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Abstract: In contrast to traditional financial advising, robo-advising needs to elicit

investors’ risk profile via several simple online questions and provide advice consistent with

conventional investment wisdom, e.g., rich and young people should invest more in risky

assets. To meet the two challenges, we propose to do the asset allocation part of robo-

advising using a dynamic mean-variance criterion over the portfolio’s log-returns. We obtain

analytical and time-consistent optimal portfolio policies under jump-diffusion models and

regime-switching models.

JEL codes: G11, D81, C61.

Key words: FinTech, dynamic mean-variance, time-consistence, time-varying mean re-

turns

1 Introduction

Robo-advising first appeared in 2008 (according to Investor’s Business Daily, June 27, 2016),

aiming to provide automatic financial advice to the general public. While traditional, person

to person, financial advisors aim at providing tailored and comprehensive (often including

tax and estate planning and advising on insurance needs) financial advice to (perhaps mostly
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rich) investors, robo-advisors give automatic professional advice on asset allocation choices,

targeting thousands of, if not millions of, ordinary investors.

This paper focuses on the asset allocation part of robo-advising. Thus, we shall not discuss

other parts of robo-advising, such as tax and estate planning and insurance needs. Further-

more, we shall not study another related automatic investor service, namely trading stations,

which help ordinary investors design algorithms to trade assets in low or high frequencies

automatically.

To do the asset allocation part of robo-advising, we significantly extend a time-consistent,

dynamic portfolio choice model with the mean-variance criterion for log-returns (hereafter

log-MV criterion, for short) proposed by Dai et al. [8] to more realistic settings such as jump-

diffusion and regime-switching. There are three advantages of the proposed model. First, the

model can elicit the investors’ risk profile by asking investors to input their desired expected

returns. Second, we prove that the model leads to an asset allocation satisfying conventional

investment criteria, including the three criteria (a)-(b) mentioned below. Third, the model

can generate useful outputs that may help educate investors, as the optimal portfolio strategy

is obtained analytically and is time-consistent. The time consistency is important because it

can avoid some potential confusion for the general public.

Background. Thanks to the rapid development of computer technology and mobile IT

applications, there is a growing trend for major companies to start to build robo-advising

systems and attempt to reproduce or beat the results from the traditional financial advising,

as part of efforts to serve more customers effectively and to reduce costs. As estimated by the

U.S. News & World Report (October 5, 2017), as of October 2017, robo-advisors had $224

billion in assets under management. For example, Vanguard Group and Charles Schwab

Corporation had about $83 billion and $19 billion in assets under management related to

robo-advising in September 2017, respectively (Forbes Magazine, September 12, 2017).

There are some commonalities between the asset allocation part of traditional financial

advising and that of robo-advising. For example, both need some clients’ information, such as

risk profile, investment amount, and investment horizon, before providing investment advice.

However, there are several distinct requirements related to the asset allocation part of robo-

advising.

First, a robo-advisor must effectively identify clients’ risk profiles based on simple inputs
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of clients. A robo-advisor does not have the luxury of a traditional financial advisor, who can

talk to a client personally for an extended period (e.g., one hour) and can ask many questions

to engage the client to extract his/her risk profile. Furthermore, many times the clients of

traditional advisors may even have substantial financial knowledge, e.g., the meaning of utility

functions. A typical robo-advisor can only ask the client to input answers (via the Internet)

to some questions understandable to the general public. In this paper, for robo-advising we

propose to ask a client several simple questions such as the client’s expected portfolio returns

and the investment time horizon.

Second, to convince the general public, a robo-advising system needs to provide recom-

mendations consistent with conventional investment wisdom, as clients can easily change

their inputs on the Internet to test the system’s effectiveness. For example, suppose that the

system suggests 60% of the total money in stocks and 40% in bonds when a client inputs

five years investment horizon. However, if the client immediately changes the online input

of the investment horizon to 15 years and the system adjusts the recommendation to 50% in

stocks and 50% in bonds, then the client may lose trust in the system, as the conventional

investment wisdom suggests that, to the contrary, people having longer investment horizon

should invest more proportion of their wealth in stocks.

