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FREFACE
The purpose of this thesis is to develop methods whereby spproximste

numericael values of e definite integral mey be obtained when the snalytic

' form of & function is unknown or where it is impossible or too difficult to

integrate the function. Many functions of this type must be integrated,
especially in the field of physics and engineering.
Bach chepter is introduced by a peragreph explaining the purpose of

the che pter. The formulas are then derived end e xamples given to illus-

. trate the use of the fomules. In certesin cases examples have been used

which could be easily integreted. This has been done so that the approx-
imate answer mey be compared to the true wmlue.

As it is important to know the reliability of the results obteined a
chapter has been devoted to the amccuracy of the integration formulas, In
this chspter formulas for inherent error in the integration formulas have
been derived and examples have been worked out to show the use of these
formules. The examples used are those from the chapter on integretion
formmlas so that the inherent error in the answers to those exsmples may
be shown. .

The formulas heve been developed inas simple & menner as possible, bub
a8 an understanding of their development depends on an understanding of the
galeulus of finite differences and of interpolstion 8 echapter has been
devoted to each as &n introduction to the work on numerical integration.

In these chapters only what is essential to the understending of numerical
integration has been given.

A small amount of the work is dependent upon infinite series, but as

the development of this field would necessarily cover & arge amount of

meterisl it has not been ineluded in this thesis. HReferences heve been




given which cover that field of work more completely.

The formulas have been numbered by the number of the article amd the
number of the formule In the erticle. For convenience the important
formulas have been listed in the sppendix.

A very useful tsble giving wlues needed in solving examples by
Gauss' integration formula hese alsc been included in the appendix.

There i2 much lebor invelved in solving meny of the examples and
references have given to tables which mske the work simpler. 4 calculating
machine should also be used, especially when using Gauss' integration

formulsa.
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1.

CHAPTER I
CALCULUS OF FINITE DIFFERENCES.

1. Introduction. The ealculus of finite differences is the study of

changes which take place in the walue of & function when the independent
variable suffers & finite change.

For example, if x ia increased by a then the funetion x° incresses
to (x + &)° and the inerement is (x 4+ &)% - x® = 3ax® 4 3a2x ¢+ a3,

It conaists of two parts:

a, The direct celeulus of finite differences where the function is
given and the successive orders of differences are to be found.

b. The inverse calculus of finite differences where the successive
orders of differences are given and the function from which these
differences might have been derived is to be determined.

2. Difference Tebles. Iet y = f(x). If xy=a, X} =a + W, X3 =a + 2w,

«ess, then yp = f(2), ¥y = f(a + w), yo = f(8 + 2w), .... &nd so
Y1 -Y¥ = Ay or f(e + w) - f(a) = A fla)
Y2 - Y1 = Ayyorf(a+28) -f(a+w zAf(a + w)

¥n = Yp-1 =A Yp-1 OF ria + nw) - £{a + ﬁwl:ﬂf{a + n-1w)

Then y; = ¥g» ¥g = ¥1» ¥3 = Vg2, #+ee ¥p = ¥y-) a@re called the first
dif ferences of the function y and are denoted by A¥yg, A¥y, A¥ss «very
Avp-1-

The differences of the first differences sre cslled second

differences and ere denoted by Ay,, Aa;rl, &333.




Thus Ay - Avg = Ay
Avg = Avy = APy

In the seme way the third, fourth, fifth, etec. differences may be

given. These differences may be arranged either in a diegonal or

| horizontel difference table as follows:

DIAGONAL DIFFERENCE TABLE

x y Ay My Ay '.54:?
%0 Yo Ao
x y A%
1 l Ay, AYo
2 4
Xy ¥ A oYy % ATo &
?E o fay F:I. 4 ?ﬂ 6
Xz ¥3 A L2 3 AT & A'Yo
I3 ) A YE dy fa) rl
Ay, £
x5 75 NPy
Ay,
Xg ¥e
HORIZONTAL DIFFERENCE TABLE
x y Ay Ay Agy Ay Agy A
X Yo
| n N An
|
' Xy Yo A¥y  Ag¥p
g Yz Aj¥z Ag¥s  Agly
Xy Vg Dy Apyy  Bavy Ay
% Vs AV Ay 8575 A% A
*g Vg BYs OV Ag¥y Ay Ag¥s AT




The relation between the two tablee is given by
Ay, (diagonal tesble) = A,V ., (horizontal table)
Bs Ee AET:L = Da¥,
or d‘m?n (horizontal teble) = A“‘yn_m (diegonal table)
REL s Az¥y =T
where m denotes the order of differences and k and n the number of the
tabulated value going forward for Y, end backward for ¥n-
The horizontel teble is more compsct than the diagonsal tsble.

