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ABSTRACT

In recent years there has been an explosion of network data from seemingly all
corners of science — from computer science to engineering, from biology to physics, and
from finance to sociology. We face analogues of many of the same fundamental types
of problems encountered in a ‘Statistics 101’ course when analyzing network data.
Despite roughly 20 years of research in the area, one of the fundamental capabilities
that we still lack is quantifying uncertainty through propagation of network error. We
conduct basic research laying statistical foundations for uncertainty quantification
of this type, within a handful of key paradigms, focusing on problems ranging from
epidemics to experiments on networks, when at least a few network replicates are
available. Specifically, we study causal inference on noisy networks, and estimation
of epidemic reproduction numbers in network-based and non-network-based settings.
Ultimately, our work will bring critical insight into how ‘noise’ at the level of observed
network connectivity impacts critical inferences and decisions derived from data in

complex network systems.
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Chapter 1

Introduction

The analysis of network data is widespread across the scientific disciplines. Techno-
logical and infrastructure, social, biological, and information networks are a few of the
major network classes in which such analyses have been employed. Certainly, in most
applied settings it is widely recognized by practitioners that there is measurement
error associated with common types of network constructions. But there has been
almost no serious attention to date given to the formal probabilistic characterization of
the propagation of such error and statistical methods accounting for such propagation.
In dissertation, I will show my work on three topics related to uncertainty analysis for
noisy networks.

Chapter 2 discusses the epidemic branching factor in noisy contact networks.
Epidemic modeling, while not at all new, has taken on renewed importance this year
due to the COVID-19. Many key concepts in mathematical epidemiology depend on
the branching factor — for example, the basic reproduction number Ry. The branching
factor captures a notion of the average degree of the vertex reached by following an
edge from a vertex and, therefore, measures the rate of spreading across the network.
Moreover, contact network information generally is available only up to some level
of error. We quantify how such errors propagate to the estimation of the branching
factor, and provide a method-of-moments estimator for the true branching factor when
as few as three replicates of the observed network are available. Numerical simulation

suggests that high accuracy is possible for estimating branching factors in networks of



even modest size.

Chapter 3 focuses on causal inference under network interference with noise. In-
creasingly, there is a marked interest in estimating causal effects under network
interference due to the fact that interference manifests naturally in networked ex-
periments. Extensive work regarding uncertainty analysis has been done in causal
inference without the network structure or interference. But, to our best knowledge,
there has been little attention to date given towards uncertainty analysis of estimators
for average causal effects under network interference. We study the propagation of such
errors to estimators of average causal effects under network interference. Specifically,
assuming a four-level exposure model and Bernoulli random assignment of treatment,
we characterize the impact of network noise on the bias and variance of standard
estimators. In addition, we propose method-of-moments estimators for bias reduction.
We illustrate the practical performance of our estimators through simulation studies
in British secondary school contact networks.

Chapter 4 provides estimation of local time-varying reproduction numbers in noisy
surveillance data. A valuable metric in understanding infectious disease local dynamics
is the local time-varying reproduction number, i.e. the expected number of secondary
local cases caused by each infected individual. Accurate estimation of this quantity
requires distinguishing cases arising from local transmission from those imported from
elsewhere. Realistically, we can expect identification of cases as local or imported
to be imperfect. We study the propagation of such errors in estimation of the local
time-varying reproduction number. In addition, we propose a Bayesian framework
for estimation of the true local time-varying reproduction number when identification
errors exist. And we illustrate the practical performance of our estimator through
simulation studies and with outbreaks of COVID-19 in Hong Kong and Victoria,

Australia.



Chapter 2

Estimation of the Epidemic Branching

Factor in Noisy Contact Networks

In this chapter, we study the propagation of network noise to the estimation of
the branching factor. Specifically, we characterize the impact of network noise on the
bias and variance of the observed branching factor for arbitrary true networks, with
examples in sparse, dense, homogeneous and inhomogeneous networks. In addition, we
propose a method-of-moments estimator for the true branching factor. We illustrate
the practical performance of our estimator through simulation studies and with contact
networks observed in British secondary schools and a French hospital. This chapter is
adapted from Li et al. (2020a).

The organization of this chapter is as follows. Section 2.1 introduces the problem
and previous relevant work. In Section 2.2 we provide background on the noise
model and branching factor. In Section 2.3 we then present results for the bias
and variance of the observed branching factor in sparse, dense, homogeneous and
inhomogeneous networks. Section 2.4 proposes our method-of-moments estimator for
the true branching factor. Numerical illustration is reported in Section 2.5. All proofs

are relegated to supplementary material A.

2.1 Introduction

Epidemic modeling, while not at all new, has taken on renewed importance this

year due to the COVID-19. Many key concepts in mathematical epidemiology depend



on the branching factor — for example, the basic reproduction number Rjy. The latter
is generally defined as the number of secondary infections expected in the early stages
of an epidemic by a single infective in a population of susceptibles (Anderson and
May (1991); Diekmann and Heesterbeek (2000)). The importance of Ry in the study
of epidemics arises from its role in so-called threshold theorems, which state under
which conditions the presence of an infective individual in a population will lead
to an epidemic (Whittle (1955)). In the so-called configuration susceptible-exposed-
infectious-removed (SEIR) models, Ry can be shown to equal 0(x — 1)/(0 + 7). Here
¢ and ~ are infection and recovery rates, respectively (Trapman et al. (2016)), while
the branching factor, s, is a measure of heterogeneity of a network. The branching
factor captures a notion of the average degree of the vertex reached by following an
edge from a vertex and, therefore, measures the rate of spreading across the network.
It is evident that knowing the value of x is vital for effective control responses in the
early stages of an epidemic. In addition, various thresholds in epidemiological and
percolation theory rely on the branching factor. In the discussion section, we provide
details on how knowledge of the branching factor informs those statistics.
Increasingly, contact networks are playing an important role in the study of
epidemiology. Knowledge of the structure of the network allows models to take
into account individual-level behavioral heterogeneities and shifts. Network-based
approaches have been explored for investigating disease outbreaks in human (Eubank
et al. (2004)), livestock (Kao et al. (2006)) and wildlife (Craft et al. (2009)) populations.
Moreover, contact network information generally is available only up to some level
of error — also known as network noise. For example, there is often measurement
error associated with network constructions, where, by ‘measurement error’ we will
mean true edges being observed as non-edges, and vice versa. Such edge noise occurs

in self-reported contact networks where participants may not perceive and recall all



contacts correctly (Smieszek et al. (2012)). It can also be found in sensor-based
contact networks where automated proximity loggers are used to report frequency and
duration of contacts (Drewe et al. (2012)). Contact tracing, and the contact networks
that result, currently is playing a central role in the fight to control COVID-19 globally
(especially in conjunction with testing) (Cevik et al. (2020), Juneau et al. (2020),
Kretzschmar et al. (2020)). We investigate how network noise impacts on the observed
value of x and, therefore, on our understanding of infectious diseases spreading.

Extensive work regarding uncertainty quantification has been done in the field of
non-network epidemic modeling, where populations are assumed uniform and with
homogeneous mixing. Given adequate data, estimates of model parameters, such
as 6 and 7, can be produced with accompanying standard errors. Methods for this
purpose are reviewed in (Andersson and Britton, 2012, Chapter 9-12) and Becker and
Britton (1999). Many studies have explored the effects of uncertainty in parameter
estimation on basic epidemic quantities. For instance, there have been efforts to
quantify uncertainty in Ry around recent high profile emergent events, including
severe acute respiratory syndrome (SARS) (Chowell et al. (2004a)), the new influenza
A (HIN1) (White et al. (2009)), and Ebola (Chowell et al. (2004b)). But, to our
best knowledge, there has been little attention to date given towards uncertainty
analysis of k and relevant quantities in network-based epidemic models. Exceptions
include real-time estimation of Ry at an early stage of an outbreak by considering the
heterogeneity in contact networks (Davoudi et al. (2012)), and measurability of Ry in
highly detailed sociodemographic data with the clustered contact structure assumed
of the population (Liu et al. (2018)).

As remarked above, there appears to be little in the way of a formal and gen-
eral treatment of the error propagation problem in network-based epidemic models.

However, there are several areas in which the probabilistic or statistical treatment of



uncertainty enters prominently in network analysis. Model-based approaches include
statistical methodology for predicting network topology or attributes with models
that explicitly include a component for network noise (Jiang et al. (2011), Jiang and
Kolaczyk (2012)), the ‘denoising’ of noisy networks (Chatterjee et al. (2015)), the
adaptation of methods for vertex classification using networks observed with errors
(Priebe et al. (2015)), and a general Bayesian framework for reconstructing networks
from observational data (Young et al. (2020)). The other common approach to network
noise is based on a ‘signal plus noise’ perspective. For example, Balachandran et al.
(2017) introduced a simple model for noisy networks that, conditional on some true
underlying network, assumed we observed a version of that network corrupted by an
independent random noise that effectively flips the status of (non)edges. Later, Chang
et al. (2020) developed method-of-moments estimators for the underlying rates of
error when replicates of the observed network are available. In a somewhat different
direction, uncertainty in network construction due to sampling has also been studied
in some depth. See, for example, (Kolaczyk, 2009, Chapter 5) or Ahmed et al. (2014)
for surveys of this area. However, in this setting, the uncertainty arises only from
sampling—the subset of vertices and edges obtained through sampling are typically
assumed to be observed without error.

Our contribution is to quantify how such errors propagate to the estimation of the
branching factor, and to provide estimators for x when as few as three replicates of the
observed network are available. Adopting the noise model proposed by Balachandran
et al. (2017), we characterize the impact of network noise on the bias and variance
of the observed branching factor for arbitrary true networks, and we illustrate the
asymptotic behaviors of these quantities on networks for varying densities and degree
distributions. Our work shows that, in general, the bias in empirical branching factors

can be expected to be nontrivial and is likely to dominate the variance. Accordingly,



we propose a parametric estimator of the branching factor, motivated by Chang et al.
(2020), who recently developed method-of-moments estimators for network subgraph
densities and the underlying rates of error when replicates of the observed network are
available. Numerical simulation suggests that high accuracy is possible for estimating
branching factors in networks of even modest size. We illustrate the practical use of
our estimators in the context of contact networks in British secondary schools and a

French hospital, where a small number of replicates are available.

2.2 Background

In this section, we provide essential notation and background.

2.2.1 Noise model

We assume the observed graph is a noisy version of a true graph. Let G = (V| E)
be an undirected graph and G°* = (V, E°®®) be the observed graph, where we
implicitly assume that the vertex set V' is known. Denote the adjacency matrix of G
by A = (A;;)n,xn, and that of G by A = (A;;)n,xn,. Hence A;; = 1 if there is a
true edge between the i-th vertex and the j-th vertex, and 0 otherwise, while /L-J =1
if an edge is observed between the i-th vertex and the j-th vertex, and 0 otherwise.
And denote the degree of the i-th vertex in G and G°" by d; and d;, respectively. We
assume throughout that G' and G° are simple.

We express the marginal distributions of the A, ; in the form (Balachandran et al.
(2017)):

Bernoulli(ey ;), if {4,j} € E°
Bernoulli(1 — 3;;), if {i,j} € E,

where E¢ = {{i,j} : i,7 € V;i < j}\E. Drawing by analogy on the example of

network construction based on hypothesis testing, «;; can be interpreted as the



probability of a Type-I error on the (non)edge status for vertex pair {i,j} € E°, while
i, is interpreted as the probability of Type-II error, for vertex pair {i,j} € E.

Our interest is in characterizing the manner in which the uncertainty in the /Lj
(as a noisy version of A;;) propagates to the branching factor. Here we focus on a

general formulation of the problem in which we make the following three assumptions.

Assumption 2.1 (Constant marginal error probabilities) Assume that

a;; = and B j = for all i < j, so the marginal error probabilities are P(A;; =

0|Ai,j == ].) == 6 and P(AZ'J‘ == ]-|Ai,j = 0) = .

Assumption 2.2 (Independent noise) The random variables /Nlm-, foralli < j,

are conditionally independent given A; ;.

Assumption 2.3 (Large Graphs) N, — cc.

In Assumption 2.1, we assume that both « and [ remain constant over different

edges. Under Assumption 2.2, the distributions of d; is

Ny
d; = Z Am ~ Binomial(N, — 1 — d;, @) + Binomial(d;, 1 — f3).

j=1
Assumption 2.2 is not strictly necessary. See Remark 2.4 in Section 2.4. Assumption
2.3 reflects both the fact that the study of large graphs is a hallmark of modern applied
work in complex networks and, accordingly, our desire to understand the asymptotic
behavior of the branching factor and provide concise descriptions in terms of the bias

and variance for large graphs.

Remark 2.1 Note that o and 3 can be constants or o(1) as N, — oo. For example,
under Assumption 2.4, if 5 is constant and |E| = o(|E¢|), then a = o(1). Thus, «
and B are actually a(N,) and B(N,). For notational simplicity, we omit N,.

In addition to the core Assumptions 2.1 — 2.3, we add a fourth assumption, upon
which we will call periodically throughout the chapter when desiring to illustrate our

results in the special case.



Assumption 2.4 (Edge Unbiasedness) «|E°| = |E|, so that the expected number

of observed edges equals the actual number of edges.

Our use of Assumption 2.4 reflects the understanding that a ‘good’ observation
G°" of the graph G should at the very least have roughly the right number of edges.

Remark 2.2 Assumption 2.4 cannot guarantee the unbiasedness of higher-order sub-
graph counts. (Balachandran et al. (2017))

2.2.2 The branching factor in network-based epidemic models

In general, the epidemic threshold of a network is the inverse of the largest
eigenvalue of the adjacency matrix. Under some configuration models, the branching
factor is often a good approximation of the largest eigenvalue (Pastor-Satorras et al.
(2015)).

Let G be a network graph describing the contact structure among N, elements
in a population. If G derives from a so-called configuration model, as is commonly
assumed in the network-based epidemic modeling literature, then the branching factor

takes the following form (Buono et al. (2014)).

Definition 2.1 For graph G with N, nodes, the branching factor is

Ny 12
" d? /N,
Z’L]\?vl Z/ Zf}:f\ijldl>0
k= ZZ‘:1 di/Nv

0 if SN d; =0,

where d; is the degree of node 1.

Accordingly, we denote the branching factor in the noisy network by &. Besides
the basic reproduction number, Ry, described in the introduction, there are other
quantities depending on the observed branching factor. These include the percolation
threshold 1/(% — 1), the epidemic threshold 1/(% — 1), and the immunization threshold

1 — 1/(AR), where A is the spreading rate (Pastor-Satorras et al. (2015)).
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2.3 Bias and variance of the observed branching factor

In this section, we first quantify the asymptotic bias and variance of the observed
branching factor for arbitrary true networks. We then show specific results for four
typical classes of networks: sparse and homogeneous, sparse and inhomogeneous,
dense and homogeneous, and dense and inhomogeneous. Next, we provide numerical
illustrations. See supplementary material A.3—A.6 for all proofs related to the observed

branching factor.

2.3.1 Arbitrary network topology

We present general results for the asymptotic bias and variance of the observed

branching factor in arbitrary true networks.

Theorem 2.1 We define X = va”l CZZ?, Y = Zf\il d; and we assume EY > 0, and

EY = Q(N,) (N, = 00). Then, under Assumption 2.2, for any n > 0, we have

., EX 1 EX
Bias|[k) = B T O<(EY)1/(2+77) NG

)ast—>oo.

Remark 2.3 Theorem 1 reflects the fact that, under certain assumptions, EX/EY is
a good approzimation of E(X/Y - Ity~ay), i-e., E(R).

Theorem 2.2 Under assumptions in Theorem 2.1 and Assumption 2.1 and 2.4, for

any n > 0, we have

1 EX>

Biaslk] = (2 —a — B)|a(N, — 1)+ — (a + 5)"3} + O((Ey)l/(2+n) EY

as N, — 00.

Theorem 2.1 shows the asymptotic bias of the observed branching factor in terms of
the expectations of the first and second moments of the observed under Assumption 2.2.
Theorem 2.2 relies on Assumptions 2.1 — 2.4 and provides a more explicit expression

for the leading term of the asymptotic bias in this special case.
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Under certain assumptions, we provide upper bounds for asymptotic variances of
the observed branching factors and derive good approximations of asymptotic variances
for arbitrary true networks. Considering that variances are important and complicated,
we briefly show a main outcome here and give details in the supplementary material
A2.

We assume EY > 0, EY = Q(N,), and 1 — 5 = Q(N,). Then, under Assumption
2.1, 2.2, and 2.4, we have

Var[i] = O (E[<XEY _ YEX)?D as N, — oo.

(EY)!

This provides upper bounds for asymptotic variances of the observed branching factors.
By making additional assumptions on the network density and degree distribution, we

can obtain the order of the O term and therefore the order of the variance.

2.3.2 Specific network topology

By making assumptions on the network density and degree distribution, we can
obtain a more nuanced understanding of the limiting behavior of the observed branching
factor in terms of bias and variance when the number of nodes tends towards infinity.
Specifically, we consider the combinations of sparse versus dense and homogeneous
versus inhomogeneous networks. By the term sparse we will mean a graph for which
the average degree d = O(log N,), and by dense, d = O(N¢), where 0 < ¢ < 1. By
the term homogeneous we mean the degrees follow a Poisson distribution, and by
inhomogeneous, the degrees follow a truncated Pareto distribution.

Corollary 2.1 (Sparse and homogeneous, dense and homogeneous) In the

sparse homogeneous graph and dense homogeneous graph, under the assumptions
in Theorem 2.2 and f = O(1) (N, — o0), we have

Bias[k] = o(k) as N, — cc.
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Corollary 2.2 (Sparse and inhomogeneous, dense and inhomogeneous)
In the sparse inhomogeneous graph and dense inhomogeneous graph, under the
assumptions in Theorem 2.2 and f = O(1) (N, — 00), we have

—B(2 —a—p)k+ o(k) if0< (<2

Bias|[k) = B2 —a- ﬁ)ﬁ +o(k) if(>2

as N, — 0o, where ¢ is the shape parameter of the truncated Pareto distribution.

In summary, the observed branching factor is asymptotically unbiased in the
homogeneous network setting, but asymptotically biased in the inhomogeneous network
setting. The bias of the observed branching factor is negative which reflects the fact
that the observed graph is typically more homogeneous then the true graph in the
inhomogeneous setting. The bias depends on «, 3, and (, and when the shape { > 2,
the bias decreases as ( increases. The different results in the homogeneous and
inhomogeneous network setting also reflect Remark 2.2 since the branching factor is
related to the second-order moment.

Theorem 2.3 (Sparse, dense, homogeneous, and inhomogeneous) In the

combinations of sparse versus dense and homogeneous versus inhomogeneous networks,
under the assumptions in Theorem 2.2 and f = O(1) (N, — o0), we have

Varlk] = o( Bias[k]) as N, — .

Note that the orders of the variances are asymptotically dominated by the corre-
sponding biases for all four cases. Therefore, in noisy contact networks, bias would
appear to be the primary concern for the observed branching factor. In turn, our
simulation results (below) suggest that in practice this empirical bias can be quite

substantial.
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2.3.3 Simulation study

We focus on two types of networks in the simulation study: random Erdos-Rényi
networks and random scale-free networks using a preferential attachment mechanism.
The first type has a Poisson degree distribution, and the second type has a power law
distribution. We construct two types of networks with 10,000 nodes and average degree
around 50 or 100 and view them as true networks. Then we generate 10,000 noisy,
observed networks according to (2.2.1). We set § = 0.1,0.2,0.3 and o = S|E|/|E“|
(i.e., to enforce edge-unbiasedness). For each observed network, we compute . Also,
we run 1,000 times bootstrap resampling to obtain 95% confidence intervals for biases
and variances. Biases and variances are shown in Figure 2.1. Error bars are 95%
confidence intervals.

From the plots, we see that the noisy branching factor is unbiased in the homoge-
neous network setting, but biased in the inhomogeneous network setting. The bias of
the observed branching factor is negative (i.e., the empirical branching factor generally
underestimates the truth). And the bias increases when error rates increase. When
the average degree increases from 50 to 100, the value of the true branching factor
decreases from 3579.76 to 3356.34 and the bias decreases, which is consistent with

Corollary 2.2. Also, variances are dominated by the corresponding biases in all cases.