There are at least three such rules of the conventional investment wisdom: (a) Rich people

should invest more money in risky assets. (b) The longer the investment horizon, the more

the proportional amount of money invested in risky assets. (c) For long-term investment,

people should not short sell major stock indices, whose returns are higher than the risk-free

rate.1 Though simple as they are, these three fundamental rules pose challenges to existing

portfolio theories. For example, in the standard Merton’s utility maximization model [14]

with a power utility under the geometric Brownian motion model, the optimal strategy is to

invest a fixed proportional amount of money in risky assets independent of the time horizon,

thus violating Criterion (b). Two dynamic extensions of the classic one-period mean-variance

analysis in Markowitz [13] by Basak and Chabakauri [2] and Björk et al. [4] do not satisfy

Criterion (a) and (c), respectively.

Third, the advice of robo-advisors should also contain outputs that may be helpful to

educate investors. For example, the outputs may give guidelines of (i) the dynamics of the
1Of course, for the last two rules to hold, one needs some reasonable assumptions.
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expected portfolio strategy across time for a particular investor; (ii) the cross-sectional port-

folio strategies for investors with different investment horizons at time 0; (iii) the changes in

the portfolio strategy for a particular investor, should the estimated stock returns vary. For

items (i) and (ii), it is beneficial to consider time-consistent portfolio strategies, as, for these

strategies, ceteris paribus, items (i) and (ii) will be identical at time points in the future.

However, for time-inconsistent strategies (e.g., pre-committed mean-variance strategies), the

two, ceteris paribus, may not be identical at future time points, thus creating potential con-

fusion for the general public. To avoid such confusion, we focus on time-consistent strategies.

Literature Review. There are two related papers on the asset allocation for robo-

advising. Capponi et al. [5] develop a human-machine interaction framework by designing an

adaptive mean-variance control model, where the robo-advisor allows the clients to randomly

update their risk preferences at given interaction times between the human and the machine.

Strub et al. [15] propose a mean-variance induced utility framework, where a new notion of

potential-aversion is introduced to separate downside from upside deviations.

In addition to some setting differences listed in Table 1, the main difference is that we

give an explicit formula to elicit clients’ risk aversion in a complete market. The robo-advisor

can obtain the client’s risk aversion level only by asking their expected return rates, given

several simple market parameters in the complete market. Based on these parameters, the

robo-advising system then gives the allocation strategies in the practical market (may be

incomplete).

Table 1: A comparison of key literature

Objective Dynamic optimization Eliciting risk aversion

Capponi et al. (2019) mean-variance with updating discrete time N/A

risk aversion

Strub et al. (2019) mean-variance induced discrete time N/A

quadratic utility

This paper mean-variance for log-returns continuous time explicit formula

A technical difficulty is that under incomplete market settings (as in the stochastic volatil-

ity model and the Gaussian mean return model), the relation between the mean-variance
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preference parameter and the expected annual target return may not be constant. For exam-

ple, in the time-varying Gaussian mean return model, given a fixed mean-variance preference

parameter and reasonable market parameter values, the annual target return associated with

our optimal strategy increases with the market price of risk. Intuitively, this is because in-

vestors request a higher target return when the market has overall good performance. Indeed,

as shown in Dai et al. [8], in general, the relation between the mean-variance preference pa-

rameter and the annual target return in an incomplete market may depend on the investment

horizon and the stochastic state variables as well as market parameters. However, assuming

that the mean-variance preference parameter in our dynamic mean-variance model is fixed

for an individual investor, we can identify the parameter through the annual target return

in a hypothetical complete market with constant market parameters (namely, the standard

geometric Brownian motion model).

2 The Models

This section extends the log MV model in Dai et al. [8] to a jump-diffusion model and two

regime-switching models.

2.1 The complete market model

For an easy comparison, we first recall the complete market model established in Dai et al.

[8]. We start with a market in which two assets are available for investment: a riskless asset

(bond) with an interest rate r and a risky asset (stock) whose price evolves according to

dSt = µStdt+ σStdBt,

where the drift rate µ and volatility σ > 0, together with the interest rate r, are all constant,

and Bt is a standard Brownian motion. A self-financing wealth process Wt can be described

by
dWt

Wt
= [r + (µ− r)πt] dt+ σπtdBt,

where πt is the fraction of the total wealth invested in the stock, standing for an admissible

trading strategy adpated to the Brownian motion filtration, and E[
∫ T
0 |σπt|2dt] < +∞.
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We denote the log return Rt := lnWt, which satisfies

dRt =

[
r + (µ− r)πt −

1

2
σ2π2

t

]
dt+ σπtdBt.

