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I, INTRODUCTION

The present thesis is concerned with a discussion of the
more important aspects of the development of the theory of
digtribution laws for sums of independent random variables.

We shall begin our analysis with a discussion of the
bincomial probability law and its two limiting forms ¢ the
Poisson probability law and the normal probability law.

The Central Limit Theorem will be considered along with
work regarding the accuracy of the approximating normal
distribution in this theorem.

Finally, the concepi of an infinitely divisible law
will be introduced and related to cur earlier consider-
etions as well as to the class of limit laws for suitable

sums of independent random variables,



2.

2. NOTATICON ARD AUXILIARY THEOREMS

We shall for the most part use capital letters to denote
random variables. P(A) will stand for the probability of the
event A. E(X) and D2(X) will stand for the mean and variance

o
respectlvely, of the random variable X : E(X) = 5 x dF(x)
and D°(X) = f Ix - E(x)] dP(x) , where F(x) is the distribe

~ca

ution function of X 5 i.e., F(x) = P( X<¢x ). The so-called

characteristic function of X will be denoted by f(t), where
o

£(t) = ( & ™ar(x) = B( é).

Th;d}ollowing theorems, stated without proof, belong to
the classical realm of probability and will find application
in the sequel 3

Theorem 2.1 : If F(x) is the distribution function of the

random variable X, then the distribution function of b + %

( where &> 0 and b are arbitrary real numbers ) is F [q(x-bf]
‘th +

and its characteristic function is € f( ;) '

Theorem 2.2 ¢ Characteristic functicons are continuous
and satisfy the conditions £(0) = 1, and lf(t)\ 1 for all
real t.

Theorem 2.3 t A distribution function is uniquely deter-
mined by its characteristic function.

Theorem 2.4 : If E]X" |=/3K exists, then the follow1ng
K-1
K
holds: f(t) = 2 “ (‘ﬂ + 3 St ’ where!‘il | and 0( E(X )
=t gb K!



Theorem 2.5 : A necessary and sufficient condition for the
convergence of the sequence of distribution functions{ﬁﬁﬂ}to
a limiting distribution function,P(x), is that in any finite
interval }t|< T , the characteristic functions 3, (t) converge
uniformly to a ]:imiting function. This limiting function is
the characteristic function of F(x).

Theorem 2.6 t The characteristic function of the sum of
any finite number of independent random variables is equal to

the product of the corresponding characteristic functions.

3e



3. THE CENTRAL LIMIT THEOREM

Consider the situation wherein an experiment is to be
carried out independently a certain number,n, of times and
at each trial there are only two possible outcomes, s and f.
Attached tc the outcome s there is a probability p, and to f
a probability 1 - p = gq. We shall assume that these prob-
abilities remain constant throughout the repetitions of the
experiment. We shall be interested in the tctal number,
without regard to order, of 8's appeasring in the n trials,
The probability of exactly k 8's and n - k f'e appearing in
the n trials is given by the following @

v{ ksn,p ) = (’,‘:)p" 9™ K , where k = 0,1,2,+..4n. This
is the bincmial probability law.1 We introduce the random
variables X, Xyseeey X, defined as follows 1

1 if s appeers at the kth trial

0 if f appears at the kth trial

We may then iniroduce the variable SM = XJ+ X,# «o0 + X

which‘equals the number of s's appearing in n independent
trials. Note that we have & sum of n identically distri-

buted random variables; i.e., each XK is distributed by the

lEma.nuel Parzen, Modern Probabiliiy Theory and its
Applications (New York,John Wiley & Sons.,Inc.,1960),p.102,



same Bernoulli probability law =2
P( Xe= 1 ) =D
P(Xe=0) =gq

In very many aepplications of the binomial probability law

fOI‘ k = 1,2,.--,11.

the computations would be quite impractical were it not for
the fact that we can approximate the binomial law by either
of two other probability laws 3 the Poisson probebility law,
or the normal probability law.

In situations where, in dealing with Bernoulli +*rials,
we are using a large n and a small p, whereas the product
A = np ise of moderate magnitude, we may use the Poisson
approximation to the binomial distribution @

b(ksn,p) & Zf_emx y which is a uniform approximation

Kt
when n = o and p—~ ¢ 1in such a way that A = np remains

bounded. 5
We are often interested in the probability that the
number of successes lies between preassigned limits, o« and
a . If « and @ are integers (&« < 3 ), then we define the
event a8 £ & 3, £ /3 . Its probability is P(«x < 5,573 )

= b(ct 3n,p) + b(A+13n,p) + «oo + B(4 3n,p)e If n is

sufficiently large, we have reccurse to the following theoren

due to DeMoivre and Laplace 13

2 Parzen,p.101l.

5 William Feller, An Introduction to Probability Theory
and its Applications,2nd ed.(New York,John Wiley & Sons,Inc.,

1958), p.l43.

Se



Theorem 3.143 The probability that & random phenomenon
obeying the bincomial probability law, with parameters n and
py, will yield an observed value lying between K and /3 , in-

clusive, for any two such integers is given approximately by

k%d (:\] ﬁK?M‘K-_‘—: @r (ﬁ;’iﬁl V2>_— @(‘d’:—ﬁﬂt%)
where we have @(%) = C 2 II c{f as the normal

1“—00
distribution function with mean value equal to 0 and with

standard deviation equal to 1.

