Boston University

OpenBU http://open.bu.edu
Boston University Theses & Dissertations Boston University Theses & Dissertations
2024

On the analysis of multivariate time
series with specializations on
multi-output regression models and
two-sample testing

https://hdl.handle.net/2144/51237
"Downloaded from OpenBU. Boston University's institutional repository."



BOSTON UNIVERSITY

GRADUATE SCHOOL OF ARTS AND SCIENCES

Dissertation

ON THE ANALYSIS OF MULTIVARIATE TIME SERIES
WITH SPECIALIZATIONS ON MULTI-OUTPUT

REGRESSION MODELS AND TWO-SAMPLE TESTING

WEILIANG WANG

B.S., Nankai University, 2016
M.A., Washington University in St.Louis, 2018

Submitted in partial fulfillment of the
requirements for the degree of

Doctor of Philosophy

2024



© 2024 by
WEILTANG WANG
All rights reserved



Approved by

First Reader

Ting Zhang, PhD
Associate Professor of Statistics
University of Georgia

Second Reader

Ashis Gangopadhyay, PhD
Associate Professor of Mathematics and Statistics

Third Reader

Mark Kon, PhD
Professor of Mathematics and Statistics

Fourth Reader

Daniel Sussman, PhD
Assistant Professor of Mathematics and Statistics



Acknowledgments

I would like to express my sincere gratitude to my advisor, Professor Ting Zhang, for
his invaluable insights, unwavering support, and endless patience. His feedback and
criticism have greatly contributed to the development and refinement of my research.
He has not only shared his experiences in scientific research but also imparted wis-
dom about life philosophy. I would also like to acknowledge the contributions of the
dissertation committee members: Professor Daniel Sussman, Professor Ashis Gan-
gopadhyay, and Professor Mark Kon. Their suggestions on my dissertation have been
valuable. Professor Sussman has also supported me in developing my coursework and
research plan. I extend my thanks to Professor Mamikon Ginovyan, Professor Murad
Taqqu, and Professor Solesne Bourguin for the knowledge I have gained from their
lectures over the years. I would also like to express my gratitude to my collaborator,
Yu Shao, for the opportunity to work with him.

I am deeply grateful to my friends for their help and care throughout these years,
especially Hanyue Cao, Liwei Wang, Yu Wang, Beibei Xu, and Jie Xu, for their
valuable suggestions.

Last but not least, I want to acknowledge the support and encouragement provided
by my family. Their understanding and sacrifices have been crucial in enabling me

to focus on my studies and career. I owe who I am today to your love and support.

Weiliang Wang

Department of Mathematics and Statistics

v



ON THE ANALYSIS OF MULTIVARIATE TIME SERIES
WITH SPECIALIZATIONS ON MULTI-OUTPUT
REGRESSION MODELS AND TWO-SAMPLE TESTING

WEILIANG WANG

Boston University, Graduate School of Arts and Sciences, 2024

Major Professor: Ting Zhang, PhD
Associate Professor of Statistics,
University of Georgia

ABSTRACT

The dissertation aims to develop new statistical inference protocols and their associ-
ated asymptotic theory for multivariate time series. Firstly, we address the problem
of variable labeling and estimation for multi-output time-varying coefficient models.
In these models, the regression coefficient can change over time as a nonparametric
function, capturing the time-varying nature of the data. As a result, variables can
be classified as time-varying, time-constant, or irrelevant within a nested structure.
A variable is considered time-constant or irrelevant if its coefficient function is con-
sistently a constant or zero, respectively, for all outputs. We propose a stratified
penalization method that achieves accurate tricategory labeling in a single step. We
establish the theoretical properties of this method, including its estimation and la-
beling consistency. Monte Carlo simulations demonstrate that our proposed method
improves the accuracy of labeling and estimation compared to existing methods.
Next, we proceed to investigate two-sample inference for time series, specifically

considering cases where the compared time series may have staggered observation



periods and exhibit joint dependence. We introduce a warped self-normalized sub-
sampling test for strongly mixing data, showing that this approach can be utilized not
only for comparing means between two samples but also for comparing other quan-
tities such as variances or quantiles in a unified manner. The associated asymptotic
theory is established. We conduct numerical experiments, including Monte Carlo sim-
ulations and a real data analysis, to further illustrate the effectiveness of our proposed

method.
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Chapter 1

Introduction

Many important statistical results are initially developed for independent and iden-
tically distributed (i.i.d.) observations. However, in practice, data of interest is often
neither independent nor identically distributed. For instance, the price of a stock to-
day generally depends on its price yesterday, violating the independent assumption.
Additionally, the volatility of a stock may change over time, violating the identi-
cally distributed assumption. Much research has focused on relaxing the strong i.i.d.
assumption, and time series analysis is one area of study in this regard. However,
generalizing results from the i.i.d. assumption to time series data can be a challeng-
ing problem. In this chapter, we provide two examples to illustrate this issue, which
will also motivate the problems we solve in this dissertation. In Section we will
consider generalizing the classical linear regression model to regression on time series.
In Section [1.2] we will consider generalizing the statistical inference on the popula-
tion mean under the i.i.d. setting to the time series setting. Section outlines the

dissertation.

1.1 Linear Regression Model of Time Series

Linear regression models are widely recognized as basic yet powerful statistical tools
for examining the relationship between a response variable and a set of explanatory

variables. For the classical linear regression model, the relationship can be represented



as:

yi=x; B+e, i=1,....n, (1.1)

where the symbol " denotes the transpose operator, (y;, x;),i = 1,...,n, are i.i.d.
samples from the population, (3 is the regression coefficient vector, and (e;) are random
errors. To perform statistical analysis of the linear model, such as t-tests for the
significance of each coefficient and F-tests for the overall significance of the model,
we assume that there is no multicollinearity and the errors e; are independent of
x;, i.i.d. with a normal distribution with zero mean and constant variance. It seems
straightforward to generalize the classical linear regression models by performing
regression on two time series, which leads to the following static time series linear

regression model, see, for example, Part 2 of Wooldridge, (2015):
y=x B+e, t=1,...,T, (1.2)

where t denotes the time period, (x;) and (y;) are two time series dated contempora-
neously, 3 is the regression coefficient vector, and (e;) are random errors. However,
since both (x;) and (y;) are time series where the past values may have effect on the
current value, the i.i.d. assumption on e; in the classical models no longer holds
in . In Chapter 11 of Wooldridge| (2015), the assumptions of models are gen-
eralized to the assumptions of the static linear regression model for stationary

time series as follows:
e Weak dependence: {(y;, @) :t=1,...,T} is weakly dependent.
e Zero conditional mean: E(e; | @) =0, t=1,...
e Homoskedasticity: var(e; | &) = v?, t=1,....T,

Y

e No Serial Correlation: cov(e,es | s, x;) = 0 for all t # s.



If all four aforementioned assumptions are met, and there is no multicollinearity,
the classical linear model’s results remain valid. In other words, the least square
estimator of is asymptotically normally distributed. This allows for the use
of common statistical tests like the t-test and F-test mentioned earlier. However,
these assumptions often fail in time series analysis due to its inherent characteristics.
For example, in economic data, it is always the case that current events are related
to past events, causing serial correlation. To address this issue, more effort should
be made, such as modeling the error term e, as an autoregressive (AR) model. In
addition, in many real-world cases, homoscedasticity is often not met, like in stock
price returns. For such situations, heteroscedasticity models are necessary, which
can handle the nonconstant variance. Various approaches have been studied in the
litereature, including ARCH and GARCH models. In summary, the generalization
from classical linear regression to time series is not straightforward and comes with
several limitations.

Another limitation of model is that the regression coefficient 3 remains
constant. However, this assumption may prove to be limiting when applying linear
regression models to time series data. Empirical examples have demonstrated that
the regression coefficient does not necessarily remain as a constant and may vary over
time. For example, Fan and Zhang (1999) conducted a study on the relationship
between the number of daily hospital admissions and the levels of multiple pollu-
tants in Hong Kong, revealing a time-varying relationship. Additionally, Gao and
Hawthorne, (2006)) performed a regression analysis of the global temperature series on
the Southern Oscillation Index (SOI) and proposed that at least the intercept term
should be considered as time-varying in a nonparametric manner due to a lack of
knowledge about the change. Besides, [Zhang and Wu/ (2015) investigated the model-

ing of U.S. treasury yields and provided statistical evidence for a time-varying linear



drift in the yield curve rates with a six-month maturity. Such applications motivated

the following time-varying coefficient model:

Yin = CL‘In (tz,n) + €in, 1= ]_, e,y (13)
where 8 : [0,1] — RP? is the coefficient function, ¢;,, = i/n represents the time,

and (e;,) is a sequence of random noise. In model , the regression coefficient
is no longer assumed to be a constant but is modeled as a nonparametric function
of time to capture the time-varying feature. As a result, variables can be classified
as time-varying (the coefficient function is a non-parametric function), time-constant
(the coefficient function is a constant), or irrelevant (the coefficient function is zero)
within a nested structure.

With the explanatory variables, a large amount of data to be analyzed may not
always have just one response variable. For example, in the field of biology, one might
examine the trend of life expectancy by gender; in finance, one might be interested
in how the prices of two different stock markets change over time. Hence, we may

generalize ([1.3]) to the following multi-output time-varying coefficient model:

Yin=Blin) Tin+ein, i=1,...n (1.4)

)

Here, y,,, € R? represents the multi-output response vector, x;,, € R? is the set of
explanatory variables, B : [0,1] — RP*? is the coefficient function matrix, where
the kth row is the coefficient function vector for the kth variable, and (e;,) is a
sequence of random vectors. The model includes the model as a special
case by setting d = 1. In model , a variable is considered time-constant or
irrelevant if its coefficient function is consistently a constant or zero, respectively, for
all outputs. In Chapter[2] we consider the tricategory labeling problem of partitioning

variables into time-varying, time-constant, and irrelevant categories for multi-output



time-varying coefficient model ([1.4)), and propose a stratified penalization method to

achieve this goal in a single step.

1.2 Inference on the Population Mean of Time Series

We start with the classical one-sample inference. Assuming we have a random sample

of size n., Z1,...,Z,,, from a population Z with an unknown mean p, = E(Z) and

2

2 = var(Z), the sample mean 7, = n;'> " Z; is a natural estimator

variance o
for the population mean p,. If the population Z is not normally distributed, to
perform statistical inference on the population mean, such as hypothesis testing or

constructing confidence intervals, we rely on the following central limit theorem:

nl/*(Zy, — p=) —a N(0,07) (1.5)

z

where —,; denotes convergence in distribution. Once we have ([1.5)), we can con-
duct statistical inference on p.. For example, let ¢.1_./o denote the 100(1 — a/2)%
percentile of standard normal distribution, an asymptotic 100(1 — «)% two-sided

confidence interval of ., is given by
(an - nz_l/zo-zQZ,l—a/Za an + nz_l/Qo-zqz,l—aﬂ)‘ (16)

Here, the unknown parameter o, is always estimated by the sample standard deriva-
tion 6, = {(n, — 1)1 31" (Z; — Z,.)*}/?, which is a consistent estimator of .
Nevertheless, applying the above results to time series data can be challeng-
ing, even when the time series process is stationary. In particular, instead of sam-
pling 73, ..., Z,_ from population Z where Z;,..., 7, arei.i.d., we obtain a sample
Zy. .., Zy, from a stationary process (Z;)iez with mean p, = E(Z;). The mean
can still be estimated by Z,, = n;'Y." Z;. We need to develop an asymptotic

theory similar to (1.5 for Z,. in order to conduct statistical inference in .. Let



9> = D ez €OV(Zo, Zy) represent the long-run variance, which is defined as the sum of
autocovariances of all orders. Under certain short-range dependence conditions, such
as the strong mixing condition of |[Rosenblatt| (1956)), or the m-dependent condition of
Hoeffding and Robbins| (1948)), a central limit theorem similar to can be derived
as

ni/*(Z,, — p=) —a N(0, g:) (1.7)

z

However, even if we can similarly obtain the confidence interval from , estimating
the nuisance parameter g, poses a nontrivial problem in terms of achieving consistency
and may involve choosing additional tuning parameters.

More issues arise when we generalize from one-sample time series inference to a
two-sample problem. Let’s suppose we have samples Xi,..., X, andYy,... Y, from
two stationary processes (X;)iez and () ez with means p, = E(X,) and p, = E(Yp),
respectively. If we assume that X; and Y; are independent and both stationary
m-~dependent sequences, and under certain standard conditions (see, for example,
Brockwell and Davis|[1991)), we can derive that X, — Yny is asymptotically normal
with a mean of i, — u, and a variance of n;'g, +n, 'g,, where g, and g, are the long-
run variances of {X;};cz and {Y;};ez, respectively. We can use this result to conduct
two-sample statistical inference on p, — p,, after obtaining consistent estimations
of the unknown parameters g, and g, that appear in the asymptotic expression,
which is a nontrivial problem. It is worth noting that the above results are based
on assumptions that may be questionable in practice. Firstly, these results only
apply when comparing independent sequences, but it would be more appropriate to
account for the dependence between two time series. For example, when comparing
the returns of two stocks, we may need to consider the interdependence between the
two series, even if they belong to different markets, given the interconnected nature

of financial markets. Likewise, when analyzing the effects of COVID-19 across two



countries, assuming independence may not hold true due to potential correlations
in the positive case numbers of both countries, as argued in [Sulyok et al. (2021).
Therefore, an approach that accounts for the dependence between the two series may
be preferred when conducting two-sample inferences in time series. In Chapter [3]
we delve into two-sample inference for time series, examining scenarios where the
compared time series display joint dependence. It is worth noting that we permit
the compared time series to have different lengths with nonidentical start and end

observation time, resulting in staggered observation periods.

1.3 The Outline of the Dissertation

The dissertation aims to develop novel statistical inference protocols and their as-
sociated asymptotic theory for multivariate time series. Specifically, we focus on a
tricategorical labeling problem for multi-output time-varying coefficient models and
a self-normalized subsampling procedure for inference of staggered time series that
may exhibit joint dependence. The rest of this dissertation is organized as follows.
In Chapter [2| we firstly present a concise overview of the time-varying coeffi-
cient model and the related tricategorical labeling task, while reviewing the
methodology that inspired our proposed method. Subsequently, in Section we in-
troduce our method within the multi-output framework, focusing on the multi-output
time-varying coefficient models with a single explanatory variable. This scenario is a
special case of when p = 1. We propose a stratified penalization method that
can achieve accurate tricategorical labeling in a single step. Theoretical properties of
this method, including its estimation and labeling consistency, are established. Then,
we in Section generalize the proposed method to the general multi-output time-
varying coefficient models ((1.4)), where the associated theoretical properties are also

provided. Monte Carlo simulation and a real-data analysis are conducted to examine



its finite-sample performance. Technical proofs are deferred to the end of the chapter.

In Chapter [3] we introduce a warped self-normalized subsampling test for the
two-sample inference problem on time series with staggered observations and joint
dependence. We demonstrate that our proposed test is not only applicable to com-
paring means between two samples but can also be used to compare other quantities
such as variances or quantiles in a unified manner. The associated theoretical asymp-
totic justification of the proposed warped self-normalized subsampling method are
provided. In addition, we conduct numerical experiments, including a Monte Carlo
simulation and a real data analysis, to further illustrate the effectiveness of the pro-
posed method. Technical proofs are presented in Section Additional simulation

results are deferred to the end of this chapter.



Chapter 2

Variable Labeling of Multi-Output
Time-Varying Coefficient Models

In Chapter [2| we consider the tricategory labeling problem of partitioning variables
into time-varying, time-constant, and irrelevant categories for multi-output time-

varying coefficient model. This chapter is based on |Zhang et al.| (2023)).

2.1 Introduction

The time-varying coefficient model has been widely studied in the literature,
with references including Robinson, (1989), [Hoover et al. (1998), |Orbe et al.| (2005)),
Calil (2007)), Zhou and Wu/(2010), Zhang and Wu| (2012), Chen and He| (2018)), Truquet
(2018)), [Li et al.| (2020), among many others. It covers a wide range of time series
models. For instance, when setting z;, = 1 (i.e., only an intercept term in the time-
varying coefficient model contaminated by random errors), the model reduces to the
mean nonstationary model y;,, = B(t;n) + €. This model is useful for exploring
the mean nonstationary process and has been widely used in nonparametric trend
estimation and testing problems, as seen in |Johnstone and Silverman (1997)), [Wu
and Zhao| (2007)), Zhang and Wu| (2011), and Zhang (2016). Additionally, if we use
lagged values as potential explanatory variables (i.e., set Tin = (Yi—1., -+ Yiopm) '),
the time-varying coefficient model becomes the influential time-varying autoregressive

model:

yi,n - 61 (ti,n)yifl,n + ... Bp(ti,n)yifp,n + ei,n7 Z = 17 o n, (21)
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This model has been studied by Rao| (1970), |Dahlhaus et al. (1999), Moulines et al.
(2005)), and |Van Bellegem and Dahlhaus| (2006), among many others. It is important
to note that the model is nonstationary due to the time-varying autoregressive
coefficients. The methodology we proposed in this chapter allows for a general class
of nonstationary processes that includes the model as a special case.

For time-varying coefficient models with nonstationary time series obser-
vations, [Zhou and Wu| (2010) constructed simultaneous confidence bands for the
coefficient functions, and [Zhang and Wu| (2012) considered an integrated squared
test that can be more suitable for detecting smooth and dense changes. In addi-
tion to estimating the coefficient functions and testing the associated hypotheses,
an important problem is the labeling or partitioning of variables into time-varying,
time-constant, and irrelevant categories. This tricategory labeling task for the time-
varying coefficient model has been extensively studied using various approaches.
One commonly used method involves a two-step approach, where bicategory labeling
is performed separately at each step. For instance, Li and Liang| (2008) assumed prior
knowledge on the partition between time-varying and time-constant components and
applied a penalized quasi-likelihood method to label the time-constant variables in
the parametric part, and a separate generalized likelihood ratio test to label the time-
varying variables in the nonparametric part. [Zhang and Wul (2012) first utilized an
information criterion to label zero and nonzero variables, and then further applied an
integrated squared nonparametric test among the labeled nonzero variables to label
time-constant variables. In a different study, Zhang| (2015) used a penalized local lin-
ear method to initially label irrelevant variables, then applied an information criterion
on the remaining variables to further label the time-varying ones.

Motivated by the discussion in Section [2.2] we propose a penalized local linear

method that can simultaneously achieve successful tricategory labeling and semipara-
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metric estimation in a single step. It is worth noting that we consider the multi-output
time-varying coefficient model that includes the univariate output model
as a special case by setting d = 1. Here, (e;,) is a sequence of random vectors that
form a triangular array of multivariate nonstationary processes and it can depend
on x;, to accommodate heteroscedastic errors. Compared with the single-response
setting , variable selection in the multi-output setting typically requires addi-
tional effort; see, for example, Turlach et al|(2005), Rothman et al.| (2010)), |Chen and
Huang (2012), and |Lee and Liu/ (2012), among others. The aforementioned studies
consider variable selection for multi-output regression models in the traditional set-
ting when the regression coefficient is assumed to be a constant. Here, we consider
the time-varying setting , in which the regression coefficient can change over
time as a nonparametric function. In this case, one is interested in labeling not only
relevant and irrelevant variables, but also time-varying and time-constant variables.
Here, a variable is said to be time constant or irrelevant if its coefficient function is
uniformly a constant or zero, respectively, for all outputs. This cannot be achieved

by performing variable selection separately on each of the response variables.

2.2 Motivation

In this section, we present the motivation of our proposed method using the univariate
output time-varying coefficient model . Intuitively, the coefficient function in
model can be estimated using the local constant estimator, which at each time
point t € [0, 1] can be obtained by

n

B(t) = argmin > {ysn — [, n(0)} K{(tin — t)/bu}, (2:2)

n)err 7

where K (-) is a kernel function and b,, is the bandwidth. For the kth component of
n(-), let [melpy = {Jf, [ms(t)]?dt}/? denote its norm. Wang and Xial (2009) proposed
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the penalized local constant estimator that minimizes

[ 3t = @l @ = 0/}t + > fu(elon). (23)

where fy,(-) is the penalty function for the kth variable, with the tuning param-
eter A\, that controls the degree of penalization. The penalized estimator in
can achieve parameter estimation and variable selection simultaneously where the
associated coefficient function of irrelevant variables will be penalized to zero. How-
ever, for the time-varying coefficient model, it is often the case that one is interested
in distinguishing not only relevant and irrelevant variables, but also time-varying
and time-constant components; see, for example, (Cai et al.| (2000)), |Fan and Zhang
(2000), Li and Liang| (2008), Zhang and Wu (2012), and [Zhang| (2015), among others.
This makes it a tricategory labeling problem, in which each variable is labeled as
time-varying, time-constant, or irrelevant if the associated coefficient function is a
time-varying nonparametric function, a uniform constant, or zero, respectively.

A natural approach to achieve this goal, proposed by |Gao (2019)) and |Chan et al.
(2021)), is to consider a penalized local linear method. The local linear method pro-
posed by (Fan and Gijbels, [1996) estimates not only the coefficient function, but also
its derivative:

n

{B(),BM} = argmin > {yin — 2L, m(t) — 2[00/ (0) (0 — P K{(tin — )/b}.

n(t)m' (ERP ;=7

Then, |Gao| (2019) and |Chan et al| (2021)) proposed the following penalized version

that minimizes

Qu({m (). 0 ) epa) + Y Frollmeloa) + D Fr (ko) (2.4)
k=1 k=1
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where

1 n

Q0 ({n (), n'(t) }eero.n) /Z{yn () = @, () (L — 1)} KA{ (i — 1) /ba}dt.

0

The first penalty f\, penalizes the coefficient estimator and shrinks it to zero for irrel-
evant variables, whereas the second penalty g, penalizes the derivative estimator and
shrinks it to zero for time-constant variables. The penalized local linear estimator in
(2.4) is intuitively straightforward in the sense that it exploits the derivative estima-
tor from the local linear method and takes advantage of the mathematical connection
between a function being constant and its derivative being zero. However, Zhang
et al.|(2023) argue that directly imposing a penalty on the derivative may not work
as intended. Intuitively, it is because under the local linear estimation framework,
the x;,(t;, —t) and «;,, are treated as two separated explanatory variables, then
the coefficient of @;,(t;, — t) (i.e. the derivative term) being zero does not neces-
sarily guarantee the coefficient of x;,, will be a constant for different time points.
The Theorem 1 in Zhang et al. (2023)) shows that imposing a direct penalization on
the derivative may cause ambiguity at least when labeling time-varying and time-
constant variables. Our goal is to propose a stratified fix that is able to automatically
produce nonparametric coefficient estimators for time-varying variables, constant es-
timators for time-constant variables, and zero estimators for irrelevant variables, thus
achieving the goals of tricategory labeling and semiparametric estimation at the same

time.

2.3 Stratified Penalization: Single Explanatory Variable Case

In this section, we focus on the multi-output time-varying coefficient model with
single explanatory variable, which is a special case of model (1.4)) by setting p = 1.
We state the proposed method in Section [2.3.1] In Section [2.3.2] we establish the
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associated theoretical properties, including its estimation and labeling consistency for
a general class of nonstationary processes. Section [2.7]provides technical proofs of the
theorem in Section [2.3.2] The methodology and theoretical results are generalized to
adapt the general multi-output time-varying coefficient model in Section .

2.3.1 Methodology

Consider

Yin = B(tz,n)mz,n + em, = 1, NI (25)

)

where y,,, € R? is the multi-output response vector, z;,, € R is the explanatory
variable, B : [0,1] — R? is the coefficient function, and (e;,) is a sequence of
random vectors. Model covers the aforementioned mean nonstationary model
in Section . For each j € {1,...,d}, we define ag;(t) = B;(t), a1;(t) = b.B;(t)
and denote ao.(t) = B(t), a1,.(t) = b,B'(t) and a. ;(t) = {B;(t), bnj(t)} . Therefore,
A(t) = {a;;(t)}1; denotes a matrix whose the first row is ' (t) and second row is

b,B' (t). Denote the norm of A(t) as |Alpy = {2, fol ar;(t)%dt}Y2. We can write

2
tin—1
K[ dt.

To construct appropriate penalty structures that can achieve simultaneous tricategory

the multi-output kernel criterion function as

(A0 eon) =[S

ti, —t
Yin — @0, ()Tin — a1 (t)7, ( ’b )

labeling and semiparametric estimation, instead of imposing penalties directly on the
coefficient part and the derivative part, as in , we propose decomposing the
norm of A according to the different strata implied by the nested tricategory labeling
structure. In particular, the irrelevant label stratum has a projection of zero, the
time-constant label stratum has a projection of @ = fol ao.(t)dt ; and the time-varying
label stratum has a projection of ag.(t) — a together with a;.(¢). This motivates us

to consider the stratified penalized local linear (SPLL) estimator A(t) = {A;;(t)}.;,
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t € [0, 1], that minimizes

1/2

Tn({AW®) }ecroa) + o (@]) + gr /{Iao,-(t) —al’ +a;.(t)[*}dt ,

where fy,,(-) and g, () are penalty functions with nonnegative tuning parameters
Ao and 79, respectively. The two terms |a| and fol |ag,.(t) —a|?*dt in the penalty have
their own and separate goals. In particular, the term fol lao..(t) — al?dt is mainly used
to merge with the derivative fol lay.(t)’dt as a group structure. This ensures that,
for a time-constant variable, both will be penalized to zero, making the coefficient
function a.(t) = a be a constant and its derivative a;.(t) = 0, thus solving the issue
of the direct derivative penalization approach. The other additional term |a| ensures
that once the regression coefficient function is shrunken to its constant projection a,
it can further penalize the coefficient to zero to correctly label irrelevant variables.
We in the Section establish the theoretical properties of the proposed method

for a general class of nonstationary processes.

2.3.2 Theoretical Results

In (2.5)), we allow nonstationary time series observations, which have been studied
extensively in the literature; see, for example, Priestley (1965]), Dahlhaus (1997),
Cheng and Tong (1998), [Mallat et al. (1998)), |Giurcanu and Spokoiny| (2004)), (Ombao
et al. (2005), Zhou and Wu| (2010)), and Zhang (2013), and the references therein.
Let (€;) be a sequence of i.i.d. innovations and denote its shift process by F; =
(..., €-1,€;), we shall here follow |Zhang (2015)) and assume that

max ||zin, — G(tin, Fi)| = O(n™"), max |le;,,, — H(tin, Fi)|| =00, (2.6)

1<i<n 1<i<n
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for some measurable functions G and H such that (z;,) and (e;,,) are proper se-
quences of random vectors with E(e;,, | z;,) = 0. Let €} be identically distributed
as €y but independent of the sequence (€;), we can define the coupled shift process
Fr=(..,€_1,€5€,...,€;), then for any collection of processes {J(t; F;)}icz on

t € [0, 1], the functional dependence measure of [Wu/ (2005) can be written as

Sia(J) = sup |T(EF) = J(EF ) g Bog(T) =Y 8ig(J),
=0

te[0,1]

where 0; ,(J) measures the dependence of J(t;F;) on the innovation €, and its
cumulative effect is measured by Ag,(J). Let L = G x H ", we assume the following

conditions.

(A1) The coefficient function B € C3[0, 1], the class of three times continuously dif-

ferentiable functions on [0, 1];
(A2) The underlying process satisfies Ag 4(G) + Ag2(L) < oo;

(A3) There exists a constant 0 < C' < oo such that
|G (1, Fi) = Glto, Fi)ll + | L(tr, Fi) — Lt Fi) || < Clts — 1o

holds uniformly for all ¢, € [0, 1];

(A4) E{G(t, F;)?} is bounded away from zero on [0, 1].

Condition (A1) is a smoothness condition on the regression coefficient function, which
is a common assumption for nonparametric kernel estimation; see, for example, |Fan
and Gijbels (1996)). Condition (A2) is a short-range dependence condition quantified
by the functional dependence measure of[Wu| (2005)); see also|Zhou and Wu/ (2010) and

Zhang and Wu| (2012). Condition (A3) is a stochastic Lipschitz continuity condition,
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under which the underlying process can be locally approximated by a stationary pro-
cess within a small window; see, for example, the discussion in |Zhang and Wu/ (2011)).
Condition (A4) is a regularity condition that prevents singularity when performing
local kernel estimation. Throughout this dissertation, we assume that the kernel func-
tion K € K, the collection of symmetric functions in C![—1, 1], with fjl K(v)dv = 1.
Examples include the Epanechnikov kernel K (v) = 0.75 max(1 — v?,0), the Bartlett
kernel K(v) = max(1 — |v],0), and the rectangle kernel K(v) = 0.5I(Jv| < 1), with
I(-) being the indicator function, among many others. We also assume the following

conditions on the penalty functions.

(P1) £2(0) = 0 and 4,(0) = 0.
(P2) A tsup,ep | fi(x)] < oo and 77 sup, g |94 (2)| < oo.

(P3) A tliminf, oy |fi(z)] > 0 and 77! liminf, .o, |g.(z)| > 0.

Conditions (P1)—(P3) are natural requirements for good penalty functions (Fan
and Li, 2001), and are satisfied by many popular choices, such as the LASSO penalty
of [Tibshirani (1996), the hard thresholding penalty of |Antoniadis| (1997), and the
SCAD penalty of Fan and Li (2001). Let D,, D., and D, denote subsets of time-
varying, time-constant, and irrelevant variables, respectively. Theorems [l| and
provide the estimation consistency and labeling consistency for the proposed SPLL

estimator.

Theorem 1. Assume (A1)-(A4), (P1), (P2), b, — 0 and nb, — oo. If {(nb,) /2 +
b2} (Ao + Ton) = O(1), then the norm

A= Alp,y = Op{(nby) ™2 + b7}

Theorem 2. Assume (A1)-(A4), (P1)-(P3), b, — 0 and nb? — oco. If {(nb,)" /% +
bi}()\om + 70.,) = O(1), )\om/{(nbn)l/2 +nb3} — oo and Tom/{(nbn)l/2 +nb3} — oo.
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Then if B3 € Dy U D.., we have

1

pr ¢ sup |ao. (%) —/doy.(s)ds =0and sup |a;.(t)]=0p — 1,
te[0,1] 4 t€[0,1]

and further if 3 € Dy, we have

pr{ sup |ao.(t)] =0 and sup |a;.(t)] = O} — 1.

tel0,1] t€[0,1]

By Theorem [2], for time-constant or irrelevant variables, the SPLL estimator pro-
posed in Section [2.3.1] automatically produces a constant coefficient function with a
zero derivative estimator. In addition, for irrelevant variables nested within Dy U D,.,
the coefficient function is regularized to zero uniformly over time. Therefore, it
achieves the simultaneous tricategory variable labeling and semiparametric estimation

in a single step.

2.4 Stratified Penalization: The General Case

In Section [2.3] we explore the specific scenario of where there is only one ex-
planatory variable by setting p = 1. We establish the SPLL method and its associated
theoretical properties. However, our interest always lies in the regression problem
involving more than one explanatory variables. This section demonstrates the ap-
plicability of our method to the broader multi-output time-varying coefficient model
for any fixed p > 1. In Section [2.4.1] we will extend the SPLL method intro-
duced in Section [2.3.1] Recall that D,, D., and D, denote subsets of time-varying,
time-constant, and irrelevant variables, respectively. Here, rather than labeling the
single explanatory variable in into D,, D., or Dy, we address the general
and partition the set of explanatory variables into the above three subsets, that in a

nested structure. A variable is considered time-constant or irrelevant if its coefficient
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function is consistently a constant or zero, respectively, for all outputs. The theo-

retical properties are established in Section [2.4.2] with the proof deferred to Section

27

2.4.1 Methodology

Recall that the multi-output time-varying coefficient model (|1.4)) is given by

Yin=Btin) ®in+ein i=1,...n

)

In comparison to model that only permits single explanatory variables z; ,,, we
have x;, € RP representing the set of explanatory variables in for any fixed
p > 1. Moreover, B : [0,1] — RP*? denotes the coefficient function matrix, where
each row k corresponds to the coefficient function vector for the kth variable. Let
O(t) = {bik;(t)}ik; be a three-way tensor function. Here, we define Og..(t) =
{0ok;j(t)}r; = B(t) and O1..(t) = {014,(t)}r,; = b,B'(t). The norm of O(¢) is
denoted as [O|p,1 and is defined as {37, . fo 011 (t)2dt}1/?. Based on this, we can
express the multi-output kernel criterion function as follows:

1

T ({O() heo) / Z

0

tin—1
Yin — Oo,..(t) @i —@1,-,-(t)T$i,n< 7 )

tin —1
K[ 22 dt.
8 ( bn )

Following the same strategy in Section [2.3.1} we propose decomposing the norm of ©

according to the different strata implied by the nested tricategory labeling structure.
The irrelevant label stratum has a projection of zero, the time-constant label stratum
has a projection of 0. = fol 0o..(t)dt, where Oy .(t) = {Oox1(t),. .., 00ka(t)}",
and the time-varying label stratum has a projection of g _.(t) — 0., together with

Bl’k’.(t) = {917]&1(75),. .. 7‘91,k,d(t)}—r‘ The SPLL estimator é)(t) = {él,k,j<t)}l,k,j; for
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t € [0, 1], minimizes

u({O) hiea) + Y o (10k.])
1/2

1
P
5 0, / (180, (t) — Bu.* + 1000yt | |
k=1 0

where fy, () and g,  (-) are penalty functions with nonnegative tuning parameters
Ak and 7, respectively. We establish its theoretical properties, including the esti-
mation and labeling consistency, in Section for a general class of nonstationary
processes, and our results are directly applicable to vector time-varying autoregressive
models. An iterative algorithm that can be used to compute the SPLL estimator was

described in [Zhang et al.| (2023).
2.4.2 Theoretical Results

Similar to (2.6) in Section [2.3.2) to adjust the general case (1.4, we follow Zhang
(2015) and assume that

max ||&;, — G(tin, Fi)| = O(n_l), max ||e;, — H(t;n, Fi)| = O(n_l), (2.7)

1<i<n 1<i<n

for some measurable functions G' and H, such that (x;,) and (e;,) are proper se-
quences of random vectors with E(e;,, | ;,) = 0. Assumption (2.7 will reduce to
(2.6) if p = 1. Compared with the exact representation in Wul (2005)), the approximate
framework in (2.7 allows the popular time-varying autoregressive model and covers
a wide range of linear and nonlinear processes; see also the discussion in Zhang and
Wul (2012). Let L = G x H'. Corresponding to conditions (A1)-(A4), we assume

the following conditions.

(B1) The coefficient matrix function B € C3[0, 1], the class of three times continuously

differentiable matrix-valued functions on [0, 1].
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(B2) The underlying process satisfies Ag4(G) + Ag2(L) < oo.

(B3) There exists a constant 0 < C' < oo such that
1G(tr, Fi) = G(ta, Fi) || + | L(t1, Fi) — Lit2, Fi)|| < Clty — to

holds uniformly for all ¢,t5 € [0, 1].

(B4) The smallest eigenvalue of E{G(t,F;)G(t,F;)"} is bounded away from zero
on [0, 1].

Recall that D, D,., and Dy denote subsets of time-varying, time-constant, and irrel-
evant variables, respectively, and we further write D, = D,y U D,;, where D, is the
set of time-varying variables with |0;.| = 0 and D,, = D, \ D,g. Theorems [3[ and
provide the estimation consistency and labeling consistency for the proposed SPLL

estimator. The proof will be presented in Section [2.7]

Theorem 3. Assume (B1)-(B/), (P1), (P2), b, — 0, and nb,, — oco. If {(nb,)~ Y2+

b2 Hmaxgep,up,, M + MaXgep, Thn) = O(1), then the norm
16 — Bl = Op{(nba)/* + 17}

Theorem 4. Assume (B1)-(B4), (P1)-(P3), b, — 0, and nb? — oco. If {(nb,)~/?+
by } (maxgep,up,, Ak + MaXgep, Tkn) = O(1), mingep, Ak,n/{(nbn)1/2 +nb)} — oo,

and mingepe Tg.n/{(nby)? + nb2} — oo, then

1

r{ max sup |Bos.(t) — [ Opr.(s)ds| =0 and max sup |014.(t)] =0p — 1,
p keDoUD. te[og} 0.k, ( ) / 0.k, ( ) k€eDoUD, te[oPl] | Lk, ( )|
0

and

pr {max sup |04.(t)| = 0 and max sup |01,.(t)] = O} — 1.

k€Do ¢e0,1] k€Do (0,1
Similar to the discussion in Section[2.3.2] Theorem [ provides theoretical justifica-

tion that the proposed SPLL method achieves the simultaneous tricategory variable
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labeling and semiparametric estimation of multi-output coefficient model , with-
out having to decompose the problem into two bicategory labeling subproblems, as in
Li and Liang| (2008) and|Zhang and Wu|(2012). Note that in|Li and Liang| (2008)), prior
knowledge is assumed on the partition between the time-varying and time-constant
variables, and therefore their labeling problem is supervised. This study concerns the
unsupervised setting, where we do not assume we have this prior knowledge. In the
following section, we describe the implementation of the proposed SPLL method, and
examine its finite-sample performance using a Monte Carlo simulation study and a

real-data analysis.

2.5 Implementation

In this section, we present the implementation of the proposed method in Section [2.4]
which includes the single explanatory variable case in Section as a special case.
We propose a data-driven tuning parameter selection method, conduct a Monte Carlo

simulation study and present a real-data analysis.

2.5.1 Tuning Parameter Selection

Implementing the proposed SPLL method requires two sets of tuning parameters.
The first (7,,) controls the degree of regularization from the time-varying stratum to
the time-constant stratum, and the second () ,,) controls the degree of regularization
from the time-constant stratum to the irrelevant label stratum. Here, we adopt the

idea of the adaptive LASSO (Zou, 2006)), and set

-1

)\k,n = )\n : ’fol éO,k,(t)dt )

B R 2 B —-1/2
Tom = T - { I {(eo,k,(t) = Jy B (s)ds| + |017k7.(t)|2}dt} ,

(2.8)
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for some tuning parameters A, and 7, that do not depend on k, where O(t) =
{014.;(t) }1x5, for t € [0,1], can be taken as the unpenalized local linear estimator.
Note that the norm [f01{|é07k,.(t) — fol 001 (5)ds|> 4|01 5. (t)[>}dt]'/? is relatively small
for time-constant variables and relatively large for time-varying variables. Thus, the
choice in can lead to adaptive tuning for different variables. When the band-
width b, = en~/%, for some 0 < ¢ < oo, has the asymptotic mean squared error
optimal rate, following a similar discussion to that in Zhang| (2015), one can simply

/5 For any set D, we use |D| to de-

use the asymptotic choice A\, = n'/% and 7, = n
note its cardinality. To provide a finite-sample data-driven choice of the pair (A, 7,,),
we consider a natural extension of the information criterion used in |Zhang| (2015)) to

the current setting, and minimize

logn | A

logn
’ ‘DU<)‘> T>|7

D5 7)| +

nb, nb,

EIC(\, 7) = log{T,({8(t; \, ) }refo))} +

which can also be viewed as a semiparametric extension of the traditional BIC. The
simulation study in Section shows that this data-driven tuning selector performs
reasonably well for the current tricategory variable labeling and semiparametric esti-

mation.

2.5.2 Simulation Results

We conduct Monte Carlo simulations to examine the finite-sample performance of
the proposed SPLL method. For this, let € = (ex1,...,€xp-1) € RP7L for k € Z,
be independent innovation vectors with independent Rademacher components, and
let P;(t) be the jth order Legendre polynomial. Let M°® = (0.21"77),; <, 1 and
P(t) € Re=Ux(P=Y he a diagonal matrix with the jth diagonal element P;(2t —
1)/4. Then, the vector &, = M°¢; has dependent components, and we form x;,, =

> Pif n)’€;_;, which is a nonstationary process, owing to the coefficients being
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time varying. Let ¢y, for k € Z, [ € {1,...,d}, be an array of independent standard
normal random variables that is also independent of the process (€x). We then form
the nonstationary nonlinear process ¢;,, = (Gi,1,n, - - - yGidn) ", With Gy = 4+2(i/n—
0.5)%{lei1a| — (2/m)"/?} + 3232, 5 2eiju. We consider the following multi-output
time-varying coefficient model with heteroscedastic errors:

p—1

yi,n = ﬂO (ti,n> + Z IBk (tivn>xi,k,n + 0-50-(1'22,2,71 + x?,3,n)1/2Ci,n7 L= ]-a sy N
k=1

Let n = 500. We consider the following configurations on the variable labeling, where
we use a-b-c to indicate a configuration with a time-varying variables, b nonzero

time-constant variables, and ¢ zero variables.

(2-2-16) Two time-varying variables: By(t) = {3(2t — 1)%,2(2t — 1)*}T and
By(t) = {2sin(2mt — 1),2cos(27wt + 1)} 7; two time-constant variables: 3, (t) =
(=1,7/3)7T and B4(t) = (1.5,—2Y%)T; and 16 zero variables B,(t) = --- =
Bro(t) = (0,0)".

(5-5-10) Five time-varying variables: B,(t) = {3(2t — 1)%,2(2t — 1)3} 7, B,(t) =
{2(2t—1),2cos(2rt—1)}T, B,(t) = {2cos(2nt), 2(2t—1)2}7, By (t) = {cos(nt)+
1, 2sin{exp(nt — 2)}}7, and Bg(t) = [exp(=2t + 1), 2{sin(—27t + 1)}*]7; five
time-constant variables: By (t) = (2,—1.5)7, By(t) = (1.5,—7/3)7, Bs(t) =
()2, 72T, B.(t) = (=342 2Y2)T and By(t) = (—e'/2,3/7)7; and 10 zero

variables B,(t) = -+ = B4(t) = (0,0)".

(2-8-10) Two time-varying variables: By(t) = {3(2t — 1)%,2(2t — 1)*}T and
By(t) = {2sin(2nt), 2 cos(27t)} T; eight time-constant variables:

But) = (1,52/2)7, Bs(t) = (7/2,-1.3)7, By(t) = (', —1.5)T, Bs(t) =
(1.5,4/m)7, Bs(t) = (1.2,3Y2) 7, B.(t) = (0.8, 73T, Bg(t) = (—2Y2,1)T, and
By(t) = (=5/m,7/3)T; and 10 zero variables Byy(t) = - -+ = Byo(t) = (0,0).
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The three configurations above represent cases with a small number of nonzero vari-
ables, a balanced number of time-varying and time-constant variables, and an un-
balanced number of time-varying and time-constant variables, respectively. For each
configuration, we consider two noise levels o € {1,2}, and apply the proposed SPLL
method for the semiparametric variable labeling and estimation. We also make a com-
parison with the two-step procedure of |Zhang| (2015)), denoted by Zhangl5, and the
direct derivative penalization method of |Gao| (2019), denoted by Gaol9. Throughout
our numerical experiments, we use the LASSO penalty function. Note that a case is
considered to be under-labeled if at least one component of one variable is mislabeled
from time varying to time constant, from time constant to zero, or from time varying
to zero. On the other hand, a case is considered to be over-labeled if there is no
under-labeling, and at least one variable is mislabeled from zero to time constant,
from time constant to time varying, or from zero to time varying. We also report
the labeling consistency ratio (LCR), defined as the proportion of correctly labeled
variables, along with the mean squared error (MSE) of the associated semiparametric
estimates. Overall, we can observe our proposed SPLL method performs reasonably
well, because for most of the cases considered, it produces the highest proportion of
correctly labeled models, lowest MSE and highest LCR, especially for the challenging
cases when o = 2. Its performance is also reasonably robust to different choices of the

bandwidth. More detailed simulation analysis can be found in Zhang et al. (2023)).

2.5.3 Data Analysis

In this section, we apply the results to study the influence of El Nino-Southern Oscilla-
tion, characterized by the Southern Oscillation Index (SOI), on temperature anoma-
lies, which is an important problem in climate science, and has been studied by
Privalsky and Jensen (1995)), Zheng and Basher| (1999)), (Gao and Hawthorne, (2006)),

McLean (2014)), and Zhang (2015)), among others. In this data analysis, we focus
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Table 2.1: Simulation results for o = 1, based on 100 realizations for each

configuration.

Model b, Method Under-label Correct Over-label MSE LCR
2-2-16 0.1 SPLL 0.00 1.00 0.00 0.0093 1.0000
Zhanglh 0.04 0.93 0.03 0.0327  0.9920

Gaol9 0.00 0.72 0.28 0.0138 0.9835

0.2 SPLL 0.00 1.00 0.00 0.0110 1.0000
Zhanglh 0.05 0.92 0.03 0.0311  0.9920

Gaol9 0.00 0.29 0.71 0.0106 0.9295

0.3 SPLL 0.00 1.00 0.00 0.0232 1.0000
Zhanglh 0.06 0.91 0.03 0.0386  0.9920

Gaol9 0.00 0.15 0.85 0.0213 0.8820

5-5-10 0.1 SPLL 0.00 1.00 0.00 0.0197 1.0000
Zhanglh 0.04 0.94 0.02 0.0970 0.9805

Gaol9 0.93 0.03 0.04 0.1734 0.9315

0.2 SPLL 0.00 1.00 0.00 0.0219 1.0000
Zhanglh 0.04 0.93 0.03 0.0989 0.9820

Gaol9 0.00 0.31 0.69 0.0229 0.9290

0.3 SPLL 0.00 1.00 0.00 0.0376 1.0000
Zhanglh 0.04 0.87 0.09 0.1117  0.9800

Gaol9 0.00 0.17 0.83 0.0384 0.8870

2-8-10 0.1 SPLL 0.00 0.99 0.01 0.0110 0.9995
Zhanglh 0.04 0.94 0.02 0.0857 0.9825

Gaol9 0.00 0.80 0.20 0.0159 0.9880

0.2 SPLL 0.00 1.00 0.00 0.0127 1.0000
Zhangl5h 0.05 0.92 0.03 0.0841 0.9815

Gaol9 0.00 0.47 0.53 0.0127  0.9520

0.3 SPLL 0.00 1.00 0.00 0.0244 1.0000
Zhanglh 0.05 0.91 0.04 0.0919 0.9810

Gaol9 0.00 0.22 0.78 0.0235 0.9145
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Table 2.2: Simulation results for ¢ = 2, based on 100 realizations for

each configuration.

Model b, Method Under-label Correct Over-label MSE LCR
2-2-16 0.1 SPLL 0.00 0.99 0.01 0.0335 0.9995
Zhanglh 0.09 0.66 0.25 0.0765 0.9730

Gaol9 0.89 0.06 0.05 0.1931 0.9355

0.2 SPLL 0.00 1.00 0.00 0.0283 1.0000
Zhanglh 0.10 0.81 0.09 0.0652 0.9810

Gaol9 0.00 0.26 0.74 0.0366  0.9085

0.3 SPLL 0.00 1.00 0.00 0.0375 1.0000
Zhanglbh 0.10 0.75 0.15 0.0702 0.9785

Gaol9 0.00 0.09 0.91 0.0414 0.8425

5-5-10 0.1 SPLL 0.04 0.94 0.02 0.0795 0.9970
Zhanglh 0.46 0.44 0.10 0.2510 0.9375

Gaol9 1.00 0.00 0.00 0.4982 0.7855

0.2 SPLL 0.00 0.96 0.04 0.0610 0.9980
Zhanglh 0.12 0.79 0.09 0.1926  0.9635

Gaol9 0.61 0.14 0.25 0.1504 0.9385

0.3 SPLL 0.00 0.98 0.02 0.0714  0.9990
Zhanglh 0.12 0.74 0.14 0.1857  0.9650

Gaol9 0.02 0.14 0.84 0.0848 0.8795

2-8-10 0.1 SPLL 0.00 0.98 0.02 0.0403 0.9990
Zhanglh 0.10 0.71 0.19 0.1682 0.9595

Gaol9 0.76 0.11 0.13 0.2111 0.9420

0.2 SPLL 0.00 1.00 0.00 0.0352 1.0000
Zhanglh 0.12 0.81 0.07 0.1570  0.9650

Gaol9 0.00 0.41 0.59 0.0450 0.9405

0.3 SPLL 0.00 1.00 0.00 0.0443 1.0000
Zhanglh 0.13 0.79 0.08 0.1593 0.9665

Gaol9 0.00 0.18 0.82 0.0501 0.9020
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on determining what lags of the SOI should be used, and whether they should be
treated as time-varying explanatory variables. For this, we consider the multi-output
time-varying coefficient model

25

Y, = Bo(tin) + > B,(tin)vijs+ e, i=1..n, (2.9)

Jj=1

where y; = (y;1,:2)" are temperature anomalies from the northern and southern
hemispheres, and zy, is the k-month-ahead SOI for k € {—12,...,12}. For comparison
with existing results, we use monthly data from 01/1936 to 12/2019, which can be
downloaded from the Climatic Research Unit website E| In this case, the sample
size n = 984, and time series plots are provided in Figure [2-1 We then apply the
SPLL method proposed in Section for the semiparametric variable labeling and
estimation of , where the tuning parameters are selected by using the extended
information criterion described in Section [2.5.1] For the bandwidth, we use a two-
step selection procedure. We first use the asymptotic bandwidth b5 = n=/° to
obtain an initial labeling. Then, we apply the dependence-adjusted generalized cross-
validation described in Section 4.3 of Zhang and Wu| (2012) to the selected nonzero
variables to obtain a data-driven bandwidth; see also Section 4.1 of Zhang| (2015)).
Our analysis results show that, among the 25 lags considered, x; _» and z;¢ are
labeled as time-constant variables, and all other lags are labeled as zero variables. In
addition, the intercept is labeled as a time-varying variable, suggesting the following

semiparametric multi-output model:

Y, = Bo(ti,n) + B11%i 2+ Bizrip + €, i=1,...,n,

where the estimated time-varying coefficients By(-) = {Bo.1(), Bo2(-)} T are plotted

in Figure for the northern and southern hemispheres, and the estimated time-

Thttps://crudata.uea.ac.uk/cru/data/temperature/
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Figure 2-1: Time series plots for monthly temperature anomalies from
the northern hemisphere (top left), monthly temperature anomalies
from the southern hemisphere (top right), and the monthly SOI (bot-
tom) during the period 01/1936-12/2019.

constant coefficients are 8;, = (—0.011, —0.015)" and B,5 = (—0.015, —0.014)7.
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Intercept for monthly temperature anomalies
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Figure 2-2: Estimated time-varying coefficients BO(-) =
{Boa(+), Boa2(-)}" for the northern (solid) and southern (dashed)
hemispheres.