The problem is to maximize the objective function

Et

[
RT

]
− γ

2
V art

[
RT

]
, t ∈ [0, T ), (1)

over the set of admissible strategies At defined by

At =

{
πs = π(s,Rs) : Et

[∫ T

t
|σsπ(s,Rs)|2ds

]
< +∞

}
,

where γ > 0 is the risk aversion level of an investor, and the operators Et and V art are the

conditional expectation and conditional variance, respectively.

Since the MV problem (1) is time-inconsistent, we aim to seek an equilibrium solution; see

Basak and Chabakauri [2], Björk et al. [3], and Dai et al. [8] for the definition of equilibrium

solution. In Dai et al. [8], the resulting equilibrium strategy is obtained as

π̂ ≡ µ− r

(1 + γ)σ2
. (2)

Furthermore, the annual target return associated with the equilibrium strategy is constant,

namely,
1

T − t
Et[R

π̂
T −Rπ̂

t ] ≡ â =: r +

(
1

1 + γ
− 1

2

1

(1 + γ)2

)
θ2, (3)

where θ = (µ− r)/σ and â ∈ (r, r + 1
2θ

2). Note that (3) can be rewritten as

γ =
1

1−
√

1− 2(â− r)/θ2
− 1, (4)

which indicates a one-to-one mapping between the mean-variance preference parameter γ and

the expected annual target return â.

In asset allocation for robo-advising, it is desirable to elicit investors’ risk profile via

several simple online questions. Equation (4) provides a simple way to elicit γ using only

an investor’s expected annual return and three market parameters µ, σ, and r, under this

hypothetical complete market.
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2.2 The jump-diffusion model

To illustrate the effect of jumps to the log MV model, we assume constant volatility and a

constant proportional jump size for the stock return. More precisely, the stock price evolves

according to the following jump-diffusion process:

dSt = µStdt+ σStdWt + St−βdN(t),

where β is the constant proportional jump size that has support on (−1,∞), and N(t) is

an independent Poisson process with deterministic jump rate λ(t). Then the wealth process

follows

dWt = (r + (µ− r)πt)Wtdt+ σπtWtdBt +Wt−βπtdN (t) .

Since the wealth process is a geometric Lévy process, the log-return, denoted by R, is

dRt = d lnWt =

(
r + (µ− r)πt −

1

2
σ2π2

t

)
dt+ σπtdBt + ln (1 + βπt) dN (t) .

The reward function is the same as (1). Let π̂ be an equilibrium strategy for all players on

[t, T ]. We have the following analytical solution.

Proposition 1 Assume the above jump-diffusion model. An equilibrium strategy is given by

the following algebraic equation:

π̂(t) =
µ− r

(1 + γ)σ2
+

βλ(t)

(1 + γ)σ2

1 + ln (1 + βπ̂(t))−γ

1 + βπ̂(t)
. (5)

The first term is the myopic demand as in (2). The second term arises due to the jump,

and it disappears when either the proportional jump size β = 0 or the jump intensity λ = 0.

As a comparison, the optimal policy ϕ∗(t) obtained in Liu et al. [11] for the CRRA utility

with index γ̃ = 1 + γ is given by an implicit solution

ϕ∗(t) =
µ− r

γ̃σ2
+

βλ

γ̃σ2
(1 + βϕ∗(t))−γ̃ . (6)

Figure 1 gives a numerical comparison of the optimal trading strategies under the two models

for different jump size β.
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Figure 1: Optimal percentage allocation in stock against jump size for the jump-diffusion

model with the log-MV criterion. As a comparison, the dashed line plots the optimal per-

centage allocation with the CRRA utility optimization. Parameters: γ = 3, γ̃ = 4, r = 0.03,

µ = 0.1, σ = 0.15, and λ = 0.6.

2.3 Regime switching

The concept of regime-switching allows us to model different market scenarios such as bull

and bear markets in which model parameters may differ significantly. Regime switching under

the mean-variance criterion with pre-commitment strategies has been investigated by Zhou

and Yin [17], while Cai et al. [6] consider portfolio choice with regime-switching, Epstein-Zin

recursive utility and capital gains tax. Here we study regime-switching models under the

log-MV criterion for time-consistent equilibrium strategies.

