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UNCERTAINTY QUANTIFICATION IN NOISY

NETWORKS

WENRUI LI

Boston University, Graduate School of Arts and Sciences, 2021

Major Professor: Eric D. Kolaczyk, Ph.D.
Professor of Statistics

ABSTRACT

In recent years there has been an explosion of network data from seemingly all

corners of science – from computer science to engineering, from biology to physics, and

from finance to sociology. We face analogues of many of the same fundamental types

of problems encountered in a ‘Statistics 101’ course when analyzing network data.

Despite roughly 20 years of research in the area, one of the fundamental capabilities

that we still lack is quantifying uncertainty through propagation of network error. We

conduct basic research laying statistical foundations for uncertainty quantification

of this type, within a handful of key paradigms, focusing on problems ranging from

epidemics to experiments on networks, when at least a few network replicates are

available. Specifically, we study causal inference on noisy networks, and estimation

of epidemic reproduction numbers in network-based and non-network-based settings.

Ultimately, our work will bring critical insight into how ‘noise’ at the level of observed

network connectivity impacts critical inferences and decisions derived from data in

complex network systems.
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Chapter 1

Introduction

The analysis of network data is widespread across the scientific disciplines. Techno-

logical and infrastructure, social, biological, and information networks are a few of the

major network classes in which such analyses have been employed. Certainly, in most

applied settings it is widely recognized by practitioners that there is measurement

error associated with common types of network constructions. But there has been

almost no serious attention to date given to the formal probabilistic characterization of

the propagation of such error and statistical methods accounting for such propagation.

In dissertation, I will show my work on three topics related to uncertainty analysis for

noisy networks.

Chapter 2 discusses the epidemic branching factor in noisy contact networks.

Epidemic modeling, while not at all new, has taken on renewed importance this year

due to the COVID-19. Many key concepts in mathematical epidemiology depend on

the branching factor – for example, the basic reproduction number R0. The branching

factor captures a notion of the average degree of the vertex reached by following an

edge from a vertex and, therefore, measures the rate of spreading across the network.

Moreover, contact network information generally is available only up to some level

of error. We quantify how such errors propagate to the estimation of the branching

factor, and provide a method-of-moments estimator for the true branching factor when

as few as three replicates of the observed network are available. Numerical simulation

suggests that high accuracy is possible for estimating branching factors in networks of
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even modest size.

Chapter 3 focuses on causal inference under network interference with noise. In-

creasingly, there is a marked interest in estimating causal effects under network

interference due to the fact that interference manifests naturally in networked ex-

periments. Extensive work regarding uncertainty analysis has been done in causal

inference without the network structure or interference. But, to our best knowledge,

there has been little attention to date given towards uncertainty analysis of estimators

for average causal effects under network interference. We study the propagation of such

errors to estimators of average causal effects under network interference. Specifically,

assuming a four-level exposure model and Bernoulli random assignment of treatment,

we characterize the impact of network noise on the bias and variance of standard

estimators. In addition, we propose method-of-moments estimators for bias reduction.

We illustrate the practical performance of our estimators through simulation studies

in British secondary school contact networks.

Chapter 4 provides estimation of local time-varying reproduction numbers in noisy

surveillance data. A valuable metric in understanding infectious disease local dynamics

is the local time-varying reproduction number, i.e. the expected number of secondary

local cases caused by each infected individual. Accurate estimation of this quantity

requires distinguishing cases arising from local transmission from those imported from

elsewhere. Realistically, we can expect identification of cases as local or imported

to be imperfect. We study the propagation of such errors in estimation of the local

time-varying reproduction number. In addition, we propose a Bayesian framework

for estimation of the true local time-varying reproduction number when identification

errors exist. And we illustrate the practical performance of our estimator through

simulation studies and with outbreaks of COVID-19 in Hong Kong and Victoria,

Australia.
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Chapter 2

Estimation of the Epidemic Branching

Factor in Noisy Contact Networks

In this chapter, we study the propagation of network noise to the estimation of

the branching factor. Specifically, we characterize the impact of network noise on the

bias and variance of the observed branching factor for arbitrary true networks, with

examples in sparse, dense, homogeneous and inhomogeneous networks. In addition, we

propose a method-of-moments estimator for the true branching factor. We illustrate

the practical performance of our estimator through simulation studies and with contact

networks observed in British secondary schools and a French hospital. This chapter is

adapted from Li et al. (2020a).

The organization of this chapter is as follows. Section 2.1 introduces the problem

and previous relevant work. In Section 2.2 we provide background on the noise

model and branching factor. In Section 2.3 we then present results for the bias

and variance of the observed branching factor in sparse, dense, homogeneous and

inhomogeneous networks. Section 2.4 proposes our method-of-moments estimator for

the true branching factor. Numerical illustration is reported in Section 2.5. All proofs

are relegated to supplementary material A.

2.1 Introduction

Epidemic modeling, while not at all new, has taken on renewed importance this

year due to the COVID-19. Many key concepts in mathematical epidemiology depend
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on the branching factor – for example, the basic reproduction number R0. The latter

is generally defined as the number of secondary infections expected in the early stages

of an epidemic by a single infective in a population of susceptibles (Anderson and

May (1991); Diekmann and Heesterbeek (2000)). The importance of R0 in the study

of epidemics arises from its role in so-called threshold theorems, which state under

which conditions the presence of an infective individual in a population will lead

to an epidemic (Whittle (1955)). In the so-called configuration susceptible-exposed-

infectious-removed (SEIR) models, R0 can be shown to equal θ(κ− 1)/(θ + γ). Here

θ and γ are infection and recovery rates, respectively (Trapman et al. (2016)), while

the branching factor, κ, is a measure of heterogeneity of a network. The branching

factor captures a notion of the average degree of the vertex reached by following an

edge from a vertex and, therefore, measures the rate of spreading across the network.

It is evident that knowing the value of κ is vital for effective control responses in the

early stages of an epidemic. In addition, various thresholds in epidemiological and

percolation theory rely on the branching factor. In the discussion section, we provide

details on how knowledge of the branching factor informs those statistics.

Increasingly, contact networks are playing an important role in the study of

epidemiology. Knowledge of the structure of the network allows models to take

into account individual-level behavioral heterogeneities and shifts. Network-based

approaches have been explored for investigating disease outbreaks in human (Eubank

et al. (2004)), livestock (Kao et al. (2006)) and wildlife (Craft et al. (2009)) populations.

Moreover, contact network information generally is available only up to some level

of error – also known as network noise. For example, there is often measurement

error associated with network constructions, where, by ‘measurement error’ we will

mean true edges being observed as non-edges, and vice versa. Such edge noise occurs

in self-reported contact networks where participants may not perceive and recall all
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contacts correctly (Smieszek et al. (2012)). It can also be found in sensor-based

contact networks where automated proximity loggers are used to report frequency and

duration of contacts (Drewe et al. (2012)). Contact tracing, and the contact networks

that result, currently is playing a central role in the fight to control COVID-19 globally

(especially in conjunction with testing) (Cevik et al. (2020), Juneau et al. (2020),

Kretzschmar et al. (2020)). We investigate how network noise impacts on the observed

value of κ and, therefore, on our understanding of infectious diseases spreading.

Extensive work regarding uncertainty quantification has been done in the field of

non-network epidemic modeling, where populations are assumed uniform and with

homogeneous mixing. Given adequate data, estimates of model parameters, such

as θ and γ, can be produced with accompanying standard errors. Methods for this

purpose are reviewed in (Andersson and Britton, 2012, Chapter 9–12) and Becker and

Britton (1999). Many studies have explored the effects of uncertainty in parameter

estimation on basic epidemic quantities. For instance, there have been efforts to

quantify uncertainty in R0 around recent high profile emergent events, including

severe acute respiratory syndrome (SARS) (Chowell et al. (2004a)), the new influenza

A (H1N1) (White et al. (2009)), and Ebola (Chowell et al. (2004b)). But, to our

best knowledge, there has been little attention to date given towards uncertainty

analysis of κ and relevant quantities in network-based epidemic models. Exceptions

include real-time estimation of R0 at an early stage of an outbreak by considering the

heterogeneity in contact networks (Davoudi et al. (2012)), and measurability of R0 in

highly detailed sociodemographic data with the clustered contact structure assumed

of the population (Liu et al. (2018)).

As remarked above, there appears to be little in the way of a formal and gen-

eral treatment of the error propagation problem in network-based epidemic models.

However, there are several areas in which the probabilistic or statistical treatment of
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uncertainty enters prominently in network analysis. Model-based approaches include

statistical methodology for predicting network topology or attributes with models

that explicitly include a component for network noise (Jiang et al. (2011), Jiang and

Kolaczyk (2012)), the ‘denoising’ of noisy networks (Chatterjee et al. (2015)), the

adaptation of methods for vertex classification using networks observed with errors

(Priebe et al. (2015)), and a general Bayesian framework for reconstructing networks

from observational data (Young et al. (2020)). The other common approach to network

noise is based on a ‘signal plus noise’ perspective. For example, Balachandran et al.

(2017) introduced a simple model for noisy networks that, conditional on some true

underlying network, assumed we observed a version of that network corrupted by an

independent random noise that effectively flips the status of (non)edges. Later, Chang

et al. (2020) developed method-of-moments estimators for the underlying rates of

error when replicates of the observed network are available. In a somewhat different

direction, uncertainty in network construction due to sampling has also been studied

in some depth. See, for example, (Kolaczyk, 2009, Chapter 5) or Ahmed et al. (2014)

for surveys of this area. However, in this setting, the uncertainty arises only from

sampling—the subset of vertices and edges obtained through sampling are typically

assumed to be observed without error.

Our contribution is to quantify how such errors propagate to the estimation of the

branching factor, and to provide estimators for κ when as few as three replicates of the

observed network are available. Adopting the noise model proposed by Balachandran

et al. (2017), we characterize the impact of network noise on the bias and variance

of the observed branching factor for arbitrary true networks, and we illustrate the

asymptotic behaviors of these quantities on networks for varying densities and degree

distributions. Our work shows that, in general, the bias in empirical branching factors

can be expected to be nontrivial and is likely to dominate the variance. Accordingly,
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we propose a parametric estimator of the branching factor, motivated by Chang et al.

(2020), who recently developed method-of-moments estimators for network subgraph

densities and the underlying rates of error when replicates of the observed network are

available. Numerical simulation suggests that high accuracy is possible for estimating

branching factors in networks of even modest size. We illustrate the practical use of

our estimators in the context of contact networks in British secondary schools and a

French hospital, where a small number of replicates are available.

2.2 Background

In this section, we provide essential notation and background.

2.2.1 Noise model

We assume the observed graph is a noisy version of a true graph. Let G = (V,E)

be an undirected graph and Gobs = (V,Eobs) be the observed graph, where we

implicitly assume that the vertex set V is known. Denote the adjacency matrix of G

by A = (Ai,j)Nv×Nv and that of Gobs by Ã = (Ãi,j)Nv×Nv . Hence Ai,j = 1 if there is a

true edge between the i-th vertex and the j-th vertex, and 0 otherwise, while Ãi,j = 1

if an edge is observed between the i-th vertex and the j-th vertex, and 0 otherwise.

And denote the degree of the i-th vertex in G and Gobs by di and d̃i, respectively. We

assume throughout that G and Gobs are simple.

We express the marginal distributions of the Ãi,j in the form (Balachandran et al.

(2017)):

Ãi,j ∼


Bernoulli(αi,j), if {i, j} ∈ Ec

Bernoulli(1− βi,j), if {i, j} ∈ E,

where Ec = {{i, j} : i, j ∈ V ; i < j}\E. Drawing by analogy on the example of

network construction based on hypothesis testing, αi,j can be interpreted as the
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probability of a Type-I error on the (non)edge status for vertex pair {i, j} ∈ Ec, while

βi,j is interpreted as the probability of Type-II error, for vertex pair {i, j} ∈ E.

Our interest is in characterizing the manner in which the uncertainty in the Ãi,j

(as a noisy version of Aij) propagates to the branching factor. Here we focus on a

general formulation of the problem in which we make the following three assumptions.

Assumption 2.1 (Constant marginal error probabilities) Assume that

αi,j = α and βi,j = β for all i < j, so the marginal error probabilities are P(Ãi,j =

0|Ai,j = 1) = β and P(Ãi,j = 1|Ai,j = 0) = α.

Assumption 2.2 (Independent noise) The random variables Ãi,j, for all i < j,

are conditionally independent given Ai,j.

Assumption 2.3 (Large Graphs) Nv →∞.

In Assumption 2.1, we assume that both α and β remain constant over different

edges. Under Assumption 2.2, the distributions of d̃i is

d̃i =
Nv∑
j=1

Ãj,i ∼ Binomial(Nv − 1− di, α) + Binomial(di, 1− β).

Assumption 2.2 is not strictly necessary. See Remark 2.4 in Section 2.4. Assumption

2.3 reflects both the fact that the study of large graphs is a hallmark of modern applied

work in complex networks and, accordingly, our desire to understand the asymptotic

behavior of the branching factor and provide concise descriptions in terms of the bias

and variance for large graphs.

Remark 2.1 Note that α and β can be constants or o(1) as Nv →∞. For example,

under Assumption 2.4, if β is constant and |E| = o(|Ec|), then α = o(1). Thus, α

and β are actually α(Nv) and β(Nv). For notational simplicity, we omit Nv.

In addition to the core Assumptions 2.1 – 2.3, we add a fourth assumption, upon

which we will call periodically throughout the chapter when desiring to illustrate our

results in the special case.
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Assumption 2.4 (Edge Unbiasedness) α|Ec| = β|E|, so that the expected number

of observed edges equals the actual number of edges.

Our use of Assumption 2.4 reflects the understanding that a ‘good’ observation

Gobs of the graph G should at the very least have roughly the right number of edges.

Remark 2.2 Assumption 2.4 cannot guarantee the unbiasedness of higher-order sub-

graph counts. (Balachandran et al. (2017))

2.2.2 The branching factor in network-based epidemic models

In general, the epidemic threshold of a network is the inverse of the largest

eigenvalue of the adjacency matrix. Under some configuration models, the branching

factor is often a good approximation of the largest eigenvalue (Pastor-Satorras et al.

(2015)).

Let G be a network graph describing the contact structure among Nv elements

in a population. If G derives from a so-called configuration model, as is commonly

assumed in the network-based epidemic modeling literature, then the branching factor

takes the following form (Buono et al. (2014)).

Definition 2.1 For graph G with Nv nodes, the branching factor is

κ =


∑Nv

i=1 d
2
i /Nv∑Nv

i=1 di/Nv

if
∑Nv

i=1 di > 0

0 if
∑Nv

i=1 di = 0,

where di is the degree of node i.

Accordingly, we denote the branching factor in the noisy network by κ̃. Besides

the basic reproduction number, R0, described in the introduction, there are other

quantities depending on the observed branching factor. These include the percolation

threshold 1/(κ̃− 1), the epidemic threshold 1/(κ̃− 1), and the immunization threshold

1− 1/(λκ̃), where λ is the spreading rate (Pastor-Satorras et al. (2015)).
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2.3 Bias and variance of the observed branching factor

In this section, we first quantify the asymptotic bias and variance of the observed

branching factor for arbitrary true networks. We then show specific results for four

typical classes of networks: sparse and homogeneous, sparse and inhomogeneous,

dense and homogeneous, and dense and inhomogeneous. Next, we provide numerical

illustrations. See supplementary material A.3–A.6 for all proofs related to the observed

branching factor.

2.3.1 Arbitrary network topology

We present general results for the asymptotic bias and variance of the observed

branching factor in arbitrary true networks.

Theorem 2.1 We define X =
∑Nv

i=1 d̃i
2
, Y =

∑Nv
i=1 d̃i and we assume EY > 0, and

EY = Ω(Nv) (Nv →∞). Then, under Assumption 2.2, for any η > 0, we have

Bias[κ̃] =
EX
EY
− κ+O

( 1

(EY )1/(2+η)

EX
EY

)
as Nv →∞.

Remark 2.3 Theorem 1 reflects the fact that, under certain assumptions, EX/EY is

a good approximation of E(X/Y · I{Y >0}), i.e., E(κ̃).

Theorem 2.2 Under assumptions in Theorem 2.1 and Assumption 2.1 and 2.4, for

any η > 0, we have

Bias[κ̃] = (2− α− β)
[
α(Nv − 1) + β − (α + β)κ

]
+O

( 1

(EY )1/(2+η)

EX
EY

)
as Nv →∞.

Theorem 2.1 shows the asymptotic bias of the observed branching factor in terms of

the expectations of the first and second moments of the observed under Assumption 2.2.

Theorem 2.2 relies on Assumptions 2.1 – 2.4 and provides a more explicit expression

for the leading term of the asymptotic bias in this special case.
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Under certain assumptions, we provide upper bounds for asymptotic variances of

the observed branching factors and derive good approximations of asymptotic variances

for arbitrary true networks. Considering that variances are important and complicated,

we briefly show a main outcome here and give details in the supplementary material

A.2.

We assume EY > 0, EY = Ω(Nv), and 1− β = Ω(Nv). Then, under Assumption

2.1, 2.2, and 2.4, we have

Var[κ̃] = O

(
E
[(XEY − Y EX)2

(EY )4

])
as Nv →∞.

This provides upper bounds for asymptotic variances of the observed branching factors.

By making additional assumptions on the network density and degree distribution, we

can obtain the order of the O term and therefore the order of the variance.

2.3.2 Specific network topology

By making assumptions on the network density and degree distribution, we can

obtain a more nuanced understanding of the limiting behavior of the observed branching

factor in terms of bias and variance when the number of nodes tends towards infinity.

Specifically, we consider the combinations of sparse versus dense and homogeneous

versus inhomogeneous networks. By the term sparse we will mean a graph for which

the average degree d̄ = Θ(logNv), and by dense, d̄ = Θ(N c
v), where 0 < c < 1. By

the term homogeneous we mean the degrees follow a Poisson distribution, and by

inhomogeneous, the degrees follow a truncated Pareto distribution.

Corollary 2.1 (Sparse and homogeneous, dense and homogeneous) In the

sparse homogeneous graph and dense homogeneous graph, under the assumptions

in Theorem 2.2 and β = O(1) (Nv →∞), we have

Bias[κ̃] = o(κ) as Nv →∞.
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Corollary 2.2 (Sparse and inhomogeneous, dense and inhomogeneous)

In the sparse inhomogeneous graph and dense inhomogeneous graph, under the

assumptions in Theorem 2.2 and β = O(1) (Nv →∞), we have

Bias[κ̃] =

−β(2− α− β)κ+ o(κ) if 0 < ζ ≤ 2

−β(2− α− β)
κ

(ζ − 1)2
+ o(κ) if ζ > 2

as Nv →∞, where ζ is the shape parameter of the truncated Pareto distribution.

In summary, the observed branching factor is asymptotically unbiased in the

homogeneous network setting, but asymptotically biased in the inhomogeneous network

setting. The bias of the observed branching factor is negative which reflects the fact

that the observed graph is typically more homogeneous then the true graph in the

inhomogeneous setting. The bias depends on α, β, and ζ, and when the shape ζ > 2,

the bias decreases as ζ increases. The different results in the homogeneous and

inhomogeneous network setting also reflect Remark 2.2 since the branching factor is

related to the second-order moment.

Theorem 2.3 (Sparse, dense, homogeneous, and inhomogeneous) In the

combinations of sparse versus dense and homogeneous versus inhomogeneous networks,

under the assumptions in Theorem 2.2 and β = O(1) (Nv →∞), we have

Var[κ̃] = o(Bias[κ̃]) as Nv →∞.

Note that the orders of the variances are asymptotically dominated by the corre-

sponding biases for all four cases. Therefore, in noisy contact networks, bias would

appear to be the primary concern for the observed branching factor. In turn, our

simulation results (below) suggest that in practice this empirical bias can be quite

substantial.
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2.3.3 Simulation study

We focus on two types of networks in the simulation study: random Erdős-Rényi

networks and random scale-free networks using a preferential attachment mechanism.

The first type has a Poisson degree distribution, and the second type has a power law

distribution. We construct two types of networks with 10,000 nodes and average degree

around 50 or 100 and view them as true networks. Then we generate 10,000 noisy,

observed networks according to (2.2.1). We set β = 0.1, 0.2, 0.3 and α = β|E|/|Ec|

(i.e., to enforce edge-unbiasedness). For each observed network, we compute κ̃. Also,

we run 1,000 times bootstrap resampling to obtain 95% confidence intervals for biases

and variances. Biases and variances are shown in Figure 2.1. Error bars are 95%

confidence intervals.

From the plots, we see that the noisy branching factor is unbiased in the homoge-

neous network setting, but biased in the inhomogeneous network setting. The bias of

the observed branching factor is negative (i.e., the empirical branching factor generally

underestimates the truth). And the bias increases when error rates increase. When

the average degree increases from 50 to 100, the value of the true branching factor

decreases from 3579.76 to 3356.34 and the bias decreases, which is consistent with

Corollary 2.2. Also, variances are dominated by the corresponding biases in all cases.

2.4 Estimator for the true branching factor

As we saw in Section 2.3, the observed branching factor is biased in the inhomoge-

neous network setting. Due to the presence of heterogeneity in the level of connectivity

of contact neighborhoods for most real-world contact network data, it is important

to have new estimators for bias reduction. Simultaneous estimation of Type I and II

errors, α and β, as well as network quantities like κ, from a single noisy network is in

general impossible (Chang et al., 2020, Thm 1). We present a method-of-moments
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Figure 2.1: Biases and variances of observed branching factors in ho-
mogeneous and inhomogeneous networks with different average degrees.
Error bars are 95% confidence intervals (and often not visible, due to
the scale of bias versus variance).
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estimator, which needs a minimum of three replicates.

We adapt the method-of-moments estimators (MME) of subgraph density in Chang

et al. (2020), which require at least three replicates of the observed network. Let CV1

and CV2 denote the edge density and the two-stars density, respectively. Then

CV1 =
1

|V1|
∑

v=(i1,i′1)∈V1

Ai1,i′1

and

CV2 =
1

|V2|
∑

v=(i1,i′1,i2,i
′
2)∈V2

Ai1,i′1Ai2,i′2 ,
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where V1 = {(i1, i′1) : i1 < i′1} and V2 = {(i1, i′1, i2, i′2) : i′1 = i2, i1 6= i2 6= i′2}.

Next we define

ˆ̄d = (Nv − 1)ĈV1 ,

ˆ̄
d2 = (Nv − 1)(Nv − 2)ĈV2 + ˆ̄d,

where ĈV1 and ĈV2 are method-of-moments estimators of CV1 and CV2 , which we will

define later. Thus, our estimator of κ is given by:

κ̂ =
ˆ̄d2

ˆ̄d
= (Nv − 2)

ĈV2

ĈV1
+ 1. (2.1)

Theorem 2.4 Under Assumptions 2.1 and 2.2, κ̂ has asymptotic normal distribution

with mean κ.

See supplementary material A.7 for proof of Theorem 2.4. Note that κ̂ is an

asymptotically unbiased estimator for κ, where the asymptotics is in N2
v , i.e., the

square of the number of vertices in the network. To compute κ̂, we first estimate CV1

and CV2 by methods used in Chang et al. (2020). Define relevant quantities as follows:

u1 = (1− δ)α + δ(1− β),

u2 = (1− δ)α(1− α) + δβ(1− β),

u3 = (1− δ)α(1− α)2 + δβ2(1− β),

where δ is the edge density in the true network, u1 is the expected edge density in

one observed network, u2 is the expected density of edge differences in two observed

networks, and u3 is the average probability of having an edge between two arbitrary

nodes in one observed network but no edge between same nodes in the other two
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observed networks. The method-of-moments estimators for u1, u2 and u3 are

û1 =
2

Nv(Nv − 1)

∑
i<j

Ãi,j,

û2 =
1

Nv(Nv − 1)

∑
i<j

|Ãi,j,∗ − Ãi,j|,

û3 =
2

3Nv(Nv − 1)

∑
i<j

I(Exactly one of Ãi,j,∗∗, Ãi,j,∗, Ãi,j equals 1).

(2.2)

where Ã∗ = (Ãi,j,∗)Nv×Nv , Ã∗∗ = (Ãi,j,∗∗)Nv×Nv are independent and identically

distributed replicates of Ã.

Calculation of the estimator κ̂ in (2.1) and the estimation of its asymptotic variance

can be accomplished as detailed in Algorithm 2.1 below and Algorithm A.1 in the

supplementary material A.8, respectively. The variance estimation is based on a

nonstandard bootstrap, as introduced in Chang et al. (2020).

