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ABSTRACT

In this thesis, | investigate in detail two basic problems in nonequilibrium statistical
mechanics. First, if a spin system such as a kinetic Ising maoal or a kinetic Potts model is
guenched from supercritical temperature to subcritical tanperature, how does the system
coarsen, and what complexities arise as the system descenits energy toward one of its
equilibrium states? Second, if a kinetic Ising model is evakd from a deterministic initial
condition at zero temperature, how do the domain interfacesevolve in time?

I rst study the nonconserved coarsening of the kinetic spinsystems mentioned above.
The coarsening of a & ferromagnet can be described exactly by an intriguing connetion
with continuum critical percolation. Furthermore, carefu | simulations of phase ordering in
the 3d Ising model at zero temperature reveal strange nonstatic ral states and anomalously
slow relaxation modes, which we explain in detail. 1 nd similarly rich phenomena in the
zero-temperature evolution of a kinetic Potts model in &, where glassy behavior is again
manifest. We also nd large-scale avalanches in which clugrs merge and dramatically
expand beyond their original convex hulls at late times in the dynamics.

Next, | study the geometrically simpler problem of the evoluion of a single corner
interface in the Ising model. We extend prior work by investigating the Ising Hamiltonian
with longer interaction range. We solve exactly the limiting shapes of the corner interface

in 2d for several interaction ranges. In 3, where analytical treatments are notoriously

Vi



di cult, we develop novel methods for studying corner inter face growth. | conjecture a
growth equation for the interface that agrees quite well with simulation data, and | discuss
the interface's surprising geometrical features.

In the summary, | discuss the broader implications of our ndings and oer some

thoughts on possible directions for future work.
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Chapter 1

Introduction

Physics is the most fundamental of the sciences. A physicis aspiration is to reduce Nature
to a minimal set of mathematical laws and general principlesfrom which all natural phe-
nomena may be understood. On a basic level, the theories ofadsical mechanics, quantum
mechanics, relativity, and electromagnetism have produce a highly satisfactory description
of practically all everyday phenomena in the natural world. Yet the vast majority of modern
research has drifted toward applied science or engineeringpplications.

Statistical physics is a unique eld: It is neither pure nor applied. Nonequilibrium
natural phenomena generally do not all reduce to a simple fudamental description, such
as Newton's laws of classical mechanics, Schrodinger's egfion of quantum mechanics, or
Maxwell's equations of classical electromagnetism. Therés no well-de ned starting point
for the study of systems with enormously many degrees of frem. A statistical physicist
typically makes progress by carefully studying "toy" models that are believed to capture
the essential behavior of a real physical, economic, or sadisystem. Then, it is hoped that,
through universality, results on highly simpli ed models will deliver valuable insights into

far more complex real-world phenomena.



1.1 Phase-Ordering Kinetics

The subject of phase-ordering kinetics involves the growthof locally stable regions that
all compete for the nal state of a particular process. Examgdes of phase-ordering kinetics
abound in nature: condensation of clouds, phase separatioof binary alloys, motion of anti-
phase boundaries in condensed matter systems, formation opinions in social systems, etc..
One of the most important applications of the theory of phaseordering kinetics is to the
phenomenon of ferromagnetism. Ferromagnetic metals abowhin Nature, the most familiar
examples being iron, nickel, and cobalt. Above each materis Curie temperature, magnetic
moments within the material are all randomly aligned. Below the Curie temperature,
domains of well-de ned magnetization form within the material as the microscopic magnetic
moments align within each domain. Without any perturbing external elds, the material is
typically unmagnetized since the ferromagnetic domains a& randomly oriented with respect
to each other. However, each of these materials at room tempature can be magnetized
by application of an external magnetic eld, which forces large numbers of ferromagnetic
domains to align, giving the macroscopic material a nonzeranagnetic moment. When the
magnetic eld is removed, a ferromagnetic material will remain magnetized, a property

known as hysteresis.

1.2 Kinetic Ising Model and its Variants

At the start of the 20th century, the development of quantum mechanics proved instru-
mental in understanding the behavior of the chemical elemets. Yet understanding the
existence of ferromagnetism remained an important challege in statistical mechanics. The
Gibbs-Boltzmann measure accurately describes classicahges and materials at high tem-
perature. But spontaneous symmetry breaking is observed atow temperature in many
systems, and at the time, it was not clear if this phenomenon culd be understood within
the framework of the partition function. Physicists were seeking a physical understanding

of how ferromagnetism emerges in some materials.



In 1920, physicist Wilhelm Lenz invented a simple statistial mechanical model that he
hoped would shed light on some of these issues. The originakssion of Lenz's model consists
of a one-dimensional lattice of discrete variables that edtassume one of two equivalent spin
states (Fig. 1.1). A spin feels the in uence of only its two nearest neighbors. Increasing the

numbers of nearest-neighbor pairs of aligned spins lowerd ¢ energy of the model.

Figure 1.1: The one-dimensional Ising model.

Lenz posed the problem to his student Ernst Ising, after whonthe Ising model is named.
In 1925, Ising provided an analytic solution of the partition function of this 1d interacting
spin system [1]. The free energy of thed model exhibits no singularities and thus there is no
equilibrium phase transition in one dimension. Based on theld solution, Ising incorrectly
concluded that his model shows no phase behavior in any numbef spatial dimensions.
Shortly afterward in 1936, Rudolf Peierls proved mathematcally that the two-dimensional
version of the Lenz-Ising model exhibits ordering below som critical temperature [2]. Lars
Onsager later provided the full analytic solution for the partition function of the 2 d Ising
model [3], the rst toy system in statistical mechanics to demonstrate spontaneous symme-
try breaking. Subsequent work focused on understanding bedvior of observables such as
speci ¢ heat and magnetic susceptibility at temperatures dose to the second-order phase
transition temperature. The universality of various scaling exponents around the transition
temperature and their observation in physical systems was aemarkable success for the
highly simpli ed Ising model of ferromagnetism.

Yet an Ising model de ned solely by a Hamiltonian function may only be mathematically
studied in the equilibrium context. To model kinetic e ects in ferromagnetism (for example,
rapidly changing the temperature of a ferromagnetic materal about its Curie point), one
must additionally de ne a dynamics for the Ising spin system Interestingly, the choice of

dynamics is not unique. To guarantee that the Ising spin sysém reaches equilibrium at any



nite temperature, we make our choice of dynamics consistenwith the detailed balance
principle [4]. Mathematically,

Piwii j = PWjr i, (1.2)

where p; is the probability that the system is in state i, and wj j is the transition rate

from state i to state j. Physically, detailed balance demands that the net ux between
any two microstates of the system be zero. Although the exacthoice of dynamics is not
unigue, based on universality, di erent rules that all satisfy the detailed balance condition
are believed to give qualitatively similar results.

More recently, the Ising model has been extended in many ways One may employ
nonuniform couplings Jj between di erent spins in the lattice to mimic anisotropy in real
materials. Changing some of the couplings to be antiferromgnetic leads to a slow approach
to the equilibrium state. One may also extend the spin-spin oupling length to more distant
neighboring spins, and perhaps modify the underlying graptdetermining how spins interact
with each other.

In this work, | focus mainly on simple forms of the Ising model My studies on a deep
temperature quench of a three-dimensional Ising model indge only the simplest scenario
with nearest-neighbor, uniform, ferromagnetic spin coupings. Even in two-dimensions, we
use mostly this simplest form of the Ising model, occasiongl making modi cations to the
interaction Hamiltonian for technical reasons. In all Ising model simulations, we use simple
square (&) or cubic (3d) lattices.

Below its second-order phase transition temperatureTc, the kinetic Ising model in
dimensiond > 1 is globally ordered in equilibrium. But this raises the question: What
happens if a kinetic Ising model is rapidly cooled from a highsupercritical temperature to
a low subcritical temperature. Does the system quickly eqdibrate? On the surface, this
may seem a trivial question, but in reality, the Ising systemdoes not take a direct route to
the equilibrium state.

To appreaciate the complexities associated with coarsenmin the simple Ising model,

consider Figure 1.2. The two-dimensional spin system is itially prepared in a totally



uncorrelated random state, corresponding to initial tempeature T, = 1 . Starting at time
t = 0 the operating temperature is set to T = 0, and the Ising spin system evolves
according to zero-temperature single-spin- ip dynamics. Physically, only energy-lowering

spin ips are allowed to occur.

(a) t=0 (b) t=10 (c) t=200 (d) t=20000

Figure 1.2: Coarsening in the two-dimensional Ising model sing single-spin- ip dynamics
at zero temperature. The competition between the two phase¢eads to nontrivial long-time
states. The system size i&. L, with L = 256.

With the supercritical initial state, the average initial m agnetization is zero. However,
stochasticity in the spatial distribution of up/down spins and in the rst spin-ip events
naturally cause some regions of the lattice to contain mosyt up spins while other regions
contain mostly down spins (Fig. 1.2). Spins within each smdlregion of the lattice quickly
equilibrate with their immediate neighbors, but spins in distant regions of the graph do
not all drift toward the same equilibrium state. At intermed iate times after the quench, a
patchwork of equilibrium domains forms throughout the lattice, and neighboring domains
compete to select the global equilibrium state. Early reseechers noted that, at late times
in the evolution, stochastic single spin- ip dynamics is e ectively replaced by deterministic
motion that only occurs on domain walls between clusters. Tls led to the development
of simple deterministic descriptions of phase-ordering kietics in the Ising model that are
based on a coarse-grained order-parameter eld represemty the magnetization density in

a local region of space.



