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ABSTRACT

This dissertation examines robust optimal macroeconomic policy under ambiguity in a
general discrete-time linear-quadratic framework. This dissertation is composed of three
independent but closely-related essays. The first essay studies robust Ramsey policy prob-
lems when the Ramsey planner faces three types of ambiguity. This framework includes
both exogenous and endogenous state variables. In addition, the equilibrium system from
the private sector contains both backward-looking and forward-looking dynamics. This
chapter provides recursive characterizations and algorithms to solve for robust policy and
then apply it to a basic New Keynesian model of optimal monetary policy with persistent
cost-push shocks. The main findings are: (i) all three types of ambiguity make optimal
monetary policy more history-dependent but with different reasons for each type; and (ii)
they deliver qualitatively different initial responses of inflation and the output gap following
a cost-push shock.

The second essay extends Woodford’s (2010) approach to the robustly optimal monetary
policy. This paper provides algorithms to solve for a time-invariant linear robustly optimal
policy in a timeless perspective and for a time-invariant linear Markov perfect equilibrium
under discretion. The main findings include: i) the robustly optimal commitment inflation
is less responsive to a cost-push shock when the shock is more persistent; ii) the robustly
optimal discretionary policy is more responsive to lagged inflation when inflation is more
persistent.

The third essay documents the impact of belief ambiguity by changing the relative
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degree of concern for ambiguity associated with two different shocks: cost-push shocks and
the natural rate of interest shocks. The main results are: i) belief ambiguity relating to
cost-push shocks matters to a central bank much more than belief ambiguity associated with
the natural rate of interest shocks; ii) in some cases, after a positive cost-push shock robust
optimal monetary policy allows initial inflation higher than under rational expectations; iii)
robust optimal monetary policy is not symmetrical in terms of its response to different signs

of a shock.
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Chapter 1

Introduction

The rational expectations hypothesis founded by Muth (1961) has been a workhorse in
dynamic modeling for policy problems such as optimally choosing monetary and fiscal policy.
Under this hypothesis, a policymaker and the private sector share common beliefs about
the state of the world and these beliefs coincide with the objective probability model of
the state of the world. The rational expectations hypothesis has benefited economists and
policymakers by not only providing sharp predictions but also achieving simplicity through
imposing internal coherence of models. While we have learned many lessons from this
framework, there are several good reasons for us to think about departures from it. First,
the Ellsberg (1961) paradox and related experimental evidence demonstrate that there is a
distinction between risk and ambiguity. Risk refers to the situation where there is a known
probability distribution over the state of the world, while ambiguity refers to the situation
where the information is too vague to be adequately summarized by a single probability
distribution. As a result, a decision maker may have multiple priors in mind (Gilboa and
Schmeidler (1989)).

Second, considering the possibility of model misspecification, rational expectations be-
come a particularly strong assumption since it is extremely difficult to achieve a coincidence
of beliefs among diverse agents with different levels of knowledge about the true models.
As Anderson, Hansen and Sargent (2003) and Hansen and Sargent (2001, 2008, and 2010)
point out, economic agents view economic models as an approximation to the true model.
They believe that economic data come from an unknown member of a set of unspecified
models near the approximating model. As a result, concern about model misspecification

induces economic agents to become averse to model ambiguity and want to seek robust



decision rules that work over that set of nearby models.

As Lucas (1976), Sargent and Wallace (1975), and many others show, the implications of
the rational expectations hypothesis are profound for the model design and macroeconomic
policymaking. The goal of the this dissertation is to study how those implications would
be modified when explicitly acknowledging decision-makers’ fear of ambiguity. Typically, in
optimal policy problems there are two types of agents, the policymaker (or the Stackelberg
leader) and the private sector (or the follower). Given the constraints derived from the
optimization conditions of the private sector, the policymaker chooses optimal policy. Then
the private sector takes policy decisions as given. When introducing ambiguity aversion to
this framework, one has to consider who faces ambiguity and what the agent is ambiguous
about. In this dissertation, I assume that only the policymaker faces ambiguity!, following
Hansen and Sargent (2008, 2012) and Woodford (2010). In this way I can focus on the
implications of ambiguity in the perspective of the policymaker.

To formulate the policymaker’s fear of ambiguity, I apply robust control theory following
a series of works by Hansen and Sargent. In robust control theory the concern for model
misspecification is formalized in a two-player zero-sum game with the minimax theory and a
conservative-case analysis. By the service of the minimizing player in a two-player zero-sum
game the conditional distribution of exogenous shocks can be misspecified. Hansen and
Sargent (2008, 2010) explain robust control can formulate model ambiguity in the spirit of
Gilboa and Schmeidler (1989). In this dissertation, I feature linear-quadratic robust control
and provide useful solution algorithms.

This dissertation is composed of three independent but closely related papers. From
chapter 2 to chapter 4, each chapter corresponds to a paper. Chapter 2 studies robust
Ramsey policy problems when the Ramsey planner faces three types of ambiguity. This
framework includes both exogenous and endogenous state variables. In addition, the equi-
librium system from the private sector contains both backward-looking and forward-looking

dynamics. This chapter provides recursive characterizations and algorithms to solve for ro-

!See Benigno and Paciello (2011) and Karantounias (2013) for the modeling of the case where the private
agents face ambiguity but the policymaker does not.



bust policy and then apply it to a basic New Keynesian model of optimal monetary policy
with persistent cost-push shocks. The main findings are: (i) all three types of ambiguity
make optimal monetary policy more history-dependent but with different reasons for each
type; and (ii) they deliver qualitatively different initial responses of inflation and the output
gap following a cost-push shock.

Chapter 3 extends Woodford’s (2010) approach to the robustly optimal monetary policy.
This chapter provides algorithms to solve for a time-invariant linear robustly optimal policy
in a timeless perspective and for a time-invariant linear Markov perfect equilibrium under
discretion. The main findings include: i) the robustly optimal commitment inflation is less
responsive to a cost-push shock when the shock is more persistent; ii) the robustly optimal
discretionary policy is more responsive to lagged inflation when inflation is more persistent.

Chapter 4 documents the impact of belief ambiguity by changing the relative degree
of concern for ambiguity associated with two different shocks: cost-push shocks and the
natural rate of interest shocks. The main results are: i) belief ambiguity relating to cost-
push shocks matters to a central bank much more than belief ambiguity associated with
the natural rate of interest shocks; ii) in some cases, after a positive cost-push shock robust
optimal monetary policy allows initial inflation higher than under rational expectations; iii)
robust optimal monetary policy is not symmetrical in terms of its response to different signs
of a shock.

Finally chapter 5 concludes with a discussion of future applications and extensions to

the work here.
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Chapter 2

Three Types of A Robust Ramsey Problem in a

Linear-Quadratic Framework (with Jianjun Miao)

Abstract

This essay studies robust Ramsey policy problems in a general discrete-time linear- quadratic
framework when the Ramsey planner faces three types of ambiguity. This framework in-
cludes both exogenous and endogenous state variables. In addition, the equilibrium system
from the private sector contains both backward-looking and forward-looking dynamics. We
provide recursive characterizations and algorithms to solve for robust policy. We apply
our method to a basic New Keynesian model of optimal monetary policy with persistent
cost-push shocks. We find that (i) all three types of ambiguity make optimal monetary
policy more history-dependent but with different reasons for each type; and (ii) they deliver
qualitatively different initial responses of inflation and the output gap following a cost-push

shock.

2.1 Introduction

The standard framework of Ramsey policy problems typically adopts the rational expec-
tations hypothesis. Under this hypothesis, a Ramsey planner (or the Stackelberg leader)
and a private sector (or the follower) share common beliefs about the state of the world
and these beliefs coincide with the objective probability model of the state of the world.
The rational expectations hypothesis has benefited economists and policymakers by not

only providing sharp predictions but also achieving simplicity through imposing internal



coherence of models. Considering the possibility of model misspecification, however, ra-
tional expectations become a particularly strong assumption since it is extremely difficult
to achieve a coincidence of beliefs among diverse agents with different levels of knowledge
about the true models. Following Hansen and Sargent (2001, 2008) and Anderson, Hansen,
and Sargent (2003), one can view economic models as an approximation to the real world.
Economic agents do not know the true models and their models may be misspecified. They
are averse to model ambiguity and want to seek decision making that is robust to model
misspecifications.

The goal of our paper is to study how the Ramsey planner designs a robust policy in
the presence of model ambiguity. In a Ramsey problem, there are two types of agents,
the Ramsey planner and the private sector. One has to consider who faces ambiguity and
what the agents are ambiguous about. In this paper, we follow Hansen and Sargent (2012)
and consider three types of ambiguity. For all these types, only the Ramsey planner faces
ambiguity.? Type I ambiguity refers to the case where the Ramsey planner has a concern for
robustness about both the exogenous shock processes and expectations of the private sector.
The planner chooses a robust policy based on the same distorted beliefs used by itself and the
private sector. For type II ambiguity, the Ramsey planner does not trust its approximating
model of the exogenous shock processes, but the private agents trust this approximating
model. Finally, for type III ambiguity originally suggested by Woodford (2010), the planner
fully trusts its approximating model of the exogenous shock processes. But it does not have
full confidence about the private agents’ beliefs. An important implication of these three
types of ambiguity is that types II and III generate endogenous belief heterogeneity, while
type I does not.

To solve the three types of the robust Ramsey problem corresponding to the three types

of ambiguity, we adopt a recursive formulation using the recursive saddle point method

!The Hansen and Sargent approach is related to decision theory on ambiguity. Maccheroni, Marinacci, and
Rustichini (2006a,b) and Strzalecki (2011) have provided axiomatic foundations. See Gilboa and Schmeidler
(1989) for an alternative approach based on the maxmin expected utility model.

2See Karantounias (2013) for the modeling of the case where the private agents face ambiguity but the
policymaker does not.



of Marcet and Marimon (2011). The key idea is to incorporate the Lagrange multiplier
associated with the forward-looking constraints as a state variable. For the robust Ramsey
problem, we also incorporate the planner’s belief distortion (formally, the Radon-Nikodym
derivative) as a state variable. For type I robust Ramsey problem, we show that the value
function has a homogeneity property so that we can reduce the dimension of the state space.
By suitably transforming the problem, we characterize the robust policy using the standard
linear-quadratic method. In particular, we prove that the robust policy is a linear function of
the predetermined state variable and the Lagrange multiplier, like in the standard Ramsey
problem with rational expectations.

For types II and III robust Ramsey problem, we can also reduce the dimension of the
state space by defining a belief-adjusted Lagrange multiplier as a state variable. However, we
cannot transform types Il and III robust Ramsey problem into a standard linear-quadratic
form. In particular, the robust policy does not have a linear solution. We have to use
a nonlinear solution method. We apply the second-order approximation around the non-
stochastic steady state to derive numerical solutions. We implement this method using the
Dynare software.?

We apply our methods to a basic New Keynesian model of optimal monetary policy
with persistent cost-push shocks. We solve for robustly optimal monetary policies under
three types of ambiguity and compare these policies with the standard optimal policy under
rational expectations. In order to make comparisons of the three types of robust policy,
we have to calibrate the robustness parameter consistently in the three types of robust
Ramsey problem. We use the same detection error probability for discriminating between
the approximating model and the endogenous worst-case model associated with a particular
robustness parameter in each of the three types of robust Ramsey problem to calibrate this
parameter.

Following Hansen and Sargent (2008), we compute the detection error probability using

likelihood ratio tests. Since type I robust Ramsey problem yields a linear solution, we can

3See Adjemian et al. (2011).



use the Kalman filter to obtain the likelihood function. For types II and III robust Ramsey
problem, however, we cannot use the Kalman filter since solutions are in a nonlinear form.
Instead, we use particle filtering to compute the likelihood.

We find that all three types of ambiguity make the robustly optimal monetary policy
more history-dependent than in the case of rational expectations, in line with Woodford
(2010), Hansen and Sargent (2012), and Kwon and Miao (2012). Woodford (2000) points out
that optimal commitment monetary policy under rational expectations is history-dependent.
That is, it not only depends on the current state of the economy but also responds to past
states. The intuition is that a history-dependent policy can affect the expectation of private
agents and thus improves the performance of monetary policy. Why does optimal monetary
policy under ambiguity become more history-dependent? Economic intuitions behind this
feature are not the same across the three types of robust Ramsey problem. In type I robust
Ramsey problem, increased history-dependence comes from the fact that the central bank
(henceforth, CB) is concerned about the distortion of the cost-push shock. In types II
and IIT robust Ramsey problem, the CB’s incentive to better manage the expectations of
the private sector is a major source of more history-dependent monetary policy. Under the
worst-case beliefs, the CB and the private sector have disparate expectations so that the CB
becomes more cautious to affect appropriately the private sector’s expectations. Reflecting
the CB’s caution, the robustly optimal monetary policy becomes more history-dependent.

Even though three types of ambiguity share the property that inflation dynamics be-
come more history-dependent, their implications for prices are different. Under the rational
expectations hypothesis, optimal monetary policy implies the CB undoes all the effect of a
cost-push shock and thus prices go back to the original level. However, this no longer applies
to types II and III robust Ramsey problem. We find that the CB adjusts inflation more
than under rational expectations and hence prices go below the original level in the long
run. In these two types of robust Ramsey problem, the fact that the CB and the private
sector have heterogeneous beliefs makes the dynamics of the price level deviate from that

under rational expectations. By contrast, in type I robust Ramsey problem, both the CB



and the private section share the same distorted beliefs about the cost-push shock, causing
prices to go back to the original level in the long run.

We also show that the initial responses of inflation and output gap to a positive cost-push
shock are disparate for different types of ambiguity. In type I robust Ramsey problem, the
CB increases the initial responses of both inflation and output. Under the worst-case beliefs,
the CB worries that the cost-push shock is distorted in mean so that the CB responds as if
the shock were greater compared to a shock in the approximating model. In type II robust
Ramsey problem, while the CB increases the initial response of inflation, it decreases the
initial response of output. The CB worries about the unfavorable distortion in the cost-
push shock, which leads to an increase in the inflation response. On the other hand, the CB
exploits the fact that the private sector fully trusts its approximating model. The cost-push
shock in this model is believed less persistent than in the worst-case distorted model. As
a result, the CB faces a smaller tradeoff between inflation and output. In type III robust
Ramsey problem, the CB’s initial response of inflation to a cost-push shock is less sensitive
but the output responds more sensitively. The concern for robustness of the expectations of
the private sector makes the CB manage the inflation expectations more cautiously. Thus,
the CB faces a larger tradeoff. This result is in line with Woodford (2010) and Kwon and
Miao (2012), even though they study type III ambiguity in the timeless perspective instead
of the Ramsey framework.

Our paper is closely related to Hansen and Sargent (2012). Hansen and Sargent study
three types of ambiguity in a continuous-time basic New Keynesian model of monetary
policy. One of our contributions is to extend their idea of three types of ambiguity to a
Ramsey problem in a general discrete-time linear-quadratic framework. This framework
includes both exogenous and endogenous state variables. In addition, the equilibrium sys-
tem from the private sector contains both backward-looking and forward-looking dynamics.
Their methods cannot be readily applied to our general framework. Our main contribution
is to provide recursive characterizations and algorithms to solve for the robustly optimal

policy. In addition, unlike Hansen and Sargent (2012) who use the same value of the ro-
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bustness parameter to compare solutions in the three types of Ramsey problem, we make
comparisons by calibrating the context-specific robustness parameter using the same detec-
tion error probability. Importantly, our finding of the differences in impulse responses is
new and absent from their study.

Our paper is also related to Woodford (2010) and Kwon and Miao (2012). Wood-
ford (2010) studies type III ambiguity using a basic New Keynesian model in the timeless
perspective. Kwon and Miao (2012) generalize the Woodford model to a general linear-
quadratic framework. They all show that robustly optimal policy in the timeless perspective
is linear. However, the present paper shows that the robust Ramsey policy is not linear.
One has to use a nonlinear method to derive numerical solutions.

Finally, our paper is related to Hansen and Sargent (2003), Walsh (2004), Giordani and
Soderlind (2004), Hansen and Sargent (2008, Chapter 16), Leitemo and Séderstrom (2008),
Dennis (2008), and Olalla and Gomez (2011). The robust Ramsey models studied in these
papers are similar to our type I problem. These papers introduce perturbations of the mean
of the exogenous shock processes into the backward- and forward-looking constraints and
a quadratic penalty into the objective function. As Hansen and Sargent (2012) point out,
these models admit a better interpretation when described as type I ambiguity.

The remainder of the paper proceeds as follows. Section 2 presents the general frame-
work. From section 3 to section 5 we present algorithms for solving robust Ramsey problems
in three types of ambiguity. In section 6 out solution algorithms are applied to a canonical
New Keynesian optimal monetary policy problem with a persistent cost-push shock pro-
cess. Section 7 concludes. An appendix describes the procedure to compute detection error

probabilities.
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2.2 A Linear-Quadratic Framework

2.2.1 Uncertainty and Beliefs

Uncertainty is generated by a stochastic process of shocks {e;};-, where &; is an n. x
1 vector of independently and identically distributed standard normal random variable.
Let e = {e1,...,e;}. At date t, both the Ramsey planner and the private sector have
common information generated by ! and some initial state 2. They may not have rational
expectations in that their subjective beliefs may not coincide with the objective probability
distribution governing exogenous shocks {e;};~,. One reason is that economic agents view
their model as an approximation and thus may be concerned about model misspecification.

Model misspecification is described by a perturbation to the distribution of shocks. We
follow Hansen and Sargent (2008) to represent probability distortions. Let p (¢) denote the
standard normal density of ;. Let II and II; denote the induced distribution over the full
state space and the induced joint distribution of ef, respectively. Assume that a distorted
distribution is absolutely continuous with respect to the reference distribution II. We can
then representing the belief distortion by Radon-Nikodym derivatives.

Let p (E|€t,$0) denote an alternative one-step-ahead density for €;y; conditional on
date t information. Form the likelihood ratio or the Radon-Nikodym derivative for one-

step-ahead distributions:
ﬁ (5|€ta ZEO)

mi41 = D (5)

It satisfies the property
By [mya] =1, (2.1)

where E; denotes the conditional expectation operator with respect to the reference distri-

bution IT given date ¢ information. Recursively define a martingale {M;} :
Mt+1 = mt+1Mt, M() =1. (22)

M; is a likelihood ratio of the joint densities of €’ conditional on the initial information z
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or the Radon-Nikodym derivative for joint distributions.