Algorithm 2.1 Method-of-moments estimator κ̂

Input: Ã = (Ãi,j)Nv×Nv , Ã∗ = (Ãi,j,∗)Nv×Nv , Ã∗∗ = (Ãi,j,∗∗)Nv×Nv , α0, ε

Output: α̂, β̂, κ̂

Compute û1, û2, û3 defined in (2.2);
Initialize α̂ = α0, α0 = α̂ + 10ε;
while |α̂− α0| > ε do

α0 ← α̂, β̂ ← û2−α0+û1α0

û1−α0
, δ̂ ← (û1−α0)2

û1−û2−2û1α0+α2
0
, α̂← û3−δ̂β̂2(1−β̂)

(1−δ̂)(1−α0)2
;

Compute k̂3 = 1− α̂− β̂, ĈV1 = 2

k̂3Nv(Nv−1)

∑
i<j(Ãi,j − α̂),

ĈV2 = 1

k̂23Nv(Nv−1)(Nv−2)

∑
i 6=j 6=l(Ãi,j − α̂)(Ãj,l − α̂), κ̂ = (Nv − 2)

ĈV2
ĈV1

+ 1.

Remark 2.4 Since our estimation of the unknown parameters is based on moment

estimation, the independent noise dictated by Assumption 2.2 is not strictly necessary.

As is shown in the proof of Chang et al. (2020), the convergence rate for the moment

estimation of the unknown parameters is determined by the convergence rates of û1−u1,

û2 − u2 and û3 − u3. When some limited dependency among observed edges is present,

the convergence rates of û1 − u1, û2 − u2 and û3 − u3 still are O(1/Nv).
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2.5 Numerical illustration

In this section, we conduct some simulations and experiments to illustrate the

finite sample properties of the proposed estimation methods. We consider two types of

contact networks. One is the self-reported British secondary school contact network,

described in Kucharski et al. (2018). These data were collected from 460 unique

participants across four rounds of data collection conducted between January and

June 2015 in year 7 groups in four UK secondary schools, with 7,315 identifiable

contacts reported in total. They used a process of peer nomination as a method for

data collection: students were asked, via the research questionnaire, to list the six

other students in year 7 at their school that they spend the most time with. For each

pair of participants in a specific round of data collection, a single link was defined if

either one of the participants reported a contact between the pair (i.e. there was at

least one unidirectional link, in either direction). Our analysis focuses on the single

link contact network.

The other contact network we used is a sensor-based contact network in a French

Hospital, reported by Vanhems et al. (2013). These data contain records of contacts

among patients and various types of health care workers in the geriatric unit of a

hospital in Lyon, France, in 2010, from 1pm on Monday, December 6 to 2pm on

Friday, December 10. Each of the 75 people in this study consented to wear RFID

sensors on small identification badges during this period, which made it possible to

record when any two of them were in face-to-face contact with each other (i.e., within

1-1.5 m of each other) during a 20-second interval of time. A primary goal of this

study was to gain insight into the pattern of contacts in such a hospital environment,

particularly with an eye towards the manner in which infection might be transmitted.

We define a link if duration of contacts in one day is greater than 5 minutes and

construct networks for Tuesday, Wednesday and Thursday.
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Each data set has at least three replicates. And we consider two settings, a

simulation setting where noise is added to a ‘true’ network derived from the data and

an application setting where three replicates are each treated as noisy versions of an

unknown true network. The former results allow us to understand what finite-sample

properties can be expected of our estimators, while the latter are reflective of what

would be observed in practice with such data.

2.5.1 Simulations

For each data set, we artificially constructed a ‘true’ adjacency matrix A: if an

edge occurs between a pair of vertices more than once in observed networks, we view

that pair to have a true edge. The noisy, observed adjacency matrices Ã, Ã∗, Ã∗∗

are generated according to (2.2.1). We set α = 0.005 or 0.010, and β = 0.01, 0.15, or

0.20. We assume that both α and β are unknown.

We evaluate the method-of-moments estimate for κ and 95% confidence intervals.

Figure 2.2 shows the simulation results, in which we replicate 500 times for each setting.

The mean absolute errors (MAE) for the point estimates for the branching factor κ and

the relative frequency (RF) of coverage for the estimated 95% confidence interval for

κ are shown in Figure 2.2. Note that, MAE(κ̂) = 1
500

∑500
i=1 |κ̂i− κ|, where κ̂1, · · · , κ̂500

denote the estimated values in 500 replications of simulation, and κ denotes the true

value.

In the hospital and school networks, the estimation errors for κ increase when α

and β increase. And the estimated coverage probabilities are indeed around 95%. The

average interval lengths in the French hospital are larger than that in the four schools

due to smaller sample size.
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Figure 2.2: Mean absolute errors (MAE) of κ̂, and 95% confidence
intervals for κ in the simulation with 500 replications for noisy networks
in the hospital and schools. Reported in the plots are the relative
frequencies (RF) of the event that a confidence interval covers the
corresponding true value, and also the average Length of the intervals.
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2.5.2 Application

In the school data sets, the nodes are not all the same within a given school over

the four rounds. So, we choose the nodes common over four rounds and their edges to

obtain four replicates of the noisy networks. Since our estimation methods only need

three replicates, we select rounds 1, 2, and 3 (analogous results hold for other choices).

Similarly, for the hospital data set, we choose the nodes common over three days and

their edges to obtain three replicates of the noisy networks.

We evaluate the method-of-moments estimates for κ, 95% confidence intervals,

and the observed branching factor κ̃. Point estimates and 95% confidence intervals

for α and β are reported in Table 2.1. Figure 2.3 show the point estimates for the

branching factor κ and the observed branching factor κ̃ in each round. The error bars

are the estimated 95% confidence interval for κ.

Table 2.1: Point estimates and 95% confidence intervals for α and β
in the hospital and four schools.

α β
Networks Estimates CI Estimates CI
Hospital 0.116 ( 0.080, 0.153 ) 0.162 (−0.173, 0.499 )
School 1 0.005 ( 0.004, 0.007 ) 0.207 ( 0.140, 0.275 )
School 2 0.013 ( 0.012, 0.015 ) 0.141 ( 0.092, 0.191 )
School 3 0.013 ( 0.012, 0.015 ) 0.000 (−0.057, 0.057 )
School 4 0.020 ( 0.014, 0.025 ) 0.123 ( 0.025, 0.222 )

Table 2.1 indicates there exists nontrivial noise in all networks. The estimate of

α in the hospital network is one order of magnitude larger than that in the school

networks. Figure 2.3 shows that, in schools 2 and 3, the resulting method-of-moments

estimates for κ are lower than all of their observed values, indicating a nontrivial

downward adjustment for network noise. And most of the observed branching factors

are not in the estimated 95% confidence intervals, which further reinforces the evidence

that the true branching factor is less than those observed empirically. In schools 1

and 4, the resulting method-of-moments estimates for κ are close to their observed
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Figure 2.3: The point estimates and 95% confidence intervals for κ in
the hospital and four schools and the observed branching factor κ̃ in
each round/day.
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values. In contrast, in the French hospital, the estimate for κ is higher than all of

their observed values, indicating a nontrivial upward adjustment.

Ultimately, we see that the ability to account for network noise appropriately in

reporting the branching factor can lead to substantially different conclusions than use

of the original, empirically observed branching factor. These differences can then in

turn be translated to specific epidemic-related quantities of interest in a study.

For example, recall that R0 equals θ(κ − 1)/(θ + γ) in the network-based SEIR

model, where θ and γ are infection and recovery rates. Therefore, if we are interested in

characterizing the manner in which the uncertainty in the branching factor propagates

to R0, we can do so given knowledge or conjecture of values for these rates. Consider

the context of COVID-19, for example, for which current best knowledge suggests

parameter settings of θ = 0.016 or 0.026 and 1/γ from 8 to 24.6 (Luo et al. (2020);

Lauer et al. (2020); Linton et al. (2020); Wang et al. (2020); Wölfel et al. (2020); Verity

et al. (2020)). Estimating infection and recovery rates are important in epidemic

modeling, but we treat θ and γ as constants here for illustration, and only consider

the uncertainty in the branching factor.
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Figure 2.4: The point estimates and 95% confidence intervals for R0

in the hospital and four schools.
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Figure 2.4 shows the point estimates and 95% confidence intervals for R0 in the

hospital and four schools. School 2 consistently has the highest estimated R̂0. The

infection will be able to start spreading in a population when R0 > 1, but not if

R0 < 1. For school networks, most of the 95% confidence intervals include 1 or are

below 1 when θ = 0.016, while some are higher when θ = 0.026. The 95% confidence

intervals include 1 in all cases for the French hospital.

Data accessibility

No primary data are used in this chapter. Secondary data sources are taken

from Kucharski et al. (2018) and Vanhems et al. (2013). These data and the code

necessary to reproduce the results in this chapter are available at https://github.

com/KolaczykResearch/EstimNetReprodNumber.

https://github.com/KolaczykResearch/EstimNetReprodNumber
https://github.com/KolaczykResearch/EstimNetReprodNumber
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Chapter 3

Causal Inference under Network

Interference with Noise

In this chapter, we quantify biases and variances of standard estimators of average

causal effects in noisy networks and develop a general framework for estimation

of true average causal effects in contexts wherein one has observations of noisy

networks. Our approach requires as few as three replicates of network observations,

and employs method-of-moments techniques to derive estimators and establish their

asymptotic unbiasedness and consistency. Simulations in British secondary schools

contact networks demonstrate that substantial inferential accuracy by method-of-

moments estimators is possible in networks of even modest size when nontrivial noise

is present.

The organization of this chapter is as follows. Section 3.1 sets up the problem

and reviews previous relevant work. In Section 3.2 we present the bias and variance

of standard estimators in noisy networks under a four-level exposure model and

Bernoulli random assignment of treatment. Section 3.3 contains our proposed method-

of-moments estimators for the true average causal effects. Numerical illustrations are

reported in Section 3.4. All proofs are relegated to supplementary material B.

3.1 Introduction

In recent years, there has been an enormous interest in the assessment of treatment

effects within networked systems. Naturally, interference (Cox and Cox (1958)) cannot
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realistically be assumed away when doing experiments on networks. The outcome

of one individual may be affected by the treatment assigned to other individuals,

which violates the ‘stable unit treatment value assumption’ (SUTVA) (Neyman (1923),

Rubin (1990)). As a result, much of what is considered standard in the traditional

design of randomized experiments and the corresponding analysis for causal inference

does not apply directly in this context.

Moreover, network information generally is available only up to some level of

error, also known as network noise. For example, there is often measurement error

associated with network constructions, where, by ‘measurement error’ we will mean

true edges being observed as non-edges, and vice versa. Such edge noise occurs in

self-reported contact networks where participants may not perceive and recall all

contacts correctly (Smieszek et al. (2012)). It can also be found in biological networks

(e.g., of gene regulatory relationships), which are often based on notions of association

(e.g., correlation, partial correlation, etc.) among experimental measurements of

gene activity levels that are determined by some form of statistical inference. We

investigate how network noise impacts estimators of average causal effects under

network interference and how to account for the noise.

3.1.1 Problem setup

We assume the observed graph is a noisy version of a true graph. Let G = (V,E)

be an undirected graph and Gobs = (V,Eobs) be the observed graph, where we assume

that the vertex set V is known. Denote the adjacency matrix of G by A = (Ai,j)Nv×Nv

and that of Gobs by Ã = (Ãi,j)Nv×Nv . Hence Ai,j = 1 if there is a true edge between

the i-th vertex and the j-th vertex, and 0 otherwise, while Ãi,j = 1 if an edge is

observed between the i-th vertex and the j-th vertex, and 0 otherwise. We assume

throughout that G and Gobs are simple.

We express the marginal distributions of the Ãi,j in the form (Balachandran et al.
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(2017)):

Ãi,j ∼


Bernoulli(αi,j), if {i, j} ∈ Ec,

Bernoulli(1− βi,j), if {i, j} ∈ E,
(3.1)

where Ec = {{i, j} : i, j ∈ V ; i < j}\E. Drawing by analogy on the example of

network construction based on hypothesis testing, αi,j can be interpreted as the

probability of a Type-I error on the (non)edge status for vertex pair {i, j} ∈ Ec, while

βi,j is interpreted as the probability of Type-II error, for vertex pair {i, j} ∈ E. Our

interest is in characterizing the manner in which the uncertainty in the Ãi,j propagates

to estimators of average causal effects.

Let zi = 1 indicate that individual i ∈ V received a given treatment. We will

refer to z = (z1, · · · , zNv)> ∈ {0, 1}Nv as the treatment assignment vector. Let

pz = P(Z = z) be the probability that treatment assignment z is generated by the

experimental design. Additionally, let yi(z) denote the outcome for individual i under

treatment assignment z. In the worst case, there will be 2Nv possible exposures for

each of the Nv individuals, making causal inference impossible. To avoid this situation,

we adopt the notion of so-called exposure mappings, introduced by Aronow and Samii

(2017). We say that i is exposed to condition k = 1, . . . , K if f(z,xi) = ck, where f

is the exposure mapping, z is the treatment assignment vector, and xi is a vector

of additional information specific to individual i. Under interference, these authors

offer a simple, four-level categorization of exposure (K = 4) that we revisit here and

throughout this chapter. Taking the vector xi to be the ith column of the adjacency
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matrix A (i.e., xi = A.i), they define

f(z,A·i) =



c11(Direct + Indirect Exposure), ziI{z>A·i>0} = 1,

c10(Isolated Direct Exposure), ziI{z>A·i=0} = 1,

c01(Indirect Exposure), (1− zi)I{z>A·i>0} = 1,

c00(No Exposure), (1− zi)I{z>A·i=0} = 1,

(3.2)

where the inner product z>A·i is the number of treated neighbors of individual i.

In the general exposure mapping framework of Aronow and Samii (2017), potential

outcomes are dependent only on the exposure conditions for each unit. Suppose each

individual i has K potential outcomes yi(c1), · · · , yi(cK) and is exposed to one and

only one condition. Then, define

τ(ck, cl) =
1

Nv

Nv∑
i=1

[yi(ck)− yi(cl)] = y(ck)− y(cl) (3.3)

to be the average causal contrast between exposure condition k versus l. Consider

again, for example, the exposure mapping function defined in (3.2). A natural set of

contrasts is τ(c01, c00), τ(c10, c00), and τ(c11, c00), which capture the average indirect

treatment effect, the average direct treatment effect, and the average total treatment

effect, respectively.

Now consider the problem of inference for causal effects under network interference.

The Horvitz-Thompson framework accounts for unequal-probability sampling through

the use of inverse probability weighting (Horvitz and Thompson (1952)) and is

adapted by Aronow and Samii (2017) under exposure mappings. In noise-free networks,

assuming all individuals have nonzero exposure probabilities for all exposure conditions,

the estimator
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ŷ(ck) =
1

Nv

{
Nv∑
i=1

I{f(Z,xi)=ck}
yi(ck)

pei (ck)

}
(3.4)

is well-defined and unbiased for y(ck), where the exposure probabilities pei (ck) are

defined as
∑

z pzI{f(z,xi)=ck}. In turn, τ̂(ck, cl) = ŷ(ck)− ŷ(cl) is an unbiased estimator

of τ(ck, cl).

However, in noisy networks, exposure levels will be misclassified. For example, in

the four-level exposure model, for a node i, the expected confusion matrix for observed

(rows) versus true (columns) exposures has the following form

Pi :=


Pi(c̃11, c11) Pi(c̃11, c10) 0 0
Pi(c̃10, c11) Pi(c̃10, c10) 0 0

0 0 Pi(c̃01, c01) Pi(c̃01, c00)
0 0 Pi(c̃00, c01) Pi(c̃00, c00)

 , (3.5)

where c̃k represents the exposure level in observed networks and Pi(c̃k, cl) =

E[I{f(Z,Ãi)=ck}I{f(Z,Ai)=cl}]. The two off-diagonal blocks are equal to 0, since network

noise does not affect treatment status. The four symbols Pi(c̃k, cl), k 6= l are cases

where exposure levels are misclassified. In the general exposure mapping framework,

the estimators (3.4) for y(ck) are in fact

ỹA&S(ck) =
1

Nv

Nv∑
i=1

I{p̃ei (ck)>0}I{f(Z,X̃i)=ck}
1

p̃ei (ck)

{
K∑
l=1

yi(cl) I{f(Z,xi)=cl}

}
, (3.6)

where X̃i is a noisy version of xi, and p̃ei (ck) =
∑

z pzI{f(z,X̃i)=ck}. From (3.6), we

can see that the errors come from two parts: incorrect exposure probabilities and

misclassified exposure levels.

In this chapter, we will address the following important questions. First, what is

the impact of ignoring network noise? Second, how can we account for network noise?
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3.1.2 Related literature

Awareness of interference goes back at least 100 years (e.g., Ross (1916)), and its

impact on standard theory and methods has been studied previously in certain specific

contexts, including interference localized to an individual across different rounds of

treatment in clinical trials with crossover designs (Grizzle (1965)), interference based

on spatial proximity of treated units (Kempton and Lockwood (1984)) and interference

within blocks (Hudgens and Halloran (2008)). For network interference, an assumption

that has gained traction is that the causal effects can be passed along edges in the

network. A highly studied assumption is to assume that unit outcomes are only

impacted by their neighbors in the network (Manski (2013); Athey et al. (2018)).

Researchers have recently developed frameworks for estimating average unit-level

causal effects under network interference. For example, Aronow and Samii (2017)

provided unbiased estimators of average unit-level causal effects induced by treatment

exposure. Sussman and Airoldi (2017) proposed minimum integrated variance linear

unbiased estimators with respect to a distribution on the potential outcomes.

Extensive work regarding uncertainty analysis has been done in causal inference

without the network structure or interference. Many studies have explored the effects

of uncertainty in propensity scores on causal inference. For instance, there have

been efforts to develop Bayesian propensity score estimators to incorporate such

uncertainties into causal inference (e.g., An (2010), Alvarez and Levin (2014)). And

there are some studies on the properties for particular matching estimators for average

causal effects (e.g., Abadie and Imbens (2006), Schafer and Kang (2008)). But, to

our best knowledge, there has been little attention to date given towards uncertainty

analysis of estimators for average causal effects under network interference. Exceptions

include a Bayesian procedure which accounts for network uncertainty and relies on a

linear response assumption to increase estimation precision (Toulis and Kao (2013)),
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and structure learning techniques to estimate causal effects under data dependence

induced by a network represented by a chain graph model, when the structure of this

dependence is not known a priori (Bhattacharya et al. (2019)).

As remarked above, there appears to be little in the way of a formal and general

treatment of the error propagation problem in estimators of average causal effects

under network interference. However, there are several areas in which the probabilistic

or statistical treatment of uncertainty enters prominently in network analysis. Model-

based approaches include statistical methodology for predicting network topology

or attributes with models that explicitly include a component for network noise

(Jiang et al. (2011), Jiang and Kolaczyk (2012)), the ‘denoising’ of noisy networks

(Chatterjee et al. (2015)), the adaptation of methods for vertex classification using

networks observed with errors (Priebe et al. (2015)), a regression model on network-

linked data that is based on a flexible network effect assumption and is robust to

errors in the network structure (Le and Li (2020)), and a general Bayesian framework

for reconstructing networks from observational data (Young et al. (2020)). The other

common approach to network noise is based on a ‘signal plus noise’ perspective. For

example, Balachandran et al. (2017) introduced a simple model for noisy networks that,

conditional on some true underlying network, assumed we observed a version of that

network corrupted by an independent random noise that effectively flips the status of

(non)edges. Later, Chang et al. (2020) developed method-of-moments estimators for

the underlying rates of error when replicates of the observed network are available. In

a somewhat different direction, uncertainty in network construction due to sampling

has also been studied in some depth. See, for example, (Kolaczyk, 2009, Chapter 5) or

Ahmed et al. (2014) for surveys of this area. However, in that setting, the uncertainty

arises only from sampling—the subset of vertices and edges obtained through sampling

are typically assumed to be observed without error.
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3.1.3 Our contributions

Our contribution in this chapter is to quantify how network errors propagate

to standard estimators of average causal effects under network interference, and to

provide new estimators for average causal effects when replicates of the observed

network are available. Adopting the noise model proposed by Balachandran et al.

(2017), we characterize the impact of network noise on the bias and variance of

standard estimators (Aronow and Samii (2017)) under a four-level exposure model and

Bernoulli random assignment of treatment, and we illustrate the asymptotic behaviors

on networks for varying degree distributions. Additionally, we propose method-of-

moments estimators of average causal effects, when replicates of the observed network

are available. Numerical simulation in the context of social contact networks in British

secondary schools suggests that high accuracy is possible for networks of even modest

size.

3.2 Impact of ignoring network noise

In this section, we characterize the impact of network noise on biases and variances

of standard estimators under a four-level exposure model and Bernoulli random

assignment of treatment. Specifically, we show results for two typical classes of

networks: homogeneous and inhomogeneous. By the term homogeneous we mean

the degrees follow a zero-truncated Poisson distribution, and by inhomogeneous, the

degrees follow a Pareto distribution with an exponential cutoff (Clauset et al. (2009)).

Note that many real networks present a bounded scale-free behavior with a connectivity

cut-off due to the finite size of the network or to the presence of constraints limiting

the addition of new links in an otherwise infinite network (Amaral et al. (2000)). The

exponential cutoff is most widely used.
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3.2.1 Network settings and assumptions

We consider two typical classes of networks: homogeneous and inhomogeneous.

The formal definitions are as follows.

Homogeneous network setting The degree distribution of G is a zero-truncated

Poisson distribution with mean d̄.

Inhomogeneous network setting The degree distribution of G is a Pareto distri-

bution with an exponential cutoff with rate λ, shape ζ, lower bound dL, upper bound

Nv − 1 and mean d̄.

Remark 3.1 The degree distribution is the probability distribution of the degrees over

the whole network.

Remark 3.2 Note that d̄, λ and dL depend on Nv. For notational simplicity, we

omit Nv.

Remark 3.3 In the inhomogeneous network setting, by the definition of Pareto dis-

tribution with an exponential cutoff, λ, ζ, dL, d̄ and Nv satisfy the equation

d̄ =

Nv−1∫
dL

x · e−λxx−(ζ+1)dx
/ Nv−1∫

dL

e−λxx−(ζ+1)dx.

Here we focus on a general formulation of the problem in which we make the

following assumptions on networks and the treatment assignment.

Assumption 3.1 (Constant marginal error probabilities) Assume that

αi,j = α and βi,j = β for all i < j, so the marginal error probabilities are P(Ãi,j =

0|Ai,j = 1) = β and P(Ãi,j = 1|Ai,j = 0) = α.

Assumption 3.2 (Independent noise) The random variables Ãi,j, for all i < j,

are conditionally independent given Ai,j.

Assumption 3.3 (Large Graphs) The number of vertices Nv →∞.
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In Assumption 3.1, we assume that both α and β remain constant over different

edges. Under Assumptions 3.1 and 3.2, the distribution of d̃i is

d̃i =
Nv∑
j=1

Ãj,i ∼ Binomial(Nv − 1− di, α) + Binomial(di, 1− β).

Assumption 3.3 reflects both the fact that the study of large graphs is a hallmark of

modern applied work in complex networks and, accordingly, our desire to understand

asymptotic behaviors of estimators for average causal effects and provide concise

descriptions in terms of biases and variances for large graphs.

Assumption 3.4 The treatment probability p satisfies p = o(1), p = ω(1/Nv), d̄ =

Θ(1/p). Letting Cij denote the number of common neighbors between vertices i

and j in G,
∑Nv

i=1

∑Nv
j 6=i I{Cij=0} ∼ N2

v . Finally, the potential outcomes are bounded,

|yi(ck)| ≤ c <∞, for all values i and ck, where c is a constant.

Assumption 3.4 entails that, as Nv grows, the expected number of treated individ-

uals also grows but is dominated by Nv asymptotically. And the average number of

treated neighbors is bounded. The amount of vertex pairs having common neighbors

is also limited in scope as Nv grows which ensures a sufficiently large set of indepen-

dent exposures. Assumption 3.4 is an assumption used in proving the consistency of

τ̂(ck, cl) in noise-free homogeneous and inhomogeneous networks. See Appendix 3.5.1

for details.

Assumption 3.5 1− β = Ω(1), α = Θ(1/(pNv)), and α = o(p).

Remark 3.4 Note that α and β can be constants or o(1) as Nv →∞. For notational

simplicity, we omit Nv.

Remark 3.5 Assumption 3.5 implies p = ω(1/
√
Nv), which is consistent with As-

sumption 3.4.

By making assumptions on the underlying rates of error α and β, we will see that

regularity conditions hold for noisy homogeneous and inhomogeneous networks in

Appendix 3.5.2 .
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3.2.2 Biases of standard estimators in noisy networks

Assuming a four-level exposure model and Bernoulli random assignment of treat-

ment, we quantify the biases of standard estimators in homogeneous and inhomoge-

neous network settings. We begin with the following general result.

