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We study a generalization of the two-dimensional transverse-field Ising model, combining both
ferromagnetic and antiferromagnetic two-body interactions, that hosts exact global and local Zso
gauge symmetries. Using exact diagonalization and stochastic series expansion quantum Monte
Carlo methods, we confirm the existence of the topological phase in line with previous theoretical
predictions. Our simulation results show that the transition between the confined topological phase
and the deconfined paramagnetic phase is of first-order, in contrast to the conventional Z, lattice
gauge model in which the transition maps onto that of the standard Ising model and is continu-
ous. We further generalize the model by replacing the transverse field on the gauge spins with a
ferromagnetic X X interaction while keeping the local gauge symmetry intact. We find that the Zo
topological phase remains stable, while the paramagnetic phase is replaced by a ferromagnetic phase.
The topological-ferromagnetic quantum phase transition is also of first-order. For both models, we
discuss the low-energy spinon and vison excitations of the topological phase and their avoided level

crossings associated with the first-order quantum phase transitions.

I. INTRODUCTION

Topological quantum states of matter are of central
focus in modern condensed matter physics. One of
the main features of strongly-interacting systems with
gapped topological order is that they can present degen-
erate ground states. This degeneracy cannot be lifted by
the action of local perturbations, and hence this property
makes such systems perfect candidates for building sta-
ble (topological) qubits. Several theoretical models have
been proposed to realize gapped topologically ordered
states. For instance, the toric code [1] and dimer models
on non-bipartite lattices [2, 3] host quantum spin liquid
(QSL) phases that possess Zs topological order. In both
these examples, the Hamiltonians contain multi-body in-
teractions, making it a challenge to encounter materials
realizing these phases or to realize them in artificial struc-
tures.

Attempts have been made to construct models with
simpler interactions that can host gapped QSLs. A
rare successful example is the cluster charging model
of bosons on the kagome lattice [4-6], which has been
shown theoretically and numerically to host a Zo quan-
tum spin liquid, in a system with only two-body inter-
actions. However, these two-body interactions are of the
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X XZ type, which are not easily implementable in, say,
programmable quantum devices. Moreover, the Zy gauge
symmetry in this model is only emerging, i.e., it exists in
the effective model derived in perturbation theory, but it
is not an exact symmetry of the original Hamiltonian.

Recently, a construction for which the Z, gauge sym-
metry is exact was proposed on a variant of the transverse
field Ising model (TFIM), utilizing only simple two-body
ferromagnetic and antiferromagnetic ZZ interactions [7].
Monomial (matrix) transformations that correspond to
combinations of spin flips and permutations play a cen-
tral role in the construction, thus dubbed combinatorial
gauge symmetry. Because the construction utilizes only
77 interactions (of both signs) and a transverse field,
the model can be easily implemented, for example, with
current Noisy Intermediate-Scale Quantum (NISQ) tech-
nology using flux-based superconducting qubits, or other
types of quantum computer architectures that provide
similar interactions on qubits. The model has already
been successfully implemented on a D-wave quantum de-
vice in a recent experiment [8].

In this paper, we present a quantitative and detailed
study of the combinatorial Zo gauge model originally pro-
posed in Ref. 7. Two different types of quantum fluctua-
tions are introduced while preserving the gauge symme-
try: a transverse field acting on the gauge spins and a
X X ferromagnetic interaction between the gauge spins,
respectively. In both cases, we observe the existence of a
Z- topological state separated by a first-order transition
from another phase—a paramagnet in the first model and
a ferromagnet in the second

The structure of the paper is as follows. First, in Sec. I1
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FIG. 1. (a) The arrangement of two species of Ising spins on
a square lattice. Gauge spins (green squares) reside on the
links and four matter spins (orange dots) occupy each site of
the square lattice. (b) The vertex unit and the interactions
between spins. The interactions between gauge-matter spins
within a single unit are defined by the Hadamard matrix W in
Eq. (3). For clarity, the couplings are depicted on a deformed
cell in panel (c), where the ferromagnetic and antiferromag-
netic couplings are shown as thin blue lines and bold red lines,
respectively.

we give a brief introduction to the model with combina-
torial Zs gauge symmetry. The model realizes the Zo
gauge symmetry through monomial transformations and
effectively realizes the 4-body interaction term as the star
term in the classical version of the toric code. We further
introduce two types of quantum fluctuations by applying
either a transverse field on the gauge spins (model-X) or
a X X ferromagnetic interaction between the gauge spins
(model-XX), both of which respect the gauge symme-
try. In Secs. III and IV, we provide numerical results
on both models obtained from quantum Monte-Carlo
(QMC) simulations with the Stochastic Series Expansion
(SSE) method as well as exact diagonalization (ED). In
both cases, we find that the system exhibits a Za topolog-
ically ordered phase separated by a first-order transition
from either a paramagnetic phase (model-X) or a fer-
romagnetic phase (model-XX). We summarize our main
results and discuss the remaining open questions and fu-
ture prospects in Sec. V.

II. SPIN MODELS WITH COMBINATORIAL
GAUGE SYMMETRY

We consider two models in our studies starting from
a baseline model that contains ZZ interactions between
the spins with both ferromagnetic and antiferromagnetic
couplings arranged in a pattern such that the combina-
torial gauge symmetry is realized.

On top of the baseline model, additional kinetic terms
are introduced to give the system quantum dynamics.
Here we consider two different types of kinetic terms.
The first one is a transverse field on the gauge spins in
what we call model-X; the second one is a ferromagnetic
XX-type (070") coupling between the gauge spins, which
defines model-XX. In this section we start by describing
the details of the baseline model and how the combina-
torial gauge symmetry is realized. We then discuss the
models with the two different kinetic terms.

A. Baseline model with combinatorial gauge
symmetry

In the baseline model S = 1/2 spins reside on both
the sites and the links of a square lattice, as shown in
Fig. 1(a). For each star (or vertex) s of the lattice, we
place four “matter” spins p (the orange dots inside the
circles representing the lattice sites) and four “gauge”
spins o (green square) on the links of the star. One such
star with its total of eight spins is depicted in Fig. 1(b)
along with a labeling scheme. The Hamiltonian of the
system is written as

H=> H,+Hf,, (1)

where H, is the kinetic term involving only the o com-
ponent of the gauge spins (on all links), and at each star
s we define a local Hamiltonian on its eight spins

Ho=JY | Y Waoi | pi =T > i (2)
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Here the sums with j and a indices include the four mat-
ter spins o7 and the four gauge spins u;, respectively.
Notice that H, contains a transverse field only on the
matter spins. The ZZ couplings between the gauge and
matter spins have magnitude J and signs controlled by

the Hadamard matrix W,

+1 -1 -1 -1

-1 41 -1 1
W=1_1-14 -1/ (3)
11 -1 41

Fig. 1(c) depicts these signs; the interaction between a
gauge spin and its nearest matter spin is antiferromag-
netic (bold red line) while its interaction with the other
3 matter spins are ferromagnetic (thin blue line).

The Hamiltonian in Eq. (1) possesses combinatorial Zs
gauge symmetry if the H, terms are of the above form,
and if only the ¢® component of the gauge spins enters
in HY, . The transformations

O'Z-Z — Z Rij U; (4&)
j
pi =y pi Ly (4b)

leave the spin commutation relations invariant if L and
R are monomial matrices, i.e., generalized permutation
matrices with a +1 entry in each line or column in the
case of the group Zs. The transformations correspond
to combinations of rotations by 0 (41 entry) or = (-1
entry) around the z-axis, followed by a permutation of
the indices.

A local gauge symmetry is generated by flipping gauge
spins on closed loops around the elementary plaquettes,
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FIG. 2. Connection between the model in our studies to the
Z3 gauge theory. The red star in (a) represents the expanded
4-body interacting term that is equivalent to the star term
[I1o? of the Zs gauge model in (b). The blue plaquette in
(a) represents the local combinatorial gauge generator G, by
analogy with the local gauge generator G;‘“ic of the Z2 gauge
model defined as [Jo” of the 4 spins around a plaquette in

(b).

together with accompanying transformations on matter
spins. Flipping the gauge spins around the loop corre-
sponds to choosing R matrices for each s traversed, with
an even number of —1 entries associated with the links
visited. For each such R, there is a corresponding mono-
mial matrix L = W R W1 [7]. These pairs of monomial
R and L matrices are such that W = L~ W R, and thus
the transformation in Eq. (4) leaves the ZZ part of the
Hamiltonian invariant. Moreover, since in H the trans-
verse field on the p® is the same on all a € s, the permu-
tation action of the monomial L also leaves these terms
unchanged. Hence, Hy is invariant under the monomial
transformation with L and R. Finally, since R is diago-
nal and only o enters in H, , this kinetic term is also
invariant. For each such loop, we have a Zs symmetry of
the Hamiltonian in Eq. (1).

