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I, Tntroduction

Probability problems in which a time parameter is involved are known
as "stochastic processes®., The problems vary in complexity from those
simple situations in which a system is considered which has probabilities
of being in several various states at each of a few discrete times, the
probabilities being independent of the previous states of the system, to
those complex situations involving consideration through a continuous
time interval of a system whose probabilities of entéring particular
states at a particular time are functions of the entire past history of

the system.

The simplest stochastic processes which involve some dependence on
the past history of the system are those in which the system changes state
at certain discrete times and the probabilities of entering each state
at a particular time are functions solely of the state which the system

was in at the previous time. Such processes are known as Markov chains.

A class of probiems which may be fully or partially defined by appro-
priate Markov chains are those known as queuing problems. In these prob—
lems, an *input! of "customers" arrives with some stated distribution.,
These customers are served by a known number of "servers", the distribu-
tion of the serving times also being known. Since the number of servers
is limited, a queue of customers waiting for service may build up. Quan-
tities such as the optimum number of servers, the distribution of queue

lengths and the expected length of the queue, and the distribution and



expected lengths of the waiting time of the customers are the unknown
|

guantities which it is desired to investigate. 4

A typical application of the queuing problem which is presently of
considerable interest is that of a missile tracking radar system. Such
a system has a limited number of trackers (servers) which must track each
missile (customer) for a sufficient length of time to provide accurate
trajectory information to permit destruction of the incom%ng missile by
defensive weapons. If the waiting time between the entrance of the mis-
siles into the radar's coverage and the availability of a ‘tracker to com-
mence tracking is too great, the missiles will reach their target before
destruction of them can be achieved. The point of interes& is thus to
determine the radar system characteristics which will resuﬁt in a very
high probability of the waiting time being smaller than this eritical

value,

This paper describes the characteristics and algebra of Markov chains
and the methods of applying the Markov chain techniques to!queuing prob-
lems. The radar tracking problem is discussed as an example of the prac-
tical considerations encountered in suitably, defining a queuing problem
so that it may be characterized as a relatively simple Markov chain and

in applying the various techniques to obtain useful results from this

Markov chain. !

171, Stochastic Processes

Suppose that n chance variables, ..., Xi, K55 eees Xh, eeey @re



selected from an infinite chain. Assotiated with each variable is a par-
ticular time, tl’ tz, ..'. s tn. Such a system is known as a "stochastic
process”, The term "stochastic process! is sometimes applied indiscrim-
inately to all probability phenomena, but it is here reserved specifically
for those probability situations which involve a time parameter., The

stochastic process is thus represented by a system which may be in various

possible conditions (known as states) at each time under consideration.

The mathematical complexity of a stochastic process dépends upon
two factors. The first of these is the number of values which may be
taken by the chance variables, or in other words the numbe:i:' of states
which the system may occupy. The highest complexity in this regard results
from consideration of processes where the distribution i‘ung:tions of the
chance variables are continuous. Such processes are fully characterized
only by defining an infinite number of system states, Finite solutions
are therefore impossible and hence matrix techniques cannot be used. The
methods of attacking such problems involve the use of diff%:‘rential and
difference equations and the repeated use of recurrence relations, Proc-
esses involving finite states are usually compatible with solution by
matrix methods. The complexity of such processes depends directly upon
the number of states involved, since each additional state adds another

row and column to the characterizing matrix and the matrices thus become‘

increasingly unwieldy.

The second factor which flelps dictate how complex a stochastic proc-



ess may be is the depepdegce between chance variables, The simplest
processes pa}ve no depenglence at .a.ll and the probability of the system
entering any state is independent of any.previous condition of the system.
Such processes resolve into ordinary probability problems which may be
characterized by simple sets of equations. The simplest processes which
maintain dependence betwegn random variables are those in which the prob-
abilities of the system entering various states depend‘soleh upon the
state of the system in the_.irmledia.tely preceding time. For the disérete .

case this may be defined in terms of distribution functions by

LCR P ST ER CY LY (Eq. 1)

Such a process is ca.llec'i'a Markov process, or :m the discrete case a
M:s,z:-k‘ov~ chain, The Markov chain is defined by the matrix of all its trans-
ition probabilities, pij? ea_q}} of which is the probability of the system
eqt}erj.ng state i if it prgseptly is in state j. Solution of Markov chains
“involves the solution oi‘. matrix equations,

Many st,o'chastic processes exist in which the dependence between chance
vari:-.}bles is muph more complicat‘,ed than in the case of Markov chains. Some
of these situations resul:t: :m insoluble probl_ems. Many others may theore-
tically be sqluble_, but 1n practice the algebra is tooﬁvolmninous. Some
s.‘boc{qastic processes which are not Markgvian as they are stated; may be con-
sidered‘:t:o be lgarkoy_ chainsf if tk}e 'definit:f.on of the system states is
made with greater pr_ecg’:sion (as f}mctiops of additional variables not

specified in the original statement of the states). However the resulting



Markov chains are usually too large for easy solution. Sometimes a
portion of the problem may be used to set up a reduced Markov chain,‘
called an "imbedded" Markov chain. This results in a simpler solution,
but parts of the problem are missing and this may include some of the
desired information., A more useful tool. for solving those complifated
stochastic processes where a solution is possible is the use of differencé

or differential equations to find various recurrence relationships.

