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Abstract

In this paper, we study the quasi-potential for a general class of damped semilinear
stochastic wave equations. We show that, as the density of the mass converges to zero, the
infimum of the quasi-potential with respect to all possible velocities converges to the quasi-
potential of the corresponding stochastic heat equation, that one obtains from the zero
mass limit. This shows in particular that the Smoluchowski-Kramers approximation is not
only valid for small time, but, in the zero noise limit regime, can be used to approximate
long-time behaviors such as exit time and exit place from a basin of attraction.

1 Introduction

In the present paper, we are dealing with the following stochastic wave equation in a bounded
regular domain D C R?, with d > 1,

’ Q
u%—f(t,s) = Aug(t,§) - a%(t,g) + B(u(t))(€) + \/g%(t,& ceD,

(1.1)

out

ot

UéL(O,E) = uO(E)) (076) = UO(E)) E € D7 ’Ufg(t,g) = 07 £ € oD.

Here Ow® /0t is a cylindrical Wiener process, white in time and colored in space, with covariance
Q?, and p and € are small positive constants.

As a consequence of the Newton law, we may interpret the solution ut (¢, €) of equation (1))
as the displacement field of the particles of a material continuum in the domain D, subject to
a random external force field \/edw®? /0t(t,£) and a damping force proportional to the velocity
field dut' /Ot(t,€). The Laplacian describes interaction forces between neighboring particles,

in presence of a non-linear reaction described by B. The constant u represents the constant
density of the particles.
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In [I] and [2], it has been proven that, for fixed € > 0, as the density p converges to 0,

the solution u¥ (t) of problem () converges to the solution u(t) of the stochastic first order

equation

Oue ow®
T 06) = A1, ) + Bluc0)(©) + Ve

t,€), €eD,
o () (1.2)

u6(07§) ZUO(S)y e D, ue(tvg) =0, §€8D,

uniformly for ¢ on fixed intervals. More precisely, we have shown that for any n > 0 and 7" > 0

lim P | sup |ub(t) —uc(t)|g >n| =0. (1.3)
p—=0 te [0,T]

Such an approximation is known as the Smoluchowski-Kramers approximation.

Once one has proved the validity of (L3), an important question arises: how do some
relevant asymptotic properties of the second and the first order systems compare, with respect
to the small mass asymptotic? In [9] and [6] the case of systems with a finite number of degrees
of freedom has been studied and the large deviation estimates, with the exit problem from a
domain, various averaging procedures, the Wong-Zakai approximation, and homogenization
have been compared. It has been proven that in some cases the two asymptotics do match
together properly and in other cases they don’t.

In [1], where the validity of the Smoluchowskii-Kramers approximation for SPDEs has been
approached for the first time, the long time behavior of equations (II]) and (I2]) has been
compared, under the assumption that the two systems are of gradient type. Actually, in the
case of white noise in space and time (that is Q = I and hence d = 1) an explicit expression
for the Boltzman distribution of the process z£(t) := (uf(t),Out /Ot(t)) in the phase space
H := L?(0,1) x H~1(0,1) has been given. Of course, since in the functional space H there is
no analogous of the Lebesgue measure, an auxiliary Gaussian measure has been introduced,
with respect to which the density of the Boltzman distribution has been written down. This
auxiliary Gaussian measure is the stationary measure of the linear wave equation related to
problem (LIJ). In particular, it has been shown that the first marginal of the invariant measure
associated with the process z£ () does not depend on p and coincides with the invariant measure
of the process u,(t), defined as the unique solution of the heat equation (L2)).

In the present paper, we are interested in comparing the small noise asymptotics, as € | 0,
for system (LI]) and system (L.2]). Actually, we want to show that the Smoluchowski-Kramers
approximation, that works on finite time intervals, is good also in the large deviations regime.
More precisely, we want to compare the quasi-potential V#(x,y) associated with (II]), with
the quasi-potential V(z) associated with (L2]), and we want to show that for any closed set
N C L?(D) it holds

. i e VR —
b 228 Ve = I S0 e i) ) = B V) -

This means that taking first the limit as € | 0 (large deviation) and then taking the limit as
i 4 0 (Smoluchowski-Kramers approximation) is the same as first taking the limit as | 0 and
then as € | 0. In particular, this result provides a rigorous mathematical justification of what



is done in applications, when, in order to study rare events and transitions between metastable
states for the more complicated system (1), as well as exit times from basins of attraction
and the corresponding exit places, the relevant quantities associated with the large deviations
for system ([L2]) are considered.

In our previous paper [5], we have addressed this problem in the particular case system
() is of gradient type, that is

B(z) = —Q*DF(z), =€ L*(D), (1.5)

for some F : L?(D) — R, where Q? is the covariance of the Gaussian random perturbation.
This applies for example to the linear case (that is B = 0) in any space dimension or to the
case

B(x)(§) = b(&,2(€)), &€ D,
when D = [0, L] and @ = I. In [5] we have shown that, if (L3]) holds, then for any x>0
Vi) =|(-8)V2Q ], 2P (@) + Q. (1.6)
for any (z,y) € D((—A)Y2Q~1) x D(Q~'). Therefore, as
Vi) =|(-8)2Q | +2F@), e D),
from (IL6]) we have concluded that for any p > 0,

Vi(z):= inf VHAax,y)=VHx,0)=V(z), =c D(-A)V2Q™M). (1.7)
yeH~1(D)
In particular, this means that V,,(x) does not just coincide with V(z) at the limit, as in (4),
but for any fixed p > 0.

In the general non-gradient case that we are considering in the present paper, the situation
is considerably more delicate and we cannot expect anything explicit as in (L.@). The lack of
an explicit expression for V#(x,y) and V() makes the proof of (I4]) much more difficult and
requires the introduction of new arguments and techniques.

The first key idea in order to prove ([L4)) is to characterize V#(x,y) as the minimum value
for a suitable functional. We recall that the quasi-potential V#(x,y) is defined as the minimum
energy required to the system to go from the asymptotically stable equilibrium 0 to the point
(z,y) € H, in any time interval. Namely

VH(z,y) = inf {I&T(z) ; 2(0) =0, 2(T) = (z,y), T > O} ,
where 1
[&T(Z) =5 inf {W’%Z((O,T);H) 2= Zi}v

is the large deviation action functional and zi = (uﬁZ, auﬁz /Ot) is a mild solution of the skeleton
equation associated with equation (ILI]), with control v € L2((0,T); H),

2, 1 m
o0“u 8uw

at2¢ (1) = Au(t) = —2() + Bluj(1) + Qu(t),  te [0.T]. (1.8)

0



By working thoroughly with the skeleton equation (L.8]), we show that, for small enough p > 0,

Vi z,y) = min{[ﬁwo(z) : lim [z(t)|y =0, 2(0) = (x,y)} : (1.9)

t——o0

In particular, we get that the level sets of V# and V,, are compact in H and L?(D), respectively.
Moreover, we show that both V# and V), are well defined and continuous in suitable Sobolev
spaces of functions. We would like to stress that in [4] a result analogous to (L9]) has been
proved for equation ([.2)) and V' (x), in terms of the corresponding functional I_ . In both
cases, the proof is highly non trivial, due to the degeneracy of the associated control problems,
and requires a detailed analysis of the optimal regularity of the solution of the skeleton equation
(LS.

The second key idea is based on the fact that, as in [6] where the finite dimensional case is
studied, for all functions z € C((—o0,0];H) that are regular enough,

0%

2 ) dt

I () = T () + ‘@—

(1.10)
0 2
o <@—12t2<>Q (5000 - 46~ Blo@)) ) dt = Lale) + (),

H
where ¢(t) = II12(t). Thus, if 2# is the minimizer of V,(x), whose existence is guaranteed by
(L), and if z# has enough regularity to guarantee that all terms in (I0) are meaningful, we
obtain

Vi(@) = Too(@p) + T (21) 2 V(@) + T (21). (L.11)

In the same way, if ¢ is a minimizer for V(x) and is regular enough, then

Vi(a) < T2 (9,00/0t) = V(z) + JE ((#,00/01)). (1.12)
If we could prove that

liminf J* __(z") = limsup J* __ ((#,0p/0t)) = 0, (1.13)
pu—=0 p—0

from (LIT]) and (LI2]) we could conclude that (I4]) holds true. But unfortunately, neither z#
nor ¢ have the required regularity to justify (I.I3]). Thus, we have to proceed with suitable
approximations, which, among other things, require us to prove the continuity of the mappings
V. : D((—A)Y2Q~1) — R, uniformly with respect to p € (0, 1].

In the second part of the paper we want to apply (L4) to the study of the exit time and
of the exit place of uf from a given domain in L?(D) . For any open and bounded domain
G C L*(D), containing the asymptotically stable equilibrium 0, and for any zy € G x H~ (D)
we define the exit time

i =inf {t >0 : ul, (t) € 0G }.

Our first goal is to show that, for fixed ;4 > 0 and 29 € G,

. e _
l% elog ETL 1nafGV (x), (1.14)



and

lim elog (70) = inf V,(x), in probability. (1.15)
e—0 x€ 0G

We also want to prove that if N C G has the property that injfv V() > i%% Vyu(x), then
Te Te

lim P (uf (746) € N) = 0. (1.16)

€,2
e—0 0

We would like to stress that the method we are using here in our infinite dimensional set-
ting has several considerable differences compared to the classical finite dimensional argument
developed in [10] (see also [§]). The most fundamental difference between the two settings is
that, unlike in the finite dimensional case, in the infinite dimensional case the quasi-potentials
V,, are not continuous in L?(D). Nevertheless, we show here that the lower-semi-continuity of
V, in L?(D) along with a convex type regularity assumption for the domain G are sufficient
to prove our results. Another important difference is that u! is not a Markov process, but
the pair (uf',0ut' /0t) in the phase space H is. For this reason, the exit time problem should
be considered as the exit from the cylinder G x H~' C H. But, unfortunately, this is an un-
bounded domain, and as we show in section 3, the unperturbed trajectories are not uniformly
attracted to zero from this cylinder. The methods we use to prove the exit time and exit place
results should be applicable to most stochastic equations with second-order time derivatives.

In a similar manner, one can show that if

Tyo = inf{t > 0:uc(t) € G}

is the exit time from G for the solution of ([L2]), and V' (z) is the quasipotential associated
with this system, the exit time and exit place results for the first-order system are analogous
o ([L.14), @I13), and (L.IG).