This local Zo gauge symmetry is exzact for any value of
the parameters in the Hamiltonian Eq. (1). We can ob-
tain further intuition by connecting to the more familiar
formulation of the Zy gauge theory [9, 10] in certain lim-
its. Consider the effective Hamiltonian for the H, terms
when their energy scales are larger than those in H,;
in this regime, one can diagonalize H; by fixing the o7
around the star and treating the problem as that of a
paramagnet for the matter spins p,. The result is an
effective Hamiltonian for the lowest states that take the
form of a four-spin interaction among the gauge spins:

—v=x]of, (52)
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where the parameters v and \ are given by [7]

— % («/r?n +16J2 + 30, + 4y/T2, + 4J2) (5b)
= —% (\/r,%l +16J2 + 3, —4y/I'2 + 4J2) - (5¢)

Notice that the effective HET is, up to a constant shift,
the same as the star term AZ = [[,., o7 that appears

in the toric code [1] and the Zy lattice gauge model [9,
10]. We depict in Fig. 2(a) the star term in our model,
juxtaposed to the star term represented in the toric and
Zs gauge models in Fig. 2(b) as the product of four spins
on the red cross. The manifold of other states in our
model, those beyond the effective term, are separated by
a scale I';;,. Thus, in the limit I',, — oo, higher energy
sectors are projected out, and the system Hamiltonian
asymptotically becomes the exact star term of the toric
code.

In the conventional Zo gauge transformation, the gauge
operator Gri¢ = [lic, 0F is built as a product of o7
spins along the smallest loops, shown as the blue square
in Fig. 2(b)). In a system with Hamiltonian as in Eq. (1),
which possesses combinatorial Zs gauge symmetry, the
exact local gauge transformation on a plaquette p in-
cludes additional transformations corresponding to the
action of an operator £# on the matter spins of star s as

Z :uu, ba ) (6)

which implements the flips and permutations associated
to the monomial matrix L. The plaquette term generat-
ing the combinatorial Zs gauge symmetry is then defined

Gy =[]t (7)

sEp 1€EpP
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In a system with linear size L (total spins N = L x L x 6)
and periodic boundary condition, one can find M =
2+ (L? — 1) independent gauge operators G, that com-
mute with the Hamiltonian Eq. (1). Within the M
operators, two of them, G, and Gy, are defined along
non-contractible loops in the two spatial directions, and
their quantum numbers uniquely characterize the topo-
logical ground state degeneracy. Therefore in the basis
of these G} operators Gp|¢) = ¢l|g) and the Hamilto-
nian can be block-diagonalized into 2™ blocks associated
with unique quantum number sets q = (G, = £1,G, =
+1;+1,41,...) (See Appendix. A for details), where we
list the quantum numbers of the non-contractible loops
G, and G, first, and the remaining quantum numbers
are associate to the other M — 2 independent local gauge
operators.

The discussion thus far is rather general, and, in par-
ticular, the combinatorial gauge symmetry is exact, pro-
vided that the kinetic term Hy, involves only the o*
component. Below we shall discuss two different choices
of HZ, .

B. Model with transverse field on the
gauge spins—model-X

A simple choice of kinetic term is to apply a transverse
field on the gauge spins,
Ty of, (8)
i

o _
Hkin -



or, equivalently, the case with full Hamiltonian

H=JY | Wuoj | po=Tm D pi=Tg) of .
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In the limit '), > J, we can replace the first two terms
by the star equivalent Eq. (5a). Therefore, Hamiltonian
Eq. (9), which obeys the exact local combinatorial Zs
gauge symmetry, has the usual Z, lattice gauge model as
its low energy description:

szz—)\ZHUf—gZUf, (10)

s i€Es i

with g = T'y and A given by Eq. (5¢). The Zs lattice gauge
model has been well studied and shown to host Zs topo-
logical order for g < g., and undergo a deconfinement—
confinement transition at g = g. that leads to a paramag-
netic phase for g > g.. The critical point is g. ~ 0.3285\
from the exact mapping to the dual 2D Ising model [11-
14]. We expect similar phases to appear in the full Hamil-
tonian Eq (9) as the uniform transverse field on the gauge
spins is varied. The limit I'),, > J therefore allows us to
estimate the phase boundary of our model Eq (9) per-
turbatively by relating the parameters I'y,,I'y, and J to
the couplings g and A of the Zy lattice gauge model using
Eq. (5a)) and Eq. (10) as

9 Ly _ IS
AT 12743 1274

(11)

Setting g = g. ~ 0.3285\ results in the leading-order
phase boundary in the (I';,T',,) plane. By comparing
with unbiased numerical results, we will later show that
this I';,, = oo form provides a good approximation to the
phase boundary even down to values as small as I';,, ~ 2
[Fig. 4(a)].

Note that the mapping to the simpler lattice gauge
model is only perturbatively exact in the limit of I',,, —
0o. In the region with a small I',,,, we cannot in general
rule out other phases appearing away from the perturba-
tive regime. However, we do not see any obvious reasons
to expect phases beyond those of the effective Zs lattice
gauge model. We present in Sec. III our numerical results
that support the absence of other phases in our model
and reveal the order of the phase transitions between the
topological and paramagnetic phases.

C. Model with ferromagnetic XX-interaction on
the gauge spins—model-XX

Another simple choice of kinetic term is to add two-
spin X X interactions between nearest-neighbor gauge
spins,

Hg,=—J. Y ofof (12)
(k1)

so that the full Hamiltonian is

H:JZ ZWGJ—UJZ» uZ—FmZug—JzZJsz.

acs \ jEs acs (kl)

(13)

Notice that HY, satisfies the general conditions pre-
sented above to retain the combinatorial gauge symme-
try. (HY,, is written in terms of o” only, and thus com-
mute with the local operators Gy.)

To gain intuition about the model with Hamiltonian
Eq. (13), we again consider the limit I',, > J in which
the first two terms can be replaced by their equivalent
star term Eq. (5a). Defining the four-spin star operator
Az =[],c, 07, the effective Hamiltonian, without the ki-
netic term, reads H§T = —\ 3" A%. The ground states of
H*% have A* = 1 (parity +1) on all stars or vertices. Sim-
ilarly to the dual mapping of the conventional Zy lattice
gauge model, we can introduce a conjugate star operator
A? that flips the eigenvalue of AZ, in terms of which we
write the gauge spin between two nearest-neighbor stars
sand s’ as of = ATA?,.

The XX kinetic term Eq. (12) perturbatively gener-
ates four-spin plaquette interactions (i.e., products of
four o around the small loop around a plaquette). To
this end, the bond operators in the kinetic term can be
arranged, e.g., in the way illustrated in Fig. 3. Starting
from the ground state of HS®, where all vertices have
parity AZ = +1, acting with a term of the form o} o} on
two sites k and [ within a vertex s generates a pair of
defects on either the A or the B sublattice, depending on
the bond chosen. Adding another bond operator within
the same plaquette, parallel to the first bond, generates
a plaquette term at second order in J,/A. The effective
perturbative Hamiltonian in terms of the A*® operators
then takes the form

HM = —\Y Az —27, > AT AL, (14)
s (s")

where (ss’) indicates nearest-neighbor stars within the
same sublattice, and A\ is the aforementioned effective
strength of the star-term, Eq. (5¢). In the limit T, > J,
our model effectively reduces to two independent TFIMs;
one on each sublattice. The particular arrangement of
the X X terms imposes an additional even-odd conserva-
tion law in the system. The parity of negative AZ vertices
within a sublattice is conserved, which can be easily seen
from Fig. 3(a), where the X X operators can only create
defects in pairs within each one of the sublattices.