1.3 Time-Dependent Ginzburg-Landau Theory

In statistical mechanics, complex, non-equilibrium, strangly-interacting systems are often
incredibly dicult or impossible to understand rigorously . In our present case, a micro-
scopic, fundamental analytical treatment of coarsening inspin systems is e ectively hope-
less. To make progress in understanding the long-time statef a kinetic Ising system
following a deep temperature quench, it is helpful to set up aphenomenological descrip-
tion of coarsening. Phenomenological theories relate maoscopic physical observables in
ways that are consistent with fundamental physics, but the® theories are not derived from
microscopic interactions.

For the case of the Ising model, we construct a coarse-graideorder-parameter eld

(%; 1) that will become the object of our attention. Intuitively, the eld (x;t) represents,
at time t, the average magnetization in a small region of space about whose length scale
is large compared with the lattice spacinga but small compared with the system sizel. In
this limit, (x;t) varies continuously in % and t.

To describe phase-ordering physics and to be of practical &s our constructed order
parameter eld must satisfy a simple equation of motion that respects fundamental ther-
modynamic principles. A suitable Landau free-energy fundbnal to describe the Ising model
dynamics is

z
FL (0] = % [r GO+ (6t) 1P (k) +1]% d'x (1.2)

To obtain an equation of motion for a nonconserved order parmeter eld, we compute the

functional derivative
@_ FII
@t

This is the time-dependent Ginzburg-Landau (TDGL) equation for a nonconserved order

=r?2 +2 @1 3 (1.3)

parameter eld [5, 4]. Intuitively, the local spin-spin int eractions tend to favor all spins
in a small neighborhood to be aligned ( =+1 or = 1). This behavior is captured in

the potential term in Eg. (1.3). Also, the order parameter eld at a point % drifts toward



the average magnetization of points in its neighborhood on he lattice. This is represented
by the Laplacian term in Eqg. (1.3). In the late stages of evoldion, all activity occurs on

the domain walls between ordered phases (Fig. 1.2(c-d)). Sooth domain walls move and
straighten so as to minimize their surface tension.

If we choose to believe that this deterministic reaction-diusion equation captures all
essential physics of a deep temperature quench of a kinetisihg model, then we should be
able to extract information about the late-time statistics of the Ising quench by studying
late-time solutions to Eq. 1.3. In numerical studies, we mus average the TDGL evolution
over many independent random initial conditions to obtain meaningful statistics. However,
we can analytically extract useful information about scaling phenomena in nonconserved
coarsening.

For simplicity, rst consider a circular domain of magnetiz ation = +1 in a background

of magnetization = 1 (Fig. 1.3(a)). We expect
(rt)=f( R(); (1.4)
where R(t) is the radius of the circular cluster at time t. Writing the TDGL equation in

spherical coordinates and using the form (1.4), we obtain

d?f d 1 dR d& dVv
+ +

0= 52 r dat dar o

Multiplying this equation by df=dr and integrating through the interface gives

dt R’

dR(t) _ d 1.

After integrating, we obtain R?(t) = R?(0) 2(d 1)t. From this, we see that the time for
a circular domain of initial radius R(0) to disappear scales as  R?(0).

More generally, for an arbitrarily curved interface between spin domains, we identify
that the gradient of the eld (x;t) can be written asr = (@ =@nhN, wherer is a unit

vector normal to the domain wall between clusters. Then, plggingr 2 = (@ =@r); +



(@) (b)

Figure 1.3: (a) A circular domain of one phase in a backgrounf the opposite phase. (b)
A wedge-shaped domain.

(@=@nr Nand (@ =@ = (@ =@n(@=@) into Eg. (1.3), we arrive at
v=r A= (d 1); (2.5)

wherev is the interface velocity, and is the mean curvature of the interface. Eq. (1.5) is
the Allen-Cahn equation, which describes domain wall motim in the late-time evolution of
an order parameter eld governed by the TDGL equation [6, 5].

From the general Allen-Cahn equation, we can understand on lpysical grounds the
scaling result that the time for a domain of initial length scale L (0) to shrink to zero size
scales ag?, with dynamic exponent z = 1=2. We denote by L] the characteristic length
scale of a cluster and by T] the characteristic time for the domain to collapse under its own
surface tension. Since the mean curvature of an interface lsadimension HL], dimensional

analysis on the Allen-Cahn equation (1.5) yields

] 1,

dr] LY

and power counting gives L] [T].

If the order parameter is strictly conserved, as in phase segration of a binary alloy, then
the Allen-Cahn equation does not apply, and the task of nding scaling relations becomes
more complicated. In conserved coarsening processes, thengral scaling resultL(0) t*

still holds, but now with dynamic exponent z = 1=3 [5]. In this thesis, | focus exclusively



on dynamics that do not conserve the order parameter.

1.4 Current Research

Our analysis thus far may lead one to naively expect that nononserved coarsening behaves
as follows. Shortly after a quench to subcritical temperatue, domains of plus and minus
phase grow throughout the system and compete for the equilibum state. Due to random
uctuations in microscopic domain ordering and due to the e ects of correlations in the
initial state, one of the two equilibrium phases will grow to occupy a larger fraction of the
system. When the largest cluster's length scale becomes oha order of the system size,
the system has reached one of its two equilibrium states. Tl overly-simplistic view of
coarsening may be called the \central dogma" of phase-ordémg kinetics when the order
parameter is not globally conserved.

The central dogma of nonconserved coarsening actually makecorrect predictions for
one-dimensional systems. For the one-dimensional Ising ndel, for example, the dynamics
at zero temperature corresponds to each interface betweerpm domains (that is, each
point where an up spin is adjacent to a down spin) performing asymmetric random walk.
When two interfaces between spin domains meet, they annihdlte each other, and the total
number of spin clusters decreases by one. Since the domaimtgh scale grows asp t, the
time required for all domain walls to meet and annihilate in a nite system of length L scales
asL?. In a one-dimensional TDGL system, the only possible nal stae at zero temperature
is similarly one of the two ground states, with the caveat tha the time to reach one of the
two ground states scales exponentially in the system size [4].

However, in greater than one spatial dimension, systems wht nonconserved, scalar order
parameters tend to become trapped in long-lived metastablestates, thereby complicating
the approach to equilibrium. A two-dimensional kinetic Ising model, for example, may be-
come trapped in a metastable \stripe" state following a deeptemperature quench (Fig. 1.2).
Notice that, since all spin clusters span the lattice, ipping any spin in Figure 1.2(d) results

in an increase in the number of antialigned spin pairs, and hece raises the energy. At
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very low temperatures, such energy-raising moves are strgly suppressed, and this sys-
tem remains trapped in this metastable con guration. Similar, but much more complex,
metastable long-time states appear in the quench of a thredimensional Ising model, al-
though in the 3d setting metastable states appear much more ubiquitously. fithe operating
temperature is T = 0, then, depending on the model, a system that falls into oneof these
metastable con gurations typically cannot reach the ground state, and the freezing becomes
permanent. So while the central dogma of coarsening is morgi correct by incorporating
fundamental, qualitative physical behavior of out-of-equlibrium coarsening dynamics, it
neglects important features of discrete spin models, and its de nitely not the last word in
generically understanding phase-ordering kinetics.

Thus far, we have discussed the nal outcome of a coarseningystem starting from a
high-temperature, random initial state. A complementary problem involves domain wall
motion in a nonconserved coarsening system starting from ansooth, deterministic initial
condition. As an example of the latter case, consider Figurel.3(b). Starting from the
macroscopically smooth \wedge" geometry in &, the domain in the upper-right of the
gure will deterministically shrink under the in uence of i ts surface tension. Naively, one
may hope that the equation of motion for the smooth domain interface in this example is
given by the Allen-Cahn result, i.e., that interface motion is driven purely by local curvature
of the interface.

In this thesis, | carefully study two connected problems:

© Starting from a random, high-temperature initial conditio n, how do spin domains
form and evolve with dynamics that do not conserve the order prameter? Can the
late-time outcome of a typical temperature quench be predited from theory? Can
the metastable states that form in two and higher spatial dimensions be reliably
characterized? Speci cally, what are the zero- and nite-temperature mechanisms
responsible for slow late-time behavior in quenched ferromgnets? Additionally, how
is late-time behavior modi ed if there are more than two competing equivalent spin

states?
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"~ Starting instead from a smooth, deterministic initial domain structure, and incorpo-
rating non-conserved order parameter dynamics, how do thenterfaces between spin
domains evolve? Does the Allen-Cahn result provide a faithfl description of do-
main wall motion universally for all microscopic models tha would be expected to
obey curvature-driven coarsening in a macroscopic sense? rot, then how do lattice
anisotropies and spin-spin interactions a ect determinidic interfacial equations of mo-
tion? What is the role of the spatial dimension in constructing suitable equations of
domain wall motion? Also, what are the limiting interface shapes that result from

di erent interfacial equations of motion in both two and hig her dimensions?

We begin by studying the quench of a kinetic spin system from kgh supercritical tem-
perature to zero temperature. While freezing has been showmo occur [7], the myriad
complexities that arise as a kinetic spin system approachesquilibrium have been mostly
overlooked. A unifying theme in two-dimensional nonconsered coarsening, either of a
kinetic spin system or of the TDGL equation, is a high degree buniversality in the prob-
abilities of a given system reaching any of an in nite number of metastable stripe states.
Researchers in the past several years began observing anrigling connection between do-
main patterns in coarsening 2l ferromagnets and continuum critical percolation. In Chap-
ter 2 of this thesis, | demonstrate, both analytically and numerically, that the connection
between two-dimensional coarsening and percolation is miicdeeper than had previously
been anticipated.

Three-dimensional coarsening of kinetic spin systems is fanore complex. A pioneering,
detailed numerical study on the quench of a three-dimensioal kinetic Ising modelto T =0
[7] revealed non-static nal states and hinted at an anomalasly slow relaxation of the en-
ergy. A major focal point of my thesis research involves chaacterizing the non-static behav-
ior and understanding the slow energy relaxation of a threedimensional zero-temperature
kinetic Ising ferromagnet. Our new results on three-dimeni&®nal coarsening, together with
our novel visualization and animation techniques, are presnted in Chapter 3. Amazingly,

the exotic features of three-dimensional coarsening of a ketic spin system also appear in
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the subcritical temperature quench of a two-dimensional kinetic Potts model. Chapter 4
focuses on details of a quench of a kinetic Potts model to zerteemperature, and more
generically on multi-state TDGL coarsening.

