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PROGRAM-BASED ANALYSIS FOR QUANTITATIVE PROPERTIES
WEIHAO QU
Boston University, Graduate School of Arts and Sciences, 2022
Major Professor: Marco Gaboardi, Associate Professor of Computer

Science

ABSTRACT

Many properties of programs can be expressed through quantities such as power con-
sumption, memory usage, execution time, the number of function calls, etc. Controlling
these quantities can improve program reliability, security, privacy, usability, etc. For in-
stance, the performance in terms of the execution time of two pieces of code for the
same task can be used to decide which one to use. Providing tight bounds on these
quantities is useful to improve software design for different potential applications. In
this dissertation, I will focus on several different quantitative properties of programs
that can be used to improve programs performance, along different axes.

The first domain is relational cost analysis, which aims to provide tight bounds on
the difference of the costs of evaluating two programs. The cost here is abstract, can be
execution time, reduction step or number of functions calls, etc. Relational cost analysis
earned people’s attention for its application in program optimization and side-channel
attack detection. Most of the related works have focused on pure functional programs.
However, these reasoning principles may not be directly applied to situations where the
program uses some effect, for example, destructive updates. To increase the expressive-
ness, we propose a type and effect system ARel to enable precise relational cost analy-

sis over high-order functional programs, with mutable arrays, an important imperative
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feature. It can be regarded as the first step toward relational cost analysis for functional
imperative programs with mutable state. Additionally, relational type and effect systems
such as ARel suffer from the lack of methodology of implementation. To fill this gap, we
propose a bidirectional type checking methodology to algorithmize these systems.
Another quantity is the adaptivity in adaptive data analysis, where the queries asked
by data analysts may depend on the results of previous queries. If we represent the in-
teractions with a data analyst as a program, we can find some chain of queries so that
every query may rely on the previous query in the chain. The adaptivity of this program
is defined to be the length of the longest chain of queries. Reasoning about adaptivity
helps to choose the appropriate statistical technique to use to control the generalization
error of the data analysis. We propose a program analysis algorithm to statically estimate

adaptivity.
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CHAPTER 1

Introduction to Quantitative Properties

When people talk about a computer program, they care about whether this program can
bring something good and also something bad will not happen. The good thing hap-
pens when the program can give the users the correct answer as they expect or it can
solve their problems correctly, in this case, we say that the program is functionally cor-
rect. Also, the bad thing will not happen if this program executes as expected and never
gets stuck, for this reason, in the programming language literature this property is of-
ten referred to as safety. Actually, besides the functional correctness and safety property
of a program, people also care about some other properties which describe the side ef-
fects of programs, such as the execution time, memory usage, and power consumption.
For instance, when you are installing an app on your phone, you not only care about
whether the app is successfully installed, you may also want a progress bar providing an
estimation time by when the installation can be done. These properties can usually be
expressed in terms of quantities, and are called quantitative properties of programs.

In this dissertation, I will present two studies on reasoning about quantitative prop-

erties, from different axes.

1.1 MOTIVATION OF REASONING ABOUT QUANTITATIVE PROPERTIES

Nowadays, along with the popularity of mobile devices, more and more programs will
be executed on machines with limited resources. We have seen that games are run-
ning on smartphones and tablets, apps tracking people’s health data are running on
wearable devices such as smartwatches, autopilot programs are running on Unmanned
Aerial Vehicles(UAV). For these programs, quantitative properties such as memory us-

age, power consumption, and execution time become very important considering the



resource limit of the devices that these programs are running on. In this sense, reason-
ing about these quantitative properties has wide potential applications.

Another application is program optimization. People can safely replace a piece of
code with the optimized one when they can reason about the memory usage or exe-
cution time of these two pieces of code and show the optimized one is always better.
Reasoning about these resources can be realized by resource analysis.

Another application domain is security. Reasoning about quantitative properties
can help detect side-channel attacks. A side-channel attack is any attack where the ad-
versary uses some extra information from the cryptosystem. This extra information can
be the timing information, power consumption. In timing channel attacks, the adver-
sary observes the timing information of the cryptosystem handling the private informa-
tion, such as the time of the system to verify one user’s id and password. Let us assume
the adversary knows the user’s id (public in some other places) but does not know the
password. The adversary can then have a malicious attempt with the user’s id and a fake
password. If the timing information of this cryptosystem is observably different from
the target user’s timing information, the adversary can compare the two passwords and
learn the extra information on how far the two passwords are away from each other.
Then the adversary can modify the next attempt accordingly. Fortunately, reasoning
about the execution time of the target cryptosystem can tell us the system is resilient
with respect to these attacks. In particular, reasoning about the difference of the exe-
cution time of the target system in two runs, one run takes arbitrary input and another
one uses the password to be protected, can show that the attacker can not learn any in-
formation by observing the execution time of the two runs when the difference that is
reasoned about is very small to be observed. This application requires relational reason-

ing, which is one important part of this dissertation.



Also, quantitative properties can be used indirectly as some auxiliary component
in other research. For example, in the data analysis community, the analysts run data
analysis to study some general property of some population, such as people’s age in the
united states. Instead of running their data analysis on the population( big data), they
choose the sample data drawn from the population because it is often impossible to
run it on the population. People use generalization errors to describe the degree that
the conclusion drawn from the sample data generalizes to the population. The analysts
usually ask queries to interact with the sample data. A study has shown that when the
queries are asked adaptively, which means the choice of one query may rely on the re-
sults of other queries, the generalization error of this data analysis becomes very large. A
new technique to control the generalization error is to add mechanisms. The key point
is to choose the "right" mechanism for the data analysis. Some researchers (Dwork et al.,
2015c; Bassily et al., 2016) shows that choice of the mechanisms for a data analysis is re-
lated to the relation between its queries. The relation between queries can be expressed
as the length of the longest chain of queries in the algorithm such that every query in
the chain may rely on its previous queries’ results. The length is called adaptivity in this

dissertation.

1.2 METHODOLOGY

We use static analysis techniques to reason about the two main quantitative properties
studied in this dissertation: the relational cost of two programs and the adaptivity of

adaptive data analysis programs.



1.2.1 Relational Refinement Type and Effect Systems

We choose the relational type and effect system, along with relational refinement, to
perform the relational cost analysis. The benefit of this choice is that the dynamic infor-
mation of the programs, which is the relational cost in our case, can appear in the type
as an effect. We can then verify the cost of a program by type checking the program with
the appropriate type annotated with the cost bound. We are interested in cost in the re-
lational setting, so the type and effect system we use is relational. To be precise, the cost
in the relational setting refers to the difference of execution cost of two programs, called
relative cost. The relational type and effect system usually relates two programs to one
relational type, which ascribes a pair of computations. The effect then becomes the up-
per bound on the relative cost of the two programs. Suppose we would like to compare
two closed programs f; and f, and check whether #; runs fast than #,. In arelational type

and effect system, we can provide a judgment as follows.

l—tlefnglT

The relational cost (effect) D reveals the upper bound on the difference of the cost of
running the two programs #; and %, related by the relational type 7. If D is less than 0
and cost stands for the execution time, we can safely say that ¢; runs faster than #,.
Relational refinement is another important component of our relational cost analy-
sis, which is used to provide extra information about data structures to enable a precise
cost estimation. For instance, our system relates a pair of lists, both of length N, which
differ in at most « indices, the relational type list*[N]. The main novelty of our system is
the support of mutable arrays with destructive updates, one of the standard imperative

features, which is missing in related work on this topic. Naturally, along with the sup-



port of mutable arrays, the modification of the heap where the arrays are stored before
and after the computation involving array operations comes into our sight. We use re-
lational refinement to reason about these imperative components. More details about

these refinements will be explained in the later chapters along with concrete examples.

1.2.2 Dependency Graph

Another quantitative property we study is the adaptivity of adaptive data analysis pro-
grams. The adaptivity is defined to be the length of the longest chain of queries of the
program in which one query may rely on its previous queries in the same chain. The
adaptivity of a data analysis program is quite different from the relative cost of the two
programs. To reason about cost, we can simply sum the costs of sub-programs to get
the upper bound of the cost. However, the adaptivity of each sub-program of the target
program does not help much in finding the adaptivity. To use a type and effect system
to reason about adaptivity, this system should be able to express certain dependencies.
We expect adaptivity can also be reasoned about by type and effect systems but in this
work, we choose to use a dependency graph to reason about adaptivity.

There are two challenges to reason about adaptivity: what will a formal definition of
the adaptivity of a data analysis program look like, and how to reason about the adaptiv-
ity. In our work, the first challenge is solved by a query-based dependency graph gener-
ated along with the evaluation of the program. Our trace-based operational semantics
can generate the trace which tracks the queries asked in the evaluation of the program.
The query-based dependency graph is constructed based on the queries in the trace.
Every node of the graph represents a unique query asked in the program, and the di-
rected edge between two nodes, identifying one query (one node) may depend on the

other one. The adaptivity is then formally defined as the length of the longest path in the



query-based dependency graph. The second challenge is how to estimate the adaptivity
of a data analysis program we have just defined. In order to upper bound the length of
the longest path in the query-based dependency graph, we want to find a path in a de-
pendency graph as well such that the path contains all the queries in that longest path in
the query-based dependency graph. We develop an algorithm to build a variable-based
dependency graph, in which every node represents the unique variable that is assigned
in one assignment statement of the program. The direct edge between two nodes re-
flects both the data dependency and control flow dependency between variables. Also,
we add the unit weight to the node whose variable is associated with a query result.
Then the upper bound on the adaptivity of the data analysis program is estimated by the
weight of the path with the highest weights in the variable-based dependency graph.

To summarize, we use two dependency graphs for reasoning about the adaptivity of
a data analysis program: one query-based dependency graph to define the adaptivity,
and one weighted variable-based dependency graph to estimate an upper bound on the

adaptivity.

1.3 CONTRIBUTIONS

Program analysis techniques are usually applied to study quantitative properties. In

comparison to those related works, this dissertation has the following contributions.

1. We propose a refinement type and effect system ARel, which provides relational
cost analysis on programs with mutable arrays. It can be regarded as one step
forward to the full support of imperative programs of relational cost analysis by

means of type and effect systems.

2. We propose a bidirectional type checking system that implements ARel. The



methodology used can guide the implementation of (relational) type and effect

system, with (relational) refinements.

3. We propose a formal definition of the adaptivity of adaptive data analysis pro-
grams and develop a graph-based program analysis algorithm that statically esti-

mates the adaptivity.

1.4 DISSERTATION OUTLINE

This dissertation includes two main parts. One reasons about the quantitative property
(cost) of programs in the relational setting. Another one aims to use the quantitative
property (adaptivity) of adaptive data programs indirectly, as an auxiliary component in
data analysis research.

The rest of the dissertation is divided into 5 parts.

1. Parti (ARel) is about relational cost analysis for functional-imperative programs.

Chapter 2 provides the necessary background of relational cost analysis in Sec-
tion 2.1 and shows the advantage of RelCost Cicek et al. (2017a), a type and effect
system for relational cost analysis over the traditional method described in Sec-

tion 2.2, through a standard map example in Section 2.3.

Chapter 3 discusses the limitation of RelCost that it only supports functional
programs. Hence, we introduce ARel, also a type and effect system, in spirit of
RelCost, but supporting one of the most common imperative features, mutable
state in Section 3.1. Two examples, including one which is still the map example
but in its imperative version in Section 3.3.1, serve as the introduction examples

of ARel. The contributions of ARel are summarized in Section 3.2.



Chapter 4 formally presents the type system of ARel. The existence of state-
ful computation naturally partitions the system into two parts: the pure compo-
nents like those in a standard functional language, and the impure ones which
are designed for those stateful computations. Hence, the syntax in Section 4.1,
the operational semantics in Section 4.2, the types in Section 4.4 as well as the
typing judgments (Section 4.5) have the clear distinction between the pure and
impure parts. Also, the types and typing support both the standard unary reason-
ing and relational reasoning, which leads to the unary and relational types and
typing, respectively. The subtyping is also important in ARel and is introduced in

Section 4.5.3.

Chapter 5 shows the soundness of ARel. We present the logical relation model
by introducing the interpretation of types in both the unary (Section 5.1) and re-
lational setting (Section 5.2). Then the fundamental theorem as well as the nec-
essary auxiliary lemmas are discussed in Section 5.3. Chapter 6 gives five more
functional-imperative examples to help readers to understand how ARel provides

the precise relational cost analysis for many interesting problems.

Chapter 7 discusses the related work of ARel, from two perspectives. Many
works that perform static cost analysis are compared with ARel in Section 7.1, the
main difference is that all these mentioned works focus on unary cost, while ARel
cares about relational cost. Then, the other related part is the relational verifica-

tion, involving researches on relational reasoning in Section 7.2.

. Partii (BiARel) is about the implementation of ARel.

Chapter 8 clarifies three key points during the implementation: relational type

system, relational effect and relational refinements. To handle them, we choose



bidirectional type checking, a successful technique to implement type systems.
The study on bidirectional type checking is well-organized step by step, by first
considering the implementation of standard relational type system by bidirec-
tional type checking, and then adding relational refinements, and then adding
relational effects, and finally including the impure component. The outline of the

study is in Section 8.2. The details of this study will be presented in Chapter 9.

Chapter 9 presents five type systems and the process of developing the corre-
sponding bidirectional type systems. It starts from a standard relational type sys-
tem relSTLC (Section 9.1), then adding the relational refinements to form RelRef
in Section 9.2, and then adding unary type system and connecting unary and re-
latioan types in RelRefU in Section 9.3. After that, the relational effect is added
to RelRefU to build the type system RelCost (Cicek et al., 2017) (a prior work
ARel extends from) and its bidirectional type system (in Ezgi Cicek’s thesis (Cigek,
2018)) in Section 9.4. Finally, the addition of imperative components to RelCost
gives us the bidirectional type system for ARel (Section 9.5). In this chapter, a

two-step method is used to algorithmize all the systems except relSTLC.

Chapter 10 shows the implementation in real world - the bidirectional type
checker. We present BiARel for ARel. We also include heuristics and constraint
solving technique in the type checker BiRelCost for RelCost (see Ezgi Cicek’s the-
sis (Cicek, 2018)) that BiARel is inspired by, which can also be applied to BiARel.
Other systems in Chapter 9 can be regarded as a simplified version of these two

systems. Many examples are verified in experiments of BiARel in Section 10.2.4.

Chapter 11 discusses the literature on implementation of various combina-
tion of refinement types, effect systems, modal types and subtyping. It covers the

related work on bidirectional typechecking (Section 11.1), lightweight dependent
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types (Section 11.2), relational verification systems (Section 11.3) as well as sub-

typing elimination (Section 11.4).

. Partiii shows the work on the program analysis algorithms to study the adaptivity

of the adaptive data analysis program.

Chapter 12 gives the introduction of adaptive data analysis in Section 12.1 and
the challenges (Section 12.2) we face to obtain the adaptivity to control the gener-

alization error of an adaptive data analysis program.

Chapter 13 presents the details of the loop language (Section 13.1) we use
to express data analysis programs, and shows the definition of adaptivity from a

trace-based operational semantics in Section 13.2.

Chapter 14 introduces the SSA version of the loop language (Section 14.2) to
enable an easier analysis over adaptivity by an easier tracking of dependency re-
lations between variables. The limitation of direct analysis over the loop language
is covered in Section 14.1. The transformation from the loop language to the SSA

loop language is presented in Section 14.4.

Chapter 15 describes the program analysis algorithm ADAPT that used to es-
timate the adaptivity of the data analysis programs (Section 15.2, Section 15.3).
The idea behind the algorithms (Section 15.1) is to construct a data control de-
pendency graph, and add weights to the graph. The adaptivity is estimated by the

weight of the path with the highest weight.

Chapter 16 presents some more interesting examples ADAPT can analyse. It
includes a variant of two round data analysis algorithm (Section 16.1), an adaptive
multiple rounds data analysis algorithm (Section 16.2) and an example showing

the over-approximate of our approach (Section 16.3).
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Chapter 17 discusses the related works from three perspectives: Static pro-
gram analysis (Section 17.1), dynamic program analysis (Section 17.2) and gener-

alization in adaptive data analysis (Section 17.3).

4. Partiv concludes the dissertation and discusses the future directions on studying

the two quantitative properties: relative cost and adaptivity.

5. Part v gives the appendices. The appendix A includes the details of ARel. The
appendix B includes everything we need to develop a bidirectional type system
for a relational refinement type and effect system. The appendix C gives the proof

of the lemmas of our framework in adaptive data analysis.

1.5 PREVIOUS PUBLISHED MATERIAL

The contents of this dissertation are partly based on the work and writing in the follow-
ing papers.

The part of ARel is based on the paper "Relational cost analysis for functional imper-
ative programs" (Qu et al., 2019) appearing at ICFP 2019 and its journal version which
will appear at Journal of Functional Programming 2022, at the link:
https://www.doi.org/10.1017/S0956796821000071.

The part of BiARel is based on the paper "Bidirectional type checking for relational
properties" (Cigek et al., 2019) at PLDI 2019, and "Relational cost analysis for functional-
imperative programs" (Qu et al., 2019), and it builds on previous works describing the

implementation of RelCost Cicek (2018).
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I AREL

In the next few chapters, we will see ARel, a relational type and effect system, with rela-
tional refinements. It performs the relational cost analysis over programs with mutable

state (arrays), and provides precise cost upper bounds.
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CHAPTER 2

Relational Cost Analysis

2.1 BACKGROUND

Cost analysis is a mature topic in which one is interested in statically estimating a tight
bound on the number of resources(cost) needed to run a program. One classical cost is
the execution time, which is commonly used to measure the performance of software
designs. When the execution time of two pieces of code for the same computing task
can be estimated through cost analysis, one can decide which one to use to optimize
the total performance. Also, the vulnerability of an arbitrary cryptographic system to a
side-channel attack (Timing attack) can be detected when the execution time needed for
the system to verify the unknown user’s password and the adversary’s malicious input
will be observably different, through cost analysis.

On the other hand, the cost is not limited to the execution time, with respect to cost
analysis. It is abstract according to the cost model, which means it can be either the
number of reduction steps in an operational semantics; or the maximal number of ab-
stract units of memory; the number of recursive calls during the execution; sometimes
even the power consumption. Naturally, the abstract cost concept enriches the applica-
tion of cost analysis. For instance, when the cost model counts the power consumption
of programs, another channel attack (power-analysis attack) can be detected.

An interesting observation of the aforementioned applications of cost analysis is the
relational nature of the cost: we compare the execution time of one piece of code to an-
other one when optimizing the program; the execution time of the target cryptographic
system for handling both the unknown user’ password as well as the adversary’s attempt

are needed to detect side-channel attack, etc. The cost analysis needs to talk about two
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runs of programs, which refers to either the executions of two programs or the same pro-
gram with varied inputs. To this end, it brings to us, relational cost analysis. It has been
a promising research topic in cost analysis, whose aim is to provide an upper bound on
the difference of the execution costs of two runs of programs. The difference is usually
known as relative cost. To be concrete, the relative cost of a program f; with respect to
another program ¢, in a certain cost model is: cost(#;) — cost(f2), where cost(#;) is the
execution cost of program ¢ in the model, and similarly for cost(z,).

In general, the relational cost analysis can be used in the following scenarios.

1. For the same problem, reasoning about the relative cost of its two implementa-
tions helps decide which one is more efficient. According to the cost model, it can

talk about memory efficiency, time efficiency, or power efficiency;, etc.

2. For a single software, a piece of code can be updated safely when the relative cost
of the updated piece with respect to the original piece is bounded by a certain

quantity.

3. In cryptography, a small relative cost upper bound on two runs of the same cryp-
tographic system with two different inputs can show that the cost of the system is

independent of its secret inputs. Otherwise, it is vulnerable to this kind of attack.

4. In the algorithm analysis area, reasoning about the relative cost reveals the stabil-

ity of the algorithm with respect to its input changes.

2.2 TRADITIONAL RELATIONAL COST ANALYSIS

The traditional relational cost analysis uses the worst- and best-case method, relying
on the classic (unary) cost analysis on the single execution of a program. Its main idea

is that, the upper bound on the relative cost of a program #; with respect to another
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program f, can be obtained by taking the difference of the upper bound U, such that
cost(#1) < U;, and the lower bound L, such that L, < cost(#,): Ly, as U; — L,. We can then
safely conclude that: cost(#;) — cost(t,) < Uy — L.

The worst- and best-case analysis takes full advantage of the mature techniques in

classical cost analysis but has two inevitable downsides.

1. Sometimes it is much harder to estimate the unary upper and lower bounds of
the two programs respectively, than getting the relative cost upper bound of two
programs directly. For instance, when we want to know the upper bound on the
relative cost of a program in a distributed system with respect to its updated ver-
sion, getting the upper and lower bound on the cost of either the original or up-
dated program becomes very hard considering the complexity of the whole sys-
tem. However, direct focusing on the parts that vary in the two programs is sim-
pler, since we know that only the corresponding diffs of the two versions con-
tribute to the relative cost. In other words, for those parts of the program that are
the same (or structurally similar), we do not even care about the upper and lower
bound on their cost no matter how complex they can be. This greatly decreases

the effort to perform relational cost analysis.

2. Imprecision is another drawback of the traditional indirect relational cost analy-
sis. Simply taking the difference of the upper bound of the cost of one program
and the lower bound of another program inevitably ignores the inner connection
between the two programs, for example, the structural similarity. Let us consider
an extreme case where one is interested in establishing an upper bound on the
relative cost of a program t with respect to itself. Suppose the upper bound is U
and lower bound is L so that L < cost(#) < U, then the indirect analysis gives the

coarse upper bound U — L, while intuitively the relative cost is 0. When we con-
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sider other common cases, imprecision is also there. Take merge sort as another
example, the relative cost of the same program implementing merge sort on two
lists of the same list size n is G (n-log n) by indirect analysis. A more precise bound
O(n-(1+logk)) can be obtained by direct relational cost analysis where k is the

number of indices the two lists agree on.

2.3 RELCOST

To overcome the drawbacks of the traditional relational cost analysis, performing the di-
rect analysis on two programs becomes necessary so that the similarity of the two pro-
grams can be taken into consideration. RelCost Cicek et al. (2017a) adopts this idea, and
performs precise relational cost analysis on high order functional programs, through a
relational refinement type and effect system. This idea of using relational type and ef-
fect systems, along with relational refinements, greatly influenced our proposed system
ARel. We first give a standard map example in RelCost to give the readers a first taste
of the benefit of performing direct relational cost analysis with respect to the traditional

one.

2.3.1 Map Example through RelCost

Consider the standard list map function that applies the mapping function map to all

the elements of the list. The list is inductively defined, which can be an empty list nil or
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cons(h, tl), consisting of the head element & and the tail list #1.

fix map (f).AL
case [ of
| nil — nil

| h:tl — cons(f h, map f tl)

Now let us suppose that we have two lists of the same length, we would like to know
that whether mapping one list will always uses more time than another by the same
mapping function. Then the traditional relational cost analysis requires us to get the
lower and upper bounds of the execution of the mapping function on the two lists re-
spectively. Let us assume that the running time of the input function f is related to the
list element and its upper bound is U and lower bound is L. Then we know that the cost
of every mapping on the head # of the list is bounded: L < cost(f h) < U. Suppose the

two lists [ and !’ have the same size N, then we know that

L+ N<costtmapfl)<sUx* N

L*N<cost(mapfl)<UxN

The traditional one then gives us the relational bound U * N — L * N.

Intuitively, the bound can be better. When the two input lists have the element in
common at the same index, then we know that the difference of the cost of the mapping
at this index is 0, when we assume f is deterministic and its cost only relies on its argu-
ment. In this case, we are able to give a better upper bound on the relative cost of two
runs of map f with varied input lists [ and I’, when we know that how many elements of

the lists at the same indices may differ. RelCost tracks this information by its relational
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refinement type. The two lists are related at a relational type list[ N]* T where N gives the
size of the two lists and a tells us the number of elements the two lists may differ. In this
way, RelCost gives a better bound (U — L) * @. The observation that there is no relative

cost on indices where the two lists agree is reflected in this bound.
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CHAPTER 3

Relational Cost Analysis with Mutable State

We have seen the benefits of direct relational cost analysis in exploiting the similarity
of two programs for a better relative cost upper bound. Hitherto, the literature on rela-
tional cost analysis, such as RelCost, has been limited to functional languages. How-
ever, many practical programs are stateful and use destructive updates, which are more
difficult to reason about. Consequently, our goal is to develop relational cost analysis for

functional languages with mutable state (i.e., for functional-imperative programs).

3.1 INTRODUCTION

In spirit of RelCost, we propose a refinement type-and-effect system, ARel, for relational
cost analysis in a functional, higher-order language with mutable state.

The first question we must decide on is what kind of state to consider. One option
could be to work with standard references as found in many functional languages like
ML. However, from the perspective of cost analysis it is often more interesting to con-
sider programs that operate on entire data structures (e.g., a sorting algorithm), not just
on individual references. Remember the merge sort and map example we mentioned
in Chapter 2. Consequently, we consider mutable arrays, the standard data structure
available in almost all imperative languages. This allows us to verify more interesting
examples. The prior work RelCost can also simulate the mutable arrays with its list in
a state-passing style. However, it can not get the precise relative cost upper bound as
ARel for some interesting examples when the position information of arrays is useful
for a precise cost. RelCost can not track it but ARel can. We will see this point when we
see examples of ARel.

Second, we must decide how to treat state in our functional language. Broadly, we
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have two choices: State could be a pervasive effect as in ML, or it could be confined
to a monad as in Haskell, which limits the side-effect to only those sub-computations
that access the heap. In ARel, we choose the latter option since this separates the pure
and impure (state-affecting) parts of the language at the level of types and reduces the
complexity of our typing rules.

The primary typing judgment of ARel, - f; © £, < D : 7,! states that the programs t;
and £, are related at type 7, which can specify relational properties of their results and,
importantly, that their relative cost (cost of #; minus the cost of f,) is upper bounded
by D. To reason about array-manipulating programs in the relational setting, we also
need to express relations between corresponding arrays across the two runs of the two
programs. For this reason, our monadic type (the type of impure computations that
can access state) has a refinement that specifies how arrays are related across the two
runs before and after a heap-accessing computation. Specifically, our monadic type has
the form {P} dz}%(.?){Q}. This type represents a pair of computations which, when starting
from arrays related by the relational precondition P, end with arrays related by the re-
lational postcondition Q, return values related at 7, newly generated arrays referred by
static names ¥, and have relative cost at most D. This design is inspired by relational

Hoare logics (Nanevski et al., 2013; Benton, 2004), but there are two key differences:

1. Our pre and postconditions are minimal—they only specify the indices at which
a pair of corresponding arrays may differ across the two runs, not full functional
properties. This suffices for relational cost analysis of many programs and simpli-

fies our metatheory and, importantly, the implementation.

2. Our monadic types carry a relative cost, and the monad’s constructs combine and

IThis judgment is inspired by Cicek et al. (2017a) proposing a type-and-effect system for relational cost
analysis of functional programs without state. Notice that one can use this typing judgment also to reason
about lower bounds on the relative cost, by exchanging #, and #; and considering a negative cost —D.
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propagate the different costs generated by the computations identified by these

monadic types.

ARel supports establishing lower and upper bounds on the cost of a single expres-
sion, and falling back to such unary analysis in the middle of a proof of relative cost.
Improving over previous type and effect systems for relational cost analysis, ARel per-
mits combinations of these two kinds of reasoning in the definition of recursive func-
tions. Specifically, ARel provides typing rules for the fix-point operator that allow one
to simultaneously reason about the cost in the unary and relational setting.

To prove that our type system is sound, we develop a logical relations model of
our types. This model combines unary and binary logical relations and it supports
two different effects, cost and state, that are structurally dissimilar. For the state as-
pect, we build on step-indexed Kripke logical relations (Ahmed et al., 2009; Ahmed,
2004). Specifically, our logical relations are indexed by a “step”—a standard device for
inductive proofs that counts how many steps of computation the logical relation is good
for (Ahmed, 2006; Appel & McAllester, 2001). Owing to the simplicity of our pre and post-
conditions, we do not need state-dependent worlds as in some other work (Neis et al.,
2011; Turon et al., 2013).

To show the effectiveness of our approach, we implemented a bidirectional type-
checker for ARel. Thanks to the simplified form of our pre and post-conditions, we
can solve the constraints generated by the type-checker using SMT solvers. The type-
checker also uses a restricted number of heuristics to address some of the nondetermin-
ism coming from the relational reasoning, and the array operations. In order to evaluate
the performance of our implementation, we consider a broad set of examples showcas-

ing different challenges for relational cost analysis in programs manipulating arrays.
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3.2 CONTRIBUTIONS

Our overarching contribution lies in extending relational cost analysis to higher-order

functional-imperative programs. Our specific contributions are:

ARel, a type system for relational cost analysis of functional-imperative programs

with mutable arrays.

A design for lightweight (relational) refinements of array-based computations.

A soundness proof for our type system via a new step-indexed logical relation.

An implementation of ARel, based on bidirectional type checking, which we use

to type check several functional-imperative examples, details in Chapter 10.

3.3 AREL THROUGH EXAMPLES

We illustrate the key ideas behind ARel through two simple examples. The first one is
the map example as we see in Chapter 2, but in its imperative version, replacing the list

with the mutable array.

3.3.1 Inplace Map

Consider the following imperative map function, named mapi, taking as input a pure
function f, a mutable array a, an index k and the array’s length n. For all i € [k, n], the

function replaces the current value in the ith cell of a with f(ali]), thus performing a
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destructive update.
fixmapi (f).Aa.Ak.An.

if k< nthen
let {x} =read a k in
let {_} =updtak (f x) in
mapi fa(k+1)n

else

return ()

The biggest difference between the imperative map mapi and the standard functional
one map is the array-based operations. The expression (read a k) returns the element at
index k in the array a, and (updt a k v) updates the index k in a to v. Our language uses
a state monad to isolate all side-effects like array reads and updates, so (read a k) and
(updt a k v) are actually expressions of monadic types, also called computations. The
construct (let {x} = #;in £) is monadic sequencing, often called "bind”. The construct
return t is the monadic unit.

Let us now consider the problem of establishing an upper bound on the relative cost
of two runs of mapi that use the same function f, but now the input lists are changed
to two different arrays a. Intuitively, the relative cost should be upper bounded by the
product of the maximum variation in the cost of the function f (across inputs) and the
number of indices in the range [k, n] at which the two arrays differ.

To support reasoning about two runs as in this example, ARel supports relational
types that ascribe a pair of related values or related expressions in the two runs. Rela-
tional types are written 7. In general, when we say x : 7, we mean that the variable x
may be bound to two different values in the two runs, but these two values will be re-

lated by the type 7. Specifically, x : 7 — 72 means that x can be bound to two different
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functions fi, f, in the two runs, satisfying the property that for any two arguments vy, v
of relational type 71, the two expressions f; v1, f>» v» have relational type 7,. Naturally,
ARel also supports unary types, denoted A, that ascribe only one value or expression in
a single run.

To establish the relative cost of mapi, we first need a way to represent that the same
function f will be given to mapi in both runs. To this end, ARel offers the type annotation
0. The type Ot relates expressions in two runs that are (syntactically) equal and are
additionally related at the relational type 7. Note that O is a relational refinement: It
refines the relation defined by the underlying type 7. Specifically, the relational typing
assumption f :0O(tr; — 72) means that, in the two runs, f will be bound to two copies of
the same function, say f, that given arguments v;, v, related at type 7, give expressions
f vy and f v, related at type 7,. In our example, if the array’s elements have type 7, the
type of f would be O(7 — 7).

Next, we need to represent the maximum possible variation in the cost of applying
f. The possible variation in the cost can be seen as an effect, and the cost of applying a
function can be seen as the effect associated with the body of the function, in particu-
lar. Hence as is common in effect systems Nielson & Nielson (1999), we can record the
possible variation in cost by means of a refinement of the function type. ARel offers a
refinement of this kind. We write rldiff—(l?)rg to represent two functions of relational type
T1 — T2, the relative cost of whose bodies is upper bounded by D. Accordingly, if f’s cost
can vary by D, its type can be further refined to D(Tdiff—@r).

Next, we need a way to specify where the arrays given as inputs to mapi in the two
runs differ. There are various design choices for supporting this. One obvious but prob-
lematic option would be to refine the type of an array itself, to specify where the two

ascribed arrays differ across two runs. However, this design quickly runs into an issue:
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An update on the arrays might be different in the two runs, so it might change the arrays’
type. This would be highly unsatisfactory since we don’t expect the type of an array to
change due to an update; in particular, this design would not satisfy (semantic or syn-
tactic) type preservation.

Consequently, we use a different approach inspired by relational Hoare logics: We
provide a relational refinement type {P} %?.?{Q} for monadic expressions that manip-
ulate arrays. The number D is an upper bound on the the relative cost of the compu-
tations in two runs, similar to the one we have in function types, and 7 is the relational
type relating the pair of pure values returned by the computations. The precondition
P specifies for each pair of related arrays in scope where (at which indices) these cor-
responding arrays are allowed to differ before the execution of the computations, while
the postcondition Q specifies where these arrays may differ after the completion of the
computations. More specifically, P and Q are lists of annotations of the form y — f,
where v is a static nameidentifying a pair of related arrays and S is a set of indices where
this pair of arrays may differ in the two runs. In other words, at any index not in £, the
corresponding arrays must be the same in the two runs. Note that even at indices in S,
the corresponding values must be related at 7, but our type system includes types that
do not force equality of the related values. One such type is U (A, B) that only insists that
the left and right values have (unary) types A and B, without requiring any other relation
between them. (The existentially quantified ¥ in {P} dal%.?{o} is the list of static names
of arrays that are allocated during the computation.)

To be more concrete, let us consider an example. If x : 07, in other words, x is the

same in two runs, and b represents a pair of arrays associated with the static name v,

then two equal update operations (updt b 5 x) can be given the relational monadic type
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diff(0)
{y — B} A_.unit {y — (B\ {5})}, for any B.2 This type means that if the corresponding ar-

rays b in two runs differ at the set of indices f before (updt b 5 x) executes in two runs,
then afterwards this pair of arrays can still differ in the indices  except at the index 5,
which has been overwritten by the same value x (indicated by the box type O7). If we
replace the assumption x : Ot with x : 7, so that x may differ in the two runs, then the
type of (updt b 5 x) relative to itself would be {y — f} 3_.ugliifi(%f — (Bu{5})}, indicating
that the arrays may differ at index 5 after the update (even if they did not differ at that
index before the update).

To make this reasoning formal, we need a way to tie the static names y appearing in
computation types to specific arrays. To this end, we refine the type of arrays to include
Y. We also refine the type of arrays to track the length of the array. This doubly refined
type is written Array, [N] 7—a pair of arrays of length NN each, identified statically by the
name Y, and carrying elements related pointwise at type 7. Finally, we refine integers
very precisely: The type int[n] is the singleton type containing only the integer n in both
runs. The 7 in the type is a static representation of the runtime values the type ascribes.

With all these components we can now represent the relative cost of mapi that we are

interested in by the judgment:

diff (D
VD:R.O(T s )‘L') —Vik,nyp.(ksn)>

Fmapiemapi <O0: diff(|fnk,n]|* D)
Array, [n] T— int[k] — int[n] — {y — B} 3_.unit {y — f}
This typing means that mapi relates to itself in the following way. Consider two runs
o . . diff )
of mapi with the same function f of relative cost D (type O(t 1—([>))‘L')), two arrays of static

length n, statically named y (type Array, [n] 7), two indices, both k (type int[k]), and two

lengths, both 7 (type int[n]). Then, the two runs return computations with the following

2Asusual, _ represents a variable whose name is unimportant.
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relational property: If the two arrays differ at most at indices  before they are passed
to mapi, then they differ at most at the same positions after the computations and the
relative cost of the two computations is upper bounded by | N[k, n]|* D, i.e., the number
of positions in the range [k, n] at which the arrays may differ times D. This is exactly the
expected relative cost because, at positions where the arrays are equal, f will have the
same cost in the two runs (we are assuming language-level determinism here). To those
readers who are familiar with effect system, when the input arguments are instantiated,
for example, - mapi f ak nemapi fakn<D:{y— f} Eld_ifl;(l?l%t {y — p}. We can think of
D as the relative cost of computation not related to our mutable arrays, while D’ reveals
the relative cost bounds for those involving arrays. Note that the variables D, k, n,y and
P are universally quantified in the type above. Also, note how vy links the input array to
the f in the pre and postcondition of the computation type. Notice we omit the use of
expression such A.t and ¢[] in the mapi function, which is used for the introduction and
elimination of index variables k, n, 8 in the type. These expressions will be discussed in
the later chapter.

Consider now a slightly different situation where different functions f may be passed
to mapi in the two runs. Suppose that the relative cost of the bodies of the two f's passed
isupper bounded by D, i.e., f has the type Td@)r (without the prefix ). In this case, the
relative cost of the two runs of mapi can only be upper bounded by |[k, n]| * D, since even
at indices where the arrays agree, the cost of applying the two different fs may differ by
as much as D. Moreover, the final arrays may differ in all positions in the range [k, n].

This is formalized in the following, second relational type for mapi.

VDR - vk, n,y, B.(k < 1) >

Fmapiemapi <O0: diff((n—k)* D)
Arrayy[n] T— int[k] — int[n] — {y — B} I_.unit {y — BU [k, nl}
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3.3.2 BooleanOr

Next, we describe how high-level reasoning about relative cost is internalized in the typ-
ing. ARel supports two kinds of typing modes: relational typing as shown in the im-
perative map example above, and unary typing which supports traditional (unary) min-
and max-cost analysis for a single run of a program. We will introduce these modes for-
mally in Chapter 4 but here we want to show with the following example how they can

be meaningfully combined via an extended fix rule r-fix-ext in Figure 4.6.

fix BoolOr (a). Ak.An.
if k< nthen
let {x} =read a k in
if x then
return true
else
BoolOra (k+1) n
else

return false

This function, given as input an array of booleans a, an index k and the array’s length
n tells whether there exists an element in a with index = k and value true.

Given two arbitrary arrays a in two runs, a simple upper bound on the relative cost
of BoolOr is (n — k) * ¢ where c is the cost of one iteration. This is because in one run we
can find an element with value true AT position k, and so the computation can return
immediately, while in the other run, we may not find any such element, and would need
to visit every element of the array with its index greater than k. This kind of high-level

reasoning corresponds to a worst-case, best-case analysis of the two individual runs.
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ARel supports this kind of reasoning by supporting worst-case, best-case (unary) cost
analysis in unary mode, and by means of a rule r-switch, presented formally in Figure 4.7.
allows us to derive a relational typing from two unary typings, with relative cost equal to
the difference between the max and the min costs of the unary typings.

However, this kind of reasoning does not account for the case where the two input
arrays have a meaningful relation, e.g., they may be equal in some positions. In such
cases, a better upper bound on the relative cost would be expressed in terms of the first
index i (if any) where the two arrays differ. That is, we could have the upper bound (n —
i) * ¢. Showing this upper bound formally is more involved. We first need to proceed by
case analysis on whether the element x we are reading at each step is the same in the two
runs or not. Case analysis in ARel is provided by the rule r-split, presented in Figure 4.6.
Using this rule we can consider the two cases separately in typing the subexpression
if x then (return true) else BoolOr a (k + 1) n.

If x is the same in the two runs, there is no difference in cost because we either
return true in both runs, or we perform the recursive call in both runs. In case the two
x’s differ, we must switch to the unary analysis of the two individual runs since in one
run we will return immediately while in the other we will make a recursive call, so there
is no way to continue reasoning relationally. Hence, in order to derive the required up-
per bound on the overall relative cost, we need to have information about the unary type
of BoolOr. However, since we started by trying to type the body of BoolOr relationally,
the standard fixpoint rule only allows us to assume its relational type.