In the limit J, — oo, since all gauge spins inter-
act ferromagnetically, an z-direction ferromagnetic phase
arises; thus we expect a quantum phase transition be-
tween the topological phase and a ferromagnetic phase,
replacing the topological-paramagnetic transition of the
model-X discussed in Sec. II B. Similarly to the model
with transverse field on the gauge spins, where the
phase boundary between the topological and paramag-
netic phases is given perturbatively by Eq. (11) through



FIG. 3. The second-order process generates the effective plaquette term in model-XX. The A-sublattice is marked in light
yellow while the B-sublattice is indicated in white. (a) The processes that couple two stars in the A (top part) or B (bottom
part) sublattice with an effective ferromagnetic interaction. (b) The arrangement of XX bonds (dashed lines) resulting in an
effective TFIM on A and B sublattices. Different colors indicate bonds coupling sites in the A and B sublattices.

the mapping to the TFIM, here this mapping gives the
following relation between the field strength in the TFIM
and the field A in Eq. (5¢);

A 6
20,  T3.J,

(15)

Thus, the topological-ferromagnetic phase boundary can
be obtained to leading order by setting the ratio above
to the critical point 3.04497(18) of the 2D quantum Ising
model [12, 13]. This boundary also describes numerical
results for surprisingly small values of the matter field,
down to v, ~ 1 [Fig. 11(a)].

IIT. ANALYSIS OF MODEL-X

In this section, we present our numerical studies of the
model-X introduced in Sec. IT B. Our results support the
theoretical conjecture that the model has a topological
and a paramagnetic phase with no other phases. The
nature of the quantum phase transitions between these
two states is revealed. In the following, we fix J =1 and
impose periodic boundary conditions in all our numerical
simulations.

A. Fidelity susceptibility

To confirm that the model does have phases predicted
by the effective Zs gauge theory, we start by identifying
signatures of the phase transition. We first consider the
fidelity susceptibility which can probe the existence of
a phase transition without requiring knowledge of any
order parameter [15]. The fidelity susceptibility is defined
as the second derivative of the logarithmic fidelity with
respect to a generic tuning parameter x

9?In F,
XF = ngbzzov (16)

where F, = | (¥(x)]¥(x + 0,)) | is the infinitesimal fi-
delity in the direction defined by z. In our model with
transverse fields, two types of fidelity susceptibilities can
be formally defined with variations along the two differ-
ent transverse fields; x =1I'y, or z =1T'y;

m 82 1anm
X7 (Tm,Tg) = —=—"lsr,, =0, (17a)
9of.
82 ].DFI‘
X%(Fm’ Fg) = 729|5F9:0' (17b)
a0z,

Across a phase transition, the fidelity susceptibility
should develop a maximum that diverges in the thermo-
dynamic limit.

We first calculate the fidelity susceptibilities using ex-
act diagonalization with the Lanczos method [16, 17] on a
small system with 2 x 2 unit cells, i.e., N = 24 spins in to-
tal. Due to the rapid growth of the Hilbert space, this is
currently the largest accessible system size with our com-
putational resources. Fig. 4(b) shows x% as a function
of I'y, for several different values of I'y. A single peak
is present in all cases, which implies the possibility of
a phase transition in the thermodynamic limit. Further-
more, we have not observed any cases of multiple maxima
in any of our calculations, suggesting only two different
phases. Similar behaviors are also observed for x%. as
shown in Fig. 4(c). From the location of the maximum
of X7 shown in Fig. 4(a), we find that the data fall close
to the perturbative (large-T',,) topological-paramagnetic
phase boundary even though the value of I'), is not ex-
tremely large (and I'; not extremely small).

It may seem surprising that the phase boundary is
given accurately by a system with only four unit cells.
To confirm that the observed maximum of the fidelity
susceptibility grows with the system size and truly indi-
cates a phase transition, we next turn to QMC simula-
tions to reach larger system sizes. We use the SSE QMC
method [18; 19], for which a convenient way to compute
the fidelity susceptibility was devised recently [20].
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FIG. 4. (a) Phase diagram of model-X. The red curve is the perturbative large-I';, phase boundary, Eq. (11), between Zo
quantum spin liquid and the confined (paramagnetic) phase, resulting from the mapping to the Z2 lattice gauge model. Blue
crosses are the boundary points from the location of maximum fidelity susceptibility calculated with ED, as shown in (b). The
two open circles represent the L — oo transition point extrapolated from the QMC data simulated at fixed I'y = 0.2 and 1.0,
where the extrapolated transition points are at I';, &~ 2.27, and I'),, &~ 1.0, respectively, as discussed in Sec. III B. The Fidelity
susceptibilities x% in (b) and x% in (c) were calculated using Lanczos ED with N = 2 X 2 x 6 spins.

In our simulation, we set the inverse temperature as
[ = 4L. Because of the small vison gaps in the topolog-
ical phase, this scaling of 8 does not allow us to reach
the finite-size ground state deep inside the topological
phase. However, with the T' — 0 limit approached with
B o« L we can still address the nature of the quantum
phase transition from the gapped paramagnetic phase.
In our model, the Ising interactions are highly frustrated,
and to mitigate the associated effects of slow dynamic of
the QMC updates in the topological phase and at the
phase transition, we have implemented quantum replica
exchange [21-23]. Simulations are thus carried out in par-
allel for a large number of replicas with different values of
T',, on both sides of the transition, with swap attempts
carried out for neighboring values of the parameter after
several conventional SSE updates. Even with replica ex-
change, it is still difficult to equilibrate systems for large
L, and we have limited the present study to L < 8. As
we will see, these moderate system sizes are already suf-
ficient for drawing definite conclusions.

Fig. 5(a) shows the results of the fidelity susceptibility
Xp at I'y = 0.2 as a function of I',,. We indeed find
that the peak identified in the ED calculations diverges
upon increasing the system size, providing solid evidence
of a phase transition. The other fidelity susceptibility x%
shows a similar behavior, as shown in Fig. 5(b).

In order to understand the nature of the phase transi-
tion, we perform finite-size scaling of the maximum value
of the fidelity susceptibility to extract the associated crit-
ical exponent. Based on the similarity of the model to
the Zo lattice gauge model, in which the transition is in
the (241)D Ising universality class, one might naively
expect a continuous transition at which the maximum
should scale with system size as [16] yz/L? ~ L?/¥~¢
with d = 2 the spatial dimensionality and v ~ 0.63.
However, we do not observe a scaling of the above form.
Instead, we analyze the data using a generic scaling form

xr/L? ~ L? with an adjustable exponent b. To further
take into account finite-size corrections, we consider a
size dependent exponent by, extracted from two system
sizes, L and L + 2; graphically this exponent corresponds
to the slope of the line drawn between two data points
on a log-log scale as shown in the insets of Fig. 5.

In the case of X in Fig. 5(a) we find by =~ 3.0 (i.e.,

the line drawn between data points for L = 4 and
L = 6) and bg ~ 3.5 (from L = 6,8). In the case
of x%. we find by =~ 2.7 and bsg ~ 3.2. These expo-

nents are significantly larger than the expected value
2/v—d~2/0.63—2~ 1.175 of the (2+1)D Ising univer-
sality class, and for both susceptibilities the deviation be-
comes larger for the larger system sizes. It therefore ap-
pears more likely that the transition is first-order. Gen-
erally, at classical first-order transitions the same scaling
forms hold as for continuous transitions, but with the ex-
ponent 1/v replaced by the dimensionality d [24, 25]. In a
quantum system, the replacement should be 1/v — d+ 2z,
where the appropriate value of the dynamical exponent
z reflects the nature of the low-energy excitations in the
two coexisting phases [26, 27]. Our results in Fig. 5 sug-
gest a first-order behavior with z = 1, in which case
b=2/v—d— 2(d+1)—d = 4. We show this type
of divergence for reference with the dotted lines in the
insets of Figs. 5(a) and 5(b); this asymptotic behavior
seems very plausible based on the available data.