Following Hansen and Sargent (2008), we use relative entropy to measure the discrepancy
between the distorted distribution and the reference distribution. Define the relative entropy
(conditional on date zero information) of the distorted distribution associated with My over
date t information as Ey [M;In M;]. Define the discounted entropy over an infinite horizon

as

(1-8)Ey Y _ B'MInM, = BEy Y  B'MEy (mys1Inmya), (2.3)
t=0 t=0

where 5 € (0,1) is a discount factor and we have used (2.2) to derive the equality. Model

ambiguity is described by a set of joint densities { M}, satisfying the following constraint:

o0
BEyY B My By (mes1 lnmyya) <, (2.4)
=0

for some 7 > 0.

Woodford (2010) introduces a different measure of intertemporal entropy. First, he
defines the conditional relative entropy of a one-step-ahead distribution given date t infor-
mation as Fj [myy11Inm;y1]. He then defines the expected discounted entropy conditional

on date zero information as

00 00
EO Z Bt [Et (mtJrl In mtJrl)] == EO Z ﬁthl In mMi41- (25)
t=0 7=0

In this case, model ambiguity is described by a set of one-step-ahead densities {m};~,
satisfying the constraint:

oo
Ey Z Bimyr Inmegr < mo (2.6)
=0

for some ny > 0.
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2.2.2 Three Types of Robust Ramsey Problem

Suppose that the equilibrium system from the private sector can be summarized by the

following form:

I 0 Ti4+1 ~ | Ty S CA';B ]
- =A + Bu; + €41, 2.7
[ D31 Do ] [ Eiytia ] [ Yt } ¢ [ 0 i 2.7)

where xy = Ty is exogenously given and E, denotes the conditional expectation operator
given date t information based on the common beliefs of the private sector. The private
sector’s beliefs may not coincide with the “objective” probability distribution for {e;}, the
reference distribution II. Here, z; is an n, X 1 vector of predetermined variables in the
sense defined in Klein (2000), y; is an ny, x 1 vector of non-predetermined or forward-
looking variables, and u; is an n, X 1 vector of instrument or control variables chosen by
the Ramsey planner. We typically use x; to represent the state of the economy, which may
include productivity shocks, preference shocks, or capital stock. Note that z; may include
a component of unity in order to handle constants. The vector y; represents endogenous
variables such as consumption, inflation rate, and output. Examples of instruments u,
include interest rates and money growth rates. The equation for z; is backward looking
and represents the law of motion of state variables. The equation for y; is forward looking
and typically represents the first-order conditions from intertemporal optimization such as
Euler equations.

All matrices in (3.1) are conformable. For simplicity, we suppose that the matrix on the
left side of equation (3.1) is invertible,* so that we can multiply both sides of this equation

by its inverse to obtain the system:

Tt41 Apz Axy :| |: Tt :| I: B :| |: Cy :|
A = + + ) 2.8
|: Etyt—H :| I: Ayw Ayy Yt By u 0 an ( )

where we have partitioned matrices conformably.

“The singular case can be handled by the QZ decomposition method, e.g., Klein (2000) and Sims (2001).
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The Ramsey planner has the period loss function

1 Quz, Qu 7 1 Sz
L) = 3 o] | o [ o]+ Gutrn o+ faton) | 57 |

where the matrices R and

— mea me:|
Q B |: /$y ny

are symmetric. In addition, suppose that () is positive semidefinite.
If both the private sector and the Ramsey planner have rational expectations, then
they have common beliefs which coincide with II, the probability distribution governing

exogenous shocks {g;}. In this case, the Ramsey problem is given by

{zt,yt,ut}

[e.9]
max  — Eg Y B'L (w4, y1, ), (2.9)
=0

subject to (3.2) in which the conditional expectation operator E, is equal to Fy, the condi-
tional expectation operator with respect to II.

There is ample experimental and empirical evidence that documents the violation of
the rational expectations hypothesis. We consider three approaches to the modeling of the
departure from rational expectations in the policy analysis. These three approaches give
rise to three types of robust Ramsey policy problem, corresponding to the three types of
ambiguity analyzed by Hansen and Sargent (2012) in a continuous-time framework. In
these problems, the Ramsey planner believes that the private sector experiences no model
ambiguity. But the planner experiences ambiguity. They differ in what the planner is

ambiguous about and the private sector’s beliefs about the exogenous shocks.

Type I Robust Ramsey problem: In this type of problem, the Ramsey planner has a
set of models (probability distributions) centered on the reference model II, or the so called
“approximating model” by Hansen and Sargent (2008). The Ramsey planner is uncertain

about both the evolution of the exogenous processes and how the private sector views these
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processes. The planner thinks that the private sector knows a model that is distorted
relative to the planner’s approximating model. To cope with its ambiguity, the Ramsey
planner chooses a worst-case model among a set containing the reference approximating
model, while evaluating the private sector’s forward-looking equations using that model.

Formally, the Ramsey planner chooses {m;} to minimize and {z, v, u:} to maximize a

multiplier criterion in the following program:®
o0 oo
max min_  — Ej Z B ML (24, ye, wi) + BOE, Z M my 1 Inmyq, (2.10)
{ze,ye,ue} {meg1} —o =0

subject to (4.2), (2.2) and

EE 33 N EI A L Pt
The parameter § > 0 penalizes martingales {M;} with large relative entropies defined

in (2.3). It may be regarded as the Lagrange multiplier for the constraint (2.4). Following
Hansen and Sargent (2001, 2008), instead of solving for the constraint problem subject to
(2.4), we treat 0 as a parameter, which measures the planner’s degree of concern for possible
departures from rational expectations, with a small value of # implying a great degree of
concern for robustness, while a large value of # implies that only modest departures from
rational expectations are considered plausible. When 6 — oo, the rational expectations

analysis is obtained as a limiting case.

Type II Robust Ramsey problem: In this type of problem, in the spirit of Hansen
and Sargent (2008, chapter 16), the Ramsey planner has a set of models surrounding an
approximating model that the private sector completely trusts. The private sector’s beliefs
are represented by the Ramsey planner’s approximating probability model II. The Ramsey
planner chooses a worst-case probability model from its set of models, while evaluating the

forward-looking equations for the private sector using the approximating model. Formally,

®See Hansen and Sargent (2001, 2008), Maccheroni, Marinacci, and Rustichini (2006a,b), and Strzalecki
(2011) for interpretations and axiomatic foundations.
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type I Ramsey problem is described by

i o
max min  — Eg Y B'ML (x4, v, us) + 0BEM; Y Slmyyq Inmyq, 519

subject to (4.2), (2.2) and

Ti41 Ay A:cy :| |: Tt :| |: B, :| |: Cy :|
= + U + Et+1- 2.13
{ By [y1+1] ] [ Aye  Ayy Yt By ' 0 . ( )
The interpretation of the parameter 6 > 0 is the same as in type I robust Ramsey problem.

Type III Robust Ramsey problem: This type of problem is based on Woodford (2010).
The Ramsey planner is assumed to have a single model of the exogenous processes {e;}
and thus no ambiguity along this dimension. Nevertheless, the planner faces ambiguity
because it knows only that the private sector’s model is within a set of probability models
surrounding its own model. The Ramsey planner evaluates the private sector’s forward-

looking equation using a worst-case model and solves the following problem:

o o
max min — Ey Z BUL (4, ys, ut) + 0Eg Z Blmgy Inmyy, (2.14)
{zeyeue} {met1} —o —o

subject to (4.2) and (3.5). Unlike in type I robust Ramsey problem, here the parameter
0 > 0 penalizes one-step-ahead densities {m;} with large relative entropies defined in (4.6).
It may be regarded as the Lagrange multiplier for the constraint (4.7). Following Hansen
and Sargent (2001, 2008), instead of solving for the constraint problem subject to (4.7),
we treat 6 as a parameter, which measures the planner’s degree of concern for possible
departures from rational expectations, with a small value of # implying a great degree of
concern for robustness, while a large value of # implies that only modest departures from
rational expectations are considered plausible. When 6 — oo, the rational expectations

analysis is obtained as a limiting case.
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2.3 Type I Robust Ramsey Problem

2.3.1 Recursive Formulation

Following Marcet and Marimon (2011) and Hansen and Sargent (2012), we characterize
type I robust Ramsey problem in a recursive form. First, define the Lagrangian expression

for (2.10) as

Eo Z BAMy [ L (x4, yo, we) + BOmy1 Inmyya]}
=0

o0
~Eo Y B" Myl (By [meg1yi1] — Ayets — Ayyye — Byuy) ,
=0

where "M, is the Lagrange multiplier associated with the forward-looking equation in
(3.5) and the law of motion of the state variable is given by the upper block of equation
(3.5), i.e.,

Tr1 = Aga®t + Agyyt + Brug + Créepr. (2.15)

Then, introduce a new variable

Ayt+1 = Hyt, (2.16)
and rewrite the above Lagrangian expression as

Eo Z BHMy (=L (w4, ye, ur) + BOmy1 Inmyga)
=0

+Mtﬂfyt (Ayame + Ayyyr + Byur) — 5_1Mt)‘;tyt}’

where we have used M1 = Mymy;11. Note that at time zero, we set Ayo = 1,1 = 0.

Now, we are ready to write type I robust Ramsey problem in a recursive form:

W (x4, Adye, My) = max min 7 (2, ye, U, Ayt fyt, My)

Yt,Ut M1, Lyt

+BE W (@441, Ayit1, Meg1) + OMymygq Inmyiq],
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subject to (4.2), (2.2), (2.15), and (2.16), where

r (xtv Yt, Ut, )‘yta Moyt s Mt)

= =ML (x4, ys, us) + Mypiy, (Ayes + Ayyys + Byug) — B_lMt)\;tyt-
Note that W satisfied the following linear homogeneity property:
W (g, Aye, My) = MV (x4, Ayet)
for some function V. We then derive

Vi(xg, Aye) = max min 7 (24, Ye, Ut, Ayt, Hyt) (2.17)

Yt,Ut Mi41, Lyt

FBE [miaV (@41, Ayera) + Omiepa Inmy ],
subject to (4.2), (2.15), and (2.16), where

T (e, Yty ey Ayt pygt) = —L (@6, Y, ur) + iy (Ayae + Ayyye + Byug) — 6_1)‘;;1?%'

This problem is a Robust control problem with backward-looking constraints. The state
variables are (z¢, Ayt) and the control variables are (yi, u, fye, Myt1) -

As is well known from robust control theory (Hansen and Sargent (2008)), there is a
connection to risk-sensitive control. We now derive this connection. From the first-order

condition with respect to my41, we can show that

exp (*V(ﬂ?t+01,>\yt+1)>

E; [eXp (4_V(xt+917)\yt+1)>:| ’

(2.18)

mg41 =

where E; denotes the conditional expectation operator given the state (x¢, Ay;). This equa-

tion gives the worst-case density. Substituting it back to the preceding Bellman equation
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yields:

V (x4, Aye) = maxmin v (z¢, ys, us, Ayt fyt) + BRe (V) (Te41, Ayey1) (2.19)

Yt,Ut Myt

subject to (2.15) and (2.16), where

-V A
Ri (V) (41, Ayt+1) = —0In {Et exp ( (e, ytH))] :

0

The right-hand side of (2.19) is the objective function in a risk-sensitive control problem.
It is not a standard risk-sensitive control problem because it involves both maximization
and minimization. However, since first-order conditions are identical for both maximization
and minimization, this problem can be solved using the method described in Hansen and
Sargent (2008). In particular, the decision rule is linear and the value function is quadratic

in terms of state variables.

2.3.2 Solution Method

Define the new state vector z;’ = (x}, X,;) and the new control vector ui’ = (yj,uj, piy) -

We can then write the state transition equation as
xi = A%xf + B uy + Creqq, (2.20)

where

* Azx 0 * Aa:y B, 0 * Cy
Sl ] R o R

Conjecture that the value function takes the following form:

1 ., . 1
Vi (xg, Aye) = —§xt’PaEt — id’ (2.21)
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where P and d are to be determined. By (2.18) and (3.4), the worst-case likelihood ratio

« .
my,, satisfies

1 1
my,q X exp [29€;+IC*/PC'*€H1 + EEQJAC*'P (A*zf + B*uf)] ,

where o« means “proportional.” Thus, the worst-case density satisfies
* * 1 / 1 */ *
D1 = Pt41Myyq X €Xp —§st+1 I —-CY"PC" ) g1

0
1 _
e <I - 90*’PC*) (01 — C*'PC*) L CY'P (A*x} + Biuy)

This implies that p;, | is also a normal density with mean (61 — C¥PC*)™L C¥ P (A*zF + B*u)
and covariance matrix (I —o~tc PC”")f1 . In this computation, we must assume that the
matrix (I — §~'C*PC*) is nonsingular.

Given (3.4), we can compute that

Ri(V) (2f41) = —0ln [Et exp (20$t—/i-1pwt+1 + 29d>]

1 _
—5 (' + Bruy) [P +PC* (01 — ¢ PC™) ! C*’P} (A*z} + B*u})
0 1 1 od
—=1 I—--CcYpC* - —.
5 ndet( 90 C > 5
Substituting this equation into (2.19), we can see that the objective function is quadratic.
Given the linear constraint (2.20), the optimized value will be quadratic and the decision
rule will be linear. This verifies the conjecture in (3.4). Matching coefficients in the Bellman
equation determines the solution for P, d and decision rules.
Instead of using this method, we solve another robust control problem. To this end,
define the return function as:

1
* * */ k% */ X ok */ Qx %k
(@, up) = — 5oy Q7w —iutR up — xy S g,
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where
Q S, Al
=] % Y] po| ¢ R OB | 5= S A
0 O 4 Y B 0 0
-A,y —By, 0
The new control problem is given by
o 9 o0
max min  EY B9 (af,ul)+=EY [l wi, 2.22
i B3 (50) + 58 s (222

subject to

xi g = A%xf + B ui + C* (6441 + weg1) -

Adapting the arguments in Hansen and Sargent (2008), we can derive the following result.

We omit its proof.

Proposition 1 The decision rule and the value function for problem (3.25) are of the
following form:S
1

—d*,

1
uf = —Fyoy, V¥ (xf) = —=a)' Px} — 5

2

for some matrices F, and P and constant d*. The decision rule and the matriz P are the
same as those derived from problem (8.22) or (2.19). The solution wy,_, to the problem

(8.25) gives the worst-case mean distortion derived from problem (3.22),
wiy = (0 — C*PC*) ™' C¥P (A"} + Biuf),

where uy = —F, .

We use the method proposed by Giordani and Séderlind (2004) to solve problem (3.25).
Specifically, we rewrite this problem as a linear quadratic control problem:
1.

- ( . i
max min - —oE) B|afQ 'z} + Juf'Riup + a:*/S*U*> )
{ye,ue} {wet1,pmye} 2 tz:; ¢ t 9t t t t

5Note that d* is not equal to d.
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subject to

xi = A'xf + B uy + C ey,

where

Because the first-order conditions are the same for maximization and for minimization, we
can use a standard method for solving a standard linear-quadratic control problem. The

solution is of the following form:

* Ti+1 Tt Cy
= = H
=[] = ]+ [ e

Yt
s Ut Tt
u; = =-F ,
! Myt [ Ayt }
Wi+1

for some matrices H and F.

2.4 Type II Robust Ramsey Problem

2.4.1 Recursive Formulation

We follow a similar strategy to derive a recursive formulation of type II robust Ramsey

problem. We first construct the Lagrangian expression for (2.12):

Eqo Z BHM; [—L (4, yz, ue) + BOMyy1 Inmyy]
=0

— Mgy (B [ys11] — Ayae — Ayyye — Byuy)},



23

where M, is the Lagrange multiplier associated with the forward-looking equation in

(3.5). We then define Ay as in (2.16) and rewrite the above Lagrangian as

Eo Y BY{Mi[~L (x4, ye, ur) + BOme 1 Inmyyq]
=0

—|—Mt:UJ;/t (Ayars + Ayyye + Byuy) — 5_1Mt71)\;tyt}-

At time zero, we set A\yg = fiy,—1 = 0.

Now, we can derive a recursive formulation of type II robust Ramsey problem:

W(xtuAytaMt) = max min T(JUtayt,Ut,)\yt,Myt,Mt)

Y, ut M1, Uyt

+BE; [W ($t+17 )\yt+1a Mt+1) +0Mymy11n mt+1] )
subject to (4.2), (2.2), (2.15), and (2.16), where

(@, Yt Uy Ayt oty M)

= ML (w4, ye, ue) + Mypiy (Ayewy + Ayyye + Byug) — B~ My_1 Xz

Let
W (x4, Ay, My) = MV (x4, Ay, my) -

We the have

V (xta )\ytv mt) = mnax min r (l’t, Yt, Ut, Ayta Moyt mt)
Yt,ut Mt+1, Myt

+BE; [mig1V (Teg1, Aye1, Mat1) + Omepr Inmygq],

subject to (4.2) and (2.15), where

T (e, Yo, Uty Mgty pygts M) = —L (24, Y, Ur) + pagy (Ayos + Ayyye + Byug) — B_Im;l)‘;tyt'
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We can reduce the dimension of the state space by defining

Eye = my Ayt = my et (2.23)

Now, the Bellman equation becomes

V (Ita fyt) = max min r (ﬂft, Y, Ut, éyt’ Myt) (224)

Y, Ut M1, Hyt

+5Et [mt_HV (.Tt+1, m;_ll/lyt) + 9mt+1 In mt+1] s

subject to (4.2) and (2.15), where

r ($ta Yt, Ut, gyta /Lyt) =—-L (l't, Yt, ut) + /L;t (Ay:rl't + Ayyyt + Byut) - 5_15;7&3#- (2-25)

Unlike the solution to type I robust Ramsey problem, here the decision rule is not linear
and the value function is not quadratic. One way to solve type II robust Ramsey problem
is to use a nonlinear method to solve the above dynamic programming problem. Another

method is to use perturbation around 6 = oo or v = 1/6 = 0 (Hansen and Sargent (2012)).