5. Effect of an Xirror in Tabulsted Values of Function in Difference Table.

Often the tebulsted values of & funetion are found by experiment and,
therefore, may not be true values.

Let ¥gs Y15 vweers ¥y be true values of & funetion end suppose that N
is affected by an error so thet its value as found by experiment is Vg t €.

The effeet of this error is found in the following teble:

¥ &y Loy Ay Agy Agy
Yo

yy AW

Vo A1 Ax¥e

T “2¥5 S ¥

Yo ATy Ag¥y A5V, SR

Y5 &% AoV B Vs AyVs LY

Ygt€ AFg FE Azyﬁ te A,y tE Ay, +E€ aﬁyﬁ + &

Y,  AY, m€ AV, - 26 Ay, - 3€ A7, - 4e A, - 56
Yo Aa1Te Ag¥g + € Ag¥g + BE Auyg + 6€ Ag¥g + 10€
Vo @ Aa¥ A 2¥9 Ag¥g -€  Ag¥g - 46 Agyg - 106
Yio &1%10 H2¥10 Ag¥10 & 4¥10t € Pg¥ior 5€
N1 &y AV ATy L4V Ag¥yy~ €

B TR - S5 4 - S ¥ 4 1) Ax¥is  A&a¥Viz hﬂlﬂ_




Thus 1t cen be seen that &

a. The error inoreases as the successive differences increase,

b. The coefficients of € 's are binomial coefficients with alternating
signs.

¢« The algebraic sum of the difference of any order is in the same
horizontal line as the error in the tabulated value in & horizontal
difference table.

Because of the above facts it is possible to find the error, trace it
back to its source, and to correct it. To do this the differencing is
gontinued until a column 1s found where there is a complete altermation
| of signs. If the column is od, for example, the binomial coefficients of
the error will be 1, =5, 10, =10, 5, =l. The wvalues in this column should
be true differences plus these binomial coifficients multiplied by some
number €, which is the error. To locate the error in the funection in a
horizontal table trace backward along a horizontal line from the first
error, We can check by tracing upward and backward from the last_E. The
incorrect value of the function is the true walue plus the error, so to
correct it subtract the positive or negative error from the incorrect

functione

4.




E:ramgla. - - - - = Moon's latitude.

| Date 1943
. Feb. 16.0
16.5
17.0
17.

18.1

18,5

18.0
19.5
20.0
20,5

2l.0

2L.5

In this example the error is found in aﬁy for whieh order the binomial

cnafficiants are 1, -5, 10,

eorrection is applied to latitude for Februsry 19.0 the corrected letitude |

01.1

Moon's Iat}

"

29.4

=3 0B.7

-2 53 38.7

14.0

=1 55 10«5

=1 23 45.1

=0 58

18 03.0/

15 33.6

$0 49 11,9

22 28.3

1

$0 31 44,0
+0 33 58.1|

#1 55 02.7

dy

o L] L]

+0 B4 B0.7
+0 26 30.0
+0 28 24.7
+0 30 03.5

+0 31 25.4

+0 33 36.6
+0 33 38.3

+0 33 17.4

+0 32 33.4

-10,

will read =00 51" 1831

| 4.

4%y

$#2 09.3|
+1 54.7
+1 38.8
$+1 21.9
$0 18.6
+2 14,1

21,5

+0 01.7

=0 20.%

-0 44.0

5, =-1.

LSy

=0 14.8
-0 15,9
=0 16.9
-1 03,3
#l 55.5
=2 35.6

23.2
-0 22,6

-0 83.1

The error is sbout =45,

=0 0l.3
=0 01,0

-ﬂ 4E 1_4-

+0 00.3

=0 45.4

+2 b8.8
=4 3l.1
+2 08.8
=0 45,8

+3 45.2
=7 £9.9
+7 £29.9

=3 44.6

=0 00.5

+0 45,5

€ in

about 45"

1. -€
=5. =&
10. =€
AD. -€
3. =g
=1, -&

When the

Rapraauntatién of a Polynomial by Factoriels end Differences. The

polynomisl of nth degree, x(x-1)(x-2)...(x-n¢l) may be written as [x]™ and

is called s fectorisl x talken to n factors.

| in the dif ference table of [x)"

ls teken e&s unity then

If the interval of the argument




[:n:_']III X(X=1)(%=8) eus(x=-n+l)

