max =max
k
∣FS,k(u, v) − FS,k(u, v)∣

∨max
ijk
∣FAij ,k(u, v) − FAij ,k(u, v)∣

∨max
ijk
∣FW ij ,k(u, v) − FW ij ,k(u, v)∣

∨ max
ijmnk

∣FAmn,Aij ,k(u, v) − FAmn,Aij ,k(u, v)∣

∨ max
ijmnk

∣FAmnW ij(u, v) − FAmn,W ij ,k(u, v)∣

∨ max
ijmnk

∣FWmn,W ij ,k(u, v) − FWmn,W ij ,k(u, v)∣. (3.10)

Therefore to establish Lipschitzness with respect to the max norm, it suffices to control the incre-
ments of the individual components.

3.2.1 Lipschitzness of FS,k

We take note of the explicit formulae of the components of F . Firstly, we have

FS,k(u, v) = σ(
1

d
⟨ϕ(Ak,∶), x⟩ + 1

N
⟨ϕ(W k,∶), s⟩ ),

therefore

∣FS,k(u, v) − FS,k(u′, v′)∣ ≤
1

4
∣1
d
⟨ϕ(Ak,∶), x⟩ + 1

N
⟨ϕ(W k,∶), s⟩ − 1

d
⟨ϕ(Ak,∶), x′⟩ − 1

N
⟨ϕ(W k,∶), s′⟩∣

= 1

4
∣1
d

d

∑
ℓ=1

ϕ(Ak,ℓ)(xℓ − (x′)ℓ) + 1

N

N

∑
ℓ=1

ϕ(W k,ℓ)(sℓ − (s′)ℓ)∣

≤ 1

4
[1
d
∣
d

∑
ℓ=1

ϕ(Ak,ℓ)(xℓ − (x′)ℓ)∣ + 1

N
∣
N

∑
ℓ=1

ϕ(W k,ℓ)(sℓ − (s′)ℓ)∣]

≤ 1

4
[max

ℓ
∣ϕ(Ak,ℓ)∣ ∣(xℓ − (x′)ℓ)∣ +max

ℓ
∣ϕ(W k,ℓ)∣ ∣sℓ − (s′)ℓ)∣]

≤
Cϕ

4
∥x − x′∥max +

Cϕ

4
∥s − s′∥max

≤
Cϕ

2
max [∥x − x′∥max, ∥s − s′∥max] . (3.11)

3.2.2 Explicit computations of F and a-priori bounds

More work will be needed to study the other components. Firstly, we take note of:

FAij ,k(u, v) = σ′ (
1

d
⟨ϕ(Ak,∶), x⟩ + 1

N
⟨ϕ(W k,∶), s⟩) × (1

d
δikϕ

′(Aij)xj + 1

N

N

∑
ℓ=1

ϕ(W k,ℓ)s̃A
ij ,ℓ) ,

FW ij ,k(u, v) = σ′ (
1

d
⟨ϕ(Ak,∶), x⟩ + 1

N
⟨ϕ(W k,∶), s⟩) × ( 1

N
δikϕ

′(W ij)sj + 1

N

N

∑
ℓ=1

ϕ(W kℓ)s̃W
ij ,ℓ) ,

(3.12)
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Furthermore, we have

FAnm,Aij ,k(u, v) = σ′′ (
1

d
⟨ϕ(Ak,∶), x⟩ + 1

N
⟨ϕ(W k,∶), s⟩)

× (1
d
δikϕ

′(Aij)xj + 1

N

N

∑
ℓ=1

ϕ(W kℓ)s̃A
ij ,ℓ)

× (1
d
δnkϕ

′(Anm)xm + 1

N

N

∑
ℓ=1

ϕ(W kℓ)s̃A
nm,ℓ)

+ σ′ (1
d
⟨ϕ(Ak,∶), x⟩ + 1

N
⟨ϕ(W k,∶), s⟩)

× (1
d
δikδij=nmϕ′′(Aij)xj + 1

N

N

∑
ℓ=1

ϕ(W kℓ)˜̃sA
ij ,Anm,ℓ) . (3.13)

FWnm,Aij ,k(u, v) = σ′′ (
1

d
⟨ϕ(Ak,∶), x⟩ + 1

N
⟨ϕ(W k,∶), s⟩)

× ( 1
N

δknϕ
′(Wnm)sm + 1

N

N

∑
ℓ=1

ϕ(W kℓ)s̃W
nm,ℓ)

× (1
d
δikϕ

′(Aij)xj + 1

N

N

∑
ℓ=1

ϕ(W kℓ)s̃A
ij ,ℓ)

+ σ′ (1
d
⟨ϕ(Ak,∶), x⟩ + 1

N
⟨ϕ(W k,∶), s⟩)

× ( 1
N

δknϕ
′(Wnm)s̃A

ij ,m + 1

N

N

∑
ℓ=1

ϕ(W kℓ)˜̃sW
nm,Aij ,ℓ) . (3.14)

FWnm,W ij ,k(u, v) = σ′′ (
1

d
⟨ϕ(Ak,∶), x⟩ + 1

N
⟨ϕ(W k,∶), s⟩)

× ( 1
N

δknϕ
′(Wnm)sm + 1

N

N

∑
ℓ=1

ϕ(W kℓ)s̃W
nm,ℓ)

× ( 1
N

δikϕ
′(W ij)sj + 1

N

N

∑
ℓ=1

ϕ(W kℓ)s̃W
ij ,ℓ)

+ σ′ (1
d
⟨ϕ(Akℓ), x⟩ + 1

N
⟨ϕ(W k,∶), s⟩)

× ( 1
N

δikδij=nmϕ′′(W ij)sj + 1

N

N

∑
ℓ=1

ϕ(W kℓ)˜̃sW
nm,W ij ,ℓ) . (3.15)

3.2.3 Bounds for Gradient Process

Let’s establish an upper bound for the forward gradient processes.

Lemma 3.5.

∥S̃A
0 ∥max ∨ ∥ŜA

0 ∥max ≤
Cϕ′

4 −Cϕ

1

d
Ô⇒ ∥S̃A

t ∥max ∨ ∥ŜA
t ∥max ≤

Cϕ′

4 −Cϕ

1

d
,

∥S̃W
0 ∥max ∨ ∥ŜW

0 ∥max ≤
Cϕ′

4 −Cϕ

1

N
. Ô⇒ ∥S̃W

t ∥max ∨ ∥ŜW
t ∥max ≤

Cϕ′

4 −Cϕ

1

N
. (3.16)
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Proof. We begin by noting that

∣S̃Aij ,k
t+1 ∣ = ∣FAij ,k(Ut, Vt)∣

≤max ∣σ′(⋅)∣(1
d
δik∣ϕ′(Aij)Xj

t ∣ +
1

N
∣
N

∑
ℓ=1

ϕ(W kℓ)S̃Aij ,ℓ
t ∣ )

≤ 1

4
(
Cϕ′

d
+Cϕmax

ℓ
∣S̃Aij ,ℓ

t ∣), (3.17)

where in the last inequality, we used the upper bound for σ′(y) by Lemma 2.9. This bound then
implies that

max
k
∣S̃Aij ,k

t+1 ∣ ≤
Cϕ′

4d
+
Cϕ

4
max
k
∣S̃Aij ,k

t ∣. (3.18)

Note that S̃Aij ,k
0 = 0, so by recursive inequality (B.5), for Cϕ < 4,

max
ℓ
∣S̃Aij ,ℓ

t+1 ∣ ≤ (
Cϕ

4
)
k Cϕ′

(4 −Cϕ)d
+
1 − (Cϕ/4)k

1 −Cϕ/4
Cϕ′

4d
=

Cϕ′

d(4 −Cϕ)
for any t ≥ 0. (3.19)

Similarly, we have

∣S̃W ij ,k
t+1 ∣ = ∣FW ij ,k(Ut, Vt)∣

≤ 1

4
( 1
N

δik∣ϕ′(W ij)Sj
t ∣ +

1

N
∣
N

∑
ℓ=1

ϕ(W kℓ)S̃W ij ,ℓ
t ∣ )

≤ 1

4
(
Cϕ′

N
+Cϕmax

k
∣S̃W ij ,k

t ∣), (3.20)

which implies

max
k
∣S̃W ij ,k

t+1 ∣ ≤
Cϕ′

4N
+
Cϕ

4
max
k
∣S̃W ij ,k

t ∣. (3.21)

Since S̃W ij ,k
0 = 0, so by recursive inequality (B.5), for Cϕ < 4,

max
k
∣S̃W ij ,k

t+1 ∣ ≤
Cϕ′

N(4 −Cϕ)
. (3.22)

Using exactly the same calculations as above, we can show the bounds for ŜA
t and ŜW

t .

Remark 3.6. As the proof of Lemma 3.5 shows the denominator of the upper bounds for the forward
gradient processes presented in Lemma 3.5 has to do with the inverse of the upper bound of the
derivative of the sigmoid activation function by Lemma 2.9. That is, the proofs can accommodate
other activation functions too as long as they are bounded with bounded derivatives and sufficiently
smooth.

In a similar fashion, we can also establish bound for the second-order derivative process ˜̃St.

Lemma 3.7. Assume that Assumptions 2.3 and 2.10 hold, then there are uniform constants
aAA,max, aWA,max and aWW,max independent of t ≥ 0, such that the following implications hold:

∥ ˜̃SAA
0 ∥max ≤

aAA,max

1 − (Cϕ/4)
Ô⇒ ∥ ˜̃SAA

t ∥max ≤
aAA,max

1 − (Cϕ/4)

∥ ˜̃SWA
0 ∥max ≤

aWA,max

1 − (Cϕ/4)
Ô⇒ ∥ ˜̃SWA

t ∥max ≤
aWA,max

1 − (Cϕ/4)

∥ ˜̃SWW
0 ∥max ≤

aWW,max

1 − (Cϕ/4)
Ô⇒ ∥ ˜̃SWW

t ∥max ≤
aWW,max

1 − (Cϕ/4)
(3.23)
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Proof. We begin by noting that

∣ ˜̃SAnm,Aij ,k
t+1 ∣ = ∣FAnm,Aij ,k(Ut, Vt)∣

≤ 1

10
∣1
d
δikϕ

′(Aij)Xj
t +

1

N

N

∑
ℓ=1

ϕ(W kℓ)S̃Aij ,ℓ
t ∣

× ∣1
d
δnkϕ

′(Anm)Xm
t +

1

N

N

∑
ℓ=1

ϕ(W kℓ)S̃Anm,ℓ
t ∣

+ 1

4
∣1
d
δikδij=nmϕ′′(Aij)Xj

t +
1

N

N

∑
ℓ=1

ϕ(W kℓ) ˜̃SAij ,Anm,ℓ
t ∣

≤ 1

10
(
Cϕ′

d
+Cϕmax

k
∣S̃Aij ,k

t ∣) (
Cϕ′

d
+Cϕmax

k
∣S̃Anm,k

t ∣)

+ 1

4
(
Cϕ′′

d
+Cϕmax

k
∣ ˜̃SAij ,Anm,k

t ∣)

≤ aAA,max +
Cϕ

4
max
k
∣ ˜̃SAij ,Anm,k

t ∣, (3.24)

where, recalling that Mϕ = 1 + [Cϕ/(4 −Cϕ)],

aAA,max =
1

10
(
Cϕ′

d
+Cϕ

Cϕ′

d(4 −Cϕ)
)(

Cϕ′

d
+Cϕ

Cϕ′

d(4 −Cϕ)
) + 1

4

Cϕ′′

d

=
C2
ϕ′M

2
ϕ

10d2
+
Cϕ′′

4d
. (3.25)

Therefore, we have

max
k
∣ ˜̃SAij ,Anm,k

t+1 ∣ ≤ aAA,max +
Cϕ

4
max
k
∣ ˜̃SAij ,Anm,k

t ∣. (3.26)

Note that ˜̃SAij ,Anm,k
0 = 0, so by recursive inequality (B.1), for Cϕ < 4,

max
k
∣ ˜̃SAij ,Anm,k

t+1 ∣ ≤
aAA,max

1 − (Cϕ/4)
. (3.27)

Next, we have

∣ ˜̃SWnm,Aij ,k
t+1 ∣ = ∣FWnm,Aij ,k(Ut, Vt)∣

≤ 1

10
∣ 1
N

δknϕ
′(Wnm)Sm

t +
1

N

N

∑
ℓ=1

ϕ(W kℓ)S̃Wnm,ℓ
t ∣

× ∣1
d
δikϕ

′(Aij)Xj
t +

1

N

N

∑
ℓ=1

ϕ(W kℓ)S̃Aij ,ℓ
t ∣

+ 1

4
∣ 1
N

δknϕ
′(Wnm)S̃Aij ,m

t + 1

N
ϕ(W kℓ) ˜̃SWnm,Aij ,ℓ

t ∣

≤ 1

10
(
Cϕ′

N
+Cϕmax

k
∣S̃Wnm,k

t ∣) (
Cϕ′

d
+Cϕmax

k
∣S̃Aij ,k

t ∣)

+ 1

4
(
Cϕ′

N
max
k
∣S̃Aij ,k∣ +Cϕmax

k
∣ ˜̃SWnm,Aij ,k

t ∣)

≤ aWA,max +
Cϕ

4
max
k
∣ ˜̃SWnm,Aij ,k

t ∣, (3.28)
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where

aWA,max =
1

10
(
Cϕ′

N
+Cϕ

Cϕ′

N(4 −Cϕ)
)(

Cϕ′

d
+Cϕ

Cϕ′

d(4 −Cϕ)
) + 1

4

Cϕ′

N

Cϕ′

d(4 −Cϕ)

=
C2
ϕ′M

2
ϕ

10Nd
+

C2
ϕ′

4Nd(4 −Cϕ)
. (3.29)

Since ˜̃SWnm,Aij ,k
0 = 0, so by recursive inequality (B.1), for Cϕ < 4,

max
k
∣ ˜̃SWnm,Aij ,k

t+1 ∣ ≤
aWA,max

1 − (Cϕ/4)
. (3.30)

