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Abstract Paul Busch argued that the positive operator (valued) measure (POM), a
generalization of the quantum observable, enables a consistent notion of unsharp re-
ality based on a quantifiable degree of reality which systems can possess generalized
properties jointly, whereas related sharp properties cannot be so possessed [1]. Here,
the work leading up to the formalization of this notion to which he made great contri-
butions is reviewed and explicated in relation to Heisenberg’s notions of potentiality
and actuality. The notion of unsharp reality is then extended further by the intro-
duction of a distinction between actual and actualizable elements of reality based on
these mathematical innovations.
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1 Introduction

Among other results of the early years of quantum mechanics, the discovery of the in-
determinacy (uncertainty) relations by Werner Heisenberg brought into question the
validity in the quantum realm of the notion of physical causation there in relation to
individual physical systems [2]. Heisenberg later found a means of recovering a form
of causation by incorporating into the Copenhagen approach to quantum mechanics
an aspect of Aristotle’s physics, namely, a quantitative version of potentia and their
actualization, which had been only qualitative notions. [3]. In the meanwhile, how-
ever, minimalist interpretations of quantum probability viewing the quantum state as
a mere “catalog of expectations,” an accounting tool for application to experimental
data, had become prevalent, cf. [4]; not only was the problem of individual-system
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causation neglected in the common understanding of quantum mechanics but also, in
some cases, the very notion of objective physical reality came into question, particu-
larly when conjoined with a locality condition [13].

For the remainder of the twentieth century, Heisenberg’s view of causation and
its notion of potential reality was viewed as insufficiently precise to be worthy of
further consideration, and its relation to Aristotelian causation was considered tenu-
ous, at best [5]. However, recently, the precise nature of the relation of Heisenberg’s
quantum potentiality to Aristotle’s notion of potentia as a form of spontaneous cau-
sation has been clarified in a way that lends support to Heisenberg’s claims of having
extended potentiality from a qualitative to a quantitative notion [7,8]. In addition,
developments in the theory of quantum probability and quantum measurement gen-
eralizing observables via the notion of positive operator measures (POMs) to which
he contributed, Paul Busch (together with the current author, in [1]) offered a robust
view of quantum mechanics as a realist theory of individual systems including a de-
gree of reality for generalized observables based of the notion of unsharp quantum
reality introduced by him and his coworkers. There, associated unsharp properties
of a physical system were connected both with the assignment of approximate truth
values to quantum propositions in the spirit of the EPR reality criterion, generalizing
it, and with Heisenberg’s results in quantum indeterminacy.

Here, it is shown how the notion of unsharp reality and quantum actualization
operating at the individual system level can be combined to provide explications of
quantum processes and phenomena involving the notion of degree of reality in light
of both these lines of investigation. In particular, unsharp reality is explicated in re-
lation to the notions of potentiality and actuality introduced by Heisenberg in his
late approach to quantum mechanics and generalized further so as to include the
strongly unsharp observables. This is justified by its value in providing explanations
of measurements on quantum systems beyond those possible using traditional, sharp
observables alone.

2 The Formal Setting

2.1 Sharp observables, measurement, and elements of reality

In the standard Hilbert space formalism of quantum mechanics, the statistical states
are represented by unit-trace positive operators ρ and the pure states by the rank one
projections Pψ , of—or, equivalently, a corresponding representative unit vector, ψ ,
in—complex separable Hilbert space HS with inner product, and (generally unsharp)
observables each represented by a POM E, with the ordinary (i.e. sharp) observ-
ables being represented by a subset of these, that of the projection-valued measures
(PVMs); cf. [9], Sect. II. Here, the pure states and the probabilities associated with
them are taken to be those of individual systems.

The general positive operators E(X) in the range of a POM E are associated with
the outcome events provided by its measurement and are referred to as its effects,
which have a spectrum that is a subset of [0,1]. The set of all effects is denoted
E (H S) = {A ∈L (H S) :O≤ A≤ I}, where L (H S) is the set of bounded opera-
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tors A and (Ω ,Σ) is a measurable space (the value space), with Σ being the σ -algebra
of subsets of Ω and E : Σ → E (H S).