As a consequence of ([L7), in the gradient case, (L14]), and (LI5]) imply that, for any fixed
> 0, the exit time and exit place asymptotics of (ILI]) match those of (I2). In particular,
for any p > 0

1 Hy€ — =
11_)11% elog E7Ly 1n8fG V(z) = hm elog E7y, (1.17)

and
. e _ _ . .
21_1% elog 71 xlenafG V(z) = hn% elog 7,  in probability. (1.18)

Additionally, if there exists a unique z* € 0G such that V(z*) = inf,cyq V(z), (LIG) implies
that
lim uf (7H€) = 2™ = ling) ue(7), in probability.

€E—

In the general non-gradient case, we cannot have (LI7) and (II8). Nevertheless, in view
of (L4)), the exit time and exit place asymptotics of (ILI]) can be approximated by V. Namely
lim li log E70¢ = inf V(z)= l log E7¢
im lim elog E7} nf (x) = im elog E7y,,

pn—0e—0

and

/*’/7 — — . 1.
};H—q%) 11_1}1% elog 7t 1€nfG Vix) = hr% elog 75, in probability.

Furthermore, if there exists a unique z* € 9G such that V(z*) = inf,coq V(x), then

lim lim uf (7€) = 2* = 1i ¢ i bability.
Jinn, T, v () =z E1_>n%u5(7' ),  in probability



2 Preliminaries and assumptions

Let D be an open, bounded, regular domain in R¢, with d > 1 and let H denote the Hilbert
space L?(D). In what follows, we shall denote by A the realization in H of the Laplace operator,
endowed with Dirichlet boundary conditions, and we shall denote by {eg}ren and {—ag ren
the corresponding sequence of eigenfunctions and eigenvalues, with 0 < a1 < ap < ag41, for
any k € N. Here, we assume that the domain D is regular enough so that

ap ~ k¥4 ke N (2.1)

For any 6 € R, we shall denote by H? the completion of C§°(D) with respect to the norm
“+oo 0
2 d 2 5,2
2|5 = Zak (z,ex)y = Zakl’i
k=1 k=1

HY is a Hilbert space, endowed with the scalar product

+oo

<$7y>]—[5 = Zai$kyk7 T,y € H(S(D)
k=1

Finally, we shall denote by ;s the Hilbert space H® x H°~! and in the case § = 0 we shall set
Ho = H. Moreover, we shall denote

I : Hs — H°, (u,0) —»u, Ih:Hs— H™ (u,0) — .
Sometimes, for the sake of simplicity, we will denote for any x> 0 and § € R

I,(u,v) = (u,/pw), (u,v) € Hs. (2.2)

The stochastic perturbation is given by a cylindrical Wiener process w@(t,¢), for t > 0
and £ € O, which is assumed to be white in time and colored in space, in the case of space
dimension d > 1. Formally, it is defined as the infinite sum

—+00

w?(t,8) =D Qer(&) Bi(t), (2.3)

k=1

where {e; e v is the complete orthonormal basis in L?(D) which diagonalizes A and {8 (t) }re N
is a sequence of mutually independent standard Brownian motions defined on the same com-
plete stochastic basis (2, F, F, P).

Hypothesis 1. The linear operator Q) is bounded in H and diagonal with respect to the basis
{ek}ken which diagonalizes A. Moreover, if {\r}ren is the corresponding sequence of eigen-

values, we have

1 _ _
—ozkﬁ < M\ Scakﬁ, k€ N, (2.4)
c

for some ¢ >0 and B > (d —2)/4.



Remark 2.1. 1. If d = 1, according to Hypothesis [l we can consider space-time white
noise (Q = I).

2. Thanks to (2.1J), condition (24]) implies that if d > 2, then there exists v < 2d/(d — 2)

such that
o0
Z /\Z < 0.
k=1
Moreover
Z Tk < 0.
1 Yk

3. As a consequence of ([24]), for any 6 € R
D((_A)5/2Q—1) _ H5+2B

and there exists ¢5 > 0 such that for any x € HO20

1 _ _
o [(—A)°2Q7 2|y < |2ls42p < ¢5 [(—A)2Q ' aln
Concerning the nonlinearity B, we shall assume the following conditions.

Hypothesis 2. For any § € [0,1 + 28], the mapping B : H® — H® is Lipschitz continuous,
with
[BlLip(rs) =2 vs < ai.
Moreover B(0) = 0. We also assume that B is differentiable in the space H?®, and that
sup,ey [[1DB(2) | L) = V28-
Remark 2.2. 1. The assumption that B is differentiable is made for convenience to simplify
the proof of lower bounds in Theorem B2l We believe that by approximating the Lipschitz

continuous B with a sequence of differentiable functions whose C? semi-norm is controlled
by the Lipschitz semi-norm of B, the results proved in Theorem should remain true.

2. If we define for any =z € H

B(z)(§) =0b(&,2(€)), &€ D,
and we assume that b(¢, ) € C2¢(R), for k € [3+6/2 —5/4,8+6/2 —1/4], and
b _
%(Sva)bzo = 07 f € D7

then B maps H° into itself, for any § € [0,1 + 23]. The Lipschitz continuity of B in H°
and the bound on the Lipschitz norm, are satisfied if the derivatives of b(¢,-) are small
enough.

With these notations, equation (2] can be written as the following abstract evolution
equation in H

due(t) = [Auc(t) + B(ue(t))] dt + edw®(t),  u(0) = ug. (2.5)



Definition 2.3. A predictable process u. € L*(Q;C([0,T); H)) is a mild solution to equation
¥ t t
uc(t) = ey +/ eUDAB(u(s)) ds + v/e / et =) AquQ (s).
0

0
Now, for each 1 > 0 and § € R we define A, : D(A,) C Hs — H; by setting
1 1
Ay (u,v) = <—U, ;Au - ;U) , (u,v) € D(A,) = Higss (2.6)

and we denote by S,(t) the semigroup on Hs generated by A,. In [I, Proposition 2.4], it is
proved that for each p > 0 there exist w,, > 0 and M, > 0 such that

1S lcry) < Mue ™, t>0. (2.7)
Notice that, since for any § € R and (u,v) € Hs
(AP TS, ), (~A) 28, (1) (1,0)) = Su(((—A)u, (~4)°w), ¢>0,
(270) implies that for any 6 € R
1Su()l2ay) < Mye ™, t>0. (2.8)
Next, for any p > 0 we denote
1
Bu(u7v) = ;(OvB(u))7 (u,v) € H,
and
1
Q“u:;(O,Qu), u€ H.

With these notations, equation (I.I]) can be written as the following abstract evolution equation
in the space H

0(t) = [Aye(t) + Bu(2(t))] dt + VEQudu(t),  2(0) = (uoyo0). (2.9
Definition 2.4. A predictable process ut is a mild solution of 23] if
wre @O T, o =2 e (o)),
for any T >0, and
20 = 5,00 + [ St — B (5))ds + Ve / St 9Qudu(s), (210

where 2(0) = (ug,vo) and zt' = (ul',vl).

In view of Hypothesis [l and of the fact that B : H — H is Lipschitz continuous, for any
g > 0 and any initial condition zg = (ug,vg) € H, there exists a unique mild solution u for
equation ([ILT]), (for a proof see e.g. [1]). In [I, Theorem 4.6] we have proved that for any fixed
€ > 0 and T > 0 the solution ut of equation (1)) converges in C([0,T]; H), in probability
sense, to the solution u. of equation (L2)), as x| 0. Namely, for any n > 0

lim P | sup |uf(t) —uc(t)|g >n | =0.
sl te [0,7]



3 The unperturbed equation

We consider here equation (Z3)), for e = 0. Namely,

dz
7=

The solution to (3] will be denoted by 2%, (t). We recall here that vy denotes the Lipschitz
constant of B in H (see Hypothesis [2]).

Auz(t) + Bu(2(t)),  2(0) = 20 = (uo, vo)- (3.1)

Lemma 3.1. If u < (a3 —Y0)7g 2, there exists a constant ¢; (i) > 0 such that

sup 12503 125 L2 (0 o)y < 1)]20l3, 20 € H. (3:2)

Proof. If p(t) = 11y 2% (t) then

2
;ﬂ)+%ﬁ)=Aﬂw+BW@» (33

By taking the inner product of (3] with 850 in H—*, and by using the Lipschitz continuity of
B in H, we see that

Jip

2
d 2 dp
g <
o ‘ o], ‘

2 2
_¢ o¥ Yo 2
< 1O+ 50 | +oHe®lh (34

Jip
+2‘§(7§)

H-1

By integrating this expression in time, we see that

2
2
e+ [

Next, by taking the inner product of (3:3) with ¢(¢) in H~!, since

n| % §Q>

2 t
. s < ool + ol + 2 o) ds. (39
1Jo

2 2
(Z2w.e0) =30t |20

we have

d 2’YO dy 2
”dtz el + Ll < —2e®ly + =l +2M‘E(t)

H*l.

By ([B4)), this yields
&2 d ,
) ()71 + dt‘ et) )1 <
(3.6)

d &p 2 d 292 11
. o 2 o it 2 0 2
2|(t) |3 + \90( )F — 2u o (t) 2udt!w(t)\ﬂ + o lo(t)|2-

—1

Now, if u < (a1 — 70)7()_2, it follows

2% 2073
ar o

Pui=2— > 0.