2.4.2 Solution Method

Set up the Lagrangian expression for (2.24):

7 (@, Yo, W, gt pyt) + BEy [mua V (wegr, myly piye) + 0migq Inmy 4]

—¢¢ (Bymiy — 1) = By g (w411 — Agems — Ay — Bouy)
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where ¢y and ;411 are the Lagrange multipliers associated with (4.2) and (2.15). First-order

conditions are given by’

mip1: 0=0 [V (CCt+1, m,;lluyt) — m;llu;t‘@ (l‘t+1, m;rll,uyt) +0(1+1In mt+1)] — o4,

(2.26)

ye 2 0= —La (w4, Y, u) + Al piye — B~ Eye + Alpy Erlaria, (2.27)

ug 2 0= —Lg (¢, yr, ut) + Bypiyt + By Eibars1, (2.28)

Myt - 0= Ay$$t + Ayyyt + Byut + ,BEtVQ ($t+1, mt__:l,uyt) s (229)

Tii1 0 0= By Vi (@1, mp ) — St (2.30)

Envelope conditions are given by

Vi(we, &) = —Lu (e, ye, ur) + Appiye + Bt Al ot (2.31)

Vo (e, &) = —B 'y (2.32)

Leading (2.32) by one period and substituting it into (2.26) and (2.29), we obtain
mer1: 0=0 [Vt+1 + ﬁ_lm;rll,u;typrl +60(1+1In mt+1)] — o, (2.33)

/Lyt :0= Ay:rl't + Ayyyt + Byut — EtytJrl. (234)

Taking one period lag in equation (2.30) and using (2.31), we obtain

L1 0= Pmy (L1 (e, Yo, we) + Aygtiye + B Al ary1) — Ear- (2.35)
"By definition of L, we can compute
Li (4, y1,ut) = Qaat + Quyyr + Sz,
Lo (CCt, Yt, Ut) = nyyt + Q;ymt + Syut7

L3 (iEt, Y, ut) = Rut + S;It —+ S;yt
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Using (2.33) and (4.2), can can derive

exp (—% [V (241, &e41) + 5_1f;t+1?/t+1})
Eyexp (—% [V (zt41,&e+1) + /B_lgll/t“yt“})

miy1 = (2.36)

We then obtain a system of 8 equations, (2.27), (2.28), (2.34), (2.35), (2.23), (2.15),
(2.36), and

Vi = (e, e, we, Eyts pogt) + BE [mys1 Vigr + 0mygq Inmy ],

for 8 variables @y, yi, ug, tiyt, Exts Eyts i1, and Vi, The predetermined variables are z; and
&yt- The other variables are nonpredetermined. We can use Dynare to solve for a second-

order approximate solution.

2.4.3 An Equivalence Result

The following proposition shows that Type II robust Ramsey problem is equivalent to a

standard Ramsey problem with recursive utility or risk-sensitive utility.

Proposition 2 Type II robust Ramsey problem is equivalent to the following problem:
max V)
{ze,ye,ut}
subject to (2.13), where V; satisfies
Vi = =L (¢, yt, ut) + BRt (Vig1), for allt > 0.

We omit its proof. The basic idea is to define V; as

Vi = —L(ze,y,ue) + min B (Ermyy1Vigr + 0mypr Inmyyq)
{mit1:Ermip1=1}

= —L(xt,ye,w) + BRe Vigr) s
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where the second line follows from a straightforward computation. By a dynamic program-
ming argument (e.g., Hansen and Sargent (2008) and Maccheroni, Marinacci, and Rustichini

(2006a)), Vj satisfies

o0 o0
Vo= min — Ejy ZﬁtMtL (w4, ye, ut) + OB Eo My Z Bimypr Inmgg .

{mita t=0 t=0

Therefore, we obtain Proposition 2.

2.5 Type III Robust Ramsey Problem

2.5.1 Recursive Formulation

Form the Lagrangian expression for problem (3.4):

o
Eo»  B{—L (w1, y1,us) + Omua Inmys — piy (By [megayera]) — Ayawr — Ayyyr — Byus) }
=0

where 311, is the Lagrange multiplier associated with the forward-looking equation in (3.5).

We then define Ay as in (2.16) and rewrite the above Lagrangian as

o
Eqo Z BHAL (e, yes we) + Omys Wumepr + pryy (Ayaee + Ayyye + Byuw) — B~ Nygmaye
=0

At time zero, we set A\yg = fiy,—1 = 0.

Now, we can derive a recursive formulation of type III robust Ramsey problem:

V(@ Adye, ) = max min 7 (@, Yr, U, Ayes flyt, M)
Yt, Ut mt+1,#yt

+E; [BV (@41, Aye1) + Omypr Inmy ],

subject to (4.2) and (2.15) where

7 (Tt Yty s Ayt thyts i) = —L (@0, Yoy we) + pg (Ayae + Ayt + Byur) — BN muy,.
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We can reduce the dimension of the state space by defining
Syt = MuAyt = My flyr—1. (2.37)
Then, the Bellman equation becomes

1% ($t7 é-yt) = max min r (:Ctv Yt, Ut, é-yh Hyt) (238)

Y, ,ut M1, Kyt

+E; [BV (@1, Mg 1piye) + O0mg Inmy ],

subject to (4.2) and (2.15), where

T (Tts Yty Wty Ayt Py, M) = —L (24, Yo, ug) + iy (Ayeme + Ayyys + Byug) — B_Ié}gtyt-

Comparing this Bellman equation with that for type II robust Ramsey problem, we find that
the period return function is identical. But the continuation values are different because

the belief-adjustment is different as revealed by (2.23) and (2.37).

2.5.2 Solution Method

Set up the Lagrangian expression for (2.38):

(@, Ye, Ut gt fyt) + Ei [BV (g1, Mugapoye) + Omypr Inmy ] — ¢y (Eymyyq — 1)

—E&y i1 (w41 — Agaty — Awyye — Bawy)

where ¢y and ;411 are the Lagrange multipliers associated with (4.2) and (2.15). First-order

conditions are given by
M1 2 0= Bhg, Va (Te41, Megapiye) + 0 (1 + Inmeer) — ¢y, (2.39)

Y 1 0= —Lo (6, Y, ur) + Ay piye — Byt + Bt AL Ear i, (2.40)
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g 2 0 = —Lg (¢, yr, ur) + Bypiyr + By Ei&ars1, (2.41)
oyt 2 0 = Ayaxy + Ayyyr + Byug + BEmy 1 Va (Toq1, My piye) (2.42)
Tyy1 2 0= BVi (Teg1, M1 piyt) — Extr1- (2.43)

Envelope conditions are given by

Vi(@e, &) = —Lu (@6, ye,u) + Ayptiye + Ay By, (2.44)

Vo (21,60) = —B 'y (2.45)
Leading (2.45) by one period and substituting it into (2.39) and (2.42) yields:
mep1:0=0(1+Inmer) — e — b, (2.46)
Pyt 2 0 = Aypxy + Ayyys + Byuy — Eymip1yiq1 (2.47)
Taking one period lag in (2.43) and using (2.44) yields:
i1 &et = B (_Ll (@, ye, ug) + AglwﬂytJrl + AgcmEtﬁth) . (2.48)

Using (4.2) and (2.46), we can derive

exp (07" iy ye41)
E; [exp (9_1,U;Jtyt+1)] .

mi+1 = (249)

We then obtain a system of 7 equations (2.40) (2.41), (2.47), (2.48), (2.15), (2.37), and
(2.49) for 7 variables @, y¢, we, fyt, Exts Eye,and myq1. The predetermined state variables are
x¢ and ;. The other variables are nonpredetermined. We can use Dynare to solve for a

linear approximate solution or a second-order approximate solution.
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2.6 Applications to Monetary Policy

In this section, we apply our general theory to the study of robustly optimal monetary
policy in a basic New Keynesian model. The objective function of the central bank (or CB)
under rational expectations is given by

1 o
{max} —§Eo Z Ik [W? + My — x*)Q] , (2.50)
T, —0

where 7 and x; denote inflation and the output gap, respectively, 5 is the discount factor
of the private sector and A is a weight the CB places on the stabilization of the output
gap variability. Here, z* > 0 denotes the distortion in the objective of the CB towards a
positive output gap. A positive z* implies that the CB has a pro-growth bias.

Under rational expectations, the CB faces the following New Keynesian Phillips Curve
(hereafter, NKPC):

T = KTt + BEtWt—&—l + zt. (251)

where 8 is a discount factor shared with the policymaker. Here, z; denotes the cost-push

shock which is assumed to follow an AR(1) process:
2t = Pz2t—1 + 0zE¢, Et~ N(Ov 1)7 (252)

where p, € [0, 1) denotes the AR(1) coefficient and o, > 0 represents the standard deviation
of a new innovation in cost-push shocks. Here, ¢; is an independently and identically

distributed standard normal random variable.

2.6.1 Robust Ramsey Policy

Now, consider robust Ramsey policy. We use the methods introduced in Sections 3-5 to

derive this policy for the three types of robust Ramsey monetary policy problem. For type
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I ambiguity, we can derive the first-order conditions:

m = B (it — pri1) s (2.53)
pr = = (), (2.54)

where u: is the Lagrange multiplier associated with distorted NKPC:
Tt = KTt + ﬁEt [mt+17rt+1] + 2. (255)

The above first-order conditions are the same as in the case of rational expectations. The
difference is that the distribution of the shock process is distorted. Substituting (2.53) and
(2.54) into (2.55), we obtain a difference equation for jr+. Unlike in the case of rational
expectations, type I ambiguity causes the expectation in this difference equation to be

distorted. Under the worst-case distribution, the density is given by

My = eXP(Tl Zt—i—lnuﬂ't))
B [exp (FHV (s )]

where V is the value function for type I ambiguity. This means that the CB attaches
more weight to states when continuation values are low. As we show in Section 3.2, V is
quadratic, m¢y1 is a normal density, and type I robust policy is linear in the state variables
z¢ and pq;. The state variable p,¢s encodes the history and generates history dependency of
the optimal monetary policy.

For type II ambiguity, the first-order conditions are given by (2.54),

=B (m — &), (2.56)

¢t = BV (2i41,&41) — G1meg1 + SO (1 +1Inmyyq), (2.57)

where ¢ and ¢, are the Lagrange multipliers associated with (2.51) and (1), respectively,
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and & is the belief-adjusted Lagrange multiplier defined as
& =my i1, t>1, & = pig—1 = 0.

Here, V' is the value function for type II ambiguity. Using (1) to eliminate ¢; yields

exp (=5 [V (2t41, &41) — B é1mi41])
Erexp (=5 [V (z141: &41) — B &a1mesa])

mi+1 =

This equation implies that the CB puts more weight on the states with low continuation
values. Type II robust policy is a nonlinear function of the state variables, the shock z; and
the belief-adjusted Lagrange multiplier &;.

Substituting (2.56) into (2.51), we obtain a difference equation for &. To solve this
equation, we need to know the belief distortion represented by the density m;, which in
turn must be solved jointly with the value function V.

For type IIT ambiguity, the first-order conditions are still given by (2.54) and (2.56), but

where (74 is the Lagrange multiplier associated with the distorted NKPC (2.55) and

§ = Myfini—1, t 21, {o = pir,—1 = 0.

We can solve for the distorted belief as

exp (eflﬂmﬂtﬂ)
By [exp (07 pmemeq1)]

mi+1 = (2.58)

Equations (2.54), (2.56), (2.55) and (2.58), together with the definition of & determine
T, Ty, My, &, and . We can eliminate pry and represent the type III robust policy as a
nonlinear function of the predetermined state variables z; and &.

Note that equation (2.58) implies that when the Lagrange multiplier pi-; is positive, the
CB’s concern for robustness causes it to assign higher probabilities to more inflationary

states. Similarly, when p; < 0, the CB worries that less inflationary or more deflationary
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states are more likely than under its approximating model. Clearly, the above equations
imply that type III robust policy is nonlinear. This is different from the linear robust policy

in the timeless perspective studied by Woodford (2010) and Kwon and Miao (2012).

2.6.2 Calibration

To illustrate the quantitative impact of a concern for robustness, we take the same parameter
values as in Woodford (2010) and Kwon and Miao (2012): 5 = 0.99, k = 0.2, A = 0.08,
x* = 0.05.8 Also we assume that p, = 0.5 and o, = 0.02.

Now the only remaining parameter to be calibrated is 6, which measures the degree
of concerns for robustness. We apply the detection error probability method proposed by
Hansen and Sargent (2008). The detection error probability gives the probability that an
econometrician cannot correctly figure out the true data generating process (DGP) after
observing a series of data, especially when she has two competing candidates of the DGP. If
two models (or DGPs) are almost identical, the detection error probability is close to 50%,
which implies that there is roughly a 50-50 chance to make an error about which model
generates an observed series of data. In other words, it is almost impossible to differentiate
the two models. The detection error probability becomes close to zero when two competing
models are very different so that the econometrician can almost always detect the true DGP.

Specifically, the detection error probability can be computed using log-likelihood ratios:
1 L

—Pr log—A>0W + —Pr log—W>OA ,
2 Ly

where L4 (Lw) denotes the likelihood of model A (W). One can consider A represents an
approximating model and W means the worst-case one. Pr(:|A) denotes the probability
conditional on the hypothesis that model A is a true one.

For type I robust Ramsey problem, the detection error probability can be easily com-

puted using the Kalman filter since the solution is linear and the shock process is Gaussian.”

8Hansen and Sargent (2012) also used similar values.
9See Giordani and Séderlind (2004) for detailed information.
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Since we solve type II and type II robust Ramsey problems using the second-order approx-
imation method, solutions to these types are not linear any more. Not surprisingly, it is
generally very difficult to find the exact likelihood even if the shock process is Gaussian.
Therefore, we approximate likelihoods using particle filtering. The particle filter enables
us to evaluate the likelihood numerically via the sequential Monte Carlo algorithm when a
model is non-linear and/or non-Gaussian. Fernandez-Villaverde and Rubio-Ramirez (2007)
show that particle filtering can be used to calculate likelihoods of DSGE models when
solved with non-linear methods, particularly in their case, a second-order approximation.
More recently, Bidder and Smith (2010) apply this method to compute the detection error
probability. Appendix A details our computation procedure.

We calibrate 6 such that the detection error probability is approximately 10% for each
type of robust Ramsey problem. We use simulated time series of 150 periods and simulate
1,200 times to calculate the detection error probability.!’ Also we use 100,000 particles to
evaluate the likelihood. Note that since type I ambiguity yields a linear solution, we use
the Kalman filter to obtain the likelihood function in a state space framework. Table 2.1

shows calibrated values of 6.

Table 2.1: Calibrated values of 6

Type I Type 11 Type 111
0.0069 0.7611 0.0151

2.6.3 Numerical Results

Figures 2-1-2-3 plot the impulse responses of inflation and the output gap following a positive
unexpected one standard deviation cost-push shock for the three types of robust Ramsey

problem and the Ramsey problem under rational expectations with 8 = co.

10Note that there is a tradeoff between accuracy and speed as the number of particles increases. Exploiting
Matlab parallel computing with 32 cores, it took about 40 minutes for 1,200 simulations using 100,000
particles to compute the detection error probability corresponding to a single value of §. Bidder and Smith
(2012) use as many as 160,000 particles. We also checked the detection error probability corresponding to
our calibrated vaule of 8 using 160,000 particles but the difference between the two results was negligible.
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Figure 2-1: Impulse responses of inflation and output under type I ambi-
guity.
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Note: Dashed lines represent impulse responses under rational expectations. Solid lines plot impulse
responses under type I ambiguity. The time period is quarterly.

An important finding is that optimal monetary policy becomes more history-dependent
when the policymaker faces model ambiguity irrespective of its type. More history de-
pendent monetary policy implies that it takes a longer time for the policymaker to return
inflation and the output gap to their steady state levels. Although monetary policy be-
comes more history dependent for all three types of ambiguity, there are subtle differences
in reasons behind this result. For type I ambiguity, the CB faces ambiguity about both
the shock process and private agents’ expectations. As we show in Section 6.1, the private
sector’s expectations in the difference equation for p,; or the commitment value are dis-
torted under the worst-case beliefs. This makes the robustly optimal monetary policy more
history dependent than that under rational expectations.

For type II ambiguity, the CB does not suffer from ambiguity about private agents’
beliefs but it does not trust its approximating model of the exogenous shock process. The

CB believes that the cost-push shock is more persistent than under rational expectations,
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Figure 2-2: Impulse responses of inflation and output under type II ambi-
guity.
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Note: Dashed lines represent impulse responses under rational expectations. Solid lines plot impulse

responses under type I ambiguity. The time period is quarterly.
causing the robust monetary policy more history dependent. Note that even though the
Ramsey policymaker fully trusts the private sector’s beliefs, its concern for robustness leads
to a change in the policy rule for inflation as shown in (2.56). Type II ambiguity generates
endogenous belief heterogeneity. The state variable that encodes the history is the belief-
adjusted Lagrange multiplier associated with the NKPC. The evolution of this state variable
explains the more history dependence of Type II robust policy.

For type III ambiguity, the CB fully trusts its approximating model of the shock pro-
cess, but is uncertain about agents’ beliefs. More history-dependence comes from the CB’s
concern for robustness of agents’ beliefs. This can better manage agents’ expectations as
Woodford (2010) argues. The state variable that encodes history is the belief-adjusted La-
grange multiplier associated with the distorted NKPC. Like Type II ambiguity, type III
ambiguity also generates endogenous belief heterogeneity. But the belief adjustment and

the evolution of the belief-adjusted Lagrange multiplier are different.
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Figure 2-3: Impulse responses of inflation and output under type III am-
biguity.
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Note: Dashed lines represent impulse responses under rational expectations. Solid lines plot impulse
responses under type 11T ambiguity. The time period is quarterly.