Theorem 3.1 Assume a four-level exposure model and Bernoulli random assignment

of treatment with probability p. Under Assumptions 3.1 – 3.3, 3.5, p = o(1), p =

ω(1/Nv) and the potential outcomes are bounded, we have

Bias
[
ỹA&S(c11)

]
= − 1

Nv

Nv∑
i=1

(1− p)di
[
1− (1− αp)Nv−1−di

]
1− (1− αp)Nv−1−di(1− (1− β)p)di

τi(c11, c10) + o(1),

Bias
[
ỹA&S(c10)

]
=

1

Nv

Nv∑
i=1

[
1− (1− βp)di

]
τi(c11, c10),

Bias
[
ỹA&S(c01)

]
= − 1

Nv

Nv∑
i=1

(1− p)di
[
1− (1− αp)Nv−1−di

]
1− (1− αp)Nv−1−di(1− (1− β)p)di

τi(c01, c00) + o(1),

Bias
[
ỹA&S(c00)

]
=

1

Nv

Nv∑
i=1

[
1− (1− βp)di

]
τi(c01, c00),

as Nv →∞, where τi(ck, cl) = yi(ck)− yi(cl) and di is the degree of the i-th vertex in

the noise-free network G.

Theorem 3.1 then directly leads to the following corollary in homogeneous and

inhomogeneous network settings.

Corollary 3.1 (Homogeneous and inhomogeneous) Assume a four-level expo-

sure model and Bernoulli random assignment of treatment with p. In both homogeneous

and inhomogeneous network settings, under Assumptions 3.1 – 3.3, 3.5, p = o(1),

p = ω(1/Nv) and the potential outcomes are bounded, the bias statement in Theorem

3.1 holds.

The proof of Theorem 3.1 is in supplementary material B.3. Corollary 3.1 directly

follows from Theorem 3.1.
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Biases of standard estimators in homogeneous and inhomogeneous network settings

have the same expressions. Biases of ỹA&S(c11) and ỹA&S(c01) depend on both α and

β, while biases of ỹA&S(c10) and ỹA&S(c00) only depend on β. Biases of ỹA&S(c11) and

ỹA&S(c10) are related to τ(c11, c10). And biases of ỹA&S(c01) and ỹA&S(c00) are related

to τ(c01, c00). These relationships follow because the network noise affects observed

edges but not treatment status.

Let ỹA&S,i(ck) denote the Aronow and Samii estimator for yi(ck) in noisy networks,

which corresponds to the i-th element of ỹA&S(ck) in (3.6). We summarize in the

following table the asymptotic biases of ỹA&S,i(ck) for high (top row) and low (bottom

row) degree nodes.

Table 3.1: The asymptotic biases of ỹA&S,i(ck) for high (top row) and
low (bottom row) degree nodes.

Bias[ỹA&S,i(c11)] Bias[ỹA&S,i(c10)] Bias[ỹA&S,i(c01)] Bias[ỹA&S,i(c00)]

di = ω(1/p) o(1) τi(c11, c10) o(1) τi(c01, c00)

di = o(1/p) −τi(c11, c10) o(1) −τi(c01, c00) o(1)

We see that there are four cases where ỹA&S,i(ck) is asymptotically unbiased. The

reason is that the corresponding entries in the expected confusion matrix (3.5) go

to 0. For the other four cases, the corresponding entries in the expected confusion

matrix approach 1, which leads to nontrivial biases. Note that the asymptotic biases

of ỹA&S,i(ck) is between 0 and the corresponding ±τi(ck, cl) when di = Θ(1/p).

3.2.3 Variances of standard estimators in noisy networks

We analyze the variances of standard estimators in homogeneous and inhomoge-

neous network settings.

Theorem 3.2 (Homogeneous) Assume a four-level exposure model and Bernoulli

random assignment of treatment with probability p. In the homogeneous network
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setting, under Assumptions 3.1 - 3.5, for all ck, we have Var[ỹA&S(ck)] = o(1) as

Nv →∞.

Theorem 3.3 (Inhomogeneous) Assume a four-level exposure model and Bernoulli

random assignment of treatment with probability p. In the inhomogeneous network

setting, under Assumptions 3.1 - 3.5, λ = Θ(p) and λ > p, we have Var[ỹA&S(ck)] =

o(1) for all ck as Nv →∞.

Note that the variances go to zero as the number of nodes tends towards infinity

for both cases. Therefore, in noisy networks, the bias would appear to be the primary

concern for estimating average causal effects.

3.3 Accounting for network noise

As we saw in Section 3.2, standard estimators are biased in both homogeneous

and inhomogeneous network settings. Thus, it is important to have new estimators

for bias reduction. We present method-of-moments estimators in Section 3.3.1, and

show unbiasedness and consistency under a four-level exposure model and Bernoulli

random assignment of treatment in Section 3.3.2. The method-of-moments estimators

require either knowledge or consistent estimators of α and β. We adopt the estimators

in Chang et al. (2020), which require at least three replicates of the observed network.

3.3.1 Method-of-moments estimators

We construct method-of-moments estimators (MME) by reweighting the observed

outcomes based on the expected confusion matrix. For convenience, we denote

yi = [yi(c11), yi(c10), yi(c01), yi(c00)]>,

1(xi) = [I{f(Z,xi)=c11}, I{f(Z,xi)=c10}, I{f(Z,xi)=c01}, I{f(Z,xi)=c00}]
>,

1(X̃i) = [I{f(Z,X̃i)=c11}, I{f(Z,X̃i)=c10}, I{f(Z,X̃i)=c01}, I{f(Z,X̃i)=c00}]
>.
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We then combine the observed outcome 1(xi)
>yi and the observed exposure level into

a vector, denoted by ỹi,

ỹi = 1(X̃i) · 1(xi)
>yi. (3.7)

By taking the expectation with respect to treatment and network noise, we obtain

E[ỹi] = Pi · yi, (3.8)

Note that Pi depends on di, α and β. Therefore, we use P (di, α, β) for explicitness.

The method of moments estimator for yi is defined as

ỹMME,i = P−1(d̂i, α̂, β̂) · ỹi, (3.9)

where

d̂i =
d̃i − (Nv − 1)α̂

1− α̂− β̂
. (3.10)

The values α̂ and β̂ are consistent estimators of α and β, which we provide an example

of consistent estimators later. If α and β are known, we substitute α̂ and β̂ in (3.9)

and (3.10) with the known values, and this does not change the asymptotic behavior

we state in Section 3.3.2.

We define the method-of-moments estimator for
∑Nv

i=1 yi/Nv

ỹMME =
1

Nv

Nv∑
i=1

{
ỹMME,i · I{d̂i=Θ(1/p)} + ỹA&S,i · I{d̂i=o(1/p) or ω(1/p)}

}
, (3.11)

where ỹA&S,i is the Aronow and Samii estimator of node i in the noisy network.

Recall from the bias statements in Table 3.1 that ỹA&S,i(c11) and ỹA&S,i(c01) are

asymptotically unbiased for nodes with high degrees. And ỹA&S,i(c10) and ỹA&S,i(c00)

are asymptotically unbiased for small degree nodes. Therefore, we do not need to

correct biases for those cases. We will show that ỹMME,i is asymptotically unbiased

with small variance for nodes with degree on the order of 1/p in Theorem 3.4 and
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3.5. Otherwise, asymptotically unbiased estimators with small variances may not

exist due to the structure of this specific four-level exposure model. As we saw,

E[ỹA&S,i(c11)] → yi(c10) and E[ỹA&S,i(c01)] → yi(c00) for small degree nodes, while

E[ỹA&S,i(c10)] → yi(c11) and E[ỹA&S,i(c00)] → yi(c01) for high degree nodes. These

mean that we lose almost all information about yi(c11) and yi(c01) for small degree

nodes, and yi(c10) and yi(c00) for high degree nodes.

In general, we suggest to use terms of the same orders of magnitude in (3.11)

to approximate Θ(·). That is, writing 1/p = a × 10b, where 1/
√

10 ≤ a <
√

10, we

represent the order of magnitude with b. Next, we rewrite ỹMME as

ỹMME =
1

Nv

Nv∑
i=1

{
ỹMME,i · I{C1≤d̂i<C2} + ỹA&S,i · I{d̂i<C1 or d̂i≥C2}

}
, (3.12)

where C1 = 10b/
√

10 and C2 =
√

10 · 10b. For sparse and inhomogeneous networks

with small sample sizes, C1 may be close to the average degree and thus we recommend

to compute

ỹMME =
1

Nv

Nv∑
i=1

{
ỹMME,i · I{d̂i≥1} + ỹA&S,i · I{d̂i<1}

}
. (3.13)

Remark 3.6 As we will see later, in this specific four-level exposure model, ỹMME

is asymptotically unbiased and consistent in both homogeneous and inhomogeneous

network settings.

Our estimators require knowledge or, more realistically, consistent estimates of

the parameters α and β governing the noise. Here, we adopt the consistent MME

estimators in Chang et al. (2020), which require at least three replicates of the observed

network. Define relevant quantities as follows:

u1 = (1− δ)α + δ(1− β),

u2 = (1− δ)α(1− α) + δβ(1− β),

u3 = (1− δ)α(1− α)2 + δβ2(1− β),



38

where δ is the edge density in the true network G, u1 is the expected edge density in

one observed network, u2 is the expected density of edge differences in two observed

networks, and u3 is the average probability of having an edge between two arbitrary

nodes in one observed network but no edge between the same nodes in the other two

observed networks. The method-of-moments estimators for u1, u2 and u3 are

û1 =
2

Nv(Nv − 1)

∑
i<j

Ãi,j,

û2 =
1

Nv(Nv − 1)

∑
i<j

|Ãi,j,∗ − Ãi,j|,

û3 =
2

3Nv(Nv − 1)

∑
i<j

I(Exactly one of Ãi,j,∗∗, Ãi,j,∗, Ãi,j equals 1),

(3.14)

where Ã∗ = (Ãi,j,∗)Nv×Nv , Ã∗∗ = (Ãi,j,∗∗)Nv×Nv are independent and identically

distributed replicates of Ã. Calculation of the estimators α̂ and β̂ can be accomplished

as detailed in Algorithm 3.1 below.

Algorithm 3.1 Consistent estimators α̂ and β̂

Input: Ã = (Ãi,j)Nv×Nv , Ã∗ = (Ãi,j,∗)Nv×Nv , Ã∗∗ = (Ãi,j,∗∗)Nv×Nv , α0, ε

Output: α̂, β̂

Compute û1, û2, û3 defined in (3.14);
Initialize α̂ = α0, α0 = α̂ + 10ε;
while |α̂− α0| > ε do

α0 ← α̂, β̂ ← û2−α0+û1α0

û1−α0
, δ̂ ← (û1−α0)2

û1−û2−2û1α0+α2
0
, α̂← û3−δ̂β̂2(1−β̂)

(1−δ̂)(1−α0)2
.

3.3.2 Asymptotic unbiasedness and consistency

We consider the asymptotic behavior of the method-of-moments estimators

ỹMME(ck) as Nv →∞.

Theorem 3.4 (Homogeneous) Assume a four-level exposure model and Bernoulli

random assignment of treatment with p. In the homogeneous network setting, under

Assumptions 3.1 - 3.5, ỹMME(ck) is an asymptotically unbiased and consistent estimator

of y(ck) for all ck.
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Theorem 3.5 (Inhomogeneous) Assume a four-level exposure model and Bernoulli

random assignment of treatment with p. In the inhomogeneous network setting, under

Assumptions 3.1 - 3.5, λ = Θ(p) and λ > p, ỹMME(ck) is an asymptotically unbiased

and consistent estimator of y(ck) for all ck.

Note that ỹMME(ck) is an asymptotically unbiased and consistent estimator of y(ck)

in both homogeneous and inhomogeneous network settings. Proofs of Theorem 3.4

and 3.5 appear in supplementary material B.3.

3.4 Numerical illustration: British secondary school contact

networks

We conduct some simulations to illustrate the finite sample properties of the pro-

posed estimation methods. We consider the data and network construction described

in Kucharski et al. (2018). These data were collected from 460 unique participants

across four rounds of data collection conducted between January and June 2015 in

year 7 groups in four UK secondary schools, with 7,315 identifiable contacts reported

in total. They used a process of peer nomination as a method for data collection:

students were asked, via the research questionnaire, to list the six other students in

year 7 at their school that they spend the most time with. For each pair of partic-

ipants in a specific round of data collection, a single link was defined if either one

of the participants reported a contact between the pair (i.e. there was at least one

unidirectional link, in either direction). Our analysis focuses on the single link contact

network.

For each school, we construct a ‘true’ adjacency matrix A: if an edge occurs

between a pair of vertices more than once in four rounds, we view that pair to have a

true edge. The noisy, observed adjacency matrices Ã, Ã∗, Ã∗∗ are generated according

to (3.1). We set α = 0.005 or 0.010, and β = 0.05, 0.10, or 0.15. We assume that

both α and β are unknown. For treatment effects we adopt a simple model in the
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spirit of the ‘dilated effects’ model of Rosenbaum (Rosenbaum (1999)) and suppose

yi(c11) = 10, yi(c10) = 7, yi(c01) = 5, yi(c00) = 1. We set p = 0.1 and explore the

effect of α, β on the performance of estimators ˜̄y(·).

We run Monte Carlo simulation of 10,000 trials and compute three kinds of es-

timators: Aronow and Samii estimators in noise-free networks, Aronow and Samii

estimators in noisy networks, and method-of-moments estimators in noisy networks.

For the method-of-moments estimators, we first obtain estimators α̂ and β̂ by Algo-

rithm 3.1. The networks are sparse with inhomogeneous degree distribution and small

sizes, so we compute ỹMME by (3.13). Also, we run 1,000 times bootstrap resampling

of estimators to obtain 95% confidence intervals for biases and standard deviations of

estimators. Biases and standard deviations are shown in Figure 3.1 and 3.2. Error

bars are 95% confidence intervals.

From the plots, we see that method-of-moments estimators outperform Aronow

and Samii estimators in noisy networks, and essentially perform the same on noisy

networks as Aronow and Samii estimators do on noise-free networks (same zero biases

with, at times, just slightly larger standard deviations). Aronow and Samii estimators

in noisy networks underestimate ȳ(c11) and ȳ(c01) and overestimate ȳ(c10) and ȳ(c00).

And the biases of Aronow and Samii estimators for ȳ(c11) and ȳ(c01) increase as α

and β increase, while the biases of Aronow and Samii estimators for ȳ(c01) and ȳ(c00)

only depend on β. The biases of method-of-moments estimators are close to zero in

all cases. In addition, standard deviations of the three types estimators are similar in

all cases. The standard deviations of estimators in School 4 are larger than those in

other schools because the network size in School 4 is relatively small.
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Figure 3.1: Biases of estimators for ȳ(·) for noisy networks in four
schools. Error bars are 95% confidence intervals.
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Figure 3.2: Standard deviations of estimators for ȳ(·) for noisy net-
works in four schools. Error bars are 95% confidence intervals.
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Data and code accessibility

No primary data are used in this chapter. Secondary data source is taken

from Kucharski et al. (2018). These data and the code necessary to reproduce

the results in this chapter are available at https://github.com/KolaczykResearch/

CausInfNoisyNet.

3.5 Appendix

In this appendix, we provide arguments for the consistency of contrast estimates

in noise-free networks and regularity conditions in noisy networks. And we present

the exposure probabilities in the generalized four-level exposure model.

3.5.1 Consistency of contrast estimates in noise-free networks

We first establish conditions for the estimator τ̂(ck, cl) to converge to τ(ck, cl) as

Nv →∞. We will show that, under two regularity conditions, τ̂(ck, cl)
P−→ τ(ck, cl) as

Nv →∞. Note that these conditions are similar to but slightly more general than the

conditions in Aronow and Samii (2017).

Condition 3.1 For all values i and ck, |yi(ck)| ≤ c < ∞, pei (ck) > 0 and∑Nv
i=1 1/pei (ck) = o(N2

v ), where c is a constant.

We will also make an assumption about the amount of dependence among exposure

conditions in the population. Let peij(ck) =
∑

z pzI{f(z,xi)=ck}I{f(z,xj)=ck}.

Condition 3.2 For all values ck,
∑Nv

i=1

∑Nv
j 6=i |peij(ck)/(pei (ck)pej(ck))− 1| = o(N2

v ).

Condition 3.2 implies that the amount of pairwise clustering in exposure conditions

is limited in scope as Nv grows. Condition 3.2 can be relaxed, though Condition 3.1

would likely need to be strengthened accordingly.

Proposition 3.1 Given Conditions 3.1 and 3.2, τ̂(ck, cl)
P−→ τ(ck, cl) as Nv →∞.

https://github.com/KolaczykResearch/CausInfNoisyNet
https://github.com/KolaczykResearch/CausInfNoisyNet
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Assuming the four-level exposure model in (3.2) and Bernoulli random assignment

of treatment with probability p, we consider the consistency of the estimator τ̂(ck, cl)

in two typical classes of networks: homogeneous and inhomogeneous.

Proposition 3.2 (Homogeneous) Assume a four-level exposure model and

Bernoulli random assignment of treatment with p. In the homogeneous network

setting, under Assumption 3.4, τ̂(ck, cl)
P−→ τ(ck, cl) as Nv →∞.

Proposition 3.3 (Inhomogeneous) Assume a four-level exposure model and

Bernoulli random assignment of treatment with p. In the inhomogeneous network

setting, under Assumption 3.4, λ = Θ(p) and λ > p, we have τ̂(ck, cl)
P−→ τ(ck, cl) as

Nv →∞.

Proofs for Propositions 3.1 – 3.3 appear in the supplementary material B.1.

Note that, under Assumption 3.4, Condition 3.1 does not hold for levels c10 and

c00 when the degrees follow a Pareto distribution with shape ζ > 1. This is because

there are more high degree nodes, and 1/pei (c10) and 1/pei (c00) increase exponentially

when the degree di increases. See supplementary material B.5 for the proof.

3.5.2 Standard estimators in noisy networks

Recall that under the Condition 3.1 and 3.2, τ̂(ck, cl)
P−→ τ(ck, cl) as Nv →∞. By

making assumptions on underlying rates of error α and β, we will show that similar

regularity conditions hold for noisy homogeneous and inhomogeneous networks. These

conditions will then be used in our characterization of bias and variance in Sections

3.2.2 and 3.2.3. Define p̃eij(ck) =
∑

z pzI{f(z,X̃i)=ck}I{f(z,X̃j)=ck}.

Proposition 3.4 (Homogeneous) Assume a four-level exposure model

and Bernoulli random assignment of treatment with p. In the homo-

geneous network setting, under Assumptions 3.1 - 3.5, for all values i

and ck, P(p̃ei (ck) > 0) → 1, E[
∑Nv

i=1 I{p̃ei (ck)>0}/p̃
e
i (ck)] = o(N2

v ), and

E[
∑Nv

i=1

∑Nv
j 6=i I{p̃ei (ck)>0}I{p̃ej(ck)>0}|p̃eij(ck)/(p̃ei (ck)p̃ej(ck))− 1|] = o(N2

v ).
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Proposition 3.5 (Inhomogeneous) Assume a four-level exposure model and

Bernoulli random assignment of treatment with p. In the inhomogeneous network set-

ting, under Assumptions 3.1- 3.5, λ = Θ(p) and λ > p, the statements in Proposition

3.4 hold for all values i and ck.

See supplementary material B.2 for proofs of Propositions 3.4 and 3.5.

3.5.3 The exposure probabilities in the generalized four-level exposure

model

In the generalized four-level exposure model (5.1) and Bernoulli random assignment

of treatment with p, for each individual i, the four exposure probabilities are as follows.

pei (c11′) = p

di∑
x=mi

(
di
x

)
px(1− p)di−x,

pei (c10′) = p

(mi−1)∧di∑
x=0

(
di
x

)
px(1− p)di−x,

pei (c01′) = (1− p)
di∑

x=mi

(
di
x

)
px(1− p)di−x,

pei (c00′) = (1− p)
(mi−1)∧di∑

x=0

(
di
x

)
px(1− p)di−x.

(3.15)
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Chapter 4

Estimation of local time-varying

reproduction numbers in noisy

surveillance data

In the context of an epidemic, institutions and similar entities can be expected to

adopt various intervention measures. Distinguishing between cases infected with the

disease due to local transmission, versus due to importation, thus becomes important

for understanding the effectiveness of these interventions. Realistically, we can expect

identification of cases as local or imported to be imperfect. We study the propagation

of such errors on local time-varying reproduction number. In addition, we propose a

Bayesian framework for estimation of the true local time-varying reproduction number

when identification errors exist. And we illustrate the practical performance of our

estimator through simulation studies and with outbreaks of COVID-19 in Hong Kong

and Victoria, Australia.

The organization of this chapter is as follows. In Section 4.1 we introduce the

problem and review related literature. In Section 4.2 we show the bias of the noisy

local time-varying reproduction number (i.e., a standard estimate that assumes perfect

identification, when instead they are noisy), and propose a Bayesian hierarchical

framework to estimate the true local time-varying reproduction number with imperfect

knowledge. Section 4.3 reports the practical performance of our estimators through

simulation studies and with SARS-CoV-2 infections in Hong Kong and Australia.
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4.1 Introduction

The local time-varying reproduction number, Rlocal
∗ (t), is an important quantity to

monitor the infectiousness and transmissibility of diseases and, therefore, to design

and adjust public health responses during an outbreak. Recent examples include

monitoring transmission of the COVID-19 pandemic and demonstrating the efficacy

of non-pharmaceutical interventions in more than 100 countries (You et al. (2020);

Li et al. (2020b); Rubin et al. (2020); Abbott et al. (2020)). The value of Rlocal
∗ (t)

represents the expected number of secondary local cases arising from a primary case

infected at time t. Different formal definitions of Rlocal
∗ (t) have been proposed, and

a number of methods are available to estimate this quantity. The widely used is an

estimator of the instantaneous reproduction number that is defined as the ratio of

the expected number of incident locally infected cases at time t to the expected total

infectiousness of infected individuals at time t (Thompson et al. (2019); Cori et al.

(2013)).

Distinguishing local cases from imported cases is essential to estimation of the

local time-varying reproduction number. However, surveillance data generally is

available only up to some level of error. For example, if we are unable to identify the

correct source of infection from contact tracing or genetic information, imported cases

might be misclassified as local cases, and vice versa. Such misclassification error is

recognized as one limitation of estimating Rlocal
∗ (t) in the COVID-19 outbreak (Chong

et al. (2020); Arroyo Marioli et al. (2020)). We investigate how identification error

impacts on the estimation of the instantaneous reproduction number and, thus, on

our understanding of diseases transmission dynamics.

Extensive work regarding improving inference of time-varying reproduction numbers

has been done. For instance, there have been efforts to estimate the serial interval

that is used to compute the total infectiousness for Rlocal
∗ (t) estimation, including
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Bayesian parametric estimation using data augmentation Markov Chain Monte Carlo

(Reich et al. (2009)), and a cure model for limited follow-up data (Ma et al. (2020)).

Many studies have explored the effects of imperfect detection and estimated the

true infection prevalence (Miller et al. (2012); McClintock et al. (2010); Cui et al.

(2013); Arroyo Marioli et al. (2020)). But, to our best knowledge, there has been

little attention to date given towards accounting for identification errors of local and

imported cases.

Our contribution is to quantify how such errors propagate to the local time-varying

reproduction number, and to provide estimators for Rlocal
∗ (t) when contact tracing

survey information is available. Adopting the definition of Rlocal
∗ (t) proposed by

Thompson et al. (2019), we characterize the impact of identification errors on the

bias of noisy local time-varying reproduction numbers. Our work shows that, in

general, the bias can be expected to be nontrivial. Accordingly, we propose a Bayesian

framework to estimate the true local time-varying reproduction number. Numerical

simulation suggests that high accuracy is possible for estimating local time-varying

reproduction numbers in outbreaks of even modest size. We illustrate the practical use

of our estimators in the context of COVID-19 pandemic in Hong Kong and Victoria,

Australia.

4.2 Methods

In this section, we first quantify the bias of the noisy local time-varying reproduction

number when misidentification occurs in the surveillance data. We then build a

Bayesian hierarchical framework to estimate true local time-varying reproduction

numbers. We also propose a method to estimate misidentification rates based on

contact tracing survey data, which informs the prior distribution in the model.
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4.2.1 Notation

We provide essential notation and background here. The number of newly infected

cases at time t, I∗(t) , is the sum of the numbers of local (I local
∗ (t)) and imported

(I imported
∗ (t)) cases. If one assumes independence between calendar time and the

generation interval (the duration between the infection time of a secondary infectee

and the infection time of its infector), g(s), then the local time-varying reproduction

number is defined as (Thompson et al. (2019))

Rlocal
∗ (t) =

µlocal
∗ (t)∫∞

0
g(s)µ∗(t− s)ds

, (4.1)

where µlocal
∗ (t) = E[I local

∗ (t)] and µ∗(t) = E[I∗(t)].

In reality, we only know the serial interval and the number of diagnosed cases. Let

I(t), I local(t) and I imported(t) be the numbers of total diagnosed cases, local diagnosed

cases, and imported diagnosed cases at time t, respectively. Then, we define a realistic

local time-varying reproduction number as

Rlocal(t) =
µlocal(t)∫∞

0
w(s)µ(t− s)ds

, (4.2)

where w(s) is the serial interval (the time between the start of symptoms in the infector

and onset of symptoms in the infectee), µlocal(t) = E[I local(t)] and µ(t) = E[I(t)]. Note

that the serial interval corresponds to date of symptom onset. One can estimate

symptom onset dates by back calculation of report dates (Li and White (2020)).

