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ABSTRACT

Frequently the graphs used to represent networks are inferred from data and, surprisingly,

the uncertainty in their inferred topology is typically ignored. This dissertation makes

significant contributions toward remedying this issue in three main ways.

Let η (G) be a function of a network, i.e. a network characteristic, of the graph G

and let Ĝ be an inferred network. I provide an analytical method for approximating the

probability P
(
η
(
Ĝ
)
− η (G) ≤ x

)
via Stein’s method for a broad class of functions, the

so-called motif count statistics. The first contribution of my research is to quantify the

propagation of error from network uncertainty to network characterization, a problem for

which no results currently exist. Particular attention is given to the case of network density.

When modeling the functional connectivity of a brain, dynamic networks may be in-

ferred from ECoG data. Of interest is an understanding of the process of coalescence

and fragmentation of these functional brain networks during epileptic seizure. The second

contribution of my research is to develop a means for tracing the community structures

of an inferred dynamic network as they are born, merged, fractured, and die over time.

In particular, I developed an algorithm which is robust to edge noise, yields well-defined

spatio-temporal communities, and facilitates the connection of communities with a range

of network motifs of various orders.

Models exist in which the rate of the emergence of a giant connected component, i.e.

percolation, is manipulated through means of edge connection rules. However, such mod-
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els are unable to account for (i) edge removal and (ii) the error associated with inferred

networks, i.e. type-I and II errors. The third contribution of my research is to develop a

model for graph percolation which allows for birth, death, and edge noise. I developed a

method which accommodates both edge removal and a noisy edge set and propose a statis-

tical hypothesis test to identify the rate of percolation. The novel approach of monitoring

the relative size of the second component is found to be more robust than the first when

distinguishing between percolation rates in the presence of noise.
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Chapter 1

Introduction

The analysis of networks and network data is widespread across scientific disciplines. Bi-

ologists, sociologists, computer scientists, economists, physicists, statisticians, and math-

ematicians require both theoretical and practical results in order to recognize and better

understand the patterns in their relational data. For example, a biologist is interested in

gene-gene interactions, a sociologist, in friendship relationships, a computer scientist, in

World Wide Web hyperlink pointers, and a neuroscientist, in brain interactions. It has

been the work of physicists, statisticians, and mathematicians dating back to at least Eu-

ler and his solution to the Bridges of Konigsberg Problem to analyze networks. In the

following I focus on the analysis of network data which may be broadly considered to be

“a core set of methods and models for the analysis of measurements that are either of or

from a system conceptualized as a network.” [Kol09].

Much work remains to more completely develop the theory and methods of the sta-

tistical analysis of network data. The network analysis literature frequently fails to fully

quantify and understand the error associated with the inference of networks from data

or “noisy” observations. My thesis focuses on the development of methods which may

allow us to better understand the effect of noise (or error associated) in the construction

of networks from data on the the inference of higher-order network characteristics.

In Section 2, I address the canonical statistical problem of estimation and inference.

Few, if any, ‘classical’ results exist about the probability distribution of a network charac-

teristic estimator. I develop a means by which to prove weak convergence of the probability

distribution of a broad class of network characteristic estimators to an approximating prob-
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ability distribution and establish the rate of said convergence. The class of motif counts, to

be defined later, are fundamental to the characterization of a network. Examples of motifs

include edges and triangles. The most basic, yet non-trivial, characteristic of a graph is

perhaps its density defined simply to be the fraction of edges and vertex pairs. Naturally,

during the construction of a network based upon inference from network data, some edges

are missed and some are incorrectly identified causing a corruption in the motif count of

number of edges which, as a result, corrupts the network density characteristic. Another

example follows from the notion of transitivity of a network which is roughly a notion of

the density of fully-connected vertex triples, i.e. triangles, in a graph. The work of [Wat99]

and their so-called “small-world” network models incorporate the idea that we live in a

small world in which many social relationships exhibit locally a triangle-like quality.

The methods I rely upon to approximate the probability distribution of a motif count

estimator, and in particular the network density estimator, are non-classical. Using the

Stein methodology I am able to determine a rate of convergence, and thus prove weak

convergence in the Kolomogorov metric - even in the case of arbitrary dependence among

the inferred edges, of a network motif count to an appropriately parameterized Skellam

probability distribution. I illustrate the results in the small-world network setting.

In Section 3.1, I have developed a dynamic community detection algorithm, the Dy-

namic Plex Percolation method or (DPP ), designed to detect and trace communities

through a time series of network graphs. The novel and fundamental contributions of

the DPP to the dynamic community detection or, for that matter, the static community

detection literature is that noise in the edge set is directly addressed and that the evolution

of network communities, to be defined later, is made explicit. Ultimately, the algorithm

operates on a time series of network graphs and is able to recover dynamic mesoscopic

structures of the network. The algorithm identifies structures in the series of networks

which are more strongly connected than simple connectivity but not so tightly connected

as cliques.

It is believed that changes in synchrony of voltage activity between brain regions is
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the manifestion of an epileptic seizure. The authors of [MAK08] and [MAKC10] analyze

electrocorticogram (ECoG) recordings to produce functional networks of the brain pre-,

present-, and post-seizure with the intention of better understanding the genesis of the

seizure. Generally speaking, the strength of association between voltage recordings on the

cortical surface of the brain are measured and if said strength is statistically significant

then the vertices representing these location of the brain are connected by an edge. As

such, the data can be represented as a time series of graphs and, by tracing the community

structure across time with DPP , I propose a new tool to characterize the formation and

fragmentation of communities during seizure. This ability may lead to a broader under-

standing of the origination of an epileptic seizure both in time and location and, hopefully,

may provide new insights toward preventative measures for neuroscientists and neurosur-

geons. I illustrate the method by tracing dynamic communities in a series of simulated

random graphs.

In Section 4, we here consider different criteria for distinguishing between Erdos-Renyi

(ER) and Achlioptas percolation under noise. A statistical model of explosive percolation

is constructed allowing for the birth and death of edges as well as the presence of noise in

the observations. This graph-valued stochastic process exhibits the Markov property, and

is composed of a non-stationary stochastic process, which is treated as a latent process;

and of a corresponding observed stochastic graph process, which is corrupted by Type I

and Type II errors. This produces a hidden Markov graph model. We show that for certain

choices of parameters controlling the noise model, the standard ER percolation is indis-

tinguishable from the Achlioptas model. In this setting, we compare two different criteria

for discriminating between these two percolation models, based on a quantile difference

(QD) of the first component’s size and on the maximal size of the second largest compo-

nent. We show through data simulations that this second criterion outperforms the QD

of the first component’s size, in terms of discriminatory power. The maximal size of the

second component therefore provides a useful statistic for distinguishing between the ER

and Achlioptas models of percolation, under realistic conditions of birth/death and noise.
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The potential application of the proposed models for percolation detection is discussed.

The results of this thesis are both theoretical and numerical, with practical applications

to real-world data. The fundamental results of this thesis are contained in Sections 2, 3.1,

and 4 with the proofs of results and technical details placed in Section 6.



Chapter 2

Uncertainty Propagation from Network Inference

to Network Characterization

2.1 Introduction

The analysis of network data is widespread across scientific disciplines. Technological and

infrastructure, social, biological, and information networks are a few of the network classes

which have employed such analyses. Much work remains, however, to more fully develop

the theory and methods of statistical analysis of network data. We refer the reader to the

book [Kol09] for a comprehensive survey of the state of the science of statistical analysis

of network data.

The focus of the this chapter is upon the canonical statistical problem of estimation and

inference, but in the context of graphs. Frequently graphs used to represent networks are

inferred from data and, surprisingly, the uncertainty incurred is ignored when characterizing

the higher-level properties of these networks (e.g. density, clustering, centrality, etc.),

see [Kol09]. Furthermore, said inference is commonly performed in an ad-hoc fashion;

formal inference is less common but far more desirable for its ability to yield probabilistic

statements on estimation accuracy.

A basic and fundamental problem in statistics is to identify or approximate the prob-

ability distribution of the discrepancy between a population parameter of interest and an

estimator thereof to quantify estimation accuracy. We consider a variant of this problem in

a network context wherein an underlying network-graph G possesses a network character-
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istic η (G) of interest. If Ĝ is a network-graph inferred from data then η
(
Ĝ
)

is a natural

and common estimator of η (G), i.e. a plug in estimator. Let the discrepancy between

these two quantities be defined as D = η
(
Ĝ
)
− η (G). Presently, and to our knowledge,

there exist no general results making precise probabilistic statements about D.

In this work, we are the first to consider the propagation of error from network infer-

ence to network characterization, for a broad class of network motif counts. In the class

of network motif counts we include motif counts scaled by a constant factor. Even for

the most basic, non-trivial motif count of all, the network density, no machinery has yet

been delevoped to measure in probabilistic terms the quantity δ̂ − δ where, in this case,

δ̂ = η
(
Ĝ
)

and δ = η (G). We focus on the quantity η
(
Ĝ
)
− η (G) for the class of network

motif counts and provide both finite sample and asymptotic results on an approximating

probability distribution. Specifically, we present a Stein operator for the Skellam proba-

bility distribution and, in a manner consistent with the Stein methodology, we derive the

rate of weak convergence of an arbitrary difference of sums of binary random variables

to an appropriately parameterized Skellam distribution. We then apply our result to the

class of network motif counts and characterize the rate of weak convergence to the Skellam

distribution of the quantity η
(
Ĝ
)
− η (G).

2.2 Background

Suppose that G = (V,E) is a network graph with |V | = p. We assume the vertex set V is

known but that the edge set E is unknown. However, we assume there is information by

which to infer E, as a set Ê, yielding an inferred network graph Ĝ. A principled approach

to formally inferring an edge set on a known set of vertices is to perform
(
p
2

)
hypothesis

tests, perhaps based on vertex attributes, one for each of the vertex pairs {i, j} ∈ V (2) in

the network graph G, of the form

H0 : {i, j} /∈ E versus H1 : {i, j} ∈ E
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where

V (2) = {{i, j} : i, j ∈ V ; i < j} .

These tests amount to a collection of
(
p
2

)
random variables Y =

{
Yij : {i, j} ∈ V (2)

}
defined

by

Yij =

 1 if H0 is rejected

0 if H0 is not rejected.

In this way, the inferred edge set Ê is defined to be

Ê =
{
{i, j} ∈ V (2) : Yij = 1

}
.

Naturally, the set Ê is stochastic, as Y =
{
Yij : {i, j} ∈ V (2)

}
is a collection of random

variables, since associated with each hypothesis test there is a probability of test error. In

particular, if Ec = V (2) \ E and {i, j} ∈ Ec then Yij ∼ Bernoulli (αij), where αij is the

probability of Type-I error for the test on vertex pair {i, j} ∈ Ec. On the other hand, if

{i, j} ∈ E then Yij ∼ Bernoulli (1− βij), where βij is the probability of Type-II error for

the test on vertex pair {i, j} ∈ E.

The way in which we aim to probabilistically quantify the accuracy of δ̂ =
∣∣∣Ê∣∣∣ /V (2),

as an estimator of the network characteristic δ = |E| /V (2), is via the distribution of the

discrepancy D = δ̂ − δ, where the latter may be written as

D = δ̂ − δ =

∣∣∣Ê∣∣∣− |E|∣∣V (2)
∣∣ =

∑
{i,j}∈Ec Yij −

∑
{i,j}∈E (1− Yij)(

p
2

) .

Note that if λ1 and λ2 are defined to be

λ1 = E
[∑
{i,j}∈Ec Yij

]
and λ2 = E

[∑
{i,j}∈E (1− Yij)

]
then λ1 is the expected number of false-positives inferred and λ2 is the expected number of

false-negatives inferred in Ĝ. It follows immediately that ED = (λ1 − λ2) ·
(
p
2

)−1
, so that δ̂
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is an unbiased estimator of δ precisely when λ1 = λ2. This case will be of primary interest

to us, although many of the intermediate results we develop will be for general λ1 and λ2.

The numerator

ND =
∑

{i,j}∈Ec
Yij −

∑
{i,j}∈E

(1− Yij)

of D is a difference of two sums of binary random variables. Therefore, one might hy-

pothesize that ND has roughly the probability distribution of a difference of two binomial

random variables and, furthermore, for tractability, attempt a Gaussian approximation.

Recall, however, the inferred network is derived by the performance of
(
p
2

)
hypothesis

tests, clearly a multiple testing scenario. As we know, we must therefore adjust each in-

dividual type-I error rate to accommodate for multiple testing and, as such, the expected

values of the binary random variables of ND decrease as p, the number of vertices in G,

grows. Such an observation invalidates the assumptions of the binomial and, furthermore,

the Gaussian approximation. Beyond this, a normal approximation may be entirely in-

appropriate since the probability mass function of ND may be skewed. In our case it is

true and, in fact, necessary. In order for the asymptotics, as demonstrated below, to hold,

one must require a decrease in the probability of type-I error which invalidates the usual

normal approximation assumptions.

Alternatively, under our intended asymptotic regime, it is more plausible that individ-

ually the two sums of ND may each be well approximated in distribution by appropriately

parameterized Poissons. If it is true that individually a Poisson approximation is appro-

priate then it is reasonable to pursue a Skellam approximation for ND. The Skellam

probability distribution is the probability distribution of Z1 − Z2 where Z1 and Z2 are

independent Poisson random variables. With this is mind, an may attempt a Skellam ap-

proximation to ND but must be mindful of the dependence structure of the collection of

random variables {Yij}.

Finally, recall the Stein method for Poisson approximation, see [BHJ92], and how it may

be applied to upper bound the error incurred by approximating the probability distribution
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of an arbitrary sum of binary random by the Poisson distribution. For example, if

V =
n∑
k=1

Xk

where Xk ∼ Bernoulli (pk) and Y ∼ Poisson (
∑n

k=1 pk) then the crucial quantity in identi-

fying the quality of a Poisson approximation is

sup
x∈R
|P (V ≤ x)− P (Y ≤ x)| .

The Stein method provides means for bounding the above quantity no matter the depen-

dencies among the collection of the binary random variables thus being a very powerful

tool compared to usual Fourier methods. We, however, are interested in the Skellam dis-

tribution. In the following section we discuss in detail our derivation of the Stein method

for the Skellam distribution and apply our new results to approximating the probability

distribution of D.

2.3 Main Results

The probability mass function of W ∼ Skellam (λ1, λ2) is

P (W = k) = e−(λ1+λ2)

(√
λ1
λ2

)k
Ik

(
2
√
λ1λ2

)
for k ∈ Z,

where Ik
(
2
√
λ1λ2

)
is the modified Bessel function of the first kind with index k and

argument 2
√
λ1λ2. Let {{Ik}nk=1 , {Jk}

m
k=1} be a collection of binary random variables with

EIk = pk for k = 1, . . . , n and EJk = qk for k = 1, . . . ,m. If V is defined to be

V =
n∑
k=1

Ik −
m∑
k=1

Jk
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then the crucial quantity to determine the accuracy of a Skellam approximation to the

probability distribution of V is

sup
x∈R
|P (V ≤ x)− P (W ≤ x)| . (2.1)

Note that Equation (2.1) is the Kolmogorov-Smirnov distance, which we will henceforth

write as KS (V,W ). In order to upper bound KS (V,W ) we employ the Stein method.

The first step required by Stein’s method is to determine an operator A [f (k)] such

that

EA [f (W )] = 0 if and only if W ∼ Skellam (λ1, λ2)

for any bounded function f : Z 7→ R. This is accomplished through the following result.

Theorem 2.1. The Stein operator A for the Skellam (λ1, λ2) distribution is

A [f (k)] = λ1f (k + 1)− kf (k)− λ2f (k − 1) . (2.2)

The second step required by Stein’s method is to set

A [f (k)] = gx (k) (2.3)

for some test function gx (k) and solve for the function f . Note that, as with any difference

equation, the function f is actually a family of functions. For the test function gx, we

choose

gx (k) = 1 {k ≤ x} − P (W ≤ x) (2.4)

for reasons that will become apparent in Theorem 2.2 below. The Stein equation (2.3),

and a solution to it such as fx in Theorem 2.5, for the Skellam distribution will be used,

as with a Poisson approximation, to upper bound KS (V,W ).

To begin bounding the error incurred by a Skellam approximation to the probability

distribution of a network density estimator we start with the following statement.
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Theorem 2.2. With gx as in Equation (2.4), let fx be a solution to (2.3). Then

KS (V,W ) = sup
x∈R
|P (V ≤ x)− P (W ≤ x)|

= sup
x∈R
|E {λ1fx (V + 1)− V fx (V )− λ2fx (V − 1)}| .

The following corollary of Theorem 2.2 is of more direct use in bounding KS (V,W ):

Corollary 2.3. Suppose that for each k, we construct the random variables Sk and S′k for

k ∈ {1, 2, . . . , n} on a common probability space and then we construct the random variables

Tk and T ′k for k ∈ {1, 2, . . . ,m} on a common probability space such that all together

Sk
d
= V and S′k + 1

d
= V |Ik = 1.

and

Tk
d
= V and T ′k − 1

d
= V |Jk = 1.

It follows that

KS (V,W ) ≤ ∆f

{
n∑
k=1

pkE
∣∣Sk − S′k∣∣+

m∑
k=1

qkE
∣∣Tk − T ′k∣∣

}
. (2.5)

where

∆f = sup
j∈Z
|fx (j + 1)− fx (j)| .

That Corollary 2.3 follows as a consequence of Theorem 2.2 is analogous to Theorem 1.B

in [BHJ92], to which we refer the reader for details.

Another corollary of Theorem 2.2 follows.

Corollary 2.4. Suppose that for each k the collection of random variables {{Ik}nk=1 ,

{Jk}mk=1} are independent then

KS (V,W ) ≤ ∆f

{
n∑
k=1

p2k +
m∑
k=1

q2k

}
.
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What is important to note here is that, by assuming independence, we are not gain-

ing anything over the usual rate of convergence for the Poisson approximation found

in [BHJ92]. However, and as is demonstrated later by appealing to Corollary 2.3, we

must and can do better than simple Poisson approximation since the collection of random

variables {{Ik}nk=1 , {Jk}
m
k=1} need not necessarily be independent among themselves. That

is, for example, I1 and J1 may not be independent and thus the Poisson approximation as

founded in [BHJ92] is invalidated.

We return to Equation (2.3) and state the solution fx which satisfies the difference

equation.

Theorem 2.5. A solution to the difference equation

λ1f (k + 1)− kf (k)− λ2f (k − 1) = gx (k)

is

fx (m) =



(−1)m
(√

λ2
λ1

)m
Im

[
(−1)c

(√
λ1
λ2

)c
1
Ic
fx (c)

+ 1√
λ1λ2

∑m−1
n=c (−1)n+1 1

InIn+1

∑n
k=−∞

(√
λ1
λ2

)k
Ikgx (k)

]
if m > c

(−1)m
(√

λ2
λ1

)m
Im

[
(−1)c

(√
λ1
λ2

)c
1
Ic
fx (c)

− 1√
λ1λ2

∑c−1
n=m (−1)n+1 1

InIn+1

∑n
k=−∞

(√
λ1
λ2

)k
Ikgx (k)

]
if m < c

for any initial condition (c, fx (c)) with c ∈ Z and fx (c) ∈ R.

The quantity ∆f plays a key role in Corollaries 2.3 and 2.4. The following theorem

provides an upper bound for it in the special case that λ1 = λ2 = λ.

Theorem 2.6. The quantity ∆f is upper bounded as

∆f = sup
x∈R

sup
j∈Z
|fx (j + 1)− fx (j)| ≤ 83

λ
.
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2.3.1 Returning to Networks

We return to a network context and recall that δ̂ is an unbiased network density estimator

if λ1 = λ2, where recall that

λ1 = E
[∑
{i,j}∈Ec Yij

]
and λ2 = E

[∑
{i,j}∈E (1− Yij)

]
.

If we suppose that EYij = α for all {i, j} ∈ Ec and E (1− Yij) = β for all {i, j} ∈ E then

we have that if λ1 = λ2 then

α

[(
p

2

)
− |E|

]
= |E|β

or, equivalently,

β =
1− δ
δ

α (2.6)

where, again, δ is the network density. Recall that the definition of a “sparse” network is

one in which |E| ∈ O (p) in which case, δ → 0 as p → ∞. It is believed in the scientific

literature that many real-world networks are indeed sparse however we choose to consider

the case that δ is bounded away from zero. The problem of rescaling in the case of sparse

networks requires a more subtle handling of the asymptotic results and, therefore, is not

treated here. None-the-less, as our result is the first of its kind, it represents a significant

improvement in the understanding of complex networks.

On the other hand, if δ is bounded away from 0 and 1 as p → ∞ then the problem is

non-trivial.