One solution to this impasse is to automatically transform relational types of vari-
ables in context to unary types when switching from relational to unary reasoning. This
approach was adopted by Cicek et al. (2017a) for analyzing pure functional programs

but it provides only trivial lower and upper bounds (0 and oco) on the costs of function
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variables in the context during the unary analysis. In our example here, this approach
yields the trivial upper bound oo, which is not what we want.

To allow for more precise analysis, ARel includes a new rule r-fix-ext which we intro-
duce formally in Chapter 4. This rule allows us to assume the result of a unary typing
of two recursive functions, when typing their bodies relationally. With this rule, we can
use the (assumed) relational type of BoolOr and its unary type in typing the subexpres-
sion BoolOr a (k+1) n. Hence, we can conclude the inductive step and assign the precise

relative cost (n — i) * ¢ to BoolOr.
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CHAPTER 4
Type System of ARel

In this section, we present the syntax, semantics, and the type system of ARel. We can
think about ARel as composed of two parts, a pure part, inspired by Cicek et al. (2017a),
which allows one to reason about the difference in the execution costs of two pure func-
tional programs and an impure (imperative) part, which allows one to reason about the

array operations.

4.1 SYNTAX

We summarize ARel’s syntax in Figure 4.1. The term language underlying ARel is a

simply typed A-calculus with recursion and constructs for mutable arrays.

4.1.1 Pure Constructs

Most of the pure constructs (the ones in black in Figure 4.1) are similar to the ones one
can find in a pure standard functional language. We have variables x, natural numbers
n and real numbers 7, unit (), lambda abstraction Ax.t, and recursion fix f(x).¢, and ap-
plication f; f,. There are also the introduction and elimination constructs for product,
sum, and inductive list. Additionally, ARel has some constructs to deal with type level
information: the constructs A.f and ¢[], pack  and unpack t; asxin #, corresponding to
the introduction and elimination of universal and existential types over index terms, re-
spectively, and a term construct celim ¢ which is used to eliminate type level constraints.

We will discuss the latter constructs further when we introduce types.
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Figure 4.1: Syntax of ARel.



33

Loc Env 2u=@|Z,y:L SortEnv. A:=¢|Ai::S
Unary TypeEnv. Q:=¢@|Q,x: A Relational TypeEnv. I':=¢|I,x:7T
ConstraintEnv. ®,:=T|CAD,

Unary Typing Judgment 20D, Q I—g t:A
Relational Typing Judgment S0N0THHhet, SD:T
Sorting Judgment 5ART:S

Unary Subtyping 5A0P,FA CE A
Relational Subtyping ZND,ET1ET)

Unary Type Well-formedness 500, Awf
Relational Type Well-formedness A D, - T wf
Constraint Well-formedness At Cwf

Heap Well-formedness QF Hwf

Assertion Well-formedness ;A Pwf

Figure 4.2: Notations of ARel.

4.1.2 Impure Constructs

The impure part at the term level includes the constructs to deal with arrays, we high-
light them in blue in Figure 4.1. We have constructs for allocating arrays (alloct; s,
where #; specifies the number of array cells to be allocated, and ¢, the initial value to
be stored in each array cell), for reading from arrays (read t; t,, where t; specifies the ar-
ray to read from, and %, the position in the array to read from), and for updating arrays
(updt 1; ©» t3, where t; specifies the array to be updated, t, the position in the array to be
updated, and #3 the value to be used for the update). All imperative (array-manipulating)
constructs are confined to a monad. The constructs return ¢t and let{x} = t; in £, are the
usual return and bind of the monad. We do not distinguish between impure expres-
sions and pure expressions at the syntactic level; this distinction is enforced by types.
Impure expressions (expressions of monadic types) are values but can be forced using a

special forcing semantics that we describe below. Finally, arrays are referenced through
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f-alloc

Figure 4.3: Selection of rules for pure evaluation and forcing evaluation
of ARel.

locations, [ € Loc. Although locations do not appear in programs, they are needed for
the evaluation, so they are included in the syntax. Types can contain index terms. We
use iVar to denote the set of index term variables and i Loc to denote the set of index
term variables that refer to locations statically. These static identifiers for locations are

denoted y and belong to a specific sort that is written L.
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4.2 OPERATIONAL SEMANTICS

4.2.1 The Definition of Heap

We define a cost-annotated, big-step operational semantics for our language. Part of this
semantics is based on manipulation of heaps, also described in Figure 4.1. We represent
heaps as mappings H = [l; — zy,...,l;, — z,] from memory locations to concrete arrays
z=[vy,...,vyl. The notation H(I)[n] = v expresses that the value v is stored in the heap
H in the array pointed by the location pointer / at the index n, the notation H(l)[n] — v
represents the heap H where the array pointed by [ is updated with the value v at index
n, and the notation H; w Hy, in the spirit of separation logic, denotes a disjoint union of

the heaps H; and H,.

4.2.2 Pure and Impure Evaluation

We have two kinds of evaluation judgments: pure evaluation t |°* v states that the
(pure) expression ¢ evaluates to the value v with cost ¢, using k steps, while forcing eval-
uation t; H U;’k v; H' states that the impure expression ¢ can be forced in the heap H to
the value v and to the updated heap H’ with cost ¢, consuming k steps. We give a selec-
tion of the evaluation rules in Figure 4.3. We include all the rules for the impure part and
a selection for the pure part, all the other rules can be found in Appendix A.

Steps k are a proof artifact, needed only in our soundness proof that relies on a step-
indexed logical relation in Chapter 5. We count a unit step for every elimination and
monadic construct. Readers may ignore steps for now. The costs ¢ are what we seek to
upper bound (relatively) using our type system and are, therefore, important. At every
elimination form or monadic construct, the semantics adds a construct-dependent cost.
For example, the cost c,pp appearing in the rules stands for the cost of an application.

By changing these costs and setting some of them to 0, we can get different cost models.
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In a word, our type system is parametric in the costs of individual constructs.

The pure evaluation rules are mostly standard. They track how the cost and the steps
change when a pure expression evaluates. The rule e-val says that a value v evaluates
itself with no cost and in zero steps. The rules e-inl and e-casel describe the evaluation
of the introduction and elimination terms for the sum type (we only show the rule for
inl as the rule for inr is similar), where in addition we record the cost c.,se for the case
elimination, and we increment the steps. Rules e-app and e-fix are similar but for the two
application cases, the latter one includes recursion.

The forcing evaluation rules are used to evaluate impure (monadic) expressions ma-
nipulating heaps (arrays). The rule f-ret forces the evaluation of an expression return ¢,
representing the unit of the monad, by evaluating the underlying pure expression ¢ us-
ing the pure evaluation semantics. The cost consists of the cost of the pure evaluation
of t and the constant cost cr.t for the monadic return. As one would expect, the unit of
the monad wraps a pure expression into a monadic computation, and it accounts for
the cost of this operation by means of the cost cet. The rule f-bind combines pure and
forcing evaluations in order to fully evaluate a monadic let. This rule shows how an im-
pure computation (involving arrays) is evaluated in our semantics. We first evaluate an
expression f; to a value v using the pure evaluation semantics. Then, we force evaluate
this value v to a value v; of the underlying type. We can then perform the substitution
and evaluate the resulting expression f;[v;/x] to a value v, using the pure evaluation se-
mantics. The resulting value v is then force evaluated to another value v; which is also
the result of the overall let expression. The heap also changes accordingly. cjet accounts
for additional costs associated with the bind operation itself.

The rule f-read forces the evaluation of a read expression in the heap H by first eval-

uating the heap location / from which to read, then the index of the element n to read,
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and then returning the value stored in / at index n. The rule f-updt forces the evaluation
of an update expression in a similar way; it returns a unit value. Finally, the rule f-alloc
forces the evaluation of an alloc expression by creating a new array with the length spec-
ified by the first argument and initial values specified by the second argument, and by
allocating it in the heap at a new location [/, which is returned.

It is worth noticing that, in the forcing evaluation rules, all the subexpressions evalu-
ate using the pure semantics to values of base types, since in our language we only allow

arrays of base types.

4.3 INDEXTERMS AND CONSTRAINTS

To have a precise cost analysis, we need some extra information about the data struc-
tures from the corresponding types. The normal types do not support this and adding
index terms to the types is a nice way to do that. In the spirit of DML (Xi & Pfenning,
1999), types are indexed using static index terms that are defined in Figure 4.1. Index
terms include natural numbers and real numbers, which we use to express size and cost
information, respectively. We equip index terms with several operations including ceil-
ing, floor, log, min, and max. Moreover, we have special index terms § denoting (poten-
tially infinite) sets of natural numbers, representing sets of array indices. We also have
operations over 5 (we identify these with blue underlines in Figure 4.1). In relational
types, the set B tracks where the two related arrays may differ (as explained earlier),
while in unary types, they represent the write permissions for the array. We will return
to this point later after we explain the types. We can explicitly form a set through an
indexed set comprehension of the form {I;};cx, where K <N, and we can take the union
B1 U B2 or the difference ; \ B, of two sets 31, f2. We use index terms also in the rela-

tional type for lists to specify the number of values that differ pointwise in the lists across
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two runs. We denote index terms with this specific meaning with the metavariable a.
We consider only well-sorted index terms. To this end, we have a sorting judgment
of the form A - I:: S in Figure 4.2 where A is a sort environment, assigning sorts to in-
dex variables, and S is a sort. The detailed sorting rules can be found in the appendix A,
in particular, Figure A.11. Our language has five sorts: N for natural numbers, used for
sizes of arrays, lists, and other data structures; R for real numbers used to express costs;
B for booleans; P for sets of natural numbers as just described; and, L for static names of
arrays (sorting rules can be found in Appendix A). As a convention, we use L, U to repre-
sent the unary minimum and maximum costs, and D to denote a maximum relational
cost (L, U, and D are always of sort R). Index terms can also appear in constraints C,
which express equalities and inequalities over index terms and can be used to represent

conditional typing.

4.4 UNARY AND RELATIONAL TYPES

In ARel, we have two typing modes: unary and relational. This separation is also re-
flected at the type level where we have two different type languages: unary types A and

relational types T.

4.4.1 Unary Types

Unary types describe values (expressions) in a single run. They use index terms to rep-
resent size information, as in the case of the type list[I] A where I represents the size of
the list, and costs, as in the case of the type ;lxec—(L» lf]\)’ where L and U represent lower and
upper bounds on the cost of the body of the function being typed. The cost can also be

seen as an effect. We also have other basic types, as well as types for products and sums.

Index terms are also used for size in basic types like integers, booleans, etc., for costs in
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universal quantifications, and in constraints.

Besides the pure types we just discussed, we have a type for arrays and a type for
impure computations (with blue underlines in Figure 4.1). The type Array, [I] A is the
type of arrays of length I containing objects of type A. We limit A to base types like int,
bool, etc. to simplify our technical development. In particular, we do not support arrays
of arrays here. The annotation y associates a static name to the array that is typed. This
static name can be used to refer to the array in other types.

Impure expressions are typed with monadic types. In our case, a monadic unary
type is a cost-annotated Hoare triple type of the shape {P}?XE(IE%/(.LAU;Q}, which is inspired
by Hoare Type Theory (Nanevski et al., 2008). Assertions P, Q are sets {y; — f1,...,Yn —
B} assigning to each static location y; a set of natural numbers f; describing (writing)
permissions. The idea is that the array named y; can be written only at indices in §;
(although it may read anywhere). The domain of Q may be larger than the domain of
P to account for newly allocated arrays. The index terms L and U are lower and upper
bounds on the execution cost of the (forcing) evaluation of the typed expression.

Additionally, index terms are used in constraints which can appear in types of the
shape C o A, which reads as “the constraint C implies A”, and of the shape C&A, which
reads as “A and the constraint C is true”. These constraints support conditional typing
and they are quite useful to restrict the properties of arrays. For example, the type I >
0 & Array,[I] A ascribes non-empty arrays, and the constraint C in the type C > A can

be used to restrict array index bounds, as we will see in the examples in Chapter 6.

4.4.2 Relational Types

Relational types ascribe pairs of expressions, and, as we will see in Chapter 5, they are

interpreted as sets of pairs of values in our model. In relational types, index terms carry
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not just size information but also information about the relation between the two ex-
pressions, between their inputs, and between their outputs. The type list*[I] T ascribes a
pair of lists, each of length I, whose elements are pointwise related at the type 7. Impor-
tantly, the relational refinement « specifies an upper bound on the number of positions
at which the corresponding elements may differ. In other words, the two lists must have
equal elements in at least I — & positions, even if 7 allows them to be unrelated. The type
int[/] represents pairs of integers both of which are equal to I. In arrow types TdﬂD‘)l" ,
the index term D represents an upper bound on the relative cost of the execution of the
underlying pair of functions on two inputs related at 7.

Given a pair of unary types A, Ay, the relational type U(A;, A) represents arbitrary
pairs of expressions of types A;, Ay, respectively. This offers a way to relate in a re-
lational type two “unrelated” values. As explained in the imperative mapi example in
Section 3.3.1, we also have a comonadic relational type Ot which represents pairs of ex-
pressions of type T which are syntactically equal, and we have corresponding subtyping
rule s-r-T and s-r-D in Figure 4.10. In particular, DU (A1, A») is the diagonal sub-relation
of U(A1, A2), i.e. OU(A;, Ap) is the subset of U(A;, A2) where the left and right compo-
nents are equal.

The relational type Array, [I] 7 is similar to the unary array type but it represents two
arrays, each of length I, containing values related at T pointwise. The static name v is
the name for both arrays. As we will see in Chapter 5, our logical relation relates y to
two arrays in two different heaps. Relational impure computations, illustrated in the
imperative mapi example, are typed using a relational cost-annotated monadic type of

diff(D) exec(L,U)
the form {P} 3y.7 {Q}. This looks similar to the unary type {P} 3y.A {Q} but it means

something different. In the relational type, the pre and postconditions P, Q of form

{y1 — B1,...,Yn — Pn} have a relational interpretation, namely, that (for all i) the two
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arrays named y; must carry equal values at all positions not in § (and the values must
be related at 7). At positions in §, the values must still be related at 7, but they need not
be equal (unless 7 forces this, e.g. with a prefix ). D is an upper bound on the relative
cost of forcing the evaluation of the two impure expressions.

As usual, we consider only types that are well-formed. We have well-formedness
judgments Z; A; @, - A wf for unary types, and X; A; @, F 7 wf for relational types in ap-
pendix A. The unary one can be found in Figure A.12 and the relational well-formedness
judgments are presented in Figure A.13 and Figure A.14. Here, X is a location environ-
ment listing the locations that can appear in the rest of the judgment, A is a sort envi-
ronment listing all free index variables and ®,, is a constraint environment to support
conditional typing. Additionally, we also define the well-formedness of the heaps in Fig-

ure A.15.

4.5 UNARY AND RELATIONAL TYPING

4.5.1 Unary Typing Judgments

ARel’s unary typing uses the judgment form

500,QFY 1A

where f is an expression, Z is a location environment, A is a sort environment listing
all the free index variables as mentioned before, ®, is a constraint environment, Q is
a unary type environment assigning unary types to variables, A is a unary type, and L
and U are index terms representing a lower bound and an upper bound on the cost
of evaluating ¢, respectively. We give a selection of the typing rules for deriving unary

typing judgments in Figure 4.4 (for the pure constructs) and Figure 4.5 (for the impure
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Figure 4.4: Selection of pure unary typing rules of ARel.
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part).

4.5.1.1 Unary Typing Rules for Pure Constructs

Selected rules for pure expressions in Figure 4.4 are similar to the typing rules proposed
by Cicek et al. (2017a), the main difference is that our rules have one more environ-
ment Z, used to store the locations in the heap. Rules u-int and u-var are relatively self-
explanatory. Rules u-fix and u-app are similar to the ones available in classical effect
systems, where the lower bound and upper bound of the cost of the (recursive) function
body is recorded in the function type. If we look at the rule u-fix, the lower bound L and
U should be provided in the arrow type for the function fix f(x). such that the hypoth-
esis on the function body # can be proved. The cost of function application considers
also the cost of executing the function body. We present these rules here to show how
the costs change in typing. Rules u-inl and u-inr are dual. Notice that the introduction
of the sum type A; + A, requires well-formedness for the type that is introduced in the
sum. The cost remains the same as its subexpression. Rule u-case for eliminating the
sum type requires the same upper and lower bound in both branches. Rules u-nil and
u-cons are similar and specify the size of lists. Finally, rule u-sub, internalizes weakening

for the upper and lower bounds and subtyping.

4.5.1.2 Unary Typing Rules for Impure Constructs

The rules for the unary typing of impure expressions are presented in Figure 4.5. Since
costs of operations like reading and writing memory are variable on most architectures,
these rules rely on given upper- and lower-bounds on the cost of each operation. For
example, Leag and Uyeag denote the minimum and maximum cost of reading a heap

location, respectively. The costs Ulet, Ualioc) Lreads Lupdt are similar.
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Figure 4.5: Selection of impure unary typing rules of ARel.
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Rules u-ret and u-bind type the unit and the bind of the monad, respectively. They
combine the different costs and assertions in the monadic type, using a style similar to
separation logic. For example, the assertion P; x P, corresponds to disjoint parts of the
heap. The rule for allocations, u-alloc, introduces a new static location y and creates a
new monadic type whose postcondition assigns to y all the natural numbers (N), indi-
cating that the continuation has the permission to write all positions of the array. Ad-
ditionally, like all other rules, this rule also adds a cost accounting for the forcing of the
allocation. Finally, note that the upper and lower bounds on the judgment are 0. This
is because alloc t; f; is a value. Cost arises only when the impure expression alloct; £,
is forced; this is accounted for in the cost annotations of the monadic type. The rule
for reading, u-read, merely checks that the index being read is within the array bounds.
The rule for updating, u-updt, also performs a similar check but, in addition, it also re-
quires that the updated index is contained in the permissions available for the array in

the precondition.

4.5.2 Relational Typing Judgments

ARel’s relational typing uses the judgment form

500THhet, SD:T

Here, f; and 1, are two expressions, Z, A, and ®, are environments similar to the ones
used by unary typing judgments, I is a relational type environment assigning relational
types to variables, 7 is a relational type for f;, #, and D is an index term representing an
upper bound on the relative cost of evaluating t; and £, i.e., cost(#;) — cost(f,).

As we notice in the relational judgments, two programs, the left one and the right one

are related, which naturally results in two kinds of relational typing rules: synchronous



46

rules which relate two structurally similar programs, and asynchronous rules for arbi-
trary programs. We first, present a selection of the pure typing rules which include both
synchronous rules (Figure 4.6) and asynchronous rules (Figure 4.7), these are again in-
spired by the work of Cicek et al. (2017a). Then, we present a selection of the impure
typing rules which support relational cost analysis for arrays. Again, we distinguish the

synchronous rules (Figure 4.8) and the asynchronous rules (Figure 4.9).

4.5.2.1 Relational Synchronous Typing Rules for Pure Constructs

We describe the selected synchronous rules for pure expressions that we present in Fig-
ure 4.6. The rule r-int assigns to two copies of the same integer n, a singleton type int[7].
The rules r-var, r-fix and r-app are the relational counterpart of the rules for variables,
function abstraction, and application we saw in the unary part. The main difference is
that we give an upper bound to the relative cost, rather than a lower and upper bound on
the execution cost of a single expression. The rules r-inl, r-inr, and r-case talk about the
introduction and elimination of the relational sum type. In the elimination rule r-case,
notice that we require the relative cost D, of the two branches to be the same, similar to
what we did for the unary rule. Rule r-split allows reasoning by cases on any constraint in
the constraint environment. Rule r-sub is the relational version of the rule u-sub, it allows
weakening the upper bound on the relative cost D as well as subtyping. Rule r-nc is the
introduction rule for O-ed types. Briefly, ¢ can be related to itself at the type Ot when
t relates to itself at type T and, additionally, all variables in the context morally have OI-
ed types. The latter ensures that variables can only be substituted by equal terms. In
this case, the relative cost is 0. This rule allows us to assume that given a pair of func-
tions whose type is refined with 0, if we apply them to the same argument, we have two

executions following the same path, and at the same cost. We discussed this intuition
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Figure 4.6: Selection of pure relational synchronous typing rules of ARel.
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Figure 4.7: Selection of pure relational asynchronous typing rules of
ARel.

behind the rule r-nc when we looked at the first relational type of mapi in Section 3.3.1.
Rule r-fix-ext types fixpoint expressions relationally. This rule also requires unary typ-
ing for the two functions, which are established in separate premises. We require these
additional premises so that we can use the information provided by the unary typing to
establish the relative cost. In other words, this rule introduces a weak form of intersec-
tion types in the environment which can be used in combination with the rule r-switch

(Figure 4.7) to give precise bounds on relative cost.
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4.5.2.2 Relational Asynchronous Typing Rules for Pure Constructs

We present a selection of the pure asynchronous rules in Figure 4.7. Rule r-switch allows
switching from relational reasoning about #; and f,, as witnessed by a relational typing
judgment in the conclusion, to unary reasoning about the two terms, independently, as
witnessed by the two unary typing judgments in the premises. Notice that the relational
type in the conclusion is the embedding of the two unary types without any meaningful
relation (U(A;, A2)). The rule uses an erasure map |I'|; from relational environments to
unary environments(1 for left and 2 for the right), whose definition can be found in the
appendix. Importantly, the relative cost in the conclusion is the difference of the unary
costs in the premises. Rule r-1t-t relates a pure let binding expression to an arbitrary ex-
pression. In this rule, we use the metavariable cj; to denote the cost of a let elimination.
(This is different from the cost ¢ of the monadic bind, which we discussed earlier.)
Notice that one of the assumptions in this rule, the one for the expression 7, is a unary
typing judgment. This is needed in order to provide guarantees on the typability of f;
and to provide the cost of evaluating it, which is used in the bound on the relative cost
in the conclusion of the rule.

The rule r-t-1t is dual to r-1t-t — it relates an arbitrary expression with a standard let.
Notice that while the rule r-1t-t uses the upper bound on the unary cost of 7;, the rule
r-t-1t uses the lower bound. Rule r-app-t relates a function application with an arbitrary
expression, while rule r-case-t relates a case expression with an arbitrary expression and
r-t-case has the opposite direction. Also in these rules, we use some unary typing as-
sumptions to guarantee typability and to provide unary costs that are used in giving
upper bounds on the relative costs. We also have dual rules which we present in Ap-

pendix A.
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Figure 4.8: Selection of monadic synchronous relational typing rules of

ARel.
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4.5.2.3 Relational Synchronous Typing Rules for Impure Constructs

Figure 4.8 shows a selection of relational synchronous typing rules pertaining to the
monadic constructs and arrays. Rules r-ret and r-bind relationally type the return and
bind of our monad. The rules introduce the trivial relational Hoare-triple and combine
two relational Hoare triples by sequencing, respectively. In particular, the rule r-bind
uses the style of separation logic, similarly to what we have for the corresponding unary
rule.

For each operation on arrays, we have two rules, one that is general and the other
that works under some assumption about equality of arguments in the two runs. Con-
sider, for example, the rules r-alloc and r-allocb for relationally typing the alloc construct.
The rules are similar, e.g., both create a new static name y for the two allocated ar-
rays, and both account for relative costs very similarly. However, r-allocb applies only
when the expressions initializing the two arrays are related at a O-ed type (the second
premise). As a result, it is guaranteed that the arrays allocated in the two runs will have
equal values in all positions. This is reflected in the assertion y — @ in the postcondi-
tion of the monadic type in the rule, which says that there are no locations where the
newly allocated arrays (named y) can differ. In contrast, the rule r-alloc does not require
the initializing expressions to be related at a O-ed type, but it has y — N in the postcon-
dition, meaning that the two arrays may differ anywhere after the allocation. A similar
difference arises in the rules r-read and r-readb for relationally typing the construct read.
In r-readb, the read index I’ must not be in the § of the array being read in the precon-
dition; as a result, the values read must be equal in the two runs. Hence, the resulting
type has a O on it. r-read is similar, but, here, there is no requirement that I’ is not in
the S, so two different values may be read, and there is no O on the result type. The

rules r-updt and r-updtb for updt follow the principle of alloc: In r-updtb, the values being
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written in the two runs are known to be equal (via a O-ed type), so the index I’ that is
updated is removed from £ in the postcondition. This is not the case in r-updt, where
it must be added to g, since the two values at index I’ might differ after the update. In
all these rules, the premise A;®,  I' < I denotes a constraint entailment which reads
as follows: under the substitution of all the variables in the index environment A, under
the assumption of the constraints in ®,, the constraint I’ < I holds. This premise guar-
antees that the array bound is not exceeded. We omit here the rules for deriving this
judgment since they are standard.

Finally, note that all monadic rules “propagate” relative costs from the premises to
the monadic types. This is similar to the unary rules; the difference is that the costs
propagated here are relative, whereas the unary type system propagates unary lower
and upper bounds.

It is worth stressing that the set of ys in any pre or postcondition must be written
down explicitly, i.e., we have not introduced sophisticated constructors (like set com-
prehension) for pre and postconditions. This means that we cannot meaningfully spec-
ify monadic computations that allocate a data-dependent number of arrays. This hasn’t
been a problem for our examples, and we believe an extension to lift this restriction
is possible by adding language-level constructors and elimination rules for assigning y.
While this change would make our approach more flexible and more expressive, it would

also put an additional burden on the programmer.

4.5.2.4 Relational Asynchronous Typing Rules for Impure Constructs

Figure 4.9 shows the two asynchronous rules r-bind-t and r-t-bind, relating a monadic
binding construct and an arbitrary expression. We explain only the rule r-bind-t which

relates the monadic binding construct let{x} = ; in #, to an arbitrary expression , (the
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Figure 4.9: Selection of monadic asynchronous relational typing rules of
ARel.

rule r-t-bind is its dual and it can be understood similarly).

The first premise of the rule r-bind-t requires a unary typing for the monadic expres-
sion t;. This typing has two kinds of costs: the lower bound L; and upper bound U;
for the unary execution cost of f;, and the lower bound L and upper bound U for the
execution cost of the resulting computation evaluated from #;, this is embedded in the
monadic type of #;. The second premise requires a unary typing for the monadic ex-
pression f,. This gives us an upper bound U, on the cost of evaluating this expression.
The premise dom(P) = dom(P;) requires that the execution of the computation result-
ing from the expression #; can only affect arrays that appear in both P; and P. Finally,
the last premise requires relating the subexpression f, to ¢, with the relative cost upper
bounded by D, under the assumption that the values substituted for the variable x are
related at the type U(A;, A;). Notice that this is the weakest requirement in terms of

types that we can have.
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Additionally, this typing judgment also gives us the upper bound D’ on the relative
cost for executing the two computations resulting from evaluating the two expressions
t, and t,. To put the information of the unary and relational typing together we use the
precondition P LI P, in this premise, where the operation LI gives a precondition where
a name y which is used in P, e.g. y — f € P, and in Py, e.g. ¥ — (1 € P;, now points
to the union of the two corresponding sets, e.g. y — fuU f; € PU P;. The precondi-
tion in the unary monadic type of #; in the first premise provides the indices where the
computation associated with #; has writing permission. So, intuitively, P; provides the
indices that may be overwritten when executing #;. Hence, we want to use this infor-
mation when relating the expression #, and t, because t; is supposed to be executed
by then. The conclusion of the rule uses all the cost information we discussed to com-
pute an upper bound on the relative cost of the two expressions, where, as usual, we use
the metavariable c;.; to denote the cost of evaluating the monadic binding construct.
The bounds on the relative cost here deserve some discussion. Following the definition,
and observing that the monadic let is a value, we have that the relative cost of the two
expressions is bound by —L,. However, we want also to have a bound of the relative
cost of forcing the evaluation of the two expressions, since this must be recorded in the
monadic type. The upper bound is Uy + U + (D3 + Uz) + D' + ¢j¢;, where Uy + U upper
bounds the cost of forcing the evaluation of #;, D, upper bounds the difference in cost
of evaluating #, and t; to value, U, upper bounds the cost of evaluating ¢, to its value,
D' upper bounds the difference in cost of forcing the evaluation of the values obtained
by evaluating #, and t, respectively. The costs in the rule r-t-bind can be obtained in a
similar way.

One can also design similar asynchronous rules for the other monadic constructs.

However, the syntactic forms of the other constructs considerably constrain their asyn-
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chronous typing rules, making the scope of application of such rules rather narrow. For

this reason, we do not commit to the design of such rules here.

4.5.3 Subtyping

Subtyping is important in ARel. It serves several purposes. First, as in all refinement
type systems, subtyping equates terms up to refinement, e.g., it allows replacing int[2 + ]
with int[5] under the constraint i = 3. Second, specific to cost analysis, subtyping allows
weakening costs, e.g., the relational type Tldiff—(]?)rg can be subtyped to Tld iff—(D’?l,'z when
D < D' since the D on the arrow is an upper bound on relative cost. Third, subtyp-
ing allows “massaging” of modalities O and U, e.g., Ot can be subtyped to 7. Finally,
specific to the monadic types, subtyping allows weakening of pre and postconditions
in monadic types. The first three purposes of subtyping in ARel are relatively standard
(e.g., see Cicek et al. (2017a)) and we will only briefly introduce them, we only describe
the last use here at length. The unary and relational subtyping judgments have the
forms Z;A;®, = A} E Az and X5A; P, |= 71 C 12, respectively. Figure 4.10 and Figure 4.11
show these selected subtyping rules. The notation P € P’ means that P = {y; — 1,72 —
B2, Yn— B}, P ={y1— B, v2— By -...yn— Byl and Vie{l,...,n}.B; € B.

The rules s-u-arrow and s-r-arrow subtype unary and relational function types, re-
spectively. The rule s-r-w allows weakening from the relational type 7 to its weak version
U(|tly,17l2), where |- |; is used to convert from a relational type to a unary type. When
i =1, this construct projects the left side of the relational type; when i = 2 it projects its
right side (see the Appendix for the definitions of these projections). The rules s-r-list and
s-r-array subtype relational list and array types, respectively. They impose requirements
on lengths. Rule s-r-ua allows weakening the relational type U(A;, A2) to U(A], A)) if we

know that A; and A, are subtypes of A} and A), respectively. As we have seen before,
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the modality O applied to a relational type 7 requires the two components related by
the type 7 to be identical. In fact, O has a comonadic flavor and it follows the standard
comonadic rules s-r-T and s-r-D. Rule s-r-bd can be read as follows: When two equal
functions (of the O-ed relational function type D(Tldiff—(?)rg)) are given equal arguments
(type Ot1), the results are equal and the relative cost is 0. We used this rule implicitly in
the mapi example in Section 3.3.1.

Now, we present the subtyping rules involving monadic types, the first rule s-um al-
lows subtyping on the unary monadic type. It says that we can subtype by weakening the
costs, adding more (write) permissions to the precondition and removing permissions
from the postcondition, as manifest in the premises P < P’ and Q' < Q. Rule s-rm simi-
larly allows subtyping on the relational monadic type. This rule says that we can subtype
by weakening the relative cost, making the precondition more precise and the postcon-
dition less precise, where P’ is more precise than P when P’ tells us more about which
values are equal. In particular, y — f is more precise than y — ' when ' < 8. This is
why the premises of s-rm check P’ < P and Q < Q'. Note that the checks on B, P’ and
Q, Q' are dual in the two rules. This is because the meanings of the pre(post)condition
in the unary and relational monadic types are completely different. As a reminder, in
the unary setting, the indices in f refer to the writing permission while it refers to the
may-different relation of two arrays.

Finally, rule s-rum allows subtyping from modal U applied to two unary monadic
types to a single relational monadic type. This rule is best read as follows: If we have two
computations that modify an array (associated with the static name y;) at positions in
T; and Tl.’ , respectively (left side of £), then running them on two arrays that agree at all
positions outside the set  will result in two arrays that agree at all positions outside the

set BU T; U T;’ (right side of =). This is because we cannot ignore the fact that the indices
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in the set T; U T;” may be overwritten during the execution.
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CHAPTER 5

Metatheory and Soundness of ARel

The soundness of ARel is proved through a step-indexed logical relation for its types.
The logical relation is a widely accepted proof technique for program properties such as
strong normalization, type equivalence, and type safety. It is defined by induction on
types. The interpretation of types is depicted by the relations of values, which are well
designed to catch the property of interest. Naturally, it can be easily extended to prove
properties of type and effect systems when the effects are properly expressed in these
relations. The prior work RelCost (Cicek et al., 2017a) adopts such concept and shows
its soundness using a logical relation model which has two interpretations of both the
unary and relational types. These two kinds of types interact at the type U(A;, A) as
we have seen before. The logical relation model of ARel is more complicated than the
one of RelCost due to the existence of mutable arrays, which requires us to consider
the heap in the model, through the interpretation of monadic types introduced in Sec-
tion 4.4.

In the rest of this chapter, we first present the logical relation model of ARel, by
showing the unary and relational interpretation of types, and the impure part will be
our focus. Then, we present the metatheory of our system, including the proof of the

soundness of ARel.

5.1 UNARY INTERPRETATION OF AREL TYPES

The value interpretation [Al g of a unary type A is, a set of values. Also, this inter-
pretation is indexed by a “step-index” k € N, which is merely a proof device for induc-
tion (Ahmed, 2006; Appel & McAllester, 2001). The step-index counts the “steps” in our

operational semantics in Section 4.2. Importantly, the interpretation is also indexed by
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a world g mapping from static names y to triples ([, n, A) specifying the location, the
length of the array, and the syntactic type of the elements of the array named y. This
world is the corresponding part we add to reason about the mutable arrays. Technically,
we are defining a Kripke logical relation, and the world g is a so-called Kripke world (Neis
et al., 2011; Turon et al., 2013). We give the clauses defining the value interpretation of
unary types in Figure 5.1.

The value interpretations of standard type constructors like pairs and functions are
also standard. One thing about the interpretation of functions is that we use step-index
to make the recursion of the function fix f(x).t to be well-found. The value interpreta-
tion of an array type, [[Arrayy [1] Alg k,is aset of locations. Alocation /is in this set if g(y)
is ([, A 1), i.e., the element type and length for y in the world g match those in the array
type and the location / corresponds to .

The value interpretation of monadic types relies on a heap relation H |=¢ ; P, which
is defined in Figure 5.3. This heap relation means that the assertion P — which could
be a pre-or postcondition from a unary monadic type — holds for the heap H at world
g at step k. The relation checks that for every ([, A, n) in the range of g, every element
of the array named / in H is in the interpretation of type A. All the static names y in P
will be checked so that there is a mapping in the world g so that g(y) = (I, A, n). To break
the cyclicity between the definition of the heap relation and value interpretation, A is
interpreted at the smaller step-index k — 1 in the heap relation.

Back to the unary monadic type, the value interpretation [HP}?XEIe;';(.L/,lU{)Q}]] gk is a set of
monadic values v that when forced in a heap H validating the precondition P, yield a
heap H; validating the postcondition Q. We define v; H U;’k to show that the evaluation
of v in the heap H will not diverge. Additionally, the interpretation only allows those

computations v that update arrays at locations for which the precondition P asserts
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[[int]]g,;C ={n|neN}
[unit] ¢ x ={0}
lint[]]g k ={n|I=n}
[Array, [1] Algx ={llI=nAgy)=U0An}
exec(L,U) _ Vk'<k, g2g. Vvvel[Aly =
[A— Allgk = { fix f(x0).1 tlvl x][fix f(x).t/ fl € Hj’ﬂg’,ka@,w }
Vg12g8.Yki<k, ko<k,.Vc.VH.
HEg iy PA v HIY® =
. Ag, 2 g1.3H;, vy, 7. v;HU}C;’Q vi; Hy A
[{P} ¥ A{Qlgr =<V LscsUANH Fgp-k, QN 1€[Alg -k, A
(Eln. P={y1— Tt oo, Yn— Tu} A
Vie(l,nl. gly) =, Am =
Vi HIL) # B (L)) = jeT))
[[@Xfi(stlﬁug,k = (ALY EIzS. A ce [ALig 0y
[3i:S. Algk ={packv |3L. F1:S AvelAlllillgr-1}
[A1+ A2l gk ={inlv|vel[Allgrtulinrv|ve[Algr}
[C> Algk ={v|E¥CV velAlgir)
[C&Al gk ={VI FC A velAlgi}
LAY o ={tIVy, K,c. kK <skA t§°F v> velAlgrp A LscsU}
[1gx ={p}
(€, x: Algk ={(olv/xD) 1o elQlgr N vElAlgk}

Figure 5.1: The interpretation of the types and contexts of ARel.
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permissions. We note that the interpretation quantifies universally over worlds g; that
extend g (g1 2 g) and step-indices k; less than or equal to k. This is standard in step-
indexed Kripke logical relations and makes the interpretation “monotonic”, i.e., closed
under larger worlds and smaller step indices (Lemma 1). Also, let us pay attention to the
annotated cost upper and lower bounds (L, U), which bound the cost of forcing evalua-
tion of the impure computation of the monadic type in the interpretation. The writing
permission is also expressed in the existential formula which says that if the value at cer-
tain index j in an array whose static name is y;, then this index must have the writing
permission and appear in the precondition P.

We extend the value interpretation to an expression interpretation:
/
[[A]],eg,k,(L,U) ={t|Vok,c.k'<kn tU°% v=> ve [Alg - A L<c<U}

Compared to the value interpretation, the expression interpretation, which we identify
by the superscript e, accounts for lower and upper bound costs L and U. The expression
interpretation requires that if the expression ¢ evaluates to value v with the step-index
k" and cost c, then the cost satisfies the constraint L < ¢ < U and the resulting value v is
in the value interpretation of the type A with the remaining step-index k — k’.

Next, we extend our interpretation to open terms. For this, we first extend our value
interpretation to unary contexts: Given a substitution o, we say that o € [Q] g x whose
definition in Figure 5.1, if 0 maps every variable in Q to a value in the interpretation of
its unary type. We write o ¢ to denote the application of the substitution o to the term ¢.
With this, we can extend our interpretation to typed open terms, i.e., typing judgments,

as in the statement of the fundamental theorem (Theorem 2).



(]int[) G,k

(unit) g x
(]int[I][)G’k
(

Array, [1] )6k

diff (D)
(11 — T2)gx

diff(D)

({P} YT {6,k

(U(A1, A,k

diff (D)
(Vi:S. 1)k
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={(n,n) | m=ny}

={(0,0)}

={(n,n)|I=n}

={U, L) T=n A Gy)=(h,b,T,n)}

VG 2G. Yk <k-1.Yuy, vo.
(v, 1) € (1) o0 =

(ix £, (trlvr/ x]Mfix f(x).t,/ f1,

= fix f(0.2) tr[v2 x)[fix f(x).t2/ 1) € (]Tzl)eG’,k’,D A

~~

exec(0,00)

vj. (fix f(0.0 € [IT1] — [T2l1lay, g A

fix f(x). € [IT1l2 — 72121 G, j
VG12G.Vki <k, kx<ky, ks, c1, ¢z, H, Hy.
(Hy, H2) BFG )y P N V15 Hy U?’kz A V2, Hp U?'ke;
— 3G, 2 Gy, Hy, Hy, v}, vs.

