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Abstract

Hard-threshold estimators are popular in signal procgsapplications. We provide a detailed study
of using hard-threshold estimators for estimating an uakndeterministic signal when additive white
Gaussian noise corrupts observations. The analysis, depgeheavily on Cramér-Rao bounds, motivates
piecewise-linear estimation as a simple improvement td kllaresholding. We compare the performance
of two piecewise-linear estimators to a hard-thresholanegbr. When either piecewise-linear estimator
is optimized for the decay rate of the basis coefficientspéformance is better than the best possible

with hard thresholding.
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. INTRODUCTION

Removing noise from signals (“denoising”) is a problem ca&into many engineering disciplines. As
summarized nicely by Moulin and Liu [1], most methods fatbimt least one of three categories: Bayesian
techniques, which assume a probabilistic prior for the wmkm signal and minimize an error measure
given the observations; minimax techniques, which aregiesi for good worst-case performance over
some broad class of signals; and techniques based on theunmdescription length (MDL) principle.
In the electrical engineering literature, the Bayesian BHol. approaches are more common than the

minimax approach familiar to statisticians.

In many fields—especially image processing and geophysdies-dse of the wavelet domain is promi-
nent, regardless of which of the three approaches is urkdertd-or Bayesian techniques, the wavelet
domain is convenient because it allows low-complexity dizeg [2]—[4] or nearly-diagonal [5] estimators
to be used with little loss in performance. Minimax estiroatiperformance is intimately connected
with nonlinear approximation [6], so the approximation govof wavelet bases for many classes of
signals make them appropriate [7]-[9]. Finally, the susagfswavelet-based compression makes wavelet
representations suitable for generation of regularipatéwsms in MDL [10], [11]. All three approaches,

under appropriate conditions, justify simple hard thrdgtor soft threshold (shrinkage) estimators.

In this paper we study the classical problem of estimatinggaas in the presence of additive white
Gaussian noise (AWGN) with the goal of minimizing mean-sgdaerror (MSE). Rather than applying the
Bayesian formulation, we cast this as the estimation of amaodom parameter vector. This allows us to
explain the performance of hard threshold estimators tirdaias-variance trade-off and the Cramér-Rao
bound (CRB). The (biased) CRB provides more insight tharstaedard “oracle” bound of [12, Ch. 10].
Shaping the bias and resulting MSE inspires the analysisoatichization of two alternatives to hard
thresholding. Both are piecewise-linear functions, and loais been proposed previously as the “semisoft
shrinkage” estimator [13]. Our focus is not on the inventadrsimple estimators, but rather on the fact
that the performance of such estimators can be better uoddrsvith the analysis presented herein.
Furthermore, we show that the degrees of freedom in thesaagsts can be optimized, given the decay
rate of coefficients, to achieve lower average estimatiooreéhan that incurred by hard thresholding.

The paper is organized as follows. In Sectidn Il we reviewdgénition of bias and estimation error
bounds for both unbiased and biased estimators. We thegyzanhhrd-threshold estimators—notably
explaining their performance using Cramér-Rao BoundsB§&R-in SectioriL 1ll. Inspired by this way of

understanding hard-threshold estimators, we analyze ltemative estimators in SectignllV. In particular,
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we show that these estimators can be optimized for the detayf the unknown deterministic parameter
vector, resulting in uniform improvement over hard thrddimg. We also discuss the limiting cases that
relate the alternative estimators to hard-threshold edtire. Finally, Section V provides a discussion of

the key results that emerge from our analysis.