The remainder of this dissertation focuses on understandig curvature-driven domain
wall motion with smooth, deterministic initial conditions . For microscopically discrete
spin systems in two and three dimensions, we do not nd a univesal governing equation
for interface motion. In Chapter 5, for each spin dynamics mael that we consider in
two dimensions, we establish the correct equations for intéace motion. For interesting
idealized initial geometries, we then solve our governing @uations to obtain exact forms
for the limiting interface shapes. Domain wall motion in three dimensions, examined in
Chapter 6, is much more challenging. We use some novel analgs incorporating limiting
behavior, symmetries, and a little help from numerics, to cajecture an amazingly simple
and elegant equation of motion for three-dimensional cornegrowth. We solve our growth
eqguation analytically and nd outstanding agreement with simulations of the corner growth

process in three dimensions.



Chapter 2

Universality of Two-Dimensional

Curvature-Driven Coarsening

In the rst half of this dissertation, | consider the followi ng question: How does phase-
ordering proceed if an Ising model is instantaneously quemad from a random, in nite-
temperature initial state to zero temperature? By instantaneously quenching the tempera-
ture, we avoid any complications due to the quenching protool, and we can focus exclusively
on the time scales associated with coarsening.

According to the standard picture from phase-ordering kindics [5], shortly after the
temperature quench, an intricate domain mosaic develops,rad domain coarsening becomes
a deterministic process driven by local domain wall curvatue. Exact results in the theory of
phase-ordering kinetics have proven di cult to achieve. Rare exactly soluble models include
the Glauber model in one dimension and then-vector model with n!1  [5]. To develop
understanding for the vast majority of statistical systems that exhibit coarsening, physicists
rely heavily on computer simulations and physical experimats, combined with only qual-
itative and approximate theoretical arguments. Despite the complexity of nonconserved
coarsening, there exists a surprisingly high degree of unérsality in the two-dimensional
setting. As we shall see, recent connections between coansgg in a two-fold degenerate
system and percolation theory have opened a powerful routea understanding the beauti-

ful intricacies of two-dimensional coarsening while proviling precise predictions for various

13
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coarsening outcomes.

2.1 Predictions from Percolation Theory

Percolation theory is the eld of mathematics concerning the connectivity of clusters in
random graphs [8]. Mathematically, one has a collection of ades that are joined by bonds,
and each bond may be active or inactive. A group of nodes that @& all connected via
a sequence of active bonds is termed a connected cluster. THmsic physical question
that percolation theory addresses is: Which statistical co gurations of nodes and bonds
produce connected paths through a system? Percolation they is versatile and powerful,
providing important understanding in diverse elds, inclu ding physics, materials science,
complex network science, epidemiology, lItration, and speading of forest res.

We are interested in nonconserved coarsening in the two-diensional Ising model. Spirin,
Krapivsky, and Redner [7] found that a 2d Ising model quenched to zero temperature reaches
the ground state with probability =~ 2=3. Surprisingly, the remaining fraction of realizations
become trapped in in nitely long-lived \stripe" states at z ero temperature (Fig. 1.2). At
some early time in the dynamics, a percolating stripe phase @y form. As coarsening
progresses, any percolating stripes will gradually straigten under their surface tension, but
topologically they can never vanish. For a percolating strpe to disappear after a long time
would require a su cient thermal uctuation to carve a path t hrough the stripe, but at
zero-temperature, such thermally-activated processes caot occur.

Can percolation theory tell us anything about freezing into stripe states in two-dimensional
ferromagnets? The answer is yes. However, there are some s$laties. For instance, site
percolation on a square lattice is not applicable for desching coarsening. For site perco-
lation on the square lattice, computer simulations have deérmined the critical density of
occupied sites for the existence of a spanning cluster to bg. = 0:59274605(3) [9]. In the
limit of in nite system size, for density p < p¢, there never exists a spanning cluster, while
for p > p¢, there always exists a spanning cluster. The initial densies of plus and minus

spins in the Ising model atT = 1 are each equal to 2, strictly less than the threshold
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for site percolation on a square lattice. Therefore, at timet = 0, no spin clusters span the
system.

Instead, imagine we have a continuous and random potentialunction V (x;y) on a two-
dimensional lattice. The random potential will have hills and valleys, and its mean over
all space isV. To draw parallels with the 2d Ising model, we may color regions where
V(x;y) > 0 in white and regions whereV (x;y) < 0 in black. Physically we may ask: For a
given value ofV, do any white or black domains span the @ lattice? It turns out that for
V < 0, there is a black cluster that percolates with probability 1, while for V > 0, there is a
white cluster that percolates with probability 1. The inter esting case ofvV = 0 corresponds
to critical continuum percolation, where crossing probablities of black and white clusters are
strictly between 0 and 1 [10, 11, 12]. These results hold witta high degree of universality;
i.e., they are correct for a broad class of random potentialdnctions [13].

Within the last decade, it has been noticed that the A Ising model shortly after a tem-
perature quench visually resembles cluster patterns ircontinuum percolation [14, 15]. At
supercritical initial temperature, the Ising model has zelo magnetization. The magnetiza-
tion remains zero during the early stages of coarsening, so mapping of the Ising model
shortly after a quench to critical continuum percolation is plausible. Over the past several
years, numerical evidence in support of such a connection lsamounted, and the mapping
with percolation appears to be exact for a broad class of dynmaical models. Crucially,
once the kinetic Ising system has reached the state of crited continuum percolation, the
subsequent evolution of the spin domains is essentially detministic since the evolution is
driven solely by mean curvature of the interfaces between sp domains [15].

To demonstrate the power of the percolation mapping, considr the distribution of
hull-enclosed areas in the quench of a®Ising model. A hull is de ned as any closed
interface of a cluster, which may or may not enclose additioal smaller clusters. Arenzon
et. al. [14] recognized that the statistics of hull-enclosed areast a time shortly after
the quench in 2 nonconserved coarsening and in @ critical continuum percolation are

identical. Combining results for hull-enclosed area statstics in percolation theory [16] with
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curvature-driven coarsening, they predicted that the number of hulls per unit area of the

system Ny (A;t) with enclosed area greater thanA at time t is given by

Nh(At) = 44%; (2.1)

where is a model-dependent parameter. Scaling, i.e. that the typial area A in the
system scales with timet, follows naturally from this more general prediction. Numerical
experiments on coarsening in the & Ising model veri ed Eq. (2.1), which is quite remarkable
as two-dimensional nonconserved coarsening was long bef to be beyond the reach of

precise mathematical analysis [5].

2.2 Stripe States in Models that Exhibit Nonconserved Coars-

ening

In this chapter, we study coarsening in several simple two-onensional models that have
two-fold degeneracy of the ground state. Speci cally, we a& concerned with the long-time
state after the growing domains have become commensurate thithe system size.

To understand coarsening into stripe states with mathematcal precision, we rely on two

key observations:

1. Shortly after the temperature quench, the typical size ofa domain is large compared
with the lattice spacing a and is small compared with the system sizd.. The cluster

patterns visually resemble those of critical continuum pecolation.

2. Once the state of critical continuum percolation has beerreached, domain walls be-
tween spin clusters are macroscopically smooth, and curvate-driven interface motion

becomes deterministic.

We want to predict the probabilities for a two-dimensional ferromagnet to coarsen into
a long-lived stripe state at zero temperature. If percolaton theory can predict quantitative

features of hull area distributions in coarsening 2 ferromagnets, then can it also predict
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various stripe state probabilities?

Boundary conditions play an important role in the allowed late-time cluster patterns.
With free boundary conditions, there are only four allowed topologies: no spanning i),
dual spanning (Fny = Fy,, by symmetry), horizontal spanning (Fpy), or vertical spanning

(Fpy)- Thus we have the normalization condition
2Fpy + Fhy + Fpy, = 10 (2.2)

Beautiful expressions for crossing probabilities have beecalculated using conformal eld

theory [10, 11, 17, 18], and some of these have been proven][1®/e have

sF2 1,1, g; 2;2; (2.3)

= (r) is de ned implicitly by
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and K (u) is the complete elliptic integral of the rst kind [20]. Fur thermore, by symmetry,

we have the duality relation

1
FhV F = Fhv(l’)

The predictions for freezing into various stripe topologies were tested in Ref. [15] for di erent
aspect ratiosr, and the agreement with numerics is excellent. Consider a saare lattice with

free boundaries ¢ = 1), so that these equations reduce to

p_
1 3 27
=-+_—In — =0: s .
2F hy >t 5 In 16 0:644240 (2.4)

for the probability of reaching a ground state.

For the case with periodic boundaries, we do not have a cleannalytical prediction
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for the probability of reaching a ground state, due to the posibility for stripes that wind

multiple times in both directions around the torus. (Mathem atically, there is no simple
conservation law corresponding to Eq. (2.2) with nitely-many terms.) Numerically, our
prediction is:

To probe new aspects of 8 coarsening, we focus here on periodic boundary conditions.
Consider the probability

Zan(6i1)  2Zan(3i1)+ Zan(3ir)

Pa;b(r) = 2[ (e 2t )]2

(2.6)

for a 2d critical continuum percolating system to feature oppositdy-colored spanning clus-
ters with winding numbers a and bon a rectangle with aspect ratior and periodic boundaries

[11]. The function Z4.,(G;r) is the in nite sum

ro__
R 2
Zap(G;r) = ? exp G aT_'_ Kr j? : (2.7)

j=1
These formulae for continuum percolation crossing proballities were expanded in Ref. [15]
with (a;b = (1;0);(0; 1) for various aspect ratios The observed probabilities of reezing
into horizontal (a = 1, b = 0) and vertical (a = 0, b = 1) stripes in 2d Monte Carlo
coarsening simulations for di erent aspect ratios was show to agree phenomenally well with
predictions [15]. This is actually quite surprising, as thecontinuum percolation results were
derived from an equilibrium statistical ensemble, while ou coarsening systems are far from
equilibrium. The numerical probabilities of coarsening irto stripe states reported in [15]
are su ciently close to the percolation probabilities that one wonders if the correspondence
may be exact in the thermodynamic limit.

