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ABSTRACT

This dissertation consists of two essays in Game Theory with Incomplete Infor-
mation. The common theme of the essays pertains to the interpretation and origin
of incomplete information in strategic situations.

In the first essay, I study bargaining between a buyer and a seller when the buyer
can invest in generating outside options at a cost, and the seller cannot observe his
investment choice. I model the negotiation phase as an incentive compatible and ex-
post individually rational direct mechanism, which maximizes a weighted average
of the buyer’s and seller’s expected payoff. When the weight on the buyer is larger,
trade happens with certainty, the price equals the seller’s cost, and the buyer does
not invest in generating outside options. When the weight on the seller is larger, the
optimal mechanism is a posted price mechanism at the worst outside option that
the buyer could have, provided that the cost function of the buyer is decreasing in
first order stochastic dominance. The probability of trade is strictly below 1, even if
it would be socially efficient to trade.

In the second essay, I propose a notion of Rationalizability, called Incomplete
Preference Rationalizability, for games with incomplete preferences. Under an ap-
propriate topological condition, the incomplete preference rationalizable set is non-

empty and compact. I argue that incomplete orderings can be used to model incom-
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plete information in strategic settings. Drawing on this connection, I show that in
games with private values the sets of incomplete preference rationalizable actions,
of belief-free rationalizable actions (Battigalli et al., 2011; Bergemann and Morris,
2017), and of interim correlated rationalizable actions (Dekel et al., 2007) of the

universal type space coincide.
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Chapter 1

Investing in Outside Options in Bargaining

1.1 Introduction

The availability of an outside option in a bargaining situation can improve on
the terms of trade for the party with such alternative opportunity. For example, a
seller may be willing to offer a discount to a buyer with an alternative price offer.
The seller could convince the buyer to trade by slightly undercutting the other offer,
if she knew its size. However, if the seller only knew that an outside option exists,
the seller may offer a discount larger than that needed to trade.

Traditionally, economic theory has modelled asymmetric information about out-
side options using an exogenous prior distribution over the possible alternatives
that the buyer could have. This approach is well suited to model a situation in
which how the buyer obtained his outside option does not impact the outcome of
the negotiation (Fudenberg et al., 1987). In some applications, it is more realistic
to take a different approach, one in which outside options arise because of some
action taken by the buyer. In other words, the buyer may have to exert effort to find
a good alternative price, rather than being born with one at his disposal. In addi-
tion, the seller may not know either the outside opportunity that the buyer found,
or how hard he looked for it.

As an example, consider an employer (the buyer, he) negotiating with a job ap-
plicant (the seller, she). The worker typically does not know whether the employer

has interviewed other applicants before negotiating with her, and if he has found an



applicant willing to take the job at a low wage. The employer decides which can-
didates to interview, and how many of them, taking into account two things. First,
interviewing and negotiating with many candidates is costly, and there is no guar-
antee of finding an applicant willing to accept a low wage. Second, the employer
has to anticipate what effect will this outside option have on the negotiations with
the worker. Specifically, having an alternative offer at hand can offset its cost by
benefitting the buyer in two ways during bargaining. On the one hand, the outside
option provides him with a worst-case scenario payoff: if the worker adamantly de-
mands a high wage, the employer knows he can resort to the alternative applicant.
On the other hand, it creates the opportunity of extracting information rents, since
the seller does not observe either his effort or the resulting alternative price: the
worker may end up with a lower wage than what the employer was ready to agree
on. Both effects can improve on the employer’s bargaining position, by providing
him with a credible threat of interrupting negotiations and allowing him to extract
rents from the worker.

This paper studies the effect that the endogeneity of outside options has on the
outcome of a negotiation and the distribution of bargaining power in the relation.
To this end, I analyse bargaining between a buyer and a seller assuming that, prior
to negotiating, the buyer can invest in generating outside options. I assume that the
buyer’s willingness to pay is larger than the seller’s opportunity cost, so that trade
is socially efficient. As a result, the buyer’s investment in outside options is a form
of ex-post opportunistic behavior (Klein et al., 1978; Morita and Servatka, 2018)
to extract quasi-rents from the seller. I model investment as choosing a cumulative
distribution function (CDF) on [0, 1], where 0 is the opportunity cost of the seller,
and 1 is the willingness to pay of the buyer. In the employer-worker example, this

modelling choice corresponds to the idea that the employer may use several search



strategies to find alternative candidates to interview, such as advertising the position
to different populations, attending work fares and so on. More generally, one can
think of a distribution over outside option as a (stochastic) technology, an action
available to the buyer that generates a random alternative opportunity.

We typically model bargaining between the buyer and the seller as an extensive
form game with incomplete information. Such game specifies the whole bargaining
protocol: which party makes an offer at a given point, any potential exchange of
information (via cheap talk), and so on. Sometimes, there are good reasons to study
a specific bargaining protocol. For example, a monopolist facing many potential
customers has all the bargaining power in a negotiation, which can be modelled by
assuming she makes all the offers (as in Gul et al., 1986). If we believe the parties
have equal bargaining power, perhaps, it is natural to assume that they alternate in
making an offer (as in Rubinstein, 1982).

The choice of a specific bargaining protocol to model the negotiations inevitably
adds an assumption about the distribution of bargaining power in the relationship
between buyer and seller. It is therefore risky to study the impact of endogenous
outside options on bargaining power within a specific protocol, as the conclusion
of the analysis might depend on the protocol chosen. Therefore, rather than arbi-
trarily choosing a game form describing the negotiation process, I use Mechanism
Design to represent its equilibrium outcome in reduced form. More precisely, by
the Revelation Principle, for any equilibrium of any bargaining protocol, there exists
a direct revelation mechanism, implementing the same allocation as a Bayes-Nash
equilibrium in truthful reporting.

Thus, I model the negotiation stage as a direct revelation mechanism, which as-
sociates with each outside option that the buyer could report an outcome, specifying

the probability and the price at which the buyer and the seller trade. In the main



model, I assume that the bargaining mechanism is efficient in the following sense.
Given the distribution chosen by the buyer, neither party can obtain a larger ex-
pected payoff in an alternative mechanism without the other party getting a lower
payoff. I will refer to this notion of efficiency as ex-ante Pareto efficiency for con-
ciseness.! This assumption can be interpreted as a re-negotiation proof property:
if the bargaining mechanism were inefficient, the buyer and the seller would have
an incentive to conduct the negotiations following a different bargaining protocol.
Still, in Section 1.6.2 I show that the conclusions of the model are qualitatively the
same without this assumption.

An equilibrium of the game is represented by a pair, consisting of the distribution
over outside options and a direct revelation mechanism, with the following prop-
erty. First, the distribution is optimal for the buyer, given the mechanism governing
trade at the bargaining stage. Second, the mechanism is ex-ante Pareto optimal
given the distribution chosen by the buyer. To find the equilibria of the model, it
is useful to consider a (fictitious) game between the buyer and a (fictitious) mech-
anism designer. In this game, the buyer invests in a CDF over outside options, and
the designer selects a mechanism to maximize a weighted average of the buyer’s
and seller’s expected payoffs. I emphasize here that this is just a metaphor, albeit a
useful one: the true game is between the buyer and the seller, and the mechanism
is just a reduced form representation of its equilibrium. Building on the metaphor,
I will use expressions like “the designer favors the buyer”, if the buyer’s weight is
larger than the seller’s, or that a Pareto efficient mechanism for distribution F' is a

“best-reply of the designer to F”.

!Some care should be taken when interpreting this property in a global sense, since the outside
options are interpreted as deals that the buyer is able to reach with an unmodelled third party. If the
payoffs of these parties is taken into account in the model, it is possible that there exists a mechanism
that is ex-ante Pareto superior, in which the buyer trades with the alternative vendor with whom the
trade surplus is the largest.



Perhaps surprisingly, in equilibrium the buyer is unable to extract any informa-
tion rent from the seller. If the buyer’s Pareto weight is larger, in equilibrium he
obtains the whole surplus, without having to invest in generating outside options
(Theorem 2). If that is the case, there is no efficiency loss, and the social welfare
reaches its maximum level. Since this result is robust to all variations of the main
model I consider (see Section 1.6), in the rest of the introduction I will only discuss
the case in which the seller’s Pareto weight is larger. If the seller is favored, then the
buyer invests in a random outside option with a two-point support, taking either
value 0, or 1. The buyer and the seller only trade when the buyer’s alternative price
is 1, so that the seller matches the high outside option. When the alternative price
is 0, the buyer does not trade with the seller, but rather exercises his outside option.
Consequently, the buyer is unable to obtain any information rents from the seller:
either the seller extracts his full surplus, or he has to resort to a (costly) outside
option (Theorem 3).

The crucial assumption behind this result is that the investment cost in decreas-
ing in First Order Stochastic Dominance (FSD). Using the employer-worker exam-
ple, this assumption corresponds to the intuitive idea that it is easy for the employer
to find someone willing to work for a high wage, whereas finding someone who
would accept a low wage may require interviewing many candidates. While this
assumption is not enough to fully characterize the equilibrium, it implies (Lemma
1) that the seller extracts all the buyer’s surplus whenever there is trade. To char-
acterize the equilibrium, I also assume that the cost function is decreasing in Mean
Preserving Spread (MPS), which implies that the buyer invests in a distribution sup-
ported on the extreme points of the interval, 0 and 1. Monotonicity in MPS means
that a distribution with some variability around its mean should cost more than one

which is more concentrated around the same mean. The idea behind it is that the



latter distribution is riskier than the former, and so it should cost more.

One may wonder if the absence of information rents is determined by the unob-
servability of investment. In a similar setting, Condorelli and Szentes (2020) (CS
hereafter) show how the buyer generates information rents if he invests in valu-
ations for the good and the seller observes his investment choice before making a
take it or leave it offer to the buyer. When the investment generates outside options,
instead, the buyer in equilibrium does not obtain any information rents. Rather, he
invests in the same two-point distribution he would use under unobservable invest-
ment.

Thus, investing in outside options does not improve on the buyer’s bargaining
position in equilibrium, regardless of the observability of investment. Indeed, if the
buyer starts with more bargaining power, which corresponds to the buyer’s Pareto
weight being larger than the seller’s in the model, then in equilibrium the buyer
extracts the entire trade surplus regardless of his investment choice. On the other
hand, if he starts with less bargaining power, then investing in outside options does
little to improve on his position. Neither it generates any information rent, since
the seller extracts the entire surplus when the buyer’s alternative price is high, nor
it strengthens his (credible) threat of walking away from the negotiations when it
is low, since in that case the seller is happy to not trade at all. I highlight here that
investment is not useless for the buyer, since, depending on the realization of the
random outside option, the buyer sometimes obtains a larger outside payoff than
the inside payoff determined by trade.

Implicit in the analysis is the assumption that the buyer’s investment decision is
not contractible, corresponding to the idea that the buyer assesses his alternatives
before trading with the seller. Non-contractibility generates an inefficiency akin to

that arising in the hold-up problem literature. In a typical hold-up problem model,



one party — the buyer, say— makes an investment that increases the trade surplus
prior to negotiate on how the surplus is split. However, since the investment cost is
sunk at the bargaining phase, the seller holds the buyer up, and appropriates (part
of) the returns from investment. Anticipating this, the buyer’s investment level is
below the optimal one, because he does not fully internalize the social benefits from
investment.

In contrast, in this paper the buyer invests in generating value outside of the
relationship with the seller, resulting in an investment level above the optimal one.
Indeed, since trade is socially efficient, any investment in outside options decreases
social welfare, that is, the buyer should not exert any effort. This inefficiency arises
whether or not the seller observes the buyer’s action. To determine the size of
this inefficiency in Section 1.5.2 I analyse a variation of the model in which the
investment decision of the buyer is contractible. Specifically, the buyer and the
seller sign a binding contract prior to the buyer’s investment decision, which the
seller observes. The contract that the parties sign specifies the rules governing
trade that would follow each CDF that the buyer could choose. In the optimal
contract, the buyer is rewarded with a low price if he does not invest in outside
options, and punished with a price of 1 otherwise. Thus, the buyer has to decide
whether to invest in generating outside options, at the cost of not trading with the
seller, and not investing and receiving some surplus within the trade relationship.
In equilibrium, the buyer is offered a price which makes him indifferent between
accepting that price without looking for an outside option, versus investing at the
cost of this relationship. The size of inefficiency is determined by the difference
between the social welfare under the optimal contract, and the equilibrium social
welfare under non-contractible investment, and is proportional to the equilibrium

investment cost.



The paper is organized as follows. Section 1.2 reviews the literature. Section
1.3 introduces the main model, with unobservable investment, and the notation.
Section 1.4 studies its equilibria. Section 1.5 analyses two variations of the model
in which the investment choice is observed by the seller. In particular, 1.5.1 studies
what happens if investment is still not contractible, while 1.5.2 analyses the best
possible contract assuming that the buyer and the seller can agree on a price before
the buyer invests in generating outside options. Section 1.6 studies the robustness
of the conclusion of the main model to weakening of the assumptions on the cost
function (Section 1.6.1), and the ex-ante Pareto optimality of the mechanism (Sec-

tion 1.6.2). Section 1.7 concludes.

1.2 Related Literature

This paper contributes to, and combines approaches from, three main strands of
the literature: the hold-up problem, bargaining with outside options, and mechanism

design with endogenous private information.

Hold-up problem

The hold-up problem has long been recognized as a source of efficiency loss in
bargaining and the organization of the firm (Klein et al., 1978; Grossman and Hart,
1986). In its basic version, a party invests less than the efficient level because an-
other party is the residual claimant of the returns from investment. Many hold-up
models posit that a buyer invests in his valuation of the good prior to negotiating
with the seller. Different papers make different assumptions about how invest-
ment translates into valuations. Some assume a deterministic link (Grossman and
Hart, 1986), some that the valuation gets determined stochastically (Hermalin and

Katz, 2009), while in Condorelli and Szentes (2020)’s model the buyer chooses the



(stochastic) technology that generates valuations. In all these examples, the buyer
invests less than the socially optimal level. Indeed, he anticipates the fact that the
seller will appropriate (part of) the returns from investment, since its cost is sunk at
the bargaining stage. Several solutions for the hold-up problem have been proposed
over the years: allocation of property rights (Hart and Moore, 1990), contractual
solutions, depending on informational asymmetries (Rogerson, 1992), repeated in-
vestment through a long relationship (Che and Sdkovics, 2004), unobservability of
investment together with frequently repeated trade (Gul, 2001), just to name a few.
Some papers also consider what happens if the buyer’s investment impacts his out-
side option. In De Meza and Lockwood (1998)’s model, investment impacts both
the trade surplus that can be achieved (which determines the buyer’s inside option)
as well as what he could obtain by not trading with the seller (his outside option).
Indeed, as my paper shows, investment in outside options can be seen as a form
of rent-seeking behavior, and the equilibrium investment level is above the socially

optimum level.

Bargaining with outside options

While outside options have long been recognized as a source of bargaining
power, incorporating them in formal models presents difficulties and ambiguities.

For instance, a seller may have an outside option either because she could trade
with an alternative partner, or because she could consume the good herself (Fuden-
berg et al., 1987; Shaked and Sutton, 1984). Despite these ambiguities, outside
opportunities have been used in a variety of settings. For example, they neutralize
the effects of crazy types a la Abreu and Gul (2000) in Compte and Jehiel (2002),
and imply the failure of the Coase conjecture (Coase, 1972) in Board and Pycia
(2014). While all these papers assume that the outside option is constant over

time, this needs not be the case. For example, traders in Wolinsky (1987) can inter-
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rupt the negotiation to look for an alternative partner; the buyer in Hwang and Li
(2017) receives the outside option at a random time during the bargaining process;
and the outside option itself changes stochastically over time in McClellan (2021).
I contribute to this literature by showing how the investment in outside options

impacts the bargaining outcome when the bargaining process is ex-ante efficient.

Mechanism design with endogenous private information

The Harsanyi type space approach models incomplete information as an exoge-
nous component of the model, and has been used in most of the classical papers in
mechanism design (e.g. Myerson, 1981; Myerson and Satterthwaite, 1983). When
treating information as an endogenous component, at least two approaches emerge.

Under the first approach, the state of the world is an exogenous random vari-
able, and agents can choose a signal containing information about it. In the early
literature this choice was constrained in several possible ways. For instance, in Per-
sico (2004), there is a unique signal that the agent can acquire, or not acquire. In
Shi (2012), the signals that can be chosen are ordered by the monotone likelihood
ratio property.? The recent literature has mostly focused on fully flexible information
acquisition, assuming that the agent can choose any signal correlated with the state
of the world. For example, in Roesler and Szentes (2017) and Ravid et al. (forth-
coming) the state of the world is the buyer’s valuation of the good, and the buyer
can choose how precisely to learn about it before trading with the seller. Mensch
(2020) analyses how a designer can influence the learning strategy of the agent by
announcing a mechanism prior to his choice of a signal.