[I. BACKGROUND ON ESTIMATION ERRORBOUNDS
A. Estimation in White Gaussian Noise

In this paper we consider non-random signal estimation wherobservation is the signal plus white
Gaussian noise. In particular, assume that the observedlsgexpanded in some basis of our choice,

and theN € ZT basis coefficients of interest are stacked iVa< 1 vectory € RY, such that
y=x+w, 1)

wherexz ¢ RY andw € RY are N x 1 column vectors representing the corresponding signal and
noise basis coefficients respectively, when expanded ins#tmee basis.Here, x is deterministic yet
unknown, andw is a random, zero-mearE(w]| = 0) white Gaussian noise vector with correlation
matrix Efww?’] = 02 Iy, wherely is the N x N identity matrix. Thusy is a Gaussian random vector
with meanz and covariance matrix?2 Iv; i.e. the probability density function aj is
p(y; @) ~ N(z,0%Iy) = 7(2W02)N/2e—'y—w””@“i% )

Before embarking on our analysis let us review and estabbsie notation. An estimator far, denoted

by Z(y), is a deterministic function of that maps an observation vector&?" into the parameter space

RN [ Given an estimator, we define the error as

e(y) =z(y) — =, (3)

b(z) = Elz(y)] — . (4)

Note that the bias of an estimator is in general a functiorhefggarameters that are being estimated (i.e.

x), S0 in general it is not trivial to arbitrarily modify or etfinate the bias of an estimator.

Throughout this paper we are going to assuNigs finite, although it can be arbitrarily large.

2The observation space and parameter space need not beadiémtieneral.
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The performance of an estimator is often assessed by its N, positive-definite error correlation

matrix
Ac(z) = Ele(y)e’ (y)]. (5)

Note that the/,-norm of the error vector can be obtained from the error ¢aticen matrix by taking its
trace; i.e.

ms€z) = E [||Z(y) — z|*] = tr (Ac). (6)

B. Unbiased Estimators

An estimator isunbiased if it satisfiesb(x) = 0 for all x. It is well known in estimation theory [14,

Ch. 2] that the Cramér-Rao bound yields a global perforradmaund for all unbiased estimators as
-1
Ae - Iy (ZE) 2 07 (7)

where >’ indicates that the matrix on the left hand side is positieensdefinite. Herel,(x) is the

N x N Fisher Information matrix with elements

Iy (@)lnm = —F |52 p(y; @) (®)

for n,m = 1,...,N. The Cramér-Rao bound is always a lower bound (in the pesigemi-definite
sense), however it may not be possible to satisfy it with Btyudn particular, the left hand side of(7)

is equal to0 if and only if the efficient estimator
~ —1 T
3(y) =z + 1, (@)(Voln p(y:@)) . (©)

whereV, = [0/0z1, ..., 0/0xN], exists; i.e. the right hand-side ¢fl (9) must be independént This
is indeed the case for the AWGN problem studied in this pdpeparticular, we find that

I;l(m) = 0121)IN7 (10)

andA. = I;l(m) is satisfied when the maximume-likelihood estimator is used,when

z(y) =y. (11)

Equations[(10) and_(11) imply that thig-norm of the error for any unbiased estimator is no less than
No2 and this minimum is achieved by the maximum-likelihood restior, which is not only a linear
estimator, but also the trivial identity function. Furthreare, when the maximume-likelihood estimator is

employed, the estimation errors for each element iare statistically independent.
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For unbiased estimators, the CRB on the error covariancexmstindependent of the basis represen-
tation, so in particular a decomposition into a wavelet $d&sis no advantage over any other basis [14,

Ch. 2]. This picture changes significantly however, when we pur attention to biased estimators.

C. Biased Estimators

The set of all estimators that satishyx) # 0 for somex constitute the class of biased estimators.

The Cramér-Rao bound for biased estimators is given by ¢t4,2]
A — b(z)b? ()
1 T
- (IN + Vwb(a:)>I; () (IN + Vwb(a:)> >0, (12)

where >', once again, denotes the positive semi-definiteness ofntagrix on the left hand side.
Unfortunately, the Cramér-Rao bound in the biased casess Uiseful than it is in the unbiased case. In
particular, [(12) is interpreted as a lower bound for allrestors with biash(x), but it is not guaranteed
that multiple estimators can satisfy a given bias functigm) (unlessb(x) is trivially a constant).
Furthermore, in general the bound cannot be satisfied wittaldég However, as we shall see shortly,
the Cramér-Rao bound can provide valuable insight intoptiidormance of particular estimators.