The quantum probabilities pE
ρ (X) provide predicted frequencies of the outcomes

of measurements of the observable with POM E for subsets X of the outcome value
space Ω in measurements performed on an ensemble of identical system preparations
of the generally statistical state ρ:

Σ 3 X 7→ pE
ρ (X)≡ tr[ρE(X)] ∈ [0,1] , (1)

via effects E(X). An effect E(X) is a projection P, that is, (E(X)−E(X)2) =O in the
range of a PVM if and only if its spectrum is exactly the subset {0,1}. The set Γq of
one-dimensional projections for a quantum mechanical system is analogous to that of
a classical mechanical system phase space Γc in that they possess natural symplectic
structure with points representing system states, as explicated in Sect. 2.3, below.

In the approach of Heisenberg, a sharp measurement, i.e., a measurement of a
sharp observable involves an interaction between the system of interest S and a mea-
suring apparatus A of its greater environment that actualizes the property of interest,
providing a definite value to its observable; cf. Sect. 3, where actualization is dis-
cussed. If a property’s being actual is taken to correspond with the system’s being in
an associated eigenstate, then the calibration condition of the formal quantum theory
of measurement (cf. [9]) can be taken as the essential requirement for the propri-
ety of a measurement procedure: The eigenvalue–eigenstate (EE) link (cf. [10–12]),
which specifies the relation between observable properties and their measurement via
quantum states, is taken to formalize this.

The EE link was first introduced by Heisenberg and later appeared in Dirac’s
Quantum Mechanics (in its first edition) as follows. “If a state ψr and an observable
α are such that, when an observation is made of the observable with the system in
this state the result is certain to be the number a, we assume this information can be
expressed by the equation

αψr = aψr . (2)

Conversely, when an equation of this type is given, we assume it has the physical
meaning that a measurement of the observable α with the system in state ψr will
certainly give for result the number a or that the observable α has the value a for
the state ψr, to use a classical way of speaking, which is permissible in this case”
[10], p. 30. The EE link was later reformulated in the probabilistic setting as follows.
“The expression that an observable ‘has a particular value’ for a particular state is
permissible in quantum mechanics in the special case when a measurement of the
observable is certain to lead to the particular value, so that the state is in an eigenstate
of the observable . . . In the general case we cannot speak of an observable having a
value for a particular state, but we can speak . . . of the probability of its having any
specified value for the state, meaning the probability of this specified value being
obtained when one makes a measurement of the observable.” [11], p. 253.

Assuming the EE link, then, the spectral projections of the sharp observables
and their eigenvalues can be seen to correspond to individual system properties with
corresponding propositions regarding the system being true or false; the orthocom-
plemented lattice of orthogonal projections (or the associated closed subspaces, the
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order being inclusion) provides the propositional structure for an individual quantum
system, where the lattice atoms are the rank-one projections on the one-dimensional
Hilbert subspaces [1].

A sharp element of reality is defined via the latter EE link to provide a reality con-
dition in the spirit of Albert Einstein, Boris Podolsky, and Nathan Rosen (EPR) [13].
This is valuable because any (modal-like) interpretation of the quantum formalism,
including that considered here, requires the definiteness of its particular “preferred”
observable (cf. [14]), and the EE-link corresponds to the taking as the preferred ob-
servable the identity operator I, which obviously always has a definite value without
introducing a bias toward any non-trivial observable.

A physical quantity that can be discovered without changing the state of the
system—that is, one that when the system has been prepared in a corresponding
eigenstate will be found again in that state by an appropriate measurement—is a
property with a definite, actual value and can be considered an element of reality in
that sense. In particular, there exists a class of measurement operations with which
this can be accomplished, the Lüders operations: restrictions of linear, positive, trace-
non-increasing maps on the linear space of self-adjoint trace-class operators on HS
such that if P is a projection, then

ρ 7→ φ
P
L (ρ)≡ PρP ; (3)

ρ is unchanged by elements of this class exactly when it is an eigenstate of P and that
observable is a (sharp) element of reality [1].