Finally,

∣ ˜̃SWnm,W ij ,k
t+1 ∣ = ∣FWnm,W ij ,k(Ut, Vt)∣

= 1

10
∣ 1
N

δknϕ
′(Wnm)Sm

t +
1

N

N

∑
ℓ=1

ϕ(W kℓ)S̃Wnm,ℓ
t ∣

× ∣ 1
N

δikϕ
′(W ij)Sj

t +
1

N

N

∑
ℓ=1

ϕ(W kℓ)S̃W ij ,ℓ
t ∣

+ 1

4
× ∣ 1

N
δikδij=nmϕ′′(W ij)Sj

t +
1

N

N

∑
ℓ=1

ϕ(W kℓ) ˜̃SWnm,W ij ,ℓ
t ∣

≤ 1

10
(
Cϕ′

N
+Cϕmax

k
∣S̃Wnm,k

t ∣) (
Cϕ′

N
+Cϕmax

k
∣S̃W ij ,k

t ∣)

+ 1

4
(
Cϕ′

N
+Cϕmax

k
∣ ˜̃SWnm,W ij ,k

t ∣)

≤ aWW,max +
Cϕ

4
max
k
∣ ˜̃SWnm,W ij ,k

t ∣, (3.31)

where

aWW,max =
1

10
(
Cϕ′

N
+Cϕ

Cϕ′

N(4 −Cϕ)
)(

Cϕ′

N
+Cϕ

Cϕ′

N(4 −Cϕ)
) +

Cϕ′′

4N
=
C2
ϕ′M

2
ϕ

10N2
+
Cϕ′′

4N
. (3.32)

Again ˜̃SWnm,Aij ,k
0 = 0, so by recursive inequality (B.1), for Cϕ < 4,

max
k
∣ ˜̃SWnm,W ij ,k

t+1 ∣ ≤
aWW,max

1 − (Cϕ/4)
. (3.33)

From the above bounds, we conclude that the process Ht takes its value in the hyper-rectangle

R = [−1,1]d+dZ × [0,1]N × [−
Cϕ′

d(4 −Cϕ)
]
N×Nd

× [−
Cϕ′

N(4 −Cϕ)
]
N×N2

× [−
aAA,max

1 − (Cϕ/4)
,

aAA,max

1 − (Cϕ/4)
]
N×(Nd)(Nd)

× [−
aWA,max

1 − (Cϕ/4)
,
aWA,max

1 − (Cϕ/4)
]
N×(N2)(Nd)

× [−
aWW,max

1 − (Cϕ/4)
,
aWW,max

1 − (Cϕ/4)
]
N×(N2)(N2)

.

The boundedness of process Ht is essential for the Lipschitzness of F .
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3.2.4 Lipschitzness of F

We may now prove that

Lemma 3.8. If (u, v), (u′, v′) ∈ R, then there exists L0 > 0 (as defined in Assumption 2.10) such
that

max
ijk
∣FAij ,k(u, v) − FAij ,k(u′, v′)∣ ≤ L0max [∥u − u′∥max, ∥v − v′∥max] ,

max
ijk
∣FW ij ,k(u, v) − FW ij ,k(u′, v′)∣ ≤ L0max [∥u − u′∥max, ∥v − v′∥max] . (3.34)

Proof. For simplicity, we denote Mϕ = 1 + [Cϕ/(4 −Cϕ)]. Then

∣FAij ,k(u, v) − FAij ,k(u′, v′)∣

≤ 1

10
× ∣1

d
δikϕ

′(Aij)xj + 1

N

N

∑
ℓ=1

ϕ(W kℓ)s̃A
ij ,ℓ∣

× ∣1
d
⟨ϕ(Ak,∶), x − x′⟩ + 1

N
⟨ϕ(W k,∶

t ), s − s
′⟩ ∣

+ 1

4
× ∣1

d
δikϕ

′(Aij)(xj − (x′)j) + 1

N

N

∑
ℓ=1

ϕ(W kℓ)(s̃A
ij ,ℓ − (s̃′)A

ij ,ℓ)∣

≤ 1

10
(
Cϕ′

d
+Cϕ

Cϕ′

d(4 −Cϕ)
) (Cϕ∥x − x′∥max +Cϕ∥s − s′∥max)

+ 1

4
× (

Cϕ′

d
∥x − x′∥max +Cϕ∥s̃ − s̃′∥max) .

≤
Cϕ′

d
(
CϕMϕ

10
+ 1

4
) ∥x − x′∥max +

CϕMϕCϕ′

10d
∥s − s′∥max +

Cϕ

4
∥s̃ − s̃′∥max

≤max [
3Cϕ′

d
(
CϕMϕ

10
+ 1

4
) ,

3Cϕ

4
] ×max [∥x − x′∥max, ∥s − s′∥max, ∥s̃ − s̃′∥max] . (3.35)

Similarly,

∣FW ij ,k(u, v) − FW ij ,k(u′, v′)∣

≤ 1

10
× ∣ 1

N
δikϕ

′(W ij)sj + 1

N

N

∑
ℓ=1

ϕ(W kℓ)s̃W
ij ,ℓ∣

× ∣1
d
⟨ϕ(Ak,∶), x − x′⟩ + 1

N
⟨ϕ(W k,∶), s − s′⟩ ∣

+ 1

4
× ∣ 1

N
δikϕ

′(W ij)(sj − (s′)j) + 1

N

N

∑
ℓ=1

ϕ(W kℓ) ⋅ (s̃W
ij ,ℓ − (s̃′)W

ij ,ℓ)∣

≤ 1

10
× (

Cϕ′

N
+Cϕ

Cϕ′

N(4 −Cϕ)
) × (Cϕ∥x − x′∥max +Cϕ∥s − s′∥max)

+ 1

4
× (

Cϕ′

N
∥s − s′∥max +Cϕ∥s̃ − s̃′∥max)

≤
CϕMϕCϕ′

10N
∥x − x′∥max +

Cϕ′

N
(
CϕMϕ

10
+ 1

4
) ∥s − s′∥max +

Cϕ

4
∥s̃ − s̃′∥max

≤max [
3Cϕ′

N
(
CϕMϕ

10
+ 1

4
) ,

3Cϕ

4
] ×max [∥x − x′∥max, ∥s − s′∥max, ∥s̃ − s̃′∥max] . (3.36)
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Collecting the bounds above, we obtain:

max
ij
[∣FAij ,k(u, v) − FAij ,k(u′, v′)∣ ∨ ∣FW ij ,k(u, v) − FW ij ,k(u′, v′)∣]

≤max(
3Cϕ′

min(N,d)
(
CϕMϕ

10
+ 1

4
) ,

3Cϕ

4
)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
∶=L0

max [∥x − x′∥max, ∥s − s′∥max, ∥s̃ − s̃′∥max] .

Similarly, we have

Lemma 3.9. If (u, v), (u′, v′) ∈ R, then there exists L1 > 0 (as defined in Assumption 2.10) such
that

max
ijnmk

∣FAnm,Aij ,k(u, v) − FAnm,Aij ,k(u′, v′)∣ ≤ L1max [∥u − u′∥max, ∥v − v′∥max] ,

max
ijnmk

∣FWnm,Aij ,k(u, v) − FWnm,Aij ,k(u′, v′)∣ ≤ L1max [∥u − u′∥max, ∥v − v′∥max] ,

max
ijnmk

∣FWnm,W ij ,k(u, v) − FWnm,Aij ,k(u′, v′)∣ ≤ L1max [∥u − u′∥max, ∥v − v′∥max] . (3.37)

Proof. Define

EI,k = σ′′ (
1

d
⟨ϕ(Ak,∶), x⟩ + 1

N
⟨ϕ(W k,∶), s⟩) ,

EII,k = σ′ (
1

d
⟨ϕ(Ak,∶), x⟩ + 1

N
⟨ϕ(W k,∶), s⟩) ,

EIII,ijk =
1

d
δikϕ

′(Aij)xj + 1

N

N

∑
ℓ=1

ϕ(W kℓ)s̃A
ij ,ℓ

1 ,

EIV,ijk =
1

N
δikϕ

′(W ij)sj + 1

N

N

∑
ℓ=1

ϕ(W kℓ)s̃W
ij ,ℓ

1 ,

EV,nmijk =
1

d
δikδij=nmϕ′′(Aij)xj + 1

N

N

∑
ℓ=1

ϕ(W kℓ)˜̃sA
ij ,Anm,ℓ

EVI,nmijk =
1

N
δknϕ

′(Wnm)s̃A
ij ,m + 1

N

N

∑
ℓ=1

ϕ(W kℓ)˜̃sW
nm,Aij ,ℓ

EVII,nmijk =
1

N
δikδij=nmϕ′′(W ij)sj + 1

N

N

∑
ℓ=1

ϕ(W kℓ)˜̃sW
nm,W ij ,ℓ

1 ,

so that

FAnm,Aij ,k(u, v) = EI,kEIII,nmkEIII,ijk +EII,kEV,nmijk

FWnm,Aij ,k(u, v) = EI,kEIV,nmkEIII,ijk +EII,kEVI,nmijk

FWnm,W ij ,k(u, v) = EI,kEIV,nmkEIV,ijk +EII,kEVII,nmijk
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Similarly, define

E′I,k = σ
′′ (1

d
⟨ϕ(Ak,∶), x′⟩ + 1

N
⟨ϕ(W k,∶), s′⟩) ,

E′II,k = σ
′ (1

d
⟨ϕ(Ak,∶), x′⟩ + 1

N
⟨ϕ(W k,∶), s′⟩) ,

E′III,ijk =
1

d
δikϕ

′(Aij)(x′)j + 1

N

N

∑
ℓ=1

ϕ(W kℓ)(s̃′)A
ij ,ℓ,

E′IV,ijk =
1

N
δikϕ

′(W ij)(s′)j + 1

N

N

∑
ℓ=1

ϕ(W kℓ)(s̃′)W
ij ,ℓ,

E′V,nmijk =
1

d
δikδij=nmϕ′′(Aij)(x′)j + 1

N

N

∑
ℓ=1

ϕ(W kℓ)(˜̃s′)A
ij ,Anm,ℓ

E′VI,nmijk =
1

N
δknϕ

′(Wnm)(s̃′)A
ij ,m + 1

N

N

∑
ℓ=1

ϕ(W kℓ)(˜̃s′)W
nm,Aij ,ℓ

E′VII,nmijk =
1

N
δikδij=nmϕ′′(W ij)(s′)j + 1

N

N

∑
ℓ=1

ϕ(W kℓ)(˜̃s′)W
nm,W ij ,ℓ.

Then,

FAnm,Aij ,k(u, v) − FAnm,Aij ,k(u′, v′) = (EI,kEIII,nmkEIII,ijk −E′I,kE
′
III,nmkE

′
III,ijk)

+ (EII,kEV,nmijk −E′II,kE
′
V,nmijk)

FWnm,Aij ,k(u, v) − FWnm,Aij ,k(u′, v′) = (EI,kEIV,nmkEIII,ijk −E′I,kE
′
IV,nmkE

′
III,ijk)

+ (EII,kEVI,nmijk −E′II,kE
′
VI,nmijk)

FWnm,W ij ,k(u, v) − FWnm,Aij ,k(u′, v′) = (EI,kEIV,nmkEIV,ijk −EI,kEIV,nmkEIV,ijk)
+ (EII,kEVII,nmijk −E′II,kE

′
VII,nmijk)

By our earlier calculations,

max
k
∣EI,k∣ ≤

1

10
, max

k
∣EII,k∣ ≤

1

4
, max

k
∣EIII,ijk∣ ≤

Cϕ′Mϕ

d
, max

k
∣EIV,ijk∣ ≤

Cϕ′Mϕ

N
,

max
k
∣EV,nmijk∣ ≤

1

d
Cϕ′′ +

Cϕ

1 − (Cϕ/4)
aAA,max, max

k
∣EVI,nmijk∣ ≤

1

Nd

C2
ϕ′

4 −Cϕ
+

Cϕ

1 − (Cϕ/4)
aWA,max

max
k
∣EVII,nmijk∣ ≤

1

N
δij=nmCϕ′′ +

Cϕ

1 − (Cϕ/4)
aWW,max
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Furthermore, we compute the increments by suitable Taylor’s expansion, noting that maxy ∣σ′′′(y)∣ ≤
1/8:

∣EI,k −E′I,k∣ ≤
Cϕ

8
(∥x − x′∥max + ∥s − s′∥max)

∣EII,k −E′II,k∣ ≤
Cϕ

10
(∥x − x′∥max + ∥s − s′∥max),

∣EIII,ijk −E′III,ijk∣ ≤
1

d
Cϕ′ ∣xj − (x′)j ∣ +Cϕ∥s̃ − s̃′∥max,

∣EIV,ijk −E′IV,ijk∣ ≤
1

N
Cϕ′ ∣sj − (s′)j ∣ +Cϕ∥s̃ − s̃′∥max,

∣EV,nmijk −E′V,nmijk∣ ≤
1

d
Cϕ′′ ∣xj − (x′)j ∣ +Cϕ∥˜̃s − ˜̃s′∥max

∣EVI,nmijk −E′VI,nmijk∣ ≤
1

N
Cϕ′∥s̃ − s̃′∥max +Cϕ∥˜̃s − ˜̃s′∥max

∣EVII,nmijk −E′VII,nmijk∣ ≤
1

N
Cϕ′′ ∣sj − (s′)j ∣ +Cϕ∥˜̃s − ˜̃s′∥max.