11T, Markov Chains
A, The Stochastic Matrix
Q In the Markov chain, a separate distinct probability is associated

with the transition from every possible state to itself or any other
state. These transition probabilities may be written as pij’ this being
the probability of transition from state j to state i. The transition

probabilities may be written in the form of a stochastic matrix

1 2 . n <*—— present states
1 3 ces N
Pip Py P1n
2 LN )
/ n pnl Py oo pnrb
possible states
after next
transition

The sum of the transition probabilities in each column represents the



total probability of transition from a particular present state. This
total probability is always onel so that the sum of the terms in any
column of the matrix is equal to one., Since probabilities are by defini-
tion non-negative, all of the elements of the matrix are non-negative,
Furthermore, since the number of possible present states is the same as
the number of possible future states, the matrix is square. These three

characteristics define a stochastic matrix.
B. Higher Transition Probabilities

An important comsideration in most Markov chain problems is the
effect on the system of a number of transitions defined by the transition

matrix P, If the initial condition of the system ié described by the

vector v, the condition after one transition is Pv and after n transitions
is PPP...Pv or P'v. It is possible to obtain these required higher powers
of P by performing the reguisite number of multiplications by P. However
this is a tedious process at best and in the limiting ;ase P it is im=
possible., Some transformation of the matrix P which will simplify the de-
termination of its higher powers is therefore desirable, The development
of such a transformation requires some investigation of the theofylof

stochastie matrices.

1, W. Feller, An Introduction to Probability Theory and Its Applications,

(New York, John Wiley & Sons, 1950), vol. 1, page 22.

2. Tbid, p. 22.
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C. Modal Matrices

It is well known3 that each matrix u has an associated characteristic

matrix £(4 ) defined by
f(A)=Al - (Eq. 3)

where A represents a set of scalars which are the roots of the system

of equations

AT - =0 (Ba. 4)

The bars indicai'fg the det:e_minant of the enclosed f_unction. For an nth

order matrix, there are n roots of this system of eguations, Al, "2’ cooy ’ln'
@ These are the characteristic roots of the matrix. Associated with each

of these roots ,{S, are ﬁ.woﬁch'aracteristic vectors, one a row vector Ks;

aqd 'thg other a..column Iector_ k 5 Vectors haying the direction of the

ct_zaracteristic vectors ha:vg theixj dirgctign unchanged under transformation

by tht—f matrix u. The characteristic vectors may be simply obtained from

the equations

Esl K82 ess Ksr] [\]] = ‘AS Ksl K32 sse Ksa

(Eae 5)

.,

3« R. A. Frazer,‘W. S. Duncan, A. R. Collar, Elementary Matrices (Cam~

@ bridge, The University Press, 1938)
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kIl.s klez
k k

[u] 2 - /‘s 2s (Eq. 6)
o g

These vectors, however, represent proportional relationships only and

" may be multiplied by any desired scalar factor without altering the

relationships.

Assume now that the characteristic roots are all distinct. In this
case, the n columns ks are distinct and may be written as a matrix k.
Likewise the rows Ks may be written as a matrix K. These matrices, which

are known as the modal matrices, are thus

kll k12. coe kln
k k eee k

21
[d = 22 2n (Eq. 7)
_knl kn2 *e kng
Kll Kl 5 ece Kln

K. K. ... K

K- | % =2 = & ' (Eq. 8)
I X N 3 ‘.. [ N ] [ X X ]
K1 Knz e By

Using these modal matrices, the equations 5 and 6 for every characteristic

root may be combined into two matrix equations. These are:



Ku

1

A matrix of the characteristic roots may be defined as:

MnKnl

A2k12
Ak

222

k
'{2 n2

K

A2K22

AK

n n2

"1 0 ...
0 /lz
O O LR N ]

-
E N ] Ank:l_n
o0 ’{nan
.. AKXk
nm
eee ’llKln

.o /'2K2n

se 0 LU

o e K
An nn |

—

0
0

eee

An

Equations 9 and 10 may then be written

uk = kA

Ku = AK

D. The kAKX Transformation

Equations 12 and 13 may easily be operated upon to obtain an equiva=

lent for u, They become

(Eq. 9)

(Eq. 10)

(Eq. 11)

(Eq. 12)

(Eq. 13)
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u = kAKXt (Eq. 1)
u = KIAK (Eq. 15)

