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Abstract 22 
The electron resonant interaction with whistler-mode waves is characterized by transport in pitch 23 
angle-energy space. We calculate electron diffusion and advection coefficients (a simplified 24 
characterization of transport) for a large range of electron pitch angle and energy using test 25 
particle simulations. Nonlinear effects are analyzed by comparing the diffusion coefficients using 26 
test particle simulations and quasilinear theory, and by evaluating the advection rates. 27 
Dependence of nonlinear effects on the wave amplitude and bandwidth of whistler-mode waves 28 
is evaluated by running test particle simulations with a broad range of wave amplitude and 29 
bandwidth. The maximum amplitudes where the quasilinear approach is valid are found to 30 
increase with increasing bandwidth, from 50 pT for narrowband waves to 300 pT for broadband 31 
waves at L-shell of 6. Moreover, interactions between intense whistler-mode waves and small 32 
pitch angle electrons lead to large positive advection, which limits the applicability of diffusion-33 
based models. This study demonstrates the parameter range of the applicability of quasilinear 34 
theory and diffusion model for different wave amplitudes and frequency bandwidths of whistler-35 
mode waves, which is critical for evaluating the effects of whistler-mode waves on energetic 36 
electrons in the Earth’s magnetosphere. 37 
 38 
 39 
1. Introduction 40 

Quasilinear (QL) theory has been widely used for modeling interactions between 41 
electromagnetic plasma waves and energetic electrons in the Earth’s radiation belts. The theory 42 
assumes weak perturbations from the wave-particle resonances, and evaluates the long-term 43 
particle dynamics as diffusion processes (Kennel & Engelmann, 1966; Schulz & Lanzerotti, 44 
2012). The full Vlasov equation is reduced to the Fokker-Planck equation, which uses diffusion 45 
coefficients to evaluate the rate of particle scattering due to plasma waves (Lyons et al., 1972; 46 
Lyons, 1974; Schulz & Lanzerotti, 1974) . When applied to the field of space physics, the 47 
diffusion coefficients are generally averaged along the unperturbed bounce trajectory, due to the 48 
inhomogeneous background magnetic fields (Albert, 2010; Le Queau & Roux, 1987; Karpman, 49 
1974).   50 

QL theory is commonly used in modeling the interactions between electrons and 51 
whistler-mode waves, which exhibit either discrete or broadband structures (e.g., Burtis & 52 
Helliwell, 1969; Burton and Holzer, 1974; Gao et al., 2014; Li et al., 2012). Although QL 53 
simulations successfully reproduced many observed electron dynamics (e.g., Albert et al., 2009; 54 
Drozdov et al., 2015; Glauert et al., 2014; Horne et al., 2005; Li et al., 2014; Ma et al., 2018; 55 
Shprits et al., 2009; Thorne et al., 2013; Xiao et al., 2009, 2010 ), observations have shown 56 
abundant large-amplitude and discrete whistler-mode waves including intense chorus waves, for 57 
which the QL theory may not be valid (Cattell et al., 2008; Cully et al., 2008; Tyler et al., 2019; 58 
Wilson et al., 2011; Zhang et al., 2019). Energetic electrons interacting with intense, 59 
monochromatic whistler-mode waves can experience nonlinear (NL) phase trapping through 60 
continuous resonance which leads to the fast acceleration, or phase bunching which leads to 61 
efficient decreases in electron energy (Albert, 1993, 2000; Bell, 1984; Bortnik et al., 2008; 62 
Demekhov et al., 2006; Inan et al., 1978; Karpman et al., 1975; Omura et al., 2007). Previous 63 
studies have indicated the potentially important contribution from these NL processes in the 64 
radiation belts (Agapitov et al., 2015; Bellan, 2013; Bortnik et al., 2008; Demekhov et al., 2009; 65 
Gan, et al., 2020a; Katoh & Omura, 2004; Katoh et al., 2008; Nunn & Omura, 2015; Vainchtein 66 
et al., 2018), especially for the fast acceleration of energetic electrons (Agapitov et al., 2014; 67 
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our simulation is performed at L ~ 6 (under assumption of the same occurrence rate of intense 467 
whistler-mode waves for all L-shells, see details in Zhang et al., 2018). With these 468 
normalizations, our study provides valuable information for the application of QL theory in the 469 
modeling of radiation belt electron dynamics. We show that QL theory is applicable for whistler-470 
mode waves with a wide range of bandwidths and amplitudes. However, it is also shown that for 471 
large amplitude whistler-mode waves, whether broadband or narrowband, quasilinear diffusion 472 
coefficients are inaccurate, and the diffusion model may not be applicable. Especially for 473 
electrons with small pitch angles, which are closely related to the energetic electron 474 
precipitation, advection needs to be considered and incorporated into the long-term models.   475 
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Figures and Captions 740 

 741 
  742 
Figure 1. Diffusion and advection coefficients in pitch angle-energy space. (a) Diffusion 743 
coefficients calculated with the wave amplitude of 10 pT and bandwidth of 0.001 fce, and (b) the 744 
wave amplitude of 10 pT and bandwidth of 0.2 fce. (c) Advection coefficients calculated with the 745 
wave amplitude of 10 pT and bandwidth of 0.001 fce , and (d) the wave amplitude of 10 pT and 746 
the bandwidth of 0.2 fce. (e-h) Same as (a-d) but using the wave amplitude of 300 pT. The star 747 
and plus symbols in (g-h) represent the corresponding pitch angle and energy of Case 1 & 2 748 
respectively. 749 
  750 
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 773 
 774 
 775 

  776 
Figure 4. (a) Trajectories of Case 1 electrons interacting with monochromatic whistler-mode 777 
wave with the amplitude of 250 pT; (b) 550 pT; (c) 1000 pT. (d) Trajectories of Case 2 electrons 778 
interacting with monochromatic whistler-mode wave with the amplitude of 80 pT; (e) 150 pT; (f) 779 
whistler-mode wave with the amplitude of 500 pT and the bandwidth of 0.2 fce. (g) Trajectories 780 
of Case 3 electrons interacting with monochromatic whistler-mode wave with the amplitude of 781 
150 pT; (e) 1000 pT; (f) whistler-mode wave with the amplitude of 1000 pT and the bandwidth 782 
of 0.2 fce. Black dashed lines are the electron phase trapping trajectories, calculated using the 783 
wave frequency of 0.3 fce, and the black solid line in Figure 4i is calculated using the frequency 784 
of 0.5 fce. Different colors represent different initial electron gyro-phases as shown in the 785 
colorbar. 786 
 787 
 788 
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 789 
Figure 5. Distribution of quasilinear and diffusion regimes in amplitude-bandwidth space. (a) 790 
Distribution of simulated cases in pitch angle-energy space, where different colors (symbols) 791 
represent different energies (pitch angles), as labeled in the table. Only symbols of the shaded 792 
rows in the table are shown in (b-d) for simplicity. (b) Distribution of quasilinear regime (green) 793 
in amplitude-bandwidth space. Colored symbols represent the maximum wave amplitude of 794 
quasilinear regime at each bandwidth for the represented case. (c) Distribution of quasilinear 795 
(green), nonlinear (red), and transition (blue) regimes in inhomogeneity ratio-bandwidth space. 796 
(d) Same format as (b) showing diffusion regime distribution on the timescale of a bounce 797 
period, and (e) drifting time across a chorus wave packet (Shen et al., 2019). Grey regions in (d) 798 
& (e) are the extended diffusion regimes when excluding small pitch angle cases, and the dashed 799 
line marks the maximum wave amplitude of the grey region.  800 
 801 
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