Realistically, we can expect identification of cases as local or imported to be

imperfect. Let Ĩ
local

(t) and Ĩ
imported

(t) be the number of new local and imported cases

reported at time t, with identification error. Thus, we define a noisy local time-varying

reproduction number as

R̃
local

(t) =
µ̃local(t)∫∞

0
w(s)µ(t− s)ds

, (4.3)
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where µ̃local(t) = E[Ĩ
local

(t)]. The definition of R̃
local

(t) in (4.3) comes from an argument

that mimics the original argument using Poisson arrivals in Fraser (2007). Specifically,

we suppose that we observe a Poisson stream Ĩ
local

(t) that is a function of calendar

time t in terms of the transmissibility, denoted β̃local(t, s), an arbitrary function of

calendar time t and time since infection s. Then, µ̃local(t) follows the so-called renewal

equation

µ̃local(t) =

∞∫
0

β̃local(t, s)µ(t− s)ds. (4.4)

Following Fraser (2007), we have

β̃local(t, s) = R̃
local

(t)w(s). (4.5)

Inserting (4.5) into (4.4) yields the definition of R̃
local

(t) in (4.3).

Our interest is in characterizing the manner in which the uncertainty in Ĩ
local

(t) and

Ĩ
imported

(t) propagates to the local time-varying reproduction number, and providing

estimators of Rlocal(t) to account for identification errors.

4.2.2 Bias of the noisy local time-varying reproduction number

We quantify the bias of the noisy local time-varying reproduction number in

(4.3) when misidentification occurs. We begin by defining a model for Ĩ
local

(t) and

Ĩ
imported

(t). Let α0 denote the probability that an imported case is misidentified as

local, and α1 the probability that a local case is misidentified as imported. Then, a

simple model is

Ĩ
local

(t)|I local(t), I imported(t), α0, α1 ∼ Bin(I local(t), 1− α1) + Bin(I imported(t), α0),

Ĩ
imported

(t) = I local(t) + I imported(t)− Ĩ local
(t).

(4.6)
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Under independence, the first relationship in (4.6) is directly obtained by the definition

of α0 and α1. And the second equation in (4.6) is due to the fact that the total number

of cases reported at time t is not affected by the misidentification.

By (4.6), the relationship between µ̃local(t) and µlocal(t) is

µ̃local(t) = (1− α1)µlocal(t) + α0µ
imported(t), (4.7)

where µimported(t) = E(I imported(t)). Direct computation yields

R̃
local

(t) =
(

1− α1 + α0
µimported(t)

µlocal(t)

)
Rlocal(t) (4.8)

when µlocal(t) 6= 0. From (4.8), we can see that the bias of R̃
local

(t) depends on α0,

α1 and the ratio of µimported(t) and µlocal(t). When µimported(t)/µlocal(t) = 1, we have

R̃
local

(t) > Rlocal(t) if α0 > α1, and R̃
local

(t) < Rlocal(t) if α0 < α1.

4.2.3 Bayesian hierarchical modeling to account for misidentification

We propose a Bayesian framework to estimate Rlocal(t) using noisy surveillance

data. Following Fraser (2007); Thompson et al. (2019); Cori et al. (2013), we specify

I local(t)|Rlocal(t), n(t− 1), w(s) ∼ Pois(Rlocal(t) · Λ(t)), for t > 0, (4.9)

where Λ(t) =
∑t

s=1w(s)I(t − s) is the total infectiousness of infected individu-

als at time t, and n(t − 1) represent the historical data up to time t − 1 (i.e.,

I local(0), I imported(0), · · · , I local(t− 1), I imported(t− 1)). Note that Λ(t) is undefined for

t = 0. So, we assume that

I local(0)|µlocal(0) ∼ Pois(µlocal(0)). (4.10)
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And we assume the imported case counts follow a Poisson distribution:

I imported(t)|µimported(t) ∼ Pois(µimported(t)). (4.11)

Next, we define relevant prior distributions. We assume a distribution for Rlocal(t)

of the form

Rlocal(t)|n(t− 1), w(s) ∼ Gamma(alocal
t|t−1, b

local
t|t−1), for t > 0. (4.12)

This choice is similar to that in Thompson et al. (2019), but differs in that we specify

gamma conditioned on the history, rather than marginally. The conditioning reflects

the expectation that the evolution of Rlocal(t) is likely to depend on the course of

infection in the population and intervention measures that may result. Analogously,

we also assume gamma distributed priors for µimported(t) and µlocal(0), that is,

µimported(t) ∼ Gamma(aimported
t , bimported

t ),

µlocal(0) ∼ Gamma(alocal
0 , blocal

0 ).
(4.13)

In addition, we assume the convention that the misidentification rates are beta

distributed, and hence given by

α0 ∼ Beta(ζα0 , ξα0),

α1 ∼ Beta(ζα1 , ξα1).
(4.14)

By using Markov chain Monte Carlo (MCMC) simulation, we can get both estimates

of Rlocal(t) and its uncertainty. We implement MCMC using the R package, NIMBLE

(de Valpine et al. (2017, 2020a,b)) with the default assignment of sampler algorithms.

The samplers assigned to the variables are as follows: Gibbs samplers are assigned

to µlocal(0) and µimported(t), t ≥ 0, which have conjugate relationships between their

prior distribution and the distributions of their stochastic dependents; slice samplers
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(Neal (2003)) are used for I local(t) and I imported(t), t ≥ 0; Metropolis-Hastings adaptive

random-walk samplers are set to α0, α1 and Rlocal(t), t > 0.

4.2.4 Estimating misidentification rates

Without any information on the misidentification rates, it is difficult to get an

accurate estimator of Rlocal(t). However, contact tracing data could provide adequate

information to estimate the misidentification rates.

Let pi be the probability that we think individual i is a local case based on

the survey. Then, pi can be modeled as a mixture of α0 and 1 − α1. Note that

α1 ∼ Beta(ζα1 , ξα1) implies 1− α1 ∼ Beta(ξα1 , ζα1). We thus model the distribution

of pi as a mixture of two beta distributions:

pi ∼ π0Beta(ζα0 , ξα0) + (1− π0)Beta(ξα1 , ζα1), (4.15)

where π0 can be interpreted as the fraction of the diagnosed cases that are imported.

By using the expectation–maximization (EM) algorithm, we can obtain estimators

ζ̂α0 , ξ̂α0 , ζ̂α1 and ξ̂α1 .

Note that, if 1−ζα0/(ζα0 +ξα0)−ζα1/(ζα1 +ξα1) 6= 0, we obtain unbiased estimators

of I local(t) and I imported(t)

Î local(t) =
[1− ζα0/(ζα0 + ξα0)] · Ĩ

local
(t)− ζα0/(ζα0 + ξα0) · Ĩ

imported
(t)

1− ζα0/(ζα0 + ξα0)− ζα1/(ζα1 + ξα1)
,

Î imported(t) =
[1− ζα1/(ζα1 + ξα1)]Ĩ

imported
(t)− ζα1/(ζα1 + ξα1)Ĩ

local
(t)

1− ζα0/(ζα0 + ξα0)− ζα1/(ζα1 + ξα1)
.

(4.16)

Thus, good initial values of I local(t) and I imported(t) in MCMC are estimators of

Î local(t) and Î imported(t) based on the estimated misidentification rates, i.e., replacing

ζα0 , ξα0 , ζα1 , ξα1 in (4.16) by ζ̂α0 , ξ̂α0 , ζ̂α1 , ξ̂α1 .
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4.3 Results

In this section, we conduct some simulations to illustrate the performance of

the proposed estimation methods. And we apply our method to two real data sets.

One is surveillance data of COVID-19 cases in Hong Kong that includes contact

tracing information, including travel history data (Adam et al. (2020)). They collected

information on 1,038 SARS-CoV-2 cases confirmed between 23 January and 28 April

2020. And they identified 355 local cases and 683 imported cases. The other data set is

from the COVID-19 pandemic in Victoria, Australia, studied in Seemann et al. (2020).

There they had 1,333 laboratory-confirmed cases of COVID-19 between 6 January

and 14 April 2020. After excluding duplicate patients from cases, they identified 345

local cases and 558 imported cases.

We consider two settings, a simulation setting and an application setting. In the

simulation setting, we first use surveillance data from Hong Kong and Victoria to

create realistic simulated data, and then we add identification errors to the ‘true’ local

and imported cases derived from the simulated epidemics, finally we estimate the local

time-varying reproduction number using the noisy local and imported cases counts.

In the application setting, we assume that identified local and imported cases in the

real data sets are with some error. The former results allow us to understand what

properties can be expected of our estimators, while the latter are reflective of what

would be observed in practice with such data.

4.3.1 Simulation study

In this simulation study, we used Covasim (Kerr et al. (2020)), a stochastic

individual-based model for transmission of SARS-CoV-2, calibrated to the epidemics

in Hong Kong and Victoria. Figure 4.1 shows the average daily local and imported

diagnosed counts over 1,000 trials. The noisy Ĩ
local

(t) and Ĩ
imported

(t) are generated
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according to (4.6). We set α0 ∼ Beta(2, 18) (mean of 0.1), and α1 ∼ Beta(2, 8) (mean

of 0.2), Beta(4, 8) (mean of 0.33), or Beta(8, 8) (mean of 0.5) to see the effect of

small α0 and large α1. This might happen if the definition of imported cases relies

on travel history collected in the case investigation and some people are infected

locally, even though they have a travel history within 14 days prior to symptom onset.

We also consider α1 ∼ Beta(2, 18), and α0 ∼ Beta(2, 8), Beta(4, 8), or Beta(8, 8)

(corresponding to small α1 and large α0, which might occur if cases are defined as

local when we are not sure about their source of infection.) We assume that both α0

and α1 are unknown.

Figure 4.1: The means of daily local and imported diagnosed counts
in 1,000 simulation trials for epidemics in Hong Kong and Victoria.

We evaluate the estimate for Rlocal(t) in terms of a corresponding posterior, and

95% credible intervals. Figure 4.2 and 4.3 show the simulation results, in which we run

MCMC chains of 10,000 samples for each of 1,000 simulated epidemic trials. Figure

4.2 assumes that we are more likely to misclassify local cases as imported cases and

Figure 4.3 assumes that we are more likely to misclassify imported cases as local

cases. For comparison purposes, we compute Rlocal
∗ (t) and Rlocal(t) defined in (4.1) and

(4.2) by approximating µlocal
∗ (t), µ∗(t), g(s), µlocal(t), µ(t), w(s) using 1,000 simulation

trials. And we calculate the widely used estimator of R̃local(t) defined in (4.3), which
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is implemented in the R package, EpiEstim (Cori et al. (2020)). We view it as a

representative estimator that does not account for misidentification, i.e., it treats the

noisy local and imported cases as true.

In the simulated epidemics for both Hong Kong and Victoria, if we ignore the

misidentification, we will underestimate Rlocal(t) when the mean of α0 is small and

the mean of α1 is relatively large (Figure 4.2), and overestimate Rlocal(t) when the

mean of α1 is small and the mean of α0 is relatively large (Figure 4.3), with the

biases increasing when the means of α0 and α1 increase. The results are consistent

with (4.8) implying that the biases will lead to inappropriate public health response,

i.e., inadequate interventions or overreaction. We correct the bias by our Bayesian

hierarchical framework. The biases of our estimators are close to zero in all cases. The

95% credible intervals of our estimators are wide in the first two months because the

number of incident cases are very low. For the last month or so when the diagnosed

counts are relatively high, the 95% credible intervals are narrow.

4.3.2 Application

We apply our proposed methods to surveillance data of COVID-19 cases in Hong

Kong and Victoria. Figure 4.4 (a) and (b) show the daily local and imported cases

counts in Hong Kong and Victoria. For Hong Kong data, Adam et al. (2020) calculated

the serial intervals using a gamma distribution and estimated shape and rate parameters

of 2.23 and 0.37, respectively (corresponding to a mean of around 6 days and standard

deviation of around 4 days). There is no specific serial interval that has been calculated

for Victoria. Considering the epidemic curve in Victoria is relatively similar to that in

Hong Kong, we use the same serial interval distribution when we estimate Rlocal(t) in

Victoria.

Figure 4.4 (c) and (d) show estimates for Rlocal(t) under three assumed scenarios:

1) no identification error, 2) small α0 and large α1, 3) small α1 and large α0. We run
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Figure 4.2: Estimations of local time-varying reproduction numbers
in simulated epidemics for Hong Kong and Victoria under three sets
of error misidentification rates: α0 ∼ Beta(2, 18), and α1 ∼ Beta(2, 8),
Beta(4, 8), or Beta(8, 8). The error bands are the averages of 95%
credible intervals over 1,000 trials. Note that the differences between
the blue curve (Rlocal

∗ (t)) and the purple curve (Rlocal(t)) are due to
the differences among infected dates, symptom onset dates, diagnosed
dates.

MCMC chains of 10,000 samples and the error bands are the 95% credible intervals.

We can see that the estimated local time-varying reproduction numbers are quite

different when the two identification error rates are about 10% and 30%. If we think

we are more likely to misclassify local cases as imported, then we should trust the curve

corresponding to scenario 2). If imported cases are more likely to be misidentified as

local, then the curve corresponding to scenario 3) is reliable. And if we believe the



58

Figure 4.3: Estimations of local time-varying reproduction numbers
in simulated epidemics for Hong Kong and Victoria under three sets
of error misidentification rates: α1 ∼ Beta(2, 18), and α0 ∼ Beta(2, 8),
Beta(4, 8), or Beta(8, 8). The error bands are the averages of 95%
credible intervals over 1,000 trials.

identification error is close to zero, we should trust the estimate under scenario 1).

Ultimately, we see that the ability to account for identification error appropriately

in reporting the local time-varying reproduction number can lead to substantially

different conclusions than use of the original, noisy local time-varying reproduction

number. These differences can then in turn be translated to decision making for public

health response.
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Figure 4.4: Epidemic curves of COVID-19 cases and estimations of
local time-varying reproduction numbers in Hong Kong and Victoria.
(a) The epidemic curve of daily cases of laboratory-confirmed SARS-
CoV-2 infection in Hong Kong by symptom onset date and colored
by case category. Asymptomatic cases are included here by date of
confirmation. (b) The epidemic curve of the coronavirus disease cases
in Victoria by sample collection date and colored by case category. (c)
and (d) Estimations of local time-varying reproduction numbers under
three assumed scenarios: 1) no identification error, 2) α0 ∼ Beta(2, 18)
and α1 ∼ Beta(4, 8) (around 10% imported cases are misclassified as
local and around 33.3% local cases are misclassified as imported), 3)
α0 ∼ Beta(4, 8) and α1 ∼ Beta(2, 18) (around 33.3% imported cases are
misclassified as local and around 10% local cases are misclassified as
imported). The bands are the 95% credible intervals.

Data accessibility

No primary data are used in this chapter. Secondary data sources are taken

from Adam et al. (2020); Seemann et al. (2020). These data and the code neces-
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sary to reproduce the results in this chapter are available at https://github.com/

KolaczykResearch/EstimLocalRt.

https://github.com/KolaczykResearch/EstimLocalRt
https://github.com/KolaczykResearch/EstimLocalRt
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Chapter 5

Discussion

In this Chapter, we summarize the work in the dissertation and discuss future

directions.

5.1 Inference for metrics for network-based epidemic surveil-

lance

We have quantified the bias and variance of the observed branching factor in noisy

networks and developed a general framework for estimation of the true branching

factor in contexts wherein one has observations of noisy networks. Our approach

requires as few as three replicates of network observations, and employs method-of-

moments techniques to derive estimators and establish their asymptotic consistency and

normality. Simulations demonstrate that substantial inferential accuracy by method-

of-moments estimators is possible in networks of even modest size when nontrivial

noise is present. And our application to contact networks in British secondary schools

and a French hospital shows that the gains offered by our approach over presenting

the observed branching factor can be pronounced.

We have pursued a frequentist approach to the problem of uncertainty quantification

for the branching factor. If the replicates necessary for our approach are unavailable in

a given setting, a Bayesian approach is a natural alternative. For example, posterior-

predictive checks for goodness-of-fit based on examination of a handful of network

summary measures is common practice (e.g., Bloem-Reddy and Orbanz (2018)). Note,
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however, that the Bayesian approach requires careful modeling of the generative process

underlying G and typically does not distinguish between signal and noise components.

Our analysis is conditional on G, and hence does not require that G be modeled. It is

effectively a ‘signal plus noise’ model, with the signal taken to be fixed but unknown.

Related work has been done in the context of graphon modeling, with the goal of

estimating network motif frequencies (e.g., Latouche and Robin (2016)). However,

again, one typically does not distinguish between signal and noise components in this

setting. Additionally, we note that the problem of practical graphon estimation itself

is still a developing area of research.

Our work here sets the stage for extensions to various thresholds and statistics

which depend on the branching factor. Recall that these include the epidemic threshold

1/(κ− 1) and the immunization threshold 1− 1/(λκ), where λ is the spreading rate

(Pastor-Satorras et al. (2015)). Replacing κ with κ̂, we obtain asymptotically unbiased

estimators for the corresponding thresholds. The asymptotic distributions can be

derived from the delta method. In addition, the total branching factor of the network

is important for epidemic spreading and immunization strategy in multiplex networks

(e.g., Buono et al. (2014)).

Our choice to work with independent network noise is both natural and motivated

by convenience. And our results of method-of-moments estimators still hold when there

is some dependency across (non)edges. A precise characterization of the dependency

is typically problem-specific and hence a topic for further investigation.

One future direction for this work is uncertainty quantification for the eigenvalues

of the adjacency matrix. Because, in general, the epidemic threshold of a network is

the inverse of the largest eigenvalue of the adjacency matrix (Pastor-Satorras et al.

(2015)). The techniques for the eigenvalue of the adjacency matrix are different from

those for the ratio of the second moment to the first moment of degree distribution.
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Another more general direction is to pursue similar lines of research for other

standard quantities associated with surveillance, including elements of the epidemic

curve used in detecting emergence and peaks, and optimal surveillance groups (Herrera

et al. (2016); Colman et al. (2019)).

5.2 Experiments on noisy networks

We have quantified biases and variances of standard estimators in noisy networks

and developed a general framework for estimation of true average causal effects in

contexts wherein one has observations of noisy networks. Our approach requires

knowledge or consistent estimates of the corresponding noise parameters, the latter

which can be obtained with as few as three replicates of network observations. We

employ method-of-moments techniques to derive estimators and establish their asymp-

totic unbiasedness and consistency. Simulations in British secondary schools contact

networks demonstrate that substantial inferential accuracy by method-of-moments

estimators is possible in networks of even modest size when nontrivial noise is present.

Our work here sets the stage for extensions to other potential outcome frameworks

and exposure models. Here we sketch the key elements of one such extension. For

example, consider the exposure mapping f as following:

f(z,A·i) =



c11′(Direct + ≥ mi Neighborhood Exposure), ziI{z>A·i>0} ≥ mi,

c10′(Direct + < mi Neighborhood Exposure), ziI{z>A·i>0} < mi,

c01′( ≥ mi Neighborhood Exposure), (1− zi)I{z>A·i>0} ≥ mi,

c00′( < mi Neighborhood Exposure), (1− zi)I{z>A·i>0} < mi,

(5.1)

where mi ≥ 1. When mi = 1, it reduces to (3.2). And if mi = k, then the level c11′

is known as the absolute k-neighborhood exposure (Ugander et al. (2013)). When
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mi = qdi, 0 ≤ q ≤ 1, the level c11′ is called the fractional q-neighborhood exposure

(Ugander et al. (2013)). The generalized four-level exposure model provides useful

abstractions for the analysis of networked experiments. For example, infectious diseases

(e.g., like COVID-19) are more likely to spread between people closely connected in a

social network. And being in contact with more people with the disease means that,

in theory, they are more likely to contract the disease.

As an illustration, suppose that treatment is assigned to the Nv individuals in

a network through Bernoulli random sampling, with probability p. The exposure

probabilities for four levels can be found in Appendix 3.5.3. Next, we show orders of the

exposure probabilities for nodes with varying degrees in Theorem 5.1. If di = Θ(1/p),

upper bounds for four exposure probabilities do not depend on mi. When di = ω(1/p),

upper bounds for pei (c10′) and pei (c00′) increase as mi increases. And upper bounds

for pei (c11′) and pei (c01′) decrease as mi increases if di = o(1/p). See supplementary

material B.4 for the proof.

Theorem 5.1 Assume a generalized four-level exposure model and Bernoulli random

assignment of treatment with p = o(1). And for all i, di ≥ mi. Then, for all integers

mi ≥ 1 and mi = O(1), the orders of exposure probabilities are as in Table 5.1.

pei (c11′) pei (c10′) pei (c01′) pei (c00′)
di = ω(1/p) O(p) O(p(dip)

mi−1/edip) O(1) O((dip)
mi−1/edip)

di = Θ(1/p) O(p) O(p) O(1) O(1)
di = o(1/p) O(p(dip)

mi) O(p) O((dip)
mi) O(1)

Then, we can construct regularity conditions for the average causal effect estimators to

be consistent. Similarly, one can quantify biases and variances of standard estimators

in noisy networks and develop a general framework for estimation of true average

causal effects. These require additional work due to the complexities of formulas for

exposure probabilities.
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Another interesting direction for this work is casual inference under directed

networks or weighted networks. One idea for modeling noisy undirected weighted

network is as following. Let wi,j be the weight between node i and node j in the true

network. For example, in a contact network, wi,j can be defined as the frequency of

contacts between node i and node j. Then, the marginal distribution of the observed

weight in the noisy network has the form

w̃i,j ∼ Bin(wi,j, 1− γi,j) + Pois(λi,j),

where γi,j is the probability of missing one true contact, λi,j is the expected number

of false contacts.

Our choice to work with independent network noise is both natural and motivated

by convenience. A precise characterization of the dependency is typically problem-

specific and hence a topic for further investigation.

5.3 Estimation of reproduction numbers from noisy surveil-

lance data

We have developed a general framework for estimation of the true local time-varying

reproduction numbers in contexts wherein one has identified local and imported case

counts with some error. Simulations demonstrate that substantial inferential accuracy

by our estimators is possible when nontrivial error is present. And our application to

epidemics in Hong Kong and Victoria shows that the gains offered by our approach

over presenting the noisy local instantaneous reproduction number can be pronounced.

We have shown examples on a country level, but our method could be useful for

states, cities, or more local settings, such as a university trying to determine if there

is substantial local transmission occurring. Our approach requires daily numbers of

local and imported cases, serial interval, and contact tracing data or other data to
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provide adequate information to estimate the misidentification rates.

We have pursued a Bayesian approach to the problem of estimating the local

instantaneous reproduction number. The credible intervals are relatively wide when

the number of cases is low. To improve the performance at low case incidence, Kalman

filtering is a natural approach. Estimating the time-vary reproduction number by

Kalman filtering is an emerging topic. For instance, Parag (2020) constructed a

recursive Bayesian smoother for estimating the effective reproduction number from

the incidence of an infectious disease in real time and retrospectively. However, one

typically does not distinguish between local and imported cases in this setting.

The identification errors are informed by contact tracing survey data in our

approach. If the data from the survey is categorical (e.g., we ask people where they

were infected and attach some qualitative measure of our confidences that we think

they are local cases), we can transform them into numerical values. For example, Patki

et al. (2016) proposed a method that converts categorical variables to numerical data

for Gaussian distribution. We could modify the method to convert categorical variables

to Beta distributed data. If the survey data is unavailable, using genomic data is

a natural alternative. Genomic surveillance has been used to detect transmission

clusters and to provide information on the possible source of individual cases (Leavitt

et al. (2020); Meredith et al. (2020); Deng et al. (2020); Poon et al. (2016); Sansone

et al. (2020); Peters et al. (2016)).

We have showed the results of retrospective estimation. And it is computationally

feasible to run MCMC on each day to obtain real time estimators; it takes about

5 minutes for the MCMC chain of 10,000 samples. To reduce the computational

cost, one approach is adaptive MCMC methods (Haario et al. (2001); Roberts and

Rosenthal (2007)), which use the covariance structure of the posterior distribution

to design proposal distributions. Other methods include stochastic Newton (Martin
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et al. (2012)) and Riemannian manifold MCMC (Girolami and Calderhead (2011)),

which construct efficient proposals by local derivative information.

Due to the presence of heterogeneity in the level of connectivity of contact neigh-

borhoods for most real-world contact networks, it is interesting to analyze disease

transmission dynamics among different compartments (e.g., students, staff and faculty

in an university). Consider a population with K compartments. Let Rk,l(t) be a

time-varying reproduction number that parameterizes explicitly the rate at which

individuals from compartment l infect those in compartment k. Let Ik,l(t) denote

the number of true newly diagnose cases at time t for compartment k infected by

people in compartment l. Then we can estimate Rk,l(t) using the surveillance data

(including Ik,l(t)) by Kalman filtering or a similar approach in Thompson et al. (2019).