2.2 Unsharp properties and potentia

In general, an effect does not represent a property, but elements of a subset Ep(HS)
may: An effect A represents a property if it is such that neither A ≤ 1

2 nor A ≥ 1
2

(so that its spectrum lies in both half-intervals of the unit interval) or it is identical
to either O or I; EP(H S) = {A ∈ E (H ) : A � 1

2 ,A �
1
2}

⋃
{O,I}. The map A 7→

A⊥ := I−E is then an orthocomplementation, in the sense that A≤ B =⇒ B⊥ ≤ A⊥,
A⊥ ⊥ = A, and the greatest lower bound of A and A⊥ in Ep(HS) is O ([6] Sect.
II.2).1 Any property A is a sharp property if A = A2 and, if not, it is an unsharp
property; unlike the case of sharp properties, an unsharp property A is not orthogonal
to its complement, that is, AA⊥ 6= O. In this way, the notion of physical property
is extended beyond the sharp properties to include the unsharp properties with the
inclusion of unsharp POMs beyond the projectors.

In order to relate physical properties to reality, Paul Busch in one of his early
papers on the subject of unsharp properties incorporated “approximately real” ele-
ments of reality—those represented by approximately true propositions—by relax-
ing the EPR condition for an element of reality [15]: The EPR sufficiency condition
for elements of reality was adapted to the realm of effects by generalizing Lüders
measurement for effects:

φ
E(X)
L : ρ 7→ φ

E(X)
L (ρ) = (E(X))1/2

ρ(E(X))1/2 , (4)

1 From here forward, we will also call such representatives “properties,” as a matter of shorthand.
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where the set of effects is a convex subset of the space of linear operators and the
quantum probabilities providing predicted frequencies of the outcomes of measure-
ments of the unsharp observable performed on an ensemble of identical system prepa-
rations of the statistical state ρ are given by Eq. 1. Indeed, if tr[ρE(X)]≥ 1− ε , then
φ

E(X)
L reduces or leaves the probability unchanged and the state is changed by an

amount less than or equal to the order of
√

ε , as measured by the trace-norm distance
[16]. This pertains, for example, when the z-polarization of the two particles in an
EPR state are measured with increasingly poor precision so that the degree of Bell
inequality violation is reduced to zero, as has been manifested in poorly performed
versions of experiments to test the inequality. Ther meaning of this is explored further
in Sect. 4 below.

Busch showed that increasing the precision of measurement illustrates a continu-
ously better approximated reality (in the spirit of the EPR criterion) via measurements
of associated unsharp observables with increasing degrees of sharpness [15]. Thus,
the essence of the EPR reality criterion is shown to be stable under small deviations
from sharp measurement and can be arbitrarily well approximated: Approximately
real properties can be ascertained with near certainty without significant alteration of
the system state, so that unsharp observables correspond to elements of approximate
reality [1].

As does a sharp measurement, any unsharp measurement has the capacity to ap-
proximately actualize an indicative measurement outcome with the approximation
gauged by a degree of reality, a probability attributed by reference to the state pre-
pared. This generalizes Heisenberg’s notion of potentia explicated in [1] and in Sect.
3, below. Note for now that, with this, Heisenberg’s treatment is generalized if real is
applied to the approximately actual as well as what he considered actual, namely, only
the strictly actual sharp observables. In Sect. 4, the set of real properties—though not
the actual ones—is further generalized by the incorporation of the strictly unsharp
properties, which are not certain to be actualized upon repeated measurement but are
real in the more basic sense that they are actualizable and hence non-trivially affect
those of other systems, including measurement devices, whether or not the state of
the system is thereby left (even approximately) unchanged.