We further exploit this connection to understand coarsenirg into more esoteric stripe
topologies. First considering just the periodic square latice, we wish to predict the prob-

ability of coarsening into stripes with general winding numbers a;b. We use the series
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[(19] 2= 'a+2 2+5 #4+10 %+ (2.8)

with e ~%in (2.6) to obtain

Py = g 31 12 2444 324 .0y (2.9)
r _—

P, = 27(1+2 1249 2444 364 .. (2.10)
r _—_

P, = %2 4n2+3(1+2 12,5 24410 364+ ) (2.11)

as the probabilities for coarsening into a state with horizatal or vertical stripes (Pg =

P10+ Po1 = 2P1.0), a state with diagonal stripes either in the (1;1) or ( 1;1) directions
(P1= P11+ P 1.1 =2P1.1), or a state with stripes of higher winding numbers in any of the
four ( n;1) or ( 1;n) directions (P, = 4Py.1). Figure 2.2 shows the formation of a (1,1)

diagonal stripe and a (2,1) diagonal stripe on a periodic sqgare lattice.

(a) t=200 (b) t=1000 (c) t=5000 (d) t=50000

(e) t=200 (f) t=1000 (g) t=5000 (h) t=50000

Figure 2.1: Formation of a (1,1) diagonal stripe (top) and a (2,1) diagonal stripe (bottom) in
the 2d Ising model quenched to zero temperature. The system sizeis L, with L =1024.
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Secondly, we may consider the formation of stripes with winéghg numbers ( n; 1) on
anL nL rectangle. We nd that in continuum critical percolation, t hese diagonal stripe

states onL nL lattices occur with probability

r_
n = 3% ME@+2 12042 2004 00y, (2.12)

2.2.1 Simulation Results

We numerically tested two basic questions: First, do the prdabilities of coarsening into
various stripe topologies agree for di erent model system® We simulated three models:
the kinetic Ising model (KIM) with homogeneous nearest-neghbor spin-spin interactions,
the KIM with homogeneous nearest- and (diagonal) next-neagst-neighbor spin-spin in-
teractions, and the TDGL equation (1.3). Second, do these pubabilities agree with our
predictions from critical continuum percolation?

Our simulation procedure is as follows. We initialize a squee lattice with L2 spin
variables with L2=2 spins in the \up" state and the remaining L2=2 spins in the \down"
state. We order the up and down spins randomly on the grid, theeby mimicking a quench
from in nite temperature. The working temperature is insta ntaneously set to zero, and
we employ strictly energy-lowering Glauber dynamics [21]. We could just select a spin
equiprobably from all L? spins, check the energy change that would result from ippirg
the spin, ip or not ip the spin accordingly, and repeat for t he desired Monte Carlo time.
However, this direct simulation method is hopelessly ine cient because at late times in
the zero-temperature dynamics, nearly all activity occurson domain boundaries|a small
subset of all spins in the system. Therefore, we maintain a it of spins in the system that
are eligible to ip on the next attempt. We choose only spins fom this list to ip, and
after each move, we update the list accordingly. This is justa reorganization of standard
Glauber [21] or Metropolis [22] dynamics, and the enhancedechnique goes by many names,
including the kinetic Monte Carlo method [23], the Gillespie algorithm [24], and the n-fold
way [25].
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For di erent values of system sizeL, we run many realizations. Figure 2.2 shows our data
for the three models, and our predictions for each measuremé are shown as red arrows.
The agreement between the three models in the large-limit and the match between theory

and experiment are excellent.

2.3 Stability of Topologies

Cooperative behavior in & coarsening should not depend in any fundamental way on the
range of spin-spin interactions as long as these interactits decay rapidly with the distance
between spins. There are however important subtleties thatarise. A horizontal or vertical
stripe state is stable at T = 0 with NN interactions (Fig. 1.2(d)). A diagonal stripe tha t
winds once horizontally and once vertically around the torws (Fig. 2.2(top)) is unstable with
only NN interactions. A staircase interface in the (1; 1) direction has equal numbers of inner
and outer corners. With NN interactions, each inner and oute corner can ip equiprobably,
and a staircase interface on arL L lattice has of order L of these height extrema. In
a single time step, the interface's center of mass typicallymoves a distance y P L=L,
which gives an e ective interface diusivity D ( y)> L ! For two domain walls to
meet in a diagonal stripe state, one has to wait a timet  L?=D  L3. However, with
NN interactions and weaker NNN interactions, the staircasein the (1;1) direction becomes
stable at T = 0. Similarly, a (2; 1) stripe state (Fig. 2.2(bottom)) is unstable for both NN
interactions and for NN and weaker NNN interactions, but becomes stable with additional
longer-range interactions.

The interaction range has subtle implications for the latetime behavior of the 2d KIM.
We introduce the survival probability S(t) as the probability that a given realization of the
T =0 quench has ippable spins remaining at time t. Figure 2.3 showsS(t) for an L = 64
system with only NN interactions and another L = 64 system with NN and weaker NNN
interactions. In both curves, notice the separation of timescales.S(t) decays exponentially
as exp( t= ) with time constant L2 during the early-time regime. After the kink, S(t)

again decays exponentially, but now with time constant L3. For the KIM with only
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Figure 2.2: Probabilities of coarsening into a (1,0) stripeon a square, a (1,1) stripe on a
square, a (2,1) stripe on a square, and a (2,1) stripe on a reahgle with aspect ratior =2
(top to bottom). For each case, the probabilities for the Ising model with NN interactions
(black circles), the Ising model with NNN interactions (red diamonds), and the TDGL
equation (blue triangles) are shown. For simulations of theKIM, 3:2 10° realizations were

used forL = 16;32: 64, and 128, and 3

10° realizations were used forL = 256. For

simulations of the TDGL equation, 10° realizations were used forl. = 16;32: 64, and 128,
and 5 10° realizations were used forL = 256.
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NN interactions, the roughly 5% of realizations that are still active at times beyond the

kink are predominantly (1; 1) stripes. For the KIM with NN and weaker NNN interactions,
the fraction 10 # of realizations that are still active at late times are predaminantly

(2; 1) stripes. These numbers are remarkably close to our predions for the probabilities of

forming (1; 1) and (2; 1) stripes, 00419 and 1567 10 4, from percolation theory, providing

a nice theoretical understanding of our survival probabilty data.
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Figure 2.3: Survival probability S(t) for an L = 64 KIM with only NN interactions

(solid/black, 10° realizations) and for NN and NNN interactions (dashed/red, 1P real-
izations).

Let's assume that we have spin-spin interactions that decayapidly with distance. What
are the criteria for stability of a staircase with general winding numbersa and bon the square
lattice? As a rst rule, note that adjacent horizontal and ve rtical segments of an interface
cannot both be longer than 1 without the interface being unstble. For example, a (1 1)
stripe can be composed of a sequence of horizontal and verdiicsegments each of width two,
but this structure will evolve into a staircase with horizontal and vertical segments each of

width one. We denote this latter con guration as 1! and each individual building block
as1l =[1;1]. The (1;2) stripe is composed of building blocks2 = [1;2], leading to a 2!
staircase. We see that the only stable staircase of a (h) stripe is nt , with n = [1;n].
As additional examples, the staircase {2)! yields a stable stripe in the (2 3) direction,

the staircase (L12)! vyields a stable stripe in the (3 4) direction, and the staircase (122)!
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yields a stable stripe in the (3 5) direction.

There are an in nite number of possibilities for forming a stripe with given winding
numbers (@;b). For example, a (2 3) stripe can have the staircase {2)! , the staircase
(1122)* , or an in nite number of other possibilities. Yet the latter form is unstable and
eventually decays into (12)! . This suggests a second rule for constructing stripe states
Only minimal representations are stable.

We also note a connection between combining elemental buildg blocks for staircases
and the Farey sequences and the Stern-Brocot tree [26]. Forxample, consider a staircase
(23)1 made up of alternating 2! =[1;2] and3! =[1;3] segments. To obtain the winding

numbers of the resulting staircase, we take the mediant

This suggests that the stable staircase in the (25) direction is (23)* .

2.4 Discussion

This connection is surprising because it relates an equilitum model|continuum percolation|
with a far-from-equilibrium dynamical phenomenon|noncon served coarsening. One natu-
rally wonders what necessary characteristics a nonconsesd coarsening process must possess
to fall into this universality class of stripe state outcomes. Stripe states have similarly been
observed in the majority vote model [27], the AB model [28], he naming game [28], and
recently the con dent voter model [29]. More detailed numeilical work is needed on these
models to accurately determine the probabilities of variols coarsening outcomes. It would
also be worthwhile to simulate the Toom model [30], in which @ch spin on a square grid
interacts with only two of its neighbors along di erent dire ctions (for example, a spin may
interact with its neigboring spins above and to the right, but not with its neighboring spins
below and to the left). Does this system also fall into our cotinuum critical percolation

universality class?
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Recent quantitative evidence from simulations linking cortinuum percolation models
with both the early-time coarsening and the late-time outcames of 21 nonconserved coars-
ening is mounting. We hope that these remarkable results wilignite rigorous mathematical

studies on the nature of this connection.