These transformations are of the type desired to permit simplification

of the procedure for obtaining higher powers of the stochastic matrix.
However; a simpler transformation would be one of similar form but in
which it would be unnecessary to derive an inverse matrix., To determine
sauch a transformation, use is made of the unique properties of the matrix

product Kk. TFrom equation 12 a multiplication of both sides by K gives

Kuk = KkA | (Eq. 16)
and from equation 13 a multiplication of both siqes by k gives

Kuk = Kk (Eq. 17)
Combining eguations 16 and 17 results in

Kk A = AKXk (Eq. 153)

Writing this in expanded form yields matrices of the form

10

’ELA:L:L ,\2Al 5 e AnAln ,\lAll /|1A12 ves /\lAln
hhsy ARy e Aoy Aoy by, eee Ak
(Eq. 19)

For this equality to be true, each pair of corresponding elements must
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be equal. The diagonal elements of both matrices are identical, so they
present no problem. For each otker pair of elements an equation of the
nature ax — bx must hold, where the a and b camnot both be zero since
each is a different characteristic root and repeated roots have been dis-
allowed. Therefore, only the trivial solution x = O exists, This means

that every other element except the diagonal elements of the matrix Kk

must be zero. The transformation Kk is therefore

T“Sllk'.l.1‘(5K.|_2k2:1_"'‘ o otlyplt - 0 oee 0 -
Kk = 0 K21k12+K22k22+...+K2nkn2 ves 0
N 0 0 ee oK g ln"'K Ky e esdK k_J
(Eq. 20)

Each element of equation 20 consists only of terms in K and k associated
with a particular characteristic root. Therefore all these temms can be
multiplied by an appropriate scalar without altering any equalities or

without affecting the other terms. It is possible in this way to choose
normalization factors that will make each element on the diagonal of the

matrix equal to one, Equation 20 may then be written

¥k=1TI : (Eq. 21)

provided that the normalization factors are correctly chosen.

Next consider equation 14, This is unaltered if it is written
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u = kAIKL (Eq. 22)
Inserting the equality of equation 21 produces the following results: -

u = k./\.Kkk-l
- kAKT (Eq. 23)

~ kAKX

E. Higher Powers of u

Consider the matrix u". Using the transformation of equation 23

yields
v = kAK kAK .... kAK (Eq.. 21,)

where there are m sets of kAK's, However we have already shown Kk to

be equal to the identity matrix so that

& = kA™K (Eq. 25)

«

This is the desired transformation, since the higher powers of A. are -

easily seen to be

Alm 3] 0
A = (Eq. 26)




¥, Characteristic Roots of the Stochastic Matrix

Although equation 25 furnishes a simple method of determining the
higher powers of a matrix, it still does not supply any information about
the limiting case of the stochastic matrix P, To obtain a clear idea
of what the limiting situation involves, the limitations upon the char-
acteristic roots of the original matrix P must be determined. The first
important property of these roots is described by the following theorem:

Thg stochastic matrix always has the characteristic root one.

The proof of this theorem is as follows: Consider the row vector

x= 0L 1 ... 1] (Bq. 27)

Because the sum of the columns of the stochastic matrix is one,

the product xP becomes

- 1 .. 1 =x (Eq. 28)

Equation 5 for the stochastic matrix is

KP = A, (Ba. 29)

The correspondence between equations 28 and 29 is obvious and it is
thus evident that x is a characteristic vector of the stochastic matrix P
and that its associated characteristic root is one: - The theorem is thus

proved.

13



The second unique limitation upon 1_:he characteristic roots of a
stochastic matrix is described by the following theorem:
No other root of the stochastic matrix can exceed one in absolute
value,
The proof of this theorem is as follows: The product of the characteristic

row vector Ks and the P matrix is

KP = Kslpll + K oDy + eee t Ksnpnl 9 K_.i,lp12 + KoPos + eee + K$npnz7

- ¢

ooy EPyp ¥ Kszpzn *oeee v RPN

I
[

(Eq. 30)

Let the subscript m denote the element of a vector having the maximum

absolute value, so that, for example, Ksm is the element of the vector

K having maximum absolute value. Each of the other elements of the

¥

vector Ks must lie within a circle in the complex plane whose radius

is the absolute value of Ks;n' Hence

1 s
IKslplj N Kszpzj Tooee ¥ Ksnpnjl = lemlplj +IKsﬁilpzj ¥ooee +|Ksm|pnj
- K oo -. = L
= e (Puy + Py + ooe na) [on|  (B2- 3D)

Applying equation 5 yields

K
sm

= |Kslplj * KsZPZJ Tooee Ksnpnj| = IASKsml =|AS| IKsml
(Eq. 32)

This inequality is true only when



ENEE (Eq. 33)

Thus the theorem is proved.
G, Choice of Normalization for the kAKX Transformation

To obtain the trar}sfor'{nation of equation 23, a particular nonnali-l
?ation of the K anfl k vectors was required, So far, how to obtain this
normalization has no1:'. been spec_ified. Determining the normalization
first requires the following theorem:

The sum of the elements of every column of the modal matrix k

assoc;i.ated with a s’_cochas’cic maj:.rix with unlike roots except the

colun_tn corresponding to the characteristic root one; or the sum

of any row of the modal matrix K associated with a stochastic matrix

with t_mlike roots except the row as_sociated with the characteristic

root one is equal to zero. In symbols:

15



1
=

B3 =0  for £ m where A (Eq. 34)

]
=

0 for j # m where Ay (Eq. 35)

1
s
()
[
]

The proof of this theorem is as follows: The relation between each pair
of corresponding elements of equation 9, where the stochastic matrix is

considered is

k - + . k . s - k « k » 6
pil‘lg Pig 25 + * Pin nj - /‘j 13 (Eq. 36)
The column sums are thus
n n
k.. = k .+p k .+ «o. #p. k .

But for the stochastic matrix by definition

n
Z p.. =1 (Eq. 38)
i-1

for every j. Therefore

1=l J

n n
k - o k- @e - -
2 Afyzlggtl b vk, s ; ks s (Eq. 39)

Thus

16

) n n
K K ok aae . ‘
1j§pi1+ 2312:—Ip12+ : "'lﬂuépm
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A, 2k . = Zkij | (Eq. 40)

where Aj £ 1. This implies

> k5= 0 | . (Bq. 41)

il

The proof for the rows of K will not be given since the reasoning is iden-

tical,

Egquation 23 may be written in the form

kK Bl e sy
n k .K.. k. K K.
2i4n

21711 2i 12
P :E::Aj_

l"l e o s e LI see

(Egq. 42)

k K.. k K. ... k._K,
| ni il ni i2 ni in

The fact that the sum of the elements in each column is equal to one may

be written as

Il n
?—___; [AsKsj ?;'—1 ki*’] =1 (Eq. 43)

However it has just been shown that the term represented by the last sum-
mation is zero except when 4 = 1. Equation 43 thus simplifies to
5

n

13 %;- ko =1 (Eqe 4b)
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It has already been shown in equation 28 that the row vector having every
component one is the characteristic vector associated with the character-
istic root ,{l = 1. Substituting this for Xy in equation 4} shows that
the column vector kl sums to one. It will be shown later that this.nor-
malization for IL_L is that for which k1 is the limiting distribution, and
hence a stochastic vector. Thus a suitable normalization for the first

- row of the matrix K and the first column of the matrix k has been obtained.
Now consider the situatiori where two matrices are obtained where w has its
colums proportional to the columns of k, but only the first column has
been normalizeq and v has its rows proportional to the rows of K, but only

its first row has been normalized. In other words

— -
kll 8,21«:12 ces ankln
1x a k ees ak

[ A N L N J L X N ] LA N ]

k_ ak vee ak

nl 2 n2 n nn |
-~ -

K K [ XN ] K
11 12 . din

b X b K esese b.K

2
v - 221 2 22 2n (Eq. 46)

_annl an SRERLT an n |

These are precisely the matrices which would be obtained from equations
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5 and 6 with the first column of w and the first row of v normalized az

described above, Equation 42 written in terms of w and v becomes

W . cee WV,
Wlivil W];ij_g 11 in
n W V. w_.V css w_v,
S A |2 il T2i'iz 2i in (Bq. L)
i:l aubo L W} o0 o0 ees
.V w .,V cee w V.
n1 il ni i2 ni in|

The sum of the terms in each major diagonal is

Wlivil 21 12 + eee + WlV = a;b; E(llK:Ll o Foeee ¥ k K ]
(Ea. 48)
The term in the brackets is identical with one of the elements of
G equation 20 and each of these elements is equal to one. Therefore
a;b, = sum of the diagonal elements of w;vy (Eq. 49)
i

In deriving an expresion for a higher power of P, Pm, the simplest way

to write the expression is usually as a series of terms, each having the
gqrm of the matrix of equation 4%. Since the A’H: is outside the matrix,
the proper normalizing constant for each term may be obtained by summing
the diagonal elements of the associated matrix and taking the reciprocal

of this sum,
H. The Limiting Transition Matrix

E It is often of interest to obtain the limiting transition matrix

Pe , If equation 25 is written in the same form as equation 42, it



becomes

kK9

k X
2i il

oo

k .X
ni il

kKo

k K
2i i2

k .K.

ni 12

«eo

LN ]

-
kliKin

k K.
21 in

LR N

khiKin

20

(Eqa 50)

Since the A ®s are all less than one for i £ 1, the following is true
i

lim
n—b oo

AT =0

1

fori £1

(Eq. 51)

Thus all of the terms of equation 50 are zero except that associated with

Ail = 1. The infinite transition matrix is therefore

It has already been specified that

for every j.