Collecting all of the above bounds via the inequality

∣abc − a′b′c′∣ ≤ ∣ab∣∣c − c′∣ + ∣ac′∣∣b − b′∣ + ∣b′c′∣∣a − a′∣,

we have:

∣FAnm,Aij ,k(u, v) − FAnm,Aij ,k(u′, v′)∣
≤ ∣EI,kEIII,nmk∣ ∣EIII,ijk −E′III,ijk∣ + ∣EI,kE

′
III,ijk∣ ∣EIII,nmk −E′III,nmk∣ + ∣E

′
III,nmkE

′
III,ijk∣ ∣EI,k −E′I,k∣

+ ∣EII,k∣ ∣EV,nmijk −E′V,nmijk∣ + ∣E
′
V,nmijk∣ ∣EII,k −E′II,k∣)

≤ 2 × 1

10

Cϕ′Mϕ

d
(1
d
Cϕ′∥x − x′∥max +Cϕ∥s̃ − s̃′∥max)

+
Cϕ′Mϕ

d

Cϕ′Mϕ

d

Cϕ

8
(∥x − x′∥max + ∥s − s′∥max) +

1

4
(
Cϕ′′

d
∣xj − (x′)j ∣ +Cϕ∥˜̃s − ˜̃s′∥max)

+ (1
d
Cϕ′′ +

Cϕ

1 − (Cϕ/4)
aAA,max)

Cϕ

10
(∥x − x′∥max + ∥s − s′∥max)

≤
⎛
⎝
MϕC

2
ϕ′

5d2
+
CϕC

2
ϕ′M

2
ϕ

8d2
+
Cϕ′′

4d
+
Cϕ

10
(
Cϕ′′

d
+

Cϕ

1 − (Cϕ/4)
aAA,max)

⎞
⎠
∥x − x′∥max

+
⎛
⎝
CϕC

2
ϕ′M

2
ϕ

8d2
+
Cϕ

10
(
Cϕ′′

d
+

Cϕ

1 − (Cϕ/4)
aAA,max)

⎞
⎠
∥s − s′∥max

+
CϕMϕCϕ′

5d
∥s̃ − s̃′∥max +

Cϕ

4
∥˜̃s − ˜̃s′∥max. (3.38)
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∣FWnm,Aij ,k(u, v) − FWnm,Aij ,k(u′, v′)∣
≤ ∣EI,kEIV,nmk∣ ∣EIII,ijk −E′III,ijk∣ + ∣EI,kE

′
III,ijk∣ ∣EIV,nmk −E′IV,nmk∣ + ∣E

′
IV,nmkE

′
III,ijk∣ ∣EI,k −E′I,k∣

+ ∣EII,k∣ ∣EVI,nmijk −E′VI,nmijk∣ + ∣E
′
VI,nmijk∣ ∣EII,k −E′II,k∣)

≤ 1

10
×
Cϕ′Mϕ

N
× (1

d
Cϕ′∥x − x′∥max +Cϕ∥s̃ − s̃′∥max) +

1

10
×
Cϕ′Mϕ

d
× ( 1

N
Cϕ′∥x − x′∥max +Cϕ∥s̃ − s̃′∥max)

+
Cϕ′Mϕ

N
×
Cϕ′Mϕ

d
×
Cϕ

8
(∥x − x′∥max + ∥s − s′∥max) +

1

4
( 1
N

Cϕ′∥s̃ − s̃′∥max +Cϕ∥˜̃s − ˜̃s′∥max)

+
⎛
⎝

1

Nd

C2
ϕ′

4 −Cϕ
+

Cϕ

1 − (Cϕ/4)
aWA,max

⎞
⎠
Cϕ

10
(∥x − x′∥max + ∥s − s′∥max)

≤
⎛
⎝
MϕC

2
ϕ′

5Nd
+
CϕM

2
ϕC

2
ϕ′

8Nd
+
Cϕ

10

⎛
⎝

C2
ϕ′

Nd(4 −Cϕ)
+

Cϕ

1 − (Cϕ/4)
aWA,max

⎞
⎠
⎞
⎠
∥x − x′∥max

+
⎛
⎝
CϕC

2
ϕ′M

2
ϕ′

8Nd
+
Cϕ

10

⎛
⎝

C2
ϕ′

Nd(4 −Cϕ)
+

Cϕ

1 − (Cϕ/4)
aWA,max

⎞
⎠
⎞
⎠
∥s − s′∥max

+ (
CϕMϕCϕ′

10N
+
CϕMϕCϕ′

10d
+
Cϕ′

4N
) ∥s̃ − s̃′∥max +

Cϕ

4
∥˜̃s − ˜̃s′∥max. (3.39)

∣FWnm,W ij ,k(u, v) − FWnm,W ij ,k(u′, v′)∣
≤ ∣EI,kEIV,nmk∣ ∣EIV,ijk −E′IV,ijk∣ + ∣EI,kE

′
IV,ijk∣ ∣EIV,nmk −E′IV,nmk∣ + ∣E

′
IV,nmkE

′
IV,ijk∣ ∣EI,k −E′I,k∣

+ ∣EII,k∣ ∣EVII,nmijk −E′VII,nmijk∣ + ∣E
′
VII,nmijk∣ ∣EII,k −E′II,k∣)

≤ 2 × 1

10

Cϕ′Mϕ

N
( 1
N

Cϕ′∥x − x′∥max +Cϕ∥s̃ − s̃′∥max) +
Cϕ′Mϕ

N

Cϕ′Mϕ

N

Cϕ

8
(∥x − x′∥max + ∥s − s′∥max)

+ 1

4
(
Cϕ′′

N
∥s − s′∥max +Cϕ∥˜̃s − ˜̃s′∥max) + (

Cϕ′′

N
+

Cϕ

1 − (Cϕ/4)
aWW,max)

Cϕ

10
(∥x − x′∥max + ∥s − s′∥max)

≤
⎛
⎝
MϕC

2
ϕ′

5N2
+
CϕM

2
ϕC

2
ϕ′

8N2
+
Cϕ

10
(
Cϕ′′

N
+

Cϕ

1 − (Cϕ/4)
aWW,max)

⎞
⎠
∥x − x′∥max

+
⎛
⎝
CϕC

2
ϕ′M

2
ϕ′

8N2
+
Cϕ′′

4N
+
Cϕ

10
(
Cϕ′′

N
+

Cϕ

1 − (Cϕ/4)
aWW,max)

⎞
⎠
∥s − s′∥max

+
CϕMϕCϕ′

5N
∥s̃ − s̃′∥max +

Cϕ

4
∥˜̃s − ˜̃s′∥max. (3.40)

Gathering these estimates together, we obtain

max
ijnmk

[∣FAnm,Aij ,k(u, v) − FAnm,Aij ,k(u′, v′)∣ ∨ ∣FWnm,Aij ,k(u, v) − FWnm,Aij ,k(u′, v′)∣

∨ ∣FWnm,W ij ,k(u, v) − FWnm,W ij ,k(u′, v′)∣]
≤ L1max [∥x − x′∥max, ∥s − s′∥max, ∥s̃ − s̃′∥max, ∥˜̃s − ˜̃s′∥max] ,

where L1 is defined in Assumption 2.10. This concludes the proof of the lemma.

In summary, we have

∥F (u, v) − F (u′, v′)∥max ≤ L∥(u, v) − (u′, v′)∥max, L = L0 ∨L1. (3.41)
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We therefore conclude by Proposition 3.1 that the transition kernel satisfies the contraction
condition

Wass2(P ((u, v, η), ⋅), P ((u′, v′, η′), ⋅))
∥(u, v, η) − (u′, v′, η′)∥max

≤ q ∶=
√

L2 +L2℘. (3.42)

With this, we can formally establish the existence of invariant measure. Recall the definition of the
induced transition operator P ∨ρ, where

P ∨ρ(A) = ∫ P (h,A)ρ(dh).

Proposition 3.10 (P ∨ is a contraction). The transition operator P ∨ is a contraction in P2(X):
for all ρ, ρ′ ∈ P2(X)

Wass2(P ∨ρ,P ∨ρ′) ≤ qWass2(ρ, ρ′). (3.43)

Proof. This is [19, Proposition 14.3].

Further define the t-transition operators Pt iteratively with

P t+1(h,A) = ∫R
P (h,A)P t(h, dh), P 0(h,A) = δh(A), (3.44)

alongside with the transition operators (P t)∨.

Theorem 3.11 (Existence of Invariant Measure). Let µθ
t ∶= (P t)∨ρ be the distribution of Ht (that

depends on the initial distribution µθ
0 = ρ). If q2 ∶= L2℘ + L2 < 1, then there exists a stationary

distribution µθ such that P ∨µθ = µθ, and constant C ′ > 0 such that

Wass2(µθ
t , µ

θ) ≤ C ′qt t→∞→ 0. (3.45)

Proof. We first note that Wass2(µθ
1, µ

θ
0) is bounded. This is because for any couplings γ between

µθ
1 and µθ

0,

∫R×R
∥h − h′∥2maxγ(dh, dh′) ≤ 2∫R×R

[∥h∥2max + ∥h′∥2max]γ(dh, dh′)

≤ 2 [∫R
∥h∥2max µ

θ
1(dh) + ∫R

∥h′∥2max µ
θ
0(dh′)] .

for some constant C > 0 as R is bounded. By iteratively applying Proposition 3.10 and Banach
Fixed Point Theorem, there exists a unique probability measure µθ such that

P ∨µθ = µθ, (3.46)

i.e., ρ∗ is an invariant measure of the joint Markov chain (Ut, Vt)). Furthermore, we have

Wass2(µθ
t , µ

θ) =Wass2((P ∨)tρ,µθ) ≤ qt

1 − q
Wass2(µθ

1, µ
θ
0) =

2C

1 − q
qt. (3.47)
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3.3 Evaluating the limit loss and its derivative

This chapter aims to compute the limit of

LT (θ) =
1

2T

T

∑
t=1
(Yt − ft(θ))2 =

1

2T

T

∑
t=1
(f(Xt, Zt, ηt) − ⟨λ(B), St⟩ − λ(c))2

as well as the derivative of the limits.

The limit is understood in the following sense:

Lemma 3.12. Under Assumptions 2.3 and 2.10, we have E[LT (θ)]
T→∞→ L(θ), where

L(θ) = ∫
1

2
(f(x, z, η) − ⟨λ(B), s⟩ − λ(c))2 µθ(dh), h = (x, z, s, s̃, ˜̃s, η). (3.48)

Proof. We define

ℓθ(h) = 1

2
(f(x, z, η) − ⟨λ(B), s⟩ − λ(c))2. (3.49)

Then

E [1
2
(Yt − ft(θ))2] = E [

1

2
(f(Xt, Zt, ηt) − (⟨λ(B), St⟩ + λ(c)))2] = ∫ ℓθ(h)µθ

t (dh).

It therefore suffices to show that ℓθ(h) is Lipschitz in h. Note that

∣ℓθ(h) − ℓθ(h′)∣2

≤ 1

2
∣(f(x, z, η) − ⟨λ(B), s⟩ − λ(c))2 − (f(x′, z′, η′) − ⟨λ(B), s′⟩ − λ(c))2∣2

≤ 6(L2
f +C

2
λ(N

2 + 1))[∣f(x, z, η) − f(x′, z′, η′)∣2 +N2∥λ(B)∥2max∥s − s′∥2max]
≤ 6(L2

f +C
2
λ(N

2 + 1))2∥h − h′∥2max. (3.50)

By Theorem 3.11, there exists a coupling γθt between µθ
t and µθ such that

∫ ∥h − h′∥2max γ
θ
t (dh, dh′) ≤ Cq2t.

Therefore, one has

∣∫ ℓθ(h)µθ
t (dh) − ∫ ℓθ(h′)µθ(dh′)∣

2

≤ ∫ ∣ℓθ(h) − ℓθ(h′)∣2 γθt (dh, dh′)

≤ 6(L2
f +C

2
λ(N

2 + 1))2∫ ∥h − h′∥2max γ
θ
t (dh, dh′)

≤ 6C(L2
f +C

2
λ(N

2 + 1))2q2t t→∞→ 0. (3.51)

Finally, we have

∣E[LT (θ)] − ∫ ℓθ(h′)µθ
t (dh′)∣ ≤ ∣

1

T

T

∑
t=1
∫ ℓθ(h)µθ

t (dh) − ∫ ℓθ(h′)µθ(dh′)∣

≤ 1

T

T

∑
t=1
∣∫ ℓθ(h)µθ

t (dh) − ∫ ℓθ(h′)µθ(dh′)∣

≤ 1

T

T

∑
t=1

√
6C(L2

f +C
2
λ(N2 + 1))2qt

≤ 1

T

√
6C(L2

f +C
2
λ(N2 + 1))2 q

1 − q
= O(1/T ), (3.52)

so E[LT (θ)]
T→∞→ L(θ) uniformly in θ.
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We can also use the compute the gradient and Hessian of L(θ). We start by recalling that for
finite T ,

∇θLT (θ) = ∇θ [
1

2T

T

∑
t=1
(Yt − ft(θ))2] = −

1

T

T

∑
t=1
(ft(θ) − Yt)∇θft(θ), (3.53)

where ∇θft(θ) is the gradient of f , flattened as vector and indexed by the components, e.g.

[∇θft(θ)]Aij =
∂ft
∂Aij

= λ(B)⊺ ∂St

∂Aij
= λ(B)⊺S̃Aij

t , (3.54)

so on and so forth. Following similar computations, we see that

∇θft(θ) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

∑N
k=1 λ(Bk)vec(S̃A,k

t )
∑N

k=1 λ(Bk)vec(S̃W,k
t )

λ′(B) ⊙ St

λ′(c)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

← entries from A
← entries from W
← entries from B

, (3.55)

Furthermore, the Hessian is given as

Hess θLT (θ) =
1

T

T

∑
t=1
∇θ [−(Yt − ft(θ))∇θft(θ)⊺]

= 1

T

T

∑
t=1
[∇θft(θ)∇θft(θ)⊺ − (Yt − ft(θ))∇2

θft(θ)
⊺] , (3.56)

where

Hess θft(θ) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

∑N
k=1 λ(Bk)flat( ˜̃SAA,k

t ) ∑N
k=1 λ(Bk)flat( ˜̃SWA,k

t ) flat(S̃A
t )⊺diag(λ′(B)) 0

∑N
k=1 λ(Bk)flat( ˜̃SAW,k

t ) ∑N
k=1 λ(Bk)flat( ˜̃SWW,k

t ) flat(S̃W
t )⊺diag(λ′(B)) 0

diag(λ′(B))flat(S̃A
t ) diag(λ′(B))flat(S̃W

t ) diag(λ′′(B) ⊙ St) 0
0 0 0 λ′′(c).

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
(3.57)

We can verify this by checking the entries – for example, we have

∂2ft
∂Bk∂Aij

= ∂

∂Bk
[
N

∑
ℓ=1

λ(Bℓ)S̃Aij ,ℓ
t ] = λ(Bk)S̃Aij ,k

t .