Under the second approach, the state of the world is endogenously determined

by the agents’ actions. Private information arises either because the principal does

2Bergemann and Viliméki (2006) surveys the early literature on information acquisition in mech-
anism design.



11

not observe the agent’s action, as in the auction model of Gershkov et al. (2021),
or because the mapping from actions to states is stochastic, and only the agent
observes the realized state (as in Condorelli and Szentes, 2020). This is also the
approach of the current paper.

I contribute to this literature by studying how endogenous private information
about outside options differs from endogenous private information about valuations

in a bargaining model.

1.3 The Model
1.3.1 Mathematical preliminaries and notation

A cumulative distribution function (CDF) on R is a weakly increasing and right
continuous function such that lim, , ., F(z) = 0, lim,_,, F'(x) = 1. The support of

F is the set (see Chung, 2001)
suppFF={r € R:Ve>0,F(x+¢€)— F(z —¢) > 0}.

The set of all CDFs with support contained in [0, 1] is denoted D[0, 1], and is en-
dowed with the L, distance:

1

d\(F,G) :/\F(x) — G(z)|dx.

0

Classical results by Machina (1982) show that d; metrizes the weak convergence
topology of probability measures, so that (D[0, 1], d;) is a compact and convex subset
of L]0, 1], the vector space of all real valued functions on [0, 1] whose absolute value
is Lebesgue integrable.

Given two CDFs F,G € D|0, 1], say that F first order stochastically dominates

G, written F' ZZpgp G if for all z € [0,1], F(xz) < G(z). Equivalently (Quirk and
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Saposnik, 1962), F' =~ psp G if and only if for all (weakly) increasing functions

u:[0,1] = R,

1

/1 w(@)dF(z) > / w(@)dG(x).

0

Say that F' is a mean preserving spread of GG, written F' =~ ,,ps G if for all = € [0, 1],

xT

/F(y) — G(y)dy > 0,

0
with equality at x = 1. Equivalently (Rothschild and Stiglitz, 1970), F = yps G
if and only if Exb = Egb and, for all (weakly) increasing and (weakly) concave

u:[0,1] — R,
/ w(@)dF(z) < / w(@)dG(x).

Finally, I use H, € DJ0, 1] to denote the CDF concentrated at b € [0, 1]:

It is easy to see that H, is a mean preserving contraction of any distribution with
average b. On the opposite extreme of the MPS order there is the distribution
supported on {0,1}, (1 — b)Hy + bH;, which is a mean preserving spread of any
other CDF with mean b. These two CDFs play an important role in the analysis of

Section 1.4.

1.3.2 Model

A buyer (he) and a seller (she) negotiate for the ownership of an indivisible
good. The buyer’s valuation, equal to 1 and the seller’s marginal cost, equal to 0,

are common knowledge. Prior to the negotiation, the buyer can exert effort in order
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to obtain an outside option, which is interpreted as a price offer from an alternative
vendor.® The seller does not observe the effort exerted by the buyer or the value of

the outside option, when the negotiation starts.

The game is divided in two parts: an investment phase and a bargaining phase.
In the investment phase, the buyer chooses a costly cumulative distribution function
(CDF) over outside options. The buyer can choose any distribution function F' from
some collection of CDFs, 7 C DJ0, 1]. A cost function C' : D|0, 1] — R, associates
with each distribution F' the cost of investing in it, C'(F). Assuming that C' be
defined on the whole space D|0, 1] is without loss of generality, as one can simply
assign an arbitrarily large value to C(G) whenever G ¢ F. A technology is a pair
composed of the cost function C, and the set of distributions available to the buyer,
F.

For an illustration, consider again the employer-job applicant example of the
Introduction. Assume that there is a large mass of candidates that the employer
could interview, and a corresponding distribution of wages, ® € DJ0, 1], that they
would accept. For simplicity, the employer decides the number n of candidates
to interview, so that his outside option is the lowest wage that another candidate
would accept. Thus, the buyer could generate the distribution of the minimum of
n random draws from &, which I denote by ®,,. The cost of distribution &, is the
opportunity cost of the employer of making n interviews.

Throughout the paper, I will maintain three minimal assumptions on the tech-
nology (C, F). First, I assume that F is closed and C, restricted to F, is continuous.
Continuity of C» corresponds to the idea that similar distributions should have sim-
ilar cost. Notice that, since D0, 1] is compact, so is F. Second, I assume that F is

a convex set, and C|r a convex function. This is just a reduction of compounded lot-

31t is easy to specify the model alternatively, by assuming that b is the outside option payoff that
the buyer receives, rather than an alternative price.
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teries assumption: if /' and G are both elements of F, then the buyer can generate
the distribution vF + (1 — v)G by playing a mixed action, choosing F' with proba-
bility v and G with probability (1 — ), so that assuming that vF' + (1 — )G € F is
without loss of generality. It is also without loss to assume that C| is convex, since
otherwise the buyer could generate the distribution F' by playing the mixed action
with the least expected cost that generates F'. Finally, I assume that the buyer can
always generate an outside option equal to his valuation, at 0 cost. This is modelled
by assuming that the distribution concentrated at 1, denoted Hj, is an element of

Fand C(H;) = 0.

Once distribution F' has been chosen, the buyer observes the realization of a
random variable distributed according to F', which represents his outside option.
The seller observes neither the investment choice of the buyer, nor the realized out-
side option. At this point, the game moves to the next stage: the negotiation phase.
As mentioned in the introduction, in principle, the negotiation phase could be mod-
elled as an extensive form game with incomplete information, which would specify
the whole protocol. Instead, I use a reduced form approach, and model bargaining
as a direct revelation mechanism, which satisfies three conditions. First, the mecha-
nism is ex-ante Pareto optimal. The second requirement is Incentive Compatibility:
the buyer should prefer reporting his outside option b truthfully rather than lying
and reporting another value ¢'. The third and final requirement is Ex-post Individ-
ual Rationality: the seller should prefer trading to not trading, the buyer should
prefer trading to exercising his outside option, whenever trade has positive proba-
bility. This condition corresponds to the idea that trade is always voluntary, and the
buyer could interrupt the negotiations to exercise his outside option, if that benefits
him. To find the equilibria of the game between the buyer and the seller, I study an

auxiliary game between the buyer, who chooses a distribution over outside options,
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and a (fictitious) mechanism designer (she), who chooses the mechanism govern-
ing trade. The payoff function of the designer is a weighted average between the
payoffs of the buyer and the seller. The equilibria of this auxiliary game correspond
to the (Pareto efficient) equilibria of the investment-then-bargaining game between

the buyer and the seller.

The set of actions of the designer in the auxiliary game is the set of direct reve-
lation mechanisms that are incentive compatible and ex-post individually rational.
A revelation mechanism is composed of two elements: a closed set X of possible
reports by the buyer, and a pair of functions (¢,p) : X — [0,1]*>. The value ¢(x)
specifies the probability of trade if the buyer reports x, whereas p(x) is the price
that the buyer pays to the seller if trade happens.* In a direct revelation mecha-
nisms the set of reports X is the subset of [0, 1] of all types deemed possible by the
designer’s belief.> By reporting € X, a buyer with outside option b obtains an

expected payoff of

¢(2)(1 = p(x)) + (1 = q(2))(1 = b) = 1 = b+ q()(b — p(x)),

whereas the seller’s payoff is
q(z)p().

A direct revelation mechanism defined on X C |0, 1] is incentive compatible (IC) if

truthful reporting is optimal for the buyer: for each b, € X,
1=b+q(0)(b—p(b)) = 1—b+q(b)(b—p(t)).

It is ex-post individually rational (eplR) if players prefer trading to not trading when-

“Remember that the mechanism has to be ex-post individually rational, which is why p(z) € [0, 1].
>More precisely: X is a closed subset of [0, 1] which coincides with the support of the belief of
the designer.



16

ever the probability of trade is positive: for each b € X,
q(b) >0 = 0 < p(b) <b.

The designer selects an incentive compatible and ex-post individually rational mech-
anism to maximize a weighted average of the traders’ payoff, given her belief about
the distribution of the buyer’s outside options. Let F' be the CDF that the designer
thinks that the seller has selected, and let X = supp F'. The designer’s expected pay-
off from selecting an incentive compatible and ex-post individually rational mecha-

nism (¢,p) : X — [0,1]* is

Walap) = [ a®)pO)IF () 1—a/1—b+q (b(6) — 1) )dE D),

(] (]
Seller’s payoff Buyer’s payoff

where a € [0, 1] is a parameter capturing how much the designer “cares” about the
seller. The best reply of the designer to the buyer choosing distribution F is the
solution of the following program:

1

max  a / dD)p(BYAE(D) + (1 — )

(¢,p):X—[0,1]
0

s.t. WbV € X, 1—b—+qb)(b—pb)) >1—b+ql)b—p)),

(1 — b+ q(b) (p(b) — b))dﬁ(b),

o — _

Vbe X, q(b) >0 = 0<p(b) <b.

The buyer has to take a decision at three points in the game. First, he has to
select a distribution F' € F. Second, once he has observed his outside option and
he has been offered a mechanism, he has to decide whether or not to participate.
Finally, provided he takes part in the mechanism, the buyer chooses which report

to communicate to the designer.
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Consider the buyer’s problem, starting from this last decision. Suppose the
buyer’s outside option is b, and that he’s participating in the mechanism (q,p) :
X —[0,1]%, where X is a closed subset of [0, 1]. The buyer chooses report z € X to

solve
max 1 — b+ g(x)(b = p(z)).

If the buyer’s outside option, b is deemed possible by the mechanism (that is, b €
X)), and if the mechanism is incentive compatible, then b solves this maximization
problem. However, since the designer does not observe the distribution chosen by
the buyer, it is possible that b ¢ X; that is, b may not be one of the types that the
designer thought possible when choosing the mechanism. In that case, the solution
to the maximization problem will be some element &’ € X. It is also possible that
participating in the mechanism is suboptimal for the buyer as no report gives an

expected payoff larger than 1 — b. That is, if
1 —=b>max{l —b+q(z)(b—p(2))},

then the buyer is better off not taking part in the mechanism.

At the time of the first decision, the buyer does not know what mechanism will
be offered by the designer. So suppose he believes that mechanism (¢,p) : X —
0, 1]? will be the designer’s choice. Then the largest expected payoff the buyer can

obtain after playing distribution F' € F is

/max{lglgg({l —b+q(z)(b—p(x))}, 1 —b}dF(b) — C(F).

The best reply of the buyer to mechanism (g, p) : X — [0,1]? is the solution to the
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following program:

FeF

max/max{rglg?{l —b+q(z)(b—p(x))}, 1= b}dF(b) — C(F).

Definition 1. An Equilibrium is a pair (™, (¢*, p*)) such that
* (¢*,p*) : supp F* — [0,1]* is incentive compatible and ex-post individually
rational,

* (¢*,p*) is a best reply to F* for the designer, and

e [*is a best reply to (¢*, p*) for the buyer.

The first formal result of the paper shows that, without loss of optimality, one
can restrict attention to the class of posted price mechanisms. More precisely, the
designer’s best reply to CDF F' always contains at least one posted price mecha-
nism. This is an extension of classical results in the literature to allow for arbitrary

cumulative distribution functions.

Definition 2. Let X be a closed subset of [0, 1]. A posted price mechanism (on X)
is a mechanism (¢, p) : X — [0, 1] such that there exists p € [0, 1], and Z € X with

If either p = 7, or p = 0 and & = min{z € X}, then the mechanism is called a posted
price at p.

Theorem 1. Fix F' € D|0, 1]. Then there exists p € supp F' such that the posted price
mechanism at p is a best reply to F.

Proof. See the Appendix. O
So by Theorem 1, it is without loss to assume that the Designer posts a price,

and the buyer decides whether or not to trade at that price. Indeed, suppose that

the designer plays a posted price mechanism at p € X, and the buyer’s outside
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option is b. Then the buyer is willing to trade at price pifand only 1 — b < 1 — p,
or, equivalently, p < b. This is true whether b is an element of X, the set of outside
options that the Designer deems possible, or not. Indeed, if p < b, then the buyer
reports either b, if b € X, or any type in X which is allowed to trade, if b ¢ X.
If p > b, then the buyer can either report b (if b € X), or report a type in X who
doesn’t trade, or even refuse to participate in the mechanism altogether. Therefore,
from now I will simplify the terminology, and say that the Designer selects a price
€ [0,1].
When facing a posted price of p, the buyer’s expected payoff from selecting

distribution F' is

/max{l—p,l—b}dF :/ (1= b)dF(b +/1(1—p)dF(b)—C(F),

0

which equals

1—p+ /F(b)db —C(F),

by integration by parts. On the other hand, the Designer’s expected payoff from
posting price p when the buyer chooses distribution F is
p
ap(1 — lim F(b)) + (1 — a)(l —p+ /F(b)db).

y2
0

Thus, a pair (F*, p*) is an equilibrium if

1. Distribution F™* is optimal for the buyer, given that the Designer posts price
p*. That is, F'* is a solution to
-
Iéleél;:{l —p'+ /G(b)db - C(G).

0
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2. The posted price mechanism at p* is optimal for the Designer, if the distribu-
tion of outside options of the buyer is /™*. That is, p* solves
p
max ap(L — lim F*(5)) + (1 o) (1 - p + /F*(b)db).

p€(0,1] btp
0

Before moving to the analysis of the general model in the next Section, consider
again the employer-job applicant example. The employer decides the number of
candidates to interview before negotiating with the job applicant. Suppose for sim-
plicity that interviewing n candidates has an associated cost kn, where & € R is a
constant. If the employer interviews n candidates, and the i-th one asks for wage

b;, then the employer’s outside option is b = min,;—; _, b;. Therefore, this process

.....

generates the distribution

®,,(b) = Pro(minb; < b) =1— (1 —&(b))",

i=1n

where @ is the underlying distribution of wages asked by the alternative candidates.
If the buyer invests in a sample of size 0, his outside option is 1 with probability 1.
So after accounting for the possibility of mixed strategies of the buyer, the set of

distributions that the buyer can choose from is
F=conv ({1 — (1 —®(-))"}nen U {H1}),

where conv(S) is the closed convex hull of the set S. A (pure) equilibrium is then
constituted by a pair (®,+,p*) where n* solves the buyer’s problem when the De-
signer posts price p*:

*

p
n* € argmax,, .y 1 — /(1 — ®(b))"db — kn,
0
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and p* solves the Designer’s problem when the buyer’s sample contains n* prices:

p

p* € argmax, ap(®™ (p)) + (1 — «) (1 - /(1 - @(b))"*db)

As an illustration, consider the case where the underlying distribution is a binomial
distribution on {0, 1}, with ¢ = Prg(1). That is,

p

0 b <0,

Pb)=q1-¢ 0<b<l,

1 b>1.

Suppose that the Designer cares more about the seller than the buyer (o < 1).

Since, regardless of the sample dimension of the buyer, his outside option will be
either 0 or 1, in any equilibrium the Designer chooses price p* = 1. This means that
the equilibrium sample dimension, n*, must solve

1
max 1 — / (1—-(1—¢)")db—kn = mrzlmxl — " — kn.

n
0

The function f(z) =1 — ¢® — kx is concave on R, and is maximized at

. k 1
x :10g< ] ) .
—logp/ log ¢

Therefore, the solution to the buyer’s problem will either be n = |z*] or n = [z*],

where |z] is the largest integer below x, and [z] is the smallest integer above x.

1.4 Analysis and Equilibrium

In order to fully characterize the equilibrium of the model, I impose three as-

sumptions. First, I assume that the buyer can choose any distribution supported on
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0, 1].

Assumption 1. 7 = DJ[0, 1].

Second, I assume that the cost function C' is decreasing in first order stochastic
dominance. This corresponds to the idea that it is easy to find someone willing to
sell an object for a high price, and hard to find a low price. Therefore, a distribution
over alternative prices which assigns most mass to large outside options should cost

less than one assigning most mass to low outside options.

Assumption 2. (' is strictly decreasing in First Order Stochastic Dominance: if
F =psp G then C(F) < C(G), and the inequality is strict whenever F' # G.

Third, the cost function is decreasing in Mean Preserving Spread. Since a de-
crease in mean preserving spread is associated with a decrease in the risk of the
investment, the assumption simply says that a riskier investment choice should cost

less than a safe one, ceteris paribus.

Assumption 3. (' is strictly decreasing in Mean Preserving Spread: if /' is a mean
preserving spread of GG, then C(F) < C(G), and the inequality is strict whenever
F #G.

A consequence of Assumption 2 is that H;, the distribution concentrated on 1, is
the only distribution which costs 0. The following three simple examples show that

the requirements of Assumptions 1-3 can be satisfied by simple functional forms.