To account for noise in the surveillance data, a simple model is

Ĩk,l(t)|Ik,1(t), · · · , Ik,K(t), I imported
k (t), β0, β1

∼ Bin(Ik,l(t), 1− β1) + Bin(I imported
k (t) +

∑
j∈{1,··· ,K}\l

Ik,j(t), β0),
(5.2)

where I imported
k (t) is the number of newly diagnose imported cases at time t for

compartment k, β0 denotes the probability that an imported case or a case having

index case in compartment j (j 6= l) is misidentified as a case infected by people in

compartment l, and β1 is the probability that a case infected by people in compartment

l is misidentified as a case having other index cases. In addition, if Ĩk,l(t) is unavailable,

one method to estimate Rk,l(t) is using the network connectivity information (i.e.,

within-compartments and between-compartments contacts).
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Appendix A

Supplementary Materials to Chapter 2

We provide theorems and corollaries for asymptotic bias and variance of the

observed branching number and the proofs, proofs of theorems for method-of-moments

estimator κ̂, and the algorithm for estimation of asymptotic variance of κ̂.

A.1 Theorems and corollaries for bias of the observed branch-

ing number

In this section, we first quantify the asymptotic bias of the observed branching

factor for arbitrary true networks. We then show specific results for four typical

classes of networks: sparse and homogeneous, sparse and inhomogeneous, dense and

homogeneous, and dense and inhomogeneous. Note that Corollary 2.1 in Chapter

2 corresponds to Corollary A.1 and Corollary A.3, and Corollary 2.2 in Chapter 2

corresponds to Corollary A.2 and Corollary A.4.

Theorem A.1 We define X =
∑Nv

i=1 d̃i
2
, Y =

∑Nv
i=1 d̃i and we assume EY > 0, and

EY = Ω(Nv) (Nv →∞). Then, under Assumption 2.2, for any η > 0, we have

Bias[κ̃] =
EX
EY
− κ+O

( 1

(EY )1/(2+η)

EX
EY

)
as Nv →∞.

Theorem A.2 Under assumptions in Theorem A.1 and Assumption 2.1 and 2.4, for

any η > 0, we have

Bias[κ̃] = (2− α− β)
[
α(Nv − 1) + β − (α + β)κ

]
+O

( 1

(EY )1/(2+η)

EX
EY

)
as Nv →∞.
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Corollary A.1 (Sparse and homogeneous) In the sparse homogeneous graph,

where the average degree d̄ = Θ(logNv) and the asymptotic degree distribution is

the Poisson distribution with mean d̄, under the assumptions in Theorem A.2 and

β = O(1) (Nv →∞), for any η > 0, we have

Bias[κ̃] = O
( logNv

(Nv logNv)1/(2+η)

)
as Nv →∞,

where κ = Θ(logNv).

Corollary A.2 (Sparse and inhomogeneous) In the sparse inhomogeneous graph

where the average degree d̄ = Θ(logNv) and the asymptotic degree distribution is

truncated Pareto distribution with shape ζ, lower bound dL and upper bound Nv − 1,

under the assumptions in Theorem A.2 and β = O(1) (Nv →∞), for any η > 0, we

have

Bias[κ̃] =


−β(2− α− β)κ+O

(
max

{
logNv,

κ

(Nv logNv)1/(2+η)

})
if 0 < ζ ≤ 2

−β(2− α− β)
κ

(ζ − 1)2
+O(1) if ζ > 2

as Nv →∞, where

κ =



Θ(Nv), if 0 < ζ < 1

Θ(Nv/ logNv), if ζ = 1

Θ(N2−ζ
v · logζ−1Nv), if 1 < ζ < 2

Θ(log2Nv), if ζ = 2

Θ(logNv), if ζ > 2.

Remark A.1 In Corollary A.2, by the definition of expectation, ζ, dL, d̄ and Nv

satisfy the equation

d̄ =

Nv−1∫
dL

x · ζdζL

1−
( dL
Nv − 1

)ζ x−(ζ+1)dx.

Under the condition d̄ = Θ(logNv), the relationship among them can be simplified.

Similar relationships also hold in Corollary A.4, A.6 and A.8.
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Note that the O term in Corollary A.2 is dominated by the corresponding κ

asymptotically, so Bias(κ̃) = Θ(κ), reflecting the challenges of estimating κ in under

heterogeneous degree distributions. In contrast, Bias(κ̃) = o(κ) in Corollary A.1.

Corollary A.3 (Dense and homogeneous) In the dense homogeneous graph

where the average degree d̄ = Θ(N c
v), 0 < c < 1, and the asymptotic degree dis-

tribution is the Poisson distribution with mean d̄, under the assumptions in Theorem

A.2 and β = O(1) (Nv →∞), for any η > 0, we have

Bias[κ̃] = O
(
N
c− c+1

2+η
v

)
as Nv →∞,

where κ = Θ(N c
v).

Corollary A.4 (Dense and inhomogeneous) In the dense inhomogeneous graph

where the average degree d̄ = Θ(N c
v), 0 < c < 1, and the asymptotic degree distribution

is truncated Pareto distribution with shape ζ, lower bound dL and upper bound Nv − 1,

under the assumptions in Theorem A.2 and β = O(1) (Nv →∞), for any η > 0, we

have

Bias[κ̃] =


−β(2− α− β)κ+O

(
max

{
N c
v ,

κ

N
(c+1)/(2+η)
v

})
if 0 < ζ ≤ 2

−β(2− α− β)
κ

(ζ − 1)2
+O(max{N2c−1

v , 1}) if ζ > 2

as Nv →∞, where

κ =



Θ(Nv), if 0 < ζ < 1

Θ(Nv/ logNv), if ζ = 1

Θ(N
2−ζ+c(ζ−1)
v , if 1 < ζ < 2

Θ(N c
v · logNv), if ζ = 2

Θ(N c
v), if ζ > 2.

Note that the O term in Corollary A.4 is dominated by the corresponding κ

asymptotically, so Bias(κ̃) = Θ(κ). In contrast, Bias(κ̃) = o(κ) in Corollary A.3.
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A.2 Theorems and corollaries for variance of the observed

branching number

In this section, we first compute the asymptotic variance of the observed branching

factor for arbitrary true networks. We then show specific results for the same four

types of networks as in Section A.1. Note that Theorem 2.3 in Chapter 2 corresponds

to Corollary A.5 - A.8.

Theorem A.3 We assume EY > 0, and EY = Ω(Nv) (Nv → ∞). Then, under

Assumption 2,

(i)

Var[κ̃] = O

(
max

{
E
[(XEY − Y EX)2

(EY )4

]
,P(Y = 0) ·

[EX
EY

]2})

as Nv →∞.

(ii) For any η, λ > 0,

Var[κ̃] = E
[(XEY − Y EX)2

(EY )4

]
+O

(
max

{
(EY )−1/(2+η) · E

[(XEY − Y EX)2

(EY )4

]
,

(EY )−2/(2+λ) ·
[EX
EY

]2

,P(Y = 0) ·
[EX
EY

]2})

as Nv →∞.

Theorem A.4 Under the assumptions in Theorem A.3, Assumption 1 and 4, and

1− β = Ω(Nv) (Nv →∞),

(i)

Var[κ̃] = O

(
E
[(XEY − Y EX)2

(EY )4

])
as Nv →∞.
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(ii) For any η, κ > 0,

Var[κ̃] = E
[(XEY − Y EX)2

(EY )4

]
+O

(
max

{
(EY )−1/(2+η) · E

[(XEY − Y EX)2

(EY )4

]
, (EY )−2/(2+λ) ·

[EX
EY

]2})

as Nv →∞.

Theorem A.3 (i) and Theorem A.4 (i) provide upper bounds for variances of the

observed branching factors. And Theorem A.3 (ii) and Theorem A.4 (ii) derive good

approximations of variances if the O terms are dominated by the corresponding first

terms asymptotically.

Corollary A.5 (Sparse and homogeneous) In the sparse homogeneous graph

where the average degree d̄ = Θ(logNv) and the asymptotic degree distribution is

the Poisson distribution with mean d̄, under the assumptions in Theorem A.2 and

β = O(1) (Nv →∞), we have

Var[κ̃] = O
(( logNv

Nv

)1/2)
as Nv →∞.

Corollary A.6 (Sparse and inhomogeneous) In the sparse inhomogeneous graph

where the average degree d̄ = Θ(logNv) and the asymptotic degree distribution is

truncated Pareto distribution with shape ζ, lower bound dL and upper bound Nv − 1,

under the assumptions in Theorem A.2 and β = O(1) (Nv →∞), we have

Var[κ̃] =


O(Nv/ logNv), 0 < ζ < 1

O(Nv/ log2Nv), ζ = 1

O((Nv/ logNv)
2−ζ), 1 < ζ < 5/2

O((logNv/Nv)
1/2), ζ ≥ 5/2

as Nv →∞.

Corollary A.7 (Dense and homogeneous) In the dense homogeneous graph

where the average degree d̄ = Θ(N c
v), 0 < c < 1, and the asymptotic degree dis-

tribution is the Poisson distribution with mean d̄, under the assumptions in Theorem
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A.2 and β = O(1) (Nv →∞), we have

Var[κ̃] = O(N (c−1)/2
v ) as Nv →∞.

Corollary A.8 (Dense and inhomogeneous) In the dense inhomogeneous graph

where the average degree d̄ = Θ(N c
v), 0 < c < 1, and the asymptotic degree distribution

is truncated Pareto distribution with shape ζ, lower bound dL and upper bound Nv − 1,

under the assumptions in Theorem A.2 and β = O(1) (Nv →∞), we have

Var[κ̃] =


O(N1−c

v ), 0 < ζ < 1

O(N1−c
v / logNv), ζ = 1

O(N
(2−ζ)(1−c)
v ), 1 < ζ < 5/2

O(N
(c−1)/2
v ), ζ ≥ 5/2

as Nv →∞.

Note that the orders of the variances are asymptotically dominated by the corre-

sponding biases for all four cases. Therefore, in noisy contact networks, bias would

appear to be the primary concern for the observed branching factor. The O nota-

tions for variances in the homogeneous networks are bounded above by those in the

inhomogeneous networks of the same network density.

A.3 Proofs of theorems for bias of the observed branching

number

Proof of Theorem A.1

Recall X =
∑

i d̃
2
i and Y =

∑
i d̃i. Note that

Bias[κ̃] =
EX
EY
− κ+O

( 1

(EY )1/(2+η)

EX
EY

)
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is equivalent to

E[κ̃]− EX
EY

= O
( 1

(EY )1/(2+η)

EX
EY

)
. (A.1)

By Jensen’s inequality, we have∣∣∣∣∣E[κ̃]− EX
EY

∣∣∣∣∣ =
1

EY

∣∣∣∣∣E[X(EY − Y )

Y
· I{Y >0}

]∣∣∣∣∣ ≤ 1

EY
· E
[X|EY − Y |

Y
· I{Y >0}

]
.

(A.2)

Then by additivity of expectation, for 0 < δ < 1, E
[
X|EY−Y |

Y
· I{Y >0}

]
in (A.2) equals

E
[X|EY − Y |

Y
· I{Y >0} · I{|Y−EY |≥δEY }

]
+ E

[X|EY − Y |
Y

· I{Y >0} · I{|Y−EY |<δEY }
]
.

(A.3)

Next, we find the upper bounds of two terms in (A.3). For the first term, by

definitions of X and Y , X/Y · I{Y >0} < Nv and |EY − Y | < N2
v . Thus, we have

E
[X|EY − Y |

Y
· I{Y >0} · I{|Y−EY |≥δEY }

]
< N3

v · Pr(|Y − EY | ≥ δEY ).

Then, by Chernoff Bound, we obtain

E
[X|EY − Y |

Y
· I{Y >0} · I{|Y−EY |≥δEY }

]
< 2N3

v · exp
(
− δ2 · EY

6

)
.

For the second term, when |Y − EY | < δEY , Y > (1− δ)EY . So, we obtain

E
[X|EY − Y |

Y
· I{Y >0} · I{|Y−EY |<δEY }

]
<

δ

(1− δ)
· EX.

By (A.2), we show∣∣∣∣∣E[κ̃]− EX
EY

∣∣∣∣∣ ≤ 2N3
v

EY
· exp

(
− δ2 · EY

6

)
+

δ

(1− δ)
· EX
EY

. (A.4)
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Let L1(Nv) and L2(Nv) denote two terms on the right sides in (A.4). We choose

δ = (EY )−1/(2+η), η > 0, such that

L1(Nv) = o
(EX
EY

)
and L2(Nv) = o

(EX
EY

)
as Nv →∞,

under the assumption EY = Ω(Nv) as Nv →∞, 1− δ = O(1). By L’Hopital’s rule,

we have

L1(Nv) = o(L2(Nv)) as Nv →∞.

These imply (A.1).

Proof of Theorem A.2

We compute EY and EX under Assumption 2.1 and 2.2,

EY =
Nv∑
i=1

E[d̃i] =
Nv∑
i=1

α(Nv − 1− di) + (1− β)di

= αNv(Nv − 1) + (1− α− β)
Nv∑
i=1

di, and

EX =
Nv∑
i=1

E[d̃i
2
] =

Nv∑
i=1

(
var[d̃i] + (E[d̃i])

2
)

=
Nv∑
i=1

(
α(1− α)(Nv − 1− di)

+ β(1− β)di +
[
α(Nv − 1− di) + (1− β)di

]2)
= (1− α− β)2

Nv∑
i=1

d2
i +

[
β(1− β)− α(1− α)

+ 2α(Nv − 1)(1− α− β)
] Nv∑
i=1

di + αNv(Nv − 1)
[
1− α + α(Nv − 1)

]
. (A.5)
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Then, under Assumption 2.4, (A.5) leads to

EY =
Nv∑
i=1

di,

EX = (1− α− β)2

Nv∑
i=1

d2
i + (2− α− β)

[
α(Nv − 1) + β

] Nv∑
i=1

di.

Plugging the value of EX/EY into the bias expression in Theorem A.1 completes the

proof.

A.4 Proofs of corollaries for bias of the observed branching

number

Proof of Corollary A.1

By homogeneity, we obtain

Nv∑
i=1

d2
i = (d̄+ 1)d̄Nv.

By edge unbiasedness, we have

α =
βd̄

Nv − 1− d̄
. (A.6)

Thus,

α(Nv − 1) + β − (α + β)

∑Nv
i=1 d

2
i∑Nv

i=1 di
= −α, (A.7)

and

EX
EY

= d̄+ 1− α(2− α− β).
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By Theorem A.2, for any η > 0, we have

Bias[κ̃] = O
( logNv

(Nv logNv)1/(2+η)

)
as Nv →∞.

Proof of Corollary A.2

First, we compute the first and second moments of truncated Pareto distribution.

Nv−1∫
dL

x · ζdζL

1−
( dL
Nv − 1

)ζ x−(ζ+1)dx =



ζdζL ·
log
(Nv − 1

dL

)
1−

( dL
Nv − 1

)ζ , if ζ = 1

ζdL
ζ − 1

·
1−

( dL
Nv − 1

)ζ−1

1−
( dL
Nv − 1

)ζ , otherwise,

Nv−1∫
dL

x2 · ζdζL

1−
( dL
Nv − 1

)ζ x−(ζ+1)dx =



ζdζL ·
log
(Nv − 1

dL

)
1−

( dL
Nv − 1

)ζ , if ζ = 2

ζd2
L

ζ − 2
·

1−
( dL
Nv − 1

)ζ−2

1−
( dL
Nv − 1

)ζ , otherwise.

(A.8)

Note that d̄ =
∑Nv

i=1 di/Nv = Θ(logNv). So, as Nv →∞, we obtain

dL ∼



(1− ζ
ζ
· d̄

N1−ζ
v

)1/ζ

, if 0 < ζ < 1

d̄/ logNv, if ζ = 1

ζ − 1

ζ
d̄, if ζ > 1.

(A.9)
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Thus, as Nv →∞, we have

∑Nv
i=1 d

2
i∑Nv

i=1 di
∼



1− ζ
2− ζ

Nv, if 0 < ζ < 1

Nv/ logNv, if ζ = 1

ζ − 1

2− ζ

(ζ − 1

ζ

)ζ−1

N2−ζ
v · (d̄)ζ−1, if 1 < ζ < 2

d̄ · logNv/2, if ζ = 2

(ζ − 1)2

ζ(ζ − 2)
d̄, if ζ > 2.

(A.10)

By edge unbiasedness, we have

α =
βd̄

Nv − 1− d̄
= Θ

( logNv

Nv

)
.

(i) 0 < ζ ≤ 2

Note that

α(Nv − 1) + β − (α + β)

∑Nv
i=1 d

2
i∑Nv

i=1 di
= −βκ+ α(Nv − κ− 1) + β,

and

EX
EY

= Θ
(∑Nv

i=1 d
2
i∑Nv

i=1 di

)
.

By Theorem A.2, for any η > 0, we have

Bias[κ̃] = −β(2− α− β)κ+ (2− α− β)
[
α(Nv − κ− 1) + β

]
+O

( 1

(EY )1/(2+η)

EX
EY

)
= −β(2− α− β)κ+O

(
max

{
logNv,

κ

(Nv logNv)1/(2+η)

})
as Nv →∞.

(ii) ζ > 2
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Note that

α(Nv − 1) + β − (α + β)

∑Nv
i=1 d

2
i∑Nv

i=1 di
∼ − βd̄

ζ(ζ − 2)
− β(d̄)2

ζ(ζ − 2)(Nv − 1− d̄)
+ β,

and

EX
EY

= O(d̄).

By Theorem A.2, for any η > 0, we have

Bias[κ̃] = −(2− α− β)
βd̄

ζ(ζ − 2)
+O(1)

= −β(2− α− β)
κ

(ζ − 1)2
+O(1)

as Nv →∞.

Proof of Corollary A.3

By homogeneity, we obtain

Nv∑
i=1

d2
i = (d̄+ 1)d̄Nv.

By edge unbiasedness, we have

α =
βd̄

Nv − 1− d̄
. (A.11)

Thus,

α(Nv − 1) + β − (α + β)

∑Nv
i=1 d

2
i∑Nv

i=1 di
= −α, (A.12)

and

EX
EY

= d̄+ 1− α(2− α− β).
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By Theorem A.2, for any η > 0, we have

Bias[κ̃] = O
(
N
c− c+1

2+η
v

)
as Nv →∞.

Proof of Corollary A.4

Note that the asymptotic notations for dL and
∑Nv

i=1 d
2
i /
∑Nv

i=1 di are same as

equation (A.9) and equation (A.10).

By edge unbiasedness, we have

α =
βd̄

Nv − 1− d̄
= Θ(N c−1

v ).

(i) 0 < ζ ≤ 2

Note that

α(Nv − 1) + β − (α + β)

∑Nv
i=1 d

2
i∑Nv

i=1 di
= −βκ+ α(Nv − κ− 1) + β,

and

EX
EY

= Θ
(∑Nv

i=1 d
2
i∑Nv

i=1 di

)
.

By Theorem A.2, for any η > 0, we have

Bias[κ̃] = −β(2− α− β)κ+ (2− α− β)
[
α(Nv − κ− 1) + β

]
+O

( 1

(EY )1/(2+η)

EX
EY

)
= −β(2− α− β)κ+O

(
max

{
N c
v ,

κ

N
(c+1)/(2+η)
v

})
as Nv →∞.

(ii) ζ > 2
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Note that

α(Nv − 1) + β − (α + β)

∑Nv
i=1 d

2
i∑Nv

i=1 di
∼ − βd̄

ζ(ζ − 2)
− β(d̄)2

ζ(ζ − 2)(Nv − 1− d̄)
+ β,

and

EX
EY

= O(d̄).

By Theorem A.2, for any η > 0, we have

Bias[κ̃] = −(2− α− β)
βd̄

ζ(ζ − 2)
+O(max{N2c−1

v , 1})

= −β(2− α− β)
κ

(ζ − 1)2
+O(max{N2c−1

v , 1})

as Nv →∞.

A.5 Proofs of theorems for variances of the observed branch-

ing number

To show Theorem A.3 and Theorem A.4, we first introduce a useful lemma.

Lemma A.1 Under assumptions in Theorem A.3, for any η > 0, we have

E
[(
κ̃− EX

EY

)2]
= E

[(XEY − Y EX)2

(EY )4

]
+O

(
max

{
(EY )−1/(2+η)

· E
[(XEY − Y EX)2

(EY )4

]
,P(Y = 0) ·

[EX
EY

]2})

as Nv →∞.
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Proof. Note that

E
[(
κ̃− EX

EY

)2]
− E

[(XEY − Y EX)2

(EY )4

]
= E

[(XEY − Y EX)2
[
(EY )2 − Y 2

]
Y 2(EY )4

· I{Y >0}

]
+
(EX
EY

)2

· Pr(Y = 0).

By triangle inequality and Jensen’s inequality, we obtain∣∣∣∣∣E[(XY · I{Y >0} −
EX
EY

)2]
− E

[(XEY − Y EX)2

(EY )4

]∣∣∣∣∣
≤ 1

(EY )4
E
[(XEY − Y EX)2

∣∣(EY )2 − Y 2
∣∣

Y 2
· I{Y >0}

]
+
(EX
EY

)2

· Pr(Y = 0). (A.13)

Next, we find an upper bound of

E
[(XEY − Y EX)2

∣∣(EY )2 − Y 2
∣∣

Y 2
· I{Y >0}

]
. (A.14)

By additivity of expectation, for any δ ∈ (0, 1), (A.14) equals

E
[(XEY − Y EX)2

∣∣(EY )2 − Y 2
∣∣

Y 2
· I{Y >0} · I{|Y−EY |≥δEY }

]
(A.15)

+ E
[(XEY − Y EX)2

∣∣(EY )2 − Y 2
∣∣

Y 2
· I{Y >0} · I{|Y−EY |<δEY }

]
. (A.16)

For the first term in (A.15), by definitions of X and Y , we obtain
∣∣∣XEY−Y EX

Y

∣∣∣ ·I{Y >0} <

N3
v and |(EY )2 − Y 2| < N4

v . Thus, we have

E
[(XEY − Y EX)2

∣∣(EY )2 − Y 2
∣∣

Y 2
· I{Y >0} · I{|Y−EY |≥δEY }

]
< N10

v · Pr(|Y − EY | ≥ δEY ).

Then, by Chernoff Bound, we obtain

E
[(XEY − Y EX)2

∣∣(EY )2 − Y 2
∣∣

Y 2
· I{Y >0} · I{|Y−EY |≥δEY }

]
< 2N10

v · exp
(
− δ2 · EY

6

)
.
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For the second term in (A.15), when |EY − Y | < δEY , Y > (1 − δ)EY and Y <

(1 + δ)EY . And notice |(EY )2 − Y 2| = (EY + Y )|EY − Y |, we have

E
[(XEY − Y EX)2

∣∣(EY )2 − Y 2
∣∣

Y 2
· I{Y >0} · I{|Y−EY |<δEY }

]
<
δ(2 + δ)

(1− δ)2
· E
[
(XEY − Y EX)2

]
.

By (A.13), we show∣∣∣∣∣E[(κ̃− EX
EY

)2]
− E

[(XEY − Y EX)2

(EY )4

]∣∣∣∣∣
≤ 2N10

v

(EY )4
· exp

(
− δ2 · EY

6

)
+
δ(2 + δ)

(1− δ)2
· E
[(XEY − Y EX)2

(EY )4

]
+
(EX
EY

)2

· Pr(Y = 0).

(A.17)

L1(Nv) and L2(Nv) denote the first two terms on the right sides in (A.17). We

choose δ = (EY )−1/(2+η), η > 0, such that

L1(Nv) = o
(
E
[(XEY − Y EX)2

(EY )4

])
and L2(Nv) = o

(
E
[(XEY − Y EX)2

(EY )4

])
as Nv → ∞. Under the assumption EY = Ω(Nv) as Nv → ∞, 1 − δ = O(1). By

L’Hopital’s rule, we have

L1(Nv) = o(L2(Nv)) as Nv →∞.

These complete the proof. �

Proof of Theorem A.3

By the definition of variance, we have

Var[κ̃] = Var
[
κ̃− EX

EY

]
= E

[(
κ̃− EX

EY

)2]
−
[
E(κ̃)− EX

EY

]2

.
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(i) By Lemma A.1, for any η > 0, we obtain

Var[κ̃] = O
(
E
[(
κ̃− EX

EY

)2])
= O

(
max

{
E
[(XEY − Y EX)2

(EY )4

]
,P(Y = 0) ·

[EX
EY

]2})
.

(ii) By triangle inequality, we have

∣∣∣∣∣Var[κ̃]− E
[(XEY − Y EX)2

(EY )4

]∣∣∣∣∣
≤

∣∣∣∣∣E[(κ̃− EX
EY

)2]
− E

[(XEY − Y EX)2

(EY )4

]∣∣∣∣∣+
[
E(κ̃)− EX

EY

]2

.