Note that the method of Zhang (2015)) leads to the multi-output model

Y; = Bo(tin) + BroTi—3 + B11%i—2 + BroTi—1 + BsTip + €, 1=1,...,n

Compared with the model selected by the proposed SPLL method, it shares the
same insight that the effect of the SOI on temperature anomalies can be viewed
as time-constant, whereas the intercept should be treated as time varying. This

provides a data-driven approach to verify the semiparametric assumption commonly
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used in the climate science literature; see, for example, McLean| (2014), who poses
the possibility of a time-varying relationship, but does not explore statistical tools
other than the simple linear regression to investigate further. On the other hand, the
proposed SPLL method selects only z; _» and z; o as important lags, which differs from
the aforementioned model selected by the method of Zhang (2015). The simulation
results reported in Table 2.2 show that the method of|Zhang (2015) can have a higher
probability of producing over-labeled models than the proposed SPLL method does,
especially when there are a lot of zero coefficients, as in the 2-2-16 configuration.
Therefore, we believe the model produced by the SPLL method is more reasonable.
The climate science literature tends to find a lag between the SOI and temperature
anomalies, mainly by relying on the correlation of annual averages calculated starting
from different months. In contrast, the current analysis allows for the possibility that

temperature anomalies may be associated with multiple lags of the SOI.

2.6 Conclusion

As discussed in Section the extension of classical linear regression models to time
series poses challenges. A common extension is the time-varying coefficient model
(1.3). This study focuses on variable labeling and estimation of multi-output time-
varying coefficient models ([1.4) which encompasses the as a special case. In
Section , we introduce a stratified fix to the method proposed by |Gao (2019) and
Chan et al. (2021). By incorporating information from the coefficient estimator and
combining it with the derivative into the same stratum, we achieve successful labeling
and estimation at the same time. Theoretical justification is provided for the appli-
cation of our proposed SPLL method to containing single explanatory variables.
Section extends the SPLL method to general multi-output time-varying coeffi-

cient models (|1.4)) with possible multiple explanatory variables. Numerical experi-
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ments demonstrate that our method enhances the labeling and estimation accuracy
compared to existing approaches.

We anticipate that the proposed SPLL method can be extended and beneficial
in other scenarios involving multi-category labeling with a nested structure. For in-
stance, one might consider a scenario where the time-constant label is substituted
with a more general parametric label. In such cases, a version of the proposed strat-
ified penalization method is anticipated to be useful. Furthermore, the consideration
of multiple parametric labels in a nested structure, like polynomials with nested or-
ders, could be explored. Nevertheless, the detailed formulation of these problems and
the development of stratified penalization variations as solutions are outside the scope

of this dissertation and are left for future exploration.

2.7 Technical Proofs

Here, we introduce the following notations for the proof in Section For any m,n €
R, we define mAn = min(m, n) and mVn = max(m, n). For any matrix M = (m;);
we use m.; to denote its jth column and m,;. to denote the transpose of its ith

row, and we write p(M) = sup{|Mu| : |u| = 1} and p(M) = inf {|Mu| : |u| = 1}.

1/2

We use the matrix norm [M| = (37, . m7;)"/?, and for any matrix-valued function

f:[0,1] — R we write |flj1 = {fol |F(t)|?dt}'/2. For the multi-output re-

sponse vector y,,, € R, we write ¥,,, = (Yixn,--- Yian) ', and similarly e;, =
(€itms--- s eiyd’n)T. Let C' be a constant whose values may vary from place to place.
For Theorem (1| and [2| let Z;,, = G (t;,; F;), M(G,t) = E{G(t,F;)?*}, and we de-
note the true value by {A""(t)}scj0,1). For Theorem [3{and {4} let ;,, = G (t;,,; Fi),
M(G,t) = E{G(t,F;)G(t,F;)" } and we denote the true value by {©"(¢)}ic( 1.
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2.7.1 Proof of Theorem [

Proof. Throughout the proof of this theorem, let

Un({AW bepn) = Tn{AM}iepa)) + fro. (@)
1/2
+9n, / (lao.(6) — aP + lar. P} | 10
b = (b)) V2 + b2 and V(t) = {v. ( t)},; be a matrix function. Then, by the proof

in Theorem 1 of Fan and Li (2001), it suffices to show that, for any € > 0, there exists

a large constant ()* such that

pr{ i TaA™0) + 00V (O o) > a4 hen) p 2 1= €. (211)

Vl0,11=Q*

By (2.10), we can write

Uy ({A™() + 6aV (1) beeo,) — Ua({A™(8) becpo,)
L({V (D) hiepn) + TIn({V () }iepo)) + LIV () beon);

where

LV hepn) = Tal{A" ) 4+ 6V (1) hiepo.1) — Ta({A™ () hieo)),
IL,({V(t)}tepy) = f,\kn(|dtrue+¢n{,|) P (@),

LAV (Oheon) = 9, / {185 () + B0, () — @™ — 6,2

(1) + uor, (0] )
1/2

ng ; /{|atrue true|2 |atrue( )|2}dt

Here, we provide bounds for I,, ({V (¢) }icpo,11), 1 1n({V (t) }rcpo,1y) and IT1,({V (t) }eepo)-
We first deal with the term I,,({V (t)}icp,1)- For this, by elementary calculation,



34
we have
L,({V(t) }tepp.1))

1
= [ 3w~ a0 + G ()i
0 =1

a0 + oo (O ()

n

tin—1
Ui — QS ()i — @ (i ( ’ )

=1

1
n

= Z / Z [ywn - {agr,}le(t) + Pnvo,;(t) } i

j=1% =1

2
tz’ n t ti n — t
(@) + bvry ()} (b—)} K ( ’ ) "

d Lon 2
e e ti,n —1 ti,n —t
| )

[y

1=

_ ¢izd:/ 'nl {xm {vo,j(t)JrvLj(t) (ti’%n_t)}rKCL%n_t

fo Lot oo (=Y e (5=

Let ks = f_ll uw® K (u)du. By Lemma 6 of |Zhou and Wu| (2010), for s € {0,1,2}, we
have

< C{(nb,)" "2 4+ b,}.

1 &=y (tin—t\"  (tin—t
n_bnzxz,n( b, ) K( b, >_/€5M(Gat)

i=1

In addition, by ({2.6)), we have

sup
t€[0,1]

>, et (22 =) ‘ - 0,0), 212)

=1
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and

n

sup
te(0,1]

tin—1
(xi,nei,n - i‘z,néz,n)K ( : ) | - Op(l) (213)

=1

Note that kg = 1, k1 = 0, we can obtain

d

1
= tin—t
> [zt (=) a
j=17 =1 n
1

d 1
= nan/:‘ioM(G,t>Uo7j(t)2dt

Jj=1 0
d 1
+nb,, Z / vo;(8)%dt » Op{(nby) " + (nby)"* 4 b,}
j=1 0

1

= b,y / M(G, t)un (82t + nbylvo. 5y Oy (nby) V2 + b, ).
0

=1

Similarly we have

J=1 0 =1
d n 2
N tin —1 tin—1
_ Z/vu(ty{Z(wgn—xin)( - ) K( b )}dt
J=1 0 =1
g "1 S

2 ~2 o wn

+nbn;/v17j(t) z; {nbnfl}im( b ) K( b )}dt

d 1
= ”b"Z/KQM(G’t)Ulﬁ(t)thJF”bn|vl,-h20,1}0p{(nbn)1/2+bn}

Jj=1 0
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and

Let par = supyeo ) M (G, 1), par = infiepo1) M (G, t). Combining the results above, we

. {vo,j@ rout (5= ke (5=

)

have

M=
S —

1

<.
Il

3

tin— 1
{xz nUUJ + sz nUUJ(t)ULj(t) ( 7b )

I
M=
o\

J=1 =1

tin—t\2 t —t
+x§7nv1,j(t)2( ’b ) }K< ’b )dt

d
B ”b"z/ MG, t)00,1(t)° + KM (G yon (82 dt + bl Vo y Op{(nbn) /2 + b}

Jj=1 0
= nbn’V|[0,1][(/f2 A1D)pu + Op{(nbn)_1/2 + bn .

—_

On the other hand, by the Cauchy-Schwarz inequality and Lemma A.1 of |[Zhang and
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Wu (2012),

d Lon too — ¢ tin—1
(5 o ()
j=l7p =1 ' n
d 1 n t t

< Z /Uo,j(t) {Z (Tinijn = Tinijn) K ( Z’%n > } o
]:1 0 =1
d 1 n t t
+ Z /vo,j(t) {Z TinCijn K ( szn ) } dt
j=1 0 =1
d 1 n t t t t
+ Z /Ul,j(t> {Z (Qf@"nei,j,n - ji,néi,jyn) ( : 7;)” ) K ( ZJ;)n ) } dt
]:1 0 =1
da |1 t t t
+; /Uu {lene”"(mn )K(w;?n )}dt
=110

d 1

> [ a0t ) 001+ a0 2+ (3 [ hns(0la | Oyt + ()

1o g=1

= 2d|Vho,110p{(nbn)l/2}-

IN

Similarly, we have
1 n
/Zi‘in {’U()’j(t)—FULj(t) < 7b )}K( ’b )dt
0 i=1 " "

1 2,
( / vo,ja)?dt) (

tin—1
< ,
< ()
1 2 2\ /2
—t tin —t
(o) (] s (5
0 0 =1 n
< 2nb,|Vioa[par + Opf{(nbn) % + b, }]
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and

1 n

[ttt {4 o0 (2= ) L (B2 ) a

0 i=1

< 2nb,|V]jo,110p{(nb,) "}

Since —1 < (t;, —t)/b, < 1, we have

tin —1
() - aieo) - e (5] -
n

holds for some £ € [0,1]. Then, we can obtain that

d

1
- ru ru ru t%n_t

>[5 {aeten - agr - o (221 )

j=17 =1 n

X.I'in {Uo7j(t)—|—1}17j(t)< 7b >}K< 7b )dt’

1
< Zd:@su 187(8)] /n 2 Lo 0+ o) (Bt Vg (Ln =t g
T =2 teOpl 7 Rl b by, b,
7j=1 [’] 0 =1
1 n
w30 = 20 {0+ osto (5 =) b (=0
0 =1 n n
d b2
< 5 sup 187 (£)] (200 |V |j0,11[50s + Opf (nby) ™ + (1) ™2 + by }])
‘o “ teloa

= nbn\thJ]

d
o, {Z sup !ﬁ;’(t)l} par + Op{b7(nby) > + 03}
]

j—=1 t€l0,1
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Combining the results above, we have

L({V (t) }epo,17)
O2nb, |V 5 11[(k2 A 1)pas + Op{(nby) ™2 + b, }]
d

200, (b)) + 12 {Z o \ﬁ;’<t>|} o

jzltemJ]

+O,{b2 (nb,)* + b3}
O2nba| V% yy[(k2 A 1)pas + Op{(nby) ™12 + b, }]
d

b, {Z sup |6§-’(t)|} par + Op{(nbn) ™"/ + 07}

=1 t€[0,1]

v

_2¢nnbnlv|[0,l}

v

—2¢>nnbn|V|[071}

Now, we deal with the term I,({V(t)}ico1)) and T11,({V (t)}ico,1))- By the

triangle inequality and Cauchy-Schwarz inequality, we have

‘on,n(’dtrue + (bn’f)‘) _ f)\oyn(’dtruem _ ‘f)l\om(g)(‘dtrue + ¢n@| . ’dtrue|>’

< fron (©)]0n0]
< GulVlipysuplfy,, (2)];
z€eR

where ¢ is a real number between |a™" + ¢,,v| and |a*"¢|. Using a similar argument,

1
. / (1aS™(8) + duvo. (t) — @™ — 6,2
0

(1) + o1, (1) Par)'?)

1 1/2
“gn, | | [Hlako 0 — @ o jageo Py
0
1 1/2
< 0| [Uon.®) - 0P +lon P}t suwlg, (o)
Te
0

< oulVlpasup gy, ()]
x€ER

Note that ¢2nb, = 14 nb>, ¢,nb> = (nb2)/2 4+ nb> = O(1 +nb2), and {(nb,)" V2 +

b2} (Ao + To.n) = O(1). Based on the above observations, we can conclude that for
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sufficiently large @Q*, the dominate term of

W, ({A™(t) 4+ 60V (1) brepon)) — Yn{A™(8) beo,1))

is ¢pnb, V5 (k2 A 1)par > 0, and the result follows. O

2.7.2 Proof of Theorem [2|

Proof. Throughout this proof, we rewrite Ay.(t) as a sum of its center and an addi-
tional time-varying component. To be more specific, let C{A(t)} := a = (;); denote
the center, then Vo{A(t)} := ao.(t) — a = (v0,)o; and Vi{A(t)} = a;1.(t) = (t15)1,
represent the time-varying component with respect to the center. We can now rewrite

-
An({C{A@) } ey, Vol A®)} teeons V{A®) } eeo)

2

Yin — CLA®) 20 — Vo{A(t) }zim — ViI{A(D) }2in (ti,n — t)

b,
t:n, — 1
K[ 2= dt
* ( b, )
1

1 1/2
o (V) + 910 [/{|L0,~(t)2 + L1,~(t)2}dt] + CT/VO{A(t)}dt

0

= Xd:/Z{ym ViTin — L0 ()Tin — ng(t)l’m<t bn_t)}QK(ti’"b_t) dt

7j=1 =1 n

1 1/2
+ i () + 6, [/{uo,.(tmLl,.<t>2}dt] +Z<J / t05(1)d (2.15)

where ¢ = ((;); € R? represents the Lagrange multlpher that concerns the constraint
fol Vo{A(t)}dt = 0. The minimization problem ({2.15) relates to the normal equations:

ONL([C{A() e, Vol A(E) FHeelo,1), Vi{A®#) Heepo,n) /975 = 05
{ ONL([C{A() }iepo,1), Vol Alt )}]tem 1, Vi A(t )}]teOl )/fﬁoJ( )=0; (2.16)
ONL([C{A®#) Hicpo.1), Vol A ()}]teou Vi{A(t )}]teOl)/aLlj(> 0.

n
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Throughout this proof, for s € {0, 1}, let
= tim —t
Ujsn(t) = Z Yigm — ViTim — L0j(0)Tin — t1(t)Tin b

=1
tin—t\° tin—t
X : an : .
( b )”" ( b )

Then, for any j =1,...,d, (2.16)) can be represented as

1
Jo 2Ujon(t)dt = £3,, (17 &5
A 2 2 1/2 t0,5 (1) .
2U]707n(t) - gTo,n fo {|l’0 )| + |l’1 (t)| }dt] )[f01{|l,oy.(t)|2+J‘L17.(t)lQ}dt]l/Q + CJ’
t)

_ 1 2 2 1/2 t1,5(t)
2Uj:17n(t) - g;'O,n(I:fo {|L0 | + ’Ll (t>| }dt] / )[f01{|1,0,.(t)|2:-J\L17A(t)|2}dt]1/2'

Therefore, by observing the constraint that fo Lo,.(t)dt = 0, we can obtain that

2

42 / Uyoutidt p = (£, ()} 27

and

1

d
4y /U]M 24 Ujn(t)2dt

J=1
2
1 1/2 .
= {0 | | [ OF + en. (0 e @)
0 J=1

Note that, by the proof of Lemma 6 in |Zhou and Wu (2010)),

- tin—t\° tin —t
~2 1,1 K %M
S (5 ) # ()

and by (12) and (213),

= Op(n1/2 + nby,),

sup
te[0,1]

sup
t€l0,1] | =1
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- tio —1t\° ti, —t
2 1,1 K R0
Sot(5) % ("5

=1

we have

sup
te[0,1]

Then, by Theorem [, we can obtain that

1 n s 2
~ rue ti,n —t ti,n —t
[ [Btmsn-aon (5w (57
o L=

2
ti,n —t 3 ti,n —1 ~ rue
() e (s )|m¢ww@<Wm

= 0,{(n*? +nb,) YO, [{(nb,) V2 + b2}?] = O,(nb, + n*tP),

and

ot~

2
e (1 ((Lan =0\ e (tin =t
Zzlxm{alj —af" ()} » K » dt
= (nb + n2bP).

In addition, by (2.14) and Lemma A.1 of |Zhang and Wu (2012)), we have

tin —t\° tin —t
,M K ,Mn
(5) w ()

rue rue li no t rue
2, o) - a0 - (5= ) ot}

tin—t\" . [tin—t
><< 0 > K( 0 )H < OB {(nb,)"? +nb,}.

< C(nb,)"?,

and

On the other hand, by a similar argument as in the proof of Theorem [ we have

tin—t\° tin —t
] K:
() = ("5

< C(nby)"?,
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and

rue rue ti,n —t rue
zn{agj zn GB] (t)_ < b )atl,] (t)}
() K ()| e
bn
Combining the above results, we can obtain that
1 I
A . . tin—1
/Uj,s,n(t)2dt = /Z [{yi,j,n — CLOJ(t)JJi’n — al,j<t)xz’,n < b ) }
0 o =t "
s 2
tin —1 tin —1
i,n an @,n dt
() e (5]

h /Z ([ei,j,n - Ii,n{&O,j( ) - agr;e(t)}

0 =1

1

~ rue ti:” —t
_zi,n{al,j( ) - CZE 7 (t)} ( b )
true true ti,n —t true
+Tin Qg (tz n) — Qg (t> - b ay (t>

s 2
) A K i
X( bn ) ajl’n ( bn )) dt

= O,(nb, + ang),

and, as a result, the left-hand-side of ([2.18)) becomes

42 / ]On +Uj1n( ) dt :Op<nbn+n2bg)

0
If 3 € DyUD,, then, by Theorem

1/2

/{!io,-(t)\2 e (0P}t | = Op{(nby) ™1 + b}
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Under (P3) and the assumed conditions, we have

{on, ([Pt + 1) ™) |

nby, + n2b%

2

— OQ.

Therefore, the solution will be at the point where the differentiability does not hold,
which leads to

te[0,1] te(0,1]

pr{ sup |Lo.(t)] =0 and sup |i1.(t)] = O} — 1.

For the second claim, note that

1
- g . . tin —t
/Uj,o,n(t)dt = /z; {yZJn — o j()Tin — Q1 ;(t)Tin ( b )}
0o =
tin—1
Xxi,nK ( 7b > dt

1
= [ [euin — mining(0) - o)
0

=1

~ rue ti,n —1
—2in{a;(t) — ayy" (1)} ( b )
true true ti,” —t true
TTin 4§ Qo (tln) — Qg ; (t) — b ayj (t)

tin—1
Xl'i,nK( ’b )dt

= Op{nbi + (nbn)1/2}.

Thus, by Theorem , 4] = O,{(nb,)"Y2 + b2} holds for B € Dy. On the other hand,
note that ,
(e VN
nb + (nby,)/? ’
the second claim follows by ([2.17)) and a similar argument. O]




45

2.7.3 Proof of Theorem [3|

Proof. Let

1/2
U, ({O(t) }ep) ngn [/{BOk — 0>+ 1014 ( )Q}dt]

+T({O) }eepy) + Z Frin (10.1), (2.19)
k=1

¢n = (nb,)"Y2 + 02, and V() = {v...(t)}1;x be a 3-way tensor function. Similar to

n’

the proof of Theorem [2] it suffices to show that, for any e > 0, there exists a large
constant Q* such that

pr{ i Ta{O"0) 4 60V (Oicon) > B0 (D)o | 2 1.

Vlj0,11=Q*

and we write

U, ({0 (1) + ¢nV () hieo.a) — Yn{O™(1) iepon))
L({V () }ep) + TI({V () hep,) + TV () Fieo,n),

where

LV} epn) = Tu({O™1) + ¢nV (D) }ieon) — Tu({O7() bepo.1)),
ILAV®Oheon) = Y Ao (007 +énvi]) = > A, (105D,
k=1

k=1

and

[I[n({V( }te[o 1] Zngn ([/{gtrue + GV ( ) _ ézue B ¢n1_7k;,.|2

OV () + v, (D at] )

1/2

- ng [/{9”“e = 0. + |67 (1) Pyt
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We first deal with the term I,,({V(¢)}+cpo1]). By Lemma 6 of Zhou and Wul (2010)),
for s € {0, 1,2}, we have

] — tin—1t\° tin—t
— Emann( ’b ) K( ’b )—HSM(G,t)
nn. ’ n n

=1

In addition, by (2.7)), we have

< C{(nb,)" V2 +b,}.

“ tin —t
sup (Tinx,, — Tin®; ) K ( ’ ) = 0,(1), (2.20)
tel0,1] |, ’ ’ br,
and
u tin—t
sup | Y (xine], — Tinel,) K ( ’ ) = 0,(1). (2.21)
telo,1] |55 ’ ’ by,

Let par = supyeo ) P{M (G, 1)}, par = infiep 1) p/{M (G, 1)}. Then, following a simi-

lar argument as in the proof of Theorem [I}, we have

5 [ feos e (SO} ()
= nbné /1 {vo,.;(t) "M (G, t)vy, ;(t) + ka1, ;(t) "M (G, t)vy. ;(t)}dt

+nby |V [} 1 Op{ (nby) ™12 + by}
> b | VI [(k2 A 1)fng + Opf (nby) ™2 + b, }].

Similarly, by the Cauchy-Schwarz inequality and Lemma A.1 ofZhang and Wu| (2012)),

we have

d 1 n
Z;/E:m%{”mﬂﬂ+vuﬂﬂ(’b )}@mﬂf(’b )dt
j=17p i=1 " "

> [ 0s®)+ 3 [ lons0lde ) 0,41+ (b))

d
Jj=1 J=1

IN

< 2d|V]pyOp{(nba)"/?}
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Since —1 < (t;, —t)/b, < 1, we have

rue rue rue tl n t b?L
ea,.,jm-,n)—93,.,j<t>—ei,.,j<t>( ’ )] <Ol (222)
by, 2 te[0,1]

holds for some ¢ € [0,1]. Then, we can obtain that

d

[ tin—t\ 1"
> [ 3o {oisten - o - oo (=)}
j=17 =1 n

tin—t

X:I:;l,—n {UO,~,j(t) +u1;(t) ( b_ )}K (tiﬂ;_ t) dt‘

1
L tim—1 tim—1
X /2_; $i7n$;—n {v0,~,j (t) + V1,5 (t) ( bn ) } K ( bn ) dt
0o =
1 n
~ ~ ti,n -t
| [ Smaal, ) o) s w0 ()
0o =

tin, — 1
K[ == dt
d 9

b /! — — —
< ST sup [85(0)] (20, Vo oar + Op{(nb,) " + (n,) ™ +b,})

=1 2 te€(0,1]

= nbnyv|[0,1]

d
by {Z e b7 (t)\} Py + Op{by (nba) /% + 07}
i telo,
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Combining the results above, we have

L,({V(t) }eo,1))

-2y / > [e {0 oo (=)} e (B

j=1 i=1

ti, —t
L O8S 0) + e — L {500 + 01500 (2= ) |
X |:sz,n {’Uoﬁj(t) + ’Ul,.’j(t) (T) }:| K ( ’b ) dt
bV (2 A Dinr + Op{ ()72 + b))

d
2d0p{(nbn)_1/2} + b2 {Z sup] ‘b”j(t)‘ } pM

= tel0,1

A%

_2¢nnbn|v|[0,1]

+O,{b%(nb,) "% + b3 }]
O2nbn| V|6 (52 A 1)par + Op{(nby) ™% + b, }]

d
by {Z sup [ (t)l} pas + Op{(nby) ™2 + b}

1 te0.1]

v

—2¢nnbn|V|[071]

Now, we deal with the term I1,,({V () }:cp0,1). For this, note that for & € Dy U Dy,

we have |9§:ue\ =0, and thus

LV Oheon) > Y Fu (00 +awnl) = > fu, (677,

k€DUDy1 k€D UDy1

Then, by the triangle inequality and Cauchy-Schwarz inequality, we have

S b0 o) = Y A (180
k€D .UDy1 keD .UD,1
n — At
— | > S (1850 + guvn | - 1612°1)
k€D UD,1
< Z fé\k,n (5k)|¢n’l—7k,| < ¢n|v|[0,1] Z sup |f§\k,n (ZL‘)|,
k€D UD,1 k€D UDy1 re
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where & is a real number between \ék “+onv.| and |0k °|. Using a similar argument,
for k € Dy U D,, we have 0} (t) = Htrue nd |07 (¢)] = 0, and thus

LV Ohep) > Y on. /{\etwe )+ Guvon(t) — B — e

k€D,
true 2 1/2
OV () + ovr (D] )
1/2
rue true rue
-3 g, /{leak COTP ey |
keD,

where

> o / {105 0) + 9w, (1) — B — 6,01
keD,
O (1) + drvn e, (6)at] )
1/2
rue ptrue rue
I / (10530 = 812 + O3 ()t
keDy
< 6ulV0py D Sup 97, (@)].
keD, *
Note that ¢2nb, = 14 nb>, ¢,nb> = (nb2)/2 4+ nb> = O(1 +nb2), and {(nb,)~ /2 +
b2 }(maxgep,up,, M t+Maxpep, Tra) = O(1). The result follows by a similar argument
as the proof in Theorem [I] O

2.7.4 Proof of Theorem [

Proof. Similar to the proof of Theorem 2], we rewrite ©y_...(t) as a sum of its center and
an additional time-varying component. Let C{O(t)} := (0y.,...,0,.)" = (v ;)1 de-
note the center, then Vo{O ()} := {00.1.(t) =01, ...,600,.(t)—0,.}" = (tox,)ox; and
Vi{O#)} :={611.(1),...,01,.(6)} = (t14;)1.4; represent the time-varying compo-
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nent with respect to the center. We can now rewrite (2.19)) as

An({C{0(1)} hre.), {Vo{O ()} }iepp, Mi{O) }H o)

2

Yin — c{o)} 'z, —Vo{Ot)} i —Vi{OM)} 24,0 (ti,n - t)

bn
ti, —t
K[| 2 dt
K ()

1
p p
> P (V) D /{Ibo,k,~(t)|2 + Jen g, (£) [}t
k=1 k=1 0

1/2

1

¢ / Vo{O(t)}dt

0

2
tin—1
{?Ji,j,n — v i — 0, 5(t) @i — t1.(t) i ( > ) }

ti, —t
K[| 22 dt
K ()

1
p p
> P (VD) + D g /{Ibo,k,~(t)|2 + Jen, (8) [}t
k=1 k=1 0

d 1

:Zo/

Jj=1

n

=1

1/2

1

+ZZC’€J/L0M (2.23)

k=1 j=1

where tr(-) denotes the trace operator, and ¢ = ((;)x,; € RP*¢ represents the La-
grange multiplier that concerns the constraint fol Vo{O(t)}dt = 0. For s € {0,1},
let

n

tin—1
Ukjsn(t) = Z {yi,j,n - ’YTme — 00,5 () @i — 11, 5(t) @i ( b ) }

=1
tin—t\° tin —t
X : Z; nK ’ .
( bn ) 7k7 ( bn )
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Similar to the argument of obtain (2.17)) and (2.18)) in the proof of Theorem , by

observing the constraint that fol Lo, (t)dt =0, we have

1 2

42 /Ukwn tydt o = {5, (v D} (2.24)

0
and

d 1
4 / Uk jon()? + Uy jin(t)*dt
j=1
1/2 2

1 d
= { | | [0 OF +lors. P 3¢, (2)
0 7=l

Combining the results that

sup
tel0,1] | =
and
B tin —t\° . [tin—t
~T in n
sup Tikn®in — Tikn®; K( ) =0,(1),
te(0,1] Z( ) ( bn ) bn ‘ P
we have
y (=) g (B ) 2 0,014 02 4 mb) = 002 4
Sl[lp} Zx,knmm 2 2 =O0,(1 +n'/* +nb,) = Oy(n'/= + nb,).
tel0,1 i=1 n n

Then, by Theorem [3| and the Cauchy-Schwarz inequality, we can obtain that

) 2
i ~ rue ti,n —1 ° tiv" —t
[t won () ()]
i=1 " !

0
1 n s 2
tin—1 tin—1
T 7,n i,n
0 =1

= Op{(n'? + nby)*} O, [{(nba) V/* + 07}%] = Op(nby + ),

IA

Do..5(t) — 05 (1) Pdt
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and

2
n . tzn —1 s+l tzn —1
[Z Ti oy, {91,-,j(t) — 67 (t)} ( b ) K ( D )] at

i=1

1
0/
O

(b, + 1Y),

Following a similar argument in the proof of Theorem [2, we can obtain that

n s

tin—1 tin—1
3 ewan (2570) € (457)
i—1 n n

< C(nb,)"?,

and

g tin —t
> sl {055 00— 057500 - (22 ) otsco |
i=1 n

() () et

hold. Combining the above results, we have

1

1
. - X X tin—t
/Ulij,s,n(t)dt = /Z |:{yz‘,j,n — 00,~,j (t)Tmim — 01,.7j (t)Tmz‘m ( ’b ) }

o =1 n

0
s 2
tin—1 tin—1
el i | =2 dt
. ( bn ) ! - ( bn ):|

1
= / ([%}n — ] {00.;(t) — 05 (t)}
0

i=1

ha rue tz,n_t
~al {01, - oo (25

rue rue ti,n —1 rue
+wz—'l,—n {08,-,3‘ (ti,n) - 087,0-(25) — 5 > 0‘;",], (t)}:|

s 2
: ik | — dt

= O,(nb, +n*bP),
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and, as a result, the left-hand-side of (2.25)) becomes

42 /Ukwn )2 Uy jan(t)2dt 3 = O, (nby, + n?0).

If k € Dy U D,, Theorem [3| shows
1/2

/{Iio,k,~(t)|2 e (0P}t | = Op{(nba) ™2 + 07}

Under (P3) and the assumed conditions, we have

{glrfm ([fo {leos (01 + o1, (t )|2}dt] 1/2) }2

nby, + n2b%

— OQ.

Therefore, the solution will be at the point where the differentiability does not hold,
which leads to

pr{ max_ sup |Lox.(t)] =0and max sup |L1k()|=0}—>1.

k€DoUD, te[0,1] keDoUDe tel0,1]

Similarly,

1

[ Gsonttrar = /E:emn—anOK)—%ﬁ@H
i=1

0

0 rue tin — 1
~al, (01,0 - ooy (25

13 n l rue
=)

el oo oo - (“

tin—1
Xl'z'7k7nK (7b—> dt

= 0,{nb + (nb,)"?}.

I (e,
Combining the fact |y,.| = Op{(nb,)~ 124121 holds for k € Dy and - bzk:nzk)l/z‘

the second claim follows by ([2.24]) and a similar argument. ]

— OQ,
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Chapter 3

A Warped Self-Normalized Inference for
Time Series with Staggered Observation

Periods

Chapter [2| address the problem of variable labeling in multi-output time-varying co-
efficient models. In such models, the time series used for analysis should have the
same lengths with the same start and end observation times. However, in practical
scenarios, this contemporaneous assumption is frequently unfulfilled. For instance,
in the CRUTEM data hosted by the Met Office Hadley Centre that contains hemi-
spheric and global mean time series of land air temperature anomalies, the northern
hemisphere has anomaly values started in 1850 while the southern hemisphere only
has data started in 1857 mainly due to the poor land data coverage in the southern
hemisphere before 1857. Also, for the United Kingdom (UK) precipitation data stud-
ied in Section [3.5.3] the monthly precipitation record started in January 1873 for the
Northwest England and Wales (NWEW) region and January 1931 for the Northern
Ireland (NI) region. More generally in meteorological science and climate science, it
is often the case that one time series has a longer history of record than the other, and
monitoring stations can be built or demolished at different times in different regions
making their collected data on different time periods. In finance, portfolios can be
created and abandoned at different times, leading to different recording periods. In
economics, it is often the case that the economic variable of interest has published

data available on different time horizons for different countries. In infectious dis-
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eases research such as the most recent COVID-19, different countries often start and
end the data collection at different times making their observation periods different.
These applications have driven the development of methods that consider statistical
inference for multiple time series where time series do not share the same observa-
tion period and may have different lengths. In Chapter [3, we explore the two-sample

testing problem for time series with staggered observation periods. This chapter is

based on Wang and Zhang (2024)).

3.1 Introduction

Applications from various scientific problems often require the comparison of data
from two populations, which can be, for example, clinical trial data from the treat-
ment and control groups, temperature record data from different countries or regions,
electricity usage data from different industries, among many others. This two-sample

test problem in statistical analysis has been widely studied in the literature; see for

example Hotelling (1931)), |Cressie and Whitford, (1986)), [Hall and Martin| (1988), Bai

and Saranadasa (1996), Keselman et al.| (2004), (Chen and Qin/ (2010), |Chen et al.

(2013)), Cai et al.| (2014)), Gregory et al.| (2015), Xu et al.| (2016), |Stéadler and Mukher-|

(2017)), |Chen et al.| (2019), Zhang et al| (2020), and references therein. The

aforementioned works mostly concerned the situation when the data can be viewed

as independent samples from an underlying distribution. For time series data,

and Weilbach| (2009)) considered testing the difference between regression functions

of two stationary conditional heteroskedastic autoregressive processes. |Politis and

Romano (2010) considered the use of subsampling in two-sample or multi-sample

problems of time series data. [Horvath et al.| (2013)) considered testing the equality of

means in two functional time series by using a normal approximation for the func-

tional sample mean and estimating the long-run covariance kernel. [Dette et al.| (2020))
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considered the problem of testing relevant hypotheses in two functional time series.
In the aforementioned works, however, it is often assumed that the two time series
being compared are independent of each other. As discussed in Section [I.2] there is
always a joint dependence exhibited between the two time series to be compared. In
Chapter [3| we explore the problem of two-sample testing in statistical analysis under
a time series setting, where the two time series being compared may have staggered
observation periods and exhibit nonignorable joint dependence.

To address the issue of nuisance parameters mentioned in Section |1.2| when con-
ducting two-sample inference, we propose utilizing the self-normalization framework
introduced by [Lobato| (2001)). The objective of [Lobato| (2001) was to test whether a
dependent stochastic process is uncorrelated up to a fixed order. Previous methods
for this test, prior to |[Lobato (2001), required the selection of user-chosen parameters,
which could potentially affect the statistical inference. The test statistic proposed by
Lobato| (2001) based on self-normalization is asymptotically distribution-free under
the null hypothesis that does not contain any unknown parameters. In order to illus-
trate the idea of self-normalization, Section 2.1 of |Lobato| (2001) considers a simple
case, dealing with the equivalent problem of testing whether the mean of a process
is zero. We shall here consider a similar problem as an example to illustrate the
idea of self-normalization. Suppose we have a sample Z;,..., 7, from a stationary
process {Z;}icz with mean pu, = E(Zy). Denote the long-run variance as g, where
9> = Dopez €0V(Zo, Zi). As mentioned in Section [1.2] the statistical inference for p.
relies on ((1.7), which requires estimating the nuisance parameter g,. To avoid this

issue, the self-normalization approach considers the following self-normalized statistic:

n2<an — NZ)2
_ 2°
n;? ZZ; k2 (kil Zf:l Zi — an>

Under appropriate weak dependence conditions, for example, Herrndorf (1984) and
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Wu, (2007)), the following invariance principle holds:

[n=t]

nZ2N (Zi— p) = W), te(0,1], (3.1)

i=1
where = denotes the weak convergence in the Skorokhod space and W (t) is the

standard Brownian motion. Then, by (3.1), under the null hypothesis that u, = 0,

one can demonstrate the weak convergence of:

. k 2 !
TL;Q Z k?2 (k’_l Z Zz - an> _>d [ /{W(t) - tW(l)}th
k=1 =1 0

Hence, by continuous mapping theorem, we can obtain the asymptotic distribution

of the self-normalized statistic

HZ(ZTLZ — p2)? N W(1)?
1

2y e (Y, - 2,) WV - v )R

In this limiting distribution, the nuisance parameter g, cancels out in both the nu-
merator and denominator, rendering it independent of g¢..

The self-normalization framework is based on this idea, which was later expanded
by [Shao| (2010) to incorporate time series inference. The method involves using an
inconsistent normalizer to pivot the asymptotic distribution of the statistic being
analyzed. This eliminates the need for estimating any nuisance parameter, resulting
in a more efficient inference procedure. When joint dependence between the two time
series to be compared, |Zhang and Shao| (2015)) proposed the use of self-normalization
to pivotalize the test statistic. Their method is based on the key assumption that
the sample size of the two time series are the same, namely the balanced two-sample
case. The extension to the unbalanced case can be highly nontrivial, as Shao| (2015))
demonstrated with counterexamples that self-normalization can work in two-sample

problems only when the two time series are independent or when they are of the same
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length. However, as we mentioned before, the two time series to be compared are not
necessarily of the same length and can have different starting and ending observation
times, which brings difficulty to accommodate their joint dependence. In this case,

using independent random block subsamples from the two time series as in

land Romano (2010) may no longer preserve the same dependence structure as in the

target global two-sample statistic. On the other hand, the limiting distribution of
the self-normalized statistic as in will be affected by the underlying joint
dependence in this case and is no longer pivotalized unless the two time series are of
the same length. To address this issue, we incorporated the block sampling method

into the self-normalized framework.

Motivated by the bootstrap method proposed by Efron| (1979) and [Efron| (1982)),

(Carlstein| (1986) first introduced a blocking scheme with non-overlapping blocks of

the sequence to address the variance estimation problem, while Kiinsch| (1989) and

Liu and Singh! (1992) later introduced the moving blocks bootstrap to time series,

where the blocks are allowed to be overlapping. Various types of block sampling

with its properties are then widely explored in the literature by, for example,

(1993)), Politis and Romano| (1994al), Politis and Romano| (1994b)), Li and Maddala

(1996), Biihlmann (1997), [Politis et al| (1997), [Lahiri (1999), |Politis et al. (1999),

Paparoditis and Politis (2001)), [Politis et al.| (2001]), Bithlmann| (2002), Lahiri (2003]),

Nordman and Lahiri (2012), [Tewes et al| (2019), and references therein. Bai et al.|

proposed the self-normalized block sampling method to conduct statistical
inference, such as hypothesis testing or the construction of confidence intervals, on
the mean of a single time series. Although combining the strength of subsampling
and self-normalization has been demonstrated to be useful in certain problems
et all, [2016), its direct application still cannot handle the joint dependence under

staggered observation periods in the two-sample test. To address this problem, we
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proposed a warped self-normalized subsampling approach, which incorporates a time
domain warping based on how the two time series are staggered to recover and match
the original dependence structure.

In Sections and [3.3] we revisit the subsampling method by [Politis and Romano
(2010) and the self-normalization approach by |Shao (2015). We aim to understand
why these methods were not suitable for comparing two time series with joint de-
pendence and staggered observation periods. In Section [3.4] we introduce a warped
self-normalized two-sample test. This test accommodates various staggering patterns.
For instance, it can handle cases where the time series start simultaneously but end
at different times, where one series is observed within a subset of the other’s timeline,
or where the observation intervals overlap partially or completely. A distinguishable
feature of the proposed method is that it allows the length of nonoverlapping seg-
ments to increase with the sample size so that the data sample is not necessarily
dominated by the overlapping segment. We demonstrate that this method is not only
applicable to comparing means between two samples, but can also be used to compare
other quantities such as variances or quantiles in a unified manner. In Section [3.5]
we conduct numerical experiments, including a Monte Carlo simulation and a real
data analysis, to further illustrate the effectiveness of our proposed method. Section
concludes this chapter. Technical proofs throughout this chapter are provided in
Section 3.7

3.2 Subsampling Approach: A Revisit

In this section, we revisit the subsampling approach of [Politis and Romano| (2010) to
illustrate why such approach can become inapplicable in the current setting. For this,
suppose we observe X, ..., Xpin,—1 and Y, ..., Y n, 1 from a stationary bivariate

time series (X;,Y;), where the associated sample sizes are N, and N, respectively.
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Here, the observation periods [k, k+ N, — 1] and [[,{ + N, — 1] for the two time series
are not necessarily the same. As commented by |Politis and Romano| (2010)), the
literature on comparing time series of different lengths seems scarce, and |Politis and
Romano (2010) proposed to address the problem using subsampling. To illustrate,
we consider the case of the mean, and we denote Xk,kJrer = ZHNFI

and Y4y, o1 = ZHN” 1Yj, then the method of |Politis and Romano (2010)
approximates the distribution of )_(MJF No—1 — YLHNy_l by that of subsamples after
a suitable scale adjustment. In particular, let X;,..., X;yp, 1 and Y}, ..., Yjip 1
be subsamples of lengths B, and B, from the two time series, and we denote the

underlying means and long-run variances by
po =B(X0), py=E(Y0), go=) cov(Xo,Xy), gy=> cov(¥p,Yi),
kEZ kEZ

then by Politis and Romano| (2010) the distribution of

Zprio = (N, gz + Nglgy)il/z(Xk,k+szl — Yiiin,-1)

under the null hypothesis of equal mean can be approximated by the empirical dis-

tribution ﬁ’pmo(u), u € R, of the subsamples
Hij = (B 9+ By g,) " *(Xiivp,—1 — Yijuen,-1),

where 1 <i<¢,=N,—B,+1land1<j <gq,=N,— B, + 1. In particular, let I(-)
be the indicator function, then we can write

qx

dy
Fprio(u) —qxlqzjlzz (Hij <u).

=1 j=1

Assuming independence between (X;) and (Y;), [Politis and Romano| (2010) provided

the theoretical guarantee of such a two-sample subsampling approach under strong
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mixing. When the two time series are not independent of each other, however, the
following theorem suggests that the subsampling approach of [Politis and Romano
(2010) may become inapplicable even for the simple case of m-dependent processes

that share the same observation period.

Theorem 5. Assume that (X;,Y;) is a m-dependent stationary process with finite
second moment and we observe Xy, ..., Xpin,—1 and Yy, ..., Yiyn, 1 with k =1 and
N = Ny. If the long-run variances g, and g, are both bounded away from zero and
the subsample lengths satisfy 1/B, + By /N, — 0 and 1/B, + B, /N, — 0, then under
the null hypothesis of p, = i, as N, = N, — oo we have

FPRIO(U) —p pr(Zprio < Cazyu)v

where —, denotes the convergence in probability and

1/2

T + — Ay

) = (ggy—y) Ly = 3 feov(Xo, Vi) + cov(Ye, Xi)).
9z T Gy kez

When the two time series (X;) and (Y;) are not independent as in |Politis and
Romano| (2010)), the cross term a,, is generally nonzero which makes the constant
Cay 7 1. As aresult, the subsampling distribution F’pr in this case will become a dis-
torted approximation to the distribution of Zprio = (N, 'g.+N, " 9y) (X -1~
Vi N,-1), which makes the method of |Politis and Romano| (2010) inapplicable to the
current setting. Note that implementing the above discussed subsampling approach
also requires estimating the long-run variances g, and g,, which can itself be a non-
trivial problem and may involve the selection of additional tuning parameters. This

motivates the use of self-normalization in two-sample problems as considered in [Shao

(2015) and [Zhang and Shao (2015]).
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3.3 Self-Normalization Approach: A Revisit

The idea of self-normalization is to use a sequence of recursive estimators to pivotalize
the asymptotic distribution of the two-sample statistic. Following [Shao| (2015), we
let N = N, + N, and consider the case when & = [ = 1 so that the two time series
(X;) and (Y;) share the same starting time. In this case, the recursive two-sample

differences can be constructed as
Di,N:XLLiNz/NJ _E,LiNy/Nja i=1,...,N, (3.2)

and the self-normalized two-sample statistic of Shao (2015) takes the form

NDJQV,N
N-2 ZZ]\; i?(D; Ny — Dy n)? .

ZSl5 == (33)

To derive the asymptotic distribution of Zg;5, we follow Shao| (2015) and make the

following assumption.

(IP) There exist a,b # 0 and ¢ such that for any M — oo,

M”Qmizzj(é(—_iy):(ic O_b){%g; }

where = denotes the weak convergence in the Skorokhod space and W (t) and

Wy (t) are two independent standard Brownian motions.

Assumption (IP) is generally referred to as the invariance principle, which has been
widely studied under various short-range dependence conditions; see for example Han-
nan (1979), Herrndorf (1984), Wu (2007), Berkes et al. (2014)) and references therein.
We also refer to Shao| (2010), |Zhang and Lavitas (2018) and Zhang et al.| (2019) for
additional references on the use of the invariance principle in self-normalization. By
assumption (IP) and the continuous mapping argument as in Shao| (2015)) and Zhang

and Lavitas (2018)), one can show that as N,/N — p, and N,/N — p, for some
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Pa, Py € (0,1) the self-normalized two sample statistic

{Voup, (L1, b, 0)}*
’ fol{vzﬂzvpy (t; a, b: C) - ﬂ/}nz,py (1; a, b7 C)}th’

Zsi5 —

where

a c b
Voupy (t;a,b,c) = —Wi(pat) + p_Wl (pyt) + p_W2 (pyt)~

Pz y Yy

In the case when p, = p, for which the two time series share the same length, we can

write
a-+c

b
Ve, (tia,b,¢) = Wi(pst) + p_WQ(p:ct)a

xT

which then has the same distribution as the process p; /*{(a + ¢)* + b*}/2W,(t) on

€ [0,1]. As a result, one can show that in this case,

I A0
d =3 7
[ WA (t) — tW (1) }2dt

Zs15

where the asymptotic distribution is pivotal. When the two time series are not of
the same length, however, the process V}, , (t;a,b,¢), t € [0,1], is not necessarily a
Brownian motion and the asymptotic distribution of Zg;5 can then depend on the
underlying unknown dependence structure; see also the discussion in [Shao (2015).
Note that even if the two time series are of the same length, when one is started
recording earlier than the other, the aforementioned self-normalization of [Shao| (2015))
can become inapplicable as well. To illustrate, we consider the case when N, = N,
but k£ # [, and we can generalize the recursive two-sample difference sequence in

to consider

D;N = Xk,k+[iNz/NJfl - Yl,lJr\_iNy/NJfla t=1,...,N. (3.4)

Similar to (3.2)), the quantity in (3.4]) represents the recursive two-sample difference
obtained by using the first i/N proportion of the data from both time series, where

Dyn = )_(k,m — _l,n continues to represent the global two-sample difference. The
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self-normalized two-sample statistic can then be constructed as

*
S15 —

N(Dy n)?
N-2 Zz]\il iQ(DZN - DJ*V,N)2

and its asymptotic distribution is given in Theorem [6]

Theorem 6. Assume condition (IP) and N, = N,. If k=1, N — oo, and |/N —
for some € € (0,1/2), then under the null hypothesis of j, = p1,, we have

{Vi*(1;a,b,¢)}?

Joe — ’
o fol{‘/:e*(té a,b,c) —tVy(1;a,b,c)}2dt

where

Vi (ta, b, ¢) = 2aW,(£/2) + 26{W1 (€ + £/2) — Wi(£)} + 20{Wa(L + t/2) — Wa(£)}.

By Theorem |§|, the asymptotic distribution of the self-normalized statistic Z§,; in
this case can be affected by the recording lag in time represented by ¢ and is generally
not pivotal unless ¢ = 0. Therefore, a direct application of self-normalization as in
Shao| (2015) seems to be able to address the joint dependence only in the case when
the two time series are observed during the same period, and such a method can
become inapplicable for time series with staggered observation periods. We shall in
the following propose a new method that can handle staggered observation periods

in the presence of joint dependence.

3.4 Warped Self-Normalized Subsampling

3.4.1 The Mean Case: Illustration of the Idea

We first illustrate the idea by considering the mean case. Suppose we observe
Xiy oo, Xppn,—1 and Yy, ..., Yy v, 1 from a stationary bivariate time series (Xj,Y;),
where the associated sample sizes are N, and N, respectively. The observation peri-

ods [k, k + N, — 1] and [l,{ + N, — 1] for the two time series are not necessarily the
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same. Write N = N, + N, and without loss of generality, we assume that 1 =k <.
Our idea is to use self-normalized statistics calculated from windows with appropri-
ately warped times between the two time series to precisely capture the underlying
dependence as in the global two-sample statistic. Let By be a sequence of nonneg-
ative real numbers, we first construct a pair of index sets that represent the desired

time warping as

I$7i7BN:{S€Z: l—l—’L—]_—LBN(l—l)/NJ SS

<l—|By(l—1)/N|+|BvN,/N| —=1+i—1}

and

Tyipy ={s€Z: 14+i—1<s<Il+|ByN,/N|—1+i—1}.

The time warping association between index sets of the two time series as proposed
above is carefully constructed to preserve the dependence structure, and serves as a
key component in self-normalized inference when the two time series have staggered
observation periods. Intuitively, Z, ; ; and Z, ; ; are constructed to mimic the stagger-
ing pattern of the original data, so that the joint dependence between the original two
time series with full length can be well approximated by that of the recursive pairs
using the warped index sets when constructing the self-normalizer. To illustrate, we
consider the simple example when N, = N, = 100 with £ = 1 and [ = 51. In this
case, N = N, + N, = 200 and we observe X1, ..., Xjoo and Y51, ..., Y50, which have
an overlap of length 50 equaling to half of their own length. If we apply the proposed
time warping, then it can be seen that the recursive time-warped index pairs are
Tp1; =4{50—|j/4]+1,...,50—|j/4]| +[j/2]} and Z,; ; = {50+1,...,50+ [j/2]},
which continue to have an overlap equaling to approximately half of their own length.
The idea is then to use Z, 1 ; and Z, ; j recursively over j to construct the time-warped

self-normalizer, so that the associated recursive means will have asymptotically the
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same joint dependence as the original Xi,..., X990 and Y5,...,Yi50. However, if
we ignore the staggered observation periods and use Z§; in Section [3.3] then it
amounts to the use of Xi,..., X|;/2) and Ys041,..., Y504 j/2) when constructing the
self-normalizer, which can have a different dependence structure when compared to
the full data X7, ..., X090 and Y51, ..., Y15. Therefore, an appropriate time warping
as carefully constructed in the current article plays an important role to preserve the
dependence structure for valid self-normalized inference.