(VI;HI U?’kz vis HY A v2; Hp Uff’ks vy Hy A
(Hy, Hp) EGy i~k Q A (U7, 15) € (T) Gt~k A
C1—C < D)

={ (v, ) | VK. vi € [Ailg, i N V2€[AzlG, i}

VI.F1:S A(t,t) e (tlI/il)EPIN A }

G,k-1
. E, (0, E, (0,
Vi telithlg (0,000

Glz,j
={(packvy,packvy) |31. 1S A (v1,v2) € (T[I/il)G k-1

exec(0,00) )

=1 (1, v2)

:{ (A.t1, A.B)

A telTlz]

={(@inl vy,inl v2) | (v1,v2) € (T1)G k-1 V (V1,v2) € (T2) G k1)
={wv) | Wv)e ()i}

={(v, )| ECV (v,1) € ()G k-1}

{(v1,v) | EC A (v, v2) € (T)G -1}

Vk1 <k. ng, V1, Uy, C1, C2.
(f1,8) | (0% vy Aty k2 1)
= (Ul, U2) € (]TDG,k—kl NCl—C = D

={g}

={(01,02) |IVxedom[). V1. x:T€T. (01(x),02(x)) € (T)g}

Figure 5.2: The interpretation of relational types and contexts of ARel.
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HEgrempty iff true
HEgr(y—p) iff AL, An:gn)=UAn) A (Vi<n (H]) € (A)gr-1)

HEgr(PxQ) iff 3H H",g,g":(H=H wH") A (g=8"wg")
N (H' |=g’,k P) A (H” |=g”,k Q)

(Hy, H)) Egrempty  iff true

(Hi, Hp) g (y—pB)  iff 3, L,7,n:Gy) =1, 7,n)
A (Vi< n. (H[L]10), Holllli]) € (2) 6 k1)
A (Vi< n. (Hy[h11i] # Holllli] = i€ p))

(Hi, Hy) Fg i (P*Q)  iff 3H| H|,H}, H}),G,G":
(Hi=HjwH]) A (H,=H,wH)) A (G=G uG")
A ((H|, H) Egi P) A ((HY, HYY Egri Q)

Figure 5.3: Unary and relational heap relation of ARel.
5.2 RELATIONAL INTERPRETATION OF AREL TYPES

We show the value and expression interpretations of relational types, and the interpreta-
tion of relational contexts in Figure 5.2. As in the case of the unary interpretation, we use
Kripke worlds. Relational Kripke worlds are denoted G and they map static array names
Y to 4-tuples (I3, 1, n,7). If G(y) = (I1,l5,n,7), then I3, I, are the locations where the ar-
rays statically named y are stored in the two runs, n is the length of each of these two
arrays, and 7 is the type at whose relational interpretation the two arrays’ corresponding
elements should be related. We now only support cases when the two arrays have the
same length here so that our monadic type can track the meaningful set of indices where
the two arrays may differ. The world G now will not track two arrays of different lengths
together.

The value interpretation of a relational type 7 is written (7)) ¢. It is a set of pairs of
related values. Most of the clauses of this definition are straightforward. Somewhat un-

usually, the interpretation of a function type contains a pair of (recursive) functions that
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satisfy not one but two conditions: (i) Given related values as arguments, the functions
return related results, and (ii) Each of the two functions, when given an argument in
the (unary) interpretation of the argument type’s unary projection returns a result in the
(unary) interpretation of the result type’s unary projection. The first condition is stan-
dard. The second condition is needed to make our relational-to-unary projections of
types sound.

The interpretation of function type Tldiff—(]»))rg ascribes a pair of functions whose body
execution time is bounded by the annotated D when the input are related by 7;. This
interpretation reasons about recursive functions so we can notice the use of step indices,
which decreases from k to k' along with the beta reduction. Also, the interpretation of
relational function types provides the relational-to-unary projection, by requiring that
both the first or second element of the pair of values in this interpretation belong to its
corresponding unary interpretation at an arbitrary step-index.

To define the interpretation of the relational monadic types we need a relational
heap relation (H, H2) Eg,k P, defined in Figure 5.3. The relation says when the heaps
H;, H, from two runs satisfy a relational assertion P, which could be a pre- or postcon-
dition from a relational monadic type. Intuitively, this relation holds when for every
Y — B in P, G(y) is also defined, and if G(y) = (I}, l»,7, n), then for every index up to n,
the two arrays [y, l; in heaps H;, H, respectively have elements within the relational in-
terpretation of 7, and every index where the two elements differ is in . This formalizes
the intuitive meaning of  from earlier chapters.

Note that the condition on elements differing is a one-way implication: We do not
insist that at every index in 8, the two elements necessarily differ. In fact, depending on
7, in some cases, even elements at indices in § might be forced to be equal. For example,

when 7 is int[m] (for some m) or even 3i.int[i], this forces corresponding elements to be
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equal at all indices since the relational interpretation of int[m] is the singleton {(m, m)}.
However, when 7 = U(A;, A»), elements at indices in  can be arbitrary values of types
Ay, A since the relational interpretation of U(A;, A») is morally A; x Aj.

Like the unary heap relation, the relational heap relation is well-found by induction
on the step-index.

diff(D)

The relational interpretation for a monadic type {P} 3y.7 {Q} (Figure 5.2) is the set of
pairs of values (v;, v») that when forced starting from heaps H;, H, satisfying the pre-
condition P, result in heaps H;, Hé satisfying the postcondition Q. The relative cost of

forcing must be upper bounded by D.

Next, we extend the value interpretation of relational types to pairs of expressions:

Vki <k, Yk, v1, U2, €1, Co. (1 YR 01 A 1 J2F2 1) =
(TG rp=1 (1, 1)
(v1,v2) € (T) G-k, A C1L—C2=D
The interpretation simply says that two expressions ej, e, are in the interpretation of
type 7 if they both evaluate to some values vy, v, and those values are in the value inter-
pretation of 7. Additionally, the costs ¢y, ¢, of these two evaluations satisfy ¢; — ¢, < D.
Note that the step-index counts steps of only the left evaluation, not both. We could,
alternatively, have set up the interpretation to count steps of only the right evaluation or
both.
Next, we extend our value interpretation to relational contexts (as for the unary case),
and the statement of our fundamental theorem (Theorem 5.3.3) contains the interpre-

tation of typed open terms, i.e., the relational typing judgment.

Note For readers familiar with Kripke logical relations, we note that our worlds g and

G are not step-indexed (only our logical relations are step-indexed). This is unlike some
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prior work (Neis et al., 2011; Turon et al., 2013). We do not need step-indexed worlds
since we include syntactic types, A or 7, for mutable locations (arrays) in the worlds. This
suffices for our purposes because our language only considers arrays whose elements

are of base type like int, bool, etc.

5.3 FUNDAMENTAL THEOREM

In this section, we prove a standard theorem, called a fundamental theorem, for each of
our two interpretations, unary and relational. We use I 6 : A to mean that 6 is a well-
sorted substitution for the index variables in the domain of A, and F 6®, to denote that
0 satisfies the constraint environment ®,. Let us have a look at an example. Suppose
the index variable context A = {(i : N), (¢ : R)} has two index variables i (natural number)
and c (real number). The constraint environment has the following constraint ®; =i <
2Ac>1.5. Then § = {(i : 1),(c: 2.5)} is a well-sorted substitution. As a preliminary
step, we show a monotonicity lemma, which is useful in the proofs of our fundamental

theorems.

5.3.1 Monotonicity

Lemma 1 (Monotonicity). 1. Ifk'<k and G G, then (1) < (T)c k-
2. Ifk' <k andgc g, then [Alg i S [Alg k.
3. Ifk' <k and G G/, then (]r[)glz c (]TDE’,?C,.
4. Ifk' <k andgc<g, thenlIA]]?;CL'U) < [A] g;f,f;‘”.

5. Ifk, <kandGgc G’, then (]FDG,]C - (]FI)G',/C’

6. Ifk'<kandgc g, then[Qlg i S [Qlg 1
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Proof. Points (1) and (3), related to the interpretation of relational types, are proved si-
multaneously by induction on 7. Similarly, points (2) and (4), about the interpretation
of the unary types, are proved simultaneously by induction on the unary type A. Points

(5) and (6), about the contexts, follows directly from points (1) and (2). O

The monotonicity lemma says that all our interpretations are monotone concerning
larger worlds and smaller step indexes. Take the value interpretation of a relational type
as an instance. If a pair of values (vy, v») is in this interpretation for some step-index k
in some world G, then (v, v) is also in the value interpretation of the same type for any
smaller step-index k' and any bigger world G'. It can also be found in the appendix A,

Lemma 1.

5.3.2 Fundamental Theorem for Unary Typing

Next, we present the fundamental theorem of ARel’s unary typing. The theorem states
the following. Suppose we have an expression ¢ that is well-typed at a unary type A in
contexts Z, A, ®, and Q with cost lower and upper bounds L and U. If we close every-
thing using a substitution 4 for the index variables in A (satisfying ®,) and a substitution
o for the term variables Q satisfying the (context) interpretation of 6Q (at world g and
step-index k), then the closed term o't is in the interpretation of the closed type 6 A with

bounds L and U (at world g and step-index k).

Theorem 2 (Fundamental Theorem for Unary Typing). IfZ;A;®4;Q I—LU t:AF0:Aand

FO®q, ando € [6Qlg k., then (0 1) €8 AlG 1 51 51

Proof. The proof is by induction on the derivation of the judgment X;A;®,; Q - g t: A
We present some of the most relevant cases. The full proof of this theorem can be found

in the Appendix A, Section A.5.0.1.
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Z0;,0,;Q I—Z‘ t:Array [I1A  YE dom(P)

Z;A;(I)Q;QI—Z2 t :int[I'] El'<I Z;A+Pwf

Case u-read
exec(L1 +L2 +LreadrU1 +U2+ Uread)

Z0;D,40 I—g read t; {Py3_: A{P}
By assumption we have -6 : A, F 6@, and 0 € [6Q] ¢ . We need to show:

exec(L +L2+Lread’U1 +Us+ Uread)

read (0 1;) (0 L)€ [ {Pt3_: A{P} ﬂg,k,(o,O)'

Since read (0 1) (0 t2) is a value, and its evaluation incurs no cost, it is sufficient to show:

exec(Li+Ly +Lread U+ Ux+ Uread)

read (0 t;) (0 B)E [0 {P}3_: A{P} lgx

So, unfolding the definition of interpretation, for k' < k, g’ © g, and an arbitrary heap
H such that HFg v P and read (0 t1) (0 ); H Uc’k” terminates with some cost ¢ and step

k" < k'. By the definition of forcing evaluation we have:

ot N1 on R n, HWMDN=v

f-read

read (0 1) (o tg);HUj}+02+C’e;’d’kl+k2+1 v; H

Now we have k; + k» + 1 < k' < k. we must show now:
1. 0L14+0Ly+0 Liead <C1+Co+ Creag <O U1 + 0 Uz + 0 Upeag-
2. HEg k—(ky+ky+1) P-
3. vE[6Alg k'—(ky+kot1)-

4. In.P ={y; — Th,...,Yn — Tn} A Vi€ [l,nl.gy:) = (l;;A,m) = Yj.(H[;][j]) #
Hlljl=jeT;.
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By induction hypothesis, from the first premise and Lemma 1, we have:
oty €[Array, (611 G Ay 11 51,60
From this we have:
le [[Arrayy[él] GA)]g gty NOL1<c1=6U;

which in turn tells us: g'(y) = (I,0A,6 I). By induction hypothesis, from the premise

20D, Q I—gzz I :int[I'] and Lemma 1 we have:
ot e Intl6 'y 11 51, 50)-
From this we have that: n, € [int[6 I']] ¢, k'—k,» which in turn tells us that
no=0I AN6Ly<c,<6U,

Now to conclude we can proceed as follows:

1. theinequality 6 L1 +0 Ly+0 Lyead < €1+ C2+Cread < 0 U1 +6 Uz +0 Uyead can be shown
using the fact that Lyeaq < Cread < Uread and the fact that in our language L,.,q and

Ueaq are constants , which means 6 Lyeaq= Lread aNd 6 Uread= Upead -

2. HEg '~ (k;+k,+1) P is proved by unfolding the definition of our assumption

HFEg s P and using Lemma 1.

3. For ve [6 Alg k' (k;+k,+1)» We know that from the heap relation H Fg - P and the
premise y € dom(P), we have Vi < n, (Hy(1)(i)) € [Alg -1, which in turn tells us

v € [Alg -1 because H(I)[n] = v. We can then show our goal by using Lemma 1.
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4. An.P ={y; = T1,....,Yyn — Tn} N Vi€ [l,nl.gly;) = U;,A,m) = Vj.(HILIJ]) #

H[l;]11j] = j € T; follows because the heap H is not changed, so the claim is trivial.

A 0,40 r—ﬁ’ll n:Array, (1A 0040 I—ZZ t s int[I']

Z;A;q)a;QI—Z3 13:A A;(Dal=1’5[ A Pwf A;<I)aI=I'€,6

Case u-updt
exec(Li+Ly +L3+Lupdt;Ul+U2+U3+Uupdt)

20D, Q I—8 updt ) tp t3: {Pxy — B} A_:unit {P xy — B}
By assumption we have -6 : A, F 6@, and 0 € [6Q] ¢k, we need to show:

exec(Ly +L2+L3+Lupdt!U1+U2+U3+Uupdt)
e

updt (0 t1) (0 tp) (03)e [0 {P*xy— B} I_:unit{Pxy— B} ]]g,k,(o,O)
Since updt (o 1) (0 ) (0 t3) is a value, it is sufficient to show:
exec(L1+L2+L3+Lupdt,U1+U2+U3+Uupdt)

updt (0 1) (0 12) (0 B)E[6 {P*y— B} 3_:unit {Pxy — B} g«

By the definition of forcing evaluation we have:

on Ucl.kl | ob Uczykz n oot Ucenks v

f-updt

Cl+Cg+Cg+Cupdate,k1+k2+k3+1

r 0;HD[n] —v

updt (0 1) (0 1) (0 13); H ||

So, unfolding the definition of the interpretation, for k' < k, g’ 2 g, for an arbitrary heap

Hsuchthat HEg v Py — B, and ki + ky + k3 + 1 < k/, we must show:
1. 6Ly +6 Ly +6 L3+ Lypde < €1+ C2+ €3+ Cupdt <O Uy +6 Uz + 6 Uz + 6 Uypt.
2. (H(D[n] < v) Eg k(i +ko+ks+1) P Xy — B.
3. veunitlg k- (ky+kp+ks+1)-

4. InPxy—-P={y1—=T1,....yn—Tu} AN Vie[l,nl.gly;)=(; A m)
= Vj.(HLIGD # HD[n]l —v)]jl= jeT;.
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By induction hypothesis, from the first premise X;A; ®,; Q I—Zl f: Array, [I] A and
lemma 1, we have:

From this we have:
le [[Arrayy[51] (5A)]]g’,k’—k1 = gl()/) =(,6A,061) A 6L1 =C = 6U1

By induction hypothesis, from the second premise A; ®,; Q I—ZZ fp :int[I'] and lemma 1,

we conclude:

g tz € [[int[6 I]]]g’,k’,ng,éUg)

From this we have that n € [int[6 I1] g/ x'—k,, which in turn tells us that
n=IAN6L<c=6U>

By induction hypothesis, from the third premise X; A; ®,4; Q l—g: t3: Aand Lemma 1, we

have:

e
03 €16A g 1 (5 14,6U5)

From this we have:

Ve HéA]]g/,k’—kg ANOLs< Ci’ <0U;

To conclude, we proceed as follows:

1. the inequality5L1 +5L2+5L3+6Lupdt =SC1tC+ 3+ Cyupdt = OUL1+0U>+0 Uz +
6 Uypdr can be shown using the fact that Lpqt < Cupde < Uypdt and Lypde and Uypgt

are constants, which means 6 Lypdt= Lypdt and 6 Uy pgi= Uypdt -

2. (H()[n] < v) Eg/ k- (ky+ko+ ks +1) P * Y — P is proved by unfolding the definition of

our assumption H g i Py — f.
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We can conlude that Vi < I.H(])[i] € (6 A ¢/,'—1, and then we can show that Vi <
L(H(D)[n] < v)(D1i] € (0 A) g’ k'—(k;+1) because of the our previous conclusion v €

[6 Al g k'—k,;- Then our goal can be proved by using Lemma 1.

3. v € [unitlg x'—(k, +k,+ks+1) 18 proved by the definition of the interpretation of unit

type.

4. AnP*xy—B={y1— Ti,...,yn— Tn} A Vi€ [1,nl.g(yi) = (l;, A, m)
= Vj.(H[L1[JD) # (H(DIn] < v)[;1[j] = j € T;. It is proved depending on y;.
When y; # vy, the array is not changed such that H[l;] = (H(l)[n] — v)[/;]. When
Yi =7, then T; = 3, we can show that the only updated index 7 at this array H[!] is
in B from our premise A; @, F I' € § in the rule, which proves this case.

Z;A;(Da;Ql—thlzint[I] Z;A;(I)a;QI—Uth:A S;AF P wf

CASE U-ALLOC
exec(Li1+Lo+Lg, Ui +Ux+Uy)

PRFAR O ) I—0 alloct; tp : {P} Ay ArrayY[I] A{Pxy—N}

Assume that F 6 : A and E §® and there exists Q'. s.t. FV (1) € dom(Q') and Q' < Q and
(0) € () gk

execﬁ(L1+L2+La U1+Ux+Uy) E, (0 0)
TS: (6o allocty 1) € [{P} Ty ArrayY[I] A{Pxy— I\I}]]

exec6(L1 +Lo+L,,Ur+U2+Up,)
Because alloc 11 1, is a value. STS: (§o alloct; £) € [{P} Ty :Arrayy[l] A {Pxy—Nilg
exec(Li+Ly+Lg, Uy +Ux+Uy,)
Unfold the definition of [{P} 3y :Array, [I] A {P *y — N}, . We choose g'og k'<k,
k" <k and H. Assume H Fg 1 P and H;alloct L
From H;alloct; tglk”, because t1,1, are sub terms of o alloc t; £2,we get
oot U;ﬁl NOO 1y U;ﬁz (1). From (1) , we get:
vy, v0, k1, ko. 001 Ukl'cl ViANOO b ng,ci Uy A\ kK" = ki+k,+1Anc=c1+ Ci + Calioc(@).
From (a) and evaluation rules we get: 31.H, (alloc t; )60 U;ﬁﬁ’c LH[ - [vy,...102](b).

By IH on the first premise instantiated with o € [6Q] ¢ xrusing lemma 1 and FV () €

dom(Q) and Q' € Q, we get (6o 1) € [[1nt[I]]]E,(]‘z,,L1 OU (4.
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Unfold the definition of [int[] ]]]::; (2/51,6U1) and using (a) and k; < k”, we know:

() e Hint[I]HG’,k”—kl > =IAN0L1<c=6U; IH1

By IH on the second premise instantiated with (o) € [6T] g -k, using lemma 1

and FV () S dom(Q') and Q' € Q, we get: (50 1,) € |[5A]]§;(2,L_2]’C?U2) (s %).

Unfold the definition of (**) and using (a), (b) and k, < k' — k;, we know
(vy) € [[6A]]g/,k/_kl_k2 = |I6A]]g',k’—k”+1 ANOLy < Ci =00, IH2

Let us assume: g" = g'lr — (I, A, D1(c), H = H, [l = [v2, vy, ..., 12]] (d). We want to show

4 cases.

TS1 (1) € [Array, (1] Algr kg

it is proved by unfolding the definition and using the assumption (c).

TS2 (H') '=g”,k’—k” pxy— N

we know that g"’(y) =(,A, ), H=HwH;AH;=1— [v2,s,..., V2]
STS1 Vi< I, (H;(D)[il € [Algn x—kr1. Itis proved by using IH2 and Lemma 1.

TS3 6(Li+Lo+Ly)<c<o6U+Ux+Uyp,)

It is proved by IH1 and IH2 and 6 L, < c4170c < 0U,.

TS4 In.P={y1 = Th,....yn— To}AVie[l,nl.g(y:) = (l;,A,m)
= Vji.(HILIG) # HLjl=j€ Ti}

Because new allocated y is not in B, so for all the y;, it is not changed.
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5.3.3 Fundamental Theorem for Relational Typing

Similarly, we have a fundamental theorem for the relational typing. The theorem says
the following. Suppose we have a pair of expressions (1,%,) that is well-typed with the
relational type 7 in the contexts X, A, ®, and I" with upper bound D on the relative
cost. Suppose we close A with the substitution 6 for index variables, which also satisfies
the constraint ®,, and close I' with a pair of closing substitutions (o1, 0>) satisfying the
interpretation of the relational context 6T". Then, the pair of closed terms (o t1,072 t2)
is in the expression interpretation of the closed relational type 67 with the cost upper

bound D.

Theorem 2 (Fundamental Theorem for Relational Typing). IfX;A;®@4;TH et SD:t

andt 98 : A andE 8@, and (01,02) € (0T) gk, then (01 1,02 1) € (07)¢

G,k D)
Proof. The proofis by induction on Z;A; @, T e, SD:1.
diff (D
SAOLTH Bt SDiiTiesTy  SAOuTFbet <Dyt
Case r-app

500l potit, SD+Dy+Dy:i1)
By assumption we have -6 : A, F 6P, and (01,02) € [6T] gk, we need to show:

(011 (01 12),(0285) (0215)) € (6T2)G 1. (5 D45 D46 D)
By the definition of the evaluation we have:

o R fix fx).r o1 2R v tlfix F(x). 1/ f1lvi x] 40 vy

e-fix
(O.l tl) (O.l t.z) UCl+02+C3+Cfapp,k1+k2+k3+l v,

o2 £, YR ix f (). op b UK 0" Flfix F0). 8 F1V X1 UK v
e-fix

/ I\ 11 €y +Ch+Ch+Crapp, k! +EL+KL+1 7
(02t1)(0'2t2)ul 2 TC3 T Cfappy iy THy TS v,
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So, unfolding the interpretation, for k; + k» + k3 + 1 < k, we must show:

L. (v1,v)) € (6T2) G k—(ky + kot ks +1)-

2. (C1+ o+ C3+ Crapp) — (€] + €y + €y + Crapp) <O D+ 0Dy +6 Dy

. . . . diff (D)
By induction hypothesis, from the first premise Z;A; @4 T - 106 <Dy 14 == Ty,

we have:

, diff (6 D) R
(01h,024) € (]5‘[1 — 6T2DG,k,5D1

From this we know:

diff (5 D)
(fix f(2).1,fix f(x).t') € (611 — 6T2) G k—ky A €1—C] <6 Dy

By induction hypothesis, from the second premise X;A;®,;T'F £, © té < D, : 71, we con-
clude:

(Ul 1,02 té) € (]67’-1[)2,](7,61)2

From this we have:
(v, V) € (6T1)Gk—ky N C2—C3 <6 D2

diff (6 D)
So, we unfold the definition of (fix f(x).t,fix f(x).t') € (071 — 072) 6 k—k,, using the pre-

vious conclusion (v, v') € (071G, k—(ky+k, +1), We have:
(tlfix f (). f1{w/ x), ¢ fix £ (x).£'1 10" 1x]) € (6T2DE x_ (ky 4 kps 1.6 D
From this we know:

/ !
(v1,v7) € (]572DG,k—(k1+k2+k3+1),5D NC3—C3= 6D

Now to conclude we can proceed as follows:
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1. (v1, V) € (072) G k—(k; +k,+ks+1) is proved by our aforementioned conclusions

2. (c1+ Co+ €3+ Crapp) — (€] + €5 + €4 + Crapp) < 8 D+ 0 D1 +6 D, is proved by our afore-

mentioned conclusions.

00,4 ot) S Dy :int(]]

LA0,T oty SDy:t yfresh A+ Pwf

Case r-alloc
diff(D1 +Dy)

3 0;@4T Falloct) @ allocty 1y SO: (P} 3y. Array, (11 T {Pxy — N}
By assumption we have -6 : A, F 6P, and (01,02) € [6T] gk, we need to show:

diff(5D1+6D2)
(alloc (o1 1) (07 1), alloc (02 1)) (02 1)) € ({P} T. Array, [I1 6T {P xy — N}DeG,k,O

Since alloc (01 1) (01 t2) and alloc (o> t{) (02 té) are values, it is sufficient to show:

diff(6 Dy +0 D»)
(alloc (01 1) (01 1), alloc (02 1)) (02 1)) € ({P} Ty. Array, [1] (6T) {P *y — N} G,k

By the definition of the forcing evaluation we have:

n

—A—
ot 19" n o162y z=[,.. 0 lfresh

f-alloc
alloc(o 1) (01 B); Hy U;1+62+Ca”°c’k1+k2+l LH W[l - z]
n/
roch ko 1 ych ko / / / /
o2ty yvrn ot Y22 vz =[v,...,v'] [ fresh
f-alloc

1 +Cy+Calloe, Ky +hp+1

f U'Hw(l— 2z

alloc (o2 1)) (02 13); Ha |}

So, unfolding the definition of interpretation, for G' 2 G, k' < k, and arbitrary heaps
H,, H, such that (H), Hz) F¢ g P and k) + kp +1 < k' < k. Now we define G, = G'[r —

(L,I''6t,6 D, H = Hi W[l — z] and H, = H, w [I' — Z'], we must show:

1. (Hj, H) 5, k- (ki +ko+1) PXY — N
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2. (l, l,) € QArrayY[5 I] (5T)DG2,k’—(k1+k2+l)'
3. (e1+ 2+ calloc) — (Ci + Cé + Calloc) < (0 D1 +6 D»).
By induction hypothesis, from the first premise Z; A; @ ;T - 1 © t{ < Dy :int[]]
and Lemma 1 we conclude:
(o1 t1,02 ti) € (]int[5 I]Dg’,k’,éDl
From this we have: (n, n’) € (int[d I1) ¢/ k- k,, which in turn tells us:

n=n"=6IAc—-c;<6D;

By induction hypothesis, from the second premise X;A; @ ;T H ot SDy: T
and Lemma 1 we have:

(015,021) € anDg’.k’ﬁDz

From this we have:

(v, V) e (6T)g k—ky N C2—Cy <6 Do
Now to conclude we can proceed as follows:

1. (Hy, H})) BG,,k'~(k +kp+1) P * ¥ — N. It is proved depending on y;. When y; # v, the
corresponding arrays is not changed, so the claim is trivial. When y; =y, we can

show that Vi < 6 I.H{ () [i] # Hy(I)[i] = i e N.

2. (ILIHhe (]ArrayY [0 11 (6T)) Gy, k'—(ky +k,+1) i proved by unfolding its definition using

G, =G'[r—(,l',61,61).

3. (c1+Ca+Calloc) — (€] +Cy+Calioc) < (6 D1+0 D-) is proved by the previous conclusions.
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U exgc(L,U/)
LA D Tl p 1y AP} 3y 2 Ay {Qu}
U exe_&:(L’,U’)
L0 Qg T b2 1 {Po} 3V 0 AL {Q2} dom(P) = dom(Py)
diff(D")
5004, x: UALL A F ety < Dy: {PUPY VLT Q)

Case r-e-bind
diff(D"+(D2—L3)— L1 —L—Cjet)

00,4 oletixt =1 int, SUs: {P} Iy1.7' {Q}
By assumption we have -6 : A, E 6P, and (01,072) € [0T'] gk, we need to show:

diff(§(D'+(D2—L2)—L1—L—Clet))
(011, letix} = (028 in (@2 € (PYIV1.0T QY DErsu,

By the definition of the evaluation of o, t, of the form o, %, yer* yy, and the evaluation

of the monadic bind of the form, we have:
(let{x} =02 t] in o2 t5) Y% letix} =02 1] in o2 1)

So, unfolding the definition of the expression interpretation, we must show:

1. q—-0=<06U>.

diff(6(D'+(D2—Lp)—L1—L—Cjet))
2. (v1, (let{x} = (o2 1)) in (02 15))) € (6( {P} 3y1.67 {Q} )G k- -

U exec(L,U")
By Theorem 2, from the second premise Z; A; ®,; |T'|; I—Lz2 tr 1 {Po} Ay1 : A1 {Q2}, in-

stantiated with 0 € [6IT1],g), k inferred from (01, 07) € (6T) ¢k, we have:

exeg(ﬁL’,ﬁ U’ .
(O8] tZ € H{PZ} EIYI :6A1 {QZ}HlGll,k,(5L2,5U2)

From this we have:

exeg(é L'6uU")
v1 € [{P2} 3Y1:0A1 {Q2}lig1 kA0 Lo <c1 <6 Us
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which proves our first goal: ¢; — 0 < 6 U,. We then need to show:

. . diff(§ (D' +(D2—L2)—L1—L—Cet))
(v1,let{xt =02t ino2 1) € {P}Iy1.67 {Q} )G k—ky

By the definition of the forcing evaluation we have:
Ul;HU]cez’kz v2; Hp

1okl 1ot ks p o . chkl ropgt ke o pp
o2t UMV v H V2P v HY o blvp x5 v, 1/2,H1Uf4 ‘v H,

! f-bind

. c+ch+ch+ch+ e, kL I+ KL+ KL +1
Iet{x}»:agz‘{mcfgté;H’Uf1 27T TR Myl H)

So, unfolding the definition of the interpretation, for G' 2 G, k' < k — ky, arbitrary heaps

H,H'suchthat H,H' F¢g v P and ks < k' < k — k1, we must show:

1. (Hy, Hy)) Eg -k, Q.
2. (v2, V) € (0T) e k—k,-
3. o= (cy+cy+cy+cy+Clet) <O(D +(Da— Ly) — Ly — L—Clep).
By induction hypothesis using Theorem 2, from the first premise, we have:

exec(éL,él_/I)
02 ti € H({Pl} EIYl :6A1 {Ql})]]th,k/,(ﬁLl,(sUl)

From this we have:

exec(0 L,6 U)
v e [{P1} 3y1: 6 A Qg -k A OLy < <6l

which in turn tells us the following when we define g» = |Gl»:

HiFgp QA V€Al g1y ANOLSc;<6U



82
From this, we can conclude:
(o1lvy/x], 020V /x]) € (6(T, x: U(A}, AD) 6,k
By induction hypothesis, from the third premise instantiated with (o1 [v}/x],02[v]/x]) €

(0T, x:UAL, AD)) G,k we have:

, L diff(&_P’) ,
(01 21V} x],02 t,[vy/ x]) € ({P U P1} 371.0T {QI)E, 11,

From this we have:

diff(s D")
(v1,v5) € ({PUP1} 3Y1.6T {QD)Gyk—ky A €1—C5 <8 D

diff(5 D)
We unfold (v1, v5) € ({P U P1} 371.67' {Q)) 6, k-, and have: (H, H) Eg i PU Py by using
the definition of the heap relation and the premise dom(P) = dom(P,). We choose G, =

G’ and then have:
(v2,v3) € (6T ) k—k, N C2—Cy <D A (Ha, Hy) Egr ik,

Now to conclude we can proceed as follows:
1. (Hy, H)) Eg k-, Q is already proved by the previous conclusions.
2. (v2,v3) € (67) ¢, k' —k, is already proved by the previous conclusions.

3. o= (¢, +ch+ch+c+cer) <6(D + (Dy—Ly) — Ly — L— ¢ep) is proved by previous
1T T3 Ty y

conclusions.
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5.3.4 Soundness of ARel.

When we have the fundamental theorems for both the unary and relational typing, we

can easily have the soundness of our system. The soundness statement covers four pos-

sible cases which are the combination of the two kinds of computations we have in

ARel, pure and impure, and the two kinds of typing, unary and relational. It can also

be found in appendix A, Lemma 3.

Lemma 3 (Soundness for Costs).

1

2.

Proof.

IfrVt:Aandt v, thenL<c<U.

exec(L',U") ;o
Ifl—g v:{P}3y: A{Q}, and there exists H such that H =g v P and v; H U;’k v, H

andk" <k',thenl' <c' <U'.

If-thet,SD:tandt; | vy andt, )2 vy, thency — ¢, < D.

diff(D’)
. Iftvie vy, S0:{P} Iy : 7 {Q}, and there exist heaps H,, H, such that Hy, H, Eg i P,

Cl , kll

/
and vy; H Ufl v, Hy, vo; Hp U;" vy, Hy and k" < k', thenc; —c, < D'.

1. Proofof statement (1) follows by the fundamental theorem for unary typing

directly . If I—g t: A then te[A] g'(kL'U) for some k and g. We can then conclude the

following by unfolding the definition of the expression interpretation: L<c< U

and 7 ||° v.

. Proof of statement (2) is proved by the interpretation of the unary monadic types.

exec(I:’,U’) E(LU)
From the fundamental theorem, we can have v € [{P} 3y : A {Q}] g for some

g and k = k’. We can conclude the following by unfolding the definition of the

interpretation:L' < ¢’ < U’.

. Proof of statement (3). From the fundamental theory of relational types,

if -t ot < D: 1, we know closed terms (1, ;) will be in the interpretation of re-
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lational type T, (]Tl)gllz for some G and k = k’. We can conclude the following by

unfolding the definition of expression interpretation of relational type: ¢; —c2 < D.

4. The proof of statement (4). From the fundamental theory,
If-viev, <0:{P} %i;f(f);) {Q}, we know closed terms (v, v2) in the value interpre-
tation ({P} cElligf(:Dll') {Q}) G,k for some G and k = k', we conclude the following by un-
folding the definition of the value interpretation of the relational monadic type:
I

/ /
o QSD.

O

In ARel, we require the elements of the arrays to be of the base type so that the return
type of the monadic type will be base type, as mentioned in Section 4.2.2. So we do not
consider cases that the return type of a monadic type is also another monadic type. In
the unary setting, the soundness considers two cases. Statement (1) talks about the pure
evaluation cost ¢ of a program ¢ of unary type A, showing that c is bounded by the lower
bound L and U in the typing judgment. This statement is general to A so that A can be
either monadic or not. The statement (2) shows that the forcing evaluation cost ¢’ of a
value v with a monadic type {P}?XEIG;/(?X I{)Q} will be bounded by the lower bound L' and
upper bound U’ in the monadic type.

The statement (3) and (4) talk about the relational cases. Statement (3) shows if two
programs t; and t, are related by a judgment in ARel, then the relative cost of the two
programs is upper bounded by the bound D of the judgment. In this case, the rela-
tional type 7 can be either a monadic type or not. Statement (4) only talks about impure
computations. The difference of the forcing evaluation costs of two values related at a
relational monadic type {P} cfiiigf(fj;) {Q} is upper bounded by the bound D’ of the relational

monadic type.
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CHAPTER 6
Examples Analyzed by ARel

Examples are easier to understand than words, so in this chapter, we show five more ex-
amples demonstrating how we perform relational cost analysis on programs with arrays.
To improve readability, we omit some annotations and use syntactic sugar. For example,
we abbreviate let{x} = ; in f, to x — 1 ; f, and even to f;; &, when x does not appear in
f,. We also shorten the type U(A, A) to U(A) and use if t then #; else £, as syntactic sugar
for case(t, x.t1, y.t2) when x and y do not appear in #; and t,, respectively.

In some of the examples, such as the Cooley-Tukey FFT Algorithm below, we add a
dummy first argument of type unit to a recursive function. This allows us to make the

recursive function polymorphic in index terms.

6.1 COOLEY-TUKEY FAST FOURIER TRANSFORMATION ALGORITHM

Fast Fourier Transform (short for 'FFT’) is an algorithm that computes discrete Fourier
Transform of a sequence, as in our example, in the form of an array. As the most widely
used FFT algorithm, the Cooley-Tukey algorithm uses the idea of divide-and-conquer
and recursively breaks the sequence into smaller parts. Throughout this example, we
want to show how to use relational cost analysis to reason about programs with impera-
tive updates. We consider the following implementation of the Cooley-Tukey algorithm
for fast Fourier transforms (Cooley & Tukey, 1965) in Figure 6.1. The full detail can be
found in Appendix A, Example A.6.1.

The recursive function FFT uses divide-and-conquer. The variable x is the input
array, y is another array used for temporary storage, m is the length of the range of the
array to be transformed, and p is an index that specifies the starting index of the range

of the array to be split in the recursive call. This function uses a helper function separate



fix FFT 0.Ax.Ay.Am.Ap.
if 2< mthen
separate ) x my p;
FFTOxy(m/2)p;
FFT O xy(m/2) (p+m/2);

fix loop ).Ak.Am.Ax.Ap.

if k< (m/2)then
e—read x (k+p);
o—read x (k+p+m/2);
let w =exp(—2rk/m) in
updt x (k+ p) (e+w *o0);

loop)0m x p updt x (k+p+m/2) (e—w*o0);
else loop () (k+1)mxp
return () else

return ()
fix separate ).Ax.Am.1y.Ap.
spQxmOyp;
cpOyx p(m+p)

Figure 6.1: Code of FFT.

to relocate elements in even positions to the lower half of the array x and elements in
odd positions to the upper half of the array respectively, using y as a scratchpad. The
function separate also uses two helper functions — the function sp does the separation
work using temporary storage and the function cp copies the separated part from the
temporary storage back to the original array. We omit the code of sp and cp here, which
is standard; this code can be found in Appendix A, Example A.6.1.

Another helper function loop simulates a for loop in which the input array x is up-
dated using the mathematical manipulations needed for the Fourier transform. Intu-
itively, this example is constant time (for arrays with fixed length) because array manip-
ulations depend only on the positions of the elements, and not on their values (assum-
ing constant time addition and multiplication). One way to internalize this observation
in the typing process is using only relational rules and relational types, always with the

relative cost 0. We do this for the auxiliary functions separate and loop first, the following
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is the relational typing of separate and loop.

unit — Vy1,y2, 61, M,N,P(P+ M < N) >
I separate © separate < 0: (Arrayy1 [N] U(int)— int[M] —»Array),2 [N] U(int)—

diff(0)
int[P] —{y1 — B1,y2 — N} I_unit {y; = N,y2 = N})

unit — vy, 61.VK,M,N,P(P+ M < N) >
Floopeloop S 0: (int[K] — int[M] —Array,, [N] U(int)— int[P] —
diff(0)
{y1 — B1} I_.unit {y; — N})
The constraint P+ M < N guarantees the array bound limit. With the relational type of

these auxiliary functions, we can easily give the following relational type to FFT, wit-

nessing the constant-time nature of this function.

unit — Vy1,v2, 61,M,N,P(P+ M < N)>
FFFTeFFT S0: (Array,, [N] U(int)—Array,, [N] U(int)— int[M] —

_ diff(0)

int[P] —{y1 — B1,y2 — N} I_.unit {y; = N,y — N} )
Another way to achieve the same result is to first compute the precise lower and upper
bounds on the unary cost of FFT and then show that they are, in fact, equal. However,
computing the precise unary cost of FFT is more difficult. We first establish the precise
cost of the auxiliary functions. For example, we need to give the following unary type to

separate and loop.

unit — Vyy,y2, M, N,P(M+P < N)>

F-separate: (Array,, [N] int— int[M] —Array,, [N] int— int[P] —

exec(4*M,z%*M)
{y1 —N,y2 =N} I_.unit {y; = N,y, = N})
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unit — Vy,,K,M,N,P(P+ M < N) >
F loop: exec(4*(M—-K),4*(M—K))

(int[K] — int[M] —Array,, [N] int— int[P] —{y; — N} 3_.unit {y; — N} )
Once these unary costs are available, we can conclude that the function FFT has the
same min and max costs: 8 * M * log(M) and is, thus, constant time (using the rule
r-switch in Figure 47}
While both the unary and relational reasoning can show that this example is con-
stant time, the relational reasoning is much easier in this case since the relative cost is 0

everywhere.

6.2 NAIVE STRING SEARCH

We show how a combination of unary and relational reasoning can give a precise relative
cost to a classic array algorithm: naive substring search. The full detail can be found in
Appendix A, Example A.6.2.