[14»1]“ = (x#1)(x) (%=1) (X=B) oo« (x-0n42)
{:{-ﬂ]“ = (x48) (x41) (%) (X=1) o s « (x=043)

AXI® = [x(x-1) .o . (x-ne2)] ((x41)=(x=n$1)]
AP =[x
AR = [ef]” - [me)™ = [(x42) (%) (x-1) e u (x-043)] e (x-n42)]
= nfxe) "
A2x1® = AlxeL]® -f[x]I® = n[xel]?d - nfxy-l
= [a(xF1) (X) (x=1) (X=L) oeo (X=n$8)] = [n(X)(X~1)eus(xn42)] |
= [n(x)(x-1) (x-2) 400 (x-043)) [[x421=(x-n¢2)] |
= n(n-1)[x]2"2 I
This method could be continued until
AR[EIR = [(0)FT = [n]n[:tjo |
which is a constant. |
Thus the first difrerences of the polynomials of nth degree,
[x)®, [x+1]®, ... are polynomials of (n-1) degree end the n*" differences
are constant, providing the independent ‘;«lﬂﬂhlﬂl are in arithmetic

progreseion. ( Case for n £ 1. ) 'I

Theorem l: Aany polynomial mey bo represented by fectoriels end the |
differences found by the formula A[x]" = n[:]ﬂ‘l. The nth airferences will
be constent.

Proof: If Fy(x) represents polynomial in x of degree p, then
rp{xj = H-t-{x-mp}rp._l[:] where H is the remainder and ?p_ll:) is the
quotient when Fg).t- divided by (x-n+p). I'p_]_(z] in a polynomial of degree
(p=1).

By repeating the above process a polynomiel of n'l degree may be

transformed into one expressed in terms of factorisls,




Thus Fplx) =« + [xIF,_1(x)
=el +3[x] 4 foE?n.gtx}
t +3[x] +}’[x_]g + [x]1 SE‘n_Ex

:a{.-l-ﬁ[x] +)’i’x]2 -ié'[x]s' t ... [P, (x)
Iq{,fg,)r, S, +.. are constants s is elso Fp(x). Let Fo(x) be k then
(4:1)7,(x) = o +4[x] tYE1Z +SEP +€[x)* ¢ ol v KEID

AT, (x) =8 + 2)[x] + 35[x]° + 4€[I° + ..4nk[x)™")
2% (x) = 2) + 68[x] + 12€[x]® + ... + n(n-1)k[xJ*-2
A“F;ltx} = )"k [x]0 which is e constant tern.

Thus any polynomial may be represented in terms of factorials, the
successive differences found by .-&[x‘]n = n[xJn‘l and the nth differences
will be conatant.

Exemple. Find the differences, in tems of factorials, of

y = 15x* 4 38x° = 57x% & Bx + 6

| 1|15 +32-57+8| 6
| 0 + 15 ¢ 47 =10
f 2|15 +47 - 10|- 2
j 0 + 30 +#154
5 315 ¢ 77|+144
0 + 45

15| 122

| Therefore, in feotorial notation y = 15[x]%4122[x]%+ 144(x]>- 2[x] + 6
Ay = 60[xI° + 366 [x1° + 288 [x)

|

APy = 180[x]? ¢ 732[x] + 288

&3y = 360 [x] + 732

&y = 360




If a is a:tahulatad value of l;l ;rmmmr;t ufﬁ:_p;lrnumi_a-l ;:.-f ﬂegf;a n
end w is the interval between the successive velues, then f(a ¢+ xw)
corresponds to the ergument (& + xw) end if f(e & xw) stends for F,(x)

in 4:1, then by applying A[X]® = n(x]%-l to both sides it is found thet
B+ 271 + 38(x1% + 4€1% + ...¢ nk[xI7-1

27 + 2.38(x] + 3.4€(x)% 4+ ... + n(n-1)k/E""2

2.38 + 2.3.4€[x] + ... + n(n=1)(n-2)k(R""°

To find the value of &, 4, T. «vs 12t x = 0 in equations 4:1, 4:2

(4:2) Af(a+xw)

(4:3) APP(e+xw)

(4:4) &°f(asxw)

4:3, 4:4. Then
r(a) =o
Ar(a) = 4
A%r(a) = 27or ég_éi.il =9

3 ; A°r(s) o
ASf(a) asSnr_,ﬁ__ S

Substituting in 4:1, the follewing farmula is given:

: - As Af(a) AS2(a) rxl® ... A'(a)
(4:5) t(atum) = £(a) +Ac(a)[x] + LLOVY ¢ AE8) 2] 4.y RlOVe

Thus the polynomiasl f(a+4xw) may be expressed in terms of factorials and
differences. .