It is worth emphasizing that the Cramér-Rao bound.in (1Petels on only three quantities: The Fisher
Information matrix, the bias, and the gradient of the biathm parameter space. The Fisher Information
matrix is a function of the probability density function dfet observed data and therefore is fixed for
a given problem setup; for example the Fisher Informatiortrisndor the AWGN problem analyzed in
this paper iso;2Iy. Thus the Cramér-Rao bound can be thought as a function lgftba latter two
guantities.

Because there is no global lower bound on the performancéastd estimators, a general treatment
is not possible. Hence, the utility of the biased Cramés-Baund is best demonstrated via an example.
Due to its popularity in wavelet-based estimation techegjuve shall first focus our attention on hard

thresholding estimators.

1. ANALYSIS OF HARD THRESHOLDING

A hard thresholding estimator acts on each basis coefficbservation{y,,}"_, independently and

n=1
estimates the true value of each signal basis coefficiemtrditg to
0, if ‘yn’ <T;
B (yn) = (13)
Yn, If ‘yn’ >T,
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Fig. 1. The input/output relation of a hard thresholdingreator.

bn (xn)/aw

a?n/(fw In/o'w
(a) Bias (b) Mean-square error

Fig. 2. The bias and mean-square error of a hard thresholfitijmator as a function of the true value of the parametee. Th
mean-square error is normalized to the variance of the nuibereas the bias and the parameter values are normalizéeé to

standard deviation of the noise, such that all axis var&ahle dimensionless.

whereT > 0 is called thethreshold, as shown in Figurg] 1. Note that, because the estimator acsach
coefficient separately and because the noise on each ceeffisiindependent in the AWGN estimation
problem, we can restrict our analysis to the scalar estimatase with no loss of generality.

The hard thresholding estimator differs from the maximikelihood estimator in[(11) only when the
observationy,, has absolute value less than the thresholdn this case the hard thresholding estimator

estimates the true value of the underlying signal,aand this squelching action introduces a bias given
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oy

T
bM(2,) = — /T Y pw(y — zn) dy, (14)

wherep,,(y) = exp(—y?/202)/+/2702. This bias is plotted in Figure 2{a) for various thresholtles.
Note that the bias is anti-symmetric; i€ (x,) = —bM(—z,).

The mean-square error is found to be
msé"(z,) = 02 — 22,61 (z,)

T
—/ Y2 pu(y — ) dy. (15)
T

It is worth identifying the terms contributing to this expsion. The first term on the right hand side of
(15) is the mean-square error obtained when a maximumHiked estimator is used. The middle term
is always positive and therefore always increases the regaare error above the minimum mean-square
error achievable with an unbiased estimator. On the othedhtihe rightmost term is negative, hence
it reduces the mean-square error. Therefore, the overdibrpgance of a hard thresholding estimator,
relative to the maximume-likelihood estimator, is deteradrby which of the latter two terms has greater
magnitude. Figur¢ 2(b) plots the mean-square error nozewlio the variance of the noise, against
the true value of the parametey, normalized to the standard-deviation of the noise. The égimows
that the performance of a hard thresholding estimator dipen the value of:,,. Recalling that the
maximum-likelihood estimator has mean-square error etguaf, independent of:,,, we observe from
the plots that whem,, is within approximately one standard-deviationOpthe mean-square error of the
hard thresholding estimator is less than that of the maxiikefihood estimator. On the other hand, if
xn, > T, then the mean-square error approaches that of the maxiikelihood estimator, because the
probability that the noise will push the observation inte tlegime of thresholding becomes very small.
However, in the intermediate regime of,, when the true value of the signal is on the same order as
the threshold, the mean-square error of the thresholditiga®r is worse than the maximum-likelihood
estimator, because the noise can push the observatiomas sitle of the threshold, leading to significant
errors in the estimate.