B. Topological order

Next, we turn to the properties of the underlying
phases. Based on the mapping to the Zo lattice gauge
model, we expect the phase with small I',,, to be a Zso
topological quantum spin liquid. Note that Elitzur’s
theorem forbids any spontaneous symmetry breaking of
local gauge symmetries; thus one cannot define any lo-
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FIG. 5. SSE results for the size-normalized fidelity suscep-
tibilities x% /N (a) and x%/N (b) for systems with different
number of spins N = L x L x 6. All data points for a given L
were obtained in the same simulation with quantum parallel
tempering at fixed I'y = 0.2 and inverse temperature 8 = 4L.
The insets show log-log plots of the peak value of the fidelity
susceptibility versus L, along with solid lines drawn through
pairs of data points with L and L + 2 to analyze power-law
behaviors xp/N ~ L*L . The extracted size-dependent expo-
nents in (a) are by ~ 3.0 from the L = 4, 6 points and bg = 3.5
from L = 6,8. In (b) the L = 4,6 points give by ~ 2.7 and
L = 6,8 give bg ~ 3.2. The dotted lines in the insets of (a)
and (b) have a slope b = 2(d + 1) — d = 4 corresponding to a
first-order transition and are shown as a reference.

cal order parameter to characterize such topological or-
der [10, 28, 29]. To detect the topological order, we inves-
tigate the global, non-contractible Wilson loop operator,
defined as the product of gauge spin o® operators along
a non-contractible loop in the a-direction

{i}a,n

for the set of sites {i}a,n belonging to the n-th row or
column. For a Zs spin liquid, the quantum numbers
Pzn = £1, py,n = £1 characterize the four degenerate (in
the thermodynamic limit) topological ground states re-
gardless of which row or column n is chosen. We can take
advantage of this property to define a correlation func-
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FIG. 6. Wilson-loop correlation function obtained in SSE
simulations with I'y = 0.2. Data for different system sizes
show convergence to a finite value for '), 2 2.3, with the
expected value Cp(L/2) = 1 in the I';, — 0 limit. The inset
illustrates the definition Eq. (20) of the correlation function
in terms of two parallel non-contractible Wilson loops in the

x direction of a periodic lattice of size L = 4.

tion detecting the topological order using the product of
two parallel non-contractible loops on rows or columns
labeled by m and n:

z
I 7

{i}a.m

z
II 7).

{i}a,n

Cg(rmn) = <po¢,mpo¢,n> =

which we also illustrate in the inset of Fig. 6. Instead of
investigating this correlation as a function of the distance
Tmn between the two loops, we here take the longest dis-
tance for a given lattice size, ry,, = L/2, and analyze the
L dependence of C),(L/2) defined as a summation over
all translations (to reduce the statistical fluctuations) of
the two Wilson loops oriented in the a € {z,y} lattice
direction:

L
L/2 Z Z ],]+L/2 (20)

which can be averaged over the two directions. In the
topologically ordered phase we expect C),(L/2) # 0 when
L — oo, while in the paramagnetic phase Cp(L/2) — 0.
Note that this quantity has been used in a previous study
of topological order in classical Ising gauge models at zero
and non-zero temperatures [30].

In Fig. 6, we show SSE results at I'y = 0.2 as a func-
tion of I',,,. We see that Cp(L/2) indeed vanishes with
increasing L for large I',,, while it converges to a finite
value for I',, in a range consistent with the transition
point found above for the same value of I';. Below we
will discuss the size-extrapolated phase boundary. We
stress here that the Wilson loop order parameter does not



detect any phases with only local order parameters (See
Appendix. D for a study of the ferromagnetic state as an
example) and our results therefore demonstrate conclu-
sively a Zs topological phase of finite extent as the field
I',, is turned on.

Having established a good topological order parameter,
we further provide evidence of a first-order phase transi-
tion by a finite-size scaling analysis of the corresponding
Binder ratio. To this end, we define the topological or-
der parameter on the entire system as the sum of Wilson
loops with P? = P2 + Py2 where

1 L
Pa:_ a,ns 21
an::lp, (21)

with o € {z,y}, and the Binder ratio

(P
(P2)>

B= (22)

In a perfect Zy ordered topological phase, P, = £1 and
P, = +£1, forming a Zs X Zo symmetric order parame-
ter distribution, while P,, = P, = 0 in the paramagnetic
phase. With increasing system sizes, the Binder ratio is
expected to form a step function at the transition point
in the case of a continuous transition, while the distri-
bution of the order parameter in the coexistence state at
a first-order transition typically is also associated with a
divergent peak adjacent to the step [31, 32]. In Fig. 7(a)
the Binder ratio indeed evolves into a step function with
a side peak, though the latter is only seen clearly for the
largest system sizes, L = 8, and for L = 6 there is a very
weak maximum as well. Looking at the derivative of B,
in Fig. 7(b) we observe a divergent positive main peak,
and for L = 8 a prominent negative peak reflects the
presence of the first-order side peak in Fig. 7(a). Thus,
we have strong evidence of phase coexistence at a first-
order quantum phase transition caused by an avoided
level crossing. In Appendix E, we further show the full
distribution of the two-component Wilson loop order pa-
rameter p(Py, P,), which clearly shows a phase coexis-
tence characteristic of a first-order transition.

The maximum of the Binder ratio derivative diverges
with the system size as the step function develops. The
derivatives can be evaluated directly in the SSE sim-
ulations, using an estimator derived in Appendix B.
With the replacement 1/v — d + z in the scaling form
dB/dTl,, ~ L'" and expecting z = 1 here, the peaks
should diverge as L3. Indeed, in Fig. 7(b) the peak val-
ues for the three largest system sizes can be fitted to a
power-law L® with b ~ 3.0, thus supporting a first-order
transition.

So far, we have discussed the divergence properties of
the peaks in the Binder ratio and the fidelity susceptibil-
ity. We also need to extrapolate the peak locations in or-
der to obtain the transition point in the thermodynamic
limit. Fig. 8 shows the dependence of the peak locations
on 1/L along with extrapolations assuming power-law

a)2.00
( ) i L=2 LR PR EY
- { L=4 .mtttﬁt"'."
1.75 1 ¢ L=6 " AAA‘AAAAA
t L=38 .' A
Q 1.50 1] ‘A
.' &
1.251 /.' ‘AA
L ‘A“ ° )
F“'Y‘* A - ° ° b ¢
1.00 = - .
b
( ) 20 o= oLl i L=2
// P L=4
s / t L=6
=100
} L=8
w2101 Wl ‘
== 2.0 3.0 4.0 5.06.07.08.0
:.AAA Aoy,
() etk s st M’ Tairtniy oy s0,0 1
2.2 2.4 2.6 2.8 3.0
Ly
FIG. 7. Results for the model with transverse field at

Iy = 0.2. (a) The Binder ratio B defined with both com-
ponents of the Wilson loop order parameter P? = PZ + Py2
in Eq. (22). The peaks adjacent to the phase transition for
system sizes L > 6 (barely discernible for L = 6) are signa-
tures of a first-order transition. (b) The numerical derivative
of B with respect to I'y, [computed using the linear approxi-
mation between the successive points in (a)]. The inset shows
a power-law fit y o< L® to the maximum value of the deriva-
tive, with only the largest three system sizes included. The
exponent is b &~ 3.0, which is consistent with expected value
b=d+ 1= 3 for a first-order transition.

corrections. All quantities show mutually consistent be-
haviors for the largest system sizes, but x% has much
larger scaling corrections than the other quantities. Ex-
trapolations with error analysis give the critical value of
the matter field I'y, ~ 2.27 for the gauge field I'; = 0.2
considered here. In the phase diagram in Fig. 4(a) we
have marked this transition point with a circle, and we
also show the result obtained using the same methods
for I'y = 1. These QMC points are very close to the
boundary estimated from the ED results for a very small
system with L = 2.