Chapter 3

Freezing in Three-Dimensional Ising

Ferromagnets

Phase transitions have typically been studied in the equilbrium framework. Above a critical
temperature T¢, a system shows no order, while below this critical temperaire, the order
parameter is nonzero. A recent interest has been in describg ordered states that arise
below the critical temperature in a dynamical setting.

The prototypical model for studying phase transitions in statistical physics is the Ising
model, which proved instrumental in understanding ferromagnetism. When endowed with
a kinetics that does not conserve the magnetization, this beomes a Model A system in the
classi cation of Hohenberg and Halperin [31]. In one dimen®n, the critical temperature is
at T = 0. Intwo and higher dimensions, there is a nite critical te mperature. In equilibrium,
systems with T < T tend to order their spins, and a nonzero value of magnetizatin results.
What happens if, instead, a system starting at an in nite temperature is rapidly quenched
to T < T.? What is the nal state following the quench, and what are the time scales
involved in the approach to the nal state?

Few answers to the above questions have been rigorously prew, with some exceptions
for idealized one-dimensional models [5]. Fod > 1, studies are typically based on simula-
tions combined with approximate and heuristic arguments. Mathematical studies of spin

systems generally focus on th& = 0 limit where theorems can be proven. Most prior results

26
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have supported the validity of a simple theoretical framewak for understanding coarsening
following a quench to zero temperature. This “central dogmaof coarsening atT = 0 can

be summarized by the following statements:

There exist two ground states of the system corresponding tahe two possible values
of the (scalar) order parameter. These ground states are thenly possible nal states

of the evolution.

The characteristic length scale of the coarsening domain ngaic grows in time ast'™
[32, 5, 33, 4]. Thus one of the two possible nal states is red®d in a time that scales

asL?.

The nal states are frozen, since atT = 0, energy-raising moves are forbidden, and

the system is stuck in one of the two ground states.

To test these predictions, we simulate the evolution of a kirtic Ising system when it
is quenched from above to below the critical temperature. PkBnomenologically, the sys-
tem evolves by minimizing a coarse-grained Landau free-engy functional to determine its
long-time state following a quench. However, this mean- etl description represents a con-
siderable oversimpli cation. Finite-range interactions in various models may support many
metastable states, and the approach to equilibrium is genetly not nearly as simple as any
mean- eld picture might suggest [34, 35].

In the one-dimensional Ising system, each pair of antialigad spins on the line represents
a domain wall. The motion of domain walls is di usive. When two domain walls meet, a
larger domain forms, and the system coarsens. Thus the ultimte outcome of the dynamics
for d = 1 is always the ground state regardless of initial conditian, so the central dogma
provides an accurate description of the KIM ind = 1. For d > 1, starting from a state with
excess positive (negative) magnetization, the nal state dter a quench to T = 0 is generally
believed to be the positive (negative) ground state with prdability equal to one. This has

been proven recently in the mean-eld d!1 ) limit [36].
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In d = 2, the nal state of the Ising system following a quench fromT =1 to T =0
however is not so simple [37, 7, 38, 39]. With probability 1=3, the system gets stuck in an
in nitely long-lived metastable state which consists of two (rarely more than two) stripes
of opposite spin [15] (Fig. 1.2). Note that for one of the strpes to evaporate requires an
energy-raising spin ip, but at T =0, such moves are forbidden. Thus if a system coarsens

into the state shown in Fig. 1.2, it becomes stuck there foreer.

3.1 Quench of a Three-Dimensional Kinetic Ising Model to
T=0

In three dimensions, a quench froml' = 1 to T = 0 results in a bizarre nal state, and the
central dogma of coarsening completely fails. In stark comtast to the above predictions for

coarsening atT =0, we nd:

~ In the large-system limit, the probability of the system reaching one of the two ground
states approaches zero. Instead, the system consists of twaghly interwoven, topo-

logically complex domains.

"~ While the majority of coarsening occurs in a time that scalesas L2, the relaxation

time for the energy (and other observables) scales as expf).

" The nal states are dynamic. There is always stochastic ipping of spins, even though

the system has relaxed to a nal state atT = 0.

We study the homogeneous, ferromagnetic Ising model de nethy the Hamiltonian

X
H= J i
<ij>
on a simple cubic lattice, with the interaction strength J set to 1. ; = 1 represents

the spin at site i, and the sum is over all nearest-neighbor pairs of spins. Wesag periodic

boundary conditions in all directions. Each realization beayins with an antiferromagnetic
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initial state. We experimented with both random and antifer romagnetic initial states, and
while both give essentially the same results, except for mior quantitative di erences in
distributions of observables, the antiferromagnetic conguration is simpler. The system
evolves starting at time t = 0 by zero-temperature single-spin- ip dynamics, so that only
energy-lowering spin ips are permitted. For computational e ciency, we employ the same
kinetic Monte Carlo technique in our simulations as in Chapter 2. A single selected spin

ips according to the update rule

8

g 1 if E<O,
ipping probability = E p if E=0,

-0 if E>O,

with a single parameter p. Here we usep = 1=2 which corresponds to zero-temperature
Glauber dynamics [21], although the choicep = 0, corresponding to Metropolis dynamics
[22], would have been more e cient. While the evolution is esentially the same for all
p > 0, the casep = 0 gives rise to a di erent nal state with jammed con gurati ons [40, 41].
These jammed con gurations naturally arise in kinetically constrained models [42], which
are used for studying glassy dynamics. Here we do not considéhe casep = 0.

Starting at t = 0 every spin in the lattice is ippable. We choose an eligible spin at
random (a spin for which E 0O if that spin were to ip) and we apply the above update
rule. There is initially a rapid drop in energy. After a time t = 5L2, each realization
has coarsened, and for large systems, almost all realizatis are stuck in a \plumber's
nightmare" state (Fig. 3.3).

Running a realization of the 3d Ising model to it's nal lowest-energy state following a
guench to zero temperature with unbiased Glauber dynamicsd prohibitively slow, even for
small system sizes. For times beyond the coarsening time, vidh scales a4 2, the evolution is
characterized by long periods of wandering through constarenergy con gurations. Occas-
sionally and at progressively later times, there are isolaéd energy-lowering spin- ip events

(Fig. 3.1). In Figure 3.2, the average time interval betweentwo successive energy-lowering
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spin- ip events is plotted versus the average time for then™ such energy-lowering spin- ip
event to occur. The time between energy-lowering moves ineases roughly exponentially
over an appreciable time range.

To speed up the simulations, we devised an acceleration algtim based on driving the
system with a weak bias magnetic eld so that the rare energylowering events happen more

quickly. Our method is summarized as follows:

i Glauber dynamics is applied until time t = 5L2. This time is su ciently beyond the

coarsening time that energy-lowering events have become ma

i At t=5L2, an in nitesimal bias magnetic eld is applied. This forces zero-energy spins
of one type (+/ -) to ip, while zero-energy spins of the opposite type (- / +) cannot
ip.

iii After each energy-lowering move, the sign of the bias etl is reversed. This overall

process allows energy-lowering moves to happen quickly.

iv If no active spins remain while the bias eld is applied in one direction, then the sign
of the bias eld is reversed. If, with the reversed bias eld, there is again no drop in

energy and no active spins remain, then the system has reactiéts nal state.

Our acceleration algorithm drastically speeds up the zerdemperature dynamics of the 3
KIM, and it accurately reproduces the nal state if true Glau ber dynamics had been run to
the end of each simulation. For details on tests of the accurey of our acceleration algorithm,
see Appendix A.

We now describe the strange features of the plumber's nightmre states in detail.

3.1.1 Final State Geometry

While it is possible that an Ising ferromagnet of sizeL® quenched toT = O reaches the
ground state, this outcome is exceedingly rare as the systersize L ! 1 . After the
initial coarsening stage, the system almost always reachesstate with twojand only two|

interpenetrating clusters of opposite spin. Two examples btypical nal states are shown in
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Figure 3.1: Time dependence of the energy for a single readiion of an L = 20 system
qguenched toT = 0. While the system settles into its nal state at t 41712, it features
drops in energy at surprisingly late times (inset). Note that the abscissa of the inset is Irt.

Figure 3.2: Con guration average of the time t, between successive energy drops as a
function of t,, the average time at which the n" such energy drop occurred, for 1024
realizations of a 10 10 10 system. The data are smoothed over a 100-point range.

Figure 3.3. For such a system to reach the ground state requés energy-raising spin ips,
but at T = 0 such moves are forbidden. Thus a system that collapses iat a plumber's
nightmare con guration at zero temperature is stuck there forever. (Detailed statistics on
the nal state are provided in Appendix B.)

Two important characteristics of the long-time state of a nite system are the energy
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Figure 3.3: Examples of low-genus d = 3) and high-genus (g = 16) domains on a 26
lattice.

and the genus. The energyE of a nal state is proportional to the total number of bonds

between unlike neighboring spins. (The ground state energys set at zero.) The quantity
E_ is the average energ\E for a given system sizeL. E| decays as a power law i, but
with substantial nite-size corrections. An extrapolatio n yields E L , with 1, in
agreement with previous smaller-scale simulations [7]. Tis result implies that the surface
area of domains in a nal state of linear sizeL scales ad 2. The scaled energy distribution
P(E=E.) shows good data collapse (Figure 3.5(a)). It is de ned by a ak that is close to
being Gaussian, and a linear tail at low energies. Intriguirgly, the linear tail only appears
if the system begins in an antiferromagnetic initial state, and not for the random initial

state. We do not have an explanation for this minor di erence in nal energy distributions

between the two initial conditions.