9



Then, by integrating both sides in (B.6]), we see

d t
g WO + O+ o [ o)l ds
dt 0 (3.7)

< 24 (v, uo) g1 + |uolz—1 + 203 |vol3r—1 + 2p|uolF,

and this implies that

(o]
1
| 10(Ords < = (20 (. vobigos + uolfys + 2ol + 2pbuolh) . (39)
w

Actually, if there exists tg > 0 and § > 0 such that

to 1
/ |o(t)[Frds > o (2 (w0, w0) -1 + |uolFr—1 + 2p* w0 fr—1 + 2uluolfy) + 6,
0 W

then, in view of [B), for any ¢ > tg

d 2
L ()1 < —0.
This would imply that for any t > t

()31 < l(to) |31 — (t — t0)d,

which is impossible.
We conclude the proof by combining (8.5) and (B8], to see that

2 2

0 to t
| S20) +|90(t)|§1+/ (s) d8+/ |o(s)] g ds < clzof3,
8t 0 88 -1 0

H-1 H

Lemma 3.2. Assume p < (a1 — ’yo)’yo_2, then for any R > 0,

lim sup |24 (¢)],, = 0. 3.9
t_)+oo|20‘HSR‘ 0( )|'H ( )

Proof. Let us fix R, p > 0 and for any p > 0 let us define

(Cl(ﬂ))4R2_

T =
2

Let |z0| < R. Since
‘Zgo‘LQ((O,T);H) Z \/ng |24 () |7

according to (3.2)) there must exists 9 < 7" such that

|25 (to)|n < "k

10



By using again (3.2]), this implies

sup [ (0], = sup ey ) (t = o) < p.

t>T t>T 1 %70

Notice that T is independent of our choice of zg so we can conclude that

sup sup |z§0(t)‘H < p.
t>T ‘Z()|'H§R

O

Now that we have shown that the unperturbed system is uniformly attracted to 0 from
any bounded set in H, we show that if the initial velocity is large enough, IT; 2%, will leave any
bounded set.

Lemma 3.3. For any p > 0 and t > 0, there exists ca(u,t) > 0 such that

sup 118, (s) (0,v0)] > ea(m.t) ool . vo € H™. (3.10)
s<t

Proof. Let ¢(t) =111.5,(t)(0,vp). Then

2
M%Tf(t) + g—f(t) = Ap(t), (0)=0, g_f(o) .

By taking the inner product of this equation with %—f(t) in H~', we see that

2
d e
=——|p(t .
=g el

d |0p 2 Oy
M a(”‘Hl 2|5t

(t)

Therefore, by standard calculations,

2 t
2t 5 1/ _20-9) d 2
= - = d
R s O

_2t 1 2 t _2(t—s) 9
= ool — et + 2 / T () ds,
© K= Jo

so that )
oy _2t 1
a® < [vo[Fr-1 + PR (5|7 (3.11)
Next, since
d Oy 2 B dy Oy 0%
Gletuge0| | =2(ew+aGrn. S0 +aGEw)
(3.12)
dp 5 d
=2{ p(t) + Ma(t),A@(t) = —2pt)|u — n le) g »
H-1



if we integrate in time we get

2 t
2 [t ds + el

0
2l = |olt) + 15200
H

For any a > 0 to be chosen later, we have

2 2

o0+ 50 %)

T
< (L+a™) el + 11 +a)

H-1 H-1

and therefore,

2

% 1)

aq ot

_ 1
Wluoly s < <u+2t+ (1+a) —) wp g (s) s + 21+ a)
s<t H-1

Thanks to ([BI1), this yields

2 -2t 2 1y 1 2
p (1= ta)e™s ) fooly-r < (2t + (T+a™") —+ (1 +a)u ) sup p(s)[
k s<t

2t
and our conclusion follows with if we pick a < er — 1.

O

As a consequence of the previous lemma, we can conclude that the following lower bound
estimate holds for the solution of (BI]).

Lemma 3.4. For any pu > 0 and t > 0 there exists c(u,t) > 0 such that

sup T2, (s)] ; = e, )[Mzz0l1, 20 € Mo (3.13)

Proof. Let zy = (ugp,vp). Since
t
Iy 24 (t) = I11.5,(t) (ug, 0) + I11.S,,(¢) (0, vo) + 1Ty / St — s)BM(z’;O(s))ds,
0

from the Hypothesis 2 and (27), for any s > 0

M
115,() O, to)l < (204, + 220

" ) sup ‘le’;o(rﬂH.

r<s

According to (BI0]), this implies that for any ¢ > 0,

M
ca(p, t) ol g—1 < sup [I11S,(¢)(0,v0)|w < <2Mu + 0 “) sup ‘leé‘o(sﬂH.
s<t Wyl s<t

Therefore, the result follows with

IVOMu) !

t) = t) | 2M
C(:u’ ) Cl(:uv )< ,u+ Wyl

12



4 The skeleton equation

For any p > 0 and s < t and for any ¢ € L?((s,t); H) we define

¢
L’;’tw = / Su(t —r)Quip(r)dr

Clearly LY, is a continuous bounded linear operator from L?([s,t]; H) into H. If we define the

pseudo-inverse of LY, as

(L5 )~ (x) = argmin {|(L5,) " ({2 D2} = € Im (L),
we have the following bounds.

Theorem 4.1. For any p > 0 and s < t, it holds
‘(Lg,t) T2

where

L2((s,t);H

1
Colu,v) = (Qz(—A)‘lu, LA, e K
Moreover, for every p > 0 there exists I, > 0 such that
Im (L) = Im ((CM)1/2) =Hivep, t—s52T),,

and
-1
‘(L/;,t) Z|L2((s,t);H) < C(M7 t— 3) ’Z’H1+2,B ) z € H1+2ﬁ7
for some constant c(u,r) > 0, with r > T),.
Proof. 1t is immediate to check that for any z € H

1

t—s
|(Lg,t)*z|i/2((s’t);H) = p/() |Q( A) 1H2S* |H

Now, if we expand S (t)(u,v) in Fourier series, we have (see [I, Proposition 2.3])
[e.9]
Z ( eku gk ) > )
k=1

where f,’; and g} solve the system

In particular,

— f\ = )Gt =) Lz Im (L)),

(4.1)

(4.2)

(4.5)

(4.7)



Due to (@), we get

t—s )\2 d A
020 =32 [ (o O~ o T OR ) a

S A 2, A2 M 2 4.8
=—Z< 2EI7E6 = 9 = ZEaf = O + 2juel + Sl (48)

k

1 * *
=2 <|C’}/2z|3{ —|CM2Sx (¢ — S)z|%[) = = {(Cpu — St — )CuS(t — )z, 2),, -

N

This implies that
Im (L§,) = Im ((Cp — Sp(t — 5)CuSp(t — )"/,

and ([@J) follows.
Next, in order to prove (43]), we notice that

Cii2Si() = Spmey, =0, (4.9)

and that
(1A VA) \c}/%\ﬂ < \oﬁ%\ﬂ < (14 v7) (o}/%(ﬂ

so that, due to ([2.1]), we have
|CL2Sh ()2l < cuMue ™ (CyP2ly, £ 0.

According to ([L8]), this implies

w2 1 o
‘(L’;,t) Z‘?—L = 5]0&/22]%— ‘C1/2S (t—s)zly > = (l—c M2 — 2w, (t— )‘C1/22’2

2

Therefore, if we pick 7}, > 0 large enough so that ci M, ue‘“MTM < 1, we obtain that
Im (L) = Tm ((C,)'"?),

and

_ 9w, —1/2 _
()™ <V2 (1= M2e2r) T2 22y

2l 2y
Now, as for any p > 0 we have Im ((C},)!/?) = Hj, 95, and
(LA ) |21 05 < 1C) ™22l < (14 1) 21310 (4.10)

(@3) and ([@4) follow immediately, with

Cow,m—1/2
c(p,r) = (L+p) V2 (1= Mie ") :

O

Remark 4.2. 1. In fact, it is possible to show that Im (Lf,) = Im ((C)Y?), for all t —s >
0, by using the explicit representation of S;(t).
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2. From (2.1) and (1)), it easily follows that
(L2 ) "2l 2oty = V21C P2, 2 € Tm(LE ). (4.11)

Lemma 4.3. Let us fix ¢ € L2((—oo,0);H2°‘), with a € [0,1/2], and p > 0 and let zfz €
C((—00,0); H) solve the equation

t
:/ St — 5)B(2(5) ds+/ Su(t — $)Quib(s)ds, 1€ R. (4.12)
Then, if
t_lgmoo \z (t)|n =0, (4.13)

we have zy, € C((=00,0);H1y2(a4p)) and

lim zg (t)

t——o0

= 0. (4.14)
Hito(a+ts)

Proof. According to ([2.8]), for any 6 > 0 we have

' / ; St — 5)By (<4 (s))ds

’}.[5_ N s<t

M,
< 2 sup B(le (s))
HWy s<t

Hé-1 ’

Therefore, due to Hypothesis 2 if we take § = 1

M
< 270 qup lei(s)‘ . (4.15)
Hy MWy s<t "

‘ / ; Syt — 5)Bu(2l(5))ds

For the second term in [@I2), if ¢» € L?*(—o0,0; H>*), then Q1 € L2((—oo,0);7-[1+2(a+5)),
with
|QulL2((—c0.t) M1y aass) < |7/)|L2( (—oot)H2ey; <0,

Due to (23]), this yells

M 00 1/2
< B (/ e~ 2us d8> |7/)|L2((—oo,t);H2a)- (4.16)
0

‘ /_ ; Syt — $)Qub(s)ds :

Hit2(at8)

Therefore, from (@I2]), (@I5) and @.IH), we get

E0

< IT, 2 ‘ 20y | -
S G <S£)‘ 124(8)|  + 19]12((~o0 0122 )>
In particular, we have sz € L*>®((—00,0);H1) and

t—lggloo ‘ Y

15



Now, by repeating the same arguments, we can prove that for any n € N, with n < [1+20], if

I oo ((_ . : B _
zy € L2((=00,0);Hy), and tl}r_noo ‘zw(t) ” 0,
then
I oo ((_ . : 7 _
zy € L=((=00,0); Hpt1), and t_l}g})o ‘zw(t) s 0.

Since there exists n € N such that H 91 O Ha, we can conclude that sz belongs to
L>((—00,0); Hi42(atp)) and ([@I4) holds. Continuity follows easily, by standard arguments.
O

Remark 4.4. 1. From the previous lemma, we have that if zz € C((—00,0);H) solves
equation (I2) and limit (I3) holds, then zj(t) € Hitop, for any ¢ < 0. In particular
2,(0) € Hitop.