Let {α (t)}t≥0 be a continuous-time stationary Markovian chain taking values in a finite

state space {1, . . . , N}. For each modes i ∈ {1, . . . , N}, the stock price evolves according to

dSi
t = µi

tS
i
tdt+ σi

tS
i
tdBt,

where Bt is a standard Brownian motion, and the drift rate µi
t = µi(t,Xt) and volatility

σi
t = σi(t,Xt) > 0, together with the interest rate rit = ri(t,Xt) may depend on the current

states of other factors. The state processes follow,

dX i
t = mi

(
Xi

t

)
dt+ νi

(
Xi

t

)
dBXt.
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The two Brownian motions Bt and BXt are correlated with correlation ρ. Assume the Marko-

vian chain α (t) is independent of Bt and BXt. This is consistent with most real-life markets

in that α is viewed as a macro-economy index whose changes are not affected by individual

stocks, while the index plays a role in individual stocks through market parameters.

The Markovian chain has a generator Q = (qij)N×N with stationary transition probabil-

ities, i.e.,

pij (t+ s) = P (α (t+ s) = j |α (t) = i) for s, t ≥ 0, i, j = 1, . . . , N

and density

qij =
d

ds
pij (t+ s) |s=0.

Note that pii (t) = 1, pij (t)i ̸=j = 0 and qii (t) ≤ 0, qij (t)i ̸=j ≥ 0 for i, j = 1, . . . , N , and∑
j
qij = 0 for given i. “qii = 0” means no change for regime i, while “qii < 0” implies a

possibility to switch.

Denote by R (t, i) , i ∈ {1, . . . , N} the log-return of state i:

R (T, i) = R (t, i) +

∫ T

t

(
ris +

(
µi
s − ris

)
πi
s −

1

2
(σi

sπ
i
s)

2

)
ds+

∫ T

t
σi
sπ

i
sdBt.

The objective function for state i is

J(t, Ri, X i, πi, i) = Et,i

[
Rπi

T

]
− γi

2
Vart,i(R

πi

T ), i ∈ {1, . . . , N} .

Let π̂i be an equilibrium allocation for state i. In the next proposition, we present the

solution, whose proof is given in the appendix.

Proposition 2 Assume the above regime-switching model. An equilibrium strategy is given

as follows:2

π̂ (t,Xt, i) =
µi
t − rit

(1 + γi) (σi
t)

2
− ργiν

i
t

(1 + γi)σi
t

∂f i

∂X
, (7)

where f i(t, x), i ∈ {1, . . . , N} satisfy the following PDEs:

∂f i

∂t
+ (mi −

γ2i ρν
i
t

(
µi
t − rit

)
(1 + γi)

2 σi
t

)
∂f i

∂x
+

1

2

(
νit
)2(∂2f i

∂x2
− γ2i ρ

2

(1 + γi)
2 (

∂f i

∂x
)2
)

+
(2γi + 1)

2 (γi + 1)2

(
µi
t − rit
σi
t

)2

+
N∑
j=1

qijf
j(t, x) = 0, (8)

subject to f i (T, x) = 0.
2Here we assume the square integrability of π̂ under some mild conditions on µi and σi.
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Three remarks are in order. First, f i, i = 1, ..., N , are interconnected in the last term

of equation (8). Second, the two terms in (7) are the myopic term and inter-temporal hedg-

ing term, respectively. The inter-temporal hedging term arises because the risk of regime-

switching is unhedgeable. Third, our numerical results will demonstrate a cross-regime effect

that investors tend to raise stock investment in a bull regime so as to seize a good opportunity

to achieve a better risk premium and reduce in a bear regime to lower the risk (variance).

The PDE in (8) can be reduced to ordinary differential equations in some interesting

cases, two of which are presented below.

2.3.1 Regime switching with time-varying Gaussian mean return

Now let us consider the time-varying Gaussian mean return model in which the stock price

Si
t and the market price of risk Xi

t are governed by, for each i ∈ {1, . . . , N},

dSi
t

Si
t

= (ri + σiX
i
t)dt+ σidBt, (9)

dX i
t = λi

(
X̄i −Xi

t

)
dt+ νidB

X
t , (10)

where ri, σi, λi, νi, and X̄i are all positive constants.3 Dynamic portfolio choice under the

time-varying Gaussian mean return without regime-switching or its special case has also been

widely studied by Merton [14], Kim and Omberg [10], Campbell Viceira [9], Wachter [16],

Basak and Chabakauri [2], and Dai et al. [8].