In the long-time state, spin domains are topologically compex. Geometrically, the spin
clusters bear a resemblance to complex geometrical structas that arise naturally in two-
phase micellar systems [43]. (These topologically complexal states arising from the Ising
model quench are the analogues of zero-mean-curvature sades in TDGL evolution [44, 45].
Subtle di erences between microscopic dynamics and macraspic (curvature-driven) ow
will be presented later.) One way to characterize this compéxity is through the genusg of a

domain. Mathematically, the genus is the maximum number of wits that can be made along
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nonintersecting closed simple curves on the surface withdudisconnecting the manifold.
The genus is related to the Euler characteristic of a surface and can be calculated by

enumerating simple features of the interface [46].
=21 9=V E +F (3.1)

Here, V is the number of vertices on the interface,E is the number of edges, and- is the
number of faces. As elementary examples, the genus of a spkeis 0, and the genus of a
donut is 1. To illustrate, consider an isolated cube. The cule has 8 vertices, 12 edges, and
6 faces, so its genus is 0. (This is expected, since a cube is tbpgically equivalent to a
sphere.) For further example, consider a linear 2 1 lament that wraps around a 22 lattice.

A simple calculation givesV =8, E= 16, and F = 8, corresponding to g = 1. Note that the
length scale of the discretization does not change the valuef g. Now consider Figure 3.4.
The image on the left is a cluster that wraps periodically in two Cartesian directions, for
which V = 8, E = 20, and F = 10, corresponding to g = 2. For the cluster on the right
which wraps periodically in all three Cartesian directions V = 8, E = 24, and F = 12,

corresponding tog = 3.

Figure 3.4: Simple examples of interfaces with genug =2 and g = 3 for a periodic2 2 2
system.

To measure the topology of the nal state, we rst identify al | spin clusters using a
cluster multilabeling algorithm [47]. The nal state almost always consists of just two in-

terpenetrating clusters. Spin con gurations with more than two clusters do occur|although
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rarely[for the nite systems we studied (see Appendix B). Th e largest number of clusters
we observed in the nal state of a realization was seven. Thiccured for a 38 system in
which there were six narrow laments of one phase in a backgroond of the opposite phase.
However intheL !'1  limit, the probability of observing greater than two cluste rs or only
one cluster in the nal state approaches zero.

Once all spin domains are labeled, we enumerate the numberd gertices, edges, and
faces for each domain. The value of is easily computed from the total energy of the
system, since each pair of antialigned spins represents ada. For each face, we add the
numbers of vertices and edges on the face to their total coust making sure to not overcount
a vertex or edge that was already counted as part of another mviously-encountered face.
If the nal state contains only two clusters, then the two clu sters by de nition share the
same surface area, so they have the same genus. If there are mdhan two clusters, then
the largest genus among all clusters is taken to be the genud the lattice.

As for the average energyE, , the average genudygi shows power-law behavior inL
in the large-system limit, but with nite-size corrections. An extrapolation to L ! 1
yieldshgi L , with 1:7. The nal genus distribution also shows good scaling in the
variable g=hgi (Fig. 3.5(b)). The high-genus tail of the distribution decays approximately
exponentially.

Through basic topological considerations, the energy andenus of a system are related.
First, note that each face on a cluster is bounded by four edge and each edge on a cluster
is shared between two faces. Thus

E=2F:
Similarly, each edge on a cluster is bounded by two verticesand each vertex on a cluster is
shared among three, four, ve, or six edges. This leads to thénequality

V —

E 2E
3 3
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(@) (b)

Figure 3.5: The nal-state energy (a) and genus (b) distributions for L =54 ( ), L =76
(4),and L =90 (5).

Plugging these two relations into Eq. (3.1), we obtain

F F.
3 3

We then use the stronger upper bound 2 to obtain

0 g %+1: (3.2)

Note that the total number of faces F is directly related to the energy, viz. F / L3E_.
Finally, assuming that the value of g for a realization is typically about halfway between

its upper and lower bounds, we obtain the exponent inequalig
+ 3 (3.3)

Our measured values 1 and 1.7 are consistent with Eq. (3.3).
One may further relate the genus of a domain with the types of ertices on the domain's
surface. LetV,, denote the number of vertices of degreen, with m = 3, 4, 5, or 6. As

shown in Figure 3.6, the degree of a vertex equals the numberf edges joining at that vertex.
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The “defect' of a vertex is de ned to equal the di erence between the sum of the angles
of all faces at the vertex and 2. Thus, one sees that the defects of vertices of degrees 3,
4, 5 and6are=2,0, =2, and , respectively. Further, the discrete extension of the
Gauss-Bonnet theorem states that the sum of all defects on t domain surface equals 2 .
Thus we arrive at

-V —V Vg =2 =4 (1 :
5Va Vs 6 1 o),

so the genus of a domain can be calculated from

1
g=1+ §(2V6+ Vs V 3):

6

Figure 3.6: A sample portion of a domain interface showing vaices of degrees 3, 4, 5, and
6.

3.1.2 Blinker States

When one thinks of the long-time state of a physical system afl = 0, one generally regards
all components of the system as ‘frozen’, since there are ndvérmal agitations from the
environment. While a quench of a two-dimensional Ising feromagnet to T = 0 may result
in a “stripe state', such states are indeed frozen. For a®system that has reached a stripe
con guration, there are no remaining possible spin ips. The outcome of a quench talr = 0
is quite dierent in d = 3, where the non-trivial nal states that result are in general not
static, but contain a small subset of “blinker' spins. Theseblinker spins have three up

neighbors and three down neighbors. Since each blinker spis in a zero-energy state, it is
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capable of ipping at T = 0. When one blinker spin ips, one (or more) of its neighboring
spins typically become blinkers, so that even inthet ! 1 limit, these blinker spins never
cease to exist.

As a visual example of a blinker state in 8, consider Figure 3.7. The three bounding
slabs wrap periodically in the three coordinate directions so their boundaries are merely
visual artifacts. The zero-energy spins at inner and outer orners in the region where the
three slabs join are “blinker spins'. In the fully-de ated state (left image), there is one spin
(not colored) in the innermost corner where the slabs interect that is capable of ipping. In
the fully-in ated state (right image), the single colored spin at the corner can ip. Blinker
states typically exist between these extremes so that the lihker lives in the half-in ated
state (middle image). Note that, if this system is at zero tenmperature, there must always

be at least one blinker spin in the system.

Figure 3.7: An 83 blinker on a 20° cubic lattice, showing the fully-de ated state (left), an i nterme-
diate state (middle), and the fully-in ated state (right). The bounding slabs wrap periodically in
the three Cartesian directions.

While Figure 3.7 may seem idealized, blinker states are ubigjtous in Ising ferromagnets
following a deep quench. The requirement for a lattice suppuding blinker states is that the
linear lattice size L 5. As L increases, essentiallyall realizations end up with blinkers;
thus the nal states are in general non-static (Fig. 3.7). Figure 3.8 shows a real blinker
state following a quench to zero temperature.

The fraction of total spins that are blinkers in the nal stat e at any given time is small;

typically around 3 10 3 to 4 10 3 when the system sizeL . 50. The number of
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blinker spins uctuates in time in any given realization, and therefore is not a meaningful
characteristic. To characterize blinker states, we de ne a'blinker region' to be a subset of
spins in the lattice that are capable of being blinkers. The orresponding “blinker volume'
is the total percentage of the lattice that is accessible to bnker spins. Once a given
realization has reached its nal state, the total blinker volume for that realization is xed
in time. Consider again Figure 3.7. The left and right lattices contain only one blinker
spin, while the middle lattice has many blinker spins. The 8 8 8 region bounded by the
con uence of the three stationary slabs is the blinker regim of this system. The blinker
volume is & = 512 spins, although the actual number of blinker spins in the system at any
given time is much smaller.

The blinker volume in Figure 3.7 can be determined visually,but we need a systematic
way of numerically probing the blinker volume. Consider Figure 3.7 (middle image). For
illustration, let the colored cubes indicate "up' spins, wlile empty space corresponds to
“down' spins. If one applies a bias magnetic eld in the “up' drection, then all ippable
down spins in the blinker region will ip, until the entire bl inker region is lled with up
spins (right image). Denote this spin con guration C.. Starting again from the middle
image, if one applies a bias magnetic eld in the "down’ diretion, then all ippable up spins
will ip, and one is left with the left image, whose con gurat ion is denotedC . Taking the
di erence in spin con gurations jC; C j (and dividing by two), one is left with the blinker
volume of the system. We apply this procedure to numericallymeasure the blinker volume
of many independent realizations following a quench. The bhker volume in the nal state

is typically around 9%|a macroscopic fraction of the lattic e.

3.1.3 Ultra-Slow Relaxation

As described thus far, the evolution of a quenched three-dimnsional Ising ferromagnet is
far richer that one would naively expect. Two major aspects éthe long-time state, namely
(i) topologically-complex domains and (ii) non-static blinker con gurations, are completely

neglected by the Ginzburg-Landau coarse-grained descrifn of the Ising model. We now
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Figure 3.8: Example of a blinker state on a 28 lattice with periodic boundaries. The
highlighted blocks indicate blinker spins.

describe another major counterintuitive aspect of a deep gench.

Starting from an antiferromagnetic (or random) initial spi n state, one may consider how
long it takes for the 3d system to relax to its nal con guration. By " nal con gurat ion’,
we refer to the state of the spin system after it has reached & lowest value of energy. As
shown above, systems quenched t® = 0 in general do not reach the ground state, but end
up being frozen in a domain con guration for which E > 0.