It should also be mentioned here that due to complementarity, propositions re-
garding non-trivial quantum properties are incompatible with specific sets of other
propositions, precluding their joint sharp attribution due to the linear structure of the
state space: Every pure state is a non-trivial linear combination of eigenvectors of ob-
servables with which the associated one-dimensional projection does not commute,
as discussed in Sect. 2.1 above. For example, spatial position is almost entirely inde-
terminate when the momentum is specified with high precision, say in the case of a
freely propagating system, and vice-versa. It is, therefore, impossible to ascribe defi-
nite truth values to all propositions regarding all properties of a physical system at any
one time, for any of its quantum states. Nonetheless, it is possible to provide a quan-
titative degree of reality to properties of a quantum system related to Heisenberg’s
quantitative notion of potentiality [18,19], each provided a value via the quantum
probability measure, which is engaged in Sect. 3. For the moment, we just note that
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this value is just the likelihood for an individual measurement outcome to occur in its
measurement.

2.3 Phase space for unsharp properties and degree of reality

Next, in order to set the stage for the consideration of simultaneously real pairs of
unsharp properties the sharp versions of which are strictly complementary, it is useful
to have a phase space description for unsharp properties, which can be provided as
follows, cf. [1]. Take the set Γq of pure quantum states as a probabilistic model of
quantum mechanics with a Borel structure via the trace-norm metric [20]: The convex
set of all probability measures on Γq forms the state space Sc, and an affine map R
from this space to the convex set Sq of all quantum states can be given by the (many-
to-one) association

µ 7→ R(µ) =
∫

Γq

Pµ(dP)≡ ρµ ∈ Sq , (5)

where µ ∈ Sc and the integral is defined in the sense that, for every probability mea-
sure µ , there is a density operator ρµ such that

tr[ρµ E] =
∫

Γq

tr[PE]µ(dP)≡
∫

Γq

fE(P)µ(dP) (6)

for any effect E (as a short hand for E(X) throughout this section only) which yields
the probability of the occurrence of the effect E for ρµ . The affine map R associates
with any density operator ρ all the probability distributions with which it can be
decomposed.

The correspondence E 7→ fE =: R′(E) defines a map R′ dual to R sending all
quantum effects to classical effects [22]. Paul Busch and Werner Stulpe showed that
the presentation of quantum mechanics via the maps R and R′ ensures that all quantum
states and quantum effects have classical counterparts and is essentially unique [23],
which enables the interpretation of indefinite quantum propositions via degrees of
reality quantified by the quantum probabilities [1]: The probabilities tr[EP] can be
viewed as measuring the fuzziness of the vague proposition represented by E, cf.
[24]. Moreover, when E is a rank one projection P′,

fE(P) = tr[PP′] ∈ [0,1] (7)

for any given P and all P′, and fP′(P) = 0 only when the two projections P and
P′ are mutually orthogonal; any two quantum phase space points have an overlap,
which reflects the fact that two non-orthogonal states cannot be unambiguously dis-
criminated by any single-event measurement. Thus, two nonorthogonal pure quantum
states always coexist because the maximal properties they represent simultaneously
each have a nonzero degree of reality, defined as follows. If we take the pure state
Pψ as a point in the phase space Γq the objective individual system state provides the
degree of reality

fE(Pψ) = tr[Pψ E] = 〈ψ|Eψ〉 (8)
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of E, the corresponding effects being all simultaneously real to this degree. The op-
erator norm distance between P and P′ via ‖P−P′‖2 = 1− tr[PP′], whereas distinct
points in classical phase space are such that the associated probability norm assigns
distance 1 if they are identical and 0 if they are different.

This feature extends the intuition expressed by Heisenberg regarding the inter-
relatedness of quantum potentia: “. . . if one considers the word ‘state’ as describing
potentiality. . . then the concept of coexistent potentialities is quite plausible, since one
potentiality may involve overlap with other potentialities” [18], p. 185.

2.4 Unsharp measurement

As is the case for sharp measurement, unsharp measurement involves a physical sys-
tem of interest, considered the object system S interacting directly with a distinct ap-
paratus system. For effect E(X) associated with the value set X , pE

ψ(X) = 〈ψ|E(X)ψ〉
under Heisenberg’s interpretation is understood as the likelihood of the actualization
of the potential (sharp or unsharp) property when measured for in a system prepared
in the pure state ψ , cf. [25,26], which can be offered as grounding for its provision
of a predicted frequencyies of outcomes for ensembles of measurements mentioned
in Section 2.1. However, in unsharp measurement, this occurs in a way such that A
indicates the approximate value of the physical quantity of S that it is designed to
measure.