On the topic of asymptotics when λ1 = λ2, let us suppose that the density of a network

on p vertices δp is a function of p and that

lim
p→∞

δp = δ ∈ (0, 1) .
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Obviously, α, β ∈ [0, 1] so the feasible values for (α, β) is the line in Equation 2.6

(1− δ)α = δβ

intersected with the region [0, 1]× [0, 1].

Before we take the limit p→∞, however, let us again consider the case that λ1 = λ2,

call the common value λ. Before the limit, we have

βp =
1− δp
δp

αp (2.7)

and, furthermore, that

λp =

(
p

2

)
[1− δp]αp. (2.8)

The implication for the bound is, in the case that the indicator random variables are

independent and αij = αp for all {i, j} /∈ E and βij = βp for {i, j} ∈ E, that we have

KS (V,W ) ≤ 83

λ

 ∑
{i,j}/∈E

α2
ij +

∑
{i,j}

β2ij


=

83(
p
2

)
[1− δp]αp

{[(
p

2

)
− |Ep|

]
α2
p + |Ep|β2p

}
= 83 [αp + βp]

= 83

[
αp +

1− δp
δp

αp

]
= 83αp

[
1 +

1− δp
δp

]
= 83

(
δp
αp

)−1
.

The final quantity is the inverse of the signal-to-noise ratio. That is, for example, suppose

that we have a clique for all p so that δp = 1. In this case, the quality of a Skellam

approximation to the probability distribution of a network density estimator is entirely

governed by the magnitude of the density relative to the type-I error rate. That is, the
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signal, i.e. δp, must not dominate the noise, i.e. αp, in order for KS (V,W )→ 0 as p→∞.

Our result is important even in the independent case in the sense that we achieve a

O
(
λ−1

)
bound in the KS distance between our estimator. Naturally, now we can handle

dependence but, if in the case of independence among the collection of indicators, we can

state the following.

Theorem 2.7. Let X, Y , Z, and W be real-valued random variables taking at most count-

ably infinite many values on the same support S. Suppose that

d(X,Z) := sup
t∈R
|P [X ≤ t]− P [Z ≤ t]| < ε

2
,

and

d(Y,W ) = sup
t∈R
|P [Y ≤ t]− P [W ≤ t]| < ε

2
,

and that (X,Y ) and (Z,W ) are independent. Then,

d(X − Y,Z −W ) < ε.

In particular, in statistics, when performing an independent 2-sample test for the pop-

ulation proportion, when p̂1 ∼ Bin

(
p1,
√

p1(1−p1)
n1

)
≈ Poisson(n1p1) with KS-distance

with ε
2 , and similarly for p̂2, then the sampling distribution of p̂1 − p̂2 under the null hy-

pothesis is approximately a Skellam(np, np) where p = n1p1+n2p2
n1+n2

and has total error ε to

the true sampling distribution. We present the proof below.

Proof of Theorem 2.7. Let {sn}∞n=−∞ = S be an ordering of S. Since (X,Y ) are indepen-

dent:

P [X − Y ≤ t] =

∞∑
n=−∞

P [X ≤ t+ sn]P [Y = sn] .

and similarly
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P [Z −W ≤ t] =
∞∑

n=−∞
P [Z ≤ t+ sn]P [W = sn] .

So,

|P [X − Y ≤ t]− P [Z −W ≤ t]|

=

∣∣∣∣∣
∞∑

n=−∞
P [X ≤ t+ sn]P [Y = sn]−

∞∑
n=−∞

P [Z ≤ t+ sn]P [W = sn]

∣∣∣∣∣
≤

∣∣∣∣∣
∞∑

n=−∞
(P [X ≤ t+ sn]− P [Z ≤ t+ sn])P [Y = sn]

∣∣∣∣∣
+

∣∣∣∣∣
∞∑

n=−∞
P [Z ≤ t+ sn] (P [Y = sn]− P [W = sn])

∣∣∣∣∣
≤ sup

n
|P [X ≤ t+ sn]− P [Z ≤ t+ sn]|+

∣∣∣∣∣
∞∑

n=−∞
P [Z ≤ t+ sn] (P [Y = sn]− P [W = sn])

∣∣∣∣∣
Next, notice that P [Y = sn] = P [Y ≤ sn]− P [Y ≤ sn−1], and similarly for W , so that

defining A(n) = P [Y ≤ sn]− P [W ≤ sn] ,

∣∣∣∣∣
∞∑

n=−∞
P [Z ≤ t+ sn] (P [Y = sn]− P [W = sn])

∣∣∣∣∣
=

∣∣∣∣∣
∞∑

n=−∞
P [Z ≤ t+ sn] (P [Y ≤ sn]− P [Y ≤ sn−1]− (P [W ≤ sn]− P [W ≤ sn−1]))

∣∣∣∣∣
=

∣∣∣∣∣
∞∑

n=−∞
P [Z ≤ t+ sn] (P [Y ≤ sn]− P [W ≤ sn]− (P [Y ≤ sn−1]− P [W ≤ sn−1]))

∣∣∣∣∣
=

∣∣∣∣∣
∞∑

n=−∞
P [Z ≤ t+ sn] (A(n)−A(n− 1))

∣∣∣∣∣
=

∣∣∣∣∣
∞∑

n=−∞
A(n) (P [Z ≤ t+ sn]− P [Z ≤ t+ sn+1])

∣∣∣∣∣
≤

∞∑
n=−∞

|A(n)| |P [Z ≤ t+ sn]− P [Z ≤ t+ sn+1]|

≤ sup
n
|A(n)|
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Thus,

|P [X − Y ≤ t]− P [Z −W ≤ t]|

≤ sup
n
|P [X ≤ t+ sn]− P [Z ≤ t+ sn]|+ sup

n
|P [Y ≤ sn]− P [W ≤ sn]|

Taking supremums over t now yields the result.

This result means that the usual Poisson approximation to the Binomial is sufficient

in the case of independence but we must, in a network context, treat the dependence issue

delicately. We maintain the same asymptotics as in the independence case but can now

handle dependence.

We may now state the following theorem in the case that the indicator random variables,

i.e. edge indicator random variables, are independent.

Theorem 2.8. If {Ik}nk=1 is a collection of independent binary random variables each with

expectation {pk}nk=1 and {Jk}mk=1 is a collection of independent binary random variables

each with expectation {qk}mk=1 then

KS

(
n∑
k=1

Ik −
m∑
k=1

Jk, Y − Z

)
≤
∑n

k=1 p
2
k

2
∑n

k=1 pk
+

∑m
k=1 q

2
k

2
∑m

k=1 qk
(2.9)

where Y ∼ Poisson (
∑n

k=1 pk) and Z ∼ Poisson (
∑m

k=1 qk).

Proof. According to [BC05] if {Ik}nk=1 is a collection of independent binary random vari-

ables each with expectation {pk}nk=1 then

KS

(
n∑
k=1

Ik, Y

)
≤
∑n

k=1 p
2
k∑n

k=1 pk
(2.10)

where Y ∼ Poisson (
∑n

k=1 pk). Furthermore, if {Jk}mk=1 is a collection of independent

binary random variables each with expectation {qk}mk=1 then

KS

(
m∑
k=1

Jk, Z

)
≤
∑m

k=1 q
2
k∑m

k=1 qk
(2.11)
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where Z ∼ Poisson (
∑m

k=1 qk). In total, and by appealing to Theorem 2.7

KS

(
n∑
k=1

Ik −
m∑
k=1

Jk, Y − Z

)
≤
∑n

k=1 p
2
k

2
∑n

k=1 pk
+

∑m
k=1 q

2
k

2
∑m

k=1 qk
(2.12)

In total, we have the following corollary.

Corollary 2.9. If X =
∑
{i,j}/∈E Yij and Z =

∑
{i,j}∈E (1− Yij) then

KS
(
X − Z,X ′ − Z ′

)
≤
∑

i,j /∈E [EYij ]2

2
∑

i,j /∈E EYij
+

∑
i,j /∈E [(1− EYij)]2

2
∑

i,j /∈E (1− EYij)
(2.13)

where X ′ ∼ Poisson
(∑

i,j /∈E EYij
)

and Z ′ ∼ Poisson
(∑

i,j∈E (1− EYij)
)

.

Finally, as we mentioned in Section 2.1, the above results extend immediately to any

network characteristic which is a member of the class of network motif counts. For example,

let us consider triangles instead of edges. In accordance with Section 2.2, we would perform(
p
3

)
hypothesis tests, one for each of the {i, j, k} ∈ V (3) vertex triples in the network graph

G of the form

H0 : {i, j, k} /∈ E(3) versus H1 : {i, j, k} ∈ E(3)

where V (3) = {{i, j, k} : i, j, k ∈ V ; i < j < k} and E(3) is the set of vertex triples {i, j, k} ∈

V (3) for which the respective vertex induced subgraph is a complete graph (in this case a

triangle). As an analogy, we have been writing E = E(2) which means that the respective

vertex induced subgraph on two vertices is a complete graph (in this case an edge).

Finally, the
(
p
3

)
random variables Yijk are defined accordingly and the results of this

section follow immediately. Of course we would have to consider many more covariance

terms but, in the end, so long as one was able to control said covariance terms, then
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2.3.2 The Watts-Strogatz, Gaussian Measurement Model, and Couplings

In this section we create the foundation upon which a particular example of the Skellam

approximation for the numerator of δ̂ − δ, i.e. ND, may be applied. We start with

general results, some of which may appear familiar, but are necessary for laying the general

framework for the example. In the end, we produce a result which, under the assumption

of a Watts-Strogatz random graph model and Gaussian measurement model, demonstrates

a bound on the Skellam approximation to the probability distribution of ND. This result

appears at the end of the section but the prelimary results are necessary for the final

conclusion. Also, we derive a bound for the Kolmogorov distance between the probability

distribution of a difference of two sums of possibly dependent binary random variables and

the Skellam (λ1, λ2) distribution. Specifically, let X = {X1,X2} be a collection of binary

random variables where

X1 = {X1k : k = 1, 2, . . . , n} and X2 = {X2k : k = 1, 2, . . . ,m} (2.14)

partition X and define the random variables X1 and X2 as

X1 =
∑n

k=1X1k and X2 =
∑m

k=1X2k. (2.15)

Finally, let X = X1 −X2. The following theorem establishes a bound for the Kolmogorov

distance K between the probability distributions of X and W ∼ Skellam (λ1, λ2).

Theorem 2.10. Let p1k = EX1k for k = 1, 2, . . . , n and p2k = EX2k for k = 1, 2, . . . ,m

so that λ1 =
∑n

k=1 p1k and λ2 =
∑m

k=1 p2k. Then

K ≤ M


n∑
k=1

p21k + 2

n∑
i<j

|Cov (X1i, X1j)| (2.16)

+

m∑
k=1

p22k + 2

m∑
i<j

|Cov (X2i, X2j)|
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+ 2
n∑
i=1

m∑
j=1

|Cov (X1i, X2j)|


where M = supx∈R supk∈Z |fx (k + 1)− fx (k)|.

It was shown that if λ1 = λ2 in the previous section that M = 83/λ where λ is the

common λ1 = λ2 common value.

Recall that the discrepancy D between the estimator δ̂ and the network density δ is

defined as D = δ̂ − δ and may be written as

D =

∑
{i,j}∈Ec Yij −

∑
{i,j}∈E (1− Yij)(

p
2

) (2.17)

where |V | = p and the collection of
(
p
2

)
random variables Y =

{
Yij : {i, j} ∈ V (2)

}
are

defined by

Yij =

 1 if H0 is rejected

0 if H0 is not rejected.
(2.18)

In accordance with Section 2.2, the collection of binary random variables Y = {Yij : {i, j}

∈ V (2)
}

may be partitioned as Y = {Y1,Y2} where

Y1 = {Yij : {i, j} ∈ Ec} and Y2 = {1− Yij : {i, j} ∈ E} . (2.19)

Now, define the random variables Y1 and Y2 as

Y1 =
∑
{i,j}∈Ec Yij and Y2 =

∑
{i,j}∈E (1− Yij) (2.20)

so that
(
p
2

)
D = Y1 − Y2 and λ1 = EY1 and λ2 = EY2. Recall from Section 2.2 that

Yij ∼

 Bernoulli (αij) if {i, j} ∈ Ec

Bernoulli (1− βij) if {i, j} ∈ E
(2.21)

where αij is the probability of Type-I error for the test on vertex pair {i, j} ∈ Ec and βij
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is the probability of Type-II error for the test on vertex pair {i, j} ∈ E.

This section contains a demonstration of an application of the results of this in the

context of an association network. In particular, we choose an example association net-

work in which vertex pairs are connected by an edge if the attributes corresponding to

those vertices have non-zero correlation. Such an object is a so-called correlation network.

Furthermore, we assume that the collection of attributes has a multivariate Gaussian dis-

tribution. Furthermore, we shall suppose that the underlying network graph is a realization

of a Wattz-Strogatz small-world random graph model.

Suppose that Z is a zero-mean p−dimensional random vector with a multivariate Gaus-

sian distribution and population correlation matrix Σ = (ρij), and that G = (V,E) is a

network graph with |V | = p. We identify with each vertex vk for k = 1, 2, . . . , p the kth

random element Zk of Z. In the context of a correlation network graph (see [Kol09]), the

measure of similarity between vertex pairs vi and vj in this brand of association networks

is ρij , the Pearson product-moment correlation between Zi and Zj . Accordingly, the edge

set E of G is defined as

E =
{
{i, j} ∈ V (2) : ρij > 0

}
. (2.22)

Note that more generally one could define the edge set in a correlation association net-

work as
{
{i, j} ∈ V (2) : ρij 6= 0

}
but the former definition is chosen here for the sake of

illustration and demonstration.

The general construction of the Watts-Strogatz random graph model for a network

graph is to begin with p vertices and, arranged in a periodic fashion, join with an edge

each vertex to d of its neighbors to each side for some d << p. The result is a network

graph which is a one-dimensional lattice consisting of pd edges. Note that in the case of

correlation networks, an edge between vertices vi and vj indicates positive correlation of

the attributes respective attributes and, therefore, the one-dimensional lattice represents

a cyclic auto-regressive model. Finally, it is then typical to introduce a small number of

edges to randomly selected pairs of vertices.
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To complete the scenario of our demonstration, we specifically describe the formal

inference procedure of Section 2.2. For each of the {i, j} ∈ V (2) vertex pairs in the network

graph G we perform the hypothesis test

H0 : ρij = 0 versus H1 : ρij > 0. (2.23)

To execute the above
(
p
2

)
hypothesis tests, suppose that z1, z2, . . . , zN is a random

sample from the distribution Z ∼ N (0,Σ). From this sample one may compute the

sampling distribution of the unbiased estimator Σ̂ = (σ̂ij) of Σ, see [And71], and thus

estimate the corresponding correlation matrix with R = (rij) to perform the hypothesis

tests in Equation (2.23). The upper-triangular entries rij of R can serve as a test statistics

for the hypothesis tests in Equation (2.23) and, as such, each element of the collection of

random variables Y =
{
{i, j} ∈ V (2) : Yij

}
is defined as

Yij =

 1 if rij > τ

0 if rij < τ
(2.24)

for some rejection threshold τ ∈ R. It follows that the inferred edge set is defined as

Ê =
{
{i, j} ∈ V (2) : Yij = 1

}
(2.25)

=
{
{i, j} ∈ V (2) : rij > τ

}
. (2.26)

Again, proceeding along the Stein methodology, the following proof upper-bounds KS

in Equation (2.5) by upper-bounding each term in the sum on the right-hand-side of (2.5).

First, a preliminary lemma.

Lemma 2.11. Suppose that I = {Ik : k = 1, 2, . . . , s} is a collection of binary random

variables and let S =
∑s

k=1 Ik. There exists random variables Sj and Sj′ defined on a
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common probability space such that

L
(
Sj
)

= L (S) and L
(
Sj′ + 1

)
= L (S|Ij = 1) . (2.27)

Furthermore, there exists a coupling of Sj and Sj′ with the property

(EIj)E
∣∣Sj − Sj′∣∣ ≤ (EIj)2 +

s∑
k 6=j
|Cov (Ij , Ik)| (2.28)

for any j = 1, 2, . . . , s.

Proof. We begin by describing the so-called generalized standard construction, see [AL78].

Suppose that the collection I has the cumulative distribution function F and define recur-

sively the functions F1 (x) = P (I1 ≤ x) and

Fj (x|x1, . . . , xj−1) = P (Ij ≤ x|Ik = xk; 1 ≤ k < j) (2.29)

for each x measurable in (x1, . . . , xj−1) and j = 2, . . . , s. Now, define recursively the

functions G1 (x) = inft∈R {F1 (t) ≥ x} and

Gj (x|x1, . . . , xj−1) = inf
t∈R
{Fj (t|x1, . . . , xj−1) ≥ x} (2.30)

for j = 2, . . . , s. Finally, let U = {Uk : k = 1, 2, . . . , s} be a collection of independent

Uniform (0, 1) random variables and construct the collection of random variables I∗ =

{I∗k : k = 1, 2, . . . , s} according to the following program. First, define recursively the ran-

dom variables I∗1 = G1 (U1) and, given that I∗1 = x1, . . ., I
∗
j−1 = xj−1,

I∗j = Gj (Uj |x1, . . . , xj−1) . (2.31)

As noted in [AL78], it is immediate that L (I∗1 ) = L (I1) and since

P
(
I∗j ≤ x|I∗i = xi; 1 ≤ i < j

)
= P (Ij ≤ x|Ii = xi; 1 ≤ i < j) (2.32)
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all finite-dimensional distributions of I∗ and I coincide so that L (I∗) = L (I).

To construct the random variables Sj and Sj′ with the desired property of Equation

2.28, first assume without loss of generality that j = 1. Now, let U1 = {Uk : k = 1, 2, . . . , s}

be a collection of independent Uniform (0, 1) random variables and define U1′ = {Uk = 1;

Uk : k = 2, 3, . . . , s} to be an almost sure copy of U1 for all indices k 6= 1. Next, ex-

ecute the generalized standard construction with U1 to construct the collection I1 ={
I1k : k = 1, 2, . . . , s

}
and then execute the generalized standard construction with U1′ to

construct the collection I1′ =
{
I1′k : k = 2, 3, . . . , s

}
. Now define S1 and S1′ as

S1 =
∑s

k=1 I
1
k and S1′ =

∑s
k=2 I

1′
k . (2.33)

It is immediate that

L
(
S1
)

= L (S) and L
(
S1′ + 1

)
= L (S|I1 = 1) (2.34)

and that S1 and S1′ exist on a common probability space since their randomness is derived

from the randomness of U1 and U1′ which, in turn, are defined on a common probability

space.

To show that S1 and S1′ have the desired property of Equation 2.28, note that

(EI1)E
∣∣S1 − S1′∣∣ = (EI1)E

∣∣∣∣∣I11 +
n∑
k=2

(
I1k − I1′k

)∣∣∣∣∣ (2.35)

≤ (EI1)2 +
s∑

k=2

(
EI11

)
E
∣∣I1k − I1′k ∣∣ . (2.36)

Note, that by construction of I1k and I1′k with the collections U1 and U1′

E
∣∣I1k − I1′k ∣∣ =

∣∣P (I1k = 1
)
− P

(
I1k = 1|I1′1 = 1

)∣∣ (2.37)



25

which implies that

(EI1)E
∣∣I1k − I1′k ∣∣ =

∣∣Cov (I11 , I1′k )∣∣ = |Cov (I1, Ik)| . (2.38)

Thus the claim of Equation 2.28 is verified.

Proof of Theorem 2.10. Let X = {X1,X2} be a collection of binary random variables

where

X1 = {X1k : k = 1, 2, . . . , n} and X2 = {X2k : k = 1, 2, . . . ,m} (2.39)

partition X and define the random variables

X1 =
∑n

k=1X1k, and X2 =
∑m

k=1X2k (2.40)

and let X = X1 − X2. Suppose that p1k = EX1k for k = 1, 2, . . . , n and p2k = EX2k for

k = 1, 2, . . . ,m and define

µ1 =
∑n

k=1 p1k and µ2 =
∑m

k=1 p2k. (2.41)

Finally let W ∼ Skellam (µ1, µ2) and note that by Theorems 2.1 and 2.3

K = sup
x∈R
|E [µ1fx (X + 1)−Xfx (X)− µ2fx (X − 1)]| (2.42)

where, again

K = sup
x∈R
|P (X ≤ x)− P (W ≤ x)| . (2.43)

Note that Equation (2.42) can be written as

K = sup
x∈R

∣∣∣∣∣
n∑
k=1

E [p1kfx (X + 1)−X1kfx (X)] (2.44)
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+

m∑
k=1

E [p2kfx (X)−X2kfx (X − 1)]

∣∣∣∣∣
= sup

x∈R

∣∣∣∣∣
n∑
k=1

p1kE
[
fx

(
X1k + 1

)
− Efx

(
X1k′ + 1

)]
(2.45)

+

m∑
k=1

p2kE
[
fx

(
X2k′ − 1

)
− fx

(
X2k − 1

)]∣∣∣∣∣
where, for each k = 1, 2, . . . , n the random variables X1k and X1k′ are such that L

(
X1k

)
=

L (X) and L
(
X1k′ + 1

)
= L (X|X1k = 1) for each k = 1, 2, . . . ,m the random variables X2k

and X2k′ are such that L
(
X2k

)
= L (X) and L

(
X2k′ + 1

)
= L (X|X2k = 1). By Lemma

2.11 such random variables can be constructed so that X1k and X1k′ exist on a common

probability space for each k = 1, 2, . . . , n and so that X2k and X2k′ exist on a common

probability space for each k = 1, 2, . . . ,m. It follows that

K ≤ sup
x∈R

{
n∑
k=1

p1kE
∣∣∣fx (X1k + 1

)
− fx

(
X1k′ + 1

)∣∣∣ (2.46)

+
m∑
k=1

p2kE
∣∣∣fx (X2k′ − 1

)
− fx

(
X2k − 1

)∣∣∣}

≤ M

{
n∑
k=1

p1kE
∣∣∣X1k −X1k′

∣∣∣+
m∑
k=1

p2kE
∣∣∣X2k −X2k′

∣∣∣} (2.47)

where M = supx∈R supk∈Z |fx (k + 1)− fx (k)|.