We can utilize the Cramér-Rao bound for biased estimatogsiin further insight into hard thresholding.
Figure[3 compares the normalized mean-square error of atheggholding estimator to the unbiased

and biased Cramér-Rao bounds, as well as the “optimal eSrémlver bound obtained in [12, Ch. 10]

3Because the explicit expressions of the bias and meaneguior are cumbersome, we shall defer them to Appdntlix A and

state here instead concise integral expressions for thesgities.
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Fig. 3. The mean-square error of a hard thresholding estinwith 7' = 20, together with the unbiased Cramér-Rao bound
(CRB,U), the biased Cramér-Rao bound (CRB,B) for all eatars with bias given by{"(z,,), and the “optimal oracle” bound
(OR) derived in [12, Ch. 10] (see Appendi¥ B). Because thal Haresholding estimator is biased, its mean-square eeor ¢

go lower than the unbiased Cramér-Rao bound.

and reproduced in Appendix| B for convenience. Notice from figure that the oracle bound is a very
weak lower bound which does not capture the oscillatory hiehaf the hard thresholding mean-square
error. On the other hand, the Cramér-Rao bound—a lower ddamnall estimators with bias given by

(14)—follows the same oscillatory trend as the hard thrieihg mean-square error. In the scalar AWGN

case, the biased Cramér-Rao bound simplifies to

2
MS6,(wn) = b2 () + 02 (1+ 52 bu(wn) ) (16)

which dependsnly on the bias and its derivative with respectatg. Hence, the oscillatory behavior of
the hard thresholding mean-square error is primarily a @egmence of ithias. From Figurg 2(a) we can
verify that the improvement in mean-square error fgr~ 0, is due todb{"(x,,)/0z,, < 0, whereas
both |b, (z,,)| > 0 and 96" (x,,) /0z,, > 0 contribute to the peak in the mean-square error.

We can further exploit the bias dependence of the mean-saqraor to improve the performance of

the estimator on a sequence of coefficients with a given dextay We develop this in the next section.

IV. ALTERNATIVES TOHARD THRESHOLDING

As evidenced in hard thresholding estimators, the biasspagignificant role in determining the mean-

square error behavior of an estimator. This dependencedes éxploited in previous work to improve
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(a) Piecewise-linear (b) Semisoft shrinkage

Fig. 4. The input/output relations for two alternative @etise-linear estimators.

the mean-square error performance—with respect to theasetiiCramér-Rao bound—over the entire
parameter space [15]. Here, we shall instead aim at impgavia average error performance of the hard
thresholding estimator when applied to multiple basis fogehts with known decay rate.

In this section we consider two piecewise-linear estimgtibrat generalize the hard thresholding

estimator. The first is given by

ayp, if lyn| <T

P (y,) = (17)

b Wl =T
wherea € [0,1] andn = 1,..., N. From the input/output relation of the piecewise-lineatineator
shown in Figuré 4(d), it is clear that = 0 corresponds to hard thresholding, whereas 1 yields the
maximum-likelihood estimator. Thus, the slope of the limgment overy,, € [-7,T] is a degree of
freedom in the piecewise-linear estimator that encomalssth the maximume-likelihood estimator and
the hard thresholding estimator as special instances.

The bias of this estimator is given by
b (2,) = (1 = )b (), (18)

and because < (1 — «) < 1, the bias and its derivative have smaller magnitude in coispa to hard

thresholding, as can be verified from Figlire b(a). The mepms® error is given by
mséf')(g:n) =02 —(1— oz)anbg“)(xn)

T
(1 a?) / P puly =) d (19)
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and is plotted together with the mean-square error from traesholding in Figurg 5(b). It is clear from
the plot that the piecewise-linear estimator has bettestamase mean-square error than hard thresholding,
but this comes at the price of worse best-case mean-square er

The second estimator we consider here is the “semisoftlsdgai’ estimator [13] which replaces the

discontinuities in the hard thresholding estimator witlin@ér segment connecting the left and right limit

points, i.e.,
0, if |yn| < To;
5 yn) = 1 Blyn — sOr(yn)To) it To < ly| < T; (20)
Yn, if |yn| > T,

where = T/(T — Tp) > 1 denotes the slope of the line segment shown in Figurg 4(lo), an