Apply Lemma A.1 and Theorem A.1 and the rest follows.

Proof of Theorem A.4

Under assumptions in Theorem A.4, we have

P(Y = 0)
[EX
EY

]2

= o
(
E
[(XEY − Y EX)2

(EY )4

])
,

and there exist η0, λ0 > 0, such that

P(Y = 0)
[EX
EY

]2

= o

(
max

{ 1

(EY )−1/(2+η0)
E
[(XEY − Y EX)2

(EY )4

]
,

1

(EY )−2/(2+λ0)

[EX
EY

]2})
.

Apply Theorem A.3 and the rest follows.
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A.6 Proofs of corollaries for variances of the observed branch-

ing number

To prove corollaries for variances of the observed branching number, we first

compute E
[(XEY − Y EX)2

(EY )4

]
. Note that

E
[(XEY − Y EX)2

(EY )4

]
=
[EX
EY

]2

·
[ VarX

(EX)2
− 2

Cov(X, Y )

EXEY
+

VarY

(EY )2

]
.

Under Assumption 2.1, 2.2 and 2.4, we have

EY =
Nv∑
i=1

di,

EX = (1− α− β)2

Nv∑
i=1

d2
i + (2− α− β)

[
α(Nv − 1) + β

] Nv∑
i=1

di,

VarY = 2β(2− α− β)
Nv∑
i=1

di,

Cov(X, Y ) = 4(β − α)(1− α− β)2

Nv∑
i=1

d2
i + 2

{
β
[
(1− α)(1− 2α)− (1− β)(1− 2β)

]
+ 2α(Nv − 1)

[
β(1− β) + (1− α)2

]} Nv∑
i=1

di,

VarX = 4(β − α)(1− α− β)3

Nv∑
i=1

d3
i

+ 2(1− α− β)2
[
19α2 + 9β2 − 6α(1 + 3β)− 4β

+ 2α(1 + 4β − 5α)Nv

] Nv∑
i=1

d2
i +

{
(1− α− β)

[
− 38α3

+ 2α2(17 + 11β) + β(1− 6β + 6β2)− α(5 + 14β2)

+ 4α(1 + 11α2 + 2β2 − α(9 + 5β))Nv + 4α2(2− 3α + β)N2
v

]
+ (1− α)(α + β)

[
1− 12α + 20α2 + 6(1− 3α)αNv + 4α2N2

v

]
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+ 2(1− α− β)
[
3α2 − β(1− β)− α(1 + 2β) + α(1− 2α + β)Nv

]
+ 4(1− α− β)

[
− 8α3 + 3α(1− β)β + (1− β)2β + 4α2(1 + β)

]
− 8α

[
5α3 + (1− β)2β − α2(8− 3β) + α(3− 2β − β2)

]
Nv

+ 4α2
[
2 + 3α2 − β − β2 − α(5− 2β)

]
N2
v

+ 2α(1− α)(α + β)(Nv − 2)
[
1 + 2α(Nv − 2)

]
+ β

[
α(α− 3)− β(β − 3)

]
+ 2α(Nv − 1)

[
β(1− β) + (1− α)2

]} Nv∑
i=1

di

+ 4(1− α− β)2
[
α(1− α)

Nv∑
i=1

∑
j 6=i

didjI{Aij=0}

+ β(1− β)
Nv∑
i=1

∑
j 6=i

didjI{Aij=1}

]
.

Proof of Corollary A.5

By edge unbiasedness, we have

α =
βd̄

Nv − 1− d̄
= Θ

( logNv

Nv

)
. (A.18)

By homogeneity, we obtain

Nv∑
i=1

d2
i = Θ(Nv log2(Nv)),

Nv∑
i=1

d3
i = Θ(Nv log3(Nv)).
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Besides, by Young’s inequality, we have

Nv∑
i=1

∑
j 6=i

didjI{Aij=1} ≤
( Nv∑
i=1

∑
j 6=i

d2
i d

2
j

)1/2

·
( Nv∑
i=1

∑
j 6=i

I{Aij=1}

)1/2

= O(N3/2
v log5/2Nv),

Nv∑
i=1

∑
j 6=i

didjI{Aij=0} ≤
( Nv∑
i=1

∑
j 6=i

d2
i d

2
j

)1/2

·
( Nv∑
i=1

∑
j 6=i

I{Aij=0}

)1/2

= O(N2
v log2Nv).

Thus, we obtain

EX
EY

= Θ(logNv),

VarX

(EX)2
= O

( 1

N
1/2
v log3/2Nv

)
,

Cov(X, Y )

EXEY
= Θ

( 1

Nv logNv

)
,

VarY

(EY )2
= Θ

( 1

Nv logNv

)
.

Then, we have

E
[(XEY − Y EX)2

(EY )4

]
= O

(( logNv

Nv

)1/2
)
.

By Theorem A.4,

Var[κ̃] = O

(( logNv

Nv

)1/2
)

as Nv →∞.

Proof of Corollary A.6

By edge unbiasedness, we have

α =
βd̄

Nv − 1− d̄
= Θ

( logNv

Nv

)
. (A.19)
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Next, we compute
∑Nv

i=1 d
3
i for different values of ζ.

Nv−1∫
dL

x3 · ζdζL

1−
( dL
Nv − 1

)ζ x−(ζ+1)dx =



ζdζL ·
log
(Nv − 1

dL

)
1−

( dL
Nv − 1

)ζ , if ζ = 3

ζd3
L

ζ − 3
·

1−
( dL
Nv − 1

)ζ−3

1−
( dL
Nv − 1

)ζ , otherwise.

(A.20)

Thus, we obtain

Nv∑
i=1

d3
i =



Θ(N3
v logNv), if 0 < ζ < 1

Θ(N3
v ), if ζ = 1

Θ(N4−ζ
v · logζ Nv), if 1 < ζ < 3

Θ(Nv log4Nv), if ζ = 3

Θ(Nv log3Nv), if ζ > 3.

Equation (A.8) leads to

Nv∑
i=1

d2
i =



Θ(N2
v logNv), if 0 < ζ < 1

Θ(N2
v ), if ζ = 1

Θ(N3−ζ
v · logζ Nv), if 1 < ζ < 2

Θ(Nv log3Nv), if ζ = 2

Θ(Nv log2Nv), if ζ > 2.
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In addition, by Young’s inequality, we have

Nv∑
i=1

∑
j 6=i

didjI{Aij=1} ≤
( Nv∑
i=1

∑
j 6=i

d2
i d

2
j

)1/2

·
( Nv∑
i=1

∑
j 6=i

I{Aij=1}

)1/2

,

Nv∑
i=1

∑
j 6=i

didjI{Aij=0} ≤
( Nv∑
i=1

∑
j 6=i

d2
i d

2
j

)1/2

·
( Nv∑
i=1

∑
j 6=i

I{Aij=0}

)1/2

. (A.21)

Thus, we obtain

Nv∑
i=1

∑
j 6=i

didjI{Aij=1} =



O(N
5/2
v log3/2Nv), if 0 < ζ < 1

O(N
5/2
v log1/2Nv), if ζ = 1

O(N
7/2−ζ
v · logζ+1/2Nv), if 1 < ζ < 2

O(N
3/2
v log7/2Nv), if ζ = 2

O(N
3/2
v log5/2Nv), if ζ > 2,

and

Nv∑
i=1

∑
j 6=i

didjI{Aij=0} =



O(N3
v logNv), if 0 < ζ < 1

O(N3
v ), if ζ = 1

O(N4−ζ
v · logζ Nv), if 1 < ζ < 2

O(N2
v log3Nv), if ζ = 2

O(N2
v log2Nv), if ζ > 2.

(i) 0 < ζ < 1
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Note that

EX
EY

= Θ
(
Nv

)
,

VarX

(EX)2
= Θ

( 1

Nv logNv

)
,

Cov(X, Y )

EXEY
= Θ

( 1

Nv logNv

)
,

VarY

(EY )2
= Θ

( 1

Nv logNv

)
.

Then, we have

E
[(XEY − Y EX)2

(EY )4

]
= O

( Nv

logNv

)
.

By Theorem A.4,

Var[κ̃] = O
( Nv

logNv

)
as Nv →∞.

(ii) ζ = 1

Note that

EX
EY

= Θ
( Nv

logNv

)
,

VarX

(EX)2
= Θ

( 1

Nv

)
,

Cov(X, Y )

EXEY
= Θ

( 1

Nv logNv

)
,

VarY

(EY )2
= Θ

( 1

Nv logNv

)
.

Then, we have

E
[(XEY − Y EX)2

(EY )4

]
= O

( Nv

log2Nv

)
.
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By Theorem A.4,

Var[κ̃] = O
( Nv

log2Nv

)
as Nv →∞.

(iii) 1 < ζ < 2

Note that

EX
EY

= Θ
(
N2−ζ
v · logζ−1Nv

)
,

VarX

(EX)2
= Θ

( 1

N2−ζ
v · logζ Nv

)
,

Cov(X, Y )

EXEY
= Θ

( 1

Nv logNv

)
,

VarY

(EY )2
= Θ

( 1

Nv logNv

)
.

Then, we have

E
[(XEY − Y EX)2

(EY )4

]
= O

(( Nv

logNv

)2−ζ)
.

By Theorem A.4,

Var[κ̃] = O
(( Nv

logNv

)2−ζ)
as Nv →∞.

(iv) ζ = 2

Note that

EX
EY

= Θ
(

log2Nv

)
,

VarX

(EX)2
= Θ

( 1

log4Nv

)
,

Cov(X, Y )

EXEY
= Θ

( 1

Nv logNv

)
,

VarY

(EY )2
= Θ

( 1

Nv logNv

)
.
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Then, we have

E
[(XEY − Y EX)2

(EY )4

]
= O

(
1
)
.

By Theorem A.4,

Var[κ̃] = O
(

1
)

as Nv →∞.

(v) 2 < ζ < 5/2

Note that

EX
EY

= Θ
(

logNv

)
,

VarX

(EX)2
= Θ

( 1

N ζ−2
v log4−ζ Nv

)
,

Cov(X, Y )

EXEY
= Θ

( 1

Nv logNv

)
,

VarY

(EY )2
= Θ

( 1

Nv logNv

)
.

Then, we have

E
[(XEY − Y EX)2

(EY )4

]
= O

(( logNv

Nv

)ζ−2)
.

By Theorem A.4,

Var[κ̃] = O
(( logNv

Nv

)ζ−2)
as Nv →∞.

(vi) ζ ≥ 5/2
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Note that

EX
EY

= Θ
(

logNv

)
,

VarX

(EX)2
= O

( 1

N
1/2
v log3/2Nv

)
,

Cov(X, Y )

EXEY
= Θ

( 1

Nv logNv

)
,

VarY

(EY )2
= Θ

( 1

Nv logNv

)
.

Then, we have

E
[(XEY − Y EX)2

(EY )4

]
= O

(( logNv

Nv

)1/2)
.

By Theorem A.4,

Var[κ̃] = O
(( logNv

Nv

)1/2)
as Nv →∞.

Proof of Corollary A.7

By edge unbiasedness, we have

α =
βd̄

Nv − 1− d̄
= Θ(N c−1

v ). (A.22)

By homogeneity, we obtain

Nv∑
i=1

d2
i = Θ(N2c+1

v ),

Nv∑
i=1

d3
i = Θ(N3c+1

v ).
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Besides, by Young’s inequality, we have

Nv∑
i=1

∑
j 6=i

didjI{Aij=1} ≤
( Nv∑
i=1

∑
j 6=i

d2
i d

2
j

)1/2

·
( Nv∑
i=1

∑
j 6=i

I{Aij=1}

)1/2

= O(N (5c+3)/2
v ),

Nv∑
i=1

∑
j 6=i

didjI{Aij=0} ≤
( Nv∑
i=1

∑
j 6=i

d2
i d

2
j

)1/2

·
( Nv∑
i=1

∑
j 6=i

I{Aij=0}

)1/2

= O(N2c+2
v ).

Thus, we obtain

EX
EY

= Θ(N c
v),

VarX

(EX)2
= O

( 1

N
(3c+1)/2
v

)
,

Cov(X, Y )

EXEY
= Θ

( 1

N c+1
v

)
,

VarY

(EY )2
= Θ

( 1

N c+1
v

)
.

Then, we have

E
[(XEY − Y EX)2

(EY )4

]
= O(N (c−1)/2

v ).

By Theorem A.4,

Var[κ̃] = O(N (c−1)/2
v ) as Nv →∞.

Proof of Corollary A.8

By edge unbiasedness, we have

α =
βd̄

Nv − 1− d̄
= Θ(N c−1

v ). (A.23)
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By equation (A.20), we have

Nv∑
i=1

d3
i =



Θ(N c+3
v ), if 0 < ζ < 1

Θ(N c+3
v / logNv), if ζ = 1

Θ(N4−ζ+cζ
v ), if 1 < ζ < 3

Θ(N3c+1
v · logNv), if ζ = 3

Θ(N3c+1
v ), if ζ > 3.

Equation (A.8) leads to

Nv∑
i=1

d2
i =



Θ(N c+2
v ), if 0 < ζ < 1

Θ(N c+2
v / logNv), if ζ = 1

Θ(N3−ζ+cζ
v ), if 1 < ζ < 2

Θ(N2c+1
v · logNv), if ζ = 2

Θ(N2c+1
v ), if ζ > 2.

In addition, by equation (A.21), we obtain

Nv∑
i=1

∑
j 6=i

didjI{Aij=1} =



O(N
(3c+5)/2
v ), if 0 < ζ < 1

O(N
(3c+5)/2
v / logNv), if ζ = 1

O(N
7/2−ζ+c(ζ+1/2)
v ), if 1 < ζ < 2

O(N
(5c+3)/2
v · logNv), if ζ = 2

O(N
(5c+3)/2
v ), if ζ > 2,
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and

Nv∑
i=1

∑
j 6=i

didjI{Aij=0} =



O(N c+3
v ), if 0 < ζ < 1

O(N c+3
v / logNv), if ζ = 1

O(N4−ζ+cζ
v ), if 1 < ζ < 2

O(N2c+2
v · logNv), if ζ = 2

O(N2c+2
v ), if ζ > 2.

(i) 0 < ζ < 1

Note that

EX
EY

= Θ
(
Nv

)
,

VarX

(EX)2
= Θ

( 1

N c+1
v

)
,

Cov(X, Y )

EXEY
= Θ

( 1

N c+1
v

)
,

VarY

(EY )2
= Θ

( 1

N c+1
v

)
.

Then, we have

E
[(XEY − Y EX)2

(EY )4

]
= O

(
N1−c
v

)
.

By Theorem A.4,

Var[κ̃] = O
(
N1−c
v

)
as Nv →∞.

(ii) ζ = 1
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Note that

EX
EY

= Θ
( Nv

logNv

)
,

VarX

(EX)2
= Θ

( logNv

N c+1
v

)
,

Cov(X, Y )

EXEY
= Θ

( 1

N c+1
v

)
,

VarY

(EY )2
= Θ

( 1

N c+1
v

)
.

Then, we have

E
[(XEY − Y EX)2

(EY )4

]
= O

( N1−c
v

logNv

)
.

By Theorem A.4,

Var[κ̃] = O
( N1−c

v

logNv

)
as Nv →∞.

(iii) 1 < ζ < 2

Note that

EX
EY

= Θ
(
N2−ζ+c(ζ−1)
v

)
,

VarX

(EX)2
= Θ

( 1

N2−ζ+cζ
v

)
,

Cov(X, Y )

EXEY
= Θ

( 1

N c+1
v

)
,

VarY

(EY )2
= Θ

( 1

N c+1
v

)
.

Then, we have

E
[(XEY − Y EX)2

(EY )4

]
= O

(
N (2−ζ)(1−c)
v

)
.



98

By Theorem A.4,

Var[κ̃] = O
(
N (2−ζ)(1−c)
v

)
as Nv →∞.

(iv) ζ = 2

Note that

EX
EY

= Θ
(
N c
v · logNv

)
,

VarX

(EX)2
= Θ

( 1

N2c
v · log2Nv

)
,

Cov(X, Y )

EXEY
= Θ

( 1

N c+1
v

)
,

VarY

(EY )2
= Θ

( 1

N c+1
v

)
.

Then, we have

E
[(XEY − Y EX)2

(EY )4

]
= O

(
1
)
.

By Theorem A.4,

Var[κ̃] = O
(

1
)

as Nv →∞.

(v) 2 < ζ < 5/2

Note that

EX
EY

= Θ
(
N c
v

)
,

VarX

(EX)2
= Θ

( 1

N
ζ−2+c(4−ζ)
v

)
,

Cov(X, Y )

EXEY
= Θ

( 1

N c+1
v

)
,

VarY

(EY )2
= Θ

( 1

N c+1
v

)
.
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Then, we have

E
[(XEY − Y EX)2

(EY )4

]
= O

(
N (2−ζ)(1−c)
v

)
.

By Theorem A.4,

Var[κ̃] = O
(
N (2−ζ)(1−c)
v

)
as Nv →∞.

(vi) ζ ≥ 5/2

Note that

EX
EY

= Θ
(
N c
v

)
,

VarX

(EX)2
= O

( 1

N
(3c+1)/2
v

)
,

Cov(X, Y )

EXEY
= Θ

( 1

N c+1
v

)
,

VarY

(EY )2
= Θ

( 1

N c+1
v

)
.

Then, we have

E
[(XEY − Y EX)2

(EY )4

]
= O

(
N (c−1)/2
v

)
.

By Theorem A.4,

Var[κ̃] = O
(
N (c−1)/2
v

)
as Nv →∞.

A.7 Proofs of theorem for the method-of-moments estimator

Chang et al. (2020) provide joint inference of higher-order subgraph densities with

unknown error rates. Mimicking their proofs, we can easily obtain the asymptotic

joint normal distribution of ĈV1 and ĈV2 . Then, by the delta method, we can derive

the asymptotic normal distribution of κ̂.
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A.8 Algorithm for estimation of asymptotic variance of

method-of-moments estimator

To evaluate the asymptotic variance of method-of-moments estimator κ̂, we first

estimate the asymptotic variance of (ĈV1 , ĈV2) by the method in Section 4 of Chang

et al. (2020). Then, we use the delta method to obtain the estimation of the asymptotic

variance of κ̂. The detail is shown in Algorithm A.1.

Σ̂ = (σ̂ij)3×3,

∆̂ = k̂−1
3 ·

(
ĈV1 − 1 ĈV1

2ĈV2 − 2ĈV1 2ĈV2

)
,

Ĝ = k̂−2
3 ·

(
(1− δ̂)−1{(1− 2β̂)α̂ + β̂2} (1− δ̂)−1(α̂− 2β̂) (1− δ̂)−1

−δ̂−1{(1− 2α̂)β̂ + α̂2} δ̂−1(β̂ − 2α̂ + 1) −δ̂−1

)
,

Ĥ =
1

3
·
(
ĈV1 k̂−1

3

2ĈV2 2k̂−1
3 ĈV1

)
·
(

6k̂4 3(k̂2
4 − k̂1 − k̂2) 2{k̂4(−6α̂β̂ + 3k̂2

3 − 4k̂3) + (1− α̂)(β̂ − 2α̂)}
6k̂1 3k̂1(1− 2α̂) 2k̂1(1− α̂)(1− 3α̂)

)
,

(A.24)

where k̂1 = α̂(1 − α̂), k̂2 = β̂(1 − β̂), k̂3 = 1 − α̂ − β̂, k̂4 = β̂ − α̂, σ̂11 = δ̂k̂2 + (1 −

δ̂)k̂1, σ̂22 = δ̂k̂2(1/2− k̂2) + (1− δ̂)k̂1(1/2− k̂1), σ̂33 = δ̂β̂k̂2(1/3− β̂k̂2) + (1− δ̂)k̂1(1−

α̂){1/3 − k̂1(1 − α̂)}, σ̂12 = σ̂21 = δ̂k̂2(β̂ − 1/2) + (1 − δ̂)k̂1(1/2 − α̂), σ̂13 = σ̂31 =

δ̂k̂2(β̂2/3− 2k̂2/3) + (1− δ̂)k̂1{(1− α̂)2/3− 2k̂1/3}, and σ̂23 = σ̂32 = δ̂β̂k̂2(1/3− k̂2) +

(1− δ̂)(1− α̂)k̂1(1/3− k̂1).
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Algorithm A.1 Estimation of asymptotic variance of method-of-moments estimator
κ̂
Input: Ã = (Ãi,j)Nv×Nv , ε, Nb, α̂, β̂, k̂3, ĈV1 , ĈV2 , δ̂

Output: V̂ar(κ̂)

if |α̂− β̂| < ε then
ξ2 = α̂, ξ1 = 1− 2ξ2;

if β̂ − α̂ > ε then

t1 =

√
1− 4α̂(1− β̂), t2 =

√
1− 4β̂(1− α̂), ξ2 = (1− t1)/2;

if t1 + t2 < 0.5 then
ξ1 = (t1 + t2)/2;

else
ξ1 = (t1 − t2)/2;

if α̂− β̂ > ε then

t1 =

√
1− 4α̂(1− β̂), t2 =

√
1− 4β̂(1− α̂), ξ2 = (1 + t1)/2, ξ1 = (t2 − t1)/2;

for nb = 1 : Nb do
for i = 1 : Nv do

for j = i+ 1 : Nv do
Draw ηi,j from distribution P(ηi,j = 0) = ξ1, P(ηi,j = 1) = ξ2 and P(ηi,j =

−1) = 1− ξ1 − ξ2;

Compute Ã†i,j = Ãi,jI(ηi,j = 0) + I(ηi,j = 1);

Compute ˚̃A†i,j = ˚̃A†j,i = Ã†i,j − Ãi,jξ1 − ξ2;

Ŝ†V1,nb ←
1
k̂3

√
2

Nv(Nv−1)

∑
i<j

˚̃A†i,j ;

Ŝ†V2,nb ←
1

k̂23(Nv−2)

√
1

2Nv(Nv−1)

∑
i 6=j 6=l{

˚̃A†i,j(Ãj,l − α̂) + ˚̃A†j,l(Ãi,j − α̂)};

Compute V̂Nv = V̂1,Nv + V̂2,Nv + V̂3,Nv ,

where V̂1,Nv =

[
Var(Ŝ†V1) Cov(Ŝ†V1 , Ŝ

†
V2)

Cov(Ŝ†V1 , Ŝ
†
V2) Var(Ŝ†V2)

]
, V̂2,Nv = ∆̂ĜΣ̂Ĝ>∆̂>,

V̂3,Nv = (ĤĜ>∆̂> + ∆̂ĜĤ>)/2, ∆̂, Ĝ, Σ̂, and Ĥ defined in (A.24);

Compute V̂ar(κ̂) = (Nv − 2)2[−ĈV2/Ĉ2
V1 , 1/ĈV1 ]V̂Nv [−ĈV2/Ĉ2

V1 , 1/ĈV1 ]>.
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Appendix B

Supplementary Materials to Chapter 3

We provide proofs of all propositions and theorems presented in Chapter 3.

B.1 Proofs of propositions for noise-free networks

Proof of Proposition 3.1

Notice that

Var
[
ŷ(ck)

]
=

1

N2
v

{
Nv∑
i=1

pei (ck)
[
1− pei (ck)

][ yi(ck)
pei (ck)

]2

+
Nv∑
i=1

∑
j 6=i

[
peij(ck)− pei (ck)pej(ck)

] yi(ck)
pei (ck)

yj(ck)

pej(ck)

}
.

Thus, under Condition 3.1 and 3.2, we have Var[ŷ(ck)] = o(1) and Var[ŷ(cl)] = o(1).

Then, by Cauchy-Schwarz inequality, we obtain

Var
[
τ̂(ck, cl)

]
= Var

[
ŷ(ck)

]
+ Var

[
ŷ(cl)

]
− 2 Cov

[
ŷ(ck), ŷ(cl)

]
≤ Var

[
ŷ(ck)

]
+ Var

[
ŷ(cl)

]
+ 2

√
Var
[
ŷ(ck)

]
Var
[
ŷ(cl)

]
.

Thus, we obtain Var[τ̂(ck, cl)] = o(1). Since E[τ̂(ck, cl)] = τ(ck, cl), we have τ̂(ck, cl)
L2−→

τ(ck, cl). This implies τ̂(ck, cl)
P−→ τ(ck, cl) as Nv →∞.
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Proof of Proposition 3.2

By Proposition 3.1, it suffices to show Condition 3.1 and 3.2 are satisfied. For

notational simplicity, we define E[1/pe(ck)] := 1
Nv

∑Nv
i=1 1/pei (ck), i.e., the average of

the inverse of the exposure probability over a finite population Nv.

Under Assumption 3.4, we obtain

E[1/pe(c10)] =
ed̄/(1−p) − 1

(ed̄ − 1)p
= Θ(1/p),

E[1/pe(c00)] =
ed̄/(1−p) − 1

(ed̄ − 1)(1− p)
= O(1).