Example 1. Let % : [0,1] — R, be strictly decreasing and strictly concave, with
%(1) = 0. Then the function C : D[0, 1] — R, defined by

C(F) = / R(b)AF (D)

is continuous (by Portmanteau theorem), and satisfies Assumptions 2 and 3. By
linearity of the Riemann-Stieltjes with respect to the integrator, the cost function C'
is affine (hence, convex).
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Example 2. Let h : R, — R, be strictly increasing and strictly convex, with h(0) =

0, and define
C(F) = h(//%(b)dF(b)),

0

where & is strictly decreasing, strictly concave and satisfies #(1) = 0 as in Example
1. Then C satisfies Assumptions 2 and 3, and is strictly convex:

CAF +(1-)G) = h(//%d()\F +(1— A)G)),

:h(/\//%dFJr(l—)\)//%dG),
< AC(F)+ (1 -NC(G).

Example 3. Let ¢ : [0,1] — R, be continuous, convex, strictly decreasing and such
that /(1) = 0. Then the function

L(F) = e( /1 bdF(b))

satisfies Assumption 2, and is constant in Mean Preserving Spread: if F' 7~y/ps G,
then £(F) = L(G). The cost function £ is said to be mean based.

In the rest of this Section, I characterize the equilibrium of the game as a func-
tion of the parameter «, capturing how much the Designer cares about the seller,

relative to the buyer.

1.4.1 Case I: the Designer Cares More About the Buyer (a < 1)

Since the buyer’s valuation is larger than the seller’s cost, trade is socially opti-
mal in this model. So, if the designer posts a price that ensures that trade happens
with probability 1, then the social optimum would be achieved. If the buyer’s out-

side option is distributed according to F', then probability 1 trade can be achieved
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only by posting a price smaller than min{supp F'}. Moreover, the buyer may have
an incentive to look for an outside option that gives him a larger payoff than that
granted by the posted price, especially if he expects it to be high. As an extreme ex-
ample, if the buyer expects the designer to post price 1, then he would have a strong
incentive to look for an alternative price that does not extract his entire willingness
to pay.

One possibility for the designer to achieve the social efficient allocation is to post
price 0. Indeed, the buyer would effortlessly attain his maximum payoff possible,
subject to the seller being individually rational, and so he would have no incentive
to look for an alternative vendor.

Theorem 2. If the Designer cares more about the buyer (o < 1), then in the unique

equilibrium, the posted price is 0, the buyer chooses the distribution concentrated on 1,
H,, and trade happens with probability 1.

Proof. First, I will show that this is an equilibrium. If the Designer posts a price of 0,
then the only best reply of the buyer is to choose the cheapest distribution available:
no alternative price could possibly be below 0, so the buyer should exert no effort,
and choose distribution H;. Because of Assumption 2, any other distribution that
the buyer could choose costs more than 0 = C'(H;), and therefore H, is the unique
best reply of the buyer. If the buyer chooses the point mass at 1, then any price p of
the Designer would have trade happening with probability 1. The Designer’s payoff
from posting price p would be

ap+(l—a)l—p)=1—-a)+p2a—-1)<a-0+(l—a)-1,

and so the Designer would have no incentive to deviate.
As for uniqueness: suppose by contradiction that (F,p) is another equilibrium,

with p > 0, so that the probability of trade is § = 1 — F'(p). I claim that p = 0 is
a profitable deviation. Indeed, the Designer’s payoff in the candidate equilibrium
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(20 = 1)gp + (1 — )i+ (1 — ) /bdﬁ(b).

The first term in the summation is negative, so putting p = 0 would (strictly) im-
prove on it. The sum of the last two terms is dominated by

(1—a)(1=F@)(1—-p) <(1—a)(1-F0)(1-0)=1-a,
so that p = 0 is a profitable deviation, a contradiction. O

As the second part of the proof of Theorem 2 shows, if & < 1 then in any
equilibrium the designer posts price 0. The equilibrium uniqueness depends on
Assumption 2, which guarantees that H; is the only distribution with 0 cost, and so
is the only best reply to a price of 0. If Assumption 2 is violated, then it is possible
that another distribution — say, G — has zero cost, in which case (G,0) would be

another equilibrium. In such equilibrium too, trade would happen with certainty.®

1.4.2 Case II: the Designer Cares More About the Seller (o > %)

The intuition behind Theorem 2 is simple: the Designer cares more about the
privately informed party, so she gives him as much surplus as possible. Matters are
not so simple when the Designer cares more about the uninformed party, however.
In this case, the classical static monopoly trade-off between setting a high price and
having a high probability of trade emerges. When optimally balancing this trade-
off, the Designer must try to correctly guess which was the distribution over outside
options that the buyer chose.

The problem is greatly simplified by the following crucial observation: any two

types of the buyer who are willing to trade have the same ex post payoff. To be more

®I’'m implicitly assuming here that a buyer with an outside option of 0 trades with the seller if
offered price 0.
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precise, suppose that the posted price is p € [0, 1), and consider two outside options
b > b > p. Then both these types accept the price they are offered, trade, and
obtain a payoff of 1 — p. But since b and ¥’ have the same payoff, the buyer would
rather concentrate all the probability on b, the largest of these two values. This
would decrease the cost of the distribution chosen by the buyer, since the resulting

CDF would FSD-dominate the starting one.

Lemma 1. Under Assumptions 1 and 2, if F' is a best reply of the buyer to p € (0, 1),
then F assigns zero measure to the interval [p, 1), or, equivalently, F'(p) = limy F'(b).

Proof. Let F' be a best reply to p, and suppose by contradiction that F' puts some
probability mass between p and 1. The buyer’s expected payoff is

p

[ a=nare)+a-p - Fo) - o)

0

Consider the distribution F defined by

F(®) b<p,
F(b)z F(p) p<b<l,
1 b>1

In plain English, I’ coincides with F' below p, is constant and equal to F(p) on

[p.1), and has an atom of size 1 — F(p) at 1. Clearly, F =psp F, so that, by

Assumption 2, C'(F) > C(F). But then [ has a larger payoff than F for the buyer,
a contradiction. O

The characterization of the equilibrium is basically a corollary to Lemma 1. In-
deed, if the buyer has type b and accepts a price offer of p, then b = 1, so that the
mass of traders is concentrated on an atom at 1. Consequently, the designer, who
favors the seller, has an incentive to post price 1. Thus, if an equilibrium exists, then
the equilibrium price equals the buyer’s valuation of the good, 1. So, when a > £,

the buyer’s expected payoff from trading with the seller is 0. His best reply is the
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distribution F' that maximizes
1

/F(b)db —C(F)=1-Epb—C(F).

0
Notice that the buyer’s expected payoff in this case only depends on F' through
its mean, and its cost. Since the buyer is risk neutral, he chooses the cheapest
distribution among those that have the same mean. So, define a function ¢ : [0, 1] —
R, by

c(p) = min{C(F) : Epb = p}.

The value c(u) is the least cost needed for the buyer to generate an average outside
option x.” It is easy to see that the function c is convex (by convexity of () and
strictly decreasing (since C'is decreasing in First Order Stochastic Dominance). This
suggests that the best reply to p = 1 can be found by solving two problems. The

first problem is to compute the best mean outside option p*, i.e.,

pt € argmax, o1y 1 — p — cp).

The second problem is to find a distribution G* that has mean p* and achieves
the smallest cost among CDFs with that mean, i.e. such that C(G*) = ¢(u*). The
solution to this second problem is the distribution supported on {0, 1} with mean u*,
(1 —p*)Ho+ pu* Hy. Indeed, this distribution is a mean preserving spread of any CDF
F with average p*, and so, by Assumption 3, has a cost lower than C'(F'). Notice
that the best price that the Designer could offer against this two-point distribution

is indeed 1. This discussion is summarized in the second main result of the paper.

Theorem 3. Suppose that the cost function C satisfies Assumptions 1, 2, and 3. If the
Designer cares more about the seller (a > %), then the equilibrium posted price is 1.

’The minimization problem in the formula for ¢(u) is well defined, since C' is continuous and the
set of all CDFs that have average p is a compact subset of D[0, 1].
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The buyer chooses a distribution supported on {0,1}, (1 — pu*)Hy + p*Hy, where the
mean * solves
R
The equilibrium of Theorem 3 is not necessarily unique, however. While in any
equilibrium the price must be 1, there may be several different means /i that solve

11— —
max 1 — c(p),

since the function c is convex, but possibly not strictly convex. For each i, the
distribution supported on {0,1} with mean /i is a best reply to price 1, and so

((1 — 4)Ho + f1Hy, 1) is an equilibrium. Consequently, the set

argmax,eioqy 1 — 1 — c(p)

is a compact (possibly degenerate) interval [}, 1] C [0,1].8 Thus, the set of equi-
libria either contains a single element, or contains a continuum of elements indexed
by the mean /i € [y}, ;] that the buyer chooses. Notice that the buyer obtains the
same payoff,

L= fi—c(ft) =1 — py — c(up,)

in each of these equilibria. The designer’s payoff in equilibrium, instead, is
aji+(1—a)(1—f1) = (20— Du+ (1 - a),

which is strictly increasing in ji. Thus, the equilibria of the game are Pareto-ranked,
and the Pareto-best one is the equilibrium in which the buyer chooses (1 — 1}) Hy +
,u;‘l H1 .

Before concluding the Section, consider again the cost function C' of Example

8Compactness follows from Berge’s Maximum Theorem. It is an interval since the set of maxi-
mizers of a concave function is convex.
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1. Then the optimal mean outside option that the buyer targets, i*, is either 0 if
7#(0) < 1 or 1 otherwise. With the cost function C' of Example 2, /i* must satisfy the

first order condition
0e 8(1 — = h((1 - g*)g(o))),

where J(g(z)) is the superdifferential of ¢ at x.

1.5 Observable Investment

The model of Section 1.3 assumes that the investment choice of the buyer is
neither observable by the Designer, nor contractible. In equilibrium, unless the
designer favors the buyer, a hold-up inefficiency arises: the buyer invests too much
in generating outside options, and the probability of trade is below 1. In this section,
I analyse two variations of the model. In the first one, I assume that the seller can
observe the distribution chosen by the buyer, but not the realized outside option. I
show that, even in this case, in equilibrium the buyer chooses the same distribution
supported on {0,1} as in Theorem 3. Thus, the hold-up inefficiency arises even if
the seller observes the investment decision of the buyer. Second, I study how large
is the welfare loss due to hold-up. To this end, I analyse a version of the model in
which investment is contractible, so the buyer and the seller sign a contract prior
to the buyer’s choice. In order to avoid that moral hazard issues affect the analysis,
I also assume that the seller is able to observe the buyer’s choice, so the contract

specifies an outcome for each distribution that the buyer could choose.

1.5.1 Non-contractible Investment

(Throughout this section, assume that Assumption 1 holds.) A striking implica-
tion of Theorem 2 is that the buyer does not obtain any information rent in equilib-

rium, despite being privately informed about his choice and the value of his outside
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option. Indeed, either there is trade and the seller extracts the whole consumer
surplus, or there is no trade and the buyer exercises his outside option. Is the
unobservability of his investment choice behind this lack of information rents?

In other words, if the Designer could observe the investment choice, would the
buyer’s equilibrium payoff be larger? The intuition would be the same as in a
Stackelberg leader-follower game: by moving first, the buyer is able to dictate the
best-reply of the Designer that he prefers. Notice that the buyer cannot obtain
a lower equilibrium payoff with observability than without it. After all, he could
always choose the two point distribution of Theorem 3. Could he obtain a strictly
larger payoff than that?

Condorelli and Szentes (2020) study a similar model, in which the buyer invests
in a distribution over valuations for the good. The seller observes the buyer’s dis-
tribution, and makes a take-it-or-leave-it offer p to the buyer. In equilibrium, the
buyer accepts the offer if and only if it is (weakly) below his realized valuation. The
authors argue that if the cost function of the buyer is strictly decreasing in mean
preserving spread, the buyer’s equilibrium distribution belongs to a certain family

of distributions. Specifically, for = € [0,1], and p € [, 1] define F;. , € D[0, 1] by

0 v <0,

1-7 UE[Ovp)v
Frp(v) = < P

1_% UG[p71),

1 v>1.

The seller responds to this choice by posting price p, as any price in the interval
[p, 1] leave her with an expected profit of . I will now show that the Condorelli and
Szentes (2020) result still holds when the buyer invests in outside options instead.

To facilitate the comparison, I will assume that the Designer only cares about the
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seller (a« = 1) — or, equivalently, that the Designer is the seller. First, a preliminary
lemma.

Lemma 2. Suppose G € D|0, 1], let = denote the monopoly profit if the buyer chooses
G, and p be the monopoly price. Then there exists a unique p € [, 1] such that

1. F, ,is a mean preserving spread of G, and

2. The buyer’s expected payoff is larger if he chooses F. , and the seller posts price
p than if he chooses GG and the seller posts price p,

P p

1—p+/Fh@mb—cwﬂg21—p+/G@mw4XG%

0 0

and the inequality is strict unless G = F. ,. for some ng € [0,1], pg € [7g, 1].

GHPG

Proof. The geometric property 1 is taken verbatim from Condorelli and Szentes
(2020), Lemma 4. As for 2, suppose GG does not belong to the family, and notice
that the value of the left-hand side of the inequality is

P
1—p+/1—%@—0u%g:1—w—cwﬁ)
0

Since F; , is a mean preserving spread of G, then, C(F;,) < C(G). Therefore it is
enough to argue that

)
T<p-— /G(b)db.
0

Since ~ is the monopoly profit, 7 = p(1 — limy, G(V')). Since G is increasing,
p p
mmmwzfmeWQ/@@%
0

y2 b'tp
0

which concludes the proof. O
Corollary 1. Under Assumption 3, in equilibrium the buyer chooses a distribution

supported on {0, 1} with average u*, where

p € argmax, 1 — p — c(pu).
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Proof. Because of Lemma 2, it is without loss of generality to constrain the buyer’s
choice to the set
H={F.,€D[0,1]:7m€[0,1],p € [m,1]}.

Pick any 7 € [0,1], and any p € [m,1]. Then the buyer’s payoff from choosing
C(Fy ) is lower than his payoff from choosing the distribution supported on {0, 1}
with average :

1—7m—-C(F;,) <1—m—c(nm).

The inequality is strict unless p = 1. In other words, the buyer’s optimal distribution
involves having p = 1, i.e. that he chooses a distribution supported on {0, 1}, as
desired. O

Thus, even if the seller could observe his investment decision, in equilibrium the
buyer would still choose the maximally spread out distribution (1 — p*)Hy + p*H;
as in Theorem 2, and the seller would respond by posting price 1. Therefore, the
equilibrium outcome is the same regardless of the observability of investment, and
so the hold-up inefficiency arises also in this case.

Finally, observe that the buyer does not extract any information rents from the
seller also if investment is observable. The buyer’s returns from investment come
entirely from the value of the outside option, rather than from the ability to obtain

information rents by dictating the seller’s best reply.

1.5.2 Contractible Investment

Finally, I study what happens in the model if the investment choice of the buyer
is both contractible, and observable. In particular, I assume that the Designer is able
to offer to buyer a complete, contingent contract prior to his investment decision,
which specifies a mechanism for each possible distribution chosen.

Consider the following timing of events. First, the Designer offers a contract to
the buyer. A contract is a menu {(qa, pc)cepo1)} that associates with each distri-

bution G € F C DJ0, 1] a direct revelation mechanism (g, pg) : supp G — [0, 1]%.
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Having been offered the contract {(q¢,pc)}ceppo,q, the buyer decides whether to
accept it or not. If he accepts, he next chooses a distribution over outside options
— say, F'— which the Designer observes. Finally, the buyer privately observes his
outside option, b € supp F', and reports a type V' to the Designer, who then conducts
trade according to the rules specified by the mechanism, (¢z(V'), pr(b')).

I will restrict attention to subgame perfect equilibria in truthful reporting. That
is to say, I will assume that the contract only includes incentive compatible mecha-
nisms, and the buyer reports his type truthfully, regardless of his investment choice.
In equilibrium, the Designer recognizes that the buyer will respond optimally to the
contract he’s offered, that is, he will invest in the distribution, and hence choose
the associated mechanism, which grants him the largest expected payoff. Say that
contract {(qa,pa)cepp,)} induces distribution F' if the mechanism associated with

F, (¢r,pr), gives the buyer the largest expected payoff within the contract:

1

F € argmaxgepp,y / (1 b+ ga(®)(b - pe(b)dG(b) — C(G).

Distribution F' is inducible if there exists a contract inducing F'. It is useful at this
point to define the simple contract at F' as the contract specifying a posted price
mechanism at 0 if /' is chosen, and a posted price mechanism at 1 otherwise. This
contract rewards the buyer with the mechanism he prefers if F' is chosen, and pun-
ishes him with a mechanism that extracts all his surplus whenever the buyer and
the seller trade if F is not chosen.’ As it turns out, the inducibility of F is tied to

whether F' is inducible by the simple contract at F.