Here under the mean-variance criterion for the log-returns, we get the following results

for the above Gaussian mean returns model with regime-switching, as the PDE in (8) can be

reduced to ordinary differential equations.

Corollary 1 For each state i, an equilibrium allocation is

π̂
(
t,X i

t , i
)
=

Xi
t

σi (1 + γi)
− ργiνi

σi (1 + γi)

(
2A (t, i)Xi

t +B (t, i)
)
, (11)

where the functions A (t, i) and B (t, i) satisfy the following nonlinear ODE systems: for

t ∈ [0, T ), i ∈ {1, . . . , N},
dA
dt (t, i)− 2

(
λi +

ργ2
i νi

(1+γi)
2

)
A (t, i) +

2ρ2γ2
i ν

2
i

(1+γi)
2 A

2 (t, i) + (2γi+1)

2(γi+1)2
+
∑N

j=1 qijA (t, j) = 0,

A (T, i) = 0,
(12)

3For latter analysis, we always assume E
[
Xi

t

]
= X̄i for all t. That is, X̄i is the statistic mean value of Xi

t .
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
dB
dt (t, i)−

(
λi +

ργ2
i νi

(1+γi)
2 +

2ρ2γ2
i ν

2
i

(1+γi)
2 A (t, i)

)
B (t, i) + 2λiX̄

iA (t, i) +
∑N

j=1 qijB (t, j) = 0,

B (T, i) = 0,
(13)

From equations (11)-(13), we know that π̂ (t, i) depends on coefficients in other regime

states in a subtle and aggregated way. Equations given by (12) and (13) are a system of

linear ODEs that can be easily numerically solved, e.g., via the Matlab solver “ode45”.

Figure 2: The equilibrium percentage allocations in stock and percentage hedging demands for

different market regimes under the time-varying Gaussian return model. The solid line (πo)

corresponds to the case without regime-switching, while the dashed lines (π̂bull and π̂bear)

correspond to the case with regime-switching. Default parameters are γ1 = γ2 = γ = 3,

σ1 = 0.1313, σ2 = 0.26, σ = 0.15, X1
0 = X̄1 = 0.3119, X2

0 = X̄2 = 0.1575, X0 = X̄ = 0.273,

ρ = −0.93, ν1 = ν2 = ν = 0.065, λ1 = λ2 = λ = 0.27, q1 = 0.2353, and q2 = 1.7391.

The volatility parameters σ1, σ2 and the intensity parameters q1, q2 are taken from Ang and

Bekaert [1]. The state variables X̄1 and X̄2 are constructed such that σ1X̄
1 = σ2X̄

2 = σX̄.

Hence the market always has the same expected return rate. Other parameters are taken

from Wachter [16] for the U.S. equity market.

With two possible market modes, a bull market and a bear market, the optimal allocations

and hedging demands (the second term in (11)) in different regime states are demonstrated

in Figure 2 with the density matrix of transition probabilities Q =

 −q1 q1

q2 −q2

, where

q1 = 0.2353 and q2 = 1.7391.
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When there is regime-switching with a negative correlation between the stock return and

the dividend process, both the stock allocations and the hedging demands are larger (smaller)

than those without regime-switching in a bull (bear) market. This is consistent with that in

actual financial markets (see, e.g., Wachter [16]), as investors tend to raise stock investment

in a bull regime to obtain a high risk premium and reduce stock investment in a bear regime

to lower risk.

2.3.2 Regime switching with stochastic volatility

Consider a stochastic volatility model in which the stock price Si
t and a state variable Xi

t

follow, for each i ∈ {1, . . . , N},

dSi
t

Si
t

= (ri + δi
(
Xi

t

) 1+α
2α )dt+

(
Xi

t

) 1
2α dBt, (14)

dX i
t = λi

(
X̄i −Xi

t

)
dt+ ν̄i

√
Xi

tdB
X
t , (15)

where α ̸= 0 is the constant elasticity of the market price of risk δi
(
Xi

t

) 1
2 ; ri ∈ R, δi ∈

R, λi > 0, ν̄i > 0, and X̄i ∈ R are all constants. Dynamic portfolio choice under the

stochastic volatility without regime-switching has been widely studied. See, e.g., Liu [12] for

CRRA preferences for the terminal wealth, Chacko and Viceira [7] for recursive preferences

of intermediate consumption (the case α = −1), Basak and Chabakauri [2] for the mean-

variance preference for terminal wealth, and Dai et al. [8] for the mean-variance preference

for portfolio’s log-return.