If A = np is large, we cah use either the normal or the
Poisson approximation to the binomial distribution law. The
implication here is that perheps it is possihle to approxi-
mate the Poisson by means of the normal; indeed, for fixed

values of « , +J , and k, the following difference tends to

O as )\-—)«::5 K-x+%
MoK (" 1i6
e "N L ( A«Hf—70)()\—%o°\.
I Vi "l’;

We may consider the above in the following light: We
are given the distribution of & sum of independent identical-
ly (Bernoulli) distributed random variables, and we have
arrived at two limiting distributions for such a sum by
means of two essentially different limiting processes. In

the case of the normal approximation tc¢ the binomial, we

b Parzen, p.239.

? Ibid., p.24s.



hold p constent and let n—> s + For the Poisson approx-
imation to the binomial, we allow both n and p to vary, but
in such a way that n %o and p—> ¢ in a manner that leaves
A bounded, Consider the following configuration:

p, + X
Pp 2 Xy y Xo
Py ¢ X5, Xgo,y X33

IR ED S R R

In the first case above we are changing n alone as we
congider successive rows of mutuslly independent variables;
i.e., P, =P (i=1,2y0ee )o In the second of the cases
we must consider the fact that the p's are changing as we
move to different rows with increasing n. Let it be point-
ed out at this time thet this configuration is a special
case of the more general situation with a double sequence
X,s Eogr o003 X 3 00 (n=1,2,uee. ) of random
variables, independenit for each choice of n, but not nec-
essarily identically distributed.

The approximation of the binomial probability law by
means of the normal law is of major importance because it
provided the foot-hold needed to attain the heights afford-

ed by the Central Limit Theorem. The DeMoivre-Laplace

theorem is & particular case of this theorem. Our X's

Te



were Bernoulli variables, so that SM = X+ X1+ s oo + X
was a binomial variable, Let us proceed to the more gen-
eral case wherein we have a set of n observations, X,, X,
X35 « « « » X, . They are said to constitute a random

sample of the random variable X if X , X,, . . . , X are
independent random variables identically distributed as X.
Let S, = X, +X,+ .., . +X be the sur of the random
variables, -

The Central Limit Theorem states that the sum of a large
number of indepeﬁdent and identically distributed random
variables with finite variances and eipectations,or means,
normalized to have mean 0 and standard deviation 1, is
approximately normally distributed. (By normalized we
mean that from the sup we subtract its mean value and
divide the resulting difference by the square root of the
variance; i.e., the standard deviation, of the sum.) It
can be shown that E( SM) = n'E(rX ), and that 6 ( Qn) =
=D(S,) =YnD( X ) =Yné(X). Restated, the theorem is
that for any real numbers o <, , |

« < 5, <) = P oL=ECD ¢ T —EG) ¢ p-El)] 2
P« s )= PlAElD s g an £l ]

B A I Y e Y P

TN 6 ()

Much of the energy expended in probabilitj theory up

6 Parzen, p.372.



to the 1930's was directed to the determination of the
conditions under which this above relation would hold.
In the case of identically distributed independent
variables it was found that the mere existence of the
expectations and variances is sufficient to justify the
application of the Central Limit Theorem. This is no
longer the case when this restriction is relaxed.

We have assumed identically distributed random var-
iables. Let us retain the assumption of independence of
the variables, but discard the assumption of identical

distributions. We introduce the following notation 3

SM= X’ +Xl+ . . @ +XM’
2 2
a,= E(X,) , ®,=D(X),
M ~
A“ € a - [ Bz = zbzf .
~ | [ ~ 6: L

L';
The above~mentioned inquiries usually start with the

gquestion of what additional conditions ensure the Central

Limit Theorem in the form

z
- ~ht (
PI%" Am £ .z]-—?_l— ge, 15{1JM—700)umFam4lr T
M AT - »

In this less restricted case, it is not sufficient to
require that the mesns and the variances of the individ-
ual summands merely exist. It is necessary that we

ensure that in the passage to the limit no individual

summand be permitted to dominate the total sum, %ﬂ.

9.



10,

1

Lindeberg's condition' that for every &>¢ ,

K % P(‘ )('h" o'ﬂ’ ) € Bm) = ( is more general and per-
M7 =

haps logically simpler than the condition whose sufficiency
we shall prove. In anticipation of this proof, let us
introduce some helpful terminclogy. A random variable X,
depending on n, for which two quantities, m_ and s ( not
necessarily depending on n ), can be found such that the
distribution function of X - m_, tends to '%(K) is said to
be asymptotically normally éistributed. This is the same
as stating that for any two numbers, « and 4 , independent
ofn,'m;/i‘i’;: P(o(:? J’M'éﬂ): @(/5)-— é(b{\, We may
again paraphrase the Central Limit Theorem as follows :
Under certain very general conditions the sums Sﬁ\s X, +
+X,4...+X,is asymptotically normal, ( 4 ,B, },
whatever the distributions of the independent Xi. The
following condition for this is due to Lyapunov i

Theorem 3.2 8: Let X' s X e« « sy X _be a set of

el )
n independent random variables and denote by a - and b . the
mean and standard deviation of XJ. Suppose that the third
3 3
absolute moment of X. about its mean,,€‘=f E (’Xi—-afr )

3 3 3 3
is finite for every i. Write P = RS°+ P '+ -« - + 7.