°Since I will restrict the attention to ex-post individually rational mechanisms, the posted price
mechanism at 1 is the harshest punishment available to the Designer to punish undesirable invest-
ment choices. In principle, the contract may specify also other punishments, for instance a large
reimbursements from the buyer to the seller could be triggered if distribution F' is not chosen. In
that case, distribution F' should still grant a payoff of at least 1 — u* — ¢(u*) for the buyer to enter
the contract.
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Lemma 3. The following statements are equivalent:
1. Fis inducible;
2. The simple contract at F induces F’;
3. C(F) < p* + c(u*), where p* € argmax,coq) 1 — p — c().

Proof. To show that (1) implies (2), suppose that there exists a contract inducing F',
{(4¢+pc)ceppo1) }. Observe that the buyer’s payoff from choosing F is larger under
the simple contract than under {(¢¢, pc)cepp,1) } since

1 1

/ (1= b+ qe(b)(b— pr(b)) dF(b) — C(F) < / (1 - 0)dF () - O(F).

0 0

while the buyer’s payoff is lower by choosing G # F' under the simple contract than

under {(qa; pa)cenio }:

1

/1—b+qa )b — pa(b)) AG(D) /1—bdG — (6.

0

Consequently, if {(qg,pG)G€D[071]} induces F', then also the simple contract at F’
induces F'.

To show that (2) implies (3), suppose that the simple contract at F' induces F.
Then the payoff from choosing F', 1 — C(F'), is larger than the payoff from choosing
any other distribution G, which is by definition no more than 1 — p* — ¢(u*).

To show that (3) implies (1), suppose that (1) is violated, so that F' is not in-
ducible. Therefore, for any contract {(cj(;, PG)ceplo] } there must exist a distribution
G such that

1 1

/ L= b4 dg(0)(b— pa(b)dC(D) — C(G) > / 1= b+ gu(b)(b— pr(b))dF () — C(F).

0 0

In particular, this condition is true for the simple contract at F, so that

1

e / 1= b+ ga(B)(b — pa(b)AG(b) — C(G) > 1 — C(F),
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that is,
L—p" —c(p) >1-C(F),

so that (3) is violated. O

Having characterized the set of inducible distributions, the optimal contract can
be found by answering two questions. First, which distribution, F*, should the
Designer induce? Second, which mechanism should be associated with the target
distribution F*? The optimal contract can be completed by punishing any other
distribution with a posted price mechanism at 1, the harshest punishment available
to the designer.'?

In the model of Section 1.3, the Designer’s objective function was a weighted
average of the buyer’s and seller’s expected payoffs, where the buyer’s payoff was
net of the investment cost. The idea behind this modelling choice is that the in-
vestment cost is sunk when the buyer and the seller negotiate. However, when the
parties sign a contract prior to the investment decision, the cost of it is not sunk yet,
and so it should be included in the Designer’s objective function.!! The Designer’s
problem is

1

max o [ grpr®)AFG) + (1~ ) ( [ 10+ art)oe) - D) - C<F>)

F,(qr,pF)
0

1

s.t. / (1 = b+ qe(B)(b = pr(b)AF () — C(F) > max 1~ — clp).

Vb, b’ € supp F, 1 —b+qp(b)(b—pp(b)) > 1 —b+q(b')(b—p(b)),

VbesuppF, q(b) >0 = 0<p(b) <b.

10The resulting contract is not necessarily the unique optimum for the designer, since there could
be other contracts inducing F* by associating the mechanism found above with F*, and punishing
the choice of G # F* with a different mechanism than the posted price mechanism at 1. For
simplicity, in what follows I will refer to the contract above as the optimal contract.

113till, the inclusion of C'(F) in the objective function of the Designer does not impact the results.
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Theorem 4. Suppose that investment is both observable and contractible.

* If the Designer favors the buyer (o < 3), then she induces distribution H, by
associating with Hy a price of 0.

* If the Designer favors the seller (o > 1), then she induces distribution H; by
associating it with price p** + c(u**), the largest solution to the following maxi-
mization problem:

masx fi + c(),
m

s.t. fi € argmax,,epq 1 — p — c(p).

Off the equilibrium path, the optimal contract specifies a posted price mechanism at 1.

Proof. First, notice that by construction both mechanisms induce distribution H;.
Since trade is socially efficient in this model, posting any price that ensures trade
with probability 1 maximizes the (unweighted) sum of the buyer and seller’s pay-
offs. Let V3 and UJ be the buyer’s and seller’s payoff under the posted price 0. Let
V5 and Ug be the buyer’s and seller’s payoff under an alternative ex-ante individu-
ally rational contract (possibly not inducing distribution H;). Since trade is socially
efficient,
US+ V) >Us+ V.

Suppose first that a < 3. Since UJ — Us > Vi — Vg, it follows that (U3 — Usg) >
a(V9 — V), and hence (1 — a)(U2 — Us) > a(V3 — V). This proves that posting a
price of 0 and inducing distribution H, is optimal if the Designer favors the seller.

Now suppose that o > 1. To simplify the exposition, suppose first that the cost
function C' : D|0, 1] — R is strictly convex, so that also the function ¢ : [0,1] — R is
strictly convex. Let * be the only solution to the maximization problem 1 — p* —
c(p*). I claim that any contract associating price p* + ¢(u*) to H, and price 1 to
any other distribution, is optimal. Let V};, U¢ be the buyer’s and seller’s payoff in
this contract. Analogously to the previous paragraph, U% — Us > Vs — V;, so that
o (Ug - [75) > o (VB — VB?‘) > (1-a) (VB - Vg), as desired.

To conclude the proof, suppose that the cost function C'is convex, but not strictly
convex, so that the set of maximizers of 1 — y — ¢(u) may contain more than one
element. Notice that the argument in the previous pargraph shows that the optimal
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contract associates with H; a price that makes the buyer indifferent between choos-
ing the targeted distribution H,, and any different distribution. To find which price
should the contract specify, define ;/** + ¢(u**) as follows:

14 (i) = max {p+c(p): e argmax,cro 1) (1 — p — c(p)}-

In other words, among the prices that make the buyer indifferent between comply-
ing with the contract and choosing the targeted distribution H;, and not complying
and be punished with a posted price at 1, u** + ¢(p**) is the largest one, so it maxi-
mizes the seller’s payoff, and, therefore, the designer’s objective function.

Let V3*, U§*, be the payoffs of the buyer and the seller under posted price
w4 c(u**). Analogously to the previous paragraph, Uz — Us > Vg — V3, so
that o (U;* - US) > o (VB - Vg*) >(1—-aw) <X~/B - Vg*), as desired. O

With the optimal contract at hand, one can calculate the size of the inefficiency
due to non-contractibility of the buyer’s investment choice. To simplify the expo-
sition, assume that the cost function ', and hence ¢, is strictly convex, so that the
optimal contract associates with the targeted distribution H; the price u* + ¢(u*),
with p* = argmax,coq) 1 — p# — ¢(n). There is no inefficiency if the designer favors
the buyer, as the buyer internalizes the social cost of investing in outside options

even if the investment is not contractible. On the other hand, if the designer favors

the seller, the social welfare under the optimal contract is
a(p’ +c(p)) + (L —a) (L= p" =)
while the social welfare in equilibrium under non-contractibility (Section 1.3) is
i’ + (1= a)(1— * — e(u")),

so that the size of the inefficiency, the difference in social welfare in the two scenar-
ios, equals ac(p*).

While the analysis of this Section has been conducted assuming that the buyer
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could generate any distribution in DJ0, 1], the result of Theorem 4 still holds if
the available set is 7 C D|0, 1], once the least cost of generating mean u, c(u),
is appropriately redefined as the cost of the least expensive distribution in F with

average /i.

1.6 Discussion
1.6.1 Weakening Assumptions 1-3

How robust are the conclusions of Section 1.4 to weakening Assumptions 1-
3? First, I show that nothing substantially changes if any of the Assumptions is
weakened and the Designer cares more about the buyer than the seller. The proof
of Theorem 2 makes it clear that neither the properties of C' nor the domain of
available distribution F matter for proving that the equilibrium price is 0. As for
the choice of distribution, any distribution minimizing the cost would, together
with the 0 price, form an equilibrium. If Assumption 2 holds, or, more generally, if
H; is the only distribution with 0 cost, then there would be a unique equilibrium,
(H1,0). Either way, all equilibria are payoff equivalent: the buyer’s payoff is 1, and
the designer’s payoff is (1 — «).

For the rest of this Section, assume that the designer favors the buyer (o >
1). Suppose now that Assumption 1 is violated, so that the buyer has available
only a (compact and convex) subset F of D[0, 1], but continue assuming that C' is
strictly decreasing in first order stochastic dominance and mean preserving spread
(Assumptions 2 and 3). The mechanics behind Lemma 1 wouldn’t work without the
full domain assumption, as the buyer may be unable to concentrate the probability
of trade in a single type, 1. Still, if Assumption 3 holds, the best reply of the buyer

to any price p € [0, 1] would be maximal in the ,,pgs order. Indeed, remember that
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the buyer’s best reply to p solves the program
p
max 1 —p+/F(b)db— C(F).

FeF
0

If F' is a mean preserving spread of G, and F,G € F, then [} (F(b) — G(b))db > 0.
Therefore,

1 —p—l—/F(b)db— C(F)>1—p+ /G(b)db— C(@),

0 0

so that G cannot be a best reply to p.

Lemma 4. Suppose that the set of available distributions is F and that the cost func-
tion C satisfies Assumption 3. If (p*, F*) is an equilibrium, then the only mean pre-
serving spread of F™* is F* itself.

Corollary 2. Suppose that Assumption 3 holds. If the distribution concentrated at 0 is
available to the buyer, Hy € F, and the designer favors the seller; then all the equilibria
are of the form (0, (1 — p*)Ho + p* Hy), where p* € argmax,,coq 1 — p — c(p)-

After this discussion, it should also be clear that if Assumption 2 is violated,
but Assumptions 1 and 3 are maintained, the equilibria would still have the form
((1=p*)Ho+p"Hy, 1)), where p* € argmax,¢j ; 1 —p—c(p). Indeed, by Assumption
3 the buyer’s best reply to any price p belongs to the set of maximally spread out
distributions

{(FeD[0,1]:3u € [0,1],F = (1 — p)Hy + pH, }.

Hence, in any equilibrium the designer posts price 1, so that the buyer still has to
choose the average 1 which maximizes 1 — p — ¢(u). However, assuming that the
cost function be strictly decreasing in first order stochastic dominance is far from
useless, as it implies (by Lemma 1) that in any equilibrium the price be 1. This is

particularly relevant when Assumption 3 is weakened.
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Indeed, suppose that Assumptions 1 and 2 are satisfied, but the cost function C'is
only weakly decreasing in mean preserving spread: if F' =~ ,,ps G then C(F) < C(G)
(possibly with equality). Because of Lemma 1, in any equilibrium the price would
be 1. Consequently, the buyer’s best reply can still be found with the two-step
procedure described in Section 1.4.2: finding an optimal average outside option,
u*, then choosing the distribution with least cost among those with cost ¢(u*).

Clearly, the two-point distribution (1 — p*)Hy + p*H; would be minimize the
investment cost among the CDFs with average n*, so that (1, (1 — u*)Hy + p*H;)
would still be an equilibrium. Suppose there is another distribution (1, F'). For this
to happen, it must be that (1) Exb = p*, (2) C(F) = c(p*) = C((1 — u*)Ho + p* Hy),
and (3) posting price 1 is a best reply to F'. Since F' is a mean preserving contraction
of (1—p*)Hy+p* Hy, the probability of trade in the equilibrium (1, F') would be lower
than in the equilibrium (1, (1 — p*)Hy + p*H;). Indeed trade happens if and only if
the outside option of the buyer is 1, but since F' is a mean preserving contraction of
(1 — u*)Hy + p*Hy, the probability that buyer’s type under F' would necessarily be
lower than that under the two-point distribution. This discussion is summarized in

the following Theorem.

Theorem 5. Suppose that Assumptions 1 and 2 are satisfied, and that the cost function

A

C' is weakly decreasing in mean preserving spread. Then in any equilibrium (p, F'), the
price is 1 (p = 1) and the distribution of outside options F' satisfies Ezb = p* and
C(F) = c(u*), where p* € argmax,, 1 — u — c(u). Moreover, (1, (1 — ;) Ho + pj Hy) is
another equilibrium, which Pareto dominates (1, F).

As an application of this result, consider the mean based cost function £ of
Example 3. Since L is strictly decreasing in FSD and weakly decreasing in MPS,
Theorem 5 applies, and the least cost of generating average p is ¢(u). The set of
equilibria contains all pairs (1, F') such that (1) Erb = p* € argmax,cj ;1 —p—£(p)

and (2) 1 is a best reply of the designer to F.
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However, it is hard to further weaken Assumption 3 without risking the existence
of an equilibrium. Indeed, if Assumptions 1 and 2 are satisfied, so that the buyer’s
choice in any equilibrium would have to be a CDF F' with average p* and cost
C(F) = c(p*). If, for example, C is strictly increasing in mean preserving spread,
then such distribution would be the one concentrated at p*, H;;. But the designer’s
best reply to H; would be y*, not 1! This implies that no (pure) equilibrium exists

in this context.

Theorem 6. Suppose that Assumptions 1 and 2 hold, and that C'is strictly increasing
in Mean Preserving Spread. Then no pure equilibrium exists.

1.6.2 Suboptimal Mechanisms

The main model of Section 1.3 assumes that the bargaining mechanism gov-
erning trade is ex-ante Pareto efficient. Thus, the equilibrium of the game can be
found by studying the equilibrium of a fictitious game between the buyer and a
mechanism designer, in which the designer’s objective function is a weighted aver-
age of the buyer’s and seller’s expected payoff.

In this Section, I study how restrictive is ex-ante Pareto optimality in the model.
To simplify the exposition, suppose that Assumptions 1-3 hold, and that the cost
function of the buyer, C' : D0, 1] — R is strictly convex. The first step is to adapt
the definition of equilibrium, Definition 1. since the equilibrium mechanism needs
not be optimal. However, the mechanism should still be defined only for outside
options that are possible according to the buyer’s chosen distribution, and clearly
the distribution should still be optimal given the mechanism governing trade. In

other words, say that a pair (£, (¢*, p*)) is a S-equilibrium if

* (¢*,p*) : supp F* — [0,1]* is incentive compatible and ex-post individually

rational, and
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e F™*is a best reply for the buyer to (¢*, p*).

Clearly, any equilibrium according to Definition 1 is a S-equilibrium, but the con-
verse is false. To characterize the S-equilibria of the game, suppose that the buyer
expects the mechanism governing trade to be (¢,p) : X — [0,1]?. Then his best
reply solves

1

max /max {megc{l ~ bt q(@) (b= p)} .1 — b} dG () — C(G).

GeDI0,1] x€
0

Notice that the integrand in the previous expression,

h(b) = max {glea;c{l b4 g(x) (b— ple))} 1 - b} |

is a convex function of b € [0, 1], being a maximum of two convex functions, namely

1 —band max,cx {1 — b+ ¢q(x)(b— p(x))}. But then the integral

/1max {I;lea)?({l —b+q(z) (b—p(x)},1— b} dG(b)

reaches its maximum at a maximal element of the ~,,p¢ order. Since the cost func-
tion C is strictly decreasing in MPS, the best reply of the buyer must be maximally

spread out. This discussion is formalized in the following Lemma.
Lemma 5. For any direct revelation mechanism (q,p) : X — [0,1], there exists v* €
0, 1] such that the best reply of the buyer to (q,p) is (1 — v*)Hy + v*H;.

In other words only distributions supported on {0, 1} can be a best reply to a
mechanism, since they are maximal elements of the ~,,ps order. It follows that in
any S-equilibrium the distribution chosen by the buyer is supported on {0, 1}.
Theorem 7. A pair (F*, (¢*,p*)) is a S-equilibrium if and only if

1. The mechanism (¢*, p*) : {0,1} — [0, 1] satisfies

¢*(p*(1) < ¢*(1) — g*(0);
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2. There exists v* € [0, 1] such that F* = (1 — v*)H, + v*H, with
V' = argmax,cpq) 1 — v +vg (1)p*(1) — c(v).