PG’

=1

K
11 1

111

=~

Sn1"11

k9%

kélKiZ

LR 2

k K
nl 12

Therefore
k11 kll cee
_ k21 k21 oo
.fhl khl °°*

ase

1%
X K
21 In

k K
nl 1nj

the normalization is such that

(Eq. 52)

Klj =1

(Eq. 53)



21

I. The Limiting Distribution

Consider the effect of applying P®to a vector representing the
initial probabilities x. Then if x is a stochastic vector,

X 4+ X + 00 + X = 1 and
1 n

2
k see k ] 3{- -1.{ N
kll k.l.l 11 1 11
k k ees Kk x k
pox - |21 21 21 2 = 21 (Bq. 54)
L X R 4 k ! k
1 51 I nl

The resulting vector, which will be referred to as k;, represents the
limiting or stationary distribution of the system. It is evident that
this corresponds to the characteristic vector associated with the char-
acteristic root one of the matrix P and that it is independent of the

initial conditions,
Je Classification of Markov Chains

The kAK transformation technique for finding the higher powers of
P, the properties of t.he roots of the stochastic matrix, and the proof
of a limiting distriﬁbution were derived under the assumption that all of
the characteristic roots of the stochastic matrix under consideration
were distinct and t.ha.j::' only the root one had absolute value one. It is
important to lmpw when 'this pondition is mei:'., since only then can the mat-
erial‘ derivgd in the precednj.ng sections bg used with justification, Several
properties of the si?ochastic matrix are evident upon inspection. These

will be defined below.
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A Markov chain is said to contain a closed set if there is a set of
states from which it is impossible to .reach éhy state outside the set.
Iﬁ other words each probability pjk = 0 if k is within the closed set
and j is outside it. If a Markov chain contains no closed sets other

than the complete set of states of the entire system, it is said to be

irreducible.

A typical system characterized by a Markov chain will initiallf'be
in some state E&. Various transisions will occur and eventually the
system may again return to the state Ei’ in which case the process begins
again exactly as it began the first time., The feturn to the state E& or
to any other state in which the system has existed before is a recurrent
evené which has an associated recurrence time distribution (fi(n)) which
is the ﬁfobability that the first return to E; will be at time n. If the
fi's sum to one, the system is certain to return to E; and the state By
is called a persistent state., If the sum of the fi's is less than one,

the system may never return to the state E&. In this case Ei is called

a transient state.

Persistent states may be classified in accordance with the character-
istics of their recurrence time. If the mean recurrence time is infinite,
the state is known as a nu}l state: If-return to the state Eg is impos-
sible except in steps of t, 2t, 3t, ..., the state is called a periodic
state, with period t. If the state is not periodic, but has a mean recur-

L

rence time less thah infinity, it is known as an ergodic state.

lp. W. Feller, pp. 351~353
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The techniques which have 'been developed for obtaining the limiting dis-
tribution were obtainefi under the conditions that there are no repeated
characteristic roots_ and that only a single root has the absolute value
one. ‘ It can be shown that repeated ‘roots having absolute values less
than one will not affect the limiting distribution and thus the techniques
are still valid, All finite ergodic Markov chains fall into one of these
two _cat?gories5. The_ periodic cases, which have no unigque limiting
distributign, are characterized by a number of characteristic roots

having absolute values of one.

*

5. M. s. Bartlett, An Introduction to Stochastic Processes, (Cambridge,

The University Press, 1956), p. 33.
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Iv. Queuing Problems
A. General Discussion

A queuing or waiting line problem arises when there is an input of
customers which must be served by a given number of servers. If over any
time period more customers arrive than can be served, a waiting line
builds up. Queuing systems of this sort may be completely defined by
specifying

(1) input

(2) queue~discipline

(3) service mechanism,
Specification of the input implies stating the number of customers en-
tering the system within a certain time interval and the arrival times
of these‘customers. This information may either be in terms of probabil-
ity distributions or in specific statements of numbers of customers and
arrival times., The two most commonly treated inputs are the regular, in
which one customer arrives regularly after every time interval at, and

the Poissonian, in which customer arrivals have a probability distribution

P (s D). (Ba. 56)

jt Y a

where Pj(—gF) is the probability that j customers will arrive over a time

interval v +&=ewmei¥ where a is the mean arrival time.

The queue discipline refers to the order in which the incoming cus-

tomers are served, The most common scheme is that in which customers are
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P

served in the order of their arrival, or "first-come, first-served". .
However almost any scheme of queue discipline is possible. For instance
every nth-customer might be served; ol customers having some particular
characteristic might be given priority. In the radar tracking problem
which will be discussed in more detall later, a priority, requirement
might be that missiles entering the radar coverage from the direction of

Russia would be tracked before any other targets.