Note that Var[1− (1− p)d] = o(1), where d is the degree variable. Thus, 1− (1−

p)d
L2−→ limNv→∞ E[1−(1−p)d]. This implies 1−(1−p)d P−→ limNv→∞ E[1−(1−p)d]. By

the continuous mapping theorem, we have
p

1− (1− p)d
P−→ limNv→∞

p

E[1− (1− p)d]
.

Thus, we obtain

lim
Nv→∞

E
[ p

1− (1− p)d
]

= lim
Nv→∞

p

E[1− (1− p)d]
.

Since E[1− (1− p)d] = O(1), we have E[1/pe(c11)] = Θ(1/p) and E[1/pe(c01)] = O(1).

Therefore, Condition 3.1 is satisfied.

Next, we show Condition 3.2 is also satisfied. Define a pairwise dependency

indicator gij such that if gij = 0, then f(Z,A·i) ⊥⊥ f(Z,A·j), else let gij = 1. Note

that gij = 1 if Cij ≥ 1 or Ai,j = 1. Then, we have
∑Nv

i=1

∑Nv
j 6=i gij = o(N2

v ) because∑Nv
i=1

∑Nv
j 6=i I{Cij=0} ∼ N2

v and
∑Nv

i=1

∑Nv
j 6=i I{Ai,j=0} ∼ N2

v . Notice that

Nv∑
i=1

Nv∑
j 6=i

|peij(ck)/(pei (ck)pej(ck))− 1| =
Nv∑
i=1

Nv∑
j 6=i

gij|peij(ck)/(pei (ck)pej(ck))− 1|

≤
Nv∑
i=1

Nv∑
j 6=i

gijp
e
ij(ck)/(p

e
i (ck)p

e
j(ck)) +

Nv∑
i=1

Nv∑
j 6=i

gij.
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It suffices to show

Nv∑
i=1

Nv∑
j 6=i

gijp
e
ij(ck)

pei (ck)p
e
j(ck)

= o(N2
v ). (B.1)

By Young’s inequality, we have

Nv∑
i=1

Nv∑
j 6=i

gijp
e
ij(ck)

pei (ck)p
e
j(ck)

≤

(
Nv∑
i=1

Nv∑
j 6=i

gij

)1/2( Nv∑
i=1

Nv∑
j 6=i

[ peij(ck)

pei (ck)p
e
j(ck)

]2
)1/2

.

For the level c00, we have

Nv∑
i=1

Nv∑
j 6=i

[ peij(c00)

pei (c00)pej(c00)

]2

≤
Nv∑
i=1

Nv∑
j 6=i

[ 1

pei (c00)pej(c00)

]2

≤

(
Nv∑
i=1

[ 1

pei (c00)

]2
)2

and E[1/(pe(c00))2] = O(1). Thus, we obtain

Nv∑
i=1

Nv∑
j 6=i

|peij(c00)/(pei (c00)pej(c00))− 1| = o(N2
v ).

Similarly, we can show (B.1) for other exposure levels. Therefore, Condition 3.1 is

satisfied.

Proof of Proposition 3.3

First, we compute the normalization parameter of the Pareto distribution with an

exponential cutoff. By definitions, we have

C(ζ, dL, λ)

Nv−1∫
dL

e−λxx−(ζ+1)dx = 1,

C(ζ, dL, λ)

Nv−1∫
dL

x · e−λxx−(ζ+1)dx = d̄.
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Note that, by integration by parts, we have

Nv−1∫
dL

x · e−λxx−(ζ+1)dx =
1

λ
·
(
d−ζL · e

−λdL − (Nv − 1)−ζ · e−λ(Nv−1)
)

− ζ

λ
·
Nv−1∫
dL

e−λxx−(ζ+1)dx.

Therefore, we obtain

C(ζ, dL, λ) = (λd̄+ ζ)
/(
d−ζL · e

−λdL − (Nv − 1)−ζ · e−λ(Nv−1)
)
, (B.2)

Nv−1∫
dL

e−λxx−(ζ+1)dx =
(
d−ζL · e

−λdL − (Nv − 1)−ζ · e−λ(Nv−1)
)/

(λd̄+ ζ). (B.3)

Next, we show dL = Θ(d̄). By definitions of dL and d̄, we have dL = O(d̄).

Therefore, it suffices to show that dL = Ω(d̄). We prove it by contradiction. Assume

dL = o(d̄), then by (B.3), we have

Nv−1∫
dL

e−λxx−(ζ+1)dx ∼ d−ζL /(λd̄+ ζ). (B.4)

On the other hand, note that

Nv−1∫
dL

e−λxx−(ζ+1)dx = λζ
{

Γ
(
− ζ, λdL

)
− Γ

(
− ζ, λ(Nv − 1)

)}
(B.5)

where Γ(·, ·) is the upper incomplete gamma function. Recall the properties of the

upper incomplete gamma function, Γ(s, x) → −xs/s as x → 0 and s < 0, and

Γ(s, x)→ xs−1e−x as x→∞ (Jameson (2016), Olver (1997), Temme (2011)). Then
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by (B.5), we obtain

Nv−1∫
dL

e−λxx−(ζ+1)dx ∼ d−ζL /ζ, (B.6)

which is in contradiction to (B.4). Thus, we have dL = Θ(d̄).

Then, we prove Proposition 3.3. By Proposition 3.1, it suffices to show Condition

3.1 and 3.2 are satisfied. Under Assumption 3.4 and p < λ, we obtain

E[1/pe(c10)] =
1

p
· C(ζ, dL, λ) ·

Nv−1∫
dL

(1− p)−xe−λxx−(ζ+1)dx

= O

(
1

p
· C(ζ, dL, λ) · d−(ζ+1)

L ·
Nv−1∫
dL

(1− p)−xe−λxdx

)

= O

(
1

pdL[λ+ log(1− p)]

{[ 1

eλ(1− p)

]dL
−
[ 1

eλ(1− p)

]Nv})
= O(1/p).

Similarly, we have E[1/pe(c00)] = O(1).

Next, we show E[1/pe(c11)] = O(1/p) and E[1/pe(c01)] = O(1). Note that

E[1/pe(c11)] =
1

p
· C(ζ, dL, λ) ·

Nv−1∫
dL

1

1− (1− p)x
e−λxx−(ζ+1)dx

= O

(
1

p
· C(ζ, dL, λ) · d−(ζ+1)

L ·
Nv−1∫
dL

1

1− (1− p)x
e−λxdx

)

= O

(
1

p
· C(ζ, dL, λ) · d−(ζ+1)

L ·
Nv−1∫
dL

e−λxdx

)

= O

(
1

p
· C(ζ, dL, λ) · d−(ζ+2)

L

)
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= O(1/p).

Similarly, we have E[1/pe(c01)] = O(1).

Analogous to the proof of Proposition 3.2, we can show Condition 3.2 is also

satisfied.

B.2 Proofs of propositions for noisy networks

Proof of Proposition 3.4

In the observed network, the four exposure probabilities become:

p̃ei (c11) = p
{

1− (1− p)d̃i
}
,

p̃ei (c10) = p(1− p)d̃i ,

p̃ei (c01) = (1− p)
{

1− (1− p)d̃i
}
,

p̃ei (c00) = (1− p)d̃i+1,

where d̃i is the degree of vertex i in the observed network.

(i) For all values i and ck, P(p̃ei (ck) > 0)→ 1 as Nv →∞.

Note that P(p̃ei (c10) > 0) = P(p̃ei (c00) > 0) = 1 and P(p̃ei (c11) > 0) = P(p̃ei (c01) >

0) = P(d̃i > 0). Under Assumption 3.1 - 3.5, we have

lim
Nv→∞

P(d̃i > 0) = lim
Nv→∞

1− (1− α)Nv−1−diβdi = 1.

Thus, for all values i and ck, we have P(p̃ei (ck) > 0)→ 1 as Nv →∞.

(ii) For all ck, E[
∑Nv

i=1 I{p̃ei (ck)>0}/p̃
e
i (ck)] = o(N2

v ).

Define ďi =
∑Nv

j=1 Ãj,iAj,i. We note that d̃i = (d̃i − ďi) + ďi, where ďi and d̃i − ďi

are two independent binomial random variables. Thus, we have d̃i ∼ Binomial(Nv −
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1− di, α) + Binomial(di, 1− β). Then, we obtain

E[(1− p)d̃i ] = (1− αp)Nv−1−di
[
1− (1− β)p

]di ,
Var[(1− p)d̃i ] =

[
1− αp(2− p)

]Nv−1−di[1− (1− β)p(2− p)
]di

− (1− αp)2(Nv−1−di)
[
1− (1− β)p

]2di ,
E[(1− p)−d̃i ] =

(
1 +

αp

1− p

)Nv−1−di(
1 +

(1− β)p

1− p

)di
.

Since E[(1 − p)−d̃i ] = O((1 − p)−di), we have E[1/p̃ei (c10)] = O(1/pei (c10))

and E[1/p̃ei (c00)] = O(1/pei (c00)). Therefore, by Proposition 3.2, we obtain

E[
∑Nv

i=1 I{p̃ei (c10)>0}/p̃
e
i (c10)] = o(N2

v ) and E[
∑Nv

i=1 I{p̃ei (c00)>0}/p̃
e
i (c00)] = o(N2

v ).

Note that Var[1 − (1 − p)d̃i ] = o(1) and I{d̃i>0}
P−→ 1. Similar to the proof of

Condition 3.1 satisfied in Proposition 3.2, we have

lim
Nv→∞

E
[ p

1− (1− p)d̃i
I{d̃i>0}

]
= lim

Nv→∞

p

E[1− (1− p)d̃i ]
.

Since E[1− (1− p)d̃i ] = Θ(1− (1− p)di), we have E[I{p̃ei (c11)>0}/p̃
e
i (c11)] = O(1/pei (c11))

and E[I{p̃ei (c01)>0}/p̃
e
i (c01)] = O(1/pei (c01)). By Proposition 3.2, we obtain

E[
∑Nv

i=1 I{p̃ei (c11)>0}/p̃
e
i (c11)] = o(N2

v ) and E[
∑Nv

i=1 I{p̃ei (c10)>0}/p̃
e
i (c10)] = o(N2

v ).

(iii) For all ck, E[
∑Nv

i=1

∑Nv
j 6=i I{p̃ei (ck)>0}I{p̃ej(ck)>0}|p̃eij(ck)/(p̃ei (ck)p̃ej(ck)) − 1|] =

o(N2
v ).

Define a pairwise dependency indicator g̃ij in the observed network such that

if g̃ij = 0, then f(Z, Ã·i) ⊥⊥ f(Z, Ã·j), else let g̃ij = 1. Then, we have p̃eij(ck) =

p̃ei (ck)p̃
e
j(ck) if g̃ij = 0. Thus, we obtain
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E[
Nv∑
i=1

Nv∑
j 6=i

g̃ijI{p̃ei (ck)>0}I{p̃ej(ck)>0}|p̃eij(ck)/(p̃ei (ck)p̃ej(ck))− 1|]

= E[
Nv∑
i=1

Nv∑
j 6=i

I{p̃ei (ck)>0}I{p̃ej(ck)>0}|p̃eij(ck)/(p̃ei (ck)p̃ej(ck))− 1|].

By the triangle inequality, we have

Nv∑
i=1

Nv∑
j 6=i

g̃ijI{p̃ei (ck)>0}I{p̃ej(ck)>0}|p̃eij(ck)/(p̃ei (ck)p̃ej(ck))− 1|

≤
Nv∑
i=1

Nv∑
j 6=i

g̃ijI{p̃ei (ck)>0}I{p̃ej(ck)>0}p̃
e
ij(ck)/(p̃

e
i (ck)p̃

e
j(ck)) +

Nv∑
i=1

Nv∑
j 6=i

g̃ijI{p̃ei (ck)>0}I{p̃ej(ck)>0}.

Note that
∑Nv

i=1

∑Nv
j 6=i g̃ijI{p̃ei (ck)>0}I{p̃ej(ck)>0} ≤

∑Nv
i=1

∑Nv
j 6=i g̃ij. Thus, it suffices

to show E[
∑Nv

i=1

∑Nv
j 6=i g̃ijI{p̃ei (ck)>0}I{p̃ej(ck)>0}p̃

e
ij(ck)/(p̃

e
i (ck)p̃

e
j(ck))] = o(N2

v ) and

E[
∑Nv

i=1

∑Nv
j 6=i g̃ij] = o(N2

v ).

First, we prove E[
∑Nv

i=1

∑Nv
j 6=i g̃ij] = o(N2

v ). Let C̃ij denote the number of common

neighbors between vertex i and j in the observed network. Note that g̃ij = 1 if

C̃ij ≥ 1 or Ãi,j = 1. Thus, it suffices to show E[
∑Nv

i=1

∑Nv
j 6=i I{C̃ij=0}] ∼ N2

v and

E[
∑Nv

i=1

∑Nv
j 6=i I{Ãi,j=0}] ∼ N2

v . A direct computation yields to

E
[ Nv∑
i=1

Nv∑
j 6=i

I{Ãi,j=0}

]
= (1− α)

Nv∑
i=1

(Nv − 1− di) + β

Nv∑
i=1

di ∼ N2
v .

Note that C̃ij =
∑Nv

k=1 Ãk,iÃk,j ∼ Binomial(Cij, (1−β)2)+Binomial(di+dj−2Cij, α(1−

β)) + Binomial(Nv − di − dj + Cij − 2, α2), and the three binomial random variables
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are independent. Then, we have

E
[ Nv∑
i=1

Nv∑
j 6=i

I{C̃ij=0}

]
=

Nv∑
i=1

Nv∑
j 6=i

[1− (1− β)2]Cij [1− α(1− β)]di+dj−2Cij(1− α2)Nv−di−dj+Cij−2.

Since
∑Nv

i=1

∑Nv
j 6=i I{Cij=0} ∼ N2

v , we obtain E[
∑Nv

i=1

∑Nv
j 6=i I{C̃ij=0}] ∼ N2

v .

Next, we show E[
∑Nv

i=1

∑Nv
j 6=i g̃ijI{p̃ei (ck)>0}I{p̃ej(ck)>0}p̃

e
ij(ck)/(p̃

e
i (ck)p̃

e
j(ck))] = o(N2

v ).

By Young’s inequality and Hölder’s inequality, we have

E
[ Nv∑
i=1

Nv∑
j 6=i

g̃ijI{p̃ei (ck)>0}I{p̃ej(ck)>0}p̃
e
ij(ck)

p̃ei (ck)p̃
e
j(ck)

]

≤

(
Nv∑
i=1

Nv∑
j 6=i

E(g̃ij)

)1/2( Nv∑
i=1

Nv∑
j 6=i

E
[I{p̃ei (ck)>0}I{p̃ej(ck)>0}p̃

e
ij(ck)

p̃ei (ck)p̃
e
j(ck)

]2
)1/2

.

For the level c00, we have

Nv∑
i=1

Nv∑
j 6=i

E
[I{p̃ei (c00)>0}I{p̃ej(c00)>0}p̃

e
ij(c00)

p̃ei (c00)p̃ej(c00)

]2

≤
Nv∑
i=1

Nv∑
j 6=i

E
[ 1

p̃ei (c00)p̃ej(c00)

]2

and E[(1/p̃ei (c00)p̃ej(c00))2] = O((1/pei (c00)pej(c00))2). Thus, we obtain

E[
Nv∑
i=1

Nv∑
j 6=i

I{p̃ei (c00)>0}I{p̃ej(c00)>0}p̃
e
ij(c00)/(p̃ei (c00)p̃ej(c00))] = o(N2

v ). (B.7)

Similarly, we can show (B.7) for other exposure levels. These complete the proof.

Proof of Proposition 3.5

The proof of Proposition 3.5 is the same as that of Proposition 3.4.
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B.3 Proofs of theorems for noisy networks

First, we show the following lemmas that will be used in the proofs of theorems

for noisy networks.

Lemma B.1 Let X1, X2, · · · and Y1, Y2, · · · be two nonnegative random variable se-

quences. Assume XnI{Yn>0}/Yn is bounded and E(Yn) 6= 0 for all n, Var(Xn) = o(1),

Var(Yn) = o(1), and I{Yn>0}
P−→ 1 as n → ∞. Then, we have E[XnI{Yn>0}/Yn] =

E(Xn)/E(Yn) + o(1).

Proof. Since Var(Xn) = o(1), we have Xn
L2−→ limn→∞ E(Xn). This implies Xn

P−→

limn→∞ E(Xn). Similarly, by continuous mapping theorem, we have I{Yn>0}/Yn
P−→

limn→∞ 1/E(Yn). Thus, we obtain XnI{Yn>0}/Yn
P−→ limn→∞ E(Xn)/E(Yn). Since

XnI{Yn>0}/Yn is bounded, we show limn→∞ E[XnI{Yn>0}/Yn] = limn→∞ E(Xn)/E(Yn).

This completes the proof. �

Lemma B.2 Let T1, T2, · · · , X1, X2, · · · , and Y1, Y2, · · · be three random variable

sequences. Assume Xn = a+Op(g(n)), Yn = b+Op(h(n)) as n→∞, where g(n) =

o(a) and h(n) = o(b). Let f1(x, y, t), f2(x, y, t), · · · be a sequence of function. And

fn(a, b, Tn)
P−→ c as n→∞. In addition, we assume fn(Xn, Yn, Tn)−fn(a, b, Tn) = o(1)

when |Xn− a| ≤ c1g(n) and |Yn− b| ≤ c2h(n), where P(|Xn− a| > c1g(n)) = o(1) and

P(|Yn − b| > c2h(n)) = o(1), c1 = ω(1), c2 = ω(1). Then, we have fn(Xn, Yn, Tn)
P−→ c

as n→∞.

Proof. By triangle inequality, we have

|fn(Xn, Yn, Tn)− c| ≤ |fn(Xn, Yn, Tn)− f(a, b, Tn)|+ |fn(a, b, Tn)− c|.
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Then, for any εn > 0, we have

P(|fn(Xn, Yn, Tn)− c| > εn)

≤ P(|fn(Xn, Yn, Tn)− fn(a, b, Tn)|+ |fn(a, b, Tn)− c| > εn)

≤ P(|fn(Xn, Yn, Tn)− fn(a, b, Tn)| > εn/2) + P(|fn(a, b, Tn)− c| > εn/2)

where the last step follows by the pigeonhole principle and the sub-additivity of the

probability measure. Note that limn→∞ P(|fn(Xn, Yn, Tn)− fn(a, b, Tn)| > εn/2) = 0

and limn→∞ P(|fn(a, b, Tn)− c| > εn/2) = 0. Thus, we obtain

lim
n→∞

P(|f(nXn, Yn, Tn)− c| > ε) = 0.

�

Lemma B.3 Let T1, T2, · · · , X1, X2, · · · , and Y1, Y2, · · · be three random variable

sequences. Assume Xn = a+Op(g(n)), Yn = b+Op(h(n)) as n→∞, where g(n) = o(a)

and h(n) = o(b). Let f1(x, y, t), f2(x, y, t), · · · be a sequence of bounded function. And

fn(Xn, Yn, Tn)−fn(a, b, Tn) = o(1) when |Xn−a| ≤ c1g(n) and |Yn−b| ≤ c2h(n), where

P(|Xn − a| > c1g(n)) = o(1) and P(|Yn − b| > c2h(n)) = o(1), c1 = ω(1), c2 = ω(1).

Then, we have Efn(Xn, Yn, Tn)− Efn(a, b, Tn)→ 0 as n→∞.

Proof. By the definition of the expectation, we have

Efn(Xn, Yn, Tn)− Efn(a, b, Tn)

= E
[(
fn(Xn, Yn, Tn)− fn(a, b, Tn)) · I{|Xn−a|>c1g(n) or |Yn−b|>c2h(n)}

]
+ E

[(
fn(Xn, Yn, Tn)− fn(a, b, Tn)) · I{|Xn−a|≤c1g(n) and |Yn−b|≤c2h(n)}

]
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Since fn is bounded, we have

Efn(Xn, Yn, Tn)− Efn(a, b, Tn)→ 0

as n→∞. �

Proof of Theorem 3.1

In the noisy network, Aronow and Samii estimators for y(ck) become

ỹA&S(c11) =
1

Nv

Nv∑
i=1

I{d̃i>0}I{f(Z,Ã·i)=c11}
1

p
[
1− (1− p)d̃i

][I{f(Z,A·i)=c11}yi(c11)

+ I{f(Z,A·i)=c10}yi(c10)
]
,

ỹA&S(c10) =
1

Nv

Nv∑
i=1

I{f(Z,Ã·i)=c10}
1

p(1− p)d̃i

[
I{f(Z,A·i)=c11}yi(c11)

+ I{f(Z,A·i)=c10}yi(c10)
]
,

ỹA&S(c01) =
1

Nv

Nv∑
i=1

I{d̃i>0}I{f(Z,Ã·i)=c01}
1

(1− p)
[
1− (1− p)d̃i

][I{f(Z,A·i)=c01}yi(c01)

+ I{f(Z,A·i)=c00}yi(c00)
]
,

ỹA&S(c00) =
1

Nv

Nv∑
i=1

I{f(Z,Ã·i)=c00}
1

(1− p)d̃i+1

[
I{f(Z,A·i)=c01}yi(c01)

+ I{f(Z,A·i)=c00}yi(c00)
]
.
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The conditional biases for these estimators are

Bias
[
ỹA&S(c11)|Ã

]
= − 1

Nv

Nv∑
i=1

I{d̃i>0}
(1− p)di

[
1− (1− p)d̃i−ďi

]
1− (1− p)d̃i

τi(c11, c10)

− 1

Nv

Nv∑
i=1

I{d̃i=0} yi(c11),

Bias
[
ỹA&S(c10)|Ã

]
=

1

Nv

Nv∑
i=1

[
1− (1− p)di−ďi

]
τi(c11, c10),

Bias
[
ỹA&S(c01)|Ã

]
= − 1

Nv

Nv∑
i=1

I{d̃i>0}
(1− p)di

[
1− (1− p)d̃i−ďi

]
1− (1− p)d̃i

τi(c01, c00)

− 1

Nv

Nv∑
i=1

I{d̃i=0} yi(c01),

Bias
[
ỹA&S(c00)|Ã

]
=

1

Nv

Nv∑
i=1

[
1− (1− p)di−ďi

]
τi(c01, c00).

Based on the noisy network model, we have

E[(1− p)di−ďi ] = (1− βp)di ,

Var[(1− p)di−ďi ] =
[
1− βp(2− p)

]di − (1− βp)2di ,

E[(1− p)d̃i−ďi ] = (1− αp)Nv−1−di ,

Var[(1− p)d̃i−ďi ] =
[
1− αp(2− p)

]Nv−1−di − (1− αp)2(Nv−1−di),

E[(1− p)d̃i ] = (1− αp)Nv−1−di
[
1− (1− β)p

]di ,
Var[(1− p)d̃i ] =

[
1− αp(2− p)

]Nv−1−di[1− (1− β)p(2− p)
]di ,

− (1− αp)2(Nv−1−di)
[
1− (1− β)p

]2di .
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For exposure levels c10 and c00, by taking the expectation with respect to Ã, we obtain

Bias
[
ỹA&S(c10)

]
=

1

Nv

Nv∑
i=1

[
1− (1− βp)di

]
τi(c11, c10),

Bias
[
ỹA&S(c00)

]
=

1

Nv

Nv∑
i=1

[
1− (1− βp)di

]
τi(c01, c00).

Recall that p = o(1). Then, we have Var[(1 − p)di−ďi ] = o(1), Var[(1 − p)d̃i ] = o(1)

and I{d̃i>0}
P−→ 1. For exposure levels c11 and c01, by Lemma B.1, we have

Bias
[
ỹA&S(c11)

]
= − 1

Nv

Nv∑
i=1

(1− p)di
[
1− (1− αp)Nv−1−di

]
1− (1− αp)Nv−1−di(1− (1− β)p)di

τi(c11, c10) + o(1),

Bias
[
ỹA&S(c01)

]
= − 1

Nv

Nv∑
i=1

(1− p)di
[
1− (1− αp)Nv−1−di

]
1− (1− αp)Nv−1−di(1− (1− β)p)di

τi(c01, c00) + o(1).

Proof of Theorem 3.2

By the law of total variance, we have Var[ỹA&S(ck)] = Var[E(ỹA&S(ck)|Ã)] +

E[Var(ỹA&S(ck)|Ã)]. Thus, it suffices to show Var[E(ỹA&S(ck)|Ã)] = o(1) and

E[Var(ỹA&S(ck)|Ã)] = o(1).

(i) Var[E(ỹA&S(ck)|Ã)] = o(1).

Note that Var[E(ỹA&S(ck)|Ã)] = Var[Bias(ỹA&S(ck)|Ã)]. For the exposure level

c00, we have

Var[E(ỹA&S(c00)|Ã)] =
1

N2
v

Nv∑
i=1

Var
[
1− (1− p)di−ďi

]
τ2
i (c01, c00)

+
1

N2
v

Nv∑
i=1

∑
j 6=i

Cov
(
(1− p)di−ďi , (1− p)dj−ďj

)
· τi(c01, c00)τj(c01, c00).