We have the following results for the above stochastic volatility model with regime-

switching, as the PDE in (8) reduces to ordinary differential equations.

Corollary 2 For each state i, an equilibrium allocation is

π̂
(
t,X i

t , i
)
=

δi
(
Xi

t

)α−1
2α

(1 + γi)
−

ργiν̄i
(
Xi

t

)α−1
2α

(1 + γi)
A (t, i) , (16)

where A (t, i), i ∈ {1, . . . , N} satisfy the following nonlinear ODEs:

dA

dt
(t, i)−

(
λi +

ργ2i δiν̄i

(1 + γi)
2

)
A (t, i) +

ρ2γ2i ν̄
2
i

2 (1 + γi)
2A

2 (t, i) +
(2γi + 1) δ2i
2 (γi + 1)2

+

N∑
j=1

qijA (t, j) = 0

(17)

for t ∈ [0, T ), subject to A (T, i) = 0.
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3 An Example of the Asset Allocation System for Robo-Advising

We now illustrate how the computer asset allocation system works, using the result (Corollary

1) for the time-varying Gaussian mean-return model with regime-switching as an example.

Suppose there are two states: the bull market and the bear market, and the true market

parameter values are the same as in Figure 2. Figure 3 illustrates the mechanism of the

computer asset allocation system based on our model, which we elaborate on below.

Figure 3: The asset allocation part for robo-advising. The robo-advising system estimates

the true market parameters and generates a hypothetical complete market with constant

parameters µ, r, and σ. Given the information of the hypothetical market, the users are

required to input their annual target return. Then the system elicits the risk aversion level

of the users by the formula (4) and provides asset allocation advice through equation (11),

based on the risk aversion level, the investment horizon and wealth that the users input, and

the estimated market parameters.

Inputs

There will be two sets of inputs needed from a client.

Input 1: Expected portfolio annual return for the system to identify the risk profile.

For this input, a simple question being posted online for the client to answer can be as

follows:
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Given the historical annual return of the stock index, the volatility, and the risk-

free rate as 5.8%, 26%, and 1.7%, respectively, what are your expected targeted

annual returns in the future?

In the endnote of the investment brochure, we should mention that when asking this

question, we are assuming a hypothetical geometric Brownian motion model with µ = 5.8%,

σ = 26%, r = 1.7% estimated from the historical data.4

The client then inputs his/her annual target returns, i.e., â = 2.24%. Based on the

formula (4), we obtain the client’s risk preference γ = 3, assuming the above hypothetical

geometric Brownian motion model. Then the system asks for the second input.

Input 2: The client’s investment horizon.

Suppose the client’s investment horizon is 10 years (T = 10).

Outputs

Based on our result, the system then solves the dynamic portfolio choice model with the

log-MV criterion under the Gaussian mean returns setting with regime switching, using the

estimated mean-variance preference parameter γ = 3, the client’s put T = 10, as well as those

true market parameter values: ρ = −0.93, r = 0.017, σ1 = 0.1313, σ2 = 0.26, X1
0 = X̄1 =

0.3119, X2
0 = X̄2 = 0.1575, ν1 = ν2 = 0.065, λ1 = λ2 = 0.27, q1 = 0.2353, and q2 = 1.7391.

Substituting these parameters into equation (11) gives recommendations for asset allocation.

Figure 4 presents a three-dimensional exhibition of the equilibrium allocations in a bull/bear

market for varying time horizon and expected annual return. As we see in Figure 4, the per-

centage allocation increases with respect to both the time horizon and the expected annual

return. Once the investor establishes the expected annual return and the time horizon in the

bull/bear market, Figure 4 gives the final investment strategy in a time-consistent way.
4We assume that the investor using our system knows the meaning of the average and the standard deviation

and understands the basic trade-off between risk and return; otherwise, it is perhaps better for the investor

to seek advice from a professional financial advisor directly or to buy other financial products such as fixed

annuity contracts, rather than using the robo-advising.
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Figure 4: The equilibrium percentage allocation in stock against the varying time horizon

and the expected annual return for the time-varying Gaussian model. The default parameter

values are the same as in Figure 2.