As in our example, strings are represented as arrays of integers (storing the ASCII
code of each character). In Figure 6.2, the function NSS takes as input, a “long” string
sand a “short” string w in the form of arrays, the lengths /s and [,, of these arrays, and
an array p of length [; (we call this the result array). This function iteratively searches
the substring w at each position in s and records whether the substring is found at that
position (1) or not (0).

To do this, NSS uses helper function search, which is also in Figure 6.2.

The function search has the same inputs as NSS except for the additional index i, that

!t is not hard to see that FFT has unary cost in O(M *log(M)): The unary costs of separate and the call
to loop() are both linear in M, so the cost f(M) of FFT satisfies the recurrence f(M) =2 * f(M/2) + O(M),
which has the standard solution O(M * log(M)). However, proving this in the type system is much harder
than the direct relational proof of 0 relative cost.
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fixsearch().As. Aw. Am.Ai. Als. ALy, Ap.
x<—read s(m+1);

y—readwi;
fix NSS (8).Aw.Am. ALy ALy Ap. ifi+1 ==Ly then
: if x==ythen
if (m+ 1) <I;then
updtpm1
searchswmO0I; 1, p; olse
NSSsw (m+1) 51, p updt p m 0
else
return () else
if x==ythen
searchQswm@@+1) I 1, p
else
updt pmoO

Figure 6.2: Code of NSS.

iterates over the positions of /,,. The two conditionals check whether search is in its final
step (i + 1 == [,), and whether the two corresponding characters in s and w coincide.
When the two characters differ, p is updated with 0. When the two conditionals are
satisfied at the same time, p is updated with 1. Thanking its recursive nature, search
allows the substring search index by index until a result is obtained.

Intuitively, search runs fastest when the first character of w does not appear in s. It
runs slowest when the suffix of w starting at index i occurs in s at offset m +i. The
difference between these two costs is a bound on the relative cost of search. However,
in the specific case where we consider two runs of search on the same string s, the same
index i and where the two ws agree on some prefix, we can see that the two runs behave
identically until we reach an index where the ws start to differ. In this case, we can give a
better bound. To write this bound, we need to express the first index in the range [i, ;]
where the two ws differ. In ARel, the index term MIN(B2 N [I,00)) represents this index
(assuming f, is the relational precondition of w and I is the static index refinement for

i’s size). Then, search incurs a nontrivial relative cost only after this index is reached.
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Using this idea, we can show:

unit — Vy1,v2,vs, I, M,R, N, B2, Bs.

Fsearchesearch <0: (J<R<NAM+I<N)>

diff((R—1-min(MIN(20[1,00)),R-1)) 1)
(T —{Py3 — B3} A_unit {By3 — f3U{M}})

where T :Arrayy1 [N] U(int)—»Arrasz [R] U(int)— int[M] — int[I] — int[N] —

int[R] —Array,, [N] U(bool)

where P =y, — @,Y2 — B2, R is the static size of [, and r is the (constant) cost of two
read operations. The constraint I < R guarantees that the search will not exceed the
length of the array w and the constraint R < N guarantees that w is shorter than s. The
other constraint M + I < N guarantees that the search will not exceed the length of the
array s. The post-condition modifies only the set associated with y3, from f3 to f3U{M]},
unveiling that only the result array p will be overwritten. To account for the case where
w is the same in the two executions we also add a lower bound R —1 in the cost. The
relative cost we establish here is more precise than the one we would achieve with a
non-relational analysis (R—1—1) * r).

We stress here that to obtain this relative cost, the rule r-fix-ext in Figure 4.6 is essen-
tial. At a high level, typing proceeds by case analysis on I € §,. When I ¢ 3, we can pro-
ceed relationally with relative cost 0 in the recursive call. When I € 8, the control flows
may differ in the two runs and we need to switch to unary reasoning via the rule r-switch.
To obtain our bound using unary worst- best-case analysis we need the precise unary
type of search, which is available in the context thanks to the rule r-fix-ext. The details of
this proof are in Appendix A. By using the typing above for search, we can also obtain an

improved relative cost for NSS relative to itself: (R—1—- min(MIN(B,N[I,00)), R —1)) *
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r* (N —M —R). This is simply the number of times search is called (N — M — R) multiplied

by the relative cost of search.

6.3 MERGESORT

As our next example, we consider an imperative version of mergesort. Similar to what
we did for the mapi example, we present two relational types for this mergesort, cor-
responding to two different assumptions on the inputs. The full detail can be found in
Appendix A, Example A.6.3.

Consider the function msort in Figure 6.3 which sorts the elements of an array a from
index [ to u, using another array b as buffer. We use here an auxiliary function merge,
merging the two sorted partitions of the array, defined in the same figure. The function
merge takes in input the array a, the buffer array b, the starting index / and ending index
u, and additionally asks for a “midpoint” index m at which the array range is divided. It
uses two helper functions: the function merge), which implements the standard merging
process in a recursive way, and the function copy which copies the merged buffer array
back to the working array. We omit the code of the function copy here (it can be found
in Example A.6.3.) and we show just the code of the function merge.

The argument k tells the position where to store the merged element in the buffer
array b, the four arguments [, [,, rs and r, separate the array a into two portions, the
left one is specified by the variables /; and [, representing its starting and ending indices,
whereas the right portion is specified by r; and r.. The idea underlying this function
is to check if there is an element available in the left portion and right portion using
conditionals, and then compare two elements, each one from one side, before storing
the smaller one in the buffer array at the position pointed by k. Then this pointer is

updated, and the process is repeated recursively.



fix msort (). Aa.Ab.Al.Au.
if I =uthen
return ()
else
msorta bl (I+ [(u—10/2]);
msortab (I+ [ (u-0/2]+1) u;
mergea bl (l+[(u—-0/2])) u

merge = Aa.Ab.Al.Am.Au.
merge, lalm(m+1) ub;
copylabu

Figure 6.3:
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fix mergey, (k) Aa.Alg.Ale.Arg.Are.AD.
if I3 <, then
if rg <rethen
x<—read al;
y—readars;
if x <y then
updt b k x;
mergey, (k+1) a (Is+1) lorsTe b
else
updtb k y;
merge, (k+1) alsle (rs+1) re b
else
x—read alg;
updt b k x;
merge, (k+1) a (ls;+1) lorsre b
else
if rg<rethen
x+—readars;
updt b k x;
mergelp, (k+1) alsl, (rs+1) e b
else
return ()

Code of msort.
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The first relational type we want to show for msort assumes that the two arrays, which
are input to the two runs, are equal in the range [/, u]. Intuitively, the fact that we have
the same array elements in the range [/, u] implies that we have the same execution path,

and so we can prove that the relative cost is 0.

unit— V1, u,B,v,y’,N.
IsusNABNnlLul=¢>
F msort e msort <0:
(Array, [N] U(int)—Array,,[N] U(int)— int[l] —
diff(0)

int[u] —{y — B,y — N} I_.unit {y — 8,7’ = N})
The assumption that the two arrays from the two runs are equal in the range [/, u] is rep-
resented by the constraint (8 N[/, u] = @), where £ is a variable representing the indices
at which the two arrays can differ. Using this assumption, we can derive relational types

asserting relative cost 0 for both merge), and copy, and thus for merge. We first show the

type of merge|, and then merge below.

VN) lS) le) rS) re» K}Y)Y/)ﬁ-
ls<le<rs<1re < NAPBNIK,Tel=@ D
- merge|, © merge), S0: (int[K] —Array, [N] U(int)— int[/s] — int[l,] —

int[rs] — int[r,] —»ArraW [N] U(@int)—
diff(0)
{y = B, — N} A_unit {y — B,y = N\ [[,ul})

vi,m,u,B,y,y,N.

IsusNABn[Lbul=¢>
F merge© merge <0
(ArrayY[N] U(int)—Array,,[N] U(int) — int[/] —
diff(0)
int[m] — int[u] —{y — B,y — N} I_unit {y — 8,7’ — N} )
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Notice that we also restrict the value of u to be between the starting index / and the
array length of a. Moreover, notice that precondition and postcondition are equal. This
follows again from the assumption we have for this typing: since the two arrays coincide
in the range [/, u] before the sort, they will also coincide after the sort, so no new element
will be added to .

We now want to show a more general relational type for msort that doesn'’t rely on the
assumption about the two input arrays to be equal in the range [/, u]. We start from rea-
soning about a general type for the function merge,. Without the previous assumption,
we may now have different possible execution paths for two runs of this function. We
use the rule r-switch to switch to the unary analysis to get the relative cost and the rule
R-X to use the subtyping rule r-rum for the proper monadic type. Using this approach

we can get the following relational type:

VK) lS) le) rS) re;ﬁ;Y)Y/)N-

Fmerge,emerge, S0: i<l <rs<r,<NAK<r,>D

diff(max(le—Is,re—75))
(T —{y — B,y — N} A_unit {y — 5,7’ — N})

where T = int[K] —»ArrayY[N] U(int)— int[/] — int[[,] — int[r;] —

int[r,] —Array,/[N] Ul(int)

So, we have that the relative cost of two executions of merge, is max(l, — I5, e — 15). The
function copy does not contain branches and so it does not introduce a relative cost.

Using the relational type described above we can derive the following relational type
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for merge.

VI, muNpNy, Y VN:N.I<sm<u<N>
F mergee merge <0: ArrayY[N] U(int)—»ArrayY, [N] U(int)— int[l] — int[m]

diff(max(m—-1,u—(m+1)))

— int[u] —{y — B,y — N} 3_.unit {y — U [l, ul,y — N}

With it, we can now give a relational typing to msort.

vi,u,B,y,Y,N.lsu<N>
F msortemsort <0: (ArrayY[N] U(int)— int[/] — int[u] —»ArrayY,[N] U(int)
diff(Q(u—1+1,18n[L,ull)
—{y—B,¥ — N} _unit {y — u{l,u},y’ = N})
where Q(n, @) = 2L h([2'~11) - min(a,2"~") and H = [log,(n)1. To prove that msort has
this relative cost, we need some algebraic properties of the recurrence relation Q, which

we postpone to the appendix. While the cost looks complicated, we prove that it is in

O(n-(1+log, (BN (L, ul)).

6.4 INPLACE INSERTION SORT

Our next example, inplace insertion sort, implements the insertion sort algorithm with-
out any temporary arrays. This is an involved example that combines most of the ideas
we discussed in other examples, in order to derive a precise relative cost. The relative
cost is complex but we can show that under reasonable assumptions, ARel provides a
more precise relative cost than a unary analysis. The algorithm is written in our language
in Figure 6.4. The full detail can be found in Appendix A, Example A.6.4. The function
[Sort sorts the input array s in the range [i, [;]. Intuitively, we observe that the cost of
ISort relative to itself should be the sum of the possible cost variation of every recursive

call, which is mainly decided by the auxiliary function insert shown in Figure 6.4.
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fixinsert (). As.Aa.Ax.Ai.

b—read s x;
if a= bthen
fix I1Sort (). As.Ai.AL. insert ) sa (x+1) i;
if i <lgthen else
; j shift ) s x (i—1);
a<readsi; ot 5 5
fgs;; rE)S esrti(lsl)alo Y fixshift 0 AsAidaxAd.
’ if idx < i then
else .
return () c—readsi;
updtsi+1c;
shift () sidx (i—1)
else
return ()

Figure 6.4: Code of ISort.

The recursive function insert implements the standard operation of inserting an el-
ement into an array by finding the right position x to insert the element at and shifting
elements behind x in the array backward before updating the value at index x to a. The
input arguments x and i specify the range in the array to insert. This function uses a
helper function shift, which performs the shift operation. It is not hard to observe that
the auxiliary function shift, shifting the elements in the range [idx, i] backward by one
index, uses one read operation and one update operation at every index, and finding
the right position only needs one read operation. The unary cost of ISort is maximum
when the input array is initially sorted in descending order. In contrast, the unary cost
is minimum when the input array is initially sorted ascending. Assuming that read and
update operations incur a unit cost, the unary type of insert is as follows.

unit— Vy;,N, X, . X< NAI<N>

F insert : exec(I-X+1,2%(I-X)+2)

(Array),1 [N] int— int — int[X] — int[/] —{y; — N} 3_.unit {y; = N})

With this unary type of insert in hand, we can obtain the relative cost of insert by switch-
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ing to unary reasoning and then taking the difference. An interesting observation is that
if the input arrays of the two runs coincide in the insertion range [ X, I] and the elements
‘a’ being inserted also agree, then insert’s cost relative to itself is 0. The corresponding
relational type is shown below, where the constraint $; N [X, I] = @ describes our afore-

mentioned assumption.

unit — VYl,ﬁl,N,A,X, 1.
X<NAIsSNABINIX,II=¢>
Finserteinsert <0:
(Array, [N] U(int)— int — int[X] — int[I] —
diff(0)

{y1 — f1} I_unit {y; — f1})

This observation can be used in typing ISort: For every I, we split cases on whether
B1n[0,I] = @ or not (using rule r-split). While ; N[0, I] = @, we proceed relationally (with
0 relative cost). Once f; N [0,I] # @, we switch to unary reasoning using rule r-switch
since control flow may differ in the two runs. We need the rule r-fix-ext to allow us to
switch back to unary typing when the control flow actually differs at some point. Using

this idea, we obtain a very precise relational cost for ISort.

unit — Vy,61,N,I.I< N>
FISorte1Sort <0 diff( NN (k)
2

(Array,, [N] U(int)— int[I] — int[N] —{y1 — B1} 3_.unit {y; — N} )

where the index term k = max(I, min(MIN(B,), N)) represents the first index where

NN +1)2_ kx(k+1) i the sum of all the relative costs

the two arrays differ. The relative cost
generated in the recursive calls corresponding to indices in the range [k, N]. Recursive
calls up to index k incur 0 relative cost, as noted above. More details are provided in the

appendix. We note that the cost obtained here is more precise than the relative cost that

can be obtained using unary reasoning alone.
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fix loop (A). Am.An. loopOp = if b then
if m < nthen fix loop’ (A). Am.An.
if bthen if m< nthen
h—read Am; h—read Am;
let_=fhin let_=fhin
loop A(m+1)n loop’ A(m+1)n
else else
return () return ()
else else
return () AAAm.An.return ()

Figure 6.5: Code of Loop Unswitching.

6.5 LOOP UNSWITCHING

In the next example, we will have a look at one technique applied in compiler optimiza-
tion, known as "loop unswitching". In this example, we show ARel can provide a more
precise relative cost than the standard worst-case/best-case analysis when dealing with
two programs that are not structurally similar. This is the first example we compare two
different programs.

We propose a function loop in Figure 6.5, which operates a simple loop over an input
array A, from index m, to the end of the array specified by the length of the array n of
type int[N]. Inside the loop, there is an if conditional if b..., whose then branch reads
the value in the array at index m and then does some pure computation f & on the value
h just read before going into the next iteration. For simplicity, we let the else branch do
nothing, return unit.

Actually, this program can be transformed a little bit, by pulling out the if conditional
from the function body, as we can see in the right part of Figure 6.5, we call it loopOp,
which is the optimized version of loop. We suppose the original loop and the optimized
loopOp operates on the same array A, has the identical pure computation f inside the

loop, and shares the boolean input b in two runs. Intuitively, we think the relative cost
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is upper bounded by N when we count one unit cost for elimination forms because the
first one checks b at each iteration while the optimized one checks only once. When
people use the worst-case/best-case analysis, they obtain the following unary types at
first.
(A — unit) — bool — Vy;, N, M.
FAf.Ab.loop: exec(l,4%(N—M)+1)
Arrayy1 [N] A— int[M] — int[N] —{y; — @} 3_.unit {y; — @}
(A — unit) — bool — Vy;, N, M.
FAf.Ab.loopOp: exec(1,3%(N—M)+1)
ArrayY1 [N] A— int[M] — Int[N] —{y; — @} 3_.unit {y; — @}

In the above unary type, both precondition and postcondition have location y, referring
to the empty set. It is consistent with our assumption that f does some pure computa-
tion, hence indicating the arrays remain intact within the execution of either loop or
loopOp, which requires no writing permission. The unary upper bound loop is 4 * (N —
M) + 1 when we count the cost of reading the array as one unit cost, the function ap-
plication fh as one unit cost, and the test of the conditional of the if statement as one
unit cost. Similarly for loopOP. With the help of the subtyping rule s-rum, we obtain the
relative cost, which is 4 * (N — M). When we start the loop from the beginning, which
means M = 0, then the relative cost is bounded by 4 * N, instead of our intuition N since
the only difference is the test of b for every iteration.

On the other hand, we can do better if we use the relational analysis, in particular, the
relational asynchronous rule r-t-case in Figure 4.7. Remember, we use if ¢ then fjelse 1,

as the syntactic sugar for the construct case (f, x.f;,y.12). To be precise, we can have a
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simplified asynchronous rule r-t-if from r-t-case.

%A@ Tl ) £/ :bool ;AT Hief SDyiT

5004ttty SDy:T
r-t-if

;0@ T toif ' then tielse ty <Dy — Ly — Cogse: T

The above asynchronous rule allows us to compare loop with respect to the inner recur-
sive function loop’ inside loopOp. When we compare the body of loop and loop’, and type
the "then" branch of the first if conditional if m < n ..., we come across the structurally
dissimilar pieces of code: the red(left) part in loop and the green(right) part in loop’ in
Figure 6.5. In this turn, we use a similar asynchronous rule r-case-t in Figure 4.7. In par-
ticular, we want to avoid comparing the "else" branch return () in the red part of loop
with the green part of loop’, when we know the conditional b the same in two runs. To
this end, we can refine our boolean type bool as we do for the integer type, bool[B] for
unary boolean type and bool, [B] for the relational one, where B € {true, false} so that the
erasure operation over the relational type gives |bool,[B]|; = bool[B]. Then, accordingly,
our asynchronous rule r-t-if also reflects this modification, we call it r-t-if-br to distin-

guish the previous one.

0D, I—Zl t' :bool[B] A0, ABTHtet; <Dyt

NP, A BT HFtet,<Dy:T

r-t-if-br

;A @4 T toif ' then tlelse t; <Dy — Ly — Cogse: T
In this sense, we can compare the red code if b... with the green one using this modified
rule, since now b of type bool[B] will hold due to the constraint environment ®, A B, we
only need to compare the then branch of the red code with the green one. The compar-

ison between the else branch and the green part is trivial because the constraint envi-
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ronment will not be satisfied. In that case, we can provide any cost we want.
Now we are able to provide the relational type of the two programs with a precise

cost upper bound as follows:

(U(A) — unit) — VB :: {true, false}.bool, [B]

FAf.Abloope Af.Ab.loopOp <O0: diffD, Vy1,N, M. Array, [N] U(A)— int[M]
diff(N—M)

— int[N] —{y; — @} 3_.unit {y; — @}
Notice, the negative cost —1 in the type comes from checking b at the beginning in the
optimized version. And the relative cost embedded in the monadic type reflects the
difference between the red(the boxed code in loop) and green(the boxed code in loop’)

parts for every iteration.
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CHAPTER 7
Related Work of ARel

This chapter discusses the related work that inspires the design of ARel. It consists of
two main parts: Static cost analysis that ARel is working on, and Relational Verification

which reasons about relational properties such as relative cost in ARel.

7.1 STATIC COST ANALYSIS

There is a lot of prior work that has studied static cost analysis, however, all these sys-
tems consider the unary cost. On the other side, ARel provides static cost analysis in the

relational setting.

Type and Effect Systems Reistad & Gifford (1994) present a type and effect system for
cost analysis, like ARel, and the cost can depend on the size of the input. Danielsson
(2008) uses a cost-annotated monad similar in spirit to the one we use in ARel. Dal Lago
& Gaboardi (2011) present a linear dependent type system using index terms to analyze
time complexity. Wang et al. (2017) develop a type system for cost analysis with time

complexity annotations in types.

Recurrence Extraction Recurrence extraction is a classic approach to reason about the
cost. The recurrences relations, which express the run time cost in terms of sizes of
inputs, can be extracted under either call-by-value, call-by-name or call-by-push-value

evaluation strategies (Danner et al., 2015; Kavvos et al., 2019; Cutler et al., 2020).

Amortized Resource Analysis Charguéraud & Pottier (2015) present an amortized re-

source analysis based on an extension of separation logic with time credits. Our use of
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triples and separation-based management of arrays references is similar to theirs. How-
ever, their technique is based on separation logic, while ours is based on a type-and-
effect system. Moreover, they consider only unary reasoning while we are interested
primarily in relational reasoning.

Lichtman & Hoffmann (2017) present an amortized resource analysis for arrays and
references using. Hoffmann et al. (2012) present an automated amortized cost analysis
for programs with complex data structures such as matrices. Their technique represents
the available “potential” before and after a computation, similar to our triples. Again,
they focus only on unary cost analysis and consider mostly first-order programs and

linear potentials.

7.2 RELATIONAL VERIFICATION

Outside of cost analysis, a lot of work has considered relational verification techniques

for other applications.

Probabilistic Relational Verification Lahiri et al. (2010) present a differential static
analysis to find code defects looking at two pieces of code relationally. Probabilistic re-
lational verification has seen many applications in cryptography (Barthe et al., 2014)
and differential privacy (Gaboardi et al., 2013; Barthe et al., 2015a). Barthe et al. (2015a)
propose HOARe? which uses relational refinements to reason about differential privacy
and other probabilistic relational properties. ARel also relies on relational refinements
to reason about pairs of arrays via assertions P, Q in our monadic types. The difference
is that we choose lightweight assertions and use them to reason only about the differ-
ence of arrays. Conversely, HOARe? uses arbitrary relational refinement types, which

are more expressive, but which also require many more annotations.
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Amortized Relational Resource Reasoning Ngo et al. (2017) combine information
flow and amortized resource analysis to guarantee constant-resource implementations.
Their type system allows relational reasoning about resources through precise unary
analysis. Their focus is on first-order functional programs and on the constant time
guarantee, while we want to support functional-imperative programs and more general

relative costs.

Relational Refinement Types The indexed types used by Gaboardi et al. (2013) are
similar in spirit to ours. Their indices cover the size of the data types as we do, but
they also track the sensitivity, which is useful for differential privacy. Our indices instead
focus more on the effects and differences of arrays. Zhang et al. (2015) introduce de-
pendent labels into the type of SecVerilog, an extension of Verilog with information flow
control. The use of a lightweight invariant on variables and security levels in SecVerilog
is similar to our use of 3, which is also an invariant on static location variables. Unno
etal. (2017) present an automated approach to verification based on induction for Horn
clauses, which can also be used for relational verification. Benton et al. (2014, 2016)
introduce abstract effects to reason about abstract locations. This is conceptually sim-
ilar to the way our preconditions and postconditions allow us to reason about different

independent locations.

Relational Cost Analysis Our work is directly inspired by RelCost (Cigek et al., 2017a)
and DuCostlt (Cicek et al., 2016). These are refinement type and effect systems for pure
functional languages without mutable state. RelCost supports relational cost analysis
of pure programs. In contrast, ARel supports imperative arrays. The difference is sub-
stantial: Besides significant changes to the model, the type system has to be enriched

with Hoare-like triples, whose design is a key contribution of our work. RelCost has an
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implementation via an SMT back-end (Cicek et al., 2019); we extend this approach with
imperative features and support for sets of indices (our Bs). Radicek et al. (2018a) add
a cost monad to a relational refinement type system, where refinements reason about
relational cost, for programs without the state. This system is expressive: it supports
a combination of cost analysis with value-sensitivity and full functional specifications
(RelCost can also be embedded in it). However, it requires a framework for full func-
tional verification. Our approach is complementary in that we use lighter refinements

that are easier to implement but do not support full functional verification.
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II BIAREL

In the next few chapters, we will have a look at the implementation of ARel, a bidirec-
tional type checker named BiARel. Since ARel has some interesting points compared
to the standard type and effect system, the implementation starts from a simple system,

and then step by step to reach BiARel.
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CHAPTER 8

Towards Bidirectional Type Checking

We have seen the type system of ARel and how it is capable of type checking many
examples and verifying the cost bounds along with the type both in Chapter 6 and in the
appendix A. Naturally, the implementation of ARel becomes the next target.

As we have seen, relational type systems such as ARel, are appealing for relational
properties because they deliver simpler and more precise verification than what could
be derived from typing the two programs separately. However, relational type systems
do not yet achieve the practical appeal of their non-relational counterpart, in part be-
cause of the lack of a general foundation for implementing them. Additionally, how to
handle the relational effects(relative cost upper bound) and refinements( the O modal-
ity) bring us more challenges in ARel’s implementation.

In this chapter, we will formally introduce some concepts such as relational type
system, relational effect, and refinement, in particular, bidirectional type checking. The
declarative type system of ARel is not suitable to be implemented as a type checker due
to its non-deterministic nature. We then algorithmize ARel’s bidirectional type system,

which eliminates the non-determinism.

8.1 BACKGROUND OF IMPLEMENTATION

ARel is a relational type and effect system, with relational refinements. We first look at

these concepts, which are important for the implementation, one by one.

Relational type systems (Abadi et al., 1993; Pottier & Simonet, 2003; Gaboardi et al.,
2013; Barthe et al., 2014, 2015b; Cicek et al., 2016; Cicek et al., 2017b; Aguirre et al., 2017,

2018) aim to repeat the success of type systems, but for so-called relational properties,
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which consider pairs of execution traces. Typical examples of relational properties in-
clude noninterference in information flow systems, continuity, and robustness analysis
of programs, differential privacy, and relational cost analysis. The key difference of rela-
tional type systems is that they consider two expressions simultaneously, and maximally
exploit structural similarities between them to achieve simpler and more precise verifi-
cation than would be possible with unary analysis of the individual expressions. Sim-
ilarities are exploited through two main ingredients: relational refinement types and

relational effects.

Relational refinements types (Pottier & Simonet, 2003; Gaboardi et al., 2013; Barthe
et al., 2015b; Cicek et al., 2016; Cicek et al., 2017b) relate two executions of two expres-
sions and are akin to standard refinement types (Xi & Pfenning, 1999). However, their
interpretation is a relation between the values in the two executions. For example, in in-
formation flow control, a relational refinement is used to describe equivalence between
the values that are observable at a specific security level. In ARel, remember we know

the array size NV and its static name y from the relational array type Array, [N] 7.

Relational effects (Pottier & Simonet, 2003; Gaboardi et al., 2013; Barthe et al., 2015b;
Cicek et al., 2016; Cicek et al., 2017b) are often of a quantitative nature and measure
some quantitative difference between two executions of the two expressions. These re-
lational effects are similar in spirit to their standard unary counterpart (Lucassen & Gif-
ford, 1988; Nielson & Nielson, 1999; Petricek et al., 2013; Brunel et al., 2014) but their
interpretation is a relation between the effects of the two executions. For example, in
differential privacy, a relational effect is used to measure the level of indistinguishability
between the observable outputs on two inputs differing in one data element. Also in

) diff (D) . :
ARel, the relational arrow type t =7 carries the relational effect D.



109

Bidirectional type checking (Pierce & Turner, 2000) is a very successful method of
implementing type systems through a combination of type inference and type check-
ing (Bracha et al., 1998; Odersky et al., 2001; Peyton Jones et al., 2007; Bierman et al.,
2007; Abel et al., 2017). The appeal of bidirectional type checking lies in its ability to
minimize typing annotations—in most cases, type annotations are needed only on re-
cursive functions, or on reducible expressions—while supporting disciplines that are too
expressive to fall under the purview of type inference. Furthermore, bidirectional type
systems offer a formal framework based on rules that resemble standard typing rules.
This simplifies proofs of soundness and completeness of the algorithmic implementa-
tion relative to the declarative type system.

While so many works cited above come with implemented type checkers, there is,
so far, no common understanding of the challenges and solutions for implementing re-
lational type systems. Hence, the broad goal of our work is to investigate issues in im-
plementing a type checker for relational type systems with relational refinements and
relational effects. Bidirectional type checking is a natural starting point for the reasons
mentioned above, and because it has been used for implementing refinement type sys-
tems (Xi & Pfenning, 1999; Davies & Pfenning, 2000; Dunfield & Krishnaswami, 2019)
and subtyping (Pierce & Turner, 2000), which are important common features in most
of the type systems we are inspired from. However, bidirectional type checking has not
been extensively applied to effect systems, although some examples exist (Toro & Tanter,

2015), and it has not been applied to relational type systems at all.

8.2 STUDY ON BIDIRECTIONAL TYPE CHECKING

We present the overview of our study of bidirectional type checking for relational type

and effect systems step by step. The details of the study can be found in Chapter 9.
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The outline of our step-by-step bidirectional type checking study on relational re-
finement type and effect systems is shown in Figure 8.1. We start with the study of
a basic relational type system, named relSTLC, that includes judgment of the form
' t; « £ : 7, to only relate two expressions with the same top-level structure, with types
to represent related and non-related boolean values, no relational refinements, and no
relational effects. This can be seen as the relational analog of the simply-typed lambda
calculus over a base type with subtyping, so the relational type 7 in relSTLC is quite
standard. For this system, bidirectional type checking works as expected and it delivers

a sound and complete algorithm implementing the declarative system.

Tkt oty T relSTLC

\ + refinement types

(A0, T F by 7] RelRef

\ + relate arbitrary terms
A D, QF ¢t Al
‘A;@G;Fl—tlth:T‘ RelRefU

I + effects (execution cost)

A; D QFY A
AP T Hteta S DT

RelCost

l + monadic refinement

YA 0 QR A
E;A;(Da;rl_tletQSD:T‘ Arel

Figure 8.1: Overview of step-by-step study on bidirectional typechecking.

Next, we extend relSTLC in two steps inspired by the features of previously pro-
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posed relational type systems. Our first step, named RelRef, adds relational refinement
types over lists (as an example of an inductive data type), and a comonadic type (the
O type we have seen in mapi example) that represents syntactic equality of values. The
judgment of RelRef in Figure 8.1 of the form of A;® ;T F #; « £ : T has two more en-
vironments compared to relSTLC: the index variable environment A which stores the
index variables used in the refinement types, and the constraint environment ®, which
supports conditional reasoning in RelRef.

Our second step, named RelRefU, adds to RelRef the possibility to relate arbitrary
programs of possibly dissimilar syntactic structure, by switching to a complementary
unary type system. Hence, as we seen in Figure 8.1, RelRefU has both the unary and
relational judgments. The connection between relational types and unary types is the
U(A1, Ay) type, as we have seen before. In comparison to RelRef, the addition of the
unary type system, as well as the appearance of U(A;, A;) type, are the most important
part for RelRefU. At the same time, these two extensions (RelRef and RelRefU) add
intrinsic non-determinismto the type system to allow a programmer flexibility in writing
programs. The source of non-determinism in both these systems is non-syntax-directed
typing and subtyping rules. RelRef has such rules for relational refinement types and
for subtyping, while RelRefU has such a rule for switching to unary typing and more
such rules for subtyping.

To overcome the challenges introduced by non-determinism, we introduce a two-
step methodology. We first show that every well-typed program can be translated to
a well-typed program in a core language with term constructors that resolve the non-
determinism. This translation is type derivation-directed; it introduces annotations
to resolve the non-determinism in applying the (non-syntax-directed) typing rules and

eliminates relational subtyping by replacing it with explicit coercions defined within the
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core language. Next, we develop a bidirectional type system and prove it sound and
complete with respect to the core system. It follows that every typeable program can
be annotated to remove non-determinism, and then bidirectionally type-checked. Al-
though this indirection via a core language does not directly lead to an implementation
strategy, it makes a strong theoretical point, namely that the bidirectional type checking
is complete modulo non-determinism. We show that this methodology is applicable to
both RelRef and RelRefU.

Naturally, our next step is to add relational effects to RelRefU, specifically, it comes
to RelCost (Cigek et al., 2017a), a prior work ARel is inspired from. This type system
extends RelRefU with a relational effect to enable relational cost analysis. Since Rel-
Cost extends RelRefU, it inherits the latter's many sources of non-determinism. It can
be shown that the two-step method also extends to relational effects. The detail is de-
scribed in the thesis of Ezgi Cicek (Cigek, 2018), in which the implementation of RelCost
uses this method. We can see that the judgments of RelCost shown in Figure 8.1 now
also contains the cost, L, U in the unary one and D for the relation one.

Finally, we will reach our target, developing a bidirectional type checking system
for ARel. We then need to handle the monadic refinements that are used to reason
about mutable arrays and also consider the non-determinism introduced along with

the imperative feature. We show this two-step method works well for ARel.

8.3 CONTRIBUTIONS

To show the effectiveness of bidirectional type checking for relational type systems, we
have implemented a prototype for ARel, called BiARel. Our implementation handles
the two steps of our method simultaneously. To implement the first step, the translation

of the source language to the core language, we rely on example-guided heuristics rather
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than programmer-specified annotations to eliminate non-determinism. This reduces
the programmer’s annotation burden by compromising completeness to some degree.
We explain these heuristics used in implementing ARel, and also include some heuris-
tics used in implementing RelCost, called BiRelCost from Ezgi Cicek’s thesis (Cicek,
2018), which can be applied in the implementation of ARel as well. For the second step,
we implement the bidirectional typing rules for ARel. Both type checking mode and
type inference mode generate constraints that capture arithmetic relationships between
refinements (e.g., list sizes, array lengths) of various subterms, relational refinements,
and relationships between unary and relational costs. Our constraints contain existen-
tially quantified variables over integers and reals. Therefore, we use the algorithm to
eliminate existential variables in BiRelCost by finding substitutions for them and using
SMT solvers to discharge the substituted constraints, which works well for constraintS
generated in BiARel.

Summing up, our contributions are:

* We present several bidirectional relational type systems that combine relational
and non-relational typing, refinements, and unary and relational effects. It pro-

vides a clear study on how to build the implementation of ARel step by step.

» We present the implementations of ARel, using heuristics to get rid of the inherent
non-determinism. We use the implementation to type-check several examples,

including most of the interesting examples in this dissertation.
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CHAPTER 9

Bidirectional Type Checking for Relational Refinement Type and Effect Systems

In this section, we take a step in this direction by developing bidirectional relational type
checking for systems with relational refinements and effects. Our approach achieves the
benefits of bidirectional type checking, in a relational setting. In particular, it signifi-
cantly reduces the need for typing annotations through the combination of type check-
ing and type inference. In order to highlight the foundational nature of our approach,
we develop bidirectional versions of several relational type systems which incrementally
combine many different components needed for expressive relational analysis. We only
show selected rules in this section which we think is of interest. For more details, please

check the appendix B.

9.1 RELATIONAL STLC (RELSTLC)

As an introduction to how relational reasoning works, we consider relSTLC, a rehash
of the simply-typed lambda calculus (STLC) with relational reasoning. The full detail of
relSTLC can be found in Appendix B, Section B.1. relSTLC has the following type and

expression gramimmar:

Types 7 :=bool,|bool, |1 — T2

Term t:=x|true|false|if tthen t; else & | Ax.t| t] &

Atype 7 is interpreted as a set of pairs of values. The values are true, false and the lambda
construct. For instance, the primitive type bool, ascribes pairs of identical booleans
(the diagonal relation on booleans) whereas the type bool,, ascribes pairs of arbitrary

booleans (the complete relation on booleans). In particular, bool, = bool,. The function
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type 11 — T2 relates pairs of functions that, given a pair of related arguments of type 71,
return a pair of related values of type 7. Even though relSTLC is quite primitive, it
forms the basis of our development and we find it instructive to discuss challenges in its

algorithmization.

Declarative typing The typing judgmentI' - #; -~ 1, : T ascribes the expressions #; and
I, the relational type 7 under the environment I'. The typing rules and subtyping rules
are standard. A selection is shown in Figure 9.1. These relational typing rules can be
found in Figure B.4, the subtyping rules in Figure B.5 in Appendix B. Note how the rule
r-bool relates two identical booleans at type bool,, while r-u-bool relates two arbitrary
booleans at type bool,,. This difference manifests in the rule r-if: If the branch condition
of an if-then-else has type bool,, then we only need to type the two “then” branches and
the two “else” branches separately, but do not need to type a “then” and an “else” branch
together. Finally, note that the calculus has (standard) subtyping induced by the base

relation bool, E bool,,.

Algorithmic (bidirectional) typing The type system presented above is declarative, i.e.
it doesn’t prescribe an algorithm for building a typing derivation. In fact, two aspects of
relSTLC make it difficult to straightforwardly algorithmize. First, the obvious approach
of inferring the type of a term bottom-up by starting at the leaves (variables) does not
work because relSTLC does not have type annotations on variable-bindings in the r-
lam. The other obvious approach of checking a term against a given type top-down
also runs into a problem, this time in the r-app rule, where the argument type 7, must
be guessed. Second, the trans subtyping rule is also not syntax-directed (the type 7,
must be guessed). Hence, the typing and subtyping rules of relISTLC cannot be directly

interpreted as a type checking algorithm.
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Figure 9.1: Typing and subtyping rules of reISTLC.
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A well-established way of making typing rules syntax-directed (hence obtaining a
type checking algorithm) is to make the rules bidirectional (Pierce & Turner, 2000; Xi
& Pfenning, 1999; Xi, 1998). In comparison to fully type-annotating all bound vari-
ables, which could be tedious for a programmer, the main idea behind bidirectional type
checking is to only annotate programs at the top-level and at explicit f-redexes (which
are usually rare) and infer all other types by combining top-down and bottom-up anal-
ysis.

In the case of relSTLGC, bidirectional type checking splits the usual typing judgment
'kt v 1 : 7 into two judgments: (1) the checking judgment I' - #; «~ £, | 7, where the
type 7 is an input (the type is checked), and (2) the inference judgment I' - #; «~ £ 1
7, where the type 7 is an output (the type is inferred). As a convention, we write all
outputs in red and all inputs in black. Figure 9.2 shows selected algorithmic typing rules.
The full typing rules can be found in Figure B.6 in Appendix B. We explain below the
basic principles behind the bidirectional typing rules. These principles are completely
standard for unary type systems (Xi & Pfenning, 1999; Xi, 1998); our observation thus far
is simply that they apply as-is to relational type systems as well and, for relSTLC, they
suffice to ensure completeness of bidirectional type checking (this will cease to be the

case for later type systems).

1. Types of introduction forms are checked (e.g., rule alg-r-lam). Types of elimina-
tion forms are, in general, inferred (e.g., rule alg-r-app). However, types of case-
like elimination forms (e.g., rule alg-r-if) are checked. In all cases, the type of an
expression in an elimination position is inferred (e.g., the branch condition # —~ ¢/
in rule alg-r-if). Types of variables and constants can always be inferred. How-
ever, here, we treat constants as constructors (introduction forms), so their types

are checked (this is an arbitrary design choice).
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2. In checking mode, the rule alg-r-1| allows switching to inference mode. The re-

quirement is that the inferred type must be a subtype of the checked type.

3. In inference mode, it is permissible to switch to the checking mode when an ex-
pression’s type has been explicitly annotated by the programmer (rule alg-r-anno-
1). It can be shown that, for completeness, it suffices to annotate only at explicit

p-redexes (although there is no prohibition on annotating at other places).

Subtyping also has an algorithmic counterpart, |= 7, < 72, shown in Figure 9.2. The
full typing rules can be found in Figure B.7 in Appendix B. We introduce two additional
rules for reflexivity of base types (rules alg-bl-u and alg-bl-r). Importantly, it can be
proved that reflexivity and transitivity of subtyping are admissible, so, in particular, there
is no need for an explicit rule of transitivity, which, as mentioned, is difficult to use in an
algorithm.