Finally, by an application of Lemma 2.11,

K ≤ M


n∑
k=1

p21k + 2
n∑
i<j

|Cov (X1i, X1j)| (2.48)

+
m∑
k=1

p22k + 2
m∑
i<j

|Cov (X2i, X2j)|

+ 2
n∑
i=1

m∑
j=1

|Cov (X1i, X2j)|


is immediate and the claim is proved.
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We are now set to describe our demonstration of these results to the Watts-Strogatz

network model discussed earlier. For the sake of illustration, we choose to explore the above

framework in the case that Z has the multivariate Gaussian distribution with population

correlation matrix Σ, e.g. Z ∼ N (0,Σ). In this context, the probability distribution of Σ̂,

the unbiased estimator of Σ, and thus the collection of test statistics
{
rij : {i, j} ∈ V (2)

}
,

is known, although in general, not in closed form, see [And71]. Thus we may, in principle,

directly compute the probability and covariance terms on the right-hand side of the bound

in Equation 2.16.

The unbiased estimator Σ̂ of Σ is of the form

Σ̂ =
1

N − 1

N∑
k=1

(zk − z̄) (zk − z̄)′ (2.49)

where N is the size of the random sample from the probability distribution of Z and zk is

the kth observation of the p−dimensional random vector and

z̄ =



z̄1

z̄2
...

z̄p


=

1

N

N∑
k=1

zk. (2.50)

If Z has the multivariate Gaussian distribution N (µ,Σ) then Σ̂ has the Wishart
(
1
nΣ, n

)
distribution where n = N − 1, see [And71].

The following lemma is useful for determining the probability distribution of a subma-

trix of Σ̂ and, thus, the bivariate probability distributions of rij and rhk. For proof, see

[And71].

Lemma 2.12. If Σ̂ ∼Wishart
(
1
nΣ, n

)
and Σ̂ and Σ are partitioned as

Σ̂ =

 Σ̂11 Σ̂12

Σ̂21 Σ̂22

 and Σ =

 Σ11 Σ12

Σ21 Σ22

 (2.51)
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then Σ̂11 ∼Wishart
(
1
nΣ11, n

)
.

Our interest is, of course, the sample correlation matrix R and the elements therein.

We are interested specifically in the the bivariate probability distribution of two sample

correlation coefficients rij and rhk since these determine the values of Cov (Yij , Yhk) in

the bound of Theorem 2.10. Within the association network G = (V,E) these sample

correlation coeffiencents are one of two types. Either rij and rhk are the sample correlations

of adjacent vertex pairs or non-adjacent vertex pairs. In other words, either there is a

common vertex to the vertex pairs of {i, j} and {h, k} or there is not. We begin by

examining the first case, i.e. there is a vertex in common. The following lemma provides

an expression for the bivariate distribution of rij and rhk when the vertex pairs {i, j} and

{h, k} are adjacent. We may, without loss of generality, suppose that i, h = 1, j = 2, and

k = 3 so that we are considering only the upper-left 3× 3 submatrix of Σ.

Lemma 2.13. If N ≥ 4 then the bivariate probability density of r12 and r13 is

p (x, y; Σ, n) ∝
∫
R

∫
R

∫
R

exp
{
−σ23

√
h22
√
h33

(
xy −

√
(1− x2) (1− y2)

)}
·
[(

1− x2
) (

1− y2
)](n−3)/2 [

1 +
∞∑
k=1

(
k−1∏
r=0

n/2− 1 + r

n− 2 + r

)
(2.52)

·

(
−2σ23

√
h22
√
h33
√

(1− x2) (1− y2)
)k

k!


· exp

{
−1

2

3∑
k=1

σkkhkk − σ12
√
h11
√
h22x− σ13

√
h11
√
h33y

}

·

(
3∏

k=1

h
n/2−1
kk

)
dh11 dh22 dh33.

where H = (hij) is the upper-left 3 × 3 submatrix of Σ̂. Thus, if the upper-left 3 × 3
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submatrix of Σ is of the form


σ11 0 0

0 σ22 0

0 0 σ33



σ11 σ12 0

σ12 σ22 0

0 0 σ33



σ11 0 σ13

0 σ22 0

σ13 0 σ33

 (2.53)

where we denote with σ12 and σ13 potentially non-zero values in the upper-left 3 × 3 sub-

matrix of Σ then r12 and r13 are pairwise independent.

Proof. Recall that Σ̂ is defined as

Σ̂ =
1

N − 1

N∑
k=1

(xk − x̄) (xk − x̄)′ (2.54)

where N is the size of the random sample from the probability distribution of Z and zk is

the kth observation of the p−dimensional random vector and

z̄ =



z̄1

z̄2
...

z̄p


=

1

N

N∑
k=1

zk. (2.55)

According to Lemma 2.12, if N ≥ 4 then the probability density function (pdf) of the

upper-left 3× 3 submatrix H of Σ̂ is

p (H; Σ, n) ∝ |H|
1
2
(n−p′−1) exp

{
−1

2
tr
(
Σ−1H

)}
for H positive definite (2.56)

where n = N − 1 and p′ = 3 and H is the upper-left 3 × 3 submatrix of R. Since we

are specifically interested in the sample correlation matrix R and the elements therein we

perform the transformation

H 7→
√

diag (H)R
√

diag (H). (2.57)
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The Jacobian matrix J of the transformation is a

(
p′

2

)
×
(
p′

2

)
matrix. In fact, J is

diagonal so that the determinant of the transformation is simply a product. The Jacobian

determinant is

|J | =
p′∏
k=1

h
(p′−1)/2
kk . (2.58)

Thus, the joint probability distribution of H and R is

p (R,H; Σ, n) ∝ |R|(n−p
′−1)/2 exp

{
−1

2
tr
(
Σ−1H

)} p′∏
k=1

h
n/2−1
kk

 . (2.59)

Denote Σ−1 =
(
σij
)

and H = (hij) so that

p (R,H; Σ, n) ∝ |R|(n−p
′−1)/2 exp

−1

2

p′∑
k=1

σkkhkk

−
p′−1∑
i=1

p∑
j=i+1

σij
√
hii
√
hjjrij


 p′∏
k=1

h
n/2−1
kk

 . (2.60)

Naturally, this means that

p (R; Σ, n) ∝
∫
R

∫
R

∫
R
|R|(n−p

′−1)/2 exp

−1

2

p′∑
k=1

σkkhkk

−
p′−1∑
i=1

p′∑
j=i+1

σij
√
hii
√
hjjrij


 p′∏
k=1

h
n/2−1
kk

 dh11 dh22 dh33. (2.61)

The goal is to determine the bivariate density of (r12, r13). Let x = r12, y = r13, and

z = r23. This will require marginalizing z = r23. Of course, we must then compute the

determinant

|R| =

∣∣∣∣∣∣∣∣∣∣
1 x y

x 1 z

y z 1

∣∣∣∣∣∣∣∣∣∣
(2.62)

= − (z − xy)2 +
(
1− x2

) (
1− y2

)
. (2.63)
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The roots of the above quadratic are

(z0, z1) = xy ±
√

(1− x2) (1− y2). (2.64)

This means, to marginalize z = r23 we must compute the integral

Iz =

∫ xy+
√

(1−x2)(1−y2)

xy−
√

(1−x2)(1−y2)

[(
1− x2

) (
1− y2

)
− (z − xy)2

](n−4)/2
· exp

{
−σ23

√
h22
√
h33z

}
dz. (2.65)

Using substitution we find that

p (x, y; Σ, n) ∝
∫
R+

∫
R+

∫
R+

exp
{
−σ23

√
h22
√
h33

(
xy −

√
(1− x2) (1− y2)

)}
·
[(

1− x2
) (

1− y2
)](n−3)/2 [

1 +
∞∑
k=1

(
k−1∏
r=0

n/2− 1 + r

n− 2 + r

)
(2.66)

·

(
−2σ23

√
h22
√
h33
√

(1− x2) (1− y2)
)k

k!


· exp

{
−1

2

3∑
k=1

σkkhkk − σ12
√
h11
√
h22x− σ13

√
h11
√
h33y

}

·

(
3∏

k=1

h
n/2−1
kk

)
dh11 dh22 dh33.

The above is difficult to analyze aside from the fact that if σ23 = 0 and at least σ13 = 0 or

σ12 = 0 then r12 and r13 are pairwise independent. If σ23 = 0 then σ12σ13 − σ11σ23 = 0.

Now, suppose that σ23 = 0 so that it must be that σ12 = 0 or σ13 = 0. For example, if

σ23 = 0 and σ13 = 0 then σ23 = 0 and σ13 = 0. In this case, Equation (2.66) reduces to

p (x, y; Σ, n) ∝
(
1− y2

)(n−3)/2 ∫
R+

∫
R+

(
1− x2

)(n−3)/2( 2∏
k=1

h
n/2−1
kk

)

· exp

{
−1

2

2∑
k=1

σkkhkk − σ12
√
h11
√
h22x

}
dh11 dh22 (2.67)
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∝ p (x; Σ, n) p (y;n) . (2.68)

It follows that the upper-left 3×3 submatrix of Σ can be one of the three forms in Equations

(2.69) in order for r12 and r13 to be pairwise independent.


σ11 0 0

0 σ22 0

0 0 σ33



σ11 σ12 0

σ12 σ22 0

0 0 σ33



σ11 0 σ13

0 σ22 0

σ13 0 σ33

 (2.69)

In Equation (2.69) we denote with σ12 and σ13 potentially non-zero values in the upper-left

3× 3 submatrix of Σ.

Next, we examine the second case, i.e. there is not a vertex in common. The following

lemma provides the topolgies of the association network graph G = (V,E) in terms of the

covariance matrix Σ in which rij and rhk are pairwise independent where the vertex pairs

{Vi, Vj} and {Vh, Vk} are not adjacent.

Lemma 2.14. If N ≥ 5 the upper-left 4× 4 submatrix of Σ is of one of the forms



σ11 0 0 0

0 σ22 0 0

0 0 σ33 0

0 0 0 σ44





σ11 σ12 0 0

σ12 σ22 0 0

0 0 σ33 σ34

0 0 σ34 σ44





σ11 0 0 0

0 σ22 σ23 σ24

0 σ23 σ33 σ34

0 σ24 σ34 σ44


(2.70)

where we denote with σij for 1 ≤ i < j ≤ 4 potentially non-zero values, then r12 and r34

are pairwise independent.

Proof. Suppose that N ≥ 5 and that p′ = 4. By following along the same lines as the proof

of Lemma 2.13, we find that

p (R; Σ, n) ∝
∫
R+

∫
R+

∫
R+

∫
R+

|R|(n−p
′−1)/2 exp

−1

2

p′∑
k=1

σkkhkk
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−
p′−1∑
i=1

p′∑
j=i+1

σij
√
hii
√
hjjrij


 p′∏
k=1

h
n/2−1
kk

 dh11 dh22 dh33 dh44.(2.71)

Suppose that the upper-left 4× 4 submatrix of Σ is of the form



σ11 0 0 0

0 σ22 σ23 σ24

0 σ23 σ33 σ34

0 σ24 σ34 σ44


(2.72)

or, in terms of the association network G = (V,E), an isomorphic subgraph to that induced

by the matrix above. In Equation (2.72) we denote with σ23, σ24 and σ44 potentially non-

zero values in the upper-left 4× 4 submatrix of Σ. In this way, σ12 = σ13 = σ14 = 0. This

means that Equation (2.71) reduces to

p (R; Σ, n) ∝
∫
R+

∫
R+

∫
R+

∫
R+

|R|(n−5)/2 exp

{
−1

2

4∑
k=1

σkkhkk

−
3∑
i=2

4∑
j=i+1

σij
√
hii
√
hjjrij


(

4∏
k=1

h
n/2−1
kk

)
dh11 dh22 dh33 dh44.(2.73)

The goal is to determine the bivariate probability distribution of r12 and r34. Let u = r12,

v = r13, w = r14, x = r23, y = r24, and z = r34. This will require marginalizing v = r13,

w = r14, x = r23, and y = r24. Written with the new labels, Equation (2.73) becomes

p (u, v, w, x, y, z; Σ, n) ∝
∫
R+

∫
R+

∫
R+

∫
R+

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 u v w

u 1 x y

v x 1 z

w y z 1

∣∣∣∣∣∣∣∣∣∣∣∣∣

(n−5)/2

· exp

{
−1

2

4∑
k=1

σkkhkk − σ23
√
h22h33 · x (2.74)

−σ24
√
h22h44 · y − σ34

√
h33h44 · z

}
(2.75)
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·

(
4∏

k=1

h
n/2−1
kk

)
dh11 dh22 dh33 dh44. (2.76)

We begin by marginalizing w = r14. The determinant |R| is a quadratic function of w

given by

|R| = aw2 + bw + c (2.77)

where

a = −
(
1− x2

)
(2.78)

b = 2 (uy + vz − vxy − uxz) (2.79)

c = 1− u2 − v2 − x2 − y2 − z2 + u2z2 + v2y2 (2.80)

+2 (uvx+ xyz − uvyz) .

Thus, to marginalize w = r14 we must compute the integral

Iw =

∫ b
2a
−
√
b2−4ac
2a

b
2a

+

√
b2−4ac
2a

[
a

(
w +

b

2a
−
√
b2 − 4ac

2a

)
(2.81)

(
w +

b

2a
+

√
b2 − 4ac

2a

)](n−5)/2
dw.

Using substitution, we find that

Iw ∝
(
b2 − 4ac

)(n−4)/2
(−a)(n−3)/2

. (2.82)

Now, b2 − 4ac is a quadratic function of v given by

b2 − 4ac = dv2 + ev + f (2.83)
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where

d = 4
[
(z − xy)2 −

(
1− y2

) (
1− x2

)]
(2.84)

e = 8u
[
(y − xz) (z − xy) +

(
1− x2

)
(x− yz)

]
(2.85)

f = 4u2
[
(y − xz)2 −

(
1− x2

) (
1− z2

)]
(2.86)

−4
(
1− x2

) [
(x− yz)2 −

(
1− y2

) (
1− z2

)]
. (2.87)

Thus, to marginalize v = r13 we must compute the integral

Iv =

∫ e
2d
−
√
e2−4df
2d

e
2d

+

√
e2−4df
2d

[
d

(
v +

e

2d
−
√
e2 − 4df

2d

)
(2.88)

(
v +

e

2d
+

√
e2 − 4df

2d

)](n−4)/2
dv.

Using substitution, we find that

Iv ∝
(
e2 − 4df

)(n−3)/2
(−d)(n−2)/2

. (2.89)

Finally, note that

e2 − 4df ∝
(
1− u2

) (
1− x2

) [
1− x2 − y2 − z2 + 2xyz

]2
(2.90)

so that the joint pdf of u = r12, x = r23, y = r24, and z = r34 can be factored as

p (u, x, y, z; Σ, n) ∝ p (u;n) p (x, y, z; Σ, n) (2.91)

As a result, u = r12 and z = r34 are pairwise independent.

Similar computations may be carried out to show that r12 and r34 are pairwise inde-
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pendent when the upper-left 4× 4 submatrix of Σ is of the form



σ11 0 0 0

0 σ22 0 0

0 0 σ33 0

0 0 0 σ44





σ11 σ12 0 0

σ12 σ22 0 0

0 0 σ33 σ34

0 0 σ34 σ44


(2.92)

or, in terms of the association network G = (V,E), an isomorphic subgraph to that induced

by the matrices above. Again, in the above we have indicated the potentially non-zero

values in the upper-left 4× 4 submatrix of Σ.

Evidently, the value of Cov (Yij , Yhk) depends in large part upon the topology of the

network graph G. For this reason, we choose to continue our demonstration on the specific

topology, i.e. a Wattz-Strogatz network model as outlined in Section 2.3.2, for a network

graph G in the following. Table 2.1 displays the total number of 3× 3 and 4× 4 subgraphs

isomorphicly unique when keeping the anchor vertex pairs {i, j} ∈ V (2) and {h, k} ∈ V (2)

fixed when G = (V,E) is a one-dimensional lattice in which G = (V,E) has p = |V | vertices

and each vertex is connected by an edge to d of its neighbors on each side for d << p.

In addition to the counts of each isomorphic subgraph in G, Table 2.1 indicates whether

the value of Cov (Yij , Yhk) is zero or non-zero based upon the conclusions of Lemmas 2.13

and 2.14. Figures 2.1, 2.2, and 2.3 display the topologies of the upper-left 3× 3 and 4× 4

topologies corresponding to the ID’s of Table 2.1.

It is important to observe that the highest order of the number of subgraphs with non-

zero Cov (Yij , Yhk) is O
(
p2
)
. Now the order of the covariance terms needs to be addressed

after random edges have been added per the Watts-Strogatz network model.

Lemma 2.15. If G = (V,E) is an Erdos-Renyi random graph, see [Bol85], on |V | = p

vertices and probability of an edge joining a vertex pair is q ∈ O
(
p−1
)

then the number of
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Figure 2.1: Configurations When {i, j} and {h, k} Are Adjacent
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Figure 2.2: Configurations When {i, j} and {h, k} Are Non-adjacent
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ID #Vertices #Edges #Subgraphs Cov (Yij , Yhk)

3.0 3 0 p(p−3d−2)(p−3d−1)
2 0

3.1.a 3 1 2dp2 − (5d+ 3) dp 0

3.1.b 3 1 dp2 − (5d+3)
2 p *

3.2 3 2 3
2 (d+ 1) dp *

3.3 3 3 3
2d (d− 1) p *

4.0 4 0 p(p−4d−1)(p−4d−2)(p−4d−3)
8 0

4.1 4 1 3d
2 p

3 − 3d(7d+4)
2 p2 +

d(37d2+42d+11)
2 p 0

4.2.a 4 2 d(4d+3)
2 p2 − d(13d2+17d+5)

2 p 0
4.2.b 4 2 d2p2 − d2 (3d+ 2) p *

4.3.a 4 3 3
2d (d− 1) p2 − 1

2d (8d+ 5) (d− 1) p 0
4.3.b 4 3 1

2d (2d+ 1) (d+ 1) p *

4.4 4 4 (d+ 1) d (d− 1) p *

4.5 4 5 1
2 (d+ 1) d (d− 1) p *

4.6 4 6 1
2d (d− 1) (d− 2) p *

Table 2.1: Number of Uniquely Isomorphic 3× 3 and 4× 4 Subgraphs; ∗ Indicates a non-
zero value of Cov (Yij , Yhk) when the attributes of the vertices in the association network
graph G = (V,E) has the multivariate Gaussian distribution

non-zero Cov (Yij , Yhk) is OP
(
p2
)

which immediately implies that if

|P (Yij = 1|Yhk = 1)− P (Yij = 1)| p→∞→ 0 (2.93)

then K
p→∞→ 0.

Proof. We wish to show that for any ε > 0 there exist Mε > 0 and p0 > 0 such that for all

p > p0

P
(
CP

p2
≤Mε

)
≥ 1− ε (2.94)

or, equivalently,

P
(
CP > Mεp

2
)
≤ ε (2.95)

where CP represents the number of subgraphs which are contributing coveriance (C) in

the probabilistic model (P). The Pij refers to the configurations in which the subgraphs of

Figures 2.1, 2.2, 2.3.
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Figure 2.3: Configurations When {i, j} and {h, k} Are Non-adjacent

Define the quantity CP ′ as

CP ′ = 3 (P31 + P32 + P33 + P42 + P43 + P44 + P45 + P46) . (2.96)

It is clear that CP ′ ≥ CP which implies that

P
(
CP > Mεp

2
)
≤ P

(
CP ′ > Mεp

2
)

(2.97)

which, by using Markov’s inequality, we further have that

P
(
CP > Mεp

2
)
≤ ECP ′

Mεp2
. (2.98)

Now, we compute the parts of the expectation in the upper-bound.