Even though all three types of ambiguity share the common feature of making monetary
policy more history dependent, the implications for the price level are not the same across all
there types. The left panel of Figure 2-4 plots the impulse responses of the price level under
type I ambiguity (solid line) and under rational expectations (dashed line). The robust
policy for inflation implies that once a cost-push shock hits the economy, it is optimal to
undo all the changes in the price level so that it returns to its steady state level. This
implies that type I robustly optimal monetary policy is price level targeting, just like in the
case of rational expectations. The middle and right panels of Figure 2-4 plot the impulse
responses for types II and III ambiguity. The robust policy indicates that in response to a
positive cost-push shock the CB adjusts the inflation rate to a degree so that the price level
goes below its original level. This implies that under types II and III ambiguity, price level
targeting is not an optimal policy any more. Note that our finding is in line with Woodford

(2010) and Kwon and Miao (2012). The difference is that they find this feature of monetary
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Figure 2-4: Impulse responses of the price level.
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Note: Dashed lines represent impulse responses under rational expectations. Solid lines plot impulse
responses under three types of ambiguity. The time period is quarterly.
policy under type IIT ambiguity in the timeless perspective instead of the Ramsey framework
as in this paper.

Figure 2-5 shows the initial responses of inflation and output gap for various values of
the robustness parameter . The inverse #~! describes the degree of concerns for robustness
or ambiguity aversion. The initial responses under rational expectations correspond to
6~! = 0. Note that when 6 is smaller than around 0.3, the solution reaches the breakdown
point pointed out by Hansen and Sargent (2008) and hence we restrict solution for type II
problem in a small interval.

An interesting and important finding is that different types of ambiguity deliver different
initial responses to a positive cost-push shock. For type I ambiguity, the initial responses of
inflation and the output gap are larger than those under rational expectations. Since type
I ambiguity is related to the overall model misspecification, in the worst case scenario, the
CB worries that the cost-push shock is distorted in mean so that the CB responds more
aggressively as if the shock were greater compared to that in the approximating model.
At the same time the CB concerns that the private agents’ expectations are distorted to a

higher level too.
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Figure 2-5: Initial responses of inflation and output
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Note: The horizontal axis represents the degree of concerns for robustness §~'. The case of
#~! = 0 corresponds to rational expectations.

For type II ambiguity, the initial response of inflation is also greater than under rational
expectations. The difference between type I and type II lies in the initial response of the
output gap. While type I ambiguity makes the initial response of the output gap greater
than under rational expectations, type II ambiguity leads to a less responsive output gap.
The intuition is the following: The CB worries about the unfavorable distortion in the cost-
push shock, leading to an increase in the inflation response. On the other hand, the CB
exploits the fact that the private sector fully trusts its model and in its model the cost-push
shock is believed less persistent than under the CB’s distorted beliefs. As a result, the CB
faces a smaller tradeoff between inflation and output.

Finally, for type III ambiguity, the CB’s initial response of inflation to a positive cost-
push shock is less sensitive but the initial response of the output gap is more sensitive. The

concern for robustness of the expectation of the private sector makes the CB manage the
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inflation expectation more cautiously. In other words, the CB puts more effort to stabilize
inflation and the inflation expectation since it worries that the private agents’ inflation
expectations are biased upward. In this case, the CB faces a larger tradeoff between inflation
and the output gap. This result is in line with Woodford (2010) and Kwon and Miao (2012).
In these papers, they focus on the linear class of policy rules in the timeless perspective.

Our finding shows that their finding is still valid in the Ramsey framework.

2.7 Conclusion

In this paper, we study three types of robust Ramsey problem corresponding to three types
of ambiguity pointed by Hansen and Sargent (2012) in a general linear-quadratic framework.
We provide recursive characterizations and algorithms to solve the robust Ramsey policy.
We apply our methods to a basic New Keynesian model of optimal monetary policy with
persistent cost-push shocks.

There are three main findings. First, robust Ramsey monetary policy for all three types
of ambiguity generates more history dependence than under rational expectations. Second,
in response to a positive cost-push shock, the price level eventually returns to the initial
level for type I ambiguity and rational expectations. But the sign of the initial price level
effect is eventually reversed for types II and III ambiguity. Third, the initial response of
inflation is more aggressive for types I and II ambiguity than for rational expectations,
but it is less aggressive for type III ambiguity. The initial response of the output gap is
more aggressive fort types I and III ambiguity than for rational expectations, but it is less
responsive for type II ambiguity.

Our type IIT ambiguity corresponds to that studied by Woodford (2010) and Kwon and
Miao (2013). They study linear robust monetary policy in the timeless perspective. We
show that robust Ramsey monetary policy is nonlinear, but the general properties of robust
policy (history dependence, price level dynamics, and impulse responses) found in their
papers are still valid in our Ramsey framework.

Our analysis highlights the importance of modeling who faces ambiguity and what the
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policymaker is ambiguous about because different types of ambiguity generate very different
policy responses to shocks.

For future research, it would be interesting to study micro-founded models of robust
policy. Adam and Woodford (2012) solve an optimal monetary policy problem under type
IIT ambiguity with a micro-founded model. They use linear approximation methods to solve
the model. It would be interesting to study different types of ambiguity in a micro-founded

model with non-linear solutions.
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Appendix

2.A Computing Detection Error Probabilities

We can write the solution to a robust Ramsey problem in a state space representation:

where s; and g; denote unobservable hidden states and endogenous variables at time ¢,
respectively. F'(-) and G(-) are system and observation functions, respectively, which are
possibly non-linear. Here, €; denotes a system innovation. To apply the particle filter-
ing algorithm, we assume that the endogenous variables are observable with measurement

eITors:

yr = G(st) + v, (2.A.1)

where v; is a measurement error.
Note that according to Bayes’ theorem the likelihood of y* = {yo, y1,- - , ¥} under the

hypothesis of 8 € O is given by
t
p(y':0) =po; o) [[p (yk A 9) , (2.A.2)
k=1

where p (yo; ) denotes a prior probability which is assumed to be known. Generally, one
cannot compute the likelihood analytically. The key idea of the particle filtering algorithm
is to approximate the likelihood through Monte Carlo simulation.

More concretely, note that one can rewrite the last term of (2.A.2) as

p(yklyk*1;9> z/p(yk | sk 9)p(8k|y’“*1;9> dsg,
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which can be approximated using discrete samples:
| N
k—=1. p\ ~ i i |, k=1,
p(yk |y ,9) ~N;p(yk | s 9)19(82}?/ ,0)-
1=
Now let {w};, s}; }Z]\il be a swarm of particles such that s is randomly drawn from p (s}f ! 32—1 ; 9)

and also the importance weight w! is computed recursively ! by

i i w}‘cfl
Wy :p(yk | Sk ‘9) ZT
k—1

It is important to notice that {w}%, s};}i]\il is a discrete approximation to the distribution

P (yr | sk 9)p(8k|y’“_1;9)

which is justified by the law of large numbers as the number of particles NV increases. Thus,

one can find that the likelihood function can be approximated by
N
o 4
p<yk |yt 0) %Nz;wi-
1=

. . j i AN
Notice that if one resamples s{c from {w}c, 52} ., with replacement one can update a swarm
=1

NN
of particles to {N - s{c} . This procedure is called the sampling importance resam-

pling.2

To sum up, we implement the particle filtering algorithm using the following procedure:

"By using ¢ (s}C | ykil) as the importance sampling distribution of p (s}C | yk) one can find that the
importance weight w{ can be expressed recursively:
p(si | ¥*) N p(yk | si)p(sh | i) p(sioa | ¥571)
a(si [v"1)  a(si [sion vY) a(sioy [v42)

.

st (e | 51).
Since ¢ (s}C | ykfl) can be chosen arbitrarily, one can easily sample si such that

i k—1 N k—1 1

sy i..d. q(Sk |y ) = q(s |y ) = NZ(&;C(S),

where § (+) is the Dirac delta function.
12There are various approaches to resampling but in this paper we follow an algorithm called systemic
resampling suggested by Kitagawa (1996).
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FOR t =2:T, given a swarm of particles {w}:, si}fil, draw 5i+1 ~p (s ‘ st 0) .

-1

Update w§+1 =p (yt+1 ‘ 8i+1 ; 9) w} (Z w%)

Compute the conditional likelihood Ly11 = N~13° wé 41

. N
. . N . .
7 ) J J )

Resample {w}, 8t+1}i:1 from {th, St“}j:l with replacement such that sj ; ~

. ; ;N ;
% 7 1) — n—1
ii.d. {wi,q, 5t+1}¢:1 and wy, ;1 = N"".

t=1t+1

END FOR.

While implementing particle filtering, an issue needing our caution is that in type II
robust Ramsey problem, the worst-case shock process is different from the reference pro-
cess. Note that for type III, the shock process is not distorted but only beliefs of a Ramsey
planner about private agents’ expectations are distorted. To derive the worst-case distribu-
tion, one can do Monte-Carlo simulations and compute the one-step-ahead likelihood ratio,
my+1(S¢+1). Then one can draw the distorted shock according to the distorted probability.
The problem is that it makes the computing time very long. Instead we take a simpler and
more practical way to draw distorted shocks. By the second-order approximation we can
express m¢y1 in terms of state variables. Then we can compute the conditional mean of the

distorted shock by

Eymigrei1] = B [Gm (8t €141) et+1] (2.A.3)

where G, () denotes decision rule for my;1 given s;. The distortion in mean at time ¢ + 1
depends on state variables at time ¢ and a innovation shock e;1; so that it is now easy to
compute. Bidder and Smith (2012) also take a similar approach.

After finding the conditional mean, we generate the worst-case shocks for each state by
randomly drawing a number from the normal distribution N (Fj [m¢t1e¢41],1). In other
words, we simply assume that the worst-case distribution distorts only the mean of the

shock process. We confirm this assumption by Monte-Carlo simulations following Bidder
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and Smith (2012). We find that the variance of the worst-case shock is not different from
that of the reference shock process and we cannot not find any significant difference between
two distributions except for the mean. The gain from reducing computing time, however,
is very significant.

Finally, the likelihood can be computed as

T
Lyr; 0) =[] L+
t=1

In order to implement particle filtering, we first generate a set of simulated time series
using the solution to the robust Ramsey problem. In our model, there are three hidden
state variables (2, trt, &) and two observable variables 7; and z;. We assume that the mea-
surement error of each observable variable follows a normal distribution with the standard

deviation of 20% unconditional counterpart of each variable, i.e.,

wl=eeo ) [~ (BB 0
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Chapter 3

Woodford’s Approach to Robust Policy Analysis
in a Linear-Quadratic Framework (with Jianjun

Miao)

Abstract

This essay extends Woodford’s (2010) approach to the robustly optimal monetary policy to a
general linear quadratic framework. We provide algorithms to solve for a time-invariant lin-
ear robustly optimal policy in a timeless perspective and for a time-invariant linear Markov
perfect equilibrium under discretion. We apply our methods to a New Keynesian model of
monetary policy with persistent cost-push shocks and inflation persistence. We find that
the robustly optimal commitment inflation is less responsive to a cost-push shock when
the shock is more persistent, and that the robustly optimal discretionary policy is more

responsive to lagged inflation when inflation is more persistent.

3.1 Introduction

The traditional policy analysis has been typically conducted under the rational expectations
hypothesis. While we have learned many lessons from this hypothesis, there are several good
reasons for us to think about departures from it. First, the Ellsberg (1961) paradox and
related experimental evidence demonstrate that there is a distinction between risk and
ambiguity. Risk refers to the situation where there is a known probability distribution over

the state of the world, while ambiguity refers to the situation where the information is too
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vague to be adequately summarized by a single probability distribution. As a result, a
decision maker may have multiple priors in mind (Gilboa and Schmeidler (1989)). Second,
as Anderson, Hansen and Sargent (2003) and Hansen and Sargent (2001, 2008) point out,
economic agents view economic models as an approximation to the true model. They believe
that economic data come from an unknown member of a set of unspecified models near the
approximating model. Concern about model misspecification induces a decision maker to
want robust decision rules that work over that set of nearby models.!

The above arguments are especially relevant for policy analysis in which uncertainty
and expectations play an important role. Either the policymaker or the private agents may
not have complete confidence in the likelihood of the state of the world and hence face

2 First, the policymaker does not trust

model ambiguity. Several possibilities may arise.
its approximating model, but the private agents do. The policymaker forms expectations
using a model in a set of nearby models surrounding its approximating model. Hansen
and Sargent (2003 and 2008, Chapter 16) study this case. Woodford (2010) studies a
second case in which the policymaker trusts its approximating model, but it has ambiguity
about the private agents’ beliefs about the model. The policymaker thinks that the private
agents may form expectations using any model in a set of nearby models surrounding the
policymaker’s approximating model. The Hansen-Sargent approach seems well understood
and several computation algorithms in the linear-quadratic framework have been proposed
in the literature (e.g., Hansen and Sargent (2008), Giordani and Soderlind (2008), Dennis
(2008), Leitemo, and Soderstrom (2009)). However, little is known about how to conduct
robust policy analysis using the Woodford approach in a general linear-quadratic framework.

This paper fills this gap by proposing algorithms for solving robustly optimal policy un-
der both timeless perspective commitment and discretion. Our algorithms borrow insights

from Woodford (2010), who derives analytical solutions for a basic New Keynesian model.

We focus on conditionally linear policy rules under timeless perspective commitment and

!There is a growing literature on the applications of robustness and ambiguity to finance and macroeco-
nomics, e.g., Epstein and Wang (1994); Hansen (2007); and Ju and Miao (2012); among others.
2See Hansen and Sargent (2012) for a discussion of different types of ambiguity.
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linear Markov perfect equilibria (MPE) under discretion. We show that robustly optimal
conditionally linear policy and a linear Markov perfect equilibrium can exist given certain
conditions. Our algorithms then reduce to solving for linear decision rules using tools from
the literature on solving linear rational expectations models and linear-quadratic control
problems.

We apply our algorithms to a New Keynesian model with a persistent cost-push shock
and inflation persistence. The Woodford (2010) model is a special case of our model.
We confirm Woodford’s (2010) major findings for the case of purely temporary shocks
that (i) the robustly optimal inflation is less responsive to the current cost-push shock,
and (ii) the robustly optimal inflation is more history-dependent compared to the case of
rational expectations. We also find some new comparative statics results: (i) When the cost-
push shock becomes more persistent, robustly optimal inflation is less responsive to it, but
the robustly optimal output gap is more responsive. By contrast, optimal inflation under
rational expectations is more responsive to a cost-push shock when it is more persistent.
(ii) In addition, the robust discretionary policy becomes more costly and the range of
parameters for the existence of a linear MPE shrinks. (iii) When the steady state is more
inefficient, the robustly optimal inflation is less responsive to the cost-push shock.

As Woodford (2010) points out, the central bank is not willing to let inflation increase
in response to a positive cost-push shock when it is faced with a concern for robustness.
The central bank fears that a large shock in inflation might affect the inflation expectation
of private agents unfavorably to the central bank and thus the output-inflation trade-off
might worsen if it allows inflation to increase. Naturally, the central bank’s concern for the
unfavorable change in the private agents’ forecast becomes larger when the cost-push shock
is more persistent. As a result, the central bank is more conservative in setting the optimal
inflation rate. If the shock is as highly persistent as a unit root process, the central bank
commits to an inflation rate which does not depend on the current shock.

In our model, the New Keynesian Phillips curve contains lagged inflation. The lagged

inflation rate is an endogenous state variable and hence the method in Woodford (2010)
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cannot be applied. Using our algorithms, we find the following new results: (i) When the
degree of inflation inertia is larger, the sensitivities to the contemporaneous cost-push shock
of both the robustly optimal commitment and discretionary policies are closer to those un-
der rational expectations. In this case, the impact of the belief distortion from the private
sector is smaller as a smaller weight is attached to the expected inflation. (ii) The robustly
optimal discretionary policy is more sensitive to lagged inflation than the optimal discre-
tionary policy under rational expectations. This sensitivity increases as the volatility of the
cost-push shock increases. This is in contrast to the case of rational expectations under
which the optimal discretionary inflation responds to lagged inflation by the same degree
regardless of the size of the shock volatility. The intuition is that, without commitment,
the inflation bias is larger with concerns for robustness than in the case of rational expec-
tations. Under the worst-case beliefs, inflation expectations are biased upward, and hence
a discretionary central bank has a greater incentive to respond to both the current shock
and lagged inflation.

The remainder of the paper proceeds as follows. Section 2 presents the general frame-
work. Section 3 presents an algorithm for solving robustly optimal policy in a timeless
perspective. Section 4 provides an algorithm for solving robustly optimal discretionary pol-
icy. Section 5 analyzes a monetary policy example. Section 6 concludes. Technical details

are relegated to appendices.

3.2 A Linear-Quadratic Framework

3.2.1 Uncertainty and Beliefs

Uncertainty is generated by a stochastic process of shocks {e¢};~, where &; is an n. x 1
vector of independently and identically distributed standard normal random variable. Let
el = {eo,e1,...,&¢} . At date ¢, both the policymaker and the private sector have common
information generated by &' and some initial state zg. They may not have rational ex-

pectations in that their subjective beliefs may not coincide with the objective probability
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distribution governing exogenous shocks {&;};-,. One reason is that economic agents view
their model as an approximation and thus may be concerned about model misspecification.

Model misspecification is described by a perturbation to the distribution of shocks. Let
p (¢) denote the standard normal density of e;. Let P and P; denote the induced distribution
over the full state space and the induced joint distribution of €, respectively. Assume that
a distorted distribution is absolutely continuous with respect to the reference distribution
P. We can then represent belief distortions by Radon-Nikodym derivatives.

Let p (a|€t,x0) denote an alternative one-step-ahead density for 441 conditioned on
date t information. Form the likelihood ratio or the Radon-Nikodym derivative for one-

step-ahead distributions:
s — p (elet, o)
t+l = -
p(e)
It satisfies the property

B, [mes] = 1, (3.1)

where E; denotes the conditional expectation operator for the reference distribution P given
date ¢ information. Inspired by Hansen and Sargent (2001, 2008), Woodford (2010) uses
conditional relative entropy to measure the discrepancy between the distorted distribution
and the reference distribution. He first constructs the conditional relative entropy of a one-
step-ahead distribution given date ¢ information as Ey [m11lnmyi1]. He then defines the

expected discounted entropy conditioned on date zero information as

oo [e.e]
EO Z ﬁt [Et (mtJr]_ In mtJr]_)] == Eo Z ﬁthl In mMi41. (32)
t=0 §=0
Model ambiguity is described by a set of one-step-ahead densities {m;};~; satisfying the

constraint:

oo
Ey Z B Inmypr <mo (3.3)
=0

for some 7y > 0.
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3.2.2 Robustly Optimal Policy Problem

Suppose that the equilibrium system from the private sector can be summarized by the

following form:

o@)

I T oz .