2.4 Estimator for the true branching factor

As we saw in Section 2.3, the observed branching factor is biased in the inhomoge-
neous network setting. Due to the presence of heterogeneity in the level of connectivity
of contact neighborhoods for most real-world contact network data, it is important
to have new estimators for bias reduction. Simultaneous estimation of Type I and II
errors, o and 3, as well as network quantities like x, from a single noisy network is in

general impossible (Chang et al., 2020, Thm 1). We present a method-of-moments
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Figure 2.1: Biases and variances of observed branching factors in ho-
mogeneous and inhomogeneous networks with different average degrees.
Error bars are 95% confidence intervals (and often not visible, due to
the scale of bias versus variance).
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estimator, which needs a minimum of three replicates.
We adapt the method-of-moments estimators (MME) of subgraph density in Chang
et al. (2020), which require at least three replicates of the observed network. Let Cy,

and Cy, denote the edge density and the two-stars density, respectively. Then

1
CV1 = W Z Ail,i’l

'U=(i1 ,’L'll)EV1
and

1

Cy, = =7 E Ay i Ay it
V2|

v=(i1,i] ,i2,i5)EV2
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where Vl = {(21,2,1) . il < le} and VQ = {(11,2,1,22,2/2) . 2,1 = ig,il 7é iQ 7£ 2,2}

Next we define

d= (N, — 1)Cy,,

fay A

d* = (N, — 1)(N, — 2)Cy, + d,

where évl and C’VQ are method-of-moments estimators of Cy, and Cy,, which we will

define later. Thus, our estimator of k is given by:

32 N
po (NU—Q)C;VQ +1. (2.1)
d CV1

Theorem 2.4 Under Assumptions 2.1 and 2.2, & has asymptotic normal distribution

with mean K.

See supplementary material A.7 for proof of Theorem 2.4. Note that & is an
asymptotically unbiased estimator for x, where the asymptotics is in N?2, i.e., the
square of the number of vertices in the network. To compute &, we first estimate Cy,

and Cy, by methods used in Chang et al. (2020). Define relevant quantities as follows:

up=(1=9a+i(1-7),
uy = (1 —8a(l —a) +68(1 — B),

us = (1 —0)a(l —a)? +08%(1 — B),

where ¢ is the edge density in the true network, u; is the expected edge density in
one observed network, us is the expected density of edge differences in two observed
networks, and us is the average probability of having an edge between two arbitrary

nodes in one observed network but no edge between same nodes in the other two
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observed networks. The method-of-moments estimators for uq, us and ugz are

2 ~
0 = ————— A ;
NN, — 1) 2 A

i<j
Uy = m ; | Ai o — Aijl, (2.2)
Uz = m ; I(Exactly one of A; j .., A;j., Aij equals 1).
where A, = (fli,j,*)viNv, A, = (fli,j,**)NuxNu are independent and identically

distributed replicates of A.

Calculation of the estimator # in (2.1) and the estimation of its asymptotic variance
can be accomplished as detailed in Algorithm 2.1 below and Algorithm A.1 in the
supplementary material A.8, respectively. The variance estimation is based on a

nonstandard bootstrap, as introduced in Chang et al. (2020).

Algorithm 2.1 Method-of-moments estimator &

IHPUt: A= (Ai,j)NUxNua A* = (Ai,j,*)viNw A** = (Ai,j,**)viNm Qp, €
Output: &, B, K

Compute 4y, g, U3 defined in (2.2);

Initialize & = ag, ag = & + 10¢;

while |& — ag| > ¢ do

oA . . A )2 . o 3B2(1_4
ap — &, ﬁ<_ Ug ao+u1ao’ 5 — - (21 —vo) &« 3 582(1-B) .

@1 —ap 1 —l2—201 00403 (1-6)(1—ag)?’
Compute k’3: 1—66—6, Cyl = mZz(j(Aivj_&)’
A b N T A ¢
Cy, = icgN,,(Nv—ll)(NH) 2z Aig — @) (A — &), k= (N, — 2>0_:? +1

Remark 2.4 Since our estimation of the unknown parameters is based on moment
estimation, the independent noise dictated by Assumption 2.2 is not strictly necessary.
As is shown in the proof of Chang et al. (2020), the convergence rate for the moment
estimation of the unknown parameters is determined by the convergence rates of 1 —uy,
Uy — ug and Uz — ug. When some limited dependency among observed edges is present,

the convergence rates of Uy — uy, Uy — us and Uz — ugz still are O(1/N,).



17

2.5 Numerical illustration

In this section, we conduct some simulations and experiments to illustrate the
finite sample properties of the proposed estimation methods. We consider two types of
contact networks. One is the self-reported British secondary school contact network,
described in Kucharski et al. (2018). These data were collected from 460 unique
participants across four rounds of data collection conducted between January and
June 2015 in year 7 groups in four UK secondary schools, with 7,315 identifiable
contacts reported in total. They used a process of peer nomination as a method for
data collection: students were asked, via the research questionnaire, to list the six
other students in year 7 at their school that they spend the most time with. For each
pair of participants in a specific round of data collection, a single link was defined if
either one of the participants reported a contact between the pair (i.e. there was at
least one unidirectional link, in either direction). Our analysis focuses on the single
link contact network.

The other contact network we used is a sensor-based contact network in a French
Hospital, reported by Vanhems et al. (2013). These data contain records of contacts
among patients and various types of health care workers in the geriatric unit of a
hospital in Lyon, France, in 2010, from 1pm on Monday, December 6 to 2pm on
Friday, December 10. Each of the 75 people in this study consented to wear RFID
sensors on small identification badges during this period, which made it possible to
record when any two of them were in face-to-face contact with each other (i.e., within
1-1.5 m of each other) during a 20-second interval of time. A primary goal of this
study was to gain insight into the pattern of contacts in such a hospital environment,
particularly with an eye towards the manner in which infection might be transmitted.
We define a link if duration of contacts in one day is greater than 5 minutes and

construct networks for Tuesday, Wednesday and Thursday.
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Each data set has at least three replicates. And we consider two settings, a
simulation setting where noise is added to a ‘true’ network derived from the data and
an application setting where three replicates are each treated as noisy versions of an
unknown true network. The former results allow us to understand what finite-sample
properties can be expected of our estimators, while the latter are reflective of what

would be observed in practice with such data.

2.5.1 Simulations

For each data set, we artificially constructed a ‘true’ adjacency matrix A: if an
edge occurs between a pair of vertices more than once in observed networks, we view
that pair to have a true edge. The noisy, observed adjacency matrices A, A,, A,,
are generated according to (2.2.1). We set a = 0.005 or 0.010, and 8 = 0.01, 0.15, or
0.20. We assume that both « and § are unknown.

We evaluate the method-of-moments estimate for x and 95% confidence intervals.
Figure 2.2 shows the simulation results, in which we replicate 500 times for each setting.
The mean absolute errors (MAE) for the point estimates for the branching factor x and
the relative frequency (RF) of coverage for the estimated 95% confidence interval for
r are shown in Figure 2.2. Note that, MAE(R) = = S &y — k|, where &y, - -+, Fs00
denote the estimated values in 500 replications of simulation, and x denotes the true
value.

In the hospital and school networks, the estimation errors for s increase when «
and 3 increase. And the estimated coverage probabilities are indeed around 95%. The

average interval lengths in the French hospital are larger than that in the four schools

due to smaller sample size.
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Figure 2.2: Mean absolute errors (MAE) of &, and 95% confidence
intervals for x in the simulation with 500 replications for noisy networks
Reported in the plots are the relative

in the hospital and schools.

frequencies (RF) of the event that a confidence interval covers the
corresponding true value, and also the average Length of the intervals.
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2.5.2 Application

In the school data sets, the nodes are not all the same within a given school over
the four rounds. So, we choose the nodes common over four rounds and their edges to
obtain four replicates of the noisy networks. Since our estimation methods only need
three replicates, we select rounds 1, 2, and 3 (analogous results hold for other choices).
Similarly, for the hospital data set, we choose the nodes common over three days and
their edges to obtain three replicates of the noisy networks.

We evaluate the method-of-moments estimates for x, 95% confidence intervals,
and the observed branching factor 5. Point estimates and 95% confidence intervals
for o and [ are reported in Table 2.1. Figure 2.3 show the point estimates for the
branching factor £ and the observed branching factor £ in each round. The error bars
are the estimated 95% confidence interval for .

Table 2.1: Point estimates and 95% confidence intervals for « and S
in the hospital and four schools.

o
Networks Estimates CI Estimates b CI
Hospital 0.116 0.080, 0.153 0.162 —0.173, 0.499
School 1 0.005 0.004, 0.007 0.207 0.140, 0.275
School 2 0.013 0.012, 0.015 0.141 0.092, 0.191
School 3 0.013 0.012, 0.015 0.000 —0.057, 0.057
School 4 0.020 ( 0.014, 0.025 0.123 0.025, 0.222

Table 2.1 indicates there exists nontrivial noise in all networks. The estimate of
« in the hospital network is one order of magnitude larger than that in the school
networks. Figure 2.3 shows that, in schools 2 and 3, the resulting method-of-moments
estimates for x are lower than all of their observed values, indicating a nontrivial
downward adjustment for network noise. And most of the observed branching factors
are not in the estimated 95% confidence intervals, which further reinforces the evidence
that the true branching factor is less than those observed empirically. In schools 1

and 4, the resulting method-of-moments estimates for x are close to their observed
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Figure 2.3: The point estimates and 95% confidence intervals for x in
the hospital and four schools and the observed branching factor & in
each round/day.
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values. In contrast, in the French hospital, the estimate for x is higher than all of
their observed values, indicating a nontrivial upward adjustment.

Ultimately, we see that the ability to account for network noise appropriately in
reporting the branching factor can lead to substantially different conclusions than use
of the original, empirically observed branching factor. These differences can then in
turn be translated to specific epidemic-related quantities of interest in a study.

For example, recall that Ry equals 0(x — 1)/(6 + 7) in the network-based SEIR
model, where 6 and ~ are infection and recovery rates. Therefore, if we are interested in
characterizing the manner in which the uncertainty in the branching factor propagates
to Ry, we can do so given knowledge or conjecture of values for these rates. Consider
the context of COVID-19, for example, for which current best knowledge suggests
parameter settings of # = 0.016 or 0.026 and 1/ from 8 to 24.6 (Luo et al. (2020);
Lauer et al. (2020); Linton et al. (2020); Wang et al. (2020); Wélfel et al. (2020); Verity
et al. (2020)). Estimating infection and recovery rates are important in epidemic
modeling, but we treat 6 and v as constants here for illustration, and only consider

the uncertainty in the branching factor.
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Figure 2.4: The point estimates and 95% confidence intervals for Ry
in the hospital and four schools.
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Figure 2.4 shows the point estimates and 95% confidence intervals for Ry in the
hospital and four schools. School 2 consistently has the highest estimated Ro. The
infection will be able to start spreading in a population when Ry > 1, but not if
Ry < 1. For school networks, most of the 95% confidence intervals include 1 or are
below 1 when 6 = 0.016, while some are higher when 6 = 0.026. The 95% confidence

intervals include 1 in all cases for the French hospital.

Data accessibility

No primary data are used in this chapter. Secondary data sources are taken
from Kucharski et al. (2018) and Vanhems et al. (2013). These data and the code
necessary to reproduce the results in this chapter are available at https://github.

com/KolaczykResearch/EstimNetReprodNumber.


https://github.com/KolaczykResearch/EstimNetReprodNumber
https://github.com/KolaczykResearch/EstimNetReprodNumber

23

Chapter 3

Causal Inference under Network

Interference with Noise

In this chapter, we quantify biases and variances of standard estimators of average
causal effects in noisy networks and develop a general framework for estimation
of true average causal effects in contexts wherein one has observations of noisy
networks. Our approach requires as few as three replicates of network observations,
and employs method-of-moments techniques to derive estimators and establish their
asymptotic unbiasedness and consistency. Simulations in British secondary schools
contact networks demonstrate that substantial inferential accuracy by method-of-
moments estimators is possible in networks of even modest size when nontrivial noise
is present.

The organization of this chapter is as follows. Section 3.1 sets up the problem
and reviews previous relevant work. In Section 3.2 we present the bias and variance
of standard estimators in noisy networks under a four-level exposure model and
Bernoulli random assignment of treatment. Section 3.3 contains our proposed method-
of-moments estimators for the true average causal effects. Numerical illustrations are

reported in Section 3.4. All proofs are relegated to supplementary material B.

3.1 Introduction

In recent years, there has been an enormous interest in the assessment of treatment

effects within networked systems. Naturally, interference (Cox and Cox (1958)) cannot
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realistically be assumed away when doing experiments on networks. The outcome
of one individual may be affected by the treatment assigned to other individuals,
which violates the ‘stable unit treatment value assumption’ (SUTVA) (Neyman (1923),
Rubin (1990)). As a result, much of what is considered standard in the traditional
design of randomized experiments and the corresponding analysis for causal inference
does not apply directly in this context.

Moreover, network information generally is available only up to some level of
error, also known as network noise. For example, there is often measurement error
associated with network constructions, where, by ‘measurement error’ we will mean
true edges being observed as non-edges, and vice versa. Such edge noise occurs in
self-reported contact networks where participants may not perceive and recall all
contacts correctly (Smieszek et al. (2012)). It can also be found in biological networks
(e.g., of gene regulatory relationships), which are often based on notions of association
(e.g., correlation, partial correlation, etc.) among experimental measurements of
gene activity levels that are determined by some form of statistical inference. We
investigate how network noise impacts estimators of average causal effects under

network interference and how to account for the noise.

3.1.1 Problem setup

We assume the observed graph is a noisy version of a true graph. Let G = (V| E)
be an undirected graph and G°™ = (V, E°>) be the observed graph, where we assume
that the vertex set V' is known. Denote the adjacency matrix of G by A = (4, )N, xn,
and that of G by A = (fli,j)viNv. Hence A, ; = 1 if there is a true edge between
the i-th vertex and the j-th vertex, and 0 otherwise, while fl” = 1 if an edge is
observed between the i-th vertex and the j-th vertex, and 0 otherwise. We assume
throughout that G' and G°* are simple.

We express the marginal distributions of the A, ; in the form (Balachandran et al.
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(2017)):

Bernoulli(a; ;), if {i,j} € E°,
Ay~ ’ (3.1)

Bernoulli(1 — 3;,), if {i,j} € E,
where E¢ = {{i,j} : i,7 € V;i < j}\E. Drawing by analogy on the example of
network construction based on hypothesis testing, «;; can be interpreted as the
probability of a Type-I error on the (non)edge status for vertex pair {i,j} € E°, while
B is interpreted as the probability of Type-II error, for vertex pair {i,j} € E. Our
interest is in characterizing the manner in which the uncertainty in the flm propagates
to estimators of average causal effects.

Let z; = 1 indicate that individual ¢ € V received a given treatment. We will
refer to 2 = (21, -+ ,2n,)" € {0,1}"" as the treatment assignment vector. Let
p. = P(Z = z) be the probability that treatment assignment z is generated by the
experimental design. Additionally, let y;(2z) denote the outcome for individual ¢ under
treatment assignment z. In the worst case, there will be 2" possible exposures for
each of the N, individuals, making causal inference impossible. To avoid this situation,
we adopt the notion of so-called exposure mappings, introduced by Aronow and Samii
(2017). We say that ¢ is exposed to condition k = 1,..., K if f(z,x;) = ¢, where f
is the exposure mapping, z is the treatment assignment vector, and x; is a vector
of additional information specific to individual ¢. Under interference, these authors
offer a simple, four-level categorization of exposure (K = 4) that we revisit here and

throughout this chapter. Taking the vector x; to be the ith column of the adjacency
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matrix A (i.e., x; = A;), they define

”

c11(Direct + Indirect Exposure), 2zil,7a 501 = 1,
c10(Isolated Direct Exposure), zilgama,—0p = 1,
f(z,A) = (3:2)
co1 (Indirect Exposure), (1- Zi)f{zTA,i>o} =1,
\coo(No Exposure), (1- zi>I{zTA.i:0} =1,

where the inner product 2" A is the number of treated neighbors of individual i.

In the general exposure mapping framework of Aronow and Samii (2017), potential
outcomes are dependent only on the exposure conditions for each unit. Suppose each
individual ¢ has K potential outcomes y;(c1),- - ,v:(cx) and is exposed to one and

only one condition. Then, define

1 &

T(ew, o) = N Z wier) — vi(a)] = y(ex) —yla) (3.3)

to be the average causal contrast between exposure condition k versus [. Consider
again, for example, the exposure mapping function defined in (3.2). A natural set of
contrasts is T(co1, coo), T(¢10, Coo), and T(eq1, cop), which capture the average indirect
treatment effect, the average direct treatment effect, and the average total treatment
effect, respectively.

Now consider the problem of inference for causal effects under network interference.
The Horvitz-Thompson framework accounts for unequal-probability sampling through
the use of inverse probability weighting (Horvitz and Thompson (1952)) and is
adapted by Aronow and Samii (2017) under exposure mappings. In noise-free networks,
assuming all individuals have nonzero exposure probabilities for all exposure conditions,

the estimator
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(cr) {Z]{f(z ;) ck}%i ))} (3.4)

is well-defined and unbiased for g(cy), where the exposure probabilities pf(c) are
defined as 3", palif(z.mn=cy)- In turn, ¥(ck, ¢;) = y(cx) — Y(c;) is an unbiased estimator
of t(cg, ¢).

However, in noisy networks, exposure levels will be misclassified. For example, in
the four-level exposure model, for a node 7, the expected confusion matrix for observed

(rows) versus true (columns) exposures has the following form

131'(511,011) 3(5117010) 0 0
P;(¢10,c11)  Pi(Ci0, C10) 0 0
P = ’ ’ N . 3.5
0 0 Pi(Go1, co1)  Pi(Cor, coo) (3:5)
0 0 Pi(éoo, 001) Pz‘(5007 COO)

where ¢, represents the exposure level in observed networks and P;(é,¢;) =
E[l( 1z a)=e03 L17(Z,41)=ci})- The two off-diagonal blocks are equal to 0, since network
noise does not affect treatment status. The four symbols P;(éx, ), k # | are cases
where exposure levels are misclassified. In the general exposure mapping framework,

the estimators (3.4) for y(cx) are in fact

K
1
Yaws(cr) = Zf{p @)>0 (52, %)=} 7 i k){Zyi(Cz) f{f(z,ma:cz}} (3.6)
=1

where X is a noisy version of x;, and p¢(cx) = 3., Pal{}(z %,)=cry- From (3.6), we
can see that the errors come from two parts: incorrect exposure probabilities and
misclassified exposure levels.

In this chapter, we will address the following important questions. First, what is

the impact of ignoring network noise? Second, how can we account for network noise?
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3.1.2 Related literature

Awareness of interference goes back at least 100 years (e.g., Ross (1916)), and its
impact on standard theory and methods has been studied previously in certain specific
contexts, including interference localized to an individual across different rounds of
treatment in clinical trials with crossover designs (Grizzle (1965)), interference based
on spatial proximity of treated units (Kempton and Lockwood (1984)) and interference
within blocks (Hudgens and Halloran (2008)). For network interference, an assumption
that has gained traction is that the causal effects can be passed along edges in the
network. A highly studied assumption is to assume that unit outcomes are only
impacted by their neighbors in the network (Manski (2013); Athey et al. (2018)).
Researchers have recently developed frameworks for estimating average unit-level
causal effects under network interference. For example, Aronow and Samii (2017)
provided unbiased estimators of average unit-level causal effects induced by treatment
exposure. Sussman and Airoldi (2017) proposed minimum integrated variance linear
unbiased estimators with respect to a distribution on the potential outcomes.

Extensive work regarding uncertainty analysis has been done in causal inference
without the network structure or interference. Many studies have explored the effects
of uncertainty in propensity scores on causal inference. For instance, there have
been efforts to develop Bayesian propensity score estimators to incorporate such
uncertainties into causal inference (e.g., An (2010), Alvarez and Levin (2014)). And
there are some studies on the properties for particular matching estimators for average
causal effects (e.g., Abadie and Imbens (2006), Schafer and Kang (2008)). But, to
our best knowledge, there has been little attention to date given towards uncertainty
analysis of estimators for average causal effects under network interference. Exceptions
include a Bayesian procedure which accounts for network uncertainty and relies on a

linear response assumption to increase estimation precision (Toulis and Kao (2013)),
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and structure learning techniques to estimate causal effects under data dependence
induced by a network represented by a chain graph model, when the structure of this
dependence is not known a priori (Bhattacharya et al. (2019)).