To compute ∇θE[LT (θ)] and Hess θ E[LT (θ)], we need to exchange ∇θ and E. This could be
justified by noting that ∇θLT (θ) and Hess θ LT (θ) are being bound (hence integrable). It follows
from the following lemma:

Lemma 3.13. Assume that Assumptions 2.3 and 2.10 hold. Then, there is a uniform constant
C < ∞, independent of t ∈ N+, such that

∥∇θft(θ)∥max ≤ C (3.58)

∥∇θft(θ)∇θft(θ)⊺∥max ≤ C (3.59)

∥Hess θft(θ)∥max ≤ C, (3.60)

and consequently,

∥∇θft(θ)∇θft(θ)⊺∥F ≤ C
∥Hess θft(θ)∥F ≤ C,

where ∥ ⋅ ∥F is the Frobenious norm.
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Proof. The boundedness of ∥∇θft(∇θft)⊺∥max and ∥Hess θft∥max implies the boundedness of ∥∇θft(∇θft)⊺∥F
and ∥∇2

θf∥F respectively. This implies that it suffice to prove that each entries of ∇θft is bounded.
This follows from the boundedness of

• λ(⋅) and its derivatives by Assumption 2.10,

• St since σ(⋅) is bounded,

• S̃t = (S̃A
t , S̃

W
t ) by Lemma 3.5, and

• ˜̃St = ( ˜̃SAA
t , ˜̃SWA

t , ˜̃SWW
t ) by Lemma 3.7.

Lemma 3.14. Assume that Assumptions 2.3 and 2.10 hold. Then, we have that there is a uniform
constant C < ∞, independent of t ∈ R+, such that

∥θt+1 − θt∥max ≤ Cαt, (3.61)

and consequently

∥θt+1 − θt∥2 ≤ Cαt, (3.62)

for a potentially different finite constant C < ∞.

Proof. This follows directly by the a-priori bounds of Lemma 3.5 and the online stochastic estimates
(2.25).

We can therefore exchange derivatives and the expectation operator E to compute ∇θE[LT (θ)] =
E[∇θLT (θ)] and ∇2

θE[LT (θ)] = E[∇2
θLT (θ)]. In particular, if we define the functions for h =

(x, z, s, s̃, ˜̃s, η):

gθ(h) = g(h; θ) ∶= −(f(x, z, η) − ⟨λ(B), s⟩ − λ(c)) ×

⎡⎢⎢⎢⎢⎢⎢⎢⎣

∑k λ(Bk)vec(s̃A,k)
∑k λ(Bk)vec(s̃W,k)

λ′(B) ⊙ s
λ′(c)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

, (3.63)

then

∇θE[LT (θ)] = E[∇θLT (θ)] = E [
1

T

T

∑
t=1
−(Yt − ⟨λ(B), St⟩ − λ(c))∇θft(θ)] =

1

T

T

∑
t=1
∫ g(h; θ)µθ

t (dh).

(3.64)
We further define the function

heθ(h) =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

∑k λ(Bk)vec(s̃A,k)
∑k λ(Bk)vec(˜̃sW,k)

λ′(B) ⊙ s
λ′(c)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

∑k λ(Bk)vec(s̃A,k)
∑k λ(Bk)vec(s̃W,k)

λ′(B) ⊙ s
λ′(c)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⊺

− (f(x, z, η) − ⟨λ(B), s⟩ − λ(c))

×

⎡⎢⎢⎢⎢⎢⎢⎢⎣

∑k λ(Bk)flat(˜̃sAA,k) ∑k λ(Bk)flat(s̃WA,k) flat(s̃A)diag(λ′(B)) 0

∑k λ(Bk)flat(˜̃sAW,k) ∑λ(Bk)flat(˜̃sWW,k) flat(s̃W )⊺λ′(B) 0

diag(λ′(B))flat(s̃A) diag(λ′(B)) ⊙ flat(s̃W ) diag(λ′′(B)) ⊙ s 0
0 0 0 λ′′(c)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

,
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then

Hess θE[LT (θ)] = E[∇2
θLT (θ)] = ∫ heθ(h)µθ

t (dh). (3.65)

Due to the convergence rate Wass1(µθ
t , µ

θ) ≤ Cqt with q < 1, we can prove that this quantity has a
limit as T →∞. In particular, we have Theorem 3.15.

Lemma 3.15. Assume that Assumptions 2.3 and 2.10 hold. Then, we have that

lim
T→∞

∇θE[LT (θ)] = ⟨gθ(h), µθ⟩ . (3.66)

lim
T→∞

Hess θE[LT (θ)] = ⟨heθ(h), µθ⟩ . (3.67)

The limits are taken in max-norms.

This result indicates that the online forward SGD algorithm (2.28) has a fluctuation term
αt(Gt −∇θJ(θt)) which should vanish as t→∞.

Proof. It suffices to prove that the functions gθ(h) and heθ(h) are Lipschitz (assuming h ∈ R). We
note that

∥gθ(h) − gθ(h′)∥2max =
XXXXXXXXXXX
(f(x, z, η) − ⟨λ(B), s⟩ − λ(c))

⎡⎢⎢⎢⎢⎢⎢⎢⎣

∑k λ(Bk)vec(s̃A,k)
∑k λ(Bk)vec(s̃W,k)

λ′(B) ⊙ s
λ′(c)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

− (f(x′, z′, η′) − ⟨λ(B), s′⟩ − λ(c)

⎡⎢⎢⎢⎢⎢⎢⎢⎣

∑k λ(Bk)vec[(s̃′)A,k]
∑k λ(Bk)vec[(s̃′)W,k]

λ′(B) ⊙ s′

λ′(c)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

XXXXXXXXXXX

2

max

≤ 2 [L2
f ∣(x, z, η) − (x

′, z′, η′)∣2 +N2C2
λ∥s − s

′∥2max] [max(
CλCϕ′

min(N,d)(4 −Cϕ)
,C2

λ′)]
2

+ 3 (L2
f + (N

2 + 1)C2
λ)

XXXXXXXXXXXXXXXXXXX

⎡⎢⎢⎢⎢⎢⎢⎢⎣

∑k λ(Bk)(s̃A,k − (s̃′)A,k)
∑k λ(Bk)(s̃W,k − (s̃′)W,k)

λ′(B) ⊙ (s − s′)
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

XXXXXXXXXXXXXXXXXXX

2

max

≤ C(1)N,d∥h − h
′∥2max, (3.68)

where

C
(1)
N,d = 2 (L

2
f +C

2
λN

2) [max(
CλCϕ′

min(N,d)(4 −Cϕ)
,C2

λ′)]
2

+ 3 (L2
f + (N

2 + 1)C2
λ)max(N2, d2)max(Cλ,Cλ′). (3.69)

Similarly, one could prove that there exists C
(2)
N,d > 0 such that

∥heθ(h) − heθ(h′)∥2max ≤ C
(2)
N,d∥h − h

′∥2max. (3.70)

Therefore, we could follow the arguments in the proof of Lemma 3.12 to establish the above limits.
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We note that the limits are uniform, so one could exchange ∇θ and limT→∞ to establish that

Theorem 3.16.

∇θL(θ) = ∇θ [ lim
T→∞

E[LT (θ)]] = lim
T→∞

∇θE[LT (θ)] = ⟨gθ(h), µθ⟩ . (3.71)

Hess θL(θ) = Hess θ [ lim
T→∞

E[LT (θ)]] = lim
T→∞

∇2
θE[LT (θ)] = ⟨heθ(h), µθ⟩ . (3.72)

Proof. This follows from the fact that we have θ-uniform convergence of∇θE[LT (θ)] and Hess θE[LT (θ)]
in θ (with rate O(1/T )), so we could exchange limit and derivatives, see e.g. Theorem 7.17 of
[20].

As a corollary, we have

Corollary 3.17. There exists constants C > 0 such that ∥∇θL∥max ∨ ∥Hess θL∥max ≤ C.

Proof. This follows from the fact that ∥∇θE[LT (θ)]∥max and ∥Hess θE[LT (θ)]∥max are both T -
uniformly bounded.

4 Poisson Equation

We will now construct a Poisson equation which will be used to bound the fluctuation term in
(2.28) and prove it vanishes – at a suitably fast rate – as t→∞. We will emphasise the dependence
of the process Ht on the parameters θ, thus adopting the notations Pθ for the transition kernel of
Hθ), and P t

θ as the t-step transition probabilities of Hθ
t . This will be crucial to the convergence

analysis in the next section.
With the above notations, we can now define the Poisson equation.

Definition 4.1 (Poisson equation). We aim to find function u(h; θ) such that

u(h; θ) − ∫R
u(h; θ)Pθ(h, dh) = Q(h; θ) − ∫R

Q(h; θ)µθ(dh), (4.1)

where h ∈ R and Q(h; θ) ∶ R → R is a globally Lipschitz function (for each θ).

Lemma 4.2 (Existence of Solution). For any function Q(h; θ) which is globally Lipschitz in h ∈ R
such that

∣Q(h; θ) −Q(h′; θ)∣ ≤ LQ∥h − h′∥max (4.2)

uniform in θ, the following function V (h; θ) is a solution to the Poisson equation (4.1) for each
h ∈ R:

V (h; θ) =
∞
∑
t=0
(∫R

Q(h; θ)P t
θ(h, dh) − ∫R

Q(h; θ)µθ(dh)) . (4.3)

In addition, there is a finite constant C < ∞ that is uniform with respect to both θ ∈ Θ and h ∈ X
such that ∣V (h; θ)∣ ≤ C.

Proof. The proof follows that of Lemma 7.11 in [21]. We present the argument here emphasizing
the differences. First, we prove that V (h; θ) is uniformly bounded. By Theorem 3.11 and [17,
Theorem 4.1], there exists a constant C > 0, q ∈ (0,1) (independent of t and couplings γθt between
P t
θ(h, ⋅) and µθ such that

[∫ ∥h − h′∥2max γ
θ
t (dh, dh′)]

1/2
≤ Cqt. (4.4)
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Consequently, by Lipschitzness of Q,

∣∫R
Q(h; θ)P t

θ(h, dh) − ∫R
Q(h′; θ)µθ(dh′)∣ = ∣∫R×R

(Q(h; θ) −Q(h′; θ))γθt (dh, dh′)∣

≤ [∫R×R
∣Q(h; θ) −Q(h′; θ)∣2 γθt (dh, dh′)]

1/2

≤ [∫R×R
L2
Q ∥h − h′∥

2

max
γθt (dh, dh′)]

1/2

≤ LQCqt. (4.5)

Thus we have the following θ-uniform bound,

∣V (h; θ)∣ ≤
∞
∑
t=0
∣∫R

Q(h; θ)P t
θ(h,h) − ∫R

Q(h′; θ)µθ(dh′)∣ ≤
∞
∑
t=0

CLQq
t ≤

CLQ

1 − q
< ∞. (4.6)

We will now show that V (h; θ) is a solution to the Poisson equation (4.1). Starting with

∫R
V (h; θ)P t

θ(h, dh) = ∫R
[
∞
∑
t=0
(∫R

Q(h′; θ)P t
θ(h, dh

′) − ∫R
Q(h′; θ)µθ(dh′))]Pθ(h, dh′),

we can interchange the infinite sum and the integral due to Tonelli’s theorem, which yields:

∫R
V (h; θ)P t

θ(h, dh) =
∞
∑
t=0
(∫R∫R

Q(h′; θ)P t
θ(h, dh

′)Pθ(h, dh) − ∫R∫R
Q(h′; θ)µθ(dh′)Pθ(h, dh))

=
∞
∑
t=0
(∫R

Q(h; θ)Pt+1
θ (h, dh) − ∫R

Q(h; θ)µθ(dh)) .

Then,

V (h; θ) − ∫R
V (h; θ)Pθ(h, dh) =

∞
∑
t=0
(∫R

Q(h; θ)P t
θ(h, dh) − ∫R

Q(h; θ)µθ(dh))

−
∞
∑
t=0
(∫R

Q(h; θ)P t+1
θ (h, dh) − ∫R

Q(h; θ)µθ(dh))

= ∫R
Q(h; θ)P 0

θ (h, dh) − ∫R
F (h; θ)µθ(dh)

= Q(h; θ) − ∫R
Q(h; θ)µθ(dh), (4.7)

which verifies that V (h; θ) is a solution to the Poisson equation (4.1).

Lemma 4.3 (Lipschitzness of solution). Let Q(h; θ) be a θ-uniformly LQ-Lipschitz function in h as
specified by equation (4.2). Then, the solution V (h; θ) as defined in (4.3) for the Poisson equation
(4.1) is θ-uniformly Lipschitz globally in h ∈ R.

Proof. Recall that

V (h; θ) =
∞
∑
t=0
(∫R

Q(h; θ)P t
θ(h, dh) − ∫R

Q(h; θ)µθ(dh)) .
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Therefore

∣V (h; θ) − V (h′; θ)∣ = ∣
∞
∑
t=0
[∫R

Q(h; θ)P t
θ(h, dh) − ∫R

Q(h′; θ)P t
θ(h

′, dh′)]∣

≤
∞
∑
t=0
∣∫R

Q(h; θ)P t
θ(h, dh) − ∫R

Q(h′; θ)P t
θ(h

′, dh′)∣ .

By iteratively applying Proposition 3.10,

Wass2(P t
θ(h, ⋅), P

t
θ(h

′, ⋅)) ≤ Cqt ∣h − h′∣
max

(4.8)

for the same C > 0 and q ∈ (0,1) as specified in that Proposition. Thus by [17, Theorem 4.1], there
are coupling γθt,h,h′ between P t

θ(h, ⋅) and P t
θ(h

′, ⋅)) such that

[∫R×R
∥h − h′∥2max γ

θ
t,h,h′(dh, dh)]

1/2
≤ Cqt ∥h − h′∥

max
,

Thus, as in the proof of Lemma 4.2,

∣∫R
Q(h; θ)P t

θ(h, dh) − ∫R
Q(h′; θ)P t

θ(h
′, dh′)∣ ≤ ∣∫R×R

(Q(h; θ) −Q(h′; θ)) γθt,h,h′(dh
′, dh′)∣

≤ [∫R×R
(Q(h; θ) −Q(h′; θ))2 γθt,h,h′(dh

′, dh′)]
1/2

≤ LQ [∫R×R
∥h − h′∥2max γ

θ
t,h,h′(dh, dh)]

1/2

≤ LQCqt ∥h − h′∥
max

. (4.9)

Therefore, we have

Wass2(P t
θ(h, ⋅), P

t
θ(h

′, ⋅)) ≤
LQC

1 − q
∥h − h′∥

max
(4.10)

For our analysis, we would like to set

Q(h; θ) = ∇θL(θ)⊺gθ(h). (4.11)

We shall first note that

Lemma 4.4. The function Q(h; θ) is uniformly bounded in h and θ for h ∈ R.