7 B,V, Gnedenko and A.N. Kolmogorov,Limit Distributions
for Sums of Independent Random Variables ( Cambridge,
Addison - Wesley, 1954 ), p.5.

8 Harald Cramér, Mathematical Methods of Statistics,
8th ed. ( Princeton University Press, 1958 ), p.215.



If the condition {ém £ = O is satisfied, then the sum
m M7
M: S XE is asymptotically normally distributed with

respect to the quantities 4  and B  defined above.
proof : Let fi(t) denote the characteristic function

of the ith deviation, X; - a;, and let f(t) denote the
S -~ A

characteristic funetion of the normalized sunm, n n =
~ B
n
= 1 i ()(E‘ ai o It follows from Theorem 2.1 that
Bn £= |
!
£(t) = ]7 5, (i )-From Theorem 2.5 we see that it suffices

J=ti ™

2
to show that f(t) — e'}ét , the characteristic function
of the normal probability law, when n — o , for fixed %.
From Theorem 2.4, with 3— used as the symbol for some

quantity — real or complex — with modulus £ 1, we get

(X~
f (t) = B(e )‘—-—/— 't +“3'P , Wwhere we
are careful to distinguish i as subscript and i as complex

entity.
b2 2
-2

Further, log f.( % ) = log (1 -
¢ B B

n

2
i
2

2,2 3.3
=log(1+z),wherez=-bit + S’Pitj.

From the condition of Lyapunov, we have for all sufficiently

large values of n, _J_Dt_ < 2 < } , and thus, from the fact

/ B B
% 7 "

[
that 3{ Y ﬁc’ , (i =1,2,... ), where we have 13; =

E(1Y]'), we get bt, £ )7; for every i and the following holés :

11.



12.

.

zZ = aPszl + a’oig'tg = E}pf (E_l-i- ms). Our
— - 2 ]

condition leads now toc the fact that for every fixed t, we
have z — 0 ag n ~—» 0 . Thus, for sufficiently large n,

lzl < . For lz| < % we have

2
1og( 1l + =z ) = Z e g ( 1 - % z + % 22 - s s ) =
=z+%5}22(1+%+%2+...)=z+ %2° .
2 .2 3 .3 b 2
Hence,logf_,(%)=-bit2+g-fit3+ar.914(§+
¢ n QBn 6Bn Bn

Sum over i = 1,2,¢.4,n. From the expression for f(t) we

obtain log f(t} = - f + ﬂ___}ﬂ 1‘513 + ( 22 + \’c\ZS ) 2.
3
2 B, [ 2 [

A8 n ~> oo , it follows from the condition that log f(t) —>

— - 32 for every fixed t. Our theorem is proved,

N

Let us now consider the problem of determining some
numerical bounds for the degrees of approximation that
are involved in the above-mentioned cases of the Central
Limit Theorem ascribed to Lindeberg and to Lyapunov, 8&s
well as the additional case of Feller to be mentioned

below.

Define the variable A ( XK) as follows ¢



pL

(X)::
)‘ O

bl
A
o

2
k y Where we
if b

woho

assume at least one bi % 0 3 this will be termed the

moment ratio of X .

Set A = max.[}\(.)(;}J)\(Xz']) . .3)\()(”)], and & = N,
B
n

where in the special case of identically distributed
random variables, £ %fé. y where ¢ is some function of
the third order absolute moments. A normally distributed
variable with mean value An and standard deviation Bn has

x—An)
B

n
have the distribution function F(x).

« Let our sum

the distribution function éﬁ (

Let M = sup | F(x) - @( x -4 )\ . Theorem 3.2
@Y < O B
n

states essentially that lim M = 0,
E—=ro

Theorem 3.3 9': Let Xl y X o s ey Xn‘be independent

2 ?
random variables for which P z = E( 1x; - %13) are finite.
This is suffiecient for the inequality M £ 1.88¢%¢ +to hold.

From this it follows that the ratics M /¢ arising
from admissible sets of variates form a bounded group of
real numbers, 4 more general condition for the Central

9 A,C.Berry,"The Accuracy of the Gaussian Approximation
to the Sum of Independent Variates"s Transactions of the

Aperican Math, Soc. (New York, 1941),49, p.124,

13.



14.

It is as follows : VWe

Limit Theorem is due to Feller.
have given any real numbers s ) O and 8 g B,y « o« y 8 .

For given ¢ > 6 we introduce the quantities

£, = g' P(])(K-O\K[>£s)

d e
e - L % | "¢ (4—qK)AFH(«§}
g 5 R- Gy €3
q tes 4 .
f -~ ".. -'—. g 5 (4~‘\l‘\) AFK(")
52 K:‘ qh‘éj ‘

If these three entities are small, then our M is small.

Corregpondingly, we have the following theorem
then ¥ £ 5.8¢€,

i

10 .
Theorem 3.4 s If £ ¢ EJ € SE £, 8¢

Note ¢+ It can be proved, more generally, that if Ef-+ £2< {
' ;

we have (1-€*~¢&) Y2 V2 (‘_.&f,ét3 2

where C = sup M £ 1.88 for admissible sets of variates.