Here we should note that the ED results are calculated
exactly at T' = 0, while there are still some temperature
effects left in the QMC results obtained with our choice
of temperature scaling, T = (4L)~!. In the case of L = 2,
the QMC results for T'S, (L) are actually quite far from
the T'= 0 ED results because of the temperature effects.
However, since T' — 0 as L increases, the L — oo extrap-
olated QMC results are not affected by finite temperature
(beside unimportant constant factors in the peaks of the
physical quantities). In this regard, it can also be noted
that effects of inappropriate temperature scaling with L
could potentially ruin a quantum phase transition that
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FIG. 8. Scaling with the inverse system size of the I',, values
of the finite-size maxima dB/dl'w, X% /N and x% /N, with
'y = 0.2. Both dB/dl';, and x% /N have been fitted with a
single power-law correction and give the L — oo extrapolated
values I';,, = 2.31(3) and I';, = 2.27(4), respectively. The
apparent large subleading corrections to x%™ location forbid
us to get a reasonable extrapolation based on the available
data, though the L = 6 and L = 8 pints show full consistency
with the other estimates.

does not extend to T > 0 (as is the case with topological
order in two spatial dimensions), while there is no reason
to expect a transition detected when T o 1/L to vanish
if T approaches zero more rapidly.

C. Energy derivative

In this section, we show another signature of the first-
order phase transition from the ground state energy den-
sity. In practice, the T" — 0 internal energy is ob-
tained with QMC calculations at T = (4L)~!. The type
of first-order transition indicated by the results above,
where finite-size scaling with the exponent replacement
1/v — d+ z holds, should be associated with an avoided
level crossing. Thus we expect a change in the slope of the
energy at the transition with increasing L. In Fig. 9(a)
we plot the energy per site as a function of I';, for the
same gauge-field strength as considered above, I'j = 0.2.
At first sight, the data exhibit a smooth behavior with-
out any visible kink. However, by taking the numerical
derivative of the energy, as shown in Fig. 9(b), we find
a clear signature of non-analytic behavior, such that the
derivative becomes discontinuous at the transition in the
thermodynamic limit.

Along with the other results, this demonstration of a
discontinuous energy derivative provides definite proof
of a first-order quantum phase transition between the
topological and paramagnetic states.
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FIG. 9. (a) Energy density computed in SSE simulations with
I'yn = 0.2. (b) The corresponding derivatives are taken nu-
merically based on the available data in (a). Features indicat-
ing a discontinuity developing with increasing L demonstrate
a first-order transition. We have fitted lines to the L = 8 data
away from the sharp features and observe the presence of a
jump when these forms are extrapolated to the location of the
sharp peak (the vertical dashed line, which can be taken as a
finite-size definition of the transition point).

D. Level spectroscopy

Having used QMC simulations to establish the exis-
tence of an extended Zs topological phase and its quan-
tum phase transition into the paramagnetic phase, we
now again turn to Lanczos ED calculations in order to in-
vestigate the energy level spectrum of the system. We use
the combinatorial Zs symmetry to block-diagonalize the
Hamiltonian into M = 2+ L?—1 blocks in the basis of Zs
gauge generators, as discussed in detail in Appendix A.
The blocks are categorized by a set q = (&, %+, {£}) of
quantum numbers, where the first two elements corre-
spond to the two non-contractible loops with associated
quantum numbers G, and G, and {+} denotes the set
of L? — 1 local quantum numbers G;. In the thermo-
dynamic limit, the topological ground state should be
four-fold degenerate, corresponding to the lowest energy
states from sectors with G, = +, G, = + and G; = + for
all other ¢ € M — 2 local operators. The transverse field
does not commute with the Hamiltonian; thus, there are
always finite-size gaps between the four topological states
in a finite system. Our ED calculations here are again
restricted to L = 2 (and we present some QMC results
also for L = 4), but even for this very small system many
of the salient signatures of spinon and vison excitations
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FIG. 10. ED level spectrum at I'y = 0.2 for a system of size
L =2 (N =2x2x6 spins). In (a) the two lowest energy
gaps relative to the ground state (marked Gnd in the leg-
ends) are graphed versus the matter field strength for each
of the 32 blocks with quantum numbers q = (£, 4, £+, +, +).
Many blocks are degenerate because of lattice symmetries;
thus the number of different curves is much less than 64. The
four states that become degenerate topological ground states
in the Zy phase are marked by blue crosses (the finite-size
ground state), red stars, and green triangles (two degener-
ate sectors); these states all have the local quantum numbers
G; = +1. The blue dots represent all other lowest block lev-
els; these are states with visons (two or a larger even number)
of the topological phase (marked by v in the inset illustra-
tion). The orange curves represent the second-lowest states
in each block; they correspond to the spinon excitations (par-
ticles indicated in the inset by s) of the topological phase and
they all become degenerate for I'y, — 0. In (b), the lowest
block states are graphed on a magnified scale. The eight-fold
degenerate level that is the lowest excitation in the paramag-
netic phase was calculated with both ED (yellow dots) and
extracted from imaginary-time correlations from QMC simu-
lations (violet circles), to demonstrate the correctness of the
latter for L = 2. QMC results for both L = 2 and L = 4
(calculated at inverse temperature § = 24L) are shown in the
inset.

can be observed, as well as signatures of the first-order
quantum phase transition.

In Fig. 10(a), we graph low-energy gaps Apg relative
to the ground state versus the matter field I';,, at fixed
I'q = 0.2. For each of the 32 topological symmetry blocks
pf the L = 2 system, the two smallest gaps are shown, but
because of degeneracies due to lattice symmetries there
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are only 11 distinct curves. The unique finite-size ground
state has q = (+,+,+,+,+), i.e.,, G, =+, G, = + and
G; = + for i = 1,2,3. The four levels that become
degenerate in the thermodynamic limit in the topologi-
cal phase are highlighted with different symbols. As for
the remaining low-energy levels, we note that in the Zs
topological phase two types of quasi-particle excitations
should be expected; spinons (s) and visons (v), which are
created in pairs by acting on the ground state with o”
and o respectively on the gauge spins, as indicated in
the insets of Fig. 10(a).

In the I';;, — 0 limit, the spinon excitations are gapped
with Ag ~ 4J (the gap value is 4J if I'y = 0), as seen
clearly in Fig. 10(a), where these levels are shown with
orange symbols. The vison gap opens when increasing
T, as can be seen from the fact that the effective model
takes the form

Hpert - ZHS - gZGp (23)
s P

to lowest order in perturbation theory. Here G, is the
local gauge generator that appears at 12th order, where
the coupling is

goc (TS T5) /T (24)

We can identify the vison excited states simply by con-
sidering the quantum number blocks that couple to the
ground state through the on-site o* operators (which
do not commute with the local gauge operators). In
Fig. 10(b), we plot ED results for the same parameters as
in Fig. 10(a), but with a change in scale to focus on the
vison states. These states are gapped for all I',,, > 0, but
the gaps are much smaller in the topological phase than
in the paramagnetic phase. The lowest vison state, which
contains two visons, is eight-fold degenerate on the small
system considered here. The other levels in Fig. 10(b)
correspond to states with (an even number) more than
two visons.

We can extract the lowest vison gap from QMC sim-
ulation by analyzing the imaginary-time autocorrelation
function of o, defined as

Gr) = 5= S (o )i (7)) (25)

i€g

where Ny = L x L x 2 is the total number of gauge spins
in the system. The gap can be extracted by fitting an ex-
ponential function to G(7) for large 7. Here it is also im-
portant that the temperature is sufficiently low, so that
the asymptotic form of G(7) is dominated by the low-
est gap; See Appendix. C for further technical details on
these calculations. In Fig. 10(b) we compare the lowest
gap extracted from the QMC data for the L = 2 system
at inverse temperature § = 48 with the ED result. We
observe good agreement between the two calculations.
Note that the eight-fold degenerate levels with two vison
excitations undergo a true (not avoided) level crossing



with a state with G, = G, = + and all local quantum
numbers G; = —. This level-crossing is a finite-size ef-
fect, and we do not expect such behavior to persist for
larger system sizes. The GG; = — state contains four vi-
sons, i.e., it can be reached from the ground state with
two different o7 operations. It therefore does not con-
taminate the correlation function G(7) corresponding to
the two-vison level of interest. For this small system the
four-vison state falls under the lowest 2-vison state be-
low I'),, =~ 3, i.e., close to the phase transition into the
topological state.

Note again that the quantum numbers G; are con-
served (i.e. commute with the Hamiltonian) in both
the topological phase and the paramagnetic phase of the
model. However, visons with G; = — are deconfined only
in the topological phase. In the paramagnetic phase, the
lowest energy vison excitations must form bound states
residing on two adjacent plaquettes, while states with
more visons and larger separations between the visons
have larger energy costs, as shown in Fig. 10(b).