As remarked above, there appears to be little in the way of a formal and general
treatment of the error propagation problem in estimators of average causal effects
under network interference. However, there are several areas in which the probabilistic
or statistical treatment of uncertainty enters prominently in network analysis. Model-
based approaches include statistical methodology for predicting network topology
or attributes with models that explicitly include a component for network noise
(Jiang et al. (2011), Jiang and Kolaczyk (2012)), the ‘denoising’ of noisy networks
(Chatterjee et al. (2015)), the adaptation of methods for vertex classification using
networks observed with errors (Priebe et al. (2015)), a regression model on network-
linked data that is based on a flexible network effect assumption and is robust to
errors in the network structure (Le and Li (2020)), and a general Bayesian framework
for reconstructing networks from observational data (Young et al. (2020)). The other
common approach to network noise is based on a ‘signal plus noise’ perspective. For
example, Balachandran et al. (2017) introduced a simple model for noisy networks that,
conditional on some true underlying network, assumed we observed a version of that
network corrupted by an independent random noise that effectively flips the status of
(non)edges. Later, Chang et al. (2020) developed method-of-moments estimators for
the underlying rates of error when replicates of the observed network are available. In
a somewhat different direction, uncertainty in network construction due to sampling
has also been studied in some depth. See, for example, (Kolaczyk, 2009, Chapter 5) or
Ahmed et al. (2014) for surveys of this area. However, in that setting, the uncertainty
arises only from sampling—the subset of vertices and edges obtained through sampling

are typically assumed to be observed without error.
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3.1.3 Our contributions

Our contribution in this chapter is to quantify how network errors propagate
to standard estimators of average causal effects under network interference, and to
provide new estimators for average causal effects when replicates of the observed
network are available. Adopting the noise model proposed by Balachandran et al.
(2017), we characterize the impact of network noise on the bias and variance of
standard estimators (Aronow and Samii (2017)) under a four-level exposure model and
Bernoulli random assignment of treatment, and we illustrate the asymptotic behaviors
on networks for varying degree distributions. Additionally, we propose method-of-
moments estimators of average causal effects, when replicates of the observed network
are available. Numerical simulation in the context of social contact networks in British
secondary schools suggests that high accuracy is possible for networks of even modest

size.

3.2 Impact of ignoring network noise

In this section, we characterize the impact of network noise on biases and variances
of standard estimators under a four-level exposure model and Bernoulli random
assignment of treatment. Specifically, we show results for two typical classes of
networks: homogeneous and inhomogeneous. By the term homogeneous we mean
the degrees follow a zero-truncated Poisson distribution, and by inhomogeneous, the
degrees follow a Pareto distribution with an exponential cutoff (Clauset et al. (2009)).
Note that many real networks present a bounded scale-free behavior with a connectivity
cut-off due to the finite size of the network or to the presence of constraints limiting
the addition of new links in an otherwise infinite network (Amaral et al. (2000)). The

exponential cutoff is most widely used.
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3.2.1 Network settings and assumptions

We consider two typical classes of networks: homogeneous and inhomogeneous.

The formal definitions are as follows.

Homogeneous network setting The degree distribution of GG is a zero-truncated

Poisson distribution with mean d.

Inhomogeneous network setting The degree distribution of G is a Pareto distri-
bution with an exponential cutoff with rate A, shape (, lower bound d;, upper bound
N, — 1 and mean d.

Remark 3.1 The degree distribution is the probability distribution of the degrees over

the whole network.

Remark 3.2 Note that d, A and d;, depend on N,. For notational simplicity, we
omit N,.

Remark 3.3 In the inhomogeneous network setting, by the definition of Pareto dis-
tribution with an exponential cutoff, X, ¢, dr, d and N, satisfy the equation

Ny—1 Ny—1
d= / x - e_’\zx_(chl)d:z:/ / e My (D gy,
d d,

Here we focus on a general formulation of the problem in which we make the
following assumptions on networks and the treatment assignment.

Assumption 3.1 (Constant marginal error probabilities) Assume that

a;; = a and Bi; = B for all i < j, so the marginal error probabilities are P(A;; =

Assumption 3.2 (Independent noise) The random variables fli,j, for all i < j,

are conditionally independent given A; ;.

Assumption 3.3 (Large Graphs) The number of vertices N, — oc.
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In Assumption 3.1, we assume that both o and § remain constant over different
edges. Under Assumptions 3.1 and 3.2, the distribution of d; is

Ny
d; = Z flﬂ ~ Binomial(N, — 1 — d;, @) + Binomial(d;, 1 — ).

j=1

Assumption 3.3 reflects both the fact that the study of large graphs is a hallmark of

modern applied work in complex networks and, accordingly, our desire to understand
asymptotic behaviors of estimators for average causal effects and provide concise
descriptions in terms of biases and variances for large graphs.
Assumption 3.4 The treatment probability p satisfies p = o(1), p = w(1/N,), d =
©(1/p). Letting C;; denote the number of common neighbors between vertices i
and j in G, vaz”l ZJA;ZZ Lic =0y ~ NZ2. Finally, the potential outcomes are bounded,
lyi(c)| < ¢ < o0, for all values i and ¢y, where ¢ is a constant.

Assumption 3.4 entails that, as N, grows, the expected number of treated individ-
uals also grows but is dominated by N, asymptotically. And the average number of
treated neighbors is bounded. The amount of vertex pairs having common neighbors
is also limited in scope as NN, grows which ensures a sufficiently large set of indepen-
dent exposures. Assumption 3.4 is an assumption used in proving the consistency of
T(ck, ¢;) in noise-free homogeneous and inhomogeneous networks. See Appendix 3.5.1
for details.

Assumption 3.5 1 — 5 =Q(1), a = O(1/(pN,)), and a = o(p).

Remark 3.4 Note that o and  can be constants or o(1) as N, — oo. For notational

simplicity, we omit N,.
Remark 3.5 Assumption 3.5 implies p = w(1/+/N,), which is consistent with As-
sumption 3.4.

By making assumptions on the underlying rates of error o and (3, we will see that

regularity conditions hold for noisy homogeneous and inhomogeneous networks in

Appendix 3.5.2 .
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3.2.2 Biases of standard estimators in noisy networks

Assuming a four-level exposure model and Bernoulli random assignment of treat-
ment, we quantify the biases of standard estimators in homogeneous and inhomoge-
neous network settings. We begin with the following general result.

Theorem 3.1 Assume a four-level exposure model and Bernoulli random assignment

of treatment with probability p. Under Assumptions 3.1 — 3.8, 3.5, p = o(1), p =

w(1/N,) and the potential outcomes are bounded, we have

r - 1 Ny 1 — d; 1—(1—= Ny—1—d;
Bias _@A&s(cll)_ - _ F by _( i —p)apENv 1( - (f‘f)(l - B)L)di T;(c11, ¢10) + 0(1),

Bias :@A&S(Clo): = Ni Zﬂ [1 — (1 —_ Bp)dz] Ti(clla Cl[))?

vl

- - _ Ny 1 _ (1 _ Oép)Nv_l_di
Bias|yaws(eo)| = =37 Z 1—(1—ap) N“_l 4i(1—(1— 5)19)‘11' wileon, o) + (1),
~ - 1 NU
Bias|Y sg,5(coo0)| = N Z [1— (1= Bp)*] Ti(cor, co),
i i Yi=1

as N, — 0o, where T;(ck, ¢;) = yi(cx) — yi(¢;) and d; is the degree of the i-th vertez in

the noise-free network G.

Theorem 3.1 then directly leads to the following corollary in homogeneous and
inhomogeneous network settings.
Corollary 3.1 (Homogeneous and inhomogeneous) Assume a four-level expo-
sure model and Bernoulli random assignment of treatment with p. In both homogeneous
and inhomogeneous network settings, under Assumptions 3.1 — 3.3, 8.5, p = o(1),

p =w(1/N,) and the potential outcomes are bounded, the bias statement in Theorem
3.1 holds.

The proof of Theorem 3.1 is in supplementary material B.3. Corollary 3.1 directly

follows from Theorem 3.1.
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Biases of standard estimators in homogeneous and inhomogeneous network settings
have the same expressions. Biases of 7 44 ¢(c11) and ¥ ,¢s(co1) depend on both o and
3, while biases of 7 4¢ s(c10) and 7 4o 5(coo) only depend on 3. Biases of 7j 4o ¢(c11) and
Uaus(clo) are related to T(ci1, c1p). And biases of 74, 5(co1) and 7 445(coo) are related
to T(co1, coo). These relationships follow because the network noise affects observed
edges but not treatment status.

Let §ags.i(cx) denote the Aronow and Samii estimator for y;(cx) in noisy networks,
which corresponds to the i-th element of ¥ 4, 5(cx) in (3.6). We summarize in the
following table the asymptotic biases of §ags.:(cx) for high (top row) and low (bottom

row) degree nodes.

Table 3.1: The asymptotic biases of §ags,(cx) for high (top row) and
low (bottom row) degree nodes.

Bias[fags,i(c11)] Bias[Jags,i(ci0)] Bias[gags,i(cor)] Bias[ags,i(coo)]
d; = w(1/p) | o(1) Ti(c11, c10) o(1) T;(co1, coo)
di = O(l/p) —Ti(CH, ClO) 0(1) —Ti(C()l, Coo) 0(1)

We see that there are four cases where §ags,(cx) is asymptotically unbiased. The
reason is that the corresponding entries in the expected confusion matrix (3.5) go
to 0. For the other four cases, the corresponding entries in the expected confusion
matrix approach 1, which leads to nontrivial biases. Note that the asymptotic biases

of Jags,i(cx) is between 0 and the corresponding +7;(¢y, ¢;) when d; = ©(1/p).

3.2.3 Variances of standard estimators in noisy networks

We analyze the variances of standard estimators in homogeneous and inhomoge-

neous network settings.

Theorem 3.2 (Homogeneous) Assume a four-level exposure model and Bernoulli

random assignment of treatment with probability p. In the homogeneous network
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setting, under Assumptions 3.1 - 8.5, for all ¢, we have Var(y,,5(ck)] = o(1) as
N, — oo.

Theorem 3.3 (Inhomogeneous) Assume a four-level exposure model and Bernoulli
random assignment of treatment with probability p. In the inhomogeneous network
setting, under Assumptions 3.1 - 8.5, A = O(p) and X > p, we have Var[j 4o5(c)] =
o(1) for all ¢y as N, — oc.

Note that the variances go to zero as the number of nodes tends towards infinity
for both cases. Therefore, in noisy networks, the bias would appear to be the primary

concern for estimating average causal effects.

3.3 Accounting for network noise

As we saw in Section 3.2, standard estimators are biased in both homogeneous
and inhomogeneous network settings. Thus, it is important to have new estimators
for bias reduction. We present method-of-moments estimators in Section 3.3.1, and
show unbiasedness and consistency under a four-level exposure model and Bernoulli
random assignment of treatment in Section 3.3.2. The method-of-moments estimators
require either knowledge or consistent estimators of o and . We adopt the estimators

in Chang et al. (2020), which require at least three replicates of the observed network.

3.3.1 Method-of-moments estimators

We construct method-of-moments estimators (MME) by reweighting the observed

outcomes based on the expected confusion matrix. For convenience, we denote

Y = [%’(Cn), yz’(Clo), yz’(Cm), yz’(Coo)]T,
L) = [I(za)=cnn}> 17z wi=c0}s Lp(Zan=co} L Za=con}] >

v _ 5 5 5 5 T
]]‘(XZ) - [I{f(Z,Xi):Cll}’ I{f(Z,Xi):Cl()}7 ]{f(Z,Xi):C()1}7 I{f(Z,Xi):coo}] .
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We then combine the observed outcome 1(x;)"y; and the observed exposure level into

a vector, denoted by y;,

By taking the expectation with respect to treatment and network noise, we obtain
Elgi] = P -y, (3.8)

Note that P; depends on d;, o and 3. Therefore, we use P(d;, «, 3) for explicitness.

The method of moments estimator for y; is defined as

YMME,; = P 1((jz7 d?B) @Za (3 9)
where .
A d; — (N, — 1)a
g = = Wo=1)a (3.10)
1l—a—-p

The values & and B are consistent estimators of o and 3, which we provide an example
of consistent estimators later. If v and § are known, we substitute & and § in (3.9)
and (3.10) with the known values, and this does not change the asymptotic behavior
we state in Section 3.3.2.

We define the method-of-moments estimator for vaz”l yi/Ny

Nv

~ 1 - -
V=1

where Yags,; is the Aronow and Samii estimator of node ¢ in the noisy network.
Recall from the bias statements in Table 3.1 that gagsi(ci1) and Gagsi(co1) are
asymptotically unbiased for nodes with high degrees. And §ags.i(c10) and Jags,i(coo)
are asymptotically unbiased for small degree nodes. Therefore, we do not need to
correct biases for those cases. We will show that yyue, is asymptotically unbiased

with small variance for nodes with degree on the order of 1/p in Theorem 3.4 and
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3.5. Otherwise, asymptotically unbiased estimators with small variances may not
exist due to the structure of this specific four-level exposure model. As we saw,
El[Jagsi(c11)] = yi(cio) and E[gagsi(co1)] — vi(coo) for small degree nodes, while
El[gags.i(c10)] = vi(cir) and E[gagsi(coo)] — yi(cor) for high degree nodes. These
mean that we lose almost all information about y;(c11) and y;(co1) for small degree
nodes, and y;(c19) and y;(cop) for high degree nodes.

In general, we suggest to use terms of the same orders of magnitude in (3.11)
to approximate O(-). That is, writing 1/p = a x 10°, where 1/4/10 < a < /10, we
represent the order of magnitude with b. Next, we rewrite Yy as

N,
- 1 v ~ R
Ywve = J ) {yMME Tioi<di<ony T YA Ligicoy o ziizcz}}v (3.12)
voi=1

where C} = 10°/4/10 and Cy = /10 - 10°. For sparse and inhomogeneous networks
with small sample sizes, C'; may be close to the average degree and thus we recommend

to compute
- 1 X
YuME = N Z {QMME,i Aigs1y T Yaes,i - I{gi<1}}. (3.13)
vi=1

Remark 3.6 As we will see later, in this specific four-level exposure model, Yz
18 asymptotically unbiased and consistent in both homogeneous and inhomogeneous

network settings.

Our estimators require knowledge or, more realistically, consistent estimates of
the parameters o and 3 governing the noise. Here, we adopt the consistent MME
estimators in Chang et al. (2020), which require at least three replicates of the observed

network. Define relevant quantities as follows:

u = (1—0)a+d(1—p),
uy = (1= 8)a(l — a) +68(1 — B),

uz = (1 —0)a(l —a)*+58*(1 — B3),
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where ¢ is the edge density in the true network G, u; is the expected edge density in
one observed network, usy is the expected density of edge differences in two observed
networks, and us is the average probability of having an edge between two arbitrary
nodes in one observed network but no edge between the same nodes in the other two

observed networks. The method-of-moments estimators for uq, us and uz are

A

2 -
- YA
“ENN, - > A

i<j
iy = m ; | A — Augl, (3.14)
Uz = m ; I(Exactly one of A; j .., A;j., A equals 1),

where A, = (zzli,j,*)viNv, A, = (fli,j,**)viNv are independent and identically

distributed replicates of A. Calculation of the estimators & and B can be accomplished

as detailed in Algorithm 3.1 below.

Algorithm 3.1 Consistent estimators & and B

IHPUt: A= (Ai,j)NUxNua A* = (Ai,j,*)viNw A** = (Ai,j,**)viNm Qp, €
Output: &, B

Compute 4y, s, U3 defined in (3.14);

Initialize & = ag, ag = & + 10¢;

while |& — ag| > ¢ do

A~ o Us—oap+1U1 g N (17417040)2 A ﬁ378B2(173)
Qp < &, ﬁ = d1—ag 0 1 —d2—201 00+’ O (1-6)(1—ag)?”

3.3.2 Asymptotic unbiasedness and consistency

We consider the asymptotic behavior of the method-of-moments estimators

U (cx) as N, — oo,

Theorem 3.4 (Homogeneous) Assume a four-level exposure model and Bernoulli
random assignment of treatment with p. In the homogeneous network setting, under
Assumptions 3.1 - 3.5, jMME(Ck) 15 an asymptotically unbiased and consistent estimator
of Y(cx) for all cy.
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Theorem 3.5 (Inhomogeneous) Assume a four-level exposure model and Bernoulli
random assignment of treatment with p. In the inhomogeneous network setting, under
Assumptions 3.1 - 3.5, X = O(p) and X\ > p, Yyue(ck) is an asymptotically unbiased

and consistent estimator of y(cx) for all ci.

Note that 7ypg(cx) is an asymptotically unbiased and consistent estimator of 7(c;)
in both homogeneous and inhomogeneous network settings. Proofs of Theorem 3.4

and 3.5 appear in supplementary material B.3.

3.4 Numerical illustration: British secondary school contact

networks

We conduct some simulations to illustrate the finite sample properties of the pro-
posed estimation methods. We consider the data and network construction described
in Kucharski et al. (2018). These data were collected from 460 unique participants
across four rounds of data collection conducted between January and June 2015 in
year 7 groups in four UK secondary schools, with 7,315 identifiable contacts reported
in total. They used a process of peer nomination as a method for data collection:
students were asked, via the research questionnaire, to list the six other students in
year 7 at their school that they spend the most time with. For each pair of partic-
ipants in a specific round of data collection, a single link was defined if either one
of the participants reported a contact between the pair (i.e. there was at least one
unidirectional link, in either direction). Our analysis focuses on the single link contact
network.

For each school, we construct a ‘true’ adjacency matrix A: if an edge occurs
between a pair of vertices more than once in four rounds, we view that pair to have a
true edge. The noisy, observed adjacency matrices A, A,, A,, are generated according
to (3.1). We set a = 0.005 or 0.010, and g = 0.05, 0.10, or 0.15. We assume that

both v and § are unknown. For treatment effects we adopt a simple model in the
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spirit of the ‘dilated effects’ model of Rosenbaum (Rosenbaum (1999)) and suppose
yi(c11) = 10, yi(ci0) = 7, vi(cor) = 5, yi(coo) = 1. We set p = 0.1 and explore the
effect of o, 8 on the performance of estimators ().

We run Monte Carlo simulation of 10,000 trials and compute three kinds of es-
timators: Aronow and Samii estimators in noise-free networks, Aronow and Samii
estimators in noisy networks, and method-of-moments estimators in noisy networks.
For the method-of-moments estimators, we first obtain estimators & and 5’ by Algo-
rithm 3.1. The networks are sparse with inhomogeneous degree distribution and small
sizes, so we compute Yy by (3.13). Also, we run 1,000 times bootstrap resampling
of estimators to obtain 95% confidence intervals for biases and standard deviations of
estimators. Biases and standard deviations are shown in Figure 3.1 and 3.2. Error
bars are 95% confidence intervals.

From the plots, we see that method-of-moments estimators outperform Aronow
and Samii estimators in noisy networks, and essentially perform the same on noisy
networks as Aronow and Samii estimators do on noise-free networks (same zero biases
with, at times, just slightly larger standard deviations). Aronow and Samii estimators
in noisy networks underestimate y(c11) and y(co1) and overestimate g(c1p) and g(coo)-
And the biases of Aronow and Samii estimators for ¢(c1;) and g(co) increase as «
and [ increase, while the biases of Aronow and Samii estimators for 7(cp1) and 7(coo)
only depend on . The biases of method-of-moments estimators are close to zero in
all cases. In addition, standard deviations of the three types estimators are similar in
all cases. The standard deviations of estimators in School 4 are larger than those in

other schools because the network size in School 4 is relatively small.
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schools. Error bars are 95% confidence intervals.
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Figure 3.2: Standard deviations of estimators for g(-) for noisy net-
works in four schools. Error bars are 95% confidence intervals.
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Data and code accessibility

No primary data are used in this chapter. Secondary data source is taken
from Kucharski et al. (2018). These data and the code necessary to reproduce
the results in this chapter are available at https://github.com/KolaczykResearch/

CausInfNoisyNet.

3.5 Appendix

In this appendix, we provide arguments for the consistency of contrast estimates
in noise-free networks and regularity conditions in noisy networks. And we present

the exposure probabilities in the generalized four-level exposure model.

3.5.1 Consistency of contrast estimates in noise-free networks

We first establish conditions for the estimator T(ck, ¢;) to converge to T(cy, ¢;) as
N, — oo. We will show that, under two regularity conditions, T(cy, ¢;) L T(cg, 1) as
N, — oo. Note that these conditions are similar to but slightly more general than the

conditions in Aronow and Samii (2017).

Condition 3.1 For all values i and cx, |yi(ck)] < ¢ < oo, p§(ck) > 0 and
Zﬁl 1/p¢(ck) = o(N?), where c is a constant.

We will also make an assumption about the amount of dependence among exposure
conditions in the population. Let pf;(ck) = >_, P=l{f(z.a)=ce} [{f(z2))=cr}-
Condition 3.2 For all values cy, SN, Zj\;ﬁl 105 (cr)/ (06 (cr)pS(ck)) — 1| = o(N7).

Condition 3.2 implies that the amount of pairwise clustering in exposure conditions

is limited in scope as N, grows. Condition 3.2 can be relaxed, though Condition 3.1

would likely need to be strengthened accordingly.

Proposition 3.1 Given Conditions 3.1 and 3.2, T(ck, ¢;) L (e, ) as N, = c0.


https://github.com/KolaczykResearch/CausInfNoisyNet
https://github.com/KolaczykResearch/CausInfNoisyNet
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Assuming the four-level exposure model in (3.2) and Bernoulli random assignment
of treatment with probability p, we consider the consistency of the estimator T(cy, ¢;)
in two typical classes of networks: homogeneous and inhomogeneous.

Proposition 3.2 (Homogeneous) Assume a four-level exposure model and

Bernoulli random assignment of treatment with p. In the homogeneous network

setting, under Assumption 3.4, T(ck, ;) K (e, ) as N, — 0.