Theorem 2: If the 1'1t?ﬂ differences of a tabuleted function sre constant,
when the wvaluss of the independent varieble are taken in arithmetie
progress ion, the function is a polynomial of degree n.*

5. Central Difference Notation. The following system was introduced by

W. ¥, Sheppard. A symbol §is used to rep:reunn‘b,é.E-b where E* is used to

denote a change from u, %o Uped 80 that E#u.h = Uped
4s S =A%t or A =guh we may write

* The proof is found in Rice's Theory and Practice of Interpolation. p. 24.




9.

. #Suﬂ = (& u_y + 6 -.l.-EJ,/H.Snﬂg = %lésu_& + éeﬂz%},...

Hug= Sﬁéuﬂ=5u# Zuy - uﬂ,ﬂauﬂ =£2‘u1 =fDuy -Aug, ASu ﬂzss‘ua;a, s
Alugzgiuy /2

Thus the; dif ference table for f(x)= y becomes

x ¥ Ay APy A%y oty n
a-2w U_s S
u
a-w u_y ol §%u_

& 8% _
& u, -2 521!0 3 & 41:@

a+W ul Zu& thll 6::% S‘ﬂ.l
u &
B2+2W ug 3/# 62112 a/e 8“112

The arithmetic meen of two edjscent entriee in the same column of

differences is represented by/u. Thus

The table is then written
x ¥ Ay dzy Aay .éf"y

a-2w s

Mugps Sugye

a-w u_y Anbu_y §%_y
AUy Su_ ) 2 &) §5_ 3
. u by, S5y w8, &
peny Sy wdy Sy sty
84w Uy Oy §%u, s Suy §%u,
Mgy Suypy uB, 8N ustug,
a+2w u, A, SPuy  ud Bu, stu,

|
This notetion is used to simplify the development of the interpolation

formmles,




| CHAPTER II |
INTERPOTIATION

i| 6. Introduction. In simple form interpolation is the finding of an |

intermediate value of a funetion from a set of given veluee of that |

| function.
In general, however, the problem is more complex because the

analytical fom of the function mey be unknown or too complicated to

handle and so must be repleced by a funetion easier to handle. The process |
of replacing & given function by & simpler one is known as interpolation.

7. Newton's Formilas. It hes elready been stated that any function may be |

written as a polynomial of degree n providing the n®® aifrrerences are

| constant. MNow suppose the function y = f(u) is given and assume that the

nth differences are constent. If u hes the values a, (a4w), (242w}, ...
| then y = f(a), f(a4w), f(a+2w), .... The problem of interpolation is to
find & value for the function y = f(a¢xw) where x is any part of the given |
intervel. 4s, for example, if the problem is to find & wmlue of the

function for a wvalue of u half way between (a+w) and (a+8w) the function

would be ¥ = f[ui-g-ll}. Because the nth differences are constant f(asxw) may |

be written ss polynomial of degree n in the following form: 4:5

| f(u) = f(asxw) = £(a) + [x] Afe) ¢+ .%:.IE Laf[a} 4 sxs OP

(7:1) ¥ = £(u) = ¥ + Xyg + 1_‘;1:—1} &%y + I{I;i}{I-Elhﬁm § s
In central 4i fference notation it may be written as

2 4 s
: = = 5 x]° g2 x O's g
|{_?2}y flasxw) = y, +[x_'l@1+% .5_1;:1-}_5.:135-"?2 .}_E:.ILS‘FYEI- 515_%]
I
|

7

This is known as Newton's interpolsation formula

B. Central Difference Formulas. |I

g, Stirling's Interpolation Formula., By transforming Newton's

forwerd interpolstion formula a formula may be derived that uses




11.

differences which lie on a horizontal line, A formula of this type is
ecalled e central difference formmle and is used for finding values of a
function for a value of the argument near the middle of the tabulated sets
of velues. It is more rapidly convergent, end more accurate than Newton'a
formulas except for values near the beginning or end of the tabulated
values.