[ Doy (]322 ] [ EA:;—H ] =4 [ y: } + Bue+ [ ]EH_I’ (3:1)
where x( is exogenously given and E, denotes the conditional expectation operator given
date ¢ information based on the common beliefs of the private sector. The private sector’s
beliefs may not coincide with the “objective” probability distribution for {&;} , the reference
distribution P. Here x; is an n, X 1 vector of predetermined variables in the sense defined
in Klein (2000), y; is an ny x 1 vector of non-predetermined or forward-looking variables,
and u,; is an n, X 1 vector of instrument or control variables chosen by the policymaker.
We typically use z; to represent the state of the economy, which may include productivity
shocks, preference shocks, or capital stock. Note that z; may include a component of
unity in order to handle constants. The vector y; represents endogenous variables such as
consumption, inflation rate, and output. Examples of instruments u; include interest rates
and money growth rates. The equation for x; is backward-looking and represents the law
of motion of state variables. The equation for y; is forward-looking and typically represents
the first-order conditions from intertemporal optimization, such as Euler equations.

All matrices in (3.1) are conformable. For simplicity, we suppose that the matrix on the
left side of equation (3.1) is invertible so that we can multiply both sides of this equation

by its inverse to obtain the system:3

Tt41 Tt
- =A + Buy + Ceyyq, 3.2
[ Eiy i1 } [ Yt ] ! o (32)

3The singular case can be handled by the QZ decomposition method, e.g., Klein (2000) and Sims (2002).
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where we have used the shorthand notation,

and where we have partitioned matrices conformably.

The policymaker has the period loss function,

1 Q Q Ty 1 S
L (z¢,ys,u :x’,’[ vl zy}[ ]+u'Ru+x','[ x}u,
(tyt t) Q[tyt] ;y ny Y o Ut t [tyt] Sy t
where we assume the matrix
Qa:ac Qa:y S:v
;cy Quy Sy |,
S’ Sz// R

is symmetric and positive semidefinite.
If both the private sector and the policymaker have rational expectations, then they have
common beliefs which coincide with P, the probability distribution governing exogenous

shocks {&;} . In this case, the optimal policy problem with commitment is given by

)

{I%?,)iz} — Ey ; BUL (x4, ys, ug) (3.3)
subject to (3.2) in which the conditional expectation operator Ey is equal to F;, the condi-
tional expectation operator with respect to P.

Following Woodford (2010), we suppose that the policymaker has a single model of the
exogenous processes {e;} and thus no ambiguity along this dimension. Nevertheless, the
policymaker faces ambiguity because it knows only that the private sector’s model is within
a set of probability models surrounding its own model. The policymaker evaluates the
private sector’s forward-looking equation using a worst-case model and solves the following

problem:

o o0
max min — Ej Z BUL (x4, ys, us) + 0F Z Blmegr Inmygy, (3.4)

{zeyeue} {mega} =0 t=0
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subject to (4.2) and

Tyt Tt
=A + Buy + Cepyq. 3.5
[ E; [mis1Yit1] ] [ Yt } ! i (35)

Here the parameter § > 0 penalizes one-step-ahead densities {m;} with large relative en-
tropies defined in (4.6). It may be regarded as the Lagrange multiplier for the constraint
(4.7). Following Hansen and Sargent (2001, 2008), instead of solving for the constraint
problem subject to (4.7), we treat 6 as a parameter, which measures the policymaker’s
degree of concern for possible departures from rational expectations, with a small value of
f implying a great degree of concern for robustness, while a large value of € implies that
only modest departures from rational expectations are considered plausible. When 6 — oo,

the rational expectations analysis is obtained as a limiting case.

3.3 Commitment in a Timeless Perspective

Instead of solving for an optimal commitment policy,* Woodford (2010) uses a timeless
perspective to derive a closed-form solution to a robustly optimal monetary policy problem
in a simple New Keynesian model. We now extend his idea to our general formulation.
We replace Ey in (3.4) with E_;, the conditional expectation operator given the economy’s
state at date —1, i.e., before the realization of the period zero state xy or implied g. Instead
of supposing that the policymaker chooses a sequence of (possibly time-varying) {y;} for all
t > 0, we consider only the problem of choosing an optimal sequence of commitments {y;}
for periods t > 1, taking as given a commitment yg that the policymaker must fulfill.

Suppose that the initial commitment takes a linear form:
Yo =P_1 +I'_1e0,

for some coefficients (®_1,T'_1) . Suppose that {y;} chosen for periods ¢t > 1 may depend on

(®_1,I'_;) and shocks from periods zero through ¢. We focus on conditionally linear rules

4Kwon and Miao (2012) study this type of policy in models with three types of ambiguity.
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of the following form:

Yrr1 = P + Ly, £ >0, (3.6)

where ®; is stochastic and measurable with respect to date ¢ information and I'; is de-
terministic. For any initial commitment (®_1,I'_1), the policymaker chooses (®¢,I't);>q
{@e,mi},q, and {ut}, to solve problem (3.4).

To define optimal policy from a timeless perspective, suppose that ®_; is drawn from
some distribution p. The initial commitment (®_;,T'_1) is self-consistent if the solution to
the robust Ramsey policy is such that (i) I'y = I'_; and (ii) the unconditional distribution
of py for @, is equal to p, for each ¢ > 0. Our goal is to solve for a conditionally linear
robustly optimal policy with a self-consistent initial commitment.?

Form the Lagrangian expression:
o0
E1) /Bt{ — L (zt,yt,ut) + Omepr Inmy — ¢ (Bymesr — 1)
t=0

/ / Tt+1 Tt
- [Mmhuyt} <[ Eymit1yi41 } A [ Yt ] — B CEtH) }’

where t¢; and ¢ [,ufm 11 ,u;t] are vectors of Lagrange multipliers associated with the con-
straints (4.2) and (3.5), respectively. Note that ;41 is measurable with respect to date
t + 1 information and corresponds to x¢41, but p,; is measurable with respect to date t
information and corresponds to .

The first-order conditions with respect to my,1 are given by
9(1 + In mt+1) - ¢t — M;tyt+1 =0. (37)
Substituting the linear form in (3.6) into the above equation yields:

In mi41 = -1 + Hilqﬁt + Qfl,u;t(q)t + Ftet-i-l)‘ (38)

®See Woodford (2003, Chapter 7) for the concept of self-consistency under rational expectations.
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Since I'y, @y, py¢, ¢¢ are measurable with respect to the date ¢ information, m;,1 follows
a log-normal distribution conditioned on date ¢ information. Using equation (4.2), we can

show that the worst-case density is given by

1 _ -
mt+1 = eXp <—29 QM;tFtrgllyt —'I' 0 I/J/;Jtrtet+1> . (39)

This implies that under the worst-case belief, the shock e; follows a normal distribution
with mean G_IF;,uyt and covariance matrix /.

Under the worst-case belief, the conditional expectation of ;1 is given by
Eymgi1yir1 = O+ 0 Ty, (3.10)
and the conditional relative entropy is given by
EymyyInmg, = %H*QM;trt Myt (3.11)

Since Eyyi+1 = Py, it follows that, relative to the policymaker’s expectations, the worst-case
beliefs distort the private agents’ expectations by 71T T ;.

Now substitute equations (3.10) and (3.11) into the Lagrangian to obtain

oo
1
E_ Z Bt {—L(ﬂft, Pp1 + Dive,up) + 5‘971M;tr\tr2ﬂyt -
t=0

/
Hat+1 Ti4+1 Ty
—A — Bu; — Ce
[ iyt ] ([ By + 01T Ty } [ RS ] t *)}
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The first-order conditions with respect to x, us, ®¢, and I'; are given by®

Tt @

Ut -

(I>t2

Fti

0=~ Quatt — Quy (P41 +Ty_16r) — Spry — B pay

+ Al Bt + Ay byt
0=—Ru; — SLz; — S;J (D41 + Ti16) + BLEpigr1 + B;//Jyta
0=— (@ Brzip1 + Quy®t) — SyEyursr — B iy

+ Ey [A;y,uxtﬂ + A;yﬂyt—i—l] ;

0=—BQL,Eirii1€ 1 — BQuyEr (Pr + Treryn) €111 — BSyEruryieryy

- Q_I,Uyt,ugltrt + BE; [(A;;y,uzt+2 + Ay fhyei1) €41 -

Plugging (3.6), (3.10) and (3.11) into (3.5) yields:

0=x141 — Agay — Apy (Pr—1 + Ti—164) — Bruy — Crégq1,

0=0""Ty Dy + @ — Ayewy — Ayy (®-1 + Tim16) — Byuy.

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

Since we focus on self-consistent optimal policy, we assume that I'y = I" for all ¢. We

start with an initial guess of I' and then solve for {wz, us, ®¢, far, ftye} given this guess.

Equations (3.12), (3.13), (3.14), (3.16), and (3.17), together with two identity equations,

FEiei1 =0 and Eypger1 = Erpigir1, form a linear system of the following form:

[ Eiegn £t
Eyryyq Tt
D, Dy
J Etut+1 =F Ut
Eipiyi1 Hyt
Eipiztia Mzt
L Etpztro | L Etpiztr1 |

; (3.18)

SFor any scalar function f (X) of a n x k matrix X = (z4;), we define the derivative

9f(X)

0X

2f(x)

af (X) [ oz11

Oxp1

Oz

9f(X)

Owyy

af(X) ] '
nxk



60

where
(I 0 0 0 0 0 0 7
0 0 0 0 0 1 0
0 I 0 0 0 0 0
J=10 0 I 0 0 0 0 ,
o0 0 0 0 A_ 0
0 O 0 0 0 Bl 0
0 Qhy Quy Sy —A, 0 ALl
and
0 0 0 0 0 0 07
0 0 0 0 0 0 I
Ayl Ay Ay B 0 0 0
F=|A,T A, A, B, —0°TT" 0 0
QxyF Qrz er Sw —A;x 671[ 0
ST S, S R -B, 0 0
L O 0 0 0 Bl 0 0]

Here €4, x; and ®;_1 are predetermined variables, and w¢, fiy¢, ptzt and Eipize1 are non-
predetermined variables.” Adapting a standard method for solving linear rational expecta-
tions models (e.g., Klein (2000)), we can show in Appendix A that the solution takes the

following state space representation:®

Et+1 £t I
Ti41 =M Tt + | C, Et41- (3.19)
o, P, 4 0
and
Ut
€t
Hot V=N 2y | (3.20)
Mt (I)t—l
Eipizii1

where the first row of M contains zero elements.

For ®; to have an invariant distribution, (3.19) should be a stationary process, which
can be satisfied if M has all eigenvalues inside the unit circle. We assume this condition is
satisfied.

After deriving the state space representation, we can derive an updated value for I' using

"In our solution, the non-predetermined variable y; in the equilibrium system from the private sector is
rewritten using predetermined variables (®;—1, &¢). Thus, the Lagrange multiplier p,: associated with y,
becomes a non-predetermined variable.

®Note that the system in (3.18) does not fit exactly in Klein’s (2000) general form.
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(3.15). When 6 is finite, the presence of the term B_lﬁ_mytu;tft in (3.15) implies that the
solution for I' may be time varying. The timeless perspective discussed in Woodford (2010)
solves this issue. Since the optimal policy in the timeless perspective should satisfy (3.15)
for every realization of the initial commitment, ®_1, we can take unconditional expectations

on both sides of (3.15) to derive ?

r = 8 (H*IE [/lyt/v[/;t] +5ny)71

X E [(Ayytiary2 + Ayybiyi1) €ry1] — QhyCo — SyE [urey] (3.21)

where we have assumed that the inverse exists. In Appendix B, we derive formulas for
computing unconditional moments F [,Uyt#fyt] B [,uthrQEg +1] , B [/.lyt+1€;f +1] , and E [uge}].
The above equation gives an updated solution for I" denoted by [.IfTis sufficiently close
to I, stop. Otherwise, use I to replace I' and repeat the above procedure until convergence.
We are unable to give a condition to guarantee convergence. But this algorithm works well
for all examples studied in this paper.

From the above analysis, we find that the robustness parameter 6 appears explicitly in
two terms only: one is —0~'T'T” in the matrix F' and the other is 71 E [uym;t] in equation
(3.21). In the limit as § — oo, both terms vanish and the solution converges to the rational
expectations case. When 6 is smaller, the impact of robustness is larger. In addition, the
impact of robustness on I' depends on the moment F [,uytu’yt] for any fixed finite value of
0. These observations are important for understanding the intuition behind the examples

analyzed later.

3.4 Robust Discretionary Policy

To understand the value and importance of policy commitment, we now study robust discre-
tionary policy. In this case, the policymaker reoptimizes every period by taking the private

agents’ expectations about future policy as given. We shall focus on Markov perfect equi-

“Note that taking unconditional expectations on other first-order conditions, i.e. (3.12)~(3.14), does not
add additional information to the solution.
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librium (MPE). A robust MPE consists of time-invariant functions f (z;) and V (x;) such

that given y;41 = f (2441), V (2¢) and y; = f () solve the following Bellman equation:

V() =maxmin  — L (x4, ye, ur) + BEV (T441) + 0Eymys1 Inmyqq, (3.22)

Yt Ut M1

subject to (4.2) and (3.5).

We focus on linear solutions for f in that
yr = Gay, for all ¢, (3.23)

for some matrix G to be determined. Adapting the method from the rational expectations
analysis (e.g., Backus and Driffil (1986) and Soderlind (1999)), we use an iterative procedure

to find G by backward induction. Specifically, let

Yir1 = Gr1T441, (3.24)

where Gy,1 is a deterministic matrix. Substituting this expression into the forward-looking

equation in (3.5) and rewrite the Bellman equation (3.22) as

Vi(zy) =maxmin  — L (x4, y, ut) + BEVig1 (2p41) + 0Eymy 1 Inmyy . (3.25)

Yt, Ut Mi41

We can show that the first-order condition with respect to myy; is given by (3.7),
where ¢; and fi,; are the Lagrange multipliers associated with (4.2) and the forward-looking

equation in (3.5), respectively. Using equations (4.2), (3.5), (3.7), (3.23) we can show that

1 _
iy = exp <_29 24 GrirCaCliClyyjiyr 10 m;thchetH).

It follows that myy1 follows a log-normal distribution conditioned on date ¢t information.
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We can then compute

1 _
Etmt_H In miy1 = 50 1u;tAt+1,uyt, (326)

Emy1Yir1 = Gegr (Azae + Anyye + Baug) + Mg fiye, (3.27)

where we define A;y 1 = GfthHCng’CGQH. Since Eyyii1 = Gry1 (Aga®s + Azyyr + Bauy)
the worst-case beliefs distort the private agents’ expectations by Ayi1f:, relative to the
policymaker’s expectations.

Substituting (3.27) into (3.5) yields:
Gt+1 (Ama:t + Agjyyt + Bmut) + At+1,uyt = Ay;,;a:t + Ayyyt + Byut. (328)

Conjecture that

1
Vi (éUt) = _ix:fjtxt - ivt’

where J; is a deterministic matrix and v; is a deterministic constant. Substituting the

conjecture and (3.26) into the Bellman equation (3.25) yields:

1 1 1 1
—Ql’thwt — gl = max — ixiQmu’Ut - innyyt — 21Quy s (3.29)
1
—§u2Rut — :chxut — ygSyut
1, 1, 1
+§MytAt+1,uyt + BE; —§$t+1jt+1$t+1 QUL |

subject to (3.28) and

Ti41 = Apzy + Axyyt + Byug + Crepyn,

where the Lagrange multiplier p,,; is associated with (3.28). The above problem is a standard

linear quadratic control problem with state variable z; and control variables u; and y;. In
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Appendix C, we solve for J;, vy and linear decision rules of the following form:
ur = —Fixy, yr = Gy

To find the time-invariant functions, we start with an initial guess of a positive semi-
definite matrix J;11, a constant vy41, and any matrix Gyr1. We then obtain the updated
constant vy and matrices J; and Gy. Iterating this process until convergence gives J and G
in a Markov perfect equilibrium. In addition, v; converges to v in the value function and
F; converges to F', which gives the stationary policy rule. Note that since a MPE is a fixed
point, there may be multiple equilibria or no equilibrium. For the simple New Keynesian
model, Woodford (2010) provides explicit characterizations. But a similar characterization

for our general model is not available.

3.5 Applications to Monetary Policy

In this section, we apply our general theory to the study of robustly optimal monetary

policy in a New Keynesian model. The central bank’s loss function is given by

E_, Zﬂt% (77 4+ A — 2*)?], (3.30)
t=0

where 7m; denotes the inflation rate, x; denotes the output gap, and z* > 0 denotes the
target output gap. The value of x* measures the degree of inefficiency of the steady state.
If * = 0, the steady state is efficient. The parameter \ measures the weight to the output
gap.

Empirical studies find evidence that inflation is persistent (e.g., Fuhrer (1996)). Thus,

suppose that the New Keynesian Phillips curve (NKPC) is given by

Tt = KT + NTg—1 + B(]. — n)Etmt+17rt+1 + zt, (331)
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where 7 € (0,1) measures the degree of backward-looking behavior exhibited by inflation.'?

Assume that £ > 0 and {z;} follows an AR(1) process:
Zt = Pzit—1 + 0.&¢, gt ~ N(O, 1), (332)

where p, € (0,1) and o, > 0. When 7 = 0, the model reduces to the basic New Keynesian
model studied by Woodford (2010). When 7 € (0,1), Woodford’s (2010) analytical method
does not apply because the lagged inflation rate provides another state variable.