More particularly, if we restrict ourselves to the

3

case where our 8 and ac's are our earlier Bn and individual
£. 5
{

variable means, respectively, we can reformulate our

as follows @
e = £ P(1N,~ Al > €Bu)
K=

AL ) CET RIS

| g ¢
E| = 1;;“ K=t ] (-—ao Qk+€BM
i ‘iK‘EBM o2
£ = -—I, z ( s -+ g ) (4"6(K)ldfﬁlﬁ)
1 BM‘L K= - O quté BM

since the following resulis are valid 3

10 Berry, p.l34.
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At B, " .
s [.lr'—‘( )dF . ,:‘ Z l (- loF( -
i.) f%; ] QKEEBN. " h(¥> et ~ic ) " g
4y~£8,, oo
— ( ¢+ S )(1*4,&4’1,((1-)
~ XD G“T'f'f.B,“

where the first entity within the absolute value signs on

: ] I—qé:«'l [
~ ay-tB, ©°

F T a ARy - 2 | e Ydreal 12
._i, (4= Ku) K=t ( —§o 23&&134«) (4 ((hjdﬁ(( )] i-

the right is equal to O by our restriction.
”M ‘{""ZB

: K “ 1 .

N S NN CEY A NN

ii.
) B,“l h=1 4#\_28,‘1

i ;j\ {ﬂt“é Bm o
- L a L :
i th A=t ( _EO -#qkifka) (Iv qk} C4FK(?Y) *

Lindeberg's condition for the Central Limit Theorem,
stated earlier, may be restsied for the case of independ-

ent random variables with O means and finite wvariances

as follows : for every £ >0 ,

) mM £B D 11
Lo - L VAL () = ¢
= EBM i

M PR 3“1 —e ‘
Bringing in our restrictions above and relaxing the
present condition that the ai's are all equal to O, we

see that Lindeberg's condition is S, &,=0. Our
”M = oo

estimate of the degree of approximation attained in

this case is as followsg 2

11 Gnedenko and Kolmogorov, p.l03.
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Theorem 3.5 12: Ir £, < 23 , then M € 3,6¢,

Finally, consider again the Lyapunov condition.

Reformulated and generalized, it is that the following
WA
i ____L — vy
nolds : A T < E(IXK Y ) = 0 , Where m is

PYRET N T
greater than 2 and not necessarily integral. We are
assuming in this final case that each X, does have a
finite absolute moment of the necessary order. From

our point of view, the condition would be used to

Justify the statement that M is small when 3} =

m | '/ "
2 E?(ng’ﬂklwﬂ)-is small. Letting & = I * :

=1

T
B '

we can prove that &, & € and hence, using Theorem 3.5

above, we get the following estimate corresponding to

the Lyapuncev condition 3

13 1o + 1

Theorem 3.6 “3 M £ 3.6 1

In conclusion, we can say that we have found ex-

plicit numerical upper bounds for the least upper

bound, M, of the absolute difference between F(x), the
X = An)
B

n
the distribution function of & normal variable with

distribution function of our sum, S , and (& ( s

mean value equal to An and standard deviation egual to

12 Berry, p.136

13 Berry, p.l36.
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Bn s under various conditions on the independent variables
Xi and their moments, corresponding to the conditions
under which hold the Feller, Lindeberg, and Lyapunov

versions of the Central Limit Theorem of probability

theory.



4 INFINITELY DIVISIBLE DISTRIBUTIONS

To attain our most general conclusions regarding

limit laws for sums of independent random variables it

becomes necessary at this point to introduce the idea
of an infinitely divisible random variable.

Let us call a random variable, V{ , infinitely
divigible if for every natural number n, 7{ can be

represented as the sum Y| = XMI+ X . *te+o otk of

B )

n independent identically distributed random variables

taken from our generalized configuration of section 3.

The distribution of an infinitely divisible random
variable will be called an infinitely divisible dist-
ribution. We see from the definition and Theorem 2.6
that a distribution is infinitely divisible if and
only if the corresponding characteristic function is
the nth power of some characteristic function, fn(t),
depending on n; i.e., f£(t) = [fn(t)]n .

We note the following two properties :

14

Lemma 4.1 : The characteristic function of an

infinitely divisible law never vanishes.

14 B.V,.Gnedenko, Limit Theorems for Sums of
Independent Random Variables, trans.45, American
Math. Soc.{New York,1951), p.lk.

18.



Lemma 4.2 15: The limiting distribution for a sequence
of infinitely divisible distributions is itself infinitely
divisible.

()

Consider the second lemmas: If F (x)-2 F(x), by Theorem

{K) €3
2.5 £ (t)—> (). Since T (t)} is the characteristic

{r)
function for an infinitely divisible distribution, f (t) =

(k) {(x) T
o= [ fn(t)J n for every n, or fn(t) =\rfhtt) s where the

principal branch of the root is intended here. This is
a characteristic function and never vanishes for any t,
by Lemma 4.1l. From these relations we may conclude that
}Zkt) = fn(t) s now applying Theorem 2.5 in the con -

verse direction, we see that for some unknown distrib-

ution functions this fn(t) must be a charscteristic function.