EP31 = 3L30p (1− p)2 + 2L31 (1− p)2

EP32 = 3L30p
2 (1− p) + 2L31p (1− p) + L32 (1− p)
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EP33 = L30p
3 + L31p

2 + L32p+ L33

EP42 = 15L40p
2 (1− p)4 + 5L41p (1− p)4 + L42 (1− p)4

EP43 = 20L40p
3 (1− p)3 + 10L41p

2 (1− p)3 + 4L42p (1− p)3 + L43 (1− p)3

EP44 = 15L40p
4 (1− p)2 + 10L41p

3 (1− p)2 + 6L42p
2 (1− p)2

+3L43p (1− p)2 + L44 (1− p)2

EP45 = 6L40p
5 (1− p) + 5L41p

4 (1− p) + 4L42p
3 (1− p)

3L43p
2 (1− p) + 2L44p (1− p) + L45 (1− p)2

EP46 = L40p
6 + L41p

5 + L42p
4 + L43p

3 + L44p
2 + L45p+ L46

Suppose that p is defined as p = c/p for some c ≥ 0. From this choice it follows that

there exists M1 > 0 and p1 > 0 such that for all p > p1

ECP ′

p2
≤M1 (2.99)

or, in other words,

ECP ′ ∈ O
(
p2
)
. (2.100)

As a consequence, we further the upper-bound to

P
(
CP

p2
> Mε

)
≤ M1

Mε
(2.101)

for p > p1. Now, for a choice of

Mε =
M

ε
(2.102)

and p0 = p1, we have that

CP ∈ OP
(
p2
)

(2.103)
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or, similarly, there exists M > 0 such that

lim
p→∞

P
(
CP

p2
≤M

)
= 1. (2.104)

The Watts-Strogatz small-world network model has OP (p) vertex pairs connected with

an edge and OP
(
p2
)

vertex pairs disconnected. Suppose that the probability of type-I

error α = α (p) is a function of p and that α ∈ O
(
p−1/2

)
. This implies that λ1 ∈ O

(
p3/2

)
so that ∑

{i,j}∈Ec α
2
ij +

∑
{i,j}∈E β

2
ij

λ
∈ O

(
p−1/2

)
. (2.105)

Now, according to Table 2.1 and to the results previously stated,

∑∑
{i,j}6={h,k}∈V (2)

|Cov (Yij , Yhk)|

λ
∈ O (

√
p |Cov (Yij , Yhk)|) (2.106)

∈ O (|P (Yij = 1|Yhk = 1)− P (Yij = 1)|) (2.107)

since α ∈ O
(
p−1/2

)
and where {i, j} , {h, k} ∈ Ec. It follows that if

|P (Yij = 1|Yhk = 1)− P (Yij = 1)| p→∞→ 0 (2.108)

where, in the above, we have chosen λ1 = λ2 = λ, then K → 0 and the claim is proved

upon appealing to Theorem 2.10.

2.4 Discussion

The statistical analysis of networks has seen tremendous theoretical and methodological

gains in recent years.

The problem is (a) that researchers effectively infer networks without formal confir-

mation and (b) there exists little theory for the impact of noisy observations on network

inference. That is, many infer a network and call it “the network”. Arguably a statis-

tician should always first consider in any estimation or inference problem the probability



42

distribution of any estimator.

We have provided a means to build the foundation of inference for a class of network

statistics. Our methods address the propagation of error from network inference to network

characterization, a topic which deserves more attention.

Proving Theorem 2.6 in Section 2.3, requiring the analysis of alternating sums of differ-

ences of the ratios of modified Bessel functions of the first kind, was of no small expenditure.

The literature on quantities of this sort is lacking and, hence, we were required to develop

methods of our own. These methods, of independent interest, are published in [PB13].



Chapter 3

Robust Dynamic Community Detection

3.1 Introduction

Approximately 50 million people worldwide (3 million in the United States) have epilepsy.

More than 50 percent of those suffer from localization-related epilepsy. Unfortunately, 25

to 35 percent of these patients continue to have seizures despite maximal anticonvulsant

therapy, see [JDW06], and furthermore those receiving medications may suffer from its

considerable side effects. In many cases, regional surgical resection may reduce or cure

seizures, but this procedure remains an option of last resort as it carries significant risk

and is only curative in approximately 40 to 70 percent of neocortical epilepsy cases, see

[neo90]. To better treat this devastating illness requires a deeper understanding of the

seizure, including improved brain imaging and quantitative characterization.

Despite widely variable etiologies, epilepsy is often characterized as a disease of brain

rhythms — a paroxysmal cerebral dysrhythmia, see [GF] — as brain voltage activity typ-

ically reveals stereotyped dynamics, see [KC12a]. Localization related seizures are an

emergent event that typically begins focally, are believed to be due to an imbalance of

excitation and inhibition, and spreads throughout the brain network. From this simplistic

perspective a secondary generalized seizure (that spreads from a focus to include a large

portion of the brain network) can be understood as beginning in a circumscribed region,

then recruiting other brain areas through a cascade of spreading activity that includes

both pathological and normal brain tissue. Presumably, this spread manifests as synchro-

nized activity throughout the brain network, and classically seizures have been thought to
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represent a hypersynchronous state, see [dCG], [BB99], and [PJ54]. However, recent obser-

vations challenge the assertion that seizures are hypersynchronous events at larger spatial

scales, see [Jer05] and [SK], in in vitro recordings of experimental seizures, see [NT], in

human temporal lobe seizures, see [BF].

Functional networks have provided new insights into the dynamic evolution of the syn-

chronized neuronal activity of seizure. Representing the statistical associations between

dynamic activity recorded from separate brain areas, see [K.94], functional networks have

been applied to many different types of multivariate neuroimaging data at different spatial

and temporal scales, see [MAK10]. From high-density, multielectrode voltage recordings,

complex functional network patterns emerge during siezure whose quantitative understand-

ing requires sophisticated techniques. Many tools exist to characterize network topology,

and analysis of human brain networks has resulted in many recent observations, as summa-

rized in detailed reviews, see [PJ11] and [BB09]. In general, identification of the network

characteristics that support epileptic seizures remains an active research area, yet some pre-

vailing results have emerged, including the importance of small-world topologies [NTJ04],

[PSC07], and [WHX06] (although see [BSK10]), and [ALA10].

Recent observations suggest a specific pattern of organization in functional networks

during seizure [KC12b]. At seizure onset, brain voltage activity tends to become more

coupled [KC12b], resulting in the coalescence of network components to form a dominant

community. Then, during the seizure, these dominant communities tend to fragment; brain

regions tend to decouple their activities, and global community structures break down.

Finally, preceding seizure termination, brain regions recouple, and a dominant community

then forms [KC12b]. However, this understanding of coalescence and fragmentation of is

based on static network analysis tools applied to the dynamic functional networks inferred

during a seizure. A more appropriate characterization would directly analyze the rich,

evolving structure of the dynamic functional networks of seizure.

Following a decade of work in the context of static networks, in recent years there have

emerged a number of proposals to perform community detection in dynamic networks (e.g.,
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[Bas13]). These methods typically apply an algorithm for static graphs to define candidate

communities at a fixed moment in time, and then define time-varying communities by

“stitching together” consecutive static communities. For example, the clique percolation

method (CPM) [1] defines communities in static time slices by the extent to which a clique

(e.g., a triangle) can be walked over the graph, and then communities at successive time

points are sewn together using a rule based on overlap of vertex subsets. More recent

proposals have begun to operate directly on the dynamic network itself.

However, within the context of functional connectivity networks and epilepsy, existing

dynamic community detection tools are inadequate for two reasons. First, while most exist-

ing methods typically use implicit notions of communities (e.g., defined via optimization of

some cost criterion), we instead would like to extract communities based on more explicit

notions as time-evolving aggregations of smaller motifs, consistent with the hypothesis

that functional network motifs are important evolutionary outcomes in the neuronal ar-

chitectures of highly evolved species, see [RM02]. Second, existing methods are unable to

explicitly account for edge noise (i.e., false positive/negative inferences of edge status) a

factor in any set of networks inferred from biological data like the invasive brain voltage

measurements utilized here.

In this chapter we introduce a new method of dynamic community detection — dynamic

plex percolation (DPP)— that connects static communities to aggregations of a variety

of common motifs in a natural and flexible manner, that defines dynamic communities

across time through an explict notion of temporal progression of these motifs, and that is

demonstrably robust to edge noise. We then illustrate the utility of this method through

application to invasive brain voltage recordings made from a human subject during seizure.

3.2 Background

Existing (both static and dynamic) community detection methods provide powerful tools

for understanding and characterizing networks. However, these methods typically are (i)
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unable to account for the edge noise (e.g. false positive/negative edge status) that is

inherently present in “functional networks” inferred from noisy data, and (iia) either dis-

cover dynamic communities by sewing together discovered static communities in an ad-hoc

manner or (iib) by using an implicit notion of community (e.g. by optimizing some cost cri-

terion), see [PJMO10], [AWP], [TYBW10], and [GP07]. These shortcommings potentially

limit our understanding of inferred networks and, in particular, the functional networks

inferred from brain voltage data of interest here.

What is primarily lacking in the static community dectection is robustness to the noise

that is inherent in an inferred edge set. Specifically, one is typically less able to directly

control type-II error with a fixed dataset. In the methods section of this chapter I discuss

a solution to this problem and demonstrate its capacity for robustness to error, specifically

type-II error.

Dynamically, I seek a method that is locally based instead of globally based. In this

sense, we mean that, for example in the context of a social network, if two people cease to

be friends then we should not necessarily fracture the community structure. The Clique

Percolation Method (CPM) as defined by the authors of [GP07] achieves the goal of a lo-

cal definition of community structure statically but additional advancements are required

for dynamic community detection; this point is discussed in the following. I propose a

method which is both mathematically elegant and intuitive, thus providing both rigor and

interpratibility. Methods which optimize a criterion, such as minimizing graph conduc-

tance, are computationally tractable and mathematically elegant via spectral methods but

lack an intuitive explanation, see [Bol98]. Furthermore, optimizing a crition can cause a

local definition of a community to fail and is, therefore, undesireable since communities

are local by nature. The last criterion I seek is a method which explicity traces dynamic

communities in time rather than defining an ad-hoc “stitching” mechanism to link static

communities. Based upon the above I define the dynamic plex percolation (DPP) method

of dynamic community detection.

The DPP acheives each of the goals (i-iib) but additionaly, and of equal importance,
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the proposed method detects network motifs. A network motif of size n is a connected

subgraph on m vertices. A vision of networks, in particular that of a brain functional

network, as described by the authors of [LVZ05], is of interconnected microscopic patterns

(motifs) coalescing to form mesoscopic patterns called “themes” which then themselves

interconnect to encompass the macroscopic network. In the following, a demonstration of

the DPP’s ability to detect signifcant motifs of neurological networks, those as cited by

[LVZ05] and [RM02], is demonstrated.

3.3 Methods

Let G = (V,E) be a graph with vertex set V and edge set E, and let {Gt}nt=1 denote a

sequence of n graphs indexed by t. Our goal is to first identify time-indexed sequences of

subgraphs
{
H

(kt)
t ; kt ∈ Z+

}n
t=1

such that for each H
(kt)
t the vertices within are more cohe-

sive, than to vertices outside. We use the notation kt to mean that, for ultimate generality,

one could choose to tune the requisite level of cohesiveness over time for declaring commu-

nity structure. Following this, our second goal is to identify a sequence H
kt−1

t−1 , Ht,
kt , H

kt+1

t+1

such that a similar cohesiveness has evolved in time.

Definition 3.1. A subgraph H on n vertices is a k − plex if

deg (v) ≥ n− k for all vertices v ∈ H

for n > k.

Remark 3.2. It is straight-forward to recognize that a 1− plex is a clique. This shows us

that a plex is a generalization of a clique and, therefore, provides a more flexible notion of

cohesiveness.

The authors of [RM02] found that the diamond and multi-layer perceptron motifs,

as shown in Figure 3.1, occured significantly more frequently in biological and techno-

logical networks than in random networks conditional on the smaller subgraphs. In con-
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Figure 3.1: The Diamond (left) and Multi-Layer Perceptron (right) Motifs

trast with the existing CPM, the proposed DPP method is able to identify or, in other

words, aggregate many of the motifs the authors of [RM02] established as significant into

themes/communities. Table 3.2 is a display of the wide-ranging detection abilities of the

DPP with respect to these statistically significant motifs.

The authors of [LVZ05] discussed the notion that themes, i.e. the mesoscopic structures

of a network or, in other words communities, are an aggregation of the microscopic motifs.

Here, we use the notion of a k-plex to represent a motif. Recall that a plex of order (n, k)

is a subgraph H on n > k vertices in which deg (v) ≥ n−k for all v ∈ H. To aggregate the

motifs into dynamic themes or communities (herein the terms “themes” and “communities”

are used interchangably) I define a community by the extent to which a plex of a given

order can “walk” both within each graph Gt and across temporally adjacent graphs Gt

and Gt+1, where movement necessarily must be from one plex sub-graph to another in

such a way that the two differ by at most one vertex, see [GP07]. Movement across time

is facilitated by fully connecting each pair of subsets vertices in Gt and Gt+1, for every t.

That is, each vertex v ∈ Gt is connected by an edge to its matured self in Gt+1 the results

of which can be visualized as a railroad track. Note that this technique for multi-slice

networks has been utilized by the authors of [PJMO10]. Next, if an edge {v1, v2} ∈ Gt

exists again in Gt+1 then the vertices v1 ∈ Gt and v2 ∈ Gt+1 are connected by an edge and

likewise for v2 ∈ Gt and v1 ∈ Gt+1 the result of which is converting the “railroad track”

into a proper bridge for plex “walking”. The enhanced sequence {Gt}nt=1 is the foundation

upon which the plexes walk in space and time, and thus dynamic communities are defined.

It is important to note that the enhanced graph sequence is independent of the choice of
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both plex size and order.

The notion of “walking” in space is similar to the CPM of [GP07], however, the notion

of walking in time is novel. Moreover, the fundamental units being plexes and motifs,

rather than cliques, drastically alters the detectable dynamic communities, as illustrated

below. This novel approach for walking in time is more explicit han existing methods, in the

sense that it is deterministic and interpretable as demonstrated in Table 3.3. The result of

explicitly defining a means for plex walking through space and time may be conceptualized

as an evolving series of “tubes” which represent the dynamic networks evolving in time.

3.4 Communities as Aggregations of Network Motifs

As mentioned in the previous subsection, a network is a coalescence of mesoscopic themes

or communities which themselves are an aggregation of microscopic motifs, see Table 3.1.

The authors of [RM02] hypothesize motifs in neuronal functional networks to be important

Motifs Theme Network

Table 3.1: The Microscopic, Mesoscopic, Macroscopic Perspective. The two motifs (left,
red and blue) unit to form a theme (middle, green), which forms one component of a
network (right)

to the brain achritectures of highly evolved species. The authors of [LVZ05] concluded that

higher order connection patterns, which they termed themes, i.e. an aggregation of motifs,

were significantly discovered in neurological functional networks. We show in Table 3.2

that all of the non-trivial n = 5 motifs are at least one of, or an interleaving of, a plex of

order (3, 1), (4, 2), (5, 3), or (5, 2).
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3.5 Dynamic Communities Through Progression of Motifs

The simple example in Table 3.3 illustrates how plexes walking across time lead to more sen-

sible dynamic communities than existing approaches, such as “stitching” [GP07]. Briefly, in

Static Communities Dynamic Communities

t t+1 CPM DPP

Original

P = 1/2

Original+1

P = 1/2

Original+2

P = 1/2

Table 3.3: An Order (3, 1) Plex Walking in Time. Displayed above in the first column are
static communities discovered both by DPP and CPM at time t and t+1. At time t+1 we
consider three different choices of networks. In the second column are the dynamic com-
munities discovered by CPM. Notice that (i) the structure of the graph at t+ 1 is different
in all three cases but (ii) the labeling of dynamic community is still non-deterministic and
arbitrary. In the third column are the dynamic communities discovered by DPP. The key
point is that by allowing for the plex template to walk in time we acheive an explicit and
deterministic dynamic community.

stiching, the set of static communities of Gt are paired with the static communities of Gt+1

based upon relative overlap. However, the usage of this method gives rise to two important

issues: (i) In some cases, the stiching algorithm cannot decide from which community in Gt

a community in Gt+1 arose as shown in Table 3.3 . And, (ii) if two communities “merge”

then the authors of [GP07] declare that the smaller community “comes to the end of its life

at t, and is swallowed by the [larger community]”. Similarly, if a community fractures, the

authors of [GP07] would declare a new community to be born and only allow the “larger”

of the decendants to maintain the former label.
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Both (i) and (ii) are important distinctions. For case (i) consider Table 3.3 and specifi-

cally note that the three rows each have unique static community structure in the “Original”

column . However, in the CPM, the label that continues from time t to t + 1 is chosen

arbitrarily (i.e., by a fair coin flip) from the existing community labels at time t. This

choice was made from the authors of [GP07]. In constrast, the DPP method uniquely and

consistently the label which proceeds from times t to t + 1. In the first row, there exist

no bridges so no labels proceed. In the second row, the upper triangle has an edge persist

from time t to t+1 so the decendant is labelled as the upper triangle (in this case, the color

blue). In the third row, both the upper and lower triangles at time t have an equal share in

the community at t+ 1 so we propagate one of the labels back to time t. This “backwards

labeling” may seem counterintuitive. However, the merger of two communities is simply a

split in reverse time, and therefore the matching of labels becomes quite intuititive. The

key distinction between CPM and DPP in the third row is that CPM declares the lower

triangle to come to the end of its life while for the DPP its label has always been blue. In

conclusion, labeling of dynamic communities using the DPP is explicit and deterministic.

3.6 Robustness to Noise

In neuroscience, “functional networks” represent statistical associations between brain ar-

eas. In these inferred networks, the edges represent the assignment of some significant level

of assocation between a pair of vertices; therefore, the assignment of edges is inherently

noisy. Take for example the networks constructed by the authors of [MAK08] in which an

edge between two vertices, wherein a vertex represents an electrode on the cortical surface

of a patient’s brain, indicates that the voltage recordings of the two electrodes are signifi-

cantly correlated. Noise in the original signal, in this case the voltage readings, propagates

to a noisy edge set in which false positives and false negatives occur with some probability.

Now, understanding that the edge set is noisy and that any community detection algorithm

uses as input the edge set, it becomes clear that one must take care in designing a commu-
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nity detection algorithm that is robust to noise, specifically false negatives. False negatives,

or type-II errors, can have a substanial shattering effect on the detection of communities

within a network graph. It is important to note that sparseness or density does not play a

role here. No matter the topology of the original graph we need to specifically control for

Type-II errors. What is most important is that the motifs are discovered.

Consider for example Table 3.4 in which the true network graph is depicted in the top

row. Note the discrepancy between the left and right columns. Prior to any false negatives,

Original

Before Noise

After Noise

CPM(3) DPP(5,3)

Table 3.4: Static Community Detection: A Vastly Different Result with
P (type-II error) 0.125. The first row displays the original network and the second dis-
plays the communities detected by the CPM order (3, 1) and DPP order (5, 3). The third
row displays the detected communities by the same methods but after two edges have been
removed. It is important to notice that the CPM now detects three distinct communities
from what is truly one community while, on the other hand, the DPP the original true
community remains intact.

the CPM(3) and the DPP(5,3) place every vertex into a single community. However,

following two out of sixteen (2/16 = 0.125) edge removals, i.e. probability of type-II error

being 0.125, even the most flexible of the CPM algorithms shatters one community into

three where as the DPP has managed to correctly identify, despite the noise in the edge

set, the community structure, demonstrating a robustness to noise. We have specifically

demonstrated type-II errors in the figure since type-I errors may be more directly controlled

and, therefore, less of an issue when considering noisy networks. For example, Type I errors
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can be controlled through a Bonferroni correction.

To further illustrate the robustness of the DPP method to noise, I begin with a 5-clique

and remove edges one at a time to directly affect a false negative in the edge set.The results

are shown in Table 3.6. The column headed by (n, k) represents the orders which discover

the motif in the second column as a community. Examinination of the “Discovery Rate”,

defined in Table 3.6, that the DPP is able to sustain a much greater type-II error rate in

the discovery of network communities.