Proof. By the previous discussion, we know that in any equilibrium the distribution
chosen is supported on {0, 1}, and hence the associated mechanism is defined on
{0,1}. Solet ((1 —v*)Hy +v*Hy, (¢*,p*)) be an equilibrium. Since (¢*, p*) is ex-post
individually rational, p*(0) = 0. Thus type 1’s incentive compatibility condition can
be written as

¢ (0)-(1=0)+(1—-¢%0)(1-1) <g"(1) (1 —p*(1))) + (1 =g (1) (1 - 1),

which implies condition 1. On the other hand, condition 2 just states that (1 —
v*)Hy + v*H, is a best reply to mechanism (¢*, p*). Sufficiency is obvious. O

Thus, also in any S-equilibrium the buyer chooses a distribution supported on
only two points, 0 and 1, so he is unable to extract any information rent from the

seller.

1.7 Conclusion

This paper studies the impact that investment in outside options can have on
the outcomes of a negotiation. In the model, one of the two traders (the buyer)
chooses a distribution generating a random outside option before negotiating with
the other trader (the seller). The main result shows that, despite privately observing
the realized value of the outside option, and even if the seller cannot observe the
distribution chosen, in equilibrium the buyer is unable to extract information rents.
Indeed, if the buyer has more bargaining power, then in equilibrium he does not
invest in generating outside options, and the price equals the opportunity cost of
the seller. Alternatively, if the seller has more bargaining power, then the price

equals the willingness to pay of the buyer, and the buyer either sees all his surplus
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extracted, if the parties trade, or else he exercises his outside option. This result is
robust to a substantial weakening of the assumptions used to derive it.

The results of the paper point to some intriguing questions. First, in the model
only one party (the buyer, specifically) acquires through effort an outside option,
while the other party can only trade with him. It is often more realistic to imag-
ine that both parties in a relationship look around for alternative opportunities to
improve on their bargaining position. Second, the benchmark given by the opti-
mal contract of Section 1.5.2 is computed assuming that the effort of the buyer
be both contractible and observable to the designer, who can then implement any
punishment deemed appropriate in case of a deviation by the buyer. An alternative
possibility regards a moral hazard framework, in which the effort of the buyer is in-
deed contractible, but not observable: the designer offers the contract prior to the
investment choice, without the possibility of verifying it. In this case, the contract
would only specify one mechanism, and the designer would decide which mecha-
nism in order to induce a particular distribution chosen by the buyer. The problem
of selecting a mechanism to influence the decision of an agent that generates his
private information is also studied by Mensch (2020). The main difference with my
framework is that in his model there is an underlying prior distribution of a state of

the world, and the agent acquires a signal to learn about it.
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Chapter 2

Incomplete Preferences or Incomplete
Information? On Rationalizability in Games
with Private Values

2.1 Introduction

The appeal of the completeness axiom of individual preferences has long been
questioned, both on normative and positive grounds (von Neumann and Morgen-
stern, 1953; Aumann, 1962). In its standard interpretation, the axiom says that
the agent is able to rank any pair of possible choices, and so its violation denotes
an occasional indecisiveness by the decision maker. When incomplete orderings
are used to model players’ preferences in a game, however, a different interpre-
tation is possible: that player i’s preference relation is complete, but only part of
that preference, captured by an incomplete order, is common knowledge in the
game. In other words, i’s true preference is a completion of a commonly known
order, but exactly which completion is i’s private information. Motivated by this
double interpretation, I analyse a solution concept akin to rationalizability in a
game with incomplete preferences, called Incomplete Preference Rationalizability
(IPR). The main results of the paper establish that, in a wide class of games, IPR is
well-defined, and its predictions coincide with those of apparently unrelated solu-
tion concepts for games with incomplete information: Belief-free Rationalizability

(Battigalli et al., 2011; Bergemann and Morris, 2017), and Interim Correlated Ra-
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tionalizability (Dekel et al., 2007).

In complete information games, rationalizability is the behavioral implication
of rationality and common belief in rationality (Brandenburger and Dekel, 1987;
Tan and Werlang, 1988). Rationality requires a player to play the best action given
his belief. If players are expected utility maximizers, a rational player chooses her
actions by maximizing her expected payoff, with respect to her belief. This means
that a rational action is a maximum element in the ranking (over own actions) im-
plied by the player’s belief. When preferences are incomplete, however, the notion
of “best”, or maximum, can be too stringent to be imposed, due to occasional inde-
cisiveness between actions. To address this, I define rational behavior as choosing
an action which is maximal, given the player’s belief. This is equivalent to requiring
the agent choosing a maximum element of some completion of her ranking over
actions. The solution concept I propose, called Incomplete Preference Rationaliz-
ability (IPR), is the largest set of actions with the best-reply property, that is, it only
contains actions that are justified by conjectures supported on IPR. Theorem 8,
shows that in a large class of games, IPR is non-empty and compact, and coin-
cides with the set of actions surviving the iterated deletion of strictly dominated
strategies.

The second set of results starts from the observation that incomplete orderings
in a strategic environment can also model lack of common knowledge about play-
ers’ tastes.! This is only possible in a private values model, in which i’s private
information does not directly affect j’s payoff. Usually, to analyze a game with
private values, a type space a la Harsanyi is used. There, player i’s payoff type
represents one of the possible completions of the part of her preference that is com-
mon knowledge. If action a; is dominated by action b; under all logically possible

completions of i’s preference, then it cannot be a maximal element of ’s prefer-

LA similar observation is made by Carroll (2010).
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ence. This implies that, if 7 is rational, she does not choose a;. Following on this
connection, I characterize Incomplete Preference Rationalizability in this context as
the result of iterated deletion of actions that are strictly dominated under all of the
logically possible completions of players’ preferences. Moreover, if the commonly
known part of each player’s preference satisfies the expected multi-utility axioms as
in Evren (2014), it is enough to look at all the expected utility completions. This
facilitates the comparison between IPR and other kinds of Rationalizability devel-
oped for Bayesian Games. Theorem 9 shows that the set of incomplete preference
rationalizable actions of player i is the same as the that of belief-free rationalizable
actions for some expected utility completion of i’s preference. The last result of the
paper, Theorem 10, shows that an action is belief-free rationalizable if and only if
it is interim correlated rationalizable in the universal type space. Consequently, the
set of incomplete preference rationalizable actions coincides with that of interim
correlated rationalizable actions.

The paper is organized as follows. Section 2.2 reviews the literature. Section 2.3
introduces the model and the main notation. Section 2.4 defines IPR and charac-
terizes it in terms of iterated deletion of strictly dominated actions for a large class
of games. Section 2.5 focuses on the incomplete information interpretation, and
compares the solution concept with Belief-free Rationalizability and with Interim
Correlated Rationalizability. Section 2.6 concludes the paper. All proofs are in the

Appendix.

2.2 Literature Review

This paper contributes to two strands of the economic theory literature: games
with incomplete preferences, and Rationalizability in games with incomplete infor-

mation.
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Incomplete preferences have been studied in game theory at least since the
1950’s. For instance, Shapley and Rigby (1959) studies the equilibria of games in
which the payoff function is vector-valued, instead of scalar valued. More recently,
Bade (2005) studies equilibrium behavior in games with incomplete preferences.
Her main result is that each Nash Equilibrium of such a game is an equilibrium of
a game obtained by completing, in some way, the preferences of each player. Park
(2015) studies equilibria in potential games with incomplete preferences. Chen
et al. (2016) study Rationalizability under several possible models of individual be-
havior, including Bewley (2002)’s multiple priors model. Ziegler and Zuazo-Garin
(2020) study Rationalizability using preferences a la Bewley (2002), showing how
these ambiguity-sensitive preferences can be related to the notion of strategic cau-
tiousness. Kokkala et al. (2019) also study the Rationalizable set in games with
incomplete preferences, dispensing with the assumption that players hold proba-
bilistic beliefs. In their model, player i’s belief is a set of possible strategies of i’s
opponents, and a rational player chooses a non-dominated action given her belief.

The paper also contributes to the literature on Rationalizability. The solution
concept was first proposed by Bernheim (1984) and Pearce (1984). Brandenburger
and Dekel (1987) and Tan and Werlang (1988) prove that, in games with complete
information, Rationalizability is the behavioral implication of rationality and com-
mon belief in rationality. In games with incomplete information, several related
solution concepts have been proposed. For example, A-Rationalizability (Battigalli
and Siniscalchi, 2003) studies the implications of common belief in rationality and
in a restriction requiring that players’ first order beliefs lie in a set A. In Bayesian
games, where a type space a la Harsanyi is appended to the game form, Interim
Correlated Rationalizability (Dekel et al., 2007) characterizes the implication of

common belief in rationality and common knowledge of the type space. Finally, the
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notion of Belief-free Rationalizability was first proposed in Battigalli (2003), then
further studied in Battigalli et al. (2011) and Bergemann and Morris (2017). Belief-
free Rationalizability captures the implications of rationality and common belief in
rationality, without imposing assumptions on the beliefs that players hold about

each others’ private information.

2.3 Model

2.3.1 Notation

A preorder = over a set X is a reflexive and transitive binary relation. Its ir-
reflexive and reflexive parts are denoted > and ~, respectively. It is complete if it
ranks each pair of elements: for all 2,y € X, either x = y or y - x holds. The
upper contour set of 7 at z is U-(z) = {y € X : y 7 =}, the lower contour set is
Ly (z) ={y € X : z 7 y}. An extension of a preorder 7 is a binary relation 2=’ such
that =~'O and ~'D>. A completion of -~ is a complete extension. The set of all
completions of -, Compl(77), is non-empty by Szpilrajn (1930)’s Theorem. An ele-
ment z € X is 7-maximal if there is no y € X for which y > z; it is a ~-maximum
if foreach z € X, z 77 =.

If X is a topological space, then C(X), B(X) and A(X) denote the set of con-
tinuous real functions on X, its Borel o-algebra and the set of all Borel probability
measures on X, respectively. In this paper, C(X) is always endowed with the sup-
norm topology, while A(X) with the topology of weak convergence. If Y C X, then
A(Y') denotes the subset of A(X) containing all the probability measures supported
on (a subset of) Y, with a slight abuse of notation. A preorder =~ on X is closed if
its graph is closed in the product topology of X x X, and open if the graph of >~ is
open. By Schmeidler (1971)’s Theorem, a preorder on a connected set can be both

open and closed if and only if it is complete.
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If (Y;);es is an indexed collection of sets, write Y = ><j iy and Y_; = ><j by Y.
A subset C'of Y =X _,Y; is Cartesian if there exists (C;) e, with Cj C Y} for each
j such that C' = Xies G The set of all Cartesian subsets of Y is denoted €(Y'). If
f:Y — X is afunction and y; € Y}, then f,, : Y_;, — X denotes the section of f at
i, so that f,. (v_;) = f(vi,y—;). If F : X =Y is a correspondence, then its graph,
denoted Gr(F) is the set

Gr(F)={(z,y) e X xY :z € F(y)}.

The graph of a function f : X — Y, Gr(f), is defined analogously. Finally, X"

denotes the set of all sequences on X.

2.3.2 Games with Incomplete Preferences

In this paper, I only analyze games in normal form. A game form is a tuple
(I1,C,g,(A;)icr) where [ is a (finite) set of players, C is a set of consequences, A;
is the set of actions available to player i, and g : X,_; A; — C is the consequence
function. A game form is called compact continuous if C and all of the action spaces
A;’s are compact metric spaces, and ¢ is a continuous mapping. In the rest of the
paper, I only study compact continuous games. Observe that, trivially, finite games
are compact continuous.

I assume that each player i is endowed with a preorder =’ over A(C), that cap-
tures her attitudes toward risk. A game is a tuple obtained by appending players’
preferences to the game form: I' = (I,C, g, (A;, =")icr). The game itself, i.e. T, is
assumed to be common knowledge: all players know the game they are playing,
they know that everybody knows the game, and so on ad infinitum. When i’s pre-

order -* is not complete, the model admits two possible interpretations. First, it is

possible that i’s preferences are genuinely incomplete, that is, there are two lotter-
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ies p,q € A(C) that 7 is unable to rank. Alternatively, the preorder = captures the
part of i’s preferences that is common knowledge among the players. In this second
interpretation, i’s true preference is complete, and it is some completion EZ of .
Exactly which completion of = is 7’s private information.

I assume that the beliefs of player i about her coplayers’ behavior can be cap-
tured by a single probability measure ;' € A(A_;). I assume that no additional
incompleteness stems from the strategic interaction with 7’s opponents.

Player i ranks actions according to the lottery they induce, together with the
belief. Formally, let 1), € A(C) be the pushforward measure of g4, under p’'. Then
i prefers action a; to action b;, written a; EJLL b;, if pi,, 7' py,. Notice that this is
a generalization of the expected utility case, where an agent with payoff function
u; : C — R and belief ;* € A(A_;) ranks action a; higher than action b; if MZ gives
larger expected utility than 4 .

With incomplete preferences, rationality is captured by the choice of a ?VL
maximal element. Formally, if 7 is rational and has belief ;i € A(A_;), she chooses
a; so that, forno b; € A, bﬁ-jﬁ-ai.

Definition 3. An action a; € A; is justifiable if there exists u* € A(A_;) such that
a; is 77} ,-maximal. In this case, a; is justified by y'. The correspondence 7;( - ; ') :
A(A_;) = A; defined by

Ti( 7,’?\;1) = {ai € Az . ﬂbz c Al,bﬁ-;ﬁal}

is called (with a slight abuse of terminology) the best-reply correspondence of player
i. (When it is clear from the context, I will drop the dependence on the preorder =
from the notation.)

The first result of the paper establishes how the properties of player i’s pref-
erence relation translate into properties of the best-reply correspondence. These

properties mimic those that the best-reply correspondence has for an Expected Util-

ity maximizer.
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Lemma 6. If = is either open or closed, then r; is non-empty valued. Furthermore, if
= is open, r; is also upper-hemicontinuous and compact valued.

The notion of justifiability of Definition 3 is motivated by the incomplete prefer-
ence interpretation of the model. Under the incomplete information interpretation,
rational behavior means choosing an action that maximizes the true completion
of the (commonly known) preference relation. Therefore, an action maximizing
any completion of =" is justifiable under this interpretation of the model. Formally,

define the correspondence 7; : A(A_;) = A; by

Al =) = Uit 2) - 2 € Compl(z)}.
If 7; and the best-reply correspondence r; coincide, then rational behavior in this
model is the same regardless of its interpretation. More generally, given a preorder
= on X, if x is =-maximal, then there exist a completion E of > that has z at its
maximum - see (Bade, 2005, Lemma 1) for a proof. Consequently, the actions that
u* justifies for the incomplete preference =* are exactly those that ¢ justifies for

some completion of =",

Lemma 7. For any belief i € A(A_), ri(p'; 7)) = 7(p'; 750).

r~

2.4 Incomplete Preference Rationalizability

I now introduce the main solution concept of the paper, Incomplete Preference
Rationalizability (IPR). As with similar solution concepts, IPR can be defined in
two ways: as the largest set with the best-reply property, or through the iterative
elimination of strictly dominated actions. Let’s start from the former. Define the
rationalization operator to be the mapping p : €(A) — €(A) such that

C p(C) = Xri(ACL)): 2.

i€l
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Say that a Cartesian set C' € €(A) has the best-reply property if for each player i,
C; contains only actions that are justified by beliefs supported on C_;, that is, if
C C p(0).

Definition 4. Action profile « € A is Incomplete Preference Rationalizable if and
only if it belongs to a set C' € €(A) with the best-reply property.

An immediate consequence of Definition 4 is that the set of all Incomplete Pref-
erence Rationalizable action profiles, IPR, is the largest set with the best-reply prop-
erty.

Alternatively, IPR can be defined through the inductive elimination of strictly
dominated actions. Define inductively the n-th power of p to be the operator p™ :
€(A) — €(A) such that p"(C) = p(p"~(C)), where p°(C) = C. The sequence

(p"(A))nen performs the (maximal) iterated deletion of strictly dominated actions.

Definition 5. The set of iteratively undominated action profiles is the intersection
of all elements of the sequence (p"(A)),en:

PR = ﬂ p"(A).

The two definitions need not coincide, even for compact continuous games, un-
less players’ preferences also satisfy some topological requirements. When they
differ, Definition 4 should be used, as it captures the implications of rationality and
common belief in rationality. The main result of this Section establishes sufficient
conditions for the two definitions to coincide, and studies the properties of the ra-

tionalizable set.
Theorem 8. If either
1. T is a finite game, or

2. T'is a compact continuous game, and the preference relation of each player i € I,
=, is an open preorder,



54

then Definitions 4 and 5 coincide, i.e. IPR = IPR. Moreover, the rationalizable set is
non-empty, compact, and is a maximal fixed point of the rationalization operator, so
that IPR = p(IPR).

There are other, rather indirect, ways to prove that IPR is not empty. For in-
stance, when the game admits a Nash Equilibrium «*, then the set {a*} has the
best-reply property, so that IPR is non-empty.? Another possibility is to show that
a game obtained by completing players’ preferences in some way has a non-empty

rationalizable set.