For any nonempty index set Z, we use |Z| to denote its cardinality, and we define
the averages X7 = [Z|7' >, .; X; and Yz = |Z|™' Y, Vi. Then, based on the suitably
constructed warped index sets Z,; g, and Z, ; g, as proposed above, we can form the
time-warped self-normalized statistic as

By(Xr.,. — Vi, — A
By S 2 (X, — Y, — (Xz,n, — Y, 0 )}

i, BN

Tipy(A) = (3.5)

The presence of A allows the statistic to be used for assessing a more general null
value of the difference y, — p1,, and we write T} g, = T; g, (0) for the null hypothesis
of 1, = pty. When By = N andi =1, wehave Z,; y ={j € Z: 1 <j < N,} and
Zyan={j€Z: 1<j<l+ N,—1}, in which case T} y now represents the global
time-warped self-normalized two-sample statistic.

We shall here provide a brief discussion on the connection and comparison with
the conventional self-normalized statistic reviewed in Section [3.3] In particular, when
the two time series share the same observation period with the same length for which
N, = Ny, and k = | = 1, then by [Shao (2015) the self-normalized statistic Zg
in Section will continue to work. In this case, there is no need to perform the
additional time warping, and it can be shown that the proposed time-warped self-
normalized statistic T} x will automatically reduce to Zg, 5, which can be an attractive

feature. On the other hand, when the two time series to be compared do not share
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the same observation period or when they are of different lengths, then the new self-
normalized statistic 7} y can now be different from Z§,; in Section [3.3| due to the new
self-normalizer used in the construction of 77 x that incorporates an additional time
warping between the two time series to preserve the underlying dependence structure.
With the same time warping, the distribution of 7 y can then be well approximated
by that of the time-warped self-normalized subsamples T; g, .

We shall in the following present the detailed algorithm that describes and im-
plements the proposed warped self-normalized two-sample test for time series with

staggered observation periods.

(i) Given the observed time series Xy, ..., Xpin,—1 and Yy, ... Y4y, -1 with 1 =
k <, use (3.5)) to compute the global warped self-normalized two-sample statis-

tic Tl,N-

(ii) For a preselected By, use (3.5)) to compute the warped self-normalized statistics
for all subsamples of the designated size with A replaced by A=X ket No—1 —

Y14+ n,-1 to neutralize the effect of the null for the subsamples, and denote them

by Tpy(A), 1 < i < My, where

My = min(k+ N, — [+ 1+ |By(I—1)/N| — | ByN,/N|, N, +1— | ByN,/N|).

~

(iii) Compute the (1 — a)-th quantile Gr1_o of T; gy (A), 1 < i < My, and reject

the null hypothesis of y1, = p,, at level o if T y > ¢r1-q-

To provide theoretical justification of the proposed warped self-normalized method,
we use the strong mixing framework of Rosenblatt| (1956). In particular, let F,, be

the o-field generated by (X,,Y,),..., (X}, Ys) for —oo < a < b < oo, then the strong
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mixing coefficient is defined as
a(k) = sup [pr(A N B) — pr(A)pr(B)|.
AEF_ oo, BEFy o0

Let T be the covariance matrix between the two vectors (X;,Y;) and (Xiix, Vi),
then the long-run covariance matrix of the process (X;,Y;) is given by T = 3", ., T}.

We make the following assumptions.

(S1) The process (X;,Y;) is strong mixing with

E(IX,|") < 00, E(]Yi]') <00, Y {a(k)}' " < oo

for some ¢ > 2.

(S2) The long-run covariance matrix Y is positive definite.

Assumptions (S1) and (S2) are standard primitive conditions for the invariance prin-
ciple (IP) in Section [3.3} see for example [Phillips and Durlauf (1986). The strong
mixing condition has been widely used to study limit theorems of dependent processes,
and we refer to the survey paper by Bradley (2005) and the book by Bradley| (2007)
for a detailed review and additional references. Theorem [7| provides the asymptotic

justification of the proposed warped self-normalized subsampling method.

Theorem 7. Assume (S1), (52), N,/N — p, € (0,1), N,/N — p, € (0,1) and
I[/N - €[0,1) as N = oo. If By — oo and By/N — 0, then for any a € (0,1)
we have (i) under the null hypothesis of ji, = fi,

pr(Ti,n > 4ri-a) = @
and (i) under the alternative when NY2|u, — p,| — oo,

pr(Tyn > qri-o) — 1.

By Theorem [7], the asymptotic size of the proposed warped self-normalized two-
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sample test is guaranteed to converge to its nominal level under the null, and the power
of the proposed test will converge to one under the alternative when N'/2|u, — 1| —
0o. The proposed warped self-normalized two-sample test provides a unified solution
to different staggering schemes of the two time series, for example when the two
time series share the same starting time but have different ending times, when one
time series is observed on a time subset of the other, or when the two time series
are observed on time intervals that have overlapping and nonoverlapping segments.
This makes it convenient to use in practice as one does not need to perform a case-
by-case study and can simply apply the proposed method to obtain a meaningful p-
value justified by a solid statistical theory. We shall in the following section consider
extending the proposed test to quantities beyond the mean, such as the variance or

quantiles.

3.4.2 The General Case: Quantities Beyond the Mean

Due to the incorporation of self-normalization, the proposed method can be easily
extended to cases beyond the mean. For this, suppose one is interested in comparing
the quantity 0, = Q(F,q4) with 6, = Q(F,q), where @ is a functional that maps
the d-dimensional marginal distributions F; 4 and F), ; of the two time series to their
respective quantities of interest. As illustrated in Shao (2010) and Zhang and Lavitas
(2018)), such a framework covers many commonly used quantities of interest as special
cases. For example, if we set d = 1 and use F},; to denote the marginal distribution,
then taking Q(F,,1) = fR uF; 1 (u)du leads us to the mean case considered in Section
B.41] As additional examples, we can set Q(Fy1) = [ u*Fy 1 (u)du—{ [ uFy 1 (u)du}?
to focus on the variance case and Q(F,1) = F,(q) for some ¢ € (0,1) to focus on
the quantile case; see also [Shao| (2010) and Zhang and Lavitas| (2018)) for further

discussions. For index sets 7, and Z,,, let F, ;7. and F,, ;7. be the associated empirical
y’ sy y7 =y

distributions calculated from (X;);ez, and (Y;);ez, respectively, then 0oz, = Q(Fpqz,)
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and éy,Iy = Q(Fy,d,zy) represent the parameter estimators calculated from (X;);cz, and

(Y;)iez, respectively. We can now form the time-warped self-normalized statistic as

By(6 Oy, 5. —A)?

2] ( )_ zIzi,BN Y,5, BN

E,BN A - .o N ~ 2
Z] 1J {( T Leig eyly,i,j) - (QLIz,i,BN 9 IyzBN)}

, (3.6)

which extends from the mean case to more general quantities. Similarly, we write
TfBN = TfBN(O) for the null hypothesis of 8, = 6,. By substituting this generalized
statistic (3.6]) into the algorithm described in Section we can similarly compute
the global time-warped self-normalized statistic Tﬁ N along with its subsample version
TfBN(AG) for 1 < i < My where A? = QALIM,N —éy71y7LN. Let Gro 1o be the (1 —a)-th
quantile of TfBN (A(’), 1 <i < My, we can then reject the null hypothesis of 6, = 6,
at level o if T ﬁ ~ > Gro1—- To provide the theoretical justification under this more
general setting, we introduce the notion of influence function (Hampel et al., |1986)
defined as
Q{(1 —e)Fy+ 6.} — Q(Fy)

Fq(z, Fy) =i
ol Fu) = lim . :

where z € R? and §, denotes the point mass at z. Then for any index set Z, we can

follow [Shao| (2010) and apply the expansion

A~

él":I = Q( z7d7I) = Q(F |I| ZIFQ XlaFac d) + RxZ

i€

and

%>

yd | |ZIFQ y,d +RyI7

where E{IFo (X, F,4)} = E{IFq(Y;, F,4)} = 0 and Ry = (R,z, R,7)" represents

the remainder term. We make the following assumptions.
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(C1) The process (X;,Y;) is strong mixing with

E{[IFq(X;, Fra)|'} <00,  E{[IFq(Yi, Fya)|'} < o0,

D {ak)} " < oo

for some ¢ > 2.

(C2) The long-run covariance matrix of the influence function process

{TIFo(X;, Fra), IFo(Yi, F,a)} " is positive definite.

(C3) The remainder term |Z|Rz = 0,(N'/?) uniformly over Z = {i € Z: Ns <i <

Nt} for 0 < s <t <1 for all large N.

Assumptions (C1)—(C3) are standard in self-normalized inference; see for example
Shao| (2010) and the discussions therein. Intuitively, Assumptions (C1) and (C2)
imply an invariance principle for the influence functions which generalizes the mean
invariance principle (IP) in Section [3.3] Assumption (C3) is a negligibility condition
on the remainder term, which is also mild; see for example the discussion in [Shao
(2010) and its verification for the class of smooth function models. We also remark
that it is possible to replace or alleviate Assumptions (C1)—(C3) by, for example, the
functional delta approach as in |Volgushev and Shao| (2014). Theorem [§ provides the
asymptotic justification of the proposed warped self-normalized subsampling method

for quantities beyond the mean.

Theorem 8. Assume (C1)-(C3), N;/N — p, € (0,1), N,/N — p, € (0,1) and
I[/N - €0,1) as N = oo. If By — o0 and By/N — 0, then for any a € (0,1)
we have (i) under the null hypothesis of 6, = 0,,,

pI‘(TﬁN > Gro1-0) = Q;
and (i) under the alternative when NY/2|0, — 0,] — 0o we have

Pr(TﬁN > Grog—q) = 1.



72

Although in practice one is often interested in testing the null hypothesis of 0, = 0,
or equivalently 6, — 6, = 0, it is possible to extend the proposed time-warped self-
normalized test to handle the more general null hypothesis of 8, — 6, = A for some
prespecified A € R. For this, we use the global time-warped self-normalized statistic
T{ x(A) and follow the algorithm described in Section m to obtain its subsample
version TfBN(Ae) for 1 < i < My where A? = éx,zm,N - évay,l,N‘ Note that the
subsample statistics TfBN (A(’), 1 <1 < My, use the estimate A? in their construction,
and as a result the associated subsampling distribution will not be affected by whether
the null 6, — 0, = A is true or not. Corollary [I| provides the theoretical justification
of the proposed time-warped self-normalized test for handling such a more general
null hypothesis.

Corollary 1. Assume (C1)-(C3), N;/N — p, € (0,1), N,/N — p, € (0,1) and

I[/N - €[0,1) as N = oo. If By — o0 and By/N — 0, then for any o € (0,1)
we have (i) under the null hypothesis of 6, — 0, = A,

pr(TﬁN(A) > Gro1-0) = Q;
and (i) under the alternative when N*/2|(0, — 6,) — A| — oo we have

pr(TY v (A) > Groi—a) = 1.

The proposed warped self-normalized subsampling method provides a unified ap-
proach for two-sample testing of mean and other quantities when the two time series
to be compared can depend on each other, be collected on staggered time periods,
and have different lengths. In contrast, existing results are often developed for the
setting when the two time series are either independent or collected on the same pe-
riod, and may no longer work in the current more general setting; see for example

the discussion in Section [3.2] and B.3l
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3.5 Implementation

3.5.1 Simulation Results

We shall here provide a simulation study to examine the finite-sample performance of
the proposed warped self-normalized subsampling method, denoted by WSNS here-
after. We also make a comparison with the two-sample subsampling approach of
Politis and Romano| (2010), denoted by PR10 hereafter, and the self-normalized two-
sample inference of [Shao| (2015)), denoted by S15 hereafter. For this, let ((;) and (&;)

be independent autoregressive processes generated as

Gi _ Gi—1 €14
(&) =r(e)+ ()

where €1; and €y, 1 € Z, are independent standard normal random variables. Addi-
tional simulation results for other innovation types are provided in Section 3.8 We

consider the joint process

(5)=() =) (8)

where r controls the degree of dependence between the two time series (X;) and
(Y;). The observations are taken as Xy, ..., Xpyn,—1 and Yy, ..., Yy, 1, for which

we consider three scenarios.

e Scenario 1: k =1=1, N, = N, = 500s, s € {1,2,3}, which represents the

situation when the two time series share the same observation period.

e Scenario 2: k=1,1=100s+ 1, N, = N, = 600s, s € {1,2,3}, which repre-
sents the situation when the two time series are recorded on shifted observation

periods.

e Scenario 3: k =1, [ = 250s + 1, N, = 750s, N, = 500s, s € {1,2,3}, which
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represents the situation when the observation period of one time series is a

subset of the other.

For all the three scenarios, the overlapping length between (X;) and (Y;) is set as
N. =500s, s € {1,2,3}. For each realization, we apply the proposed WSNS method,
the PR10 method of Politis and Romano (2010) and the S15 method of Shao| (2015)) to
perform two-sample tests on the mean, median and variance of the two time series. Let
p = 0.3, By =100, and r € {0,0.4, 0.8}, the results based on 1000 realizations for each
setting are summarized in Tables for Scenarios 1-3 respectively. Additional
simulation results for other choices of p and By are provided in Section 3.8 From
the simulation results, we can observe the followings.

First, the PR10 method of |Politis and Romano (2010) was developed for indepen-
dent time series and is therefore expected to work when r = 0. When there exists
dependence between the two time series to be compared, however, it is no longer
guaranteed to work and it can be seen from Tables that the PR10 method
starts to exhibit a certain degree of size distortions when r = 0.4 and further deterio-
rates when r = 0.8. For example, if we consider the mean case with r = 0.8 in Table
[3.1] then the empirical coverage probabilities of the PR10 method are distorted to
1.000, 1.000 and 1.000 at 90%, 95% and 99% nominal levels even when N, = 1500.
Note that the PR10 method requires estimating the normalizing sequence of the test
statistic, which relates to the long-run variance of a dependent process and we use the
banding estimate as described in [Zhang (2021)). As a comparison, the S15 method
of Shao (2015) uses a self-normalizer to pivotalize the two-sample test statistic that
avoids direct estimation of the normalizing sequence. It can be seen from Table [3.1
that the S15 method performs reasonably well under Scenario 1 even when the two
time series depend on each other with » = 0.4 or r = 0.8. However, as discussed in

Section , the S15 method described in [Shao| (2015) is not directly applicable to ad-
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dress the situation when the two time series have different starting times unless they
are independent. In particular, it can be seen from Table that the S15 method
performs reasonably well under Scenario 2 when r = 0 but exhibits size distortions
similar to the PR10 method when r = 0.4 and r = 0.8. For example, if we consider
the mean case with r = 0.8 in Table [3.2] then the empirical coverage probabilities of
the S15 method are distorted to 0.989, 0.995 and 1.000 at 90%, 95% and 99% nominal
levels even when N, = 1500. In comparison, the empirical coverage probabilities of
the proposed WSNS method for the same setting are 0.922, 0.964 and 0.993 which
are reasonably close to their 90%, 95% and 99% nominal levels. The main reason is
that, when the two time series exhibit joint dependence and are observed on stag-
gered observation periods, the original self-normalizer as used in Shao, (2015) may
no longer be able to pivotalize the two-sample statistic; see also the discussion in
Section [3.3] By incorporating an appropriate time-warping into the construction of a
new time-warped self-normalizer as proposed in Section [3.4] our WSNS method can
effectively handle time series exhibiting joint dependence with staggered observation
periods. In addition, it provides a unified approach to handle the mean and other
quantities such as the median and variance. It can be seen from Tables that
the proposed WSNS method seems to perform reasonably well as the empirical cover-
age probabilities are mostly close to their nominal levels for Scenarios 1-3 no matter
if the two time series are independent (r = 0) or dependent (r = 0.4 and r = 0.8);

see also the additional simulation results in the supplementary material.

3.5.2 Minimum Volatility Bandwidth Choice

The problem of selecting a bandwidth or block size has been widely studied in the
subsampling literature; see for example Hall et al.| (1995a), Hall et al.| (1995b)), |Politis
and White (2004)), and references therein. In our data analysis in Section [3.5.3] we

follow |Politis et al. (1999) and consider a minimum volatility bandwidth choice which



Table 3.1: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with standard normal

76

innovation, p = 0.3 and By = 100.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.855 0.911 0.954 0.873 0.923 0.966 0.852 0.908 0.957
PR10 0.852 0.915 0.966 0.863 0.912 0.976 0.867 0.928 0.975

S15 0.887 0.952 0.991 0.911 0.953 0.992 0.896 0.948 0.989

1000 WSNS  0.878 0.928 0.976 0.874 0.922 0.976 0.866 0.924 0.973
PR10 0.873 0.933 0.982 0.868 0.923 0.984 0.877 0.942 0.989

S15 0.894 0.943 0.987 0.888 0.944 0.991 0.894 0.954 0.994

1500 WSNS  0.893 0.937 0.982 0.895 0.950 0.992 0.874 0.925 0.979
PR10 0.884 0.934 0.985 0.879 0.945 0.991 0.882 0.942 0.986

S15 0.898 0.951 0.991 0.904 0.958 0.995 0.896 0.954 0.990

0.4 500 WSNS 0.861 0.911 0.966 0.857 0.921 0.977 0.846 0.914 0.965
PR10 0.941 0.972 0.992 0.936 0.967 0.990 0.901 0.944 0.985

S15 0.895 0.951 0.992 0.917 0.964 0.992 0.904 0.950 0.988

1000 WSNS  0.875 0.923 0.978 0.878 0.921 0.978 0.871 0.919 0.974
PR10 0.965 0.980 0.997 0.927 0.973 0.995 0.908 0.960 0.992

S15 0.891 0.943 0.989 0.901 0.941 0.993 0.899 0.956 0.995

1500 WSNS  0.889 0.938 0.983 0.894 0.944 0.981 0.871 0.927 0.972
PR10 0.965 0.989 0.998 0.950 0.976 0.997 0.916 0.960 0.989

S15 0.900 0.947 0.992 0.913 0.959 0.991 0.902 0.947 0.987

0.8 500 WSNS  0.867 0.920 0.968 0.864 0.914 0.964 0.843 0.907 0.962
PR10 0.995 0.997 1.000 0.986 0.997 0.999 0.976 0.993 1.000

S15 0.912 0.956 0.991 0.928 0.966 0.995 0.897 0.953 0.987

1000 WSNS  0.883 0.936 0.980 0.882 0.931 0.978 0.869 0.925 0.971
PR10 1.000 1.000 1.000 0.993 1.000 1.000 0.989 0.997 1.000

S15 0.884 0.955 0.992 0.926 0.958 0.990 0.903 0.950 0.992

1500 WSNS  0.887 0.926 0.983 0.868 0.929 0.984 0.887 0.928 0.974
PR10 1.000 1.000 1.000 0.998 0.999 1.000 0.984 0.995 1.000

S15 0.890 0.946 0.994 0.925 0.964 0.997 0.903 0.944 0.992




Table 3.2: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with standard normal
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innovation, p = 0.3 and By = 100.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.861 0.914 0.967 0.876 0.923 0.975 0.825 0.893 0.957
PR10 0.858 0.929 0.974 0.866 0.918 0.976 0.846 0.919 0.973

S15 0.888 0.946 0.989 0.906 0.948 0.990 0.886 0.941 0.986

1000 WSNS  0.895 0.937 0.979 0.884 0.938 0.988 0.863 0.918 0.967
PR10 0.887 0.940 0.979 0.881 0.941 0.984 0.889 0.945 0.984

S15 0.905 0.948 0.989 0.901 0.955 0.991 0.901 0.952 0.987

1500 WSNS  0.900 0.953 0.988 0.902 0.954 0.987 0.881 0.932 0.983
PR10 0.903 0.942 0.982 0.892 0.950 0.982 0.888 0.941 0.993

S15 0.901 0.940 0.989 0.907 0.958 0.991 0.887 0.948 0.992

0.4 500 WSNS 0.885 0.929 0.970 0.862 0.922 0.975 0.840 0.908 0.965
PR10 0.922 0.965 0.994 0.919 0.950 0.989 0.887 0.943 0.976

S15 0.927 0.972 0.996 0.928 0.972 0.996 0.907 0.946 0.988

1000 WSNS  0.902 0.942 0.984 0.896 0.951 0.990 0.871 0.929 0.981
PR10 0.936 0.973 0.994 0.930 0.973 0.992 0.918 0.958 0.992

S15 0.935 0.968 0.996 0.937 0.971 0.995 0.924 0.971 0.994

1500 WSNS  0.909 0.954 0.991 0.908 0.961 0.994 0.876 0.937 0.985
PR10 0.953 0.978 0.996 0.936 0.977 0.996 0.915 0.963 0.994

S15 0.942 0.973 0.999 0.939 0.973 0.995 0.896 0.960 0.993

0.8 500 WSNS  0.895 0.938 0.984 0.878 0.927 0.981 0.893 0.938 0.975
PR10 0.992 0.999 1.000 0.971 0.987 0.998 0.962 0.986 0.997

S15 0.980 0.996 1.000 0.966 0.986 0.998 0.958 0.981 0.997

1000 WSNS  0.915 0.960 0.994 0.899 0.948 0.986 0.897 0.949 0.982
PR10 0.995 0.998 1.000 0.980 0.994 1.000 0.982 0.994 0.999

S15 0.981 0.999 1.000 0.968 0.990 1.000 0.970 0.989 0.999

1500 WSNS  0.922 0.964 0.993 0.892 0.957 0.994 0.890 0.937 0.981
PR10 0.991 0.998 1.000 0.980 0.994 1.000 0.980 0.996 1.000

S15 0.989 0.995 1.000 0.970 0.988 0.999 0.973 0.991 0.999




Table 3.3: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with standard normal
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innovation, p = 0.3 and By = 100.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.851 0.906 0.970 0.869 0.923 0.971 0.856 0.907 0.959
PR10 0.860 0.920 0.975 0.865 0.921 0.972 0.878 0.932 0.966

S15 0.893 0.945 0.991 0.887 0.930 0.987 0.896 0.937 0.992

1000 WSNS  0.886 0.939 0.977 0.874 0.934 0.984 0.876 0.932 0.977
PR10 0.893 0.933 0.980 0.881 0.935 0.982 0.884 0.939 0.988

S15 0.898 0.947 0.988 0.901 0.949 0.986 0.902 0.950 0.995

1500 WSNS  0.894 0.945 0.992 0.903 0.961 0.991 0.866 0.933 0.986
PR10 0.896 0.940 0.980 0.884 0.933 0.985 0.881 0.939 0.988

S15 0.896 0.951 0.989 0.917 0.962 0.989 0.894 0.949 0.990

0.4 500 WSNS 0.873 0.929 0.972 0.860 0.931 0.975 0.863 0.905 0.960
PR10 0.933 0.970 0.994 0.919 0.964 0.993 0.896 0.939 0.982

S15 0.938 0.973 0.994 0.934 0.968 0.998 0.914 0.957 0.991

1000 WSNS  0.882 0.943 0.986 0.872 0.927 0.988 0.884 0.938 0.972
PR10 0.935 0.976 0.995 0.925 0.965 0.992 0.910 0.951 0.986

S15 0.941 0.967 0.996 0.916 0.962 0.989 0.910 0.962 0.991

1500 WSNS  0.877 0.938 0.988 0.896 0.948 0.990 0.866 0.931 0.982
PR10 0.947 0.979 0.992 0.932 0.969 0.997 0.913 0.961 0.994

S15 0.940 0.976 0.997 0.933 0.971 0.997 0.908 0.960 0.998

0.8 500 WSNS  0.895 0.942 0.980 0.870 0.920 0.971 0.879 0.925 0.965
PR10 0.991 0.997 1.000 0.967 0.990 1.000 0.968 0.987 0.998

S15 0.981 0.995 1.000 0.961 0.987 1.000 0.958 0.982 0.999

1000 WSNS  0.887 0.947 0.988 0.884 0.935 0.982 0.865 0.923 0.972
PR10 0.989 0.998 1.000 0.980 0.996 1.000 0.967 0.986 0.998

S15 0.977 0.994 1.000 0.972 0.993 1.000 0.958 0.982 0.998

1500 WSNS  0.895 0.952 0.990 0.877 0.936 0.989 0.869 0.927 0.973
PR10 0.992 0.999 1.000 0.981 0.994 1.000 0.974 0.991 1.000

S15 0.982 0.994 1.000 0.971 0.988 1.000 0.964 0.987 0.998
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can be obtained as follows.

(i) For any bandwidth B in a suitable range, we take a small integer K to form a

neighborhood Nx(B) ={B - K,...,B+ K}.

(ii) For each bandwidth in N (B), we compute the associated subsampling cut-off
threshold, denoted by ¢r1-o(B — K),...,¢r1-o(B + K).

(iii) We compute the standard deviation of ¢r1-o(B — K),...,¢r1-o(B + K), and

choose the bandwidth that minimizes such a standard deviation.

As commented in |Politis et al.| (1999), the choice of K is generally not very important

and a choice of K =2 or K = 3 usually suffices. We use K = 5 in our data analysis

in Section [3.5.3]

3.5.3 Application to a Precipitation Data

We shall here apply the proposed method to a precipitation data to compare the
monthly precipitation series in the Northwest England and Wales (NWEW) region and
the Northern Ireland (NI) region of the United Kingdom (UK). The data is available
from the Met Office Hadley Centre website at https://www.metoffice.gov.uk, and
time series plots are provided in Figure For the NwWEW region, the precipitation
series begins in January 1873, while for the NI region it begins in January 1931.
Therefore, one of the time series has an earlier starting time than the other and the
two time series are of different lengths. This makes it desirable to use the proposed
method for their two-sample tests, and we use all the available data through December
2021 in the analysis. The sample size for the NwEW series is 1788 and the sample
size for the NI series is 1092. We consider testing if the NwWEW region and the NI
region share the same mean, median and variance for their history precipitation. The

subsampling bandwidth is selected using the minimum volatility method described
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Table 3.4: Two-sample test results of the monthly precipitation in the
Northwest England and Wales (NWEW) region and Northern Ireland
(NI) region of the United Kingdom (UK).

Quantity Tﬁ N D-value
Mean 3.70 0.501
Median 9.12 0.356

Variance 253.59 0.000

in the supplementary material, and the selected bandwidths are By = 43, 79 and
132 for the mean, median and variance respectively. The results are summarized in
Table from which we can see that, at the 5% significance level, the NwEW region
and the NI region seem to possess the same mean and median in precipitation with
p-values 0.501 and 0.356 respectively. However, the p-value for the variance test is
0.000 indicating that the NwEW region and the NI region have statistically different
variations in their precipitation. This could possibly be related to the mountainous
terrain in the NwEW region that makes its rainfall vary a lot across its different
subareas. In particular, according to the fact sheet published by the [Met Office
(2013)), the moist westerly winds in general tend to produce orographic rainfalls that
lead to more precipitation over the mountains. On the other hand, as commented in
the climatological memorandum published by the Meteorological Office (1983)), the
protected areas behind the mountains can be much drier than even the driest zones of
NI. Therefore, our analysis seems to provide the statistical support that complements

the climatological intuition.

3.6 Conclusion

Applications from various disciplines often desire the comparison of a given quantity
from two time series in the form of a two-sample test. In practice, there are many

circumstances that can cause the two time series to depend on each other and be
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Figure 3-1: Time series plots for monthly precipitation records in the
Northwest England and Wales (NWEW) region (top) and the Northern
Ireland (NI) region (bottom) through December 2021.

recorded on different time periods. For example, climate science data recorded in
different regions often exhibit joint dependence, and one region may get monitored
earlier than the other. The joint dependence between the two time series together
with their staggered observation periods make many existing methods not directly
applicable, and it is desirable to propose a new method to handle such situations.
We consider incorporating a suitable time domain warping into the construction of a
new time-warped self-normalizer as proposed in Section 3.4} and the resulting method
can effectively handle two-sample testing of time series that exhibit joint dependence
with staggered observation periods. In addition, it provides a unified approach to
handle the mean and other quantities such as the variance or quantiles which can
be a convenient feature for practitioners. By applying the proposed method to a
precipitation data, we found that the NwEW region and the NI region in UK share the
same mean and median in their history precipitation but have statistically different

variations. This provides the statistical support and complements the climatological
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intuition that the mountainous subareas in NwEW tend to receive much more rainfalls
due to orographic precipitation than the protected subarea that is often much drier

than the NI.

3.7 Technical Proofs

3.7.1 Proof of Theorem [5

Proof. Recall that N = N, + N,, it suffices to show that, as N — oo,

E[{Fpmo(u) — pr(Zprio < czyu) }?] — 0.

Note that E[Fprio(u) — E{ Fprio(1)}] = 0, we can decompose the above into

E[{ Fprio(u) — pr(Zprio < Caytt) }]
= E([Ferio(v) — B{Fprio(u)}*) + E([E{Frrio(w)} — pr(Zprio < cryu)]’)
var{ Fprio(u)} + [B{ Fprio(u)} — pr(Zprio < cuyu)]’.

We first deal with the term [E{Fprio(u)} — pr(Zprio < cayu)]?. For this, recall that

[ E ]
FPRlO =q, qy ZZ (H;j <wu).

i=1 j=1

where
Hij = (B 9+ By g,) " *(Xiivp,—1 — Yijen,-1),

Define Si(n) = {(4,5) : |j—i >mn, 1 <i < ¢, 1 <j < g}, then by the
m-dependence structure we have cov(Xi,HBm_l,}7Z-+k7i+k+3y_1) = 0if |k] > m+
max(B,, B,). As a result, for any index pair (i,j) € Si{m + max(B,, By)}, we
have

cov(XiiyB,~1,Yjj+B,-1) =0
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and as a result

(B;'gx + By gy) " var(Xsivp, 1 — Yjj18,-1)
= (B;'9: + B, g,) H{var(Xiipp, 1) +var(Yjim,-1)
—2cov(XiitB,—1, Yjj+B,-1)}

— 1.

Under the null hypothesis of j, = p,, one has E(X; ;15,1 — Yj+5,-1) = 0 and
thus H;, ; follows a standard normal asymptotic distribution for any (4, 7) € Si{m +
max(B,, B,)}. On the other hand, since N, = N, the variance of the global difference

satisfies
(N 9o + Ny gy — Ny tagy) " var (X gy v, -1 — Yigen,—1) = 1,
and as a result

—1 9z + gy - awy
Cy ZPRlO - <—
Y 9e + Gy

= (9o t+9gy— axy)_l/QN;/Q(Xk,k—i-Nz—l - }_/i,l+Ny—1)

—1/2
) NY2(gs + 9y) " (Kigosno—1 — Yii4n,-1)

follows a standard normal asymptotic distribution. Let |S;{m+max(B,, By)}| denote
the cardinality of Si{m + max(B,, B,)}, then ¢;'q,"|Si{m + max(B,, B,)}| — 1 as

N — oo and we can write

qz _i+qy
Fprrio(u) = qgjlqzjl Z Z W(Hijir < u)
i1 h=—it1

qx min{m+maX(BI7By))7i+qy}

= ¢ ') > I(Hiix < u)

1=1 k=max{—m—max(Bz,By),—i+1}
qx

+ay gty > I(H,,; < u).

=1 je{1<I<gy: |l—i|>m+max(Bg,By)}

Note that

g ~ min{m+max(Bg,By),—i+qy}

- 2¢,{m + max(B,, B,)}
qx 1qy ! Z Z I(Hz’,i+k S u) S qqu Y — 07

1=1 k=max{—m—max(Bg,By),—i+1}
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we have [E{Fprio(u)} — pr(c;, Zprio < u)]* = 0 as N — co. It now suffices to show
that var{ Fprio(u)} — 0. For this, we define Q = {(i,5,7,5") : 1 <4, 7 < g, 1<
gy ' < qy} and Sa(n) = {(6, 5,7, 5') - min(li — |, i = j',[7 =717 = 5') > n, 1 <
i, 7 <q., 1<j, j/ <gq,}. Then by the m-dependence structure, for any quadruple
(i,7,7,j") that satisfies |i —i'| > m+ By, |[j—j'| > m+B,, |i —j'| > m+max(B,, B,)
and |j — 4| > m + max(B,, By), we have cov{l(H;; < u),I(Hy; <u)} =0. As a
result, cov{l(H;; <wu),I(Hyj <wu)} =01if (4,5,7,j") € So{m + max(B,, B,)}. Note
that |cov{I(H;; < u),I(Hy; <u)}| <1, we have

"0, > cov{I(Hi; < u),1(Hiy < w)}]
(4,5,¢,3") €QN\S2{m~+max(B.,By)}

< 2q,%q,*{m + max(Bq, By)}¢q, + 44, + @405 + 6472)
< 8{m —|—'max(Bx, By,)} Y
min{q,, g, }
Therefore,

9z 4z qy Qy

var{ Fprio(u)} = q;2q;2 Z Z Z Z cov{l(H;; <u),I(Hyj; <u)}

i=1 i'=1 j=1 j'=1

< ¢’q,° > cov{l(H;; < u),I(Hyj; < u)}
(4,4,4,3")€Sa{m~+max(Bs,By)}
+a, 7, > cov{l(H;; < u),I(Hyy < u)}
(imj?i/7j/)€Q\82{m+maX(B937Bll)}
which goes to zero as N — oo, entailing the desired result. O]

3.7.2 Proof of Theorem

Proof. Given that k = 1, we can write

Diy = Xl,LiNz/NJ - }_/E,lJrLiNy/Njfl, 1=1,..., N,
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and under the null hypothesis of p, = p, we have

1 1 / SRR Xi—u
_D* _ o O N—l 2 ( j - Mz )
i = (o) 2 (v,
_ I—1+[iN,/N]| ¥
i o
S R (=)
( [iN,/N ] ; Vi — by
S (o))
=1 Hy
Since p, = p, = 0.5 when N, = N,, under assumption (IP) we have the weak

convergence of

[Vt
VN

on t € [0,1]. Note that we can write

=Dy n = Vi (ta,b,c)

Al N1/ i N 2
N2 (D y—D5y)? = — | —=Dfy — ———=D:x
;2( i,N N,N) ;N(\/ﬁ iN NVN N,N)
i/N
S / (LNtJ N FL )Zdt
Z_l( s \/N [Nt],N N \/N N,N
~ 7 (i—1)/N

then by assumption (IP) we can obtain the weak convergence of

N

NS 2Dy — Dy ) =4 / (Vi (tsa,b.c) — (V7 (La,b, )} dt

=1

on t € [0,1], and this can be made jointly with the weak convergence of LN\ﬁJ DLNtJ N

The result then follows by an application of the continuous mapping theorem. O]
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3.7.3 Proof of Theorem [7]

Proof. We first provide the proof for (i) that relates to the null. In particular, under
the null hypothesis of p1, = p,, we have

)
_N(Xzz,l,i YIy 1 z)
. 1= [i(1=1)/N |+ [iNg /N | —1
o 0) N—1/2 j Mz )
) Y.
[iN./N) =
I—[i(1—1)/N| -1
_ ( Xj— o )
: Y — iy
j=1
; I+|iN, /N |—1 % -1 X
— (0, ———— | N1/2 ( j_:um>_ ( j_:“z>
( Ly;Ny/NJ) ; Y =y — Y — py

Let
Utrp. ., (t;a,b,c) = pﬁ{Wl (€= 0t + pat) — Wi(€ — £1))

+ WL+ pyt) = Wi(0)} + pﬁ{Wﬂf + pyt) — Wa(0)},

Y

then by Corollary 2.2 of Phillips and Durlauf (1986) the invariance principle holds

and we can obtain the weak convergence

[Nt], o
W(XZI

on t € [0,1]. Throughout the proof of this theorem, we denote

1, [Nt - YIy,l,LNtJ) = Ué,pzmy (t7 a, b7 C)

N
Ai,N = N_2 2]2{<szzg - YIy,i,j) - (XIm,i,N - YIy,i,N)}Qv

j=1
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and we can write

ALN = Z N {W(XII,LJ‘ - Y-Zy,l,j) - N_N(sz,l,N - YZy,1,N)}
j=1
N N 2
(Nt ) INt| N )
Z T (XI 1 - Yz ) - (XZ - Yz ) dt
. N z,1,| Nt y,1,[Nt] N /N x,1,N v, 1,N
=-y/N

1
INt] - . [Nt] N Y i
_ / {W(XIMLN” Vi) = e R~ Vo, |
0

Then by the invariance principle (IP) we have the weak convergence

1
Ay =g A= /{U&pmpy (t;a,b,¢) = tUpp, p,(1; 0,0, c)}zdt,
0

which can be made jointly with
VN(Xz,, = V1, 5) =4 Uspas, (1;,b,0).

By applying the continuous mapping theorem, we can derive that the global time-
warped self-normalized two-sample statistic satisfies
N(Xs

x,1,N
T'\n = A
1,N

— YIy,I,N)Z U€2,pz,py (17 a, b7 C)

T := ) .

Similarly, we can show that
,Tz',BN<O) —d T, 1 <1< My.

Note that the proposed warped self-normalized subsampling method preserve the un-
derlying dependence structure in each block, and the stationarity ensures that T; 5,
1 <i < My, all share the same limiting distribution. Let Fsnrs(u) = pr(T° < u) be
the distribution function of 71" defined in , FSNTS(u) be the empirical distribution
function of 7; g, given by

My

Fsrs(u) = My' Y U(T, gy < w),

i=1
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and Finrs (u) be the empirical distribution function of 7T} g, (A) given by

Fsnrs(u) = My Z HT; 5y (A) < u}.
We first show that, as N — oo,

Fsnrs(u) =, Fsnrs(u) (3.8)

for any u € C(Fsnts), the set of continuity points of Fsnrs(u). For this, it suffices to
show that

E[{FSNTS<U) — Fsnrs(w)}?] — 0

for any u € C(Fgnrs) as N — oo. Note that E[Fsyrs(u) — E{Fsnrs(u)}] = 0, we can

decompose the above into

E[{ Fonrs(u) — Fanrs(u)}’]
= E([Fsnrs(u) — E{Fants(u)}]?) + E([E{Fsnrs(u)} — Fnrs(u)]?)
= Var{FSNTS(u)} +{pr(T; gy <u)—pr(T < u)}2

Since Ty py —a T, 1 < i < My, we have {pr(T; 5, < u) —pr(T < u)}* — 0 for
u € C(Fsnts) as N — oo. It remains to show Var{F’SNTS(u)} — 0. Note that T; g,
can be viewed as a process indexed by i, the stationarity assumption on (Xj,Y;)

implies the stationarity of 7} 5, , which leads to

N
var{ Fsnrs(u)} = My* Y cov{I(Tipy < u),I(Tj5, < u)}
7,7=1
Mpy—-1
My* x2x My x Y Jeov{I(Ty g, < ), 1(Ths1,5, < u)}|
k=0

IA

Bn-—1
= 2My" Y Jeov{I(Thpy < ), 1(Tesrpy < )}
k=0
Mpy-—1
+2My' > Jeov{I(T1py < u), l(Ths1my < u)}l.
k=Bx
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By Lemma 3.5 of |Bai et al. (2016), we can obtain that

1 if k < By

|COV{I(T17BN S U)al(Tk+1,BN S u)}| < .
a(k—By+1) ifk> By

Note that limy_oo My/N > 0 and By/N — 0 as N — oo, we have

My—1
V&I‘{FSNT3<U)} S 2M 1BN—i‘2]\4N Z k) BN+1>
k=Bn
Myx—By
= 2My'By+2Mg" Y a(k) =0,
k=1

and (3.8) follows. We shall now provide the proof for

Fsnrs(u) —p Fanrs(u), (3.9)

which differs from {) in the sense that the estimator A is used when calculating

the test statistic for each subsample. For this, we write

FSNTS(U) = My ZI{TZ By (A) < wu}

9ByA(Xy,  , —Yr | By A2
= N ZI lBN§u+ ol ( I”BN IJHBN)_ N 5
Ai,BN A'L'yBN

and then by the above argument on FSNTS(u) it suffices to show that the additional

term o .
QBNA(XII,'L,B YIy 7 BN) BNA2
Ai,BN Ai7BN

is negligible in probability. To this end, for any ¢ > 0, let

.

QBNA XI.’L‘ZBN YI’!JZB]\]) BNA2

A’L,BN Ai7BN

>6},

then we have
EN(E) S EN71(€) + ENyQ(E),
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where ; ) )
ol 2BNA(X7 Y,
Ena(e) IMJ(,l I{ NA( IZ,‘B Iy,ZBN) - g}
=1 l,BN
and
ByA2? €
=t =07t 31 (|52 - ).
lBN

Note that, as N — oo, By/N — 0 and VNA =, Ut pop, (150, b,c), we have, for any

0> 0,
r(|v/ByA| < 6) — 1

As a result,

pr [ENl <MN ZI{

and

o

Then by the joint convergence of /By (Xz
A; By —a A, we have

€

- Yz

Y5, BN

zBN

a:zB

) =a Urp, p,(1;a,b,c) and

V BN(XIz,i,BN - ?Iy,i,BN> Uf,pz,py (13 a, bv C)
—d .
Ai By A

Following a similar argument as that for (3.8) but replacing 7; g, by

‘QAlB \% zBN_ yzBN>’

we can obtain that

MZ{

Similarly, we can show that

Nz(j

N(Xz

i, BN YIy,i,BN)

A’L,BN

€ 2U;p, p, (150, b,¢)
> %} —p PT {' A

zBN
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For any given € > 0, we can choose § > 0 to be arbitrarily small so that the probabil-
ities pr{|2U,, p, (1;a,b,¢)/A| > ¢/(26)} and pr{|1/A| > ¢/(26*)} are arbitrarily close
to zero. Note that =x1(€) and =y 2(€) are both nonnegative, we have

ENJ(E) + EN’Q(E) —p 0

as N — oo for any given € > 0. Since

I{Tip, <u+ QBNA(XZI;L,BN — Yzy,i,BN) B BN(A)2
Ai Ai By
2BNA(Xz, . — Y7, Bo(AY
S I{E,BN S u _'_ E} + I { N ( IX,BN Zy,z,BN) . A\[( ) S 6} ’
B i,By

we have
FSNTs(u> S FSNTS(u -+ 6) —+ ENJ(G) -+ ENQ(E).

This, together with 1' entail that pr{FSNTS(u) < Fsnrs(ut€)+nt — las N — oo
for any n > 0 and u + € € C(Fsnts). Since € > 0 can be chosen arbitrarily small, we
have pr{Fsnrs(u) < Fenrs(u) + 17/} — 1 for any 7 > 1 > 0. On the other hand, we

2
>6},

can write

KTy <u—e}
2BNA(XZQ:,1',BN - YIy,i,BN) BN(A)Q
AinN Ai,BN

g

QBNA(XZx,i,BN - YIy,i,BN) BN<A)2
AinN Ai,BN

S I{E,BN S u — G}I{

I

< YTipy(A) <u} +1 {

2BNA(XIz,i,BN - YIy,i,BN) BN(A)z
Ai,BN Ai,BN

and as a result,
Fsnrs(u — €) < Fanrs(u) + En,1(€) + Enale).

Then, by a similar argument, we have pr{FSNTS(u) > Fsnrs(u) — '} — 1 for any
7' > 0, and thus pr{|Fsnrs(u) — Fsnrs(u)| < 7/} — 1 as N — co. Since ' > 0 can
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be chosen arbitrarily small, follows. Note that
| Fnps (1) — pr(Tin <u)| < | Fents (1) — Fonrs(u)| + Ipr(Th v < w) — Fsnrs(u)
by the triangle inequality, combining and the fact that T} y —4 7" we have
| Fenrs(u) — pr(Tiy < u)| = 0

for any u € C(Fsnrs), and (i) follows. For (ii), by a similar argument as that for ((3.7)

we can show that the centered version satisfies

N{Xz-m,l,N - }_/Iy,l,N - (/J/I - ﬂy)}2
AN

Tl,N(N:v - :uy) = —a T,

where
Tl,N - Tl,N(,U:c - Ny)

N(Uz - Ny)Q + 2N<:u:v - IU/y){XIx,l,N B YIy,l,N - (:uw - :uy)}
Ay N

In addition, note that T} BN(A) uses the estimate A in its construction, and therefore
its distribution remains at the same regardless of what the true value of p, — p, is.

As a result, by a similar argument as that in (i), we can show that
| Fsxrs (u) = pr{T1x(sta — 1)) < u}| = 0
continues to hold for any u € C(Fsnts). Therefore, it suffices to show that

N(pe — My)z + 2N (ptz — :uy){XIw,LN B YIy,l,N — (pz — My)}
Ay o

(0. 9]

when N'/2|u, — u,| — co. For this, note that by the invariance principle (IP) and a

similar argument as that in (i), we can obtain the joint convergence

\/N{XICE,I,N - YIy,l,N - (MI - ﬂy)} Uf,pz,py(l; a, b7 C)
—d A—l )

“y
AI,N
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and as a result we have

2N(/Lx - My){XIz,l,N YIy 1,N (:ux - :uy)} o {N(,me — IU’y)Q}
=0py ——F
AI,N Al,N

as N'/2| 1, — ji,| — o0. Since Ay )y —4 A~ has a nondegenerate limiting distribution,

we have A7y N (pg — py)? —p 00 and (ii) follows.

3.7.4 Proof of Theorem

Proof. Note that

; A 1
Orz,,, —Oyz,,, =0, —0, + > TFo(Xy Foa) + Roz,,,
2] :m| e
| Z Fo(Yy, Fya) = Ryz,. 5,
Ly €Ty

we can write:

3 (0s —9)
= > IFG(Xk, Fra) +
VBx | VB \Img!kg VB !Iasml

—— 1Tl Rez,.

IFo(Yi, Fya T, Ryz,
\/—|U|ZQ G il

leZy,

Since |Z,; ;| = [jN./N |, we have

. - N
j _JN%XN<LJNTJ+1XN<2N_>2

as N — +oo for [jN,/N| > 1 where p, € (0,1). Similarly,

j 2N 2
— S _— s —
|Iy,i7j| Ny Py

]
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as N — +oo for [jN,/N| > 1 where p, € (0,1). Therefore, under the null hypothesis
of 6, =0,

j(‘gmz“_eyf ) ‘7
sLx,i,g Ysg S IF Xk;, Fx,d
/By VBN|T,, ] ke;c“- o )

B IFo(Yi, Fya)
‘ 7‘]’ le; !

Lo i j| Rez, s —

J
= —== Lyl Ryz, .
VB !Im'j\ \/BN! pigl

2N 2N
S N \/_ |',Z’-z,7:,j | |R$7:Zm,i,] N \/_ |Iy1iaj | |Ry:Iy,i,j - Op(l)‘

Then, by applying the continuous mapping argument as in the proof of Theorem

on the linear combination of influence functions, we can obtain that
TV y —aT

and
Tz'é,)BN (0) =4 T

for each 1 < i < My. Let

FSNTS N § : zBN—

then by Lemma 3.5 of Bai et al. (2016),

1 1fk<BN

lcov{I(T? ;< w),I(T} <u)} < ,
b LB a(k— By +1) ifk> By
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and by a similar argument as in the proof of Theorem [7| we can show that

Bny—1
var{ F{xpg(u)} < 2My! Z |COV{I(TﬁBN < u>71(Tlf+1,BN < u)}|
Mpy—1
+2M > Jeov{I(TY 5, < u). (Y py < u)}
k=By
My—Bn
< 2My'By +2My' Y a(k) =0,
k=1

for any u € C(Fsnrs). As a result, Fdyrg(u) —, Fsnrs(u) for any u € C(Fsyrg), and

we shall now focus on

My

FSQNTS(U) = Mﬁl ZI{TZ'?BN(AO) < u}.

=1

A~ ~

For thiS, let A?,B = By QZ] 1j {( Ty Qy,Iy,i,j) - (QI,Ix,i,BN - éyly,i,BN)}27 then
we can write

T (AG) 0 QBN(QI,LC,Z-,BN — nyzw.’BN)A(’ . BN<A9)2
i,By = 1; By A0 0
7 BN 1 BN

Similar to the proof of Theorem [7, we define the quantities
ZNI ZBN szﬁ ,BN - é\ya-zy,i,BN)Ae BJ\](AG)2
My A7 A7

’LBN

=] %I 2By (0 szv"»BN — éylyqi BN>A9 > €
_‘N 1 N AGB 9 )
,DN
and v
. .
—_ _ BN(A )2 €
:?\/2(5):]\41\7121{ A0 >§ ;
i=1 ©,Bn
then
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Note that for any ¢ > 0, by the influence function argument,

pr(|v/ByA?| < 6) — 1

and thus we have

23 (|2vBN(Bas, n,, — Oy,
pr [uNl <MN ZI{ Tei By y,zw,BN)

[%
AZ7BN

€
— 1
sl
€
pr{HN2 < Myt g I( 252)}—)1.