Note that Var[1 − (1 − p)di−ďi ] ≤ 1 and Cov((1 − p)di−ďi , (1 − p)dj−ďj) = 0 if

Ai,j = 0. Thus, we have Var[E(ỹA&S(c00)|Ã)] = o(1). Similarly, we can show
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Var[E(ỹA&S(ck)|Ã)] = o(1) for other exposure levels.

(ii) E[Var(ỹA&S(ck)|Ã)] = o(1).

For the exposure level c00, we have

Var
[
ỹA&S(c00)

∣∣∣Ã]
=

1

N2
v

{
Nv∑
i=1

{ ∑
k′∈{00,01}

p̌ei (c00, ck′)
[
1− p̌ei (c00, ck′)

][ yi(ck′)
p̃ei (c00)

]2

p̌ei (c00, c00)p̌ei (c00, c01′)
yi(c00)

p̃ei (c00)

yi(c01)

p̃ei (c00)

}
+

Nv∑
i=1

∑
j 6=i

∑
k′∈{00,01}

∑
k′′∈{00,01}

[
p̌eij(c00, ck′ , c00, ck′′)

− p̌ei (c00, ck′)p̌
e
j(c00, ck′′)

] yi(ck′)
p̃ei (c00)

yj(ck′′)

p̃ej(c00)

}
, (B.8)

where

p̌eij(ck1 , ck2) =
∑
z

pzI{f(z,Ã·i)=ck1}
I{f(z,A·i)=ck2},

p̌eij(ck1 , ck2 , ck3 , ck4) =
∑
z

pzI{f(z,X̃i)=ck1}
I{f(z,xi)=ck2}I{f(z,X̃j)=ck3}

I{f(z,xj)=ck4}

for k1, k2, k3, k4 = 1, 2, · · · , K, i, j = 1, 2, · · · , Nv.

Note that
∑

k′∈{00,01} p̌
e
i (c00, ck′) = p̃ei (c00) and∑

k′∈{00,01}
∑

k′′∈{00,01} p̌
e
ij(c00, ck′ , c00, ck′′) = p̃eij(c00). Then, (B.8) leads to

Var
[
ỹA&S(c00)

∣∣∣Ã] ≤ C1

N2
v

Nv∑
i=1

1

p̃ei (c00)
+
C2

N2
v

Nv∑
i=1

∑
j 6=i

g̃ij p̃
e
ij(c00)

p̃ei (c00)p̃ej(c00)
,

where C1 and C2 are positive constants. By Proposition 3.4 and (B.7), we obtain

E[Var(ỹA&S(c00)|Ã)] = o(1). Similarly, we can show E[Var(ỹA&S(ck)|Ã)] = o(1) for

other exposure levels.
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Proof of Theorem 3.3

The proof of Theorem 3.3 is same as that of Theorem 3.2.

Proof of Theorem 3.4

(i) Unbiasedness.

Note that P(c1/p ≤ d̂i ≤ c2/p) → 1, c1, c2 are constants, and E[ỹA&S,i|Ã] is

bounded. Thus, it suffices to show E[ỹMME,i(ck) · I{d̂i=Θ(1/p)}] = yi(ck) + o(1).

By the definition of ỹi in (4.1), we have

ỹi(c11) = I{f(Z,Ã·i)=c11}

[
I{f(Z,A·i)=c11}yi(c11) + I{f(Z,A·i)=c10}yi(c10)

]
,

ỹi(c10) = I{f(Z,Ã·i)=c10}

[
I{f(Z,A·i)=c11}yi(c11) + I{f(Z,A·i)=c10}yi(c10)

]
,

ỹi(c01) = I{f(Z,Ã·i)=c01}

[
I{f(Z,A·i)=c01}yi(c01) + I{f(Z,A·i)=c00}yi(c00)

]
,

ỹi(c00) = I{f(Z,Ã·i)=c00}

[
I{f(Z,A·i)=c01}yi(c01) + I{f(Z,A·i)=c00}yi(c00)

]
.

By the definition of P (di, α, β) in (4.2), we have P (di, α, β) =

diag(S(di, α, β),Q(di, α, β)), where

S(di, α, β) =

[
E[I{f(Z,Ã·i)=c11}I{f(Z,A·i)=c11}] E[I{f(Z,Ã·i)=c11}I{f(Z,A·i)=c10}]

E[I{f(Z,Ã·i)=c10}I{f(Z,A·i)=c11}] E[I{f(Z,Ã·i)=c10}I{f(Z,A·i)=c10}]

]
,

Q(di, α, β) =

[
E[I{f(Z,Ã·i)=c01}I{f(Z,A·i)=c01}] E[I{f(Z,Ã·i)=c01}I{f(Z,A·i)=c00}]

E[I{f(Z,Ã·i)=c00}I{f(Z,A·i)=c01}] E[I{f(Z,Ã·i)=c00}I{f(Z,A·i)=c00}]

]
,
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and

S11(di, α, β) = p
{

1− (1− p)di − (1− αp)Nv−1−di ·
[
(1− (1− β)p)di − (1− p)di

]}
,

S12(di, α, β) = p(1− p)di
[
1− (1− αp)Nv−1−di

]
,

S21(di, α, β) = p(1− αp)Nv−1−di
[
(1− (1− β)p)di − (1− p)di

]
,

S22(di, α, β) = p(1− p)di(1− αp)Nv−1−di ,

S(di, α, β) =
1− p
p
·Q(di, α, β).

Then, ỹMME,i in (4.3) can be written as

ỹMME,i(c11) = S−1
11 (d̂i, α̂, β̂) · ỹi(c11) + S−1

12 (d̂i, α̂, β̂) · ỹi(c10),

ỹMME,i(c10) = S−1
21 (d̂i, α̂, β̂) · ỹi(c11) + S−1

22 (d̂i, α̂, β̂) · ỹi(c10),

ỹMME,i(c01) = Q−1
11 (d̂i, α̂, β̂) · ỹi(c01) +Q−1

12 (d̂i, α̂, β̂) · ỹi(c00),

ỹMME,i(c00) = Q−1
21 (d̂i, α̂, β̂) · ỹi(c01) +Q−1

22 (d̂i, α̂, β̂) · ỹi(c00),

where α̂, β̂ are method-of-moments estimators obtained by Algorithm 3.1 in Chapter

3, d̂i = d̃i−(Nv−1)α̂

1−α̂−β̂ and

S−1
11 (d̂i, α̂, β̂) =

1

p
[
1− [1− (1− β̂)p]d̂i

] ,
S−1

12 (d̂i, α̂, β̂) = − 1− (1− α̂p)Nv−1−d̂i

p(1− α̂p)Nv−1−d̂i
[
1− [1− (1− β̂)p]d̂i

] ,
S−1

21 (d̂i, α̂, β̂) = − [1− (1− β̂)p]d̂i − (1− p)d̂i

p(1− p)d̂i
[
1− [1− (1− β̂)p]d̂i

] ,
S−1

22 (d̂i, α̂, β̂) =
1− (1− p)d̂i − (1− α̂p)Nv−1−d̂i

[
(1− (1− β̂)p)d̂i − (1− p)d̂i

]
p(1− p)d̂i(1− α̂p)Nv−1−d̂i

[
1− [1− (1− β̂)p]d̂i

] ,

Q−1(d̂i, α̂, β̂) =
p

1− p
· S−1(d̂i, α̂, β̂).
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Thus, conditional expectations of ỹMME,i(ck) are

E
[
ỹMME,i(c11)|Ã

]
=
[
S−1

11 (d̂i, α̂, β̂) · p̌ei (c11, c11) + S−1
12 (d̂i, α̂, β̂) · p̌ei (c10, c11)

]
yi(c11)

+
[
S−1

11 (d̂i, α̂, β̂) · p̌ei (c11, c10) + S−1
12 (d̂i, α̂, β̂) · p̌ei (c10, c10)

]
yi(c10),

E
[
ỹMME,i(c10)|Ã

]
=
[
S−1

21 (d̂i, α̂, β̂) · p̌ei (c11, c11) + S−1
22 (d̂i, α̂, β̂) · p̌ei (c10, c11)

]
yi(c11)

+
[
S−1

21 (d̂i, α̂, β̂) · p̌ei (c11, c10) + S−1
22 (d̂i, α̂, β̂) · p̌ei (c10, c10)

]
yi(c10),

E
[
ỹMME,i(c01)|Ã

]
=
[
Q−1

11 (d̂i, α̂, β̂) · p̌ei (c01, c01) +Q−1
12 (d̂i, α̂, β̂) · p̌ei (c00, c01)

]
yi(c01)

+
[
Q−1

11 (d̂i, α̂, β̂) · p̌ei (c01, c00) +Q−1
12 (d̂i, α̂, β̂) · p̌ei (c00, c00)

]
yi(c00),

E
[
ỹMME,i(c00)|Ã

]
=
[
Q−1

21 (d̂i, α̂, β̂) · p̌ei (c01, c01) +Q−1
22 (d̂i, α̂, β̂) · p̌ei (c00, c01)

]
yi(c01)

+
[
Q−1

21 (d̂i, α̂, β̂) · p̌ei (c01, c00) +Q−1
22 (d̂i, α̂, β̂) · p̌ei (c00, c00)

]
yi(c00),

(B.9)

where

p̌ei (c11, c11) = p
[
1− (1− p)di − (1− p)d̃i + (1− p)di+d̃i−ďi

]
,

p̌ei (c10, c10) = p(1− p)di+d̃i−ďi ,

p̌ei (c11, c10) = p(1− p)di
[
1− (1− p)d̃i−ďi

]
,

p̌ei (c10, c11) = p(1− p)d̃i
[
1− (1− p)di−ďi

]
,

p̌ei (c01, c01) =
1− p
p

p̌ei (c11, c11),

p̌ei (c00, c00) =
1− p
p

p̌ei (c10, c10),

p̌ei (c01, c00) =
1− p
p

p̌ei (c11, c10),

p̌ei (c00, c01) =
1− p
p

p̌ei (c10, c11).
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Remark B.1 Note that α̂, β̂ are method-of-moments estimators based on three ob-

served networks Ã, Ã∗, and Ã∗∗. Thus, the expectations in (B.9) are actually condi-

tional on Ã, Ã∗, and Ã∗∗. For notational simplicity, we omit Ã∗, Ã∗∗.

Next, we compute the expectation of E
[
ỹMME,i(ck) · I{d̂i=Θ(1/p)}|Ã

]
. For the exposure

level c11, notice that

S−1
11 (d̂i, α̂, β̂) · p̌ei (c11, c11) + S−1

12 (d̂i, α̂, β̂) · p̌ei (c10, c11)

=
[1− (1− p)di ]

1− [1− (1− β̂)p]d̂i
−

(1− p)d̃i
[
1− (1− p)di−ďi

]
(1− α̂p)Nv−1−d̂i

[
1− [1− (1− β̂)p]d̂i

] .
Since Var[(1−(1−β)p)d̃i ] = o(1), we have [1−(1−β)p]d̃i

P−→ limNv→∞ E[(1−(1−β)p)d̃i ].

By continuous mapping theorem, we obtain 1− [1− (1− β)p](d̃i−α(Nv−1))/(1−α−β) P−→

limNv→∞ 1−[1−(1−β)p]−α(Nv−1)/(1−α−β)(E[(1−(1−β)p)d̃i ])1/(1−α−β). Note that α̂
P−→ α

and β̂
P−→ β. Then, by lemma B.2, we have 1− [1− (1− β̂)p]d̂i

P−→ limNv→∞ 1− [1− (1−

β)p]−α(Nv−1)/(1−α−β)(E[(1 − (1 − β)p)d̃i ])1/(1−α−β). By continuous mapping theorem,

we obtain 1/[1− [1− (1− β̂)p]d̂i ]
P−→ limNv→∞ 1/E[1− [1− (1−β)p](d̃i−α(Nv−1))/(1−α−β)].

Therefore, we have

E
[ [1− (1− p)di ]

1− [1− (1− β̂)p]d̂i
· I{d̂i=Θ(1/p)}

]
=

[1− (1− p)di ]
1− [1− (1− β)p]−α(Nv−1)/(1−α−β)(E[(1− (1− β)p)d̃i ])1/(1−α−β)

+ o(1).

Similarly, we can show

E
[ (1− p)d̃i

[
1− (1− p)di−ďi

]
(1− α̂p)Nv−1−d̂i

[
1− [1− (1− β̂)p]d̂i

] · I{d̂i=Θ(1/p)}

]
=

(1− αp)Nv−1−di
[
(1− (1− β)p)di − (1− p)di

]
1− [1− (1− β)p]−α(Nv−1)/(1−α−β)(E[(1− (1− β)p)d̃i ])1/(1−α−β)

·
(1− αp)Nv−1−di

[
(1− (1− β)p)di − (1− p)di

]
(1− αp)Nv−1+α(Nv−1)/(1−α−β)(E[(1− αp)−d̃i ])1/(1−α−β)

+ o(1).
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Then, direct computations yield to

E[{S−1
11 (d̂i, α̂, β̂) · p̌ei (c11, c11) + S−1

12 (d̂i, α̂, β̂) · p̌ei (c10, c11)} · I{d̂i=Θ(1/p)}] = 1 + o(1).

Similarly, we have

E[{S−1
11 (d̂i, α̂, β̂) · p̌ei (c11, c10) + S−1

12 (d̂i, α̂, β̂) · p̌ei (c10, c10)} · I{d̂i=Θ(1/p)}] = o(1).

Thus, we obtain E[ỹMME,i(c11) · I{d̂i=Θ(1/p)}] = yi(c11) + o(1). Analogously, we can show

E
[
ỹMME,i(ck) · I{d̂i=Θ(1/p)}] = yi(ck) + o(1) for other exposure levels.

(ii) Consistency.

Since ỹMME(ck) is an asymptotically unbiased estimator of y(ck), it suf-

fices to show Var(ỹMME(ck)) = o(1). Note that α̂
P−→ α, β̂

P−→ β,

Var(ỹMME(ck)|Ã) and E(ỹMME(ck)|Ã) are bounded, by Lemma B.3, we have

Var(ỹMME(ck)) (unknown error rates) − Var(ỹMME(ck)) (known error rates) = o(1).

Next, we compute Var(ỹMME(ck)) when α and β are known, i.e., d̂i = d̃i−(Nv−1)α
1−α−β .

By Cauchy-Schwarz inequality and the inequality 2uv ≤ u2 + v2, we have

Var[ỹMME(ck)] ≤ 2

{
Var
[ 1

Nv

Nv∑
i=1

ỹMME,i(ck) · I{d̂i=Θ(1/p)}

]
+ Var

[ 1

Nv

Nv∑
i=1

ỹA&S,i(ck) · I{d̂i=o(1/p) or ω(1/p)}

]}
.

Following the proof of Theorem 2, we can show Var
[

1
Nv

∑Nv
i=1 ỹA&S,i(ck) ·

I{d̂i=o(1/p) or ω(1/p)}

]
= o(1). Next, we prove Var

[
1
Nv

∑Nv
i=1 ỹMME,i(ck) · I{d̂i=Θ(1/p)}

]
=

o(1).

For the exposure level c00, we have

ỹMME,i(c00) = Q−1
21 (d̂i, α̂, β̂)p̃i(c01) · ỹA&S,i(c01) +Q−1

22 (d̂i, α̂, β̂)p̃i(c00) · ỹA&S,i(c00),
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where Q−1
21 (d̂i, α̂, β̂)p̃i(c01) and Q−1

22 (d̂i, α̂, β̂)p̃i(c00) are bounded when d̂i = Θ(1/p).

Again, by Cauchy-Schwarz inequality and the inequality 2uv ≤ u2 + v2, we obtain

Var
[ 1

Nv

Nv∑
i=1

ỹMME,i(c00) · I{d̂i=Θ(1/p)}

]
≤ 2

{
Var
[ 1

Nv

Nv∑
i=1

Q−1
21 (d̂i, α̂, β̂)p̃i(c01)ỹA&S,i(c01) · I{d̂i=Θ(1/p)}

]
+ Var

[ 1

Nv

Nv∑
i=1

Q−1
22 (d̂i, α̂, β̂)p̃i(c00)ỹA&S,i(c00) · I{d̂i=Θ(1/p)}

]}
. (B.10)

Thus, it suffices to show the two variances in (B.10) go to zero as Nv →∞. Here, we

show Var
[

1
Nv

∑Nv
i=1Q

−1
22 (d̂i, α̂, β̂)p̃i(c00)ỹA&S,i(c00) · I{d̂i=Θ(1/p)}

]
= o(1). The other one

can be proved similarly.

By the law of total variance, we have

Var
[ 1

Nv

Nv∑
i=1

Q−1
22 (d̂i, α̂, β̂)p̃i(c00)ỹA&S,i(c00) · I{d̂i=Θ(1/p)}

]
= Var

[
E
( 1

Nv

Nv∑
i=1

Q−1
22 (d̂i, α̂, β̂)p̃i(c00)ỹA&S,i(c00) · I{d̂i=Θ(1/p)}|Ã

)]
+ E

[
Var
( 1

Nv

Nv∑
i=1

Q−1
22 (d̂i, α̂, β̂)p̃i(c00)ỹA&S,i(c00) · I{d̂i=Θ(1/p)}|Ã

)]
.

Since Q−1
22 (d̂i, α̂, β̂)p̃i(c00) · I{d̂i=Θ(1/p)} = O(1), we obtain

Var
[
E
( 1

Nv

Nv∑
i=1

Q−1
22 (d̂i, α̂, β̂)p̃i(c00)ỹA&S,i(c00) · I{d̂i=Θ(1/p)}|Ã

)]
= O

(
Var
[
E
( 1

Nv

Nv∑
i=1

ỹA&S,i(c00)|Ã
)])

.

Notice that Var
[
E
(

1
Nv

∑Nv
i=1 ỹA&S,i(c00)|Ã

)]
= o(1) (shown in the proof of Theorem
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2), we obtain

Var
[
E
( 1

Nv

Nv∑
i=1

Q−1
22 (d̂i, α̂, β̂)p̃i(c00)ỹA&S,i(c00) · I{d̂i=Θ(1/p)}|Ã

)]
= o(1).

Following the proof of Theorem 3.2, we can show

Var
( 1

Nv

Nv∑
i=1

Q−1
22 (d̂i, α̂, β̂)p̃i(c00)ỹA&S,i(c00) · I{d̂i=Θ(1/p)}|Ã

)
≤ C1

N2
v

Nv∑
i=1

1

p̃ei (c00)
+
C2

N2
v

Nv∑
i=1

∑
j 6=i

g̃ij p̃
e
ij(c00)

p̃ei (c00)p̃ej(c00)
,

where C1 and C2 are positive constants. By Proposition 3.4 and (B.7), we obtain

E
[
Var
( 1

Nv

Nv∑
i=1

Q−1
22 (d̂i, α̂, β̂)p̃i(c00)ỹA&S,i(c00) · I{d̂i=Θ(1/p)}|Ã

)]
= o(1).

These complete the proof.

Proof of Theorem 3.5

The proof of Theorem 3.5 is same as that of Theorem 3.4.

B.4 Proofs of theorems in the generalized four-level exposure

model

Proof of Theorem 5.1

For mi = 1, direct computations lead to the results in Theorem 5.1. Here, we show

the case when mi ≥ 2. Note that, for all 1 ≤ x ≤ di, we have (Das (2016))

(di
x

)x
≤
(
di
x

)
≤ dxi
x!
.
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For the exposure level c00′ , we obtain

pei (c00′) ≥
1− p

(mi − 1)mi−1

mi−1∑
x=1

(dip)
x(1− p)di−x + (1− p)di+1

≥ C1(1− p)di+1 (dip)
mi(1− p)−(mi−1) − (1− p)

p(di + 1)− 1

and

pei (c00′) ≤ (1− p)
mi−1∑
x=1

(dip)
x(1− p)di−x + (1− p)di+1

≤ C2(1− p)di+1 (dip)
mi(1− p)−(mi−1) − (1− p)

p(di + 1)− 1
,

where C1 and C2 are positive constants. Thus, if p = o(1), we have

pei (c00′) =


Θ
((dip)

mi−1

edip

)
, di = ω(1/p),

Θ
(

1
)
, di = Θ(1/p),

Θ
(

1
)
, di = o(1/p).

For the exposure level c01′ , we have

pei (c01′) ≥ (1− p)
mi−1∑
x=1

px(1− p)di−x ≥ C3(1− p)p
mi(1− p)di−(mi−1) − pdi+1

1− 2p

and

pei (c01′) ≤
1− p
mi!

di∑
x=mi

(dip)
x(1− p)di−x ≤ C4(1− p)(dip)

di+1 − (dip)
mi(1− p)di−(mi−1)

p(di + 1)− 1
,

where C3 and C4 are positive constants. Together with pei (c01′) = 1− p− pei (c00′), we
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obtain

pei (c01′) =


Θ
(

1
)
, di = ω(1/p),

O
(

1
)

and Ω(pmi), di = Θ(1/p),

O
(

(dip)
mi

)
and Ω(pmi), di = o(1/p).

Note that pei (c11′) = p/(1− p) · pei (c01′) and pei (c10′) = p/(1− p) · pei (c00′). The results

for exposure levels c11′ and c10′ follow.

B.5 Proofs for Pareto degree distribution without a cutoff

In this section, we show that assume a four-level exposure model and Bernoulli

random assignment of treatment with p. In the inhomogeneous graph where the

asymptotic degree distribution is the Pareto distribution with shape ζ > 1, lower

bound dL, upper bound Nv − 1 and mean d̄, under Assumption 3.4, Condition 3.1

doesn’t hold for levels c10.

As Nv →∞, we have

E[1/pe(c10)] =
1

p
· ζdζL

1−
( dL
Nv − 1

)ζ ·
Nv−1∫
dL

(1− p)−xx−(ζ+1)dx

= Θ

(
Nv ·

dζL
pNv

·
Nv−1∫
dL

(1− p)−xx−(ζ+1)dx

)
. (B.11)

Note that limx→∞(1− p)−xx−(ζ+1) = limx→∞ p
ζ+1epx. By (B.11), we have

E[1/pe(c10)] = Ω(Nv · (dLp)ζ · epNv). (B.12)
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Next, we compute the order of dL. By the definition of expectation, we have

Nv−1∫
dL

x · ζdζL

1−
( dL
Nv − 1

)ζ x−(ζ+1)dx =



ζdζL ·
log
(Nv − 1

dL

)
1−

( dL
Nv − 1

)ζ , if ζ = 1

ζdL
ζ − 1

·
1−

( dL
Nv − 1

)ζ−1

1−
( dL
Nv − 1

)ζ , otherwise,

Therefore, as Nv → ∞, we obtain dL = Θ(d̄) when ζ > 1. By (B.12), we have

E[1/pe(c10)] = Ω(Nv). Therefore, condition 3.1 doesn’t hold.



References

Abadie, A. and Imbens, G. W. (2006). Large sample properties of matching estimators
for average treatment effects. econometrica, 74(1):235–267.

Abbott, S., Hellewell, J., Thompson, R. N., Sherratt, K., Gibbs, H. P., Bosse, N. I.,
Munday, J. D., Meakin, S., Doughty, E. L., Chun, J. Y., et al. (2020). Estimating
the time-varying reproduction number of sars-cov-2 using national and subnational
case counts. Wellcome Open Research, 5(112):112.

Adam, D. C., Wu, P., Wong, J. Y., Lau, E. H. Y., Tsang, T. K., Cauchemez, S.,
Leung, G. M., and Cowling, B. J. (2020). Clustering and superspreading potential
of sars-cov-2 infections in hong kong. Nature Medicine, 26(11):1714–1719.

Ahmed, N. K., Neville, J., and Kompella, R. (2014). Network sampling: From
static to streaming graphs. ACM Transactions on Knowledge Discovery from Data
(TKDD), 8(2):7.

Alvarez, R. M. and Levin, I. (2014). Uncertain neighbors: Bayesian propensity
score matching for causal inference. Technical report, Technical report, California
Institute of Technology, University of Georgia.

Amaral, L. A. N., Scala, A., Barthelemy, M., and Stanley, H. E. (2000). Classes of
small-world networks. Proceedings of the national academy of sciences, 97(21):11149–
11152.

An, W. (2010). 4. bayesian propensity score estimators: Incorporating uncertainties
in propensity scores into causal inference. Sociological Methodology, 40(1):151–189.

Anderson, R. M. and May, R. (1991). Infectious diseases of humans. 1991. New York:
Oxford Science Publication Google Scholar.

Andersson, H. and Britton, T. (2012). Stochastic epidemic models and their statistical
analysis, volume 151. Springer Science & Business Media.

Aronow, P. M. and Samii, C. (2017). Estimating average causal effects under general
interference, with application to a social network experiment. The Annals of
Applied Statistics, 11(4):1912–1947.

127



128
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