2.4.1 Comparative Statics

In this subsection, I perform a comparative statics analysis of the Incomplete
Preference Rationalizable set. The main question I ask here is: if the preference of
% becomes “less incomplete”, what happens to the rationalizable set?

For instance, suppose that one of the players in the game is a committee whose
preferences are formed using the unanimity rule, so that consequence A is preferred
to consequence B if and only if each member of the committee prefers A to B. The
fewer members the committee has, the more comparisons it is able to perform,
since agreeing on the relative ranking between two options would be easier. In a
sense, the preference of the committee with fewer members is less incomplete. An
alternative motivation of this question comes from the interpretation of the model
as an incomplete information model. Suppose that more information is revealed to
all players about i’s preference: what can we say about the resulting rationalizable
set?

2 )ier) is a

i?N

To state the question formally, say that a game T = (I1,C,g,(A

preference extension of I' = (I,C, g, (A;, ==")ics) if for each player 1, %l extends =, It

~J

2This is of course true also with complete preferences — see (Osborne and Rubinstein, 1994,
p-56).
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. . . AZ 3 . y
is a preference completion of I' if, for each 4, 7~ is a completion of ~—*, and an Expected

3 K . . AZ . L B3 .
Utility completion if each 7~ admits an expected utility representation.

Proposition 1. If T is a preference extension of T, then the rationalizable set of T is
contained in that of T.

Intuitively, the more comparisons the player is able to make, the more actions
he is able to rank for any given belief. Consequently, the best-reply correspondence
shrinks, that is, any belief justifies fewer actions.

Proposition 1 holds, in particular, whenever I is a preference completion of T'.
Therefore, the rationalizable set of I" is a superset of the union of the rationalizable
sets over all preference completion games of I". However, an incomplete preference
rationalizable action profile of I' is not necessarily rationalizable in some prefer-
ence completion of I". In other words, the inclusion above can be strict: a simple
counterexample is provided in the Appendix.>

Proposition 1 can also be used to argue that IPR is non-empty in some games.
In particular, if one could argue that the rationalizable set of some preference com-
pletion game of I' is non-empty, than that of I' would be non-empty as well. One
example of this is if the preference of each player admits an expected utility com-
pletion. The final result of this section is an immediate application of Proposition 3
in Dubra et al. (2004).

Corollary 3. Let I be a compact-continuous game, and suppose that the preference of

each player i is a closed preorder that satisfies Independence. Then the rationalizable
set of I' is non-empty.

3Notice the difference with Bade (2005)’s main result, which says that a is a Nash equilibrium of
game I if and only if it is a Nash equilibrium for some preference completion of I".
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2.5 Incomplete preferences or incomplete information?

In this Section, I will focus on the second interpretation of the model: that each
player i has a complete preference over consequences, but only a part of it, described
by the incomplete order, is common knowledge. For consistency, the true preference
relation of player i, which is her private information, must be a completion of the
commonly known incomplete order. Normally, the analysis of private information in
games is done through the Bayesian model of Harsanyi (1967). There, each player
i is endowed with a type capturing both her private information and her beliefs on
her opponents’ information.

This paper proposes an alternative method to model private information: incom-
plete orderings, which can be used to capture the part of each player’s preference
that is common knowledge in the game. For example, in an auction setting it is
common knowledge that player i prefers allocation A to allocation B when both
assign the good to player ¢ and the price is lower in A than in B, while her pref-
erence between allocation A and one in which she doesn’t obtain the good is i’s
private information. This procedure allows the modeler to focus on which aspects
of the game are common knowledge, while avoiding assumptions on the interactive
beliefs of the players about each other’s information. That said, it is important to
notice that type spaces a la Harsanyi can be used also to model situations where
i’s private information directly affects j’s payoff, while the incomplete orderings
approach cannot.

In most type spaces models, players not only hold probabilistic beliefs about
each other’s information and actions, but are also expected utility maximizers. To
facilitate the comparison between rationalizability in Bayesian games and Incom-
plete Preference Rationalizability, I will use a multi-utility representation for pref-

erences under risk due to Evren (2014). Say that ~° admits an Evren expected
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multi-utility representation if there exists a compact and convex set of Bernoulli

indices U; C C(C) such that

p='q <<= Vuel, E,u; >Emu;, and

p~lg = Yu €U, E,u; = Eju,.

Each Bernoulli index u; € U; represents an expected utility completion of ‘. Con-
versely, if EZ is an expected utility completion of ¢, then there exists a Bernoulli
index u; € U; that represents %Z The interpretation is that which u; € U; represents
1’s true preference is ¢’s private information, while /; is commonly known.
Throughout the rest of the section, assume that I' = (I,C, g, (A;, 7 )ier) is a
compact continuous game with incomplete preferences, and that each player’s pref-
erence, =, admits a compact and convex multi-utility representation I; as above.
The interpretation is that the correct Bernoulli utility index w; € U; is i’s private in-
formation, whereas the set of possible Bernoulli utilities, I4;, is common knowledge.
In other words, assume (1) that player ¢’s multi-utility representation is ;, (2) that
player i has a complete preference relatlon wh1ch is a completion of =, and (3)
that ,t admits an expected utility representation. This interpretation of the model
is valid as long as action q; is justified by u‘ € A(A_;) for the incomplete order =

if and only if it is justified by u‘ for some expected utility completion of =¢. The

following result shows that this is indeed the case.

Proposition 2. Suppose that == has a compact and convex multi-utility representation
U;, and let r;(-;u;) be i’s best reply correspondence if her Bernoulli index is u;. Then,
for each ' € A(A_,),

1>Z U{nu u;) uZEU}

In the rest of this Section, I will compare IPR with two solution concepts devel-

oped for games with incomplete information: Belief-free Rationalizability, or BFR
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(Battigalli et al., 2011; Bergemann and Morris, 2017), and Interim Correlated Ra-
tionalizability, or ICR (Dekel et al., 2007). Since a preference ' that admits a Evren
representation must be open, both Definitions 4 and 5 can be used to characterize
the Interim Correlated Rationalizable set. I will use the iterated dominance one,
since it makes the comparison with other solution concepts easier. The main results
of this Section show that Incomplete Preference Rationalizability characterizes all

the outcomes that can emerge under either BFR or ICR.

2.5.1 Belief-free Rationalizability

The first solution concept I compare IPR to is Belief-free Rationalizability (Bat-
tigalli et al., 2011; Bergemann and Morris, 2017). It studies the implication of
rationality and common belief in rationality alone, taking for granted the common
knowledge of the game form (which includes the possible payoff types of each
player). In other words, it is free of assumptions regarding interactive exogenous
beliefs, that are implicitly imposed by a Harsanyi type structure.

BFR is a correspondence mapping payoff types u; € U; into the actions that
are belief-free rationalizable. It is defined inductively through the following iter-
ated deletion of action-and-type pairs.* (Basis Step) For each i and each u;, set
BFR(u;) = A;. (Inductive Step) If BFR}~'(u;) has been defined for all players ;

and all payoff-types u; € U, then
n ) (Z) a; € /ri<l/i;ui)7
BFI%2 (UZ) =caq; €AW e A(A_Z X Z/[_Z‘), (%) V1<GI(BFRT_L_1)) —1

Condition (i) requires that v’ justifies action a;, while condition (ii) requires that »*

only gives probability to action-payoff types pairs that have not yet been eliminated.

“The formalizations of Battigalli et al. (2011) and of Bergemann and Morris (2017) are slightly
different. I adopt the definition of the former article.
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The set of belief-free rationalizable actions for type u; of player i, then, is

BFR;(u;) = [ | BFR} (u:).

neN
Theorem 9 establishes that the set of incomplete preference rationalizable actions
coincides with the set of all belief-free rationalizable actions, that is, with the image
of the BFR correspondence.

Theorem 9. For each player i € I, a; is incomplete preference rationalizable if and
only if there exists a payoff type u; € U; such that a; is belief-free rationalizable for

type Ui

It is not particularly surprising that every belief-free rationalizable action is also
incomplete preference rationalizable: BFR(U) = X, _, BFR;(U;) is a set with the
best-reply property, and so it must be a subset of IPR. The opposite inclusion is less
obvious, so consider a two-player game for intuition. If a; € A; is incomplete prefer-
ence rationalizable, then there exist a payoff type u; € U; and a belief ;' € A(A_;),
giving zero probability to actions that are not incomplete preference rationalizable,
such that a; maximizes the expected value, according to p’, of ;. Since each a_; in
the support of ;* maximizes the expectation of some payoff type u_;, one can con-
struct a probability measure on A_; x U/_; supported on (action, payoff type) pairs
such that the action is justified by some belief for that payoff type. The technical

details of this proof can be found in the Appendix.

2.5.2 Interim Correlated Rationalizability

The second solution concept IPR is compared to is Interim Correlated Ratio-
nalizability (Dekel et al., 2007). It studies the behavioral implications of common
belief in rationality and in the type space. Among its desirable properties, the set of

ICR actions only depends on the hierarchies of beliefs that a type space induces, but
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not on the specific signals that induce a given hierarchy. As a consequence, the set
of interim correlated rationalizable actions of the universal type space of Mertens
and Zamir (1985) is as large as it can be: the ICR set obtained by appending any
type space to the game form will be a subset of that of the universal type space.

To make things formal, let (7;, x;);c; be the universal type space, the space of
all belief hierarchies such that (1) each player i knows her own type, and (2) this
fact is common knowledge, endowed with the canonical homeomorphism «; : 7; —
A(U-; x T;). Therefore, «;(t;) is the belief that player i would have on both her
opponents payoff type, as well as their beliefs. Let 7;[u;| be the set of all belief
hierarchies in 7; in which ¢ knows that her type is u;.> I will show that the set of
all interim correlated rationalizable actions for types in 7;[u;] coincides with the set
of all belief-free rationalizable actions for the payoff-type u;. Combining this result
with Theorem 9, it follows that, regardless of the type space appended to the game
form I', any interim correlated rationalizable action is also incomplete preference
rationalizable.

Interim Correlated Rationalizability is defined by the following iterative deletion
procedure. (Basis step) For each i, each u; € U; and each t; € T;[u;], set ICRY(t;) =
A;. (Inductive step) If ICR}? ' (t;) has been defined, then

. (1) a; € ri(v's wi),
ICR}(t;) = {ai €A W eAA; xU_; xT), (2) margy .7, V= /ii(ti),}
(3) v(GrICR™;Y) = 1.
In words, condition (1) requires the action to be justified by v* when ’s payoff func-
tion is u;; (2) imposes consistency between the conjecture ¥ and type t;’s beliefs;
and (3) requires that no probability is assigned to action type pairs that have been

already eliminated. The set of interim correlated rationalizable actions of player ¢

>The formal definition of these objects is standard and is available in the Appendix.
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with type ¢; is then
ICR;(t;) = () ICR}(t:).

neN

Theorem 10 shows that the set of all belief-free rationalizable actions for a pay-
off type u; coincides with that of all interim correlated rationalizable for types
t; € Tilu;]. Consequently, the set of incomplete preference rationalizable actions
coincides with the image of the ICR correspondence.

Theorem 10. For each player i € I and each payoff function u; € U;,

Consequently,
I[PR = ICR(T).
The intuition behind the Theorem is straightforward: the universal type space
contains all the belief hierarchies, and so it does not impose assumptions on inter-
active beliefs. The proof of this result follows the lines of that of Theorem 9, and

can be found in the Appendix.

2.6 Concluding Remarks

1. Not all possible types of incomplete information can be modeled using an
incomplete preorder. First, this approach can only be used in games with
private values. Second, even in games with private values, the information
which is common knowledge about player i’s preference, may be finer than
that expressible by an incomplete preorder. For instance, it can be common
knowledge that either a = b =' c or ¢ =* b =" a, while the only preorder that

can capture this information is the empty set.

2. In a recent paper, Ziegler (2021) reaches a similar result to that of Theorem

10, showing that, in finite games, the set of A-rationalizable actions (Battigalli
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and Siniscalchi, 2003) coincides with the set of interim correlated rationaliz-
able actions of type spaces consistent with the restrictions contained in A; the

first sentence of Theorem 10 follows as a corollary.

3. While it is outside of the scope of this paper, the first sentence of Theorem
10 and its proof can be adapted to a larger class of incomplete information
games, including those where players’ private information affects their oppo-

nents payoffs.
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Appendix A

Appendix to Chapter 1

In this Appendix, I prove Theorem 1, that states that for each F' € D[0, 1] and
each a € [0, 1], there is a posted price mechanism which is a best reply to F'. The
proof of the Theorem relies on the well-known convex analysis fact that a continu-
ous and linear functional ¥ on a compact and convex set M attains its maximum
value at an extreme point of M. However, some care must be put before applying
this fact to the Designer’s problem since her objective function is not linear in the
choice variable, the mechanism. So the main proof consists in four steps. First,
redefine the space of mechanisms that the Designer chooses from, so to make her
objective function linear. Second, define an appropriate Banach space containing all
the mechanisms the Designer could choose, and such that the Designer’s objective
is also continuous in the norm topology. Third, checking that the set of (direct reve-
lation) mechanisms that are incentive compatible and ex-post individually rational
is a compact and convex subset of the Banach space found above. And finally, show
that the extreme points of the set of feasible mechanisms coincide with the posted
price mechanisms. Throughout the proof, fix F' € D[0, 1], the CDF the Designer is
responding to.! I will refer to elements of supp I as types.

Step 1. Let (q,p) be a direct revelation mechanism on supp F, and define the

function ¢ : supp I’ — [0,1] by ¢(b) = ¢(b)p(b). From now on, a mechanism is a

IThis outlined argument is the standard one used when F' admits a density— see Borgers (2015),
Chapter 2. The innovation is to extend this argument to fully general cumulative distribution func-
tions, not just discrete or continuous ones.
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pair (q,t). For technical reasons, it is useful to extend the mechanism (¢, t) to the
whole interval [0, 1], by declaring it 0 outside of supp F. So say that a mechanism

(q,t) : [0,1] — [0, 1]* is F-feasible if it is Incentive Compatible,
Vb, b € supp F, 1 —b+q(b)b—t(b) >1—b+ q(b)b— (b,
ex-post Individually Rational,
Vb € supp F, t(b) € [0,q(b)b],
and identically 0 on [0, 1] \ supp F,
Ve ¢ F, q(b) =t(b) = 0.

Let M(F') be the set of F-feasible mechanisms. The Designer’s problem can then
be written as

1

ma bdF 1—a 1—b+t b)b)dF (b).
(q,t)e/\i((F) O/() 0/ ()) ()

Step 2. Let (B[0,1]% | - |l1) be the (Banach) space of all pairs of bounded real

functions on [0, 1] endowed with the norm

1 1
1 9)lls = / FldA+ / gldA,
0 0

where ) is the Lebesgue measure. Therefore, the functional W, : B[0,1]? — R

defined by

(f,g)HWa(f,g):oz/ (B)AF () l—a/ 1= b+ g(b) — F(B)B)dF(D)

is linear and continuous in || - ||;.
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Step 3. I claim that M(F) is compact and convex. Convexity is easy: if

(¢,1),(G,t) € M(F), and ¢ € [0, 1], then for all b, b’ € supp F,

E(a(0)b — (b)) + (1 = &) (q(0)b — £(b)) = &(q(V)b — (b)) + (1 = &) ()b — £(1)),

that is, £(g,t) 4+ (1 — £)(q,?) is Incentive Compatible,

0 < &t(b) + (1 = &i(b) < &q(b)b+ (1 = E)q(b)d,
that is, it is ex-post Individually Rational, and is clearly 0 outside of supp F. Thus,
(g, t) + (1 = €)(q,t) € M(F), as desired.

In order to show that M(F) is compact, I will use Helly’s selection theorem,
which states that a uniformly bounded sequence of monotone functions admits a
pointwise convergent subsequence. To apply Helly’s theorem, I will first show that
any F-feasible mechanism is non-decreasing on the support of F'. Then, I will con-
sider a modified version of M(F'), which will be denoted by M (F), such that each
memeber of this set is non-decreasing on the whole interval [0, 1], and coincides
with some F'-feasible mechanism on supp F'. By Helly selection theorem, M (F) is
compact, and, by constructing a continuous mapping between M (F) and M(F) 1
show that also the latter is compact.

So pick an F-feasible mechanism (¢,t). I claim that both ¢ and ¢ are non-

decreasing on supp F. Take b,b' € supp F, with b > /. By Incentive Compatibility,
a(D)b — t(b) > g(B)b— t(t), and q(B)¥ — () = q(B)Y — t(b),
so adding the two conditions,

(b—0')(q(b) — (b)) = 0,
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so that ¢ is non-decreasing. Rearranging the Incentive Compatibility condition of ¥/,

I obtain
t(b) —t(t') > V' (q(b) — (b)) >0,

so that also ¢ is non-decreasing on supp F'.