By applying the influence function argument again, we can obtain that

and

A0
AzB

~ A~

\Y% BN(H%Iz,i,BN 0 Y, Ly.i BN) UZ,px7py (]-a a, b7 C)
A7 T A
1,Bn

and
1 1

—— g
0
Ai,BN A

Then by bounding the covariance as in the argument of (3.8]), we can show that

% { 2\/ xIwB éyrzy,i»BN) > i}
20

Al
- &
20

_>p pr { ‘ 2U£7px7py(]‘; a, b7 C)
My ZI € — pr l > £
Zos2 (PP \|A] T2 )

A
Since § can be chosen arbitrarily small, we can obtain that

and

e
AZB

E?\m(e) + E?V,2(€) —p 0
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holds for any € > 0. Note that

y,i, B

{ o AZBN A?,BN

- yvzy,i,BN>A9 _ BN(AG)2
Al gy Al gy

2BN<éz,Iz,i,BN é T )AH BN(AO)Z }

> }

Since € can be chosen arbitrarily small, we have for any 7' > 0, pr{Flyg(u) <
Fsxrs(u) + 17/} — 1. Similarly, we can show that pr{Féq(u) > Fenrs(u) — 7'} — 1,
(i) follows by applying the triangle inequality. For (ii), by a similar argument as that

in (i) we can show that the centered version satisfies
TY 5 (0, — 6,) —a T,
and the empirical distribution of time-warped self-normalized subsamples satisfies

‘FSGNTS(u) - pr{TﬁN(Gx —0,) <u}f[—,0

for any u € C(Fsnts). Note that we can write

~

N<990 Lo, N T éy Ty N)2 - N{éII - éy:Iy,l,N - (996 - ey)}Q
= N(ex 0 ) + 2N( ){050 Zea,N éyazy,l,N - (996 - gy)}v

by a similar argument as that in the proof of Theorem [7] we have
under the alternative when N'/2|0, — 6,| — oo, and (ii) follows. O

3.7.5 Proof of Corollary

Proof. Note that

N(éxlel\f - ény 1L,N A)2
N—2 2_7 1]2{( Ty 1,5 yI 1]) - (617Ix,1,N - Hvay,l,N>}2

T n(A) =

Y
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which, under the null hypothesis of 8, — 0, = A, satisfies
T Ny —6,) —a T

by the proof of Theorem In addition, due to the use of A? for centering, the
time-warped self-normalized subsamples TfBN (Ae), 1 =1,..., My, are invariant with

respect to what the true value of 8, — 0, is, and as a result
|FSGNTS(U) - pr{TﬁN(Qz —0,) <u}| =, 0

holds for any u € C(Fsnrs) by a similar argument as in the proof of Theorem .
Corollary [1] then follows. O

3.8 Additional Simulation Results

We in Tables[3.5H3.94] provide simulation results in Section [3.5.1]for Scenarios 1-3 with
p € {0.3,0.6}, By € {50,75,100,125,150}, and r € {0,0.4,0.8}. The observations
made in Section [3.5.1| about the simulation results continue to hold, and similar to
the PR10 subsampling method of |Politis and Romano (2010) the proposed WSNS

method seems to be reasonably robust to different choices of the bandwidth.



Table 3.5: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with standard normal

innovation, p = 0.3 and By = 50.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.879 0.933 0.980 0.907 0.953 0.985 0.861 0.922 0.966
PR10 0.872 0.927 0.982 0.880 0.933 0.989 0.875 0.945 0.985

S15 0.887 0.952 0.991 0.911 0.953 0.992 0.896 0.948 0.989

1000 WSNS  0.900 0.944 0.990 0.886 0.949 0.990 0.869 0.917 0.983
PR10 0.877 0.941 0.983 0.874 0.932 0.986 0.881 0.950 0.990

S15 0.894 0.943 0.987 0.888 0.944 0.991 0.894 0.954 0.994

1500 WSNS  0.912 0.955 0.993 0.904 0.970 0.996 0.877 0.925 0.977
PR10 0.884 0.937 0.988 0.886 0.947 0.993 0.886 0.943 0.992

S15 0.898 0.951 0.991 0.904 0.958 0.995 0.896 0.954 0.990

0.4 500 WSNS  0.888 0.943 0.983 0.896 0.952 0.988 0.872 0.923 0.969
PR10 0.956 0.980 0.997 0.943 0.981 0.995 0.910 0.955 0.990

S15 0.895 0.951 0.992 0.917 0.964 0.992 0.904 0.950 0.988

1000 WSNS  0.894 0.949 0.986 0.889 0.940 0.992 0.871 0.927 0.983
PR10 0.963 0.982 0.999 0.938 0.974 0.998 0.913 0.964 0.996

S15 0.891 0.943 0.989 0.901 0.941 0.993 0.899 0.956 0.995

1500 WSNS  0.909 0.953 0.993 0.907 0.956 0.994 0.874 0.926 0.973
PR10 0.963 0.989 0.998 0.955 0.982 0.997 0.918 0.959 0.993

S15 0.900 0.947 0.992 0.913 0.959 0.991 0.902 0.947 0.987

0.8 500 WSNS  0.903 0.947 0.985 0.890 0.941 0.980 0.861 0.919 0.969
PR10 0.998 1.000 1.000 0.994 0.997 0.999 0.984 0.996 1.000

S15 0.912 0.956 0.991 0.928 0.966 0.995 0.897 0.953 0.987

1000 WSNS  0.889 0.950 0.989 0.888 0.947 0.988 0.868 0.931 0.979
PR10 1.000 1.000 1.000 0.995 1.000 1.000 0.986 0.999 1.000

S15 0.884 0.955 0.992 0.926 0.958 0.990 0.903 0.950 0.992

1500 WSNS  0.901 0.952 0.992 0.884 0.952 0.991 0.880 0.930 0.976
PR10 1.000 1.000 1.000 0.997 0.999 1.000 0.985 0.997 1.000

S15 0.890 0.946 0.994 0.925 0.964 0.997 0.903 0.944 0.992
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Table 3.6: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with standard normal
innovation, p = 0.6 and By = 50.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.917 0.957 0.992 0.927 0.958 0.994 0.885 0.936 0.980
PR10 0.867 0.918 0.979 0.864 0.926 0.979 0.833 0.922 0.976

S15 0.890 0.939 0.988 0.903 0.947 0.991 0.892 0.945 0.990

1000 WSNS  0.931 0.970 0.995 0.933 0.970 0.996 0.893 0.953 0.987
PR10 0.872 0.932 0.985 0.863 0.927 0.978 0.841 0.932 0.989

S15 0.892 0.941 0.987 0.908 0.952 0.987 0.903 0.959 0.989

1500 WSNS  0.941 0.978 1.000 0.934 0.978 0.996 0.893 0.934 0.985
PR10 0.872 0.924 0.986 0.872 0.937 0.985 0.850 0.920 0.986

S15 0.891 0.951 0.990 0.901 0.950 0.992 0.900 0.947 0.989

0.4 500 WSNS 0.919 0.964 0.995 0.903 0.953 0.994 0.882 0.941 0.985
PR10 0.939 0.975 0.994 0.937 0.970 0.995 0.865 0.935 0.981

S15 0.889 0.949 0.993 0.887 0.941 0.992 0.886 0.947 0.991

1000 WSNS  0.937 0.967 0.997 0.926 0.972 0.995 0.900 0.940 0.986
PR10 0.962 0.985 0.999 0.947 0.978 0.996 0.883 0.955 0.988

S15 0.898 0.943 0.992 0.913 0.953 0.989 0.904 0.948 0.991

1500 WSNS  0.936 0.974 0.997 0.930 0.974 0.999 0.885 0.933 0.984
PR10 0.955 0.987 0.997 0.949 0.974 0.998 0.881 0.935 0.991

S15 0.896 0.945 0.992 0.900 0.950 0.993 0.897 0.947 0.989

0.8 500 WSNS  0.920 0.967 0.991 0.913 0.955 0.989 0.872 0.934 0.985
PR10 0.998 1.000 1.000 0.994 0.999 1.000 0.968 0.990 1.000

S15 0.899 0.951 0.990 0.931 0.965 0.994 0.879 0.947 0.989

1000 WSNS  0.937 0.971 0.996 0.911 0.961 0.994 0.894 0.929 0.982
PR10 1.000 1.000 1.000 0.996 1.000 1.000 0.985 0.996 1.000

S15 0.910 0.947 0.993 0.920 0.960 0.995 0.892 0.941 0.986

1500 WSNS  0.935 0.970 0.998 0.913 0.958 0.993 0.871 0.915 0.968
PR10 1.000 1.000 1.000 0.997 0.999 1.000 0.972 0.992 1.000

S15 0.883 0.944 0.992 0.920 0.960 0.991 0.883 0.925 0.978




Table 3.7: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with standard normal

innovation, p = 0.3 and By = 75.

101

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.873 0.925 0.971 0.897 0.942 0.980 0.858 0.920 0.968
PR10 0.862 0.921 0.978 0.870 0.922 0.984 0.879 0.934 0.979

S15 0.887 0.952 0.991 0.911 0.953 0.992 0.896 0.948 0.989

1000 WSNS  0.889 0.937 0.983 0.888 0.937 0.987 0.868 0.933 0.979
PR10 0.877 0.937 0.982 0.876 0.926 0.984 0.880 0.944 0.990

S15 0.894 0.943 0.987 0.888 0.944 0.991 0.894 0.954 0.994

1500 WSNS  0.902 0.947 0.986 0.898 0.962 0.997 0.884 0.924 0.978
PR10 0.881 0.936 0.988 0.886 0.946 0.992 0.883 0.943 0.987

S15 0.898 0.951 0.991 0.904 0.958 0.995 0.896 0.954 0.990

0.4 500 WSNS 0.882 0.935 0.977 0.880 0.938 0.982 0.874 0.922 0.970
PR10 0.949 0.973 0.996 0.939 0.974 0.991 0.902 0.952 0.987

S15 0.895 0.951 0.992 0.917 0.964 0.992 0.904 0.950 0.988

1000 WSNS  0.893 0.939 0.982 0.882 0.936 0.987 0.873 0.926 0.980
PR10 0.963 0.981 0.997 0.938 0.973 0.998 0.913 0.960 0.994

S15 0.891 0.943 0.989 0.901 0.941 0.993 0.899 0.956 0.995

1500 WSNS  0.907 0.945 0.987 0.901 0.953 0.993 0.883 0.935 0.974
PR10 0.963 0.989 0.999 0.953 0.980 0.997 0.917 0.959 0.990

S15 0.900 0.947 0.992 0.913 0.959 0.991 0.902 0.947 0.987

0.8 500 WSNS  0.895 0.933 0.979 0.879 0.928 0.975 0.855 0.911 0.964
PR10 0.997 0.998 1.000 0.992 0.998 0.999 0.981 0.995 0.999

S15 0.912 0.956 0.991 0.928 0.966 0.995 0.897 0.953 0.987

1000 WSNS  0.887 0.949 0.981 0.887 0.943 0.985 0.879 0.932 0.975
PR10 0.999 1.000 1.000 0.994 1.000 1.000 0.989 0.998 1.000

S15 0.884 0.955 0.992 0.926 0.958 0.990 0.903 0.950 0.992

1500 WSNS  0.893 0.944 0.989 0.879 0.939 0.987 0.888 0.932 0.980
PR10 1.000 1.000 1.000 0.997 1.000 1.000 0.986 0.998 1.000

S15 0.890 0.946 0.994 0.925 0.964 0.997 0.903 0.944 0.992
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Table 3.8: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with standard normal
innovation, p = 0.6 and By = 75.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.914 0.946 0.974 0.909 0.952 0.986 0.879 0.932 0.974
PR10 0.859 0.917 0.977 0.867 0.922 0.978 0.847 0.923 0.973

S15 0.890 0.939 0.988 0.903 0.947 0.991 0.892 0.945 0.990

1000 WSNS  0.913 0.963 0.988 0.918 0.959 0.991 0.896 0.946 0.986
PR10 0.872 0.934 0.985 0.867 0.931 0.980 0.858 0.933 0.987

S15 0.892 0.941 0.987 0.908 0.952 0.987 0.903 0.959 0.989

1500 WSNS  0.923 0.967 0.994 0.917 0.966 0.997 0.898 0.945 0.987
PR10 0.873 0.925 0.986 0.881 0.937 0.985 0.866 0.928 0.984

S15 0.891 0.951 0.990 0.901 0.950 0.992 0.900 0.947 0.989

0.4 500 WSNS 0.905 0.945 0.981 0.887 0.936 0.985 0.879 0.937 0.983
PR10 0.942 0.975 0.993 0.934 0.969 0.993 0.877 0.935 0.980

S15 0.889 0.949 0.993 0.887 0.941 0.992 0.886 0.947 0.991

1000 WSNS  0.923 0.956 0.995 0.918 0.962 0.991 0.905 0.943 0.987
PR10 0.961 0.984 0.999 0.948 0.978 0.995 0.900 0.964 0.991

S15 0.898 0.943 0.992 0.913 0.953 0.989 0.904 0.948 0.991

1500 WSNS  0.924 0.967 0.995 0.917 0.966 0.995 0.893 0.929 0.985
PR10 0.956 0.987 0.997 0.952 0.976 0.998 0.892 0.938 0.989

S15 0.896 0.945 0.992 0.900 0.950 0.993 0.897 0.947 0.989

0.8 500 WSNS  0.905 0.948 0.984 0.894 0.950 0.979 0.871 0.935 0.975
PR10 0.997 0.999 1.000 0.991 0.999 1.000 0.970 0.990 0.999

S15 0.899 0.951 0.990 0.931 0.965 0.994 0.879 0.947 0.989

1000 WSNS  0.926 0.963 0.997 0.894 0.953 0.992 0.893 0.932 0.979
PR10 1.000 1.000 1.000 0.996 1.000 1.000 0.990 0.995 1.000

S15 0.910 0.947 0.993 0.920 0.960 0.995 0.892 0.941 0.986

1500 WSNS  0.919 0.964 0.996 0.904 0.949 0.990 0.879 0.920 0.975
PR10 1.000 1.000 1.000 0.999 0.999 1.000 0.976 0.993 1.000

S15 0.883 0.944 0.992 0.920 0.960 0.991 0.883 0.925 0.978




Table 3.9: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with standard normal
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innovation, p = 0.3 and By = 100.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.855 0.911 0.954 0.873 0.923 0.966 0.852 0.908 0.957
PR10 0.852 0.915 0.966 0.863 0.912 0.976 0.867 0.928 0.975

S15 0.887 0.952 0.991 0.911 0.953 0.992 0.896 0.948 0.989

1000 WSNS  0.878 0.928 0.976 0.874 0.922 0.976 0.866 0.924 0.973
PR10 0.873 0.933 0.982 0.868 0.923 0.984 0.877 0.942 0.989

S15 0.894 0.943 0.987 0.888 0.944 0.991 0.894 0.954 0.994

1500 WSNS  0.893 0.937 0.982 0.895 0.950 0.992 0.874 0.925 0.979
PR10 0.884 0.934 0.985 0.879 0.945 0.991 0.882 0.942 0.986

S15 0.898 0.951 0.991 0.904 0.958 0.995 0.896 0.954 0.990

0.4 500 WSNS 0.861 0.911 0.966 0.857 0.921 0.977 0.846 0.914 0.965
PR10 0.941 0.972 0.992 0.936 0.967 0.990 0.901 0.944 0.985

S15 0.895 0.951 0.992 0.917 0.964 0.992 0.904 0.950 0.988

1000 WSNS  0.875 0.923 0.978 0.878 0.921 0.978 0.871 0.919 0.974
PR10 0.965 0.980 0.997 0.927 0.973 0.995 0.908 0.960 0.992

S15 0.891 0.943 0.989 0.901 0.941 0.993 0.899 0.956 0.995

1500 WSNS  0.889 0.938 0.983 0.894 0.944 0.981 0.871 0.927 0.972
PR10 0.965 0.989 0.998 0.950 0.976 0.997 0.916 0.960 0.989

S15 0.900 0.947 0.992 0.913 0.959 0.991 0.902 0.947 0.987

0.8 500 WSNS  0.867 0.920 0.968 0.864 0.914 0.964 0.843 0.907 0.962
PR10 0.995 0.997 1.000 0.986 0.997 0.999 0.976 0.993 1.000

S15 0.912 0.956 0.991 0.928 0.966 0.995 0.897 0.953 0.987

1000 WSNS  0.883 0.936 0.980 0.882 0.931 0.978 0.869 0.925 0.971
PR10 1.000 1.000 1.000 0.993 1.000 1.000 0.989 0.997 1.000

S15 0.884 0.955 0.992 0.926 0.958 0.990 0.903 0.950 0.992

1500 WSNS  0.887 0.926 0.983 0.868 0.929 0.984 0.887 0.928 0.974
PR10 1.000 1.000 1.000 0.998 0.999 1.000 0.984 0.995 1.000

S15 0.890 0.946 0.994 0.925 0.964 0.997 0.903 0.944 0.992




Table 3.10: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with standard normal
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innovation, p = 0.6 and By = 100.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.883 0.931 0.960 0.890 0.932 0.972 0.859 0.912 0.964
PR10 0.852 0.908 0.970 0.859 0.910 0.971 0.848 0.917 0.976

S15 0.890 0.939 0.988 0.903 0.947 0.991 0.892 0.945 0.990

1000 WSNS  0.898 0.949 0.982 0.899 0.943 0.987 0.892 0.943 0.983
PR10 0.867 0.936 0.981 0.871 0.929 0.978 0.866 0.936 0.985

S15 0.892 0.941 0.987 0.908 0.952 0.987 0.903 0.959 0.989

1500 WSNS  0.908 0.951 0.989 0.908 0.955 0.992 0.890 0.936 0.981
PR10 0.872 0.930 0.985 0.878 0.939 0.985 0.877 0.935 0.977

S15 0.891 0.951 0.990 0.901 0.950 0.992 0.900 0.947 0.989

0.4 500 WSNS  0.880 0.927 0.968 0.863 0.920 0.974 0.859 0.919 0.971
PR10 0.936 0.971 0.992 0.928 0.965 0.991 0.877 0.930 0.978

S15 0.889 0.949 0.993 0.887 0.941 0.992 0.886 0.947 0.991

1000 WSNS  0.908 0.940 0.990 0.891 0.942 0.986 0.900 0.935 0.978
PR10 0.962 0.984 0.996 0.944 0.978 0.995 0.908 0.965 0.993

S15 0.898 0.943 0.992 0.913 0.953 0.989 0.904 0.948 0.991

1500 WSNS  0.903 0.953 0.990 0.904 0.952 0.987 0.880 0.927 0.980
PR10 0.956 0.988 0.997 0.952 0.976 0.996 0.894 0.943 0.990

S15 0.896 0.945 0.992 0.900 0.950 0.993 0.897 0.947 0.989

0.8 500 WSNS  0.877 0.931 0.972 0.876 0.928 0.970 0.849 0.911 0.963
PR10 0.995 0.999 1.000 0.988 0.998 1.000 0.964 0.989 0.999

S15 0.899 0.951 0.990 0.931 0.965 0.994 0.879 0.947 0.989

1000 WSNS  0.912 0.950 0.990 0.879 0.938 0.984 0.883 0.925 0.975
PR10 1.000 1.000 1.000 0.996 1.000 1.000 0.989 0.995 1.000

S15 0.910 0.947 0.993 0.920 0.960 0.995 0.892 0.941 0.986

1500 WSNS  0.899 0.947 0.984 0.888 0.941 0.986 0.871 0.918 0.969
PR10 1.000 1.000 1.000 0.998 0.999 1.000 0.977 0.993 0.999

S15 0.883 0.944 0.992 0.920 0.960 0.991 0.883 0.925 0.978




Table 3.11: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with standard normal
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innovation, p = 0.3 and By = 125.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.847 0.905 0.946 0.869 0.922 0.959 0.847 0.894 0.950
PR10 0.842 0.905 0.964 0.856 0.906 0.969 0.855 0.915 0.975

S15 0.887 0.952 0.991 0.911 0.953 0.992 0.896 0.948 0.989

1000 WSNS  0.874 0.922 0.969 0.865 0.925 0.975 0.868 0.917 0.971
PR10 0.871 0.931 0.976 0.865 0.920 0.983 0.876 0.937 0.989

S15 0.894 0.943 0.987 0.888 0.944 0.991 0.894 0.954 0.994

1500 WSNS  0.893 0.932 0.979 0.890 0.945 0.990 0.879 0.931 0.979
PR10 0.878 0.935 0.987 0.878 0.942 0.989 0.881 0.941 0.986

S15 0.898 0.951 0.991 0.904 0.958 0.995 0.896 0.954 0.990

0.4 500 WSNS  0.847 0.913 0.952 0.854 0.919 0.969 0.842 0.897 0.958
PR10 0.933 0.967 0.991 0.927 0.964 0.989 0.888 0.941 0.982

S15 0.895 0.951 0.992 0.917 0.964 0.992 0.904 0.950 0.988

1000 WSNS  0.874 0.920 0.975 0.876 0.915 0.979 0.871 0.920 0.973
PR10 0.959 0.976 0.997 0.929 0.971 0.994 0.906 0.958 0.990

S15 0.891 0.943 0.989 0.901 0.941 0.993 0.899 0.956 0.995

1500 WSNS  0.886 0.937 0.978 0.894 0.941 0.981 0.871 0.933 0.974
PR10 0.964 0.988 0.998 0.948 0.974 0.997 0.918 0.956 0.987

S15 0.900 0.947 0.992 0.913 0.959 0.991 0.902 0.947 0.987

0.8 500 WSNS  0.861 0.908 0.953 0.863 0.913 0.963 0.840 0.908 0.955
PR10 0.997 0.997 0.999 0.985 0.995 0.998 0.974 0.990 0.997

S15 0.912 0.956 0.991 0.928 0.966 0.995 0.897 0.953 0.987

1000 WSNS  0.869 0.931 0.971 0.878 0.931 0.975 0.869 0.924 0.972
PR10 0.999 1.000 1.000 0.989 1.000 1.000 0.987 0.998 1.000

S15 0.884 0.955 0.992 0.926 0.958 0.990 0.903 0.950 0.992

1500 WSNS  0.884 0.925 0.981 0.865 0.927 0.984 0.881 0.922 0.976
PR10 1.000 1.000 1.000 0.996 0.999 1.000 0.983 0.995 1.000

S15 0.890 0.946 0.994 0.925 0.964 0.997 0.903 0.944 0.992




Table 3.12: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with standard normal
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innovation, p = 0.6 and By = 125.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.871 0.921 0.958 0.877 0.933 0.966 0.852 0.906 0.958
PR10 0.845 0.902 0.960 0.852 0.908 0.964 0.849 0.906 0.962

S15 0.890 0.939 0.988 0.903 0.947 0.991 0.892 0.945 0.990

1000 WSNS  0.891 0.941 0.981 0.881 0.941 0.981 0.890 0.938 0.983
PR10 0.868 0.934 0.979 0.869 0.921 0.972 0.874 0.932 0.982

S15 0.892 0.941 0.987 0.908 0.952 0.987 0.903 0.959 0.989

1500 WSNS  0.904 0.943 0.985 0.900 0.950 0.989 0.893 0.938 0.981
PR10 0.875 0.929 0.985 0.881 0.940 0.986 0.881 0.930 0.978

S15 0.891 0.951 0.990 0.901 0.950 0.992 0.900 0.947 0.989

0.4 500 WSNS 0.871 0.923 0.962 0.857 0.911 0.967 0.861 0.903 0.959
PR10 0.931 0.967 0.988 0.920 0.958 0.989 0.871 0.927 0.966

S15 0.889 0.949 0.993 0.887 0.941 0.992 0.886 0.947 0.991

1000 WSNS  0.897 0.938 0.979 0.878 0.943 0.983 0.899 0.939 0.974
PR10 0.959 0.982 0.994 0.942 0.976 0.994 0.905 0.960 0.990

S15 0.898 0.943 0.992 0.913 0.953 0.989 0.904 0.948 0.991

1500 WSNS  0.897 0.943 0.991 0.900 0.948 0.988 0.883 0.930 0.980
PR10 0.958 0.985 0.997 0.953 0.976 0.996 0.898 0.942 0.989

S15 0.896 0.945 0.992 0.900 0.950 0.993 0.897 0.947 0.989

0.8 500 WSNS  0.872 0.920 0.964 0.866 0.921 0.964 0.832 0.896 0.962
PR10 0.993 0.997 1.000 0.987 0.995 1.000 0.962 0.987 0.998

S15 0.899 0.951 0.990 0.931 0.965 0.994 0.879 0.947 0.989

1000 WSNS  0.901 0.951 0.986 0.878 0.939 0.980 0.883 0.928 0.975
PR10 0.998 1.000 1.000 0.995 0.998 1.000 0.983 0.995 1.000

S15 0.910 0.947 0.993 0.920 0.960 0.995 0.892 0.941 0.986

1500 WSNS  0.898 0.945 0.984 0.890 0.940 0.984 0.869 0.919 0.971
PR10 1.000 1.000 1.000 0.997 0.999 1.000 0.978 0.993 0.999

S15 0.883 0.944 0.992 0.920 0.960 0.991 0.883 0.925 0.978




Table 3.13: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with standard normal
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innovation, p = 0.3 and By = 150.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.830 0.889 0.947 0.849 0.908 0.956 0.826 0.881 0.940
PR10 0.837 0.894 0.953 0.849 0.901 0.959 0.849 0.904 0.964

S15 0.887 0.952 0.991 0.911 0.953 0.992 0.896 0.948 0.989

1000 WSNS  0.862 0.911 0.962 0.858 0.916 0.969 0.860 0.909 0.967
PR10 0.869 0.925 0.978 0.869 0.914 0.978 0.873 0.932 0.987

S15 0.894 0.943 0.987 0.888 0.944 0.991 0.894 0.954 0.994

1500 WSNS  0.886 0.925 0.976 0.885 0.932 0.987 0.877 0.923 0.975
PR10 0.878 0.932 0.986 0.881 0.945 0.990 0.875 0.938 0.983

S15 0.898 0.951 0.991 0.904 0.958 0.995 0.896 0.954 0.990

0.4 500 WSNS 0.841 0.887 0.947 0.847 0.904 0.961 0.833 0.882 0.943
PR10 0.926 0.961 0.983 0.924 0.960 0.983 0.881 0.935 0.973

S15 0.895 0.951 0.992 0.917 0.964 0.992 0.904 0.950 0.988

1000 WSNS  0.868 0.914 0.963 0.867 0.913 0.972 0.859 0.917 0.968
PR10 0.957 0.978 0.993 0.927 0.971 0.993 0.896 0.955 0.989

S15 0.891 0.943 0.989 0.901 0.941 0.993 0.899 0.956 0.995

1500 WSNS  0.882 0.928 0.975 0.882 0.936 0.979 0.863 0.924 0.971
PR10 0.958 0.988 0.999 0.948 0.974 0.997 0.914 0.954 0.985

S15 0.900 0.947 0.992 0.913 0.959 0.991 0.902 0.947 0.987

0.8 500 WSNS  0.845 0.895 0.945 0.855 0.905 0.953 0.831 0.890 0.943
PR10 0.995 0.996 0.999 0.978 0.992 0.998 0.972 0.985 0.997

S15 0.912 0.956 0.991 0.928 0.966 0.995 0.897 0.953 0.987

1000 WSNS  0.861 0.922 0.972 0.877 0.922 0.969 0.863 0.926 0.968
PR10 0.999 1.000 1.000 0.991 0.997 1.000 0.984 0.997 1.000

S15 0.884 0.955 0.992 0.926 0.958 0.990 0.903 0.950 0.992

1500 WSNS  0.869 0.923 0.980 0.857 0.926 0.981 0.877 0.924 0.971
PR10 1.000 1.000 1.000 0.996 0.999 1.000 0.979 0.993 1.000

S15 0.890 0.946 0.994 0.925 0.964 0.997 0.903 0.944 0.992




Table 3.14: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with standard normal
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innovation, p = 0.6 and By = 150.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.848 0.902 0.952 0.851 0.919 0.964 0.839 0.885 0.947
PR10 0.834 0.894 0.959 0.848 0.898 0.962 0.849 0.906 0.962

S15 0.890 0.939 0.988 0.903 0.947 0.991 0.892 0.945 0.990

1000 WSNS  0.882 0.931 0.972 0.867 0.930 0.978 0.882 0.934 0.978
PR10 0.865 0.931 0.976 0.868 0.918 0.972 0.867 0.933 0.980

S15 0.892 0.941 0.987 0.908 0.952 0.987 0.903 0.959 0.989

1500 WSNS  0.891 0.933 0.982 0.893 0.944 0.990 0.881 0.938 0.979
PR10 0.877 0.927 0.984 0.875 0.938 0.985 0.880 0.931 0.977

S15 0.891 0.951 0.990 0.901 0.950 0.992 0.900 0.947 0.989

0.4 500 WSNS  0.853 0.909 0.949 0.841 0.899 0.957 0.844 0.887 0.952
PR10 0.926 0.958 0.985 0.912 0.950 0.990 0.864 0.922 0.959

S15 0.889 0.949 0.993 0.887 0.941 0.992 0.886 0.947 0.991

1000 WSNS  0.887 0.929 0.974 0.869 0.929 0.975 0.886 0.932 0.973
PR10 0.958 0.980 0.995 0.937 0.975 0.994 0.905 0.956 0.991

S15 0.898 0.943 0.992 0.913 0.953 0.989 0.904 0.948 0.991

1500 WSNS  0.890 0.933 0.985 0.885 0.940 0.987 0.874 0.923 0.976
PR10 0.957 0.985 0.998 0.953 0.978 0.996 0.898 0.939 0.987

S15 0.896 0.945 0.992 0.900 0.950 0.993 0.897 0.947 0.989

0.8 500 WSNS  0.847 0.903 0.959 0.847 0.908 0.958 0.821 0.882 0.943
PR10 0.991 0.995 0.997 0.985 0.995 0.999 0.958 0.981 0.994

S15 0.899 0.951 0.990 0.931 0.965 0.994 0.879 0.947 0.989

1000 WSNS  0.889 0.944 0.981 0.867 0.923 0.974 0.870 0.923 0.972
PR10 0.999 1.000 1.000 0.994 0.998 1.000 0.984 0.994 1.000

S15 0.910 0.947 0.993 0.920 0.960 0.995 0.892 0.941 0.986

1500 WSNS  0.885 0.936 0.984 0.880 0.935 0.980 0.862 0.917 0.963
PR10 1.000 1.000 1.000 0.997 0.999 1.000 0.977 0.994 0.999

S15 0.883 0.944 0.992 0.920 0.960 0.991 0.883 0.925 0.978
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Table 3.15: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with standard normal
innovation, p = 0.3 and By = 50.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.887 0.938 0.983 0.902 0.947 0.990 0.847 0.903 0.959
PR10 0.869 0.933 0.981 0.881 0.933 0.981 0.854 0.923 0.982

S15 0.888 0.946 0.989 0.906 0.948 0.990 0.886 0.941 0.986

1000 WSNS  0.903 0.952 0.989 0.908 0.960 0.996 0.858 0.919 0.977
PR10 0.891 0.941 0.981 0.885 0.942 0.986 0.884 0.945 0.990

S15 0.905 0.948 0.989 0.901 0.955 0.991 0.901 0.952 0.987

1500 WSNS  0.915 0.959 0.991 0.921 0.963 0.993 0.871 0.929 0.980
PR10 0.898 0.943 0.983 0.896 0.943 0.985 0.892 0.945 0.995

S15 0.901 0.940 0.989 0.907 0.958 0.991 0.887 0.948 0.992

0.4 500 WSNS 0.901 0.942 0.990 0.891 0.941 0.989 0.870 0.925 0.971
PR10 0.932 0.978 0.997 0.926 0.961 0.992 0.896 0.941 0.984

S15 0.927 0.972 0.996 0.928 0.972 0.996 0.907 0.946 0.988

1000 WSNS  0.911 0.953 0.990 0.914 0.963 0.994 0.875 0.933 0.984
PR10 0.943 0.975 0.998 0.940 0.972 0.994 0.915 0.962 0.996

S15 0.935 0.968 0.996 0.937 0.971 0.995 0.924 0.971 0.994

1500 WSNS  0.927 0.964 0.993 0.928 0.973 0.993 0.878 0.937 0.985
PR10 0.953 0.978 0.998 0.945 0.979 0.997 0.917 0.959 0.995

S15 0.942 0.973 0.999 0.939 0.973 0.995 0.896 0.960 0.993

0.8 500 WSNS  0.919 0.964 0.996 0.902 0.948 0.988 0.902 0.945 0.983
PR10 0.995 0.999 1.000 0.973 0.993 0.999 0.970 0.991 1.000

S15 0.980 0.996 1.000 0.966 0.986 0.998 0.958 0.981 0.997

1000 WSNS  0.934 0.978 0.997 0.915 0.958 0.993 0.901 0.951 0.988
PR10 0.994 0.999 1.000 0.981 0.997 1.000 0.982 0.996 0.999

S15 0.981 0.999 1.000 0.968 0.990 1.000 0.970 0.989 0.999

1500 WSNS  0.940 0.981 0.996 0.918 0.959 0.997 0.892 0.936 0.983
PR10 0.994 0.998 1.000 0.980 0.992 1.000 0.981 0.998 1.000

S15 0.989 0.995 1.000 0.970 0.988 0.999 0.973 0.991 0.999




Table 3.16: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with standard normal

innovation, p = 0.6 and By = 50.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.933 0.968 0.994 0.925 0.972 0.996 0.891 0.935 0.980
PR10 0.864 0.929 0.979 0.858 0.930 0.976 0.812 0.900 0.972

S15 0.878 0.941 0.989 0.897 0.939 0.988 0.889 0.949 0.989

1000 WSNS  0.946 0.980 0.997 0.940 0.972 0.995 0.889 0.939 0.988
PR10 0.881 0.938 0.977 0.887 0.933 0.980 0.849 0.918 0.979

S15 0.902 0.943 0.985 0.908 0.949 0.986 0.898 0.952 0.988

1500 WSNS  0.955 0.977 0.996 0.948 0.982 0.998 0.898 0.942 0.990
PR10 0.888 0.939 0.983 0.896 0.939 0.981 0.827 0.922 0.990

S15 0.904 0.941 0.987 0.902 0.944 0.986 0.896 0.943 0.989

0.4 500 WSNS  0.944 0.974 0.997 0.922 0.959 0.993 0.879 0.940 0.981
PR10 0.927 0.976 0.996 0.915 0.959 0.989 0.873 0.928 0.979

S15 0.925 0.969 0.997 0.931 0.967 0.993 0.910 0.956 0.991

1000 WSNS  0.952 0.985 0.997 0.951 0.974 0.996 0.905 0.953 0.992
PR10 0.940 0.975 0.995 0.919 0.963 0.995 0.881 0.933 0.991

S15 0.928 0.971 0.996 0.938 0.969 0.997 0.931 0.972 0.994

1500 WSNS  0.958 0.990 1.000 0.947 0.983 0.998 0.910 0.957 0.988
PR10 0.947 0.977 0.998 0.934 0.965 0.995 0.867 0.941 0.993

S15 0.935 0.971 1.000 0.937 0.965 0.995 0.907 0.957 0.990

0.8 500 WSNS  0.961 0.987 0.999 0.936 0.976 0.998 0.906 0.955 0.991
PR10 0.992 0.998 1.000 0.984 0.995 0.999 0.952 0.984 0.998

S15 0.985 0.995 1.000 0.976 0.994 1.000 0.976 0.985 1.000

1000 WSNS  0.971 0.994 0.999 0.943 0.973 0.999 0.924 0.971 0.995
PR10 0.991 0.998 1.000 0.985 0.997 1.000 0.959 0.988 0.999

S15 0.983 0.999 1.000 0.984 0.995 1.000 0.977 0.992 0.999

1500 WSNS  0.974 0.994 0.999 0.954 0.983 0.998 0.927 0.966 0.994
PR10 0.993 0.998 1.000 0.985 0.995 1.000 0.965 0.991 0.999

S15 0.989 0.997 1.000 0.978 0.994 0.999 0.967 0.990 0.998




Table 3.17: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with standard normal

innovation, p = 0.3 and By = 75.

111

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.876 0.934 0.974 0.891 0.942 0.983 0.846 0.904 0.960
PR10 0.863 0.933 0.976 0.874 0.931 0.976 0.856 0.926 0.980

S15 0.888 0.946 0.989 0.906 0.948 0.990 0.886 0.941 0.986

1000 WSNS  0.904 0.950 0.983 0.897 0.953 0.991 0.864 0.928 0.980
PR10 0.889 0.941 0.979 0.887 0.942 0.984 0.889 0.946 0.989

S15 0.905 0.948 0.989 0.901 0.955 0.991 0.901 0.952 0.987

1500 WSNS  0.909 0.960 0.990 0.916 0.961 0.991 0.887 0.937 0.984
PR10 0.901 0.944 0.981 0.893 0.949 0.983 0.894 0.946 0.993

S15 0.901 0.940 0.989 0.907 0.958 0.991 0.887 0.948 0.992

0.4 500 WSNS 0.896 0.938 0.982 0.881 0.940 0.988 0.860 0.925 0.971
PR10 0.927 0.976 0.995 0.925 0.957 0.991 0.894 0.943 0.981

S15 0.927 0.972 0.996 0.928 0.972 0.996 0.907 0.946 0.988

1000 WSNS  0.905 0.945 0.986 0.910 0.955 0.995 0.884 0.939 0.986
PR10 0.939 0.976 0.995 0.933 0.972 0.994 0.919 0.960 0.994

S15 0.935 0.968 0.996 0.937 0.971 0.995 0.924 0.971 0.994

1500 WSNS  0.921 0.961 0.994 0.922 0.965 0.994 0.885 0.943 0.990
PR10 0.954 0.978 0.997 0.945 0.979 0.996 0.918 0.959 0.994

S15 0.942 0.973 0.999 0.939 0.973 0.995 0.896 0.960 0.993

0.8 500 WSNS  0.913 0.956 0.991 0.894 0.940 0.986 0.901 0.940 0.981
PR10 0.995 0.998 1.000 0.972 0.987 0.997 0.964 0.990 0.997

S15 0.980 0.996 1.000 0.966 0.986 0.998 0.958 0.981 0.997

1000 WSNS  0.928 0.970 0.996 0.909 0.956 0.989 0.908 0.957 0.984
PR10 0.993 0.998 1.000 0.982 0.996 1.000 0.982 0.996 0.999

S15 0.981 0.999 1.000 0.968 0.990 1.000 0.970 0.989 0.999

1500 WSNS  0.934 0.974 0.993 0.913 0.959 0.996 0.898 0.945 0.985
PR10 0.994 0.998 1.000 0.980 0.993 1.000 0.979 0.997 1.000

S15 0.989 0.995 1.000 0.970 0.988 0.999 0.973 0.991 0.999




Table 3.18: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with standard normal

innovation, p = 0.6 and By = 75.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.918 0.959 0.986 0.903 0.952 0.992 0.893 0.939 0.978
PR10 0.858 0.923 0.977 0.857 0.928 0.973 0.823 0.901 0.965

S15 0.878 0.941 0.989 0.897 0.939 0.988 0.889 0.949 0.989

1000 WSNS  0.940 0.969 0.995 0.924 0.962 0.991 0.893 0.943 0.985
PR10 0.884 0.934 0.976 0.887 0.935 0.979 0.862 0.928 0.979

S15 0.902 0.943 0.985 0.908 0.949 0.986 0.898 0.952 0.988

1500 WSNS  0.948 0.973 0.995 0.939 0.974 0.997 0.901 0.945 0.989
PR10 0.891 0.941 0.984 0.899 0.944 0.981 0.850 0.932 0.988

S15 0.904 0.941 0.987 0.902 0.944 0.986 0.896 0.943 0.989

0.4 500 WSNS  0.930 0.957 0.993 0.905 0.947 0.986 0.887 0.927 0.977
PR10 0.922 0.975 0.993 0.917 0.957 0.987 0.878 0.933 0.975

S15 0.925 0.969 0.997 0.931 0.967 0.993 0.910 0.956 0.991

1000 WSNS  0.938 0.979 0.996 0.938 0.965 0.992 0.909 0.954 0.994
PR10 0.932 0.976 0.994 0.924 0.964 0.994 0.894 0.939 0.988

S15 0.928 0.971 0.996 0.938 0.969 0.997 0.931 0.972 0.994

1500 WSNS  0.947 0.977 0.999 0.940 0.976 0.997 0.914 0.958 0.990
PR10 0.947 0.976 0.997 0.936 0.968 0.994 0.875 0.947 0.990

S15 0.935 0.971 1.000 0.937 0.965 0.995 0.907 0.957 0.990

0.8 500 WSNS  0.938 0.974 0.999 0.920 0.965 0.994 0.904 0.949 0.987
PR10 0.989 0.998 1.000 0.981 0.995 0.999 0.957 0.983 0.999

S15 0.985 0.995 1.000 0.976 0.994 1.000 0.976 0.985 1.000

1000 WSNS  0.962 0.992 0.999 0.932 0.965 0.997 0.926 0.969 0.995
PR10 0.992 0.999 1.000 0.986 0.997 1.000 0.964 0.988 0.998

S15 0.983 0.999 1.000 0.984 0.995 1.000 0.977 0.992 0.999

1500 WSNS  0.955 0.988 0.999 0.945 0.977 0.998 0.929 0.964 0.992
PR10 0.994 0.998 1.000 0.987 0.994 1.000 0.973 0.992 0.999

S15 0.989 0.997 1.000 0.978 0.994 0.999 0.967 0.990 0.998




Table 3.19: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with standard normal
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innovation, p = 0.3 and By = 100.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.861 0.914 0.967 0.876 0.923 0.975 0.825 0.893 0.957
PR10 0.858 0.929 0.974 0.866 0.918 0.976 0.846 0.919 0.973

S15 0.888 0.946 0.989 0.906 0.948 0.990 0.886 0.941 0.986

1000 WSNS  0.895 0.937 0.979 0.884 0.938 0.988 0.863 0.918 0.967
PR10 0.887 0.940 0.979 0.881 0.941 0.984 0.889 0.945 0.984

S15 0.905 0.948 0.989 0.901 0.955 0.991 0.901 0.952 0.987

1500 WSNS  0.900 0.953 0.988 0.902 0.954 0.987 0.881 0.932 0.983
PR10 0.903 0.942 0.982 0.892 0.950 0.982 0.888 0.941 0.993

S15 0.901 0.940 0.989 0.907 0.958 0.991 0.887 0.948 0.992

0.4 500 WSNS 0.885 0.929 0.970 0.862 0.922 0.975 0.840 0.908 0.965
PR10 0.922 0.965 0.994 0.919 0.950 0.989 0.887 0.943 0.976

S15 0.927 0.972 0.996 0.928 0.972 0.996 0.907 0.946 0.988

1000 WSNS  0.902 0.942 0.984 0.896 0.951 0.990 0.871 0.929 0.981
PR10 0.936 0.973 0.994 0.930 0.973 0.992 0.918 0.958 0.992

S15 0.935 0.968 0.996 0.937 0.971 0.995 0.924 0.971 0.994

1500 WSNS  0.909 0.954 0.991 0.908 0.961 0.994 0.876 0.937 0.985
PR10 0.953 0.978 0.996 0.936 0.977 0.996 0.915 0.963 0.994

S15 0.942 0.973 0.999 0.939 0.973 0.995 0.896 0.960 0.993

0.8 500 WSNS  0.895 0.938 0.984 0.878 0.927 0.981 0.893 0.938 0.975
PR10 0.992 0.999 1.000 0.971 0.987 0.998 0.962 0.986 0.997

S15 0.980 0.996 1.000 0.966 0.986 0.998 0.958 0.981 0.997

1000 WSNS  0.915 0.960 0.994 0.899 0.948 0.986 0.897 0.949 0.982
PR10 0.995 0.998 1.000 0.980 0.994 1.000 0.982 0.994 0.999

S15 0.981 0.999 1.000 0.968 0.990 1.000 0.970 0.989 0.999

1500 WSNS  0.922 0.964 0.993 0.892 0.957 0.994 0.890 0.937 0.981
PR10 0.991 0.998 1.000 0.980 0.994 1.000 0.980 0.996 1.000

S15 0.989 0.995 1.000 0.970 0.988 0.999 0.973 0.991 0.999




Table 3.20: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with standard normal
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innovation, p = 0.6 and By = 100.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.891 0.943 0.976 0.888 0.934 0.982 0.872 0.927 0.975
PR10 0.859 0.920 0.973 0.852 0.920 0.971 0.831 0.906 0.965

S15 0.878 0.941 0.989 0.897 0.939 0.988 0.889 0.949 0.989

1000 WSNS  0.921 0.953 0.990 0.909 0.949 0.985 0.886 0.933 0.982
PR10 0.881 0.931 0.976 0.888 0.934 0.979 0.872 0.933 0.976

S15 0.902 0.943 0.985 0.908 0.949 0.986 0.898 0.952 0.988

1500 WSNS  0.931 0.963 0.993 0.925 0.964 0.994 0.895 0.939 0.988
PR10 0.893 0.941 0.986 0.899 0.944 0.980 0.861 0.934 0.988

S15 0.904 0.941 0.987 0.902 0.944 0.986 0.896 0.943 0.989

0.4 500 WSNS 0.910 0.946 0.982 0.881 0.927 0.976 0.859 0.914 0.971
PR10 0.919 0.970 0.994 0.916 0.952 0.984 0.879 0.932 0.972

S15 0.925 0.969 0.997 0.931 0.967 0.993 0.910 0.956 0.991

1000 WSNS  0.918 0.964 0.995 0.924 0.958 0.987 0.894 0.946 0.987
PR10 0.937 0.976 0.993 0.924 0.963 0.993 0.895 0.942 0.986

S15 0.928 0.971 0.996 0.938 0.969 0.997 0.931 0.972 0.994

1500 WSNS  0.932 0.970 0.996 0.927 0.961 0.997 0.905 0.953 0.988
PR10 0.948 0.977 0.997 0.936 0.969 0.994 0.885 0.949 0.989

S15 0.935 0.971 1.000 0.937 0.965 0.995 0.907 0.957 0.990

0.8 500 WSNS  0.927 0.957 0.993 0.906 0.949 0.990 0.895 0.943 0.979
PR10 0.986 0.998 1.000 0.980 0.996 0.999 0.954 0.984 0.999

S15 0.985 0.995 1.000 0.976 0.994 1.000 0.976 0.985 1.000

1000 WSNS  0.950 0.983 0.999 0.917 0.960 0.995 0.913 0.968 0.993
PR10 0.992 0.998 1.000 0.984 0.996 1.000 0.973 0.990 1.000

S15 0.983 0.999 1.000 0.984 0.995 1.000 0.977 0.992 0.999

1500 WSNS  0.947 0.981 0.999 0.931 0.968 0.996 0.916 0.959 0.993
PR10 0.994 0.998 0.999 0.987 0.993 1.000 0.975 0.992 0.999

S15 0.989 0.997 1.000 0.978 0.994 0.999 0.967 0.990 0.998




Table 3.21: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with standard normal
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innovation, p = 0.3 and By = 125.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.853 0.910 0.958 0.866 0.917 0.970 0.816 0.893 0.948
PR10 0.851 0.913 0.970 0.858 0.912 0.972 0.836 0.910 0.974

S15 0.888 0.946 0.989 0.906 0.948 0.990 0.886 0.941 0.986

1000 WSNS  0.893 0.936 0.978 0.885 0.937 0.982 0.866 0.920 0.970
PR10 0.882 0.934 0.974 0.878 0.933 0.983 0.886 0.943 0.982

S15 0.905 0.948 0.989 0.901 0.955 0.991 0.901 0.952 0.987

1500 WSNS  0.904 0.946 0.987 0.905 0.953 0.989 0.882 0.934 0.979
PR10 0.900 0.942 0.982 0.894 0.953 0.982 0.883 0.939 0.991

S15 0.901 0.940 0.989 0.907 0.958 0.991 0.887 0.948 0.992

0.4 500 WSNS 0.876 0.921 0.966 0.860 0.919 0.973 0.840 0.899 0.954
PR10 0.915 0.957 0.991 0.905 0.948 0.984 0.881 0.933 0.975

S15 0.927 0.972 0.996 0.928 0.972 0.996 0.907 0.946 0.988

1000 WSNS  0.895 0.943 0.979 0.890 0.947 0.985 0.877 0.932 0.981
PR10 0.932 0.974 0.994 0.930 0.971 0.990 0.903 0.957 0.990

S15 0.935 0.968 0.996 0.937 0.971 0.995 0.924 0.971 0.994

1500 WSNS  0.907 0.955 0.989 0.906 0.958 0.990 0.882 0.938 0.982
PR10 0.953 0.977 0.996 0.937 0.979 0.996 0.913 0.960 0.993

S15 0.942 0.973 0.999 0.939 0.973 0.995 0.896 0.960 0.993

0.8 500 WSNS  0.892 0.936 0.980 0.871 0.931 0.973 0.888 0.930 0.975
PR10 0.983 0.998 1.000 0.965 0.986 0.995 0.959 0.982 0.996

S15 0.980 0.996 1.000 0.966 0.986 0.998 0.958 0.981 0.997

1000 WSNS  0.917 0.961 0.993 0.902 0.945 0.988 0.899 0.951 0.980
PR10 0.996 0.998 1.000 0.981 0.994 1.000 0.979 0.992 0.999

S15 0.981 0.999 1.000 0.968 0.990 1.000 0.970 0.989 0.999

1500 WSNS  0.924 0.961 0.992 0.896 0.953 0.995 0.893 0.936 0.986
PR10 0.991 0.998 1.000 0.980 0.992 1.000 0.978 0.996 1.000

S15 0.989 0.995 1.000 0.970 0.988 0.999 0.973 0.991 0.999




Table 3.22: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with standard normal
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innovation, p = 0.6 and By = 125.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.874 0.928 0.968 0.875 0.928 0.971 0.863 0.920 0.963
PR10 0.853 0.909 0.970 0.845 0.917 0.967 0.822 0.895 0.960

S15 0.878 0.941 0.989 0.897 0.939 0.988 0.889 0.949 0.989

1000 WSNS  0.912 0.949 0.985 0.901 0.946 0.984 0.883 0.932 0.981
PR10 0.879 0.933 0.973 0.883 0.936 0.978 0.871 0.931 0.976

S15 0.902 0.943 0.985 0.908 0.949 0.986 0.898 0.952 0.988

1500 WSNS  0.927 0.962 0.992 0.922 0.961 0.993 0.899 0.934 0.983
PR10 0.896 0.939 0.984 0.901 0.944 0.979 0.864 0.932 0.987

S15 0.904 0.941 0.987 0.902 0.944 0.986 0.896 0.943 0.989

0.4 500 WSNS 0.890 0.935 0.973 0.874 0.919 0.965 0.860 0.914 0.965
PR10 0.915 0.964 0.993 0.910 0.951 0.985 0.871 0.929 0.965