Proposition 3.3 (Inhomogeneous) Assume a four-level exposure model and
Bernoulli random assignment of treatment with p. In the inhomogeneous network
setting, under Assumption 3.4, A\ = O(p) and \ > p, we have T(cy, ¢;) i T(cp, 1) as
N, — 00.

Proofs for Propositions 3.1 — 3.3 appear in the supplementary material B.1.

Note that, under Assumption 3.4, Condition 3.1 does not hold for levels ¢1q and
coo when the degrees follow a Pareto distribution with shape ¢ > 1. This is because
there are more high degree nodes, and 1/p5(c19) and 1/pS(cop) increase exponentially

when the degree d; increases. See supplementary material B.5 for the proof.

3.5.2 Standard estimators in noisy networks

Recall that under the Condition 3.1 and 3.2, T(cx, ¢;) i (¢, ) as N, — 0o. By
making assumptions on underlying rates of error a and 8, we will show that similar
regularity conditions hold for noisy homogeneous and inhomogeneous networks. These

conditions will then be used in our characterization of bias and variance in Sections

322 and 323 Deﬁne ﬁfj<0k) == ZZ pzl{f(z;Xi):Ck}I{f(z,Xj):Ck}'

Proposition 3.4 (Homogeneous) Assume a  four-level — exposure  model

and Bernoulli random assignment of treatment with p. In the homo-
geneous mnetwork setting, under Assumptions 3.1 - 8.5, for all values i
and Ck;, P(ﬁf(6k> > 0) - 1 E[Eﬁ\ﬁl [{ﬁf(ck)>0}/ﬁf(ck>] = O<N3)7 and

B0 D202 Latten >0 L @0 5 (c) / (55 ()5 (ci)) = 1] = o(N).
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Proposition 3.5 (Inhomogeneous) Assume a four-level exposure model and
Bernoulli random assignment of treatment with p. In the inhomogeneous network set-
ting, under Assumptions 3.1- 3.5, A = ©(p) and X\ > p, the statements in Proposition
3.4 hold for all values v and c.

See supplementary material B.2 for proofs of Propositions 3.4 and 3.5.

3.5.3 The exposure probabilities in the generalized four-level exposure

model

In the generalized four-level exposure model (5.1) and Bernoulli random assignment

of treatment with p, for each individual 7, the four exposure probabilities are as follows.

d,
- dl x i—T
pilenw) =p Y (x)p (1-p),

r=my;

(m;—1)Ad; d.
plav)=p Y (x p(1—p)ae,
v=0 (3.15)
d; d.
pi(corr) = (1 —p) (;)p‘”(l —-p),
mi—zl)/\di d.
o)== 3 (T)ra-pte
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Chapter 4

Estimation of local time-varying
reproduction numbers in noisy

survelllance data

In the context of an epidemic, institutions and similar entities can be expected to
adopt various intervention measures. Distinguishing between cases infected with the
disease due to local transmission, versus due to importation, thus becomes important
for understanding the effectiveness of these interventions. Realistically, we can expect
identification of cases as local or imported to be imperfect. We study the propagation
of such errors on local time-varying reproduction number. In addition, we propose a
Bayesian framework for estimation of the true local time-varying reproduction number
when identification errors exist. And we illustrate the practical performance of our
estimator through simulation studies and with outbreaks of COVID-19 in Hong Kong
and Victoria, Australia.

The organization of this chapter is as follows. In Section 4.1 we introduce the
problem and review related literature. In Section 4.2 we show the bias of the noisy
local time-varying reproduction number (i.e., a standard estimate that assumes perfect
identification, when instead they are noisy), and propose a Bayesian hierarchical
framework to estimate the true local time-varying reproduction number with imperfect
knowledge. Section 4.3 reports the practical performance of our estimators through

simulation studies and with SARS-CoV-2 infections in Hong Kong and Australia.
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4.1 Introduction

The local time-varying reproduction number, R°l(t), is an important quantity to
monitor the infectiousness and transmissibility of diseases and, therefore, to design
and adjust public health responses during an outbreak. Recent examples include
monitoring transmission of the COVID-19 pandemic and demonstrating the efficacy
of non-pharmaceutical interventions in more than 100 countries (You et al. (2020);
Li et al. (2020b); Rubin et al. (2020); Abbott et al. (2020)). The value of R!°al(¢)
represents the expected number of secondary local cases arising from a primary case
infected at time ¢. Different formal definitions of R!°¢(¢) have been proposed, and
a number of methods are available to estimate this quantity. The widely used is an
estimator of the instantaneous reproduction number that is defined as the ratio of
the expected number of incident locally infected cases at time ¢ to the expected total
infectiousness of infected individuals at time ¢ (Thompson et al. (2019); Cori et al.
(2013)).

Distinguishing local cases from imported cases is essential to estimation of the
local time-varying reproduction number. However, surveillance data generally is
available only up to some level of error. For example, if we are unable to identify the
correct source of infection from contact tracing or genetic information, imported cases
might be misclassified as local cases, and vice versa. Such misclassification error is
recognized as one limitation of estimating R'°#(¢) in the COVID-19 outbreak (Chong
et al. (2020); Arroyo Marioli et al. (2020)). We investigate how identification error
impacts on the estimation of the instantaneous reproduction number and, thus, on
our understanding of diseases transmission dynamics.

Extensive work regarding improving inference of time-varying reproduction numbers
has been done. For instance, there have been efforts to estimate the serial interval

that is used to compute the total infectiousness for R°®l(¢) estimation, including
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Bayesian parametric estimation using data augmentation Markov Chain Monte Carlo
(Reich et al. (2009)), and a cure model for limited follow-up data (Ma et al. (2020)).
Many studies have explored the effects of imperfect detection and estimated the
true infection prevalence (Miller et al. (2012); McClintock et al. (2010); Cui et al.
(2013); Arroyo Marioli et al. (2020)). But, to our best knowledge, there has been
little attention to date given towards accounting for identification errors of local and
imported cases.

Our contribution is to quantify how such errors propagate to the local time-varying
reproduction number, and to provide estimators for R°(¢) when contact tracing
survey information is available. Adopting the definition of R!°¢(¢) proposed by
Thompson et al. (2019), we characterize the impact of identification errors on the
bias of noisy local time-varying reproduction numbers. Our work shows that, in
general, the bias can be expected to be nontrivial. Accordingly, we propose a Bayesian
framework to estimate the true local time-varying reproduction number. Numerical
simulation suggests that high accuracy is possible for estimating local time-varying
reproduction numbers in outbreaks of even modest size. We illustrate the practical use
of our estimators in the context of COVID-19 pandemic in Hong Kong and Victoria,

Australia.

4.2 Methods

In this section, we first quantify the bias of the noisy local time-varying reproduction
number when misidentification occurs in the surveillance data. We then build a
Bayesian hierarchical framework to estimate true local time-varying reproduction
numbers. We also propose a method to estimate misidentification rates based on

contact tracing survey data, which informs the prior distribution in the model.
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4.2.1 Notation

We provide essential notation and background here. The number of newly infected
cases at time ¢, I.(t) , is the sum of the numbers of local (!°?(¢)) and imported
(Iimported (1)) cases. If one assumes independence between calendar time and the
generation interval (the duration between the infection time of a secondary infectee
and the infection time of its infector), ¢(s), then the local time-varying reproduction

number is defined as (Thompson et al. (2019))

local o Iu/}kocal (t)
B = =t — 9y (4.1)

where plol(t) = E[I°(¢)] and p.(t) = E[L(t)].

In reality, we only know the serial interval and the number of diagnosed cases. Let
I(t), 1'°?(t) and I'™Perted(¢) be the numbers of total diagnosed cases, local diagnosed
cases, and imported diagnosed cases at time t, respectively. Then, we define a realistic
local time-varying reproduction number as

’ulocal (t)

B () = JoSw(s)u(t — s)ds’

(4.2)

where w(s) is the serial interval (the time between the start of symptoms in the infector
and onset of symptoms in the infectee), p'°(t) = E[I'°?8!(¢)] and pu(t) = E[I(t)]. Note
that the serial interval corresponds to date of symptom onset. One can estimate
symptom onset dates by back calculation of report dates (Li and White (2020)).
Realistically, we can expect identification of cases as local or imported to be

~imported

~local
imperfect. Let I (¢) and [ () be the number of new local and imported cases
reported at time ¢, with identification error. Thus, we define a noisy local time-varying
reproduction number as
~local
~ local t
Rty
Jo o w(s)p(t — s)ds

(4.3)
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~local

where °?l(t) = E[I " (t)]. The definition of Rlocal(t) in (4.3) comes from an argument
that mimics the original argument using Poisson arrivals in Fraser (2007). Specifically,
we suppose that we observe a Poisson stream [ local(t) that is a function of calendar
time t in terms of the transmissibility, denoted Blocal(t, s), an arbitrary function of

calendar time ¢ and time since infection s. Then, fi'°°®!(¢) follows the so-called renewal

equation
ot = [ 3ottt - s (1.4)
0
Following Fraser (2007), we have
Bt s) = R () s). (4.5)

Inserting (4.5) into (4.4) yields the definition of Rlocal(t) in (4.3).

. .. .. . . . . 7local
Our interest is in characterizing the manner in which the uncertainty in 7 (t) and

~imported
jrrente (t) propagates to the local time-varying reproduction number, and providing

estimators of R°®(t) to account for identification errors.

4.2.2 Bias of the noisy local time-varying reproduction number

We quantify the bias of the noisy local time-varying reproduction number in

~local

(4.3) when misidentification occurs. We begin by defining a model for I (¢) and

~imported

1 (t). Let ag denote the probability that an imported case is misidentified as
local, and a4 the probability that a local case is misidentified as imported. Then, a

simple model is

~local

I (t)ulocal(t)’ ]imported(t)’ o, a4 ~ Bin([local(t), 1 — 041) + Bin([imported(t), 040)7

~imported ~local
1 (

t) — [local(t) + [importcd<t) ] (t)
(4.6)
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Under independence, the first relationship in (4.6) is directly obtained by the definition
of ap and ay. And the second equation in (4.6) is due to the fact that the total number
of cases reported at time t is not affected by the misidentification.

By (4.6), the relationship between f'°°!(¢) and p'°®l(¢) is
ﬁlocal(t) — (1 o al)lu/local(t) 4 aouimported(t)’ (47)

where pimported (¢) = E([mported (4)) Direct computation yields

~local Mimported@) local
F0) = (1~ + a0 15
( ) a1 + Qo ,ulocal(t) ( ) ( )
when pl°c@l(¢) # 0. From (4.8), we can see that the bias of ﬁilocal(t) depends on «y,
oy and the ratio of p™Por*ed(¢) and ploc?l(t). When pimported(¢) /ylocal(t) = 1, we have

~local ~Jocal

R (t) > Real(t) if ap > aq, and R () < R°(t) if ap < .

4.2.3 Bayesian hierarchical modeling to account for misidentification
We propose a Bayesian framework to estimate R!°(¢) using noisy surveillance
data. Following Fraser (2007); Thompson et al. (2019); Cori et al. (2013), we specify

]local(t)|Rlocal(t)’ n(t—1),w(s) ~ POiS(Rlocal(t) -A(t)), for t >0, (4.9)

where A(t) = Y2\ w(s)I(t — s) is the total infectiousness of infected individu-
als at time ¢, and n(t — 1) represent the historical data up to time ¢t — 1 (i.e.,
[local (), [imported () ... plocal(y 1) fimported (4 _ 1)) Note that A(t) is undefined for

t = 0. So, we assume that

Ilocal(o) |,ulocal(0) ~ POiS(,ulocal(O)). (410)
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And we assume the imported case counts follow a Poisson distribution:
Iimported (t) ‘Iuimported (t) ~ Pois(uimported (t)) ) (4 1 1)

Next, we define relevant prior distributions. We assume a distribution for R'°¢(¢)

of the form
R (t)[n(t — 1),w(s) ~ Gamma(af), b)), for t > 0. (4.12)

This choice is similar to that in Thompson et al. (2019), but differs in that we specify
gamma conditioned on the history, rather than marginally. The conditioning reflects
the expectation that the evolution of R!°¢®l(¢) is likely to depend on the course of
infection in the population and intervention measures that may result. Analogously,
we also assume gamma distributed priors for p™Ported(t) and plocal(0), that is,
Iuimported (t) ~ Gamma(aimported’ bimported)7
(4.13)
,ulocal(o) ~ Gamma(a%]ocal’ b%)ocal) )

In addition, we assume the convention that the misidentification rates are beta

distributed, and hence given by

ag  ~ Beta(Cag,ap)

aq ~ Beta(Coa ) 5&1)'

(4.14)

By using Markov chain Monte Carlo (MCMC) simulation, we can get both estimates
of R°¢l(¢) and its uncertainty. We implement MCMC using the R package, NIMBLE
(de Valpine et al. (2017, 2020a,b)) with the default assignment of sampler algorithms.
The samplers assigned to the variables are as follows: Gibbs samplers are assigned
to p'ocal(0) and p'mPorted(¢) ¢ > 0, which have conjugate relationships between their

prior distribution and the distributions of their stochastic dependents; slice samplers
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(Neal (2003)) are used for 1'°c@l(¢) and [™perted(¢) ¢ > 0; Metropolis-Hastings adaptive

random-walk samplers are set to ag, a; and R°%(t), t > 0.

4.2.4 Estimating misidentification rates

Without any information on the misidentification rates, it is difficult to get an
accurate estimator of R'°°@(¢). However, contact tracing data could provide adequate
information to estimate the misidentification rates.

Let p; be the probability that we think individual ¢ is a local case based on
the survey. Then, p; can be modeled as a mixture of ayg and 1 — ay. Note that
ay ~ Beta((a,,&a, ) implies 1 — oy ~ Beta(&,,, (ay ). We thus model the distribution

of p; as a mixture of two beta distributions:

pi  ~ moBeta(Cuy, Eay) + (1 — mo)Beta(€a,, Cay ), (4.15)

where 7y can be interpreted as the fraction of the diagnosed cases that are imported.
By using the expectation—maximization (EM) algorithm, we can obtain estimators
éao,éao, éal and éal.

Note that, if 1 —Cay/(Cao +Ea0) — Coy /(Cay +€ay) # 0, we obtain unbiased estimators
of '°¢al(¢) and [imported (1)

~imported
! (

o gy — 1= G/ (G + Ea)) - T 0) = oo/ (G + u) t
11— Cao/(cao + 5010) - Cm/(Cm + §a1) 7

prmverea gy _ 1= Gon/ o + €I (8) = G/ Gy + )T (1)
1- Cao/(gao + fa()) - Cal/(Cm + gal)

Thus, good initial values of I'°@(¢) and I'™p°r*ed(¢) in MCMC are estimators of

(4.16)

Tocal(t) and [™ported () hased on the estimated misidentification rates, i.e., replacing

choa gaou <a1a §a1 in (4-16) by éaov é!lm ém ) éay
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4.3 Results

In this section, we conduct some simulations to illustrate the performance of
the proposed estimation methods. And we apply our method to two real data sets.
One is surveillance data of COVID-19 cases in Hong Kong that includes contact
tracing information, including travel history data (Adam et al. (2020)). They collected
information on 1,038 SARS-CoV-2 cases confirmed between 23 January and 28 April
2020. And they identified 355 local cases and 683 imported cases. The other data set is
from the COVID-19 pandemic in Victoria, Australia, studied in Seemann et al. (2020).
There they had 1,333 laboratory-confirmed cases of COVID-19 between 6 January
and 14 April 2020. After excluding duplicate patients from cases, they identified 345
local cases and 558 imported cases.

We consider two settings, a simulation setting and an application setting. In the
simulation setting, we first use surveillance data from Hong Kong and Victoria to
create realistic simulated data, and then we add identification errors to the ‘true’ local
and imported cases derived from the simulated epidemics, finally we estimate the local
time-varying reproduction number using the noisy local and imported cases counts.
In the application setting, we assume that identified local and imported cases in the
real data sets are with some error. The former results allow us to understand what
properties can be expected of our estimators, while the latter are reflective of what

would be observed in practice with such data.

4.3.1 Simulation study

In this simulation study, we used Covasim (Kerr et al. (2020)), a stochastic
individual-based model for transmission of SARS-CoV-2, calibrated to the epidemics

in Hong Kong and Victoria. Figure 4.1 shows the average daily local and imported

~imported

diagnosed counts over 1,000 trials. The noisy I local(t) and [ (t) are generated
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according to (4.6). We set oy ~ Beta(2,18) (mean of 0.1), and ay ~ Beta(2,8) (mean
of 0.2), Beta(4,8) (mean of 0.33), or Beta(8,8) (mean of 0.5) to see the effect of
small oy and large a;. This might happen if the definition of imported cases relies
on travel history collected in the case investigation and some people are infected
locally, even though they have a travel history within 14 days prior to symptom onset.
We also consider oy ~ Beta(2,18), and ay ~ Beta(2,8), Beta(4,8), or Beta(8,8)
(corresponding to small oy and large ag, which might occur if cases are defined as
local when we are not sure about their source of infection.) We assume that both aq
and oy are unknown.

Daily diagnosed counts in Hong Kong Daily diagnosed counts in Victoria
50 50

Jan-24 Feb-08 Feb-23 Mar-09 Mar-24 Apr-08 Apr-23 Jan-24 Feb-08 Feb-23 Mar-09 Mar-24 Apr-08
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Figure 4.1: The means of daily local and imported diagnosed counts
in 1,000 simulation trials for epidemics in Hong Kong and Victoria.

We evaluate the estimate for R'°“®(¢) in terms of a corresponding posterior, and
95% credible intervals. Figure 4.2 and 4.3 show the simulation results, in which we run
MCMC chains of 10,000 samples for each of 1,000 simulated epidemic trials. Figure
4.2 assumes that we are more likely to misclassify local cases as imported cases and
Figure 4.3 assumes that we are more likely to misclassify imported cases as local
cases. For comparison purposes, we compute R°®?(¢) and R'°¢@l(t) defined in (4.1) and
(4.2) by approximating pl°®(t), u.(t), g(s), ' (t), p(t), w(s) using 1,000 simulation

trials. And we calculate the widely used estimator of R'°°®(t) defined in (4.3), which
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is implemented in the R package, EpiEstim (Cori et al. (2020)). We view it as a
representative estimator that does not account for misidentification, i.e., it treats the
noisy local and imported cases as true.

In the simulated epidemics for both Hong Kong and Victoria, if we ignore the
misidentification, we will underestimate R°®(¢) when the mean of « is small and
the mean of «; is relatively large (Figure 4.2), and overestimate R'°°®(¢) when the
mean of «; is small and the mean of o is relatively large (Figure 4.3), with the
biases increasing when the means of oy and «; increase. The results are consistent
with (4.8) implying that the biases will lead to inappropriate public health response,
i.e., inadequate interventions or overreaction. We correct the bias by our Bayesian
hierarchical framework. The biases of our estimators are close to zero in all cases. The
95% credible intervals of our estimators are wide in the first two months because the
number of incident cases are very low. For the last month or so when the diagnosed

counts are relatively high, the 95% credible intervals are narrow.

4.3.2 Application

We apply our proposed methods to surveillance data of COVID-19 cases in Hong
Kong and Victoria. Figure 4.4 (a) and (b) show the daily local and imported cases
counts in Hong Kong and Victoria. For Hong Kong data, Adam et al. (2020) calculated
the serial intervals using a gamma distribution and estimated shape and rate parameters
of 2.23 and 0.37, respectively (corresponding to a mean of around 6 days and standard
deviation of around 4 days). There is no specific serial interval that has been calculated
for Victoria. Considering the epidemic curve in Victoria is relatively similar to that in
Hong Kong, we use the same serial interval distribution when we estimate R'°°®!(¢) in
Victoria.

Figure 4.4 (c) and (d) show estimates for R°®(¢) under three assumed scenarios:

1) no identification error, 2) small a and large ay, 3) small a; and large ag. We run
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Hong Kong : 0y ~ Beta( 2, 18 ), oy ~ Beta( 2, 8) Victoria : oo ~ Beta( 2, 18), oy ~ Beta(2,8)
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Figure 4.2: Estimations of local time-varying reproduction numbers
in simulated epidemics for Hong Kong and Victoria under three sets
of error misidentification rates: oy ~ Beta(2,18), and «; ~ Beta(2, 8),
Beta(4, 8), or Beta(8,8). The error bands are the averages of 95%
credible intervals over 1,000 trials. Note that the differences between
the blue curve (R (t)) and the purple curve (R°?(t)) are due to
the differences among infected dates, symptom onset dates, diagnosed
dates.