The set of effects {E(X)} in the range of an unsharp observable E that are at-
tributed a non-zero probability represents a specific (unsharp) potentia of a system in
a measurement-like interaction. Those effects corresponding to an influence on the
system are described by a (generalized) Lüders operation, cf. Eq. 4, and capture the
approximate actuality of the correponding property of a system. The value of an un-
sharp observable is therefore an element of unsharp reality (see Sect. 4 below) when
its measurement does not alter the system state of system beyond a given amount ε .
Such properties are objectively real in the sense similar to that of EPR: They can be
measured in such a way that their values remain to this extent unchanged afterward
and are certain to be found upon their immediate (re-)verification.

With the understanding of the simultaneous degrees of reality of quantum system
properties outlined in the previous section, the POMs enable the formalization of si-
multaneous measurement of approximate values of noncommuting properties of the
system with pairs of properties having incompatible sharp observables. Pairs of such
sharp observables are approximated by corresponding jointly measurable pairs of the
unsharp observables which are each approximately repeatable. In addition, quantum
indeterminacy can be understood as responsible for the observed indeterminism of
outcomes obtained in measurement: If a property has no definite value, a properly
functioning measurement device will in each measurement induce an imperfectly
predictable element of the set of possible outcomes with a well-defined probability
(quantified potentia) in accordance with the Born rule. The probability of a given
outcome m upon a (generalized) measurement of effect E(X) on a system in a pure
state Pψ is given by Eq. 1. This provides a way of capturing the intuition regarding
the interrelation of quantum properties expressed by Garrett Birkhoff and John von
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Neumann: “In quantum theory. . . the possibility of predicting in general the readings
from measurements on a physical system S from a knowledge of its ‘state’ is denied;
only statistical predictions are always possible. This has been interpreted as a renun-
ciation of the doctrine of [causation]; a thoughtful analysis shows that another and
more subtle idea is involved. The central idea is that physical quantities are related,
but are not all computable from a number of independent basic quantites (such as
position and velocity)” [27]; cf. also [28].

For joint measurement, we note that a collection of effects is coexistent if its mem-
bers are contained within the range of a POM. For POMs, commutativity is sufficient
but not necessary for the coexistence of effects (cf. [25]): The coexistent observables
are those that can be measured simultaneously in a common measurement arrange-
ment, and when two observables are coexistent, there exists an observable, the joint
observable, the statistics of which contain those of both observables; typically, they
are recoverable as marginals of a joint distribution on the product of the correspond-
ing two outcome spaces. Thus, for example, if such a joint approximate measurement
of position q and momentum p is made, the system enters a state in which position
and momentum are unsharply localized, that is, the centers of the associated position
and momentum distributions are q, p and the widths are the measurement impreci-
sions δq,δ p [1].

Moreover, Heisenberg-type inequalities are available that describe the trade-off
between the precision of a position measurement and the necessary resulting dis-
turbance of momentum, which are indeterminacy relations for the imprecisions of
any joint measurement of position and momentum; these can be defined as figures
of merit characteristic of measuring devices and are state independent [29]. Unsharp
observables allow for the approximate joint measurement of physical magnitudes that
for much of the history of quantum mechanics were considered incompatible. Such
measurements are significant for the explanation of the results of measurements, for
example, those made in practice in cloud chambers where the corresponding widths
are just these; better predictions of subsequent measurements can be made via such
observations whenever the corresponding uncertainty product is made smaller.

Quantum indeterminacy is naturally related to probability and can be related
to approximate truth of testable propositions, and so to degrees of reality via un-
sharp measurement; although the sharp observables—traditionally considered to cor-
respond to the set of all properties of quantum systems—are not themselves all simul-
taneously actualizable during approximate measurement, in unsharp measurements
the likelihoods for the value ranges in which those properties would be found can be
increased in a way according satisfying the reality criterion discussed in Section 2.3.