Oy + 873 = 28y,

oyy - dy.3 = 5%y,

By addition

ESyk :—'E,afyn ¥ 5210 or 55% =/u5::f,,+ i‘ﬁaﬁ’g
5%y, - 8%, :5335, = 8%y + §5%yp

.'..823'1 = EE?U l'/wsﬁy‘g * &343'0

535'5;2 = 55?&?543’1 ] 535"& :,usz'?ui'%a"ﬁrg :54?1 =34YD f',“'sEYg * %&B?G

& 53?3 /2 = ,‘“85 Yo ¥ MES"?{] +,a-553rg + 3%

55}‘5},2 e+s c8n be found in & similer way so that Newton's formula becomes
(8: 1] f(adxw) =y, + xfudyy + 35%y,) ¥ .L.l (5%y, +48%7y + B8%y,)

= Yo + Tadvp t—z—é Yo ¥ I{"'l «8°3, 1-1_{.’.&_'&.1& Vo *

x;x —1! ]xz-q

5 — -
R
This is known es Stirling's interpoletion formula.
AY-1 +AYo
2
2
A7-1
3
Nv.z ¢ 8y
2

As ‘,u.sFﬁ —

5%y,

& -
M 8°Y,

- -

the formule mey be written without central difference notation as

| ¢ _Ll [ %t afaﬁ“yﬂi-,asf‘:roﬁbﬁmji- L_ @"frﬂfrgasf’?gi-aé Voeud rgi-éssré]ﬂfﬁ—.j;w"




12.

; = - Ay, +4 2
(8:8) ¥ = fla+xw) = 3, ¢ Xl !_121' ¥o) +%ﬂ2¥-1 |

P XR-1) AV o A%y xP(x® 1)
3t P T
x(x® -1)(x% -4) Ay, + Ay,
Y 51 - 2 * - e +
2
x(xP-1) (x%-4)2P-0) <+ (%= TE17) pPly | ¢ APR-ly oy
(8n-1)1 2
T e so ool () B
+ x2(xP-1) (xP=2) (x2-0)++ - [xB-(n l};Jﬂany
2n! -n
This formula assumes that the equal intervels are unity. If not, then

ﬂ43'_g

+

u is used in plece of x where u = _’i:f?_ end w denotes the equal increments
W

between xo and xl ' :1 and Ty 3 wre

In this formula the arithmetic meana of the odd dirrﬁrunéas immediately
|
above and below the horizontsl line through Yo end the even differences on |
|
this line are used.

b. REesgel's Interpolation Formula. Bessel's fomula uses differences

which occur on & harisnntal:"ﬁlidway between the lines on which y, end y;

| etend.

Since ¥1 + Yo

%

yy - Yo = ¥}

Yo =4¥L = ﬁ’sr_%

55} oy, = 2ubyy
55’% - 5]’__% - SE’YQ

oy, zpbyy +£8%Y,
and § Eyn :,u.sgré - #53?.&
80 thnt/wsyﬂuﬁyk-wy%*.l‘gﬁ% ||
w8y = 83y - #8ty,
5ty zw8tyy - 18%




Then, by substituting these walues in Stirling's formula (8:1), the

following formla is obtained;

£(x) = Lu.jr% - %Sy%j + x{ﬂﬁr& - ﬁ,ﬂ-b'ay% s :};.553'&] # %.i}w?&_ %53&]
2
¢ BEL (6%, - hustyy + 1

y X jx?-'-l (ublyy - 3593) x{xz 1]{: —4) (55

| (8:3)or f£(x) Zuyy+ [x-J]éyé_ +_L"‘;1... % x{:—l}{x—ﬁ'} %

x{x-1)(x4+l)(x=B) 4 x(x=-1) (x+1) (x-2) (x=%) .5
5 e

| This is known as Bessel's fomula. It m? 8lso be written as

(8:4) ¥y = Fﬂa+ J1 4 [I-%'}ﬂ?ﬂ _l;:!_l .ﬁ Y1 ;ﬁzyﬂ + z{x—-l}[x..t] Ey_l

o X(x-1)(xel) (x-2) ATq ¥ AN o (x=L) (x#1) (x-2) (x2) 5

pooop X(x-1) (x1] (x-2) (X42) 7 (x=n) (x¢n-1) _Agn'-'-n FA™T i
(2n)!