2. In [4, Lemma 3.5], it has been proven that the same holds for equation (ZI]). Actually,
if py, € C((—00,0); H) is the solution to

ww(t)Z/_t e(t_s)AB(w(S))dSJr/_t e AQup(s)ds,

for ¢ € L*((—00,0); H), and
lim |y (8)|#r = 0,

t——o0

then ¢, € C((—00,0); H'*2) and there exists a constant such that for all ¢ < 0,

|90w(t)|H1+213 <c |¢|L2((—oo,0;H)- (4.17)

Moreover,
Jim[oy(0) iz = 0. (118)

Lemma 4.5. Let a € [0,1/2] and let 11,5 € L*((—00,0); H?*¥). In correspondence of each

i, let zgi € C((—00,0); Hitoatp)) be a solution of equation @EID), verifying @I3). Then,
zgi € L?((—00,0); Hito(a+8)), for i = 1,2, and there exist uo > 0 and ¢ > 0 such that for any

w<ppand T <0

Lz, (1) = 2, (1)) <clyr - 1/}2‘%2((—0077);1‘[20‘)’

(4.19)

B k2
1251 = 20 12 (o0 7159 o) T 5P

Hito(a+p)
where I, is defined in (22).

Proof. If we define

and



we have

2u u
ug?(t) + %(t) = Au(t) + (—A)**F (B(nlzgl (t)) — B(I, 21, (t))> + (1) (4.20)

According to Hypothesis2, B : H 2(a+8) _y g2eth) ig Tipschitz-continuous, and then

(=)™ (BTl (1) = B, () )| = B, (1) = B2, ()] e

< Yo(atp) M (2, (1) = 25, () g2cats) = Yo(atp) [w(t)|a-
Therefore, by taking the scalar product of both sides with du/0t, we get

2

ou 1d

@ d |Ou 2 L 2
Wl Toa a“)‘bﬁm (A3,
(4.21)
ou ou
< o [0l | 55 0]+ ool |50

Now, since

2

ou ou ou

1 2 2
Yo(at8) |u(t)] —(t)‘ + [9(t)] —(t)‘ S |5 ] + Vs W + @),
Ha+h) ot |, Hloe |, — 2ot |, et H H
(@21)) implies
= = Zl(=A)2 < , ,
50 i |50+ |at]), <2y WOk 20k @2

Therefore, integrating this expression with respect to ¢t € (—oo,7), we obtain

2 2

ou ou

T Ou 2 Ou
[ |G0] o | G0l
(4.23)
<N [ vz [ 1w a,
since, due to Lemma [£.3]
Tod ou, |? 1 2
/_w . (M 10 L ‘(—A)zu(t)‘H> dt
ou, |? 9 ) ou 2 2 ou, |? 9
= |G 0)] ) lim (u S|+l ) = S|

Next we take the inner product of each side of (£20]) with u(¢) and use the fact that

ou ., |?

2U 2
(GEOun) =5 ol - |50

H

17



and again the Lipschitz-continuity of B in H2+F) to get

2

P e L o
G WOl + 5 WO+ A @i < | 0]+ @0, a0y
u ? y 2 2
<nlgr®)] 3 @B +ele®l,
H

where 4 := 1 — ¥5(q48)) /a1 > 0. This yields

2

+e w3
H

i 2 d 2 2 2 ou
) u(t)| 7 + ! lu(t) | + 5 Ju)| g < 20 'E(t)

Combining together (422]) and (£24]), we get

2

d |ou
2 —_— _—
T (t)

d 2
o7 + 2#@ lu(t)| 7

d? d )
ps ()3 + = ()3 + 4 [u®)Fn + 24
dt dt .

< ey plu@®)% + ea(1+ p) [p(t)]% -

If we take R
b1

261 ’

(4.24)

and integrate both sides with respect to t € (—oo, ), as a consequence of ([ALI4]), we get

5[ O < =2 (ur). G 0) et [

—00 —0o0

Substituting this back into ([@23]), we have
[

< —cu(utr) %<T>>H o [ ol

—0o0

2

+ Ju(T)[Fdt
H

ou

0
5 (t)

2
u
L |u(t)|§p> dt + | 5-(7)

ou 2

o

7)

n |u<f>|%p> vef ) de

H —00

SC@(M

Therefore, since

[(@)|a < c|1(t) = v2(t)| g2,
and
2

+[u(r)[ip
H

ou

(el (1) = 2, (7)) o

if we choose p small enough this yields (£I9).

(1)

= p
Hita(a+8)

18
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Remark 4.6. 1. Notice that, since B(0) = 0, we have 2}y = 0, so that from ([ZIJ) we get

’Z¢’L2 ((—o00,7); H1+2(a+,8)) + Sup I qu( ) < c‘wliz((—oo;r);HQQ)? (426)

Hiv2(a+p)
for any p < pog and 7 < 0.

2. By proceeding as in the proof of Lemma 4.5 we can prove that

2 2
1245, = 215, [12((—o0,)5Has) <l = YalLo(—oorym-1):

28
(4.27)
and )
me: p 2
|Z¢|L2((—oo,7);H2g) + ilglql_) ‘I“Zd}(t)‘g_[%, <c |¢|L2((—oo,7—);H*1)'
5 A characterization of the quasi-potential
For any t; < to, 1> 0 and z € C((t1,t2); H), we define
1.

It 4,(2) = 5 inf {!¢\2L2((t1,t2);1{) Pz= ZZ,ZO} a (5.1)

where zg ., is a mild solution of the skeleton equation associated with equation ([2.9), with
deterministic control 1 € L?((t1,t2); H) and initial conditions zp, namely

dz H
U0 (1) = el () + Buleh, () + Quut), h <t <t (5.2)

As in Definition 24 for €, u > 0 and 29 € H we denote by 2¢'., € L?(2;C([0,T];H)) the mild
solution of equation (Z9). Since the mapping B, : H — H is Lipschitz-continuous and the
noisy perturbation in ([2.9)) is of additive type, as an immediate consequence of the contraction
lemma, for any fixed p > 0 the family {L£(2£.,)}e>0 satisfies a large deviation principle in
C([t1,t2]; H), with action functional Iﬁh. In particular, for any 6 > 0 and T > 0,

1 2
o) 5)) = =51l om)m) (5.3)

and, if K (r) = {2 € C([0,T};H) : Ij'r(2) <7},

.. m
hgl:onfelog < inf PP ( Zezo ~ %z

20€EH

lim sup € log (sup P (dlStH( 2t ZO,K&T(T)) > 5>> < —r. (5.4)

e—0 Z0EH

Analogously, if for any € > 0 u. denotes the mild solution of equation (23], the family
{L(ue)}eso satisfies a large deviation principle in C([t1,t2]; H) with action functional

. 1
T ga9) =10 {3 W0y 9= 03 (5.5
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where ¢, is a mild solution of the skeleton equation associated with equation (2.5])

W) = Ault) + Bu(t) +Quit), h<t<t

In particular, the functionals I}, , and I, ;, are lower semi-continuous and have compact level

sets. Moreover, it is not difficult to show that for any compact sets £ C H and £ C H, the
level sets

Kpuyu(r) ={p € C([t1,t2; H) ; L1y 1,(¢) <7, o(t1) € E}
and
KE, () ={ze€C(lty,ta; H) 5 If; ,,(2) <7, 2(t1) € €}

are compact.

In what follows, for the sake of brevity, for any 1 > 0 and ¢t € (0,+oc] we shall define
I == 1If, and I", := 1", ; and, analogously, for any t € (0, 4-o0c] we shall define I; := Iy; and
I_4:=1_;p. In particular, we shall set

I" (2) =supl”,(2), I_-oo(p)=supl_(p).
>0 >0

Moreover, for any r > 0 we shall set
K" (r)= {z € C((—o00,0;H) ; tl}l_n lz(t)|y =0, T (2) < r}

and
Kolr) = { € O, 01 ) 5 tim [o(0ln =0, L) <7}

Once we have introduced the action functionals Iﬁ,tz and I 4,, we can introduce the
corresponding quasi-potentials, by setting for any p > 0 and (z,y) € H

VH(z,y) = inf {Ig;T(z) L 2(0) = 0, 2(T) = (z,y),T > o} ,
and for any z € H
V(z) =inf {Ior(p) ; #(0) =0, o(T) =2z, T>0}.
Moreover, for any p > 0 and x € H, we shall define

Vu(z) = inf ) VH(z,y). (5.6)

In [, Proposition 5.1] it has been proved that the level set K_(r) is compact in the space
C((—00,0]; H), endowed with the uniform convergence on bounded sets, and in [4, Proposition
5.4] it has been proven that

V) =min{ Law(p) i 9 € Cl(=00.01 ), lim_lo(o)n =0, 4(0) = }.
In what follows we want to prove an analogous result for K" _, V#(z,y) and V,(z).
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Theorem 5.1. For small enough > 0, the level sets K" __(r) are compact in the topology of
uniform convergence on bounded intervals.

Proof. Suppose that 2, is a sequence in K* __(r) where 1 < g and i is the constant introduced
in Lemma Let ¢ be the constant from that lemma and let

_1
&= {z EH:|CL 22|y < \/267‘}

By Lemma [45] z, € Kg_N’()(T), for any N € N. Since £ is compact in H, in view of what
we have seen above Kg,—N,O(T) C C([-N,0]; H) is compact, for each N € N. Then, by using
a diagonalization procedure, we can find a subsequence of {z,} that converges uniformly to a
limit 2# € C'((—o0,0];H), uniformly on [—N, 0] for all N. This means that there exist controls
N such that for t € [—N, 0],

2 (t) = Su(t+ N)zH(=N) + /_N Su(t — s)B(2"(s))ds + /_N St — 5)Quin(s)ds

and 1
S lONILa o < 7

All of these 1 coincide, because if ¢ = IIy2# satisfies the above equation,

2
o) =@ (WG + 50 - Aelt) ~ Blolt)

weakly. Therefore, we can let ©» = ¢ and notice that

1
51I2(( o0y ST

This implies that for each Ny € N

t t

2 (t) = S, (t + No)z"'(—No) + i Su(t —s)B,(2"(s))ds + N St — s)Quip(s)ds.

Thus, by taking the limit as Ny — +00, we conclude that
t t
(1) = / St — 5)B,(#"(s))ds + / Syt — )Qui(s)ds, ¢ <0,
Lastly, we need to show that
lim |2"(t)|y = 0.

t——o0

By (#26]), each z, has the property that

20| L2 ((—o0,0)m) < VT

Since z, — 2" uniformly in C'((—N,0);H) for each N,

|12 (oo 0pr) = M 122Ny < eV
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Next, by (EI6]) and Hypothesis 2]

t
|24 ()3, = ‘/ Su(t = ) (Bu(2"(s)) + Quip(s)) ds| < c|2"| 2 ooty T 1V 2200020 -
— 00 Hl

Because 2# € L?((—00,0);H), and 9 € L?((—00,0); H),

lim |2#(t)|y, = 0.

t——o00
]

Corollary 5.2. There exists jig > 0 such that for any 1 € L?((—00,0); H) and p < o there
exists zy, € C((—00,0];H) such that

() = /_ Sult =BG + /_ S(t-sQulds, 120, (5)

Moreover,
lim \zg(t)lq.l =0.

t——o00

Proof. A standard fixed point argument shows that for any ;4 > 0 and N € N there exists
2k € C([=N,0]; 1) satistying

40 = [ Sut= 9B+ [ 8.t - s)Quis)ds.