In Table 3.5 in both figures the curves, represent the percent of vertices which remain in

the 5-clique chain giant component using CPM(4), DPP(4,2), and DPP(5,3). The 5-clique

chain, i.e. the true graph, is a graph on 35 vertices and is a chain of 5-cliques each of

which overlap by four vertices or, in other words, overlap by a 4-clique. In the true graph

an order (5, 1) plex would walk from end-to-end with no difficulty. However, as we can

see, immediately upon some edge removals, i.e. type-II errors, the allowance for plexes of

order (n, k) with k > 1 provides robustness and the giant community remains intact. Both

DPP(4,2) and DPP(5,3) are able to sustain much greater type-II error rates and detect

the giant community (originally the 5-clique chain).

Further illustrations of the DPP methods robustness to noise are shown in Table 3.5.

To see the point further demonstrated, consider Table 3.6.
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Table 3.5: Percent of Vertices in Giant Community. Left Pane: Red= CPM (4)
Blue= DPP (4, 2). Right Pane: Red= CPM (4) Blue= DPP (4, 2) Green= DPP (5, 3).
Each curve represents the mean number of vertices which remain in the giant connected
component after edge deletion. The color bands represent empirical confidince intervals
over the simulations. That is, the color bands are the 0.975 and 0.025 upper and lower
quantiles of the simulation study.
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3.7 Application to ECoG Data

Having developed a dynamic community detection method robust to noise, I now illustrate

the application of this method to real-world data. To do so, I apply the DPP method

to determine the dynamic community structure of a time series of networks inferred from

invasive brain voltage data collected from a patient suffering from epileptic seizures. The

duration of the time series is approximately 241 seconds with a seizure duration of ap-

proximately 74 seconds. Our aim is to better understand the functional connectivity and

organization of a brain at seizure onset and offset; ideally, this deeper understanding will

provide new insights into the mechanisms of seizure, and novel treatment strategies by

Sydney Cash and colleagues at the Massachusetts General Hospital.
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The static community analysis of the seizure is depicted in Panel A of Figure 3.2 ;

note that, in each subfigure, the black circles indicate nodes, and the lines edges. Colored

lines represent edges that belong to the same community, and black lines edges that do

not belong to any community. Analysis of the dynamic community structure reveals the

emergence of a giant dynamic community (orange community) that begins to emerge ap-

proximately ten seconds before the clinically declared onset of seizure (yellow shaded box).

We depict in Panel C the emergence of the orange dynamic community. The red curve in

Panel C represents the relative size of the orange community, that is, the percentage of

vertices which belong to the orange community. It is evident that this giant community

representing the largest hypersynchronous regions of the brain emerged ten seconds before

seizure onset. It is also interesting to note that this giant dynamic connected community

occupied, at its peaks, approximately 0.5, 0.4, and 0.3 of the vertices in the network before

the community came to the end of its life approximately 25 seconds after seizure onset.

We also find that a giant community (colored blue) precedes the onset community only to,

in a matter of seconds, dissipate allowing for the orange community to dominate through

seizure onet. A simple observation to be made is that large communities emerge and dissi-

pate in time. That the dominant community at seizure onset formed ten seconds prior to

the clinical manifestation of the seize suggests intriguing possibilities for seizure detection

and treatment. For example, could the seizure have been prevented by the disruption of

the formation of this community? Our algorithm affords clinical researchers a powerful to

begin exploring these types of questions.

Lastly, consider Panel B in which the horizontal axis represents the various 5 vertex

motifs of interest, two of which (numbers 9 and 10, the diamond and the multi-layer

perceptron), were those described in Figure 3.1. According to this heat map, and in

agreement with [RM02], these motifs arise with significant regularity. In particular, it is

important to note that at seizure onset these motifs are prevelant.

Our method has provided a intuitive and interpretable method for tracing dynamic

communities in time. My future work and research includes using the discovered com-
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munities as meta-data to be analyzed. For example, we ask, do the “tubes” possess a

particular topological property such as genus 1, 2, . . . during seizure? The DPP method

provides a powerful to investigate the dynamic functional networks of seizure and address

these types of questions.



Chapter 4

Percolation Under Noise

4.1 Introduction

The emergence of a giant connected component (GCC) in a random graph was studied

at least as early 1960 by the authors of [ER60] who considered a random graph model

which is perhaps over-simplified but mathematically tractable. The authors quantified

the rate at which the GCC emerges in a random graph or, in other words, the type of

phase transition. Phase transitions are frequently observed in nature yet the rate of said

transitions are typically not easy to understand. Phase transitions may occur in either a

so-called first-order, or discontinuous manner, or in a so-called second-order, or continuous

fashion. For a hallmark example, consider the triple-point of the states of water. The

transitions from solid to liquid and then from liquid to gas away from the triple-point are

second order while, at the triple-point, the transition from solid to gas is first order.

The authors of [DA09] had believed to have shown a random graph mechanism which

could produce a first-order phase transition in the so-called “explosive percolation” random

graph generation but, in later work, the authors of [RW11] refuted this result and instead

were able to show that explosive percolation is indeed continuous and, therefore, second-

order.

Existing work in the literature has sought to define a graph-generating model in which

a first-order phase transition can be observed and has met with moderate success. In these

graph generating models, one begins with a graph G0 of n isolated vertices and at each

time step t adds a single edge between two disconnected vertex pairs according to some
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rule. At time t = 0 the graph is fully disconnected but, of course, after t =
(
n
2

)
time

steps, the graph is fully connected. The authors of [ER60], for example, simply connect

a randomly chosen disconnected vertex pair. On the other hand, the authors of [DA09]

define a rule in which two pairs of vertex pairs are selected and an edge is added between

the vertex pair which minimizes the product of the size of the components to which its

endpoints would connect. Naturally, there exist a plethora of choices for generation, see

[RW11] for examples, but the method for creating percolation has remained generative in

the sense that at each time step a single edge is added; never is one deleted and the fact

that exactly one edge is added is deterministic. Of course, the location of the added edge

is random.

I generalize the standard rule of deterministically adding one edge at each time step

in two ways. First, it is a natural extension to, instead of adding an edge at time step t

with probability 1, add an edge with probability p. I then specify removing an edge with

probablity q. Second, in practice we rarely see the “true” network and instead observe

a network corrupted by noise. Therefore, we specify that in addition to the underlying

birth and death process governed by the parameter p, what is observed is corrupted by

the probabilities of types-I and -II error, denoted by α and β, respectively. My enhanced

model is more complicated than the “pure birth” model outlined earlier but clearly better

represents not only nature but the reality of observation and inference.

I will show that the distinction between first- and second-order percolation, that is the

discontinuity or continuity, respectively, of the percolation curves, in the case of birth and

death, i.e. p < 1, and observation error, i.e. α, β > 0, is corrupted to the point that

one cannot differentiate between the ER [ER60] random graph generative process and the

Achlioptas [DA09] product rule random graph generative process.

Recall the inferred networks from ECog data from previous sections. Our birth and

death with observation error is an appropriate (although still simplified) model for network

graph percolation at seizure onset, see Figure 4.1. The relative size of the giant connected

component in Figure 4.1 is represented by the light-gray plot whereas the black trace is a
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Figure 4.1: Proportion of Nodes in the Giant Connected Component At Seizure Onset

smoothed version. At time point 70 (the vertical dashed line) seizure has been clinically

determined to begin for the patient. It is evident that in the time interval of roughly seizure

onset plus-or-minus twenty seconds there exists a nearly four-fold increase in the relative

size of the giant component.

Two key notions to keep in mind while viewing Figure 4.1 are, first, that the network

graph characteristic (see Section 2) of relative size of the giant connected component is

computed from noisy voltage readings in the ECoG and, thus, the error is propagated to

the graph characteristic. Second, behind the noisy model is the truth, which we believe

to be regions of the brain that are functionally coupled and decoupled. This observation

motivates our use of a hidden Markov model (HMM) for our percolation experiments on

random graphs.

4.2 Methods

I begin by defining a graph-valued Markov chain

Gt = {(V,Et) : t = 0, 1, . . .} (4.1)
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with an initial state G0 of |V | = n isolated vertices, i.e. |E0| = 0. Now, define the sequence

{Yt : t = 0, 1, . . .} of binary random variables according to the probability transition matrix

in Table 4.1 for some p, q ∈ (0, 1). Note that, in particular, if p+ q = 1 then the sequence

Yt+1 = 0 Yt = 1

Yt = 0 1− p p

Yt = 1 q 1− q

Table 4.1: Probabilty Transition Matrix for {Yt}

{Yt} is not only Markovian but independent. Alternatively, we need not be restricted to

a constant p and q in the sense that p = p (t) and q = q (t) may, in general, be time

inhomogeneous.

Now, independent of the sequence {Yt}, let Xt (vi, vj) denote the edge status, a binary

value. That is,

Xt (vi, vj) =

 1 if an edge exists between vi and vj

0 if no edge exists between vi and vj .
(4.2)

It is important to note that the sequence of collections of random variables

{
Xt (vi, vj) : t = 0, 1, . . . ; (vi, vj) ∈ V (2)

}

with V (2) being the set of all vertex pairs has dependence across both space and time.

In space, for example, suppose that Yt = 1 then precisely one edge must be added which

means that if both Xt (vi, vj) = 0 and Xt (vh, vk) = 0 then at most one will transition to

1. In time, for example, if Yt = 1 and Xt (vi, vj) = 1 then, since we are only considering

simple graphs, Xt+1 (vi, vj) = 1. The edge status Xt (vi, vj) is our latent edge status of the

HMM.
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4.3 Network Evolution Processes

In this section I will discuss two mechanisms, describing in both cases what exists in the

literature and my contributions.

4.3.1 Erdos-Renyi (ER) Percolation

The mechanism which the authors of [ER60] utilized sets p = 1 and, for each time t, choose

uniformly at random among the vertex pairs currently disconnected, i.e. the vertex pair

(vi, vj) for which Xt (vi, vj) = 0, to connect with an edge. Conditional on the sequence

{Yt}, the probability transition matrix of the sequence of the collection of edge statuses

{Xt (vi, vj)} is as in Table 4.2. In contrast, I allow, as stated earlier, for 0 < p < 1 which

Xt+1 (vi, vj) = 0 Xt+1 (vi, vj) = 1

Xt (vi, vj) = 0
(n2)−|Et|−1
(n2)−|Et|

1

(n2)−|Et|

Xt (vi, vj) = 1 1
|Et|

|Et|−1
|Et|

Table 4.2: Probability Transition Matrix for {Xt (vi, vj)} Conditional on {Yt}.

instead gives rise to the probability transition matrix in Table 4.3. Since it is allowed for

Xt+1 (vi, vj) = 0 Xt+1 (vi, vj) = 1

Xt (vi, vj) = 0
(n2)−|Et|−1{Yt=1}

(n2)−|Et|
1{Yt=1}
(n2)−|Et|

Xt (vi, vj) = 1 1{Yt=0}
|Et|

|Et|−1{Yt=0}
|Et|

Table 4.3: Probability Transition Matrix for {Xt (vi, vj)} Conditional on {Yt}.

p < 1, this means that an edge will be removed from Gt with probability 1− p. In order to

be congruent with the process of adding an edge, if Yt = 0 and an edge must be deleted,

the edge chosen to be removed is selected uniformly at random. In this way, it is seen that

it is analagous to adding an edge to the complement graph of Gt.
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4.3.2 Achlioptas Product Rule (PR) Percolation

The probability transition matrix of Xt (vi, vj) is not as straight forward in the case of

PR percolation as it was for the ER for reasons that will imminently become clear. The

authors of [DA09], as was in the case of ER, set p = 1 and choose a disconnected vertex

pair to be connected at each time t but in a clever way so as to slow the rate of perco-

lation. The authors choose two vertex pairs (vi, vj) and (vk, vh), both of which at time

t are disconnected, uniformly at random. Denote with Cs for s = i, j, k, h the connected

components to which vs belong. The authors choose the vertex pair to be connected by the

following rule. Connect (vi, vj) with an edge if |Ci| |Cj | < |Ck| |Ch| and otherwise connect

(vk, vh). The term “product rule” should now be clear.

Remark 4.1. The intuition behind choosing such a rule is to delay the onset of percola-

tion. Consider again the standard ER model in which a disconnected vertex pair is chosen

uniformly at random to be connected and suppose that, in the following simple example,

|V | = 6 and Gt is composed of three disconnected cliques K1, K2, and K3. The probability

of merging K1 with K2 is 2
11 , K1 with K3 is 3

11 , and K2 with K3 is 6
11 . It is intuitive that

the larger “bodies” or components are attracted by a multiplying, i.e. a quasi-squared or

gravity like force. Intuitively, by choosing to use the PR mechanism, the authors of [DA09]

gave a repulsive force to the larger components and a stronger gravitational force to the

smaller components. This intuition gave rise to my choice of a statistic, to be discussed

later, for discriminating between the ER and PR models in the presence of noise.

Of course, as was the case with my modified ER model, I choose 0 < p < 1 for the

probability of an edge to be added into the network but, in the same way as in the PR,

I select the placement of the edge according to the minimization of the product rule.

Conversely, if an edge is to be deleted, as will occur with probability 1− p, then I choose

to delete an edge in a manner which is analogous to the process of adding and edge. That

is, I randomly select two vertex pairs (vi, vj) and (vk, vh), both of which at time t are

connected, uniformly at random and automatically disconnect them to produce G†t . At
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this point two edges have been removed but only one removal is permitted so I replace the

one which minimizes the product rule for G†t . In this way, the deletion of an edge has the

effect of fracturing the larger connected components.

4.3.3 Percolation Under Network Evolution

Here we introduce the notion of a percolation curve. Consider Figure 4.2 and, in particular,

the main panes of both plots. Moving from left to right in the main panes one will notice,
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Figure 4.2: Mean Percolation Curve with Birth and Death for ER (left) and PR (right)
Models. In the plots above |V | = 100.

via the legend, that the birth rate is decreased across the range {1, 0.9, 0.8, 0.7, 0.6}. The

plotted curves represent a mean over 5000 simulations of the percentage of vertices which

belong to a giant connected component versus t/n. The effect of choosing p < 1 becomes

immediately clear in the sense that percolation is slowed and, evidently, the p = 1 curve is

scaled rightward as p decreases.

Returning to Remark 4.1, recall that the ER mechanism has the effect of gravitationally

attracting larger components to become connected while the PR mechanism has the effect

of “gravitationally” repelling larger components from becoming connected. Note the insets

of Figure 4.2 and note the plotted lines which represent the relative size of the second largest

connected component (SGCC). We see that the relative size of the SGCC is, independently
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of p, an order of magnitude larger for the PR model compared with the ER model. The

intuition is that moderately large connected components emerge but they repel each other

while they attract the smaller components.

4.4 Noisy Observations

In this section I describe a time-independent error process which corrupts the signal, i.e.

the percolation curves. Consider Figure 4.3 and the curves in the main pane. The bold
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Figure 4.3: Sample Paths of Percolation Curves

curves in the main pane are a single sample path of the ER and PR percolation curves,

the steepest of which represents the PR mechanism with p = 1 and no noise. What was

displayed in Figure 4.2 was an average of 5000 such sample paths. Purely based upon visual

inspection, the steepness of the curve is enough to decipher a difference between the ER

and PR mechanisms. I sought to determine the ability one may possess in deciphering the
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two curves when either α > 0 or β > 0 or both. According to the thin lines in Figure 4.3

for a single sample path, there is potentially no hope to decipher between the ER and PR

percolation curves. The thin lines in the main pane were generated with p = 1, α = 0.0125,

and β = 0.01 on a graph with |V | = 100.

In practice, one observes not many sample paths, but one sample path. The effect of

noise via simulations of the ER and PR mechanisms in Figure 4.3 further illustrate the

importance of the single sample issue and real data example in Figure 4.1. Simply put,

we began by trying to answer the question: is this sample path, which has been corrupted

by noisy observations, generated by an ER mechanism or some process with accelerated

percolation such as the PR model, or explosive percolation?

4.5 Detecting Percolation

Explosive percolation is expected to produce a sharper phase transition than a typical

second-order phase transition model such as the ER. As stated earlier, it is quite clear that

when (p, α, β) = (1, 0, 0) visual inspection is sufficient to distinguish the two mechanisms

based solely on the percolation curve of the GCC. Translating this observation into a

statistic, I define a statistic called the “quantile distance” QD which, for values 0 ≤ z1 <

z2 ≤ 1, is defined to be

QD (z1, z2) = Q (z2)−Q (z1)

where

Q (z) = min
t∈{0,1,...}

{F (t) ≥ z}

and where F is a percolation curve of a GCC. Note that in the case that (p, α, β) = (1, 0, 0)

then the percolation curves F are monotonically increasing so F is a proper “cumulative

density function” and, therefore, the function Q can be thought of as a proper “quantile

function”. Of course as p varies away from one and/or α and β vary away from zero

then the function F is no longer guaranteed to be monotonic. However, I choose the
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measure QD to be as such since the particular case of pure birth and no noise will thus

provide a baseline. For the choice of z1 = 0.05 and z2 = 0.75 I have simulated 10000

percolation curves on a network with |V | = 100 vertices for both the ER and PR models

with (p, α, β) = (1, 0, 0) and generated the empirical probability densities, i.e. histograms,

for our QD statistic and plotted them in the main pane of Figure 4.4. It is no surprise
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Figure 4.4: Empirical Probability Density Functions. In the main figure we see the proba-
bility densities of the 1st component QR distance with the ER in blue and the PR in red.
Similarly, in the inset we see the ER in blue and the PR in red but instead for the size of
the second component statistic.

that the QD statistic supports a large amount of probability mass on lower integer values

due to the sharp increase in the percolation curves of the GCC.

Formally, our goal is to test the hypothesis

H0 : Percolation is ER versus H1 : Percolation is not ER. (4.3)

According to standard wisdom, a proper test statistic is potentiallyQD (z1, z2) for (z1, z2) =

(0.05, 0.75). However, consider the heavy curves in the ROC plot in Figure 4.5. Clearly,

although there is power for the test in Equation (4.3), one can do much better by using the
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Figure 4.5: ROC and AUC for Birth and Death p = {0.6, . . . , 1.0}

maximum achieved value of the SGCC. It is clear from the inset plot of Figure 4.4 that the

densities for the SGCC have support that are nearly disjoint which, of course, should pro-

duce much greater power for a test which incorporates the test statistic MSGCC, defined

to be the maximum size of the SGC.

We vary α and β and see results which further illustrate our understanding that noisy

generative models require information beyond the size of the GCC. Recall that in the

previous plots p, i.e. the birth rate, was varied. However, consider Figure 4.6 and, in

particular, the right hand pane. It becomes evident that there is no possibility to achieve

much statistical power using the QD statistic alone. However, as demonstrated in Figure

4.7, the relative size of the second component statistic provides an improvement in this

scenario. Over a range of α and β, i.e. Type-I and -II, errors we can clearly see that a

hypothesis test based upon the second component can acheive higher power, specifically

for lower levels of Type-I error.
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Figure 4.6: Left: The probability density of the QD statistic (main) and MSGCC statistic
(inset) for (p, α, β) = (1, 0, 0). Right: The probability density of the QD statistic (main)
and MSGCC statistic (inset) for (p, α, β) = (1, .0125, .075).

4.6 Discussion

In the above we discussed extension to existing models of percolation by allowing for both

edge deletion and noisy observations. These modeling extensions have been articulated

within a hidden Markov model graph process. Moreover, we have compared different

summary statistics for distinguishing between the ER and PR models, i.e. standard and

explosive percolation, respectively. It is important to note that when considering real

data we rarely observe fully connected networks and, in particular, at seizure onset we

observe the relative size of a giant connected component to be near our choice of quantiles.

We demonstrated that our second-component statistic is more powerful in this real-world

setting. Ultimately, we will apply our test to real data in an effort to determine the rate

of seizure onset.



73

Figure 4.7: AUC over a range of error (both Type-I and -II) and birth rate 1



Chapter 5

Conclusion

We have seen that the error incurred from the propagation of noisy observations to net-

work network inference and, furthermore, to network characterization must not be simply

ignored. I made three major contributions in the direction of understanding and handling

the error incurred from network inference. My first contribution was probabilistic in nature

and provided a central limit theorem type result for network characteristics. My second

project was more algorithmic and provided a means for the detection of dynamic commu-

nities in a time series of networks. Finally, my third project was a numerical study of the

effect of noise on network percolation which completes the story that we have written here:

that networks with edge error require special treatment. The results we have provided are

vital for researchers and, furthermore, open the door for further results in this direction.

A statistics 101 student will (hopefully) tell you that x̄ is not the population mean

µ and will instead report a confidence interval for µ. I have developed a “central-limit”

type theorem for the network density which, in the future, may give rise to the ability

for one to construct a confidence interval for the network density. Remaining future work

in this area is the development of methods to construct said confidence intervals and to

further generalize the class of network characteristics for which we may approximate the

probability distribution of an estimator thereof.