S15 0.925 0.969 0.997 0.931 0.967 0.993 0.910 0.956 0.991

1000 WSNS  0.911 0.950 0.987 0.914 0.952 0.986 0.895 0.945 0.991
PR10 0.937 0.976 0.993 0.921 0.963 0.992 0.896 0.944 0.988

S15 0.928 0.971 0.996 0.938 0.969 0.997 0.931 0.972 0.994

1500 WSNS  0.929 0.968 0.994 0.923 0.963 0.994 0.903 0.949 0.990
PR10 0.944 0.977 0.996 0.937 0.970 0.993 0.892 0.951 0.988

S15 0.935 0.971 1.000 0.937 0.965 0.995 0.907 0.957 0.990

0.8 500 WSNS  0.914 0.949 0.991 0.897 0.940 0.986 0.887 0.934 0.981
PR10 0.986 0.997 1.000 0.977 0.993 0.999 0.955 0.981 0.999

S15 0.985 0.995 1.000 0.976 0.994 1.000 0.976 0.985 1.000

1000 WSNS  0.946 0.979 0.998 0.912 0.953 0.993 0.912 0.961 0.992
PR10 0.992 0.998 1.000 0.984 0.995 1.000 0.974 0.990 0.999

S15 0.983 0.999 1.000 0.984 0.995 1.000 0.977 0.992 0.999

1500 WSNS  0.944 0.980 0.999 0.927 0.970 0.995 0.915 0.960 0.991
PR10 0.996 0.998 1.000 0.988 0.993 0.999 0.976 0.993 0.999

S15 0.989 0.997 1.000 0.978 0.994 0.999 0.967 0.990 0.998




Table 3.23: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with standard normal
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innovation, p = 0.3 and By = 150.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.836 0.899 0.953 0.841 0.896 0.960 0.804 0.872 0.940
PR10 0.847 0.907 0.965 0.856 0.907 0.967 0.829 0.899 0.967

S15 0.888 0.946 0.989 0.906 0.948 0.990 0.886 0.941 0.986

1000 WSNS  0.883 0.929 0.969 0.870 0.929 0.982 0.857 0.913 0.966
PR10 0.882 0.933 0.975 0.878 0.937 0.982 0.882 0.939 0.980

S15 0.905 0.948 0.989 0.901 0.955 0.991 0.901 0.952 0.987

1500 WSNS  0.900 0.937 0.982 0.893 0.948 0.984 0.876 0.924 0.977
PR10 0.897 0.940 0.978 0.895 0.952 0.983 0.885 0.936 0.990

S15 0.901 0.940 0.989 0.907 0.958 0.991 0.887 0.948 0.992

0.4 500 WSNS 0.859 0.914 0.957 0.851 0.907 0.967 0.832 0.897 0.949
PR10 0.912 0.952 0.987 0.901 0.944 0.983 0.870 0.923 0.972

S15 0.927 0.972 0.996 0.928 0.972 0.996 0.907 0.946 0.988

1000 WSNS  0.884 0.930 0.975 0.882 0.941 0.979 0.871 0.925 0.979
PR10 0.930 0.973 0.994 0.933 0.967 0.990 0.905 0.956 0.991

S15 0.935 0.968 0.996 0.937 0.971 0.995 0.924 0.971 0.994

1500 WSNS  0.902 0.946 0.987 0.899 0.949 0.989 0.871 0.938 0.983
PR10 0.951 0.973 0.996 0.938 0.977 0.996 0.910 0.956 0.992

S15 0.942 0.973 0.999 0.939 0.973 0.995 0.896 0.960 0.993

0.8 500 WSNS  0.889 0.933 0.974 0.874 0.920 0.968 0.871 0.923 0.970
PR10 0.980 0.997 1.000 0.966 0.982 0.997 0.951 0.977 0.996

S15 0.980 0.996 1.000 0.966 0.986 0.998 0.958 0.981 0.997

1000 WSNS  0.909 0.948 0.992 0.897 0.940 0.988 0.892 0.948 0.978
PR10 0.995 0.999 1.000 0.976 0.992 1.000 0.980 0.991 0.999

S15 0.981 0.999 1.000 0.968 0.990 1.000 0.970 0.989 0.999

1500 WSNS  0.913 0.955 0.990 0.891 0.946 0.995 0.891 0.934 0.983
PR10 0.991 0.999 1.000 0.980 0.993 1.000 0.977 0.996 1.000

S15 0.989 0.995 1.000 0.970 0.988 0.999 0.973 0.991 0.999




Table 3.24: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with standard normal
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innovation, p = 0.6 and By = 150.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.857 0.912 0.958 0.848 0.908 0.962 0.847 0.896 0.954
PR10 0.849 0.898 0.967 0.842 0.906 0.960 0.822 0.891 0.956

S15 0.878 0.941 0.989 0.897 0.939 0.988 0.889 0.949 0.989

1000 WSNS  0.896 0.939 0.979 0.894 0.930 0.979 0.876 0.930 0.976
PR10 0.877 0.927 0.975 0.885 0.930 0.978 0.873 0.926 0.975

S15 0.902 0.943 0.985 0.908 0.949 0.986 0.898 0.952 0.988

1500 WSNS  0.916 0.957 0.991 0.921 0.955 0.991 0.890 0.934 0.980
PR10 0.897 0.939 0.982 0.901 0.945 0.977 0.866 0.934 0.987

S15 0.904 0.941 0.987 0.902 0.944 0.986 0.896 0.943 0.989

0.4 500 WSNS  0.880 0.920 0.967 0.860 0.912 0.954 0.848 0.902 0.951
PR10 0.909 0.955 0.989 0.902 0.942 0.981 0.871 0.925 0.963

S15 0.925 0.969 0.997 0.931 0.967 0.993 0.910 0.956 0.991

1000 WSNS  0.903 0.944 0.987 0.900 0.943 0.983 0.881 0.940 0.987
PR10 0.936 0.973 0.993 0.925 0.963 0.993 0.891 0.944 0.986

S15 0.928 0.971 0.996 0.938 0.969 0.997 0.931 0.972 0.994

1500 WSNS  0.917 0.964 0.992 0.918 0.955 0.992 0.901 0.943 0.987
PR10 0.943 0.977 0.996 0.941 0.970 0.993 0.894 0.947 0.987

S15 0.935 0.971 1.000 0.937 0.965 0.995 0.907 0.957 0.990

0.8 500 WSNS  0.906 0.941 0.981 0.880 0.930 0.979 0.875 0.926 0.971
PR10 0.982 0.996 1.000 0.972 0.991 0.999 0.948 0.978 0.998

S15 0.985 0.995 1.000 0.976 0.994 1.000 0.976 0.985 1.000

1000 WSNS  0.923 0.975 0.998 0.905 0.945 0.990 0.900 0.958 0.989
PR10 0.993 0.998 1.000 0.985 0.997 1.000 0.973 0.990 1.000

S15 0.983 0.999 1.000 0.984 0.995 1.000 0.977 0.992 0.999

1500 WSNS  0.935 0.970 0.999 0.919 0.964 0.992 0.915 0.953 0.991
PR10 0.996 0.998 1.000 0.988 0.994 0.999 0.975 0.993 0.999

S15 0.989 0.997 1.000 0.978 0.994 0.999 0.967 0.990 0.998




Table 3.25: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with standard normal

innovation, p = 0.3 and By = 50.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.884 0.935 0.985 0.898 0.941 0.984 0.866 0.919 0.970
PR10 0.872 0.931 0.980 0.868 0.928 0.974 0.882 0.935 0.983

S15 0.893 0.945 0.991 0.887 0.930 0.987 0.896 0.937 0.992

1000 WSNS  0.910 0.958 0.989 0.897 0.958 0.991 0.874 0.934 0.979
PR10 0.892 0.936 0.983 0.876 0.938 0.986 0.880 0.944 0.993

S15 0.898 0.947 0.988 0.901 0.949 0.986 0.902 0.950 0.995

1500 WSNS  0.919 0.959 0.996 0.920 0.968 0.997 0.869 0.929 0.983
PR10 0.893 0.944 0.984 0.884 0.933 0.987 0.883 0.943 0.994

S15 0.896 0.951 0.989 0.917 0.962 0.989 0.894 0.949 0.990

0.4 500 WSNS 0.892 0.942 0.984 0.890 0.939 0.981 0.866 0.908 0.976
PR10 0.939 0.976 0.998 0.921 0.968 0.996 0.901 0.944 0.988

S15 0.938 0.973 0.994 0.934 0.968 0.998 0.914 0.957 0.991

1000 WSNS  0.903 0.947 0.989 0.891 0.945 0.995 0.874 0.935 0.976
PR10 0.936 0.980 0.996 0.932 0.965 0.992 0.914 0.953 0.988

S15 0.941 0.967 0.996 0.916 0.962 0.989 0.910 0.962 0.991

1500 WSNS  0.891 0.952 0.993 0.904 0.954 0.995 0.865 0.929 0.978
PR10 0.951 0.980 0.994 0.933 0.974 0.996 0.913 0.966 0.994

S15 0.940 0.976 0.997 0.933 0.971 0.997 0.908 0.960 0.998

0.8 500 WSNS  0.900 0.947 0.984 0.871 0.918 0.978 0.874 0.923 0.969
PR10 0.993 0.996 1.000 0.972 0.994 1.000 0.971 0.993 1.000

S15 0.981 0.995 1.000 0.961 0.987 1.000 0.958 0.982 0.999

1000 WSNS  0.896 0.948 0.990 0.886 0.941 0.991 0.849 0.911 0.969
PR10 0.992 0.998 1.000 0.980 0.993 1.000 0.968 0.989 0.997

S15 0.977 0.994 1.000 0.972 0.993 1.000 0.958 0.982 0.998

1500 WSNS  0.900 0.956 0.991 0.880 0.943 0.991 0.854 0.917 0.968
PR10 0.992 0.999 1.000 0.982 0.993 1.000 0.974 0.991 1.000

S15 0.982 0.994 1.000 0.971 0.988 1.000 0.964 0.987 0.998




Table 3.26: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with standard normal

innovation, p = 0.6 and By = 50.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.932 0972 0.995 0.921 0.967 0.991 0.884 0.936 0.986
PR10 0.855 0.927 0.976 0.857 0.910 0.976 0.842 0.905 0.982

S15 0.882 0.940 0.994 0.884 0.927 0.986 0.898 0.942 0.988

1000 WSNS  0.946 0.980 0.997 0.945 0.982 0.997 0.905 0.952 0.988
PR10 0.873 0.934 0.981 0.862 0.940 0.978 0.842 0.917 0.983

S15 0.892 0.955 0.985 0.903 0.954 0.990 0.900 0.952 0.992

1500 WSNS  0.952 0.990 1.000 0.942 0.986 0.998 0.889 0.941 0.989
PR10 0.892 0.938 0.982 0.877 0.935 0.985 0.831 0.908 0.985

S15 0.900 0.952 0.989 0.902 0.943 0.993 0.887 0.936 0.988

0.4 500 WSNS 0.931 0.977 0.995 0.921 0.964 0.993 0.895 0.938 0.981
PR10 0.934 0.968 0.998 0.914 0.957 0.993 0.865 0.923 0.983

S15 0.924 0.972 0.996 0.917 0.952 0.993 0.910 0.959 0.991

1000 WSNS  0.947 0.982 0.996 0.950 0.977 0.994 0.894 0.944 0.987
PR10 0.931 0.974 0.995 0.923 0.961 0.995 0.875 0.931 0.989

S15 0.929 0.965 0.998 0.926 0.964 0.996 0.906 0.955 0.991

1500 WSNS  0.947 0.985 0.999 0.933 0.972 1.000 0.902 0.950 0.986
PR10 0.946 0.975 0.993 0.926 0.971 0.995 0.871 0.940 0.989

S15 0.939 0.976 0.998 0.932 0.971 0.997 0.898 0.953 0.994

0.8 500 WSNS  0.945 0.976 0.998 0.906 0.964 0.994 0.892 0.939 0.980
PR10 0.990 0.998 1.000 0.980 0.998 1.000 0.943 0.982 0.997

S15 0.981 0.995 0.999 0.969 0.990 1.000 0.953 0.983 0.999

1000 WSNS  0.954 0.980 0.998 0.916 0.961 0.992 0.888 0.936 0.987
PR10 0.987 0.996 1.000 0.986 0.994 1.000 0.946 0.981 0.999

S15 0.981 0.994 1.000 0.975 0.992 0.999 0.954 0.985 0.998

1500 WSNS  0.957 0.985 0.999 0.919 0.963 0.997 0.902 0.939 0.979
PR10 0.990 0.999 1.000 0.977 0.994 1.000 0.956 0.983 1.000

S15 0.983 0.994 1.000 0.966 0.988 0.997 0.970 0.991 0.999




Table 3.27: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with standard normal

innovation, p = 0.3 and By = 75.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.870 0.925 0.973 0.877 0.932 0.977 0.864 0.912 0.970
PR10 0.870 0.925 0.977 0.867 0.926 0.973 0.880 0.930 0.976

S15 0.893 0.945 0.991 0.887 0.930 0.987 0.896 0.937 0.992

1000 WSNS  0.898 0.943 0.979 0.885 0.944 0.985 0.880 0.931 0.984
PR10 0.893 0.932 0.982 0.884 0.940 0.983 0.887 0.943 0.992

S15 0.898 0.947 0.988 0.901 0.949 0.986 0.902 0.950 0.995

1500 WSNS  0.900 0.952 0.991 0.903 0.962 0.993 0.863 0.931 0.986
PR10 0.892 0.944 0.983 0.887 0.937 0.985 0.883 0.942 0.992

S15 0.896 0.951 0.989 0.917 0.962 0.989 0.894 0.949 0.990

0.4 500 WSNS 0.884 0.934 0.976 0.879 0.931 0.983 0.865 0.912 0.970
PR10 0.937 0.974 0.997 0.925 0.962 0.994 0.896 0.941 0.985

S15 0.938 0.973 0.994 0.934 0.968 0.998 0.914 0.957 0.991

1000 WSNS  0.891 0.947 0.986 0.880 0.935 0.993 0.880 0.936 0.974
PR10 0.935 0.980 0.994 0.931 0.965 0.994 0.912 0.954 0.988

S15 0.941 0.967 0.996 0.916 0.962 0.989 0.910 0.962 0.991

1500 WSNS  0.881 0.943 0.990 0.900 0.951 0.991 0.863 0.931 0.981
PR10 0.950 0.979 0.993 0.935 0.974 0.997 0.916 0.960 0.994

S15 0.940 0.976 0.997 0.933 0.971 0.997 0.908 0.960 0.998

0.8 500 WSNS  0.903 0.949 0.986 0.866 0.923 0.979 0.885 0.933 0.965
PR10 0.993 0.997 1.000 0.971 0.994 1.000 0.973 0.990 0.998

S15 0.981 0.995 1.000 0.961 0.987 1.000 0.958 0.982 0.999

1000 WSNS  0.890 0.948 0.989 0.887 0.937 0.979 0.860 0.918 0.977
PR10 0.990 0.998 1.000 0.980 0.995 1.000 0.968 0.987 0.998

S15 0.977 0.994 1.000 0.972 0.993 1.000 0.958 0.982 0.998

1500 WSNS  0.895 0.954 0.993 0.878 0.939 0.991 0.867 0.923 0.974
PR10 0.991 0.999 1.000 0.982 0.995 1.000 0.974 0.990 1.000

S15 0.982 0.994 1.000 0.971 0.988 1.000 0.964 0.987 0.998




Table 3.28: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with standard normal

innovation, p = 0.6 and By = 75.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.905 0.950 0.988 0.894 0.950 0.987 0.873 0.929 0.980
PR10 0.854 0.917 0.976 0.858 0.913 0.974 0.855 0.912 0.971

S15 0.882 0.940 0.994 0.884 0.927 0.986 0.898 0.942 0.988

1000 WSNS  0.920 0.964 0.995 0.928 0.969 0.994 0.900 0.947 0.987
PR10 0.876 0.934 0.982 0.868 0.938 0.981 0.860 0.922 0.983

S15 0.892 0.955 0.985 0.903 0.954 0.990 0.900 0.952 0.992

1500 WSNS  0.931 0.977 0.999 0.928 0.971 0.997 0.895 0.934 0.987
PR10 0.895 0.939 0.980 0.880 0.939 0.986 0.850 0.917 0.986

S15 0.900 0.952 0.989 0.902 0.943 0.993 0.887 0.936 0.988

0.4 500 WSNS  0.911 0.952 0.989 0.900 0.946 0.988 0.886 0.936 0.981
PR10 0.929 0.968 0.994 0.918 0.959 0.991 0.874 0.927 0.981

S15 0.924 0.972 0.996 0.917 0.952 0.993 0.910 0.959 0.991

1000 WSNS  0.928 0.969 0.992 0.923 0.966 0.991 0.890 0.937 0.984
PR10 0.933 0.977 0.994 0.928 0.965 0.996 0.888 0.938 0.986

S15 0.929 0.965 0.998 0.926 0.964 0.996 0.906 0.955 0.991

1500 WSNS  0.932 0.978 0.998 0.916 0.961 0.997 0.905 0.944 0.986
PR10 0.948 0.975 0.993 0.933 0.969 0.994 0.892 0.946 0.989

S15 0.939 0.976 0.998 0.932 0.971 0.997 0.898 0.953 0.994

0.8 500 WSNS  0.938 0.974 0.995 0.893 0.948 0.989 0.886 0.937 0.976
PR10 0.990 0.998 1.000 0.981 0.998 1.000 0.948 0.980 0.998

S15 0.981 0.995 0.999 0.969 0.990 1.000 0.953 0.983 0.999

1000 WSNS  0.937 0.974 0.997 0.901 0.956 0.993 0.889 0.938 0.986
PR10 0.990 0.997 1.000 0.985 0.994 1.000 0.958 0.981 0.998

S15 0.981 0.994 1.000 0.975 0.992 0.999 0.954 0.985 0.998

1500 WSNS  0.946 0.978 0.999 0.913 0.955 0.996 0.904 0.943 0.974
PR10 0.990 0.999 1.000 0.984 0.994 1.000 0.962 0.984 1.000

S15 0.983 0.994 1.000 0.966 0.988 0.997 0.970 0.991 0.999




Table 3.29: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with standard normal
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innovation, p = 0.3 and By = 100.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.851 0.906 0.970 0.869 0.923 0.971 0.856 0.907 0.959
PR10 0.860 0.920 0.975 0.865 0.921 0.972 0.878 0.932 0.966

S15 0.893 0.945 0.991 0.887 0.930 0.987 0.896 0.937 0.992

1000 WSNS  0.886 0.939 0.977 0.874 0.934 0.984 0.876 0.932 0.977
PR10 0.893 0.933 0.980 0.881 0.935 0.982 0.884 0.939 0.988

S15 0.898 0.947 0.988 0.901 0.949 0.986 0.902 0.950 0.995

1500 WSNS  0.894 0.945 0.992 0.903 0.961 0.991 0.866 0.933 0.986
PR10 0.896 0.940 0.980 0.884 0.933 0.985 0.881 0.939 0.988

S15 0.896 0.951 0.989 0.917 0.962 0.989 0.894 0.949 0.990

0.4 500 WSNS 0.873 0.929 0.972 0.860 0.931 0.975 0.863 0.905 0.960
PR10 0.933 0.970 0.994 0.919 0.964 0.993 0.896 0.939 0.982

S15 0.938 0.973 0.994 0.934 0.968 0.998 0.914 0.957 0.991

1000 WSNS  0.882 0.943 0.986 0.872 0.927 0.988 0.884 0.938 0.972
PR10 0.935 0.976 0.995 0.925 0.965 0.992 0.910 0.951 0.986

S15 0.941 0.967 0.996 0.916 0.962 0.989 0.910 0.962 0.991

1500 WSNS  0.877 0.938 0.988 0.896 0.948 0.990 0.866 0.931 0.982
PR10 0.947 0.979 0.992 0.932 0.969 0.997 0.913 0.961 0.994

S15 0.940 0.976 0.997 0.933 0.971 0.997 0.908 0.960 0.998

0.8 500 WSNS  0.895 0.942 0.980 0.870 0.920 0.971 0.879 0.925 0.965
PR10 0.991 0.997 1.000 0.967 0.990 1.000 0.968 0.987 0.998

S15 0.981 0.995 1.000 0.961 0.987 1.000 0.958 0.982 0.999

1000 WSNS  0.887 0.947 0.988 0.884 0.935 0.982 0.865 0.923 0.972
PR10 0.989 0.998 1.000 0.980 0.996 1.000 0.967 0.986 0.998

S15 0.977 0.994 1.000 0.972 0.993 1.000 0.958 0.982 0.998

1500 WSNS  0.895 0.952 0.990 0.877 0.936 0.989 0.869 0.927 0.973
PR10 0.992 0.999 1.000 0.981 0.994 1.000 0.974 0.991 1.000

S15 0.982 0.994 1.000 0.971 0.988 1.000 0.964 0.987 0.998




Table 3.30: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with standard normal
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innovation, p = 0.6 and By = 100.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.878 0.931 0.975 0.873 0.927 0.975 0.866 0.922 0.970
PR10 0.852 0.909 0.974 0.848 0.908 0.968 0.855 0.914 0.963

S15 0.882 0.940 0.994 0.884 0.927 0.986 0.898 0.942 0.988

1000 WSNS  0.908 0.955 0.991 0.917 0.958 0.991 0.891 0.944 0.985
PR10 0.878 0.930 0.982 0.871 0.937 0.981 0.865 0.922 0.981

S15 0.892 0.955 0.985 0.903 0.954 0.990 0.900 0.952 0.992

1500 WSNS  0.917 0.969 0.996 0.918 0.964 0.993 0.894 0.937 0.984
PR10 0.894 0.941 0.980 0.879 0.937 0.984 0.855 0.922 0.984

S15 0.900 0.952 0.989 0.902 0.943 0.993 0.887 0.936 0.988

0.4 500 WSNS 0.896 0.944 0.984 0.893 0.931 0.983 0.876 0.932 0.972
PR10 0.927 0.962 0.992 0.911 0.954 0.987 0.875 0.929 0.973

S15 0.924 0.972 0.996 0.917 0.952 0.993 0.910 0.959 0.991

1000 WSNS  0.913 0.961 0.992 0.913 0.958 0.986 0.894 0.942 0.984
PR10 0.937 0.976 0.994 0.925 0.962 0.994 0.891 0.939 0.985

S15 0.929 0.965 0.998 0.926 0.964 0.996 0.906 0.955 0.991

1500 WSNS  0.918 0.965 0.996 0.907 0.955 0.990 0.900 0.947 0.984
PR10 0.947 0.977 0.992 0.932 0.969 0.993 0.901 0.950 0.988

S15 0.939 0.976 0.998 0.932 0.971 0.997 0.898 0.953 0.994

0.8 500 WSNS  0.932 0.965 0.991 0.889 0.941 0.985 0.876 0.933 0.982
PR10 0.989 0.995 1.000 0.978 0.994 1.000 0.947 0.977 0.999

S15 0.981 0.995 0.999 0.969 0.990 1.000 0.953 0.983 0.999

1000 WSNS  0.926 0.971 0.997 0.897 0.951 0.991 0.893 0.942 0.987
PR10 0.988 0.997 1.000 0.986 0.994 1.000 0.961 0.984 0.998

S15 0.981 0.994 1.000 0.975 0.992 0.999 0.954 0.985 0.998

1500 WSNS  0.936 0.975 0.998 0.911 0.952 0.994 0.903 0.941 0.977
PR10 0.989 0.998 1.000 0.982 0.993 1.000 0.963 0.985 0.999

S15 0.983 0.994 1.000 0.966 0.988 0.997 0.970 0.991 0.999




Table 3.31: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with standard normal
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innovation, p = 0.3 and By = 125.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.850 0.898 0.961 0.855 0.915 0.962 0.846 0.897 0.952
PR10 0.858 0.914 0.973 0.859 0.920 0.969 0.872 0.923 0.966

S15 0.893 0.945 0.991 0.887 0.930 0.987 0.896 0.937 0.992

1000 WSNS  0.878 0.936 0.973 0.869 0.929 0.976 0.873 0.930 0.974
PR10 0.886 0.934 0.981 0.879 0.938 0.980 0.882 0.936 0.986

S15 0.898 0.947 0.988 0.901 0.949 0.986 0.902 0.950 0.995

1500 WSNS  0.884 0.937 0.987 0.893 0.955 0.989 0.867 0.926 0.981
PR10 0.895 0.940 0.980 0.885 0.936 0.983 0.879 0.939 0.986

S15 0.896 0.951 0.989 0.917 0.962 0.989 0.894 0.949 0.990

0.4 500 WSNS 0.870 0.920 0.961 0.853 0.920 0.970 0.856 0.907 0.959
PR10 0.934 0.965 0.994 0.922 0.962 0.993 0.890 0.932 0.981

S15 0.938 0.973 0.994 0.934 0.968 0.998 0.914 0.957 0.991

1000 WSNS  0.879 0.933 0.980 0.868 0.922 0.983 0.883 0.931 0.969
PR10 0.932 0.976 0.994 0.923 0.964 0.990 0.904 0.948 0.986

S15 0.941 0.967 0.996 0.916 0.962 0.989 0.910 0.962 0.991

1500 WSNS  0.873 0.937 0.988 0.895 0.941 0.987 0.868 0.929 0.979
PR10 0.945 0.976 0.992 0.931 0.971 0.997 0.914 0.956 0.993

S15 0.940 0.976 0.997 0.933 0.971 0.997 0.908 0.960 0.998

0.8 500 WSNS  0.894 0.943 0.974 0.864 0.914 0.968 0.878 0.919 0.962
PR10 0.985 0.995 1.000 0.967 0.989 0.999 0.966 0.986 0.998

S15 0.981 0.995 1.000 0.961 0.987 1.000 0.958 0.982 0.999

1000 WSNS  0.882 0.945 0.990 0.886 0.937 0.978 0.862 0.921 0.975
PR10 0.992 0.999 1.000 0.982 0.994 1.000 0.965 0.987 0.998

S15 0.977 0.994 1.000 0.972 0.993 1.000 0.958 0.982 0.998

1500 WSNS  0.894 0.949 0.994 0.877 0.935 0.989 0.874 0.928 0.975
PR10 0.991 0.998 1.000 0.979 0.995 1.000 0.973 0.986 1.000

S15 0.982 0.994 1.000 0.971 0.988 1.000 0.964 0.987 0.998




Table 3.32: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with standard normal
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innovation, p = 0.6 and By = 125.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.861 0.914 0.968 0.858 0.916 0.969 0.860 0.909 0.961
PR10 0.851 0.902 0.967 0.849 0.906 0.965 0.850 0.915 0.966

S15 0.882 0.940 0.994 0.884 0.927 0.986 0.898 0.942 0.988

1000 WSNS  0.891 0.941 0.987 0.906 0.947 0.985 0.885 0.938 0.982
PR10 0.873 0.934 0.978 0.875 0.935 0.980 0.870 0.922 0.978

S15 0.892 0.955 0.985 0.903 0.954 0.990 0.900 0.952 0.992

1500 WSNS  0.909 0.959 0.992 0.906 0.957 0.989 0.889 0.934 0.981
PR10 0.895 0.941 0.980 0.878 0.937 0.985 0.862 0.928 0.986

S15 0.900 0.952 0.989 0.902 0.943 0.993 0.887 0.936 0.988

0.4 500 WSNS 0.885 0.936 0.977 0.875 0.923 0.973 0.871 0.921 0.966
PR10 0.924 0.959 0.989 0.908 0.952 0.987 0.873 0.926 0.971

S15 0.924 0.972 0.996 0.917 0.952 0.993 0.910 0.959 0.991

1000 WSNS  0.900 0.951 0.987 0.905 0.949 0.983 0.884 0.942 0.984
PR10 0.936 0.974 0.995 0.927 0.961 0.993 0.894 0.938 0.984

S15 0.929 0.965 0.998 0.926 0.964 0.996 0.906 0.955 0.991

1500 WSNS  0.909 0.955 0.993 0.897 0.948 0.989 0.894 0.943 0.984
PR10 0.948 0.977 0.992 0.934 0.965 0.993 0.900 0.950 0.985

S15 0.939 0.976 0.998 0.932 0.971 0.997 0.898 0.953 0.994

0.8 500 WSNS  0.926 0.961 0.987 0.881 0.934 0.982 0.871 0.928 0.977
PR10 0.988 0.996 1.000 0.976 0.994 1.000 0.952 0.977 0.997

S15 0.981 0.995 0.999 0.969 0.990 1.000 0.953 0.983 0.999

1000 WSNS  0.915 0.964 0.996 0.887 0.954 0.988 0.894 0.938 0.983
PR10 0.989 0.998 1.000 0.988 0.995 1.000 0.963 0.984 0.998

S15 0.981 0.994 1.000 0.975 0.992 0.999 0.954 0.985 0.998

1500 WSNS  0.930 0.968 0.996 0.912 0.953 0.994 0.904 0.941 0.982
PR10 0.990 0.998 1.000 0.980 0.991 1.000 0.963 0.986 0.999

S15 0.983 0.994 1.000 0.966 0.988 0.997 0.970 0.991 0.999




Table 3.33: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with standard normal
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innovation, p = 0.3 and By = 150.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.835 0.888 0.954 0.846 0.902 0.958 0.837 0.892 0.942
PR10 0.848 0.903 0.967 0.858 0.910 0.957 0.863 0.924 0.954

S15 0.893 0.945 0.991 0.887 0.930 0.987 0.896 0.937 0.992

1000 WSNS  0.872 0.928 0.965 0.856 0.924 0.974 0.872 0.926 0.973
PR10 0.878 0.935 0.981 0.875 0.936 0.981 0.879 0.936 0.984

S15 0.898 0.947 0.988 0.901 0.949 0.986 0.902 0.950 0.995

1500 WSNS  0.879 0.934 0.986 0.883 0.951 0.988 0.866 0.925 0.980
PR10 0.892 0.937 0.981 0.882 0.936 0.984 0.878 0.938 0.985

S15 0.896 0.951 0.989 0.917 0.962 0.989 0.894 0.949 0.990

0.4 500 WSNS 0.863 0.913 0.958 0.844 0.904 0.961 0.853 0.901 0.951
PR10 0.921 0.959 0.989 0.912 0.956 0.990 0.880 0.925 0.972

S15 0.938 0.973 0.994 0.934 0.968 0.998 0.914 0.957 0.991

1000 WSNS  0.870 0.929 0.974 0.863 0.915 0.978 0.873 0.928 0.974
PR10 0.935 0.973 0.995 0.920 0.958 0.994 0.901 0.944 0.985

S15 0.941 0.967 0.996 0.916 0.962 0.989 0.910 0.962 0.991

1500 WSNS  0.872 0.934 0.985 0.893 0.940 0.985 0.867 0.925 0.979
PR10 0.945 0.979 0.994 0.931 0.970 0.997 0.908 0.956 0.993

S15 0.940 0.976 0.997 0.933 0.971 0.997 0.908 0.960 0.998

0.8 500 WSNS  0.891 0.938 0.980 0.856 0.905 0.965 0.875 0.915 0.966
PR10 0.980 0.995 1.000 0.954 0.985 0.997 0.958 0.986 0.996

S15 0.981 0.995 1.000 0.961 0.987 1.000 0.958 0.982 0.999

1000 WSNS  0.885 0.938 0.985 0.872 0.931 0.980 0.868 0.916 0.972
PR10 0.991 0.998 1.000 0.982 0.993 1.000 0.965 0.984 0.998

S15 0.977 0.994 1.000 0.972 0.993 1.000 0.958 0.982 0.998

1500 WSNS  0.893 0.946 0.989 0.874 0.931 0.989 0.880 0.927 0.975
PR10 0.991 0.997 1.000 0.977 0.996 1.000 0.973 0.986 1.000

S15 0.982 0.994 1.000 0.971 0.988 1.000 0.964 0.987 0.998




Table 3.34: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with standard normal
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innovation, p = 0.6 and By = 150.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.851 0.900 0.959 0.845 0.904 0.962 0.851 0.902 0.954
PR10 0.845 0.897 0.957 0.843 0.905 0.956 0.850 0.910 0.954

S15 0.882 0.940 0.994 0.884 0.927 0.986 0.898 0.942 0.988

1000 WSNS  0.879 0.940 0.977 0.897 0.944 0.985 0.877 0.935 0.981
PR10 0.875 0.927 0.982 0.867 0.936 0.978 0.869 0.917 0.981

S15 0.892 0.955 0.985 0.903 0.954 0.990 0.900 0.952 0.992

1500 WSNS  0.905 0.949 0.992 0.899 0.951 0.991 0.883 0.928 0.981
PR10 0.894 0.940 0.979 0.878 0.936 0.983 0.862 0.930 0.986

S15 0.900 0.952 0.989 0.902 0.943 0.993 0.887 0.936 0.988

0.4 500 WSNS 0.872 0.923 0.967 0.868 0.916 0.963 0.862 0.914 0.960
PR10 0.919 0.953 0.989 0.902 0.947 0.982 0.868 0.927 0.966

S15 0.924 0.972 0.996 0.917 0.952 0.993 0.910 0.959 0.991

1000 WSNS  0.894 0.943 0.984 0.897 0.947 0.980 0.884 0.937 0.979
PR10 0.938 0.974 0.994 0.927 0.961 0.994 0.894 0.941 0.984

S15 0.929 0.965 0.998 0.926 0.964 0.996 0.906 0.955 0.991

1500 WSNS  0.898 0.953 0.993 0.892 0.944 0.990 0.888 0.941 0.983
PR10 0.945 0.977 0.992 0.932 0.967 0.993 0.905 0.948 0.986

S15 0.939 0.976 0.998 0.932 0.971 0.997 0.898 0.953 0.994

0.8 500 WSNS  0.914 0.958 0.982 0.875 0.934 0.978 0.872 0.925 0.973
PR10 0.981 0.994 1.000 0.976 0.994 1.000 0.944 0.974 0.995

S15 0.981 0.995 0.999 0.969 0.990 1.000 0.953 0.983 0.999

1000 WSNS  0.909 0.957 0.990 0.878 0.942 0.984 0.896 0.938 0.985
PR10 0.987 0.997 1.000 0.987 0.994 1.000 0.963 0.986 0.997

S15 0.981 0.994 1.000 0.975 0.992 0.999 0.954 0.985 0.998

1500 WSNS  0.929 0.968 0.992 0.901 0.948 0.992 0.902 0.942 0.980
PR10 0.990 0.996 1.000 0.982 0.993 1.000 0.961 0.986 0.999

S15 0.983 0.994 1.000 0.966 0.988 0.997 0.970 0.991 0.999




Table 3.35: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with ¢5 innovation,
p = 0.3 and By = 50.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.886 0.941 0.982 0.873 0.932 0.978 0.894 0.948 0.985
PR10 0.875 0.929 0.976 0.878 0.934 0.976 0.852 0.953 0.993

S15 0.894 0.953 0.991 0.889 0.943 0.983 0.911 0.958 0.994

1000 WSNS  0.893 0.949 0.985 0.903 0.957 0.992 0.902 0.944 0.990
PR10 0.874 0.930 0.985 0.886 0.938 0.986 0.851 0.938 0.997

S15 0.892 0.946 0.988 0.906 0.957 0.989 0.918 0.948 0.994

1500 WSNS  0.928 0.965 0.993 0.901 0.951 0.988 0.901 0.934 0.980
PR10 0.891 0.946 0.987 0.897 0.956 0.988 0.843 0.924 0.994

S15 0.915 0.959 0.990 0.905 0.951 0.985 0.906 0.951 0.987

0.4 500 WSNS  0.887 0.936 0.980 0.871 0.935 0.979 0.891 0.940 0.977
PR10 0.948 0.975 0.992 0.947 0.981 0.994 0.891 0.972 0.996

S15 0.890 0.947 0.989 0.904 0.954 0.990 0.902 0.952 0.992

1000 WSNS  0.890 0.946 0.986 0.898 0.950 0.992 0.910 0.951 0.987
PR10 0.955 0.982 0.997 0.949 0.986 0.998 0.894 0.966 1.000

S15 0.896 0.943 0.988 0.907 0.959 0.991 0.916 0.958 0.993

1500 WSNS  0.919 0.962 0.990 0.890 0.941 0.990 0.890 0.934 0.981
PR10 0.965 0.988 0.999 0.955 0.986 0.999 0.874 0.948 0.997

S15 0.918 0.957 0.991 0.909 0.950 0.989 0.910 0.954 0.988

0.8 500 WSNS  0.896 0.938 0.983 0.865 0.938 0.985 0.875 0.927 0.978
PR10 0.995 0.998 1.000 0.991 0.996 1.000 0.992 0.996 1.000

S15 0.898 0.952 0.989 0.927 0.966 0.996 0.901 0.949 0.994

1000 WSNS  0.885 0.944 0.985 0.888 0.956 0.994 0.905 0.948 0.987
PR10 0.999 1.000 1.000 0.996 0.999 1.000 0.996 1.000 1.000

S15 0.883 0.938 0.989 0.931 0.975 0.997 0.921 0.961 0.994

1500 WSNS  0.907 0.956 0.992 0.879 0.939 0.992 0.870 0.930 0.982
PR10 1.000 1.000 1.000 0.995 1.000 1.000 0.990 1.000 1.000

S15 0.908 0.951 0.988 0.914 0.960 0.995 0.895 0.953 0.989




Table 3.36: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with ¢5 innovation,
p = 0.6 and By = 50.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.924 0.964 0.988 0.919 0.959 0.990 0.926 0.974 0.996
PR10 0.880 0.926 0.972 0.860 0.922 0.974 0.816 0.919 0.985

S15 0.900 0.945 0.987 0.897 0.943 0.988 0.903 0.961 0.995

1000 WSNS  0.926 0.976 0.993 0.920 0.965 0.994 0.921 0.961 0.994
PR10 0.863 0.921 0.983 0.867 0.935 0.978 0.805 0.916 0.991

S15 0.892 0.943 0.989 0.881 0.943 0.987 0.906 0.950 0.993

1500 WSNS  0.953 0.982 0.996 0.945 0.977 0.995 0.912 0.955 0.987
PR10 0.886 0.935 0.986 0.901 0.949 0.986 0.800 0.905 0.990

S15 0.915 0.958 0.992 0.912 0.959 0.990 0.910 0.948 0.987

0.4 500 WSNS  0.925 0.969 0.988 0.923 0.963 0.992 0.915 0.962 0.994
PR10 0.941 0.969 0.991 0.936 0.974 0.996 0.862 0.942 0.990

S15 0.901 0.947 0.987 0.901 0.959 0.993 0.902 0.958 0.991

1000 WSNS  0.936 0.971 0.996 0.920 0.965 0.996 0.913 0.963 0.989
PR10 0.946 0.980 0.997 0.939 0.973 0.996 0.847 0.937 0.998

S15 0.892 0.948 0.989 0.899 0.946 0.990 0.902 0.954 0.989

1500 WSNS  0.945 0.983 0.996 0.936 0.976 0.997 0.912 0.948 0.992
PR10 0.965 0.987 0.998 0.960 0.983 0.998 0.854 0.932 0.994

S15 0.908 0.949 0.990 0.902 0.961 0.995 0.912 0.949 0.990

0.8 500 WSNS 0.932 0.964 0.990 0.921 0.958 0.991 0.910 0.954 0.990
PR10 0.996 0.997 1.000 0.992 0.998 0.999 0.978 0.998 1.000

S15 0.907 0.948 0.991 0.928 0.963 0.993 0.895 0.948 0.991

1000 WSNS  0.924 0.964 0.995 0.908 0.960 0.993 0.910 0.953 0.982
PR10 0.999 0.999 1.000 0.998 1.000 1.000 0.986 0.999 1.000

S15 0.875 0.935 0.991 0.917 0.961 0.995 0.893 0.950 0.991

1500 WSNS  0.942 0.976 0.996 0.921 0.967 0.995 0.927 0.965 0.987
PR10 1.000 1.000 1.000 0.997 1.000 1.000 0.981 1.000 1.000

S15 0.904 0.944 0.989 0.928 0.967 0.992 0.921 0.963 0.989




Table 3.37: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with ¢5 innovation,
p=0.3 and By = 75.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.880 0.931 0.971 0.862 0.930 0.972 0.898 0.945 0.987
PR10 0.869 0.922 0.972 0.872 0.929 0.977 0.862 0.946 0.989

S15 0.894 0.953 0.991 0.889 0.943 0.983 0.911 0.958 0.994

1000 WSNS  0.896 0.943 0.983 0.896 0.951 0.988 0.908 0.947 0.986
PR10 0.869 0.927 0.982 0.887 0.937 0.983 0.857 0.940 0.994

S15 0.892 0.946 0.988 0.906 0.957 0.989 0.918 0.948 0.994

1500 WSNS  0.922 0.957 0.991 0.899 0.946 0.987 0.905 0.937 0.980
PR10 0.889 0.944 0.985 0.898 0.955 0.986 0.855 0.932 0.992

S15 0.915 0.959 0.990 0.905 0.951 0.985 0.906 0.951 0.987

0.4 500 WSNS  0.887 0.937 0.975 0.866 0.923 0.972 0.895 0.932 0.979
PR10 0.940 0.972 0.991 0.940 0.972 0.995 0.892 0.966 0.993

S15 0.890 0.947 0.989 0.904 0.954 0.990 0.902 0.952 0.992

1000 WSNS  0.891 0.944 0.984 0.883 0.949 0.985 0.918 0.951 0.989
PR10 0.954 0.980 0.998 0.946 0.983 0.998 0.901 0.963 0.999

S15 0.896 0.943 0.988 0.907 0.959 0.991 0.916 0.958 0.993

1500 WSNS  0.918 0.965 0.990 0.892 0.941 0.986 0.893 0.944 0.979
PR10 0.965 0.987 0.999 0.956 0.987 0.999 0.883 0.957 0.996

S15 0.918 0.957 0.991 0.909 0.950 0.989 0.910 0.954 0.988

0.8 500 WSNS  0.894 0.942 0.975 0.868 0.920 0.980 0.881 0.928 0.971
PR10 0.995 0.997 1.000 0.986 0.996 0.999 0.990 0.996 0.999

S15 0.898 0.952 0.989 0.927 0.966 0.996 0.901 0.949 0.994

1000 WSNS  0.890 0.939 0.985 0.887 0.957 0.992 0.917 0.949 0.990
PR10 0.999 1.000 1.000 0.995 0.998 1.000 0.996 1.000 1.000

S15 0.883 0.938 0.989 0.931 0.975 0.997 0.921 0.961 0.994

1500 WSNS  0.912 0.950 0.989 0.880 0.941 0.989 0.883 0.942 0.984
PR10 1.000 1.000 1.000 0.995 1.000 1.000 0.987 1.000 1.000

S15 0.908 0.951 0.988 0.914 0.960 0.995 0.895 0.953 0.989




Table 3.38: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with ¢5 innovation,
p=0.6 and By = 75.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.907 0.953 0.985 0.902 0.948 0.981 0.920 0.962 0.992
PR10 0.878 0.922 0.970 0.863 0.918 0.972 0.834 0.919 0.981

S15 0.900 0.945 0.987 0.897 0.943 0.988 0.903 0.961 0.995

1000 WSNS  0.914 0.964 0.989 0.900 0.952 0.990 0.922 0.963 0.992
PR10 0.864 0.917 0.981 0.874 0.930 0.981 0.826 0.927 0.988

S15 0.892 0.943 0.989 0.881 0.943 0.987 0.906 0.950 0.993

1500 WSNS  0.943 0.978 0.993 0.931 0.970 0.992 0.916 0.952 0.988
PR10 0.888 0.936 0.988 0.901 0.949 0.987 0.824 0.918 0.990

S15 0.915 0.958 0.992 0.912 0.959 0.990 0.910 0.948 0.987

0.4 500 WSNS 0.914 0.961 0.981 0.900 0.951 0.988 0.911 0.958 0.990
PR10 0.938 0.969 0.990 0.933 0.974 0.994 0.878 0.950 0.988

S15 0.901 0.947 0.987 0.901 0.959 0.993 0.902 0.958 0.991

1000 WSNS  0.923 0.965 0.989 0.909 0.954 0.990 0.921 0.967 0.987
PR10 0.944 0.979 0.997 0.941 0.972 0.997 0.875 0.940 0.997

S15 0.892 0.948 0.989 0.899 0.946 0.990 0.902 0.954 0.989

1500 WSNS  0.938 0.976 0.997 0.915 0.967 0.993 0.915 0.952 0.989
PR10 0.964 0.988 0.999 0.963 0.981 0.999 0.873 0.945 0.994

S15 0.908 0.949 0.990 0.902 0.961 0.995 0.912 0.949 0.990

0.8 500 WSNS  0.913 0.960 0.983 0.908 0.954 0.985 0.904 0.946 0.983
PR10 0.993 0.997 1.000 0.989 0.997 0.999 0.986 0.998 1.000

S15 0.907 0.948 0.991 0.928 0.963 0.993 0.895 0.948 0.991

1000 WSNS  0.913 0.956 0.993 0.899 0.949 0.990 0.906 0.953 0.987
PR10 0.999 0.999 1.000 0.998 1.000 1.000 0.992 0.999 1.000

S15 0.875 0.935 0.991 0.917 0.961 0.995 0.893 0.950 0.991

1500 WSNS  0.933 0.969 0.997 0.908 0.959 0.990 0.930 0.964 0.987
PR10 1.000 1.000 1.000 0.998 0.999 1.000 0.992 0.999 1.000

S15 0.904 0.944 0.989 0.928 0.967 0.992 0.921 0.963 0.989




Table 3.39: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with ¢5 innovation,

p = 0.3 and By = 100.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.864 0.918 0.961 0.850 0.911 0.961 0.886 0.935 0.977
PR10 0.864 0.921 0.972 0.859 0.924 0.972 0.878 0.932 0.976

S15 0.894 0.953 0.991 0.889 0.943 0.983 0.911 0.958 0.994

1000 WSNS  0.884 0.926 0.979 0.883 0.945 0.986 0.907 0.942 0.983
PR10 0.869 0.926 0.980 0.881 0.932 0.982 0.875 0.951 0.991

S15 0.892 0.946 0.988 0.906 0.957 0.989 0.918 0.948 0.994

1500 WSNS  0.910 0.956 0.987 0.894 0.942 0.981 0.894 0.935 0.981
PR10 0.890 0.939 0.985 0.894 0.946 0.984 0.864 0.936 0.990

S15 0.915 0.959 0.990 0.905 0.951 0.985 0.906 0.951 0.987

0.4 500 WSNS 0.863 0.917 0.965 0.847 0.907 0.962 0.879 0.922 0.967
PR10 0.935 0.970 0.991 0.929 0.965 0.989 0.911 0.961 0.985

S15 0.890 0.947 0.989 0.904 0.954 0.990 0.902 0.952 0.992

1000 WSNS  0.880 0.931 0.977 0.873 0.925 0.982 0.909 0.952 0.984
PR10 0.955 0.979 0.997 0.942 0.980 0.995 0.909 0.970 0.998

S15 0.896 0.943 0.988 0.907 0.959 0.991 0.916 0.958 0.993

1500 WSNS  0.908 0.955 0.987 0.877 0.932 0.983 0.886 0.934 0.978
PR10 0.963 0.986 0.999 0.954 0.982 0.999 0.889 0.960 0.994

S15 0.918 0.957 0.991 0.909 0.950 0.989 0.910 0.954 0.988

0.8 500 WSNS 0.876 0.922 0.967 0.845 0.913 0.970 0.866 0.919 0.957
PR10 0.993 0.997 0.999 0.983 0.994 0.999 0.985 0.996 0.998

S15 0.898 0.952 0.989 0.927 0.966 0.996 0.901 0.949 0.994

1000 WSNS  0.874 0.926 0.983 0.874 0.939 0.988 0.913 0.946 0.982
PR10 0.999 1.000 1.000 0.995 0.998 1.000 0.997 1.000 1.000

S15 0.883 0.938 0.989 0.931 0.975 0.997 0.921 0.961 0.994

1500 WSNS  0.901 0.943 0.987 0.870 0.932 0.985 0.879 0.928 0.982
PR10 1.000 1.000 1.000 0.996 1.000 1.000 0.991 1.000 1.000

S15 0.908 0.951 0.988 0.914 0.960 0.995 0.895 0.953 0.989




Table 3.40: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with ¢5 innovation,

p = 0.6 and By = 100.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.881 0.936 0.974 0.875 0.934 0.974 0.906 0.946 0.987
PR10 0.871 0.917 0.969 0.864 0.911 0.969 0.854 0.907 0.975

S15 0.900 0.945 0.987 0.897 0.943 0.988 0.903 0.961 0.995

1000 WSNS  0.898 0.947 0.984 0.878 0.937 0.982 0.909 0.950 0.988
PR10 0.861 0.917 0.979 0.873 0.926 0.975 0.844 0.936 0.989

S15 0.892 0.943 0.989 0.881 0.943 0.987 0.906 0.950 0.993

1500 WSNS  0.926 0.966 0.990 0.921 0.963 0.991 0.911 0.947 0.987
PR10 0.889 0.939 0.987 0.899 0.948 0.985 0.838 0.922 0.988

S15 0.915 0.958 0.992 0.912 0.959 0.990 0.910 0.948 0.987

0.4 500 WSNS  0.890 0.946 0.973 0.877 0.933 0.977 0.892 0.937 0.983
PR10 0.935 0.967 0.991 0.930 0.965 0.992 0.880 0.937 0.981

S15 0.901 0.947 0.987 0.901 0.959 0.993 0.902 0.958 0.991

1000 WSNS  0.907 0.949 0.985 0.892 0.941 0.982 0.904 0.956 0.987
PR10 0.944 0.977 0.996 0.932 0.972 0.996 0.882 0.951 0.994

S15 0.892 0.948 0.989 0.899 0.946 0.990 0.902 0.954 0.989

1500 WSNS  0.917 0.964 0.990 0.893 0.957 0.990 0.907 0.951 0.986
PR10 0.966 0.985 0.999 0.959 0.981 0.998 0.880 0.949 0.993