Proof. Since ∇θL(θ) = ⟨g(h; θ), µθ⟩ and g(h; θ) is uniformly bounded in θ for h ∈ R, ∇θL(θ)
is uniformly bounded in θ. Consequently, for h ∈ R, ∇θL(θ)⊺g(h; θ) is uniformly bounded in
(h, θ) ∈ R ×Θ.

By checking Q is globally Lipschitz in R, we can show that there exists a θ-uniformly Lipschitz
solution (global in h) for the Poisson equation (4.1).

Lemma 4.5. There exists LQ > 0 such that the function Q(h; θ) is θ-uniformly LQ globally Lipschitz
in h in both the ∥⋅∥max and ∥⋅∥2 norms.
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Proof. We present only the proof of the global Lipschitz property in the ∥ ⋅ ∥max norm as the proof
in the ∥ ⋅ ∥2 follows the same way. We note that

∣Q(h; θ) −Q(h′; θ)∣ = ∣∇θL(θ)⊺(gθ(h) − gθ(h′))∣
≤ dθ∥∇θL(θ)∥max∥gθ(h) − gθ(h′)∥max

≤ LQ∥h − h′∥max,

thanks to the fact that ∥∇θL(θ)∥ is bounded as proved in Corollary 3.17 and gθ is Lipschitz as
established through the calculations in Lemma 3.3.

As a result, the following function

V (h; θ) =
∞
∑
t=0
(∫R

Q(h; θ)P t
θ(h, dh) − ∫R

F (h; θ)µθ(dh)) (4.12)

is a well-defined, θ-uniformly Lipschitz-in-h solution to the Poisson equation. In fact, we will show
that the function V is differentiable in θ with uniformly-bounded derivatives.

To establish this, we first compute the derivatives

∂

∂♢
E[Q(Ht; θ)] =

∂

∂♢ ∫R
Q(h; θ)Pθ

t (h, dh).

We shall start by computing the gradients ∇θQ(h; θ):

∇θQ(h; θ) = (HessL)gθ(h) + (Dθg
θ(h))⊺∇θL, (4.13)

where Dθg
θ(h) is the (flatten) Jacobian matrix of gθ(h) with respect to θ. Computing the entries

∂gθ

∂Bk
= −λ′(Bk)sk

⎡⎢⎢⎢⎢⎢⎢⎢⎣

∑ℓ λ(Bℓ)vec(s̃A,ℓ)
∑ℓ λ(Bℓ)vec(s̃W,ℓ)

λ′(B) ⊙ s
λ′(c)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

+ (f(x, z, η) − ⟨λ(B), s⟩ − λ(c))

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

λ(Bk)vec(s̃A,k)
λ(Bk)vec(s̃W,k)

0

λ′′(Bk)sk
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∂gθ

∂c
= −λ′(c)

⎡⎢⎢⎢⎢⎢⎢⎢⎣

∑ℓ λ(Bℓ)vec(s̃A,ℓ)
∑ℓ λ(Bℓ)vec(s̃W,ℓ)

λ′(B) ⊙ s
λ′(c)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

+ (f(x, z, η) − ⟨λ(B), s⟩ − λ(c))

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

λ′′(c)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

.

We have the following computation

Dθg
θ(h) = (f(x, z, η) − ⟨λ(B), x⟩ − λ(c))

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 0 diag(λ′(B))flat(s̃A) 0

0 0 diag(λ′(B))flat(s̃W ) 0
0 0 diag(λ′′(B) ⊙ s) 0
0 0 0 λ′′(c)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

−

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0
0

diag(λ′(B) ⊙ s)
λ′(c)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

∑ℓ λ(Bℓ)vec(s̃A,ℓ)
∑ℓ λ(Bℓ)vec(s̃W,ℓ)

λ′(B) ⊙ s
λ′(c)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
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so
∥∇θQ(h; θ)∥ ≤ CN,d∥HessL∥max∥gθ(h)∥max +CN,d∥Dθg

θ(h)∥max∥∇θL∥max ≤ C,
so by dominated convergence theorem, we could exchange derivatives and expectations for the
computation of derivatives.

We note that P t
θ does not depend on the parameters B and C, thus it is true that

∂

∂♢
E[Q(Ht; θ)] = E [

∂Q(h; θ)
∂♢

] , ♢ = Bj ,Cj .

We also note that by exchanging derivatives and expectations, for variables ♢ = Aij or W ij

∂

∂♢
E[Q(Ht; θ)] = E

⎡⎢⎢⎢⎢⎣

∂Q

∂♢
(Ht; θ) +∑

k

∂Q

∂sk
(Ht; θ)S̃♢,kt + ∑

▲,k

∂Q

∂s̃▲,k
(Ht; θ) ˜̃S♢,▲,k

t

⎤⎥⎥⎥⎥⎦

= E
⎡⎢⎢⎢⎢⎣

∂Q

∂♢
+∑

k

∂Q

∂sk
S̃♢,kt + ∑

ℓ,ℓ′,k

∂Q

∂s̃Aℓℓ′ ,k

˜̃S♢,A
ℓℓ′ ,k

t + ∑
m,m′,k

∂Q

∂s̃Wmm′ ,k

˜̃S♢,W
mm′ ,k

t

⎤⎥⎥⎥⎥⎦
(4.14)

We shall define the vector i ∶= i(h; θ) to be indexed by variables ♢ = Aij ,W ij ,Bi,Ci with the usual
vectorisation convention in notation 2.13, such that

[i(h; θ)]♢ =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∑
k

∂Q

∂sk
s̃♢,k + ∑

ℓ,ℓ′,k

∂Q

∂s̃Aℓℓ′ ,k
˜̃s♢,A

ℓℓ′ ,k + ∑
m,m′,k

∂Q

∂s̃Wmm′ ,k
˜̃s♢,W

mm′ ,k ♢ = Aij ,W ij

0 ♢ = Bj ,Cj .

Let I = ∇θQ + i, then one could show by dominated convergence theorem,

∇θE[Q(Ht; θ)] = E[I(Ht; θ)]. (4.15)

Lemma 4.6. Recall Q(h; θ) = ∇θL(θ)⊺g(h; θ), with

g(h; θ) = (f(x, z, η) − ⟨λ(B), s⟩ − λ(c)) ×

⎡⎢⎢⎢⎢⎢⎢⎢⎣

∑k λ(Bk)s̃A,k

∑k λ(Bk)s̃W,k

λ′(B) ⊙ s
λ′(c)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

,

then I(h; θ) is globally Lipschitz in h ∈ R (with Lipschitz constant uniform in θ).

Proof. The Lipschitzness of ∇θQ(h; θ) follows from the boundedness of ∇θL, HessL, and the func-
tions g(⋅; θ) and Dθg

θ defined on a compact set R is smooth.

For the second term, we shall note that for ♡ = sk, s̃Aij ,k, s̃W
ij ,k,

∂Q

∂♡
= ∑
♢

∂L

∂♢
[g]♢

∂♡
= ∑

ℓ,ℓ′,l

∂L

∂Aℓℓ′
λ(Bl)

∂ [(f(x, z, η) − ⟨λ(B), s⟩ − λ(c)) s̃Aℓℓ′ ,l]

∂♡

+ ∑
m,m′,l

∂L

∂Wmm′
λ(Bl)

∂ [(f(x, z, η) − ⟨λ(B), s⟩ − λ(c)) s̃Wmm′ ,l]

∂♡

+∑
l

∂L

∂Bl
λ′(Bl)

∂ [(f(x, z, η) − ⟨λ(B), s⟩ − λ(c)) sl]
∂♡

+ ∂L

∂c
λ′(c)∂ [(f(x, z, η) − ⟨λ(B), s⟩ − λ(c))]

∂♡
. (4.16)
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In particular, we shall have

∂Q

∂s̃Aij ,k
= ∂L

∂Aij
(f(x, z, η) − ⟨λ(B), s⟩ − λ(c))λ(Bk) (4.17)

∂Q

∂s̃W ij ,k
= ∂L

∂W ij
(f(x, z, η) − ⟨λ(B), s⟩ − λ(c))λ(Bk) (4.18)

∂Q

∂sk
= −λ(Bk)[ ∑

ℓ,ℓ′,l

∂L

∂Aℓℓ′
λ(Bl)s̃A

ℓℓ′ ,l + ∑
m,m′,l

∂L

∂Wmm′
λ(Bl)s̃W

mm′ ,l +∑
l

∂L

∂Bl
λ′(Bl)sl + ∂L

∂c
λ′(c)]

+ (f(x, z, η) − ⟨λ(B), s⟩ − λ(c)) ∂L

∂Bk
λ′(Bk). (4.19)

Since the entries are all smooth in h, and that h ∈ R (a compact set), so I(h; θ) is h-globally
Lipschitz in R.

Lemma 4.7. The solution u(h; θ) to the Poisson equation (4.1) is differentiable in θ and ∂u
∂θ (h; θ)

is uniformly bounded with respect to θ ∈ Θ and h ∈ X .

Proof. Recall that by Lemma 4.2 the following is a solution to the Poisson equation (4.1)

V (h; θ) =
∞
∑
t=0
(∫R

Q(h; θ)P t
θ(h, dh) − ∫R

Q(h; θ)µθ(dh)) =
∞
∑
t=0
[E[Q(Ht, θ)] − ∫R

Q(h; θ)µθ(dh)] .

We are interested in bounding ∇θV (h; θ). Define

ϕt(h, θ) = E[Q(Ht, θ)] − ∫R
Q(h; θ)µθ(dh).

Then,

∇θϕt = ∇θE[Q(Ht; θ)] − ∇θ ∫R
Q(h; θ)µθ(dh). (4.20)

We have shown that ∇θE[Q(Ht; θ)] = E[I(Ht; θ)]. Since I is globally h-Lipschitz with Lipschitz
constant independent of θ, we can make use of the uniform geometric convergence rate by Theorem
3.11 to exchange differentiation and integral signs. In fact, there shall be a coupling γθh,t between

P t
θ(h, ⋅) and µθ(⋅) such that

[Wass2(P t
θ(h, ⋅), µ

θ(⋅))]2 = ∫ ∥h − h′∥2max γ
θ
h,t(dh, dh

′) ≤ Cq2t, (4.21)

so

∣∇θE[Q(Ht; θ)] − ∫R
I(h; θ)µθ(dh)∣ = ∣∫R

I(h; θ)P t
θ(h, dh) − ∫R

I(h; θ)µθ(dh)∣

≤
√
dθ ∥∫R

I(h; θ)P t
θ(h, dh) − ∫R

I(h; θ)µθ(dh)∥
max

≤
√
dθ ∫R

∥I(h; θ) − I(h′; θ)∥
max

γθh,θ(dh, dh
′)

≤ CN,d q
t t→∞→ 0, (4.22)

where CN,d is the Lipschitz constant of the function I as obtained in Lemma 4.6. The convergence
is uniform, so:

∇θ [∫R
Q(h; θ)µθ(dh)] = lim

t→∞E [I(Ht; θ)] . (4.23)
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The bound also shows that ∣∂ϕt

∂θ (h, θ)∣ is uniformly bounded with respect to θ ∈ Θ and h ∈ X . Let

us now return to study ∂V
∂θ (h; θ).

∂V

∂θ
(h; θ) = ∂

∂θ
[
∞
∑
t=0

ϕt(h; θ)].

Due to the dominated convergence theorem,

∂V

∂θ
(h; θ) =

∞
∑
t=0

∂ϕt

∂θ
(h; θ).

Due to the bound (4.22), we have the uniform bound

∣∂V
∂θ
(h; θ)∣ ≤ CN,d,

where CN,d is independent of θ ∈ Θ and h ∈ R.

5 A-priori Bounds for Convergence Analysis

Let us now consider the evolution of the loss function L(θt) during training:

L(θt+1) −L(θt) = ∇θL(θt)⊺(θt+1 − θt) + (θt+1 − θt)⊺Hess θL(θ∗t )(θt+1 − θt)

= −αt∇θL(θt)⊺(∇θL(θt) − (Gt −∇θL(θt))) +Rt

= −αt∇θL(θt)⊺∇θL(θt) + αt∇θL(θt)⊺(Gt −∇θL(θt)) +Rt, (5.1)

where Rt = (θt+1 − θt)⊺Hess θL(θ∗t )(θt+1 − θt) and

Gt = −(f(Xt, Zt, ηt) − ⟨λ(Bt), S̄t⟩ − λ(ct)) ×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

∑k λ(Bk
t )Ŝ

A,k
t

∑k λ(Bk
t )Ŝ

W,k
t

λ′(Bt) ⊙ S̄t

λ′(ct)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

We recall Q(h; θ) = ∇θL(θ)⊺g(h; θ) and

g(h; θ) = (f(x, z, η) − ⟨λ(B), s⟩ − λ(c)) ×

⎡⎢⎢⎢⎢⎢⎢⎢⎣

∑k λ(Bk)vec(s̃A,k)
∑k λ(Bk)vec(s̃W,k)

λ′(B) ⊙ s
λ′(c)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

.

If we define the joint process with online estimates of forward derivatives

Ĥt = (Xt, Zt, S̄t, Ŝt, ηt) (5.2)

Then, we can write

Gt = g(Ĥt; θt),
∇θL(θt)⊺(Gt −∇θL(θt)) = Q(Ĥt, θt) − ∇θL(θt)⊺∇θL(θt).
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Due to equation (3.71), we can show that

∫ Q(h, θ)µθ(h) = ∫ [∇θL(θ)⊺g(h; θ)] µθ(dh) = ∇θL(θ)⊺ [∫ g(h; θ)µθ(h)] = ∇θL(θ)⊺∇θL(θ).

Therefore:

αt∇θL(θt)⊺(Gt −∇θL(θt)) = αt [Q(Ĥt, θt) − ∫ Q(h; θ)µθt(dh)] (5.3)

= αt [u(Ĥt; θt) − ∫X
u(h; θt)Pθt(Ĥt, dh)] , (5.4)

where u(h; θ) is a solution to the Poisson equation (4.1), which is shown to be uniformly bounded.
We have shown in Lemmas 4.4 and 4.5 that the function Q is bounded and Lipschitz in h. Using

these bounds, we can now return to analyzing equation (5.1) using (5.4). In particular, summing
(5.1) yields

L(θT ) = L(θ0) −
T−1
∑
t=0

αt∇θL(θt)⊺∇θL(θt) +
T−1
∑
t=0

αt [u(Ĥt; θt) − ∫R
u(h; θt)Pθt(Ĥt, dh)] +

T−1
∑
t=0

Rt.