MCMC chains of 10,000 samples and the error bands are the 95% credible intervals.
We can see that the estimated local time-varying reproduction numbers are quite
different when the two identification error rates are about 10% and 30%. If we think
we are more likely to misclassify local cases as imported, then we should trust the curve
corresponding to scenario 2). If imported cases are more likely to be misidentified as

local, then the curve corresponding to scenario 3) is reliable. And if we believe the
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Hong Kong : o ~ Beta( 2,8 ), oy ~ Beta( 2, 18) Victoria : oo ~ Beta( 2, 8), oy ~ Beta(2,18)
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Figure 4.3: Estimations of local time-varying reproduction numbers
in simulated epidemics for Hong Kong and Victoria under three sets
of error misidentification rates: a; ~ Beta(2,18), and oy ~ Beta(2, 8),
Beta(4, 8), or Beta(8,8). The error bands are the averages of 95%
credible intervals over 1,000 trials.

identification error is close to zero, we should trust the estimate under scenario 1).
Ultimately, we see that the ability to account for identification error appropriately
in reporting the local time-varying reproduction number can lead to substantially
different conclusions than use of the original, noisy local time-varying reproduction
number. These differences can then in turn be translated to decision making for public

health response.
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Figure 4.4: Epidemic curves of COVID-19 cases and estimations of
local time-varying reproduction numbers in Hong Kong and Victoria.
(a) The epidemic curve of daily cases of laboratory-confirmed SARS-
CoV-2 infection in Hong Kong by symptom onset date and colored
by case category. Asymptomatic cases are included here by date of
confirmation. (b) The epidemic curve of the coronavirus disease cases
in Victoria by sample collection date and colored by case category. (c)
and (d) Estimations of local time-varying reproduction numbers under
three assumed scenarios: 1) no identification error, 2) ag ~ Beta(2, 18)
and a; ~ Beta(4,8) (around 10% imported cases are misclassified as
local and around 33.3% local cases are misclassified as imported), 3)
ap ~ Beta(4,8) and a; ~ Beta(2, 18) (around 33.3% imported cases are
misclassified as local and around 10% local cases are misclassified as
imported). The bands are the 95% credible intervals.

Data accessibility

No primary data are used in this chapter. Secondary data sources are taken

from Adam et al. (2020); Seemann et al. (2020). These data and the code neces-
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sary to reproduce the results in this chapter are available at https://github.com/

KolaczykResearch/EstimLocalRt.


https://github.com/KolaczykResearch/EstimLocalRt
https://github.com/KolaczykResearch/EstimLocalRt
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Chapter 5

Discussion

In this Chapter, we summarize the work in the dissertation and discuss future

directions.

5.1 Inference for metrics for network-based epidemic surveil-

lance

We have quantified the bias and variance of the observed branching factor in noisy
networks and developed a general framework for estimation of the true branching
factor in contexts wherein one has observations of noisy networks. Our approach
requires as few as three replicates of network observations, and employs method-of-
moments techniques to derive estimators and establish their asymptotic consistency and
normality. Simulations demonstrate that substantial inferential accuracy by method-
of-moments estimators is possible in networks of even modest size when nontrivial
noise is present. And our application to contact networks in British secondary schools
and a French hospital shows that the gains offered by our approach over presenting
the observed branching factor can be pronounced.

We have pursued a frequentist approach to the problem of uncertainty quantification
for the branching factor. If the replicates necessary for our approach are unavailable in
a given setting, a Bayesian approach is a natural alternative. For example, posterior-
predictive checks for goodness-of-fit based on examination of a handful of network

summary measures is common practice (e.g., Bloem-Reddy and Orbanz (2018)). Note,
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however, that the Bayesian approach requires careful modeling of the generative process
underlying G and typically does not distinguish between signal and noise components.
Our analysis is conditional on GG, and hence does not require that G be modeled. It is
effectively a ‘signal plus noise’” model, with the signal taken to be fixed but unknown.
Related work has been done in the context of graphon modeling, with the goal of
estimating network motif frequencies (e.g., Latouche and Robin (2016)). However,
again, one typically does not distinguish between signal and noise components in this
setting. Additionally, we note that the problem of practical graphon estimation itself
is still a developing area of research.

Our work here sets the stage for extensions to various thresholds and statistics
which depend on the branching factor. Recall that these include the epidemic threshold
1/(k — 1) and the immunization threshold 1 — 1/(Ak), where \ is the spreading rate
(Pastor-Satorras et al. (2015)). Replacing x with &, we obtain asymptotically unbiased
estimators for the corresponding thresholds. The asymptotic distributions can be
derived from the delta method. In addition, the total branching factor of the network
is important for epidemic spreading and immunization strategy in multiplex networks
(e.g., Buono et al. (2014)).

Our choice to work with independent network noise is both natural and motivated
by convenience. And our results of method-of-moments estimators still hold when there
is some dependency across (non)edges. A precise characterization of the dependency
is typically problem-specific and hence a topic for further investigation.

One future direction for this work is uncertainty quantification for the eigenvalues
of the adjacency matrix. Because, in general, the epidemic threshold of a network is
the inverse of the largest eigenvalue of the adjacency matrix (Pastor-Satorras et al.
(2015)). The techniques for the eigenvalue of the adjacency matrix are different from

those for the ratio of the second moment to the first moment of degree distribution.
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Another more general direction is to pursue similar lines of research for other
standard quantities associated with surveillance, including elements of the epidemic
curve used in detecting emergence and peaks, and optimal surveillance groups (Herrera

et al. (2016); Colman et al. (2019)).

5.2 Experiments on noisy networks

We have quantified biases and variances of standard estimators in noisy networks
and developed a general framework for estimation of true average causal effects in
contexts wherein one has observations of noisy networks. Our approach requires
knowledge or consistent estimates of the corresponding noise parameters, the latter
which can be obtained with as few as three replicates of network observations. We
employ method-of-moments techniques to derive estimators and establish their asymp-
totic unbiasedness and consistency. Simulations in British secondary schools contact
networks demonstrate that substantial inferential accuracy by method-of-moments
estimators is possible in networks of even modest size when nontrivial noise is present.

Our work here sets the stage for extensions to other potential outcome frameworks
and exposure models. Here we sketch the key elements of one such extension. For

example, consider the exposure mapping f as following:

cir(Direct + > m; Neighborhood Exposure), 2 Ir,7 4,501 > M,

cior (Direct + < m; Neighborhood Exposure), 2il1,7 4,501 < M,

f(z,A;) =
corr( > m; Neighborhood Exposure), (1= 2)I2m 4,50y = My,
\COO/( < m,; Neighborhood Exposure), (1= 2) 27 4,50y < My,
(5.1)

where m; > 1. When m; = 1, it reduces to (3.2). And if m; = k, then the level ¢;y/

is known as the absolute k-neighborhood exposure (Ugander et al. (2013)). When
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m; = qd;, 0 < q < 1, the level ¢/ is called the fractional g-neighborhood exposure
(Ugander et al. (2013)). The generalized four-level exposure model provides useful
abstractions for the analysis of networked experiments. For example, infectious diseases
(e.g., like COVID-19) are more likely to spread between people closely connected in a
social network. And being in contact with more people with the disease means that,
in theory, they are more likely to contract the disease.

As an illustration, suppose that treatment is assigned to the N, individuals in
a network through Bernoulli random sampling, with probability p. The exposure
probabilities for four levels can be found in Appendix 3.5.3. Next, we show orders of the
exposure probabilities for nodes with varying degrees in Theorem 5.1. If d; = ©(1/p),
upper bounds for four exposure probabilities do not depend on m;. When d; = w(1/p),
upper bounds for p¢(cior) and p§(coy) increase as m; increases. And upper bounds
for pf(ci1/) and p§(corr) decrease as m; increases if d; = o(1/p). See supplementary
material B.4 for the proof.
Theorem 5.1 Assume a generalized four-level exposure model and Bernoulli random

assignment of treatment with p = o(1). And for all i, d; > m;. Then, for all integers

m; > 1 and m; = O(1), the orders of exposure probabilities are as in Table 5.1.

| pf(ci1r) pi(cior) s (corr) 5 (coor)
di =w(l/p) | O p; O(p(dip)™~1/e%?)  O(1 O((dip)™~"/e%P)
d; =0O(1/p) | O(p O(p O(1 O(1)
di =o(1/p) | O(p(dip)™) Ofp O((dip)™) O(1)

Then, we can construct regularity conditions for the average causal effect estimators to
be consistent. Similarly, one can quantify biases and variances of standard estimators
in noisy networks and develop a general framework for estimation of true average
causal effects. These require additional work due to the complexities of formulas for

exposure probabilities.



65

Another interesting direction for this work is casual inference under directed
networks or weighted networks. One idea for modeling noisy undirected weighted
network is as following. Let w; ; be the weight between node ¢ and node j in the true
network. For example, in a contact network, w; ; can be defined as the frequency of
contacts between node ¢ and node j. Then, the marginal distribution of the observed

weight in the noisy network has the form
UNJZ'J‘ ~ Bin(wivj, 1-— %‘,j) + POiS()\Z‘Vj),

where 7, ; is the probability of missing one true contact, J; ; is the expected number
of false contacts.

Our choice to work with independent network noise is both natural and motivated
by convenience. A precise characterization of the dependency is typically problem-

specific and hence a topic for further investigation.

5.3 Estimation of reproduction numbers from noisy surveil-

lance data

We have developed a general framework for estimation of the true local time-varying
reproduction numbers in contexts wherein one has identified local and imported case
counts with some error. Simulations demonstrate that substantial inferential accuracy
by our estimators is possible when nontrivial error is present. And our application to
epidemics in Hong Kong and Victoria shows that the gains offered by our approach
over presenting the noisy local instantaneous reproduction number can be pronounced.

We have shown examples on a country level, but our method could be useful for
states, cities, or more local settings, such as a university trying to determine if there
is substantial local transmission occurring. Our approach requires daily numbers of

local and imported cases, serial interval, and contact tracing data or other data to
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provide adequate information to estimate the misidentification rates.

We have pursued a Bayesian approach to the problem of estimating the local
instantaneous reproduction number. The credible intervals are relatively wide when
the number of cases is low. To improve the performance at low case incidence, Kalman
filtering is a natural approach. Estimating the time-vary reproduction number by
Kalman filtering is an emerging topic. For instance, Parag (2020) constructed a
recursive Bayesian smoother for estimating the effective reproduction number from
the incidence of an infectious disease in real time and retrospectively. However, one
typically does not distinguish between local and imported cases in this setting.

The identification errors are informed by contact tracing survey data in our
approach. If the data from the survey is categorical (e.g., we ask people where they
were infected and attach some qualitative measure of our confidences that we think
they are local cases), we can transform them into numerical values. For example, Patki
et al. (2016) proposed a method that converts categorical variables to numerical data
for Gaussian distribution. We could modify the method to convert categorical variables
to Beta distributed data. If the survey data is unavailable, using genomic data is
a natural alternative. Genomic surveillance has been used to detect transmission
clusters and to provide information on the possible source of individual cases (Leavitt
et al. (2020); Meredith et al. (2020); Deng et al. (2020); Poon et al. (2016); Sansone
et al. (2020); Peters et al. (2016)).

We have showed the results of retrospective estimation. And it is computationally
feasible to run MCMC on each day to obtain real time estimators; it takes about
5 minutes for the MCMC chain of 10,000 samples. To reduce the computational
cost, one approach is adaptive MCMC methods (Haario et al. (2001); Roberts and
Rosenthal (2007)), which use the covariance structure of the posterior distribution

to design proposal distributions. Other methods include stochastic Newton (Martin
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et al. (2012)) and Riemannian manifold MCMC (Girolami and Calderhead (2011)),
which construct efficient proposals by local derivative information.

Due to the presence of heterogeneity in the level of connectivity of contact neigh-
borhoods for most real-world contact networks, it is interesting to analyze disease
transmission dynamics among different compartments (e.g., students, staff and faculty
in an university). Consider a population with K compartments. Let Ry (t) be a
time-varying reproduction number that parameterizes explicitly the rate at which
individuals from compartment [ infect those in compartment k. Let I ;(¢) denote
the number of true newly diagnose cases at time t for compartment k infected by
people in compartment /. Then we can estimate Ry ;(t) using the surveillance data
(including I ;(t)) by Kalman filtering or a similar approach in Thompson et al. (2019).

To account for noise in the surveillance data, a simple model is

Lea Lea (1), -, D (1), LPP(t), Bo, B

. . importe (52)
~ Bin(I(t), 1= f1) + Bin(L™P )+ > L(t), Bo),
jE{l,-~~,K}\l
where I,imported(t) is the number of newly diagnose imported cases at time ¢ for

compartment k, 5y denotes the probability that an imported case or a case having
index case in compartment j (j # [) is misidentified as a case infected by people in
compartment [, and ; is the probability that a case infected by people in compartment
[ is misidentified as a case having other index cases. In addition, if I k(1) is unavailable,
one method to estimate Ry () is using the network connectivity information (i.e.,

within-compartments and between-compartments contacts).
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Appendix A

Supplementary Materials to Chapter 2

We provide theorems and corollaries for asymptotic bias and variance of the
observed branching number and the proofs, proofs of theorems for method-of-moments

estimator &, and the algorithm for estimation of asymptotic variance of .

A.1 Theorems and corollaries for bias of the observed branch-

ing number

In this section, we first quantify the asymptotic bias of the observed branching
factor for arbitrary true networks. We then show specific results for four typical
classes of networks: sparse and homogeneous, sparse and inhomogeneous, dense and
homogeneous, and dense and inhomogeneous. Note that Corollary 2.1 in Chapter
2 corresponds to Corollary A.1 and Corollary A.3, and Corollary 2.2 in Chapter 2
corresponds to Corollary A.2 and Corollary A.4.

Theorem A.1 We define X = Zf\ﬂ cif, Y = Zfi”l d; and we assume EY > 0, and

EY = Q(N,) (N, — 00). Then, under Assumption 2.2, for any n > 0, we have

. E 1 EX
Biaslk) = gy =~ F O((EY)l/(2+n) EY

)ast—>oo.

Theorem A.2 Under assumptions in Theorem A.1 and Assumption 2.1 and 2.4, for
any n >0, we have

1 EX>

Biaslk] = (2—a— ) |a(N, — 1)+ 5 — (a + 5)“} + O((Ey)l/(2+n) EY

as N, — 00.
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Corollary A.1 (Sparse and homogeneous) In the sparse homogeneous graph,
where the average degree d = ©(log N,) and the asymptotic degree distribution is
the Poisson distribution with mean d, under the assumptions in Theorem A.2 and
g =0Q1) (N, = ), for any n > 0, we have

log N,
N, log N, )1/@+n)

Bias|[k) = (’)(< ) as N, — 00,

where k = O(log N,).

Corollary A.2 (Sparse and inhomogeneous) In the sparse inhomogeneous graph
where the average degree d = ©(log N,) and the asymptotic degree distribution is
truncated Pareto distribution with shape ¢, lower bound dy and upper bound N, — 1,

under the assumptions in Theorem A.2 and § = O(1) (N, — o0), for any n > 0, we

have
o —B(Z—a—ﬁ)fﬁ—i-(’)(max{log]\fv, 0 log]lsf)l/(“")}) if0< (<2
Bias[k] = P ! ? .
B2~ = ) +O) ifC>2
as N, — 0o, where
@( )5 ifo< (<1
O(N,/log N,), if (=1
K=< O(N>C-log" ' N,)), ifl<(<?2
O(log* N,), if (=2
O (log N,), if ¢ > 2.

Remark A.1 In Corollary A.2, by the definition of expectation, ¢, dr, d and N,

satisfy the equation

¢
d= / X - Cdg C$_(C+1)d£€.
(v 59)
e N, — 1

Under the condition d = ©(log N,), the relationship among them can be simplified.
Similar relationships also hold in Corollary A.4, A.6 and A.8.
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Note that the O term in Corollary A.2 is dominated by the corresponding s
asymptotically, so Bias(k) = ©(k), reflecting the challenges of estimating x in under

heterogeneous degree distributions. In contrast, Bias(k) = o(x) in Corollary A.1.

Corollary A.3 (Dense and homogeneous) In the dense homogeneous graph
where the average degree d = O(NE), 0 < ¢ < 1, and the asymptotic degree dis-
tribution is the Poisson distribution with mean d, under the assumptions in Theorem
A.2 and f=0O(1) (N, = 00), for any n > 0, we have

c+1

Bias[r] = O<N§_2+”> as N, — 00,

where k = O(N).

Corollary A.4 (Dense and inhomogeneous) In the dense inhomogeneous graph
where the average degree d = O(NE), 0 < ¢ < 1, and the asymptotic degree distribution
1s truncated Pareto distribution with shape C, lower bound dy and upper bound N, — 1,
under the assumptions in Theorem A.2 and = O(1) (N, — o0), for any n >0, we

have

—B2 -« _5)K+O<maX{N5’m}> if0< (<2

—B2—-a—-p)

Bias[k] =

i max{N21 1
(C—1)2+O( ax{ N2 1}) f (> 2

as N, — 0o, where

(Ny), if0< (<1
O(N,/log N,), if ¢ =1

K= 0NN 1< <2
O(N¢-logN,), if¢=2
(N°), if ¢ > 2.

Note that the O term in Corollary A.4 is dominated by the corresponding s

asymptotically, so Bias(k) = O(k). In contrast, Bias(k) = o(k) in Corollary A.3.
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A.2 Theorems and corollaries for variance of the observed

branching number

In this section, we first compute the asymptotic variance of the observed branching
factor for arbitrary true networks. We then show specific results for the same four
types of networks as in Section A.1. Note that Theorem 2.3 in Chapter 2 corresponds
to Corollary A.5 - A.8.

Theorem A.3 We assume EY > 0, and EY = Q(N,) (N, — o0). Then, under

Assumption 2,

()

Varlf] = O ( max {EUX]E}EE;});EX )2] Py =0)- [2] 2})

as N, — 00.
(ii) For any n, A > 0,

Varlr] = E[(XE}EE;});EX)2} + O(max {(Ey)—l/(2+n) , E[(XETE_}});]EXP 7
e [G5] =on [5]))
as N, — oo.

Theorem A.4 Under the assumptions in Theorem A.3, Assumption 1 and 4, and
1—-p8=Q(N,) (N, = c0),
(1)

Var|g] = O (E[(XE}ZE}});EX) ]) as N, — 0.
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(i) For any n,k >0,

o) = B[ —YEXP!

+0 (max {(EY)*U(H") : ]E[(X]E}ZE_Y;EX)Q] ((EY) =Y. [%} 2})

as N, — 00.

Theorem A.3 (i) and Theorem A.4 (i) provide upper bounds for variances of the
observed branching factors. And Theorem A.3 (ii) and Theorem A.4 (ii) derive good
approximations of variances if the O terms are dominated by the corresponding first

terms asymptotically.

Corollary A.5 (Sparse and homogeneous) In the sparse homogeneous graph
where the average degree d = ©(log N,) and the asymptotic degree distribution is
the Poisson distribution with mean d, under the assumptions in Theorem A.2 and
g =0(1) (N, = o0), we have

log N,
Ny

1/2
Var[;?:]z(’)(( ) ) as N, — 0.
Corollary A.6 (Sparse and inhomogeneous) In the sparse inhomogeneous graph
where the average degree d = ©(log N,) and the asymptotic degree distribution is
truncated Pareto distribution with shape C, lower bound dy, and upper bound N, — 1,
under the assumptions in Theorem A.2 and = O(1) (N, — o0), we have

(O(N,/log N,), 0<(<1
| O(N,/log?N,),  ¢=1
Varlr] =
O((N,/log N,)>=¢), 1< ( <5/2
LO((log N,/N,)'?), ¢ >5/2

as N, — 00.

Corollary A.7 (Dense and homogeneous) In the dense homogeneous graph
where the average degree d = O(NE), 0 < ¢ < 1, and the asymptotic degree dis-
tribution is the Poisson distribution with mean d, under the assumptions in Theorem
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A.2 and = 0O(1) (N, — o0), we have
Varli] = O(N~V/2) 45 N, — oc.

Corollary A.8 (Dense and inhomogeneous) In the dense inhomogeneous graph
where the average degree d = O(NE), 0 < ¢ < 1, and the asymptotic degree distribution
1s truncated Pareto distribution with shape , lower bound dy and upper bound N, — 1,

under the assumptions in Theorem A.2 and f = O(1) (N, — o0), we have

O(N!°), 0<(¢<1
Varlg] = O(Ng_C/IOgN,U), ¢=1
il = ONEO0-9) 1 < ¢ <52
(O(ND7), ¢ >5/2

as N, — 0o.

Note that the orders of the variances are asymptotically dominated by the corre-
sponding biases for all four cases. Therefore, in noisy contact networks, bias would
appear to be the primary concern for the observed branching factor. The O nota-
tions for variances in the homogeneous networks are bounded above by those in the

inhomogeneous networks of the same network density.