Each zj; can be seen as an element of C((—o0,0]; H), just by extending it to 2 (¢) = 0, for
all t < —N. According to Theorem [5.] there exists a subsequence {zjf,k} converging to some

e K" <%|1[)|%2((_OO 0),H)), uniformly on compact sets. We notice that for any fixed Ny € N
and t > — Ny
t t
2y () = Spu(t + No)zy (—No) + Su(t = s)Bu(zy(s))ds + Su(t = s)Quib(s)ds.
—No —Np
Therefore, by taking the limit as N — +oco, we obtain
t t

2 (t) = S, (t + No)z"'(—No) + i Su(t —s)B,(2"(s))ds + N St — s)Quip(s)ds.

Finally, if we let Ny — 400, we see that z* solves equation (5.7)).
O

As K_o(r) is compact in C((—o0,0]; H) with respect to the uniform convergence on
bounded intervals, we have analogously that for any ¢ € L?((—oc0,0) there exists oy €
C((—00,0]; H) such that

py(t) = /_ t e B(p(s))ds + /_ t e AQu(s)ds,
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and
lim [y (t)[g = 0.

t——o00

In [4], it has been proved that the V(z) can be characterized as

t——o00

V(z) = inf {I_Oo(gp) : lim o(t) = 0,9(0) = x} .
Here, we want to prove that an analogous result holds for V#(x,y) and V,(x), at least for p
sufficiently small.

Theorem 5.3. For small enough p > 0, we have the following representation for the quasipo-
tentials VF(x,y)

Vi) = min { I 2): Tim_[<(0l = 0.5(0) = (2.9)}. 6.9
and for V,,(x)
Vu(x) = min {Iﬁoo(z) : tljr_noo |2(t)| = 0,111 2(0) = :E} , (5.9)

whenever these quantities are finite.

Proof. From the definitions of If, , , it is clear that

VH(x,y) = inf {It’io(z) 12(t1) =0,2(0) = (z,y),t1 < O} .

Now, if we define
MP(z,y) = inf {Iﬁww)  lim ()l = 0,2(0) — <x,y>} , (5.10)

it is immediate to check that M*(z,y) < V#(z,y), for any (z,y) € H. To see this, we observe
that if z € C([t1,0];H), with z(¢1) = 0 and 2z(0) = (z,y), then

0, t<t
2(t) = = (5.11)
2(t), t1<t<0
has the property that 2(0) = (z,y), and |2(t)|% — 0, as t — —oo. Moreover,
I (2) = I o (2).

Therefore, we need to show that V#(z,y) < M*(z,y), for all (z,y) € H.
If M*(x,y) = +oo there is nothing to prove. So, assume that M*(z,y) < +oo. In view of
Theorem [5.1], there is a minimizer z* € C((—o0,0]; H1123), with 2#(0) = (z,y) such that

M (x,y) = 17 ().

Moreover, thanks to (ZI4)

t—lil_noo ’ZM(t)‘HlJrM = 0.

23



This means that for e > 0 fixed, there exists t. < 0 such that

‘Zu(t)’H1+2,8 <¢, 1< te.

Now, let us denote z. = z#(t.) and let us define
1/}6 = (LZ_TI»L7t€)_1ZG7

where T}, > 0 is the time introduced in Theorem Il Then, by Theorem E.1]

[VelL2((te =T )iy < (s Tl 2elpty 105 < €, Tp)- (5.12)

Next, for t € [te — T}, t], we define

c(t) = / Su(t— )@t (5)ds.

—Tp
Clearly we have ! (t. — T),) = 0 and (¥ (t.) = z.. Moreover, thanks to (Z8), we have
M, t

B Jte—T,
so that, due to (5.12))

t 2
€ 2 CM/J
/t T, |<£(t)|7“1+26 dt < < K >

—wy(t—s cM ! —wp(t—s
CE O a0y < Qo) s ds < / ()l s,
te—T),

te t 2
/ Mye=nt=) [y (5| ds |t
P te—T) te—T,

M 2 M 2
< K € 2 < TR T 2 2.
o <wu,u> W} ‘LQ((tﬁ_Tmte)?H) - <Wu,u> c(,u, M) €

(5.13)

Since

¢ (t) = / Sult = 9B s+ [ Syt - 9@, (bl9) — @ BLL(S)) ds

—Tp te—T),
we have
I, (C) < 21l 2,1 000 + 21Q 7 BN L1, 1, 10100
Then, as due to Hypothesis
Q7' BLCH(9))|n < ¢|BALCE(5)) | g2s < evap [TLCH(s) 2s < €725 1€ () 1425
thanks to (5.12]) and (5.I3]), we can conclude
I g (CE) < cu ¢. (5.14)
Finally, we define

(5.15)

e JCE), te—T, <t <t
CeH(t)_{z#(t), t >t
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It is immediate to check that ¢! € CO([t. — T}, 0;H), ¢! = 0 and C*(0) = (z,y). Moreover,
thanks to (5.14)

Iti_TM,o(ég) < Iﬁoo(zu) + IZ—TM,te(Cg) = M"(z,y) + Ii_T,tE(Cg) < M*(z,y) + Cu e (5.16)
Due to the arbitrariness of € > 0, this implies
Vi(z,y) < M (z,y),

and then (G.8]) follows.
Finally, in order to prove (5.9, we just notice that there exists {y,} € H~! such that

Vu(z) = lim V*(z,y,)

n—oo

and
Vﬂ(x7 yn) = [ﬁoo(zn)a

for some {z,} C C((—o0,0]; H) such that z,(0) = (z,y,) and

lim = (6)y = 0.

sup I* (z) < 00,
neN

due to Theorem [5.Jlwe have that there exists a subsequence {z,, } which is uniformly convergent
on bounded sets to some z € C((—o0,0];H). In particular, I1;2(0) = x and |z(t)|yx — 0, as
t — —o0. Since I” _ is lower semi-continuous, we have

I" (z) <lminf I" _(zp,) = V. (z),

k—o00

and then V,(z) = I* (), so that (539) holds true. O

The characterization of V#(z,y) and V,(x) given in Theorem [5.3] implies that V# and V,,
have compact level sets.

Theorem 5.4. For any > 0 and r > 0 the level sets
K"'(r)={(z,y) € H: V¥(z,y) <r}
and
K,r)={x€ H: V,(x)<r}
are compact, in H and H, respectively.

Proof. We prove this result for V# and K*, as the proof for V,, and K,, is completely anal-
ogous. Let {(xp,yn)}nen C K#(r). In view of Theorem B3] for each n € N there exists
2" € C((—o00,0;H), with 2"(0) = (zn,yn), and [2"(t)|g — 0, as t | —oo, such that
VH(xp,yn) = I¥ (2"). As IT¥ __(2") < r and the level sets of I" _ are compact in C'((—o0, 0]; H),
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as shown in Theorem [5.1] there exists a subsequence {z"*} C {z"} converging to some
z € CO((—o0,0);H), with I* __(2) < r. Since

lim (2, ,yn,) = lim 2" (0) = 2(0) =: (2,9), inH,

k—o0 k—o0

due to Theorem [5.3] we have

so that (z,9) € K*(r).

6 Continuity of V* and V),

As a consequence of Theorem [5.4] the mappings V# : H — [0,+o00] and V,, : H — [0, 400] are
lower semicontinuous. Our purpose here is to prove that the mappings

VH:Hipos — [0, +00), Vo H2P — [0, +00)
are well defined and continuous, uniformly in 0 < p < 1.

Lemma 6.1. Let us fix (x,y) € Hiyop and p > 0 and let z2(t) = S, (—t)(x,—y), t < 0. Then,
if we denote @(t) =111 2(t), we have that ¢ is a weak solution to

% D

Hgm () = Ap(t) + - (1),  t<0 o
Oy '
p(0) =z, Z-(0)=y.
and
10|,/ 0 0 ? Lo _
5| (5 + 0 - a00))| ar=|ie sl wule Nl 62
Moreover, p € L?((—00,0); H*28) and
0
| 10O dt < 0 nt i@ 0) (6.3

Proof. The weak formulation (6.]) is clear because for t < 0

G0 = ~4,8,(-0)(z, ) = (~TIaa(t), ~ Aplt) + S Tax(0),

so that o 5
Py — 9p
P2 () = Aw(t) + 2 (0)
Moreover,
dp B
E(O) = —1II22(0) = y.



Now, property (6.2)) can be proven by noticing that

Lo (0 o)

2

dt
H

-/ 0 (150 - 520 - 400

—00

2

dt
H

w2 [ (%007 (u5E0 - 400) ) a

2
— Q7 - ka| +ul@ Nyl - dim (R0l

Then, ([©2]) follows from (2.8, as

‘Cu_lﬂz(t)‘H < ’Z(t)’H1+25 < Mu e_wut‘(‘rvy)’H1+2ﬂ —0, ast] —oo.

Finally, to obtain estimate (6.3]), we notice that if
p(t) = LS, (—t)(z, —y)

then by [B.12]),

? pd 2
+ 5 L) gr2s -

o020 = 555 ) e

SF |7 en (t)

Integrating, we obtain

0
1
/ | o(t)| Fre2s dt = 3 |+ | 3pas + g |2|31128

—00

which yields (63]).
U

As a consequence of the previous lemma, we obtain the following bounds for V#(z,y) and
V().

Corollary 6.2. For any p1 > 0 and (x,y) € Hiyos, we have

VE(@,y) < oL+ p+ ) (@,9) 0,405 (6.4)

and
V(@) < c(1+ p) ’x‘%{1+26 (6.5)

Proof. The proof is based on the fact that
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and
Vi(z) < I2 o (IS, (=) (2, 0)).