To better understand the origin of an epileptic seizure could profoundly impact treat-

ment strategies. Our dynamic community method provides a possible route toward tracing

backward in time the origin of a seizure episode to its source. Future work in this direction

is to obtain meta-data, in the sense of community structure, for analysis. The topology of
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the communities pre-, during, and post-seizure may exhibit distinct behaviors of splitting

and merging. Such analysis has the potential for a break-through in the understanding of

seizure organization.

The impact of death and noise on the emergence of a giant connected component in

standard models has not been studied. We made advances in the direction of understand-

ing how noise can distort the assessment of the first connected component. We propose a

statistic that has the potential to provide significantly more power and goes beyond ob-

serving the first component. Future work includes making the non-parametric test that we

propose to include more theoretical results; at the moment we have primarily numerical

and non-parametric results but we have laid the framework for the theoretical solution to

a significant problem. Ultimately, to apply our techniques to data is our primary goal so

that the rate of seizure onset can be more fully understood.



Chapter 6

Appendix

In this section I provide the proofs and technical details omitted in the main text of my

thesis.

6.1 Proofs for Section 2

In this section we will present proofs that coorespond with previously stated results. The

goal of this section is to verify all claims.

6.1.1 The Stein Operator

We begin with the operator which was first introduced in Theorem 2.3

A [f (k)] = λ1f (k + 1)− kf (k)− λ2f (k − 1)

for any bounded f : Z 7→ R with the intent of showing that the random variable W ∼

Skellam (λ1, λ2) if and only if EA [f (W )] = 0 for any bounded function f : Z 7→ R.

We begin with the necessity direction and the computation of

EA [f (W )] = E [λ1f (W + 1)−Wf (W )− λ2f (W − 1)]

∝
∞∑

k=−∞
[λ1f (k + 1)− kf (k)− λ2f (k − 1)]

(√
λ1
λ2

)k
Ik
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where ∝ is to be read as “proportional to”. By a result of [AS72] we have that

Ik−1 − Ik+1 =
k√
λ1λ2

Ik

or, in other words, √
λ1λ2

Ik−1
Ik
−
√
λ1λ2

Ik+1

Ik
= k. (6.1)

This means that

EA [f (W ) 1 {W ≤ n}] ∝
n∑

k=−∞

[√
λ1
λ2
f (k + 1)− Ik−1

Ik
f (k) +

Ik+1

Ik
f (k)−

√
λ2
λ1
f (k − 1)

](√
λ1
λ2

)k
Ik

=
n∑

k=−∞

(√λ1
λ2

)k+1

Ikf (k + 1)−

(√
λ1
λ2

)k
Ik−1f (k)


+

n∑
k=−∞

(√λ1
λ2

)k
Ik+1f (k)−

(√
λ1
λ2

)k−1
Ikf (k − 1)


=

(√
λ1
λ2

)n+1

Inf (n+ 1) +

(√
λ1
λ2

)n
In+1f (n) .

Now, since f is bounded then

lim
n→∞


(√

λ1
λ2

)n+1

Inf (n+ 1) +

(√
λ1
λ2

)n
In+1f (n)

 = 0

which proves the claim.

To prove sufficiency, we begin with EA [f (W )] = 0 and suppose that fk (j) = 1 {j = k}

for some j ∈ Z in which case

λ1p (k − 1)− kp (k)− λ2p (k + 1) = 0
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where p (k) = P (W = k). An ansatz of

p (k) =
(√

λ1
λ2

)k
Ik
(
2
√
λ1λ2

)
and p (k) =

(√
λ1
λ2

)k
Kk

(
2
√
λ1λ2

)
solves this non-linear difference equation. From the theory of differential (difference) equa-

tions [PBH06], we know that the solution to the above is of the form

p (k) = C1S (k) + C2T (k)

for some constants C1, C2 ∈ R and linearly independent functions S, T : Z 7→ R. It is easy

to show that

S (k) =

(√
λ1
λ2

)k
Ik

and

T (k) =

(√
λ1
λ2

)k
Kk

where Ik = Ik
(
2
√
λ1λ2

)
and Kk = Kk

(
2
√
λ1λ2

)
are the modified Bessel functions of the

first and second kinds. Now, to determine the constants C1 and C2 we appeal to the fact

that
∑∞

k=−∞ p (k) = 1. Since Ik,Kk > 0 for all k ∈ Z and
∑∞

k=−∞Kk = ∞ it must be

that C2 = 0. Now, consider the generating function

e
z
2
(t+1/t) =

∞∑
k=−∞

tkIk (z)

which means that

C1 =
1∑∞

k=−∞

(√
λ1
λ2

)k
Ik
(
2
√
λ1λ2

)
=

1

e
√
λ1λ2

(√
λ1
λ2

+
√
λ2
λ1

)
= e−(λ1+λ2)
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so that

p (k) = e−(λ1+λ2)

(√
λ1
λ2

)k
Ik

(
2
√
λ1λ2

)
so that W ∼ Skellam (λ1, λ2).

6.1.2 The Stein Solution

Since the left-hand-side may be easier to bound than the right-hand-side of the following

equation, consider the solution to

λ1f (k + 1)− kf (k)− λ2f (k − 1) = g (k) ,

for some function g : Z 7→ R, with boundary condition

lim
k→−∞

(√
λ1
λ2

)k
Ikf (k) = 0. (6.2)

The goal here is to bound the right-hand-side but we will instead bound the left-hand-

side. The method we will use the similar to that of the Poisson approximation to the

binomial distribution. That is, we will compute a Lipschitz constant for the function f

on the left-hand-side, define a coupling of random variables, and proceed to bound the

left-hand-side.

First, multiply both sides by
(√

λ1
λ2

)k
Ik and sum over k ∈ {−∞, . . . , n} to get

(√
λ1
λ2

)n+1

Inf (n+ 1) +

(√
λ1
λ2

)n
In+1f (n) =

1√
λ1λ2

n∑
k=−∞

(√
λ1
λ2

)k
Ikg (k) .

Note that in order for the integrating factor of
(√

λ1
λ2

)k
Ik to create a telescoping series one

must appeal to the recurrence in Equation (6.1) and the boundary condition of Equation

(6.2). Now multiply both sides by (−1)n+1 1
InIn+1

and sum over n ∈ {c, c+ 1, . . . ,m} for

m > c and over n ∈ {m,m+ 1, . . . , c− 1} for some initial condition c ∈ Z and f (c) ∈ R to
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get

f (m) =



(−1)m
(√

λ2
λ1

)m
Im

[
(−1)c

(√
λ1
λ2

)c
1
Ic
f (c)

+ 1√
λ1λ2

∑m−1
n=c

(−1)n+1

InIn+1

∑n
k=−∞

(√
λ1
λ2

)k
Ikg (k)

]
if m > c

(−1)m
(√

λ2
λ1

)m
Im

[
(−1)c

(√
λ1
λ2

)c
1
Ic
f (c)

− 1√
λ1λ2

∑c−1
n=m

(−1)n+1

InIn+1

∑n
k=−∞

(√
λ1
λ2

)k
Ikg (k)

]
if m < c.

Note that if

g (k) = 1 {k ≤ x} − P (W ≤ x)

then
n∑

k=−∞

(√
λ1
λ2

)k
Ikg (k) =

 eλ1+λ2P (W ≤ n)P (W > x) if n ≤ x

eλ1+λ2P (W ≤ x)P (W > n) if n ≥ x

since, for example if n ≤ x

n∑
k=−∞

(√
λ1
λ2

)k
Ikg (k) = eλ1+λ2

n∑
k=−∞

P (W = k) g (k)

= eλ1+λ2
n∑

k=−∞
P (W = k) [1 {k ≤ x} − P (W ≤ x)]

= eλ1+λ2 [P (W ≤ min {n, x})− P (W ≤ x)P (W ≤ n)]

= eλ1+λ2P (W ≤ n) [1− P (W ≤ x)]

= eλ1+λ2P (W ≤ n)P (W > x) .

and the case that n ≥ x is similar. This means that

f (m) =



(−1)m
(√

λ2
λ1

)m
Im

[
(−1)c

(√
λ1
λ2

)c
1
Ic
f (c)

+ eλ1+λ2√
λ1λ2

∑m−1
n=c

(−1)n+1

InIn+1
P (W ≤ min {n, x})P (W > max {n, x})

]
if m > c

(−1)m
(√

λ2
λ1

)m
Im

[
(−1)c

(√
λ1
λ2

)c
1
Ic
f (c)

− eλ1+λ2√
λ1λ2

∑c−1
n=m

(−1)n+1

InIn+1
P (W ≤ min {n, x})P (W > max {n, x})

]
if m < c.
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The choice for initial condition (c, f (c)) is naturally open but we choose c = λ2 − λ1 and

f (c) =

 1

λ1

(√
λ2
λ1

)c
1

Ic

c∑
k=−∞

(√
λ1
λ2

)k
Ikg (k)

+
1

λ2

(√
λ2
λ1

)c
1

Ic

c−1∑
k=−∞

(√
λ1
λ2

)k
Ikg (k)


×

[(√
λ2
λ1

Ic+1

Ic
+ 1

)
+

(
1 +

√
λ1

λ2

Im−1
Im

)]−1
.

Now, in the special case that λ1 = λ2 = λ then

f(m) = (−1)mIm

[
1

I0
f (0)

+ I(m > 0)
e2λ

λ

m−1∑
n=0

(−1)n+1

InIn+1
P (W ≤ min {n, x})P (W > max {n, x})

− I(m < 0)
e2λ

λ

c−1∑
n=m

(−1)n+1

InIn+1
P (W ≤ min {n, x})P (W > max {n, x})

]
(6.3)

and c = 0, and

f (0) =
e2λ

λ

1

I0
[P (W ≤ min {0, x})P (W > max {0, x})

+P (W ≤ min {−1, x})P (W > max {−1, x})]

×
[(

1 +
I1
I0

)
+

(
I−1I0

+
1

)]
=

e2λ

2λ

1

I0 + I1
[P (W ≤ min {0, x})P (W > max {0, x})

+P (W ≤ min {−1, x})P (W > max {−1, x})] .

If x ≤ −1 then

f (0) =
e2λ

2λ

P (W ≤ x)

I0 + I1
[P (W > 0) + P (W > −1)]

=
e2λ

2λ

P (W ≤ x)

I0 + I1
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and if x ≥ 0 then

f (0) =
e2λ

2λ

P (W > x)

I0 + I1
[P (W ≤ 0) + P (W ≤ −1)]

=
e2λ

2λ

P (W > x)

I0 + I1
.

Note that if m > 0 then

f(m+ 1) = (−1)m+1Im+1

[
1

I0
f (0)

+
e2λ

λ

m∑
n=0

(−1)n+1

InIn+1
P (W ≤ min {n, x})P (W > max {n, x})

]

= (−1)m+1 Im+1

[
1

I0
f (0)

− e2λ

λ

1

I0I1
P (W ≤ min {0, x})P (W > max {0, x})

+
e2λ

λ

m∑
n=1

(−1)n+1

InIn+1
P (W ≤ min {n, x})P (W > max {n, x})

]

= (−1)m+1 Im+1

[
1

I0
f (0)

− e2λ

λ

1

I0I1
P (W ≤ min {0, x})P (W > max {0, x})

− e2λ

λ

m−1∑
n=0

(−1)n+1

In+1In+2
P (W ≤ min {n+ 1, x})P (W > max {n+ 1, x})

]
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and if m < 0 then

f(m− 1) = (−1)m−1 Im−1

[
1

I0
f (0)

− e2λ

λ

−1∑
n=m−1

(−1)n+1

InIn+1
P (W ≤ min {n, x})P (W > max {n, x})

]

= (−1)m−1 Im−1

[
1

I0
f (0)

− e2λ

λ

1

I0I1
P (W ≤ min {−1, x})P (W > max {−1, x})

− e2λ

λ

−2∑
n=m−1

(−1)n+1

InIn+1
P (W ≤ min {n, x})P (W > max {n, x})

]

= (−1)m−1 Im−1

[
1

I0
f (0)

− e2λ

λ

1

I0I1
P (W ≤ min {−1, x})P (W > max {−1, x})

+
e2λ

λ

−1∑
n=m

(−1)n+1

In−1In
P (W ≤ min {n− 1, x})P (W > max {n− 1, x})

]
.

6.1.3 Bounding The First Difference : m > 0

Our goal is to compute a Lipschitz constant for the function f . Specifically, that is, we wish

to determine a bound on f (k + 1)−f (k). The method that we use is highly analytical and

requires much effort. We will write the expression of f (k + 1) − f (k) and then partition

the expression into pieces which can be analyzed.

We start with the case that m > 0. There is no reason, in particular, to choose m > 0,

but one case forms the base case to which we will refer for each of the other cases. That

is, m > 0 is the case for which we find a bound and then we show transformations of the

other cases to the m > 0 case to respectively bound. So,

f(m+ 1)− f(m) = (−1)m+1

{
Im+1

[ 1

I0
f (0)
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− e2λ

λ

1

I0I1
P (W ≤ min {0, x})P (W > max {0, x})

]
+ Im

1

I0
f (0)

}

− (−1)m+1 e
2λ

λ

m−1∑
n=0

(−1)n+1

{
Im+1

In+1In+2
P (W ≤ min {n+ 1, x})P (W > max {n+ 1, x})

− Im
InIn+1

P (W ≤ min {n, x})P (W > max {n, x})

}

Suppose that x ≤ 0 so that we have if m is even define

S (m) =
P (W ≤ x)

λ

m−1∑
n=0

(−1)n+1

{
Im+1

In+2
H (n+ 1)− Im

In+1
H (n)

}

=
P (W ≤ x)

λ

m−1∑
n=1,3,...

{
Im+1

In+2
H (n+ 1)− Im

In+1
H (n)

−Im+1

In+1
H (n) +

Im
In
H (n− 1)

}

where H (n) = P(W>n)
P(W=n) . If m is odd then we have

S (m) =
P (W ≤ x)

λ

 m−2∑
n=1,3,...

{
Im+1

In+2
H (n+ 1)− Im

In+1
H (n)

−Im+1

In+1
H (n) +

Im
In
H (n− 1)

}
+ (−1)m (H (m+ 1)−H (m))

]

Note that

H (n) =
In+1

In
+
In+1

In
H (n+ 1)

so that

H (n+ 1) =
In
In+1

H (n)− 1

H (n− 1) =
In
In−1

+
In
In−1

H (n)
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which means that

S (m) =
P (W ≤ x)

λ


m−1∑

n=1,3,...

{
Im+1

In+2

[
In
In+1

H (n)− 1

]
− Im
In+1

H (n)

−Im+1

In+1
H (n)− Im

In

[
In
In−1

+
In
In−1

H (n)

]}}

=
P (W ≤ x)

λ


m−1∑

n=1,3,...

H (n)

{
Im+1In
In+1In+2

− Im
In+1

− Im+1

In+1
+

Im
In−1

}

+
m−1∑

n=1,3,...

{
Im+1

In+2
− Im
In−1

} .

It turns out that one may now write

|f (m+ 1)− f (m)| =

∣∣∣∣S (m) + Im
1

I0
f (0) + Im+1

{
1

I0
f (0)

−e
2λ

λ

1

I0I1
P (W ≤ min {0, x})P (W > max {0, x})

}∣∣∣∣
At this point we start to bound by first using a triangle inequality to find

|f (m+ 1)− f (m)| =
P (W ≤ x)

λ


∣∣∣∣∣∣
m−1∑

n=1,3,...

Im+1

In+2
− Im
In−1

∣∣∣∣∣∣ (6.4)

+

m−1∑
n=1,3,...

H (n)

∣∣∣∣ Im+1In
In+1In+2

− Im
In+1

− Im+1

In+1
+

Im
In−1

∣∣∣∣
+

∣∣∣∣Im 1

I0
f (0) + Im+1

{
1

I0
f (0)

−e
2λ

λ

1

I0I1
P (W ≤ min {0, x})P (W > max {0, x})

}∣∣∣∣
if m is odd and

|f (m+ 1)− f (m)| =
P (W ≤ x)

λ


∣∣∣∣∣∣
m−1∑

n=1,3,...

Im+1

In+2
− Im
In−1

∣∣∣∣∣∣ (6.5)

+

m−1∑
n=1,3,...

H (n)

∣∣∣∣ Im+1In
In+1In+2

− Im
In+1

− Im+1

In+1
+

Im
In−1

∣∣∣∣
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+

∣∣∣∣Im 1

I0
f (0) + Im+1

{
1

I0
f (0)

−e
2λ

λ

1

I0I1
P (W ≤ min {0, x})P (W > max {0, x})

}∣∣∣∣
+ |H (n+ 1)−H (n)|}

if m is even. According to each of the three lines of Equation (6.4), we name the terms T1,

T2, T3, and T4 and bound each in succession in the following theorems.

Theorem 6.1.

T1 = sup
m∈N+

∣∣∣∣∣∣
m−1∑

n=1,3,...

Im+1

In+2
− Im
In−1

∣∣∣∣∣∣ ≤ 8 (6.6)

for λ ≥ 1.

Proof. Note that

m−1∑
n=1,3,...

Im+1

In+2
− Im
In−1

= 1− Im
I0

+
m−3∑
n=1,...

Im+1

In+2
−

m−1∑
n=3,...

Im
In−1

= 1− Im
I0

+
m−3∑

n=1,3,...

(
Im+1

In+2
− Im
In+1

)

= 1− Im
I0

+
m−3∑

n=1,3,...

Im
In+2

(
Im+1

Im
− In+2

In+1

)
.

Now, since
Ik+1

Ik
is a decreasing function for k ≥ 0, see [Bar13], we have that

T1 ≤
∣∣∣∣1− Im

I0

∣∣∣∣+

m−3∑
n=1,3,...

Im
In+2

∣∣∣∣Im+1

Im
− In+2

In+1

∣∣∣∣
= 1− Im

I0
+

m−3∑
n=1,3,...

Im
In+2

(
In+2

In+1
− Im+1

Im

)
.

According to [Bar13]

2λ

k + 1 +
√

4λ2 + (k + 1)2
≤ Ik+1

Ik
≤ 2λ

k +
√

4λ2 + k2
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for any k ≥ 0 so that

In+2

In+1
− Im+1

Im
≤ 2λ

n+ 1 +
√

4λ2 + (n+ 1)2

2λ

m+ 1 +
√

4λ2 + (m+ 1)2

= −

√1 +

(
n+ 1

2λ

)2

− n+ 1

2λ


−

√1 +

(
m+ 1

2λ

)2

− m+ 1

2λ


=

m− n
2λ

+

√1 +

(
n+ 1

2λ

)2

−

√
1 +

(
m+ 1

2λ

)2


=
m− n

2λ
+

(
n+1
2λ

)2 − (m+1
2λ

)2(√
1 +

(
n+1
2λ

)2
+

√
1 +

(
m+1
2λ

)2)
=

m− n
2λ

+

(
n+m+2

2λ

) (
n−m
2λ

)(√
1 +

(
n+1
2λ

)2 −√1 +
(
m+1
2λ

)2)
=

m− n
2λ

−
(
n+m+2

2λ

) (
m−n
2λ

)(√
1 +

(
n+1
2λ

)2 −√1 +
(
m+1
2λ

)2)

=
m− n

2λ

1−
(
m+n+2

2λ

)(√
1 +

(
n+1
2λ

)2 −√1 +
(
m+1
2λ

)2)
 .

Now,
√
a+ b ≤

√
a+
√
b so that

In+2

In+1
− Im+1

Im
≤ m− n

2λ

1−
(
m+n+2

2λ

)(√
1 +

(
n+1
2λ

)2 −√1 +
(
m+1
2λ

)2)


≤ m− n
2λ

[
1−

(
m+n+2

2λ

)
2 + m+n+2

2λ

]
=

m− n
2λ

2

2 + m+n+2
2λ

= 2
m− n

4λ+m+ n+ 2
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≤ m− n
2λ

.

Now recall that

Ik+1

Ik
≤ 2λ

k +
√

4λ2 + k2

=

√
1 +

(
k

2λ

)2

− k

2λ
.

If k ≤ 2λ then we can Taylor expand the square root to second order and ignore the

remainder since the square root function is concave to give

√
1 +

(
k

2λ

)2

− k

2λ
≤ 1 +

1

2

(
k

2λ

)2

− k

2λ

≤ 1 +
1

2

k

2λ
− k

2λ

= 1− k

4λ

≤ e−
k
4λ .

On the other hand, if k > 2λ then

√
1 +

(
k

2λ

)2

− k

2λ
=

k

2λ

√1 +

(
2λ

k

)2

− 1


and so the same procedure may be applied to obtain

√
1 +

(
k

2λ

)2

− k

2λ
≤ k

2λ

[
1 +

1

2

(
2λ

k

)2

− 1

]

=
λ

k
.