We shall now prove the following proposition on the behavior of fluctuation and remainder
terms.

Proposition 5.1. Assume that Assumptions 2.3, 2.10 and 2.14 hold. There is a finite constant
C < ∞ that is independent of 1 ≤ T < ∞ such that

T−1
∑
t=0

E ∣αt(u(Ĥt; θt) − ∫R
u(h; θt)Pθt(Ĥt, dh)) +Rt∣ ≤ C.

The proof of Proposition 5.1 will be presented later in this section and it is a consequence of a
number of intermediate results. In the lemmas that follow in this section, Assumptions 2.3, 2.10
and 2.14 will be assumed to hold throughout. The first step is to use the decomposition

T−1
∑
t=0

αt [u(Ĥt; θt) − ∫R
u(h; θt)Pθt(Ĥt, dh)] = Q1

T +Q2
T +R1

0, (5.5)

where

Q1
T =

T−1
∑
t=1

αt (u(Ĥt; θt) − ∫R
u(h; θt)Pθt(Ĥt−1, dh)) ,

Q2
T =

T−1
∑
t=1

αt (∫R
u(h; θt)Pθt(Ĥt−1, dh) − ∫R

u(h; θt)Pθt(Ĥt, dh)) ,

R1
j = αj (u(Ĥj ; θj) − ∫R

u(h; θj)Pθj(Ĥj , dh)) . (5.6)

Furthermore, we will decompose Q1
T into two more terms Q1

T = Q
1,A
T +Q1,B

T , where

Q1,A
T =

T−1
∑
t=1

αt (∫R
u(h; θt)Pθt−1(Ĥt−1, dh) − ∫R

u(h; θt)Pθt(Ĥt−1, dh)) ,

Q1,B
T =

T−1
∑
t=1

αt (u(Ĥt; θt) − ∫R
u(h; θt)Pθt−1(Ĥt−1, dh)) , (5.7)
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Since u(h; θ) is uniformly bounded by Lemma 4.2, hence

∣R1
j ∣ ≤ Cαj < ∞, (5.8)

where the C does not depend upon θ, T , or j.
In the lemmas that follow we analyze the terms Q1,A

T , Q1,B
T , Q2

T and RT . These yield the proof
of Proposition 5.1.

Lemma 5.2. For T > i, define

Q1,A
i,T =

T−1
∑
t=i

αt (∫R
u(h; θt)Pθt−1(Ĥt−1, dh) − ∫R

u(h; θt)Pθt(Ĥt−1, dh)) =
T−1
∑
t=i

Q1,A(t). (5.9)

Note that Q1,A
T = Q1,A

1,T . Then, there are constants C,C1 < ∞ independent of T so that

∣Q1,A
i,T ∣ ≤

T−1
∑
t=i
∣Q1,A(t)∣ ≤ C < ∞,

where ∣Q1,A(t)∣ ≤ C1α
2
t .

Proof. From Lemma 4.3, u(h; θ) is globally Lipschitz in h for h ∈ X . Thus we have

∣Q1,A(t)∣ = ∣∫ u(x, z, F θt−1
S (Xt−1, Zt−1, S̄t−1, Ŝt−1), F θt−1

S̃
(Xt−1, Zt−1, S̄t−1, Ŝt−1); θt)℘(Xt−1, Zt−1, dx, dz)µη(dη)

− ∫ u(x, z, F θt
S (Xt−1, Zt−1, S̄t−1, Ŝt−1), F θt

S̃
(Xt−1, Zt−1, S̄t−1, Ŝt−1); θt)℘(Xt−1, Zt−1, dx, dz)µη(dη)∣

≤ C( ∥F θt−1
S (Xt−1, Zt−1, S̄t−1, Ŝt−1) − F θt

S (Xt−1, Zt−1, S̄t−1, Ŝt−1)∥max

∨ ∥F θt−1
S̃
(Xt−1, Zt−1, S̄t−1, Ŝt−1) − F θt

S̃
(Xt−1, Zt−1, S̄t−1, Ŝt−1)∥

max
)

We can now calculate bounds on the difference ∥F θt−1(⋅) − F θt(⋅)∥max. In the calculations below,
the finite constant C may change from line to line.

∥F θt−1
S (Xt−1, Zt−1, S̄t−1, Ŝt−1) − F θt

S (Xt−1, Zt−1, S̄t−1, Ŝt−1)∥max

=max
k
∣σ (1

d
⟨ϕ(Ak,∶

t−1),Xt−1⟩ +
1

N
⟨ϕ(W k,∶

t−1), S̄t−1⟩) − σ (
1

d
⟨ϕ(Ak,∶

t ),Xt−1⟩ +
1

N
⟨ϕ(W k,∶

t ), S̄t−1⟩)∣

≤max
k

1

4
[1
d

N

∑
ℓ=1
∣ϕ(Akℓ

t−1) − ϕ(Akℓ
t )∣ ∣Xℓ

t−1∣ +
1

N

N

∑
ℓ=1
∣ϕ(W kℓ

t−1) − ϕ(W kℓ
t )∣ ∣S̄ℓ

t−1∣]

≤max
k

1

4
[1
d

N

∑
ℓ=1

Cϕ′ ∣Akℓ
t−1 −Akℓ

t ∣ +
1

N

N

∑
ℓ=1

Cϕ′ ∣W kℓ
t−1 −W kℓ

t ∣]

(∗)
≤ Cαt−1, (5.10)
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where (∗) is from Lemma 3.14, which yields that ∥θt − θt−1∥max ≤ Cαt−1. Moreover,

∥F θt−1
Aij ,k
(Xt−1, Zt−1, S̄t−1, Ŝt−1) − F θt

Aij ,k
(Xt−1, Zt−1, S̄t−1, Ŝt−1)∥max

= ∣σ′ (1
d
⟨ϕ(Ak,∶

t−1),Xt−1⟩ +
1

N
⟨ϕ(W k,∶

t−1), S̄t−1⟩) − σ′ (
1

d
⟨ϕ(Ak,∶

t ),Xt−1⟩ +
1

N
⟨ϕ(W k,∶

t ), S̄t−1⟩)∣

× ∣1
d
δikϕ

′(Aij
t−1)X

j
t−1 +

1

N

N

∑
ℓ=1

ϕ(W k,ℓ
t−1)Ŝ

Aij ,ℓ
t−1 ∣

+ ∣σ′ (1
d
⟨ϕ(Ak,∶

t ),Xt−1⟩ +
1

N
⟨ϕ(W k,∶

t ), S̄t−1⟩)∣ ∣
1

d
δik(ϕ′(Aij

t−1) − ϕ
′(Aij

t ))X
j
t−1 +

1

N

N

∑
ℓ=1
(ϕ(W kℓ

t−1) − ϕ(W kℓ
t ))Ŝ

Aij ,ℓ
t−1 ∣

≤ 3

10
∣1
d

N

∑
ℓ=1
(ϕ(Akℓ

t−1) − ϕ(Akℓ
t ))Xℓ

t−1 +
1

N

N

∑
ℓ=1
(ϕ(W kℓ

t−1) − ϕ(W kℓ
t ))S̄ℓ

t−1∣

× 1

4
∣1
d
δik(ϕ′(Aij

t−1) − ϕ
′(Aij

t ))X
j
t−1 +

1

N

N

∑
ℓ=1
(ϕ(W kℓ

t−1) − ϕ(W kℓ
t ))Ŝ

Aij ,ℓ
t−1 ∣

(∗)
≤ Cαt−1. (5.11)

∥F θt−1
W ij ,k

(Xt−1, Zt−1, S̄t−1, Ŝt−1) − F θt
Aij ,k
(Xt−1, Zt−1, S̄t−1, Ŝt−1)∥max

= ∣σ′ (1
d
⟨ϕ(Ak,∶

t−1),Xt−1⟩ +
1

N
⟨ϕ(W k,∶

t−1), S̄t−1⟩) − σ′ (
1

d
⟨ϕ(Ak,∶

t ),Xt−1⟩ +
1

N
⟨ϕ(W k,∶

t ), S̄t−1⟩)∣

× ∣1
d
δikϕ

′(W ij
t−1)S̄

j
t−1 +

1

N

N

∑
ℓ=1

ϕ(W k,ℓ
t−1)Ŝ

W ij ,ℓ
t−1 ∣

+ ∣σ′ (1
d
⟨ϕ(Ak,∶

t ),Xt−1⟩ +
1

N
⟨ϕ(W k,∶

t ), S̄t−1⟩)∣ ∣
1

d
δik(ϕ′(W ij

t−1) − ϕ
′(W ij

t ))X
j
t−1 +

1

N

N

∑
ℓ=1
(ϕ(W kℓ

t−1) − ϕ(W kℓ
t ))Ŝ

W ij ,ℓ
t−1 ∣

≤ 3

10
∣1
d

N

∑
ℓ=1
(ϕ(Akℓ

t−1) − ϕ(Akℓ
t ))Xℓ

t−1 +
1

N

N

∑
ℓ=1
(ϕ(W kℓ

t−1) − ϕ(W kℓ
t ))S̄ℓ

t−1∣

× 1

4
∣1
d
δik(ϕ′(W ij

t−1) − ϕ
′(W ij

t ))S̄
j
t−1 +

1

N

N

∑
ℓ=1
(ϕ(W kℓ

t−1) − ϕ(W kℓ
t ))Ŝ

W ij ,ℓ
t−1 ∣

(∗)
≤ Cαt−1. (5.12)

Consequently, we have for some finite constant C < ∞ that may change from line to line

∣Q1,A
i,T ∣ ≤

T−1
∑
t=i
∣Q1,A(t)∣

≤ C
T−1
∑
t=i

αtαt−1

≤ C < ∞. (5.13)

Lemma 5.3. Define

Mt = u(Ht; θt) − ∫X
u(h′; θt)Pθt−1(Ĥt−1, dh), (5.14)
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and for T > j,

Q1,B
j,T =

T−1
∑
t=j

αtMt. (5.15)

Note that Q1,B
T = Q1,B

1,T . Then, there are constants C,C1 < ∞ independent of T so that

E[(Q1,B
j,T )

2] ≤ C1

T−1
∑
t=j

α2
t ≤ C < ∞.

The constant C does not depend upon T or j.

Proof. We start by writing

E [(Q1,B
j,T )

2] = E
⎡⎢⎢⎢⎢⎣

T−1
∑
i=j

T−1
∑
t=j

αtαiMtMi

⎤⎥⎥⎥⎥⎦

=
T−1
∑
i=j

T−1
∑
t=j

αtαiE[MtMi]

=
T−1
∑
i=j

∑
t>i,t≤T−1

αtαiE[MtMi] +
T−1
∑
t=j

∑
i>t,i≤T−1

αtαiE[MtMi] +
T−1
∑
t=j

α2
tE[M2

t ]. (5.16)

Note that the joint process (Ĥt, θt) is Markov (in fact θt+1 = θt − αtg(Ĥt; θt) is a deterministic
function of (Ĥt, θt)). Using iterated expectations, we can show that if t > i:

E [Mt∣Ĥi−1, θi−1] = E [E [Mt∣Ĥt−1, θt−1] ∣Ĥi−1, θi−1]

= E [E [u(Ĥt; θt) − ∫R
u(h; θt)Pθt−1(Ht−1, dh)∣Ĥt−1, θt−1] ∣Ĥi−1, θi−1]

= E [E [u(Ĥt; θt)∣Ĥt−1, θt−1] − ∫R
u(h; θt)Pθt−1(Ĥt−1, dh)∣Ĥi−1, θi−1] . (5.17)

We note that

E [u(Ĥt; θt)∣Ĥt−1, θt−1]

= E [u(Xt, Zt, F
θt−1
S (Xt−1, Zt−1, S̄t−1, Ŝt−1), F θt−1

S̃
(Xt−1, Zt−1, S̄t−1, Ŝt−1); θt)∣Ĥt−1, θt−1]

= ∫ u(x, z, F θt−1
S (Xt−1, Zt−1, S̄t−1, Ŝt−1), F θt−1

S̃
(Xt−1, Zt−1, S̄t−1, Ŝt−1); θt))℘(Xt−1, Zt−1, dx, dz)

= ∫ u(h; θt)Pθt−1(Ĥt−1, dh). (5.18)

Therefore for all t > i,
E [Mt∣Ĥi−1, θi−1] = 0. (5.19)

Using iterated expectations again,

T−1
∑
i=j

∑
t>i,t≤T−1

αtαiE[MtMi] =
T−1
∑
i=j

∑
t>i,t≤T−1

αtαiE [E [MtMi∣Ĥi−1, θi−1]]

=
T−1
∑
i=j

∑
t>i,t≤T−1

αtαiE [MiE [Mt∣Ĥi−1, θi−1]]

= 0. (5.20)
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Similarly, we have
T−1
∑
t=1

∑
i>t,i≤T−1

αtαiE[MtMi] = 0. (5.21)

Since by Lemma 4.2 u(h; θ) is uniformly bounded, E[M2
t ] < C < ∞, where C is uniform in t.

Therefore, since ∑∞t=0 α2
t < ∞,

E [(Q1,B
j,T )

2] ≤
T−1
∑
t=j

α2
tE[M2

t ] ≤ C
T−1
∑
t=j

α2
t < ∞, (5.22)

which proves the uniform bound (5.16).

Lemma 5.4. Define

Q2
j,T =

T−1
∑
t=j

αt (∫R
u(h′; θt)Pθt(Ĥt−1, dh) − ∫R

u(h; θt)Pθt(Ĥt, dh)) . (5.23)

Note that Q2
T = Q2

1,T . Then, there are constants C,C1 < ∞ independent of T so that

∣Q2
j,T ∣ ≤ C1

T−2
∑
t=j

αt+1αt + αjC2 ≤ C < ∞. (5.24)

The constant C does not depend upon T or j.