The bidirectional type system’s rules, when read bottom-up, can be interpreted as
a syntax-directed algorithm for type checking. This algorithm is sound relative to the
declarative type system in the following sense:

IfeitherTHFH 6B 1T0orI'Ht 6 | 7,thenT F|t;] v |£|: T, where |£| is obtained
by erasing type annotations from t.

The bidirectional type system is also complete relative to the declarative type system:

IfT F f; «~ 1> : 7, then there are type-annotated variants, t{, té of t1, to such thatT' -
t; «~ t, 1 7. These annotations can be limited to the top-level and any explicit S-redexes.

The proofs of these statements are in Appendix B, Section B.1.2.

9.2 RELREF

Next, we extend bidirectional type checking to relational refinements. Relational refine-

ments (Pottier & Simonet, 2003; Gaboardi et al., 2013; Barthe et al., 2015b; Cicek et al.,
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Figure 9.2: Algorithmic typing and subtyping rules of relSTLC.
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2016; Cicek et al., 2017b) express fine-grained relations between pairs of expressions.
They have been used for many different purposes ranging from information flow con-
trol to differential privacy. We consider here a simple setting, which still suffices to bring
out key challenges in applying bidirectional type checking to relational refinements.
We extend relSTLC with primitive lists and a relational refinement type list[n]* T,
which ascribes a pair of lists, both of length n, that differ pointwise in at most a positions
(n and a are natural numbers). list[n]® T refines the standard list type with n and «a
and the refinement is relational since a expresses a constraint on the two lists together.
To construct lists of this type when a # n, we also need a way to express that at least
(n— ) elements are pointwise equal. To this end, we introduce the comonadic type O,
which ascribes pairs of expressions of type 7 that are equal (i.e. the diagonal relation
on 7). 07 generalizes the refinement r in bool, to arbitrary types. Type-level terms
like n and «a are called index terms or indices, generically denoted I. The type system
also supports quantification over such terms. To write recursive programs on lists, we
also add a fixpoint operator, which poses no additional difficulty for bidirectional type

checking. The resulting system, called RelRef, has the following syntax.

Types 7 ::= | list[n)® T | VizS.Tt|3izS.t |01 |C&T|COT

Term t::= ... [ fix f(x).¢ | nil | cons(ty, ) | (case t of nil — #1]| h::tl — 1)
|A.t|t[] |letx=f in & | clett; as xin & | celim ¢
| pack t | unpack t; as xin £,

Indices Lna:=i|0|I+1| L+ —Ig|%|[1'12| [ L] |min(ly, Ip) |max (17, I»)

Types can quantify over index variables, i, as in Vi::S.7 and 3i::S.7. The sort S can
only be natural number now. The constructs pack ¢ and unpack #; as x in #, are the in-

troduction and elimination forms for existentially quantified types. The constructs A.¢
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and ¢[] are the introduction and elimination forms for universally quantified types. To
represent arithmetic relations over index variables, constraints denoted C, sets of pred-
icates over index terms, appear in types as in C & 7 and C > 7. The type C & T means
the type 7 and that C holds, while C o 7 means that, if the constraint C holds, then the
type is 7. The construct clet #; as x in %, is the elimination form for the constrained type
C & 7. By design, index terms do not appear in RelRef expressions. The full syntax of

RelRef can be found in Appendix B, Section B.2.1.

Example (map) As an example, we can write the standard list map function, (the stan-
dard version of mapi) and give it the following very informative relational type in RelRef

(for any 71, 72).

fix map(f).A. A AL
case [ of
nil — nil

| h::tl — cons(f h, map fI[][] tl)

map: (O(11 — 72)) — Vn, alist[n]* 11 — list[n]* 1,

The type means that two runs of map with equal mapping functions and two lists that
differ in at most a positions result in two lists with the same property. Notice how «a is
universally quantified in the type, and how O represents that the mapping function be
equal in the two runs. Notice the use of expression such A.¢ and ¢[], which is used for

the introduction and elimination of index variables 7, « in the type.

Declarative typing RelRef’s typing judgment has the form A;®,;T ¢, «~ f,: 7 and
means that f; and #, have the relational type 7 if the constraints ®, hold. A is a (uni-

versally quantified) context of index variables and T', as usual, is the typing context for
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program variables. Figure 9.3 shows selected typing rules that use refinements and con-
straints in interesting ways, and make bidirectional type checking difficult. The full de-
tails can be found in Appendix B, Figure B.12, B.13. To start, as a result of the relational
refinement a in the list type, there are fwo rules for typing the list cons constructor.
Rule rr-consl applies when the head elements of the constructed lists may differ. Note
how the relational refinement a changes to a + 1 from the premise to the conclusion.
Rule rr-cons2 applies when the head elements are equal, witnessed by the comonadic
type O7. a does not change in this rule. Dually, the cons branch of list case analysis
(rule rr-caselL) is typed fwice with different index constraints—once for each of these
two possible ways of constructing the cons-ed list. A consequence of this double typing
of the same branch with different constraints is that expressions cannot contain index
terms (else such typing may be impossible). The rule rr-split case-splits on an arbitrary
constraint C in the context. This is useful for typing recursive functions (Cicek et al.,
2016; Cicek et al., 2017b). Finally, the rule for introducing the type O, rr-nochange, is
interesting. It says that if ¢ relates to itself at type 7 and all variables in I" morally have

O-ed types (checked via subtyping), then ¢ also relates to itself at type O7.

Declarative subtyping RelRef subtyping 7 £ 7’ is complex. Some of the rules are
shown in Figure 9.3 (The full subtyping rules are in Appendix B, Figure B.14). First,
subtyping is constraint-dependent, because it must, for instance, be able to show that
list[n]* 7 C list[m]® T when n = m. Second, in RelRef, O’s comonadic properties mani-
fest themselves via subtyping. This results in interactions between O and other connec-
tives as, for instance, in the rules — Oaisf, 12 and 1.

We explain some of the subtyping rules. The rule 11 allows «, the upper-bound on
the number of elements that differ in the two lists, to be weakened covariantly. The rule

12 allows two related lists with zero differences to be retyped as two related lists whose
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Figure 9.3: Typing and subtyping rules of RelRef.
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elements are in the diagonal relation. The rule 10J allows two related lists whose elements
are equal to be retyped as two equal lists, represented by the outer OI. The rule T coerces

O to 7 by forgetting that the two related elements are, in fact, equal.

Towards algorithmization An algorithm for type checking RelRef faces two difficul-
ties beyond those seen in relSTLC. Both difficulties arise due to RelRef’s relational re-
finements. First, there is additional non-syntax-directedness in the rules: Rules rr-cons1
and rr-cons2 apply to expressions of the same shape (the rules differ only in their treat-
ment of index terms), and rules rr-split and rr-nochange are not syntax-directed (their
use overlaps with other rules). Second, owing to the interaction between O and other
type constructs, it is infeasible to re-define subtyping in a way that makes transitivity
admissible. As a result of these two problems, bidirectional typing alone does not yield
an algorithm for type checking.

An obvious way to address the first of these problems is to force additional anno-
tations in expressions to remove the non-syntax-directness. However, this will not ad-
dress the problem with subtyping. Importantly, it also will not allow us to theoretically
connect the algorithmic type system to the declarative type system (with its non-syntax-
directedness).

Consequently, we follow a slightly different approach. First, we introduce a simpler
core calculus RelRef Core, which annotates expressions to resolve the lack of syntax-
directedness in typing rules. Additionally, RelRef Core features only type equivalence,
not subtyping. We show that every RelRef expression can be elaborated to a semanti-
cally equivalent expression in RelRef Core by adding enough annotations and express-
ing subtyping as definable type coercions. Next, we build a bidirectional, algorithmic
type system for RelRef Core and prove it relatively sound and complete. Although the

elaboration to RelRef Core cannot be directly implemented without losing complete-
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ness or relying on programmer annotations, this approach does establish a strong the-
oretical point, end-to-end: There is a calculus (RelRef Core) that is as expressive as

RelRef, and that is fully amenable to bidirectional type checking.

RelRef Core syntax The core calculus RelRef Core is similar to RelRef but has ex-
plicit syntactic markers to indicate which typing rules to apply where, thus resolving
the nondeterminism caused by the aforementioned typing rules such as rr-split and rr-
consl/rr-cons2. The details are in Section B.2.1, Appendix B. The expression syntax of

RelRef Core is as follows.

Terms t::= ... |split (1, ) with C | NC ¢ | Ai.t | t[I] |consyc(t, t2) | consc(ty, £2) |
case t of nil — 1

|hanctl = | hictl — 13

The list constructor cons is separated into two—cons¢ and consyc—to disambiguate
the rules rr-consl and rr-cons2. Dually, the list-case construct now has three branches,
one each for nil, consc and consyc. “split (#1, ) with C” indicates that rule rr-split
must be applied and records the constraint C to split on. To write meaningful Cs, ex-
pressions now carry index terms. For instance, the elimination form for universally
quantified types in RelRef Core is ¢[I] as opposed to RelRef’s ¢[]. The construct NC ¢

indicates an application of the rule rr-nochange.

RelRef Core typing rules Selected rules of RelRef Core’s typing judgment

N@yuTHEAE T

are shown in Figure 9.4. The details are in Appendix B, Figure B.16, B.17. ®, and A are

interpreted as in RelRef. RelRef Core’s rules are similar to RelRef’s, but there are im-
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Figure 9.4: Selection of typing rules of RelRef Core.
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portant differences. First, rules are now syntax-directed. Second, there is no relational
subtyping. Instead, there is type-equivalence, =, which is much simpler than subtyp-
ing. It only lifts equality modulo constraints to types (e.g., list[1 +2]* t = list[3]% 7) and
it can be easily implemented algorithmically (modulo constraint solving). We omit its

straightforward details.

Simulating RelRef’s subtyping A key property of RelRef Core is that it can simu-
late RelRef’s subtyping via explicit coercion functions, as formalized in the following
lemma. Such elimination of subtyping is a common technique for simplifying type
checking in the unary setting (Breazu-Tannen et al., 1991; Crary, 2000); here, we lift the

idea to the relational setting and our comonad.

Lemma 4. [Existence of coercions for relational subtyping] If A;®, = 7 € 7' in RelRef
then there exists t € RelRef Core

SLA®  Ftot:fT1—T.
Proof. By induction on the subtyping derivation. O

The detail proof of this lemma can be found in the appendix B, Section B.2.3.1.

Elaboration Given Lemma 4, we define a straightforward type derivation-directed em-
bedding from RelRef to RelRef Core. Briefly, we use the RelRef typing derivation
to insert additional syntactic annotations that RelRef Core needs and use Lemma 4
wherever subtyping appears in the RelRef derivation. The embedding preserves well-
typedness (see the appendix B, Theorem 31 for details). This shows that RelRef Core is
as expressive as RelRef. (In fact, this is expressiveness in a strong sense, dubbed macro-

expressiveness by Felleisen (Felleisen, 1991).)
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Figure 9.5: Selection of algorithmic typing and equivalence rules of
BiRelRef.
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Algorithmic (bidirectional) type checking We now build an algorithmic, bidirectional
type system for RelRef Core. We call this system BiRelRef. Selected rules of BiRelRef
are shown in Figure 9.5. The details can be found in Appendix B, Figure B.22, B.23, B.24.
As before, BiRelRef has two typing judgments: one to check types and the other to infer
them. The key addition over relSTLC is that BiRelRef’s typing judgments output con-
straints between index terms, which must be verified for typing. The checking judgment
has the form A; ¢ 4; @4, T F 101 | T = ©. Here, the type 7 is an input, but the constraints
® are an output. The intuitive meaning is that if constraints ® hold (assuming ®,), then
A; @4 T 1 1 :° 7 holds in RelRef Core. (The reader may ignore the index variable
context ¥ ,; it contains variables universally quantified in ®.) As an example, consider
the rule alg-r-consC-| for relating cons-ed lists at type list[n]* T when the heads may
differ. To do this, the rule relates the tails at type list[i]? 7 for some i and B. For this to be
sound, n=i+1 and a = f+ 1 must hold, so these appear as constraints in ®. Note that
® quantifies over i and f existentially. Constraint solvers cannot handle such existen-
tial quantification easily, a point to which we return in our implementation, which uses
heuristics to eliminate these existential variables.

In the inference judgment A; v ;@4 T H 1ot 1 7 = ©, both @ and 7 are outputs. The
meaning of the judgment is similar: if ® holds (assuming ®,), then A;®,;TF £, «~ £, :€ 7.

Like typing, the algorithmic type equivalence judgment A;w,;®, = 7 =1’ = © also

generates constraints.

Soundness and completeness We prove that BiRelRef is sound and complete w.r.t.
RelRef Core’s declarative type system. Soundness says that any inference or checking
judgment provable in the algorithmic type system can be simulated in RelRef Core if
the output constraints @ are satisfied. Dually, completeness says that any pair of ty-

peable RelRef Core programs can be sufficiently annotated with types to make their
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type checkable in BiRelRef, with satisfiable output constraints. As before, we write |¢|
for the erasure of typing annotations from a BiRelRef expression  to yield a RelRef

Core expression.

Theorem 5 (Soundness).

1. Assume N, w ;T Htet' | 1= O, FIV®,,T, 1) S dom(A,v,) , and 0, is a valid
substitution fory, s.t. A;®4[0,4] = ®0,4] holds.
Then, A;@,410,1;T10,] - £ |t,| 1 1[04].

2. Assume Ny ;@ tet' 1 1= ©, FIV®,T) € dom(A,v,), and 0, is a valid
substitution fory, s.t. A;®4[0,4] = ®10,] holds.

Then, A; @4[0,1;T10,] F [t 1] :€ T[04].
Proof. By simultaneous induction on the given BiRelRef derivations. O
The details of soundness proof can be found in Appendix B, Section B.2.3.2.
Theorem 6 (Completeness).

1. Assume that A;®4;T &t~ 1o :€ 1. Then, there exist t}, t; such that A; ;@4 T - t] ©

| 1= and A\ @, =@ and |t = t and |t)] = t.
Proof. By induction on the given RelRef Core typing derivation. O

The details of completeness proof can be found in Appendix B, Section B.2.3.3.

9.3 RELREFU

In many cases, it is possible to prove a relation between two expressions by analyzing
them individually. For example, if we can prove that #; and #, individually produce lists

of length n with elements of type 7, then it is immediate that - ; «~ £, : list[n]” 7. Falling
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back to such unary analysis during the relational analysis is not allowed in RelRef. In
this section, we extend RelRef to allow such fallback to unary analysis. We call the new
system RelRefU.

RelRefU adds a new class of unary types, A, which ascribe individual expressions.
These are the “standard” types from existing refinement systems like DML (Xi & Pfen-
ning, 1999). For example, the unary type for lists, list[n] A, carries a refinement n, the
length of the list. Unary types also include quantification over index variables, which we
elide here for brevity. Importantly, we also add a new relational type U (A, A2) which
ascribes any pair ¢, f,, whose unary types are A; and Ay, respectively. The details of the

syntax can be found in Section B.4.1 of Appendix B.

Unary types A bool | A; — A, |list[n] A ...

Relational types 7 ... |U (A1, As)

Declarative typing RelRefU has two typing judgments, unary and relational. The
unary judgment’s rules are exactly those of standard (unary) refinement type systems
like DML (Xi & Pfenning, 1999), so we elide them here. The relational rules are those
of RelRef and the following new rule, r-switch, which allows the use of unary typing in
relational typing. Here, |.|; is a projection function that converts a relational type to its
left (i = 1) or right (i = 2) unary type by forgetting relational refinements. For example,

U (A1, A2)|1 = Ay and [list[n]? 7|, = list[n] (|7]).

Tl =1t Ag ICla b+ £p: Ap
r-switch

't~ 16:U (A1, A))

Besides this rule, the second interesting aspect of RelRefU is subtyping for U (A;, Ay),

which makes unary typing useful in relational reasoning. For instance, the example
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given at the beginning of this section is typed using r-switch and the subtyping rule
U (list[n] Ay, list[n] A,) Clist[n]" (U (A1, A2)). The details of the typing rules can be found
in Figure B.44, B.45 and the relational subtyping rules in Figure B.46, and unary subtyp-

ing rules in Figure B.47.

Algorithmization Algorithmizing RelRefU faces new hurdles: The new rule r-switch
is also not syntax-directed and subtyping for U (A;, A2) is complex and cannot be re-
defined to make transitivity admissible. Consequently, we follow the approach we used
for Rellnf. We define a core language, RelRefU Core, that has the syntactic markers of
RelRef Core and a new construct switch ¢ (which marks the rule r-switch) to resolve
the ambiguity in typing rules. The language has simple type equivalence, not subtyp-
ing. We then define an elaboration of RelRefU into RelRefU Core. Finally, we define
a bidirectional, algorithmic type system called BiRelRefU and prove it sound and com-
plete relative to RelRefU Core. The entire development is not particularly more chal-
lenging than that of Rellnf (see in Section B.3.1 and Section B.3.2 of Appendix B) but is
more tedious because we have to handle both unary and relational typing. Conceptu-
ally, the interesting aspect is that, in typing examples, we found it convenient to apply
the r-switch rule in both checking and inference mode in the bidirectional type system,
so this type system features two versions of the rule, one in each mode. This does not
cause ambiguity in the rules since the mode is always uniquely known. The algorithmic
subtyping rules can be found in Figure B.57, relational type equivalence rules in Fig-
ure B.58. The algorithmic unary typing rules are in Figure B.59, B.60. The algorithmic
relational typing rules are in Figure B.61, B.62, B.63. The metatheory of RelRefU can be

found in Section B.4.2.
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9.4 RELCOST

Next, we add a relational effect, namely, relative cost to RelRefU. This results in the type
system RelCost of Cicek et al. (2017b). A quick preview, RelCost allows establishing an
upper bound on the relative cost of two expressions #; and f;, i.e. on cost(t;) — cost(f,).
For this, RelCost extends RelRefU’s types and judgments with cost effects. Expressions
are syntactically those of RelRefU, but the evaluation of elimination forms like list-case
and function application produces non-trivial cost in the operational semantics. This
section builds on the prior work on the bidirectional typing system for RelCost from
the Ph.D. thesis of Ezgi Cicek Ci¢ek (2018). This section helps the readers to understand
the bidirectional typing system of ARel.

It starts with the types. The relational function type 7, — 7, isrefined to 71, D), T,
where t (an index term of sort real) is an upper-bound on the relative cost of the bodies
of the two functions that the type ascribes. Similarly, the unary function type A; — A, is

LU
refined to A; execL,U),

Az, where L and U are lower and upper bounds on the cost of the
body of the function. Other than this, the types match those of RelRefU.
As an example, the list map function can be given the following more informative

type in RelCost:

diff(D)

VD.([A(r; —= 12)) — Vn,alist[n]* 14 Aiff(D-a)

list[n]% 1,

This type says that if two runs of map are given the same mapping function whose body’s
cost may vary by at most D across inputs, and two lists that differ in no more than «
elements, then the relative cost of the two runs is no more than D - a. Intuitively, this
makes sense. The two runs differ only in applications of the mapping function to list

elements that differ. Each such application results in a relative cost at most D and there
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Figure 9.6: Selection of relational typing rules of RelCost.

are at most & such applications.

Declarative typing Like RelRefU, RelCost has two typing judgments, one unary and
one relational. The difference from RelRefU is that these judgments now carry cost ef-
fects—upper and lower bounds on the cost of the expression being typed in the unary
judgment and an upper bound on the relative cost of the two expressions in the rela-
tional judgment. The unary judgment, A; ®,;Q I—g t: A, means that ¢ has the unary type
A and its cost is upper- and lower-bounded by U and L, respectively. The relational
judgment, A; @, T F o t, < D: 1, means that #;, £, have the relational type 7 and their
relative cost is upper-bounded by D. Here, we describe only the relational judgment,
since the unary judgment has simpler rules.

The rules of the relational judgment are obtained by augmenting the rules of Rel-

RefU to track costs. Selected, interesting rules are shown in Figure 9.6. The full de-
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tails are in Figure B.75 to Figure B.81 in Appendix B. The rule r-fix types two recursive
functions at type 1; 4D, T, if their bodies have the relative cost D. Rule r-app relates
f t; and ¢} t; with a relative cost obtained by adding the relative costs of (f,, t;), (f2, t;)
and of the bodies of the applied functions (obtained from the function type in the first
premise). Rule nochange says that if ¢ relates to itself in a context that has only vari-
ables of O-ed types (i.e. they will get substituted by equal values in the two runs), then
t’s cost relative to itself is 0. Finally, rule switch allows a fallback to unary reasoning: If

f1’s unary cost is upper-bounded by U; and #,’s unary cost is lower-bounded by L,, then

11, tp’s relative cost is (trivially) upper-bounded by U; — L,.

Declarative subtyping RelCost’s subtyping is directly based on RelRef and RelRefU,

but the rules are additionally aware of costs. For example, the RelRef rule — Odiff (Fig-

diff(D) diff(0)

ure 9.3) gets refined to: O (7, 7)) 0 07y, which intuitively means that

two equal functions when given two equal arguments reduce with exactly the same cost.

Towards algorithmization RelCost inherits all the non-syntax-directedness and sub-
typing complexity of RelRefU, and additionally adds costs. Implementing RelCost
naively results in an immediate challenge: the relational aspects of RelCost create non-
determinism in the type system. This non-determinism comes from two aspects. First,
some of the rules are not syntax-directed. For example, in the split rule r-split in Fig-
ure 9.6, we can choose any constraint to split on (and this is an infinite choice); we
can apply the switch rule r-switch in Figure 9.6 anywhere; Second, the existence of the
modality O and its interaction with other types makes the algorithmization of relational
subtyping quite tricky. To be concrete, it is challenging to define relational subtyping
algorithmically while preserving the transitivity of the subtyping relation.

To build an algorithmic type system for RelCost, BiRelCost follows the approach
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of (RelRef and) RelRefU. It first defines a simpler core language, RelCostCore, which
resolves all rule ambiguity and has type equivalence in place of subtyping, and elaborate
RelCost into this core language. This step is not significantly harder than for RelRefU
since RelCost does not add more rule-ambiguity.

The interesting step is the second one—the bidirectional type system for RelCost-
Core. This bidirectional system uses constraints to relate not just type refinements but

also costs of subexpressions, as explained next.

Algorithmic (bidirectional) type checking For RelCost, the bidirectional type check-
ing must not only check/infer the type but also the cost. Consequently, one might expect
that, for each of unary and relational typing, one would need not two but four bidirec-
tional judgments—one judgment for each combination of checking and inferring the
type and checking and inferring the cost. However, after some experimentation with the
design, itis realized that the judgments where the type is checked and the cost is inferred
or vice-versa is actually not required. In hindsight, this is because the cost can be viewed
as an extension of the type even if the two are written separately for convenience, so the
type and the cost always follow the same mode (checking or inference).

As a result, RelCost’s bidirectional type system, called BiRelCost, uses two judg-
ments — one for type checking and one for type inference — for each of unary and re-
lational typing. We describe here only the two relational judgments as these are more
complicated than the unary judgments. The relational checking judgment A; vy ,; ©,; T
116t | 1,D = ® means that if ® holds (assuming ®,), then A;®,;T+Hot, SD:Tis
provable in RelCostCore. Like the type 7, the relative cost D is also an input in this judg-
ment, i.e. it is also checked. The relational inference judgment A; ¢ ,; @4, TH e 1 7=
[v], D, ® has a similar meaning, but both the cost D and the type 7 are outputs, i.e. both

are inferred. This judgment also has an additional output y. This is a set of existentially
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quantified cost variables generated by the rules. Substitutions for these variables must
be found to satisfy ®.

To understand the need for v, let us examine a few typing rules (Figure 9.7). The
details of algorithmic typing rules can be found in Figure B.99 to Figure B.109. Con-
sider the rule alg-r-app-1 for function application. In this rule, the relative cost D; of
the functions is inferred (first premise), but the cost of the arguments must be checked.
Since this cost is not available upfront, the rule creates a fresh existential variable D, and
“checks” the arguments against that. This results in appropriate constraints on D, get-
ting added to @, in the second premise. D, is included in the total cost and, importantly,
itis added to v in the conclusion to indicate that it is existentially quantified (any substi-
tution for it that satisfies the final constraints is okay). This pattern of creating existential
variables for the costs that need to be checked but aren’t already known is pervasive in
the rules and is the key technical increment in BiRelCost relative to BiRelRefU.

There are two other interesting rules. The rule alg-r-1|, which switches from infer-
ence to checking mode when read top-down, closes the existential variables v in the
premise by explicitly introducing an existential quantifier over them in the conclusion.
In the rule alg-r-nochange-| (which implements the rule nochange from Figure 9.6),
the final cost must be 0. So, a constraint equating the given cost ¢ to 0 is generated.

BiRelCost is sound and complete relative to RelCostCore in the sense of Theo-
rems 66 and Theorem 67 (appropriately adapted to the judgments of RelCost). We defer

the details to the appendix B.

9.5 AREL

Finally, we add mutable arrays to RelCost to reach ARel. Implementing ARel has one

extra challenge besides those we have seen in implementing RelCost in Section 9.4:
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Figure 9.7: Selection of algorithmic typing rules of BiRelCost.

the relational aspects of ARel create non-determinism in the type system. This non-
determinism comes from the r-fix-ext shown in Figure 4.8, we have to guess the unary
types of the functions (again an infinite choice); simultaneously, there are two rules for
every array operator, which makes a choice between them non-deterministic because
O is a subtype of 7.

We use the two-step method to algorithmize ARel. We first introduce an interme-
diate core language denoted ARelCore corresponding to an annotated, syntax-directed
version of ARel. An elaboration of ARel to ARelCore eliminates the non-determinism
of ARel in two steps as we have seen in previous systems. First, it adds annotations
on term constructors to resolve non-syntax-directed typing rules. Second, it eliminates
relational subtyping in the core language to avoid its corresponding non-determinism.
The elaboration replaces relational subtyping with explicit coercions in the core lan-
guage. The language ARelCore is sound and complete with respect to ARel, modulo
finding the right elaboration. We then develop bidirectional type checking for ARel-
Core as the main component of our implementation.

This section is organized as follows. We first present the ARelCore language through
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its syntax and typing rules. Then, we demonstrate the elaboration from ARel to ARel-
Core by showing some of the elaboration rules. We also justify its soundness and com-
pleteness. Then, after the introduction of ARelCore and the elaboration, we focus on
the algorithmization and discuss how to construct a bidirectional type system with re-

spect to ARelCore.

9.5.1 ARelCore

The difficulties encountered when trying to algorithmize ARel disappear when we in-
stead algorithmize a core language suitable for bidirectional type checking. This core
language can be seen as a theoretical medium for algorithmization, which is sound and
complete with respect to our declarative type system ARel.

The syntax of ARelCore is an extension of the syntax of ARel with the annotations
and corresponding term constructs shown in Figure 9.8. These annotations and new
constructs make ARelCore’s type system syntax-directed. For instance, the term con-
struct split ¢ with C can be used to mark a use of the rule r-split, which splits on the
constraint C in the type-checking of ¢. The use of the rule r-fix-ext of Figure 4.6 is indi-
cated by the construct FIXEXT f(x).t with A that provides the unary type A of fix f (x).t.
Similarly, the constructs NC ¢ and switch ¢ specify the use of the rule r-nc which intro-
duces the O modality, and the switch rule r-split, respectively. The construct contra ¢
allows us to assign an arbitrary type to the expression ¢ if there is a contradiction in our
constraint environment. In addition, we introduce two variants of each array operation,
e.g., alloc and allocy, correspond to the two rules r-alloc and r-allocb, respectively.

The main purpose of ARelCore is to provide a syntax-directed type system that we
can use as the target for a translation of ARel programs. Like ARel, ARelCore has two

typing judgments. We have the unary judgment A; @ ,; Q I—g t:° Athat assigns to a single
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Terms tu=---|returnt | alloct; & | alloc, t; tr | updt 11 £ t3 | updty 6 6 13
| read 1 1y | ready, 11 £ | let{x} = tin t; |switch # | NC ¢ | split £ with C
| contra t | FIXEXT ¢ with A

Values vi=---|returnt | alloct; tp | allocy, t1 > | updt f; 1, £3 | updty 11 12 13
|read t; tp | readp 11 6 | let{x} =tin f

Figure 9.8: Syntax of values and terms of ARelCore.

term t a type A, and bounds L and U to t’s evaluation cost, under the environment
A; @ 4; Q. We also have relational typing Z;A; ®4; T+ 1 © 1, < D :° 7, which says that two
terms f; and £, are related at type 7, and that their relative cost is bounded by D, under
the context I

We present in Figure 9.9 and Figure 9.10 the selection of the typing rules for ARel-
Core. The full details can be found in Figure B.121 to Figure B.124 in Appendix B. We
select rules for terms that may incur non-determinism in ARel, and we show how the
non-determinism can be resolved at the syntactic level in ARelCore. As an example, to
resolve the non-determinism caused by array-based operations we now have two differ-
ent constructors for each operation and two different rules for them. For instance, for
the read operation, we have a pair of terms read ¢ ¢ and ready, ¢ t which correspond to
the two typing rules c-r-read and c-r-readb, respectively. These typing rules of ARel-
Core are similar to their counterparts in ARel. Consider the rule c-r-read. It is easy to
see that it has a structure similar to that of the rule r-read in Figure 4.8. For example, the
same premise A;® = I’ < [ guarantees the array bound limit. Such similarity can also
be found between the rule c-r-readb and the rule r-readb, and other pairs of array-related
rules.

Subtyping is managed like what we do in BiRelCost. For unary subtyping, we have

the rule c- £ which has a form similar to its counterpart in ARel. This is mainly because
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the unary subtyping relation allows a direct algorithmization. On the other hand, re-
lational subtyping in ARelCore is limited to type equivalence as in rule c-r- =. ARel’s
subtyping is then simulated using explicit coercion functions. The main reason for this
approach comes from the fact that the modalities 0 and U prevent easy algorithmiza-
tion. We then show that every relational subtyping can be simulated by applying a coer-

cion expression in ARelCore.

Lemma 7 (Simulation of Binary Subtyping in ARelCore ). IfA;® |= 1 C 1’ then there

exists a term t in ARelCore, which we also denote coerce; ;1 , such that

AD;-Fror <0t P o,
Proof. By induction on the given subtyping derivation. O

The detailed proof can be found in Appendix B, Section B.6.1.1.

9.5.2 Elaboration

Now that we have ARelCore, we want to show that we can elaborate any well-typed pro-
gram from ARel into a well-typed program in ARelCore. The unary elaboration judg-
ment A; ®,;Q I—g t ~ t*: A represents the translation of a term ¢ in ARel to its coun-
terpart t* in ARelCore. Both terms have the unary type A and bounds L, U in the con-
texts X;A; @4 Q. In the same vein, the relational elaboration judgment has the shape
A OPH Bl SRR /R ACE < D:1. It represents the translation of a pair of terms (1, t»)
to (£}, £;). Both pairs are typed at 7 in the given contexts, and both pairs have the same
relative cost bound D. We show a selection of the unary and relational elaboration rules
in Figure 9.11. The details can be found in Figure B.114 to Figure B.118 in Appendix B.
In the unary elaboration subsumption rule e-u-sub and the relational rule e-r-sub, we
see the two different approaches to subtyping we discussed previously. The rule e-u-

sub preserves the unary subtyping relation during the translation. As we mentioned
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Figure 9.9: Selection of typing rules of ARelCore, part 1.
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Figure 9.10: Selection of typing rules of ARelCore, part 2.
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e-r-sub
N@gyTHBen~t el ty <D 1

Figure 9.11: Selection of unary and relational elaboration rules.
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before, ARelCore eliminates relational subtyping using coercions, which are provided
by Lemma 7. In the rule e-r-sub, the ARelCore term ¢’ is such a coercion. Elaboration
rules for array operations have structures that are quite similar to the structure of the
rules in ARel, except that they map terms to their annotated versions.

Elaboration is sound and complete in the sense of the following theorems.

Theorem 8 (Soundness of ARelCore & Type Preservation of Embedding). The following
holds.

1. IfZ;A;9;Q I—g t~~t*: A thenZ;A; @;Q I—LU t*CAandZ;\; ®;Q I—LU t: A

2. IfS N0 TEfhet~tfety SD:T, thenZ, A 0;THEf oty SD:Ct

andZ; A\, O;T- et <D:T.
Proof. By simultaneous induction on the given elaboration derivations. O
The details of the proof can be found in Appendix B, Section B.6.1.2.
Theorem 9 (Completeness of ARelCore). The following holds.
L IFS00;QFY 10 A then3t* such that Z;0,0;Q Y 1o 1% 1 A

2. IfS, AT ety SD:Tthen3t) and3t; such that

LA THFenh ety SD:T.
Proof. By simultaneous induction on the given typing derivations. O

The details of the proof can be found in Appendix B, Section B.6.1.3.

9.5.3 Algorithmization

Next, we algorithmize ARelCore’s type system. Here, we face the usual challenge of al-

gorithmizing any type system: The need to either annotate or infer the types of bound



145

Terms tu=---|returnt | alloct; & | allocy t1 t | updt 11 £ t3 | updty 6 6 3
| read t; £ | ready, 11 £ | let{x} = tin ; |switch t | NC ¢ | split £ with C
| contra ¢ | FIXEXT f(x).twith A|(t:7,D)|(¢: A, L,U)

Figure 9.12: Syntax of BiARel.

variables. The problem is more nuanced than would be in a simply typed or even a
refinement type calculus, since we must also deal with cost bounds in function and
monadic types. To address this challenge, we rely on bidirectional type-checking or local
type inference (Pierce & Turner, 2000), where type annotations must be provided only
at explicit beta-redexes and at the top level, but everything else can be inferred. Our
algorithmic system, which we call BiARel, inherits ARelCore’s syntax and adds two an-
notated constructs (¢:7,D) and (t: A, L, U) as shown in Figure 9.12. These are required
for bidirectional type checking. Our bidirectional type system for ARelCore is similar
to the one for RelCost (Cicek et al., 2019), but extended in a nontrivial way to support
array-related operations and for our extended fixpoint operator.

The core language has two typing judgments, the unary and relational one, while
we have four of them in BiARel: two relational and two unary judgments. The rela-
tional typing judgment of ARelCore splits into two relational judgments in its bidirec-
tional version, one for the “checking mode” and one for “inference mode”. The relational

checking judgment has the form:

SNV THFHeh | 1,D=> 0.

Given the location environment X, the index variable environment A, the existential
variable context ¥, the current constraint environment @, the relational typing con-

text I', and terms #; and f», we check against the relational type 7 and the relative cost D,
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and we generate the constraint ®, which must be discharged separately. In contrast, the

relational inference judgment has the form:

LMY, Ps TR 1= [y],D, 0.

Here, we synthesize the relational type 7 and the relative cost D, and we generate the
constraint ® with all the newly generated (existential) variables in y.

Similarly, we have two judgments for the unary case. The unary checking judgment
has the form Z;A;vw ;@4 QF ¢ | A, L, U = @, while the unary inference judgment has
the form Z; A9 ;@4 QF t 1 A= [y], L, U, ®. Both these judgments can be understood
in a way similar to their relational counterparts. In all the judgments, we write all the
outputs (inferred components) in red and inputs in black. We can think of our unary
checking judgment as a mutually recursive function check(t, A, L, U), whose inputs in-
clude a term ¢, a type A, the bounds L and U. The generated output is a constraint @,
which holds exactly when ¢ indeed has type A with execution cost bounded by L and
U in our semantics. Likewise, the unary inference judgment performs like a function
whose input is a term ¢. The outputs cover the inferred type A, the constraint @, the
bounds U, L and an index variable environment v that tracks all the new generated in-
dex variables during the procedure of the inference. Here, the type and bounds hold iff
Jy. ® holds. Notice that algorithmic typing judgments have one more input context v,
which records previously eliminated existential variables.

We show selected algorithmic typing judgments in Figure 9.13 to explain how we
handle ARel’s non-determinism. The details can be found in Appendix B, from Fig-
ure B.126 to Figure B.132. The switch rule (r-switch) exists in both checking and infer-
ence modes. Both algorithmic rules relate the annotated terms switch #; and switch #,

at the type U (A1, A2) and generate the final constraint based on the constraints from
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subterms #; and f, obtained in unary mode. The relative cost D is the difference of the
maximal unary cost of #; (U;) and the minimal unary cost of £ (L,). In the checking rule,
alg-r-switch|, this is forced in the output constraint. The split rule (r-split) exists only in
checking mode (alg-r-split|). The terms split #; with C and split £, with C determine
that this rule must be applied, splitting on constraint C. The final output constraint
C — ®; A C — O, also analyzes C.

The algorithmic counterpart of the rule r-fix-ext in checking mode, alg-fixext|, re-
lates the annotated terms FIXEXT f(x).t with A; and FIXEXT f(x).t with A, and checks
the subterms fix f (x).t and fix f (x).t" at the unary types A; and Ay, respectively. The final
constraint is the combination of the constraints generated from the unary checking of
the two subterms and the relational checking of the two function bodies.

The rule alg-r-1| provides the possibility of transferring from inference mode to
checking mode, while the rule alg-r-anno-1 allows the opposite transfer. Notice that
we check the equivalence of two types in the rule alg-r-1|. In most bidirectional type
systems, one would check subtyping here but, as explained earlier, ARelCore only has
type equivalence.We emphasize the presence of the annotated term (¢ : 7, D) in the rule
alg-r-1|. This annotated term allows the user to provide the type 7 and the effect (rela-
tive cost D) to be checked in checking mode, as shown in the rule alg-r-1|. It helps when
the bidirectional type checker has difficulty inferring the type of a term ¢ by transferring
the inferring challenge to a task that is easier, namely, checking a user-provided type.
The unary annotated term (¢, A, L, U) is useful in a similar way.

Next, we discuss selected rules for array operations. These operations constitute
the main challenge in our bidirectional type system relative to prior work of RelCost.
We show a selection of bidirectional rules for array operations in Figure 9.14 and Fig-

ure 9.15 . As mentioned, to resolve the non-determinism between the O-ed and non-0O-
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MYa;@gITIE0 T A= [ya], L, U, @
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O, =OAND; ANDy
A ;@ T - FIXEXT f(x). 1 with Ay © FIXEXT f(x).1' with A |

iff(D’ .
dif D) T2, D=>®, A0=D

alg-fixext|

T

Figure 9.13: Selection of algorithmic typing rules of BiARel.
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Figure 9.14: Selection of algorithmic typing rules for array operations of
BiARel, part 1.
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Nya;®gTH et 1 Array, [1] 7= [y1], D1, @
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Figure 9.15: Selection of algorithmic typing rules for array operations of
BiARel, part 2.
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ed rules for each array operation, we use distinct expressions, e.g., allocy, #; £ vs alloc t; £,.
Notice that the conclusion of every array operation is typed in checking mode. The
two allocation rules alg-r-alc-| and alg-r-alcB-| check the first arguments #; and ¢
against the relational type int[/] and relative cost D, then check the second arguments
t, and t, against the relational type 7 (or O7) and relative cost D,. The final constraint
®, =3D; :: R.(®; AID; :: R.®) requires that there exist D, and D, such that ®; and ®,
hold and that D; + D, equals the given cost D.

The algorithmic typing rules for read and updt have other interesting aspects. These
rules are in checking mode but the types of the first two arguments are inferred, not
checked. This is because, although we know that the first argument of read #; , or
updty f; f2 t3 must be an array and the second argument must be a number, we do not
know the size of the array or the size (refinement index) of the number. Hence, we must
infer this information. Additionally, these rules check the pre and postconditions. As
an example, the condition —(I’ € ) is checked in the rule alg-r-readB-| to guarantee
that we indeed read the same value on the two sides. Similarly, in the rules alg-r-updt-|
and alg-r-updtB-|, the §’ in the postcondition, representing the differences between the
two arrays, must be the same as the f in the precondition except for the index I’ which
has been updated. For this, in the rule alg-r-updt-| we check that ' = g u {I'}, while
in the rule alg-r-updtB-| we check that ' = 8\ {I'}, consistent with the corresponding
declarative typing rules of ARel.