Specification of the service mechanism requires statement of the
number of servers and a definition of the serving time. The most com-
monly encountered serving times are the regular or fixed serving time
which might be encountered in such situations as toll collection where
the serving action is identical for each customer and the exponential,
in which the serving times have a probability distribution of —%— é"“g~
where b is the mean serving time, This serving time distribution is
characteristic of those situations in which random factors enter into the
determination of the length of service required. Other more complicatid
service mechanisms are also possible. TFor example, the service time may
be dependent upon queue size, This would be typical of festaurant ser-
vice, where the servers speed up their efforts when a crowded condition

occurs,

In discussing the solution of queuing problems, consideration will
be limited to problems in which the random variables determining the in-
put are independently and identically distributed, the queue discipline

is #firste—come, first-served", and the service times are independent of
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each other and of the input. Problems having other than these properties

are too complex to permit consideration in this paper.

Where arrivgls or service represent continuous distributions in
time; the qqeuing problex;l in its entirety is a rather complex stochastic
process.. In the special case where the input is Poissonian and the ser-
vice times exponent.iai!., the complete queuing problem is Markovian and is
susceptible to reJ_.ative_ly simple solution. In other cases, it is often
necessary to further complicate the problem by adding other time-depen-
dent variables to completely define each state,' both in terms of number
of customers and elapsed service or ir{teruarrival times so that the sys~
tem may be completely described in terms o;f.' a Markov chain., Many of these
more complex queuing procegses may be analyzed in terms of what is known
as an "imbedded" Markov chain. The technique involved is to ‘consider the
state of the system only at certain discrete, well-defined times, Now if
either the a_rrival times or the service times have distributions of an
exponential nature, the required' Markovian_ p;'opgrty exists and the system
(defined at the discrete tir_nfas.only) can be reprggented by a Markov chain.
This imbedded Markov chai_q provides a means of investigating the system
which is much sg’.mpil:er than the Markov chg.in which might be developed by
considex:ably augmenting the degcrai.ptior} of the system states. However;
since the imbedded Markov chain does not fully characterize the system;
but desc:gﬁ.bes it at selected discrete times only; some of the properties
of thg_system which it is_desirgd to learn may not be obtainable from a

particular imbedded Markov chain.
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B. The Poissonian Input Single Server Queuing Process

Consider a queuing process which has a Poissonian input, a single
server and an undefined service time distribution. Suppose this sybtem
is considered only at those discrete times when a customer is just leav~

ing, his service completed. The state of the system is defined as the

. number of persons who are left waiting by the departing customer. This

system may thus be represented by the imbedddMarkov chain defined by\’6
0 0 ...
% 9, .
q-l ql o L K J
P - a, qz' a 4, e (Eq. 57)
q3 q3 q2 ql eoe

where ¢, represents the probability that j customers will arrive during
J .

the service interval. The equation for the qj's is easily determined.

If the input is Poissonian with mean arrival time a, the probability

v

l - J
that j customers will arrive during the interval v is -37 e & (—Z;) .

The probability dIsthribubion of the service times will be defined as
dB(v), where this is the probability of the service time being v. The
product of these probabilities is the probability of the service time

being v and j customers entering within that time, and the sum of these

6. D. G. Kendall, "Stochastic Processes Occurring in the Theory of Queues
and Their Analysis by the Method of the Imbedded Markov Chain®, The Annals

of Mathematical Statistics, vol. 24, no. 3, Sept 1953, p. 343.




products for all possible v'!'s gives the total probability of j customers

entering within the service interval. Thus
o0

. \ v . . )
1 —~ V r\J
9z je B (Y an(o) (3=0, 1,2, ..)

- -

The traffic intensity, p > is defined as the ratio of the mean service

time to the mean arrival time, or

p= bfa - (Eq. 59)

It can be shown that the matrix of equation 58 is irreducible and aper-
iodic in all cases and that its states are ergodic when ‘04 l; null when
p = 1 and transient when f>1-?i In the ergodic case, equation 6 is
applicable and thus in terms of an unnormalized characteristic vector

for the characteristic root one

Pwl =Wy (Eq. 60}

28

It is then possible to obtain and normalize Wi, resulting in the limiting

distribution.

Suppose a single server, Poissonian input queuing process has an

exponential distribution of serving times having a mean b, such that

v

aB(v) = 1/b e P av (Eq. 61)

Equation 58 now has the form

7. Xendall, p. 344. TFeller, p. 378 & p. 450.



S S S

= - a b,V

o= | (&) av (Ba. 62)
o

which fortunately is easily integratable and reduces to

The stochastic matrix defining the imbedded Markov chain of this process

is thus

1 - 1 0 0 ...

P e 1 O  vee
l+e 1+€
1 2
P - T e P 1 see . 6
1+ (l+€) TP Tee (Eq, +)

&’ & 2 5

L LR N e0ce o000 L N ]

The limiting distribution is now found by solving the set of equations

. + P, W+ e =W (Eq. 65)

Jl 11

which is easily found to yield

J
The limiting distribution prior to normalization is thus
1
P
R

29
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The sum of the elements of this vector is the sum of a geometric series

-

1 R
which, since p is less than unity, sums to e ° Thus the normalization

factor is l—e and the normalized limiting distribution is

1o ]
(1 -e)e
2
k = (1-e)e3 (Eq. 67)
(1L-ple

Tt is also important to determine the probability that a customer

8.
will not have to wait any longer than a time T to have his service completed.