4 Discussion

It should be emphasized that asset allocation is only part of financial advising (including

both traditional, person to person, advising and robo-advising) as an intermediate step. An

asset allocation model typically gives a quantitative recommendation of the portfolio weights

mainly based on two financial advising factors, namely the risk profile and the investment

horizon of investors. Typically such a model stems from either expected utility maximization

or mean-variance analysis, motivated by fund managers’ professional trading.

However, real-life financial advising for individual investors needs more than the theoreti-

cal asset allocation based on just two factors. Indeed, the age, labor income, family conditions,

the educational, retirement and insurance needs, and estate planning of an investor all play

important roles in designing a suitable individual plan.

This paper only focuses on the asset allocation part of financial advising, and the above

computer asset allocation system is only part of the robo-advising system. How to combine

the output from this paper with other input information (such as labor income, family con-

ditions, educational, retirement and insurance needs) in an efficient way is an interesting

open problem for future research. For example, there are several ways that one can proceed

further. One may run a statistical fitting algorithm (either linear regression, nonlinear re-

gression, nonparametric regression, or even machine learning) to combine the output from
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the asset allocation part with other variables (e.g., age, labor income, family conditions, ed-

ucational, retirement and insurance needs, and estate planning) to best match the historical

records of traditional financial advising, yielding a way to do robo-advising at a lower cost

than that by traditional financial advising. Alternatively, one can treat the output from a

statistical fitting algorithm as an expert opinion and the output from the asset allocation part

as another one; then, use Bayesian expert systems to combine the two opinions automatically

in a mathematical way.

A Proofs for results in Section 2

Proofs of Proposition 1.

The value function is defined as V (t, Rt) = Et(R
∗
T )−

γ
2Vart(R

∗
T ), where R∗ is the log return

with equilibrium π̂. Let g (t, Rt) := Et [R
∗
T ]. By the structures of R∗

T and the conditional

expectation and the conditional variance, we consider the forms

V (t, Rt) = Rt +A (t) , A (T ) = 0; (18)

g (t, Rt) = Rt + a (t) , a (T ) = 0. (19)

Furthermore, we have, via the general extended HJB in Björk and Murgoci [3], that

max
πt

{DV (t, Rt)−
γ

2
σ2π2

t

(
∂g

∂R

)2

+

∫
R
[g (t, Rt− + ln (1 + βπt))− g (t, Rt−)]λ (dz)

+

∫
R

[
g2 (t, Rt− + ln (1 + βπt))− g2 (t, Rt−)

]
λ (dz)} = 0,

subject to V (T,R) = R, where D is the Dynkin operator. For a function F of (t, R),

DF (t, R) = ∂F
∂t +

(
r + (µ− r)π − 1

2σ
2π2
)

∂F
∂R+

1
2σ

2π2 ∂2F
∂R2+

∫
R [F (t, Rt− + ln (1 + βπ))− F (t, Rt−)]λ (dz).

Incorporating the special forms (18) and (19), we have

max
πt

{dA
dt

+

(
r + (µ− r)πt −

1

2
σ2π2

t

)
− γ

2
σ2π2

t +

∫
R
ln (1 + βπt)λ (dz)

− γ

2

∫
R
ln2 (1 + βπt)λ (dz)} = 0.

We then obtain the equilibrium strategy (5) by the first order condition. �

Proof of Proposition 2. Consider

R (T, i) = R (t, i) +

∫ T

t

(
ris +

(
µi
s − ris

)
πi
s −

1

2
(σi

sπ
i
s)

2

)
ds+

∫ T

t
σi
sπ

i
sdBt
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and the objective function for state i

J(t, Ri, X i, πi, i) = Et,i

[
Rπi

T

]
− γi

2
Vart,i(R

πi

T ), i ∈ {1, . . . , N} .

Let π̂i be the equilibrium allocation for state i and V (t, x,R, i) be the value function. Define

f(t, x,R, i) = Et,i

[∫ T

t

((
µi
s − ris

)
π̂i
s −

1

2
(σi

sπ̂
i
s)

2

)
ds

]
.

It is easy to see that J is separable in R and V (t,Xt, R, i) admits the decomposition

V (t,Xt, Rt, i) = Ṽ (t,Xt, i) +Rt + ri (T − t) .