3.5.1 Timeless Perspective Commitment

The robustly optimal policy problem with commitment is given by

o0 1 o0
max min —F_; Zﬁtf [77,52 + Ay — x*)Q] +0E_4 Z Blmgyr Inmyy g (3.1)
{ze,me} {met1} =0 2 —o

subject to (3.31). To solve this problem using our general framework, we define a new

predetermined state variable as k;+1 = 7 and rewrite (3.31) as

kt+1 = 7'['t7 (32)

Etmt+17rt+1 = ,871(1 - 77)71 (—7’]]% + T — KTy — Zt) . (33)

To map this problem into our general framework, we note that k; and z; constitute the
predetermined vector x¢, 7, is the forward-looking variable 3, and x; is the control variable

ug. Assume that the central bank commits to a policy in the form

Tep1 = Py + Tepyg. (34)

98¢, e.g, Gali and Gertler (1999) for a microfounded model with this feature.
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Let pn¢ denote the Lagrange multiplier associated with (3.3). As in Section 3, we can show

that the worst-case belief satisfies

Eymy i = ¢4 07 T . (3.5)

Since Fymip1 = Py, 0‘1F2pﬂt represents the distortion of the private agents’ expectations
relative to the central bank’s. We can then use our algorithm developed in Section 3 to
solve for a robustly optimal policy with timeless perspective commitment.

We set baseline parameter values for 3, x, A, and z* as in Woodford (2010): 8 = 0.99,
k=02, A= 0.08, z* = 0.05.'" We first set = 0 in the top four panels of Figure 3-1.
In particular, the first panel replicates the result in Woodford (2010) when p, = 0. We
confirm his result that when the central bank is more concerned for robustness, it is more
conservative and inflation responds less to the cost-push shock in the sense that I decreases
with 1/6. In addition, I' decreases more than proportionally with o,. This implies that
certainty-equivalence does not apply to the robustly optimal case. Notably, I' decreases
with o, for large values of o, when p, is sufficiently large. When the cost-push shock is
sufficiently persistent as much as p, = 0.95, robustly optimal I' is almost independent of o,
as illustrated in the second panel of Figure 3-1. The middle two panels of this figure shows
the impact of p, for o, = 0.02 and 0.04. Under rational expectations, I' is an increasing
function of p,, which can be easily verified analytically. When robustness matters, however,
this relation does not apply. For low values of 0., e.g., 0, = 0.02, T first increases with p,
and then decreases to zero. If the concern for robustness is very high, e.g., 8 = 0.001, T’
decreases with p, for high o,, e.g., 0, = 0.04. In the limiting case, I' = 0 if the cost-push
shock process is a unit root process (i.e., p, = 1) for all < oc.

As Woodford (2010) points out, the central bank is not willing to let inflation increase
in response to a positive cost-push shock when it is faced with a concern for robustness.

The central bank fears that a large shock in inflation might affect the private agents’ in-

"There is a typo in Woodford (2010). Parameter values of x and 2* in his paper should be interchanged
to replicate the figures in his paper.
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Figure 3-1: Variation of I' with o, p,, and n for alternative values of 6.
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flation expectations unfavorably to the central bank and thus the output-inflation trade-off
might worsen if it allows inflation to increase. Naturally, the central bank’s concern for
the unfavorable change in the agent’s forecast becomes larger when the cost-push shock is
more persistent. As a result, the central bank is more conservative in setting the optimal
inflation rate. If the shock is as highly persistent as a unit root process, the central bank
commits to an inflation rate which does not depend on the current shock.

The bottom two panels of Figure 3-1 show the impact of inflation persistence 7. For
simplicity, we assume that the cost-push shock does not exhibit persistence, i.e., p, = 0.
In the rational expectations case (i.e., § = o00), I' increases with n until n = 0.5, then
decreases. The shape of I' shows a symmetry around n = 0.5. As the degree of concern for
robustness increases, i.e., § decreases, I" also decreases for a fixed n. The degree of decrease
in I' is larger when 7 is smaller. This is because the impact of the concern for robustness
increases when the weight on the inflation expectation is larger (i.e., n is smaller) in the
New Keynesian Phillips curve. In the limiting case when 1 = 1, inflation is completely
determined one period ahead so that the central bank’s doubt about the private sector’s
expectations does not change the optimal policy for inflation. Accordingly, the shape of T is
no longer symmetric. Also note that for a given value of n the optimal value of I" decreases
more as 0, increases.

Figure 3-2 presents the dynamics of inflation, the worst-case inflation expectation, out-
put gap, and prices in response to a purely temporary one-standard-deviation cost-push
shock. For a moderate degree of inflation inertia (n = 0.3), the impulse responses exhibit
very similar dynamics for both the rational expectations equilibrium and the robustly op-
timal equilibrium. The intuition is that the impact of the belief distortion from the private
sector is small since a weight of 0.7 is attached to the expected inflation. We also find
that the long-run inflation rate is small but positive for both the rational expectations and
robustness cases. The intuition is that in the presence of inflation inertia, the change in
current inflation does not move future expected inflation one for one as it is attached a

weight less than one. The central bank has an incentive to increase inflation to raise the
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Figure 3-2: Impulse responses to a purely temporary positive cost-push
shock with n = 0.3 and o, = 0.02. The inflation expectation is with respect
to the worst-case beliefs of the private agents.

output gap given z* > 0. The robustly optimal long-run output gap is still negative, which
follows from the fact the long-run worst-case inflation expectations of the private agents are
positive, worsening the inflation-output tradeoff.

We emphasize that the impact of robustness also depends on the efficiency of the steady
state, as reflected by the value of z*. This is because the Lagrange multiplier ¢ associated
with NKPC (3.31) increases with z* by the following first-order condition with respect to
Tt,

BN =) R = =My — 2¥).

As revealed by Figure 3-2, this result has two consequences. First, * biases the inflation

expectation upward by (3.5). Thus, the steady-state output gap is negative even though



70

the steady-state inflation rate is zero. Second, F [p2,] also increases with z*. As we have
discussed in the end of Section 3, this implies that I" decreases with z* for a finite 6 (see
(3.21)). Thus, under robustly optimal monetary policy the central bank will be more
conservative in raising inflation in response to a positive cost-push shock when the economy
is more inefficient. This result is in sharp contrast to that in the rational expectations case.
Under rational expectations, the level of * does not affect I'. It only affects the steady-state

inflation.

3.5.2 Discretion

We define z; and k; = ;1 as the state variables and use the algorithm described in Section

4 to solve for a linear MPE of the form:

Tt = G() + G7T7Tt_1 + GzZt, (31)

where G, G, and GG, are constants to be determined. The coefficients G and GG, measure

the sensitivities of inflation to m;_1 and z; , respectively. We can rewrite (3.1) as

T = Go + Grmi—1 + p.Grzi—1 + thv

where G = 0.,G,,, which is the sensitivity of inflation to a shock ¢; and corresponds to T’
under commitment.

As we showed earlier, the inflation inertia in the New Keynesian Phillips curve reduces
the effect of inflation expectations and hence the effect of a concern for robustness on the
optimal policy under commitment. This fact also applies to the discretionary policy with
a concern for robustness. Figure 3-3 shows the optimal responses of inflation (i.e., I" and
G) to a cost-push shock under commitment and under discretion for different values of o,
respectively, and the effects of n and p,. For a purely temporary shock without inflation

persistence (i.e., p, = 0 and n = 0), we confirm Woodford’s (2010) result that robustly

optimal inflation under discretion is more responsive to the cost-push shock than in the
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Figure 3-3: Variation of G and I" with o, for different values of p, and
7, under discretionary policy and under an optimal commitment, with and
without a concern for robustness (0 = oo and 6 = 0.001).

rational expectations case. When the cost-push shock becomes more persistent, e.g., p, is
increased to 0.5, the robustly optimal inflation under discretion is more responsive to the
cost-push shock for a given value of o,. But the range of o, for the existence of a robust
MPE shrinks.

Turn to the impact of inflation persistence. For p, = 0, when the degree of inflation
inertia is increased from n = 0 to n = 0.5, the robustly optimal inflation under discretion is
less responsive to the cost-push shock for a given value of o,. In addition, the range of o,
for the existence of a robust MPE expands. Thus, the net effects of the shock persistence
and inflation persistence are ambiguous. Comparing the bottom two panels of Figure 3-3,

we find that given nn = 0.5, when p, is increased from 0 to 0.5, the robustly optimal inflation
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Figure 3-4: Variation of senstitvity of inflation to lagged inflation (G)

with o,
under discretion becomes more responsive to the cost-push shock for small values of o, but
it is less responsive for high values of o,.

Figure 3-4 exhibits how a discretionary policy responds to lagged inflation for different
values of o,. When the central bank has a doubt about its knowledge of the inflation
expectations of the private sector, the optimal discretionary policy is more sensitive to
lagged inflation than under rational expectations. The sensitivity increases as the volatility
o, of the cost-push shock increases. This is in contrast to the case of rational expectations
under which optimal inflation responds to lagged inflation by the same degree regardless of
the size of o,. Furthermore, as the central bank is more concerned about robustness (i.e., ¢

is smaller), the sensitivity to the lagged inflation of a discretionary policy becomes larger.
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But the range of o, for the existence of a robust MPE is smaller.

Figure 3-4 also reveals that for fixed p,, when inflation peristence is larger (e.g., n is
increased from 0.3 to 0.5), the robustly optimal inflation under discretion is more responsive
to lagged inflation. For fixed 7, when the cost-push shock is more persistent (e.g., p.
is increased from 0 to 0.5), the robustly optimal inflation under discretion is also more
responsive to lagged inflation.

The intuition behind the above results is that, without commitment, the inflation bias
is larger in the case of concerns for robustness than in the case of rational expectations.
Under the worst-case beliefs, inflation expectations are biased upward, and hence a dis-
cretionary central bank has a greater incentive to respond to both the current shock and
lagged inflation than under rational expectations. This effect is stronger if the cost-push
shock is more persistent. However, this effect is weaker if a smaller weight is put on the
inflation expectations.

Figure 3-5 shows the impulse responses of inflation, the worst-case inflation expectation,
output gap, and prices to a positive cost-push shock under discretion. To compare with the
commitment solution, we also plot impulse responses under commitment. When the central
bank has a concern for robustness, the steady-state level of inflation under discretion is
higher than that under rational expectations. But the steady-state level of the output gap
under discretion is still below the one with commitment. With commitment, however, the
steady-state level of inflation is not affected by a concern for robustness. This is because
under robust MPE, the central bank needs to keep inflation rate higher since otherwise
output would be lowered even further due to the distorted belief of private agents. But the
central bank cannot allow too much inflation to increase output for fear of the possibility
that inflation expectation would become so high that the output gap might actually decline
further.

We emphasize that with discretionary monetary policy under robustness, the inflation
expectation is distorted more than with commitment. With commitment, the central bank

actively manages the beliefs of private agents and reduces the distortion in private beliefs;
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Figure 3-5: Impulse responses to a purely temporary positive cost-push
shock with n = 0.3 and ¢, = 0.02 under commitment and discretion. With
concern for robustness, 6§ = 0.001.

hence the output gap. By contrast, the central bank with discretionary monetary policy
cannot manage expectations of the private sector effectively, and thus both the inflation

expectation and the output gap worsen.

3.6 Conclusion

In this paper, we have presented algorithms for solving robust policy problems in a general
linear-quadratic framework by extending the Woodford (2010) approach. We have applied
our algorithms to a New Keynesian model. Our algorithms are based on a linear-quadratic
framework, which has been applied widely for policy analysis. One may wonder whether this

framework can be justified by a microfounded model. This question does not seem obvious
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with concerns for robustness, though this issue is well understood under rational expecta-
tions (e.g., Woodford (2003)). Adam and Woodford (2012) present a fully microfounded

model and show that the linear-quadratic model of Woodford (2010) can be microfounded.
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Appendix

3.A State Space Representation of the Solution

We adapt Klein’s (2000) method to derive the solution in (3.19) and (3.20). His method
cannot be directly applied since the system in (3.18) does not fit in his general form. Apply
a QZ decomposition to matrices J and F. There exist square complex matrices @, S, T
and Z such that

J=QSz", F=QTrz",

where ZH denotes the transpose of the complex conjugate of Z. Q and Z are unitary (i.e.,
Q"Q =217 =1I),and S and T are upper triangular (see Golub and van Loan (1996)). The
decomposition can be reordered so that the block corresponding to the stable generalized
eigenvalues (the ith diagonal element of 7" divided by the corresponding element in S) comes

first. Define auxiliary variables

€t

3 Dy
[ i ] = z1 ug : (3.A.1)
Hyt
Mzt
| Eipiatr1 |

where k; corresponds to the predetermined variables e¢, x; and ®;_1, and A\; corresponds
to the non-predetermined variables u, fiys, fot, and Eipige11. Premultiplying (3.18) by QH,
using (3.A.1), and partitioning S and 7" conformably, we can derive

Skt Sk ] [ ki1 ] [ Tir  Tha ] [ k¢ ]
E = . 3.A.2
|: 0 S ¢ At+1 0 Tx At ( )

We solve for a stable solution to the above system, which requires that the number of stable
generalized eigenvalues be equal to the number of predetermined variables. We rule out the

case of generalized eigenvalues with unitary modulus. Thus, the lower right block contains
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the unstable generalized eigenvalues. It follows that A\; = 0 for all . We can then write

remaining equations in the above system as
Eikir1 = Sk_lekkkt; (3.A.3)

where Sy is invertible by our ordering of the matrix S.

Premultiplying both sides of (3.A.1) by Z yields:

&t
Tt

Dy

k¢ Zik  Zga } [ k¢ ] [ Lk ]
;ftt [ At } [ VARV At Zywe | ( )
y

Mt
L Eipreti1 |

where we have used the fact that Ay = 0. Suppose that Zij is invertible. It follows that

&t
k?t = Zk_kl Tt . (3A5)
Dy

Substituting the above equation into (3.A.3) yields:

€41 €t
-1 -1 -1
Zkk Et Tt41 = Skk Tkakk: Tt
Dy Py

Premultiplying by Zir and using the law of iterated expectations, we obtain

Eieii Et
—1 —1
Eirir | = ZiSi, TeeZyy, Ty
Dy Dy
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Using equations (3.A.4) and (3.A.5) yields:

Ut

&t
Hat = Dkt = ZoZyy | @
Hat
Dy
Etpizi1

Using (3.2), we then obtain the solution in the form of (3.19) and (3.20).

3.B Computing Unconditional Moments

After we derive the state space representation of the solution, we can compute unconditional
moments of interest. First, define an auxiliary variable X; = [5{5 x @2_1]/. Then it

follows from (3.19) that

I C. 0
E X1 X{,| =ME[XX{|M + |C, C.C} 0
0 0 0

This is a Lyapunov equation which determines the unconditional second moments of prede-
termined variables. This equation can be solved if predetermined variables are stationary
processes, i.e. all the eigenvalues of M are inside the unit circle, which is assumed to be
true under a timeless perspective.

Next, we use (3.20) to derive that
pyt = Natey + Nogxy + Nog®i_1 = No Xy,
where Ny = [Ngl Noo Ngg] is the second row of N. We can compute that

E [pytiy;] = NoE [ X X}| Ny,
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Finally, we use (3.20) to compute the unconditional moments:

/
qugtxJrl Et+1€141 I
€
E| M NE |zael,, | = N |Gy
Mzt+1€441 P! 0
B / t1et41
t+1Mxt+2€¢ 41

We then obtain the moments E [,uyt,u’yt] D [uwHQE;H], E |:/,Lyt+1€é+1j| , and F [ue)] .

3.C Computing Discretionary Policy

Substituting xi41 = Aze®t+ Azyys + Boug + Cregq1 into the value function for 2441 in (3.29)

and deriving first-order conditions, we obtain

Y2 0= — Quyyr — Qe — Syuy + (Ayy — Gri14Azy) iyt
- 5A;cyjt+1 (Axxa:t + A:L’yyt + Bxut) s (301)
ug 1 0 =— Ruy — Sglc.ft - s Y + (By — Gt+1B$)/ Myt

Y

- BB;/UJH»l (Amzl't + Awyyt + Bzut) . (302)

Define the matrix Bt—H = (Ayy — Gt+1Awy)' and assume that it is invertible. Solving

(3.C.1) for puys, we can obtain

pyt = Ayr12s + By + Crprug, (3.C.3)

where

A = B (Qhy + BAL, Jii1Ass)
Bty = Bt_ﬁ (Quy + BAL, Jiv144y) |

Ci1 = B;rll (Sy + BAL, Ji1B:) -
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Substituting (3.C.3) into (3.C.2) and solving for u; will yield

* *
u = A2+ B,

where

A =-D N [Sh— (By — G By) A + BBLJii1 Avs

*
Bt+1

-D; Y (S, — (By — Gi41B:) Biy1 + BBy Ji11 A4y -
Note that we have defined
Diy1 =R — (By — Gi41B,) Cuy1 + BB, Ji+ 1By,

and assumed that it is invertible.

Substituting (3.C.4) into (3.C.3), we obtain
pyt = A1 + Bivaye,
where

Apr1 = A1 + Cr1AdL

Bi+1 =Byt + CiBiy

(3.C.4)

(3.C.5)

After plugging (3.C.4) and (3.C.5) into (3.28) and solving for y;, we can derive the policy

rule for period t as y; = Gxy, where

Gy = —A7 [Geet (Avo + BoAj) + AsprAeer — Aye — ByA7 ],

App1 = Gy (Azy + BBy ) + A1 Biyr — Ay — BBy,
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We also have to assume that Ay is invertible. Substituting y; = Gy into (3.C.4) yields:
Uy = —Ftl't, (306)

where

Applying the envelop theorem to (3.29) yields:

—Jitt = —Quatt — Quyyr — Swtur + Aprype — AL Tir1 (Apay + Agyys + Buuy) -

Substituting y; = Gy, (3.C.5), and (3.C.6) for y;, p, and u; into the above equation, we

can show that

Ji = Quu+ QuyGi— SypFy — A1 (A1 + Bii1Gy)

+/BA£E£EJt+1 (A:c:c + AzyGt - Bth) .
Matching constant terms in (3.29) yields:

ve =B (tr (CpJp41Cr) + veg1) -
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Chapter 4

Robust Optimal Monetary Policy under Belief

Ambiguity

Abstract

This essay documents the impact of belief ambiguity by changing the relative degree of
concern for ambiguity associated with two different shocks: cost-push shocks and the natural
rate of interest shocks. The main results are: i) belief ambiguity relating to cost-push shocks
matters to a central bank much more than belief ambiguity associated with the natural rate
of interest shocks; ii) in some cases, after a positive cost-push shock robust optimal monetary
policy allows initial inflation higher than under rational expectations; iii) robust optimal

monetary policy is not symmetrical in terms of its response to different signs of a shock.