If there are no customers present when the customer arrives, the probability
that his serving time will exceed T is
~T/o .

P (TY =z e (Eq. 68)
With one customer present, the probability that the arriving customer!s
time within the system will exceed T is the sum of the probability that
the present customerts serving time will exceed T and the probability
that the present customer!s service will be finished in time T but the

arriving customer!s will not, or

~T/o -T/b :
Po (T) + P, (T) = e + (T/b) e (Eq. 69)

<

Similarly if there are n customers shead of the arriving customer, the

8. P. M, Morse, Queﬁes,' Inventories and Maintenance, (New York, John

Wiley & Sons, Inc., 1958), p. 70.



probability that he will still be in the system after time T is

i P, (T) = Zn; S s e (Eq. 70)
n=g .

. m=0

The average probability that a customer will be in the system for a
longer time than T is found by multiplying equation 70 by the probability
that the waiting line will contain n customers and summing over n. The

resulting equation is

= noe—-1 ,T.m ~-T/b

> Q- > =) e (Bq. 71)
n=0 . m=

o -(1-p) T/b

G (T)

n

o

If the service time is not exponential, the neat solutions of equa-
tion 58 do not exist and the problem of determining the correct values
for th; matrix becomes much more difficult. Difficulty may also be en-
countered in detemmining the values for the limiting distribution.
Purthermore closed sloutions for G (T) usually do not exist so that numer-

ical methods must be used,
C. Many Server Queulng Processes

Queuing processes where more than a single server im involved may
be treated by the imbedded Markov chain technique if they have an exponen-
tial service time. TIn this case it is more convenient to consider the
state of the system each time a customer arrives rather than each time

one departs., The matrix of transition probabilities for the imbedded



Markov chain is much more complicated than for the single server case,
including a matrix similar to that of equation 57 preceded by a section
having as many rows as there are servers., The limiting distribution can
be shown to be a vector similar to that of equation 67, its terms forming
a geometric series, but with modifications to the first s-l1 terms if s

~eit

is the mumber of servers,

Ve The Radar Tracking Problem

Consider a radar system whose function is to detect enemy missiles
and track them for a sufficient time to permit their destruction by some
type of defensive weapon. For simplicity assume that the system is pri-
marily concerned with intercontinental ballistic missiles which have
trajectories which may be approximated as entering at the top of the
radar!s coverage volume and travelling straight down to the ground, each
with the same vedocity, so that each missile is within the radar coverage
volume for a time T. Furthermore the radar detection is said to be 100%
efficient so that all targets are detected at the limits of the radar
coverage, However, the tracking capacity of the radar is limited. The
problem is to determine the probability that missiles will not spend

greater than time T within the system before tracking is completed.

The practical problem is to set up a mathematical model of this
radar system which will not be too far from the actual situation but which

will be simple enough to permit solution. The first-consideration is the

Q.. Kendall, p. 349
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distribution of the incoming missiles, Here a Poisson distribution
having a mean arrival time a is a realistic description of the actual
Situation. The simplest solutions may be obtained if the radar system
is considered to have a single tracker. The results thus obtained will
be representative of the many conventional radar systems having a sin-
gle antenna which must be focussed on the tarpet being tracked and also
of situations where severgl trackers are each restricted to a particular
non-overlapping coverage volume. This situation also gives a pessimistic
estimate of the §ituation where several trackers cover the same volume,
if the results are altered by a factor representing the number of track-
ers. Tthe queue discipline will be considered to be "first-come, first—
served". This corresponds to the usual situation where the missile
nearest the ground offers the greatest immediate threat, It would be
tempting to specify a specific standard length of time as the tracking
time, since it normally should take the same length of time to accurately
track each missile. This leads to more complex solutions, however. The
tracking time will therefore be considerdd to be exponential with mean b.
A number of reasons could be advanced as to why variations of tracking
time could occur which would make this description of tracking time cor-
respond to the actual situation. It is sufficient to say that the most
imprévement in system capabllity which could occur over the exponential
tracking time figures if the tracking time were constant would be a fac-

tor of 1:1«10.]:O

The radar tracking system as thus described corresponds to the sin-

10. Morse, p. 75.
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gle server queuing process with Poissonian input and exponential serving
time as has been analyzed. It may seem that this technique is a bit un®
fair, since this is the only type of system for which simple results exist,
and it is hence quite obvious that the radar characteristics were de-
scribed in such a way as to make these results applicable., In actual
practice; however; the solution of such problems as the radar tracking .
problem represents an engineering effort which must be balanced in cost
against the cost of additional equapment. Tt has been shown that the de~
sckiption of the radar system may be made to correspond to the simple

type problem without departing excessively from what are assumed to be

the actual physical characteristics. Any great effort to improve the
accuracy of the results by more complex definition of the system parameters
with consequent complications in the mathematics would be of little value
unless some sizeable savings in cost or an appreciable improvement in

the system could be seen to result from the more accurate figures. Fur-
thermqré improved system definitions are probably not possible from a
purely mathematical approach. Some -experimentation would be required to

more accurately determine the input and service time distributions.