Finally, since £(t) = [ £ (¢)] ™, by definition, £(t) is
the characteristic function of an infinitely divisible
lzw.

The two limiting distributicons considered in section
3 are related to the ideas under discussion by means of
the following two theorems ¢

16

Theorem 4.1 t A normally distributed random variable

is infinitely divisible.

15Gnedenko, p.lh,

16Gnedenko and Kolmogorov, p.Tl.

19.
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proof :+ Suppose E(X) = a and Dz(x) =62, The
characteristic function of X is given by £(t) = E( e'X ) =
2t2

; - %6
. olat - % « Since for every n > 0, we have fn(t) =

= e.% t - %6'2'1:2 is the characteristic function of a
normal law, our result follows as desired.

Theorem 4.2 s & Poisson distributed random variable
is infinitely divisible,

proof ¢+ We assume a point of reference a. The
possible values of X then have the form a + kh (k = 0,1,...),
and P( X = a + kh ) = Kijsmk (X>0). The character-

k! : ith

istic function of X is £(t) = g1t (e - 1) .
From this we see that for every n S O,qﬁETQj =

% (1R _ 1)

= eiﬁ + is the characteristic function
of a Poisson distributed random variable also. This
implies our desired result.

For our purposes we shall need information which ig
more explicit conecerning these infinitely divisible laws,
namely formulas for the characteristic functions, or,
more conveniently as the sequel will show, formulas for
the logarithms of these characteristic functions.
Kolmogorov found that a distribution F(x) with finite
variances is infinitely divisible if and only if the

11 Gnedenko and Kolmogorov, p.Tl.
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logarithm of the characteristic function takes the

following form @

o .
[ 7N .
(1) %8 10g £(t) =ivt + § ge - - "“‘z :&U’“’(“‘as

-0

where Y 1is a constant and G(u) is a non - decreasing
function of bounded variation. If we assume -— as we
may, without loss of generality — that G( -«) = 0,
the representatian is unique.

Lévy and Khintchine were later able to generalize
upon this result as follows

Theorem 4.3 19, 4 necessary and sufficient condition
that the function f(t) be the characteristic function of
an infinitely divisible distribution is that its log-

arithm be representable in the form

s {tab - L )
(2) log £(t) = ivi + § {g ~ - ‘t——“f-‘} P e ()

-0 fact a«wt 3
where ¥ is a real constant, G(u) is a non - decreasing
function of bounded variation, and the integrand at u = O

it ' a - 41
is given by 1lim {~e — ]~ ¢ t*‘g T ] = e
AL O 44 ALl L

Further, the representation is unique.

If we define the functions M(u) and N(u) and the
constant 6 2 by setting up the following relations @
Benedenko, p.l2.

16nedenko and Kolmogorov, p.76.



Ad

- 1425 46.(2) <0
M(u) = ‘”Spc 2-1
() ®w .- IEiden 7o
21
AL

€2 =6(+0 ) -G( -0 ), formula (2) for
log f(t) can be written in the following way 3

2

- ]
L2 ( tas t.
(4) log f(t) = ivt —~ 6t + § {( -l—-.£,,,__“%a’“"1(4ﬂ T
2 — Pk
m‘ i
¥ S f{tt_bl _ l_'f.,(,t} AN(‘“B
+0 Pt at
From (3) and (4) we can conclude that M{u) and N(u)
have the following properties t
(a) They are non - decreasing in the intervals
ok g e an +0,00 ), respectively.
( 0) and (+0, )
(b} They are continuous at those and only those
points at which G(u) is continuous.
(¢) They satisfy the relations M{-«) = N(«) =

G 3
(d) They satisfy g.c(-(GIM(M') + S'“i d”(ﬂj < >
Finally, we arrive at the following form for log £(t) 3

(5) 1log £(t) = iv(H+t -6°t° + S (&N dM) +
z
60 y . . ‘-0 '
+ G LN AN ( (T - ) dMg) + g({" G- ) dN )
d -1
where T is an arbitrary constant chosen so that 7 and - 7

are continuity peints of N{(u) and M(u), respectively.

The relationship that exists between N of (2) and

22.
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Y (1) of (5) in the representation of log f(t) is obtained
Since (4) and (5) are equal,

. ~4 : 1 o )
it follows that (Yt 4 § (L“L0dmiw)~ ¢ (2L dMla) +
- -oC .4

by comparison of (4) and (5).

e (laL‘( ¥4 . (R o= L PR .
+ E (4 t -I)dﬂ(iﬂ"i{ § i—f}aid”{q] +_S1, (\e"““[l.l-c'u'f,")t?l”(’“"’l’

-0 3 T . , .
+ (+ g A sz(‘q) + g (‘et.&t't__ i - cart) dh’(mf) + i 't‘g _;_'2
-y I +0 jo It

-T . x‘ "' . ] -
= vint + S (étut}\dﬁi(ﬂ‘) -+ g (\(““rt_,\a“v(au‘) 4
- ’r

-0 . . T . )
+ S [Lecut_,[ - ad t)d M) + g (\Q-tz&lf_' - .() ANCu),
+ e

|

It follows then that o 0 4 p 4
' ' A dwy S At
(1) =Y -‘i 1442 P Jtayt -Tltu 't

Using our relations, (3), we conclude that

;‘—d(,(,q\ + g Al G‘G”(M) ’

(6) v(D =y~ §
<1

Ml

We shall now consider conditions for the convergence
of seguences of infinitely divisible laws to a limit law.