Now, if we set z(t) = S, (—t)(x, —y) and p(t) = II;2(t), due to Hypothesis 2 we have

2

dt

H

0 2
P =g [ | (1550 + 520 - e - Ble)

2

0 B 82 a 0
< / O (L2 + Py ap(t))| dt +en2s / (o(t) 2pos .
. ot i . .

From (62]) and (63]), this give (€4]). Finally, (€3] is a consequence of (6.4]) and of the way
V.(x) has been defined. O

Now, we can prove the continuity of V# and V,,.

Theorem 6.3. For each > 0 the mappings V* : Hitos — [0,400) and V), : Ht28
[0, +00) are well defined and continuous. Moreover,

i _ _ i 1 _yH _
nh_?;o [(z,y) — (@, yn)‘HHzﬁ =0= nh_?;o 031}21 [VH(z,y) = V¥(@n,yn)| = 0. (6.6)
and
lim |z —p|g1i2s = 0= lim sup |V,(z) — Vu(z,)| = 0. (6.7)
n—00 n—=0 0<p<l

Proof. In view of Corollary 6.2} if (z,y) € Hit2s, then VH#(z,y) < +oo and if x € HT25
then V,(z) < +00. On the other hand, if V#(x,y) < 400, thanks to Theorem [.3] there exists
2t € C((—00,0];H) such that

Vi(z,y) = 2 ("), 2(0) = (z,y).
According to Lemma 3] this implies that z# € C((—00,0]; Hi+25), so that (z,y) = z#(0) €
Hi428. Analogously, if V,(x) < 400, we can prove that x € H 1428 50 that we can conclude
that the mappings V# and V), are well defined in H,95 and H 1426 respectively.
Now, in order to prove (6.6]), by using again Theorem [(.3] for each n € N we can find
2, € C((—00,0];H) such that
Vi (@n,yn) = I (28),  25(0) = (zn,Yn).

Then, if we define

and



we have 25,(0) = (z — 2,y — yn) and for any € > 0

Vi@, y) < T2 (e + 27)

1 0
2
2 —o0

2, K I
@ (55 0+ 520 - Act) + Bmgh(0) )

2

2 A A
Lot (ﬁaff 0+ %) - A@W)) QT (Bt @) - Bleh()| dt
H
0 2.5 5 2
<A+l (24 + 1+ %)/_ Q! (aaff (t) + 85’;? (t) — A@W)) Hdt

1 0
et h / (B (0) 2pas .

€ J-co

Now, by ([6.2]) and (63]), we see that for 0 < p < 1

Vil y) < (14 €)Viu(@n, yn)

(U D)~y — vy + E0 D@ — 7 — )y,
If we follow the same procedure with z# as the minimizer of V#(z,y) and
() = S (=) (an — 7,y — ),
we see that for 0 < pu <1
VH(an, yn) < (1+€)VH(2,y)

te(l+e Y|z —zn,y— yn)\imﬁ +e(l+e ) (@ = 2,y — Yoy, -

From these two estimates and Corollary [6.2] we see that

Osupl |V“(gj7y) - V“(mn,yn)| < ce |($7y)|’?{1+25 tc (1 + 6_1) |(3§‘ —Tn, Y — yn)|§{1+257
<p<

so that

limsup sup |V*(z,y) = Vi(@n, yn)| < cel(@,9)f3, ,, -
n—oo 0<u<l

Due to the arbitrariness of ¢ > 0, ([6.6]) follows. The proof of (6.7)) is completely analogous to
the proof of (6.6]) and for this reason we omit it. O

7 Upper bound

In this section we show that for any closed set N C H

limufoup:gg]f\’[ Vi(z) < mlg]va(x) (7.1)

29



First of all, we we notice that if I_.(¢) < 0o, then

Oy

¢ € L2((—o0,0); HX+H), o

€ L*((—o0,0); H*),

and
2

dt.
H

a1 =3 [ Jot (20~ st - B

Actually, if ¢ solves

o(t) = / =4 B (p(s))ds + / =94 Qup(s)ds

—00

then we can check that (Z2]) holds and

so that (3] follows. Moreover, if

pe (0,0 204), %2 T8 (oo 0y m),
then . ) )
) =5 [0 (nGgRe)+ gt - e~ Blete)))|
where

-0) = (6(0), 221)

Actually, if I _(z) < oo, then z solves

£ = /_ Syt — 5)Bu(2(s))ds + /_ S, (t — $)Quub(s)ds

so that
60 = @ (520 + 52) — 400 - BL(0))

weakly.
In particular, as in [6], where the finite dimensional case is studied, this means

2

2 r0 82
) = )+ 5 [ |G|

w [ (@ G200 (520 - vt - Bleo)) ) ar,

where p(t) = II;2(t), as long as all of these terms are finite.
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Now, for any p > 0 let us define

1 t
pu(t)zﬁp<—>, te R,

(7.5)

for some a > 0 to be chosen later, where p € C°°(R) is the usual mollifier function such that

supp(p) CC [0,2], / pls)ds=1, 0<p<L.
R

/Rp“(s)ds =1.

This scaling ensures that

Next, we define ¢, as the convolution

0
ont) = [ pult = )e(s)ds. (7.6)
Lemma 7.1. Assume that
0
pe L2((—OO, 0)7 H2(1+6)) N O((_OO7 O]a H1+26)7 a_f € L2((—OO, 0)7 H2B)
with
p(0) =z € H'T?, t_liljloo ()] 1426 = 0.
Then,
Pu S Lz((_ooao);H2(1+B)) mc((_oo70];Hl+26)7 % € L2((_OO7O)7H26)7 (77)
and
i sup lu(t)| ras = 0. (7.8)
Moreover,
829% 2 2
e © L?((—o00,0); H?)
and for all p > 0,
2
’ ﬁ“ = % On : (7.9)
O | 2((—o00pi2e) — K| O 12((oo0)it29)

Proof. Since we have
t
ou®) = [ pult = )els)ds,
t—2pu
it follows

L.

2

| ot s)elpas

t—2pe
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Therefore, as

L
we get
[PulT2((—o0,0 pr2a-my dE < —/ / , (8)|Fr2046) dsdt
t=2pc
(7.10)
2p” 2
< l()as) ds =2 \Sﬁ\iz((_oo,o);quw))-
T .
Next, since

lim |p(8)] 1426 = 0,

t——o0

we have that ¢ : (—o0,0] — H'*?% is uniformly continuous. Therefore, as

H1+2ﬁ

‘/_; pulty = s)p(s)ds — / " D2 = s)pls)is

/0 " () (ot — 5) — plta — ) ds

9
H1+28

we can conclude that ¢, is uniformly continuous too, with values in H 1428 Finally, since

%(7&) = /000 p“(s)%—f(t — s)ds,

by proceeding as above we get

P00 ¢ 12((—o0,0): ),

so that, thanks to (ZI0), we can conclude that (7.7)) holds true.
Concerning (Z8), let us fix € > 0. Then there exists 7, > 0 such that

()] frrves <€, t<—T.

Then, for t < —T¢, we have

[ e syt

and this yields (Z.8]).
Finally, let us prove (T9). As

— 00

t 0
<[ nlt= 9ol ds <e [ po)is =
H1+28 0

0
0= [ pult- 5

&p 1 0 /t—s\ Op
8t2 / dtp” 83( 8)ds = Mﬁ/_mp < e > 83( s)ds.
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This yields

2 2

0 |92
1 t—
/ 8(‘;“15) dt:m < S) s)ds|  dt
—o| O H25 It t 20 126
0 t N 2
<X (/ (p’(t S>> ) (/ ds) dt
Ao
M —00 t—2p H2/J’
2|p |2 c [ |oe, [
/ / (s) dsdt < T/ —(s) ds.
t—2u 53 128 P2 ) oo | 08 7| pos
O
The following approximation results hold.
Lemma 7.2. Under the same assumptions of Lemma[71], we have
/PL% |z — ‘Pu(o)’HHw =0, (7.11)
and
lim su t =0. 7.12
ity t<g"ﬁu( ) — o( )’H1+2,8 ( )
Moreover,
}Ligb lon — 90|L2((—oo,0);H2(1+6>) =0, (7.13)
and 3 3
lim | 228 27 = 0. (7.14)
u—0 8t at 1,2 ((—OO,O);H2/3)

Proof. We have .
ou0) =z = [ pul=5)(e(s) — pl0))ds,

so that, by the continuity of ¢ in H'*2# (ZII) follows.
In order to prove (T.I2]), we have

(0ut) — o(®) yrsas < / pult = $)10(5) — @(t) s 125 ds.

Now, as ¢ : (—00,0] — H'?8 is uniformly continuous, for any fixed € > 0 there exists d, > 0
such that. We use the uniform continuity of ¢ to find J. > 0 such that

€
[t — 5| <6 = |(s) — @(t)| grsas < 5

Then if we pick p small enough so that p® < d./2,

“Pu(t) - (P(t)‘HHzﬁ < /_ Pu(t —5) “P(S) - (P(t)‘HHzﬁ ds < / 1 ¢

=€,
t—2pe :u 2
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uniformly in ¢. This proves (Z.12]).
Limit (ZI3]) can be proved using the fact that

0
"Pu - ('D‘LZ((—qu);Hz(l*B)) = sSup / <(_A)1+B (((Pu)(t) - (P(t)) 7h(t)> dt
1Pl L2 ((—o0,00:e) <1 = "

_ <1/ /2u — AP (p(t — 5) — p(1)) ’h(t)>H dsdt

‘h|L2(( 00,0);H) S

2u
< /0 () |9(- = 5) = () L2(—o0,0): 2045 5.

Because translation is continuous in L?, this converges to 0 as | 0. The same argument will
show that (.I4]) holds true.

O
Using these estimates we can prove the main result of this section.
Theorem 7.3. For any x € H'?# we have
limsup V,(z) < V(). (7.15)

w0

Proof. Let ¢ be the minimizer of V' (z). This means ¢(0) = z, (T3] holds and I_(¢) = V (z).
For each p1 > 0, let ¢, be the convolution given by (Z€) and let =, = ¢,(0).
It is clear that
Vi) < o (), (7.16)

where

2u(t) = (pu(t), %(t)), t<0.