Speci cally, we consider the “survival probability' S(t), which is the probability that
a given realization of the dynamics is still decreasing in eergy at time t following the
guench. Since energy-lowering spin- ip events occur lesgdquently at long times, it is
not immediately obvious whether the system has reached itsowest value of energy. To
measure S(t), we devised an algorithm to test whether any additional drgs in energy
are possible at long times following the quench. Starting fom time t = 0, we track the
numbers of positive-energy and zero-energy ippable spinin the system. The former will
systematically decrease as the system coarsens. When theage no remaining positive-

energy ippable spins, it is possible that the system has reehed its asymptotic value of

energy. Let G denote the spin con guration and Ty the time at which no positive-energy
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ippable spins remain. We then proceed as follows:

i Starting from G, an in nitesimal bias magnetic eld is applied to the system. This forces
only up (down) ippable spins to ip. If a drop in energy occur s in the presence of the
bias eld, then the system has not reached its asymptotic valie of energy. The system is
returned to G and subsequently evolves by zero-temperature Glauber dymaics without
a bias eld until the number of positive-energy spins again eaches zero, and a new

candidate nal state G and time Ty are reached.

i If the number of ippable spins reaches zero without a drop in energy, then the sign
of the in nitesimal bias eld is reversed, which forces only down (up) ippable spins
to ip. If a drop in energy occurs, then the system is returned to G and subsequently

evolves without a bias eld until a new candidate nal state G and time Ty are reached.

i If the bias eld is applied in both directions without a dr op in energy, then the system

has reached its asymptotic value of energyTy is the survival time of the system.

We calculate the survival time Ty for many realizations, from which we infer the survival
probability S(t) (Figure 3.9). Surprisingly, the time scale for the energy elaxation is many
orders of magnitude larger than the coarsening time, even fosmall systems. For example,
for lattices of sizeL = 10, 40 out of 10’ realizations had not relaxed to their asymptotic
energy byt = 10°. For L & 20, S(t) is reasonably smooth. Plotting S(t) versus Int on a

double logarithmic scale, the data is approximately t by

S(t) (nt) ; 3 (3.4)

Related aspects of slow domain coarsening in the homogeneonikinetic Ising model
[48] and in the kinetic Ising model with competing ferromagretic and antiferromagnetic
interactions [49] has been found previously. Yet the extrerely slow energy relaxation seen
in the zero-temperature KIM is bizarre. The domain structure and topology form in a ti me

that scales only asL?. Also, at T = 0, only energy-preserving and energy-lowering spin
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Figure 3.9: (left image) Survival probability S(t) versus time t. Data is based on 10
realizations for L = 4;6;8, and 10, 10240 realizations fol. = 14;20, and 30, and 2048
realizations for L = 40 (lower left to upper right). (right image) S(t) vs. Int for L = 20; 30,
and 40 (lower left to upper right) on a double logarithmic scde. The data is reasonably t
by the inverse logarithmic dependence Eq. (3.4).

ips are permitted. Thus one would expect the asymptotic value of energy to be reached
quickly.

To understand the anomalously slow energy relaxation seemiS(t), consider again the
blinker state shown in Fig. 3.7. The number of blinker spins @ the interface of the blinker
and the types of blinker spins (inner or outer corners, i.e. p/down spins) vary with di erent
con gurations of the blinker interface. If the blinker is mo stly de ated, then there are more
inner corners than outer corners on the blinker interface. Thus on the next update event, it
is most probable that a spin at an inner corner will ip. Simil arly, a mostly-in ated blinker
will have an excess of outer corners. On the next update evenit is most likely that a spin
at an outer corner will ip. The mismatch in numbers of inner and outer corners (up/down
spins) on the interface for di erent blinker con gurations tends to drive the blinker interface
toward the half-in ated state (middle panel of Fig. 3.7).

Now consider the® ° two-dimensional analog of a blinker state. This is the growh
model proposed in [50] except with the two edges of the intedce xed in position (Fig. 3.11).

Starting from the fully-de ated state (right panel), one may ask: What is the mean rst-
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passage time to reach the fully-in ated state (left panel). The blinker initially lls out
quickly to reach the half-in ated state (middle panel). To m ake it from the half-in ated
state to the fully-in ated state, the blinker must work agai nst an e ective bias due to the
mismatch in the numbers of inner and outer corners on the inteface. Note that the typical
interface velocity is given by the di erence in numbers of imer and outer corners on the
interface, so we estimatev, N N+ = 1 in two dimensions. The e ective di usion
coe cient of the interface motion is proportional to the mea n-square displacement of the
interface in a single time step, which is proportional to~. Thus we infer D, °. The
interface must advance a distance of ordef? to reach the fully-in ated state:  x» 2.
With these three estimates, the dominant Arrhenius factor 1] for the time to reach the

fully-in ated state is given by

V2 X2
In 3.5
2 D, (3.5)
This analysis may be repeated for a real = blinker in three dimensions. The

di erence in numbers of up/down spins on the interface is nowof order *, giving vs

N N+ . The mean-square displacement of the interface in one timenit is of order
*2. Also, on the order of *2 spins must ip for the 3D blinker to reach the fully-in ated
state. Thus we estimate the time to reach the fully-in ated state in three dimensions to be

given by
V3 X3 2.

In 3 Ds

(3.6)

Generally in d dimensions, the time for ad-dimensional blinker of linear size™ to reach
the fully-in ated state satis es

In ¢

We numerically tested our predictions for the rst-passagetimes , and 3 (Fig. 3.10).

~

For the idealized 2~ blinkers, we simulated blinkers with 2 14, and the exponential
t (3.5) shows excellent agreement with data. We also simulded 3d blinkers with2 ~ 5.
The data for very small blinkers is qualitatively consistert with our prediction (3.6).

The salient point is that the time for a half-in ated blinker to reach its fully-in ated
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state grows rapidly with the linear blinker size ". Intriguingly, it may be possible to compute
the asymptotic form of the amplitudes in Egs. (3.5) and (3.6), since there are connections
between blinker states and the entropies of random tilings$2]. For example, for the two-
dimensional blinkers (Fig. 3.11), the asymptotically exad evaporation time may be given
by Int = aL with a=2In2  1:386, which is in excellent agreement with our (limited)

numerical data.

Figure 3.10: First-passage time for a fully-de ated blinker to reach the fully-in ated state in two
() and three (4 ) dimensions. The t to the two-dimensional data is , = 1:40 exp(133 ). The
curve overlaying the three-dimensional data, 3 = 3 exp(0:8 *2), is a guide for the eye.

We have identi ed an extremely long time scale in the dynamic of a single blinker state
in three dimensions: the typical in ation time. But all con gurations of a particular blinker
state have the same energy. To understand the ultra-slow emgy relaxation seen in a quench
to T = 0, consider two blinker states as shown in Fig. 3.7 that are ppositely oriented so
that when each blinker is in its half-in ated state (middle p anel), the blinkers do not touch.
However, when both blinkers are in their fully-in ated stat es, they just overlap corner-to-
corner. In the rare event that both blinkers are simultaneouwsly in ated, there is an energy-
lowering spin- ip event. The two adjacent blinkers subsequently merge. Due to the nite
(though astronomically long) lifetime of such a two-blinker arrangement, we term this a

“pseudo-blinker' con guration. Since the average time fora single blinker to become in ated
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is extraordinarily long, energy-lowering pseudo-blinkercoalescence events are responsible for
the remarkably slow relaxation seen in a quench of a real Isim ferromagnet. A schematic

illustration of a pseudo-blinker coalescence event is shawin Fig. 3.12.

—— inner
outer |}/ core

corner

Figure 3.11: Two-dimensional analog of the blinker states in Fig. 3.7.

Figure 3.12: Schematic two-dimensional illustration of a binker coalescence event.

3.1.4 E ects of the Initial Condition

The data presented above is for the quench of al3 Ising ferromagnet to zero temperature
starting from an antiferromagnetic initial condition. The other natural choice is to start
with a random initial spin con guration, corresponding to i n nite initial temperature. We
emphasize that all of our central results outlined in this setion also hold when starting from
an in nite temperature initial state. We do however observe minor quantitative di erences
in distributions of observables depending on the choice ofnitial condition. Consider, for
example, the nal magnetization and energy distributions at T = 0 starting from the anti-
ferromagnetic versus random initial spin states (Figure 313). Note that the magnetization
distribution is more strongly peaked about zero with the random initial condition, signaling

that the system is more likely to become trapped in topologially-complex metastable states
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when starting from in nite temperature. It is unclear why th e magnetization distribution

is narrower when starting from random initial condition.
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Figure 3.13: The nal-state magnetization (a) and energy (b) distributions for L = 32
using antiferromagnetic and random initial conditions. The two initial conditions seem to
produce di erent distributions of observables, even intheL !'1  limit.

3.1.5 Non-Cubic Geometries

What if we quench the 3 KIM on a noncubic L L aL lattice? We still observe pinning
of clusters atT = 0, but the number of clusters in a realization typically grows as the lattice
becomes compressed in one or two directions. H is small, then there are typically many
clusters that percolate along the short axis, leading to pitures that resemble Swiss cheese
(Fig. 3.14(left)). If ais large, then tiny beads form along the long axis (Fig. 3.14dght)).

Clearly, clusters are able to percolate most easily along t short axes.
3.2 Quench of a Three-Dimensional Kinetic Ising Model to
T > 0: The Approach to Equilibrium

These counterintuitive results cannot be obtained from anymean- eld description; they

are consequences of the nearest-neighbor interactions aten spins on the cubic lattice.
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Figure 3.14: Example long-time states of a 32 32 8 system (left), a 32 32 32 system
(center), and a 32 8 8 system (right).

Yet the zero-temperature Ising system is a highly idealizednodel of ferromagnetism and
just one of many simple models featuring non-conserved ordgparameter coarsening. One
naturally asks: Do any of the bizarre features of the zero-tmperature quench of a 8l Ising
model also appear in other models of coarsening?

We next consider the three-dimensional KIM quenched to nite subcritical temperature.
We employ a rejection-free Glauber dynamics in which each ofthe N; spins in the system
with energy E; is selected to ip with relative probability P; = N;=(1 + e Ei=T), where

E; is the energy change that would result if a spin with energyE; is ipped. After each
update, the time is incremented by t = 1=(P i Pi).