3 Potentialities

Let us now see how the treatment of quantum observables in the work of Paul Busch
reviewed in the previous sections allows for a natural further development of the
Copenhagen approach to quantum mechanics of Heisenberg, which itself extended
Aristotle’s qualitative notion of chancy actualization of potentia to a quantitive one
applicable to quantum theory, regarding the objective states of quantum systems.
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In the later period of development of his approach, Heisenberg considered the
quantum state ψ to be a collection of the potentialities of all possible sharp properties
Q of the individual quantum system, each quantified by the probability pψ(Q) =
〈ψ|Qψ〉 [18,8], arguing that “. . . the probability function does not in itself represent
a course of events in the course of time. It represents a tendency for events and our
knowledge of events. The probability function can be connected with reality only
if one essential condition is fulfilled: if a new measurement is made to determine
a certain property of the system. Only then does the probability function allow us
to calculate the probable result of the new measurement” [18], pp. 46-47; cf. [7].
In particular, the possibilistic element of Aristotle’s theory of causation is utilized:
“. . . in modern physics the concept of possibility, that played such a decisive role in
Aristotle’s philosophy, has moved again into a central place” [30], p. 298. Together
with the later development of the theory of unsharp measurement by discussed above,
this provides a natural the context for the precise description of a generally unsharp
but real physical world.

Indeed, as shown below, using the notion and measure of degree of reality in-
troduced in work of Paul Busch, the domain of reality can be extended beyond the
actual, phenomenal world that Heisenberg also referred to as such to the unactualized
(in Heisenberg’s sense) but objective properties described the quantum state. Heisen-
berg argued that an isolated quantum system, which he considered entirely objective,
“no longer contains features connected with the observer’s knowledge. . . it is also
completely abstract . . . and the representation becomes a part of the description of
Nature only by being linked to the question of how real or possible experiments will
result” [31], p. 26. In his view, the objective aspect of quantum probability is the like-
lihood of the appearance of each value of a physical magnitude in any set of possible
measurement outcomes as the actual result of measurement, independently of an ob-
serving subject: “the transition from the ‘possible’ to the ‘actual’ takes place as soon
as the interaction between the object and the measuring device, and thereby with the
rest of the world, has come into play; it is not connected with the act of registration of
the result in the mind of the observer” [18], pp. 54-55. In relating this objectivity to
what is measured, Heisenberg emphasized that “Of course, the introduction of the ob-
server must not be misunderstood to imply that some kind of subjective features are
to be brought into the description of Nature. The observer has rather only the func-
tion of registering decisions, i.e., processes in space and time, and it does not matter
whether the observer is an apparatus or a human being; but the registration, i.e., the
transition from the possible to the actual, is absolutely necessary here . . . the Copen-
hagen interpretation regards things and processes which are describable in terms of
classical concepts. . . as the foundation of any physical interpretation” [31], p. 22.

Heisenberg’s potentiality was explicitly articulated by Abner Shimony along lines
of Heisenberg as a modality of existence of physical systems confering an ontological
status to properties intermediate between bare logical possibility and full actuality
because the existence of such an objectively indefinite modality is required by the
non-local correlations violating Bell’s inequality [5], Vol. II, p. 179; the entangled
states for which such violations can occur give rise to locally irreducible quantum
indeterminacy. In Ref. [1], this approach was naturally extended by the inclusion of
unsharp measurement with these two modalities considered not only in binary fashion
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but as a continuum of degrees of reality through fuller consideration of the subtle
character of Aristotelian causation (cf. [17]): It was proposed that potentiality be
understood as a limited degree of reality corresponding to a causal agency of unsharp
properties or effects as elements of unsharp reality [1]. According to that approach,
even when a property is indeterminate and not actual, it can be considered real in that
it affects other elements of reality, whether quantum or classical. The unsharpness of
the quantum level of the physical world emerges naturally in this approach through
its mathematical structure, which itself is precise.