Theorem 4.4 2° ; In order that a sequence, {Fn(x) } ,
of infinitely divisible laws converge to a limit law,
F(x), it is necessary and sufficient that as n —>=c ,

i) Gn(x) ~—> G(x) in every point of continuity of G{(x)

20 Gnedenko, p.lk.



iis.) Gn(+ ) — G(+w)
iii.) v, > vV,
where the functions Gn(x) and G(x), and the constants
Y, and Y are determined by the formula (2) of Lévy
and Khintchine for the distributions F(x)} and F(x),
respectively.
We shall find the following form of Theorem 4.4
useful in the sequel 3
Theorem 4.5 2l | In order that a sequence, {Fn(x)},
of infinitely divisible laws converge to & limit law,
F(x), it is necessary and sufficient that as n ~> o,
is) Hn(u) —> M(u) , Nn(u)"? N(u) at the points of
continuity of M(u) and N(u).
ii.) Y (1) —> Y {T1)

&
— -0 ) p . y
iii.) S L [ ¢ At dM ) 6;: + 5‘4,(26“1/(4.(\] =

F-?0 M—PeXT -5 +o

s . _'_b .1 £ ra e
:_ﬂuu A S_ﬂzd;“ug-f g+ Sw\dkﬂﬂt]: ¢
£330 Mo iy fo
where the functions M(u), Hn(u), N(u), Nn(u) and the
constants Q;)G‘J!;(1)Jw4&ﬁ are determined by (5) for

the distributions F (x) and F(x).

21 Gnedenko, p.lB.
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5 THE LIMIT THEOREMS FOR SUMS OF INDEPENDENT VARIABLES

We shall be concerned in this section with the disc-
ussion of the more important theorems concerning the limit
distributions for sums of independent random variables,
and the relationships that exist beiween the latter and
the class of infinitely divisible limit laws.

After the foundations laid by Xolmogorov, Khintchine,
and Levy, two main areas of research }ay open to invest-
igators on the subject 1

8&.) We have given a double sequence Xoir Xous o o e Xm'h“
(n=1, 2 y « « « ) of random variables which are
independent in sequence for every choice of n. Our
problem is to find those distributions which can occur

Y] w2

as limit distributions for the sums .U n = X + X + . .

. . - - A i i b
+ X An s Where i n})ls a suitably chosen seguence

"
Wy

of constants. We shall comnsider this problem in the
light of the requirement that the role of the individual
summands occurring above becomes vanishingly small as
n S« ,

This requirement may be paraphrased in a definition 1@

our restriction is that the summands be infinitesimal,

i.e., we require that for every £70¢ ,

25.
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P( lxnkl>,£ ) —> 0, (n—>=), uniformly in k for

b.) We can step back from our first question above
and consider conditions for the existence of such
limiting distributions, and we can step forward to ask
under what conditions we would have convergence of the
distributions of our sums to particular limit laws. This
latter question will not be considered here; it could
form the basis of a new inquiry.

We have already introduced the concept of an infinitely
divisible distribution. We shall now investigate the
relationship between the class of such distributions and
the cléss of limit distributions for sums of independent
infinitesimal random variables. Indeed, after Khintchine,

we shallsee that the two classes coincide.

51 DISTRIBUTIONS WITH FINITE VARIANCES

Two restrictions are imposed at the outset of this
phase of the inquiry. PFirst, we shall consider those
sums whoge individual summands are mutually independent

and satisfy the conditions

a.) For any £ > 0, P ]Xnk - E(XnQ] bff)-? 0,



as n—»« 4, uniformly in k for 1 £ k < kn y and

b.) The th have finite variances, and

K
o Pl
DZ(KEI XMK = kél D (xmk) € C | independent of n.

Second, we shall be interested in the case of con-
vergence of the distributions of the sums, 4  , defined
above, where the variances of these distributions also
converée to the variance of the limit law.

Variables which are such that for some sequence,{anig,

of constants, P( ,xnk - a,nk]>,i )~> 0, as n—> o ,

uniformly in k for 1 € k € kn y are said to be asymptotic-

ally constant. Note that in a.)} above, we have &, = E(Xnk).

Theorem 51.1 22 t In order that for suitably chosen

( thie is perhaps ambiguous since for any given An the dist~

ribution functions of sums will converge if and only if

th "accompanying" distribution functions involving the
same An converge. We shall show later how to choose the An)
constants An the distributions of the sums, A/ n = §“|+ .« .
« o *+ %“m: An of independent random variables satisfying
a.) and b.) above, converge to a limiting distribution, it
is necessary and sufficient that the infinitely divisible

distributions for which the logarithms, %, (1), of the

characteristic functions are determined by the formula

22 Gnedenko and Kolmogorov, p. 98.
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m

. , v t"i'«l .
(l) L{M(ﬁ = = A“'\t +h? {l tE[xMK\ +_E°(“Q ﬂ df:‘”( kit E(xw(\\

i
converge to a limiting distribution. The limiting
distributions of both sequences coincide.