4.1 Introduction

The main advantage of policy with advance commitments comes from the fact that com-
mitment helps the public understand the policy better and thus the degree to which policy
decisions affect their expectations increases. The literature on optimal monetary policy has
shown that, under the rational expectations hypothesis, a central bank can easily shape
expectations of the private sector precisely the way it considers optimal. The hypothesis
of rational expectations! is, however, a very strong assumption considering the enormous

difficulty of achieving a coincidence of expectations among different agents in each period.

1Under the rational expectations hypothesis the private sector and policy-makers share the same beliefs
and thus there is no doubt or ambiguity relating to other agents’ expectations.
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At the same time, when a central bank does not have a full knowledge on the private sectors’
beliefs the management of expectations becomes considerably difficult. In this context, it is
not surprising the need for managing expectations for future policy decisions has been even
more highly emphasized since the onset of the financial crisis in 2008, mainly because there
were worries that the economy faced considerable uncertainty about economic conditions
and also future policy decisions.

This paper studies how optimal monetary policy rules change in order to manage expec-
tations of the private sector when a central bank has concern for belief ambiguity, using a
simple New Keynesian model in a linear quadratic framework. I assume that a central bank
suffers from a lack of a full knowledge on the private sector’s beliefs and tries to manage
expectations of the private sector to maximize its objective function by making policy com-
mitment, as in Woodford (2010) and Kwon and Miao (2013). In this framework, a central
bank evaluates its policies with respect to pessimistically distorted beliefs of the private
sector, which is specified by the minmax utility.? As Woodford (2010) points out, however,
even in this case a policymaker can assume that private sector expectations should not be
too different from its own prediction® since people’s expectations will be shaped largely
by the policy commitment. To prevent the private sector’s beliefs from being unduly pes-
simistically distorted, the total amount of expected measure of belief ambiguity, which is
called the relative entropy, is assumed to be bounded.

In this paper, I assume that a central bank completely trusts its knowledge on the
exogenous shock process but it suffers from a lack of knowledge on the private sector’s
expectations. Generally central banks collect a large amount of data and thus know pretty
well how shocks evolve but still do not have a detailed information on individual beliefs.
Thus one interpretation is that a central bank has a relatively more knowledge on exogenous
shocks than on the private sector’s beliefs.

What is new in this paper is that I allow a central bank to have different levels of concern

2See Hansen and Sargent (2008) for the rationale behind using the minmax utility for policy evaluation.
3Woodford (2010) expresses that people are assumed to have near-rational expectations (NRE) in this
case.
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for belief ambiguity about how the private sector forms expectations for different shocks.
In an extreme case, for example, a central bank is assumed to have a full knowledge on the
private sector’s belief relating to one source of shock, while it suffers from belief ambiguity
associated with other shocks. It is not only conceivable that a central bank holds better
knowledge on the expectations of the private sector about one source of shock than on
other shocks; e.g. in this paper a central bank might have two different levels of concern for
ambiguity relating to the private sector’s beliefs on a cost-push shock and the natural rate
of interest shock. But also, in this way, one can answer some interesting questions: How
do different levels of concern for ambiguity affect monetary policy decisions?; What is more
influential source of ambiguity on policy making? Overall, the main focus of this paper is
to investigate impacts of belief ambiguity on optimal monetary policy, in particular, the
interaction between different sources of belief ambiguity on optimal monetary policy with
commitment.

One main result is that belief ambiguity relating to cost-push shocks matters to a central
bank much more than belief ambiguity associated with the natural rate of interest shocks.
I find that when a central bank faces belief ambiguity, changes in optimal policy mostly
comes from ambiguity relating to a cost-push shock, while belief ambiguity associated with
the natural rate of interest has a relatively small impact on monetary policy decisions.
Intuitively, a cost-push shock involves a significant tradeoff to a central bank. Thus it
worries that the private sector’s expectations on a cost-push shock might be distorted in the
worst-case so that robust policy should be adjusted in order to guide the private sector’s
expectations. On the other hand, the natural rate of interest shock does not lead to a
meaningful tradeoff and thus a central bank fears less about a distortion in belief relating
to it.

I also find it possible that a central bank conducts the monetary policy in a way that
inflation increases more than under rational expectations after a positive cost-push shock.
This finding is meaningful since both Woodford (2010) and Kwon and Miao (2013) show that

in the presence of belief ambiguity a central bank actively stabilizes inflation by committing
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to an inflation policy which is less responsive to a new innovation. In this paper, I show,
for some reasonable model calibration, a robust optimal policy implies that a central bank
allows higher inflation in order not to sacrifice too much output.

Finally I show that robust optimal monetary policy is not symmetrical in terms of its
response to different signs of a shock. Since a solution to a linear quadratic problem under
rational expectations is given in a linear form, impulse responses are always symmetrical.
Robust optimal policy, however, is not necessarily symmetrical even if I only focus on a
linear class of commitment rules.

The closest paper to this work is Woodford (2010), which studies an optimal monetary
policy problem where a policymaker fully trusts its model but has concern for ambiguity on
the private sector’s beliefs. In Woodford (2010), there is only one exogenous shock, a cost-
push shock, and thus a policymaker worries about belief ambiguity only associated with
inflation. In this paper, I introduce different relative degrees of concern for ambiguity and
analyze their impact on optimal monetary policy. The solution algorithm follows Chapter
3 in this dissertation.

Hansen and Sargent (2012) study a robust Ramsey problem under three types of ambi-
guity in a continuous time framework. Among the three types, the ambiguity in this paper
is closely related to the type III, in which the policymaker has a single model of the exoge-
nous processes but faces ambiguity because of a lack of knowledge on the private sector’s
model. Kwon and Miao (2014) also studies three types of a robust Ramsey problem in
a general linear-quadratic discrete time framework. By focusing a linear robustly optimal
policy in a timeless perspective, this paper takes a different approach from these works.
Most obviously,

Adam and Woodford (2012) analyzed a robustly optimal monetary policy problem with
a micro-founded model. Benigno and Paciello (2011) analyze how model ambiguity in
the dimension of the private sector affects the characterization of optimal monetary by
distinguishing the types of a policymaker into a paternalistic and a benevolent one. Also

there are several other papers that characterize robustly optimal monetary policy in a
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basic New-Keynesian model when the policymaker suffers from model ambiguity including
Giannoni (2002), Dennis (2008), and Leitemo and Séderlind (2008) to name a few.

This paper is also closely related to the optimal monetary policy literature. The baseline
model in this paper follows Woodford (2003), where a central bank has the interest smooth-
ing feature in its loss function. The standard characteristics of optimal monetary policy
commitment are well documented in Woodford (2003) and Gali (2008), among others.

This paper is organized as follows. Section 2 presents a basic model for robust optimal
monetary policy problem with different levels of concern for ambiguity. Section 3 then
characterizes the robust optimal policy commitment quantitatively and studies impacts of
belief ambiguity on policy rules. Section 4 presents some conclusions and suggestions for

further work.

4.2 Model

4.2.1 The Objective of the Central Bank

As a baseline model for the optimal monetary policy, I shall assume a central bank aims
to maximize its objective function (or minimize its loss function) which involves quadratic
terms of inflation, output gap, and nominal interest rate following Woodford (2003). This
form of objective function can be derived either from a second-order approximation to the
utility function of the household with non-negligible monetary frictions or from a behavioral
assumption of interest-rate smoothing. The instantaneous objective function in period t is
given by

1
L(m,wp,ir) = = 72 4+ Ao (2 — %) + Ni2 |, (4.1)

where m; and x; denote a measure of inflation rate and the output gap respectively, and
x* > 0 is the target output gap of the central bank. i; is the deviation of the short-term
nominal interest rate from its steady-state value, which is possibly the central bank’s policy
instrument. Parameters A\, and )\; measure the weight to the output gap stabilization and

interest-rate smoothing respectively.
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The objective of the central bank is to maximize the expected value of L; with a discount
factor 0 < 8 < 1 subject to two key constraints: an aggregate supply equation, which is

referred to as the New Keynesian Phillips curve (NKPC) in the literature, given by
Tt = /BEAtﬂ-t+1 + KTt + Z¢. (42)

and an intertemporal IS equation (or the Euler equation of the representative household)
given by

Ty = Etx,prl -n <Zt - Etﬂ't+1 - T?) y (43)

where E; [] means a conditional expectation of the private sector given information up to
period t, which is not necessarily identical to but at the same time not very different from
the expectation of the central bank. The specific form of the private sector’s expectation
will be given later. I assume that the central bank and the private sector share the same
discount factor 8. The structural parameters x and 7 are both positive. And finally, z; and
ry denote the cost-push shock and the natural rate of interest. I assume that both z; and

ri* are exogenous and follow an AR(1) process

2t = Pr2i—1 + 0L€14, (4.4)

i = prrioy + oreat, (4.5)
where g;; ~ 1id N'(0,1), i € {1,2} and €1, and ey are independent.

4.2.2 Concern for Belief Ambiguity

Now let’s turn to the problem of ambiguity about the private sector’s expectations. Fol-
lowing Hansen and Sargent (2005), Woodford (2010), and Kwon and Miao (2013), beliefs
of the private sector can be described by a perturbation to the distribution of exogenous
shocks which the central bank considers true. Under the near-rationality assumption fol-

lowing Woodford (2010), I assume that the distribution of the private sector’s beliefs is
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absolutely continuous with respect to the distribution of the central bank’s beliefs. Then,
by Radon-Nikodym derivatives, one can represent the belief of the private sector for any

random variable ;1 as

By [yr1]) = Bt [mes1yes1] (4.1)

where )
P (8t+1|6t, So)

M1 = ————F =+

where P (€t+1]€t,So) denotes the probability distribution of the central bank over ;4
conditional on information up to time ¢ and an initial condition Sy and P (6t+1|8t,X0)
denotes the probability distribution of the private sector. The one-step-ahead likelihood
ratio or the Radon-Nikodym derivative, m;41, can be thought as a distortion factor to the
private sector’s beliefs with respect to the central bank’s beliefs. Technically, m; 1 satisfies
the property

E;myq] = 1. (4.2)

Since there are two exogenous innovations, €1 and €5, which are assumed to be indepen-

dent one can represent my1 as

M1 = Mg 1M2441, (4.3)

where for i € {1, 2}
Qi (girr1le’, Xo)
Qi (git+1)

(4.4)

mit4+1 =

Here Q; denotes the probability distribution of €;41. This implies that when the central
bank believe that two innovations are independent the private sector also considers them
independent even though the private sector’s expectations are not necessarily the same as

those of the central bank. For both i € {1, 2} it is also satisfied that

E} [miqa] = 1, (4.5)
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where E! denotes a conditional expectation with respect to Q;.

The discrepancy between the distorted distribution of the private sector and the refer-
ence distribution of the central bank can be measured using conditional relative entropy.
For each source of shocks the conditional relative entropy of a one-step-ahead distribution
given date t information is given by Ef [mj;+11nmj;y1]. One then can define the expected

discounted entropy conditioned on date zero information as

(o.9] (o.9)
Ey Z B' [E} (mir41 Inmi11)] = Eo Z B Inmigy . (4.6)
t=0 §=0
Belief ambiguity with respect to shock ¢ is described by a set of one-step-ahead densities

{mit};o, satisfying the constraint:

oo
Ey Z Brmiryr Inmi < mio (4.7)
=0

for some n;0 > 0. As 1,0 becomes bigger, the degree of concern for belief ambiguity of the
central bank increases.

I assume that the objective of the central bank with concern for ambiguity about the
private sector’s expectations takes the form of

o
1
max min E_ Z —§Bt {7@52 + A (g — x*)2 + )\22?] (4.8)
t=0

{7t it,we} {magr1,moe41}

o0 oo
+01E_ Z (Mg Inmagyr] + 0B Z [matq1 Inmag 1]
=0 =0

where 07 > 0 and 6 > 0 denote penalty parameters which measure the degree of concern
for robustness of the central bank for each source of shocks.* By setting 0; # 6, we assume
that the central bank has a different degree of ambiguity about how each exogenous shock
process might affect the beliefs of the private sector. For example, when #; < oo and

A2 = o0, the central bank worries about the lack of knowledge about the impact of a cost-

40, and 05 can be considered as Lagrange mulitipliers associated with (4.7) when the central bank solves
its optimization problem.
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push shock on the beliefs of the price setters while it fully trusts its knowledge about the
impact of a shock to the natural rate of interest on the private beliefs. Note that we still
assume that the central bank trusts its approximating model P of the exogenous shocks. If
01 = 03, the model here reduces to Kwon and Miao (2013).

Note that in the objective function of the central bank with concern for robustness, 1
used F_1 which is condition expectation at time —1 instead of Ej. This implies the central
bank evaluates its policy using the conditional expectation with respect to the information
up to time —1, before the realization of shocks at time zero.

Using the one-step ahead likelihood ratio, NKPC and the IS relations, i.e., (4.2) and

(4.3), can be rewritten as

1
Ei [migp1mor41mey1] = 3 (mp — Kay — 2¢) (4.9)
__ £ KE & n
Ei [migp1maopr1241] = —67& + 1+ 5 xy + &y + /th —&ry. (4.10)

Note that I simplified (4.3) by substituting Eym41 using (4.2) in order to apply the frame-
work of Kwon and Miao (2013).

4.2.3 Timeless Perspective Commitment

To solve for robust policy, I focus on conditionally linear policy rules with commitment
under timeless perspective following Woodford (2010) and Kwon and Miao (2013). The
main reason why I restrict solutions to a conditionally linear class rules is that the optimal
commitment policy rule under rational expectations hypothesis is obtained as a condition-
ally linear form. By solving for a linear rule when the central bank suffers from concern
for ambiguity, one can see how a robust policy is different from an optimal policy under
rational expectations. In addition, by restricting my attention to a linear form, I can obtain

a closed form solution, which is normally not possible for a general class of policy rules.
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Suppose that the initial commitment takes a linear form:

mo| _ |®r-1]|  FT0 TS0 [eno

To D, T T35 4] [e20]”
for some coefficients (®x,—1, ®p1, T, I3 4, T9 4, Fg’fl). For the sake of conve-
nience, let’s define

d T . €
o, = Wt], r :[ 1z Qt} and ¢ :[”}
' [‘I)l‘t ! :ft gt ! Eat

Also suppose that {m} and {z;} chosen for periods ¢ > 1 may depend on (®_;,T'_;) and
shocks from periods zero through t. We focus on conditionally linear rules of the following
form:

|:7Tt+1:| = @t -+ FtEt-‘rl (41)
Tt4+1

where ®; is stochastic and measurable with respect to date ¢ information and I'; is de-
terministic. For any initial commitment (®_1,I'_1), the policymaker chooses (®¢,I't);>q
{me, me,mi}ysq, and {it},q to solve problem (4.8).

To define optimal policy from a timeless perspective, suppose that ®_; is drawn from
some distribution p. The initial commitment (®_;,I'_1) is self-consistent if the solution to
the robust Ramsey policy is such that (i) Ty = I'_; and (ii) the unconditional distribution
of p; for ®; is equal to p, for each t > 0. Our goal is to solve for a conditionally linear
robustly optimal policy with a self-consistent initial commitment.?

To solve the model I conjecture that there exists I'y which can satisfy the self-consistency
of the initial commitment, i.e., I'y = I", V¢t and then verify it.® For a detailed explanation,

please refer to Kwon and Miao (2013).

®See Woodford (2003, Chapter 7) for the concept of self-consistency under rational expectations.
5T cannot guarantee the uniqueness of the solution obatined in this paper.
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Form the Lagrangian

o
L=F_ Z ﬂt{L (@4, Yty it) + O1maerr Inmagg + Oamoryr Inmopyy
=0

— o1t (M1 — 1) — dar (Magr1 — 1)

1
— Mrt (m1t+1m2t+17Tt+1 - = (7Tt + Kxt + Zt))

B
— Mat <m1t+1m2t+1$t+1 + Z,ﬂ't — <1 + IT;) xp — &g — ézt + 57“?> }7

where @14, dar, pire, and py are Lagrange multipliers corresponding to (4.5), (4.9), and
(4.10) respectively.

The first-order condition associated with mys41 is given by

01 (L +Inmigr) = pme By [mor1mis1] + par Ermor 1241 + d1e. (4.2)

Substituting (4.1) into (4.2), one can derive

01 (L+Inmipyr) = pmtPrt + patPot + G160 + (rt LT + pat D7) €1641-

Applying the fact that E}my,11 = 1, one arrive at

1 1
M1ig41 = €Xp [—292 (b7 + palT)? + o (eI + paeT) €1t+1] : (4.3)
1
Similarly for maos41, one can obtain
1 1
Mati1 = exp [—292 (ntD5 + 11t T5)? + % (D5 + p1e1'5) 52t+1:| : (4.4)
2

This implies that in the worst-case scenario, the central bank fears that the private sector’s

conditional expectation of €;:41 is distorted by

1 .
E (:U’Tl'trzr + thrf)a (&S {17 2}
i
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Holding everything else constant, this distortion is increasing in the degree (or 1/6;) of
concerns for robustness of the model associated with the shock e;. Notice that if 6; is
infinity mg;4+1 = 0 and the model collapses to rational expectations.

To see how different parameter values of 61 and 65 affect robust optimal policy responses

to exogenous shocks, we derive the equations that determine I :

{eflEﬂit +B 07 Eipnt ] [Fﬂ _ { 1 —£ ] |:E,U7rt+151t+1:| (4.5)
eflEMmt,uxt GflEuit + 6] |IT —k B+ k| | Elgt+1€1641 '
and
{022Euit+5 05 ' B it fhct ] [Fg} _ { 1 —£ ] [Eumr+1€2t+1] (4.6)
0y Epinepier 03 'Ep2, + BA] T3]~ =k B+ k&) [Eparr12i1

These two equations reveal that when 6; — oo, the solution converges to that under rational
expectations. When 0; < oo, ¢; has a direct impact on I'; and I'T through the matrix on
the the left hand side of the equations. In addition, 6; has an indirect impact on I'j and I'}
through the moments Ejiri11€ji41 and Epigep1€5¢041. This implies that even if the central
bank has a complete knowledge about the private sector’s expectations about one source
of shock but suffers from concern for robustness relating to the other shock, the robust
optimal policy responses to both shocks can be affected. In other words, when 0 < 07 < oo
and 2 = oo not only (I'T,I'{) but also (I'F,I'§) can be different from I' under rational

expectations.