Finally, we show the soundness and completeness of BiARel with respect to ARel-
Core. Soundness says if the constraints in the output of a provable BiARel typing judg-
ment for term ¢ are satisfiable, then a corresponding typing judgment for the type-
erased term || is provable in ARelCore. Completeness is the converse: If a term ¢

has a typing derivation in ARelCore, then an annotation of ¢ has a typing derivation
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in BiARel and the constraints in the output of this derivation are satisfiable. In the
following theorem, the function FIV(r)eturns the free index variables in its argument.
A > 0,: v, means 0, is a valid substitution for ¥, under the index variable environ-
ment A. This substitution is used in the theorem, e.g., free index variables in constraints
® are substituted using v, written ®[0,]. We also define the type erasure operation |¢],

which erases (t: A,L,U) and (t: 1,D) to t.

Theorem 10 (Soundness of the Algorithmic Type checking in ARelCore). The following
hold.

1. AssumethatZ; ;@ ;@4 QFt | AL, U = © and

1.1. FIV(®,,Q,A,L,U) cdom(A,v,)

1.2. Z;A;9,4(04] = @181 is provable for some 8, such that A > 0, : v, is derivable.

Then %3 8; @q10,41; Q1041 1154 121:¢ AlO).

2. AssumethatZ; A\ v 4; @4 QFt1 A= [y],L,U,® and

2.1. FIV(®,,Q)cdom(A,v,)

2.2. YO YO, ND,404] = DIOO,] is provable st A > 0 :vw and A > 0,4y, are

derivable

Then Z;A; @ 410,1;Q10.4] I—Z[j(f;]] 1£]:€ A[00,] .

3. Assumethat N, w ;@5 -tet’ | 1,D= ® and

3.1. FIV(®,,T',7,D)cdom(A,v,)

3.2. A;@,400,4] I=®[0,] is provable for some 0, such that A > 0, : vy, is derivable

Then Z; A;@,4[0,1;T[0,] £l ©11'] S DI04l :€ T0,].
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4. Assume that N\, v ;@5 THtet' 1 1= [y],D,® and

4.1. FIV(®,,T)cdom(A,v,)

4.2. YO VO,. N;D410,] = PIOO,] is provable s.t A > O :y and A > 0,4 : v, are

derivable
Then A;@,4(0,1;T104 1t o1 S DIOO,]:CT[00,] .

Proof. Statements (1-4) follow from simultaneous structural induction on the given al-

gorithmic typing derivations. O
The details of the proof can be found in Appendix B, Section B.6.1.4.

Theorem 11 (Completeness of the Algorithmic Type checking in ARelCore). The fol-

lowing hold.
1. Assume thatZ;A; @ 4;Q Y £:° A. Then, 3t such that

1.1. Z;A;5®,4QF Y | AALLU=> O
1.2. A;®, = @

1.3. |t'|=t
2. AssumethatZ;\;®4;TH e t, S D:°1. Then, 31y, t, such that

2.1. Z0504TH 0ty | 1,D=>®
22 AO, =D

23. |fl=tand|ty| = t,
Proof. By simultaneous induction on the given ARelCore typing derivations. O

The details of the proof can be found in Appendix B, Section B.6.1.5.
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Summary Since bidirectional type checking for effects has received relatively little at-
tention even in the context of unary analysis, we briefly recapitulate the insights we
gained from designing BiARel. First, bidirectional type checking extends very well to
type systems with effects, even when combined with refinements and relational rea-
soning. Second, the mode of the effect (cost in our case) seems to mirror the mode of
the type: The checking judgment checks both the type and the cost, while the inference
judgment infers both. We did not find the need for a judgment that checks one but infers
the other. Finally, bidirectional type checking generates more existential variables than
it would without effects, but effects do not complicate the meta-theory (soundness and
completeness) substantially. The creation of additional existential variables has conse-
quences for constraint solving, since SMT solvers do not handle such variables well, we

return to the issue in the next chapter.
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CHAPTER 10
Typechecker BiARel

In the previous chapter, we have seen our two-step method to algorithmize relational
refinement type and effect system such as ARel. In this chapter, we look at the imple-
mentation in the real world, that is, a bidirectional type checker. Before we introduce the
type checker BiARel for ARel, we first discuss a prior work, BiRelCost Cigek (2018). Its
heuristics to alleviate the burden of annotations, and the constraint solving techniques
can be also helpful in BiARel. And then, we show BiARel, especially how to cope with

the array-based operations and the more complicated constraint.

10.1 HEURISTICS AND CONSTRAINT SOLVING TECHNIQUES IN PRIOR WORK

We list the heuristics in BiRelCost that can also be applied in BiARel, and its techniques

to handle the constraint. These heuristics are listed below.

1. Subtyping is only invoked in three places: (a) for switching from checking to in-
ference mode (rule alg-r-1| in Figure 9.7), (b) for the algorithmic version of the
nochange rule (Figure 9.6), which checks subtyping on all variables in the con-

text, and (c) as mentioned in the next point.

2. Relational subtyping rules that mention O are applied lazily at specific elimina-

tion points. For instance, in typing a function application, if the applied expres-
diff(D)

sion’s inferred type is O (7 Ty), it tries to complete the typing by subtyping

diff(0 diff(D .
toO71; IO, O7, and 73 D), T, in that order.

3. It switches to the unary reasoning (algorithmic analogue of rule switch from Fig-

ure 9.6) only when necessary i.e. when (a) eliminating expressions of the type
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U (A1, A2), (b) checking related expressions at type U (A;, A2), and (c) no other

relational rules apply.

BiARel also applies some techniques in constraint solving from BiRelCost. In the
prior work, in principle, the constraints @ output can be passed by the checking and in-
ference judgments to an SMT solver that understands the domain of integers (for sizes)
and real numbers (for costs). However, the constraint typically contains many existen-
tially quantified variables and current SMT solvers do not eliminate such variables well.
To solve this problem, BiRelCost has a simple pre-processing pass that finds candi-
date substitutions for existentially quantified variables. For any such variable n, it looks
for constraints of the form n = I and n < I. In either case, it considers I a candidate
substitution for n. In this way, it generates a set of candidate substitutions for all exis-
tentially quantified variables. For each such substitution, BiRelCost tries to check the
constraint’s satisfiability using an SMT solver. This pre-processing of the constraint to

eliminate existentially quantified variables of BiRelCost Cicek et al. (2019) is also used

in BiARel.

10.2 IMPLEMENTATION OF AREL

We develop a bidirectional type checker in Ocaml for ARel. We checked all the examples
described in and some other examples described in the Appendix. Our type checker is
implemented in OCaml and the code as well as the examples are available in the pub-
lic Git repository at https://github.com/haddyclipk/ICFP2019_BiArel. We summarize

salient points of our implementation and the results of our experiments in this section.


https://github.com/haddyclipk/ICFP2019_BiArel
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10.2.1 Heuristics for ARel

Our implementation uses heuristics to automatically backtrack over some typing rules
of ARel. We do this to reduce the annotations programmers have to write manually.

One heuristic of our type checker is to automatically determine whether to apply the
O-ed rule or the non-0O-ed rule, rather than forcing the programmer to make this choice
by providing an annotation on every array operation. Our heuristic applies the O-ed
rule first and tries to solve the generated constraints (with an SMT-solver, as explained
later). If the constraint cannot be solved, the heuristic tries the non-O-ed rule. For ex-
ample, when processing a read operation we always try the alg-r-readB-| rule first. The
generated constraint is I ¢ f. We pass this constraint to the SMT solver and if it says
yes (satisfiable), we just continue. If the SMT solver says no, we backtrack and try the
alg-r-read-| rule.

Another heuristic is that we switch from relational to unary reasoning only when
absolutely necessary. There are three cases when this happens: a) the unary type is
explicitly mentioned with the construct FIXEXT ¢ with Aj;, b) the switch term switch 7 is
used, and c) no other relational rules apply.

These heuristics suffice for our examples and reduce our annotation burden at the

cost of some extra type checking time.

10.2.2 Constraint Solving in ARel

The primary difficulty in our implementation (and the most time-consuming step in
type checking) is solving the constraints that the bidirectional type system generates.
For this, we rely on an SMT solver. Specifically, we use Alt-Ergo (Bobot et al., 2013)
through the Why3 frontend (Filliatre & Paskevich, 2013). A fundamental difficulty here

is that the SMT solver struggles with constraints that have too many existential quanti-
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fiers. To alleviate this concern, we rely on a solution proposed in the implementation of
RelCost (Cigek et al., 2019): We implement a simple algorithm that generates candidate
substitutions for existentially quantified variables by examining equality and inequal-
ity constraints that mention the variables. From a simple inspection of the algorithmic
rules, we can see that generated constraints contain inequalities on index terms such as
I' < I to check the array bound limit (for instance, in the rule alg-r-read-|), and equali-
ties such as Dy + D, = D to show that the inferred relative cost matches the relative cost
we want to check. Cicek et al. (2019)’s simple algorithm works remarkably well on these
kinds of constraints.

A new challenge for ARel is how to represent and solve constraints involving the
sets of integers . There are three kinds of constraints involving these sets. 1) equalities
of two sets f = ' which are generated when the rule compares whether the precon-
dition and postcondition are the same (e.g., in the rule alg-r-read-|); 2) containments
between sets such as f < ' which are generated when the postcondition is updated
(e.g., alg-r-updt-|); 3) index inclusions I €  which are generated when certain indexes
appear or disappear after the execution of the computation (e.g., alg-r-updtB-|). Index
inclusions are also used by our heuristic to decide whether to use [J-ed rules or not. To
express these constraints, we rely on the library for set theory from Why3. Its operations
for membership, equality, inclusion, empty set, union, intersection, and difference are

enough to solve our constraints, and work well in our experience.
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10.2.3 Type Checking Example in ARel

We illustrate our implementation of type checking by walking the reader through the

type checking of the following annotated version of the mapi function from Chapter 3.

let <= (contra:int — int — bool,0) in
let plusOne = (contra : Vx.int[x] — int[x + 1],0) in
fix mapi (f).Aa.Ak.An.

if (< kn) then

SPLIT;

let {x} = | (read a k,71,0; 7},0)

in

in

let { } = |(updt a k (f x),72,0; 75,0)

mapi f a (plusOne k) n
} with (i € b)
else
return ()
. . diff(r) . . . .
<0 : Vr:.0O(U(int,int) — U(int,int)) — Vi,m, g,b.(i < m) >
o o diff(|b[d, ml|+r)

Array[m] U(int,int)— int[i] — int{[m] — {g — b} 3g.unit {g — b}

First, we introduce two primitive functions for < and plusOne. We use a trivial ex-
pression contra to simplify the actual implementations of these primitives. For <, contra
appears in the term (contra,int — int — bool, 0), which also includes the relational type
and relative cost of <. We omit the relational costs on the arrows here because they are
0, which is also the default cost in our concrete syntax. (In experimental results below,
we do not count these functions as annotations, since they are just primitive functions
that actually should be inserted by the compiler automatically.)

Different from the mapi function, the map example verified by our type checker uses
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the annotated term SPLIT{#} with C to specify the use of the split rule r-split in Figure 4.6.
This eliminates non-determinism and guides the type checking. We also have the anno-
tated terms (read a k, 71,0 ; 71,0) and (updt a k (f x),72,0; 75,0), which vary from our
standard terms because they now contain the two relational types and two relative cost
upper bounds. As a reminder, the annotated terms aim to provide the necessary type
and effect to help the type checker.

When we want to provide the relational type and relative cost for terms related to
array operations, we need to provide two types and two relative costs, one for the O-ed
rule and the other for the non-O-ed rule, as depicted in our heuristics in Section 10.2.1.
As an example, consider the expression (updt a k (f x),72,0; 1’2,0). In this expression,
T, ={g— b} Elg.girfﬁ?{g — b\ {i}} is the relational type we want our type checker to use
for the expression updt a k (f x) when it tries the rule alg-r-updtB-|. The second type,
1’2 ={g— b} Elg.ggfi(tr){g — bu{i}} is the type for the non-0-ed rule alg-r-updt- |, which is
tried only if the rule alg-r-updtB-| generates an unsatisfiable constraint.

Overall, this example uses three annotations, which are shown in in the code

above.

10.2.4 Experimental Evaluation of ARel

Table 10.1 summarizes some statistics about the performance of our type checker on
different examples. For each example, we show the number of lines of code (LOC), the
number of type annotations that are needed (#TYP), the number of annotations needed
to disambiguate rules (#ESF), the time needed for type checking (TC), the time needed
for solving the constraints that arise as premises during type checking (TC-SMT), and
the time needed for solving the final constraint which is the output of the type checking

(TF-SMT). Our experiments were performed on a 3.1 GHz Intel Core i5 processor with
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8GB of RAM.

The programs mapi(1), mapi(2), boolOr, FFT, NSS and ISort are implementations of
the corresponding examples discussed in Chapter 3 and Section 6. The example mapi(1)
is mapi where we do not assume that the input functions are equal in the two runs. In
mapi(2), we assume that the inputs functions are equal in the two runs (we presented
the full annotated code for this example in Section 10.2.3). For FFT, which uses the
auxiliary functions separate and loop, we report statistics for the whole program and in-
dividually for each auxiliary function. The program ISort uses helper functions insert
and shift. These are also shown separately. The programs merge(1) and merge(2) are the
two typings of imperative merge discussed in Chapter 6.

The function SAM (square-and-multiply) computes a positive power of a number
represented as an array of bits, while comp checks the equality of two passwords rep-
resented as arrays of bits. These last two examples are array-based implementations
of similar list-based implementations presented in Cicek et al. (2017a). More details of
these examples are in the Appendix A.

The results in Table 10.1 show that ARel can be used to reason about the relative cost
of functional-imperative programs. Unsurprisingly, examples combining relational and
unary reasoning (using rules r-fix-ext and r-switch) such as boolOr, NSS and ISort need
more annotations and need more time for both type checking and SMT solving. In some
examples like I1Sort, the time taken for solving constraints in the premises of the rules
(TC-SMT), is very high. This is because of the heuristic we described at the beginning
of this section where we try [J-ed rules before non--ed rules. The SMT solver first tries
to prove that the [J-ed rule can be applied, but in some cases, it times out. This timeout
period is counted in TC-SMT. It is set to 1s in all examples, except |Sort and Insert, where

we need 2s. TF-SMT, the time taken to check the final output constraint, is also high for
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Table 10.1: Statistics from BiARel examples.

Benchmark LOC #TYP #ESF TC TC-SMT TE-SMT
mapi(1) 12 2 0 0.802 1.051 0.01
mapi(2) 19 3 1 1.247  0.994 0.02
boolOr 48 8 3 1.574 1.131 2.38
separate 36 8 0 1.351 2.148 0.01
loop 23 5 0 1.167  2.114 0.01
FFT 66 17 0 2.591 4.268 0.01
Search 62 10 3 3.753  4.430 6.56
NSS 94 12 3 4.158  4.413 10.03
shift 14 3 0 0.660 1.394 0.01
insert 22 6 0 1.001 3.019 0.01
iSort 134 12 3 2.897 6.181 10.70
merge(1) 29 0 2.203 2.232 0.01
merge(2) 64 11 2 3.231 0.349 0.02
sam 19 1 0.946  0.083 0.02
comp 20 3 0 1.138 0.112 0.01

some examples like I1Sort, but this is due to the complexity of the constraint.

10.2.5 Limitations and Future Directions of BiARel

One obvious limitation of our current prototype is efficiency, as we mentioned for ex-
amples NSS and iSort. Type checking slows down for two reasons: 1) The heuristic
to determine whether to apply a O-ed rule to array-based operations has to wait for
SMT to timeout in some cases. The time for alt-ergo (our SMT solver) to solve con-
straints varies considerably depending on the examples. When dealing with examples
with many array-based operations, the problem is exacerbated. Unfortunately, we use
Why3 to connect to alt-ergo and have to set a large timeout to guarantee enough time for
alt-ergo to deal with the constraint on all connections, which accounts for the unneces-
sary time consumption. 2) The complexity of the final constraint grows with the number
of array-based operations. This complexity translates to longer SMT-solving times.

Another limitation of our implementation is that some annotations are still needed
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(despite our heuristics). We saw this in the example of Section 10.2.3.

We plan to improve our prototype by improving our heuristics and the constraint
solving process. We would like to find a way to decrease connection times, the constraint
solving time, and to make our backtracking more efficient. We also plan to investigate

the use of other SMT solvers in order to improve efficiency further.

10.3 DISCUSSION ABOUT THE IMPLEMENTATION

Our observation so far is that, to a large extent, bidirectional relational type systems
follow the same broad principles as (the well-studied) bidirectional unary type systems.
However, relational type systems usually have more nondeterminism in both typing and
subtyping rules. This non-determinism can be resolved by additional annotations, but
an alternate approach is to use the annotations (and an elaboration to programs with
these annotations) only as a theoretical tool in proving the completeness of the bidirec-
tional type system relative to a standard declarative one, and to use heuristics to resolve
the nondeterminism in an implementation. This is the approach we follow here. Bidi-
rectionality also extends to type-and-effect systems, with the general principle that the
mode of the effect follows the mode of the type. In the following, we explain the extent
to which some other features of relational type systems that we have not considered so
far can be brought under the purview of bidirectional typing.

First, in the type systems we have considered so far, the same variable is used for
related inputs in the two typed expressions. A more expressive alternative is to allow the
two expressions to have different free variables and type them relative to assumptions
about relations between the variables. Bidirectionality extends to this setup fairly easily,
without any new principles. The rule for typing variables still remains in inference mode,

but the variables on the two sides do not have to be the same.
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Second, many relational type systems feature asynchronous rules that allow analysis
of only one expression, while maintaining relational reasoning, e.g., (Abel & Scherer,
2012)(Aguirre et al., 2017). These rules require care in a bidirectional type system. As a
simple example, suppose we add to RelRefU the following rule, which allows relating

h tp to t, by relating £ to .

T'hi-t:A — A rl—l'gv\téZU(Al,A/z)

THt by ty: U(Az, A

The question is what modes — inference or checking — the two premises and the conclu-
sion of the rule’s bidirectional version should follow? The usual principle for function
application says that the first premise and the conclusion should have inferred types,
and the second premise should have a checked type. However, with this choice, the type
A, must be guessed in an implementation. Consequently, the standard principle does
not work for this (and other) asynchronous rules. Here, one possible way is to infer the
type in the first premise and check the types in the second premise and the conclusion.
This deviation from the usual bidirectional principle for function application arises be-
cause the types of the two sides (A, A}) are coupled in a single type in the conclusion,
while the (asynchronous) rule analyzes the two sides differently. This suggests possi-
ble future work on bidirectional typing where the different components of a single type
can have different modes. Here, for instance, we may say that in U (AZ,A’Z), A, will be
inferred, while A’, will be checked. Then, one could stay with the usual bidirectional
principle for function application on the left side.

Finally, we note that for type systems with refinements or dependencies, any algo-
rithmization (bidirectional or not) is limited by the tractability of the underlying logic

of assertions. There are many relational refinement type systems that are designed for
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manual proofs and rely on very powerful assertion logic, in some cases as expressive as
HOL or CiC (Aguirre et al., 2017; Nanevski et al., 2011). While bidirectional principles
can be used to direct the generation of constraints in these cases, solving the constraints
automatically is fundamentally intractable.

A particular case of the previous point is that in type systems with even simple quan-
titative refinements like list lengths and costs, the verification constraints often have
existential quantifiers, which SMT solvers have significant difficulty handling. In our
BiARel and its prior work BiRelCost Cigek et al. (2019), a custom algorithm to eliminate
these quantifiers is used, which works well. An alternative approach, used for example in
liquid types (Vazou et al., 2014) and by Dunfield and Krishnaswami for GADTs (Dunfield
& Krishnaswami, 2019), is to engineer or restrict the type system so that generated con-
straints do not have existential quantifiers. In the context of bidirectional type checking,
this seems fundamentally difficult for quantitative effects like costs. The problem, as ex-
plained earlier, is that in trying to check a composite expression, the expression’s given
cost must be nondeterministically split between the subexpressions. Other (co)effect
type systems (Dal Lago & Gaboardi, 2011; Dal Lago & Petit, 2013; Gaboardi et al., 2013;
de Amorim et al., 2014) use bounded exponentials !,, 7 (n copies of 7) from bounded
linear logic to express quantitative (co)effects. The difficulty for bidirectionality is sim-
ilar: Now, in a rule with two or more premises, one must nondeterministically split the
context. Further work is needed to understand whether these type systems can be re-

designed to not generate existential quantifiers.



166

CHAPTER 11

Related Work of BiARel

There is a lot of literature on implementing various combinations of refinement types,
effect systems, modal types, and subtyping. A distinctive feature of our work is that it

combines all these aspects in a relational setting.

11.1 BIDIRECTIONAL TYPE CHECKING

The idea of bidirectional type systems appeared in literature early on. However, the
idea was popularized only more recently by Pierce and Turner Pierce & Turner (2000).
The technique has shown great applicability—it has been used for dependent types Co-
quand (1996), indexed refinement types Xi & Pfenning (1999); Xi (1998), intersection and
union types Davies & Pfenning (2000); Dunfield & Pfenning (2003), higher-rank poly-
morphism Peyton Jones et al. (2007); Dunfield & Krishnaswami (2013, 2019), contextual
modal types Pientka (2008), algebraic effect handlers Lindley et al. (2017) and gradual
typing Toro & Tanter (2015). Our approach is inspired by many of these papers, in par-
ticular DML Xi & Pfenning (1999); Xi (1998), but departs in the technical design of the
algorithmic type system due to new challenges offered by relational and modal types,
and costs. In particular, in these works is unary, i.e. a single program is checked (in-
ferred) in isolation. Moreover, none of these works consider effects explicitly, i.e. as a
type and effect system. One exception is the bidirectional effect system by Toro & Tanter
(2015), which uses bidirectional type checking for gradual unary effects. However, their
end goal is different since they infer minimal effects at compile time and then check

dynamic effects at runtime.
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11.2 LIGHTWEIGHT DEPENDENT TYPES

Numerous other systems use lightweight dependent types for program verification in-
cluding, for instance, F* Swamy et al. (2011, 2016) and LiquidHaskell Vazou et al. (2014).
However, these developments also do not consider comonadic types and costs. The
DML approach has also been used in combination with linear types for asymptotic com-
plexity analysis Dal Lago & Gaboardi (2011); Dal Lago & Petit (2013) and for reason-
ing about differential privacy Gaboardi et al. (2013); de Amorim et al. (2014). Besides
lightweight dependent types, these papers also consider the comonadic modality of
linear logic. This modality’s structural properties are quite different from those of the
comonadic O we consider here. Another way to extend dependent types with cost infor-
mation is to index a monad with the execution cost. Gundry considers this approach in a
unary setting for a subset of Haskell with support for bidirectional typechecking Gundry

(2013). None of these papers consider relational typing.

11.3 RELATIONAL VERIFICATION SYSTEMS

Some other type systems establish relational properties of programs. Barthe et al. (2014)
consider a relational variant of a fragment of F* for the verification of cryptographic im-
plementations, and similarly Barthe et al. (2015b) consider a relational refinement type
system for differential privacy. However, some of the key technical challenges of our
system, including those that arise from the interaction between unary and relational
typing, as well as costs, do not show up in these settings. In the realm of incremental
computing, some work Cicek et al. (2015, 2016) has proposed declarative type systems
for reasoning about update costs of incremental programs. These systems share simi-
larities with the systems we considered here and we believe that the ideas developed in

this paper can be applied to obtain algorithmic versions of these type systems as well.
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11.4 ELIMINATION OF SUBTYPING

Prior work has also studied methods of eliminating subtyping as a way of simplifying
type checking, e.g. Breazu-Tannen et al. (1991); Crary (2000). While our approach is
similar in motivation, our technical challenges are quite different. Main difficulties in
simplifying subtyping in our work arise from the interaction of the modalities 0 and U

with other connectives.
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IIT ADAPTIVE DATA ANALYSIS

In the next few chapters, we present a program analysis that can help data analysts de-
sign adaptive data analyses controlling their generalization errors. Given an input pro-
gram implementing an adaptive data analysis, our program analysis generates an upper
bound on the total number of queries that the data analysis will run, and more inter-
estingly also an upper bound on the depth of the chain of queries. These two measures
can be used to select the right technique to guarantee a bound on the generalization er-
ror of the data analysis. Our program analysis is based on an analysis of the dependency
graph between different queries, representing the potential chain an adaptive data anal-
ysis may generate. We show how the proposed program analysis can help to analyze the

generalization error of several concrete data analyses with different adaptivity.
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CHAPTER 12

Program Analysis for Adaptive Data Analysis

Data analysts run their data analysis on sample data drawn from the population they
want to study because it is usually impossible to run it on the population. The general-
ization error is used to measure whether the results from the sample data generalize to
the population. Hence, guaranteeing a low generalization error is an important topic in
the data analysis area.

An adaptive data analysis can be seen as a process composed by multiple queries
interrogating some data, where the choice of which query to run next may rely on the
results of previous queries. The generalization error of each individual query/analysis
can be controlled by using an array of well-established statistical techniques. However,
when queries are arbitrarily composed, the different errors can propagate through the
chain of different queries and result in a generalization error that is too high. To address
this issue, data analysts are designing several techniques that not only guarantee the
bounds on the generalization errors of single queries, but that also guarantee bounds on
the generalization error of the composed analyses. The total number of queries and the
depth of the chain of queries are of great significance when attempting to limit the gen-
eralization error when the composed data analyses are adaptive. The choice of which
of these techniques to use often depends on the depth of the chain of queries that an

adaptive data analysis can generate.

12.1 ADAPTIVE DATA ANALYSIS

Consider a dataset X consisting of n independent samples from some unknown popula-
tion P. How can we ensure that the conclusions drawn from X generalizes to the popu-

lation P? Despite decades of research in statistics and machine learning on methods for



171

' p
: q iy »
<« Vi " E
Adaptive| . = .
Dzlijta : qx = s Population
- L u
Analysis | _. vi - o
- ] =
= Generalization Error «
EEEEEEEEEEEmnf

Figure 12.1: Overview of our adaptive data analysis model.

ensuring generalization, there is an increased recognition that many scientific findings
generalize poorly (e.g. Ioannidis (2005); Gelman & Loken (2014) ). While there are many
reasons a conclusion might fail to generalize, one that is receiving increasing attention is
adaptivity, which occurs when the choice of method for analyzing the dataset depends
on previous interactions with the same dataset Gelman & Loken (2014).

Adaptivity can arise from many common practices, such as exploratory data anal-
ysis, using the same data set for feature selection and regression, and the re-use of
datasets across research projects. Unfortunately, adaptivity invalidates these traditional
methods for ensuring generalization and statistical validity, which assume the method
is selected independently of the data. The misinterpretation of adaptively selected re-
sults has even been blamed for a “statistical crisis” in empirical science Gelman & Loken
(2014).

A line of work initiated by Dwork et al. (2015c), Hardt & Ullman (2014) posed the
question: Can we design general-purpose methods that ensure generalization in the
presence of adaptivity, together with guarantees on their accuracy? The idea that has
emerged in these works is to use randomization to help ensure generalization. Specif-
ically, these works have proposed to mediate the access of an adaptive data analysis to
the data by means of queries from some pre-determined family (we will consider here
statistical or linear queries) that are sent to a mechanism which uses some randomized

process to guarantee that the result of the query does not depend too much on the spe-
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cific sampled dataset. This guarantees that the results of the queries generalize well.
This approach is described in Figure 12.1. We have a population that we are interested in
studying, and a dataset containing individual samples from this population. The adap-
tive data analysis we are interested in running has access to the dataset through queries
of some pre-determined family (e.g., statistical or linear queries) mediated by a mech-
anism. This mechanism uses randomization to reduce the generalization error of the
queries issued to the data. This line of work has identified many new algorithmic tech-
niques for ensuring generalization in adaptive data analysis, leading to algorithms with
greater statistical power than all previous approaches. Common methods proposed by
these works include, the addition of noise to the result of a query, data splitting, etc.
Moreover, these works have also identified problematic strategies for adaptive analysis,
showing limitations on the statistical power one can hope to achieve. Subsequent works
have then further extended the methods and techniques in this approach and further ex-
tended the theoretical underpinning of this approach, e.g. Dwork et al. (2015b,a); Bassily
et al. (2016); Ullman et al. (2018); Feldman & Steinke (2017); Jung et al. (2020); Steinke &
Zakynthinou (2020); Rogers et al. (2020).

A key development in this line of work is that the best method for ensuring general-
ization in an adaptive data analysis depends to a large extent on the number of rounds
of adaptivity, the depth of the chain of queries. As an informal example, the program
x — q1(D);y — q2(D, x); z — q3(D, y) has three rounds of adaptivity, since g, depends
on D not only directly because it is one of its input but also via the result of g;, which is
also run on D, and similarly, g3 depends on D directly but also via the result of g,, which
in turn depends on the result of g;. The works we discussed above showed that, not only
does the analysis of the generalization error depend on the number of rounds, but know-

ing the number of rounds actually allows one to choose methods that lead to the small-
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est possible generalization error. As an example, when a study includes queries with a
large number of rounds of adaptivity, then a low generalization error can be achieved
by adding Gaussian noise scaled to the number of rounds to the result of each query.
When instead a study includes queries with a low number of rounds of adaptivity, then
a low generalization error can be achieved by using more specialized methods, such as

the reusable holdout technique from Dwork et al. (2015c).

12.1.1 Some Results in Adaptive Data Analysis

In Adaptive Data Analysis an analyst is interested in studying some distribution P over
some domain & . Following previous works Dwork et al. (2015c); Hardt & Ullman (2014);
Bassily et al. (2016), we focus on the setting where the analyst is interested in answers
to statistical queries (also known as linear queries) over the distribution. A statistical
query is usually defined by some function f: % — [-1,1] (often other codomains such
as [0,1] or [-R,+R], for some R, are considered). [E represents the expectation. The

analyst wants to learn the population mean, which (abusing notation) is defined as

fp)= E [f)].

However, the distribution P can only be accessed via a set of samples Xi,..., X,
drawn from P. We assume that the samples are drawn independently and identically
distributed (i.i.d.). These samples are held by a mechanism M(Xj,..., X,;) who receives

the query f and computes an answer
a= f(P).

The naive way to approximate the population mean is to use the empirical mean,
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which (abusing notation) is defined as

1 n
X, Xn) == f(X).
nizy

However, the mechanism M can then adopt some methods for improving the general-
ization error.

In this work, we consider analysts that ask a sequence of k queries fi,..., fx. If the
queries are all chosen in advance, independently of the answers of each one of them,
then we say they are non-adaptive. If the choice of each query f; depend on the prefix
fi,ai,..., fi-1,a;-1 then they are fully adaptive. An important intermediate notion is r -
round adaptive, where the sequence can be partitioned into r batches of non-adaptive
queries. Note that non-interactive queries are 1-round and fully adaptive queries are k
rounds.

We now review what is known about the problem of answering r-round adaptive

queries.

Theorem 12. For any distribution P, and any k non-adaptive statistical queries, the em-
pirical mean satisfies
logk
max |a;j—fi(P)I=0|\/|—
'—,..,kl i— [P p

For any r = 2 and any r-round adaptive statistical queries, it satisfies

k

These bounds are tight (up to constant factors) which means that even allowing one
extra round of adaptivity leads to an exponential increase in the generalization error of

the empirical mean, from logk to k.
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Dwork et al. (2015c) and Bassily et al. (2016) showed that by using an alternative
mechanism M which uses randomization in order to limit the dependency of a single
query on the specific data instance, one can actually achieve a much stronger general-

ization error as a function of the number of queries, specifically.

Theorem 13 (Dwork et al. (2015c); Bassily et al. (2016)). For any k, there exists a mech-
anism such that for any distribution P, and any r = 2 any r-round adaptive statistical
queries, it satisfies )
jr:rllax la;— fi(P)| = O(%)

Notice that Theorem 13 has different quantification in that the optimal choice of the
mechanism depends on the number of queries. Thus, we need to know the number of
queries a priori to choose the best mechanism.

Dwork et al. (2015c¢) also gave more refined bounds in terms of the number of rounds

of adaptivity.

Theorem 14 (Dwork et al. (2015c)). For any r and k, there exists a mechanism such that

for any distribution P, and any r = 2 any r-round adaptive statistical queries, it satisfies

ry/logk
vn

This suggests that if one knows a good a priori upper bound on the number of rounds
of adaptivity, one can get a much better guarantee of the generalization error, but only
by using an appropriate choice of the mechanism.

This scenario motivates us to explore the design of program analysis techniques that
can be used to estimate the number of rounds of adaptivity that a program implement-
ing a data analysis can perform. These techniques could be ultimately be integrated into

a tool for adaptive data analysis such as the Guess and Check framework by Rogers et al.



176

(2020).

12.2 CHALLENGES AND OUR SOLUTIONS

12.2.1 Formalizing an Adaptive Data Analysis Model

The first problem we face is how to define formally a model for adaptive data analysis
which is general enough to support the methods we discussed above and would per-
mit to formulate the notion of adaptivity these methods use. We take the approach of
designing a programming framework for submitting queries to some mechanism giv-
ing access to the data mediated by one of the techniques we mentioned before, e.g.,
adding Gaussian noise, randomly selecting a subset of the data, using the reusable hold-
out technique, etc. In this approach, a program models an analyst asking a sequence of
queries to the mechanism. The mechanism runs the queries on the data applying one
of the methods discussed above and returns the result to the program. The program
can then use this result to decide which query to run next. Overall, we are interested
in controlling the generalization of the results of the queries which are returned by the
mechanism, by means of the adaptivity.

To define adaptivity we consider a dependency graph between the different queries
that we synthesize from the possible execution traces of the program representing the
data analysis. The dependency graph is built by inspecting all the possible traces of exe-
cution and by identifying situations where the execution of a query causes the execution
of another query. Intuitively, a query Q may depend on another query P, if there are two
values that P can return which affect in different ways the execution of Q. For exam-
ple, as depicted in Dwork et al. (2015b), a machine learning algorithm for constructing
a classifier can be modeled by first computing each feature’s correlations with the label

via a sequence of queries and then constructing the classifier based on the correlation
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Figure 12.2: (a) Example of a program with two rounds of adaptivity, (b)
Labeled program for the same example, (c) The corresponding query-
based dependency graph.

values. If one feature’s correlation changes, the classifier depending on features is also
affected. This notion of dependency builds on the execution trace as a causal history.
In particular, we are interested in the history or provenance of a query up until this is
executed, we are not then concerned about how the result is used — except for tracking
whether the result of the query may further cause some other query. This is because we

focus on the generalization error of queries and not their post-processing.

Through an Example We motivate the definition of adaptivity we will use through a
simple example illustrated in Figure 12.2(a), which implements a simple "two rounds
strategy".

In this example, the analyst asks queries to the mechanism in two phases. In the first
phase, the analyst asks a fixed number k of queries (in the example k = 3) and stores
the answers that are provided by the mechanism. In the second phase, the analyst con-
structs a new query based on the results of the previous k queries and sends this query
to the mechanism. More specifically, we assume that, in this example, the domain X
contains at least four numeric attributes, which we index just by natural numbers. The
queries inside the loop correspond to the first phase and compute an approximation of

the empirical mean of the first three attributes. The query outside the loop corresponds
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to the second phase and computes an approximation of the empirical mean where each
record is weighted by the sum of the empirical mean of the first three attributes. Queries
are of the form ¢g(e;) where e, is a query expression with a special variable y repre-
senting a possible row. Mainly e, represents a function from X to some domain U, for
example U could be [-1,1] or [0, 1]. This function characterizes the linear query we are
interested in running. As an example, x — g(y[2]) computes an approximation, accord-
ing to the used mechanism, of the empirical mean of the second attribute, identified by
x12]. Notice that we don’t materialize the mechanism but we assume that it is implicitly
run when we execute the query.

In order to analyze programs like the one we just discussed, it is convenient to work
with a version of the program where similar commands can be easily distinguished. For
this reason, we use labeled versions of programs, where labels correspond to lines of
code. As an example, we give the labeled version of the two rounds example program in
Figure 12.2(b).

This example is intuitively 2-rounds adaptive. The reason is that we have two dis-
tinguished phases and the queries that we ask in the first phase do not depend on each
other, while the last query depends on all the previous queries. However, capturing this
concept formally is surprisingly difficult. The difficulty comes from the fact that a query
can depend on the result of another query in multiple ways, by means of data depen-
dency or control flow dependency. In order to find the right definition for our goal, we
take inspiration from the known results of the data analysis model we discussed above.
This theory tells us that what we want to measure is the generalization error on the result
of a query and not an arbitrary manipulation of the query. Indeed, arbitrary manipula-
tions can change the generalization error. As an example, suppose that v is the result

we get from running a query, if we multiply this result by some constant, we are also
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Figure 12.3: High level architecture of ADAPT.

changing the incurred error. Moreover, this theory tells us that we can always consider
a non-adaptive set of queries as to being adaptive, and more importantly, that we can
transform an adaptive query into a non-adaptive one, incurring an exponential blow-
up of the number of queries. For example, we could ask many queries upfront, and
depending on the results of some of them, we could return the results of others. For
these reasons, we define adaptivity in terms of the possible execution traces of the pro-
gram on all possible inputs. A trace of execution is a list of query requests of the form
[q(v) WD) g(v,) W], where every occurrence of a query is labeled with the line
of code [ it appears at, and the counter w identifying the possible loop iteration hap-
pening when a query is called. For example, in g(v;)®Y, the superscript (3,1) indicates
that the query is asked at line 3 and that the query is requested in the first iteration of
the loop. When the query is not in a loop, we omit the counter.

Using traces we can identify situations when one query can affect the execution of
another one. Using this information we can build a directed graph, called the query-
based dependency graph, where the nodes represent the queries that are executed and
the edges between two nodes represent the fact that one query may depend on the other.
We show such a graph for our running example in Figure 12.2(c). We can then define
adaptivity as the longest possible path in this graph. Looking again at our example, it is
easy to see that the longest path in the graph in Figure 12.2(c), which we mark with a red

dashed arrow, is 2, as we were expecting.
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12.2.2 Static Analysis for Adaptivity

The second problem we face is how to estimate the adaptivity of a given program. The
adaptive data analysis model we consider and our definition of adaptivity suggest that
for this task we can use a program analysis that is reminiscent of information flow con-
trol. However, this is not sufficient since, in general, a query Q is not a monolithic block
but rather it may depend, through the use of variables and values, on other parts of the
program. Hence, we also need to consider some form of data-flow analysis. Our pro-
gram analysis, named ADAPT, combines information flow and data-flow analysis us-
ing an adjacency matrix M representing the dependency between different variables,
and a vector V representing different queries. These two components allow us to over-
approximate the dependency graph and estimate the adaptivity of the program.

To simplify our analysis, we do not directly apply the program analysis to the source
program. Instead, we first transform the program into static single assignment form,
SSA form. In this form all the variables are assigned once, including variables in loops,
and this helps our analysis in avoiding the complexity of handling variables reassign-
ment. Moreover, we show that by analyzing programs in SSA form, we get a bound on
the number of rounds of adaptivity that is also a bound for the source program.