Corollary 51.1 $ The limiting distributions for sums

M n = xmy + ¥m1 + 4 4 ot %Hm: An of independent random
variables satisfying conditions a.) and b.) are infin-

itely divisible.

A
Kas .
Using the relation G _(u) = rd g’?‘ f?lf. (~+ E{XMK\) ,
n k=1 =eo K

where for all n, Gn(u) is non - decreasing, satisfies the
condition Gn( -o¢) = 0 , and by b.) is uniformly bounded,

we see that the function %“(fﬁ can be written as follows :
(2

(2) ‘{“('ﬂ = '-('/}“f' +(t % E(X«K\ + S (‘e't".(.l ““f"‘)-’{ ¢16;“(J¥) .
fi=1 ) ¥

We recall that we began with the problem of consider-
ing conditions not only for the convergence of certain
distributions to a limiting distribution, but also for the
convergence of their variances to the variance of the limit
law. From the work just completed we remark that the
variances of our sums are the same as the variances of
the distributions determined by (1). Indeed, the variance
of the distribution Fn(x) equals

2 _ N
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Theorem 51.2 23 ¢ In order that for suitably chosen

constants An the distributions of the sums, 4 n? defined
above, of independent random variables satisfyimg a.) and
b.) converge to & limiting distribution and that their
variances converge to the variance of the limit law, it is
necessary and sufficient that there exist a function G{u)
such that, as n —> e,

i) Gn(u)h? G(u) in the points of continuity of G(u)

iil) Gn( +) —3 G( +oc)

The constants An may be determined by the formula
Km

L Kfr E(XMQ-Y + o)) , where ¥ is an arbitrary
constant. The logarithm of the characteristic function
of the limit law is given by Kolmogorov's representation,
using the function G(u} and the constant v .

As & result of the theorem we may conclude that in
order that the distributions of the sums, ¢/, , of in-
dependent random variables satisfying 2.} and b.) converge
to a limit distribution and that their variances converge
to the variance of the limit law, it is necsesary and
sufficient that we add to conditions i.) and ii.) above,
g third condition, viz.,

K 7
Z gﬁ,xdp’w(,g —7 N Ame)

Kol —

iiil)

25 Gnedenko, p.3l.



52 THE GENERAL FORM OF THE LIMIT THEOREMS

Turning now to the general problem of determining
the limit laws for sums of independent random variables,
we first reconsider the concept of an asymptotically
constant random variable. We shall confine ourselves
in what follows to the consideration of variables of
this type. We bring in this restriction for the follow-
ing reason 3 if we do not assume that the variables in
any given row of our general configuration of a double
sequence are identically distributed, the problem of
determining all possible limit laws is meaningless.

Qur limit laws could be absolutely arbitrary since in

the sum,“4a1 = %;l + %nz + . . . ¥ Eﬂ%: An s & single

summand in any row could dominate the limiting procedure.

We gre requiring the condition of " asymptotic

negligibility " of the variation of each individual

summand in comparison with the Bn for the sum,,At“ .
Recalling that an asymptotically constant random

variable, X » 18 one for which it is possible t{o

nk
find a sequence of constants,z'bngg, such that for

any £€> 0, sup P( IX

b 12€ )5 0, (n-pee),
nk
FEK €K,

r:k-

we find that it is conveniently possible to let the

30.



] =m

nk 24 where m ig the median of the variable

nk ! nk
xnk 3 l.e., Mo is a number such that the following

holds P(xnk>,mnk)>,y§ ,p(xnkgmnk)zyz,

For the consideration of the general case wherein no
assumptions are made regarding the variances of these
distributions, we shall formulate the following theoren
asd & necessary step towards our main result:

Theorem 52.1 25

t In order that for suitably chosen
constants A, the distributions of the sums, 4 , defined
n M
above, of independent and infinitesimal random variables
converge to a limiting distribution it is necessary and

sufficient that the so - called " accompanying " dist-

ributions ( infinitely divisible )} for which the logs of

of the characteristic functions are given by
Ao
4 . !
g (&) = T AT 5 (tok,

¢ { o 1) AF
, +-S € - _H;\-("“deb
A =<

K

= S«;Ldlim(q) . and “ is & positive constant,
bf<r

here
v 'Kauﬂ

converge to & limiting distribution, The limiting dist-
ributions for both sequences coincide.
Remark : At the beginning of this thesis we considered

the special case of a binomial variable/q = Xl + X2 + 4.
. M

24

Gnedenko and XKolmeogorov, p.95.

25 Thid., p.112.
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eee + Xn y and we analyzed the results of two different
limiting operations on the sum. In the Poisson case,
where we let n ~» -~ and p,-? ¢ , we see that gince
each individual summand is equal to 1 with probability
P and equal to O with probability 1 - P, with our
limit operation we are working with infinitesimal
random variables, or variables whose individual roles

become vanishingly small a8 n-? «< . Also, in the case

of the normal approximation we found that the sum, when

normalized, yeilds individual summands _Ei y where
TE'BH
Bn = ( Dz(xl) + 4 ¢ ot DZ(Xn) )% , Which again tend
to O with probability equal to 1, Although here only
n is varying — p is held constant. Again we see
that the variables are infinitesimal. Hence, The
remarks following will apply to these two special
cagses in particular.