{I-E]lxllx-l}l:xi-lliz-ﬂ{xﬁﬂl *tr(x=n)(x¢n-1) oney
(2n¥1)1 L5

A more convenient formule is givan by putting X=% = v or x = v+,

Then the formulas becomes

- 2 -3 2y_1 + A%y | v(v® - )
8:5 y= Yo*N (ve = 3) A1 D% 3)
r vy, + Rk 5 k Moy,

9
; (v33) (vBq) ATvAY,  w(vBd) (v - %l
41 5 t 335!_3 t oo

5t
¢c. Remainder Term in Bessel's Formula. ILet the arbitrary funetion

(8:8) F(yy = f[z}- 4; (37 [F{:] -4:[:.[[ (z-xg) (2=X, Hz-x_,}--[z-x,,}{z—wq‘p:jl}

_ (x=x, Y=, Jox=x v+ (2%, ) (x=x,, [
. be teken where f(x) is the given function, 4‘{::] a polynomial interpolation

formula, end z a real variable. Assume that the funetion f(x) is

%%%i#iﬁ’ )

]
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continuous and has continuous derivatives and‘::*r{z} end F(z) will also 1;3

continuous and have continuous derivatives. F(z) will vanish et 2n 4 3
points z = X, Xp, X3, X_), - Xp, X_p, Xpa1- Thus Fr(z) will venish .

2n ¢ 2 times, Fr(z) will vanish 2n 4 1 timee, end the (2n + 2)th derivative

of F(z) will venish at least once at some point for z= § . ¢ (z) corres-

ponding to y in (8:4) is & polynomial of (2n & 1) degree so that its
(2n + 2)th derivative will be zero. (z-%p)(z=x1)(2z=-X_1)...(2z-xy)(z-x_,)
{z—xn+1] is & polynomial of (2n+2) degree end so its (2n¢2)th gerivative is
the same as the (2n42)th deriwe tive of z®™*2 which is (2n+2)!

Thua if (8:6) i=s differentiated 2n+2 times with respect to z eand
FEMHE(5) = 0 is taken far some velue of z = g then

0= £3ME)-0-[r(x)- by (2n42)!
“x=2p) (X=%q ) (X=%_7) oo (X=2y) (x=x_, ) (x-xp.4)

Thus if R, equals the error then

By = £(x) - & (x) = __G_f;::;i (x=X) (X=X1) (X=X_1 ) « o (%=Xp) (X=X _y ) (%=X

If x-xg=bhu, x-X; = W(u-l)x-x_; = W(uél),...

H |
then R, = Mmu—ll[ml}{u-aj...{u-n]{u-i-n}{u-n-—l]

(2n+42) !
and if u = v+% then
2n+2,(2n42) €)
(2n42)!
Thease are the remainder terms in formmla (8:5)

(8:7) R, =

{#E-E;va- 9/a)... [*a-gznﬂ}:j

§. lagrange's Interpolation Formula. This is 2 formula which may be used

when the intervals are or are not eqgual,

The problem is to find & polynomial of n*! degree et most which hes
the same values a8 &n arbitrary function f(x) for ngl valies of x. If
(xgs ¥o)» (X3, ¥1)s (X5, ¥8)s eees (X, ¥y) are the nél pairs of eorrespond-

ing values then the function may be written ss2 & polynomial in the form
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(0:1) £(x) = Ag(x=x1)(X=Xg)...(x-Xp)

Ay (X=X ) (X=X, ) (x=%5) oo o (X=X )
Az{x-xnjix-xlj{x-xs} ...{x-:%]

4+

-+

+ A.nl',x-za1 {x-xl} sen {z-xn_l}

n
(9:2) er £(x) = £ Ac T were

F(x) = {x-xcj{x-xl]l...{x-xn}

The constants may be determined by putting x = x,. end all the terms on
the right hend side will vanish except the term containing 4 . Formula 9:1

| will then read

: £ o(xy) = A (Xe=%g) (X=X ) oo (Zpe=Xp g ) (XpmZy gy ) oo e (Bp-xy)

or

o fx)
(3=%) (%= X)) oee (D)) (e ) oo ()

iwhich mey be written as - B(x)
' & = f'[xk:'

Thusa

- 5 = F(x)
(:3)  f£(x) = f’_:; (o) T1(3) (%)

Thie is known ag ILagrange's formula,
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CHAPTER III
NUMERICAL INTEGRATION

10. Introduction. Numerical integretion is the process of finding the

|value of the definite integrand [;dz in the following cases:
! 8, When the function is analytically unknown end only & set of numeri-
cel values of the integrend are given. This would be true where graphical
| records heve been made from observations snd tests or diesgrams have been
|drawn by en engine, as for exemple the pressure diagram of a steam engine.
It is usually required to find the area under the curve between two extreme
ordinates snd the base line,

b. VYWhen the funetion is analyticelly known but cannot be integrated.
| The solution may be found by representing Itha integrend y by one of the
interpoletion formules and then integrating between the required limits a

| and b.