The high-level architecture of our static analysis framework is shown in Figure 12.3.
The input of the analysis is a labeled program P for which the adaptivity A is defined
by means of a trace-based definition, as discussed above. In order to estimate an upper
bound on A, our program analysis first transforms the program P into the static single as-
signment (SSA) form. The goal of this step is to guarantee that each variable is assigned
only once. We show the result of this transformation applied to our two rounds strat-
egy example in Figure 12.4(a). This transformation, when applied to a loop, introduces

some extra variables that serve as intermediate storage. For example, in 12.4(a) there is
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[a1 — 0]*;

[i1 — 0]%;

loop [3]° do
(i3, 01, i2), (a3, az, a1)]
[x1 — @ (xlisD]
laz — as + x11°;
lip — i3 +11%;

[l — g2 (x14] % az)]”

()
Figure 12.4: (a) Example of a SSA program with two rounds of adaptivity
(b) The corresponding variable-based dependency graph.

a new instruction [(i3, i1, i2), (a3, a1, az)] after the loop. This instruction asserts that the
value of the new variables i3 and a3, depending on the execution step, may come from i,
or ip, a; or ap, respectively. To be concrete, if it is in the first iteration of the loop, i3 = i,
otherwise, i3 = iy. For those readers who are familiar with SSA, it can be regarded as
another form of the phi node. The transformation of a program into SSA form preserves
the execution traces, and so, in turns, it preserves the adaptivity.

The main component of our framework is an algorithm, which we call ADAPT.
This algorithm constructs a variable-based weighted directed dependency graph where
nodes are annotated variables and edges represent potential dependencies between the
variables. We show the variable-based dependency graph for our running two rounds
example in Figure 12.4(b). The algorithm builds this dependency graph by traversing
the SSA program PS and collecting the information about dependencies between the
different variables in an adjacency matrix M, and information about the relations be-
tween queries and variables in a vector V. The matrix M collects information about
both data dependency and control flow dependency. The vector V is used to assign a
weight to the different nodes. In particular, to each variable related to a query, the al-
gorithm assigns weight 1 and to any other variables, the algorithm assigns no weight.

The estimated upper bound for the adaptivity is the weight of the path in the graph with
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maximal weight. In Figure 12.4(b), we have a dependency graph between variables. The
nodes are the assigned variables and the edge between two nodes means one variable
may have data dependency or control flow dependency(or both) on the other variable.
Only the variable x which is assigned with the query result via x < g(e,;) will be marked
as the weighted node with the unit weight. The nodes in a dashed circle are those spe-
cial nodes associated with query requests. We want to find the path in the graph with the
highest weights (the most special nodes). The path with maximal weight is the dashed
one in the graph. The weight of this path is 2, providing us a tight upper bound on the
adaptivity of P More in general, we prove that the upper bound estimated by ADAPT

gives a sound overapproximation of the adaptivity of the analyzed program.

12.3 CONTRIBUTIONS OF ADAPT

To Summarize, our work aims at the design of a static analysis for programs implement-
ing adaptive analysis that can estimate their rounds of adaptivity. Specifically, our con-

tributions are as follows:

1. A programming framework for adaptive data analyses where the program repre-
sents an analyst that can query a generalization-preserving mechanism mediating

the access to some data.

2. Aformal definition of the notion of adaptivity under the aforementioned analyst-
mechanism model. This definition is built on a query-based dependency graph

built out of all the possible program execution traces.

3. A program analysis algorithm ADAPT which provides an estimated upper bound

on the adaptivity via a variable-based dependency graph.
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4. A soundness proof of the program analysis showing that the adaptivity estimated

by ADAPT bounds the true adaptivity of the program.
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CHAPTER 13

Formal Definition of Adaptivity

In this chapter, we formally introduce the language we will focus on for writing data
analyses. This is a simple loop language with some primitives for calling queries. After
defining the syntax of the language and showing an example, we will define its trace-
based operational semantics. This is the main technical ingredient we will use to define

the program’s adaptivity.

13.1 SYNTAX OF LOOP LANGUAGE

We introduce the syntax of the loop language we use to write our data analyses. It is
standard that expressions can be either arithmetic expressions or boolean expressions.
An arithmetic expression can be a constant n denoting integer, a variable x from some
countable set Var, a combination of arithmetic expressions by means of the symbol &,
denoting basic operations including addition, product, subtraction, etc. A boolean ex-
pression can be t rue or false, the negation of aboolean expression, or a combination
of boolean expressions by means of @, denoting basic boolean connectives, or the re-
sult of some basic comparison ~ between arithmetic expressions, e.g., <,=, <,, etc. Ad-
ditionally, list over expressions is supported and [] stands for the empty list. The access
to elements in the list can be achieved through x[a] when variable x is referred to a list.
The value v now contains the natural number 7, the boolean primitives true and false,
the empty list [] and non-empty list [v,..., v].

As we have seen in previous examples, that the query request may look like g(y[2] +
3). We have the query expressions e, for the query request. The query expressions in-
clude the special variable y representing a row of the database, and access to values at

a certain index in y, as y[a]. The arithmetic expressions can also appear in e;. We also



Arithmetic Operators &, = +|—| x|+

Boolean Operators ®p = V|A|™

Relational Operators ~ = <|=|==

Arithmetic Expressions a = nlxlad,a

Boolean Expressions b = truelfalse|b|bepbla~a
Expressions e = albl|[l]]le...,e]

Values v = n|true|false|[]|[v,..., V]

Query expressions eq == alyxlyxlallegoaeq

Query Values Vq = nlylxlnllvgeavg

Commands c = skip| x—e| x—gq(eg) | loopadoc

| c;c|if (b,c,c)

Figure 13.1: Syntax of loop language.

allow the arithmetic operations on query expressions, such as y[2] +3. The normal form
v, of the query expression can be the natural number, y and access to it y[n], and also
the arithmetic operations over two query values v, &, v;. We also define the equality
relation between the query values, denoted as =4, such that y[2] +2 =, 2 + y[2]. The
details can be seen in Appendix C, Section C.1. This design of having query expressions
and their normal form is important in the trace-based operational semantics, in the next
section.

A command c can either be skip, an assighment command x — e, the composition
of two commands c; ¢, an if statement if (b, ¢, ¢), aloop statement 1oop a do c. The main
novelty of the syntax is the query request command x < ¢g(e,). Notice inside the query,
we have the query expression e;. As a reminder, we focus on linear queries, specified
by a function from rows to [0,1] or [-1,+1]. To express these functions, we introduce
the special variable y to represent the rows of the database in the query expressions. In
this sense, a simple linear query which returns the first element of the row is written as
q(x[1]), representing a query ¢g(y) = x(1). The query can also take variables as input,

the aforementioned two round example in Figure 12.2.(a) uses the loop counter i to
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construct the query g(x[i]), and amore complicated one g(y[4]+a) at the end. However,
when the query is sent to the database, the argument inside g should be in the normal

form. So the variable a should be evaluated first in g(y[4] + a).

13.2 TRACE-BASED OPERATIONAL SEMANTICS

We evaluate programs in our loop language by means of our trace-based operational
semantics, to capture the dependency between queries. For distinguishing elements in

the trace, we add a label to commands in the loop language as follow:

Labeled commands ¢ := [x<—e]'|[x— q (eq)]l | loop [al'doc|cc

|if ([b]%, c,c) | [skip]!

Each command is now labeled with a label /, a natural number standing for the line
of code where the command appears. Notice that we associate the label / to the condi-
tional predicate b in the if statement, and to the loop counter a in the loop statement.

We will also use Loop map w as defined below.

Loop Map w € Label =N Memory m == []|m[x— v]

Annotated Query /2 = {q(vy)""} Trace t 01g)h? e

Loop map are a map from the label / to the iteration number n. A mapping [k — n]
gives accurate information on which loop a statement is in by its key k (label at loop
counter), and which iteration n the statement belongs to. For example, the loop map
w = [3:1,4:2] indicates that the statement is currently in a nested loop, the outer loop
starting from label 3 and in its first iteration, the statement is now in the inner loop

starting from label 4 and in the second iteration. We use @ to represent an empty map,
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indicating the statement is not in any loop. We define operations on w as follows.

w\l =w [l¢Keys(w) w+l =wll—-1] l¢ Keys(w)

=w; Otherwise =w[l—-w()+1] Otherwise

We use w\ [ to remove the mapping of the key / from the loop map w. This is used when
exiting the loop at line I. We denote w; to express a map identical to w but without
the mapping of label /. We record in w the first iteration of a loop marked by label / by
assigning [ with the iteration 1. The mapped number increase when going into another
iteration of the same loop. We use Keys(w) to return all the keys of the loop map w.

A memory is standard, a map from variables to values. Queries can be uniquely an-
notated as «/2, and the annotation (/, w) considers the location of the query by line
number / and which iteration the query is at when it appears in a loop statement, spec-
ified by w. A trace ¢ is a list of annotated queries accumulated along with the execution
of the program.

A trace can be regarded as the program history, where this history consists of the
queries asked by the analyst during the execution of the program. We collect the trace
with a trace-based small-step operational semantics based on transitions of the form
(m,c, t,wy — (m',skip, t’, w'y. It states that a configuration (m, c, f, w) evaluates to an-
other configuration with the trace and loop map updated along with the evaluation of
the command c to the normal form of the command skip. A configuration contains
four elements: a memory m, the command c to be evaluated, a starting trace #, a starting
loop map w. The loop map remains empty until the evaluation goes into a loop. Cor-
respondingly, we also have the evaluation of expressions in Figure 13.2. The arithmetic
expression evaluation of the form (m, a) —, (m, a’), the boolean expression evaluation

has the form of (m, b) —j (m, b'). In particular, we have the evaluation of the query ex-
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pressions, of the form (m, e;) —4 (m, e'q). These expressions will evaluate to the normal
form, e to v and e, to vg.

We give a selection of rules of the trace-based operational semantics in Figure 13.3.
The rule 1-query-e evaluates the argument e, of a query request g(e,) using the query
evaluation —,. When the query expression is in the normal form, this query will be
answered. The rule l-query-v modifies the starting memory m to m[v,/x] using the
answer v of the query ¢(v,) from the mechanism, with the trace expanded by appending
the query g(v,) with the current annotation ([, w). The rule for assignment is standard
and the trace remains unchanged. The sequence rule keeps tracking the modification
of the trace, and the evaluation rule for if conditional goes into one branch based on the
result of the conditional predicate b. The rule 1-loop-a first evaluates the loop counter
a, when the loop counter is a number, then the evaluation will start to execute the loop
body. The rules for loop modify the loop map w. In the rule 1-loop, the loop map w is
updated by w + [ because the execution goes into another iteration when the condition
vy > 0is satisfied. When vy reaches 0, the loop exits and the loop map w eliminates the

label / of this loop statement by w \ [ in the rule 1-loop-exit.

13.3 QUERY-BASED DEPENDENCY GRAPH

We define adaptivity through a query-based dependency graph. In our model, an ana-
lyst asks a sequence of queries to the mechanism, and the analyst receives the answers
to these queries from the mechanism. A query is adaptively chosen by the analyst when
the choice of this query is affected by answers from previous queries. In this model, the
adaptivity we are interested in is the length of the longest sequence of such adaptively
chosen queries, among all the queries the data analyst asks to the mechanism. Also,

when the analyst asks a query, the only information the analyst will have will be the an-
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(m,ay —q4(m,a

n=m(x) (m,ar) —q (m,ay)
a-var : a-aopT
(m, x) —q{m,n) (M, a1 &4 az) —a (M, ay 4 az)
(m, az) —q (m, ay) n=n &ny
— a-aop2 a-aop3
(M, ny &4 az) —4 (M, Ny &4 a,) (m,ny ®q nz) —4 (M, n)

(m,by =, (m,b)

(m,ar) —q (m,ay) (m, az) —q (M, ay)
Ve : b-rop1 2 4 S b-rop2
(m,ay ~ az) —p<{m,a; ~ ay) (m,ny ~ az) —p (M, ny ~ a,)
true=n; ~ ny false = ny ~ ny
b-rop3 b-rop4
{(m, ny ~ nz) —4 {m,true) (m,ny ~ nz) — 4 (m,false)

(m, eq) —4(m,ey)

(m,ay —q,(m,a’) (m,ay —q,(m,a’)

g-chi

-a
(m,a)y —q(m,a) q (m,xlal) —4 (m,xla'])

(m, eq1> —gq (m, eq/1>

. g-aop1
(m,eq, ®qeq,) —q (M, eq, ®aeq,)

(m, eq,) —a(m,eqy)

; q-a0p2
(M, Vg, ®aeqy) —q (M, Vg, ®aeqy)

Figure 13.2: Operational semantics of loop language, expression evalua-
tion
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(m,c,t,wy—(m',c', ', w'

(m, ey — (m,e)
l-assnl

(m,[x —el', t,wy — (m,[x — e’ t,w)

l-assn2

(m,[x — vl', t,wy — (mlv/x], [skipl’, t, w)

(m,ay —,(m,a’)

; o I-loop-a
(m,loop [a] do ¢, t,w) — (m,loop [a] doc,t, (w+1))

vy >0

I-loop
{m,loop [vN]l doc, t,w) — (m,c;loop [(Vn — 1)]l doc t,(w+1))

UNZO

7 — I-loop-exit
(m,loop [vN]" do ¢, t, w) — (m, [skip]’, ¢, (w\]))

(m, eq) —4(m,ep)

I-query-e
(m, [x — qle)’, t, w) — (m, [x — g€}, 1, w)

qvg) =v

lI-query-v
(m,[x — gy, t, wy — (mlv/x], skip, t ++ [q(vy) "™, w) ey

I ! !/ !/
(m,01,t,w>—’<m yclyt;w>

I-seql
(m,c1; 62, t,wy — (m', ¢} e, t', W' (m, [skipl’; o, t, w) — (m, o, 1, W)

(m, by —p b’

1-if
(m,if (Ib)!, 1, ¢2), t, wy — (m,if (D)), c1,¢2), 1, W)

1-if-t

(m,if ([truel’, c1, ), t, w) — (m, c1, t, W)

1-if-f

(mrlf ([false]lr C1 CZ)r t, w> - <m» C2, L, w>

Figure 13.3: Trace-based operational semantics of loop language.

I-seq2
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swers to previous queries and the state of the program. It means that when we want to
know if this query is adaptively chosen, we only need to check whether the choice of this
query will be affected by changes of answers to previous queries. There are two possi-
ble situations that can affect the choice of a query, either the query argument directly
uses the results of previous queries (data dependency), or the control flow of the pro-
gram with respect to a query (whether to ask this query or not) depends on the results of
previous queries (control flow dependency).

As a first step, we need to first think about when one query may depend on a previous
query, which is supposed to consider both control dependency and data dependency.

We first look at two possible candidates:

1. One query may depend on a previous query if and only if a change of the answer

to the previous query may also change the result of the query.

2. One query may depend on a previous query if and only if a change of the answer

to the previous query may also change the choice of this query by the analyst.

The first candidate works well by witnessing the result of one query according to the
change of the answer of another query. We can easily find that the two queries have
nothing to do with each other in a simple example p =x — g(x[1]); y — q(x[2]). This
candidate definition works well with respect to data dependency. However, it fails to
handle control dependency. The key point is that this query may also not be asked ac-
cording to the answers of previous queries. An example of this situation is shown in

program p; as follows.

p1=x — q(x[1]);if (x > 2,y — q(x[2]), skip)

We choose the second candidate, which performs well by witnessing the appearance of
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the query g(x[2]) upon the change of the result of the previous query g(x[1]) in p;. It
considers the control dependency, and at the same, does not miss the data dependency.
In particular, the arguments of a query characterize it. In this sense, if the data used in
the arguments changes due to a different answer to a certain previous query, the appear-
ance of the query may change as well. This situation is also captured by our definition.
Let us look at another program p», in which the queries are equipped with functions

using previously assigned variables storing the answer of its previous query.

p2=x—qx[2D;y — q(x+ x[3])

As areminder, in the loop language, the query request is composed of two components:
a symbol g representing a linear query type and the argument e, a query expression
that represents the function specifying what the query asks. When we think two queries
are not the same, we use the equality relation between the query values (the normal
form of the argument) of the two queries, denoted as =,,. This allows us to compare two
queries. For example, we think query g(x[1] + x[2]) is the same query as g(x[2] + y[1]),
the query g(x[1] +3) is the same as (3 + y[1]). See details in Section C.1.

Informally, we think g(x + x[3]), whose normal form is g(v + y[3]) assuming v is the
result of g(y[2]) associated with variable x such that v = g(y[2])(D), may depend on the
query g(x[2]). Because the normal form of the query q(x + y(3)) asked by the analyst of
depend on the value of x, which is associated with the return value of g(y(2)). Suppose
the value of x changes from 1 to 3, we do not think g(1 + y[3]) is the same query as
q(3 + x[3]) even though both of them are evaluated from g(x + y[3]).

We give a formal definition of query may dependency based on the trace-based op-

erational semantics as follows. The notations €, and ¢, are defined in Section C.1.

Definition 1 (Query may dependency )



193

One query g(v4,) may depend on another query g(vg,) in a program c, with a starting
loop maps w, a starting memory m, hidden database D, denoted as

DEP(q(vq) """V, q(vg,) "2, c,w, m, D) is defined below.

Vt.dmy, ms, 1, 13, Co.

(m,c, t,wy —* (my, [x — qug )" c2, 11, w1) —
(m1[q(vg)(D)/x], 2, 11 + +[q(vg,) ¥V, wr) —* (mg, skip, 13, ws)
A

(g ) € (13- 1) A qlrg) =) €4 (15— 1)
= Jv € codom(q(vg,)), mj, t;, wy.

(my[vlxl], co, t1 + +[q(vq1)(ll'”’1)], wy) —* (my, skip, t}, wy)
NGg) =) gy (8- 1)

N

(gD €4 (85 = 1) A Glug,) =D ¢4 (15— 1)

= Jv € codom(q(vy,)), ms, t3, wy.

(my[v/x], ¢, 11 + +1[q(vg ) V], wi) —* (m}, skip, 5, w})

NGg) ) €q (8- 1)

We give a formal definition of the query-based dependency graph with the formal

definition of may dependency between the two queries above.

Definition 2 (Query-based Dependency Graph)

Given a program c, a database D, a starting memory m, an initial loop map w, the query-
based dependency graph G(c, D, m, w) = (V, E) is defined as:

V= {q(vq)l'w eL2|Vt.IAm, w', t' (m,c, t,w) —* (m',skip, t', w'y A q(vq)l’”’ e(t'-1}.

E= {(q(vq)”'”’), ) e 42 x 42 | DEP(q(v) "™, )™, ¢, w,m, D) }

The edge is directed, when an annotated query g (vg) (bw) may depend on its previous
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(l,W), Q(Uq,)(l,'wl)), from q(vq)(l,w) to

query q(vq’)”"w'), we have the directed edge (q(vg)
qvgh .

The query-based dependency graph only considers the newly generated annotated
queries during the execution of the program c, so we see the nodes coming from the
trace t' — t. The previous trace before the execution of c¢ is excluded when construct-
ing the graph. To summarize, for every execution of a program c staring with different
configurations, we can construct a corresponding dependency graph.

I will show an example showing how our definition works and how we build the

graph for the following program p3;. We use if b then c else c as another form of if (b, ¢, ¢)

to better present the example.

[x — qlxl211]';
[y — qx3D])%;
ps= if [(x>2)]3
then [x — q(x+)([1])]4

else [skip]’

In our definition, we assume that the same query g(y[1]) sent to the same database D
will always get the same result.

Now, let us assume we have an initial memory m, which is a trivial one m = [(x :
0),(y:0),(z:0)]. We also assume a hidden database D, such that we have: g(y[2])(D) =
2, q(x13)(D) = 3. We have the empty loop map w (w to be empty here), start with
the empty trace t. We first evaluate the program ps with our operational semantics:
(m, p3, t, w) — (m',skip, t', w'y. We know that the newly generated trace ¢’ — r will have
three elements: [g(y[2)T%), g(x[3])>W), g(2 + y[1]))*™]. So these three query requests

consist of nodes of our dependency graph. Then we need to check the may-dependency
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relation between them. From the definition, we know that g(y[2))"%), q(y[3])®")) are
independent. We have DEP(q()([Z])(l'“’), qe2+ )([1])(4’”’), ps3, w, m, D) because when we
choose another value for g(y[2])(D) in all the possible values of this query, say 3, then
the resulting trace will change to g(y[2)) "%, g(x[31) >, g(3 + x[11)*™]. Also, we know
q2+ )([1])(4'“’) may depend on the query q()([?)])(z’“’) because we know it is true that
DEP(q(x[31)®"), g2 + y[1D*¥), p3, w,m, D). This time, we can find another value of
q(x[3])(D) = 1, which results in a different resulting trace g(y[2])"*, g(y[3])®*’] with
only two nodes. Of course, we need to find out the codomain for these query requests in

our system. Then we have the following dependency graph between query requests.

Finally, we reach the definition of adaptivity, by means of the query-based depen-

dency graph.

Definition 3 (Adaptivity in loop language)
Given a program ¢, and a memory m, a database D, a startingloop map w, the adaptivity
of the dependency graph G(c, D, m, w) = (V, E) is the length of the longest path in this

graph. We denote the path from q(vq)(l’w) to q(vq')(l,’wl) as p(q(vq)(l’“’),q(vq’)(l,'“")).



196

The adaptivity denoted as A(c, D, m, w).

! /
A(c,D, m,w) = max Ip(qw) ™, qv) ")
q(Vq)(l'W)rq(Vq')(l,'w’)ev



197

CHAPTER 14

The SSA Loop Language

This chapter contains the SSA version of the loop language we use to express the data
analysis algorithm. Also, the necessity of the transformation from the loop language to

the SSA language is presented.

14.1 THE LIMITATIONS OF LOOP LANGUAGE FOR STATIC ANALYSIS

The labeled loop language supports the notion of adaptivity semantically, through a
query-based dependency graph. However, syntactically, it is not so suitable for program
analysis. The reason is that it allows variables to be reassigned, making the decision
on where used variables come from tricky, especially there are controlled branches. We
use three examples in loop language to show the dilemma, assuming ¢, g2, g3 are three

linear queries.

[x—aq]’; [x—aq]’; [x—aq]’;
if [(x < 0)]? if [(x < 0)]? if [(x < 0)]?

s1= then [x— go]° $2= then [x — qo]° $3= then [z — g5]°
else [skip]4; else [x«—q3]4; else [skip]4;
[y — qGe+x18D]° [y — qGc+x13D]° [y = qGe+x131)°

In these three examples, the variable x used in the query g(x + x[3]) at line 5 is implicit,
when we statically analyze the statement [y — g(x + )([3])]5. In program s, it refers to
the either x at line 1, or x at line 3. When we have a look at the other two programs s,
and s3, the query g(x + x[3]) may depend on either g, (x at line 3) or g3(x at line 4) in
s2, while it only depends on ¢; at line 1 in program s3. These structural similar three

examples, however, have quite dissimilar dependencies between variables. It increases
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the challenge to track dependency in static analysis. Still look at the analysis on the
statement [ y—qx+ )([3])]5, extra information is needed such as value of x used in the
statement may come from the result of g; or the answer to g, when this statement lies
in s;. Similarly, when in program s,, the extra information that the value of x used in the
same statement relies on answers to queries ¢ or g3 in both branches of the if statement
starting from line 2 is necessary for static analysis on dependency. Additionally, in pro-
gram s,, we also need to update the information that x assigned at line 1 is overwritten
by both branches when analyzing the statement at line 5.

To simplify the program analysis, we choose to conduct the static analysis on the SSA

form of our target programs.

[Xl‘_q1]1; [Xl‘—ﬁh]l; [Xl‘—Ch]l;
if [(x1 < 0)]? if [(x3 < 0)]? if [(x; < 0)]?

. (0 xs,x1,%e], ) . (xax2,xs], 00,1 . wonm

s]= 3 Sy = 3 S3 = 3
then [Xg — 6]2] then [Xz — 6]2] then [Zl «— 6]2]
else [skip]*; else [x3 — g3]"; else [skip|*;
[y1 — gixs + x13D)]° ly1 — gxq + x13D)]° [vi — g1 +x13D)]°

To distinguish between the loop language and in SSA form, we denote the SSA variable x
in bold. As we can see, the reachability of assigned variables becomes explicit in the SSA
form. In the SSA version sf of sy, still looking at the statement at line 5, which becomes
[y1—gx1+ )([3])]5, we can syntactically figure out that the query may depend on the
variable x3, which may come from x; or x», without extra information like in s;. This

benefit also applies to the analysis over the same statement at line 5 in sJ and s3.
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14.2 SYNTAX OF THE SSA LOOP LANGUAGE

We present the syntax of the SSA loop language, a language based on the loop language,
representing programs in the static single assignment form.

The expressions inherit from the loop language, except that the SSA arithmetic ex-
pressions a now contain SSA variable x € 7. The boolean expressions in the SSA loop
language are denoted as b. In the language, variables can also be annotated, denoted
as £, in a similar way as the annotated queries in the loop language. For instance,
xbW e £y The SSA memory now is a map from SSA variables to values.

The SSA labeled command c inherits from the loop language, except that the expres-

sions and variables in these commands are now in its SSA version as shown below.

c = [x—el'|[x—qlegl|ifvar®x)|[skipl’ | loop [al’, n, X %X1,%] doc|

c;c|if ([bl, (1%,%1,%2], [¥,V1,V2, [Z,Z1,72]), ¢, ©)

The if command now contains the extra part ([X,Xy,X2], [V, V1,¥2l, [Z, Z1,Z2]), which helps
to track the dependency of new assigned variables in both branches([X,Xj,X>]), then
branch [y,y1,y2], and else branch [z,7;,Z,]. The X is a list of SSA variables, in which
every element x may depend on the corresponding element(at same location), x; from
Xj collected in the then branch or the corresponding element x, from X, collected in the
else branch. The size of these three lists are required to be the same.

Every tuple (x,X;,X2) from [X,X;,X2] can be understood as x = ¢p(x3,X2) in the normal
SSA form. The previous example s; can be used for reference. The second part [y, y1,y2]
focuses on the then branch. The list of SSA variables y; stores the assigned SSA variables
before the if statement, whose non-SSA version (variables in the loop language) will be
modified only in the then branch. We can look at program s, as a reference, in which

x at line 1 may be modified only in the then branch at line 3. The list y, tracks the SSA
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variables assigned only in the then branch. If the variables are assigned in both branches
such as in the program sy, they go into [X,X;,X2]. Then we think every SSA variable in y
may come from the corresponding variable y; in y; before the if command or y; in y»
in the then branch. In this sense, we can also regard every tuple (y,y;,y2) from [y,y1, Y2l
asy = ¢(y1,y2). The rest part [z,7;,Z»] focus on the else branch and can be understood
similarly.

To better understand these [X,X;,X2], [V,¥1,V2], [Z Z1,Z2] in the SSA if statement. Let
us look at our previous example sy, 52, s3. We can see in s;, variable x is only assigned
in the then branch at line 3. So what is the value of variable x at line 5 comes from, it
is not clear. It may comes from line 1 or line 3. In its SSA version, we want to eliminate
this unclear source of x. So If we look at sj, [y, y1,¥2] is instantiated with [x3,X;,Xz]. In
this sense, we claim that x3 used at line 5 will either comes from x; at line 1 or x; at line
3. These ys are specific for those variables that are assigned before the if statement, and
only reassigned in the then branch. Similarly, (z,Z;,Z»] are for those variables that are
assigned before the if statement, and only reassigned in the else branch. [X,X;,xX»] will
be used for variables assigned in both branches, see s».

Also, the loop command also has similar part [X,X;,Xz], focusing on the loop body.
The new command i fvar(X,X') does not have explicit label because it is only used for
evaluation internally, we will discuss more about it when used in the operational seman-

tics for the SSA loop language.

14.3 TRACE-BASED OPERATIONAL SEMANTICS OF THE SSA LOOP LANGUAGE

When switching to the SSA loop language, we show that we are still able to achieve what
we can get in the loop language (Chapter 13). The operational semantics of the SSA loop

language mimics its counterpart, of the form (m,c, t, w) — (m/,skip, ', w’). The SSA
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memory m is a map from SSA variable x to values. It still uses a trace to track the query
requests during the execution, starting from an SSA configuration with SSA memory m
and program in its SSA form c, which allows a similar construction of the query-based
dependency graph in the SSA language as in the loop language.

We show selected evaluation rules in Figure 14.1. The details can be found in Sec-
tion C.2.2. The key idea underneath the operational semantics is to have the trace and
the execution path being constructed in a similar way as in the loop language.

Take the query request as an example, the argument eq which may contain SSA vari-
ables will be evaluated to a value vy first before the request is sent to the mechanism in
rule SSA-query-arg. The trace expands in the rule SSA-query likewise in the loop lan-
guage. The query g, a primitive symbol representing the query , makes no difference in
the two languages.

Since we add the extra part [X,X;,X2], [y, ¥1,¥2], [Z,Z1, Z2] in the if statement compared
to its counterpart in the loop language introduced before, the rules relevant to the if
conditional (SSA-if-t and SSA-if-f) use the extra command i fvar(X,X') to update the
SSA memory m with the the mapping from all the new generated variable x in the list
X to the appropriate value m(x’). The SSA variable X’ is the corresponding variable with
respect to x in X'. There is a one-on-one correspondence between the two SSA variable
lists x and x/, based on the position in the list, which requires the two lists of the same
length. The rule SSA-ifvar reflects the usage of i fvar(x,X'). It is easier to understand
the usage of i fvar(x,X') in the rule SSA-if-t when we think about how SSA works: in
the SSA form, when a variable to be used may come from two sources (e.g. X; and xz in
the rule), it generates a new SSA variable x, assigning it with ¢(x;,x2), and replaces the
variable to be used with this newly assigned x. We know that in the future program after

this if statement, only the variables appeared in X will be available, instead of xX;, X from
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(m,c, t,w) — m',c/,t', w'

qvg) =v

SSA-que
(m, [x — q(vy)', t, w) — (m[v/x],skip, ¢ ++ [q(vy) "™ ], w) ey

SSA-ifvar
(m,ifvarxX),t,w) — (mm&)/X],skip,t,w)

(m, eq) — (m, eg)

p SSA-query-arg
(m, [x — gleg)l’, 1, w) — (m, [x — q(e))]’, , w)

SSA-if-t

<m7 lf ([true]l) [X)X_I)X_Z]) [S’ry_l)YZ]) [2) Z_IJZ_Z])CI) CZ)) t; w> -
(m,cy; ifvarX,X1);ifvar(y,yz);ifvar(zzy), t,w)

SSA-if-f

<m) lf ([false]l) [X)X_I)X_Z]) [S’)YI;Y_Z]) [Z) Z_I)Z_Z];CIJCZ)) t; LU) -
(m,cp;ifvarX,X);ifvar(y,y1);ifvar(zzy),t, w)

vy >0 n=0—=i=1 n>0—i=2

SSA-loop
<m) 100P [UN]I) n, [)_()X_I)X_Z] do C w) -

(m, c[%;/X]; 1oop [(vy — DI, n+1,[%,%,%] do ¢, £, (w + 1))

vNy=0 n=0—=i=1 n>0—i=2

VR —— — SSA-loop-exit
(m,loop [vN]', 1, [X,X]1,X2] do ¢, 1, w) — (m[m(X3)/X], [skipl’, ¢, (w )\ 1))

Figure 14.1: Operational semantics for the ssa loop language.
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two branches. Let us look at the example s, when we transform s, to its SSA version s,
what will the variable x at line 5 in s, be replaced with in sg? It is x4. However, if we look
at the evaluation rule of SSA if. Let us choose SSA-if-t, after the then branch is executed,
in the resulting memory, there is no mapping from x4 to some value. Instead, there is
only a mapping from x; to some value. However, in sg, at line 5, we have x4 instead of
x2. This is the reason we use i fvar(x4,X2) in the evaluation rule to modify the resulting
memory. For the evaluation of the program after this if statement, we need to tell the
memory the exact value of the newly generated variable x, which is the value stored in x;
when the conditional predicate b is true, or the value in x, when b is false. To this end,
the internal command i fvar(X,X’) plays its role. For the if rule, we need to instantiate
those variables from x whose values come from two branches, y whose values from then
branch or assignment before the if command, and z whose values from else branch or
before the if command. Correspondingly, we need to have three extra i f var commands.

The evaluation of loop depends on the loop counter a in the rule SSA-loop, which
will be evaluated to a value vy. When vy is greater than 0, the loop is still executing,
and all the variables x in x of the loop body c are replaced as the corresponding vari-
ables in Xj in the first iteration(n = 0), or X3 in other iterations(n > 0). The loop turns to
an exit described in the rule SSA-loop-exist when vy > 0, and the memory m updates
the mapping of variables in x with X if the iteration counter goes to zero(n = 0), which
means the loop body is not executed once. When the loop enters the exit after executing
the body a few times(n), the variables in x is instantiated with the value from the body
m(Xo).

The trace-based operational semantics of the SSA loop language allow us to provide

our query-based dependency graph in the SSA version.

Definition 4 (Query may dependency in SSA )
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One query q(vq,) may depend on another query q(v4,) in a program ¢, with a starting
loop maps w, a starting memory m, hidden database D, denoted as

DEPssa (q(vql)(llyw”) q(qu)(lz'WZ)yc) wym) D)

Vt.dm;,mg, 11, I3, Co.

(m, ¢, t,w) —* (my, [x — q(vg ) ";ca, 11, w1) —
(my[q(vg)(D)/xX], 2, 11 + +[q(vg) *V], wi) —* (mg, skip, 13, ws)
A

(q(vql)”bwﬂ €q (5= DN qvg,) " €4 (13— 1)
= Jv € codom(q(vg,)), my, t;, w;.

(my [v/X],Co, 11 + +[q(vq1)(ll'”’1)], wy) —* (my, skip, t;, W)
NGg) =) gy (8- 1)

A

(q(vql)”hwﬂ €q (5= 1A qGug,) 2" ¢4 (15— 17)

= Jv € codom(q(vy,)), my, t3, wy.

(my [v/x],¢2, 11 + +1q(vg) V], wy) —* (m}, skip, 1, w})

NGg) =) €q (8- 1)

Definition 5 (Dependency Graph in SSA)

Given a program c, a database D, a starting memory m, an initial loop maps w, the
dependency graph G;(c, D,m, w) = (V, E) is defined as:
V={qv)" e 2|Vr.Im', W', ¢ (m,c, t,w) —* (m',skip, ', w') A q(vg)""¥ € (¢' - D)}

E= {(C[(Vq)(l’w), Cl(vq’)(l’rw’)) €A x A9 DEPssa(q(Vq,)(l”wl)» q(vq)(l'“’),c, w, m, D) }

Definition 6 (Adaptivity in SSA)
Given a program ¢, and a meory m, a database D, a starting loop maps w, the adaptivity

of the dependency graph G;(c, D,m, w) = (V, E) is the length of the longest path in this
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graph. We denote the path from q(v,)"" to q(v,)“"*" as ps(qv) "™, g, W),

The adaptivity denoted as A;(c, D, m, w).

1o
AS(C)Dym) w): max . |ps(q(yq)(l’w),q(yq’)(lvw))l
q(vq)(l'“’),q(vq’)(l whey

14.4 TRANSFORMATION

We build a bridge between the two languages through a transformation in spirit of the
work Vekris et al. (2016a). The command transformation of the form X;5; ¢ — ¢;6';%’
translates the labelled command c in the loop language to its counterpart in SSA loop
language. The SSA name environment X, a set of ssa variables already used before the
transformation process, is used to generate a fresh SSA variable via a function fresh(Z).
Additionally, translating variables read in the program in the loop language to its unique
SSA variable requires a translation environment ¢, a map from variable x € V</Z to
its SSA form x € .#¥ . Also, the translation environment 6 and the SSA name environ-
ment X will be updated to 6’ and X’ respectively, along the transformation of the target
command. The transformation of the expression is much simpler, of the form §;e — e,
which transforms the variables in e to ssa variables stored in the translation environ-
ment 6, shown in the rule s-var.

We present selected transformation rules in Figure 14.2. The rules s-assn as well
as s-query both use fresh(Z) to generate a new fresh SSA variable x to guarantee the
unique assignment of SSA variables. The translation environment is updated with the
mapping from variable x in loop language to the new generated SSA variable x for refer-
ence to x used in the future. The SSA name environment is also modified by recording
x. The transformation of the sequence is standard, with both environments 6 and X

updated during the transformation procedure.
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We look at the rule s-if by first introducing the binary operation >< on two translation

environments 6; and d,.

511><152:{(x,xl,x2)EVd,%’XS”VXyVIx-—»xl €61,X'—>X2€52,X1 # X2}

01><02/x={(%,X1,X2) EVARX FV XLV |XxXg€XANXx—X1 €1, X— X2 € 02,X] #Xo}

This operation §; >< §, combines two translation environments by only keeping the
mappings of the same key in both environments. It returns a set of tuples with three
elements (x,x;,X2) to show that a variable x in the loop language may be translated to
either x; or xp, depending on the control flow. We use X to represent a list of variables x,

in this sense, the results of §; ><1 85 is denoted as [X,Xj,X>] as follows.

[X,X1,X2] = {(x,x1,x2) VO < i <|X], x = X[I] Ax1 = X1 [I] A X2 = X [T] A X = || = | X2}

In the rule s-if, a variable x in loop language may be translated to two possible SSA vari-
ables in three cases: (1) the variable x is assigned in both two branches, whose mapping
of x is stored in §, (then branch) and 6, (else branch). (2) the variable x is assigned be-
fore the if statement (in ) and only assigned in the then branch 6, (3) the variable x
is assigned before the if statement (in §) and only assigned in the else branch §,. This
corresponds to the aforementioned discussion of the if statement in SSA loop language.
We leave these mappings explicitly in the if command of the SSA loop language syn-
tactically. We also use the variant of § >< 6, § ><§;/X to guarantee that the variables
stored in [j,y1,y2] only appear in the then branch, not in the else branch. Similarly for
[Z,Z1,Zp]. After the transformation, the variable in X, y, Z is replaced with the fresh SSA
variables stored in X, y,Z and the translation environment is updated accordingly.

The loop transformation rule s-loop deserves a further discussion. Besides the nor-
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mal transformation of the loop counter a to a, an additional iteration counter is added
to its SSA form to support the evaluation, as we have seen in the rule SSA-loop in Fig-
ure 14.1, and is set to 0. For the variables assigned in the loop body c, we leave X/, X3, Xa]
in the transformed SSA loop command, which tracks variables in the loop body whose
value may come from two sources: assignment before the loop(§) or assignment in the
loop body §;. We have two transformations on the body ¢ using the same SSA name
environment X but different translation environments 6 and 6;. The premise Z;6; ¢ —
c1;01; X, corresponds to the transformation of the loop body in the first iteration with
the variables assigned before the loop execution. The second premise XZ;0; ¢ — ¢2;01; 21
corresponds to the transformation in the later iteration with the assigned variables up-
dated by previous execution of the body. Thanks to the extra part [x/,X;,%] in the SSA
loop command, we know that those variables used in the first iteration are stored in x;
and those updated by the loop body are stored in X,. To finish the SSA transformation,
we get the fresh SSA variables x' to replace the appearance of Xj in ¢; or X3 in cz. We use
c; [X'/X1] and ¢z [X'/X5] to represent the replacement, and only the read variables(except

for the assigned variables) are replaced. Finally, we get the loop body c in its SSA form.

14.5 THE SOUNDNESS OF TRANSFORMATION

In this section, we show our transformation from the loop language to its SSA form is
sound with respect to adaptivity. To be specific, a transformed program c starting with
appropriate configuration, generates the same trace as the program before the transfor-
mation ¢, in its corresponding configuration.