As noted above, Heisenberg considered potentialities as able to coexist. However,
he generally contrasted potentia with the real, which is meaningful in that a system
state will generally not be an eigenstate of the observable corresponding to a given
property, nor even approximately so, so that a given property would only correspond
to an element of reality through its actualization in (sharp) measurement. For this
reason—and it is the case that there are always properties which are not actual ele-
ments of reality for a system in any given state—Heisenberg considered the quantum
state to represent the system as it is objectively but not actually, that is, not as de-
scription of the sort of reality that we directly observe or are familiar with through
our experience of the classical world but is physical nonetheless.

4 Actuality and Unsharp Reality

As discussed in Sect. 2.2, the values of unsharp observables can serve as elements of
approximate reality if the EPR condition is weakened so as to accomodate elements
of unsharp reality; this necessary condition for unsharp reality is consistent with an
unsharp observable’s ability to represent an (unsharp) element of reality via quan-
tum probability analogously to the way the corresponding projector does for sharp
elements of reality. When the measurement interactions are such that their influence
on system states when unsharp properties are possessed is described by generalized
Lüders operations, a measure of their reality of a property of the system is available
in that whenever an operation does not (significantly) alter the system state, it is real
to the associated degree of approximation. However, because the strongly unsharp
properties cannot be actualized with certainty, there is no element of unsharp reality
in this sense. Incorporating these properties into reality therefore requires a different
approach to elements of reality and their relation to the actual.

As discussed in Sect. 2.4, in a quantum measurement, a system S is isolated after
having been prepared by other systems in its environment and leaving their influence,
and its state is objective in this sense. Its properties other than those actualized during
this preparation can subsequently be spontaneously actualized by an external influ-
ence of the measuring apparatus A (which then changes state to indicate the value of
this property) and of the environment in which these systems are both surrounded;
when an appropriate such external influence affects S, it changes the set of potential
and actual properties which are represented, in general, by POMs. The changes occur-
ring in measurement are changes of measured properties that in general correspond
to the sudden change of the quantum state according to the likelihoods of obtain-
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ing the various possible outcomes for an ensemble of measurements on identically
preparated systems.

Let us now consider this more specifically in the setting laid out here in Section
2. From the point of view of the quantum theory of measurement, after coming into
contact with the measured system S, the apparatus system A “moves” from the fidu-
cial state in which it has been prepared to an indicative state corresponding to the
“pointer” property value indicating the value of the property of the object system
to be measured [32]. However, in the Copenhagen approach of Heisenberg, when the
object system changes its state, an actual element of reality has not been revealed but,
rather, a previously only potential property has been actualized that was not before,
and the apparatus A is considered a classically describable system. In the Aristotelian
notion of causation it incorporates, the coming together of the system being measured
with measuring system and the environment is the efficient, external and accidental
cause of the actualization of the measuring system’s (passive) potentia upon measure-
ment as well as that of the measured system, with the result that the object system
property and the measurement system pointer property are both actual upon the com-
pletion of measurement. In Heisenberg’s treatment of this process, the apparatus A
(which is required to be classically describable, and so actual) can be considered to
provide an actual measurement outcome [8].

In the case of a (sharp) Lüders measurement, the evolution of the observed sys-
tem itself is described by Eq. 3. In the case of a generalized (i.e., possibly unsharp)
Lüders measurement the evolution is instead that described by Eq. 4, which allows
an extension of this Copenhagen approach: By taking the EPR sufficiency condition
for elements of unsharp reality to play the role analogous to that of the EE link in
connecting measured outcomes with quantum elements of reality when the objec-
tive properties are unsharp, Heisenberg’s sense of actual property—one that can be
described via classical concepts and arising only from sharp measurements—is ex-
tended by taking it to include also the approximately actual properties, as follows.