4.3 Robust Optimal Monetary Policy

4.3.1 Main Results

In this section I characterize robust optimal monetary policy quantitatively. Then I will
illustrate the dynamics of the robust optimal policy rules and compare them with those
under rational expectations. In order to do that, I set the parameter values as follows:
B8 =099 k=01, A\y; =005 A\ =025 & =1, p, =0, pp =035, 0, = 0.01, and

or = 0.025. These values are broadly consistent with those used in the optimal monetary
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policy literature. A brief description about parameters and their values can be found in

Table 4.1.

Table 4.1: Calibrated values

Parameter Description Value
J6] discount factor 0.99
K NKPC 0.1
Az weight on output gap in the loss function  0.05
Ai weight on interest rate in the loss function  0.25
£ intertemporal elasticity of substitution 1
x* target for output gap of the central bank  0.05
Pz AR(1) coefficient of z 0
Pr AR(1) coefficient of rf 0.35
o volatility of z; 0.01
oy volatility of r* 0.025

As the first step, I characterize the robust optimal policy for I'. More specifically 1
obtain I' for different combinations of ¢, and o, as the degree of concern for robustness
changes. Figure 4-1 shows optimal I'Y and I'] in response to changes in the volatility o,
of the cost-push shock with different degrees of concern for robustness about exogenous
shocks. We consider four cases: (i) 1 = 02 = oo (the rational expectations case); (ii)
0, = 0.0025, 05 = co. In this case, the central bank is ambiguous about the private agent’s
beliefs about the natural rate shock only; (iii) 1 = oo, #2 = 0.0025. In this case, the central
bank is ambiguous about the private agent’s beliefs about the cost-push shock only; (iv)
01 = 0> = 0.0025. In this case, the central bank is equally ambiguous about the private
agent’s beliefs about both types of shocks.

The left two panels show that the responses of the output gap and the inflation rate
to the cost push shock (i.e., I'f and I'T) are almost, if not exactly, the same for the case
of 81 = 65 = oo and the case of 81 = co and 6y = 0.0025. At the same time, the results
for the case of 61 = 0.0025, #s = oo and the case of 8; = 0 = 0.0025 also seem almost
the same. These facts imply that belief ambiguity relating to the cost-push shock has a
bigger impact on the determination of the commitment values for I'T and I'Y while belief
ambiguity associated with the natural rate of interest has a minimal effect. This result
makes sense intuitively since when the central bank determines the robust optimal response

to the cost-push shock the ambiguity relating to the natural rate of interest should not have
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Figure 4-1: Variation of I with o,. Here o, = 0.025.

a large impact.

Also notice that I'T increases and I'Y decreases in proportion with o, when the central
bank has a perfect knowledge about the private sector’s expectations, i.e. 81 = 0 = co. This
linear relationship comes from the certainty equivalence of the linear-quadratic framework.
When the central bank suffers from concern for ambiguity, especially associated with the
cost-push shock, however, I'T and I'] do not vary with o, proportionally. This means that
when the central bank has concern for robustness, the property of the certainty equivalence
does not apply any more. Note that this finding is consistent with Woodford (2010) and
Kwon and Miao (2013).

Now let’s turn to the right two panels in Figure 4-1. I find that when the central bank
has a concern about ambiguity relating to the natural rate of interest, i.e. 0o < 0o, there
is a level shift both in I'J and in I'j compared with the optimal responses under rational

expectations. When the central bank worries about belief ambiguity associated with the
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natural rate of interest, i.e. 61 < oo, I'; and I'§ change with o, in opposite directions: I']
becomes less responsive and I'; becomes more responsive to an innovation of the natural
rate of interest, i.e. 2. As discusses in the previous section, more precisely in the discussion
of equation (4.6) , this comes from the indirect impact of #; through changing moments.
One can find the indirect impact easily through the case §; = 0.0025, ; = co. From (4.6),

it can be shown that

rz] [t 0 1 =& | |Epnt1€2t41

[F%} B [ 0 (ﬁ)\z)l] [—H 5+/‘65} |:Eﬂzt+152t+1]’
which implies that all changes in I'j and I'j are caused by the change in unconditional cross-
moments between Lagrange multipliers and 2. Also note that I'j and I'; does not change
with o, in the rational expectations case due to certainty equivalence. However, they are
not invariant with o, when the central bank is concerned about robustness, indicating that
certainty equivalence does not hold.

Figure 4-2 shows optimal I in response to changes in the volatility of the natural rate
of interest shock with different degrees of concern for robustness. From the left two panels,
one can observe that I'] and I'T do not deviate from the policy rule under the rational
expectations if the central bank worries only about belief ambiguity relating to the natural
rate of interest shock, i.e. 61 = oo and 6y = 0.001. Similarly in Figure 4-1, decreasing 6
has a level shifting effect in I'7 and I'T. I also find that, in the top panel of the left, 6;
plays a more important role in determining the shape of I'] curves that 62. These findings
mean that the central banks concerns more about belief ambiguity associated with the
cost-push shock even though the cost-push shock is assumed to have the smaller variance
than the natural rate of interest with the current calibration. This seems largely because
the cost-push shock makes the central bank face a serious trade-off between inflation and
output, which is not the case with the natural rate of interest shock. Thus in the worst case
scenario the central bank’s commitment policy for inflation is largely shaped by concern

for robustness relating to the cost-push shock. Finally from the bottom panel of the left it
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Figure 4-2: Variation of I' with o,.. Here o, = 0.01.

can be shown that smaller 6 makes I'j less responsive to the natural rate of interest shock
while lower 6; has the opposite effect.

In Figure 4-3 I plot impulse responses of inflation, output gap, price level, and the
nominal interest rate to a positive cost-push shock. For comparison, I plot impulse responses
of four difference cases of belief ambiguity together. Here I see that general movements of
four variables are similar for all the different cases of belief ambiguity, even though they
are different in their level. More specifically, it takes longer time for inflation and output
to return back to their steady state level after a cost-push shock occurs. It is caused by
more history-dependency of monetary policy when the central bank has a concern for belief
ambiguity, which is consistent with Woodford (2010) and Kwon and Miao (2013). Since
the central bank has a concern for belief ambiguity, in its worst-case scenario the inflation

expectation of the private sector is higher than the central bank’s own expectation. Thus
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Figure 4-3: Impulse Repsonses to a positive cost-push shock with o, = 0.01
and o, = 0.025.

the central banks make policy rules such that they are more dependent on the history of
economic variables such as inflation and output gap rather than just depending on the
current state variables.

Also I find that dynamics of inflation, output gap, and price level under the rational
expectations are difficult to discern from those when the central bank has concern for belief
ambiguity only relating to the natural rate of interest, i.e. 01 = 1, 05 = oo. And the
other two cases show similar movements of economic variables. This implies that belief
ambiguity associated with the cost-push shock plays a major role in determining the robust
optimal policy rules when the economy is hit by a cost-push shock. The bottom left panel
shows that the nominal interest rate increases more as the central bank suffers from concern
for robustness, reflecting the central bank’s fear that the private sector might have higher

inflation expectations in the worst-case scenario.
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Figure 4-4: Impulse Repsonses to a positive natural rate of interest shock
with o, = 0.01 and o, = 0.025.

In Figure 4-4, I plot impulse responses of inflation, output gap, price level, and the
nominal interest rate to the natural rate of interest shock. Similarly as in Figure 4-3 robust
optimal monetary policy becomes more history dependent as the central bank has concern
about belief ambiguity. What is different from Figure 4-3 is that now inflation and price
level shows four distinctive curves while their general dynamics are still similar. I also
see that concern for belief ambiguity only associated with the natural rate of interest does
not make a big deviation from the optimal policy under rational expectations. Another
difference I can notice is that the central bank allows output to be higher than under
rational expectations. When the central bank observes a positive shock to the natural rate
of interest, in the worst-case scenario the central bank fears that the private sector might
expect higher output and lower inflation than its own expectations. That is, the central

bank worries that the private sector expects a higher degree of economic variability. Since
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Figure 4-5: Impulse Repsonses to a negative cost-push shock with o, = 0.01
and o, = 0.025.

distorted beliefs in the worst-case in response to the natural rate of interest shock does not
imply a meaningful tradeoff, the central bank seems to accommodate the distorted belief.
In Figure 4.5, I plot impulse responses to a negative cost-push shock. Unlike impulse
responses under rational expectations in a linear-quadratic framework, impulse responses
with concern for belief ambiguity shows asymmetry, i.e. impulse responses to a negative
shock are not symmetrical to impulse responses to a positive shock. This asymmetry is
the most clearly shown from the impulse response of output gap. Comparing this with the
one in Figure 4-3, I see that output gap in the initial period after a negative shock is much
higher than under rational expectations, while after a positive shock output gaps with and
without concern for robustness are relatively similar. This property comes from the fact
that when the central bank suffers from concern for belief ambiguity, the steady state value

of output gap is distorted so that ®, _; is nonzero. The impulse response of inflation also
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Figure 4-6: Impulse Repsonses to a negative natural rate of interest shock
with o, = 0.01 and o, = 0.025.

shows asymmetry but it is not as noticeable as the case of output gap.
Figure 4-6 shows impulse responses to a negative shock to the natural rate of interest.
Compared with Figure 4-4, the asymmetry of impulse response of the interest rate is most

noticeable.

4.3.2 The Case of an Efficient Steady State

After having analyzed robust optimal monetary policy with the baseline calibration which
implies an inefficient steady state, i.e. z* = 0.05, now I turn to the case of an efficient
steady state, i.e. * = 0. As Gali (2008) points out, the efficiency of the steady state does
not affect optimal monetary policy with commitment so that impulse responses for the case
of an inefficient steady state is till valid for the case of an efficient steady state. Robust

optimal monetary policy rules, however, are dependent on the second moment of Lagrange
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Figure 4-7: Variation of I'T and I'] with o, when 2* =0

multipliers, which also are likely to be affected by the presence of an inefficient steady state,
as shown in (4.5) and (4.6). Notice that when the central bank has a perfect knowledge a
change in the second moment of Lagrange multipliers does not affect optimal policy rules
for I'.

In Figure 4-7, I plot I'T and I'{ with different levels of o, when the steady state is
efficient, i.e. * = 0. Here I depict only I'T and I'7 mainly because I want to compare the
implication of the result in this paper with Woodford (2010) and Kwon and Miao (2013).
I see that I" for #; = 03 = oo does not change regardless of the value of z*. When the
central bank has concern for belief ambiguity associated with the cost-push shock, however,
I" is affected by the level of x*. Comparing two cases of =0 and x* = 0.05, I find that
I'T with 2* = 0 is higher than I'T with 2* = 0.05 and even higher than under rational
expectations. This finding implies that robust optimal monetary policy commitment does
not necessarily mean less responsiveness to a new innovation to the cost-push shock. It
seems a more responsive policy commitment to a cost-push shock is better for otherwise the

central bank would face a considerable tradeoff between output and inflation: by allowing
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higher inflation than under rational expectations the central bank does not need to sacrifice
output too much. But when the steady state is inefficient the distorted beliefs of the private
sector is much higher than when the steady state is efficient so that the central bank tries

to stabilize inflation in order to better manage expectations of the private sector.

4.4 Conclusion

In this paper, I study a robustly optimal monetary policy problem under the assumption
that the policymaker might suffer from a lack of full knowledge on the private sector’s
beliefs. In order to investigate the relative impact of different sources of belief ambiguity, I
introduce the case in which the degree of ambiguity relating to cost-push shocks are different
from that associated with the natural rate of interest shocks, i.e. there are two entropy balls
with different sizes. In this context optimal monetary policy is studied using a model where
the objective function of the central bank involves the feature of interest rate smoothing.

Optimal monetary policy commitment under belief ambiguity differs in a substantial
way compared to under rational expectations. First, belief ambiguity relating to cost-push
shocks has a higher impact on the optimal monetary policy decision than that associated
with the natural rate of interest shocks. Since the natural rate of interest shock does not
involve a serious policy tradeoff to the central bank, belief ambiguity associated with it
does not change the monetary policy decisions as much as that relating to a cost-push
shock. Secondly, in some case robust optimal monetary policy allows initial inflation higher
than under rational expectations after a positive cost-push shock. When the steady state
is efficient, i.e. x* = 0, an initial response of inflation to a cost-push shock is greater
than under rational expectations. The central bank allows higher inflation in order not to
sacrifice too much output. Thirdly, robust optimal monetary policy is not symmetrical in
terms of its response to different signs of a shock.

This paper is based on a linear-quadratic framework and a linear class of solution.
Studying the impact of belief ambiguity in a micro-founded model as in Adam and Woodford

(2012) would be a promising extension of this work. Also it would be an interesting future



106

work to compare the welfare implication of robustly optimal policy with commitment and

with discretion.
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Appendix

4.A Robust Discretionary Policy

Up to now I have analyzed robust optimal monetary policy with commitment in a timeless
perspective. To see how it is different when the central bank does not conduct monetary
policy based on a pre-commitment, I turn to robust policy rules with discretion. With
discretion I mean that the central bank makes robust monetary policy decision based on
just the current state variables rather than considering the history of those variables. More
specifically, I follow Woodford (2010) and Kwon and Miao (2013) and find a linear Markov
Perfect equilibria (MPE). I use the algorithm described Kwon and Miao (2013) to solve for

a linear policy rule of the form:

Tt . Zt _ G71r Gg
H ‘GM’ “= [G% a3l (A1)

By substituting (4.4) and (4.5) into (4.A.1) for z; and r}’, one can find that G' corresponds
toI'. As in the commitment case, I study how different combinations of 1 and 65 will affect
G.

Figure 4-8 shows how MPE changes as o, and o, vary. The top panels depict optimal
responses to a cost-push shock under MPE. One can notice that inflation becomes more
sensitive to a cost-push shock as the degree of ambiguity increases, i.e. #; and # decreases.
Also as in the previous example with a single shock, the range where MPE exists decreases
as a concern for robustness becomes greater.

Interestingly, optimal policy under discretion implies that the CB increases inflation in
response to a positive natural rate of interest shock while the CB actually reduces inflation
under commitment in a timeless perspective. One can see that as the CB faces higher level
of ambiguity inflation become more responsive to the natural rate of interest shock.

What draws our attention most, however, is that under MPE the CB tries to stabilize

output gap more when it has a fear for ambiguity as shown in the third row. It is strikingly
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Figure 4-8: Variation of G with o, and o,.. Here G is the coefficient of the
shock processes (z¢, ;') in the robustly optimal discretionary policy rule for

inflation.

different from the commitment policy, where I'{ is more responsive to a cost-push shock as

shown in Figure 4-1. This implies that the CB allows higher inflation to avoid a large degree

of negative output gap. Thus it could be possible to attain higher welfare under discretion

than under commitment in a timeless perspective for some degree of robustness. We leave

this issue for future research.

The bottom panels depict how MPE responds to the volatility of the natural rate of

interest shock, o,., with different values of #; and 6-.
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Chapter 5

Concluding Remarks

In this dissertation I addressed the question of how optimal macroeconomic policy should
be conducted when the policymaker suffers from concern for ambiguity, proposing useful
frameworks to characterize robust optimal policies. I applied these frameworks to optimal
monetary policy and study how it deviates from the results under the rational expectations
hypothesis by introducing ambiguity. In the first essay (Chapter 2), I studied three types of
a robust Ramsey problem corresponding to three types of ambiguity pointed by Hansen and
Sargent (2012) in a general linear-quadratic framework. In the second essay (Chapter 3), I
presented algorithms for solving robust policy problems in a general linear-quadratic frame-
work by extending the approach of Woodford (2010). In the third essay (Chapter 4), I
studied a robustly optimal monetary policy problem by extending algorithms suggested in
Chapter 3 so that the degree of concern for belief ambiguity is different for each exogenous
shock.

The framework to solve three types of a robust Ramsey problem, proposed in Chapter
2, is a comprehensive tool since it includes all three possible cases where the policymaker
is ambiguous about a model but the private sector is not. The analysis in this dissertation
clearly shows the importance of how to model what the policymaker is ambiguous about.
Chapter 2 shows different types of ambiguity generate very different policy responses to
an identical shock. The framework to solve Woodford’s approach, proposed in Chapter 3,
is closely linked to the type III ambiguity in Chapter 2 but exactly the same. Since the
framework in Chapter 2 assumes a Ramsey planner who decides optimal policy once-and-

for-all, robust optimal policy obtained by this framework is time-inconsistent. Woodford’s
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approach solves optimal policy in a timeless perspective, however, its policies are time
consistent. Also while I solved three types of a robust Ramsey problem in a second order
approximation, I restricted my interest to a linear class policy to solve Woodford’s approach.

One feature three essays in this dissertation hold in common is that all of them are based
on a linear-quadratic framework. I simply assumed that the baseline objective function of
the policymaker is in a quadratic form and equations describing the economy are given
as linear. Since the quadratic objective and linear constraints are obtained through an
approximation to a micro-founded model under the rational expectations hypothesis, it
is not surprising to find that the formulation of ambiguity is different from those in this
dissertation if one models the policymaker’s concern for ambiguity with micro-foundation.
Therefore, for future research it would be promising to study robust optimal policy with
a micro-founded model. Adam and Woodford (2012) solved an optimal monetary policy
problem under type III ambiguity with a micro-founded model using linear approximation
methods. It would be interesting to study different types of ambiguity in a micro-founded
model with non-linear solutions to capture the interaction between the volatility of shocks
and robust optimal policy. At the same time, by modeling with micro-foundation one can
address the welfare evaluation for robust optimal policy. It would be intriguing to analyze
which type is the most welfare deteriorating compared with under rational expectations.
Also for Woodford’s approach, it seems interesting to compare the welfare effect of robust

policy with commitment to that with discretion while changing parameter values.
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