Proof. We begin by decomposing Q2
j,T into several terms:

Q2
j,T =

T−1
∑
t=j

αt (∫R
u(h; θt)Pθt(Ĥt−1, dh) − ∫R

u(h; θt)Pθt(Ĥt, dh))

= αj ∫R
u(h; θj)Pθj(Ĥj−1, dh) +

T−1
∑

t=j+1
αt∫R

u(h; θt)Pθt(Ĥt−1, dh) −
T−1
∑
t=j

αt∫R
u(h; θt)Pθt(Ĥt, dh)

= αj ∫R
u(h; θj)Pθj(Ĥj−1, dh) +

T−2
∑
t=j

αt+1∫R
u(h; θt+1)Pθt+1(Ĥt, dh) −

T−1
∑
t=j

αt∫R
u(h; θt)Pθt(Ĥt, dh)

=
T−2
∑
t=j
[αt+1∫R

u(h; θt+1)Pθt+1(Ĥt, dh) − αt∫R
u(h; θt)Pθt(Ĥt, dh)] +R2

j,T

=
T−2
∑
t=j

αt+1∫R
u(h; θt+1)(Pθt+1(Ĥt, dh) − Pθt(Ĥt, dh)) +

T−2
∑
t=j
(αt+1 − αt)∫R

u(h; θt+1)Pθt(Ĥt, dh)

+
T−2
∑
t=j

αt∫R
(u(h; θt+1) − u(h; θt))Pθt(Ĥt, dh) +R2

j,T , (5.25)

where
R2

j,T = αj ∫X
u(h′; θj)Pθj(dh

′∣Hj−1) + αT−1∫X
u(h; θT−1)PθT−1(ĤT−1, dh). (5.26)

Since by Lemma 4.2 u(h; θ) is uniformly bounded by some constant C < +∞ and αt is monotonically
decreasing,

∣R2
j,T ∣ ≤ Cαj . (5.27)
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For the same reason, we shall also have

RRRRRRRRRRR

T−2
∑
t=j
(αt+1 − αt)∫R

u(h; θt+1)Pθt(Ĥt, dh)
RRRRRRRRRRR
≤ C

T−2
∑
t=j
(αt − αt+1) ≤ Cαj .

Recall from equation (3.62) that ∥θt+1 − θt∥max < Cαt. Due to the uniform bound from Lemma
4.7 and the Remark 2.15 ∑∞t=1 αt+1αt < ∞, we can prove the second term is bounded:

RRRRRRRRRRR

T−2
∑
t=j

αt+1∫R
(u(h; θt+1) − u(h; θt))Pθt(Ht, dh)

RRRRRRRRRRR
≤

T−2
∑
t=j

αt+1∫R
C ∥∂u

∂θ
(h; θ∗t )∥

max
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
≤C (by Lemma 4.7)

∥θt+1 − θt∥max
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

≤Cαt

Pθt(Ĥt, dh)

≤ C
T−2
∑
t=j

αt+1αt ≤ C < ∞.

The first term can also be bounded in the same way as Lemma 5.2, noticing that

∣∫R
u(h; θt+1)(Pθt+1(Ĥt, dh) − Pθt(Ĥt, dh))∣

= ∣∫ u(x, z, F θt+1
S (Xt, Zt, S̄t, Ŝt), F θt+1

S̃
(Xt, Zt, S̄t, Ŝt); θt+1)℘(Xt, Zt, dx, dz)µη(dη)

− ∫ u(x, z, F θt
S (Xt, Zt, S̄t, Ŝt), F θt

S̃
(Xt, Zt, S̄t, Ŝt); θt+1)℘(Xt, Zt, dx, dz)µη(dη)∣

≤ C( ∥F θt+1
S (Xt, Zt, S̄t, Ŝt) − F θt

S (Xt, Zt, S̄t, Ŝt)∥max
∨ ∥F θt+1

S̃
(Xt, Zt, S̄t, Ŝt) − F θt

S̃
(Xt, Zt, S̄t, Ŝt)∥

max
),

as u(h; θ) is globally Lipschitz in h (with Lipschitz constant Lu uniform in θ) by Lemma 4.3.
Consequently,

RRRRRRRRRRR

T−2
∑
t=j

αt+1∫R
u(h; θt+1)(Pθt+1(Ĥt, dh) − Pθt(Ĥt, dh))

RRRRRRRRRRR
≤ C

T−2
∑
t=j

αt+1αt < ∞. (5.28)

The finite constant C < ∞ may change from line to line. Combining these bounds proves the
uniform bound (5.24).

Lemma 5.5. For any j < T , the remainder term Rt satisfies

T−1
∑
t=j
∣Rt∣ ≤ C1

T−1
∑
t=j

α2
t ≤ C < ∞.

The constant C does not depend upon T or j.

Proof. We recall that Rt = (θt+1 − θt)⊺Hess θL(θ∗t )(θt+1 − θt) where Hθ(θ) is the Hessian matrix of
L(θ). Let us recall that θ = {A,W,B,C} ∈ Θ, with Θ = Rdθ where dθ = N × d + N × N + N + d
is be the dimension of the parameter space Θ. If ♢ and ♡ are the labels of the parameters (i.e.,
Aij ,W ij ,Bi or Ci), then

Rt = (θt+1 − θt)⊺Hθ(θ∗t )(θt+1 − θt)

= ∑
♡,♢
(θ♡t+1 − θ♡t )

∂2L(θ∗t )
∂♡∂♢

(θ♢j − θ♢j ) (5.29)
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By Corollary 3.17 we have that the second order partial derivatives
∂2L(θ∗t )
∂♡∂♢ are uniformly bounded.

Namely, there is some finite constant C < ∞ so that for all i, j ∈ {1,⋯, dΘ}

∥∂
2L(θ∗t )
∂♡∂♢

∥ ≤ C. (5.30)

This, together with the bound (3.62) and the assumption ∑∞t=0 α2
t < ∞ yields

T−1
∑
t=j
∣Rt∣ ≤ Cdθ

T−1
∑
t=j
∣θt+1 − θt∣max

2 ≤ C
T−1
∑
t=j

α2
t < ∞,

for some constant C < ∞ that may differ from line to line but is uniform in time. This completes
the proof of the lemma.

We are now ready to prove Proposition 5.1.

Proof. (of Proposition 5.1) The proof follows immediately by triangle inequality and using the
bounds from Lemmas 5.2, 5.3, 5.4 and 5.5.

6 Convergence as t→∞

We will now prove convergence of the RTRL algorithm as t→∞. Recall that

L(θt+1) = L(θt) − αt∇θL(θt)⊺∇θL(θt) + αt∇θL(θt)⊺(Gt −∇θL(θt)) +Rt. (6.1)

Recalling Proposition 5.1 this representation suggests potential convergence of θt to critical points
of L(θ). In particular, in this section we establish Theorem 6.1.

Theorem 6.1. Assume that Assumptions 2.3, 2.10 and 2.14 hold. Then, we have that

lim
t→∞E∥∇θL(θt)∥2 = 0.

This theorem builds on some intermediate estimates that collectively lead to the statements
for the liminf and the limsup of Lemmas 6.3 and 6.4 respectively that then directly yield the
convergence theorem.

Lemma 6.2. Assume that Assumptions 2.3, 2.10 and 2.14 hold. E[L(θt)] converges to a finite
value as t→∞ and ∑∞t=0 αtE[∇θL(θt)⊺∇θL(θt)] < ∞.

Proof. We adapt the proof from Lemma 1 in [15] to prove this lemma.
Let i < T . The evolution of the loss function from time step i to T satisfies:

L(θT ) = L(θi) −
T−1
∑
t=i

αt∇θL(θt)⊺∇θL(θt) +
T−1
∑
t=i

αt (u(Ĥt; θt) − ∫R
u(h; θt)Pθt(Ĥt, dh)) +

T−1
∑
t=i

Rt

= L(θi) −
T−1
∑
t=i

αt∇θL(θt)⊺∇θL(θt) +Q1,A
i+1,T +Q

1,B
i+1,T +Q

2
i+1,T +R1

i +
T−1
∑
t=i

Rt. (6.2)
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Taking an expectation of (6.2) and using the Cauchy-Schwarz inequality yields:

E[L(θT )] = E[L(θi)] −
T−1
∑
t=i

αtE[∇θL(θt)⊺∇θL(θt)]

+ E[∣Q1,A
i+1,T ∣] +E[∣Q

1,B
i+1,T ∣

2]
1
2

+E[∣Q2
i+1,T ∣] +E[∣R1

i ∣]

+
T−1
∑
t=i

E[∣Rt∣]. (6.3)

Then, applying the bounds from equation (5.8) and Lemmas 5.2, 5.5, 5.3 and 5.24, the evolution
of the loss function satisfies the following bound:

E[L(θT )] ≤ E[L(θi)] −
T−1
∑
t=i

αtE[∇θL(θt)⊺∇θL(θt)] +C1αi +C2

T−1
∑
t=i

α2
t +C3(

T−1
∑
t=i

α2
t )

1
2 . (6.4)

Since the second term on the right hand side of (6.4) is non-positive,

E[L(θT )] ≤ E[L(θi)] +C1αi +C2

T−1
∑
t=i

α2
t +C3(

T−1
∑
t=i

α2
t )

1
2 .

The above inequality implies that

lim sup
T→∞

E[L(θT )] ≤ E[L(θi)] +C1αi +C2

∞
∑
t=i

α2
t +C3(

∞
∑
t=i

α2
t )

1
2 < ∞. (6.5)

Since ∑s
t=0 α2

t is monotone increasing in s and ∑∞t=0 α2
t < C < ∞, the monotone convergence

theorem implies that it must converge to a finite value L as s → ∞. Then, ∑∞t=i α2
t = L − ∑i−1

t=0 α2
t

and limi→∞∑∞t=i α2
t = 0. Therefore,

lim sup
T→∞

E[L(θT )] ≤ lim inf
i→∞

E[L(θi)] < ∞. (6.6)

Therefore, since L(θ) is non-negative, E[L(θT )] converges to a finite value. Furthermore, using

the bound (6.4) and letting T →∞,

∞
∑
t=0

αtE[∇θL(θt)⊺∇θL(θt)] ≤ − lim
T→∞

E[L(θT )] +E[L(θ0)] +C1α0 +C2

∞
∑
t=0

α2
t +C3(

∞
∑
t=0

α2
t )

1
2

≤ E[L(θ0)] +C1α0 +C2

∞
∑
t=0

α2
t +C3(

∞
∑
t=0

α2
t )

1
2

≤ C < ∞.

Lemma 6.3. Assume that Assumptions 2.3, 2.10 and 2.14 hold. We have that

lim inf
t→∞ E∥∇θL(θt)∥2 = 0. (6.7)
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Proof. The proof of this lemma is standard and follows directly from Lemma 6.2. Indeed, let us
assume that there is some constant η > 0 so that for some τ > 0 and for all t ≥ τ we have that
E∥∇θL(θt)∥22 ≥ η. Then, we naturally have that

∞
∑
t=τ

αtE∥∇θL(θt)∥22∥ ≥ η
∞
∑
t=τ

αt = ∞, (6.8)

which contradicts the statement of Lemma 6.2. This concludes the proof of the lemma.

Lemma 6.4. Assume that Assumptions 2.3, 2.10 and 2.14 hold. We have that

lim sup
t→∞

E∥∇θL(θt)∥2 = 0. (6.9)

Proof. The proof of this result is classical and largely follows the proof of Proposition 1 in [15]
modulo some necessary adjustments due to the differences on the setup. We present the full details
for completeness.

Let us assume that lim supt→∞E∥∇θL(θt)∥2 > 0. This means that there is some η > 0 such that
E∥∇θL(θt)∥2 < η/2 for infinitely many t and E∥∇θL(θt)∥2 > η for infinitely many t. This means
that there is an infinite subset of integers B ⊂ N+ so that for all t ∈ B there is some t̂ > t with the
properties

E∥∇θL(θt)∥2 <
η

2
E∥∇θL(θt̂)∥2 > η

η

2
< E∥∇θL(θs)∥2 < η, for s ∈ (t, t̂).

Clearly t̂ depends on t, but we do not show this explicitly in the notation. By Corollary 3.17,
∇θL(θ) is globally Lipschitz in ℓ2 norm, so we have

E∥∇θL(θt+1)∥2 −E∥∇θL(θt)∥2 ≤ E∥∇θL(θt+1) − ∇θL(θt)∥2
≤ L∇L∥θt+1 − θt∥2
≤ L∇LCαt,

where L∇L denotes the global Lipschitz constant of ∇L(θ) and where we used (3.62) in the last
line.

Let now t ∈ B large enough so that L∇LCαt < η
4 . Then, we shall have that E∥∇θL(θt)∥2 > η

4 ,
otherwise the condition E∥∇θL(θt+1)∥2 > η

2 will be violated. Hence, for all t ∈ B we shall have that
E∥∇θL(θt)∥2 > η

4 . Next, with that bound in mind, we have the following estimate for all t ∈ B
η

2
≤ E∥∇θL(θt̂)∥2 −E∥∇θL(θt)∥2

≤ E∥∇θL(θt̂) − ∇θL(θt)∥2
≤ L∇L∥θt̂ − θt∥2

≤ L∇LC
t̂−1
∑
s=t

αs,

which then implies that

lim inf
t→∞

t̂−1
∑
s=t

αs ≥
η

2L∇LC
> 0. (6.10)
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Now, going back to (6.1) we get

E [L(θt̂)] = E [L(θt)] −
t̂−1
∑
s=t

αsE [∥∇θL(θs)∥22] +
t̂−1
∑
s=t

E [αs∇θL(θs)⊺(Gs −∇θL(θs)) +Rs]

≤ E [L(θt)] − (
η

4
)
2 t̂−1
∑
s=t

αs +
t̂−1
∑
s=t

E [αs∇θL(θs)⊺(Gs −∇θL(θs)) +Rs] .

This then gives the inequality

t̂−1
∑
s=t

αs ≤
16

η2

⎡⎢⎢⎢⎢⎣
E [L(θt)] −E [L(θt̂)] +

t̂−1
∑
s=t

E [αs∇θL(θs)⊺(Gs −∇θL(θs)) +Rs]
⎤⎥⎥⎥⎥⎦
.

Using now the fact that E [L(θt)] converges to a finite value as t → ∞ via Lemma 6.2 and
the uniform boundedness of ∑∞s=0E [αs∇θL(θs)⊺(Gs −∇θL(θs)) +Rs], which follows from (5.4) and
Proposition 5.1, we obtain that

lim
t→∞,t∈B

t̂−1
∑
s=t

αs = 0,

which contradicts (6.10). Hence, we shall indeed have that lim supt→∞E∥∇θL(θt)∥2 = 0 as desired.