Define the set M (F) by

- ) (q,t)(b) b € supp F,

SupsuppFﬂ[O,b] (Q7 t) (b/) b ¢ sSupp F.

In other words, if (¢,7) € M(F), then (g, ) coincides with some F-feasible mecha-
nism (¢, ¢) on supp F, and assumes the “last” value that (¢, ¢) took, outside of supp F.
Notice that M (F') only contains pairs of non-decreasing and uniformly bounded
functions. I claim that M (F) is compact. Take a sequence (G, t,)nen € (B0, 1]?)N
such that (g,,,) € M (F') for each n. By Helly’s selection theorem there exists a
pointwise converging subsequence (jy, , t, )n,, With limit (g,7). By the Dominated
Convergent theorem, (g, ) is also the norm limit of (g,,, fnk)nk,. Standard argument
then establish that (g,t) € M (F), which is therefore compact.

Next, consider the mapping I : M (F) — (B[0,1])?%, defined by

(¢,1)(b) if b € supp F,
0 else.
By construction, I'(§, ) is an F-feasible mechanism: I'(§,#) € M(F). The mapping

I' is also Lipschitz continuous, with Lipschitz constant equal to 1. Indeed, take

(4,1) € M(F). Then

1 1
108 = / Gldx + / f]d) < / dldx + / A = [1(d 6.
0 0

supp F' supp F'
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where the first equality follows form I'(g, ) being 0 outside of supp F. Thus, I is
(Lipschitz) continuous, so it maps compact sets into compact sets, which proves
that M(F) = I'(M(F)) is compact.

Step 4. The last step consists into proving the following statement.

Claim. An F-feasible mechanism (q,t) is an extreme point of M(F’) if and only if there
exists x € supp ' U {0} such that (q,t) is a posted price mechanism (PPM) at x.

To prove the “if” direction, consider a posted price mechanism (q,t) at x €
supp F{0}. Suppose that (¢,t) = 5(¢, ) + 5(g, t), for some (g, %), (¢,t) in M(F). Fix
b € [0,1]. Since ¢(b) is either 0 or 1, then ¢ = ¢ = ¢. Moreover, if £(b) and £(b) do
not coincide with ¢(b), then either one- say, ¢(b)- must be larger than ¢(b), violating
ex-post Individual Rationality. Thus, (¢, ) is an extreme point of M(F).

For the converse direction, fix (¢,t) € M(F) and suppose there is no » €
supp F'U{0} such that (g, t) is a posted price mechanism at =. There are two possible
cases.

Case I. The mechanism (g, t) is a posted price mechanism, but the price posted
is not an element of the support of F', nor is 0. That is, there is # € supp F, and
y ¢ supp F such that

o(5) = 0 be[0,Z)U (supp F)°, and 1(5) — 0 be€[0,Z)U (supp F)°,

1 belz,1]; y belz,1].

Since (g, t) is incentive compatible, it must be that [y, ) Nsupp F' = (, as otherwise
a type in that interval would have an incetive to lie and report & instead of his true

type. Pick ¢ € (0,min{y — sup{b € suppF : b < &}, — y}),> and consider the

2The interval in which e lies is non-empty, since the support of F is a closed set, and therefore y,
being outside of it, cannot be equal to sup{b € supp F' : b < Z}.
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following posted price mechanisms, (g,?) and (¢, t), defined by § = ¢ = ¢ and

0 b e [0,Z) U (supp F)°, - 0 b€ [0,2) U (supp F)°,
t(b) = and t(b) =

y—e belz,1]. y+e belz1].

By construction, both (¢,¢) and (g, ?) are F-feasible, and 1(q,t) + 3(7.t) = (¢, 1), s
that (¢, ¢) is not an extreme point of M(F).
Case II. The mechanism (g, t) is not a posted price mechanism, and, in particular,

there exists b € supp F' such that ¢(b) € (0,1). Define the following types:
e b} =inf{b € supp F' : q(b) = 1} and b} = sup{b € supp F': q(b) < 1};

o

L= inf{b € supp F : q(b) > 1} and b’% = sup{b € supp F' : q(b) < 3}.
(Of course, if the support of F' has no gaps b, = b} and b’% = b’é .) As a matter of
notation, let U be the expected payoff that the highest type obtains in the mecha-
nism (¢, t), thatis, U = 1 — br + q(br)br — t(br), where by = max{supp F'}. Notice
that there may or may not be a type b which trades with probability 1, i.e. the set
(b}, 1] N supp F' may or may not be empty. If there is such a type, however, then he
must trade at price 1 — U by incentive compatibility.

I will now define two mechanisms, (¢,t) and (g,t) with midpoint (g, t), that is,
(¢,t) = 5(b,t) + 5(b,t). For & > 0, define

.

(0, 0) b€ (supp F)° U [0, 1Y)

(¢ )(0) = (2q(b) =1, U+ K —1+2t(b)) be [V.51) Nsupp F,

(L 1+kx-0) b e [by, 1] Nsupp F,
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and
(

(0, 0) b € (supp F)*,

(@, 1)(b) = { (2¢(b), 2t(b)) b€ o, Vi) Nsupp .

x(l’ 1-U—-k) be [b'é,l] N supp F.
By construction, 3(q,?) + 3(q,t) = (¢,t). After considerable tedium, one can show

that there exists » that makes both (g, ) and (¢,) incentive compatible and ex-post

individually rational, so that (g, ¢) is not an extreme point of M(F'), as desired.
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Appendix B

Appendix to Chapter 2

B.1 Auxiliary results

In this Appendix, I state and prove a few auxiliary results that are needed for
the main theorems. Many results depend on the fact that preorders on compact sets

admit a maximal element, if they are either open or closed.

Lemma 8 (Bergstrom (1975)). Let X be a compact Hausdorff space. If 7C X x X is
an open preorder, then it has a maximal element.

Lemma 9. Let X be a compact Hausdorff space. If —C X x X is a closed preorder, it
has a maximal element.

Proof of Lemma 9. ! Let Y C X be a —-chain, that is, a set which is totally ordered
by . Let {y1,...,y,} € Y be a finite subset of Y. Without loss of generality,
assume that y; = -+ 2 yn, so that y; € (,_, U-(yx). It follows that the collection
{U~(y) }yev has the finite intersection property. Since 77 is closed, each of the U-(y)’s

is compact. Thus, (), ., U-(y) is non-empty, so that every 2--chain has an upper

yey

bound. By Zorn’s Lemma, 7~ must have a maximal element, as desired. N
The next Lemma generalizes a well-known result of finite dimensional linear

programs.

Lemma 10. Let X be a compact metric space, let Y be a compact subset of A(X).

Let V be a continuous, affine functional on A(X), and suppose p maximizes V' over
conv(Y), the closed convex hull of Y. Then there exists ¢ € C such that V (p) = V(q).

IThis proof was suggested by Simone Cerreia-Vioglio.
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Proof. Since p € conv(Y), there exists a sequence of lotteries (p,), living in the
convex hull of Y, such that p, — p. Since, at each n, p, € conv(C), affinity of V'
implies that there exists s,, € Y such that V'(s,) > V(p,). Since Y is compact, (s,),
has a convergent subsequence, (s, ),,. Denote by s € Y its limit. Then continuity
of V again implies V'(s,,) — V(s), and since V (s,,) > V(p,,) for each n;, it must
be that V'(s) > V(p), as desired. O

For the rest of the appendix, fix a compact continuous game I' = (I,C, g, (A;, 2!
)icr). The next result is a corollary of Theorem 3.6.1. in Bogachev (2007), p.191.
As a matter of notation, remember that ;, is the pushforward of g,, under belief
e A(AL).

Lemma 11. Consider a pair (', a;) € A(A_;) x A;. Ameasurable function f: C — R
is integrable with respect to i/, if and only if f o g,, is integrable with respect to j'.

[ rani = [ rogan.
A

C

Moreover,

I also need to argue that the topology of the A;’s spaces, and the topology of
weak convergence on lotteries of consequences interact well, in the following sense:
for any fixed belief ;* € A(A_;), given some converging sequence of actions, the
corresponding sequence of lotteries converges as well. This is the content of the

following two Lemmas.

Lemma 12. Fix player i € I, and let (a?),eny € AY be a sequence of actions such
that a — a;. Let ' € A(A_;). Then the sequence of lotteries (p1in)nen € A(A_)N
converges to i), .

Proof. By the Portmanteau Theorem (Theorem 15.3 in Aliprantis and Border, 2005,
p-508), I only need to show that [, fdu;. — [, fdu;, for all real continuous func-
tions f. So pick f € C(C). Since both f and g are continuous, f o g,» is continuous
for all n. By continuity again, f o go» — f o g,, everywhere, and by compactness
of A, f o gen is bounded by sup,., f(g(a)), which is integrable with respect to 4’
since the latter is a probability measure. By the Dominated Convergence Theorem
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(Theorem 11.21 in Aliprantis and Border, 2005, p.415),

i [ty =tim [ fogudi = [timfog ' = [ fogudu = [ 5,
A, c c C A,

as desired. ]

Lemma 13. Fix player i € I. Let (af)nen € A} and (u"")nen € A(A-)" be two
sequences of actions and beliefs, respectively, such that a? — a; and p*"* — p'. Then
,ufﬁ — pt,.. In particular, this implies that the mapping (a;, i) — p; has the closed
graph property.

Proof. Given a sequence (a?),ey € A} with a' — a;, the sequence of sections of
the consequence function g,» converges uniformly to g,,. This implies that for any
continuous function f : C — R, the sequence fog,» converges uniformly to fog,,. By
Corollary 15.17 p.511 in Aliprantis and Border (2005), the evaluation map (h, v) —
S 4, hdvon C(A_;) x A(A;) is jointly continuous, where C(A_;) is the space of real
continuous functions on A_;, endowed with the sup-norm topology. This implies

that for each f € C(C),

/fd#f{;?: /.foga?d:ui’n_) /fogaidui:/fduii,
c A_y A, C

— ;. by the Portmanteau theorem, as desired. O

i,n

so that .’

The last two auxiliary results regard the preference extension of Section 2.4.1.
The first one establishes that the maximal element of an extension of a preorder
must be maximal in the preorder itself. The second shows how the extension of

the preferences in a compact continuous game is related to the extension of the
ordering over actions given a belief, i.e. to z;
Lemma 14. Let -C X x X be a preorder. Then x € X is z-maximal if and only

if there is an extension = of - such that x is Z-maximal, if and only if there is a
completion 7=/ of - such that x is a maximum of ~'.

Proof. Suppose x is dominated, so that for some y € X, y > z. Then in any
extension, and any completion, of -, x must be dominated by y. This establishes
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both of the “if” directions. As for the “only if” parts: the first one is an immediate
consequence of the fact that ~ is an extension of itself. The second one is Lemma 1
in Bade (2005). O

Lemma 15. Let [ = (I1,C,g,(A; = )ZGI) be a preference extension of the compact

1)~

continuous game I' = (I,C, g, (A;, 7" )ic1). Then for each i € I and each ' € A(A_y),

1) ~

=i extends >Z . Furthermore, R is a completion of 7, if and only if there exists a

~ L ?

completion - - of =t such that =R,

Y

Proof. Pick p' € A(A_;), and suppose a; - Nu b;. Then p, ' 1 , so that pl, V/%'
Similarly, if a,—>fﬁ- b; then pi, >' pj so that u), >'1i; , as desired.

For the second part of the lemma, the if direction is obvious. As for the only if
part, suppose R is a completion of i; Define ='C A(C) x A(C) by

/= Trans <{(”z 0 gois 11 0 gyt) Clszi}U o >,

where Trans S is the transitive closure of the relation S. Standard arguments can be
used to establish that >’ extends . Let now =’ be a completion of >/, and, hence,
of >—*. By construction =i, = R, proving the claim. O

’Nl

B.2 Proof of the Main Results

In this Appendix, I prove the main results in the paper. First, a preliminary result

is needed.

Lemma 16. Let =—'C A(C) x A(C) be player i’s preference, and let ji* € A(A_;) be
her belief. If =~ is a preorder, =, is a preorder too. Furthermore, if = is open (resp.

> ~opt

closed), then ?VL is open (resp. closed) too.

. is reflexive. Pick

N’u}

ai, bi,¢; € A; so that a; 7 b; and b, 7': ¢i. Then ! =" py and pj 7=* pl, so that

'LN7« ~

Proof of Lemma 16. Let =‘ be a preorder It is obvious that -

H , is transitive. If =iis complete for each a;, by € A;, e1ther [, 7'y, OF . gl

~Y

SO that either a; ), b; or b, zu a;, that is, i]l is complete.
Next, suppose that =~ is open. Let (al),, (b?), € AY be two sequences of actions
such that a? — a;, b — b; and, for each n € N, ﬁ(b?>zia?). Thus, for each n,

ﬁ(ug? o~ ug?). Since = is open, and since, by Lemma 13, ug? — . and /ﬁ;? — [l
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it follows that =(uj, =" u,), that is, =(b; =1, a;). Therefore, ', is open, as desired.

b Np,l

The proof for the case in which =* is closed is analogous, thus omitted. O

Proof of Lemma 6. By Lemma 16, for any belief ;i € A(A_;), if =% is an open pre-
order, also i; is an open preorder. Since A_; is a compact metric space by Ty-
chonoff Product Theorem, A(A_;) is a compact metric space in the topology of
weak convergence (see Theorem 6.4 p.45 in Parthasarathy, 1967). By Lemma 8,
2, has a maximal element, so that 7;(x'; ') is not empty. An analogous argu-

r~

ment, using Lemma 9, establishes that r;(x‘; =) is non-empty when =" is a closed
preorder.
Finally, pick a sequence of beliefs (1"), € A(A_;)N with %" — i, and a se-

quence of actions (a?), € AY with a — a;. Suppose that for each n € N, a €

r;(u*™; %), Thus, for each b; € A; and each natural number n, —(uj, =" pir'). Using
Lemma 13 and the fact that 7’ is open, in the limit, it is false that (y;_ >’ uii). Since
this holds for any b; € A;, action a; must be a best-reply to belief u': a; € r;(u’; ).
Thus the best-reply correspondence has the closed graph property. Being A; com-

pact, r; must be upper hemicontinuous, as desired. O

Proof of Lemma 7. Let a; € 7;(%). Then a; is ifﬂ—maximal. Therefore, a; is R-
. ay . . . ot
maximal for some R € Compl(Z,;). By Lemma 15, there exists a completion = of
. ~i ~ .o~ .

~" so that tm = R, and therefore a; € r;(¢'; 7 ), so that a; € 7;(u").
. . . . AZ >

For the opposite inclusion, suppose there exists 27 € Compl(2Z*) such that a; €

Lo~ . . ot . . . ;
ri(p'; 27 ). Then a; is a maximum for 7 ;, which is a completion of ), and hence

Nui’

by Lemma 14, it is z;i-maximal. Thus a; € r;(u'; "), as desired. O

r~

The next Lemma establishes that the rationalization operator p is monotone.
Lemma 17. If C, D € €(A) are such that C C D, then p(C) C p(D).

Proof of Lemma 17. If a € p(C), for each i € I there exists a belief x' such that
supp ' C C_; and a; € r;(u*). Since C C D, A(C) C A(D), so that a; € r;(A(D_;)),
as needed. O

Corollary 4. If C, D € &€(A) have the best-reply property, then CUD has the best-reply
property.

Proof. If C and D have the best-reply property, then C' C p(C) and D C p(D), so
that CU D C p(C) U p(D) C p(C U D), by the monotonicity of p. O
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I can now prove the main result of Section 2.4, Theorem 8.

Proof of Theorem 8. Suppose first that I' is a finite game. I will show that the set of
iteratively undominated actions, IPR, is non-empty and has the best reply property,
and therefore that the set of incomplete preference rationalizable actions, IPR, must
also be non-empty. Second, I will show that PR and IPR must coincide.

Consider player 7, and suppose she has belief ;* € A(A_;). Then EJL is a preorder
on A;, a finite set, and thus it has a maximal element. Thus r;(u’; ') is non-empty
for any belief y'. It follows that, for any Cartesian set C' € €(A), p(C') is non-empty.
An elementary inductive argument can thus establish that (p*(A))ien is a nested
sequence of non-empty, finite, sets. As such, there must exist X € N such that
pK(A) = pK+n(A) £ () for all n € N, and therefore IPR = pX(A) is non-empty, as
desired. Since p(ﬁ{) — IPR, the latter has the best reply property, and therefore
IPR must be non-empty. This also establishes that PR C IPR. Finally, let a be
incomplete preference rationalizable. Then there exists a Cartesian set C' € €(A)
with the best-reply property such that « € C. Since C is a subset of A and since
the rationalization operator p is monotone, p(C) C p(A), so that a € p(A). An
easy inductive argument establishes that, for each n, a € p"(C) C p"(A), so that
a € Npen P(A) = IPR. This proves that IPR 2 IPR, and therefore Definitions 4
and 5 coincide for finite games.