In the inset of Fig. 10(b), we show the vison gap based
on QMC calculations for both L = 2 and L = 4 at
T, = 0.2, using inverse temperature § = 24L. While
the L = 2 gap exhibits only a rather smooth variation
with T'),, at L = 4 a sharp feature has developed close to
the phase transition. The sharp behavior of the gap here
is consistent with the scenario of a first-order transition
through an avoided ground state level crossing, and this
mechanism should be associated also with avoided level
crossings of the low-lying excitations.

Although the model possess Zy topological order and
can be directly implemented on existing quantum devices
[8], it will be difficult to reach the true ground state, or
even a thermal state with a low density of visons, due to
the very small vison gap. These difficulties are clear from
the effective model obtained perturbatively, Eq. (23) with
the 12th-order effective coupling in Eq. (24). Nonethe-
less, there may still be signatures of the mutual statistics
of the spinons and visons that could be observed in the
regime where temperature is larger than the vison gap
but still much smaller than the spinon gap, as discussed
in Ref. [33]. In this regime the visons randomly appear
within plaquettes because their energy of formation is
much smaller than the temperature. In the presence of
kinetic terms (such as a transverse field), the spinons ac-
quire dynamics at a scale much faster than that of the vi-
somns, so effectively they quantum diffuse in a background
or randomly placed visons. Because of the mutual statis-
tical phase of m between the two types of particles, the
random visons serve as sources of 7 fluxes, which lead to
quantum interference corrections to the diffusion of the
spinons.

IV. ANALYSIS OF MODEL-XX

Here we present numerical results for the model-XX
introduced in Sec. IIC, organized in the same way as
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the numerical studies of model-X in Sec. III. Lanczos ED
calculations were carried out for L = 2 systems. QMC
results for larger systems up to L = 6 were again ob-
tained using the SSE method supplemented with quan-
tum replica exchange. We fixed I';, = 1.0 and simu-
lated several replicas at different values of J, across the
two phases. The values are chosen such that the ac-
ceptance rate of swapping neighboring replicas is in the
range 0.4 ~ 0.6. Our findings and arguments are very
similar to those for model-X discussed in Sec. III, with
the exception of issues pertaining to the ferromagnetic
phase, and we therefore keep the discussion brief in this
section.

A. Fidelity susceptibility

As in the previous study of model-X, we first discuss
Lanczos ED results for the fidelity susceptibility x% de-
fined as in Eq. (17b) with the substitution I'y — J,. In
Fig. 11(b), we show x% versus J, for several values of
T',,. In all cases, we observe a peak indicative of a phase
transition. The locations of the maxima are shown along
with the perturbative phase boundary in Fig. 11(a).

In Fig. 12(a) we plot SSE results for larger systems. As
expected we find a maximum that diverges with increas-
ing system size, showing a true phase boundary and only
two phases. Analyzing the peak height using the effective
exponent by defined with system sizes L and L + 2, we
find by =~ 4.8 and by =~ 3.9. These exponents are again
significantly larger than the 2/v —d ~ 2/0.63 —2 ~ 1.175
for the (2+1)D Ising universality class, but close to
b=2(d+z)—d =4 for a first-order transition when
z = 1. We note one difference with respect to the previ-
ous model, as seen in Fig. 5, in that case the exponent by,
increases with L, while in the present case it decreases.
One may then question whether the value b = 4 is re-
ally obtained in the limit L — oo. Nevertheless, all our
complementary results to be presented below also lend
support to a first-order transition.

B. Topological order

To detect the topological order, we again consider the
correlation function C,(L/2) between two parallel non-
contractible Wilson loops, defined previously in Eq. (20).
Fig. 12(b) shows results at T',, = 1.0. Here a disconti-
nuity reflecting the first-order transition develops more
clearly as compared to the results for model-X in Fig. 6,
thus suggesting a more strongly first-order transition in
this case. Note, however, that the parameter values cho-
sen for the two models in these figures, I'y = 0.2 and
I',, = 1, are not directly comparable. In both cases, the
strength of the discontinuity will vary with the model
parameters.

As in Sec. III, we use the Wilson loop order param-
eters P, = Y Pz and Py, = Y py. to confirm the
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FIG. 11. (a) Phase diagram of the model with XX interac-
tions. The red curve is the approximate phase boundary ob-
tained from the asymptotic I';,,, — oo mapping to the TFIM.
This boundary separates the Z2 topological quantum spin lig-
uid and the ferromagnetic phases. The blue crosses are points
on the boundary estimated from the maximum of the fidelity
susceptibility in (b), calculated using ED on an L = 2 system.
The green open circle indicates the . — oo extrapolated tran-
sition point J, = 0.706 from QMC simulations at I',,, = 1.0.

extent of the topological phase. We use the Binder ratio
B as defined in Eq. (22) with both components taken into
account. The results, shown in Fig. 13(a) exhibit devel-
oping step functions with associated peaks indicative of
a first-order transition. The derivatives exhibit the ex-
pected divergent peaks. Because of the limited system
sizes, we refrain from analyzing the peaks further. We
have used the peaks to extrapolate the transition point
to infinite size and show the result with the green circle
in the phase diagram in Fig. 11 at I';, = 1. As in the
model-X with transverse field on the gauge spins, we find
only a small difference between the QMC result and the
L =2 ED result in this case.
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FIG. 12. (a) Fidelity susceptibility of model-XX at I'y,, = 1.0
for different system sizes L calculated using SSE simulation
at inverse temperature 8 = 4L. The inset shows power-law
fits y o L°L to the maximum values for system sizes L and
L + 2. The exponents are bs =~ 4.9 and bs =~ 3.9. The slope
of dotted line corresponds to the predicted exponent b, =
2(d + 1) — d = 4 expected for a first-order transition. (b)
QMC results at I', = 1.0 for the Wilson loop correlation
function, Eq. (20).

C. Energy derivative

We present further evidence of a first-order phase tran-
sition from the energy density. As shown in Fig. 14(a), in
this case we observe a clear kink behavior for the larger
system sizes, L > 4, and the derivative in Fig. 14(Db)
accordingly shows a strong discontinuity developing.

D. Level spectroscopy

We have again used Lanczos ED to find low-lying states
for each block of quantum numbers characterizing the
combinatorial Zy symmetries in the L = 2 system. In
Fig. 15, we present the two smallest gaps versus the XX
coupling J, at I';,, = 1.0. The lowest states in the sectors
G, = £, Gy, = + and G; = + again are those that will
eventually become degenerate as L — oo in the topologi-
cal phase, and these states are highlighted with different



(@) 5 Lo {
2.00 1 = I—4 i
_ &1
3 Lo 4
].75 b + k 6 I: *M*A—A e =i =k
5 150 B
¢
] e il
1.25 **-r__*_w:‘:'?g"‘!‘ _____
1.00 1
(b) 3001 ? =
¢ -4- L=4
2001 ? B
. y
gl 100 ’
() 148k q:r‘ ks P e o Lo
—1001 $
065 070 075 080  0.85
T,

FIG. 13. Results for model-XX at I, = 1.0. (a) The Binder
ratio of the Wilson loop order parameter defined with both
components in Eq. (21); P? = P? + P;. The divergent peak
next to the step indicates phase coexistence at a first-order
transition. Accordingly, in (b) the derivative of the Binder
ratio shows divergent positive and negative peaks.

symbols. The lowest energy excitations in the topolog-
ical phase, states with visons, form levels very similar
to what we saw in the model-X. However, the spinon
spectrum looks very different. Due to the X X ferromag-
netic interaction, spinons created in pairs within one of
the sublattices has lower energy comparing to the one
created in neighboring pairs (created by a single o, op-
eration) as illustrated in Fig. 15(a).

At J, — 0, only spinon excitations exist, with a gap
size of order O(J), as can be seen in Fig. 15(a) where
these levels are marked in orange. The vison gap opens
with increasing J;, as the effective model from the lowest
order in perturbation takes the form

Hpert = ZHS - QZG;D (26)
s p

Here G, is the local gauge generator (plaquette term)
that appears at 10th order, with g ~ T'% J2/J°, which
should be compared to the 12th order perturbative
Hamiltonian in the case of model-X.