According to Lemma [T we can apply (Z4]) and we have

2 0 2
cu 0%p
Foolen) < 40 [ 12 OB st + el

+u/0 <Q 188;0;( ), Q! (%(t)—Agp“(t)—B(gp“(t))>>Hdt

—00

2 0 82 0 0 1/2
s%/ |a;u(t)|§{2ﬁ+1_m(sou)+u</ Iatﬁ“t)lmadt> (e ()2

By ([Z9)), this implies

2 a(’p

ot

dyp

ot

11—«

+cu
L2((—00,0);H%)

(Ioo (2 ))'?,

I o (2n) < Tooo(ipp) + ot
L2((—00,0);H?)
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and by (ZI3) and (Z14))

lim Io(pp) = T-oo(p) = V(2).

Therefore, if we pick a < 1 in (TH]), we get
limsup V,(z,,) < limsup I* (z,) < V(). (7.17)
w0 w0
Since, in view of (ZII)) and Theorem [6.3]
limsup V,(x,) = limsup V,(z)
w0 10

we can conclude that (Z.I3]) holds. O
Corollary 7.4. For any closed set N C H,

hfj}fpi?zfv Vu(z) < ;éljf;[ V(z) (7.18)

Proof. 1f in]fv V(z) = 400 then the theorem is trivially true. So we assume that this is not
T

the case. Then by the compactness of the level sets of V' and the closedness of NV, there exists
xg € N such that V(zg) = inf,eny V(z). By (ZI5), we can conclude, as

limsup inf V), () < limsup V,,(zo) < V(xo) = inf V(z).
u—0 TEN ul0 zeN

8 Lower bound

Let N C H be a closed set with N N H'*2% = (). In particular, by Theorem we have
infren V() < 400. Due to (B9) and Theorem B.1] there exists 2#* € C((—o0,0];H) such
that

gt :=12M(0) e N,  I" (") =V, (z*) = 1g]fv V().

Now, let * € L?((—00,0); H) be the minimal control such that

2H(t) :/_ St — s)BM(z“(s))ds—i—/_ Su(t — 5)Quut (s)ds,

and

. 1 2
Inf V,(2) = Vi(a") = 5 [ L2((-c0,00m) - (8.1)

In what follows, we shall denote y* = II32#(0). For any § > 0, we define the approximate
control

PO() = (I — SA)"39H(t), t<0,

and in view of Corollary we can define 2% to be the solution to the corresponding control
problem

230 = [ St =B s+ [ St - 5)Quut ().
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Notice that, according to ({14,

. ’6 o
t—lifnoo |2 |7-l1+2,3 = 0.

Moreover, as " € L%((—o0,0); H'), thanks to (ZI4) we have

0.

3 76 —
A1 o) =

In what follows, we shall denote (29, y*%) = 2°(0).

Lemma 8.1. There exists g > 0 such that,

5 2

T —
H26

lim sup
0=0 p<pg

Proof. By (A.27), there exists po > 0 such that for p < po

@ = 2| g2 < e[ — |2 Cocopirr):

Now, since for any h € H

[e'e) 2
1 1 1 2 1 1
(—A)"2(I—6A) zh— (—A)zh| =S —([1—-—— | B
‘H 2 Ok 1+ 50%)%
and
1 2
1 - 1 < ak‘57
(1 +5ak)§

we have

This implies
0
o~ a0 < o5 [ (o)l ds = e inf V(o)
In Corollary [7.4] we have proved

1imws0up ;gngv Vu(z) < l}gjva(:E),

and then we obtain

sup |zt — 20| s < Vo
H<po

which implies (82).
Now we can prove the main result of this section.

Theorem 8.2. For any closed N C H, we have

inf < liminf inf .
22, V) < Bt Jaf Vel®)
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Proof. 1f the right hand side in (84)) is infinite, the theorem is trivially true. Therefore, in
what follows we can assume that

h]gg(]]af :gngv Vu(x) < +o0. (8.5)

We first observe that, if we define

OO (t) = Ty 2M0(t), ¢ <0,

in view of (7.4)
2 /0 2 us 12
V() < L) = 2@ - 5 [ |01 T2 )
— 00 H
(8.6)
0 2, 1,0 5
_ 0%t 1 0t _ _
[ (@ 0.0 0 - @ A ) - QB ) )t
Since
[0 () i = |(T = 6A) 2ok (t) | < [ (B)|m, <0, (8.7)
we have
iz wly < TH HY — 3
I—oo(z ) — I—oo(z ) xlgjf;[ V,U«(x)v
so that
V(") < inf V,(x)
0 62 0,0 o 1,0
[ <Q—lé§2 uxQ—l—%;xw-—Q—ﬁAw%%w——Q—U%w%%w>> dt.
—00 H
Thanks to (£I4]) and Hypothesis 2| by integrating by parts
V(@) < inf Vy(x)
B =1 2 _ —1..18 =1, 1,08 -1 w8 —1, 1,8
21Q7 y y — p (—A)Q w0, Q) 4 (QTIB), Q) .
0 5 2 0 5|2 5
dptt Ot . 5
t dt t dt = inf e,
+CN/_OO‘ 8t ( ) H1+28 +C’Y2ﬁlu /—oo 8t ( ) H28 CCIQN VM(‘T) + ; ¢
First, we note that
0 <o. (8.9)

Next, by ([£.26) see that

0
76 75 ’ El E
ISL + L’f § C\/ﬁ <|l‘u6|§{2,8+2 + /L|y“5|§{2ﬁ+1) + C,U/ |Z‘u5(t)|3{2+2,3dt

0 -0
<clut Vi) [ SO
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and

D=

Since for any h € H we have (I — 5A)_%h € D(—A)

(b1 —oa)hn| <67 n,

we have
8 ~1/2
i) <8 Wl <o
Therefore, by (81]),
I“’ —|—I“’ <co~ Vz,u—l—f/ ()% =267 Y2 (u+ /h) 1an( ). (8.10)
By the same arguments, (£.20]), and (8.7]) give
140+ 18 < efp -+ VR) inf V(). (8.11)
Combining together ([83), (8I0), and (8I1]) with (8], we obtain,
V(zh) < in]f\’[ V() 4 c(p + /) (1 +6712) injfv V(). (8.12)
Te Tre

From this, due to (8] we see that

lim inf V (z*V*) < liminf inf V().
u—0 pn—0 zeN
Since we are assuming (8.3]), and, by [4, Proposition 5.1], the level sets of V' are compact, there
is a sequence ji,, — 0 and 2° € H such that
lim |z# Vi — 297 =0, V(2Y) < lim me(x“ Vi,
n—00 n—0
By (B2), we have that z#" converges to z° in H, so that xp € N. This means that we can

conclude, as

inf V(z) < V(2") <liminf V(2/V*) < liminf inf V,(z).
zeN pn—0 n—0 zeN

9 Application to the exit problem

In this section we study the problem of the exit of the solution uf of equation (1) from a
domain G C H, for any p > 0 fixed. Then we apply the limiting results proved in Theorems
and to show that, when g is small, the relevant quantities in the exit problem from G
for the solution uf of equation (1) can be approximated by the corresponding ones arising

for equation (L2)).
First, let us give some assumptions on the set G.

Hypothesis 3. The domain G C H is an open, bounded, connected set, such that 0 € G.
Moreover, for any x € 0G N H'T2P there exists a sequence {xy ynen C G N H™ 28 such that

(9.1)

nllg-loo 70 = $|H1+2z3
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Assume now that G is an open, bounded and connected set such that, for any € G N
H'28 there exists a y € G¢ N H'*27 such that

{ty+(1—t)r:0<t <1} C G“. (9.2)

Then it is immediate to check that ([@.J) is satisfied. Condition ([@.2]) is true, for example, if G
is convex, because of the Hahn-Banach separation theorem and the density of H'*2% in H.

Lemma 9.1. Under Hypothesis

Vu(0G) = ienafG Viu(z) = Vy(zg,u) < oo, (9.3)

for some xq,, € 0G NHit28.

Proof. Since G¢ is an open set, there exists & € G¢ N H'2#. Because 0 € G, and the path
t > tZ is continuous, there must exist 0 < ¢ty < 1 such that to& € 0G. Clearly, toz € H*28,
so that, according to Theorem .3} the first equality in [@3)) is true as OG N H+28 £ (),
Moreover, thanks to Theorem [5.4] the first equality in ([@.3)) implies that there exists zq , €
0G N H1495 such that
V(@) = Vu(9G). (9.4)

O

Now, if we denote by 2t ., = (uf',,vt,) the mild solution of (Z9)), with initial position
and velocity zp = (ug,v0) € H, we define the exit time

it =inf {t > 0:uf_ (t) € G}. (9.5)
Here is the main result of this section

Theorem 9.2. There exists g > 0 such that for < pg the following conditions are verified.
For any zy = (ug,vo) € H such that ug € G and ug () € G, fort >0,

1. The exit time has the following asymptotic growth

li_r)lg)elogE (the) = xlenafG Viu(z), (9.6)

and for any any n > 0,
1 1
ling)]P’ <exp <€(Vu(aG) - n)) < Thet <exp <E(V”(8G) + 7]))) =1 (9.7)
e~
2. For any closed N C 0G such that inf V,(x) > inf V,(x), it holds
zeN z€dG

lim P (ug,, (75) € N) = 0. (9.8)
Remark 9.3. The requirement that ufi . (t) € G for all t > 0 is necessary because in Lemma
3.4 we showed that there exist zp € G'x H~! such that ua ., leaves G in finite time. Of course,
for these initial conditions, the stochastic processes ut ., will also exit in finite time for small
€.
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In [3] it has been proven that an analogous result to Theorem [0.2] holds for equation (2.3]).
If we denote by ey, the mild solutions of equation (ZHl), with initial condition uy € H, we
define the exit time

Ty = 1Inf {t > 01wy, (t) € G}.

uo

In [3] it has been proven that for any ug € G such that ug,,(t) € G, for any t > 0, it holds

11_13% elogE (15,) = mlenafG V(x).

Similarly, as we would expect, it also holds that
11_1}1% elog 7, = :cle%fG V(x), in probability,
and if N C 0G is closed and infyen V(z) > infiepq V(2),

li_])r%IP’ (ug, (15,) € N) =0.
The proof of these facts is analogous to the proof of Theorem
In view of what we have proven in Sections [ and [§] and of Theorem [0.2] this implies that
the following Smoluchowski-Kramers approximations holds for the exit time.