A.3 Proofs of theorems for bias of the observed branching

number
Proof of Theorem A.1

Recall X = 3. d? and Y = 3. d;. Note that

C o EX 1 EX
Bias[k] = B K+ O((]EY)l/(2+77) EY>
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is equivalent to

., EX 1 EX
ElF - gy = (@YwmeY) (A1)
By Jensen’s inequality, we have
. Ex| 1| XEY-Y) 1 _[X|EY -Y
Ejf — x| = L [——————J' ] <——-EP—————-I }
M- Ey| T my Y >0[1 =gy Y >0}
(A.2)
Then by additivity of expectation, for 0 < § < 1, E[M . I{y>0}:| in (A.2) equals
X|EY - Y X|EY —-Y
E[|T| “Aiysoy - I{|Y—]EY|2(5EY}] + E[% iysoy - I{\Y—EY\<5EY}]

(A.3)

Next, we find the upper bounds of two terms in (A.3). For the first term, by
definitions of X and Y, X/Y - Ityso; < N, and [EY — Y| < NZ. Thus, we have

X|EY - Y
E[I \

v Tiysoy - f{\Y—EY\z&EY}} < N;-Pr(]Y —EY| > EY).

Then, by Chernoff Bound, we obtain

X|EY — Y
E[! |

2,
s 1) IEIY)‘

Ly soy - I{|Y7EY|26]EY}] < QNS - eXp ( T T
For the second term, when |Y — EY| < 0EY, Y > (1 — §)EY. So, we obtain

X|EY —Y|
EP————nl Ty ] EX.
v {v>0} " {{[y-EYy|<6EY}| < 1-0)

By (A.2), we show

(52-]EY)+( ) EX (A4)

1-6) EY’




5

Let Ly(N,) and Ls(N,) denote two terms on the right sides in (A.4). We choose
§ = (EY)~V/@) 5 > 0, such that

EX EX
Li(N,) = 0<W> and Lo(N,) = 0(@) as N, — 00,

under the assumption EY = Q(N,) as N, — oo, 1 —§ = O(1). By L’Hopital’s rule,

we have
Li(N,) = o(La(N,)) as N, — 0.

These imply (A.1).

Proof of Theorem A.2

We compute EY and EX under Assumption 2.1 and 2.2,

+2a(N, —1)(1—a—p ZdJraN ~ D[l —a+a(N, —1)]. (A5)
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Then, under Assumption 2.4, (A.5) leads to

Ny
EY:Zdi,
Ny
EX=(1-a-8 ZCF 2-a—B) [N, — 1)+ 8] > d.
=1

Plugging the value of EX/EY into the bias expression in Theorem A.1 completes the

proof.

A.4 Proofs of corollaries for bias of the observed branching
number

Proof of Corollary A.1

By homogeneity, we obtain

NU

Zdz (d+1)d.

By edge unbiasedness, we have

Bd
= — A
TN, —1-4d (4.6)
Thus,
S d?
a(N, = 1)+ B - (a+ HZFY - —q, (AT)
Zfil di
and

EX

Ey—d+1—a(2—a—5)



7

By Theorem A.2, for any n > 0, we have

log N,

Bias[r] = O (

Proof of Corollary A.2

(Nv log Nv)l/(2+77)

)ast—>oo.

First, we compute the first and second moments of truncated Pareto distribution.

( N, —1
¢ log < dL >
No—1 c S 1 < dr  \¢ ifo=1
g _
/ x - ¢ cLi Cx’@*l)da: = No _dLl -1
L _
dr, 1_<N _1) Cdy, 1 (NU—1> .
v . , otherwise,
¢—=1 4_ ( dr  \¢
\ N, —1
N, —1
log < )
¢dy, - L~ if (=2
Ny—1 dr, \¢
| ¢ - (5 1)
/ xQ . L :L-_(C'i'l)dx — v d 4_2
() ()
" Ny —1 Cdr . N, — 1 otherwise
— ¢’ ’
(-2 1— ( dr )
\ N, —1
(A.8)
Note that d = 7", d;/N, = ©(log N,)). So, as N, — oo, we obtain
(/1—C d \Y¢ .
(L) occe
dp ~ { d/log N,, if¢=1 (A.9)
%CZ, if ¢ > 1.
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Thus, as N, — oo, we have

(1_C
— if 1
Q_CNU7 ifo< (<
N,/log N, if¢=1
Slnd JC—1¢—1ye . |
=17, N2 . ()¢ f1 2 A.10
Shg " Yemclg ) MC@T s (10
d-log N, /2, if (=2
(C—1)%- :
——d, if ( > 2.
(G(¢C—2)
By edge unbiasedness, we have
B Bd B log N,
a_Nv—l—J_@< N, )
(Ho<¢<2
Note that

SV g2
a(N, = 1) + 5= (a+ B) S = —Br+a(N, — 5= 1) + 5,
Zzzv1di

and

EX (Efi’&d?
EY a Zzszl di .

By Theorem A.2, for any n > 0, we have

Bias[#] = =62 —a = )k + (2 —a — B)[a(N, —r — 1) + 5] + O<<EY)}/(2+”7) IIE;(>

= (2~ = @)+ O(max {log Noy g )

as N, — oo.

(i) ¢ > 2
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Note that
i d pd p(d)?
a(Ny— 1)+ —(a+pB) =421 ~ — — _
R S Y (= RS (= [ A =)

and

EX -

— d).

v = 9
By Theorem A.2, for any n > 0, we have
Bd
Bias —2—a-p +0(1
7=~ ez + O
K
=-—02—-a-p +0

( VRS
as N, — oo.
Proof of Corollary A.3

By homogeneity, we obtain
Z d?> = (d+1)d
By edge unbiasedness, we have
Bd
o0=—
N,—1—4d
Thus,
S
a(Ny =1)+ 8 —(a+B) ST — =—q,
Zi:l d;

and

EX

Ey—d+1—a(2—a—6)

+ﬁ7

(A.11)

(A.12)
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By Theorem A.2, for any n > 0, we have

c+1

Bias[r] = O(Ng_“”) as N, — oo.

Proof of Corollary A.4

Note that the asymptotic notations for dj, and S0° d?/ S~ d; are same as

equation (A.9) and equation (A.10).

By edge unbiasedness, we have

(Ho<(=2
Note that

N,
M2

a@%—D+ﬂ—%a+@zﬂg@

and

Y g
&y —o(52 )

By Theorem A.2, for any n > 0, we have

Bias[i] = =2 —a— f)r+ (2 —a = B)[a(N, —x — 1) + ] + O<<EY)}/(2+77) Eﬁ)

:_m2—a—MH+@<mM{Nﬁx§ﬁ%ﬁ5D

as N, — oo.

(i) ¢ > 2
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Note that
i d? pd B(d)
Nv - - ; ~ - - = )
Y (=) Rara () [ A R
and
EX -
By Theorem A.2, for any n > 0, we have
Bias[f] = —(2 — a — f) pd + O(max{NZ' 1})
¢(¢—2) o
= —B(2 = o= B) gy + Olmax{NZ, 1)

as N, — oo.

A.5 Proofs of theorems for variances of the observed branch-

ing number

To show Theorem A.3 and Theorem A.4, we first introduce a useful lemma.

Lemma A.1 Under assumptions in Theorem A.3, for any n > 0, we have

EW‘ EXﬂ B [(XIEY—YEX)Q

|+o (max {(Ey)vem

EY (EY)?
[ BB e -0 (55T

as N, — 00.
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Proof. Note that

5[~ &) ]2
(XEY — YEX)?[(EY)? — V2]
Y2(EY )4

EX

' [{Y>0}] + (ﬁ)z - Pr(Y =0).

:E[

By triangle inequality and Jensen’s inequality, we obtain

E|:<£'I{Y>O} B g)z} B [(XEY—YEX)Q]

Y EY ([EY )4
1 (XEY — YEX)?|(EY)? — Y?| EX\2
- (EY)‘*E[ y?2 1{Y>0}] + (EY> Pr(Y =0). (A.13)
Next, we find an upper bound of
(XEY — YEX)?|(EY)? — Y2
E[ y2| | ']{Y>O}]- (A.14)

By additivity of expectation, for any § € (0,1), (A.14) equals

(XEY — YEX)?|(EY)? — Y?|
E Y2 Ly oy [{\YflEY\zéIEY}} (A.15)
(XEY — YEX)?|(EY)? — Y?|
+ E[ Y2 Aiysoy - [{\YflEY|<6EY}] : (A.16)

For the first term in (A.15), by definitions of X and Y, we obtain ‘w‘ Aysoy <
N3 and |(EY)? — Y?| < N!. Thus, we have
(XEY — YEX)?|(EY)? — Y?|
E v
< N Pr(|]Y —EY| > 6EY).

Aiysoy - I{\Y—EY\Z(SEY}}

Then, by Chernoff Bound, we obtain

E[(XIEY - YEX)?|(EY)? - Y?|

2,
o ) ]EY)‘

“Lysoy - Iyy—ey|>sEY) | < QNJO - €Xp < T T
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For the second term in (A.15), when [EY — Y| < dEY, Y > (1 —J)EY and YV <
(1+6)EY. And notice |(EY)? — Y?| = (EY +Y)|EY — Y|, we have

(XEY — YEX)?|(EY)? — Y?|
E[ v Tiysoy - Ijy—Ey|<sEY)
5(2+9)

S -

: E[(XEY - YEX)ﬂ .

By (A.13), we show

]E[(~ IEX)T —E[<XEY_ YIEX)Q}

K — ——

EY (EY)*
g (?E]\}r/g; (- 5 -6EY) fizj(s()sz , [(XE}E]E_Y é;EXV] (5)" Pr(v = 0).

(A.17)

Ly(N,) and Ly(N,) denote the first two terms on the right sides in (A.17). We
choose § = (EY)~V/Z+) 5 > 0, such that

(XEY — YEX
(EY)*

(XEY — YIEX)Q])

) }) and Lo(N,) = 0<]E[ (EY)?

Li(N,) = 0<E[

as N, — oo. Under the assumption EY = Q(N,) as N, — oo, 1 —§ = O(1). By

L’Hopital’s rule, we have
Li(N,) = o(Ly(N,)) as N, — 0.

These complete the proof. 0]

Proof of Theorem A.3

By the definition of variance, we have

Var[k] = Var [/% — %] = E[(R — %)2} — [E(/%) — %]2
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(i) By Lemma A.1, for any n > 0, we obtain

v = o(e[ s 257

- o e ([ FEGAE o -0 [T

(ii) By triangle inequality, we have

Var[#] — E[(X ESEE—Y 3)”4EX )2]
Bl By - e -

Apply Lemma A.1 and Theorem A.1 and the rest follows.

Proof of Theorem A.4

Under assumptions in Theorem A.4, we have

IE*LX]2 _O<E[(X]EY—YEX)2]>7

Py =0) [ﬁ (EY )

and there exist 19, A\g > 0, such that
EX2

P(Y = 0)[ =]

( gy

=0 ( max { (Ey)—11/(2+77o)E[(XIE}EIE;_}/})ZEX)2 ’ (Ey)—12/(2+>\0) [i))ﬂ 2}> :

Apply Theorem A.3 and the rest follows.
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A.6 Proofs of corollaries for variances of the observed branch-

ing number

To prove corollaries for variances of the observed branching number, we first
XEY — YEX)?
(EY)*

compute E[( ] . Note that

(XEY — YEX)Z} [EX} 2 [VarX Cov(X,Y) VarYy

E[ [EY)* - w5y lExy “ExEY T EY)

Under Assumption 2.1, 2.2 and 2.4, we have
Ny
EY =) d;,
i=1

EX — (1—a—ﬂ)QZd?—F(Z—Oz—ﬁ)[a(Ny—1)"‘5]Zdia

Cov(X,Y)=4(B—a)(l —a— Zd2+2{ (1—a)(1—2a)— (1-B)(1—28)]
+20(N, ~D[B0 =B+ (1= a)’]} Y.
VarX = 4(8 —a)(1—a—f Zd3
121 —a— B)? [19a 1962 — 6a(l +38) — 48
+2a(1+4ﬁ—5a)Nv]idf+{(1—a—6)[—38a3

+20%(17 + 116) + B(1 — 63 + 652) — a5 + 14/3?)
+da(l + 11a% + 282 — a(9 + 58))N, + 4a2(2 — 3a + B)Ng]

+(1—a)(a+B)|1—12a + 200 + 6(1 — 3a)aN, + 4a2N3]
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121 —a— ) [3a2 —B(1=B) —a(l+28) +a(l — 2o +B)Nv]
+4(1—a— )] =80 +3a(1 — ) + (1 — )26 + (1 + )|
— 8a [5a3 +(1— )28 —a2(8 —38) + a3 — 28 — 62)]Nv
+4a2[2+3a2 a5 25)]1\/3

+2a(1 — a)(a + B)(N, — 2) [1 + 2a(N, — 2)]

+ 8lala—3) = B8 —3)] + 2a(N, = 1) [B(1 = 8) + (1 — a)?] } > d

+4(1—a - B)*|a(1 - a) Zdel{A o

i=1 j#i
Ny
_ B) Z Z didj]{Aijzl}] .
i=1 j#i

Proof of Corollary A.5

By edge unbiasedness, we have

ae— P4 _:@<long>. (A.18)

By homogeneity, we obtain
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Besides, by Young’s inequality, we have

Ny Ny

Z Z did;Iia,,=13 < <Z Z d2d2> 2 (Z Z ]{Aij:1}> 1/2 = O(N3?10g°? N,),
i=1 jti i=1 j#i i=1 ji

Ny Ny

>N didilia,—0 < ( Z 3 d2d2> " (D3 Fayeny) Y O(N210g? V).

i=1 jti i=1 ji i=1 ji

Thus, we obtain

EXEY N,log N,
VarY @( 1 )
(EY)2 "\ N,log N,

Then, we have

o5,

By Theorem A .4,

Proof of Corollary A.6

By edge unbiasedness, we have

m e, e



Next, we compute vaz”l d? for different values of .

Thus, we obtain

Equation (A.8) leads to

¢
/x3- Cdg Cx_(“l)dx:
= (5 59)

38

( N, —1
cd- il 7 )
L= <Nv —dL1> L
Cd3 <Nv — 1)

\ R (NvdL— 1
O(N2log N,), ifo<¢<1
O(N?), if¢=1
O(N < .1og* N,), ifl<(<3
O(N,log* N,), if (=3
O(N,log® N,), if ¢ > 3.
O(N?2log N,), if0<¢<1
O(N?), if¢=1
O(N3=¢.log* N,), ifl<(<?2
O(N,log® N,), if (=2
O(N,log” N,), if ¢ > 2.

otherwise.
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In addition, by Young’s inequality, we have

Ny

i=1 j#i i=1 j#i =1 j#i
Ny

i=1 j#i i=1 j#i i=1 ji

Thus, we obtain

O(N*10g*2 N,),
CQ(NE/2 log!/? N,),

Ny
Z Z didj[{Aijﬂ} = O(NZ/Q_C . IOgC—H/Q Nv)7

i=1 j#i
O(N3*10g™ N,),
O(N?10g° N,),
and
)
O(N2log N,)
O(Ny),
Ny
szide{Aij:O} = O(Ni=¢. log® N,),
i=1 ji
O(N?2log® N,)
\O(Nf log” N,)

iHHo<(<1

SN didiIia, -1y < ( Z > d2d2) . ( gv: > f{Aij:1}> 1/2,
SN didlia—o < ( Z 3 d2d2> " ( i > Iia-0)) 7

ifo<(<1
if¢=1
ifl<(<?2
if ( =2

if ( > 2,

ifo< (<1
if ¢ =1
ifl<(<2
if ¢ =2

if ( > 2.

(A.21)



Note that

Then, we have

By Theorem A .4,

(i) ¢ =1
Note that

Then, we have
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]E[(XIEY — YEX)?

(EY)!

Var[r] = O(log}}\fv) as N, — oo
% B 6(10?5%)’
VarX 1
(Ea;<)2 - @<M>
Cov(X,Y)
(I)EVXE;/ - @<N ljgN
VarY 1
(]Ea;)Q - @(N log N,
. 2
E[(XE);EY});EM ] - O(

] :O<1ofgv}}vv>‘



By Theorem A .4,

(i) 1< (<2

Note that

Then, we have

By Theorem A .4,

(iv) (=2
Note that
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N,
Var[g| = O(—2 ) as N, — oo.
log® N,
EX /o 1 ¢
ﬁ = @(N,U . log
Var X 1
=0
(EX)? <N3<J%§N)’
Cov(X,Y) ®< 1 )
EXEY — “\N,logN,
VarY 1
(Eyj2“@<p@J0gA@>

EUXEY—YEXP

(EY)!

|

() )
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Then, we have

o[ SRV o).

By Theorem A .4,
Var[r] = (’)(1) as N, — oo.

(v)2<(<5/2

Note that
iy = (o)
e ()
=0y

Then, we have

E[(XETE—Y });EXY} _0 ( (10§V N )<—2>
By Theorem A .4,
Var|i| = O<<IO§VN )C_2> as N, — 00

(vi) ¢ = 5/2
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Note that
IIE—;( = @(log Nv),
(\I/Ea)rf))(2 - O<N$/2 101g;3/2N )
C(I)EV)%’YY) - @<Nv l;g Nv>’
(\]/Ea}i})/? - @(Nv lig N,,)

Then, we have

E[(XEY — YEX)? _ O((long)W).

(EY)!

By Theorem A .4,

Var[i] = O((lo‘;gVva/?) as N, — oo.

Proof of Corollary A.7

By edge unbiasedness, we have

pd o
= ——==0(N; ).
o Nv_l—d ( v )

By homogeneity, we obtain
Z &2 = O(N2+D),
Z &3 = O(N31),

(A.22)
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Besides, by Young’s inequality, we have

.- .- 2 2\ /2 . 1/2 5c+3)/2
35t = (350 ) (555 ) = 0097
i=1 ji i=1 ji i=1 ji
Ny Ny S N\ 12 No 1/2 pers
S St < () (X ) - 00
i=1 ji i=1 j£i i=1 ji
Thus, we obtain
EX
— = O(N/
]EY ( U)’
Var X 1
(]EX)2 - O<N536+1)/Q>7
Cov(X,Y) @< 1 )
EXEY — ~“\N¢tl)’
VarY @< 1 )
(EY)?  “ANgH
Then, we have
(XEY — YEX)? 4
E[ }: N(e=D/2),
(]E«Y)4 O( v )
By Theorem A .4,
Var[k] = O(NY/2) as N, — oc.
Proof of Corollary A.8
By edge unbiasedness, we have
d
= b = O(N ). (A.23)

N,—1—d



By equation (A.20), we have

>

=1

Equation (A.8) leads to

W

i=1

\
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In addition, by equation (A.21), we obtain

Ny
Z Z dide{A¢j=1} -

i=1 j#i

O(NeT3), ifo<¢<1
O(N3/log N,), if¢=1
O(NA=¢tee), if1<(¢<3
O(N2tl.logN,), if¢=3
O(N3+), if ¢ >3,
O(NT2), ifo< (<1
O(N¢t2/log N,), if¢=1
O(NZ=¢+es), if1<¢<?2
O(NX**t! . log N,), if(=2
O(N2etl), if ¢ > 2.
((’)(N53C+5)/ %, if0<(¢<1
ONFI210g N, if ¢ =1

(,)(]\[1S5C+3)/2)7

O(NQS5C+3)/2 . log Nv),

O(NJ/A=erelcri/2)y if1<(¢<?

if ¢ =2

if ( > 2,
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and
(
O(NET), if0<(¢<1
O(N:e3/log N,), if¢=1
N,
szidﬂ{&jzo} = O(N2=6Fe), ifl<(<?2
i=1 j#i
O(N2+2.1og N,), if ¢ =2
O(NZet2), if ¢ > 2.
i)o<(<1
Note that
EX
gy —o(%):
VarX 1
(EX)2 @(N5+1>’
Cov(X,Y) _@< 1
EXEY — ~“\N¢tl)’
VarY 1
(EY)2 @<N5+1>
Then, we have
(XEY — YEX)?*7 .
g - o)

By Theorem A .4,
Var[r] = O(Nvl_c) as N, — oo.

(i) ¢ = 1
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Note that
I]E_;( = (10?5%) ’
o)
C?EV)((E?Y) - @<N;+1)’
vy = O5)

Then, we have

e - olew)

By Theorem A 4,

Var[i] = O(li\g]\;) as N, — oo.
(iii) 1 < ¢ < 2
Note that
EX
) % -0 (Ng—chrc(C—l))
(Ea)r()2 N @(N3‘<+C<>’
Cov(X,Y
?EV)((IES/ ) - @<Ng+1>’
(YEa;}); - @<N5+l>

Then, we have

E[(XIETE—Y});EXP] 0 (ngg_()(l—c)> '
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By Theorem A .4,

(iv) ¢ =2
Note that
% = O(N; 1og NV, ),
(\g())(? B ®<Ngc - llog2 Nv>’
XY 1
C?];V)((EyY ) B @<Ng+1>’
v = ©w)

Then, we have

B[ VB o)
By Theorem A .4,

Var[r] = (’)(1) as N, — oo.