1, y >0
sgny) =40, y=0 (21)
-1, y<0

is the signum function. Note that the shrinkage estimatduces to hard thresholding whé&h= T, but
it does not otherwise encompass the piecewise-linear astinm [17).
The bias and mean-square error expressions for the shanisiimator are less tractable than the

previous case. Nonetheless, its bias can be expressed as
T
49e0) = 009 +6 [ (v =T0)
Ty
X (pw(y - xn) - pw(y + xn)) dy, (22)

and is plotted in Figurgé 5(p) together with those obtainednfthe estimators introduced thus far. The

mean-square error of this shrinkage estimator takes onotime f

msésS\(z,,) = msd™(z,)) + f(zn) + f(—y) (23)
where
T
flz) = /T (B*(y — To)* — 22B(y — To)) puwly — x) dy. (24)

This mean-square error is compared to that of the previotimasrs in Figuré 5(B). It is seen that the
shrinkage estimator has similar error to that obtained f{@#), but the peak of the oscillation is slightly

skewed.
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- = HT
25 » " PL
1 (A= = =58

2 JRNSNIS

bn(x’n)/o—w
mse, (z,,)/02,

:L'n/gw xn/o'w
(a) Bias (b) Mean-square error

Fig. 5. The bias and mean-square error of the two piecewised estimators (PL, SS) and the hard thresholding (HTinesor
are plotted as a function of the true value of the signal odefit. All axis variables are normalized to be dimensiales

T = 20, for all of the plots,a = 0.5 is the slope of the piecewise-linear estimator, &bd= 0.57 for the shrinkage estimator.

To demonstrate that piecewise-linear estimation imprqyedormance over hard thresholding, we
return to the vector-valued AWGN estimation problem and pare the mean-square error per symbol
obtained with a hard thresholding estimator and with thepieaewise-linear estimators introduced above.
We assume that there aré basis coefficients to be estimated from the same number @&reditsons.
Furthermore, because both estimators have symmetric sggaare error as a function of the true value
of the parameter, we shall assume with no loss of generality:, > 0 for all n = 1, ..., N. Finally, we
assume that the true values of the coefficients—when sofesle-a decay rate governed by a generalized

Gaussian function, i.e. we assume the coefficient sequengeen by
2 = r(p)e” A (25)

forn=1...,N, wherep > 0 is the decay rate;(p) > 0 is a scaling factor such that the energy of the
sequence is equal for all valuesmfand the closest integer tig/ )\ is approximately the~! attenuation
point of the coefficients. The signal-to-noise ratio of sackequence is defined as the ratio of the total

signal energy to the total noise energy, i.e.
N 2
SNR= % (26)

Recall that the estimators act on each coefficient sepgrared the noise on each coefficient is

October 30, 2018 DRAFT



12

independent. Therefore, for both estimators, the total msemare error is equal to the sum of the

mean-square error from each coefficient, i.e.

N
E[I3™(y) - 2| ZE[ —a)?], 27)

where method m is ht for hard thresholding, pl for piecewisedr, or ss for semisoft shrinkage.

Furthermore, the average mean-square error per symbofiredes

E[12™(y) — z|*]/N. (28)

Figure[® plots the average mean-square error obtained fnenthree estimators as a function of the
decay rate of coefficients whew = 101, A = 0.04 and all the degrees of freedom for the estimators are
optimized; i.e. the optimization is carried out ovErin (13), « andT in (17), and7, andT in @G)H

The plot shows that the average mean-square error impravealifvalues of the decay rate when
either of the piecewise-linear estimators is utilized iaga of the hard thresholding estimator. Let us
consider the limiting cases. The histogram foe 75 shows that for fast decay rates the coefficients are
clustered into two groups: a significant number of the coefiits are very close t0, while the remaining
coefficients are grouped at a large value determined by the 8Nhe signal. Consequently, very few
coefficients are in the intermediate region. Such a histograideal for hard thresholding because the
optimum threshold aligns the region with significant megoase error in the gap between the two sets of
coefficients. Thus, the error incurred per large coeffici®tomesr?2, (the maximum-likelihood estimator
limit), whereas coefficients that are approximatelyield error that is a fraction of2. In this regime, the
optimal slopex in (I7) approaches, while the optimal threshold equals that of hard thresimgdHence
the mean-square error from the two estimators converge for 1. On the other hand, the smoother
transition at the thresholding boundaries in the semidafinkage estimator reduces the error incurred
from the few coefficients that fall within the intermediatgyion, without significant impact on the errors
incurred from the two main clusters of coefficients. Henae,f > 1 the shrinkage estimator slightly
outperforms the other two estimators.