In the case of the XX interaction used here, there is
an additional gauge spin inversion symmetry in x-basis
that is not present in the model-X. Define the inversion
operator V' = [[, o7 as the product of all 0% gauge-spins.
This operator clearly commute with Hamiltonian and its
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FIG. 14. (a) Energy per spin of model-XX obtained in the
same simulations as the other quantities at 'y, = 1.0 and
temperature T = (4L)7'. (b) The derivatives are evaluated
using the linear approximation using the data in (a). The
dotted lines are fits to the L = 4 results away from the peak
and demonstrate a jump in the energy derivative at the tran-
sition (here represented by the peak location as indicated by
the vertical dashed line).

quantum numbers v = £ correspond to symmetric or
antisymmetric states. We find that all the lowest en-
ergy levels of the 32 gauge blocks (blue) are symmetric
and the second state (orange) is always anti-symmetric
except for the highest energy level shown in Fig. 15(a),
which exhibits an actual level crossing (see appendix F
for further details).

Among all the spinon excitations, the lowest one be-
longs to the same sector as the ground state, with q =
+ 4+ + + +. This excitation, which is marked with a
dashed line in Fig. 15(a), becomes degenerate with the
ground state for large J,, reflecting the ferromagnetic
Ising order with spontaneously broken Zs symmetry in
the thermodynamic limit.

For the vison excitations, since ¢* operators do not
commute with local gauge operators, we can identify the
vison excited states simply by considering the quantum
number blocks that couple to the ground state through
the on-site 0* operators. In Fig. 15(b), we plot ED re-
sults for the same parameters as in Fig. 15(a), but with a
change in scale to focus on the vison states. These states
are gapped for all J, > 0, but the gaps are much smaller
in the topological phase than in the FM phase. The low-
est vison state, which is marked by yellow symbols in
Fig. 15(b), contains two m particles, and is eight-fold de-
generate on the small system considered here. The other
levels marked by blue in Fig. 15(a) correspond to states
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FIG. 15. Level spectrum relative to the ground state for the
L = 2 system with XX interactions, calculated with Lanc-
zos ED. The organization of panels (a) and (b) is as in the
corresponding Fig. 10 for the model-X. We refer to the same
for further explanation of the visualization of the spectrum.
The lowest spinon excitation, shown as orange circles with a
dashed line, is the first excited state from the same block as
the ground state (which has q = + + + + +). This state is
antisymmetric with respect to spin inversion and forms the
two-fold degenerate multiplet together with the correspond-
ing symmetric state in the ferromagnetic phase.

with more than two (an even number of) visons.

V. CONCLUSIONS AND DISCUSSION

We have presented a numerical study of spin models
with only one- and two-spin interactions that realize a
combinatorial Zs gauge symmetry. We considered two
models that only differ by the kinetic terms given to the
gauge spins: model-X (containing a transverse field) and
model-XX (containing X X interactions). We found con-
clusive evidence for an extended Zs topological quantum
spin liquid phase in both models.

In the case of model-X, we identified two phases; a
topological phase and a paramagnetic phase. We demon-
strated a first-order quantum phase transition between
these phases, in contrast to the well known continuous
transition of the conventional Z lattice gauge model. In
model-XX we identified a topological phase and a com-
peting ferromagnetic state. Our data also support a first-
order transition between these two phases in model-XX.
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Perturbatively, the X X interaction of model-XX gener-
ates a plaquette operator G, at a lower order in per-
turbation theory as compared to the transverse field of
model-X, and therefore the size of the vison gap increases,
as we also observe.

The presence of the first-order transition between the
topological and the competing state, in both models,
raises the following interesting question: As we have dis-
cussed in the paper, in the limit of a large transverse
field T';,, on the matter spins, the models map to the usual
Ising gauge model, which has a continuous transition. An
important question is then whether the continuous tran-
sition persists for some finite range of values of I',,, or
whether it turns first-order immediately. This question
can in principle be answered by considering the correc-
tions to the usual Zy gauge model in Eq. (10), which
will appear when carrying out a perturbative expansion
to higher order in I',,'. The question is then whether
these corrections are renormalization-group relevant or
irrelevant at the critical point. While we have not car-
ried out this expansion and duality mapping, it appears
likely that the additional interactions generated in the
Ising model will involve products of more than two spins,
and most likely these interactions will be irrelevant at
the Ising critical point. Thus, we suspect that there will
be indeed a tricritical point separating continuous Ising
transitions and first-order transitions for large values of
T',, in Figs. 4 and 11. We leave tests of this hypothesis
open for future work.
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Appendix A: Z; gauge symmetry and conserved
quantum numbers

Recall that in the Zo lattice gauge theory,
Hy,=JY Ai—h.» ol
1.2 3 4

where A? is the star operator defined as A7 = o,0 0,07
acting on 4 spins emanating from a single site as shown
in Fig. 2(b). The local gauge generator G = [| o, is de-
fined as a product of o, operators around an elementary
plaquette [shown as the blue cross in Fig. 2(b)], which is
a conserved quantity of the system, i.e. G|E,;) = ¢|Eq)
where |E,) is an energy eigenstate. Thus we can use these

operators to characterize the quantum number sectors.

(A1)
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FIG. 16. (a) Definitions of M independent gauge operators in
the conventional Z2 model for a system of size 2 x 2. (b) The
corresponding operators define on the lattice of combinatorial
Zo model. Here, G, and G, are the gauge operators defined
on non-contractible loops along x and y direction respectively.

In analogy to the standard Z, lattice gauge theory, in
our model the 4-body interaction term A; is effectively
generated with the term (See Ref. [7] for further details)

JZ Z ajo; ui%—w—AZof,

acs JEs 1€s

(A2)

and the monomial transformation leads to the modifica-
tion of the local gauge generator

G;DZHL'LSLHO?,

sEp 1€EP

(A3)

with the additional £# representing the action of mono-
mial matrices £ acting on matter spins. All the formula-
tions that characterize the symmetry and quantum num-
bers in the standard Zs lattice gauge theory can also be
applied to our model with combinatorial Zs gauge sym-
metry.

There are in total M = 2+ (LyL, — 1) such inde-
pendent operators in a L, x L, system with periodic
boundary conditions. Within the M operators, two of

them are defined as a product of o,, G; = Hy) ol
along non-contractible loops where their quantum num-
bers uniquely characterize the 4-fold topological degen-
eracies of the ground state in the thermodynamic limit.
As shown in Figure. 16(a), Gy is defined along a non-
contractible loop in the y-direction, and G, is defined in
the z-direction. Other operators are local, defined as a
product of o, around an elementary plaquette of 4 spins.

Using the fact that G commutes with the Hamilto-
nian, we can construct eigenstates of the GG operators:
Glqg) = qlq) where ¢ = £1. Tt is straightforward to
see that for each G operator, the eigenstate can be
constructed by starting from a classical configuration
(which we refer to as the “representative” state [18]) via
lg) = (1 4+ ¢G) |rep). Since the Hamiltonian commutes
simultaneously with all M operators, the state should be
constructed with a product of 1+ ¢;G; for all G;. As an
example, consider a 2 x 2 system as shown in Fig. 16, we
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have

la;) =

3

1

E(l + QIGm 1 + Q’u H 1+ QJ |Y€pl>
=1

(A4)

where q indicates the quantum number set q =
(Gzs @y, @1, G2, q3) = (£, £, £, £, 1), Z is the normaliza-
tion factor and subscript ¢ indicates the i-th state within
the block. There are in total 2 symmetry blocks in the
system.

Appendix B: SSE derivative of the Wilson loop
Binder ratio

The derivative of the Binder ratio can be evaluated
directly in SSE simulations, using the estimator derived
here. Consider the Hamiltonian H = JHy + §Hg, where
0 is the tuning parameter and [Hy, Hs] # 0. For any
arbitrary diagonal observable O, the expectation can be
express in the SSE representation as [18]

0) = L3 F(pmOu oo v 1
{a:}
— % 3" F(8,1)Ouqae d" V55D R [H, 4 ]
- (B1)
where
= ﬂn(]\fm_ 25 (B2)

and we have used the short-hand notation H“% =
(| Hlej) and Ogpgay = {0]Olag). Further, Z is the
partition function, M is the operator string length and
n is the number of non-identity operators in the current
string. The quantity denoted R [H,,»,] stands for the
product of local Hamiltonian operators, [[, Ha,, where
H,, = Hj or H}.