(v)2<(<5/2

Note that
1
(]EET)T()z - @<N5—2+c(4—0 >7
C(];:V)%’YY) - @<N;+1>’
(\Ifaaxi; - @(N;H)
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Then, we have

) o)

By Theorem A .4,

Var[r] = (’)(NISQ’O(I’C)> as N, — oo.

(vi) ¢ = 5/2
Note that
EX .
&y~ O(%)
VarX 1
(EX)? - O<N536+1)/2>’
Cov(X,Y) 1
EXEY @<N5+1)’
VarY 1
[EY)? @<N5+1)

Then, we have

[ <ofe )

By Theorem A.4,

Var[k] = O(Nécfl)m) as N, — oc.

A.7 Proofs of theorem for the method-of-moments estimator

Chang et al. (2020) provide joint inference of higher-order subgraph densities with
unknown error rates. Mimicking their proofs, we can easily obtain the asymptotic
joint normal distribution of évl and C’VQ. Then, by the delta method, we can derive

the asymptotic normal distribution of &.
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A.8 Algorithm for estimation of asymptotic variance of

method-of-moments estimator

To evaluate the asymptotic variance of method-of-moments estimator &, we first
estimate the asymptotic variance of (C’vl, C’VQ) by the method in Section 4 of Chang
et al. (2020). Then, we use the delta method to obtain the estimation of the asymptotic

variance of &. The detail is shown in Algorithm A.1.

3= (Gij)3x3s

. o Cy, —1 Cy,
5o\20y, — 20y, 204,/
G=1L72. (1- )1{<1—25)a+52} (1— 5) Y —20) (1—A5)‘1
3 —5H(1 - 24)3 + 4%} 0B —2a+1) —51 )7
1 [y k
H-=-. 1 3
3 (2@2 21{3101,1)

' <6k4 3(k2 — ky — ko) 2{ks(—6a5 + 3k3 — 4ks) + (1 — &) (B — 2@)})
6k, 3k (1 —24) 2k (1 — &)(1 — 3@) ’

I
I

(A.24)

where ki = &(1 — &), ko = B(1 = B), ks =1—a— 3, ks = B — &, 611 = 0ko + (1 —
k1, 695 = Oko(1/2 — ko) + (1= 0)k1(1/2 — ky), 633 = 6Bko(1/3 — Bhy) + (1 — 6)key (1 —
A {1/3 — k(1 — &)}, 612 = 691 = Oko(B — 1/2) + (1 — )k (1/2 — &), 613 = g1 =
0ko(B%)3 — 2ks/3) + (1 — 8)kr {(1 — @)2/3 — 2k1/3}, and 693 = 30 = 03ko(1/3 — ko) +
(1—0)(1 — &)ki(1/3 = ky).



101

Algorithm A.1 Estimation of asymptotic variance of method-of-moments estimator
R

Input: A/:\(Ai,j)NuXNu? g, Nb, d, B, ]%3, éyl, év2, 5
Output: Var(i)
if |& — 3| <& then
§o=0a, & =1—28;
if 3—a>e then
t1=1/1—4a(1 = p), ta=1/1—43(1 —a), &= (1—11)/2;
if t1 +1¢3 < 0.5 then

& = (tl +t2)/2;
else

§1=(t1 —t2)/2%

if @ — 3 >¢ then

ti1= /1 —4a(1 - 5), t2=\/1-45(1 - &), &a=(1+4)/2, & = (—t1)/2
for n, =1: Ny do
fori=1:N, do
for j=i+1: N, do
Draw n; ; from distribution P(n;; = 0) = &1, P(ni; = 1) = & and P(n;; =
“=1-&—-&; )
Compute A;r’j = Ai,jl("?i,j =0)+ I(mJ =1);

Compute fljj = fl;fz = AI] - Az’,jfl —&o;

Sy Ve i< Al
Som © B Ty Lt AL (A — @) + A (A5 — 6));
Compute VNU = Vl,Nu + V2,NU + ‘73,1\71,1
Var(gf,l) COV(SHTA, S’]T,Q)
Cov(S),,S%)  Var(S),)
%7Nv = (HGTAT + AGH")/2, A, G, ¥, and H defined in (A.24);
Compute Var(i) = (N, — 2)2[~Cy, /C% ,1/Cv Vi, [-Cy, /C3 . 1/Cv] T

where VI,NU = , VZNU = AG?GTAT,
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Appendix B
Supplementary Materials to Chapter 3

We provide proofs of all propositions and theorems presented in Chapter 3

B.1 Proofs of propositions for noise-free networks

Proof of Proposition 3.1

Notice that

{Z“%lﬂ”mb<>

+ZZ%%1H%WMHWW

i) - 1

i=1 j#i
Thus, under Condition 3.1 and 3.2, we have Var[j(c;)] = o(1) and Var[(¢;)] = o(1).
Then, by Cauchy-Schwarz inequality, we obtain
Var[ (Ck,Cl)] = Var [@(Ckz)} + Var [@(CZ)] —2 COV[ (cx), yle )}
< Va[jen)] + Var [fen)] + 2 Vax jen) Ver fen)]
Lo

o(1). Since E[t(c, ¢;)] = t(ck, ¢1), we have T(ck, ¢;) —

Thus, we obtain Var[t(cg, ¢;)] =
T(ck, ¢;). This implies T(cy, ¢;) Lt (e, ) as N, — oo.
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Proof of Proposition 3.2

By Proposition 3.1, it suffices to show Condition 3.1 and 3.2 are satisfied. For
notational simplicity, we define E[1/p®(c)] = N% SN 1/pe(cr), ie., the average of
the inverse of the exposure probability over a finite population N,.

Under Assumption 3.4, we obtain

0-p) _ 1
E[1/p®(c10)] = i1 = 0O(1/p),
ed/(1=p) _ 1
E[1/p%(co0)] = e == p) =0(1).

Note that Var[l — (1 — p)¢] = o(1), where d is the degree variable. Thus, 1 — (1 —

p)? LN limpy, 00 E[1—(1—p)?]. This implies 1—(1—p)? L limpy, 00 E[1—(1—p)¢]. By
p

the continuous mapping theorem, we have .
E[l - (1—=p)9

p P ..
—— =1 00
1 (1 p)d 1My, —

Thus, we obtain

. p L P
v =l ] - e

Since E[1 — (1 — p)4] = O(1), we have E[1/p°(c11)] = ©(1/p) and E[1/p®(co1)] = O(1).
Therefore, Condition 3.1 is satisfied.

Next, we show Condition 3.2 is also satisfied. Define a pairwise dependency
indicator g;; such that if g;; = 0, then f(Z,A;) L f(Z,A,), else let g;; = 1. Note
that g;; = 1if C;; > 1 or A;; = 1. Then, we have Y1 Zj\;zl gij = o(N?) because

Ny Ny Ny Ny .
Dot 2t Lyoy=oy ~ N and 3751 3700 Ta, =0y ~ N, Notice that

SOS I (e /e enptien) — 1 =305 gulnty e/ (0 (eopsen)) — 1
i=1 ji i=1 j#i

<> D e/ 05 enpi(en) + Y g

i=1 ji i=1 j#i
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It suffices to show

NU Nv g p Ck
Yy = i J - = o(N?). (B.1)
=1 i s (ck p] k)

By Young’s inequality, we have

ZZ gszm ) (fjig”)m(zz [p ];: r>1/2.

C C
1 j# pZ kpjk i=1 j#i i=1 j#i Z

For the level ¢y, we have

Ny Ny Ny Ny Ny 2
) ) < (2 )
;; [pZ (c00)P5 (coo) ;; p5(coo) = (; 5 (coo)

and E[1/(p(co))?] = O(1). Thus, we obtain

i ZU |5 (coo) /(P (coo)P§(con)) — 1 = o(N?).

i=1 j#i
Similarly, we can show (B.1) for other exposure levels. Therefore, Condition 3.1 is

satisfied.

Proof of Proposition 3.3

First, we compute the normalization parameter of the Pareto distribution with an
exponential cutoff. By definitions, we have

N,—1
C(C,dp, \) / e My = 1,

dr,
Ny—1

C(C,dp, \) / z-e My = d.

dr,
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Note that, by integration by parts, we have

Ny—1
/ r-e My () gy = % . (dZC Cem ML _ (N, — 1)—( . 67,\(Nv71))
dr,
¢ Ny—1
_ >, A0 = (CH1) (.
\ / e Y x

U

L

Therefore, we obtain

C(Cdr, A) = A+ Q) /(d - e — (N, — 1)7¢ - e A=) (B.2)
Ny—1
/ e My~ Cdy = (d° - e — (N, — 1)7¢ - e D) /(Ad + (). (B.3)

dg,

Next, we show d;, = O(d). By definitions of d;, and d, we have d;, = O(d).

Therefore, it suffices to show that dj, = €2(d). We prove it by contradiction. Assume

dr = o(d), then by (B.3), we have

No—1
/ e~y ~ d /(N + ©). (B.4)

dr,
On the other hand, note that

Ny—1

/ e Mz~ g = AC{F( — (M) = T(= ¢ AW, — 1))} (B.5)

dr,

where I'(, ) is the upper incomplete gamma function. Recall the properties of the
upper incomplete gamma function, I'(s,z) — —x°/s as x — 0 and s < 0, and

[(s,z) = 2% '™ as * — oo (Jameson (2016), Olver (1997), Temme (2011)). Then
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by (B.5), we obtain

Ny—1

/ e e~y ~ dC ¢, (B.6)

dr,

which is in contradiction to (B.4). Thus, we have d;, = O(d).
Then, we prove Proposition 3.3. By Proposition 3.1, it suffices to show Condition
3.1 and 3.2 are satisfied. Under Assumption 3.4 and p < A, we obtain

Ny—1

LC(Cdp ) - / (1 - p) e a0y

dr,

E[1/p(c10)] =

D=

Ny—1

:O@-C(Cadm-d;“*”- / <1—p>‘x€‘”d‘r>

dr

1 1 dr, 1 Ny
- O(PdL[)\ +log(1 — p)] { [e/\(l —p)] . [m} }>

= O(1/p).

Similarly, we have E[1/p(co0)] = O(1).
Next, we show E[1/p(c11)] = O(1/p) and E[1/p¢(co1)] = O(1). Note that

Ny—1
1 1
E[1/p(c11)] = — - C(¢, dp, \) - / — = ey,
[1/p"(en)] ’ (€, dr, A) J Ty
Ny—1 1
1
=o=-c(¢ dy, N -d . / e
p (€, A) - dy 1—(1—p)

dr,

Ny—1
1 _
=0 ];'C(C,dL,A)-dL(C“)- / e’“d:c)

dr,

—_
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= O0(1/p).

Similarly, we have E[1/p®(co1)] = O(1).

Analogous to the proof of Proposition 3.2, we can show Condition 3.2 is also

satisfied.

B.2 Proofs of propositions for noisy networks
Proof of Proposition 3.4

In the observed network, the four exposure probabilities become:

pf(Cu {1— I ) }7
B(cr0) = p(1 = p)™,

P; (cor) = {1— 1—P)~}a
(

5 (co0) = (1 — )&+,

where d; is the degree of vertex i in the observed network.

(i) For all values i and ¢, P(pé(ck) > 0) — 1 as N, — 0.

Note that P(p¢(c10) > 0) = P(p5(coo) > 0) = 1 and P(p§(c11) > 0)
0) = P(d; > 0). Under Assumption 3.1 - 3.5, we have

lim IP(@L >0)= lim 1—(1— a)Nv—l—dini -1

Ny—o0 Ny—o0

Thus, for all values i and ¢, we have P(p$(c) > 0) — 1 as N, — oo.

(if) For all e, B[S L (as0p /55 (cr)] = o(N7).

= P(p(cor) >

Define d; = Z?f:vl AjviAjﬂ-. We note that d; = (dz — dz) + d;, where d; and d; — d;

are two independent binomial random variables. Thus, we have CL ~ Binomial(N, —
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1 —d;, @) + Binomial(d;, 1 — ). Then, we obtain

E[(1 - p)%] = (1 — ap)™ % [1 — (1 - B)p] ™,
Var[(1 - p)¥] = [1—ap2 - p)] """ "1 - (1 - B)p(2 - p)]”
— (1 —ap)?Mem1=d 1 — (1 B)p] ™,
; ( ap )Nv‘l‘di<1 L= 5)?)‘“.

E[(1—-p) "] = 1+E =

Since E[(1 — p)™] = O((1 — p)™), we have E[1/ji(c10)] = O(1/p(cr))
and E[1/p5(coo)] = O(1/p§(cop)). Therefore, by Proposition 3.2, we obtain
E[305% Tt (ei0)>01 /5 (c10)] = o(N2) and [ Iipe eop) 01/ 55 (co)] = o(NZ).

Note that Var[l — (1 — p)%] = o(1) and Iijisoy L, 1. Similar to the proof of

Condition 3.1 satisfied in Proposition 3.2, we have

. p . p
lm E|————1T 7. ] = lim =—.
Ny—oo L] — (1 — p)di {d:>0} Ny—rc0 E[l — (1 — p)di]

Since E[1— (1 —p)*] = O(1 — (1 —p)*), we have E[I(e,)501 /5% (en1)] = O(1/p(enn))
and E[I{ﬁf(mlbo}/ﬁf(cm)] = O(1/pS(co1))- By Proposition 3.2, we obtain
E[>") Tige(enn)>01/85(c11)] = o(N2) and E[S2N Ligeer)503/5% (c10)] = o(N2).

(i) For all cx, B 300 Do >0 Lo o0 155 (c) /(5 ()5 (er)) — 1] =
o(N7).-

Define a pairwise dependency indicator g;; in the observed network such that
if g;; = 0, then f(Z,A,) L f(Z,A,), else let §; = 1. Then, we have pi(cr) =

P5 ()P (cx) if gij = 0. Thus, we obtain
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Nv Nv

ED Y Gl en>0y L eny>0 1555 (cn) /(5 (i) (cx) — 1]
=1 ji
Ny, Ny

=B LoD o0 55 () /(5 (o) (er) — 1)

i=1 j#i

By the triangle inequality, we have

NU NU
Z Z gijI{ﬁf(ck)>0}[{ﬁj(ck)>0} ’ﬁfj (Ck)/(ﬁf(ck)ﬁ§<ck)) — 1
i=1 j#i
Ny Ny Ny Ny
<> Gl >0 Lips e=0y 55 (1) [ (B (o) B (er)) + DD Gisl i e >0 L (e 01
i=1 j#i i=1 j#i

Note that Z Z#Z Gij L (r)>01 L (35 (cr)>0) Z Z]#Z Gij-  Thus, it suffices
to show E[S1 337%, GisLipe(cn>0 i en>01 55 (e) /(B (i) (er))] = o(N7) and
E[Y o 300 Giy] = o(N2).
First, we prove E[S. N S i1 Gij) = o(N7). Let C;; denote the number of common
neighbors between vertex ¢ and j in the observed network. Note that g;; = 1 if

Cij > 1or A;; = 1. Thus, it suffices to show E[zz 12;;&@ Lici—o) ~ N2 and

[Z Z]# Iid,—op) ™~ NZ2. A direct computation yields to

Ny Ny Ny Ny
E[ DD i) = (0= 0) Y (No = 1= d) + B di~ N,
i=1 j#i =1 i=1

Note that C~’ij = N” Ak ZAkJ ~ Binomial(Cy;, (1—8)?)+Binomial(d;+d; —2C;;, a(1—

B)) + Binomial(N, — d; — d; + Ci; — 2,a?), and the three binomial random variables
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are independent. Then, we have
N, N,
E[> D om0
i=1 ji

— Z Z 1 . 1 . Cij [1 . Oé(]. B)]di+dj_2cij(]. o QQ)NU—di—dj+C¢j—2

=1 j#i

Since S0, Zﬁéz Iic,;—0y ~ N2, we obtain E[3"}" Z#Z Lig,—o)) ~ N7
v Ny ~ ~e ~e
Next, we show B[S 320 Gis Lt (e >01 L5t (e >0y 55 (i) /(7% (cr) 5 (cx))] = o(N2).

By Young’s inequality and Holder’s inequality, we have

[Z Z gzj[{p (ck) >0}I{P3(0k)>0}p1] (Ck)]
)pj( Ck)

i=1 j#i pl Ck
1/2 1/2
v Vo ~ 2\ — I{pl (c >0}[{p (c )>0}p1 (Ck>
<(M3mo) (R 3el s ey)
i=1 jAi i=1 j#i pilen)pj e

For the level ¢y, we have

I L CE LTI U b S
=1 i (c00) P (coo) iy 5 (co0)D5(coo)

and E[(1/p5 (coo)PS(co0))?] = O((1/p§(co0)p(co0))?). Thus, we obtain

Ny Ny
ED Y Tt teon>04 i3 (eon >0y 555 (con) / (55 (co0) 55 (co0))] = o( V7). (B.7)

i=1 j#i

Similarly, we can show (B.7) for other exposure levels. These complete the proof.

Proof of Proposition 3.5

The proof of Proposition 3.5 is the same as that of Proposition 3.4.
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B.3 Proofs of theorems for noisy networks

First, we show the following lemmas that will be used in the proofs of theorems

for noisy networks.

Lemma B.1 Let X, X5,--- and Y1,Ys,--- be two nonnegative random variable se-
quences. Assume X,I(y, <03/ Yy is bounded and E(Y,) # 0 for all n, Var(X,) = o(1),
Var(Y,) = o(1), and Iy, oy L1 asn — co. Then, we have E[X, v, >0/ Yn] =
E(X,)/E(Y,) + o(1).

Proof. Since Var(X,,) = o(1), we have X, LN lim,, o, E(X,,). This implies X, Lt
lim,, oo E(X,,). Similarly, by continuous mapping theorem, we have Iy, ~01/Y, L
lim,, o0 1/E(Y,). Thus, we obtain X, Igy,-01/Yn — lim, e E(X,,)/E(Y,). Since
Xodgy,>01/ Yy is bounded, we show limy, oo B[ X, Iiy, 01/ Y] = limy, oo E(XG,) /E(YS).

This completes the proof. 0

Lemma B.2 Let T\, T5,---, X1,X5,---, and Y1,Ys,--- be three random wvariable
sequences. Assume X, = a+ Opy(g(n)), Y, = b+ O,(h(n)) as n — oo, where g(n) =
o(a) and h(n) = o(b). Let fi(z,y,t), fo(z,y,t), - be a sequence of function. And
fn(a,b,Ty) Lcasn— 00, In addition, we assume fn,(Xpn, Yo, T)— fu(a,b,T,) = o(1)
when | X, —a| < c19(n) and |Y,, —b| < cah(n), where P(|X,, —al > ¢19(n)) = o(1) and
P(|Y,, — b > cah(n)) = o(1),c; = w(l),c2 = w(l). Then, we have fn(Xn, Y, Ty) Le

as n — oQ.

Proof. By triangle inequality, we have

|fn(Xn7YnaTn) - C| S |fn(Xn7Yn’Tn) - f(avb7 Tn>| + |fn(a’ b7 Tn) - C|'
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Then, for any ¢, > 0, we have

P(’fTL(XTLaYnaTn) - C‘ > 8n)
< P(|fu(Xn, Yo, Th) — fula, b, T,)| + | fula, b, T,) — c| > &)

< P(|fn(Xn7YnaTn) - fn(aa b7 Tn)| > En/2) +P(|fn<a7ba Tn) - C| > 571/2)

where the last step follows by the pigeonhole principle and the sub-additivity of the
probability measure. Note that lim,, .. P(|f (X, Yo, 1) — fu(a,b,T,)| > €,/2) =0
and lim,, o P(| fn(a,b,T},) — ¢| > €,/2) = 0. Thus, we obtain

lim P(|f(nXn, Yo, Tn) — ¢| > ¢) = 0.

n—o0

O

Lemma B.3 Let T1,T5,---, X1, Xs,--+, and Y1,Ys,--- be three random wvariable
sequences. Assume X,, = a+0,(g(n)), Y, = b+0,(h(n)) asn — oo, where g(n) = o(a)
and h(n) = o(b). Let fi(x,y,t), fo(x,y,t), -+ be a sequence of bounded function. And
(X, Yo, T)— fula, b, T,,) = o(1) when | X,,—a| < c19(n) and |Y,,—b| < coh(n), where
P(|X,, — a| > c19(n)) = o(1) and P(|Y,, — b| > coh(n)) = o(1),c1 = w(1),c2 = w(l).
Then, we have Ef,(X,,Y,,T,) — Ef.(a,b,T,) = 0 as n — oo.

Proof. By the definition of the expectation, we have

Efo (X, Yo, Tn) — Efn(a,b,T,)
=E [(fn(Xn7 Yna Tn) - fn(av b7 Tn)) ’ I{|Xn7a|>clg(n) or \Ynfb\>02h(n)}:|

+ E[(fn(Xn7 Yn; Tn) - fn(aa b7 Tn)) : [{|Xn—a|§clg(n) and |Yn—b|§02h(n)}:|
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Since f,, is bounded, we have

Efn(Xn7Yn; Tn) - Efn(aa ba Tn) — 0

as n — 0.