We then obtain the PDE

max
πt

{
DṼ (t,Xt, i) +

(
µi − ri

)
πi − 1

2
(σiπi)2 − γi

2

[
(νi

∂f i

∂x
)2 + 2ρνiσiπi∂f

i

∂x
+ (σiπi)2

]}
= 0,

(20)

subject to Ṽ (T, x, i) = 0, where

DṼ (t, x, i) =
∂Ṽ

∂t
+mi

∂Ṽ

∂x
+

1

2
ν2i

∂2Ṽ

∂x2
+

N∑
j=1

qij Ṽ (t, x, j).

By the first-order condition, an equilibrium optimal trading strategy is as given in (7). Sub-

stituting π̂i into f i gives

f(t,Xt, i) = Et

[∫ T

t

(
(2γ + 1)

(
µi
s − ris

)2
2 (γ + 1)2 (σi

s)
2 −

ργ2i
(
µi
s − ris

)
νis

(1 + γi)
2 σs

∂f i

∂x
− 1

2

(
γiρν

i
s

)2
(1 + γi)

2

(
∂f i

∂x

)2
)
ds

]
.

By the Feynman-Kac formula, we infer that f i satisfies (8). �

Proof of Corollary 1: For the Gaussian mean returns model, the PDE (8) becomes

∂f i

∂t
+ (λiX̄

i − λix− ργ2i νi

(1 + γi)
2x)

∂f i

∂x
+

1

2
ν2i

(
∂2f i

∂x2
− ρ2γ2i

(1 + γi)
2 (

∂f i

∂x
)2
)

(21)

+
(2γi + 1)

2 (γi + 1)2
x2 +

N∑
j=1

qijf(t, x, j) = 0,

f i (T, x) = 0.

Consider a solution of the following quadratic form:

f(t, x, i) = A (t, i)x2 +B (t, i)x+ C (t, i) .



18

Substituting this into (21) and by separating variables, we obtain the following ODE system:
dA
dt (t, i)− 2

(
λi +

ργ2
i νi

(1+γi)
2

)
A (t, i) +

2ρ2γ2
i ν

2
i

(1+γi)
2 A

2 (t, i) + (2γi+1)

2(γi+1)2
+
∑N

j=1 qijA (t, j) = 0,

A (T, i) = 0,
dB
dt (t, i)−

(
λi +

ργ2
i νi

(1+γi)
2 +

2ρ2γ2
i ν

2
i

(1+γi)
2 A (t, i)

)
B (t, i) + 2λiX̄

iA (t, i) +
∑N

j=1 qijB (t, j) = 0,

B (T, i) = 0,
dC
dt (t, i) + ν2i A (t, i) + λiX̄

iB (t, i)− ρ2γ2
i ν

2
i

2(1+γi)
2B

2 (t, i) +
∑N

j=1 qijC (t, j) = 0,

C (T, i) = 0,

Hence, by Proposition 2, the equilibrium strategy is as given in (11). �

Proof of Corollary 2: Note that in the stochastic volatility model, µi − ri = δix
1+α
2α , σi =

x
1
2α , mi = λiX̄

i − λix, and νi = ν̄ix
1
2 . Then PDE (8) becomes

∂f i

∂t
+ (λiX̄

i − λix− γ2i ρδiν̄i

(1 + γi)
2x)

∂f i

∂x
+

1

2
ν̄2i x

(
∂2f i

∂x2
− γ2i ρ

2

(1 + γi)
2 (

∂f i

∂x
)2
)

(22)

+
(2γi + 1) δ2i
2 (γi + 1)2

x+
N∑
j=1

qijf(t, x, j) = 0,

f i (T, x) = 0.

We try a solution of the following linear form:

f(t, x, i) = A (t, i) · x+B (t, i) .

Substituting this into (22) and by separating variables, we obtain the following ODE system:
dA
dt (t, i)−

(
λi +

ργ2
i δiν̄i

(1+γi)
2

)
A (t, i) +

ρ2γ2
i ν̄

2
i

2(1+γi)
2A

2 (t, i) +
(2γi+1)δ2i
2(γi+1)2

+
∑N

j=1 qijA (t, j) = 0,

A (T, i) = 0,  dB
dt (t, i) + λiX̄A (t, i) +

∑N
j=1 qijB (t, j) = 0,

B (T, i) = 0,

Hence, by Proposition 2, the equilibrium strategy is as given in (16). �
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