The derivative of the observable with respect to the
tuning parameter § can be calculated from

2(0)  (Ons) (ns)
a5 56 —{0) 55
~ {Ong) = (0) (ns)
= 3 o (B3)

where ng is the number of the § operators in the string.
We are interested in the Binder ratio of the Wilson loop
order parameter, defined as in Eq. (22). Using the above
expressions we obtain

B 95 (P') 2(P")(P?)ds(P?)

95— (p2)? (P2y*
_ 1 [ {(Pag) + (P*) (ns)  2(P*) (P’ns)
0 (p2)’ (P2’

(B4)



Here P? = p2 + Py2 defined in Sec. III B is an equal-time
quantity evaluated at a given “time slice” in the SSE
configuration.

Appendix C: Extraction of the vison gap

To extract the vison gap from SSE simulations, we
evaluate the imaginary-time correlator defined as

G(r.8) = 1/N, Y (ot (0)ok(r)e =)

i€g

(C1)

where o, is the Pauli-z operator acting on the gauge
spin, 7 is the imaginary time and 8 = 1/T is the in-
verse temperature. The estimator is averaged over all
the N, = L x L x 2 gauge spins. The operator o, acting
on the ground state creates a pair of visons, thus, at a
sufficiently low temperature, the extracted gap from the
exponential fitting of Green’s function gives the estima-
tion of the vison gap.

In order to obtain the gap correctly, it is essential that
the temperature is sufficiently low in the simulation. To
elaborate on this point, consider a finite temperature
Green’s function in the basis of energy eigenstates

G(r,B): = ﬂH>

= 5 2 (alate ™5 b) (bl

1
:Ezb:

NI
-~

e~ (B=T)Ep |a>

N

|b |2 —BEp =T (Ea—Es) (02)

For the few leading terms in a system at a sufficient low
temperature we have

eﬁo

O~ T S e
Z|U |2€77Aa1
—BE

6 0
— |0, |2 77A10+Z|U |2€77Aa0

—BE
BE: Z|O’ |26—TAQ1,

6 —BEy

(C3)

where A,, = E, — Ej is the energy difference between
the two states a and b, and we ignore all the terms with
a = b since the dlagonal matrix element 0% vanishes.
We further separate the dominant terms by rewriting the
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FIG. 17. The on-site o, operator creates a pair of visons
when acting on the ground state with quantum number q =
(+,+,+,+,+). The quantum number corresponding to the
operators G1 and (3 is then changed, leading to an excited
state with quantum number q’ = (+, +, —, +, —).

above expression as

zz 1|2 —7A10

G(r,p) ~

|Uzz1
—7A,
1+Z zzz Toe

|O_zz Z|2 7A10 + Z |O_zz Z|2 —TAQ1‘| )
(C4)

6_6
N

Considering only the leading three terms related to the
gap Ajp we are interested in, and with the fact that

055 2 = |ogs"|?, we have
zz )02 77-A10 |Uzz ! ﬂ-Aal
(T ﬂ) | 1 + Z zz 1
—BE;
e
+ |UZZ z|2 AN
Z
o P
A
zZZ Z
—TAl() —TAal

+ e—(:@—T)Alo}

1+Z|Uzzz

(C5)

Furthermore, notice that the o, operator does not com-
mute with the gauge operator G),. In fact, if we op-
erate on the site with spin ol with the gauge operator
G, = olo20304, the o, operator changes the quantum

number corresponding to G, since

olG, = -G,ol. (C6)
As illustrated in Fig. 17, acting with a o, operator
on the ground state with quantum number set q =
(+,+,+,+,+) creates a pair of visons and thereby
changes the quantum numbers associated with G; and
G3, leading to a new quantum number set q =
(+,4+,—,+,—). This means that the ground state will
have non-zero matrix elements only to the states with
the right quantum number set. Thus, we can safely as-
sume the matrix elements |02|? = 0 for low levels. If we
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FIG. 18. Wilson loop correlator calculated with SSE sim-
ulations of the square-lattice TFIM for several system sizes
at inverse temperature 8 = 2L. The inset shows the finite-
size scaling of the location hi(L™") for which the value of
the correlator is 1/2, as indicated by the horizontal dashed
line. A power-law fit y = a + bL™° for the L > 12 data gives
a = —0.02(1), b = 3.15(2) and ¢ = 0.472(7), indicating a
vanishing value of the correlator at any transverse field in the
thermodynamic limit.

ignore these term in the summation we have

G(1, B) ~ {e77810 7 (PP B0), (C7)

In our simulations, we evaluate this non-equal time cor-
relator at various values of 7 and extract the gap A1g by
fitting the results to Eq. (C7).

Appendix D: Parallel Wilson loop operator in
square lattice transverse field Ising model

To show that the parallel Wilson loop operator does
not detect the long range ferromagnetic phase, we per-
form simulations of the TFIM on L x L square lattices
with periodic boundary conditions at inverse tempera-
ture 5 = 2L. We compute the Wilson loop correlator
defined in Eq. (20). As shown in Fig. 18, we draw the
horizontal line at Cp = 1/2 and extract the correspond-
ing value h%(L) of the transverse field. In the inset of
Fig. 18, we demonstrate finite-size scaling of the value
h% as a function of 1/L with a power-law fit of the form
y = a+ bL™° Including data for the four largest system
sizes, L > 12, we find the best fit with a = —0.02(1),
b = 3.15(2) and ¢ = 0.472(7), confirming the expectation
Wilson loop correlator vanishes for a conventional FM
phase in the thermodynamic limit at any finite trans-
verse field.
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FIG. 19. Distribution p(Ps, Py) of the Wilson loop order pa-
rameter accumulated in SSE simulation at I'y = 0.2 and three
different values of the matter field; (a) Iy, = 2.3952 (in the Zs
QSL phase), (b) I'y, = 2.4343 (close to the transition point),
and (c) I'y, = 2.4563 (in the confined phase). Near the tran-
sition point, in (b), five peaks are clearly observed, reflecting
phase coexistence at a first-order transition.

Appendix E: Wilson loop order parameter
distribution and phase coexistence

Here, we present simulation results for Wilson loop or-
der parameter distribution p(P,, P,) for model-X. The
two components of the order parameter are defined as
in Eq. (21). Fig. 19 shows color-coded plots of the dis-
tribution as the phase transition is traversed. Near the
transition point, in Fig. 19(b), we observe a five-peak
structure, indicating phase coexistence at a first-order
transition. In (a) and (c) we observe distributions ex-
pected in systems with and without topological order,
respectively.
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FIG. 20. The low-energy levels previously shown in Fig. 15,
now marked by the eigenvalues 1 of the spin-inversion oper-
ator, Eq. (F1), in model-XX at I';, = 1. The gaps to the sym-
metric and antisymmetric states are marked with blue and red
symbols, respectively. Out of all 64 states shown here, all the
vison excitation states as well as the ground state are sym-
metric. The spinon excitations are all antisymmetric, except
for the highest one, where a level crossing causes a change in
symmetry at J, ~ 0.7.
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Note that the four peaks at the corners in Fig. 19(a)
and Fig. 19(b) should mathematically be of equal size,
but they differ here because of the slow migration of the
simulation between these peaks, which are separated by
tunneling barriers in the SSE configuration space.

Appendix F: Additional o, spin inversion symmetry
in model-XX

Model-XX possesses a spin inversion symmetry corre-
sponding to the operator

v=]]e. (F1)

which commutes with the Hamiltonian. In Fig. 20 we
show the same energy levels of the model-XX at I',,, = 1.0
as previously in Fig. 15. Here different colors indicate
symmetry or antisymmetry with respect to V. In the
FM phase at large J, the gauge spins order along spin-
x direction, and the first excited state and the ground
state are both from the block with topological quantum
number set q = (+ + + + +). In Fig. 15 we can observe
how the symmetric and antisymmetric V' states become
degenerate (strictly in the thermodynamic limit) to allow
spontaneous symmetry breaking in the FM phase.
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