Proof of Theorem 3.1

In the noisy network, Aronow and Samii estimators for 7(c;) become

1 N 1

Tueslen) = — S To Tz ~[I NIe
Yags(en) N, ; G0r @A) =en) J T ] (1(2,4.)=c11}Yi(C11)

+ I{f(ZaAML):Clo}yi<010)i| )
1

N,
. 1
m Clp) = — I AN [[ Ve Yi(c
Yaes(C) N, 2 U@ A=ewy T (U240 wyyi(en)

+ [{f(Z,Aq'):Clo}yi (010)] s

N,
~ 1 hd 1
Yaws(co1) = — D Lii-odiyz.a,)-c = [[{f(z,Ai):c yvi(cor)
Ny; {di>0}{f( ) 01}(1—]9)[1—(1—]7)@} 01

+ I{f(ZyAd):Coo}yi(COO)] ;

N,
~ I 1
Yags(con) = N Z I{f(Z,A-i):Coo} (1- p)czi+1 [I{f(zyA»z‘)=001}yi(001)
V=1

+ I{f(ZvA-i):Coo}yi (COO)] .
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The conditional biases for these estimators are

Bias[jA&s(Cll }_ Z {d; >0} ) [ 4= )d _di} Ti(cu, cio)

—(1—p)
1
A ZI{JFO} yi(en),
Yi=1

. I v
Bias [yA&S(clo)]A} = Z [1—(1—p)% %]t(c11, c10),
v i=1
d; 1— 1_pcil—dv.b
Bias [yA&S(COl ’A} Z {d >0} )1 E (1 Ep)@) | wilcor, coo)

- F E ]{Jizo} yi(con),
Y =1
1

Bias [jA&S(COOHA} A Z [1— (1 = p)"~*]i(cor, coo)-

Based on the noisy network model, we have

E[(1-p)*] = (1 —ap)™ 41— (1 - B)p]*,
Var[(1 - p)%) = [1—ap2 —p)]™" 7" “[1 = (1 - B)p(2 — p)]*,

— (1= ap)?™ W1 — (1 - B)p] ™.
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For exposure levels cjg and ¢y, by taking the expectation with respect to A, we obtain

Ny

Bias [@A&S(clo)] = Ni [1— (1= Bp)*] ti(en, o),
'z

Bias [?A&s(coo)] =N [1— (1= 8p)*] Ti(cor, coo)-
Voi=1

Recall that p = o(1). Then, we have Var[(1 — p)%~4] = o(1), Var[(1 — p)#] = o(1)

and [{d}>0} £> 1. For exposure levels ¢i; and ¢y, by Lemma B.1, we have

. ~ 1 Ny (1 - p)dl 1 — (1 . ap)Nv—l—di
Bias [yA&S(Cll)] - E - No=1=di(] — (1 — 5)19)””

1—(1- ap)NU—l—di}
No=1=di(1 — (1 — B)p)® T;(co1, coo) + o(1).

T;(c11, c10) + 0(1),

1 o5 (1—p)*

Bias [@A&S(Col)] - N, 1 — (1—ap

Proof of Theorem 3.2

By the law of total variance, we have Var[y.gs(ck)] = Var[E(Ja,s(cr)|A)] +
E[Var(§es(ci)|A)
E[Var(§es(cr)|A)] = o(1).

(

(i) Var[E(§ags(cr)|A)] = o(1).
Note that Var[E(7 4,¢(cr)|A)] = Var[Bias(Faeg(ck)|A)]. For the exposure level

|. Thus, it suffices to show Var[E(7.es(cx)|A)] = o(1) and

Coo, We have
Var[E(7 4.5(Co0)|A)] ZVar [1—(1—p)% }T?(Cohcoo)

+ m Z > Cov((1—p) %, (1—p)bD)

V=1 j#i

: Ti(0017 Coo)Tj(COh Coo)-

Note that Var[l — (1 — p)%~4] < 1 and Cov((1 — p)4—% (1 — p)b—d) = 0 if

A;; = 0. Thus, we have Var[E(F,es5(co0)]A)] = o(1). Similarly, we can show
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Var[E(F ags(ce)|A)] = o(1) for other exposure levels.
(ii) E[Var(yaps(cr)|A)] = o(1).

For the exposure level ¢y, we have

Var [?A&S (co0) A}

N2 { Z { Z D5 (Coos Crr [1 — (Coo,ck/)] [y (Ck')]z

i=1  ke{00,01} pi(coo)

yi(coo) ?Jz(Cm)}

P (coo) 55 (coo)

Ny
153) NI SN SN AR

i=1 j#i k'€{00,01} k”€{00,01}

i\ C/ A\ Cpr
— % (oo, e )5 (oo, i) gi( ) y~‘7e( k )}, (B.8)

D; (Coo, C(]O)pz (0007 Co1')

P (coo) j(COO)

where

ﬁ?j(ckw Chy) = Zpz[{f(z,Ai):ckl}[{f(%A-z‘):CkZ}?
f)fj(ck‘uckmck?nc/% szl{f(z X;)= ckl}‘[{f(z Ti)= Ckz}]{f(z X;)= ck3}I{f(Z xj)=Cr,}

for ky, ko, k3, ky=1,2,--- K, 4,7 =1,2,--- | N,.
Note that Zk’e{O0,0l} 5 (o0, r) = P (coo) and
D ke 00,01} ke {0001} D5 (Co0s Cu, Coo, Cir) = Pij(coo). Then, (B.8) leads to
Ny

st 4] < 3t + 3T

v i P ( 1 2 pz €00 p] c00)

where C) and Cy are positive constants. By Proposition 3.4 and (B.7), we obtain
E[Var(Fags(coo)|A)] = o(1). Similarly, we can show E[Var(7 4,5(cx)|A)] = o(1) for

other exposure levels.
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Proof of Theorem 3.3

The proof of Theorem 3.3 is same as that of Theorem 3.2.

Proof of Theorem 3.4

(i) Unbiasedness.
Note that P(¢;/p < d; < ca/p) — 1, ¢1,¢y are constants, and ]E[ng&Syi]A] is

bounded. Thus, it suffices to show E[ganmi(ck) - L4,—oq/p)] = ¥ilcr) +o(1).
By the definition of g; in (4.1), we have

Yi(en) = f{f(z,A.i):cH} _I{f(z,Ai):m}?/z‘(Cll) + f{f(Z,A.i)zqo}Z/z‘(Clo)_

Ji(cro) = L5240 =cr0) _[{f(Z,AAi):cn}yi(Cn) + [{f(Z,A‘i):clo}yz'(Clo)_

Yi(cor) = [{f(Z,A.i):cm} _‘[{f(ZyA-i):Cm}yi(COl) + ]{f(z,A.i):coo}yz‘(Coo)_

Yi(00) = L (z,a.)=cop} _[{f(Z,A.i):cm}yi(COl) + [{f(Z,AAi)zcog}yi(COO)_ :

By the definition of P(d;,«,5) in (4.2), we have P(d;,«,p)
diag(s(di7a7ﬁ)7 Q(di7057ﬁ))7 where

S(ds. o, ) = { U 12,4 ) 1124 0=cn}] E[I{f(Z,A.i):cu}I{f(sz»z‘)ZCw}]:|
Ell 2.4 )= i1z Aan=cn}) Ell{yz.4 )=c0l{7(Z,4.)=c10}]
Qs 0. B) [E[I{f(Z,A.i)_cm}I{f(Z7A<i)=COI}] EU{f(z,;x.i)_cm}I{ﬂz,A.i):coo}]}
Ell 124 )= 117 Z.a0=cor]  Ell{1(2 4 )=coo} [11(2.4.)=co0}]



118

and

Su(dsy o, 8) = p{1 = (1= p)* = (1= ap)™ % [(1 = (1= B)p)* — (1 = p)*] },
Shald;, 0, 8) = p(1 = p)* [L = (1 - ap)™7'=4],
Sin(d; . ) = p(L = ap)* 4 [(1 = (1= B)p)* = (1= p)*],
&mMmm—pu—><1—waP%

) =

S(di,Oé 5 - Q(dz7a>ﬁ)

Then, Ynvme, in (4.3) can be written as

Ivmei(c1) = S (fj B) gi(c1n) + Sl_zl(du Q, B) - i(c10),
I (ci0) = Syt ( i, &, B) - Gi(enn) + Sag(ds, &, B) - §i(ca0),
Ivme.i(col) = Qi1 (d &

,B) - Gilcor) + Qi (ds, &, B) - 5i(coo),

M. (Coo) = Qgﬂl((jﬁ &, B) - Gi(cor) + Qz}l(dz‘, a, B) - Ji(coo),

where @&, B are method-of-moments estimators obtained by Algorithm 3.1 in Chapter

3 d — (Nv—l)

laﬂ and

1

Cp[l-[1- (1= Aplt]

PP 1— (1 —ap)™t-d
T e[ (- ]
L ) e O
p(1 =p)®[1—[1 - (1—B)p]*]
_ 1=t -0 =ap)™ 0 - (- )t - (1 - p)*]
p(1 = p)%(1 = ap)N=1=di[1 = [1 = (1 = B)p]]

A

Q'(d, &, B) = —L— 8V, &, B).

)
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Thus, conditional expectations of gnmg,i(ck) are

[Sﬂl(dm @,B) 'Zf(cna C11) + 51}1(0@'7 @aB) ']5?(010, 011)] yi(Cn)

A A A

E[QMME,i(CH)’A} =
+ Sl_ll<di7 &, B) - pi(c11, cr0) + S13' (dy, &, B) - 15 (10, €10) | yi(c10),
[A] =

~

E [gavmE,i(cro) Sot(di, &, B) - pS(car, enn) + Sag(ds, &, B) - ¢ (cro, 011)] yi(ci)

+ S (Cz Q B) - pi (e, cro) + S{zl(di,@,B) - p5 (10, c10) |Yi(C10),

E [jhoie. (co0)| A] = Q7' (dis &, 8) - B (cor, con) + Qs (di, & B) - 5 oo con) [ (o)
+ | (dis s B) - i cons con) + Qi (i, B) - ¢ cons o) i o)

E [Jhoae. (coo) A] = [Q31'(dis &, B) - B (cor, con) + Qi (di, & B) - 5 oo, con) [ i)
+ | Qz (di, &, B) - (eon, con) + Qi (d . B) - B (coo, coo) | wi(con),
(B.9)

where

B (e, en) = p[l = (L =p)" = (1= p)* + (1= p)*ra4],
P (c10, c10) = p(1 — p)titdi=di,
BE(euseno) = 1~ 1 — (1~ A4,

P (croen) = p(1 — p)®[1 — (1 — p)%=],

. IL—p

b; (001> 001) T D; (011, 011)

. 1 -

b; (Coo, Coo) T D; (010, 010)

“e 1 - P

b; (001, Coo) = T b; (011, ClO)a
1 —

ce p
b; (0007 001) T D; (0107 011)
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Remark B.1 Note that &, B are method-of-moments estimators based on three ob-
served networks A, A, and A,.. Thus, the expectations in (B.9) are actually condi-

tional on A, A*, and A** For notational simplicity, we omat A*, A**

Next, we compute the expectation of E[ngME,i(ck) . ]{dize(l/p)}|A:|' For the exposure

level ¢q1, notice that

_ [1—(1—p)f"] A p) %]
1—[1—(1-08)p]* (1—ap)

Sﬁl(a@-,d,ﬁ) '135(611,011) + szl(ti' a B) 'ﬁf(Cloacn)
—d;

[1 - [1 - (1 — Bypla]

Since Var[(1—(1—8)p)%] = o(1), we have [1—(1—8)p]% L limy, oo E[(1—(1—B)p)%].
By continuous mapping theorem, we obtain 1 — [1 — (1 — 8)p](&—e@v=1)/(1~a=5) L
iy, o0 L—[1—(1—B)p|~oWMe=D/(A=a=B)(E[(1— (1—B)p)%])/(1~2=B). Note that & — a
and 3 i B. Then, by lemma B.2, we have 1 —[1 — (1 —ﬁ)p]di — limpy, 4o 1 —[1—(1—
B)p]eWo=D)/(A=a=B)(E[(1 — (1 — B)p)%])/(1~=A) By continuous mapping theorem,
we obtain 1/[1 —[1— (1 —3)p]%] 5 limy, e 1/E[L — [ — (1 — B)p]di—a®o=1))/(1=a=A)],

Therefore, we have

1-(-pt
i e e
_ [1—(1-p)*
1—[1—(1-B)p|-oWo=1)/(-a=B)(E[(1 — (1 — ﬁ)p)tii])l/(l—a—ﬁ)

+o(1).

Similarly, we can show

(1—p)*[1— (1 —p)"] I }
(1 — Gp)No—1- d; [1 . — - B)p]‘ﬂ {di=0(1/p)}
_ (1 —ap)M="%[(1 = (1 = B)p)* — (1 — p)*]
T 11— (1— A)pleMeD/—a=B)(E[(1 — (1 — B)p)d])/(1—a—p)
(A —ap™ [0 - (1Bt~ (1 —p)"]
(1 — ap)Ne—1H+a(Noe=1)/(0—a=B)(E[(1 — Odp)*(zi])l/(lfafﬂ)

+o(1).
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Then, direct computations yield to
E[{S1)! (di, &, B) - 5 (cr1, en1) + S (diy &, B8) - 5 (10, €11)} - Iig—oqa ) = 1+ 0(1).
Similarly, we have
E[{Si1!(di, &, B) - 5 (c11, cr0) + Spa' (di, &, B) - 5 (10, ¢10)} + Tii—oa ) = 0(1)-

Thus, we obtain E[gymei(c11) - I{di:@u/p)}] = y;(c11) +0(1). Analogously, we can show
E [y, (ck) - Lii—o(/pn) = vilcr) +o(1) for other exposure levels.

(ii) Consistency.

Since Uygp(cr) is an asymptotically unbiased estimator of 7(cg), it suf-
fices to show Var(Jymm(ck)) = o(1). Note that & 5 oa, B 5 B
Var(Jyne (c)|A) and E(Fys(cr)|A) are bounded, by Lemma B.3, we have

Var(Yyp(cr)) (unknown error rates) — Var(Jyyg(cr)) (known error rates) = o(1).

di—(Ny—1)ax

Next, we compute Var(Jynm(ce)) when a and 8 are known, i.e., d; = TR

By Cauchy-Schwarz inequality and the inequality 2uv < u? + v%, we have

Ny

g 1 ~
Var[yMME(Ck)] S 2 {Var [F Z yMME,i(Ck> . I{dl:@(l/p)}]
v =1
1
+ Var [F Z gA&S,i(Ck) ' I{cziZO(l/p) or w(l/p)}i| }
vi=1

Following the proof of Theorem 2, we can show Var [Niv S Gagsi(cr) -
Ny -~

Ldimo(1/p) or wiijpy| = 0(1). Next, we prove Var[zv% 2is1 Puamiei (i) I{dF@(l/p)}] =

o(1).

For the exposure level ¢y, we have

vmMEi(Coo) = Q;ll(dz» @, B)ﬁi(cm) - Uags.i(cor) + Q2_21<Czia Q, B)ﬁz‘(coo) - Jags,i(Coo),
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where Q57 (di, &, 3)pi(cor) and Qg (di, &, B)pi(coo) are bounded when d; = ©(1/p).
Again, by Cauchy-Schwarz inequality and the inequality 2uv < u? + v?, we obtain

1 =
Var [F > i (coo) - f{czF@(l/p)}]

AN
[\
—N
5
=
i ng
S
=~
Q>
=

)pz (001)yA&S 1(001) I{(L‘:@(l/p)}:|

N,
1 ~—= .,
+ Var [ﬁ > Qs (di, &, B)pi(con)ases.i(coo) I{&i:@a/p)}} } (B.10)

Thus, it suffices to show the two variances in (B.10) go to zero as N, — oo. Here, we

show Var[ SN Qs (di, &, B)Pi(coo)Taws.(coo) - I{dizeu/p)}] = o(1). The other one

can be proved similarly.

By the law of total variance, we have
1 & .
Var[ﬁ > Q5 (di, &, B)pi(con)iases.i(coo) ]{czi:(a(l/p)}]
Y =1
1 & -
= Var [E(Nv ; Q2 (d;, & B)pi(coo)Fags.i(coo) - [{di=@(1/p)}|A>}
Ny
1 . . R -
+E [Var<Nv ; Qaz (dis &, H)Bi(coo) s (o) - I{cii=@(1/p)}‘A>] '

A

Since Qg (di, &, B)pi(con) - Iig,—eq1/py = O(1), we obtain
Var[ ( Zsz (di, & pz(coo)yA&Sl(COO) [{[ii:@(l/p)}|A>:|
1 B ~
_ o<m a( L zyA&S,WA)}).
voi=1

Notice that Var []E(N% Zf\i’l gA&SJ(COO)’A)] = 0(1) (shown in the proof of Theorem
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2), we obtain

Var |E ( ZQ22 (ds, &, B)pi(con) s (con) - Tig—omy|A) | = 0(1).

Following the proof of Theorem 3.2, we can show

Var( ZQ22 pz(COO)yA&S1(COO) I{ji:@(l/p)}’A)
Ch 1 GiDs; (con)

< —

B NE Z ¢(coo)  NZ Zzpz (coo P] C00)

where C and Cy are positive constants. By Proposition 3.4 and (B.7), we obtain

[Var( ZQQQ d pz(Coo)yA&Sl(Coo) I{ji:@u/p)ﬂ;i)] = 0(1)-
These complete the proof.

Proof of Theorem 3.5

The proof of Theorem 3.5 is same as that of Theorem 3.4.

B.4 Proofs of theorems in the generalized four-level exposure
model

Proof of Theorem 5.1

For m; = 1, direct computations lead to the results in Theorem 5.1. Here, we show

the case when m; > 2. Note that, for all 1 <z < d;, we have (Das (2016))

G =(t)<%
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For the exposure level cyy, we obtain

mi;—1
e 1 - D - z d;—zx d;+1
- P . — . _ i _ i
P (cor) > Tyt ;(dzp) (1—p)* "+ (1—p)
1 (dip)™i (1 —p)~ ) — (1 —p)
> O 1 o dz-l-l(
- 1< p> p(dz ‘I’ 1) — 1
and
m;—1
pfcon) < (1=p) Y (dip)"(1 = p)"~" + (1 —p)* ™
r=1

di+1 (dip)™ (1 — p)~ (™1 — (1 —p)
p(d;+1)—1 ’

< Cy(1—=p)

where C} and Cy are positive constants. Thus, if p = o(1), we have

(o277 4= wii/n),

edip

pi(cor) = @(1), d; = ©(1/p),

\@(1), d; = o(1/p).

For the exposure level cqy/, we have

mi—l

e T p— pmz 1 — D di_(mi_l) - de—l
pileo) > (L—p) 3 (1= p)® > Cy(1 — p) L=
=1

1—2p
and
d,
1-— p - die (dip)di"rl _ (dip)mi(l _ p)di—(mi—l)
¢ ) < d T 1 _ i—I < 1 o

where C3 and C} are positive constants. Together with p¢(co1r) =1 — p — p§(coor), we
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obtain

(1), di = w(1/p),
(1) and Q(p™), d; = ©(1/p),

((dp)™) and Q™). d; = o(1/p).

)
S
pi(cor) =4 O
O

\

Note that pf(ci1/) = p/(1 — p) - p§(corr) and p§(cio) = p/(1 — p) - p§(coor). The results

for exposure levels ¢ and ¢ follow.

B.5 Proofs for Pareto degree distribution without a cutoff

In this section, we show that assume a four-level exposure model and Bernoulli
random assignment of treatment with p. In the inhomogeneous graph where the
asymptotic degree distribution is the Pareto distribution with shape ¢ > 1, lower
bound d;, upper bound N, — 1 and mean d, under Assumption 3.4, Condition 3.1
doesn’t hold for levels ¢g.

As N, — 0o, we have

“© No—1
= (Nv- ]\L/_ : (l—p)_xm_(CJrl)dm). (B.11)
PNy
dr,

Note that lim, . (1 — p) "2~ = lim,_,,, p*T'eP*. By (B.11), we have

E[1/p*(c0)] = QN - (dzp)© - ™). (B.12)
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Next, we compute the order of d;. By the definition of expectation, we have

( N, —1
log( >
¢ . L e
No—1 s Cdp 1_( d ><’ if¢=1
. L —(C+1) 7 N, —1
/x ) ( dr, )Cm dz = 1_( dr, )C_l
d B w— d _
" Ny —1 2 . Ny, — 1 , otherwise,
\ N, —1

Therefore, as N, — oo, we obtain d;, = ©(d) when { > 1. By (B.12), we have
E[1/p¢(c10)] = Q(N,). Therefore, condition 3.1 doesn’t hold.
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