In the opposite limiting case, the slow decay rate implieg the coefficients will be more spread out
over the parameter space, as evidenced by the histogram=far. Consequently, the error incurred from

the coefficients with intermediate values becomes pratdhit large when either the hard thresholding or

4All coefficient sequences (each with differgitwere normalized to the same energy (to attain identical 8N sequences),
where the normalization constant was chosen such that theskacoefficient over alp was 100,,. Then, the optimization was

performed numerically (using the analytical expressiamsrgin AppendiX4), given the constraints € [0, 1] andT > T, > 0.
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Fig. 6. Mean-square error per symbol of the three estimatoadyzed herein. The dash-dotted (blue) curve is the mgaars
error of hard thresholding estimators, the solid (red) eussthat of piecewise-linear estimators of foiml(17), anel dashed
(green) curve is the mean-square error of semisoft shrankatimators. Histograms refer to signal coefficients wibay rate

p =1 andp = 75 respectively. Optimization over threshold values andeslisgperformed numerically from analytic expressions
(see footnotet for details). Parameter values ake= 101, A = 0.04 and SNR%0.7dB.

the shrinkage estimator is utilized. Hence, the optimaghold parameters for both of these estimators,
whenp < 1, leads to the maximume-likelihood estimator (iZ8.= 0 for hard thresholding andj = 0

for shrinkage). On the other hand, the optimal values forpileeewise-linear estimator ib_(17) turns out

to be a large threshold value combined with a slope slightialer than unity. Therefore, an estimator

that is linear over a significant portion of the coefficiertigf with a more conservative slope than the

maximum-likelihood estimator, reduces the average meaasg error in comparison to the that obtained
from the maximum-likelihood estimator. This result is neottieely unexpected, as it has been shown
previously that a (biased) linear estimator with slope ts& unity performs better than the maximum-

likelihood estimator over the entire parameter space [ltbihe case considered herein, the slow decay
rate implies that the coefficients will be spread out over paeameter space, thus the estimator that
minimizes the average mean-square error per coefficient pauform well over a large subspace of the

parameter space, and this is consistent with the optimizatiterion considered in [15].

The optimal values of the degrees of freedom for all threemadors are plotted in Figurel 7 as a

function of the decay ratg.
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Fig. 7. The optimum slope of the piecewise-linear estimatmd the optimal threshold values of all estimators are guiots
a function of the decay rate of the signal coefficients. Valaee determined numerically from analytical expressiamsngin
Appendix[A. ‘HT’ denotes the hard thresholding estimat®M,‘is the piecewise-linear estimator i {17), and ‘SS’ desathe
semisoft shrinkage estimator. Parameter valueshaee 101, A = 0.04 and SNR%0.7dB.

DRAFT October 30, 2018



15

V. DISCUSSION

In this paper we have provided an estimation theoretic safdyon-random signal estimation in order
to deepen our understanding of some of the common resultsuatered in wavelet-based estimation
technigues. We focused on the problem of estimating theslmgiansion coefficients of a signal when
the coefficients are corrupted with additive white Gaussiaise.

The main results developed in this paper can be summarizél@ass. The mean-square error lower
bound that applies to unbiased estimators indicates thaaiiestimation is optimal, and furthermore,
the basis choice for decomposing the signal does not affggaghal performance. This is, of course, an
expected result. Optimal processing of Gaussian randornongecs always linear. Furthermore, if one
obtains an optimal solution in one basis, a hon-singularsfiaamation of the coordinate-system does not
affect the minimum achievable mean-square error, becdugseptimal estimator in the new basis will
simply invert the transformation and apply the former eatwn to achieve the same minimum.