In a previous study [1], Paul Busch and I considered unsharp reality to encom-
pass not only the properties that could be actual in the original sense of Heisenberg,
the values of sharp observables, but also those that are elements of unsharp real-
ity in the sense of satisfying the generalized EPR conditions discussed above, the
approximately actual elements of reality. For a general effect E(X) in its range, an
approximately actual element of reality of the system, that is, a system property is
present if after the generalized Lüders measurement φ

E(X)
L one finds

tr[ρE(X)]≥ 1− ε > 0 (9)

because the measurement does not decrease the (already non-zero) quantum proba-
bility for the property to be actualized; the state change is small—of the order of

√
ε

as measured by the trace-norm distance [16]. We also adopted the following condi-
tion for the actuality of a property. Given an effect and a measurement interaction
described by a corresponding (generalized) Lüders operation φ

E(X)
L , the measured

property is actual (to the degree tr[ρE(X)]) if this operation does not (significantly)
alter the system’s state in the sense of Eq. 9. The theory of approximate joint mea-
surements of position and momentum of Sect. 2.4 then makes clear the allowed joint
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measurements of noncommuting effects are allowed, while the phase-space presen-
tation of quantum mechanics of Sect. 2.3 makes clear which state preparations are
allowed. Further, as explicated in [1], the indeterminacy of quantum uncertainties
allows the preparation of noncommuting sets of effects and the allowed means by
which pairs of these quantities can be consistently specified; cf. also [34].

I now present a means of extending the domain of unsharp reality further beyond
that previously considered, in particular, so as to include also those unsharp properties
that are potential but not considered even approximately actual in the above sense
for the reason they cannot ever be certain to actualize a potentiality, but only do so
probabilistically. With this, the values of POMs that are strongly unsharp observables
are also considered elements of unsharp reality; these are those POMs defined by
the property that the positive operators (other than the identity I) in their range do
not possess 1 as an eigenvalue for any state, that is, its effects other than the unit
operator do not admit unit probabilities. One can rightly assert that the values of such
observables are elements of reality in that they have a non-zero degree of reality,
even though they fail to satisfy the original spirit of the EPR reality criterion by not
offering certain repeatability, because the measurement of each can affect the state of
a measurement apparatus in a calculable way.

This only requires that a distinction, between those properties that are real and
those that are actual, one which Heisenberg did not make; he used the two terms
more or less interchangeably. This distinction is to be made as follows: Any property
with non-zero degree of reality is to be considered real, and any real property which
can be actualized with certainty is to be considered actualizable and actual when this
occurs. This involves a revision of the status of the conditions for the existence of
an element of reality vis-à-vis actualization: it is only a sufficient, but not necessary
condition for the existence of an element of reality that it be certain (or approximately
so) to be (approximately) actual upon measurement, that is, to have degree of reality
(approximately) equal to one.2

With this distinction between the real and actual in place, the domain of the real
encompasses all properties providing a degree of reality greater than one-half as given
by Eq. 8. This represents an extension of the real beyond the actual, a move that is
justified by the ability of the real but non-actual—as per the above modified relation
of quantum element of reality to quantum probability—to have effects upon other
properties or entities. In particular, even the strongly unsharp properties have effects
on what is actual, most significantly measurement devices. This further extends the
reach and explanatory value of quantum mechanics by improving its ability to provide
explanations of physical phenomena. One example of this is that of the valuable role
of virtual particles in explaining the operation of fundamental forces [35].

2 It should be noted here that this move does not render the unsharp-reality approach and modal ap-
proach in the usual sense of that term, in that the move does not require the postulation of an addition sort
of system state beyond the quantum state and, a forteriori, no additional definite states of properties as in
modal approaches to quantum mechanics. Indeed, the unsharpness central to the approach taken here is
understood as a denial of such definite property values.
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5 Conclusion

It was argued by Paul Busch that the positive-operator-valued formalism extends the
theoretical reach of quantum physics beyond that representable via projection-valued
measures. This extension is most significant in cases when joint measurements of
physical properties are unavailable with sharp observables alone. Better predictions
are provided in this approach to quantum theory by making use of the probabilities
provided on the basis of observed outcomes, whether the measured observable is
sharp or unsharp, so long as the corresponding uncertainty product is reduced based
on a realist conception of unsharp reality. Here, unsharp reality is further extended,
and the real is differentiated from the actual by the inclusion of intrinsically unsharp
propertiesd in the real, which is justified by their ability to affect the properties of
other physical systems. This move formally extends yet further the explanatory reach
of quantum mechanics.
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