The desired solution to the radar tracking problem as set up is
found in equation 71. If T (the total time of the missile within the
radar coverage volume) is specified in multiples of the mean missile

arrival time (T = ma) then equation 71 becomes

(1 -
G(M = e ( F)m/? (Eq. 72)

The results in the following table are easily obtainable from equation 72.
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In this situation G(T) is the probability that the missile will not be

déstroyed before hitting its target.

P G(T) =2 T T G(T) T=3a G(T) t=4fa] =sa G(T)
1| 1.23:07% 1.53x16°8 1.88x10712 232510710 2.86x10 20
2| L0183 3.35x10 % 6. 1410 1.13x1077 2.06x10~9
3| L0970 9.L,,éx10“3 9.12x107% 8.87x10™ £8772:107°
L1223 L7 L0111 2,48x107 5. 51,10~
5| 368 135 090 .0183 607210
6| .513 .264, .135 ,0700 .0356

T .652 2, .278 .181 J118

B L779 1607 472 -35?5 «287

«9| 895 801 717 641 574

e G(T) T=¢a G(T) T=7a. G(T) Ta 8a,

1 3.53007% | 1.36x10728 5.38x10>2

2] 3.78a0™ | 69107t 1.27x10 *

3| g.310077 8.33x10"° 8.36x10~7

o | 1.23x107 2,75x1072 6.1x1076

5| 2.4800073 9.11x107% 3.35x10

.6| L0183 9.38x10> Lo 8lx10™

7] 0757 L0497 .0321

.81 .223 174 135

.9 .513 459 411
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Vi, Conclusion

The algebraic handling of Markov chains has been described and
applied to setting up and analyzing the imbedded Markov chains in cer—
tain queuing processes., It has been shown how a typical problem may

be made to correspond to a simple queuing process within the acceptable

limits of error and some typical results have been obtained,
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ABSTRACT

Probability problems in which a time parameter is involved are known
as stochastic processes, The simplest time dependent stochastic processes
are those in which the probabilities of a system changing to various
states are solely dependent upon the present state of the system. These
processes are known as Markov processes, or for the case where only dis-—
crete time intervals are considered, as Markov chains. A Markov chain
may be completely defined by the matrix of its transition probabilities.
This matrix is called a stochastic n;atrix and is characterized by the facts

that it is a square matrix, that the elements of each column sum to one

and that all the elements are non-negative.

An important consideration in most Markov chain problems is the
effect of a number of transitions as defined by the stochastic matrix,
Performing this operation reE;uires determining the higher powers of the
stochastic matrix. Two modal matrices are defined, where k is the matrix
of the column characteristic vectors of the stochastic matrix and K is
the matrix of the row characteristic vectors., It is shown that with
proper normalization of these vectors, the stochastic matrix P is equal
to kAK, where A is the matrix of the characteristic roots along the
diagonal and zeroes elsewhere. .The higher powers of the stochastic ma~
trix, P, are then found to be equal to kA®K. The stochastic matrix is
found always to have a characteristic root one, and all the other roots
are shown to be less than one in absolute value. The limiting transition

matrix P ® is found to have identical columns, each consisting of the



characteristic column vector associated with the characteristic root one.

The limiting distribution is the same vector and is independent of the

initial conditionse.

A queuing or waiting line problem arises when there is an input of
customers which must be served by a given number of servers. If over any
time period more customers arrive than can be served, a waiting line
builds up. Queuing problems of this sort may be completely defined‘by

specifying the input, the queue=discipline and the service mechanism.

-
-

Except in special cases, these problems cannot be represented in full by
Markov chains without augmenting the state descriptions with a number of
additional variables, resulting in very complex Markov chains. However,
if the system is defined only at discrete intervals, such as at the times
when a customer is just leaving, an imbedded Markov chain may be set up.
Such a chain is determined for single-server, Poissonian input queuing
problems., The chain is anaiyzed for the case of exponential service times
and the limiting distribution and the probability of a customer remaining
in the system for a time longer than T are obtained. The imbedded Markowv
chains for many-server, exponential serving time systems having general—

ized inputs are discussed briefly,

A typical radar tracking problem is defined and shown to be closely
correspondent to the single-server, Poissonian input and exponential
service time queuing problem, In this case, the probability that the

customer remains in the system for a time longer than T corresponds to
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the probability that an incoming enemy missile will succeed in hitting its
target rather than being destroyed by defensive weapons. These probabil~

ities for various time relations are computed and tabulated.