The results for biased estimators however differ notabbmfrthose for unbiased estimators. Our
analysis of hard thresholding as an example of a biased astirshows that biased estimators are not
constrained by the unbiased version of the Cramér-Raoddturthermore, the extension of this bound
for biased estimators does not yield achievable lower bsonderformance. Hence, optimality arguments
for biased estimators are inevitably more heuristic. Ouallysis for hard thresholding demonstrated
that basis representation indeed does affect performahes wuch an estimator is used, as the basis
coefficients must be well separated into values that are gkrye to zero (approximately within one
standard-deviation of the noise) and values that are Ilas@gmificantly larger than the noise standard
deviation and the threshold value) to obtain mean-squaw emaller than the error of a maximum-
likelihood estimator. In other words, the decay rate of ezl basis coefficients must be fast. Therefore,
for the class of signals that have fast-decaying wavelefficamnts, wavelet-basis decompositions in
conjunction with hard thresholding will be effective in désing the observed signal.

Nevertheless, the Cramér-Rao bound for biased estimptovédes additional information on how the
bias of an estimator affects mean-square error performdncgarticular, through our analysis of this
bound for the hard thresholding estimator we motivated guigge-linear estimators and subsequently
demonstrated that they achieve smaller average meanesguar when the decay rate of the coefficients
are governed by a generalized Gaussian distribution.

In summary, although prior literature provides abundaiaiysis on the reduction of mean-square error

by utilizing wavelet basis expansions and thresholdingredors, additional insight can be obtained by
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connecting the recent advances in wavelet-based techmigite more traditional estimation theoretic
analysis. In this paper we have provided such a connectimugih non-random signal estimation theory
for the AWGN problem, and we have used our analysis to demeesthat piecewise-linear estimators

improve the average mean-square error attained via haegdhbiding.

APPENDIXA

ANALYTICAL EXPRESSIONS FORBIAS AND MEAN-SQUARE ERROR INHARD THRESHOLDING

Let us define
zg = (zn+T)/(V20u4), (29)
zp = (tn = T)/(V20u). (30)
Evaluating the bias for the hard thresholding estimatomfid4) gives
W (@) o = (2m) 2 (e7h — 77
—(2n/0w)(Q(zD) — Q(xs)), (31)

where

Qx) =n1/? /OO e Vdt. (32)

T

The mean-square error, on the other hand, is obtained fr&nad
msel"(an) /07, = 1+ (2n/0w)*(Q(zp) — Q(zs))
+5 (590 Tine (45, 3/2) 508 )Tine(3,3/2) ). 33
where sgiz) is defined in[(2L), and
Tine(7,3/2) = 2/V7 /O ' t1/2etdt (34)

is the Gamma distribution of ord&y/2.
To provide analytical expressions for the shrinkage estimae must define two new dimensionless

variables,

§s = (:L'n + TO)/(\/io'w)> (35)
Ep = (zn — TO)/(\/iaw)- (36)
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Now the bias is given by

bfs)(xn) = Bbgm(wn;TO) — (B - 1)bg1t)(xn?T)

— BTo(Qzp) — Q(ép) + Qlas) — Q(Es)), (37)

where the second argumentift? indicates the threshold value. The mean-square error esipre(23)

depends on (33) and the function

fx)/ BP0y, =
(w0(1 = 2T/ T)e™" — (€5 —V2Toa/ (0, T)) e~ ) V7
+ (1 —2¢p(¢s—V2Thz/ (awT))) (Q(zp)—Q(Ep)). 38)

APPENDIX B

“OPTIMAL ORACLE” BOUND

We simply reproduce the derivation in [12, Ch. 10]. Considescalar estimator of the form
I(y) = ay, (39)
wherea € R is deterministic, for the scalar AWGN estimation problerhem
E[(#(y) — 2)%] = d®02 + (1 — a)*z”. (40)

Differentiating this expression with respectdaand setting it td), we find the value that minimizes the

mean-square error as

x2

= 41
aopt xz + 0_121)7 ( )
and the minimum mean-square error is
2.2
g,,T
min Ef(ay — z)?] = =2, 42
min B[(ay — )] 22 + 02, (42)

Equation [(4R) is the oracle bound used in [12, Ch. 10] andeuain Figure B. Because,,: depends on
x (which is unknown), such an estimator is not feasible. Hahi®mean-square error is not achievable

by any feasible estimator of form given in_{39).
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