Theorem 9.4. 1. For any initial conditions zo = (ug,vo),
}}_}mo P_}n&elog E (7€) = li_r)lg)elog E(r5,) = mienafGV(a;). (9.9)

2. For any n > 0, there exists pg > 0 such that for pu < ug
lim P <e%<V—"> < e < e%(‘”")) —1 (9.10)

3. For any N C 0G such that inf,cn V(z) < infyepe V(x), there exits ug > 0 such that for
all 1 < po,
lim P, (u¥(7#€) € N) = 0.

)
We recall that in [5] we have proved that, in the case of gradient systems, for any p > 0
Vu(z) =V(z), ze€ H.
This means that in this case for any zp = (ug,v9) € H and u >0

li_])r%e log E (74¢) = li_r}r(l]e logE (75,) = xienafG V(x).

and (@.I0) holds for any u > 0.
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9.1 Proof to Theorem

In order to prove Theorem .2 we will need some preliminary lemmas, whose proofs are
postponed to the next subsection.

Lemma 9.5. For i < (a1 — o)y 2, there exists a constant c(u) > 0 such that 21,z € H

sup sup |2y, () — 25, (H)| < e(p)]z1 — 22| (9.11)
e L2((0,+00);H) t>0 H

Lemma 9.6. For any closed set N C H, and any A < V,,(N), there exists pg > 0 such that if
2 € C((0,7); H), with |2(0)|% < po and Iy 1(2) < A, then it holds

inf disty (IT12(¢), N .

inf disty (IL2(t), N) > |2(0)
Lemma 9.7. For any p,e >0 and zg € H, let
Z0,p ° €,20

e = inf {t >0:1z¢, (t) € G or |z220‘H < p} ,

where p > 0 is small enough so that By(p) C G x H™'. Then

20,0 —
t—=+00 0 20€EGxH~1 ?

lim limsupelog< sup P (74, > t)) = —o0. (9.12)

Lemma 9.8. Let 74, be the exit time from Lemmal[97 and let N C OG be a closed set. Then

lim lim sup € log sup P (ITyzF, (7£¢) € N) | < =V, (N), 9.13
=0 0 (ZOG B ((14+-M,)p) (et (785) € ) () (819)
where V,,(N) = inf e y V,(2).

Lemma 9.9. For fized p > 0,

lim lim sup € log ( sup P <sup |zé"20(s)‘ﬂ > (14 Mu)ﬁ)) = —00.

=0 0 20€ By (p) s<t

Proof of Theorem|[9.2 As G C H is a bounded set, there exists R > 0 such that G C Bg(R—1)
If ¢(p, 1) is the constant from Lemma [B4] for any zy = (ug,v9) € H such that

up € G, |volg-1 > Re(p, 1)1 =: &,
we have that II; 2%, leaves Bp, (and therefore G) before time ¢ = 1. Since for any 7' > 0

; B —
g sup Elztz, = 2% leqornym =0 (9.14)

this yields

lim inf P (% <1)>1lim inf P ( " < 1) — 1.
e—0  upeG ( 0 ) T e0  wupeG ‘ €20 ZO‘C([QT};H) -
|v0|H*1>R ‘U0|H*1>R
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Now, fix > 0. According to (@.4)), there exists z¢,, € OGN H'™# such that V,(z¢,) =
V,.(0G). Now, if {z,} C G°N H'*? is a sequence from (@) such that z, — x¢g,, in H'1?,
as n — 00, due to Theorem [6.3] we have that V,(x,) — V,(zg,,). This means that there exists
n such that

Vlwa) < Vlag) + 7 = Vu(0G) + 1.

In particular, there exists 71 > 0 and z; ;, € C([0, T1]; ) such that 2, ,(0) = 0 and II; 2, ,(T3) =
r; € G¢ with
I, (4 0) < Vilan) + g < V,(0G) + g
According to (@.I1), the mapping zyp € H +— 90’12720 € C([0,T1]; H) is continuous, and
therefore, we can find p > 0 such that

: _ 1. .
|z0|% < p == dist (ZZ,ZO(Tl)’ (Gx H 1)) > §dlSt <ZZ7O(T1), (Gx H 1)> =:a>0.
In view of (B.3]), we can see that there exists €; > 0 such that for all € < ¢, and all |z9]y < p

B
Ze,z0 T i,z

P (h < T) 21@(

< a> > ¢ (Vul@Fm), (9.16)
C([0,T1];H)

Now, by Lemma we can find T, > such that

P
sup |28 (T < =.
upeG | ZO( )‘H 2

lvo| y—1<K

Therefore, thanks to ([@.I4), there exists 0 < €3 < €1 such that ug € G, and |vg|-1 < K,

1
P(‘ZQZO(T2)|H<p) >§, € < €.

Thanks to ([@.I6]), by the Markov property, this implies that for uy € G and |vg|g-1 < &,

1
P (7'5)’6 <T + Tg) > 56_%(V"(G)+n), € < €a.

Hence, if we combine this with (9.15)), we see that there exists 0 < ¢y < ez such that for all
€ < €p,

1 1
inf P(r#€ <1+ T ) > = —;(Vu(G)‘Fn)‘ 9.17
zoecl:anfl (TZO + 11 + 2) 2 26 ( )

By using again the Markov property, for any k € N and 2y € G x H~! this gives
k k
P (7t > k(1 + 1) + T»)) < < sup  P(r > (14T + TQ))> < (1 — le_%(V“(GH")) ,
20€GxH~1 2
so that
o0
E(r) <A+ T +To)) P > k(14 T+ 1) <2(1+T1 + Ty)ee Vu(@n),
k=0

Thus, the upper bound of (0.6]) follows as n was chosen arbitrarily small and the upper
bound of (@), follows from this by using the Chebyshev inequality. O
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The proofs of the lower bound for the exit time and of the exit place follow from Lemmas
to [@9 by using the same arguments used in the finite dimensional case (see [§] and [10]).
For this reason, we omit them.

9.2 Proofs of Lemmas from to
Proof of Lemma[Z24. If we let p(t) = II; < 2y o, (1) = zg o (t)), then it is a weak solution to

82 0
W (0 S (1) = Ap(t) + BILZE, | (6) = B(IL 2L, ,(1). (9.18)
Therefore, we can conclude as in Lemma [B.11 O

Proof of LemmalZ.8 Fix A < V,(N). Suppose by contradiction that there exist {z,} C H,
{T,} € (0,+0c0) and {¢,} C L?((0,T,); H) such that
dim fzaln =0, FWaliaqozm < 4

and
diStH(lein’zn(Tn), N) § |zn|7.[.

Now, if we set x,, := leimo(Tn), for any n € N we have, by (@.I1),

o0 = Tzt (Tl < () lenlo

so that
distg (xn, N) < e(p)|znly + |2nly, n€ N. (9.19)

Recalling how V), is defined, this implies

1
Vi(zy) < §\¢n’%2((o,T7l);H) <A

Now, as proven in Theorem B.4] V), has compact level sets. Therefore, there is a sequence
{n, }x C H such that z,, — z, so that V,(z) < A. But, by (@I9), « € N, and then
Vu(N) <V, (x) < Vu(N), a contradiction. O

Proof of Lemma[9.7 Fix R > sup,cq |x|H + p and, by Lemma [3.4] let us take x > 0 such that
if vyg € By-1(k) then 24 leaves Br x H~! before time t = 1.
By Lemma B2, we can find 77 > 0 such that

wp | (@], < £
upeG
lvo|y—1<k

and then for any zg € G x H™1, 24 (t) leaves (G x H™1)\ By/(p/2) in less than time T = T} + 1.
This means that

mf{ I8r(2) : 2(t) € (Bir(R) x H™')\ Bu(p/2) for t € [o,T]} —a>0 (9.20)
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because the set above contains no unperturbed trajectories. By (5.4))

lim sup € log ( sup P (rp> T)>

e—0 20€EGxH~1
< limsup € log sup P <distc([07T};H)(zéLZO,K(’]‘T(a)) > B) < —a.
=0 20€GXH~1 ’ ’ 2

By the Markov property, for any k € N,

k
sup  P(rp > kT) < sup P(rp>T)
20€GxH—1 20€EGxH—1

and therefore,

lin%elog ( sup P(r > Tk)) < —ka.
e—

20€EGxH~1
U
Proof of Lemma[Z8 Let I', := By((1+ M,)p). For any T' > 0 we have
sup P (128, (74°,) € N) < sup P(745, > T) + sup P(ILiz¥, (t) € N, for some t < T).
zo€l'p ' ’ zo€l'p ' zo€l'y '
(9.21)

Next, thanks to Lemma [0.6, for any A < V},(INV) fixed we can find py > 0 such that for
p < po and any 1" > 0, the set

{z 1 2(0) € Ty, disteqo,mm (z, K&T(A)) < (14 Mu)p}

contains no trajectories that reach N by time 7. Then by (&), for any n > 0, for small
enough € > 0,

sup P(I;z¥, (t) € N for some t < T))

€,20
ZQEFp

. _loa_
< sup ]P’<dlstc<[o,ﬂ;%>(zéfzwK(‘]‘,T(A)) > (1+Mu)p) <e A,
zoely

Now, according to (@.12]), we pick 7" > 0 so that, for small enough € > 0,

1
sup P(rlS, > T) < e,
ZQGFP

Due to (@21)), this implies our result, as A < V,,(N) and n > 0 were arbitrary. O

Proof of LemmalZ4 If 2(t) = 2, _ (t), then

z(t) = Su(t)zo + /0 Su(t —s)B(2(s))ds + /0 Syt —s)Quip(s)ds,
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so that, if zg € By(p),

Yot M, Mu||Ql| Ly
sup |z(s < M,p—+ sup |z(s 4+ PRVt E -

Therefore, if sup |z(s)| > (M, + 1/2) p, then we get

s<t

< [¥lr2(0,0):m)-

_ (L 0tM,\ pyax
Eutt) '_p<2 \/071:> M,/

This means that

lim sup € log

< limsup €log

( sup P (Sup |zéfz0(s)|H > (1+ Mu)p>>
e—0 20€ BH(p) s<t

. 1 E,(1))?
( sup P (dlStC([o,t};H) (Zéfme(l]L,t <§(Eu(t))2>> S g)) < _( u; ) ’
=0 20€ B, (p)

and our result follows as

}g% E,(t) = 4o00.
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