7 Numerical Examples

In this section, we compare the numerical performance of the RTRL algorithm with the more
widely-used TBPTT algorithm for several examples. Section 7.1 evaluates the performance of
RTRL for linear RNNs on synthetic data. Section 7.2 evaluates RTRL performance for single-layer
RNNs (with the Elman architecture) on synthetic data. A comparison of RTRL and TBPTT for
neural ODEs is provided in Section 7.3. RTRL is compared with TBPTT for several different
small-scale RNN architectures for natural language processing (NLP) on a sequence of length 1
million characters in Section 7.4. Section 7.5 compares RTRL with TBPTT on financial time series
data for the order book of a stock.

In each of these cases, we focus on relatively small models (in terms of the number of parameters
and hidden units) when comparing RTRL and TBPTT. Of course, deep learning has found that
generally large models can perform better (e.g., millions of parameters), where RTRL would not
be computationally tractable. Our objective here is therefore limited to evaluating whether, for a
series of fixed problems, RTRL performs better than TBPTT. Improved computational performance
would motivate (A) further research into computationally tractable approximations of RTRL for
large-scale problems and (B) the application of RTRL to problems where small or medium-scal
models are appropriate (i.e., limited or noisy data where large models may overfit).

7.1 Linear RNNs

Consider the linear RNN

St+1 = St +WSt∆ +BXt

√
∆,

Ŷt = ASt+1,

LT (θ) =
1

T

T

∑
t=1
(Ŷt − Yt)2, (7.1)
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where Yt is generated from the process

S∗t+1 = S∗t +W ∗S∗t ∆ +B∗Xt

√
∆,

Yt = A∗S∗t+1. (7.2)

(7.1) can be considered a (linear) neural SDE with time step size ∆ or, alternatively, it can be
re-written in the standard form of a linear RNN by recognizing that St+1 = W̄St + B̄Xt where
W̄ = I −W∆ and B̄ = B

√
∆. To ensure ergodicity of St, we would need to constrain the d × d

matrix W to be negative definite (assuming a sufficiently small time step size ∆). There are various
approaches which could be implemented. W = −θ⊺θ where θ is a d × d matrix parameters would
guarantee that W is negative semi-definite. A slightly more mathematically elegant construction of
a negative definite matrix is W = − exp(θ⊺θ). In the following examples, we do not however impose
any constraints on the matrix W and simply let the RTRL/TBPTT algorithms try to directly learn
an appropriate matrix parameter.

In the following numerical example, the data Xt is a 2 × 1 vector with an i.i.d. Gaussian
distribution, W is a 10 × 10 matrix, B is a 10 × 2 matrix, A is a 1 × 10 vector, and ∆ = 10−2.
The objective is to train the parameters θ = (W,B,A) to minimize the error LT (θ). The true
parameters θ∗ = (W ∗,B∗,A∗), which are used to generate the data Yt, are randomly initialized.
W ∗ is constructed from a Wishart distribution such that it is positive definite while B∗ and A∗ have
i.i.d. standard normal elements. Before each training run, the model parameters θ are randomly
initialized. The time step size ∆ = 10−2.

The specific construction for the Wishart distribution of W ∗ is:

W ∗ =
n

∑
i=1

G(i)(G(i))⊺, (7.3)

where G(i) is a 10 × 1 i.i.d. standard Gaussian vector and n = 20.
We compare the standard TBPTT and RTRL algorithms for training the parameters θ using

a mini-batch size of 103. Optimization updates are performed using the RMSprop algorithm with
an initial learning rate magnitude LR0, which is gradually reduced according to a learning rate
schedule. Figure 1 compares RTRL and TBPTT for several different initial learning rate magnitudes
and choices of truncation length τ for TBPTT. Typically, RTRL performs better than TBPTT.
In several cases, TBPTT becomes unstable (hence the log-loss logLT (θ) is only plotted for a few
training iterations in some of the figures). In particular, TBPTT seems to require a very carefully
selected choice of learning rate magnitude and truncation τ to achieve good performance. Increasing
the standard deviation of the data sequence Xt by a factor of 4, we re-train the linear RNN with
the RTRL and TBPTT algorithms in Figure 2. RTRL outperforms TBPTT, typically achieving a
much smaller loss.

7.2 Single-layer RNNs

We now consider a single-layer RNN with the standard Elman network architecture. Specifically,

St+1 = σ(WSt +BXt),
Ŷt = ASt+1,

LT (θ) =
1

T

T

∑
t=1
(Ŷt − Yt)2, (7.4)
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(a) RTRL (b) TBPTT (τ = 1) (c) TBPTT (τ = 2)

(d) TBPTT (τ = 10) (e) TBPTT (τ = 100) (f) TBPTT (τ = 1000)

Figure 1: Clockwise: RTRL, TBPTT (τ = 1), TBPTT (τ = 2), TBPTT (τ = 10), TBPTT (τ = 100),
and TBPTT (τ = 1,000).

(a) RTRL (b) TBPTT (τ = 2)

(c) TBPTT (τ = 10) (d) TBPTT (τ = 100)

Figure 2: Clockwise: RTRL, TBPTT (τ = 2), TBPTT (τ = 10), and TBPTT (τ = 100).
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where Yt is generated from the process

S∗t+1 = σ(W̄ ∗S∗t +B∗Xt),
Yt = A∗S∗t+1, (7.5)

where the activation function σ(⋅) is the tanh function and the weight matrix W̄ ∗ is constructed as
(I −cW ∗) with c = 10−3. The true parameters W ∗,B∗, and A∗ are randomly generated in the same
way as in the previous section except B∗i,j has standard deviation 10−1. Xt is a 2 × 1 vector with
an i.i.d. Gaussian distribution. For the case of ReLU activation functions (i.e., σ(z) = max(z,0)),
Figure 4 displays convergence results for the TBPTT algorithm while Figure 3 presents the training
results for the RTRL algorithm. RTRL outperforms TBPTT for ReLU activation functions.

We next consider a numerical comparison where the activation function σ(z) = tanh(z). The
matrix W̄ ∗ is again constructed as (I − cW ∗) with c = 10−3. The TBPTT results are presented in
Figure 6 while the RTRL results are displayed in Figure 5. RTRL outperforms TBPTT, with faster
convergence and a lower overall value for the objective function. Finally, we consider σ(z) = tanh(z)
where the matrix W̄ ∗ = (I −cW ∗) is constructed with a different value c = 10−2. The corresponding
RTRL and TBPTT results are displayed in Figures 7 and 8, respectively. RTRL outperforms
TBPTT in this case.

Figure 3: RTRL algorithm for ReLU activation functions.

7.3 Neural ODEs/SDEs

We now compare the RTRL and TBPTT algorithms for training a (discretized) neural SDE:

St+1 = St − σ(USt +BXt)∆ −CSt∆,

Ŷt = ASt+1,

LT (θ) =
1

T

T

∑
t=1
(Ŷt − Yt)2, (7.6)
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(a) TBPTT (τ = 1) (b) TBPTT (τ = 2)

(c) TBPTT (τ = 10) (d) TBPTT (τ = 1000)

Figure 4: Activation function is a ReLU unit.

Figure 5: RTRL algorithm for tanh activation functions with c = 10−3.
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(a) TBPTT (τ = 1) (b) TBPTT (τ = 2)

(c) TBPTT (τ = 10) (d) TBPTT (τ = 1000)

Figure 6: Activation function is a tanh unit with c = 10−3.

Figure 7: RTRL algorithm for tanh activation functions with c = 10−2.
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(a) TBPTT (τ = 1) (b) TBPTT (τ = 2)

(c) TBPTT (τ = 10) (d) TBPTT (τ = 1000)

Figure 8: Activation function is a tanh unit with c = 10−2.

where C = exp(W ⊺W ) is positive definite, the parameters to be optimized are θ = (U,B,W ), and
Yt is generated from the process

S∗t+1 = S∗t − σ(Ū∗S∗t +B∗Xt)∆ −W ∗St∆,

Yt = A∗S∗t+1, (7.7)

where W ∗ is a positive definite matrix generated from the Wishart distribution. Figure 9 compares
the performance of the TBPTT and RTRL algorithms for training the parameters θ.

Figure 9: Comparison of TBPTT and RTRL for training a neural ODE.
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7.4 Natural Language Processing

We now compare RTRL and TBPTT for predicting the next character in a sequence of 1 million
characters from Shakespeare [22]. The objective function is the cross-entropy error. Figure 10
presents the comparisons for several different architectures, including: a GRU-type architecture
with 10 and 20 units, an Elman network with tanh activation functions 10 and 50 units, and an
Elman network with ELU activation functions with 10 and 50 units. RTRL does not consistently
perform better than TBPTT, although it does perform better in several notable cases, including
the GRU network with 20 units. Since the results are for a specific dataset with relatively small
model sizes (due to the computational cost of RTRL), it is difficult to draw general conclusions
except that it may be worthwhile, for a specific dataset, to implement and compare both RTRL
and TBPTT to determine which yields the most accurate model.

7.5 Financial Time Series Data

Finally, we compare RTRL and TBPTT for training a single-layer Elman recurrent network on
financial time series data. The dataset is order book data from the stock Amazon consisting of a time
series of approximately 180 million order book events from January 2, 2014 - September 1, 2017. The
objective function is the cross-entropy error to classify whether the mid-price increases, decreases, or
stays the same at the next event in the time series. Recurrent neural network classification models
for price moves have been previously trained on order book data using the TBPTT algorithm [23].
In the example here, the recurrent network has 25 hidden units with tanh() activation functions.
The input variables to the recurrent neural network are the previous price change and the current
order book queue imbalance [24]. A softmax layer is applied to its output to produce a probability
distribution over the three classes (price increases, decreases, or stays the same). Figure 11 compares
the training results from TBPTT and RTRL.
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A Bounds for the Derivatives of Sigmoid Function

Proof of Lemma 2.9. Since e−y > 0, we have 0 < σ(y) < 1, which leads to the first bound. The
second bound follows from:

σ′(y) = p1(σ(y)), p1(x) = x(1 − x) = x − x2 = −(x −
1

2
)
2

+ 1

4
.

Since 0 < σ(y) < 1, it follows that 0 < σ′(y) < 1/4, with maximum of σ′(y) attained at
σ(y) = 1/2 ⇐⇒ y = 0. This leads to the second bound.
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(a) GRU (10 hidden units) (b) GRU (20 hidden units)

(c) Elman RNN with 10 tanh hidden
units

(d) Elman RNN with 50 tanh hidden
units

(e) Elman RNN with 10 ELU hidden
units

(f) Elman RNN with 50 ELU hidden
units

Figure 10: First row: a GRU network (10 hidden units) and a GRU network (20 hidden units).
Second row: Elman RNN with 10 tanh hidden units and 50 tanh hidden units. Third row: Elman
RNN with 10 ELU hidden units and 50 ELU hidden units.
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Figure 11: Left: Loss averaged over 1,000 time steps for each “training epoch”. Right: Loss
averaged over 100,000 time steps for each “training epoch” to provide a less noisy comparison.

Differentiate again yields

σ′′(y) = σ′(y) − 2σ(y)σ′(y)
= σ(y) − σ(y)2 − 2σ(y)2 + 2σ(y)3

= p2(σ(y)),

where

p2(x) = 2x3 − 3x2 + x = 2(x −
1

2
)
3

− (x − 1

2
) .

The derivative of p2(x) is

p′2(x) = 6x2 − 6x + 1 = 6(x −
1

2
)
2

− 1

2
,

which has zeroes at

x±∗ =
1

2
±
√
3

6
, x+∗ ≈ 0.789, x−∗ ≈ 0.211.

Checking p2(0) = p2(1) = 0, one could confirm that σ′′(y) attains maxmimum at σ(y) = p+ and
minimum at σ(y) = p−. One could then show that p2(x+∗) ≤ σ′′(y) ≤ p2(x−∗), where

p2(x−∗) = −p2(x+∗) =
√
3

18
< 1.8

18
= 1

10
.

Differentiate again yields

σ′′′(y) = 6σ(y)2σ(y)(1 − σ(y)) − 6σ(y)2(1 − σ(y)) + σ(y)(1 − σ(y))
= 6σ(y)3 − 6σ(y)4 − 6σ(y)2 + 6σ(y)3 + σ(y) − σ(y)2

= p3(σ(y)),

where

p3(x) = −6x4 + 12x3 − 7x2 + x = −6(x −
1

2
)
4

+ 2(x − 1

2
)
2

− 1

8
.

The polynomial p3(x) has derivative

p′3(x) = −24x3 + 36x2 − 14x + 1 = −24(x −
1

2
)
3

+ 4(x − 1

2
) ,
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which has zeros at x∗ = 1/2 and

x± =
1

2
±
√

1

6
, x+ ≈ 0.908, x− ≈ 0.092.

Checking again p3(0) = p3(1) = 0, and noting that

p3(x+) = p3(x−) =
1

24
, m(x∗) = −

1

8
,

one could confirm that σ′′′(y) attains maximum at σ(y) = x± and minimum at σ(y) = x∗ = 1/2 ≡
y = 0. Therefore −1/8 = p3(x∗) ≤ σ′′′(y) ≤ p3(x±) = 1/24, which leads to the final bound.

B Important Inequalities

We indicate the application of the following inequalities

• the Cauchy-Schwarz inequality: for any ak, bk ∈ R

(
n

∑
k=1

akbk)
2

≤ (
n

∑
k=1

a2k)(
n

∑
k=1

b2k) , (B.1)

as well as its special case

(
n

∑
k=1

ak)
2

≤ n(
n

∑
k=1

a2n) , (B.2)

• the Young’s inequality: for any ϵ > 0,

∣ab∣ ≤ ϵ

2
a2 + 1

2ϵ
b2, (B.3)

• the Jensen inequality: for any convex functions φ, and sequence (wk) such that ∑kwk = 1,
we have

φ(
n

∑
k=1

wkxk) ≤
n

∑
k=1

wkφ(xk) (B.4)

Many proofs of the technical lemmas also involves the study of a sequence (ak)k≥0. If the
sequence satisfies the following recursive inequality:

ak ≤M1ak−1 +M2,

for some M1,M2 ≥ 0, then

• for M1 < 1:

ak ≤Mk
1 a0 +

1 −Mk
1

1 −M1
M2 ≤Mk

1 a0 +
1

1 −M1
M2, (B.5)

which imply

a0 ≤
M2

1 −M1
Ô⇒ ak ≤

M2

1 −M1
,

• and for M1 > 1,

ak ≤Mk
1 a0 +

Mk
1 − 1

M1 − 1
M2 ≤Mk

1 (a0 +
M2

M1 − 1
) . (B.6)
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