Theoren 52.1 is of great utility, for it allows
us to replace the investigation of our original sums,
“4{n = §;|+ %;1+ « s s F %;ﬁ: An y of independent
infinitesimal random variables, xnk » with arbitrarily
chosen limit laws,with the investigation of sums of

infinitely divisible random variables whose limit laws

are those determined by the functioms, Y,(t), of our
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theoren.
Our fundamental result is the following theorem by
Khintchime, which follows from Theorem 52.1 and the
definitions given i
Theorem 52.2 26 ¢ A necessary and sufficient condition
that F{(x) be the limit law for the sums, Ay = Xt X e
« o + %dn“-

are independent for every choice of n is that F(x) be

An of infinitesimal random variables which

infinitely divisible.
Xhintchine's theorem states, in effect, that the class

of limit laws for sums 4f, =X+ X+ ... +X =&
MR

of independent infinitesimal random variables coincides
with the class of infinitely divisible laws. The same

statement can be made replacing

infinitesimal" by the
expression " asymptotically constant " , since if the th

are asymptotically constani, then the variables xnk-l L

are infinitesimal.

26 Gnedenko and Kolmogorov, p.llé6.
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A COMPREHENSIVE ABSTRACT

As the introduction to this thesis has described it
the significant content of the thesis is a consideration
of the more important aspects of the theory of limiting
distributions for the distributions associated with
sequences of sums of independent random variables.,

We begin our analysis with the discussion of the
relatively common probability law, the binomial prob-
ability law. This is defined and related to two
further probability laws : the normal law and the
Poisson law. It is shown that in the binomial sit-
uation when the number, n, of trials approaches «= ,
and the probability, p, of success at each irial
approaches O in such a way that the variable A = np
remains bounded, the Poisson approximation to the
binomial is a uniform approximation. The DeMoivre -
Laplace Limit theorem enables us to see the relation
of the normal law to the binomial law,. It states
that the binomial distribution converges to the
normal distribution in the situation wherein we are
holding p constant and allowing n —» . . It is also
noted that under favorable conditions the Poisson

distribution is itself approximated by means of the



iii.

Normal distribution.

We remark for further reference that considerations
in these two special cases are but the limiting operations
applied to itwo particular essentially different manifest-
ations of a general configuration in the form of a double
sequence of random variables, independent for each choice
of n, but not necessarily identically distributed.

The DelMoivre~Laplace Limit theorem is but a special
cagse of the important Centrsl Limit Theorem. We general-
ize and consider the limiting distribution for a sum of
independent identically distributed random variables
(normalized), not necessarily binomial. We find that
the normal distribution is agsin the desired limit law.
Many questions arise as to how one might change the
hypotheses on the variables with what resultant changes
in the conditions under which the Ceniral Limit Theorem
would hold. For identically distributed independent
random variables, it was found that we can apply that
theorem under the conditions of the very existence of
the means and veriances of the summands. As soon as we
relax the requirement of identical distribution, more is

required than that contained in a statement of existemce.

Lindeberg's condition is mentioned, and Lyapunov's proof
is given.

The paper by Berry is alluded to at this point to
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enable us to give explicit numerical bounds for the least
upper bound, M, of the absolute difference between F(x),

the distribution function for our sum, and the distribution
function for a normal variable with mean wvalue An and with
stendard deviation Bn + We get such bounds on M under
various conditions on the independent variables Xi and their
moments,Corresponding to the conditions under which hold the
Lindeberg, Lyapunov, and Feller versions of the Central
Limit Theorem. We mention at this point the linking concept
of an infinitely divisible distribution to provide ourselves
with a solid hasis from which we can work towards our most
general results. We thread our way back to earlier dis-
cussions with the result that the normal and Poisson
variables are members of the class of infinitely divisible
random variables,

The characteristic function of an infinitely divisible
distribution is of importance, but for our purposes we find
the representations of the log of this characteristic
funetion. The representations of Kolmogorov, Levy and
Khintchine are introduced, and a theorem stating necessary
send sufficient conditions that & given function be the
chargcteristic function of an infinitely divisible law
are given.

From these pursuits it is a natural step to the

question of conditions under which these newly defined and



and recognizable infinitely divisible laws converge in
sequence to &8 limit law,.

We approach the more general problem of limit theorems
for sums with two main avenues of approach. The restricted
case wherein the following requirements must be met is con;
sidered first ¢ We consider only those sums whose individual
summands are mutually independent and asymptotically constant;

Secondly, we require that the Xn 's have finite variances.

k

We then relax these condifions, but censider only infinit-
egimal variables in the most general case to be considered.
We make note of the fact that both of the cases dealt with
earlier, the normal and the Poisson approximations to the
binomial, yeild infinitesimal random variables. This means
that our theorems and subsequent resulis regarding infinit-
esimal variables apply to these two particular cases.

Our main result is a theorem by Khintchine giving a

necessary and sufficient condition that F(x) be the limit
law for sums ., =X, +X, .+ . . . + meﬁ: A of ind-
ependent infinitesimal random variables. The condition is
that F(x) be infinitely divisible., We have found that the

class of limit laws for such sums coincides with the class

of infinitely divisible laws.

Ve