11. Integration of Newton's Formula. An integre tion formule mey be devel-

ored from Newton's Interpoletion formmla. If n+l values of the function
y = f(x) are given which correspond to the velues of the argument x,, x,,
Xp, +es, %, then the function mey be expressed es & polynomisl of degree n
in the form of Newton's interpoletion formula (7:1) as follows:

y = f!x'} = ¥y +ulyy ¢ _uét:-l] AE}I’G $ eae t u(u-1) -;:{u—n-}l} Annyﬁ

whare u = *=X0 end w = X =Xg- The originel intervels arsz equel but not
w

necessarily unity.

The area bounded by the x-axis and the parabola of n*h degres

Vo + whyp + uigrll Lyy v +-o ¢ Blu-1) m (u=n+l) Moo

| where there are n equal intervels of width w hes for the limits of integra-

tion, X5 and xg+ nw. Thus the corresponding limits for u are 0 end n.

Now x = x5 + wu, so that dx = wiu
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0

& .
u{u-1)4% u(u=1) (u-2) 4
| 'EJ (v #ubyot2l-LIATy, ¢ wlu=il(u-2) A%,

u(u-l) (u-2)(uB) A%y ..oay

e n . n
Therefore f yix = / ywdu = W j ydu
pvg) 0

.

41
=W u:'i"c:"hg é'F"f;l'i-lf ]‘ﬁ' Yo T {T" u +11 ]%

wd  Bul  110° 2
e Bl ST
5 2 4y 0
f1:1) o 3 2 .2
l:w[ny0+?ﬂrg+.{.§_-z_}%:rﬂ H__n 4 n%) %0
. T
' . (__ ant  11n® 3n2) A%y
l T e T*"‘_]

From this general formmls {l1l:1) are derived the following rules.

8. The Trapezoidal Hule. If n = 1 is put in the general formule (11:1)

and only first differences used, then the following is found for the first
*

= A¥o - - YAty w
= o]z w [t 20 ] = v [ E l] or 3 [rom]
For the second intervel

xo+2W
- Ml_]-r.[ 3
4-‘ yax 1[51+2_ =3 [713 72

interval:

Tﬁzia procedure mey be continued until for the n'“‘ interval

xﬂimr %
— yax = = [Fn-l ¥ Fn]
:tg-l-n-lw

The ares between the limits Xq to xg 4nw is the sum of these intervals

*IW
or {11:212 OYx = § (yo42yy $2VgeRyge - ¥RV #Ty)

¥3s only two ordinates, Yo and ¥y.s @re used there can be no differences

higher than the first.




This is called the trapezoidsl rule and is useful only when y,, ¥y v
are near together end if a great degree of accuracy is not necessary.

Geometrically, the area under the curve is determined by dividing this
'Iaraa into equal strips by ordinstes/ Each strip is essumed to be & trapezoid
end the totsl approximeate area is given as the sum of the arsss of the

trapezoids,

b Let AE be the curve of the
eguation y = f(x)

ﬁ/ﬁﬁ:———‘ AA', BB', ... 8re perpendiculer

/ to the x-axis. The area

AEE'A' under the curve AE is
¥ Y, % 33 Y represented by the sum of the

trapezoids ABE'A', BCC'B!,

7 T

I

|

| A S = B £+ XCDD'C', and DEE'D'. The area

|

| Flgure 1, Trapezoidsl Rule. of trapezoid ARR'A' is given

by w (39*¥1 ); of trepezoid BCC'B' by W [Fl_fﬂh etc. so that the totsl area
]

is% {:l,rﬂ + Eyl + E:,rz + 2;-;5 +4 ]F&} as remresented by formls (11:2).

b. Simpson's One-Third Rule. If n = 2 is taken and only first end

gecond dif ferences used then

[

2
" [ev + 243 ¢+ 30 A IYo]

y C g
w [Eyn v 2y, - By, o (vo - 2yp + YG]J

w
=3 {Fﬂ + 4y, + ng
Xy +dw Xo+nW
3wy __ ydx can be found in the same way and then the
ID"'E" +n"3'

sum of these intervals tasken so that
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X 40w
9]
FOE E[Y@ﬂﬁ'l +2¥g & 4¥3 ¥ Yy k vve ¢ BV 0 4 4¥p )+ V)

w
(11:3) :'3'&;; t4(yy # Tz 4 oty _q) + By 4y 0t T o) 4 rn]