All of this implies that

T1 ≤
∣∣∣∣1− Im

I0

∣∣∣∣+
m−3∑

n=1,3,...

Im
In+2

∣∣∣∣Im+1

Im
− In+2

In+1

∣∣∣∣
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≤ 1 +
m−3∑

n=1,3,...

Im
In+2

(
In+2

In+1
− Im+1

Im

)

= 1 +
m−3∑

n=1,3,...

m−1∏
k=n+2

Ik+1

Ik

(
In+2

In+1
− Im+1

Im

)

≤


1 +

∑m−3
n=1,3,...

m−n
2λ

∏m−1
k=n+2 e

− k
2λ if m− 1 ≤ 2λ

1 +
∑2λ−2

n=1,3,...
m−n
2λ

∏2λ
k=n+2 e

− k
4λ
∏m−1
k=2λ+1

λ
k

+2
∑m−3

n=2λ−1,odd
m−n

4λ+m+n+2

∏m−1
k=n+2

λ
k if m− 1 > 2λ.

where in the last line when the sum is split from 1 to 2λ− 2 and 2λ− 1 to m− 3 over the

odds we used for notational simplicity that 2λ− 2 is the smallest odd integer less than or

equal to m− 3.

Now, we require further bounds. Note that when m− 1 ≤ 2λ

m−1∏
k=n+2

e−
k
2λ = exp

(
− 1

4λ

m−1∑
k=n+2

k

)

= exp

(
− 1

8λ
[(m− 1)m− (n+ 1) (n+ 2)]

)
= exp

(
− 1

8λ
(m+ n+ 1) (m− n− 2)

)
≤ exp

(
− 1

8λ
(m− n− 2)2

)
.

In addition we have when n ≥ 2λ− 1 and m− 1 > 2λ that both

m−1∏
k=2λ+1

λ

k
≤

(
λ

2λ+ 1

)m−1−(2λ+1)+1

≤
(

1

2

)m−1−2λ

and

m−1∏
k=n+2

λ

k
≤

(
λ

n+ 2

)m−1−(n+2)+1
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=

(
λ

n+ 2

)m−n−2
≤

(
λ

2λ+ 1

)m−n−2
≤

(
1

2

)m−n−2
.

Implementing these bounds, we obtain,

∣∣∣∣∣∣
m−1∑

n=1,3,...

Im+1

In+2
− Im
In−1

∣∣∣∣∣∣

≤



1 +
∑m−3

n=1,3,... exp
(
− 1

8λ(m− n− 2)2
)
m−n
2λ m− 1 ≤ 2λ

1 +
2λ−2∑

n=1,3,...

[
exp

(
− 1

8λ
(2λ− n− 2)2

)(
1

2

)m−1−2λ] m− n
2λ

+
m−3∑

n=2λ−1,n odd

(
1

2

)m−n−2
·
[
2

m− n
4λ+m+ n+ 2

] m− 1 > 2λ

≤



1 + 1
2λ

∑m−3
n=1,3,...(m− n) exp

(
− 1

8λ(m− n− 2)2
)

m− 1 ≤ 2λ

1 +
1

2λ
·
(

1

2

)m−1−2λ 2λ−2∑
n=1,3,...

(m− n) exp

(
− 1

8λ
(2λ− n− 2)2

)
+

2m

4λ+m+ 2

m−3∑
n=2λ−1,n odd

(
1

2

)m−n−2 m− 1 > 2λ

≤



1 + 1
2λ

∑m−3
n=1,3,...(m− n) exp

(
− 1

8λ(m− n− 2)2
)

m− 1 ≤ 2λ

1 +
1

2λ
·
(

1

2

)m−1−2λ 2λ−2∑
n=1,3,...

(m− n) exp

(
− 1

8λ
(2λ− n− 2)2

)
+

m

4λ+m+ 2

(
1−

(
1

2

)m−1−2λ) m− 1 > 2λ

where we note that in the case of m−1 > 2λ in the line above, it is an average of two bounds

with probabilities
(

1−
(
1
2

)m−1−2λ)
and

(
1
2

)m−1−2λ
. Now, we show that if m − 1 ≤ 2λ
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that

1

2λ

m−3∑
n=1,3,...

(m− n) exp

(
−(m− n− 2)2

8λ

)
≤

4λ+ 2
√

λ
e + 2

√
2πλ

2λ
.

If we reindex then we have

1

2λ

m−3∑
n=1,3,...

(m− n) exp

(
−(m− n− 2)2

8λ

)
=

1

2λ

m−3∑
u=1,3,...

(u+ 2) e−
1

2σ2
u2

=
1

2λ

 m−3∑
u=1,3,...

ue−
1

2σ2
u2 + 2

m−3∑
u=1,3,...

e−
1

2σ2
u2


where σ = 2

√
λ. Note that both of these terms are Gaussian-like, where the first one is

like the expectation of a Gaussian and the second is the probability. Proceeding in this

fashion by bounding by an integral using right-handed Riemann sums, the ”probability”

term becomes

2
m−3∑

u=1,3,...

e−
u2

2σ2 ≤ 2

∫ m−3

0
e−

u2

2σ2 du ≤ 2
σ
√

2π

2
= 2
√

2πλ.

For the ”expected value” term, some care is needed since the index of the sum can go

past σ which is the critical point for the function f(x) = xe−
x2

2σ2 , and so we cannot just

use a left or right Riemann sum. We split the sum up into two pieces: one up to σ∗ := bσc

and the other starting from σ∗ := dσe, using a left-sum for the former and a right sum for

the latter. In either case, there will be a single term leftover corresponding to either f(σ∗)

or f(σ∗) since we are summing over the odds. In either case, we can always bound this by

f(σ) = σe−
1
2 .

m−3∑
u=1,3,...

ue−
u2

2σ2 =

σ∗∑
u=1,3,...

ue−
u2

2σ2 +

m−3∑
u=σ∗,n odd

ue−
u2

2σ2 + σe−
1
2

≤
∫ σ∗

1
ue−

u2

2σ2 du+

∫ m−3

σ∗
ue−

u2

2σ2 du+
σ√
e

≤
∫ ∞
0

ue−
u2

2σ2 du+
σ√
e
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= σ2 +
σ√
e

= 4λ+ 2

√
λ

e
.

Lastly, for the second sum, reindexing with u = 2λ− n− 2 and summing over all integers,

2λ−2∑
n=1,3,...

(m− 2λ) exp

(
− 1

8λ
(2λ− n− 2)2

)
= (m− 2λ)

2λ−2∑
n=1,3,...

exp

(
− 1

8λ
(2λ− n− 2)2

)

≤ (m− 2λ)

2λ−1∑
u=0

e−
u2

2σ2

= (m− 2λ)

(
1 +

∫ 2λ−1

0
e−

u2

2σ2 du

)
≤ (m− 2λ)

(
1 +

σ
√

2π

2

)

= (m− 2λ)
(

1 +
√

2πλ
)

Substituting in these bounds,

∣∣∣∣∣∣
m−1∑

n=1,3,...

Im+1

In+2
− Im
In−1

∣∣∣∣∣∣

≤



1 +
4λ+2

√
λ
e
+2
√
2πλ

2λ m− 1 ≤ 2λ

1 +

(
1

2

)m−1−2λ 4λ+ 2
√

λ
e + 2

√
2πλ+ (m− 2λ)(1 +

√
2πλ)

2λ

+
m

4λ+m+ 2

(
1−

(
1

2

)m−1−2λ) m− 1 > 2λ

≤


1 +

4λ+2
√
λ
e
+2
√
2πλ

2λ m− 1 ≤ 2λ

1 + max

{
m

4λ+m+2 ,
2λ+

√
λ
e
+
√
2πλ

λ

}
+
(
1
2

)m−1−2λ (m−2λ)(1+
√
2πλ)

2λ m− 1 > 2λ

≤


3 + C′√

λ
m− 1 ≤ 2λ

3 + C′√
λ

+
(
1
2

)m−1−2λ (m−2λ)(1+
√
2πλ)

2λ m− 1 > 2λ
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where C ′ = 1√
e

+
√

2π ≈ 3.11. To bound the final term, note that the function f(x) =(
1
2

)x−2λ
(x − 2λ) is monotone decreasing for x > 2λ + 1

ln(2) . Thus, we bound by taking

m = 2λ+ 2 so that,

(
1

2

)m−1−2λ (m− 2λ)(1 +
√

2πλ)

2λ
≤ 1 +

√
2πλ

2λ
.

Finally then,

∣∣∣∣∣∣
m−1∑

n=1,3,...

Im+1

In+2
− Im
In−1

∣∣∣∣∣∣ ≤ 3 +
C√
λ

+
1

2λ

where C = C ′ +
√

π
2 ≈ 4.366. This finally shows that

P (W ≤ x)

λ

∣∣∣∣∣∣
m−1∑

n=1,3,...

Im+1

In+2
− Im
In−1

∣∣∣∣∣∣ ≤ 8

λ
(6.7)

for λ ≥ 1

Now, we bound T2.

Theorem 6.2.

T2 =

m−1∑
n=1,3,...

H (n)

∣∣∣∣ Im+1In
In+1In+2

− Im
In+1

− Im+1

In+1
+

Im
In−1

∣∣∣∣ ≤ 73 (6.8)

for λ ≥ 1.

Proof. Start with the quantity Q1 defined as

Q1 =
Im+1In
In+1In+2

− Im
In+1

− Im+1

In+1
+

Im
In−1

and note that

Q1 =
Im+1In
In+1In+2

− Im
In+1

− Im+1

In+1
+

Im
In−1



94

=
Im+1

In+1In+2
(In − In+2)−

Im
In+1In−1

(In−1 − In+1)

=
1

λ

{
(n+ 1)

Im+1

In+2
− n Im

In+1

In
In−1

}
.

This means that

T2 =
m−1∑

n=1,3,...

H (n)

∣∣∣∣ Im+1In
In+1In+2

− Im
In+1

− Im+1

In+1
+

Im
In−1

∣∣∣∣
≤ 1

λ
H (m− 1)

∣∣∣∣m− (m− 1)
Im
Im−2

∣∣∣∣+
m−3∑

n=1,3,...

H (n)

∣∣∣∣ Im+1In
In+1In+2

− Im
In+1

− Im+1

In+1
+

Im
In−1

∣∣∣∣ .
Now, note that

m− (m− 1)
Im−1
Im−2

= m

(
1− Im−1

Im−2

)
+
Im−1
Im−2

≥ 0

and since m > 1 then we have

H (m− 1)

(
m− (m− 1)

Im−1
Im−2

)
≤ H (m− 1)m.

Now, using the bounds derived in [PB13] and, again, since m > 1 we have

H (m− 1)

(
m− (m− 1)

Im−1
Im−2

)
≤ H (m− 1)m ≤ 16λ.

Now we must determine a bound for Q1 for 1 ≤ n ≤ m− 3. For this, note that

∣∣∣∣(n+ 1)
Im+1

In+2
− n Im

In+1

In
In−1

∣∣∣∣ =
Im
In+2

∣∣∣∣(n+ 1)
Im+1

Im
− nIn+2

In+1

In
In−1

∣∣∣∣
=

Im
In+2

∣∣∣∣(n+ 1)

(
Im+1

Im
− In+2

In+1

)
+
In+2

In+1

(
[n+ 1]− n In

In−1

)∣∣∣∣
≤ Im
In+2

(n+ 1)

(
In+2

In+1
− Im+1

Im

)
+

Im
In+1

+
Im
In+1

n

(
1− In

In−1

)
.

According to [Bar13] we have the Turanian

0 < I−k Ik−1Ik+1 <
I2k

k + 1
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for all k > −1. With some algebra we have that

1 <
I2k

Ik−1Ik+1

which implies that

Im
In+1

(
1− In

In−1

)
=

Im
In+1

− Im
In

In−1In+1

=
Im
In+1

− Im
In

I2n
In−1In+1

≤ Im
In+1

− Im
In

and

Q1 ≤
Im
In+2

(n+ 1)

(
In+2

In+1
− Im+1

Im

)
+

Im
In+1

+ n

(
Im
In+1

− Im
In

)
.

Now, note that

T2 − 16 ≤ 1

λ

m−3∑
n=1,3,...

H (n)

[
Im
In+2

(n+ 1)

(
In+2

In+1
− Im+1

Im

)
+

Im
In+1

+n

(
Im
In+1

− Im
In

)]

=
1

λ


m−3∑

n=1,3,...

H (n)

[
Im
In+2

(n+ 1)

(
In+2

In+1
− Im+1

Im

)
+

Im
In+1

]

+

m−3∑
n=1,3,...

H (n)n

(
Im
In+1

− Im
In

)
≤ 1

λ


m−3∑

n=1,3,...

H (n)

[
Im
In+2

(n+ 1)

(
In+2

In+1
− Im+1

Im

)
+

Im
In+1

]
+8

m−3∑
n=1,3,...

(
Im
In+1

− Im
In

)

=
1

λ


m−3∑

n=1,3,...

H (n)

[
Im
In+2

(n+ 1)

(
In+2

In+1
− Im+1

Im

)
+

Im
In+1

]
+8

(
Im
Im−2

− Im
I1

)



96

≤ 1

λ


m−3∑

n=1,3,...

H (n)

[
Im
In+2

(n+ 1)

(
In+2

In+1
− Im+1

Im

)
+

Im
In+1

]
+8

where we have again used the result of [PB13]. This means that now we have

T2 ≤ 24 +
1

λ

m−3∑
n=1,3,...

H (n)

∣∣∣∣ ImIn+2
(n+ 1)

(
In+2

In+1
− Im+1

Im

)
+

Im
In+1

∣∣∣∣ .
and λ > 1

2 , there exists a positive integer λ′ such that

λ = λ′ + ε, ε ∈
(
− 1

2
,
1

2

]
.

Thus,

2λ = 2λ′ + 2ε

so that

2λ′ − 1 < 2λ ≤ 2λ′ + 1.
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Now,

1

λ

∣∣∣∣∣∣
m−1∑

n=1,3,...

H(n)

[
(n+ 1)

Im+1

In+2
− n Im

In+1

In
In−1

]∣∣∣∣∣∣
≤ 24 +

1

λ

m−3∑
n=1,3,...

H(n)

[
Im
In+2

(n+ 1)

(
In+2

In+1
− Im+1

Im

)
+

Im
In+1

]

=


24 + 1

λ

∑m−3
n=1,3,...H(n)

[
Im
In+2

(n+ 1)
(
In+2

In+1
− Im+1

Im

)
+ Im

In+1

]
m− 1 ≤ 2λ

24 + 1
λ

[∑2λ′−3
n=1,oddH(n)

[
Im
In+2

(n+ 1)
(
In+2

In+1
− Im+1

Im

)
+ Im

In+1

]
+
∑m−3

n=2λ′−1,oddH(n)
[
Im
In+2

(n+ 1)
(
In+2

In+1
− Im+1

Im

)
+ Im

In+1

]]
m− 1 > 2λ

≤



24 + 1
λ

∑m−3
n=1,3,...H(n)

[∏m−1
j=n+2

Ij+1

Ij
(n+ 1)m−n2λ +

∏m−1
j=n+1

Ij+1

Ij

]
m− 1 ≤ 2λ

24 +
1

λ

 2λ′−3∑
n=1,odd

H(n)

 2λ′∏
j=n+2

Ij+1

Ij

m−1∏
j=2λ′+1

Ij+1

Ij
(n+ 1)

m− n
2λ

+
2λ′∏

j=n+1

Ij+1

Ij

m−1∏
j=2λ′+1

Ij+1

Ij


+

m−3∑
n=2λ′−1,odd

H(n)

 m−1∏
j=n+2

Ij+1

Ij
2

m− n
4λ+m+ n+ 2

+
m−1∏
j=n+1

Ij+1

Ij


m− 1 > 2λ

≤



24 + 1
λ

∑m−3
n=1,3,...H(n)

[
e−

(m−n−2)2

8λ (n+ 1)m−n2λ + e−
(m−n−1)2

8λ

]
m− 1 ≤ 2λ

24 +
1

λ

 2λ′−3∑
n=1,odd

H(n)

[
e−

(2λ′−n−2)2

8λ

(
1

2

)m−1−2λ′
(n+ 1)

m− n
2λ

+e−
(2λ′−n−1)2

8λ

(
1

2

)m−1−2λ′]

+

m−3∑
n=2λ′−1,odd

H(n)

[(
1

2

)m−n−2 2m

4λ+m+ 2
+

(
1

2

)m−n−1]
m− 1 > 2λ

where we have used that

1.
m−1∏
k=n+2

Ik+1

Ik
≤

m−1∏
k=n+2

e−
k
4λ ≤ exp

(
− 1

8λ
(m− n− 2)2

)
when m− 1 ≤ 2λ.
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2.
m−1∏

k=2λ+1

Ik+1

Ik
≤

m−1∏
k=2λ+1

λ

k
≤
(

1

2

)m−1−2λ
.

m−1∏
k=n+2

Ik+1

Ik
≤

m−1∏
k=n+2

λ

k
≤
(

1

2

)m−n−2
when n ≥ 2λ− 1 and m− 1 > 2λ.

and that

In+2

In+1
− Im+1

Im
≤ 2

m− n
4λ+m+ n+ 2

≤ m− n
2λ

.

Again, by [PB13] H(n) ≤ 8λ
n so that

1

λ

m−3∑
n=2λ′−1,odd

H(n)

[(
1

2

)m−n−2 2m

4λ+m+ 2
+

(
1

2

)m−n−1]

≤ 8

2λ′ − 1

[
m

4λ+m+ 2

(
1−

(
1

2

)m−2λ′−1)
+

1−
(
1
2

)m−2λ′−1
4

]

≤ 10

2λ′ − 1

(
1−

(
1

2

)m−2λ′−1)

Next, for any m ≤ 2λ′
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1

λ

m−3∑
n=1,3,...

H(n)e−
(m−n−1)2

8λ ≤ 1

λ

m−3∑
n=1,3,...

8λ

n− 1
2 +

√
32λ
π

e−
(m−n−1)2

8λ

≤ 8

1
2 +

√
32λ
π

m−3∑
n=1

e−
(m−n−1)2

8λ

=
8

1
2 +

√
32λ
π

m−2∑
n=2

e−
u2

8λ

≤ 8

1
2 +

√
32λ
π

∫ m−2

0
e−

u2

8λ

≤ 8(2
√
λ)(
√

2π)

1
2 +

√
32λ
π

1

(2
√
λ)
√

2π

∫ ∞
0

e−
u2

8λ

≤ 8(2
√
λ)(
√

2π)

1
2 +

√
32λ
π

1

2

=
8
√

2π
√
λ

1
2 +

√
32λ
π

≤ 8
√

2π

√
π

32
≈ 6.28

so that we obtain the bound

24 + 1
λ

∑m−3
n=1,3,...H(n)e−

(m−n−2)2

8λ (n+ 1)m−n2λ + 8
√

2π
√

π
32 m− 1 ≤ 2λ

24 +
1

λ

2λ′−3∑
n=1,odd

H(n)

[
e−

(2λ′−n−2)2

8λ

(
1

2

)m−1−2λ′
(n+ 1)

m− n
2λ

]

+ 8
√

2π

√
π

32

(
1

2

)m−2λ′−1
+

10

2λ′ − 1

(
1−

(
1

2

)m−2λ′−1) m− 1 > 2λ
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This means that, by using previous results, we have

1

λ

m−3∑
n=1,3...

H(n)e
(m−n−2)2

8λ (n+ 1)
m− n

2λ
≤ 8

m−3∑
n=1,3...

n+ 1

n− 1
2 +

√
32λ
π

e
(m−n−2)2

8λ
m− n

2λ

≤ 8
1

2λ

m−3∑
n=1,3,...

e
(m−n−2)2

8λ (m− n)

≤ 8

4λ+ 2
√

λ
e + 2

√
2πλ

2λ


Using the same bound on H(n) and employing a similar argument,

1

λ

2λ′−3∑
n=1,odd

H(n)

[
e−

(2λ′−n−2)2

8λ (n+ 1)
m− n

2λ

]

≤ 8

4λ+ 2
√

λ
e + 2

√
2πλ+ (m− 2λ′)

√
2πλ

2λ

 .
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Putting this all together, we obtain the bound



24 + 8

(
4λ+2

√
λ
e
+2
√
2πλ

2λ

)
+ 8
√

2π
√

π
32 m− 1 ≤ 2λ

24 +

8

4λ+ 2
√

λ
e + 2

√
2πλ+ (m− 2λ′)

√
2πλ

2λ


+8
√

2π

√
π

32

](
1

2

)m−2λ′−1
+

10

2λ′ − 1

(
1−

(
1

2

)m−2λ′−1) m− 1 > 2λ

≤



24 + 8
(

2 + 1√
e

+
√

2π
)

+ 8
√

2π
√

π
32 m− 1 ≤ 2λ

24 +

[
8

(
2 +

1√
e

+
√

2π +
√

2π + (m− 2λ′)

√
π

2

)
+8
√

2π

√
π

32

](
1

2

)m−2λ′−1
+

10

2λ′ − 1

(
1−

(
1

2

)m−2λ′−1) m− 1 > 2λ

≤


C m− 1 ≤ 2λ

24 + max{C ′, 10
2λ′−1}+ 2

√
π
2 (m− 2λ′)

(
1
2

)m−2λ′
m− 1 > 2λ

where C ′ = 8
(

2 + 1√
e

+
√

2π
)

+ 8
√

2π
√

π
32 ≈ 47.18

C = 24 + 8
(

2 + 1√
e

+
√

2π
)

+ 8
√

2π
√

π
32 ≈ 71.18.