For the quench of an Ising model toT = 0, we used the antiferromagnetic initial con-
dition for simplicity, although both antiferromagnetic an d random initial conditions give
essentially the same zero-temperature nal state. Here weraploy the random initial con-
dition (with magnetization xed at zero) to study the quench of an Ising ferromagnet to
nite temperature. The random initial state corresponds to in nite initial temperature and
adds realism to the problem.

We now ask: Starting from the random initial state, how does the system evolve at
subcritical quench temperature? At zero temperature in anydimensiond 3, a system
that is stuck in a plumber's nightmare geometry remains stuk forever with E > 0. At any

positive quench temperature, the system must ultimately rdax to equilibrium. Yet as we
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will see, the approach to equilibrium is both nontrivial and slow, with the energy relaxation
showing very di erent behavior at di erent time scales in th e evolution.

As for the zero-temperature quench, the dynamics is not selfiveraging, so we average our
measurements over many realizations to learn of the typicahpproach to equilibrium. The
simulations are quite messy and di cult to rigorously quant ify. Furthermore, we restrict
our study to quench temperaturesT  T¢=2, which is below the roughening temperature
Tr  0:54401(1)c [53] for the 3d Ising model. This ensures that the domain interfaces
have nite width as the system sizeL ! 1 . We obtained a general picture of how the 8
ferromagnet relaxes to equilibrium by de ning roughly four stages in the evolution, which

we now describe.

3.2.1 Stage I: Coarsening

Immediately following the quench, the Ising-Glauber systen begins coarsening into a mosaic
of oppositely-oriented spin domains. During a time intervd t . L2, domains are small and
their linear scale grows in time asr P t. By symmetry, the densities of up and down spins
during the initial coarsening regime remain roughly equal.

The energy of the system decays smoothly at early times. In th absence of an external
magnetic eld, the total energy of a ferromagnet is proportional to the surface area between
domains of up and down spins. Consider that there aréN distinct spin clusters, and each
cluster has surface areaA r? t. For any nite-size system regardless of boundary
conditions, the number of spin clustersN scales inversely with the volumev — r3  t3%2

of a typical cluster. This gives the energy of the system as |
E(tf) Eeq NA t 2

This predicted energy dependence on time agrees well withraulations at early times.
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3.2.2 Stage II: Plumber's Nightmare

After a time t & L2, the typical domain sizer has reached the system sizk. In general and
for low enough quench temperatures T . Tc=4), the system is stuck in a metastable state
similar to those states found in the zero-temperature quent, and the typical coarsening
with smooth energy relaxation is interrupted. For any dynamical evolution rule that satis es
detailed balance, the system is driven to and transitions rpidly among the many equilibrium
states, so nite-temperature plumber's nightmare con gurations are unstable. Nonetheless,
gyroid phases play an observable role in the nite-temperatire relaxation because they
evaporate slowly, on a time scale much longer than the coarsing time. Fig. 3.15 shows a

gyroid phase that developed following a quench tol = T¢=8.

Figure 3.15: A genusg = 10 sponge-like topology at timet = 1024 for a quench of an
L =32 systemto T = Tc=8. We ran this realization until the energy rst reached the
numerically-measured equilibrium value of energy for thissystem size and temperature.
This realization reached equilibrium at time t  10°|roughly two orders of magnitude
longer than the coarsening time.

Of course the exact nature of these nite-temperature metatable states will depend
strongly on the quench temperature. For quenches ta = ( Tc), thermal uctuations
play a negligible role, and the characteristics of the metamble states that develop shortly
after a quench (energy, genus, etc.) are essentially the samas for a zero-temperature

qguench. For quenches tol = Tr  , thermal agitations are su ciently large that systems



49

do not get trapped in plumber's nightmare geometries.

Once a system reaches a nite-temperature gyroid phase, itenergy begins decreasing
slowly and in discrete steps (Fig. 3.16). Intuitively, the various interpenetrating \arms"
that constitute the spin domains must evaporate one-at-a-tme. Consider Fig. 3.17(a),
which shows an® ~ L bar of \up" spins that joins another L ~ ° bar of \up"
spins, all in a background of \down" spins. To understand the energy relaxation shown
in Fig. 3.16, note that it is energetically favorable that a spin on the edge of the bar ips
before any lower-energy spin ips (Fig. 3.17(b)). The newlycreated corner spins are now in
a zero-energy environment and freely di use (Fig. 3.17(c)) It is most probable that these
excitations will just recombine, and the system will quickly return to the con guration
shown in Fig. 3.17(a). If a second energy-raising ip occurson an edge (Fig. 3.17(d)),
then another 1 1 L column of spins is able to diuse. Now consider the bar after’
independent nucleation events that occur in succession (Bi 3.17(e)). What was formally a
1 ° L slab of spins on the front surface of the bar is how two disjoitislabs, each able to
recede separately until the system reaches the new con guten with a bar of dimensions
( 1) ° L (Fig. 3.17(f)). This nucleation and subsequent rapid erosbn of an arm
of a plumber's nightmare state corresponds to one of the digete energy drops shown in
Fig. 3.16.

To quantify this discrete energy relaxation, we compute three quantities: the total
number N (t) of discrete energy drops that have occurred by timet, the average sizeS(t)
of each energy drop up to timet, and the average time interval T (t) between energy drops
up to time t. Our results for a quench toT = T¢=8 are plotted in Fig. 3.18.

These plots reveal that: (a) the discrete energy drops showiin Fig. 3.16 become less
frequent as the evolution progresses in time, and (b) the s (j Ej) of each energy drop
decreases (on average) in time. Although our data plotted hee are for specic values of
system size and temperature, we veri ed that these plots lok essentially the same for a
range of subcritical temperature values. Perhaps most stking is that the average time

between discrete energy drops versus time is described eXeatly by a linear t over a wide
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Figure 3.16: Energy versus time for three independent reatiations of a quench toT = Tc=8
for a 328 system. Energy is scaled so that the antiferromagnetic stat energy is equal to 1,
and the ground state energy is equal to O.

range of times.

3.2.3 Stage llI: Slab State

At long times in the evolution, a system may get trapped in a state with two coexisting
phases, each domain being in local thermodynamic equilibuim and having zero mean cur-
vature on its interface (Fig. 3.19(a)). We term such a con guration a \slab state". These
slab states are the three-dimensional analogues of the sfrés seen in the quench of a two-
dimensional ferromagnet. Yet 3l slab states occur more rarely than their 21 counterparts,
with only a fraction 0:077(2) of realizations quenched from in nite temperatureto T = T¢=2
getting trapped in slab geometries (Fig. 3.19(b)). We were mable to accurately determine
the slab state probability for quench temperaturesT < T =2 due to computational limita-
tions. While a quench of a 31 TDGL system to T = 0 also gives rise to slab states, the
probability of getting trapped in a slab, 0:054(2), di ers signi cantly with that for the 3 d
Ising-Glauber system. The salient point is that while slab gates in 3d resemble stripe states

in 2d, there is no longer universality in the probability of reaching these outcomes.
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Figure 3.17: A two-arm state evaporating in the 3 KIM at nite temperature.

3.2.4 Stage IV: Equilibrium

With any single-spin- ip dynamics that satis es detailed b alance, at quench temperatures
T > 0, equilibrium is reached. This subtle point distinguishes nite-temperature coarsening
from zero-temperature coarsening. Yet for all quench tempetures T . Tc=2, the erosion
of each arm of a gyroid phase seems to be driven by independeattivated spin ips that
must occur in succession (Fig. 3.17). Therefore, the averagtime to reach equilibrium

appears to growexponentially in the system size|a feature that is not seen in curvature-
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Figure 3.18: N (1), S(t), and T(t) for a quench of a 32 system to T = T¢=8. The data are
obtained by averaging over 10 realizations.

driven phase-ordering kinetics. This exponentially long tme to equilibrium is insensitive to
boundary conditions. For the range of quench temperatures tiat we studied (T  T¢=2),
the extraordinarily long time scales prevented us from obténing quality data on time to

reach equilibrium.

3.3 Time-Dependent Ginzburg-Landau Coarsening in Three

Dimensions

We also simulated the time-dependent Ginzburg-Landau equabn (1.3) in three dimen-
sions. We employed a simple explicit scheme with centered direncing in space. The

absense of a noise term in (1.3) means we are e ectively wonkg at zero temperature. For
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Figure 3.19: (left) Example of two roughly 16 322 slabs on a 32 lattice following a quench
of a KIMto T = T¢=8. (right) Probability of getting trapped in a slab state for the
Ising-Glauber () and TDGL (4 ) systems. The KIM data is based on 18 realizations for
L =16;22, and 32, 5 10° realizations for L = 46, and 10° realizations for L = 64. The
TDGL data is based on 1576000 realizations fol. = 16, 424000 realizations forL = 22,
287000 realizations forL = 32, 67000 realizations forL = 46, and 7040 realizations for
L =64.

our initial state, we draw the order parameter value at each &ttice site from a uniform dis-
tribution between 1 and +1, and the order parameter values at neighboring lattce sites
are uncorrelated. Unlike simulations of the stochastic Ishg model, the TDGL evolution is
predetermined for all time once the initial condition is xe d. To get reliable statistics on the
typical long-time state of a TDGL quench, we therefore averge over many random initial
conditions.

At early times in the 3d TDGL evolution, we sometimes observe periodic saddle-type
structures with approximately zero curvature on their domain walls resembling the geome-
tries described in [43] (Fig. 3.20). However, it has been mdematically proven [54] that
such triply-periodic minimal surfaces are unstable for norvolume-preserving perturbations.
Therefore, these types of structures, whenever they form, idappear quickly in the TDGL
simulations. Remarkably, we again observe slab states at ta times. These states appear

slightly less frequently in 3d TDGL evolution than they do in 3 d kinetic Ising systems at

























































































































































































































