This is known as Simpson's one-third rule. In this rule there must be

an even number of sub-intervels of width w, *

If the srea were represented geometrically by this rule the graph of
the given function would be replaced by % arcas of second degree perabolas,
IThis is more aceure te than the trepezoidal mle,

'ji The dotted line ARG
-+ represents the are of |

WN

a second degree para-

bols. The area um er

this curve is given

1 1 }Jl- l
by E': Yo +ev +vg)W.
. T. T dgaw It sapproximates the
Figure 2, Simpson's One-Third Rule. area under the heavy

line curve ARC. The whole srea is found by teking the =sum of these -g— Aresas
under the arcs of the second degree perabolas.

c. Weddle's Fule. In this rule if n = & is taken and only the first

isix differences used then
X 46w

:' f yix = W [Eyu W 18-‘!&?(, ¥ a7 ﬁzyﬂ + M&Eyﬂ + %E”yﬂ + %4510
%0 + 3L agy
{ 140 a]

ds 2L 45 only L less than 3 and if w is smell so that APy is

140 140 10
small then the error caused by chenging ﬂ_ﬁﬁyn to 3 ,ﬂﬁr is unimpor-
140 10 0

tant.

*Simpson's three-eighths hes been omitted beceuse it is less simple and less

laccurate tran Simpson's one-third rule.
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Xo+Ew
Then f - % w | 20y + 60(yy-¥g) + 90(yo-8y ¢¥y) * 80(y5=3y245¥,-¥g)

+ 41(y4-4¥atByg-4y1+Y0) ¢ 11(¥5-5¥4410%510¥2¢571-¥g)
+ (yg~6Y5el5Y, =207 +1575=671 #Y()

2 [0 ¥5yy + Vg ¥ 6¥5 + I, + 535 rﬁ]

G
If all expreasiana such afj-xﬁ+ygx fxoﬂjrﬂx, ...f Iﬂm;rrdx, wha re
% %0

x otGw $0-BW
x is & maltiple of 6, are added then

xci-nw " W
(11:4) ’( = 10 L Totov Yoty by, 45V vRY s t5Vp +T gt OVt Y o +5Y 1 FRY o

coed Eyn_ﬁwrnq-;,+¥n_4+5vn_5+rn,g+5rn_l+?’]

This is known ss Weddle's rule.

Examples.
1. The velocity of a trein in miles per hour which starts from rest

is given by the following teble:

T
in min. 2] 4 8 g8 10 12 14 16 18 20 | 22 24
i at
m.ph. 715 |21 | 27 31 |3 |20 | 26 |20 | 15 8 | rest

Estimate the tdal distsnce run in 24 minutes.

8. ©Solution by trapezoidal rule.

%‘E (14430442+454462404460+52440e30416)

é;
-

1 .
=~ 5o (464) = 7.73 mi.

b. Solution by Simpson's one=third rule.

— [. 4(7421431430420¢8) +2( 15127432426+ 15]

=]
-

%0 (68B) = 7,76 mi.




Summnary

This pfablem is particularly interesting in that we have
the completed history of a problem which persisted through
nearly 4,000 years, The development of this problem may be
likened to advances made in other branches of human achieve=
ment, There are a few ideas contributed by & smzsll number of
great men, Fach advence ie generally followed by & peric@ in
which there are comparatively smzll improvements and detailed
developments of the new ideas by men of lesser rank,

The history of the problem falls into three distinct
periods which are merked by differences in methods, immediate
aims, and equipment of mathematical knowledge. The first period
ie the geometric one in which the ideal of an exact construc=-
tion was always kept in mind. Approximate determinations
of the value of m were obtained by calculation of the sides
or areas of regular polygons inscrited or circumscrited to
the circle., By the end of the periocd this method was so
highly developed that no further progress could be hoped for
along the lines of the Greek mathematicians.

In the second periocd the older geometric forms of in-
vestigation gave way to the application of powerful analytic
expressions for 7 which were in the form of convergent series
and products. Many calculators of T arose who applied the
formula to obtain numerical approximatione to the value of T.
An important contribution to the solution of the problem was
maede at the end of the periocd when the relation between 77 and

e was discovered.
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The third and last pericd extended frﬁm the middle
of the eighteenth century to the =nd of the ninetesnth
century, and was devoted to investigations as to the rezl
nature of w . During this time the transcendence of T was
rroved, and therefore the impossibility of "squaring the
circle", in accordance with Euclidean restrictions, was def-

initely established.
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