S15 0.908 0.949 0.990 0.902 0.961 0.995 0.912 0.949 0.990

0.8 500 WSNS  0.888 0.942 0.978 0.887 0.935 0.978 0.889 0.928 0.972
PR10 0.991 0.997 1.000 0.988 0.995 0.999 0.985 0.997 1.000

S15 0.907 0.948 0.991 0.928 0.963 0.993 0.895 0.948 0.991

1000 WSNS  0.891 0.934 0.984 0.877 0.938 0.980 0.897 0.939 0.981
PR10 0.999 0.999 1.000 0.996 0.999 1.000 0.993 1.000 1.000

S15 0.875 0.935 0.991 0.917 0.961 0.995 0.893 0.950 0.991

1500 WSNS  0.915 0.956 0.991 0.892 0.952 0.984 0.923 0.964 0.988
PR10 1.000 1.000 1.000 0.998 0.999 1.000 0.991 0.999 1.000

S15 0.904 0.944 0.989 0.928 0.967 0.992 0.921 0.963 0.989




Table 3.41: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with ¢5 innovation,

p=0.3 and By = 125.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.846 0.908 0.958 0.840 0.896 0.960 0.882 0.926 0.972
PR10 0.860 0.916 0.966 0.859 0.912 0.967 0.867 0.925 0.971

S15 0.894 0.953 0.991 0.889 0.943 0.983 0.911 0.958 0.994

1000 WSNS  0.879 0.924 0.975 0.886 0.942 0.978 0.902 0.941 0.984
PR10 0.865 0.921 0.979 0.880 0.926 0.981 0.872 0.950 0.986

S15 0.892 0.946 0.988 0.906 0.957 0.989 0.918 0.948 0.994

1500 WSNS  0.910 0.954 0.984 0.890 0.937 0.973 0.899 0.933 0.980
PR10 0.893 0.934 0.984 0.889 0.947 0.984 0.865 0.940 0.989

S15 0.915 0.959 0.990 0.905 0.951 0.985 0.906 0.951 0.987

0.4 500 WSNS  0.859 0.911 0.958 0.839 0.901 0.958 0.874 0.911 0.963
PR10 0.931 0.964 0.989 0.921 0.961 0.988 0.901 0.947 0.980

S15 0.890 0.947 0.989 0.904 0.954 0.990 0.902 0.952 0.992

1000 WSNS  0.871 0.928 0.974 0.866 0.922 0.976 0.912 0.953 0.984
PR10 0.951 0.978 0.996 0.938 0.975 0.994 0.916 0.965 0.993

S15 0.896 0.943 0.988 0.907 0.959 0.991 0.916 0.958 0.993

1500 WSNS  0.902 0.957 0.987 0.872 0.933 0.981 0.890 0.936 0.976
PR10 0.963 0.986 0.999 0.955 0.983 0.999 0.893 0.962 0.993

S15 0.918 0.957 0.991 0.909 0.950 0.989 0.910 0.954 0.988

0.8 500 WSNS  0.866 0.912 0.961 0.842 0.907 0.966 0.860 0.912 0.953
PR10 0.988 0.996 0.999 0.982 0.993 1.000 0.981 0.994 0.998

S15 0.898 0.952 0.989 0.927 0.966 0.996 0.901 0.949 0.994

1000 WSNS  0.864 0.917 0.976 0.875 0.937 0.985 0.912 0.939 0.981
PR10 0.997 0.999 1.000 0.996 0.998 1.000 0.995 0.999 1.000

S15 0.883 0.938 0.989 0.931 0.975 0.997 0.921 0.961 0.994

1500 WSNS  0.897 0.941 0.986 0.869 0.928 0.982 0.879 0.934 0.982
PR10 1.000 1.000 1.000 0.993 0.999 1.000 0.992 1.000 1.000

S15 0.908 0.951 0.988 0.914 0.960 0.995 0.895 0.953 0.989




Table 3.42: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with ¢5 innovation,

p = 0.6 and By = 125.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.865 0.921 0.970 0.864 0.919 0.968 0.887 0.937 0.980
PR10 0.862 0.915 0.966 0.855 0.905 0.963 0.840 0.897 0.970

S15 0.900 0.945 0.987 0.897 0.943 0.988 0.903 0.961 0.995

1000 WSNS  0.891 0.937 0.981 0.870 0.937 0.978 0.911 0.953 0.985
PR10 0.859 0.913 0.979 0.872 0.923 0.974 0.850 0.928 0.985

S15 0.892 0.943 0.989 0.881 0.943 0.987 0.906 0.950 0.993

1500 WSNS  0.923 0.959 0.986 0.912 0.956 0.990 0.907 0.946 0.982
PR10 0.893 0.938 0.985 0.899 0.949 0.985 0.848 0.925 0.985

S15 0.915 0.958 0.992 0.912 0.959 0.990 0.910 0.948 0.987

0.4 500 WSNS 0.875 0.926 0.969 0.867 0.918 0.966 0.882 0.925 0.975
PR10 0.932 0.963 0.990 0.927 0.962 0.991 0.877 0.925 0.977

S15 0.901 0.947 0.987 0.901 0.959 0.993 0.902 0.958 0.991

1000 WSNS  0.891 0.941 0.976 0.883 0.934 0.980 0.900 0.953 0.985
PR10 0.942 0.977 0.996 0.932 0.974 0.994 0.882 0.951 0.992

S15 0.892 0.948 0.989 0.899 0.946 0.990 0.902 0.954 0.989

1500 WSNS  0.914 0.958 0.987 0.891 0.949 0.990 0.907 0.949 0.983
PR10 0.964 0.987 0.999 0.962 0.984 0.998 0.886 0.949 0.993

S15 0.908 0.949 0.990 0.902 0.961 0.995 0.912 0.949 0.990

0.8 500 WSNS  0.874 0.924 0.969 0.879 0.925 0.968 0.874 0.924 0.965
PR10 0.990 0.997 0.999 0.981 0.995 0.997 0.985 0.996 0.999

S15 0.907 0.948 0.991 0.928 0.963 0.993 0.895 0.948 0.991

1000 WSNS  0.871 0.932 0.983 0.883 0.934 0.981 0.897 0.939 0.977
PR10 0.998 0.999 1.000 0.994 0.999 1.000 0.994 0.998 1.000

S15 0.875 0.935 0.991 0.917 0.961 0.995 0.893 0.950 0.991

1500 WSNS  0.913 0.954 0.990 0.891 0.946 0.985 0.925 0.958 0.988
PR10 1.000 1.000 1.000 0.998 0.999 1.000 0.993 0.999 1.000

S15 0.904 0.944 0.989 0.928 0.967 0.992 0.921 0.963 0.989
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Table 3.43: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with ¢5 innovation,
p = 0.3 and By = 150.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.829 0.896 0.940 0.836 0.877 0.947 0.869 0.919 0.963
PR10 0.846 0.905 0.962 0.850 0.906 0.964 0.853 0.912 0.958

S15 0.894 0.953 0.991 0.889 0.943 0.983 0.911 0.958 0.994

1000 WSNS  0.861 0.922 0.967 0.877 0.936 0.979 0.896 0.938 0.980
PR10 0.861 0.916 0.974 0.880 0.925 0.981 0.868 0.945 0.985

S15 0.892 0.946 0.988 0.906 0.957 0.989 0.918 0.948 0.994

1500 WSNS  0.904 0.948 0.984 0.881 0.930 0.971 0.893 0.929 0.974
PR10 0.899 0.935 0.984 0.891 0.946 0.984 0.865 0.946 0.987

S15 0.915 0.959 0.990 0.905 0.951 0.985 0.906 0.951 0.987

0.4 500 WSNS 0.834 0.894 0.947 0.830 0.881 0.942 0.860 0.906 0.957
PR10 0.922 0.959 0.984 0.916 0.956 0.987 0.895 0.937 0.977

S15 0.890 0.947 0.989 0.904 0.954 0.990 0.902 0.952 0.992

1000 WSNS  0.867 0.919 0.969 0.857 0.918 0.974 0.908 0.947 0.980
PR10 0.952 0.975 0.995 0.937 0.971 0.994 0.909 0.963 0.993

S15 0.896 0.943 0.988 0.907 0.959 0.991 0.916 0.958 0.993

1500 WSNS  0.895 0.949 0.981 0.864 0.930 0.974 0.883 0.938 0.972
PR10 0.960 0.982 0.999 0.954 0.981 0.998 0.894 0.964 0.992

S15 0.918 0.957 0.991 0.909 0.950 0.989 0.910 0.954 0.988

0.8 500 WSNS 0.849 0.895 0.953 0.821 0.892 0.967 0.847 0.893 0.941
PR10 0.990 0.994 0.999 0.973 0.992 0.998 0.975 0.984 0.997

S15 0.898 0.952 0.989 0.927 0.966 0.996 0.901 0.949 0.994

1000 WSNS  0.856 0.911 0.970 0.865 0.931 0.983 0.902 0.935 0.976
PR10 0.995 0.999 1.000 0.993 0.998 1.000 0.992 1.000 1.000

S15 0.883 0.938 0.989 0.931 0.975 0.997 0.921 0.961 0.994

1500 WSNS  0.890 0.935 0.980 0.863 0.921 0.981 0.869 0.930 0.975
PR10 1.000 1.000 1.000 0.994 1.000 1.000 0.993 1.000 1.000

S15 0.908 0.951 0.988 0.914 0.960 0.995 0.895 0.953 0.989




Table 3.44: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with ¢5 innovation,

p = 0.6 and By = 150.

138

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.854 0.905 0.951 0.853 0.905 0.952 0.874 0.925 0.969
PR10 0.850 0.907 0.950 0.844 0.897 0.953 0.838 0.897 0.958

S15 0.900 0.945 0.987 0.897 0.943 0.988 0.903 0.961 0.995

1000 WSNS  0.884 0.928 0.977 0.864 0.923 0.978 0.899 0.949 0.983
PR10 0.856 0.910 0.976 0.870 0.921 0.973 0.855 0.933 0.980

S15 0.892 0.943 0.989 0.881 0.943 0.987 0.906 0.950 0.993

1500 WSNS  0.914 0.953 0.985 0.896 0.951 0.984 0.901 0.940 0.980
PR10 0.892 0.942 0.984 0.898 0.948 0.987 0.855 0.940 0.981

S15 0.915 0.958 0.992 0.912 0.959 0.990 0.910 0.948 0.987

0.4 500 WSNS  0.857 0.912 0.957 0.853 0.908 0.964 0.871 0.919 0.970
PR10 0.920 0.955 0.986 0.915 0.961 0.986 0.870 0.920 0.972

S15 0.901 0.947 0.987 0.901 0.959 0.993 0.902 0.958 0.991

1000 WSNS  0.878 0.933 0.973 0.867 0.926 0.976 0.891 0.944 0.981
PR10 0.945 0.975 0.995 0.935 0.972 0.995 0.884 0.948 0.985

S15 0.892 0.948 0.989 0.899 0.946 0.990 0.902 0.954 0.989

1500 WSNS  0.904 0.955 0.984 0.883 0.934 0.984 0.901 0.941 0.980
PR10 0.963 0.983 0.998 0.957 0.981 0.998 0.894 0.953 0.992

S15 0.908 0.949 0.990 0.902 0.961 0.995 0.912 0.949 0.990

0.8 500 WSNS  0.860 0.910 0.959 0.865 0.907 0.959 0.853 0.913 0.961
PR10 0.991 0.997 0.999 0.979 0.990 0.998 0.980 0.995 0.999

S15 0.907 0.948 0.991 0.928 0.963 0.993 0.895 0.948 0.991

1000 WSNS  0.860 0.921 0.971 0.862 0.928 0.975 0.888 0.936 0.978
PR10 0.998 0.999 1.000 0.994 0.999 1.000 0.993 0.998 1.000

S15 0.875 0.935 0.991 0.917 0.961 0.995 0.893 0.950 0.991

1500 WSNS  0.903 0.942 0.983 0.886 0.938 0.977 0.913 0.954 0.986
PR10 1.000 1.000 1.000 0.997 0.999 1.000 0.993 0.999 1.000

S15 0.904 0.944 0.989 0.928 0.967 0.992 0.921 0.963 0.989




Table 3.45: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with ¢5 innovation,
p = 0.3 and By = 50.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.893 0.946 0.986 0.899 0.953 0.986 0.894 0.942 0.980
PR10 0.886 0.936 0.974 0.885 0.934 0.981 0.840 0.930 0.983

S15 0.900 0.939 0.979 0.907 0.947 0.987 0.897 0.954 0.988

1000 WSNS  0.905 0.947 0.985 0.908 0.951 0.993 0.887 0.937 0.986
PR10 0.880 0.942 0.983 0.887 0.942 0.985 0.836 0.929 0.994

S15 0.897 0.941 0.992 0.890 0.942 0.990 0.895 0.955 0.988

1500 WSNS  0.924 0.961 0.993 0.931 0.971 0.995 0.886 0.944 0.983
PR10 0.894 0.940 0.988 0.902 0.948 0.989 0.832 0.930 0.997

S15 0.917 0.960 0.992 0.911 0.964 0.993 0.891 0.945 0.989

0.4 500 WSNS 0.913 0.951 0.988 0.908 0.952 0.983 0.897 0.943 0.983
PR10 0.938 0.968 0.993 0.931 0.971 0.993 0.874 0.950 0.991

S15 0.937 0.969 0.994 0.940 0.971 0.990 0.918 0.962 0.993

1000 WSNS  0.920 0.957 0.990 0.921 0.960 0.993 0.893 0.945 0.980
PR10 0.943 0.982 0.997 0.948 0.974 0.997 0.883 0.954 0.996

S15 0.945 0.972 0.996 0.937 0.968 0.994 0.913 0.961 0.993

1500 WSNS  0.926 0.964 0.993 0.905 0.966 0.999 0.889 0.940 0.981
PR10 0.947 0.980 0.996 0.943 0.971 0.998 0.854 0.945 0.998

S15 0.941 0.975 0.999 0.938 0.968 0.997 0.906 0.951 0.992

0.8 500 WSNS  0.932 0.966 0.994 0.923 0.970 0.995 0.908 0.956 0.994
PR10 0.992 0.998 1.000 0.982 0.994 0.999 0.970 0.991 0.999

S15 0.984 0.997 1.000 0.976 0.992 1.000 0.975 0.991 1.000

1000 WSNS  0.936 0.969 0.998 0.918 0.960 0.995 0.924 0.960 0.992
PR10 0.998 0.999 1.000 0.985 0.995 0.999 0.973 0.994 1.000

S15 0.986 0.996 1.000 0.970 0.989 0.999 0.978 0.993 0.999

1500 WSNS  0.943 0.971 0.995 0.912 0.962 0.995 0.892 0.958 0.991
PR10 0.992 0.999 1.000 0.986 0.996 0.999 0.968 0.994 1.000

S15 0.982 0.996 1.000 0.977 0.992 0.999 0.973 0.988 0.998




Table 3.46: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with ¢5 innovation,
p = 0.6 and By = 50.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.933 0.975 0.994 0.933 0.970 0.996 0.921 0.964 0.991
PR10 0.875 0.923 0.977 0.871 0.920 0.978 0.820 0.912 0.981

S15 0.891 0.939 0.987 0.892 0.941 0.988 0.910 0.949 0.986

1000 WSNS  0.940 0.974 0.998 0.935 0.977 0.996 0.918 0.958 0.989
PR10 0.872 0.936 0.981 0.873 0.934 0.988 0.801 0.905 0.991

S15 0.897 0.939 0.992 0.895 0.946 0.991 0.901 0.940 0.988

1500 WSNS  0.953 0.980 1.000 0.956 0.987 0.998 0.907 0.952 0.994
PR10 0.884 0.937 0.984 0.891 0.938 0.983 0.796 0.906 0.996

S15 0.916 0.958 0.994 0.903 0.958 0.993 0.901 0.953 0.990

0.4 500 WSNS  0.947 0.976 0.995 0.939 0.974 0.998 0.921 0.960 0.991
PR10 0.931 0.966 0.991 0.925 0.961 0.990 0.834 0.916 0.987

S15 0.938 0.973 0.997 0.930 0.966 0.993 0.903 0.958 0.988

1000 WSNS  0.950 0.983 0.997 0.942 0.983 0.999 0.909 0.959 0.992
PR10 0.940 0.981 0.998 0.954 0.976 0.998 0.845 0.928 0.991

S15 0.938 0.975 0.998 0.945 0.980 0.997 0.919 0.959 0.992

1500 WSNS  0.962 0.984 0.999 0.952 0.977 0.999 0.914 0.960 0.994
PR10 0.941 0.972 0.996 0.929 0.968 0.997 0.840 0.927 0.996

S15 0.942 0.979 0.999 0.937 0.973 0.996 0.914 0.965 0.995

0.8 500 WSNS  0.972 0.986 0.998 0.954 0.979 0.997 0.925 0.975 0.997
PR10 0.990 0.997 1.000 0.980 0.996 0.998 0.943 0.984 0.998

S15 0.984 0.994 1.000 0.975 0.992 0.999 0.966 0.992 1.000

1000 WSNS  0.975 0.992 1.000 0.947 0.976 0.999 0.930 0.963 0.995
PR10 0.997 0.999 1.000 0.990 0.998 1.000 0.957 0.989 1.000

S15 0.983 0.994 1.000 0.972 0.993 1.000 0.966 0.991 0.998

1500 WSNS  0.969 0.990 0.998 0.962 0.981 0.999 0.944 0.975 0.996
PR10 0.991 0.999 1.000 0.989 0.997 1.000 0.965 0.992 1.000

S15 0.986 0.995 1.000 0.981 0.994 1.000 0.982 0.995 1.000




Table 3.47: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with ¢5 innovation,
p=0.3 and By = 75.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.895 0.937 0.979 0.888 0.943 0.983 0.894 0.940 0.983
PR10 0.878 0.931 0.972 0.879 0.932 0.976 0.848 0.939 0.981

S15 0.900 0.939 0.979 0.907 0.947 0.987 0.897 0.954 0.988

1000 WSNS  0.907 0.944 0.986 0.902 0.944 0.988 0.898 0.945 0.985
PR10 0.879 0.944 0.981 0.886 0.937 0.981 0.849 0.930 0.992

S15 0.897 0.941 0.992 0.890 0.942 0.990 0.895 0.955 0.988

1500 WSNS  0.921 0.962 0.990 0.932 0.969 0.995 0.894 0.953 0.985
PR10 0.895 0.939 0.988 0.902 0.948 0.986 0.846 0.934 0.995

S15 0.917 0.960 0.992 0.911 0.964 0.993 0.891 0.945 0.989

0.4 500 WSNS 0.908 0.950 0.980 0.903 0.947 0.976 0.895 0.942 0.978
PR10 0.933 0.963 0.992 0.934 0.966 0.991 0.880 0.952 0.985

S15 0.937 0.969 0.994 0.940 0.971 0.990 0.918 0.962 0.993

1000 WSNS  0.912 0.949 0.989 0.919 0.955 0.991 0.899 0.949 0.983
PR10 0.946 0.981 0.997 0.944 0.969 0.996 0.888 0.954 0.992

S15 0.945 0.972 0.996 0.937 0.968 0.994 0.913 0.961 0.993

1500 WSNS  0.921 0.964 0.991 0.906 0.960 0.997 0.890 0.944 0.984
PR10 0.948 0.976 0.996 0.943 0.972 0.998 0.869 0.947 0.996

S15 0.941 0.975 0.999 0.938 0.968 0.997 0.906 0.951 0.992

0.8 500 WSNS  0.920 0.961 0.991 0.919 0.966 0.996 0.912 0.957 0.989
PR10 0.990 0.997 1.000 0.980 0.995 0.999 0.971 0.990 0.998

S15 0.984 0.997 1.000 0.976 0.992 1.000 0.975 0.991 1.000

1000 WSNS  0.932 0.965 0.998 0.912 0.958 0.994 0.922 0.963 0.994
PR10 0.997 0.999 1.000 0.983 0.996 0.999 0.980 0.993 1.000

S15 0.986 0.996 1.000 0.970 0.989 0.999 0.978 0.993 0.999

1500 WSNS  0.936 0.967 0.992 0.915 0.958 0.992 0.897 0.949 0.988
PR10 0.992 0.999 1.000 0.988 0.997 0.999 0.971 0.993 1.000

S15 0.982 0.996 1.000 0.977 0.992 0.999 0.973 0.988 0.998




Table 3.48: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with ¢5 innovation,
p=0.6 and By = 75.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.911 0.961 0.990 0.904 0.956 0.991 0.915 0.962 0.987
PR10 0.866 0.918 0.971 0.871 0.920 0.978 0.842 0.923 0.973

S15 0.891 0.939 0.987 0.892 0.941 0.988 0.910 0.949 0.986

1000 WSNS  0.930 0.966 0.996 0.924 0.971 0.994 0.923 0.959 0.989
PR10 0.872 0.936 0.980 0.877 0.938 0.987 0.824 0.911 0.986

S15 0.897 0.939 0.992 0.895 0.946 0.991 0.901 0.940 0.988

1500 WSNS  0.943 0.974 0.998 0.941 0.981 0.997 0.912 0.958 0.993
PR10 0.887 0.937 0.983 0.898 0.943 0.984 0.826 0.925 0.994

S15 0.916 0.958 0.994 0.903 0.958 0.993 0.901 0.953 0.990

0.4 500 WSNS 0.924 0.965 0.992 0.927 0.969 0.988 0.919 0.958 0.989
PR10 0.929 0.963 0.991 0.922 0.960 0.991 0.852 0.928 0.981

S15 0.938 0.973 0.997 0.930 0.966 0.993 0.903 0.958 0.988

1000 WSNS  0.940 0.978 0.997 0.927 0.975 0.995 0.914 0.957 0.992
PR10 0.943 0.981 0.998 0.955 0.980 0.996 0.873 0.933 0.991

S15 0.938 0.975 0.998 0.945 0.980 0.997 0.919 0.959 0.992

1500 WSNS  0.953 0.975 0.997 0.938 0.975 0.998 0.921 0.963 0.994
PR10 0.943 0.972 0.993 0.929 0.968 0.996 0.863 0.943 0.996

S15 0.942 0.979 0.999 0.937 0.973 0.996 0.914 0.965 0.995

0.8 500 WSNS  0.957 0.981 0.996 0.937 0.972 0.998 0.924 0.966 0.995
PR10 0.989 0.997 1.000 0.984 0.996 0.998 0.955 0.985 0.995

S15 0.984 0.994 1.000 0.975 0.992 0.999 0.966 0.992 1.000

1000 WSNS  0.966 0.989 0.999 0.933 0.975 0.997 0.927 0.961 0.991
PR10 0.998 0.999 1.000 0.990 0.997 0.998 0.967 0.992 1.000

S15 0.983 0.994 1.000 0.972 0.993 1.000 0.966 0.991 0.998

1500 WSNS  0.960 0.982 0.999 0.953 0.977 0.997 0.942 0.979 0.997
PR10 0.991 0.999 1.000 0.992 0.997 1.000 0.974 0.994 1.000

S15 0.986 0.995 1.000 0.981 0.994 1.000 0.982 0.995 1.000




Table 3.49: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with ¢5 innovation,

p = 0.3 and By = 100.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.872 0.929 0.968 0.861 0.924 0.972 0.889 0.928 0.968
PR10 0.872 0.924 0.970 0.861 0.922 0.974 0.855 0.925 0.975

S15 0.900 0.939 0.979 0.907 0.947 0.987 0.897 0.954 0.988

1000 WSNS  0.894 0.935 0.978 0.889 0.930 0.984 0.894 0.938 0.984
PR10 0.878 0.937 0.982 0.879 0.939 0.981 0.856 0.934 0.989

S15 0.897 0.941 0.992 0.890 0.942 0.990 0.895 0.955 0.988

1500 WSNS  0.908 0.952 0.989 0.917 0.961 0.992 0.884 0.943 0.986
PR10 0.894 0.939 0.984 0.899 0.944 0.986 0.848 0.937 0.993

S15 0.917 0.960 0.992 0.911 0.964 0.993 0.891 0.945 0.989

0.4 500 WSNS  0.887 0.926 0.976 0.887 0.934 0.969 0.882 0.922 0.975
PR10 0.933 0.962 0.990 0.930 0.963 0.989 0.888 0.941 0.980

S15 0.937 0.969 0.994 0.940 0.971 0.990 0.918 0.962 0.993

1000 WSNS  0.897 0.942 0.981 0.906 0.952 0.990 0.894 0.945 0.982
PR10 0.946 0.979 0.998 0.937 0.967 0.994 0.890 0.952 0.992

S15 0.945 0.972 0.996 0.937 0.968 0.994 0.913 0.961 0.993

1500 WSNS  0.909 0.955 0.989 0.891 0.948 0.994 0.883 0.943 0.984
PR10 0.950 0.972 0.996 0.943 0.970 0.996 0.875 0.948 0.994

S15 0.941 0.975 0.999 0.938 0.968 0.997 0.906 0.951 0.992

0.8 500 WSNS  0.907 0.952 0.987 0.904 0.957 0.988 0.906 0.949 0.985
PR10 0.984 0.998 0.999 0.976 0.995 0.999 0.971 0.986 0.998

S15 0.984 0.997 1.000 0.976 0.992 1.000 0.975 0.991 1.000

1000 WSNS  0.914 0.958 0.993 0.901 0.948 0.988 0.917 0.957 0.992
PR10 0.996 0.999 1.000 0.975 0.994 0.999 0.978 0.995 1.000

S15 0.986 0.996 1.000 0.970 0.989 0.999 0.978 0.993 0.999

1500 WSNS  0.925 0.960 0.991 0.902 0.954 0.989 0.891 0.950 0.987
PR10 0.992 0.999 1.000 0.986 0.996 0.999 0.973 0.993 1.000

S15 0.982 0.996 1.000 0.977 0.992 0.999 0.973 0.988 0.998




Table 3.50: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with ¢5 innovation,

p = 0.6 and By = 100.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.890 0.933 0.979 0.881 0.941 0.979 0.897 0.951 0.985
PR10 0.859 0.917 0.969 0.868 0.921 0.975 0.850 0.916 0.966

S15 0.891 0.939 0.987 0.892 0.941 0.988 0.910 0.949 0.986

1000 WSNS  0.922 0.954 0.988 0.914 0.960 0.990 0.920 0.954 0.985
PR10 0.875 0.936 0.978 0.870 0.932 0.986 0.837 0.917 0.985

S15 0.897 0.939 0.992 0.895 0.946 0.991 0.901 0.940 0.988

1500 WSNS  0.933 0.964 0.994 0.922 0.974 0.995 0.904 0.954 0.991
PR10 0.891 0.935 0.983 0.893 0.946 0.984 0.836 0.932 0.992

S15 0.916 0.958 0.994 0.903 0.958 0.993 0.901 0.953 0.990

0.4 500 WSNS 0.905 0.951 0.986 0.896 0.959 0.982 0.898 0.938 0.980
PR10 0.922 0.961 0.991 0.921 0.958 0.989 0.860 0.924 0.975

S15 0.938 0.973 0.997 0.930 0.966 0.993 0.903 0.958 0.988

1000 WSNS  0.929 0.963 0.993 0.910 0.958 0.995 0.904 0.946 0.988
PR10 0.940 0.979 0.998 0.952 0.978 0.997 0.881 0.941 0.987

S15 0.938 0.975 0.998 0.945 0.980 0.997 0.919 0.959 0.992

1500 WSNS  0.934 0.970 0.996 0.927 0.969 0.996 0.907 0.957 0.990
PR10 0.945 0.973 0.994 0.935 0.967 0.996 0.869 0.947 0.999

S15 0.942 0.979 0.999 0.937 0.973 0.996 0.914 0.965 0.995

0.8 500 WSNS  0.935 0.971 0.994 0.920 0.962 0.990 0.911 0.956 0.988
PR10 0.988 0.997 0.999 0.982 0.994 0.998 0.952 0.984 0.994

S15 0.984 0.994 1.000 0.975 0.992 0.999 0.966 0.992 1.000

1000 WSNS  0.946 0.981 0.999 0.928 0.967 0.992 0.920 0.953 0.988
PR10 0.996 0.999 1.000 0.988 0.997 0.998 0.974 0.993 1.000

S15 0.983 0.994 1.000 0.972 0.993 1.000 0.966 0.991 0.998

1500 WSNS  0.948 0.977 0.997 0.935 0.973 0.995 0.931 0.973 0.995
PR10 0.991 0.999 1.000 0.991 0.997 1.000 0.979 0.995 1.000

S15 0.986 0.995 1.000 0.981 0.994 1.000 0.982 0.995 1.000




Table 3.51: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with ¢5 innovation,

p=0.3 and By = 125.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.864 0.915 0.959 0.864 0.912 0.967 0.879 0.925 0.963
PR10 0.863 0.918 0.968 0.862 0.921 0.969 0.862 0.921 0.969

S15 0.900 0.939 0.979 0.907 0.947 0.987 0.897 0.954 0.988

1000 WSNS  0.887 0.935 0.970 0.889 0.937 0.976 0.894 0.945 0.982
PR10 0.874 0.933 0.981 0.879 0.934 0.982 0.858 0.941 0.987

S15 0.897 0.941 0.992 0.890 0.942 0.990 0.895 0.955 0.988

1500 WSNS  0.906 0.951 0.987 0.916 0.960 0.991 0.888 0.948 0.985
PR10 0.895 0.938 0.982 0.895 0.943 0.985 0.853 0.937 0.991

S15 0.917 0.960 0.992 0.911 0.964 0.993 0.891 0.945 0.989

0.4 500 WSNS  0.888 0.922 0.968 0.884 0.929 0.959 0.881 0.922 0.964
PR10 0.928 0.955 0.989 0.924 0.962 0.983 0.889 0.935 0.977

S15 0.937 0.969 0.994 0.940 0.971 0.990 0.918 0.962 0.993

1000 WSNS  0.889 0.936 0.981 0.905 0.950 0.982 0.894 0.944 0.983
PR10 0.942 0.974 0.997 0.941 0.968 0.993 0.896 0.955 0.988

S15 0.945 0.972 0.996 0.937 0.968 0.994 0.913 0.961 0.993

1500 WSNS  0.910 0.957 0.986 0.895 0.949 0.994 0.884 0.944 0.984
PR10 0.948 0.973 0.996 0.942 0.968 0.998 0.879 0.952 0.991

S15 0.941 0.975 0.999 0.938 0.968 0.997 0.906 0.951 0.992

0.8 500 WSNS  0.908 0.949 0.981 0.906 0.952 0.981 0.903 0.947 0.979
PR10 0.987 0.996 0.999 0.972 0.994 0.999 0.967 0.985 0.999

S15 0.984 0.997 1.000 0.976 0.992 1.000 0.975 0.991 1.000

1000 WSNS  0.918 0.954 0.990 0.905 0.947 0.988 0.925 0.956 0.993
PR10 0.995 0.999 1.000 0.975 0.993 0.999 0.978 0.994 1.000

S15 0.986 0.996 1.000 0.970 0.989 0.999 0.978 0.993 0.999

1500 WSNS  0.923 0.959 0.992 0.897 0.952 0.990 0.892 0.950 0.990
PR10 0.992 0.998 1.000 0.985 0.997 0.999 0.976 0.991 1.000

S15 0.982 0.996 1.000 0.977 0.992 0.999 0.973 0.988 0.998




Table 3.52: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with ¢5 innovation,

p = 0.6 and By = 125.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.881 0.922 0.978 0.877 0.926 0.970 0.888 0.942 0.980
PR10 0.853 0.911 0.968 0.864 0.910 0.967 0.856 0.914 0.958

S15 0.891 0.939 0.987 0.892 0.941 0.988 0.910 0.949 0.986

1000 WSNS  0.915 0.949 0.985 0.908 0.951 0.985 0.915 0.951 0.985
PR10 0.870 0.933 0.977 0.868 0.934 0.987 0.842 0.932 0.981

S15 0.897 0.939 0.992 0.895 0.946 0.991 0.901 0.940 0.988

1500 WSNS  0.931 0.962 0.993 0.915 0.970 0.994 0.904 0.952 0.994
PR10 0.889 0.932 0.981 0.896 0.947 0.981 0.846 0.930 0.990

S15 0.916 0.958 0.994 0.903 0.958 0.993 0.901 0.953 0.990

0.4 500 WSNS  0.905 0.939 0.980 0.889 0.943 0.973 0.896 0.933 0.974
PR10 0.920 0.955 0.990 0.916 0.953 0.985 0.867 0.918 0.967

S15 0.938 0.973 0.997 0.930 0.966 0.993 0.903 0.958 0.988

1000 WSNS  0.921 0.957 0.991 0.905 0.951 0.992 0.903 0.945 0.986
PR10 0.935 0.977 0.996 0.950 0.977 0.997 0.885 0.950 0.988

S15 0.938 0.975 0.998 0.945 0.980 0.997 0.919 0.959 0.992

1500 WSNS  0.930 0.968 0.992 0.919 0.960 0.994 0.911 0.958 0.992
PR10 0.941 0.972 0.994 0.935 0.966 0.995 0.885 0.948 0.997

S15 0.942 0.979 0.999 0.937 0.973 0.996 0.914 0.965 0.995

0.8 500 WSNS 0.931 0.963 0.989 0.918 0.952 0.986 0.903 0.944 0.982
PR10 0.985 0.996 0.999 0.977 0.995 0.998 0.954 0.980 0.994

S15 0.984 0.994 1.000 0.975 0.992 0.999 0.966 0.992 1.000

1000 WSNS  0.944 0.977 0.997 0.923 0.959 0.990 0.922 0.954 0.986
PR10 0.996 0.999 1.000 0.989 0.997 0.999 0.976 0.995 1.000

S15 0.983 0.994 1.000 0.972 0.993 1.000 0.966 0.991 0.998

1500 WSNS  0.941 0.973 0.994 0.933 0.971 0.995 0.928 0.971 0.994
PR10 0.991 0.999 1.000 0.991 0.997 1.000 0.982 0.995 1.000

S15 0.986 0.995 1.000 0.981 0.994 1.000 0.982 0.995 1.000




Table 3.53: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with ¢5 innovation,

p = 0.3 and By = 150.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.848 0.906 0.952 0.851 0.906 0.962 0.867 0.908 0.959
PR10 0.855 0.916 0.965 0.848 0.913 0.972 0.852 0.909 0.958

S15 0.900 0.939 0.979 0.907 0.947 0.987 0.897 0.954 0.988

1000 WSNS  0.887 0.927 0.965 0.882 0.932 0.973 0.887 0.937 0.976
PR10 0.874 0.931 0.978 0.880 0.932 0.979 0.860 0.938 0.983

S15 0.897 0.941 0.992 0.890 0.942 0.990 0.895 0.955 0.988

1500 WSNS  0.897 0.948 0.986 0.907 0.956 0.987 0.883 0.940 0.983
PR10 0.893 0.937 0.983 0.897 0.944 0.987 0.852 0.941 0.991

S15 0.917 0.960 0.992 0.911 0.964 0.993 0.891 0.945 0.989

0.4 500 WSNS 0.880 0.913 0.962 0.862 0.922 0.959 0.863 0.915 0.958
PR10 0.924 0.959 0.984 0.916 0.958 0.978 0.882 0.929 0.969

S15 0.937 0.969 0.994 0.940 0.971 0.990 0.918 0.962 0.993

1000 WSNS  0.886 0.933 0.978 0.897 0.941 0.977 0.879 0.942 0.978
PR10 0.935 0.975 0.995 0.936 0.967 0.991 0.896 0.954 0.988

S15 0.945 0.972 0.996 0.937 0.968 0.994 0.913 0.961 0.993

1500 WSNS  0.908 0.952 0.986 0.887 0.942 0.990 0.880 0.935 0.979
PR10 0.945 0.972 0.995 0.943 0.967 0.997 0.883 0.951 0.990

S15 0.941 0.975 0.999 0.938 0.968 0.997 0.906 0.951 0.992

0.8 500 WSNS  0.891 0.936 0.978 0.896 0.946 0.984 0.898 0.937 0.973
PR10 0.987 0.996 0.999 0.972 0.994 0.999 0.961 0.984 0.997

S15 0.984 0.997 1.000 0.976 0.992 1.000 0.975 0.991 1.000

1000 WSNS  0.906 0.949 0.989 0.901 0.946 0.984 0.918 0.955 0.988
PR10 0.993 0.999 1.000 0.976 0.993 0.999 0.979 0.991 1.000

S15 0.986 0.996 1.000 0.970 0.989 0.999 0.978 0.993 0.999

1500 WSNS  0.921 0.953 0.988 0.891 0.949 0.990 0.890 0.946 0.985
PR10 0.991 0.998 1.000 0.986 0.997 0.999 0.974 0.992 1.000

S15 0.982 0.996 1.000 0.977 0.992 0.999 0.973 0.988 0.998




Table 3.54: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with ¢5 innovation,

p = 0.6 and By = 150.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.866 0.912 0.966 0.858 0.915 0.953 0.874 0.928 0.970
PR10 0.851 0.906 0.962 0.852 0.910 0.961 0.854 0.909 0.955

S15 0.891 0.939 0.987 0.892 0.941 0.988 0.910 0.949 0.986

1000 WSNS  0.908 0.941 0.978 0.898 0.940 0.982 0.900 0.950 0.983
PR10 0.870 0.924 0.978 0.865 0.932 0.986 0.847 0.929 0.980

S15 0.897 0.939 0.992 0.895 0.946 0.991 0.901 0.940 0.988

1500 WSNS  0.922 0.957 0.988 0.907 0.962 0.994 0.897 0.946 0.990
PR10 0.891 0.932 0.981 0.890 0.945 0.980 0.848 0.929 0.992

S15 0.916 0.958 0.994 0.903 0.958 0.993 0.901 0.953 0.990

0.4 500 WSNS 0.889 0.930 0.972 0.876 0.927 0.973 0.878 0.927 0.971
PR10 0.911 0.956 0.987 0.909 0.950 0.982 0.867 0.911 0.959

S15 0.938 0.973 0.997 0.930 0.966 0.993 0.903 0.958 0.988

1000 WSNS  0.905 0.950 0.985 0.901 0.946 0.987 0.895 0.942 0.988
PR10 0.933 0.976 0.995 0.949 0.977 0.997 0.884 0.948 0.985

S15 0.938 0.975 0.998 0.945 0.980 0.997 0.919 0.959 0.992

1500 WSNS  0.922 0.962 0.989 0.911 0.954 0.991 0.905 0.953 0.987
PR10 0.939 0.972 0.995 0.939 0.967 0.994 0.887 0.946 0.996

S15 0.942 0.979 0.999 0.937 0.973 0.996 0.914 0.965 0.995

0.8 500 WSNS  0.914 0.951 0.983 0.899 0.944 0.984 0.895 0.937 0.978
PR10 0.987 0.995 0.999 0.976 0.994 0.997 0.953 0.976 0.994

S15 0.984 0.994 1.000 0.975 0.992 0.999 0.966 0.992 1.000

1000 WSNS  0.927 0.972 0.991 0.917 0.962 0.988 0.915 0.943 0.985
PR10 0.994 0.999 1.000 0.990 0.996 1.000 0.976 0.993 1.000

S15 0.983 0.994 1.000 0.972 0.993 1.000 0.966 0.991 0.998

1500 WSNS  0.938 0.967 0.992 0.925 0.967 0.993 0.927 0.966 0.994
PR10 0.989 0.999 1.000 0.990 0.997 1.000 0.982 0.995 1.000

S15 0.986 0.995 1.000 0.981 0.994 1.000 0.982 0.995 1.000




Table 3.55: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with ¢5 innovation,
p = 0.3 and By = 50.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.902 0.947 0.980 0.911 0.949 0.984 0.895 0.946 0.982
PR10 0.883 0.924 0.979 0.882 0.935 0.984 0.833 0.945 0.993

S15 0.886 0.942 0.982 0.915 0.963 0.993 0.907 0.949 0.987

1000 WSNS  0.906 0.947 0.987 0.893 0.955 0.990 0.883 0.940 0.988
PR10 0.878 0.939 0.986 0.875 0.933 0.989 0.831 0.918 0.994

S15 0.914 0.955 0.986 0.898 0.952 0.995 0.906 0.951 0.993

1500 WSNS  0.923 0.976 0.995 0.907 0.970 0.995 0.893 0.938 0.978
PR10 0.898 0.954 0.988 0.878 0.942 0.985 0.843 0.940 0.998

S15 0.911 0.955 0.990 0.906 0.951 0.992 0.909 0.964 0.991

0.4 500 WSNS  0.907 0.946 0.979 0.890 0.939 0.986 0.885 0.933 0.981
PR10 0.932 0.971 0.993 0.946 0.976 0.999 0.872 0.955 0.993

S15 0.926 0.969 0.994 0.932 0.971 0.998 0.915 0.955 0.994

1000 WSNS  0.888 0.951 0.989 0.884 0.952 0.995 0.863 0.924 0.982
PR10 0.946 0.980 0.996 0.934 0.969 0.997 0.859 0.943 0.995

S15 0.940 0.975 0.996 0.927 0.969 0.993 0.911 0.959 0.997

1500 WSNS  0.908 0.959 0.993 0.898 0.962 0.996 0.877 0.928 0.982
PR10 0.950 0.978 0.998 0.935 0.978 0.995 0.879 0.952 1.000

S15 0.942 0.976 0.994 0.933 0.974 0.996 0.925 0.964 0.996

0.8 500 WSNS  0.897 0.951 0.990 0.886 0.935 0.987 0.862 0.919 0.973
PR10 0.985 0.997 1.000 0.977 0.995 0.999 0.969 0.993 0.999

S15 0.970 0.992 1.000 0.958 0.982 0.999 0.972 0.991 0.999

1000 WSNS  0.889 0.950 0.986 0.876 0.941 0.991 0.852 0.919 0.974
PR10 0.995 0.999 1.000 0.978 0.996 1.000 0.966 0.991 1.000

S15 0.977 0.996 1.000 0.960 0.986 0.999 0.976 0.990 0.998

1500 WSNS  0.881 0.940 0.991 0.892 0.946 0.987 0.859 0.917 0.973
PR10 0.991 0.999 1.000 0.982 0.996 1.000 0.972 0.991 1.000

S15 0.983 0.993 0.999 0.963 0.986 0.999 0.979 0.993 1.000




Table 3.56: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with ¢5 innovation,
p = 0.6 and By = 50.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.938 0.967 0.989 0.932 0.970 0.996 0.925 0.959 0.992
PR10 0.872 0.916 0.974 0.877 0.930 0.977 0.796 0.912 0.989

S15 0.881 0.936 0.986 0.903 0.948 0.990 0.904 0.947 0.984

1000 WSNS  0.942 0.973 0.992 0.944 0.975 0.998 0.913 0.953 0.992
PR10 0.866 0.930 0.984 0.867 0.934 0.983 0.799 0.892 0.984

S15 0.907 0.949 0.988 0.903 0.951 0.990 0.900 0.949 0.989

1500 WSNS  0.971 0.990 1.000 0.944 0.987 0.999 0.911 0.951 0.987
PR10 0.893 0.948 0.986 0.873 0.931 0.991 0.808 0.911 0.995

S15 0.909 0.954 0.991 0.895 0.954 0.986 0.900 0.961 0.994

0.4 500 WSNS 0.933 0.963 0.995 0.937 0.971 0.995 0.903 0.939 0.990
PR10 0.926 0.963 0.993 0.921 0.960 0.994 0.826 0.932 0.987

S15 0.917 0.968 0.995 0.933 0.967 0.995 0.910 0.958 0.992

1000 WSNS  0.938 0.971 0.996 0.938 0.972 0.996 0.912 0.947 0.992
PR10 0.938 0.974 0.995 0.941 0.972 0.995 0.824 0.926 0.993

S15 0.938 0.971 1.000 0.939 0.973 0.994 0.920 0.957 0.991

1500 WSNS  0.948 0.982 1.000 0.937 0.979 0.999 0.912 0.951 0.989
PR10 0.951 0.976 0.998 0.935 0.973 0.999 0.838 0.932 1.000

S15 0.945 0.973 0.998 0.925 0.971 0.996 0.914 0.957 0.996

0.8 500 WSNS  0.942 0.980 0.997 0.916 0.959 0.991 0.905 0.950 0.984
PR10 0.981 0.995 1.000 0.977 0.992 1.000 0.947 0.982 0.999

S15 0.965 0.994 1.000 0.959 0.986 1.000 0.966 0.987 0.999

1000 WSNS  0.951 0.981 0.998 0.919 0.970 0.997 0.891 0.937 0.985
PR10 0.992 0.999 1.000 0.981 0.993 1.000 0.947 0.990 1.000

S15 0.982 0.996 1.000 0.981 0.991 0.998 0.972 0.986 0.999

1500 WSNS  0.946 0.982 0.999 0.926 0.971 0.995 0.911 0.951 0.989
PR10 0.987 0.998 1.000 0.978 0.995 1.000 0.957 0.988 1.000

S15 0.984 0.994 0.999 0.971 0.987 0.998 0.976 0.992 0.999




Table 3.57: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with ¢5 innovation,
p=0.3 and By = 75.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.883 0.936 0.974 0.896 0.943 0.980 0.900 0.931 0.979
PR10 0.879 0.919 0977 0.884 0.941 0.981 0.852 0.946 0.988

S15 0.886 0.942 0.982 0.915 0.963 0.993 0.907 0.949 0.987

1000 WSNS  0.899 0.943 0.983 0.892 0.948 0.987 0.876 0.927 0.987
PR10 0.881 0.939 0.985 0.872 0.932 0.987 0.840 0.929 0.990

S15 0.914 0.955 0.986 0.898 0.952 0.995 0.906 0.951 0.993

1500 WSNS  0.910 0.965 0.995 0.902 0.965 0.993 0.895 0.939 0.980
PR10 0.902 0.952 0.986 0.884 0.941 0.983 0.857 0.944 0.996

S15 0.911 0.955 0.990 0.906 0.951 0.992 0.909 0.964 0.991

0.4 500 WSNS 0.900 0.942 0.977 0.884 0.934 0.982 0.880 0.929 0.983
PR10 0.930 0.959 0.991 0.942 0.977 0.998 0.885 0.957 0.992

S15 0.926 0.969 0.994 0.932 0.971 0.998 0.915 0.955 0.994

1000 WSNS  0.885 0.939 0.987 0.884 0.946 0.990 0.871 0.926 0.981
PR10 0.946 0.979 0.996 0.935 0.971 0.996 0.868 0.945 0.994

S15 0.940 0.975 0.996 0.927 0.969 0.993 0.911 0.959 0.997

1500 WSNS  0.903 0.948 0.993 0.888 0.957 0.996 0.882 0.932 0.986
PR10 0.952 0.975 0.998 0.937 0.978 0.995 0.893 0.959 0.995

S15 0.942 0.976 0.994 0.933 0.974 0.996 0.925 0.964 0.996

0.8 500 WSNS  0.888 0.945 0.990 0.886 0.940 0.983 0.872 0.925 0.972
PR10 0.984 0.995 1.000 0.975 0.994 0.996 0.969 0.992 0.999

S15 0.970 0.992 1.000 0.958 0.982 0.999 0.972 0.991 0.999

1000 WSNS  0.890 0.960 0.986 0.883 0.942 0.987 0.862 0.929 0.976
PR10 0.993 0.999 1.000 0.980 0.997 1.000 0.970 0.992 1.000

S15 0.977 0.996 1.000 0.960 0.986 0.999 0.976 0.990 0.998

1500 WSNS  0.882 0.941 0.991 0.891 0.948 0.987 0.868 0.918 0.975
PR10 0.991 0.999 1.000 0.980 0.994 1.000 0.975 0.992 1.000

S15 0.983 0.993 0.999 0.963 0.986 0.999 0.979 0.993 1.000




Table 3.58: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with ¢5 innovation,
p=0.6 and By = 75.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.921 0.949 0.980 0.914 0.949 0.986 0.911 0.953 0.985
PR10 0.868 0.914 0.969 0.877 0.932 0.975 0.823 0.934 0.981

S15 0.881 0.936 0.986 0.903 0.948 0.990 0.904 0.947 0.984

1000 WSNS  0.929 0.963 0.989 0.926 0.971 0.991 0.912 0.957 0.993
PR10 0.871 0.930 0.985 0.873 0.934 0.986 0.827 0.908 0.987

S15 0.907 0.949 0.988 0.903 0.951 0.990 0.900 0.949 0.989

1500 WSNS  0.946 0.983 0.998 0.934 0.974 1.000 0.911 0.949 0.985
PR10 0.897 0.947 0.988 0.877 0.939 0.990 0.832 0.920 0.993

S15 0.909 0.954 0.991 0.895 0.954 0.986 0.900 0.961 0.994

0.4 500 WSNS  0.919 0.952 0.987 0.916 0.957 0.990 0.888 0.934 0.984
PR10 0.924 0.961 0.987 0.924 0.959 0.994 0.851 0.945 0.989

S15 0.917 0.968 0.995 0.933 0.967 0.995 0.910 0.958 0.992

1000 WSNS  0.926 0.968 0.995 0.920 0.959 0.991 0.903 0.945 0.992
PR10 0.943 0.975 0.995 0.941 0.974 0.994 0.848 0.939 0.991

S15 0.938 0.971 1.000 0.939 0.973 0.994 0.920 0.957 0.991

1500 WSNS  0.941 0.970 0.998 0.917 0.968 0.996 0.910 0.946 0.991
PR10 0.953 0.976 0.997 0.940 0.975 0.999 0.864 0.942 0.999

S15 0.945 0.973 0.998 0.925 0.971 0.996 0.914 0.957 0.996

0.8 500 WSNS  0.938 0.973 0.996 0.906 0.951 0.986 0.901 0.948 0.985
PR10 0.980 0.993 1.000 0.977 0.990 1.000 0.964 0.986 0.999

S15 0.965 0.994 1.000 0.959 0.986 1.000 0.966 0.987 0.999

1000 WSNS  0.941 0.978 0.998 0.913 0.970 0.992 0.897 0.940 0.987
PR10 0.992 0.999 1.000 0.985 0.995 1.000 0.959 0.993 1.000