Next, suppose I' is a compact continuous game, and that the preference of each
player i € I, =, is open. Once more, I will show that IPR is non-empty and has
the best reply property. By Lemma 6, r; is upper hemicontinuous and non-empty
valued, so that r;(A(A_;); =") is non-empty and compact. By Tychonoff Product
Theorem, p(A) is thus non-empty and compact. By induction, it’s easy to show that
p"(A) = p(p"~'(A)) is non-empty and compact for each n € N. By Lemma 17,
(p"(A))nen is a nested sequence of non-empty compact sets. Thus, by the Finite
Intersection Property of compact sets,

IPR = (] p"(A)

is non-empty and compact. I claim that IPR has the best reply property, and, in
particular, that p(ﬁ{) — IPR.

Since for each n € N, IPR C p"(A), it must be that p(ﬁ) C N> " (A) (where
I adopt the convention that p°(A) = A). Thus ,o(ITDI\%) C IPR. For the opposite
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inclusion, consider an iteratively undominated action profile a € ﬁ{, and pick
i € I, so that a; € IPR,. Thus there is a sequence of beliefs " € A(A_;)N such
that, for each n € N, supp " C proj,_. p"'(A). Since A(A_;) is a compact metric
space, the sequence has a convergent subsequence. Thus, assume without loss of
generality that p*" — p'. Then, for each n € N, zi'(proj,_. p"(A)) = 1, and hence

Tim pi'(proj,_, p"(A)) = p'(limproj,_, p"(A)) = p'(proj,_, IPR) = 1.

Since r; has the closed graph property, a; € r;(u'; %) and therefore a; € ri(ﬁ{_i).
Therefore, IPR = p(ﬁ{), as claimed. Thus IPR has the best-reply property, and
since it is non-empty, IPR must also be non-empty. Finally, I need to show that
IPR = IPR. Consider an incomplete preference rationalizable action profile a €
IPR. Then there exists a set C' with the best-reply correspondence that contains
a. The same inductive argument used for part 1 of the Theorem establishes that

a € p*(C) C p*(A) foreach n € N, so that a € IPR, as desired. O

Proof of Proposition 1. By Lemma 14 and Lemma 15, for each player i € [ and
each belief ;i € A(A_,), it holds that r,(u’; =) C r;(u'; =27). Tt follows immediately
that if C' € €(A) has the best-reply property when (rﬁj)jE ; is the vector of play-

ers’ preferences, then it must also have the best-reply property under the original
preferences. O

Proof of Corollary 3. For each player i, ==* admits an expected multi-utility repre-
sentation U/, such that all the u, € {; are Aumann utilities (Gorno, 2017), i.e. they
represent (all of) the expected utility completions of =¢. Let (iz)ie , be a profile of

expected utility completions of players’ preferences. Then I' = (I,C, g, (A, %l)ie P
is a preference completion of I'. Since a complete preorder is closed if and only if
it is open, by Theorem 8, the rationalizable set of Tis non-empty and compact. By

Theorem 1, then, IPR must also be non-empty. O

Proof of Proposition 2. Fix u* € A(A_;). I need to establish that
ri(p' 50 = U {ri(p'sw) = u; € Us}.

. . A/L
Indeed, by results in Evren (2014), maximal elements of >~ , over compact convex
sets are maximizers of some of the Aumann utilities in the Evren representation.
and elements of r;('; 2Z') correspond to maximal lotteries over the set M = {u! :

)~
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a; € A;}. Since the consequence function is continuous, M is compact, so one can
consider its closed convex hull, conv M. Take a ~‘-maximal element over conv M,
call it p. Then there is a Aumann utility ; of ¢ such that p € arg maxyecony 1 [ widg.
The operator V(r) = [wudr is affine and continuous in the measure, so by Lemma
10, it is also maximized by some lottery in M, that is, by an element 1/, for some
a; € A;, as desired. O

Before I can prove the main result of Section 2.5, I need an auxiliary lemma of

independent interest.
Lemma 18. BFR] has a closed graph for each i € I and each n € N.

Proof. The proof is by induction. The basis step is immediate since BFR{(u;) = A;
for each player i and each payoff-type u;, and A; is compact. So suppose BFR" has
a closed graph for all players j € I and all m < n, for some n € N.

Take a sequence (a¥, u¥) en € (A; x U;)N such that a¥ — a;, uf — u; and for each
k € N, a¥ € BFR!"™ (u¥). T need to show that a; € BFR}'*'(u;). For each k there
exists a belief v/ € A(A_; x U_;) such that

1. Forallb; € A;, [, uf(g(af, ))dmarg, vF> Ja uf(g(b;,-))dmarg,  vF;
2. suppv¥ C{(a_s,u_;):a_; € BFR";(u_;)}.

Define h* : A_; — C by h*(a_;) = uF(g(aF,a_;)). Then h¥ — h uniformly, where
h(a—;) = w;i(g(ai,a—;)). Since A(A_; x U_;) is compact, assume without loss of
generality that vf — v; € A(A_; xU_;). Then v;({(a_;,u_;) : a_; € BFR",(u_;)}) =
1, and moreover marg, v} — marg, v;. Since the evaluation map on C(A_;) x
A(A-y), (H,p) = [,  Hdpis jointly continuous,

[ abtatat, Dmarg, v [ uslglas, dmarg, v
A,i A*i
so that a; € BFR!**(u;) as desired. O

Proof of Theorem 9. I will show by induction that, for each m € N, and each i € |

BFR]"(Us) = p}"(A) = ri(A(pZ 1 (A)): )
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For m = 0, the statement is true by construction, so suppose it holds for any m < n,
for some natural number n.

For the “C” inclusion, consider player i € I and take a; € BFR}™ (i4;). Then
there exists a utility u; € U; and a belief v* € A(A_; x U_;) such that

1. a; € argmaxy, [, ui(g(b;,-))dmarg, v/,
2. supp?’ C {(a_s,u_;) : a; € BFR" (u_;)}.

From condition 1 and Proposition 2, it follows again that a; € r;(marg,  v*).
Hence, it suffices to show that suppmarg, v C p”;(A). To this end, pick a_; €
supp marg,_, v*. For each j # i there exists u; € U; such that a; € BFR (u;). By the
inductive hypothesis, a_; € p";(A), so that marg, . v'(p";(4)) = 1. Consequently,
a; € p(A), as desired.

For the “D” inclusion, consider a; € p'*'(A). There exists ' € A(p";(A)) such
that a; € r;(u'; ). By Proposition 2, there exists u; € U; such that a; € r;(u';u;). 1
claim that a; € BFR}"(u;). To this end, I need to find a belief ' € A(A_; x U_;)
such that conditions 1 and 2 above hold. By Lemma 18, BFR", : /., =% A_; has a

closed graph. Thus the correspondence 7 : BFR",(4;) = U_, defined by
j(a,i) = {Ufi S Z/{fl' ta_; € BFREZ(U,J}

also has a closed graph. Therefore, 7 is measurable (Aliprantis and Border, 2005,
Theorem 18.20 p.606), and by a version of the Kuratowski-Ryll-Nardzewski the-
orem (Aliprantis and Border, 2005, Theorem 18.13, p.600) it admits a measur-
able selection. Let f : BFR!(U_;) — U_; be a measurable selection, so that for
each a_; € BFR",(U_;), a_; € BFR",(f(a—;)). By a result by Buckley (1974), the
graph of f is a measurable subset of A_; x U/_;. Therefore, for each measurable set
D € B(A_;xU_;), DNGr(f) is measurable. Define the map ' : B(A_; xU_;) — [0,1]
by
D v i{(D) = pi(proj,,_ (D N Gr(f))).

It can be easily checked that /i’ is a well-defined probability measure on A_; x U_;.
Moreover, by construction and the inductive hypothesis, it holds that

supp ji* C {(a_s,u_;) 1 a_; € BFR";(u_;)}.

Finally, notice that by construction a; € r;(proj, . ii*; u;). Thus conditions 1 and 2
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above are satisfied, and a; € BFR?™ (u;), as desired. O

Before proving Theorem 10, I need to formally define the type space. I will here
first review the construction of Brandenburger and Dekel (1993). Define inductively
a sequence of sets (X,,)nen by Xo = X, Ui and X,, = X,, 1 Xx A(X,,_1). The set X,
is the set of n-th order beliefs of each player. Define T = ano A(X,), and notice
that 7' is compact by Tychonoff product theorem. Create |I| copies of T, called
ﬁ, e TA’| 11, with the interpretation that T, is the set of all types of player i. Say that
atype t; = (t)nen € T; is coherent if for each n > 2, margy 17 = 1. Let TM
be the set of all coherent types of player i. It is easy to prove that TM is closed for
each player i, hence compact. Proposition 1 in Brandenburger and Dekel (1993)
says that there is a (canonical) homeomorphism #; : TAM — AU x T_i). For each

natural number n > 2 and each player i, inductively define Tn,i by
Tn,i = {tl - Tn—l,i : /%Z(tz)(l/{ X fn—L—i) = 1}

Define T, = Mnen Tm This is the space of all types of player i that are coherent and
have common belief in coherency of each opponent. By Proposition 2 in Branden-
burger and Dekel (1993), there is a homeomorphism &; : T, — AU x T_i). Then T}
contains as a subset what I have been calling the universal type space, the space of
all belief hierarchies of player i such that (1) each player knows her type, and (2)

condition (1) is common belief. The inductive construction is standard. Define
7;1 = {tz - i . Elp S A(L{_Z), Eluz & u“tzl = 5”1’ ®p},

where ¢ is the first-order belief of type ¢;, and d, is the Dirac measure at x. In other
words, 7' contains all types that know their own payoff function. Notice that 7;'
is a closed, hence compact, subset of 7;. Next, use the canonical homeomorphism

fi: T — A(U; x T_i)) to inductively define 7;", as follows. If 7,"~! has been defined



80

for each i € I and some n € N, then
T ={ti € T/t Rilt) Uy x T = 1}

Again, it’s an easy inductive argument to show that 7, is non-empty and compact.
Thus,
7; = ﬂ 7717

neN
is also non-empty and compact, and is the (belief-closed) subspace of T} satisfying
conditions (1) and (2) above. In the following, I will refer to (7;, k;)ic; as the
type space, where &; is the composition of #;7; with the canonical homeomorphism

between {t; € T; : &;(t;)(U; x T_;) = 1} and A(U_; x T_;). Finally, define 7;[u;] as
Tilus) = {t: € Ti : Ip € A(U_,), t; = by, @ p}.

This is the set of types of player : whose payoff function is u; € U;.

Proof of Theorem 10. 1 present the proof for a game I" with only two players. This
is not restrictive, but makes the notation much simpler. It suffices to show that for
each n € N, each (u;)ic; € X, U,

BFR} (u;) = ICR} (Ti[u)).

The proof is by induction. Suppose the above equality holds for each player j € I
at each natural number strictly smaller than n € N. Consider a;, € ICR}(7;[u;]).
Then there exists a type ¢; € 7;[u;] with payoff function u; € U;, and a conjecture
v e A(A_; x U_; x T_;) such that conditions (1)-(3) in the definition of ICR are
met:

1. a; € ri(v'u),

2. margy .7 V' = Ki(t)

3. V/(GrICR™; ) =1.
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Let{' = marg, ., ,v'. By the inductive hypothesis, £'(Gr BFR"™') = 1, and clearly
a; € (£ u;). Thus conditions (i) and (ii) of the definition of BFR] are met: a; €
BFR? (u;).

For the converse inclusion, let a; € BFR(u;). Then there exists a belief ¢' €
A(A_; x U_;) such that

ia;er(&su);

i &(Gr(BFR";Y)) = 1.
I will use an argument similar to the proof of Theorem 9 to construct a belief v €
A(A_; x U_; x T_;) such that conditions (1)-(3) above are satisfied for a;. By the

inductive hypothesis, for each (a_;,u_;) € supp&’, there exists t_; € T ;[u_;] such
that a_; € ICR™;'(t_;). Define a correspondence L : supp ¢’ = T_; by

E(a_i, U_Z’) = {t_z € 711[“—2] ta_; € ICRZ;l(t_Z)}

—1
each ¢ € N, t_; € L(a_;,u_;), and (a*;,u’; t*,) — (a_;,u_;,t_;). Then for each ¢
there exists v~ "¢ € A(A; x U; x T;) that satisfies conditions (1)-(3) above. Since
A; xU; x T; is compact, the sequence v~ has a convergent subsequence, so assume

Then £ has a closed graph. Indeed, take a sequence (a’;, u’,, %)y such that, for

without loss of generality that »~%* — v~. Since the canonical homeomorphism x_;
is continuous, marg,, . V' = k_;(t_;). Moreover, by the upper hemicontinuity of
the best-reply correspondence, a_; € r_;(v~*;u_;). Finally, the support restriction
in (3) is also satisfied by standard arguments. This establishes that £ has a closed
graph.

Since £ has a closed graph, it is measurable, and therefore by a version of the
Kuratowski-Ryll-Nardzewski theorem, it admits a measurable selection. Let f :
supp & — T_; be one such measurable selection, so that

(a—iyu—) = fla—iu) = a; € ICRY (fla—s,u)) and  fla—su) € Toifuq).
Define a belief v € A(A_; xU_; x T_;) as follows: for each D € B(A_; xU_; x T_;),

V(D) = & (proja_xy_,(D N Gr f)).
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Finally, define a type t; € 7;[u;] as follows: the first order belief of ¢; is
til = 0y, ® margy, v

and her k-th order belief by

tf = (5u1 ® margu_iXA(kal) I/i’

where A(Xj_;) is the set of &k — 1-th order beliefs of player —i. In other words, ¢;
is the unique type that has payoff function u; and beliefs * on her opponent. By
construction, a; € ICR,(¢;), which concludes the proof. O

B.3 A counterexample

In this section, I show by counterexample that the rationalizable set of I is typi-
cally not equal to the union of the rationalizable sets over the preference completion
games of I'. I will assume that players’ preferences satisfy Evren’s multi-utility the-
orem, and focus only on expected utility preference completion games of I". This is

without loss of generality by Proposition 2 and Lemma 7.

Counterexample. Consider a finite two-player game with incomplete preferences,
I'. Player 1, Ann, chooses the row, and her preferences are complete, whereas
player 2, Bob, chooses the column, and his preferences are incomplete. Ann is an
Expected Utility maximizer, whereas Bob’s preferences admit an Evren multi-utility
representation Up = conv{up, up}. The payoff matrices for the two extreme points
of Uy are shown below.

Bob Bob
L C R L C R
ul225] 1,1 | 0,0 ul20]1,2]0,1
Ann M| 1,2 | 2,1 | 1,0 Ann M [1,0]2,3]1,4
D| 0,1 | 1,2 | 2,0 D 0,0]1,1]23

up aB

A generic element of Uy takes the form Aup + (1 — \)ap, for some A € [0, 1].
Thus, the generic preference completion of I', can be indexed by ), and is denoted
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I'\. The payoff matrix of I is shown below.

Bob
L C R
Ul 2,25\ | 1L,2—X ] 0,1-X\
Ann M| 1,20 [2,3—2)\|1,4— 4\
D| 0, | LI+\|23-3)

L'y

First, I will argue that the Incomplete Preferences rationalizable set, IPR is the
entire set of action profiles, A. Start with Ann’s actions. U is the best reply to L, M
is the best reply to C and D is the best reply to R, so that all of Ann’s actions are
justifiable. Next, consider Bob. His best reply to U contains both L and C' (but not
R), whereas his best reply to D contains both C' and R (but not L). Consequently,
all of Bob’s actions are justifiable, and therefore IPR = (1, .y p"(4) = p'(A) = A.

Claim. Let p>°(A;T")) be the rationalizable set of the preference completion game T'.
Then for each A € [0,1], (D, L) & p=(A;T,).

The proof works by showing that, for any A, either D or L is iteratively dom-
inated, so that (D, L) cannot be part of the rationalizable set of the preference
completion game I'y. First, notice that L is dominated by C' if

2.5\ < 2 — )\, (B.1)
2\ < 3 —2), (B.2)
A< 1+ (B.3)

Conditions (1)-(3) are jointly satisfied if and only if A < 2. Thus, in such case,

7
(D, L) ¢ p>(A;T')), as L is not justifiable.
Next, notice that R is dominated by C' if

1—A<2—)\, (B.4)
4 — A4\ <3 =2\, (B.5)
3—3\< 14\ (B.6)

Conditions (4)-(6) are jointly satisfied if A > % But now notice that, if R is elimi-
nated, then D is iteratively dominated (by M, for instance). Thus also when \ > %,
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(D, L) ¢ p>(A;T'y), concluding the proof of the Claim, and establishing the Coun-
terexample.
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