Now, note that f(x) =
(
1
2

)x−2λ′
(x− 2λ′) is monotone decreasing for x > 2λ′ + 1

ln(2) .

Thus, we may take m = 2λ′ + 1, at which (m− 2λ′)
(
1
2

)m−2λ′ ≤ 1
2 .

Finally, noting that λ′ ≥ 1, in which case C ′ > 10, the bound becomes C +
√

π
2 ≈

72.433.

This means that

P (W ≤ x)

λ
T2 ≤

83

λ
(6.9)

Now we bound T3.
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Theorem 6.3.

T3 =

∣∣∣∣Im 1

I0
f (0) + Im+1

{
1

I0
f (0)− e2λ

λ

1

I0I1
P (W ≤ min {0, x})P (W > max {0, x})

}∣∣∣∣
∈ O

(
1

λ

)
.

Proof. Define pk = P (W = k) and note that

1

2p0

[
pm + pm+1

p0 + p1
− pm+1

2P (W > 0)

p1

]
=

1

2p0

[
pm+1 [p1 − 2P (W > 0) (p0 + p1)] + pmp1

p1 (p0 + p1)

]
=

1

2p0p1 (p0 + p1)
[pm+1 [p1 [1− 2P (W > 0)]− 2P (W > 0) p0] + p1pm]

=
1

2p0p1 (p0 + p1)
[pm+1p0 [p1 − 2P (W > 0)] + p1pm]

=
1

2p0p1 (p0 + p1)
[pm+1p0 [p0 + p1 − 1] + p1pm]

≥ 1

2p0p1 (p0 + p1)
[p1pm − p0pm+1]

≥ 0

since

p1
p0
≥ pm+1

pm
(6.10)

for m ≥ 0. Now,

1

2p0

[
pm + pm+1

p0 + p1
− pm+1

2P (W > 0)

p1

]
=

1

2p0p1

[
p1

p0 + p1
(pm + pm+1)− pm+12P (W > 0)

]
≤ 1

2p0p1

[
pm + pm+1

2
− pm+12P (W > 0)

]
=

1

2p0p1

[
pm + pm+1

2
− 2pm+1P [W > 0]

]
=

1

4p0p1
[pm + pm+1 − 4pm+1P [W > 0]]

=
1

4p0p1
[pm + pm+1 − 2pm+1P [W > 0]− 2pm+1P [W > 0]]

=
1

4p0p1
[pm + pm+1(1− 2P [W > 0])− 2pm+1P [W > 0]]
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=
1

4p0p1
[pm + pm+1p0 − 2pm+1P [W > 0]]

=
1

4p0p1
[pm + pm+1p0 + pm+1(1− 2P [W > 0])− pm+1]

=
1

4p0p1
[pm + pm+1p0 + pm+1p0 − pm+1]

=
1

4p0p1
[pm + 2pm+1p0 − pm+1]

≤ 1

4p0p1
[pm−1 + 2pm+1p0 − pm+1]

=
1

4p0p1

[
2pm+1p0 +

m

λ
pm

]
≤ 1

4p0p1

[
2p1p0 +

1

λ
p1

]
=

1

4p0

[
2p0 +

1

λ

]
=

1

2
+

1

4p0λ

=
1

2
+

1

4λ

(
3 + β

1
2 +
√

14 + 8λ
πβ

4λ

)

≤ 1

where we have used a result due to [PB13].

for any m, see [AS72].

Finally, for T4, it is clear that

T4 = H (m)−H (m+ 1)

=
P (W > m)

P (W = m)
− P (W > m+ 1)

P (W = m+ 1)

=
1

P (W = m)
[P (W > m)− P (W > m+ 1)]

=
P (W = m+ 1)

P (W = m)

≤ 1

and, at the same time H (m)−H (m+ 1) ≥ 0 so, we have that T4 ≤ 1.
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After all of this we can finally state the following proof of Theorem 2.6

Proof.

|f (m+ 1)− f (m)| ∈ O
(

83

λ

)
(6.11)

for m > 0.

6.1.4 Other Cases

Throughout, we will write S (m) to be the generic sum which occurs in the difference

f (m+ 1)− f (m). Now, suppose that x ≥ m so that

S (m) =
P (W > x)

λ

m−1∑
n=1,3,...

{
Im+1

In+2
G (n+ 1)− Im

In+1
G (n)− Im+1

In+1
G (n) +

Im
In
G (n− 1)

}
.

(6.12)

Define

G (n) =
P (W ≤ n)

P (W = n)

and note that

G (n) = 1 +
In−1
In

G (n− 1)

so that

G (n+ 1) = 1 +
In
In+1

G (n)

G (n− 1) =
In
In−1

G (n)− In
In−1

.

This means that

S (m) =
P (W > x)

λ

m−1∑
n=1,3,...

{
Im+1

In+2

[
1 +

In
In+1

G (n)

]
− Im
In+1

G (n)− Im+1

In+1
G (n)

+
Im
In

[
In
In−1

G (n)− In
In−1

]}
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=
P (W > x)

λ


m−1∑

n=1,3,...

G (n)

[
Im+1In
In+1In+2

− Im
In+1

− Im+1

In+1
+

Im
In−1

]

+
m−1∑

n=1,3,...

[
Im+1

In+2
− Im
In−1

] .

Now, note that for x ≥ m

P (W > x)

λ
G (n) =

P (W > x)

λ

P (W ≤ n)

P (W = n)

≤ P (W ≤ x)

λ

P (W > n)

P (W = n)
(6.13)

=
P (W ≤ x)

λ
H (n) (6.14)

which means that we can use immediately the earlier results. Now, if 0 ≤ x ≤ m − 1 is

even then we have

P (W > x)

x−1∑
n=1,3,...

{
Im+1

In+2
G (n+ 1)− Im

In+1
G (n)− Im+1

In+1
G (n) +

Im
In
G (n− 1)

}

+ P (W ≤ x)
m−1∑

n=x+1,...

{
Im+1

In+2
H (n+ 1)− Im

In+1
H (n)− Im+1

In+1
H (n) +

Im
In
H (n− 1)

}

and if 0 < x ≤ m− 1 is odd then we have

P (W > x)

x∑
n=1,3,...

{
Im+1

In+2
G (n+ 1)− Im

In+1
G (n)− Im+1

In+1
G (n) +

Im
In
G (n− 1)

}

+ P (W ≤ x)

m−1∑
n=x+2,...

{
Im+1

In+2
H (n+ 1)− Im

In+1
H (n)− Im+1

In+1
H (n) +

Im
In
H (n− 1)

}
.

We can use the same method on the above as was used in x ≤ 0 ≤ m−1 and 0 < m−1 ≤ x

to bound each by 2 times the respective bounds.
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6.1.5 The First Difference m < 0

When m < 0 then

f(m− 1)− f(m) = (−1)m−1
{
Im−1

[
1

I0
f (0)

−e
2λ

λ

1

I0I1
P (W ≤ min {−1, x})P (W > max {−1, x})

]
+ Im

1

I0
f (0)

}
+ (−1)m−1

e2λ

λ

−1∑
n=m

(−1)n+1

{
Im−1
In−1In

P (W ≤ min {n− 1, x})P (W > max {n− 1, x})

− Im
InIn+1

P (W ≤ min {n, x})P (W > max {n, x})
}
.

Now, if x ≥ −1 then

S (m) =
P (W > x)

λ

−1∑
n=m

(−1)n+1

[
Im−1
In−1

P (W ≤ n− 1)

P (W = n)
− Im
In

P (W ≤ n)

P (W = n+ 1)

]

=
P (W > x)

λ

|m|∑
n=1

(−1)n+1

[
I|m|+1

In+1

P (W ≤ −n− 1)

P (W = n)
−
I|m|

In

P (W ≤ −n)

P (W = −n+ 1)

]

=
P (W > x)

λ

|m|∑
n=1

(−1)n+1

[
I|m|+1

In+1

P (W ≤ −n− 1)

P (W = n)
−
I|m|

In

P (W ≤ −n)

P (W = n− 1)

]
.

But, now since

P (W ≤ −n) = P (W < −n+ 1) = P (W > n− 1)

and

P (W ≤ −n− 1) = P (W < −n) = P (W > n)

then

S (m) =
P (W > x)

λ

|m|∑
n=1

(−1)n+1

[
I|m|+1

In+1
H (n)−

I|m|

In
H (n− 1)

]

=
P (W > x)

λ

|m|−1∑
n=0

(−1)n
[
I|m|+1

In+2
H (n+ 1)−

I|m|

In+1
H (n)

]
.



107

On the other hand, if x ≤ m− 1 then

S (m) =
P (W ≤ x)

λ

−1∑
n=m

(−1)n+1

{
Im−1
In−1

P (W > n− 1)

P (W = n)
− Im
In

P (W > n)

P (W = n+ 1)

}

=
P (W ≤ x)

λ

|m|∑
n=1

(−1)n+1

{
I|m|+1

In+1

P (W > −n− 1)

P (W = n)
−
I|m|

In

P (W > −n)

P (W = n− 1)

}
.

Since

P (W > −n) = P (W ≥ −n+ 1) = P (W ≤ n− 1)

and

P (W > −n− 1) = P (W ≥ −n) = P (W ≤ n)

then

S (m) =
P (W ≤ x)

λ

|m|∑
n=1

(−1)n+1

{
I|m|+1

In+1
G (n)−

I|m|

In
G (n− 1)

}

=
P (W ≤ x)

λ

|m|−1∑
n=0

(−1)n
{
I|m|+1

In+2
G (n+ 1)−

I|m|

In+1
G (n)

}

=
P (W ≤ x)

λ

|m|−1∑
n=1,3,...

{
I|m|+1

In+2
G (n+ 1)

−
I|m|

In+1
G (n)−

I|m|+1

In+1
G (n) +

I|m|

In
G (n− 1)

}
.

Note that for x ≤ m− 1 ≤ −1 we have

P (W ≤ x) ≤ P (W ≤ m− 1)

= P (W < m)

= P (W > |m|)

≤ P (W > n)
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which means that

|S (m)| ≤ P (W ≤ x)

λ

|m|−1∑
n=1,3,...

∣∣∣∣I|m|+1

In+2
G (n+ 1)−

I|m|

In+1
G (n)−

I|m|+1

In+1
G (n) +

I|m|

In
G (n− 1)

∣∣∣∣
≤ P (W ≤ x)

λ


|m|−1∑
n=1,3,...

G (n)

∣∣∣∣ I|m|+1In

In+1In+2
−
I|m|

In+1
−
I|m|+1

In+1
+
I|m|

In

∣∣∣∣
+

|m|−1∑
n=1,3,...

∣∣∣∣I|m|+1

In+2
−
I|m|

In−1

∣∣∣∣


≤
|m|−1∑
n=1,3,...

H (n)

∣∣∣∣ I|m|+1In

In+1In+2
−
I|m|

In+1
−
I|m|+1

In+1
+
I|m|

In

∣∣∣∣+
1

λ

|m|−1∑
n=1,3,...

∣∣∣∣I|m|+1

In+2
−
I|m|

In−1

∣∣∣∣
At this point we can use all of the same results from m > 0 identically.

6.2 Technical Details of Section 3.1

6.2.1 Introduction

Here we discuss our novel method for dynamic community detection using the Dynamic

Plex Percolation, as defined in Chapter 3. We make use of the following definition of a

plex.

Definition: A plex of order (n, k) is a vertex-induced subgraph S of n vertices from G

with the property that

deg (v) ≥ n− k for all v ∈ S. (6.15)

The following theorem is a core ingredient for the DPP’s functionality.

Theorem: A vertex induced subgraph S of m < n vertices of a (n, k) order plex P is a

order (m, k) plex.

Proof: We need only to consider m = n − 1 since lesser values of m will follow by

induction. Let S be a vertex induced subgraph resulting from the removal of one vertex in

P . Now, note that the degree of each of the vertices in S will have decreased by at most
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one. This means that

deg (v) ≥ (n− 1)− k for all v ∈ S. (6.16)

Since m = n− 1 it follows that S is an order (n− 1, k) plex.

6.2.2 Static Communities

The static component of DPP is explained first since, ultimately, it is the foundation upon

which the dynamic component of DPP is built. We begin with a static network graph

Gt and determine the static communities according to the following algorithm. Firstly,

we identify the maximal k-plexes. That is, we enumerate the vertex induced subgraphs

S1, S2, . . . such that each Sj is an order (nj , k) plex and if any other vertex is added to Sj

it would cease to be a plex.

Secondly, we create a secondary graph G∗ in which each vertex represents one of the

Sj plexes. An edge between the vertices vi and vj representing the plexes Si and Sj exists

in G∗ if and only if the number of vertices common to Si and Sj is no less than k − 1, i.e.

|Si ∩ Sj | ≥ k − 1. (6.17)

The meaning of an edge between Si and Sj is that the intersection Si ∩ Sj is a k − 1-

plex. Consider the graph in Figure 6.2.2 and note that the upper and lower “squares” are

order (4, 2) plexes with an intersection of 3 vertices. This means that, if G were to be the

Figure 6.1: (Left) Order (4, 2) Plexes in G and (Right) Vertices in G∗ Representing S1 and
S2 in G
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graph in Figure 6.2.2, we would define S1 and S2 to be the upper and lower “squares”,

respectively. We then create an auxillary graph G† with two vertices, one representing S1

and one representing S2. In this auxillary graph we connect the two vertices with an edge

since S1 and S2 have 4− 1 = 3 vertices in common. This implies that with an order (4, 2)

plex as our template we are able to find an order (3, 2) plex in the intersection between S1

and S2.

Lastly, we enumerate the connected components in G∗ as C∗1 , C
∗
2 , . . . and apply labels

A,B, . . . correspondingly. We percolate these labels back to the edges in the original graph

G. To do so, we recall the edges that belong to the plex Sj which belong to the connected

component C∗h and label each of these edges with the corresponding label. It is important

to note that an edge may have multiple labels. For example, in Figure 6.2.2, the purple

edge belongs to both the blue and red order (4, 1) communities.

Figure 6.2: Order (4, 1) Communities with Overlap

6.2.3 Dynamic Communities

Now that we have explained the static component of the DPP, we explain the dynamic

component of the algorithm. The fundament goal of the dynamic component is to allow

for communites to percolate through time in an explicit manner. To allow such percolation

three stages exist in the process.

Let us suppose that we have a series of network graphs {Gt}nt=1 each of which contains

p vertices. We begin by constructing n − 1 new graphs which are formed on 2p vertices.

A new graph G†t consists of copies of Gt and Gt+1 wherein the vertices are labeled v(t) for
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the vertex copies from Gt and v(t+1) for the vertex copies from Gt+1.

Now, we automatically connect with an edge vertices v
(t)
k and v

(t+1)
k in G†t . We add arti-

ficial edges to G†t according to the rule that if
(
v
(t)
i , v

(t)
j

)
is an edge in Gt and

(
v
(t+1)
i , v

(t+1)
j

)
is an edge in Gt+1 then in G†t construct the edges

(
v
(t)
i , v

(t+1)
j

)
and

(
v
(t+1)
i , v

(t)
j

)
. This has

the effect of providing a means, or rail-road tracks, for the community, i.e. template, to

percolate in time. Figure 6.2.3 illustrates the above. Care must be taken to be sure that a

Figure 6.3: Construction of G†t . In this example we see that nodes in Gt are automatically
connected immediately to their counterpart in Gt+1. Then since the North-Eastern edge
persists, the “railroad tracks” are created to the plex to percolate whereas, for the other two
vertex pairs, the edge (or non-edge) did not persist so no railroad tracks are constructed.

community is not declared in the enhanced times series of graphs solely as a result of the

added edges but this requires only a trivial conditional statement.

In the end, we must match the labels of G†t and G†t+1. Such an endeavor requires

little effort. We simply maintain a stack of the natural numbers and assign to each static

community in G1 a number and remove these numbers from the stack and match these

numbers to the communities in G2, that is, we have identified the communities in G†1. We

repeat this process and match corresponding labels in G2 and G3, i.e. G†2. In this way, we

have percolated the labels throughout the entire sequence {Gt}nt=1.
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6.2.4 Pseudocode

This section contains the pseudocode of the algorithm. We begin by formulating the

maximal plex enumeration phase of the algorithm. Suppose that A is an p × p adjacency

matrix representing a graph G and we wish to enumerate all maximal order k plexes. We

initialize the sets R = {}, P = {1, 2, . . . , n}, X = {} and a vector (in the data structure

sense) MC. The set R at any stage in the algorithm is a currently growing k plex, the

set P are prospective vertices that may be added to those in R to enlarge the growing

plex, and the set X are the set of vertices which have already been processed during the

recursive algorithm’s execution. Finally, the vector MP will contain sets of integer labels

for the vertices belonging to a plex. That is, the kth element of MP is a set which contains

labels for the vertices which belong to the kth discovered maximal plex. We move now

onto the Algorithm 1. We will suppose throughout that MC is a global variable and refer

to indices and vertices interchangably. The Plex algorithm described in Algorithm 1 is

Algorithm 1 Algorithm for Returning Maximal k plexes

Input: R, P , X, sets of integers and k, an integer
Output: MP , a vector of sets of integers
Plex (R,P,X, k)
if P = φ and X = φ and |R| > k then

push back R onto MP
else

for every u ∈ P do
define Rnew to be R ∪ u
remove u from P
define Nu to be the vertices in G which are connected to at least |Rnew|− k+ 1

vertices in Rnew
define crit to be the vertices in Rnew which are connected to exactly |Rnew|−k

vertices in Rnew
if |crit|¿0 then

redefine Nu to be the intersection of Nu and the the vertices which are neigh-
bors to all vertices in crit

end if
Call Plex (Rnew, P ∩Nu,X ∩Nu, k)
redefine X = X ∪ u

end for
end if
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an adaptation of the maximal clique enumeration algorithm first introduced by [BK73].

Now that all maximal plexes of order k have can enumerated for any graph G it needs

to be determined which maximal plexes are merged to form the dynamic communities

communities. First, however, we describe the static component of the algorithm. Now

Algorithm 2 Static Community Detection

Input A, an adjacency matrix and MP , a vector of sets of integers
Output B, a matrix of sets of integers
StatComm (A,MP )
define n to be |MC|
define G∗ to be a graph with n vertices enumerated according to the plexes in |MC|
compute the connected components of G∗, via breadth-first search, for example
define C∗1 , C2,

∗ , . . . to be the connected components of G∗, of which there are m.
assign labels 1, 2, . . . to C∗1 , C

∗
2 , . . . accordingly.

Set B to be a p× p matrix of sets of integers
for every k = 1, 2, . . . ,m do

for every MPj ∈ C∗k do
for every i = 1, 2, . . . , |MPj | − 1 do

for every h = i+ 1, . . . , |MPj | do
if A (i, h) = 1 then set B (i, h)) = B (i, h) ∪ k
end if

end for
end for

end for
end for

that the static portion of the code has been described, one must transition to the dynamic

phase of the algorithm. At this point, all that remains is label matching. This chore is

mundane and does not require any specific details other than if, for example there exist

three times points t = 1, 2, 3, for example, then we have G1, G2, G3 and G†1, G
†
2. The overlap

in G†1 and G†2 is G2 and, therefore, the dynamic communities community labels need to be

matched through the the labelling in timepoint t = 2. This is simply a matter of keeping

track of which labels coorespond from timestep to timestep.
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Algorithm 3 Dynamic Community Detection

Input: A1, A2, p× p adjacency matrices and k, an integer
Output: C, a p× p matrix of sets of integers
DynComm (A1, A2)
define A as a matrix with the upper p× p as A1 and the lower p× p as A2

for every k = 1, 2, . . . , p do set A (k, p+ k) = 1 set A (p+ k, k) = 1
end for
for every i = 1, 2, . . . , p− 1 do

for every j = (i+ 1), . . . , p do
if A1 (i, j) = 1 and A2 (i, j) = 1 then set A (i, p+ j) = 1 set A (j, p+ 1) = 1 set

A (p+ j, i) = 1 set A (p+ i, j) = 1
end if

end for
end for
set C to be the result of executing StatComm on B.
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