S15 0.982 0.996 1.000 0.981 0.991 0.998 0.972 0.986 0.999

1500 WSNS  0.934 0.976 0.995 0.913 0.965 0.993 0.915 0.950 0.990
PR10 0.989 0.998 1.000 0.982 0.996 1.000 0.969 0.991 0.999

S15 0.984 0.994 0.999 0.971 0.987 0.998 0.976 0.992 0.999




Table 3.59: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with ¢5 innovation,

p = 0.3 and By = 100.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.876 0.924 0.971 0.892 0.931 0.978 0.884 0.931 0.978
PR10 0.871 0.916 0.971 0.877 0.930 0.978 0.852 0.940 0.985

S15 0.886 0.942 0.982 0.915 0.963 0.993 0.907 0.949 0.987

1000 WSNS  0.890 0.939 0.979 0.888 0.940 0.987 0.873 0.925 0.984
PR10 0.881 0.934 0.984 0.870 0.933 0.985 0.843 0.927 0.988

S15 0.914 0.955 0.986 0.898 0.952 0.995 0.906 0.951 0.993

1500 WSNS  0.901 0.958 0.995 0.896 0.957 0.990 0.893 0.934 0.982
PR10 0.899 0.952 0.984 0.884 0.942 0.982 0.862 0.943 0.992

S15 0.911 0.955 0.990 0.906 0.951 0.992 0.909 0.964 0.991

0.4 500 WSNS  0.888 0.931 0.969 0.879 0.921 0.970 0.877 0.927 0.971
PR10 0.924 0.954 0.987 0.939 0.974 0.995 0.887 0.956 0.986

S15 0.926 0.969 0.994 0.932 0.971 0.998 0.915 0.955 0.994

1000 WSNS  0.881 0.938 0.981 0.874 0.930 0.991 0.867 0.919 0.982
PR10 0.951 0.979 0.995 0.931 0.971 0.995 0.874 0.947 0.990

S15 0.940 0.975 0.996 0.927 0.969 0.993 0.911 0.959 0.997

1500 WSNS  0.901 0.951 0.990 0.889 0.947 0.994 0.883 0.934 0.987
PR10 0.951 0.974 0.997 0.938 0.977 0.995 0.897 0.960 0.995

S15 0.942 0.976 0.994 0.933 0.974 0.996 0.925 0.964 0.996

0.8 500 WSNS  0.884 0.948 0.987 0.877 0.936 0.984 0.868 0.919 0.973
PR10 0.981 0.995 1.000 0.970 0.993 0.999 0.970 0.989 0.999

S15 0.970 0.992 1.000 0.958 0.982 0.999 0.972 0.991 0.999

1000 WSNS  0.893 0.953 0.991 0.887 0.939 0.985 0.871 0.932 0.974
PR10 0.994 0.999 1.000 0.980 0.997 1.000 0.975 0.994 1.000

S15 0.977 0.996 1.000 0.960 0.986 0.999 0.976 0.990 0.998

1500 WSNS  0.886 0.946 0.989 0.892 0.941 0.987 0.869 0.927 0.978
PR10 0.989 0.999 1.000 0.981 0.993 1.000 0.979 0.991 1.000

S15 0.983 0.993 0.999 0.963 0.986 0.999 0.979 0.993 1.000




Table 3.60: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with ¢5 innovation,

p = 0.6 and By = 100.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.899 0.940 0.974 0.897 0.945 0.979 0.904 0.951 0.985
PR10 0.867 0.908 0.967 0.878 0.927 0.970 0.834 0.929 0.980

S15 0.881 0.936 0.986 0.903 0.948 0.990 0.904 0.947 0.984

1000 WSNS  0.916 0.957 0.986 0.909 0.960 0.991 0.907 0.944 0.987
PR10 0.873 0.927 0.986 0.867 0.932 0.982 0.838 0.913 0.981

S15 0.907 0.949 0.988 0.903 0.951 0.990 0.900 0.949 0.989

1500 WSNS  0.933 0.977 0.997 0.917 0.964 0.999 0.908 0.945 0.983
PR10 0.897 0.946 0.987 0.876 0.937 0.988 0.851 0.927 0.992

S15 0.909 0.954 0.991 0.895 0.954 0.986 0.900 0.961 0.994

0.4 500 WSNS 0.907 0.941 0.974 0.902 0.949 0.984 0.886 0.925 0.976
PR10 0.923 0.956 0.985 0.923 0.960 0.992 0.864 0.944 0.986

S15 0.917 0.968 0.995 0.933 0.967 0.995 0.910 0.958 0.992

1000 WSNS  0.921 0.957 0.992 0.908 0.951 0.985 0.894 0.946 0.989
PR10 0.938 0.973 0.993 0.938 0.975 0.993 0.857 0.946 0.989

S15 0.938 0.971 1.000 0.939 0.973 0.994 0.920 0.957 0.991

1500 WSNS  0.929 0.959 0.995 0.905 0.961 0.996 0.902 0.943 0.991
PR10 0.951 0.977 0.995 0.942 0.975 0.998 0.872 0.944 0.998

S15 0.945 0.973 0.998 0.925 0.971 0.996 0.914 0.957 0.996

0.8 500 WSNS  0.929 0.965 0.993 0.900 0.947 0.986 0.901 0.949 0.976
PR10 0.978 0.993 1.000 0.975 0.991 1.000 0.965 0.990 0.999

S15 0.965 0.994 1.000 0.959 0.986 1.000 0.966 0.987 0.999

1000 WSNS  0.935 0.972 0.997 0.910 0.961 0.993 0.894 0.940 0.983
PR10 0.992 0.998 1.000 0.985 0.995 1.000 0.964 0.993 1.000

S15 0.982 0.996 1.000 0.981 0.991 0.998 0.972 0.986 0.999

1500 WSNS  0.918 0.976 0.996 0.901 0.956 0.992 0.916 0.950 0.989
PR10 0.988 0.998 1.000 0.983 0.996 1.000 0.973 0.993 0.999

S15 0.984 0.994 0.999 0.971 0.987 0.998 0.976 0.992 0.999




Table 3.61: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with ¢5 innovation,

p=0.3 and By = 125.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.868 0.918 0.961 0.877 0.925 0.973 0.867 0.928 0.965
PR10 0.868 0.913 0.966 0.876 0.924 0.975 0.857 0.927 0.981

S15 0.886 0.942 0.982 0.915 0.963 0.993 0.907 0.949 0.987

1000 WSNS  0.883 0.936 0.972 0.884 0.935 0.979 0.876 0.923 0.980
PR10 0.880 0.931 0.982 0.870 0.926 0.986 0.848 0.937 0.982

S15 0.914 0.955 0.986 0.898 0.952 0.995 0.906 0.951 0.993

1500 WSNS  0.899 0.955 0.991 0.899 0.956 0.987 0.887 0.931 0.982
PR10 0.900 0.947 0.985 0.885 0.941 0.980 0.862 0.946 0.991

S15 0.911 0.955 0.990 0.906 0.951 0.992 0.909 0.964 0.991

0.4 500 WSNS 0.886 0.929 0.962 0.863 0.909 0.963 0.865 0.925 0.975
PR10 0.923 0.955 0.987 0.928 0.966 0.997 0.898 0.949 0.984

S15 0.926 0.969 0.994 0.932 0.971 0.998 0.915 0.955 0.994

1000 WSNS  0.874 0.932 0.986 0.865 0.926 0.986 0.862 0.918 0.981
PR10 0.942 0.976 0.995 0.930 0.968 0.995 0.884 0.956 0.991

S15 0.940 0.975 0.996 0.927 0.969 0.993 0.911 0.959 0.997

1500 WSNS  0.901 0.948 0.986 0.885 0.946 0.993 0.885 0.933 0.985
PR10 0.947 0.976 0.996 0.935 0.973 0.994 0.903 0.963 0.995

S15 0.942 0.976 0.994 0.933 0.974 0.996 0.925 0.964 0.996

0.8 500 WSNS  0.887 0.943 0.982 0.884 0.929 0.985 0.869 0.925 0.971
PR10 0.980 0.996 1.000 0.972 0.989 0.997 0.974 0.989 0.998

S15 0.970 0.992 1.000 0.958 0.982 0.999 0.972 0.991 0.999

1000 WSNS  0.892 0.947 0.988 0.880 0.944 0.984 0.876 0.932 0.977
PR10 0.994 0.998 1.000 0.979 0.997 1.000 0.974 0.996 1.000

S15 0.977 0.996 1.000 0.960 0.986 0.999 0.976 0.990 0.998

1500 WSNS  0.885 0.942 0.989 0.892 0.950 0.986 0.872 0.933 0.978
PR10 0.988 0.998 1.000 0.980 0.993 1.000 0.978 0.993 1.000

S15 0.983 0.993 0.999 0.963 0.986 0.999 0.979 0.993 1.000




Table 3.62: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with ¢5 innovation,

p = 0.6 and By = 125.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.892 0.935 0.965 0.882 0.930 0.974 0.902 0.936 0.975
PR10 0.859 0.903 0.955 0.868 0.924 0.966 0.845 0.926 0.975

S15 0.881 0.936 0.986 0.903 0.948 0.990 0.904 0.947 0.984

1000 WSNS  0.902 0.952 0.981 0.903 0.953 0.990 0.904 0.939 0.989
PR10 0.872 0.929 0.983 0.873 0.931 0.982 0.848 0.922 0.980

S15 0.907 0.949 0.988 0.903 0.951 0.990 0.900 0.949 0.989

1500 WSNS  0.920 0.969 0.996 0.899 0.958 0.999 0.900 0.946 0.986
PR10 0.897 0.947 0.986 0.873 0.941 0.987 0.856 0.928 0.991

S15 0.909 0.954 0.991 0.895 0.954 0.986 0.900 0.961 0.994

0.4 500 WSNS 0.895 0.943 0.972 0.892 0.944 0.984 0.871 0.928 0.973
PR10 0.915 0.948 0.984 0.913 0.956 0.993 0.875 0.943 0.977

S15 0.917 0.968 0.995 0.933 0.967 0.995 0.910 0.958 0.992

1000 WSNS  0.909 0.956 0.990 0.900 0.944 0.984 0.889 0.939 0.987
PR10 0.939 0.977 0.994 0.938 0.975 0.993 0.867 0.949 0.989

S15 0.938 0.971 1.000 0.939 0.973 0.994 0.920 0.957 0.991

1500 WSNS  0.925 0.956 0.994 0.892 0.954 0.994 0.902 0.941 0.992
PR10 0.945 0.977 0.995 0.941 0.972 0.998 0.879 0.952 0.996

S15 0.945 0.973 0.998 0.925 0.971 0.996 0.914 0.957 0.996

0.8 500 WSNS  0.925 0.967 0.993 0.887 0.938 0.982 0.896 0.945 0.977
PR10 0.977 0.991 1.000 0.971 0.988 0.998 0.969 0.989 0.998

S15 0.965 0.994 1.000 0.959 0.986 1.000 0.966 0.987 0.999

1000 WSNS  0.928 0.972 0.997 0.903 0.955 0.993 0.892 0.939 0.985
PR10 0.992 0.998 1.000 0.983 0.996 1.000 0.964 0.995 0.999

S15 0.982 0.996 1.000 0.981 0.991 0.998 0.972 0.986 0.999

1500 WSNS  0.909 0.970 0.993 0.888 0.953 0.992 0.920 0.953 0.988
PR10 0.989 0.997 1.000 0.981 0.996 1.000 0.974 0.994 1.000

S15 0.984 0.994 0.999 0.971 0.987 0.998 0.976 0.992 0.999




Table 3.63: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with ¢5 innovation,

p = 0.3 and By = 150.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.858 0.904 0.959 0.866 0.914 0.956 0.862 0.914 0.965
PR10 0.859 0.905 0.956 0.870 0.922 0.967 0.855 0.927 0.970

S15 0.886 0.942 0.982 0.915 0.963 0.993 0.907 0.949 0.987

1000 WSNS  0.882 0.929 0.970 0.880 0.927 0.983 0.870 0.924 0.977
PR10 0.875 0.930 0.982 0.867 0.925 0.982 0.850 0.932 0.981

S15 0.914 0.955 0.986 0.898 0.952 0.995 0.906 0.951 0.993

1500 WSNS  0.897 0.953 0.991 0.894 0.949 0.987 0.885 0.935 0.983
PR10 0.902 0.943 0.983 0.884 0.937 0.982 0.871 0.944 0.990

S15 0.911 0.955 0.990 0.906 0.951 0.992 0.909 0.964 0.991

0.4 500 WSNS 0.882 0.919 0.964 0.854 0.903 0.961 0.859 0.918 0.971
PR10 0.914 0.950 0.982 0.931 0.971 0.996 0.889 0.946 0.980

S15 0.926 0.969 0.994 0.932 0.971 0.998 0.915 0.955 0.994

1000 WSNS  0.870 0.929 0.980 0.859 0.924 0.987 0.863 0.917 0.977
PR10 0.938 0.974 0.996 0.925 0.965 0.994 0.885 0.952 0.989

S15 0.940 0.975 0.996 0.927 0.969 0.993 0.911 0.959 0.997

1500 WSNS  0.898 0.942 0.985 0.885 0.941 0.991 0.878 0.937 0.987
PR10 0.946 0.973 0.996 0.933 0.972 0.993 0.903 0.962 0.995

S15 0.942 0.976 0.994 0.933 0.974 0.996 0.925 0.964 0.996

0.8 500 WSNS  0.884 0.941 0.986 0.863 0.925 0.975 0.872 0.924 0.974
PR10 0.975 0.993 1.000 0.971 0.990 0.998 0.970 0.990 0.998

S15 0.970 0.992 1.000 0.958 0.982 0.999 0.972 0.991 0.999

1000 WSNS  0.885 0.945 0.989 0.883 0.937 0.980 0.876 0.929 0.976
PR10 0.994 0.997 1.000 0.973 0.997 1.000 0.975 0.995 1.000

S15 0.977 0.996 1.000 0.960 0.986 0.999 0.976 0.990 0.998

1500 WSNS  0.875 0.942 0.989 0.895 0.945 0.986 0.873 0.936 0.975
PR10 0.988 0.998 1.000 0.978 0.993 1.000 0.979 0.992 1.000

S15 0.983 0.993 0.999 0.963 0.986 0.999 0.979 0.993 1.000




Table 3.64: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with ¢5 innovation,

p = 0.6 and By = 150.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.878 0.922 0.964 0.871 0.918 0.968 0.888 0.929 0.971
PR10 0.854 0.900 0.952 0.864 0.918 0.960 0.852 0.919 0.969

S15 0.881 0.936 0.986 0.903 0.948 0.990 0.904 0.947 0.984

1000 WSNS  0.899 0.948 0.981 0.892 0.946 0.987 0.892 0.933 0.987
PR10 0.867 0.925 0.980 0.872 0.932 0.979 0.854 0.926 0.977

S15 0.907 0.949 0.988 0.903 0.951 0.990 0.900 0.949 0.989

1500 WSNS  0.918 0.970 0.991 0.903 0.950 0.992 0.898 0.943 0.982
PR10 0.898 0.945 0.982 0.871 0.931 0.986 0.859 0.936 0.989

S15 0.909 0.954 0.991 0.895 0.954 0.986 0.900 0.961 0.994

0.4 500 WSNS 0.888 0.936 0.970 0.894 0.928 0.973 0.859 0.920 0.961
PR10 0.904 0.947 0.982 0.914 0.950 0.984 0.870 0.928 0.975

S15 0.917 0.968 0.995 0.933 0.967 0.995 0.910 0.958 0.992

1000 WSNS  0.898 0.950 0.987 0.891 0.939 0.983 0.885 0.937 0.980
PR10 0.936 0.974 0.994 0.935 0.972 0.993 0.879 0.947 0.987

S15 0.938 0.971 1.000 0.939 0.973 0.994 0.920 0.957 0.991

1500 WSNS  0.919 0.952 0.993 0.891 0.952 0.990 0.894 0.941 0.986
PR10 0.945 0.974 0.995 0.942 0.970 0.998 0.883 0.952 0.996

S15 0.945 0.973 0.998 0.925 0.971 0.996 0.914 0.957 0.996

0.8 500 WSNS  0.911 0.958 0.990 0.876 0.932 0.977 0.906 0.942 0.979
PR10 0.975 0.991 1.000 0.966 0.987 0.998 0.966 0.986 0.998

S15 0.965 0.994 1.000 0.959 0.986 1.000 0.966 0.987 0.999

1000 WSNS  0.919 0.973 0.994 0.903 0.954 0.993 0.893 0.940 0.978
PR10 0.991 0.998 1.000 0.983 0.998 1.000 0.966 0.992 0.999

S15 0.982 0.996 1.000 0.981 0.991 0.998 0.972 0.986 0.999

1500 WSNS  0.906 0.963 0.990 0.892 0.956 0.991 0.921 0.951 0.988
PR10 0.988 0.997 1.000 0.982 0.993 0.999 0.974 0.994 1.000

S15 0.984 0.994 0.999 0.971 0.987 0.998 0.976 0.992 0.999




Table 3.65: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with Uniform(—2,2)

innovation, p = 0.3 and By = 50.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.877 0.938 0.983 0.888 0.938 0.985 0.864 0.921 0.968
PR10 0.879 0.940 0.978 0.867 0.929 0.979 0.896 0.937 0.983

S15 0.898 0.947 0.994 0.895 0.935 0.988 0.919 0.956 0.993

1000 WSNS  0.898 0.954 0.990 0.910 0.957 0.996 0.836 0.890 0.963
PR10 0.891 0.936 0.987 0.888 0.944 0.986 0.890 0.934 0.986

S15 0.897 0.947 0.993 0.903 0.948 0.990 0.884 0.936 0.988

1500 WSNS  0.911 0.960 0.993 0.928 0.967 0.999 0.856 0.912 0.972
PR10 0.910 0.948 0.993 0.891 0.948 0.987 0.900 0.947 0.983

S15 0.906 0.955 0.989 0.911 0.956 0.997 0.902 0.946 0.981

0.4 500 WSNS 0.892 0.942 0.985 0.884 0.942 0.989 0.873 0.922 0.967
PR10 0.955 0.977 0.999 0.916 0.969 0.991 0.913 0.948 0.988

S15 0.904 0.945 0.990 0.899 0.942 0.994 0.911 0.953 0.986

1000 WSNS  0.908 0.954 0.992 0.911 0.960 0.996 0.851 0.905 0.969
PR10 0.958 0.985 0.999 0.938 0.977 0.995 0.921 0.957 0.991

S15 0.895 0.955 0.990 0.914 0.956 0.995 0.894 0.940 0.987

1500 WSNS  0.909 0.957 0.994 0.916 0.961 0.991 0.873 0.927 0.974
PR10 0.972 0.997 1.000 0.943 0.976 0.997 0.922 0.959 0.990

S15 0.902 0.947 0.990 0.912 0.953 0.988 0.908 0.949 0.986

0.8 500 WSNS  0.891 0.945 0.987 0.883 0.937 0.987 0.861 0.912 0.962
PR10 1.000 1.000 1.000 0.995 0.998 1.000 0.966 0.991 1.000

S15 0.905 0.949 0.997 0.913 0.962 0.991 0.906 0.947 0.989

1000 WSNS  0.906 0.958 0.995 0.909 0.954 0.986 0.865 0.923 0.974
PR10 1.000 1.000 1.000 0.995 0.999 1.000 0.979 0.991 1.000

S15 0.896 0.953 0.995 0.933 0.963 0.993 0.904 0.953 0.990

1500 WSNS  0.907 0.953 0.990 0.885 0.937 0.984 0.873 0.921 0.978
PR10 1.000 1.000 1.000 0.996 0.999 1.000 0.982 0.992 0.999

S15 0.903 0.943 0.994 0.908 0.948 0.988 0.903 0.947 0.992




Table 3.66: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with Uniform(—2,2)

innovation, p = 0.6 and By = 50.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.924 0.955 0.992 0.915 0.952 0.994 0.881 0.932 0.980
PR10 0.865 0.921 0.977 0.871 0.926 0.976 0.839 0.902 0.976

S15 0.892 0.942 0.991 0.892 0.943 0.987 0.904 0.948 0.993

1000 WSNS  0.939 0.973 0.996 0.943 0.974 0.994 0.876 0.928 0.981
PR10 0.877 0.931 0.985 0.882 0.940 0.986 0.846 0.927 0.980

S15 0.893 0.946 0.993 0.897 0.955 0.984 0.892 0.948 0.988

1500 WSNS  0.947 0.980 0.998 0.938 0.983 0.997 0.880 0.934 0.980
PR10 0.887 0.941 0.992 0.885 0.944 0.989 0.849 0.927 0.975

S15 0.906 0.950 0.988 0.914 0.949 0.987 0.900 0.946 0.989

0.4 500 WSNS 0.919 0.960 0.991 0.908 0.954 0.989 0.873 0.926 0.983
PR10 0.943 0.978 0.997 0.931 0.973 0.996 0.856 0.915 0.985

S15 0.894 0.934 0.988 0.894 0.950 0.985 0.883 0.936 0.992

1000 WSNS  0.942 0.976 0.995 0.916 0.966 0.996 0.898 0.944 0.979
PR10 0.954 0.982 0.998 0.938 0.979 0.999 0.868 0.944 0.994

S15 0.898 0.947 0.991 0.893 0.947 0.988 0.911 0.958 0.991

1500 WSNS  0.945 0.985 0.999 0.944 0.974 0.996 0.885 0.938 0.988
PR10 0.960 0.992 1.000 0.952 0.982 0.999 0.883 0.939 0.989

S15 0.902 0.953 0.992 0.906 0.964 0.991 0.901 0.956 0.996

0.8 500 WSNS  0.917 0.965 0.991 0.894 0.944 0.985 0.886 0.932 0.975
PR10 1.000 1.000 1.000 0.994 1.000 1.000 0.962 0.986 0.997

S15 0.887 0.936 0.990 0.909 0.957 0.991 0.900 0.948 0.991

1000 WSNS  0.939 0.979 0.998 0.896 0.966 0.994 0.885 0.941 0.984
PR10 1.000 1.000 1.000 0.997 1.000 1.000 0.975 0.996 0.999

S15 0.903 0.949 0.990 0.908 0.963 0.994 0.896 0.950 0.990

1500 WSNS  0.943 0.976 0.998 0.904 0.957 0.993 0.882 0.935 0.985
PR10 1.000 1.000 1.000 0.998 1.000 1.000 0.977 0.996 1.000

S15 0.901 0.955 0.994 0.910 0.957 0.995 0.897 0.948 0.993




Table 3.67: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with Uniform(—2,2)

innovation, p = 0.3 and By = 75.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.871 0.924 0.973 0.876 0.927 0.977 0.870 0.918 0.966
PR10 0.869 0.931 0974 0.870 0.923 0.979 0.892 0.933 0.983

S15 0.898 0.947 0.994 0.895 0.935 0.988 0.919 0.956 0.993

1000 WSNS  0.892 0.951 0.987 0.906 0.954 0.993 0.844 0.898 0.970
PR10 0.890 0.933 0.983 0.888 0.942 0.988 0.888 0.931 0.981

S15 0.897 0.947 0.993 0.903 0.948 0.990 0.884 0.936 0.988

1500 WSNS  0.905 0.956 0.987 0.920 0.962 0.998 0.871 0.916 0.971
PR10 0.903 0.949 0.992 0.891 0.950 0.989 0.899 0.948 0.983

S15 0.906 0.955 0.989 0.911 0.956 0.997 0.902 0.946 0.981

0.4 500 WSNS  0.880 0.929 0.978 0.879 0.925 0.979 0.874 0.918 0.967
PR10 0.949 0.975 1.000 0.916 0.962 0.991 0.913 0.945 0.985

S15 0.904 0.945 0.990 0.899 0.942 0.994 0.911 0.953 0.986

1000 WSNS  0.900 0.951 0.985 0.906 0.959 0.992 0.863 0.916 0.964
PR10 0.959 0.984 0.996 0.940 0.973 0.995 0.918 0.956 0.987

S15 0.895 0.955 0.990 0.914 0.956 0.995 0.894 0.940 0.987

1500 WSNS  0.904 0.952 0.991 0.904 0.959 0.990 0.882 0.935 0.979
PR10 0.968 0.995 1.000 0.946 0.979 0.997 0.917 0.956 0.990

S15 0.902 0.947 0.990 0.912 0.953 0.988 0.908 0.949 0.986

0.8 500 WSNS  0.880 0.938 0.982 0.874 0.925 0.975 0.865 0.916 0.962
PR10 1.000 1.000 1.000 0.994 0.996 1.000 0.962 0.989 0.999

S15 0.905 0.949 0.997 0.913 0.962 0.991 0.906 0.947 0.989

1000 WSNS  0.903 0.951 0.992 0.900 0.948 0.984 0.877 0.938 0.979
PR10 1.000 1.000 1.000 0.995 0.999 1.000 0.978 0.989 0.999

S15 0.896 0.953 0.995 0.933 0.963 0.993 0.904 0.953 0.990

1500 WSNS  0.905 0.949 0.993 0.879 0.931 0.984 0.883 0.934 0.979
PR10 1.000 1.000 1.000 0.996 0.999 1.000 0.982 0.992 1.000

S15 0.903 0.943 0.994 0.908 0.948 0.988 0.903 0.947 0.992




Table 3.68: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with Uniform(—2,2)

innovation, p = 0.6 and By = 75.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.892 0.941 0.979 0.899 0.944 0.982 0.880 0.932 0.978
PR10 0.856 0.916 0.971 0.873 0.923 0.967 0.842 0.903 0.977

S15 0.892 0.942 0.991 0.892 0.943 0.987 0.904 0.948 0.993

1000 WSNS  0.923 0.966 0.994 0.925 0.969 0.992 0.885 0.931 0.983
PR10 0.882 0.935 0.984 0.880 0.945 0.987 0.860 0.930 0.977

S15 0.893 0.946 0.993 0.897 0.955 0.984 0.892 0.948 0.988

1500 WSNS  0.938 0.971 0.995 0.933 0.969 0.993 0.887 0.937 0.985
PR10 0.888 0.941 0.993 0.889 0.946 0.988 0.869 0.930 0.979

S15 0.906 0.950 0.988 0.914 0.949 0.987 0.900 0.946 0.989

0.4 500 WSNS 0.899 0.938 0.980 0.883 0.936 0.981 0.864 0.925 0.981
PR10 0.939 0.974 0.996 0.933 0.971 0.993 0.859 0.923 0.984

S15 0.894 0.934 0.988 0.894 0.950 0.985 0.883 0.936 0.992

1000 WSNS  0.928 0.971 0.994 0.903 0.953 0.993 0.899 0.952 0.977
PR10 0.955 0.984 0.998 0.940 0.980 0.999 0.886 0.948 0.993

S15 0.898 0.947 0.991 0.893 0.947 0.988 0.911 0.958 0.991

1500 WSNS  0.936 0.972 0.995 0.930 0.968 0.994 0.891 0.944 0.986
PR10 0.964 0.994 1.000 0.953 0.984 0.999 0.895 0.942 0.989

S15 0.902 0.953 0.992 0.906 0.964 0.991 0.901 0.956 0.996

0.8 500 WSNS  0.894 0.943 0.986 0.880 0.930 0.981 0.891 0.929 0.974
PR10 1.000 1.000 1.000 0.993 0.998 1.000 0.967 0.983 0.997

S15 0.887 0.936 0.990 0.909 0.957 0.991 0.900 0.948 0.991

1000 WSNS  0.924 0.975 0.991 0.882 0.950 0.990 0.890 0.945 0.983
PR10 1.000 1.000 1.000 0.998 1.000 1.000 0.979 0.996 0.999

S15 0.903 0.949 0.990 0.908 0.963 0.994 0.896 0.950 0.990

1500 WSNS  0.935 0.969 0.994 0.896 0.948 0.991 0.890 0.945 0.989
PR10 1.000 1.000 1.000 0.998 1.000 1.000 0.981 0.997 1.000

S15 0.901 0.955 0.994 0.910 0.957 0.995 0.897 0.948 0.993




Table 3.69: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with Uniform(—2,2)
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innovation, p = 0.3 and By = 100.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.853 0.900 0.957 0.859 0.907 0.954 0.869 0.907 0.960
PR10 0.858 0.919 0.970 0.861 0.913 0.970 0.888 0.931 0.978

S15 0.898 0.947 0.994 0.895 0.935 0.988 0.919 0.956 0.993

1000 WSNS  0.874 0.938 0.984 0.891 0.941 0.986 0.841 0.886 0.958
PR10 0.882 0.933 0.984 0.884 0.941 0.985 0.884 0.931 0.981

S15 0.897 0.947 0.993 0.903 0.948 0.990 0.884 0.936 0.988

1500 WSNS  0.891 0.949 0.985 0.905 0.951 0.996 0.869 0.916 0.968
PR10 0.897 0.944 0.992 0.895 0.951 0.988 0.899 0.940 0.984

S15 0.906 0.955 0.989 0.911 0.956 0.997 0.902 0.946 0.981

0.4 500 WSNS 0.863 0.908 0.966 0.860 0.911 0.961 0.867 0.914 0.956
PR10 0.941 0.972 0.998 0.905 0.949 0.985 0.914 0.945 0.977

S15 0.904 0.945 0.990 0.899 0.942 0.994 0.911 0.953 0.986

1000 WSNS  0.892 0.940 0.982 0.886 0.946 0.987 0.857 0.911 0.961
PR10 0.958 0.983 0.997 0.938 0.968 0.994 0.916 0.955 0.989

S15 0.895 0.955 0.990 0.914 0.956 0.995 0.894 0.940 0.987

1500 WSNS  0.895 0.940 0.992 0.893 0.947 0.984 0.877 0.925 0.967
PR10 0.965 0.992 1.000 0.944 0.977 0.997 0.915 0.955 0.991

S15 0.902 0.947 0.990 0.912 0.953 0.988 0.908 0.949 0.986

0.8 500 WSNS  0.865 0.915 0.963 0.852 0.913 0.966 0.857 0.910 0.957
PR10 1.000 1.000 1.000 0.988 0.998 1.000 0.962 0.980 0.997

S15 0.905 0.949 0.997 0.913 0.962 0.991 0.906 0.947 0.989

1000 WSNS  0.889 0.943 0.984 0.878 0.941 0.981 0.876 0.929 0.978
PR10 0.999 1.000 1.000 0.993 0.998 1.000 0.980 0.989 0.997

S15 0.896 0.953 0.995 0.933 0.963 0.993 0.904 0.953 0.990

1500 WSNS  0.894 0.943 0.988 0.871 0.917 0.982 0.876 0.934 0.979
PR10 1.000 1.000 1.000 0.995 0.999 1.000 0.984 0.991 0.999

S15 0.903 0.943 0.994 0.908 0.948 0.988 0.903 0.947 0.992




Table 3.70: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with Uniform(—2,2)
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innovation, p = 0.6 and By = 100.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.859 0.920 0.963 0.866 0.918 0.965 0.868 0.921 0.971
PR10 0.853 0.903 0.965 0.858 0.915 0.964 0.842 0.907 0.969

S15 0.892 0.942 0.991 0.892 0.943 0.987 0.904 0.948 0.993

1000 WSNS  0.896 0.950 0.987 0.903 0.953 0.982 0.877 0.920 0.979
PR10 0.876 0.932 0.981 0.878 0.941 0.983 0.865 0.933 0.981

S15 0.893 0.946 0.993 0.897 0.955 0.984 0.892 0.948 0.988

1500 WSNS  0.923 0.963 0.991 0.913 0.956 0.989 0.881 0.935 0.977
PR10 0.887 0.940 0.990 0.883 0.943 0.989 0.873 0.933 0.978

S15 0.906 0.950 0.988 0.914 0.949 0.987 0.900 0.946 0.989

0.4 500 WSNS  0.874 0.919 0.963 0.869 0.914 0.964 0.858 0.917 0.969
PR10 0.934 0.967 0.994 0.925 0.967 0.992 0.865 0.922 0.979

S15 0.894 0.934 0.988 0.894 0.950 0.985 0.883 0.936 0.992

1000 WSNS  0.906 0.952 0.990 0.891 0.944 0.984 0.892 0.941 0.979
PR10 0.950 0.982 0.998 0.946 0.976 0.997 0.899 0.960 0.993

S15 0.898 0.947 0.991 0.893 0.947 0.988 0.911 0.958 0.991

1500 WSNS  0.921 0.963 0.994 0.908 0.962 0.991 0.892 0.940 0.987
PR10 0.963 0.990 1.000 0.954 0.982 1.000 0.897 0.948 0.989

S15 0.902 0.953 0.992 0.906 0.964 0.991 0.901 0.956 0.996

0.8 500 WSNS  0.867 0.917 0.970 0.865 0.914 0.964 0.869 0.922 0.968
PR10 0.999 1.000 1.000 0.989 0.999 1.000 0.967 0.983 0.999

S15 0.887 0.936 0.990 0.909 0.957 0.991 0.900 0.948 0.991

1000 WSNS  0.912 0.960 0.990 0.860 0.935 0.984 0.888 0.935 0.982
PR10 0.999 1.000 1.000 0.997 1.000 1.000 0.983 0.996 0.999

S15 0.903 0.949 0.990 0.908 0.963 0.994 0.896 0.950 0.990

1500 WSNS  0.923 0.961 0.993 0.887 0.938 0.982 0.886 0.939 0.983
PR10 1.000 1.000 1.000 0.997 1.000 1.000 0.983 0.996 1.000

S15 0.901 0.955 0.994 0.910 0.957 0.995 0.897 0.948 0.993




Table 3.71: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with Uniform(—2,2)
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innovation, p = 0.3 and By = 125.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.843 0.897 0.945 0.846 0.896 0.955 0.858 0.907 0.953
PR10 0.843 0.914 0.968 0.850 0.909 0.963 0.885 0.924 0.969

S15 0.898 0.947 0.994 0.895 0.935 0.988 0.919 0.956 0.993

1000 WSNS  0.872 0.928 0.979 0.888 0.935 0.981 0.847 0.904 0.959
PR10 0.879 0.926 0.983 0.886 0.938 0.986 0.879 0.930 0.978

S15 0.897 0.947 0.993 0.903 0.948 0.990 0.884 0.936 0.988

1500 WSNS  0.891 0.947 0.985 0.900 0.947 0.996 0.876 0.917 0.966
PR10 0.892 0.944 0.992 0.892 0.948 0.987 0.895 0.938 0.982

S15 0.906 0.955 0.989 0.911 0.956 0.997 0.902 0.946 0.981

0.4 500 WSNS  0.850 0.904 0.949 0.842 0.897 0.949 0.860 0.920 0.949
PR10 0.938 0.966 0.995 0.897 0.944 0.985 0.906 0.941 0.974

S15 0.904 0.945 0.990 0.899 0.942 0.994 0.911 0.953 0.986

1000 WSNS  0.878 0.930 0.980 0.882 0.940 0.987 0.856 0.909 0.966
PR10 0.956 0.981 0.996 0.937 0.968 0.993 0.918 0.952 0.988

S15 0.895 0.955 0.990 0.914 0.956 0.995 0.894 0.940 0.987

1500 WSNS  0.895 0.935 0.986 0.891 0.949 0.986 0.882 0.924 0.974
PR10 0.965 0.993 1.000 0.941 0.976 0.997 0.915 0.956 0.988

S15 0.902 0.947 0.990 0.912 0.953 0.988 0.908 0.949 0.986

0.8 500 WSNS  0.852 0.905 0.952 0.843 0.906 0.963 0.859 0.900 0.958
PR10 0.996 1.000 1.000 0.985 0.995 1.000 0.959 0.980 0.995

S15 0.905 0.949 0.997 0.913 0.962 0.991 0.906 0.947 0.989

1000 WSNS  0.884 0.941 0.978 0.879 0.930 0.976 0.882 0.923 0.978
PR10 0.998 1.000 1.000 0.991 0.998 1.000 0.979 0.987 0.996

S15 0.896 0.953 0.995 0.933 0.963 0.993 0.904 0.953 0.990

1500 WSNS  0.894 0.939 0.983 0.866 0.915 0.979 0.875 0.931 0.979
PR10 1.000 1.000 1.000 0.994 0.998 1.000 0.978 0.992 0.999

S15 0.903 0.943 0.994 0.908 0.948 0.988 0.903 0.947 0.992




Table 3.72: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with Uniform(—2,2)
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innovation, p = 0.6 and By = 125.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.850 0.904 0.948 0.854 0.903 0.958 0.862 0.912 0.971
PR10 0.844 0.903 0.959 0.850 0.914 0.959 0.843 0.894 0.959

S15 0.892 0.942 0.991 0.892 0.943 0.987 0.904 0.948 0.993

1000 WSNS  0.890 0.944 0.982 0.886 0.947 0.983 0.880 0.918 0.973
PR10 0.873 0.926 0.981 0.877 0.941 0.981 0.870 0.932 0.974

S15 0.893 0.946 0.993 0.897 0.955 0.984 0.892 0.948 0.988

1500 WSNS  0.916 0.956 0.988 0.910 0.950 0.988 0.881 0.932 0.976
PR10 0.886 0.940 0.991 0.887 0.944 0.989 0.877 0.932 0.973

S15 0.906 0.950 0.988 0.914 0.949 0.987 0.900 0.946 0.989

0.4 500 WSNS 0.863 0.909 0.949 0.856 0.907 0.950 0.854 0.912 0.964
PR10 0.927 0.965 0.991 0.925 0.960 0.990 0.865 0.915 0.975

S15 0.894 0.934 0.988 0.894 0.950 0.985 0.883 0.936 0.992

1000 WSNS  0.897 0.947 0.984 0.881 0.936 0.979 0.893 0.943 0.984
PR10 0.954 0.982 0.998 0.941 0.977 0.996 0.900 0.958 0.992

S15 0.898 0.947 0.991 0.893 0.947 0.988 0.911 0.958 0.991

1500 WSNS  0.917 0.954 0.991 0.900 0.960 0.989 0.898 0.939 0.982
PR10 0.965 0.988 1.000 0.952 0.981 1.000 0.898 0.951 0.988

S15 0.902 0.953 0.992 0.906 0.964 0.991 0.901 0.956 0.996

0.8 500 WSNS  0.856 0.907 0.959 0.863 0.911 0.956 0.869 0.917 0.960
PR10 0.997 1.000 1.000 0.988 0.998 1.000 0.959 0.976 0.994

S15 0.887 0.936 0.990 0.909 0.957 0.991 0.900 0.948 0.991

1000 WSNS  0.909 0.947 0.988 0.855 0.932 0.982 0.891 0.936 0.978
PR10 0.998 1.000 1.000 0.997 1.000 1.000 0.983 0.995 0.999

S15 0.903 0.949 0.990 0.908 0.963 0.994 0.896 0.950 0.990

1500 WSNS  0.920 0.953 0.992 0.881 0.932 0.982 0.888 0.938 0.984
PR10 1.000 1.000 1.000 0.998 1.000 1.000 0.983 0.996 1.000

S15 0.901 0.955 0.994 0.910 0.957 0.995 0.897 0.948 0.993




Table 3.73: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with Uniform(—2,2)
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innovation, p = 0.3 and By = 150.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.824 0.876 0.942 0.829 0.882 0.941 0.847 0.898 0.944
PR10 0.830 0.900 0.958 0.847 0.906 0.956 0.867 0.924 0.966

S15 0.898 0.947 0.994 0.895 0.935 0.988 0.919 0.956 0.993

1000 WSNS  0.865 0.913 0.972 0.874 0.935 0.970 0.840 0.901 0.956
PR10 0.875 0.925 0.980 0.883 0.937 0.982 0.874 0.925 0.978

S15 0.897 0.947 0.993 0.903 0.948 0.990 0.884 0.936 0.988

1500 WSNS  0.885 0.936 0.981 0.894 0.944 0.991 0.872 0.911 0.963
PR10 0.890 0.942 0.992 0.897 0.951 0.985 0.892 0.936 0.981

S15 0.906 0.955 0.989 0.911 0.956 0.997 0.902 0.946 0.981

0.4 500 WSNS  0.830 0.883 0.939 0.828 0.891 0.939 0.847 0.909 0.952
PR10 0.926 0.960 0.987 0.891 0.943 0.980 0.897 0.932 0.968

S15 0.904 0.945 0.990 0.899 0.942 0.994 0.911 0.953 0.986

1000 WSNS  0.875 0.922 0.971 0.868 0.932 0.982 0.847 0.902 0.961
PR10 0.954 0.978 0.996 0.936 0.971 0.993 0.912 0.952 0.983

S15 0.895 0.955 0.990 0.914 0.956 0.995 0.894 0.940 0.987

1500 WSNS  0.883 0.930 0.984 0.886 0.937 0.984 0.878 0.922 0.969
PR10 0.965 0.990 0.999 0.942 0.977 0.996 0.911 0.955 0.987

S15 0.902 0.947 0.990 0.912 0.953 0.988 0.908 0.949 0.986

0.8 500 WSNS  0.843 0.893 0.940 0.830 0.887 0.952 0.850 0.893 0.946
PR10 0.993 0.998 1.000 0.981 0.995 1.000 0.956 0.974 0.991

S15 0.905 0.949 0.997 0.913 0.962 0.991 0.906 0.947 0.989

1000 WSNS  0.873 0.928 0.976 0.875 0.928 0.972 0.879 0.917 0.973
PR10 0.998 0.999 1.000 0.990 0.999 1.000 0.976 0.985 0.994

S15 0.896 0.953 0.995 0.933 0.963 0.993 0.904 0.953 0.990

1500 WSNS  0.883 0.934 0.978 0.861 0.909 0.975 0.872 0.923 0.977
PR10 1.000 1.000 1.000 0.993 0.999 1.000 0.976 0.991 0.999

S15 0.903 0.943 0.994 0.908 0.948 0.988 0.903 0.947 0.992
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Table 3.74: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 1 with Uniform(—2,2)
innovation, p = 0.6 and By = 150.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.830 0.888 0.940 0.835 0.886 0.945 0.844 0.896 0.953
PR10 0.831 0.892 0.953 0.840 0.909 0.952 0.836 0.894 0.952

S15 0.892 0.942 0.991 0.892 0.943 0.987 0.904 0.948 0.993

1000 WSNS  0.873 0.929 0.978 0.875 0.935 0.981 0.868 0.917 0.966
PR10 0.866 0.925 0.978 0.877 0.935 0.982 0.871 0.933 0.971

S15 0.893 0.946 0.993 0.897 0.955 0.984 0.892 0.948 0.988

1500 WSNS  0.899 0.953 0.986 0.904 0.940 0.986 0.877 0.929 0.978
PR10 0.885 0.939 0.991 0.890 0.946 0.986 0.880 0.932 0.974

S15 0.906 0.950 0.988 0.914 0.949 0.987 0.900 0.946 0.989

0.4 500 WSNS 0.842 0.892 0.940 0.842 0.891 0.949 0.839 0.891 0.951
PR10 0.923 0.954 0.988 0.913 0.959 0.987 0.855 0.909 0.962

S15 0.894 0.934 0.988 0.894 0.950 0.985 0.883 0.936 0.992

1000 WSNS  0.887 0.936 0.978 0.880 0.924 0.970 0.881 0.931 0.977
PR10 0.951 0.978 0.998 0.941 0.973 0.995 0.902 0.952 0.991

S15 0.898 0.947 0.991 0.893 0.947 0.988 0.911 0.958 0.991

1500 WSNS  0.911 0.950 0.987 0.891 0.955 0.985 0.885 0.932 0.981
PR10 0.963 0.988 1.000 0.954 0.980 0.998 0.901 0.952 0.990

S15 0.902 0.953 0.992 0.906 0.964 0.991 0.901 0.956 0.996

0.8 500 WSNS  0.844 0.891 0.944 0.847 0.890 0.945 0.850 0.904 0.947
PR10 0.993 0.997 1.000 0.988 0.997 1.000 0.954 0.974 0.993

S15 0.887 0.936 0.990 0.909 0.957 0.991 0.900 0.948 0.991

1000 WSNS  0.897 0.939 0.982 0.849 0.921 0.980 0.878 0.930 0.976
PR10 0.997 1.000 1.000 0.997 0.999 1.000 0.984 0.994 0.999

S15 0.903 0.949 0.990 0.908 0.963 0.994 0.896 0.950 0.990

1500 WSNS  0.906 0.954 0.986 0.872 0.919 0.975 0.883 0.932 0.984
PR10 1.000 1.000 1.000 0.999 1.000 1.000 0.984 0.997 1.000

S15 0.901 0.955 0.994 0.910 0.957 0.995 0.897 0.948 0.993




Table 3.75: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with Uniform(—2,2)

innovation, p = 0.3 and By = 50.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.898 0.950 0.987 0.915 0.952 0.990 0.856 0.918 0.969
PR10 0.872 0.924 0.984 0.883 0.927 0.976 0.890 0.945 0.987

S15 0.887 0.941 0.988 0.894 0.949 0.985 0.910 0.957 0.989

1000 WSNS  0.915 0.953 0.993 0.930 0.971 0.996 0.845 0.906 0.964
PR10 0.891 0.945 0.992 0.898 0.945 0.990 0.887 0.932 0.982

S15 0.906 0.945 0.991 0.912 0.956 0.989 0.886 0.928 0.986

1500 WSNS  0.907 0.961 0.992 0.924 0.969 0.992 0.852 0.906 0.976
PR10 0.880 0.938 0.990 0.885 0.932 0.979 0.896 0.940 0.987

S15 0.886 0.954 0.987 0.903 0.958 0.992 0.892 0.941 0.987

0.4 500 WSNS  0.909 0.962 0.988 0.906 0.957 0.988 0.861 0.912 0.964
PR10 0.936 0.974 0.994 0.915 0.951 0.988 0.900 0.951 0.987

S15 0.931 0.968 0.994 0.926 0.962 0.989 0.909 0.958 0.993

1000 WSNS  0.920 0.964 0.998 0.931 0.972 0.996 0.864 0.918 0.974
PR10 0.952 0.986 1.000 0.940 0.976 0.993 0.909 0.961 0.992

S15 0.939 0.973 0.999 0.938 0.969 0.995 0.916 0.960 0.992

1500 WSNS  0.915 0.963 0.992 0.922 0.959 0.995 0.870 0.924 0.974
PR10 0.945 0.981 0.996 0.916 0.961 0.992 0.915 0.958 0.993

S15 0.933 0.973 0.993 0.922 0.963 0.996 0.923 0.958 0.993

0.8 500 WSNS  0.934 0.968 0.992 0.907 0.953 0.990 0.874 0.923 0.982
PR10 0.987 0.995 0.999 0.973 0.991 0.999 0.954 0.982 0.999

S15 0.981 0.994 0.999 0.958 0.977 0.997 0.961 0.982 1.000

1000 WSNS  0.936 0.979 0.999 0.917 0.964 0.994 0.878 0.929 0.976
PR10 0.997 1.000 1.000 0.982 0.996 1.000 0.968 0.989 1.000

S15 0.987 0.999 1.000 0.979 0.991 0.998 0.948 0.986 1.000

1500 WSNS  0.928 0.969 0.994 0.905 0.967 0.994 0.879 0.938 0.981
PR10 0.995 0.999 1.000 0.983 0.993 0.999 0.957 0.986 0.999

S15 0.980 0.989 1.000 0.969 0.990 1.000 0.946 0.977 0.997




Table 3.76: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with Uniform(—2,2)

innovation, p = 0.6 and By = 50.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.940 0.973 0.994 0.927 0.969 0.995 0.901 0.939 0.976
PR10 0.869 0.925 0.980 0.871 0.930 0.979 0.857 0.918 0.977

S15 0.889 0.947 0.992 0.890 0.950 0.986 0.906 0.953 0.986

1000 WSNS  0.954 0.980 0.998 0.946 0.979 0.997 0.888 0.933 0.985
PR10 0.876 0.939 0.987 0.875 0.948 0.985 0.838 0.915 0.985

S15 0.909 0.945 0.987 0.894 0.947 0.994 0.887 0.943 0.993

1500 WSNS  0.941 0.981 0.996 0.942 0.975 0.998 0.867 0.931 0.988
PR10 0.874 0.929 0.983 0.859 0.929 0.977 0.850 0.918 0.983

S15 0.892 0.949 0.987 0.893 0.950 0.986 0.896 0.956 0.994

0.4 500 WSNS 0.949 0.981 0.994 0.941 0.977 0.995 0.901 0.946 0.985
PR10 0.937 0.970 0.994 0.925 0.966 0.991 0.875 0.932 0.986

S15 0.934 0.976 0.996 0.928 0.968 0.991 0.918 0.966 0.996

1000 WSNS  0.966 0.987 0.999 0.950 0.983 1.000 0.886 0.936 0.986
PR10 0.944 0.986 0.999 0.928 0.972 0.998 0.870 0.937 0.990

S15 0.946 0.972 1.000 0.935 0.974 0.997 0.913 0.959 0.994

1500 WSNS  0.956 0.976 0.999 0.949 0.976 0.996 0.898 0.944 0.986
PR10 0.938 0.976 0.996 0.916 0.958 0.994 0.880 0.941 0.989

S15 0.933 0.969 0.993 0.933 0.967 0.994 0.928 0.960 0.994

0.8 500 WSNS  0.966 0.984 0.998 0.943 0.974 0.996 0.903 0.948 0.989
PR10 0.987 0.993 1.000 0.980 0.992 0.999 0.957 0.981 0.998

S15 0.984 0.994 0.998 0.985 0.994 0.999 0.959 0.987 0.999

1000 WSNS  0.973 0.993 1.000 0.946 0.980 1.000 0.913 0.954 0.990
PR10 0.996 1.000 1.000 0.984 0.997 1.000 0.949 0.978 0.996

S15 0.989 0.998 1.000 0.971 0.993 1.000 0.967 0.986 0.998

1500 WSNS  0.966 0.982 1.000 0.941 0.979 0.999 0.908 0.945 0.988
PR10 0.990 1.000 1.000 0.981 0.993 1.000 0.960 0.984 0.998

S15 0.975 0.989 1.000 0.973 0.988 0.998 0.961 0.991 0.999




Table 3.77: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with Uniform(—2,2)

innovation, p = 0.3 and By = 75.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS  0.887 0.933 0.977 0.893 0.947 0.978 0.867 0.921 0.967
PR10 0.871 0.923 0.981 0.877 0.927 0.973 0.883 0.936 0.983

S15 0.887 0.941 0.988 0.894 0.949 0.985 0.910 0.957 0.989

1000 WSNS  0.911 0.955 0.991 0.921 0.966 0.993 0.858 0.914 0.967
PR10 0.892 0.940 0.995 0.899 0.944 0.992 0.891 0.931 0.983

S15 0.906 0.945 0.991 0.912 0.956 0.989 0.886 0.928 0.986

1500 WSNS  0.909 0.949 0.990 0.913 0.962 0.991 0.863 0.920 0.979
PR10 0.879 0.935 0.991 0.887 0.937 0.981 0.893 0.939 0.989

S15 0.886 0.954 0.987 0.903 0.958 0.992 0.892 0.941 0.987

0.4 500 WSNS 0.898 0.948 0.985 0.895 0.948 0.982 0.867 0.919 0.966
PR10 0.933 0.970 0.991 0.910 0.953 0.982 0.899 0.946 0.984

S15 0.931 0.968 0.994 0.926 0.962 0.989 0.909 0.958 0.993

1000 WSNS  0.917 0.959 0.997 0.923 0.965 0.990 0.872 0.927 0.978
PR10 0.947 0.987 1.000 0.939 0.979 0.994 0.911 0.960 0.991

S15 0.939 0.973 0.999 0.938 0.969 0.995 0.916 0.960 0.992

1500 WSNS  0.910 0.957 0.990 0.909 0.952 0.993 0.879 0.935 0.980
PR10 0.945 0.980 0.996 0.919 0.961 0.994 0.913 0.957 0.993

S15 0.933 0.973 0.993 0.922 0.963 0.996 0.923 0.958 0.993

0.8 500 WSNS  0.917 0.964 0.991 0.906 0.942 0.981 0.877 0.923 0.973
PR10 0.986 0.996 0.999 0.973 0.988 0.999 0.952 0.981 0.999

S15 0.981 0.994 0.999 0.958 0.977 0.997 0.961 0.982 1.000

1000 WSNS  0.935 0.978 0.997 0.908 0.958 0.993 0.881 0.935 0.984
PR10 0.996 1.000 1.000 0.984 0.993 1.000 0.965 0.987 1.000

S15 0.987 0.999 1.000 0.979 0.991 0.998 0.948 0.986 1.000

1500 WSNS  0.923 0.965 0.987 0.897 0.964 0.992 0.890 0.941 0.983
PR10 0.995 0.999 1.000 0.983 0.994 0.999 0.959 0.986 0.999

S15 0.980 0.989 1.000 0.969 0.990 1.000 0.946 0.977 0.997




Table 3.78: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with Uniform(—2,2)

innovation, p = 0.6 and By = 75.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.917 0.958 0.988 0.912 0.946 0.985 0.895 0.934 0.978
PR10 0.867 0.923 0.975 0.862 0.923 0.977 0.869 0.918 0.971

S15 0.889 0.947 0.992 0.890 0.950 0.986 0.906 0.953 0.986

1000 WSNS  0.942 0.975 0.995 0.929 0.972 0.997 0.892 0.942 0.986
PR10 0.881 0.938 0.990 0.878 0.951 0.986 0.858 0.921 0.985

S15 0.909 0.945 0.987 0.894 0.947 0.994 0.887 0.943 0.993

1500 WSNS  0.928 0.971 0.996 0.923 0.960 0.994 0.875 0.946 0.986
PR10 0.879 0.930 0.985 0.866 0.933 0.983 0.867 0.927 0.986

S15 0.892 0.949 0.987 0.893 0.950 0.986 0.896 0.956 0.994

0.4 500 WSNS 0.929 0.964 0.989 0.926 0.961 0.990 0.906 0.946 0.980
PR10 0.936 0.966 0.989 0.923 0.962 0.989 0.880 0.938 0.985

S15 0.934 0.976 0.996 0.928 0.968 0.991 0.918 0.966 0.996

1000 WSNS  0.952 0.979 0.999 0.933 0.975 0.998 0.893 0.950 0.987
PR10 0.943 0.986 0.999 0.932 0.975 0.997 0.877 0.948 0.989

S15 0.946 0.972 1.000 0.935 0.974 0.997 0.913 0.959 0.994

1500 WSNS  0.945 0.966 0.998 0.936 0.968 0.996 0.901 0.945 0.986
PR10 0.940 0.976 0.996 0.922 0.960 0.994 0.897 0.949 0.992

S15 0.933 0.969 0.993 0.933 0.967 0.994 0.928 0.960 0.994

0.8 500 WSNS  0.955 0.982 0.994 0.930 0.967 0.990 0.901 0.944 0.982
PR10 0.985 0.993 1.000 0.976 0.991 0.999 0.959 0.983 0.998

S15 0.984 0.994 0.998 0.985 0.994 0.999 0.959 0.987 0.999

1000 WSNS  0.965 0.989 0.999 0.933 0.977 0.999 0.914 0.954 0.990
PR10 0.995 1.000 1.000 0.986 0.998 1.000 0.957 0.983 0.996

S15 0.989 0.998 1.000 0.971 0.993 1.000 0.967 0.986 0.998

1500 WSNS  0.957 0.980 0.998 0.933 0.970 0.997 0.913 0.951 0.990
PR10 0.990 1.000 1.000 0.982 0.994 1.000 0.966 0.986 0.999

S15 0.975 0.989 1.000 0.973 0.988 0.998 0.961 0.991 0.999




Table 3.79: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with Uniform(—2,2)
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innovation, p = 0.3 and By = 100.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.868 0.924 0.969 0.874 0.923 0.971 0.851 0.905 0.961
PR10 0.863 0.917 0.974 0.875 0.926 0.969 0.883 0.933 0.975

S15 0.887 0.941 0.988 0.894 0.949 0.985 0.910 0.957 0.989

1000 WSNS  0.884 0.945 0.983 0.901 0.952 0.990 0.849 0.912 0.966
PR10 0.891 0.938 0.991 0.900 0.946 0.990 0.893 0.926 0.981

S15 0.906 0.945 0.991 0.912 0.956 0.989 0.886 0.928 0.986

1500 WSNS  0.893 0.943 0.986 0.896 0.953 0.988 0.863 0.920 0.977
PR10 0.878 0.937 0.991 0.885 0.935 0.980 0.888 0.934 0.987

S15 0.886 0.954 0.987 0.903 0.958 0.992 0.892 0.941 0.987

0.4 500 WSNS 0.877 0.931 0.972 0.874 0.929 0.974 0.853 0.908 0.960
PR10 0.932 0.960 0.987 0.904 0.950 0.981 0.890 0.940 0.984

S15 0.931 0.968 0.994 0.926 0.962 0.989 0.909 0.958 0.993

1000 WSNS  0.898 0.948 0.990 0.911 0.952 0.986 0.870 0.920 0.978
PR10 0.945 0.984 1.000 0.935 0.979 0.994 0.908 0.956 0.987

S15 0.939 0.973 0.999 0.938 0.969 0.995 0.916 0.960 0.992

1500 WSNS  0.899 0.950 0.984 0.890 0.945 0.990 0.874 0.933 0.977
PR10 0.945 0.979 0.995 0.916 0.960 0.994 0.912 0.954 0.989

S15 0.933 0.973 0.993 0.922 0.963 0.996 0.923 0.958 0.993

0.8 500 WSNS  0.905 0.953 0.986 0.887 0.925 0.975 0.864 0.918 0.968
PR10 0.986 0.993 0.998 0.967 0.983 0.998 0.952 0.976 0.998

S15 0.981 0.994 0.999 0.958 0.977 0.997 0.961 0.982 1.000

1000 WSNS  0.916 0.967 0.995 0.892 0.945 0.989 0.877 0.929 0.980
PR10 0.997 1.000 1.000 0.982 0.995 1.000 0.963 0.989 1.000

S15 0.987 0.999 1.000 0.979 0.991 0.998 0.948 0.986 1.000

1500 WSNS  0.913 0.956 0.984 0.885 0.948 0.991 0.886 0.937 0.981
PR10 0.994 0.999 1.000 0.982 0.994 0.999 0.955 0.983 0.999

S15 0.980 0.989 1.000 0.969 0.990 1.000 0.946 0.977 0.997




Table 3.80: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with Uniform(—2,2)
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innovation, p = 0.6 and By = 100.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.896 0.941 0.978 0.889 0.934 0.975 0.880 0.930 0.968
PR10 0.862 0.919 0.973 0.860 0.919 0.971 0.865 0.923 0.971

S15 0.889 0.947 0.992 0.890 0.950 0.986 0.906 0.953 0.986

1000 WSNS  0.911 0.962 0.989 0.912 0.954 0.991 0.889 0.939 0.981
PR10 0.885 0.936 0.988 0.879 0.950 0.986 0.865 0.923 0.983

S15 0.909 0.945 0.987 0.894 0.947 0.994 0.887 0.943 0.993

1500 WSNS  0.918 0.955 0.991 0.903 0.952 0.991 0.871 0.937 0.981
PR10 0.880 0.932 0.983 0.862 0.933 0.977 0.875 0.933 0.983

S15 0.892 0.949 0.987 0.893 0.950 0.986 0.896 0.956 0.994

0.4 500 WSNS 0.904 0.949 0.983 0.904 0.946 0.982 0.895 0.930 0.972
PR10 0.932 0.962 0.987 0.921 0.955 0.988 0.878 0.934 0.986

S15 0.934 0.976 0.996 0.928 0.968 0.991 0.918 0.966 0.996

1000 WSNS  0.924 0.967 0.992 0.914 0.963 0.994 0.894 0.938 0.982
PR10 0.942 0.984 0.999 0.934 0.975 0.997 0.881 0.950 0.988

S15 0.946 0.972 1.000 0.935 0.974 0.997 0.913 0.959 0.994

1500 WSNS  0.930 0.960 0.993 0.921 0.960 0.992 0.898 0.938 0.985
PR10 0.937 0.974 0.995 0.921 0.960 0.995 0.906 0.955 0.991

S15 0.933 0.969 0.993 0.933 0.967 0.994 0.928 0.960 0.994

0.8 500 WSNS  0.933 0.969 0.991 0.927 0.959 0.986 0.888 0.937 0.979
PR10 0.983 0.992 0.999 0.979 0.990 0.999 0.956 0.983 0.995

S15 0.984 0.994 0.998 0.985 0.994 0.999 0.959 0.987 0.999

1000 WSNS  0.942 0.984 0.998 0.926 0.968 0.997 0.903 0.949 0.989
PR10 0.995 1.000 1.000 0.983 0.997 1.000 0.955 0.984 0.997

S15 0.989 0.998 1.000 0.971 0.993 1.000 0.967 0.986 0.998

1500 WSNS  0.942 0.968 0.995 0.920 0.959 0.993 0.901 0.946 0.986
PR10 0.990 1.000 1.000 0.981 0.996 1.000 0.969 0.984 0.999

S15 0.975 0.989 1.000 0.973 0.988 0.998 0.961 0.991 0.999




Table 3.81: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with Uniform(—2,2)
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innovation, p = 0.3 and By = 125.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.860 0.913 0.964 0.866 0.919 0.966 0.846 0.902 0.952
PR10 0.858 0.910 0.963 0.859 0.920 0.962 0.869 0.927 0.971

S15 0.887 0.941 0.988 0.894 0.949 0.985 0.910 0.957 0.989

1000 WSNS  0.881 0.943 0.982 0.895 0.946 0.986 0.853 0.912 0.964
PR10 0.886 0.938 0.989 0.889 0.945 0.992 0.886 0.921 0.983

S15 0.906 0.945 0.991 0.912 0.956 0.989 0.886 0.928 0.986

1500 WSNS  0.885 0.943 0.984 0.889 0.950 0.987 0.867 0.920 0.979
PR10 0.879 0.936 0.988 0.885 0.935 0.977 0.890 0.936 0.984

S15 0.886 0.954 0.987 0.903 0.958 0.992 0.892 0.941 0.987

0.4 500 WSNS 0.864 0.932 0.969 0.866 0.924 0.966 0.853 0.904 0.958
PR10 0.924 0.955 0.984 0.902 0.945 0.976 0.885 0.935 0.981

S15 0.931 0.968 0.994 0.926 0.962 0.989 0.909 0.958 0.993

1000 WSNS  0.891 0.950 0.989 0.904 0.955 0.987 0.871 0.922 0.972
PR10 0.944 0.988 1.000 0.935 0.978 0.994 0.905 0.953 0.987

S15 0.939 0.973 0.999 0.938 0.969 0.995 0.916 0.960 0.992

1500 WSNS  0.897 0.948 0.980 0.886 0.948 0.990 0.868 0.932 0.977
PR10 0.942 0.978 0.996 0.918 0.960 0.993 0.912 0.957 0.990

S15 0.933 0.973 0.993 0.922 0.963 0.996 0.923 0.958 0.993

0.8 500 WSNS  0.896 0.945 0.982 0.881 0.928 0.969 0.868 0.920 0.966
PR10 0.982 0.992 0.998 0.961 0.982 0.995 0.946 0.972 0.996

S15 0.981 0.994 0.999 0.958 0.977 0.997 0.961 0.982 1.000

1000 WSNS  0.911 0.968 0.994 0.896 0.947 0.988 0.879 0.931 0.975
PR10 0.996 1.000 1.000 0.983 0.994 1.000 0.962 0.986 1.000

S15 0.987 0.999 1.000 0.979 0.991 0.998 0.948 0.986 1.000

1500 WSNS  0.910 0.954 0.984 0.883 0.942 0.992 0.888 0.938 0.984
PR10 0.993 0.999 1.000 0.979 0.995 0.999 0.954 0.983 0.998

S15 0.980 0.989 1.000 0.969 0.990 1.000 0.946 0.977 0.997




Table 3.82: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with Uniform(—2,2)
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innovation, p = 0.6 and By = 125.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.871 0.936 0.971 0.880 0.918 0.970 0.868 0.919 0.963
PR10 0.853 0.911 0.967 0.863 0.915 0.965 0.865 0.920 0.968

S15 0.889 0.947 0.992 0.890 0.950 0.986 0.906 0.953 0.986

1000 WSNS  0.897 0.964 0.985 0.904 0.947 0.989 0.879 0.929 0.977
PR10 0.877 0.936 0.986 0.878 0.951 0.984 0.868 0.919 0.981

S15 0.909 0.945 0.987 0.894 0.947 0.994 0.887 0.943 0.993

1500 WSNS  0.912 0.953 0.989 0.896 0.945 0.990 0.871 0.933 0.984
PR10 0.881 0.931 0.984 0.864 0.934 0.979 0.877 0.934 0.982

S15 0.892 0.949 0.987 0.893 0.950 0.986 0.896 0.956 0.994

0.4 500 WSNS 0.892 0.942 0.972 0.887 0.933 0.973 0.885 0.929 0.971
PR10 0.927 0.958 0.984 0.920 0.954 0.982 0.878 0.930 0.977

S15 0.934 0.976 0.996 0.928 0.968 0.991 0.918 0.966 0.996

1000 WSNS  0.916 0.967 0.992 0.905 0.958 0.993 0.891 0.940 0.983
PR10 0.941 0.985 0.999 0.933 0.973 0.997 0.886 0.950 0.986

S15 0.946 0.972 1.000 0.935 0.974 0.997 0.913 0.959 0.994

1500 WSNS  0.924 0.958 0.988 0.913 0.958 0.992 0.895 0.943 0.983
PR10 0.937 0.975 0.995 0.921 0.958 0.994 0.911 0.955 0.992

S15 0.933 0.969 0.993 0.933 0.967 0.994 0.928 0.960 0.994

0.8 500 WSNS  0.924 0.960 0.987 0.918 0.951 0.985 0.884 0.929 0.976
PR10 0.980 0.990 0.999 0.975 0.989 0.997 0.957 0.980 0.994

S15 0.984 0.994 0.998 0.985 0.994 0.999 0.959 0.987 0.999

1000 WSNS  0.936 0.980 0.996 0.917 0.962 0.995 0.901 0.944 0.984
PR10 0.997 1.000 1.000 0.984 0.997 1.000 0.954 0.986 0.997

S15 0.989 0.998 1.000 0.971 0.993 1.000 0.967 0.986 0.998

1500 WSNS  0.934 0.967 0.991 0.917 0.956 0.991 0.906 0.947 0.987
PR10 0.991 1.000 1.000 0.981 0.996 1.000 0.970 0.985 0.998

S15 0.975 0.989 1.000 0.973 0.988 0.998 0.961 0.991 0.999




Table 3.83: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with Uniform(—2,2)
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innovation, p = 0.3 and By = 150.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.839 0.902 0.951 0.853 0.900 0.964 0.835 0.897 0.939
PR10 0.851 0.900 0.964 0.868 0.918 0.965 0.860 0.922 0.971

S15 0.887 0.941 0.988 0.894 0.949 0.985 0.910 0.957 0.989

1000 WSNS  0.872 0.931 0.978 0.891 0.939 0.981 0.843 0.907 0.959
PR10 0.882 0.937 0.986 0.889 0.942 0.991 0.884 0.919 0.978

S15 0.906 0.945 0.991 0.912 0.956 0.989 0.886 0.928 0.986

1500 WSNS  0.879 0.934 0.983 0.883 0.941 0.981 0.862 0.914 0.974
PR10 0.876 0.934 0.990 0.884 0.936 0.978 0.884 0.933 0.983

S15 0.886 0.954 0.987 0.903 0.958 0.992 0.892 0.941 0.987

0.4 500 WSNS 0.853 0.914 0.962 0.849 0.908 0.958 0.840 0.891 0.952
PR10 0.921 0.954 0.983 0.903 0.936 0.979 0.876 0.919 0.980

S15 0.931 0.968 0.994 0.926 0.962 0.989 0.909 0.958 0.993

1000 WSNS  0.889 0.942 0.985 0.897 0.939 0.982 0.859 0.914 0.967
PR10 0.942 0.980 0.999 0.934 0.979 0.994 0.900 0.955 0.986

S15 0.939 0.973 0.999 0.938 0.969 0.995 0.916 0.960 0.992

1500 WSNS  0.884 0.944 0.979 0.874 0.942 0.984 0.863 0.932 0.972
PR10 0.940 0.979 0.995 0.915 0.960 0.994 0.910 0.954 0.989

S15 0.933 0.973 0.993 0.922 0.963 0.996 0.923 0.958 0.993

0.8 500 WSNS  0.887 0.941 0.981 0.868 0.917 0.970 0.853 0.905 0.959
PR10 0.979 0.991 0.999 0.962 0.982 0.996 0.937 0.968 0.994

S15 0.981 0.994 0.999 0.958 0.977 0.997 0.961 0.982 1.000

1000 WSNS  0.900 0.957 0.994 0.889 0.943 0.985 0.874 0.927 0.972
PR10 0.996 1.000 1.000 0.983 0.994 0.999 0.956 0.986 1.000

S15 0.987 0.999 1.000 0.979 0.991 0.998 0.948 0.986 1.000

1500 WSNS  0.892 0.944 0.981 0.885 0.939 0.990 0.885 0.927 0.981
PR10 0.994 0.999 1.000 0.982 0.994 0.998 0.954 0.981 1.000

S15 0.980 0.989 1.000 0.969 0.990 1.000 0.946 0.977 0.997
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Table 3.84: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 2 with Uniform(—2,2)
innovation, p = 0.6 and By = 150.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.853 0.916 0.957 0.861 0.902 0.957 0.859 0.904 0.955
PR10 0.848 0.898 0.965 0.853 0.911 0.960 0.862 0.920 0.957

S15 0.889 0.947 0.992 0.890 0.950 0.986 0.906 0.953 0.986

1000 WSNS  0.896 0.954 0.983 0.893 0.941 0.980 0.875 0.917 0.974
PR10 0.882 0.936 0.985 0.876 0.946 0.984 0.865 0.916 0.979

S15 0.909 0.945 0.987 0.894 0.947 0.994 0.887 0.943 0.993

1500 WSNS  0.899 0.947 0.989 0.885 0.940 0.987 0.871 0.928 0.984
PR10 0.879 0.933 0.982 0.864 0.930 0.979 0.879 0.937 0.984

S15 0.892 0.949 0.987 0.893 0.950 0.986 0.896 0.956 0.994

0.4 500 WSNS 0.869 0.930 0.966 0.871 0.916 0.971 0.872 0.919 0.957
PR10 0.919 0.954 0.984 0.916 0.953 0.977 0.880 0.922 0.971

S15 0.934 0.976 0.996 0.928 0.968 0.991 0.918 0.966 0.996

1000 WSNS  0.900 0.953 0.991 0.900 0.949 0.989 0.874 0.938 0.979
PR10 0.941 0.984 0.998 0.927 0.973 0.998 0.881 0.952 0.986

S15 0.946 0.972 1.000 0.935 0.974 0.997 0.913 0.959 0.994

1500 WSNS  0.911 0.954 0.989 0.902 0.952 0.989 0.894 0.938 0.982
PR10 0.934 0.974 0.996 0.921 0.957 0.994 0.912 0.955 0.992

S15 0.933 0.969 0.993 0.933 0.967 0.994 0.928 0.960 0.994

0.8 500 WSNS  0.914 0.948 0.983 0.899 0.944 0.979 0.876 0.917 0.972
PR10 0.977 0.988 0.999 0.972 0.986 0.997 0.945 0.981 0.994

S15 0.984 0.994 0.998 0.985 0.994 0.999 0.959 0.987 0.999

1000 WSNS  0.925 0.970 0.996 0.906 0.960 0.995 0.885 0.941 0.983
PR10 0.997 1.000 1.000 0.984 0.997 1.000 0.954 0.986 0.996

S15 0.989 0.998 1.000 0.971 0.993 1.000 0.967 0.986 0.998

1500 WSNS  0.922 0.965 0.986 0.904 0.949 0.989 0.899 0.941 0.985
PR10 0.990 1.000 1.000 0.981 0.996 1.000 0.967 0.985 0.998

S15 0.975 0.989 1.000 0.973 0.988 0.998 0.961 0.991 0.999




Table 3.85: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with Uniform(—2,2)

innovation, p = 0.3 and By = 50.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.883 0.946 0.991 0.896 0.944 0.995 0.846 0.902 0.968
PR10 0.882 0.942 0.983 0.864 0.925 0.982 0.887 0.941 0.986

S15 0.898 0.954 0.988 0.897 0.950 0.990 0.899 0.947 0.986

1000 WSNS  0.911 0.962 0.993 0.922 0.964 0.993 0.854 0.914 0.971
PR10 0.908 0.953 0.990 0.882 0.933 0.987 0.891 0.939 0.988

S15 0.908 0.952 0.995 0.909 0.956 0.989 0.897 0.949 0.989

1500 WSNS  0.918 0.961 0.993 0.918 0.967 0.996 0.862 0.928 0.982
PR10 0.901 0.952 0.985 0.882 0.938 0.978 0.903 0.948 0.991

S15 0.905 0.954 0.989 0.902 0.957 0.990 0.906 0.947 0.987

0.4 500 WSNS  0.886 0.950 0.989 0.887 0.944 0.988 0.845 0.909 0.966
PR10 0.947 0.975 0.995 0.914 0.958 0.988 0.909 0.955 0.988

S15 0.934 0.967 0.996 0.916 0.965 0.996 0.903 0.945 0.993

1000 WSNS  0.913 0.958 0.986 0.916 0.962 0.992 0.854 0.918 0.974
PR10 0.959 0.985 0.998 0.919 0.962 0.994 0.906 0.957 0.986

S15 0.939 0.970 0.997 0.930 0.967 0.993 0.901 0.945 0.984

1500 WSNS  0.911 0.961 0.992 0.912 0.958 0.992 0.868 0.928 0.982
PR10 0.951 0.978 0.995 0.922 0.969 0.988 0.924 0.961 0.992

S15 0.944 0.974 0.996 0.937 0.967 0.994 0.922 0.965 0.992

0.8 500 WSNS  0.896 0.949 0.987 0.887 0.945 0.991 0.847 0.904 0.963
PR10 0.989 0.997 1.000 0.977 0.994 0.999 0.953 0.988 0.996

S15 0.980 0.995 0.999 0.963 0.984 0.998 0.947 0.981 0.999

1000 WSNS  0.899 0.942 0.991 0.887 0.949 0.991 0.850 0.908 0.973
PR10 0.994 1.000 1.000 0.985 0.999 1.000 0.963 0.986 0.997

S15 0.980 0.991 0.999 0.969 0.989 1.000 0.940 0.967 0.997

1500 WSNS  0.893 0.954 0.989 0.901 0.953 0.989 0.855 0.923 0.975
PR10 0.988 0.998 1.000 0.984 0.995 0.999 0.957 0.983 1.000

S15 0.986 0.995 0.999 0.968 0.992 1.000 0.948 0.978 0.997




Table 3.86: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with Uniform(—2,2)

innovation, p = 0.6 and By = 50.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.942 0.983 0.997 0.946 0.979 0.997 0.882 0.924 0.975
PR10 0.866 0.928 0.983 0.863 0.928 0.978 0.836 0.909 0.975

S15 0.898 0.948 0.988 0.885 0.949 0.991 0.892 0.948 0.993

1000 WSNS  0.951 0.980 0.999 0.949 0.984 0.998 0.889 0.941 0.984
PR10 0.897 0.947 0.989 0.889 0.936 0.982 0.842 0.905 0.976

S15 0.912 0.957 0.990 0.907 0.955 0.986 0.895 0.952 0.993

1500 WSNS  0.956 0.985 0.998 0.946 0.982 0.996 0.890 0.946 0.986
PR10 0.891 0.946 0.984 0.880 0.933 0.981 0.855 0.924 0.986

S15 0.906 0.955 0.992 0.905 0.959 0.989 0.899 0.947 0.987

0.4 500 WSNS  0.949 0.984 0.998 0.940 0.970 0.995 0.886 0.933 0.977
PR10 0.935 0.972 0.991 0.928 0.969 0.988 0.871 0.927 0.982

S15 0.927 0.964 0.992 0.920 0.971 0.993 0.913 0.957 0.991

1000 WSNS  0.947 0.975 0.996 0.955 0.979 0.994 0.893 0.939 0.984
PR10 0.949 0.984 0.997 0.942 0.976 0.995 0.861 0.918 0.983

S15 0.939 0.965 0.994 0.935 0.971 0.995 0.900 0.948 0.992

1500 WSNS  0.960 0.983 0.996 0.941 0.978 0.998 0.903 0.948 0.993
PR10 0.945 0.978 0.995 0.935 0.964 0.993 0.877 0.942 0.993

S15 0.945 0.973 0.995 0.933 0.974 0.996 0.919 0.963 0.994

0.8 500 WSNS  0.949 0.983 0.994 0.917 0.962 0.995 0.873 0.926 0.980
PR10 0.988 0.996 1.000 0.983 0.995 1.000 0.939 0.976 0.994

S15 0.981 0.994 0.999 0.972 0.990 1.000 0.953 0.985 0.996

1000 WSNS  0.940 0.976 0.999 0.930 0.971 0.998 0.882 0.937 0.983
PR10 0.993 1.000 1.000 0.996 0.999 1.000 0.934 0.980 0.999

S15 0.981 0.993 0.999 0.974 0.995 0.999 0.946 0.979 0.998

1500 WSNS  0.948 0.981 0.996 0.919 0.972 0.995 0.899 0.946 0.990
PR10 0.989 0.998 1.000 0.983 0.996 1.000 0.956 0.990 1.000

S15 0.983 0.996 1.000 0.974 0.989 0.999 0.966 0.992 1.000




Table 3.87: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with Uniform(—2,2)

innovation, p = 0.3 and By = 75.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.870 0.929 0.980 0.882 0.929 0.990 0.852 0.909 0.964
PR10 0.870 0.934 0.982 0.874 0.928 0.983 0.884 0.925 0.981

S15 0.898 0.954 0.988 0.897 0.950 0.990 0.899 0.947 0.986

1000 WSNS  0.906 0.950 0.987 0.912 0.954 0.989 0.858 0.910 0.968
PR10 0.906 0.952 0.989 0.886 0.939 0.986 0.890 0.937 0.986

S15 0.908 0.952 0.995 0.909 0.956 0.989 0.897 0.949 0.989

1500 WSNS  0.913 0.952 0.992 0.903 0.965 0.997 0.874 0.931 0.981
PR10 0.899 0.951 0.984 0.892 0.943 0.981 0.904 0.946 0.990

S15 0.905 0.954 0.989 0.902 0.957 0.990 0.906 0.947 0.987

0.4 500 WSNS  0.874 0.937 0.981 0.873 0.935 0.986 0.839 0.906 0.964
PR10 0.940 0.977 0.994 0.916 0.959 0.990 0.905 0.952 0.985

S15 0.934 0.967 0.996 0.916 0.965 0.996 0.903 0.945 0.993

1000 WSNS  0.903 0.949 0.983 0.904 0.953 0.986 0.858 0.915 0.975
PR10 0.959 0.984 0.998 0.926 0.968 0.993 0.908 0.954 0.985

S15 0.939 0.970 0.997 0.930 0.967 0.993 0.901 0.945 0.984

1500 WSNS  0.906 0.956 0.988 0.903 0.949 0.991 0.874 0.937 0.980
PR10 0.952 0.978 0.995 0.926 0.970 0.990 0.923 0.961 0.992

S15 0.944 0.974 0.996 0.937 0.967 0.994 0.922 0.965 0.992

0.8 500 WSNS  0.893 0.948 0.988 0.872 0.935 0.986 0.849 0.901 0.960
PR10 0.988 0.996 1.000 0.976 0.994 0.999 0.955 0.981 0.996

S15 0.980 0.995 0.999 0.963 0.984 0.998 0.947 0.981 0.999

1000 WSNS  0.901 0.941 0.991 0.890 0.945 0.993 0.861 0.914 0.973
PR10 0.993 1.000 1.000 0.987 1.000 1.000 0.963 0.985 0.998

S15 0.980 0.991 0.999 0.969 0.989 1.000 0.940 0.967 0.997

1500 WSNS  0.897 0.951 0.989 0.903 0.949 0.985 0.860 0.923 0.978
PR10 0.989 0.998 1.000 0.986 0.994 1.000 0.957 0.981 0.998

S15 0.986 0.995 0.999 0.968 0.992 1.000 0.948 0.978 0.997




Table 3.88: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with Uniform(—2,2)

innovation, p = 0.6 and By = 75.
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Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.916 0.964 0.996 0.921 0.970 0.991 0.874 0.924 0.971
PR10 0.868 0.929 0.981 0.866 0.927 0.982 0.851 0.908 0.977

S15 0.898 0.948 0.988 0.885 0.949 0.991 0.892 0.948 0.993

1000 WSNS  0.937 0.969 0.997 0.925 0.969 0.996 0.894 0.941 0.984
PR10 0.897 0.951 0.987 0.892 0.938 0.985 0.855 0.921 0.978

S15 0.912 0.957 0.990 0.907 0.955 0.986 0.895 0.952 0.993

1500 WSNS  0.942 0.974 0.997 0.935 0.975 0.995 0.897 0.945 0.985
PR10 0.899 0.944 0.983 0.886 0.937 0.983 0.880 0.931 0.989

S15 0.906 0.955 0.992 0.905 0.959 0.989 0.899 0.947 0.987

0.4 500 WSNS 0.929 0.968 0.993 0.910 0.958 0.991 0.878 0.929 0.971
PR10 0.934 0.970 0.990 0.924 0.969 0.990 0.885 0.933 0.980

S15 0.927 0.964 0.992 0.920 0.971 0.993 0.913 0.957 0.991

1000 WSNS  0.932 0.965 0.994 0.937 0.972 0.995 0.889 0.944 0.982
PR10 0.950 0.984 0.996 0.950 0.975 0.995 0.880 0.923 0.985

S15 0.939 0.965 0.994 0.935 0.971 0.995 0.900 0.948 0.992

1500 WSNS  0.949 0.979 0.995 0.928 0.972 0.997 0.905 0.950 0.989
PR10 0.950 0.977 0.995 0.938 0.968 0.996 0.898 0.952 0.993

S15 0.945 0.973 0.995 0.933 0.974 0.996 0.919 0.963 0.994

0.8 500 WSNS  0.938 0.976 0.993 0.907 0.964 0.990 0.872 0.921 0.979
PR10 0.987 0.996 1.000 0.983 0.994 1.000 0.951 0.979 0.994

S15 0.981 0.994 0.999 0.972 0.990 1.000 0.953 0.985 0.996

1000 WSNS  0.930 0.966 0.998 0.921 0.961 0.998 0.886 0.939 0.987
PR10 0.993 0.999 1.000 0.995 0.999 1.000 0.945 0.982 1.000

S15 0.981 0.993 0.999 0.974 0.995 0.999 0.946 0.979 0.998

1500 WSNS  0.942 0.974 0.996 0.912 0.965 0.995 0.904 0.952 0.989
PR10 0.990 0.997 1.000 0.984 0.996 1.000 0.971 0.993 1.000

S15 0.983 0.996 1.000 0.974 0.989 0.999 0.966 0.992 1.000




Table 3.89: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with Uniform(—2,2)
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innovation, p = 0.3 and By = 100.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.856 0.918 0.976 0.870 0.918 0.979 0.843 0.894 0.958
PR10 0.862 0.929 0.979 0.871 0.924 0.979 0.872 0.923 0.978

S15 0.898 0.954 0.988 0.897 0.950 0.990 0.899 0.947 0.986

1000 WSNS  0.898 0.945 0.988 0.904 0.948 0.982 0.858 0.909 0.966
PR10 0.900 0.952 0.989 0.888 0.941 0.985 0.887 0.931 0.985

S15 0.908 0.952 0.995 0.909 0.956 0.989 0.897 0.949 0.989

1500 WSNS  0.903 0.951 0.989 0.903 0.955 0.994 0.879 0.928 0.981
PR10 0.899 0.951 0.980 0.896 0.943 0.982 0.902 0.946 0.987

S15 0.905 0.954 0.989 0.902 0.957 0.990 0.906 0.947 0.987

0.4 500 WSNS 0.864 0.921 0.972 0.862 0.918 0.975 0.834 0.895 0.956
PR10 0.937 0.975 0.990 0.915 0.955 0.984 0.898 0.951 0.980

S15 0.934 0.967 0.996 0.916 0.965 0.996 0.903 0.945 0.993

1000 WSNS  0.902 0.945 0.980 0.904 0.943 0.982 0.861 0.918 0.972
PR10 0.957 0.983 0.996 0.922 0.964 0.993 0.905 0.954 0.982

S15 0.939 0.970 0.997 0.930 0.967 0.993 0.901 0.945 0.984

1500 WSNS  0.900 0.947 0.987 0.896 0.946 0.989 0.875 0.938 0.984
PR10 0.948 0.976 0.995 0.922 0.969 0.990 0.923 0.959 0.989

S15 0.944 0.974 0.996 0.937 0.967 0.994 0.922 0.965 0.992

0.8 500 WSNS  0.893 0.945 0.986 0.872 0.933 0.984 0.851 0.901 0.954
PR10 0.986 0.993 0.999 0.976 0.993 0.999 0.953 0.974 0.994

S15 0.980 0.995 0.999 0.963 0.984 0.998 0.947 0.981 0.999

1000 WSNS  0.897 0.944 0.987 0.890 0.943 0.984 0.866 0.915 0.971
PR10 0.994 0.998 1.000 0.985 0.999 1.000 0.961 0.982 0.998

S15 0.980 0.991 0.999 0.969 0.989 1.000 0.940 0.967 0.997

1500 WSNS  0.893 0.950 0.991 0.902 0.944 0.984 0.864 0.924 0.979
PR10 0.988 0.996 1.000 0.987 0.993 1.000 0.959 0.979 0.999

S15 0.986 0.995 0.999 0.968 0.992 1.000 0.948 0.978 0.997
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Table 3.90: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with Uniform(—2,2)
innovation, p = 0.6 and By = 100.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.894 0.943 0.988 0.894 0.957 0.986 0.861 0.921 0.966
PR10 0.861 0.925 0.978 0.857 0.933 0.983 0.854 0.904 0.976

S15 0.898 0.948 0.988 0.885 0.949 0.991 0.892 0.948 0.993

1000 WSNS  0.923 0.959 0.993 0.916 0.960 0.990 0.895 0.944 0.980
PR10 0.900 0.951 0.986 0.888 0.941 0.984 0.864 0.922 0.975

S15 0.912 0.957 0.990 0.907 0.955 0.986 0.895 0.952 0.993

1500 WSNS  0.928 0.963 0.993 0.918 0.964 0.992 0.886 0.943 0.985
PR10 0.894 0.945 0.983 0.887 0.936 0.983 0.886 0.936 0.986

S15 0.906 0.955 0.992 0.905 0.959 0.989 0.899 0.947 0.987

0.4 500 WSNS 0.898 0.953 0.991 0.901 0.942 0.987 0.877 0.917 0.963
PR10 0.932 0.969 0.989 0.923 0.971 0.989 0.885 0.928 0.979

S15 0.927 0.964 0.992 0.920 0.971 0.993 0.913 0.957 0.991

1000 WSNS  0.924 0.960 0.993 0.928 0.965 0.988 0.887 0.941 0.980
PR10 0.949 0.982 0.994 0.948 0.976 0.993 0.884 0.929 0.979

S15 0.939 0.965 0.994 0.935 0.971 0.995 0.900 0.948 0.992

1500 WSNS  0.935 0.974 0.992 0.919 0.960 0.996 0.905 0.945 0.989
PR10 0.950 0.977 0.995 0.938 0.969 0.994 0.901 0.960 0.991

S15 0.945 0.973 0.995 0.933 0.974 0.996 0.919 0.963 0.994

0.8 500 WSNS  0.930 0.969 0.987 0.889 0.949 0.991 0.877 0.925 0.975
PR10 0.986 0.994 0.999 0.984 0.994 0.999 0.954 0.979 0.992

S15 0.981 0.994 0.999 0.972 0.990 1.000 0.953 0.985 0.996

1000 WSNS  0.928 0.965 0.997 0.911 0.955 0.994 0.881 0.943 0.983
PR10 0.992 0.999 1.000 0.997 0.999 1.000 0.950 0.982 0.998

S15 0.981 0.993 0.999 0.974 0.995 0.999 0.946 0.979 0.998

1500 WSNS  0.933 0.965 0.996 0.895 0.953 0.993 0.907 0.953 0.988
PR10 0.990 0.997 1.000 0.985 0.996 1.000 0.972 0.995 1.000

S15 0.983 0.996 1.000 0.974 0.989 0.999 0.966 0.992 1.000
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Table 3.91: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with Uniform(—2,2)
innovation, p = 0.3 and By = 125.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.842 0.903 0.964 0.862 0.914 0.964 0.838 0.892 0.947
PR10 0.858 0.925 0.976 0.867 0.920 0.977 0.867 0.915 0.970

S15 0.898 0.954 0.988 0.897 0.950 0.990 0.899 0.947 0.986

1000 WSNS  0.893 0.939 0.987 0.896 0.939 0.983 0.860 0.906 0.965
PR10 0.901 0.953 0.987 0.891 0.937 0.988 0.881 0.928 0.980

S15 0.908 0.952 0.995 0.909 0.956 0.989 0.897 0.949 0.989

1500 WSNS  0.900 0.942 0.987 0.889 0.948 0.990 0.883 0.922 0.982
PR10 0.898 0.947 0.980 0.895 0.943 0.983 0.902 0.948 0.986

S15 0.905 0.954 0.989 0.902 0.957 0.990 0.906 0.947 0.987

0.4 500 WSNS 0.851 0.916 0.968 0.855 0.913 0.963 0.831 0.893 0.952
PR10 0.928 0.972 0.988 0.915 0.953 0.984 0.891 0.945 0.970

S15 0.934 0.967 0.996 0.916 0.965 0.996 0.903 0.945 0.993

1000 WSNS  0.894 0.938 0.982 0.895 0.935 0.979 0.860 0.915 0.968
PR10 0.955 0.982 0.995 0.922 0.964 0.993 0.902 0.949 0.981

S15 0.939 0.970 0.997 0.930 0.967 0.993 0.901 0.945 0.984

1500 WSNS  0.903 0.944 0.989 0.888 0.939 0.985 0.877 0.936 0.978
PR10 0.944 0.974 0.995 0.920 0.968 0.990 0.925 0.959 0.989

S15 0.944 0.974 0.996 0.937 0.967 0.994 0.922 0.965 0.992

0.8 500 WSNS  0.890 0.944 0.979 0.864 0.923 0.981 0.847 0.903 0.959
PR10 0.986 0.992 0.998 0.971 0.989 0.998 0.947 0.975 0.994

S15 0.980 0.995 0.999 0.963 0.984 0.998 0.947 0.981 0.999

1000 WSNS  0.894 0.941 0.986 0.884 0.938 0.986 0.861 0.915 0.974
PR10 0.993 0.998 1.000 0.984 0.997 1.000 0.958 0.979 0.998

S15 0.980 0.991 0.999 0.969 0.989 1.000 0.940 0.967 0.997

1500 WSNS  0.896 0.949 0.988 0.902 0.944 0.983 0.866 0.926 0.980
PR10 0.988 0.996 1.000 0.988 0.993 1.000 0.957 0.979 0.998

S15 0.986 0.995 0.999 0.968 0.992 1.000 0.948 0.978 0.997




Table 3.92: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with Uniform(—2,2)
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innovation, p = 0.6 and By = 125.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.888 0.941 0.979 0.879 0.938 0.979 0.848 0.911 0.960
PR10 0.858 0.920 0.976 0.859 0.927 0.974 0.854 0.904 0.973

S15 0.898 0.948 0.988 0.885 0.949 0.991 0.892 0.948 0.993

1000 WSNS  0.907 0.955 0.987 0.903 0.949 0.990 0.890 0.939 0.984
PR10 0.898 0.946 0.987 0.885 0.938 0.983 0.864 0.920 0.973

S15 0.912 0.957 0.990 0.907 0.955 0.986 0.895 0.952 0.993

1500 WSNS  0.926 0.961 0.991 0.912 0.956 0.990 0.893 0.942 0.984
PR10 0.894 0.946 0.979 0.885 0.933 0.981 0.886 0.936 0.985

S15 0.906 0.955 0.992 0.905 0.959 0.989 0.899 0.947 0.987

0.4 500 WSNS 0.886 0.939 0.982 0.885 0.930 0.978 0.862 0.918 0.957
PR10 0.927 0.966 0.987 0.920 0.964 0.989 0.880 0.923 0.973

S15 0.927 0.964 0.992 0.920 0.971 0.993 0.913 0.957 0.991

1000 WSNS  0.916 0.950 0.989 0.919 0.960 0.988 0.890 0.934 0.973
PR10 0.949 0.980 0.993 0.944 0.972 0.992 0.887 0.925 0.981

S15 0.939 0.965 0.994 0.935 0.971 0.995 0.900 0.948 0.992

1500 WSNS  0.931 0.973 0.991 0.913 0.955 0.995 0.902 0.945 0.989
PR10 0.950 0.977 0.995 0.938 0.969 0.994 0.903 0.963 0.993

S15 0.945 0.973 0.995 0.933 0.974 0.996 0.919 0.963 0.994

0.8 500 WSNS  0.928 0.958 0.987 0.884 0.946 0.986 0.867 0.914 0.971
PR10 0.985 0.994 1.000 0.982 0.994 0.999 0.953 0.978 0.992

S15 0.981 0.994 0.999 0.972 0.990 1.000 0.953 0.985 0.996

1000 WSNS  0.920 0.956 0.995 0.905 0.948 0.996 0.880 0.939 0.984
PR10 0.992 0.999 1.000 0.994 0.999 1.000 0.949 0.980 0.999

S15 0.981 0.993 0.999 0.974 0.995 0.999 0.946 0.979 0.998

1500 WSNS  0.925 0.964 0.995 0.893 0.952 0.994 0.905 0.953 0.989
PR10 0.990 0.997 1.000 0.986 0.997 1.000 0.973 0.995 1.000

S15 0.983 0.996 1.000 0.974 0.989 0.999 0.966 0.992 1.000




Table 3.93: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with Uniform(—2,2)
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innovation, p = 0.3 and By = 150.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.836 0.893 0.959 0.844 0.908 0.957 0.829 0.886 0.941
PR10 0.843 0.913 0974 0.864 0.915 0.968 0.863 0.903 0.964

S15 0.898 0.954 0.988 0.897 0.950 0.990 0.899 0.947 0.986

1000 WSNS  0.889 0.936 0.983 0.886 0.933 0.979 0.859 0.906 0.965
PR10 0.894 0.951 0.985 0.891 0.935 0.985 0.878 0.929 0.979

S15 0.908 0.952 0.995 0.909 0.956 0.989 0.897 0.949 0.989

1500 WSNS  0.895 0.939 0.982 0.886 0.945 0.986 0.878 0.926 0.981
PR10 0.896 0.942 0.980 0.893 0.942 0.980 0.900 0.943 0.986

S15 0.905 0.954 0.989 0.902 0.957 0.990 0.906 0.947 0.987

0.4 500 WSNS 0.841 0.910 0.964 0.837 0.902 0.957 0.820 0.889 0.940
PR10 0.918 0.968 0.982 0.904 0.955 0.979 0.888 0.935 0.963

S15 0.934 0.967 0.996 0.916 0.965 0.996 0.903 0.945 0.993

1000 WSNS  0.886 0.940 0.976 0.884 0.931 0.976 0.860 0.919 0.962
PR10 0.950 0.978 0.994 0.923 0.960 0.993 0.901 0.951 0.981

S15 0.939 0.970 0.997 0.930 0.967 0.993 0.901 0.945 0.984

1500 WSNS  0.897 0.944 0.984 0.887 0.934 0.985 0.869 0.934 0.978
PR10 0.945 0.975 0.995 0.922 0.968 0.988 0.921 0.956 0.986

S15 0.944 0.974 0.996 0.937 0.967 0.994 0.922 0.965 0.992

0.8 500 WSNS  0.881 0.950 0.979 0.863 0.922 0.979 0.849 0.897 0.955
PR10 0.982 0.991 0.998 0.971 0.990 0.999 0.946 0.971 0.991

S15 0.980 0.995 0.999 0.963 0.984 0.998 0.947 0.981 0.999

1000 WSNS  0.896 0.941 0.983 0.877 0.936 0.980 0.866 0.914 0.967
PR10 0.993 0.998 1.000 0.979 0.995 1.000 0.958 0.979 0.999

S15 0.980 0.991 0.999 0.969 0.989 1.000 0.940 0.967 0.997

1500 WSNS  0.894 0.951 0.988 0.898 0.940 0.981 0.865 0.928 0.980
PR10 0.988 0.996 1.000 0.984 0.993 1.000 0.959 0.979 0.997

S15 0.986 0.995 0.999 0.968 0.992 1.000 0.948 0.978 0.997




Table 3.94: Empirical coverage probabilities of the proposed WSNS
method, the PR10 method of Politis and Romano| (2010)) and the S15
method described in [Shao| (2015) for Scenario 3 with Uniform(—2,2)
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innovation, p = 0.6 and By = 150.

Mean Median Variance

r  N. Method 90% 95% 99%  90% 95% 99%  90% 95% 99%
0 500 WSNS 0.874 0.921 0.978 0.867 0.935 0.972 0.845 0.898 0.954
PR10 0.854 0.906 0.971 0.858 0.919 0.973 0.852 0.898 0.969

S15 0.898 0.948 0.988 0.885 0.949 0.991 0.892 0.948 0.993

1000 WSNS  0.898 0.948 0.987 0.898 0.951 0.987 0.884 0.933 0.977
PR10 0.894 0.948 0.983 0.883 0.938 0.979 0.865 0.918 0.968

S15 0.912 0.957 0.990 0.907 0.955 0.986 0.895 0.952 0.993

1500 WSNS  0.916 0.959 0.990 0.904 0.947 0.990 0.886 0.940 0.982
PR10 0.894 0.944 0.978 0.886 0.934 0.978 0.887 0.935 0.985

S15 0.906 0.955 0.992 0.905 0.959 0.989 0.899 0.947 0.987

0.4 500 WSNS 0.881 0.928 0.982 0.871 0.924 0.974 0.848 0.910 0.955
PR10 0.920 0.961 0.984 0.915 0.962 0.988 0.881 0.922 0.970

S15 0.927 0.964 0.992 0.920 0.971 0.993 0.913 0.957 0.991

1000 WSNS  0.905 0.948 0.986 0.909 0.955 0.981 0.882 0.933 0.977
PR10 0.944 0.977 0.992 0.940 0.969 0.991 0.889 0.925 0.977

S15 0.939 0.965 0.994 0.935 0.971 0.995 0.900 0.948 0.992

1500 WSNS  0.923 0.966 0.990 0.906 0.949 0.989 0.898 0.946 0.987
PR10 0.950 0.978 0.995 0.940 0.968 0.994 0.905 0.963 0.991

S15 0.945 0.973 0.995 0.933 0.974 0.996 0.919 0.963 0.994

0.8 500 WSNS  0.914 0.950 0.982 0.875 0.936 0.978 0.854 0.908 0.966
PR10 0.984 0.994 0.998 0.980 0.992 0.996 0.949 0.975 0.990

S15 0.981 0.994 0.999 0.972 0.990 1.000 0.953 0.985 0.996

1000 WSNS  0.915 0.954 0.990 0.892 0.951 0.988 0.877 0.928 0.983
PR10 0.993 0.998 1.000 0.991 0.998 1.000 0.950 0.977 0.997

S15 0.981 0.993 0.999 0.974 0.995 0.999 0.946 0.979 0.998

1500 WSNS  0.922 0.963 0.995 0.894 0.947 0.992 0.907 0.944 0.992
PR10 0.990 0.998 1.000 0.981 0.997 1.000 0.972 0.995 1.000

S15 0.983 0.996 1.000 0.974 0.989 0.999 0.966 0.992 1.000
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