We first define a well defined memory in the loop language m or in the SSA loop
language m with respect to a translation environment §, denoted as m F § and m F 6

respectively.
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— s-var
0;x— 0(x)

’Z;&m—»c;é";z'

6;b—b Z;6;c1—ci;01;Z1 Z1;0;00— 2,002
[)_C,X_l,X_z]:(Sll><62 [)7,)71,372]:61><51/5c
(2,71,22] =6><02/% 6 =6[x—X][j—V1z—1Z]
xX,V,Z fresh(Z,) X' =3,uX,y,z}

s-if
%;6; [if (b, ¢1, )] — [if (b, [X, X1, %), [V, V1, V2, (2,71, 22), €1, ¢2)1 5 6'; 2

b;e—e O =06[x—x] xfresh(Z) X' =Iuix}

S8 x—ell = [x—el;6:Y

S-assn

S;eq—eq 0 =06[x—x] xfresh(X) '=Zuix}

s-query
%585 [x — qle)) — x— qleg)]’; 6’52

bja—a  Z;6;c—c;;6321 L0150 — €015
[X,X}1,Xa] :5l><151 6’:5[)_6'—’)_(’]
X' fresh(Z;) ¢ = [X/%] c[X/X]=cy

s-loop
¥;8; [Loop a do c]' — [Loop a,0, [X,X1,%] do ¢'1};6, [% — X'];ZU X}

Figure 14.2: Key transformation rules from loop language to ssa lan-
guage.
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Definition 7 (Well defined memory) 1. mES§2Vxedon(s),3v, (x,v) € m.
2. mkg, 0 2 Vxe codon(d),Iv, (X, V) € m.

Part of the SSA memory m can also be reverted to a corresponding part of the mem-

ory m with an inverse of 6.

Definition 8 (Inverse of trans env)

m=35"1m) £ Vx e dom(d), (6(x), m(x)) € m.

We also show that the expression e in the loop language and its translated SSA ver-

sion e by some translation environment § evaluates to the same value in Lemma 15.

Lemma 15 (Value remains the same during transformation). Given ;e — e, Vm.m kE

S.Ym,m k., 6 Am=356"1(m), then (m,e) — v and (m,e) — v.

Finally, we show the soundness of the transformation. When a program c is trans-
formed to its SSA form c through a transformation environment §, when executing these
two programs with the corresponding configuration(memories are well-defined w.r.t the
transformation environment ), the newly generated traces in the two languages will be

the same and the resulting memory m’ and m’ will also be related.

Theorem 16 (Soundness of transformation). GivenX;8;c— ¢;6";X', andVm.mE 6.

Vm,m kg, 6 A m=6"1(m), if there exist an execution of ¢ in the loop language, starting
with a trace t and loop maps w, {m,c, t,w) —* (m',skip, t’,w'), then there also exists a
corresponding execution of ¢ in the ssa language so that (m,c, t, w) —* (m/,skip, t’, w’)

andm' =81(m’).

The proof can be found in Appendix C, Section C.2.1.1.
Our dependency graph is constructed based on the trace, we give a lemma that says

that the adaptivity remains the same during the transformation.
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Lemma 17. Given X;8;c — ¢;0;X, Vm.mE5.Ym,m kg, 6§ Am=0"1(m), starting with

a trace t and loop maps w, then A(c, D, m, w) = As(c, D,m, w).
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CHAPTER 15

The Program Analysis Algorithm for Adaptivity

In this chapter, we describe the algorithm ADAPT that analyzes the adaptivity of a tar-
get program in the SSA loop language, which consists of three auxiliary algorithms: a
variable estimation algorithm VE, a matrix-vector based graph generating algorithm GG
to generate the weighted variable-based dependency graph, and a path-searching algo-
rithm PS to find the most weighted path in the graph. We do not show details of PS as we
use a standard graph algorithm. We start with the ideas of ADAPT, and illustrate the first
two auxiliary algorithms, variable estimation algorithm VE and dependency graph gen-
erating algorithm GG. In the end, we show the soundness of our algorithm with respect

to adaptivity.

15.1 IDEAS BEHIND THE ALGORITHM

In consideration of the definition of adaptivity, the longest path in its query-based de-
pendency graph, our analysis targeting a tight upper bound on the adaptivity is sup-
posed to take care of paths (possible adaptivity candidates) in all the possible depen-
dency graphs (per configuration). To this end, ADAPT aims to statically construct a
weighted directed dependency graph, in which the nodes are annotated SSA variables
and directed edges show when one annotated variable may depend on another. The
weight of the node shows if the variable is assigned with a query request.

The algorithm ADAPT, summarized in Figure 15.1, estimates the adaptivity from the
weighted variable-based dependency graph. Given the input SSA program c to be ana-
lyzed, the first step of ADAPT is the variable estimation via the auxiliary algorithm VE,
which specifies the nodes of the variable-based dependency graph. The result of VE

is stored in a global variable list G, fed to the next step. The second step is the graph
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SSA Pro-

gram ¢ [ variable '.’Variable' ", EStirPated
: Estimation . Based % Most _ |Adaptivity
: . Weighted i Adapt
+ Global V4riables G * elghte Weighted
I -+ Depen- | Path !
; Graph A7, Vs  dency : Search
E Generating *,_ Graph _,* :

Figure 15.1: The overview of ADAPT.

generation, via a matrix-vector-based graph generating algorithm GG. The matrix M
records the may-dependency between annotated variables in the global list G. It has
size |G| x |G|. The vector V has the same size as G and gives a weight to each variable in
G. This weight is 1 when the variable is assigned with a query request and 0 otherwise.

To be precise, the ith row, jth column of the matrix M, written M[i][j], is 1 when
there may be a dependency from variable G[i] to G[j]. Dually, M[i][j] = 0 means no
dependency. In a similar way, V[i] = 1 means the variable G[i] is assigned with a query
request.

The SSA variable-based weighted dependency graph is constructed by the graph
generating algorithm GG. The final step is to find out the estimated adaptivity — the most
weighted path in the graph. We use another auxiliary algorithm PS to find the path with

the most weights in the graph.

15.2 VARIABLE ESTIMATION ALGORITHM

We first show the algorithm VE, which adds variables to the global variable list G. VE
has the form VE(G; w;c) — (G’; w'), as shown in Figure 15.2. The input of VE is a list
of annotated variables G collected before the program c, a loop map w consistent with
previous estimation, and an input SSA program c. The output of the algorithm is the

updated global list G’, along with the updated loop maps w, for later estimation.
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ag-asgn
VE(G; w;[x — e]h) — (G+ +[x""]; w) %8

ag-que
VE(G; w; [x — qleg)])) — (G++x""}; w) grauery

VE(G;w;c1) — (G, w1)  VE(Gy; w;e) — (Go; wo)
Gs = Gy + +[XMW) + +[F"W] + + 28]

- e — ; ag-if
VE(G; w; [if (b, [X,X1,X2], [V, V1,¥2], [Z,Z1,22], €1, €2)]") — (G3; w)

Go=G wo=w Y0<z<NVEG,++E"™ ] (w,+1);¢) = (Guiy; wes1)
Gr=Gy++EM™W]  a=N

; ag-loop
VE(G; w;[1loop a, n, [X,X1,Xz] do €]’) = (G wn \ 1)

Figure 15.2: The key rule of variable estimation algorithm.

The algorithm adds variables to G at assignments. In the case of expression assign-
ment ag-asgn and query request ag-query, the output global list is expanded by x>,
When it comes to if statements (rule ag-if), variables assigned in both branches, as well
as generated variables X,y,Z in [X,X;,X2], [V, V1,V2], [Z, Z1,Z2] are all added to G. Sequenc-
ing c;; ¢z is handled as expected.

For loops, we assume that a loop counter is a natural number (rule ag-loop). The
algorithm accounts for variables assigned in every iteration, including newly created

variables in X, and adds them to G with annotations representing the iteration number.

15.3 MATRIXAND VECTOR BASED ALGORITHM

Next, we describe the algorithm GG, which takes the list G generated by the previous al-
gorithm. GG has the form: GG(T;¢c; i) — (M; V;i’). The inputis a tuple consisting of three
elements: (1) a 1-row-N-column matrix I' storing the (annotated) variables on which
the execution of the current instruction is control dependent; this is needed for if state-

ments. (2) the SSA program c to be analyzed. (3) an index i specifying the location of the
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first assigned variable of the program c in the global list G. The output of GG also con-
sists of three elements: (1) A matrix M representing the may-dependencies from c. (2) A
vector V representing the (annotated) variables assigned with queries in c. (3) the index
i’ that refers to the next position of the last assigned variable in ¢, if it exists. The exis-
tence of the index i’ helps to locate the first assigned variable when we need to analyze
the continuation of c.

We first define some functions which use the indices in G. The function L(i) gen-
erates a 1-column-N-rows matrix, where only the i-th row is 1 and all the other rows
are 0. This function is used to locate the right row when we calculate the matrix during
assignment and query commands.

The function R(e,i) generates a 1-row-N-column matrix. For every variable used in
e, it finds the corresponding index i in G so that G[i] maps to the variable and marks the
ith column as 1. If the variable is not found, we do not mark it. When we say G[i] maps
to a target variable, we take off the annotation of G[i] and check if the left variable with
no annotation is the same as the target variable. The extra argument i is used to handle
loops. For instance, a variable y may appear many times in G, but with different anno-
tations (iteration numbers). In this case, i helps find the most recently assigned variable
version of y in G. It is used when analyzing assignment and query request commands.
Thanks to our SSA language, where every variable is assigned once, our choice of the
most recent assigned variable is reasonable because the variable used in the loop refers
to the most recent assignment of itself.

We define M;; My := M, - My + My + M,, where M; + M, is the standard sum of two
matrices. We also define the operator ¥ to combine two vectors.

1 WNll=1vWil=1DA1<i<NA|Vi|=|V|
ViwV,:=

0 otherwise
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For the sake of brevity, we also use some annotations when the algorithm GG handles
the extra part [X,X;,Xz] in the if and loop statements. First, we give unique names for

variables in lists X, X}, X» respectively, as follows:

V0 = z < [X].X(2) = X,X1 (2) = X12,X2(2) =Xo,

We treat every tuple (Xz,X;z,X2;) in [X,X;,Xz] as the simple may dependency case : x, may
depend on both x;, and x3;, just like x; — X;, + X2, defined as follows.
GG(T; [%, %1, %215 8) — (M; Vi3 i +1XI) £
V0 <z <I|X[.GG(I;X, — X172 + X275 1 +2) — (My,; Vg;i+z+1) where M =3, .15 My,
One key idea of algorithm GG is to track the indices i, i’ in the input and output to
synchronize with the previous algorithm VE: The index in GG increases in the same way
as the global list expands after the analysis of a program ¢ by VE, which helps GG record
the dependency relation from the program c in the right place of the matrix. For exam-
ple, in the cases ad-asgn and ad-query, the index increases by 1, which corresponds to
the addition of one variable in the algorithm VE. The if and loop commands have the
extra part [X,X;,X2] and the output index increases by also considering this part as we do
in collecting G in VE.

We show one simple example sa to illustrate the construction of the matrix.

A
sa= [x; <21 [x — x1 +21%; [x3 — X1 + x]°

In the program sa, only simple assignment is involved. When we assume an empty I,
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M =L() * (R(e,i) +T)
GG(T; [x —el;i) — (M; Vg i+ 1)

ad-asgn

M=L(3) * (R(eq, H+1) V=L
GG(T;[x — qleg));i) — (M; V;i+1)

ad-query

GG +R(b, i1);c1;11) — (My; Vi;12)

GG +R(b,i1);€2;i2) — (Mo; Va;i3)  GG(I; [X,X1,Xa]; i3) — (My; Vi; i3 + X))
GG(T; [y, y1,¥2l; i3 + IXI) — (My; Vg; i3 + X + |y1)
GG(T;(z,Z1,22]; i3 + 1X| + |§]) — (M); Vi; i3 + X + [y + 1Z])

M = (M) + M) + My + My, + M,

GG(T;if ([bl), [%,X1, %2, [V, V1, V2, [Z, 21, Z2], €1,€2); i1) — (M; V1 W Va; i + | %] + || +12])
ad-if

GG(T;cy; 1) — (My; Vp;512) GG(T;c2; i) — (My; Vs i3)
GG(T; (c1;€2);11) — (M1;Ma); Vi W Vasd3)

ad-seq

B=|x] A=]c|
V0 < j < N.GG(T;[X,X1,X2];i + j * (B+A) — (My;Vij;i+ B+ j = (B+ A)
GG(I;¢i+B+j* (B+A)— (Maj; Vaj;i+B+ A+ j* (B+A)
GGT; [x,X3,X2];i+ N*x (B+A) — (M;V;i+ N*(B+ A) +B)
a=N M=M+ ) (M;j+My;) V'=Vw ) Vjuls))
0<j<N 0<j<N

GG(T;1oop [al}, 0, [X,X1,%2] do ¢, i) — (M'; V;i+ N x (B+ A) + B)

ad-loop

Figure 15.3: The key rules of the graph generating algorithm.



217

when analyzing the assignment at line 3, the matrix is built as follows.

X1 X2 X3
X1 0
X1 X2 X3 X1 0 0 0
line3: [x3 — x;+x,]°: X2 |0« =
[xg = x4 2] [110]x2100
X3 1

X3 1 1 0

I' is needed to handle the case when the control flow diverges in an if statement , where
the execution of either branch may depend on the conditional predicate b. Following
this intuition, the analysis of either branch considers the variables used in the condi-
tional b, tracked in I'. In the rule ad-if, the analysis of the two branches ¢; and c; is in
I'+R(b, ). Here, R(b, i) gives variables used in the conditional predicate b.

We compose the matrices and vectors in sequencing in rule ad-seq. The non-zeros
or, as we call them, the effect ranges, of the matrix and the vector are decided by input
and output indices. In rule ad-seq, the two programs ¢; and c2 must have disjoint ef-
fect ranges [i1, i2) and [i», i3), so it is safe to combine them without losing information.
In rule ad-seq, we use B = |X| and A = |c| to estimate the number of variables assigned
in X and c. |c| is defined with the help of the algorithm VE, defined as |c| = |G| when
VE([l;¢;9) — (G;@). The algorithm then determines the number N of loop iterations
from the loop counter a. For every iteration, it first records the dependency relations
between variables in [X,Xj,Xz] by constructing a corresponding matrix M;; (j is the it-
eration number) and an empty vector V;;, and analyzes the loop body ¢, resulting in
a matrix Mp; and vector V;;. We know that for all possible iteration numbers j, M;;
and M;; have disjoint effect ranges so we can safely combine them. Similarly, we can
combine the vectors V;; and V5;.

End-to-end, ADAPT yields a variable-based weighted dependency graph defined by
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edges M and weights V. The definition of the estimated adaptivity is the weight of the

most weighted path in the graph, defined as follows.

Definition 9 (Estimated adaptivity)
Given a program c, the global list G, and GG(T';¢c; i) — (M, V, i), the weighted depen-
dency graph G, (M, V,G,1i1,i2) = (Nodes,Edges, Weights) is defined as:
Nodes Vi ={G(j) e £V | i1 < j <i»}
Edges E={(G(j1),G(j2)) € LV x LV | M[j1llj2l =1 A iy < J1, 2 < i3}
Weights Wt ={(G(j), D) e LV x N i1 < j<ir AV[jl=1U{(G()),0) e LV x N |1 <<
i AV[jl=0}.
Adaptivity of the program is then defined as:

Adapt(M,V,G,iy,i3) := math{Weight(p(vtl, Vi), WB},

Vi, Ve

where p(k, [) is the path in graph Gg,(M, V, G, i1, i) starting from k to [, and

Weight(p(vt, vt), Wt) is the total sum of weights of nodes along the path p(v#, vt,).

15.4 SOUNDNESS OF ADAPT

We would like to show that the query-based dependency graph generated from the trace
of the execution of the target SSA program is a subgraph of the variable-based depen-
dency graph generated by ADAPT, and the total number of queries asked in the pro-
gram implementing an adaptive data analysis is also bounded by our algorithm.

We first define when a query-based dependency graph whose nodes are queries is a
subgraph of a variable-based dependency graph whose nodes are variables. Intuitively,

this happens when there is a mapping of nodes from the first graph to the second.

Definition 10 (Subgraph)

Given two graphs Gs = (V1, E1), Ggsq = (Vo, E2, W), Gg € G iff:
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3f, g so that
1. forevery ve Vi, f(v) € Vo A fisinjective, and Wi(f(v)) = 1.

2. Ve = (v, vj) € Ey, there exists a path g(e) from f(v;) to f(v2) in Ggsqa.

We also show that there exists a well defined mapping fp ,; : 42 — £V that maps

every distinct query node to distinct variable node between the two graphs.

Lemma 18 (fp ,, is well defined). Given T’ I—E\i})"i}) ¢, for any global list G and a loop
maps w, such that G;w E (c,iy,i2) NA\GE (M,V) and T \ iy. For any database D and
memory m, the function fp, : 42 — £V maps all the nodes in query-based graph
(V1,E1) = Gs(c, D,m, w) to the unique node in the variable-based graph (V,,E», Wt) =
Gssa(M,V,G,i1,1i2), defined as :

fD,m(ql’w) =xW) where q(l’“’) e Vi andxbW) e V, is injective

and¥ q(vy) """ e Vi, wt(f(qvy)P™)) = 1.

The proof can be found in Appendix C, Section C.3.3.1.

We now show the soundness of ADAPT. We use some new definitions. G = M,V
means that G matches M, V in size. For example, if the cardinality of G is N, a matched
matrix M is of size N x N and a good vector V has the same size as G. The assump-
tion G; w E (c, i1, i2) checks that the variables assigned in ¢ estimated by VE match the

variables in G from index i; to i5.

Theorem 19 (Soundness of ADAPT). Given GG(T';c;iy) — (M;V;i,), for any global list G,
loop maps w such that Gy w E (¢, i1,i2) NG FE (M, V), let K be the number of queries made
during the execution of the piece of program c and |V| be the number of non-zeros in V.
Then,

K= |V| A VD)m GS(C) D)m) w) < Gssa(M» V) G; il) l2)

Proof. By induction on the judgment GG(T';c;iy) — (M; V;i).
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M=L@)*(R(e, i) +1)
Case: ad-asgn

GG(T;[x —el;i) — (M; Vg i+ 1)

Given a memory m, database D, trace ¢, loop maps w, then from the following oper-

ational semantics:

(m,[x —el’, t,w) —* (m, [x — v]’, t, w) — (m[x— v],[skipl’, £, w)

We need to show:
1. Gs(x‘_e,D,m, W)gGssa(M,VQ),i,i+1).
2. K=<|Vgl.

The first goal is shown because the new generated trace t' is empty, based on the defini-
tion of G, we know that G has no vertices.

The second goal is proved because K = 0.

M =L(i) x (R(eq,7) +T) V=L(@)
Case: ad-query

GG(T;[x — qleg));i) — (M; V;i+1)
Given a memory m, database D, trace ¢, loop maps w, then from the following opera-

tional semantics:

qvg)(D)=v

(m, [x — q(eg)l', t, w) — (m[v/x],skip,  ++ [(q(vy) ")), w)
We need to show:
1. Gs(ix— qleg)l!, D, m, w) S Gs5a(M, V,i,i+1).

2. K=|V|.
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The first goal is shown as follows: because the new generated trace ' = [q(v)**)] only
has one element. By the definition of G = (V;, E;), we know there is only one vertex vx
in Vandno edgein E, i.e., Vi = {q(v)(l’”’)} and E; = {}.

From Lemma 91,we know that there exists a function f so that f(vx) (equivalent to
g™ in Gy) exists in the vertices Vysq of Gssa(M, 1, 1,0 + 1) = (Visa, Essa). Since Vi S
Visa and Es € Eggg, it is proved that G([x — q(eq)]l,D, m,w) € Gssq(M,V,i,i +1). Sowe
have the first goal proved.

The second goal is proved because V = L(i) is not empty so that |[V| =1, and K = 1.

Case:
GG +R(b, i1);c1;11) — (My; V35 12)

GG(T +R(b, i1);€2; i2) — (Ma; V2;13)
GG(T; [X,X1,X2]; i3) — (My; Vg; i3 + |X])
GG(T; [y, 1,2l i3 + [XI) — (My; Vg; i3 + X + [y1)
GG(T; (2,21, 22]; i3 + IX| + Y1) — (My; Vg i3 + [X] + [y + |2])

M = (M; + M) + My + My, + M,

ad-if
GGF)if ([b]l) [X)X_I;X_Z]) [}_’,YI;Y_Z], [i)z_lyZ_Z])cl)CZ); il - (Mr Vl W ‘/2’ i3 + |-)_C| + U_/l + |Z|)
Given a memory m, database D, trace ¢, loop maps w and a global list G. We assume

that GE Mr Vl W VZ) G’ wk (lf (br [i)x_lyx_Z]’ [erIyYZ]’ [ZZ_I;Z_Z],CI,CZ); l.l) i3 + le + |J_/| + |Z|)
There are two possible executions. We choose one branch and the other will be similar.

From the assumption, denote G’ = GI0,..., (i — 1)] we know that

,' . .
G y W;€1 — Gl’ w1

Gi;wica — Gows Gz = Go+ +XK"™ ]+ +[FM] + +20W]
if

Gl; w)lf ([b]lr [X)X_I)X_Z]) [S’)y_lyy_Z]) [Z)Z_I)Z_Z])CI)CZ) - Gf_’)) w

c; is the sub term of if (b, [X,X;,X2], [V, Y1,¥2], [Z, Z1,Z2], €1, C2). so we have: G F M, V; and
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G; wkE (Cl, i1, iz), and I + R(b, il) = il.
By induction hypothesis on the first premise I' + R(b, i) I—E\i}"?) c;, we can conclude
that :

K¢, = IVl A Gg(er, D, m, w) € Gggq(My, V1, i1, i2).

By the definition of K, we have K¢, when b = true.

Kif 1551 %1 1391721 2.1 2] 1,02 =
Next, we want to show : G (if ([bl’, [X,X1,%2], [V, V1, V2, [Z,Z1,22], €1, €2), D, m, w)

C Gssa(M, V1 @ Vs, 0y, i3+ |X| + | 7| +1Z). By the definition of Gy, we know that

G (if ([b] I X, X1,X2], [¥,¥1,¥21, [Z,71,22], €1, €2), D,m, w) is the same graph as

G;(cy, D,m, w). We can also show that G, (M, V1, G, i1, i2) is a subgraph of Gz, (M, V; v

Vs, 11,13 +1X| + | 7| +|z) because all the vertices in the former also appears in the later one

([i1,i2] is a smaller range of [i}, i3 + i3+ |X| +| 7| +|Zz|]) and same for the edges( M contains

My).

The details can be found in Appendix C, Section C.3.3.2.

Corollary 19.1
Given GG(T;¢; 1) — (M; V; iy), for any global list G, loop map w such that
G} w '= (cy il) l2) N G '= (M) V)}

K=<|VIAAs(e,Dom,w) < Adapt(M,V,G,1iy,i»)

We have already shown in Lemma 17 that for every transformation of a program c to
¢, the adaptivity of ¢ and c is equal. It follows that the bound estimated by ADAPT on ¢

is an upper bound on the adaptivity of c.
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CHAPTER 16

Examples of ADAPT

16.1 TWO ROUND ODD ELEMENTS

We present a variant of the previous two round example in Figure 16.1. In this odd ex-
ample, only the data at odd index of the database is used. This algorithm only touches
the odd part of the database, by adding an extra if statement to checking the index j in
Figure 16.1(a). The extra complexity is added to handle the newly generated variables
in the loop and if statement in the SSA version in Figure 16.1(b). The query-based de-
pendency graph does not change a lot compared to the previous two rounds example in
Figure 12.2(c), but the node does change according to the trace. We assume a = n in the
final memory is the result of the sum of previous query results in the loop. We give the
trace £ = [q(y[11)>®Y, g(x1D*2, g (x183)>F3, g(n * x13))*?] and use q, for g(x[1]), g
representing for q(y[3]), g4 for g(n * x[3]). The query-based dependency graph based
on this trace is shown in Figure 16.2(a). We show the red path, which is a sequence of
adaptively chosen queries of length 2. So among the total 4 queries, we have 2-round

adaptive queries. According to Theorem 13 and Theorem 14, we will have a tighter up-

[a—01'; [a; —0]';
[j—0]% [j1=0]%;
loop [313 do Lloop [313,0, do [(Js, j1, j2), (a3, a1, a2)],
if (((j%2 ==0)]* if ([(j3%2 == 0)]*, [x3, x1, %21, [1, [}
Jx =g+ 1)° [ = gl +1))°
[x =g in]®; (22— qxlis];
[a—a+x]"; [a — as + x3]7;
j—i+1]% L2 — ja+1]%;
[ —qlaxy3D]° [l — glas * x(3))]°

(a) (b)

Figure 16.1: (a) The two round odd algorithm in labeled Loop language,
(b) The SSA program for the same example.
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Figure 16.2: (a) The query-based dependency graph for odd example (b)
The SSA variable-based weighted dependency graph for the same exam-
ple, the node in red dashed circle is weighted.

per bound on the generalization error if we know the adaptivity 2, obtained from the red
path in Figure 16.2(a).

Our algorithm ADAPT gives us the upper bound on the aforementioned adaptivity
2. We construct the variable-based weighted dependency graph in Figure 16.2(b). The
weighted nodes are in the red dashed circle and the red dashed paths show the most
weighted path in the graph, with the weight 2. So, for this two rounds odd algorithm,
our system gives a tight upper bound 2, which can be used to get a better generalization

error bound.

16.2 MULTIPLE ROUND ALGORITHM

The two round strategy works well in our framework, we explore further to look at an
advanced adaptive data analysis algorithm - multiple round algorithm. The multi-
ple rounds algorithm starts from an initialized empty tracking list I, two scores called
Nscore ns = 0 and Cscore c¢s = 0, initialzied to 0. It goes k rounds and at every round,
the two scores ns and cs are updated by the result a of a query q(f(I)). The func-
tion f(I) specifies a complex linear query using the updated tracking list I. The track-
ing list I is updated by the two scores via a function update(l, ns,cs) at every round.

This update function mainly compares ns and cs, when ns = cs, certain elements are
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[Tt (L —MY;

[ns — 0]?; [ns; — 0]%;

[cs — 0]3; [cs; — 0]3;

loop [3]* do i loop [3]4,0, do [({53,11,12), (ns3, nsy, ns), (cs3,¢S1,82)]
la—q(f(N]; [a1 — q(f(I3)];

[ns — update_nscore(a);|® [ns, — update_nscore(ay);]°
[cs — update_cscore(a);]” [cs, — update_cscore(ay);]’
[I — update(I, ns, cs)]° [I, — update(I3, nss, cs3)]°

(a) (b)

Figure 16.3: (a) The labeled program implementing the multiple round
algorithm (b)The same program in the SSA version.

added to the tracking list I. An implementation of the algorithm is presented in Fig-
ure 16.3(a), in which the round number k are set to 3, and we use update_cscore(a)
and update_nscore(a) to simplify the complex update on Cscore and Nscore respec-
tively, for the sake of simplicity.

One complexity of the multiple rounds algorithm in comparison with the two rounds
one, is that the query asked in each iteration is not independent(non-adaptive) any-
more. For example, the query g/ at iteration j now may depend on the tracking list I,
which comes from the previous iteration j — 1. Additionally, this list I at iteration j —1
is updated by the query result g/~! at the same iteration. Intuitively, we can see the
connection between queries from different iterations, which means these queries are
adaptively chosen according to our Theorem 14.

We first show its query-based dependency graph in Figure 16.4(a), the execution
trace I, is generated as follows: t,,, = {g(f(I.)>*, q(f (Ip)>*2, q(f (1)>“31}. Fora
better presentation of the graph, we add some notations: g, for q(f (I,))>*!, similar for
qp, g for q(fIp)>*2 q(f(1.))>*3]. We can see the red dashed path from g. — g, — ga
is the round of adpativity our theorem wants, as the longest path in the dependency

graph. Since k = 3, the multiple rounds algorithm takes in total k = 3 queries from an
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a)

(b)
Figure 16.4: (a) The query-based dependency graph for multiple round
example (b) The SSA variable-based weighted dependency graph for the
same example, the node in red dashed circle is weighted.

data analyst, answers the queries. And from the graph, we know that there are 3-round
adaptive queries in these 3 input queries(fully adaptive), since the red path has length 3.

Next, we show our algorithm providing the estimated upper bound for this multi-
ple rounds example through constructing a variable-based weighted dependency graph
in Figurel6.4(b). We use a short in the graph, such as a? for a§5’[4:3]) and so on. We
show the most weighted path in the graph, which is the red dashed path as usual. Along
the red dashed path, 3 weighted nodes a:f, af, a}, correspond to our queries ¢, qp and
qq respectively. This is our intuition to estimate one graph in Figure 16.4(b), to upper
bound another graph(Figure 16.4)(a). Here, we simplify the estimated graph by omit-
ting some variables such ns;, ¢s; in Figure 16.4(b). Every query node in the query-based

dependency graph has a corresponding node(variable the query is associated) in the

variable-based dependency graph generated by our analysis algorithm ADAPT.

16.3 OVER-APPROXIMATION ALGORITHM

Our algorithm comes across an over-approximation on the estimation due to its path-
insensitive nature. It occurs when the control flow can be decided in a particular way in
front of conditional branches, while the static analysis fails to witness.

We use one example to show the over-approximation, Figure 16.5(a). This example
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[(b—01';

li —11%;

loop [5]3 do
[x — g+ yli—1D]%;
if ((((%2==1)]°

(b — b;-x]G \r_\::.; 9
,[skip] ); @ e
i —i+1]8

(©
(a)

Figure 16.5: (a) The labeled program implementing multiple round odd
iteration example (b) The query-based dependency graph for the exam-
ple (c) The SSA variable-based weighted dependency graph for the same
example.

is the variant of the multiple rounds strategy, we call it a multiple rounds odd iteration
algorithm. In this algorithm, at every iteration, a query g(b + y[i]) based on previous
query results stored in b is asked by the analyst like in the multiple rounds strategy. The
difference is that only the query answers from odd iterations (i = 1,3,5) are added to b.
Because the execution trace only updates b using the query answers at odd iterations,
so the answers from even iterations do not affect the queries at odd iterations. From
the query-based dependency graph in Figure 16.5(b), we can see that there is no edge
from queries at odd iterations (such as ¢, g3, g5) to queries at even iteration(such as
g2, q4). The longest path is dashed with a length 3. However, ADAPT fails to realize that
odd iteration will always execute then branch and even iteration means else branch, so
its dependency graph considers both branches for every iteration. In this sense, the de-
pendency graph by ADAPT is similar to the one in the multiple rounds strategy. We show
the estimated graph in Figure 16.5(c). The estimated upper bound is then, 5, instead of

3.
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CHAPTER 17

Related Work of ADAPT

In terms of techniques, our work relies on ideas from both static analysis and dynamic

analysis. We discuss closely related work in both areas.

17.1 STATIC PROGRAM ANALYSIS

Our program analysis algorithm in Chapter 15 is influenced by many areas of static pro-
gram analysis such as effect systems, control-flow analysis, and data-flow analysis Ryder
& Paull (1988). The idea of statically estimating a sound upper bound for the adaptiv-
ity from the semantics is indirectly inspired from prior work on cost analysis via effect
systems Cicek et al. (2017); Radicek et al. (2018b); Qu et al. (2019). The idea of using an
adjacency matrix to reason about data flows as a resource has been also studied as an
instance of graded Hoare logic Gaboardi et al. (2021). One of the most important in-
gredients of our work is the estimation of the variable-based dependency graph. There
are many ways to construct a dependency graph statically. Some of the most related
work focuses on the testing of graphical user interfaces (GUIs), using an event graph.
For example, Memon (2007) proposes an event-flow model using an algorithm to con-
struct an event-flow graph, representing all the possible event interactions. This event-
flow graph has a vertex for every GUI event such as click-to-paste and an edge between
pairs of events that can be performed immediately one after the other. Our variable-
based dependency graph uses the edge to track the may-dependence of one variable
with respect to another variable. The main difference is in the way the graph is con-
structed. ARel relies on the structure of the target program, while the event-flow model
only considers the event type. Another work Arlt et al. (2012) constructs a weighted

event-dependency graph, capturing data dependencies between events by analyzing
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bytecode. Every weighted edge indicates a dependency between two events, meaning
one event possibly reads data written by the other event, with the weight showing the
intensity of the dependency (the quantity of data involved). Our approach of generating
the variable-based dependency graph shares the idea of tracking data dependency via
static analysis on the source code. However, because of the different domains, we care

about assigned variables, and we use the weight in a different way.

17.2 DYNAMIC PROGRAM ANALYSIS

Our framework constructs a dependency graph based on the execution trace of a pro-
gram. We define semantic dependence on this graph by considering (intraprocedural)
data and control dependency Bilardi & Pingali (1996); Cytron et al. (1991); Pollock & Soffa
(1989). One related work Austin & Sohi (1992) presents a methodology to construct a dy-
namic dependency graph (DDG) based on the dynamic execution of a program in an im-
perative language, where edges represent dependency between instructions. Data de-
pendency, control dependency, storage dependency, and resource dependency between
instructions are all considered. Our query-based dependency graph only needs data de-
pendency and control dependency between query requests. Critical path length analy-
sis on DDGs is useful for understanding the scope for parallelization, while we use the
length of the longest path to define adaptivity. DDGs have been used in many other do-
mains. Nagar & Jagannathan (2018) use DDGs to find serializability violations. Hammer
et al. (2006) use similar program dependency graphs Ferrante et al. (1987) for dynamic
program slicing. They use a combination of static and dynamic dependency graphs but
in a manner that is different from how we use the two. Their slicing uses both static and
dynamic dependency graphs, while we use the dynamic dependency graph as the basis

of a definition, which is then soundly approximated by an analysis based on the static
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dependency graph.

17.3 GENERALIZATION IN ADAPTIVE DATA ANALYSIS

Starting from the works by Dwork et al. (2015c) and Hardt & Ullman (2014), several works
have designed methods that ensure generalization for adaptive data analyses. Some ex-
amples are: Dwork et al. (2015b,a); Bassily et al. (2016); Ullman et al. (2018); Feldman
& Steinke (2017); Jung et al. (2020); Steinke & Zakynthinou (2020); Rogers et al. (2020).
Several of these works drew inspiration from the idea of using methods designed to en-
sure differential privacy, a notion of formal data privacy, to guarantee generalization for
adaptive data analyses. By limiting the influence that an individual can have on the re-
sult of data analysis, even in adaptive settings, differential privacy can also be used to
limit the influence that a specific data sample can have on the statistical validity of data
analysis. This connection is actually in two directions, as discussed for example by Yeom
etal. (2018).

Considering this connection between generalization and privacy, it is not surpris-
ing that some of the works on programming language techniques for privacy-preserving
data analysis are related to our work. Adaptive Fuzz Winograd-Cort et al. (2017) is a
programming framework for differential privacy that is designed around the concept
of adaptivity. This framework is based on a typed functional language that distinguishes
between several forms of adaptive and non-adaptive composition theorem with the goal
of achieving better upper bounds on the privacy cost. Adaptive Fuzz uses a type system
and some partial evaluation to guarantee that the programs respect differential privacy.
However, it does not include any technique to bound the number of rounds of adap-
tivity. Lobo-Vesga et al. (2021) propose a language for differential privacy where one

can reason about the accuracy of programs in terms of confidence intervals on the error
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that the use of differential privacy can generate. These are akin to bounds on the gener-
alization error. This language is based on a static analysis which however cannot handle
adaptivity. The way we formalize the access to the data mediated by a mechanism is a
reminiscence of how the interaction with an oracle is modeled in the verification of se-
curity properties. As an example, the recent works by Barbosa et al. (2021) and Aguirre
et al. (2021) use different techniques to track the number of accesses to an oracle. How-
ever, reasoning about the number of accesses is easier than estimating the adaptivity of

these calls, as we do instead here.
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IV EPILOGUE

I review the works on studying the quantitative properties in this dissertation in the next

part, and the future directions are also discussed.
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CHAPTER 18

Conclusion

In this chapter, we conclude this dissertation, mainly studying two quantitative proper-
ties of programs, the relative cost of two programs, and the adaptivity of adaptive data
analysis programs. The relative cost can be reasoned about by relational cost analysis,
and we will review the work of ARel and its implementation BiARel. Adaptivity is an-
other topic, the work ADAPT focuses on it. We review its key novelties and contributions

discuss several directions on the future researches.

18.1 RELATIVE COST

In the dissertation, we first present ARel, a relational type-and-effect system that can be
used to reason about the relative cost of functional-imperative programs with mutable
arrays.

The contribution of ARel can be summarized as:
1. The support of array-based operations is useful for relational cost analysis.

2. The key contribution of ARel is a set of lightweight relational refinements allowing
one to establish different relations between pairs of state-affecting computations,

including upper bounds on cost difference.

3. The soundness proof of ARel via a novel Kriple logical relation model gives the
theoretical foundation of the combination of type and effect systems and rela-

tional refinements for state-affecting computations.

4. The implementation of ARel shows the practical utility.
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On the other hand, there are also limitations when we introduce the mutable arrays

into relational cost analysis and what we can do in future work.

1. ARel It now only supports arrays whose elements are of the ground type, due to
our choice of the lightweight monadic types for the array-based operations. As a
reminder, the elements of arrays are restricted to base type in ARel. One of the
directions to do in the future is to study other imperative features, finding out if
there are some connections with our mutable arrays. The support of more com-

plicated but common data types such as matrix(arrays of arrays) is now missing in

ARel.

2. The other limitation comes from the implementation mentioned in Section 10.2.5,

the efficiency of our type checker remains to be improved in future work.

3. One of the future works is to formalize the metatheory of ARel via a proof assis-

tant.

Another work we presented, which is related to ARel is the implementation BiARel.
Since ARel is not suitable for implementation due to its non-determinism nature com-
ing from its typing and subtyping, it is not straightforward to have a concrete imple-
mentation. To this end, we presented a theoretical study and a concrete implemen-
tation of bidirectional type checking in a setting that combines relational refinements,
comonadic types, and relational effects, as well as the monadic types for arrays in ARel.
This rich setting poses unique challenges: The typing rules are not syntax-directed due
to relational refinements; subtyping for (relational) comonads poses additional prob-
lems, as do the relational effects. We resolve these challenges through a process of elab-
oration and subtyping-elimination in the theory and using example-guided heuristics

in the implementation. We validate experimentally that this approach is practical—it
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works for many different kinds of programs in ARel, has little annotation burden and
type checking is acceptable. We believe that our work, along with the prior work Cicek
(2018) will help future designers implement other relational type and effect systems as

well.

18.2 ADAPTIVITY

Another quantitative property is the adaptivity of programs. We presented ADAPT, a
program analysis algorithm that is useful to provide an upper bound on the adaptiv-
ity of data analysis under a specific data analysis model. This estimation can help data
analysts to control the generalization errors of their analyses by choosing different algo-
rithmic techniques based on adaptivity. Besides, a key contribution of our works is the
formalization of the notion of adaptivity for adaptive data analysis.

There are some limitations of this work.

1. One limitation is that our algorithm may over-estimate the adaptivity of a pro-
gram, as shown in Section 16.3, due to its path-insensitive nature when analyzing
if conditions. The future direction is to use the constraint to track the necessary

information and help to predict the path when the control flow diverges.

2. Another one is that our algorithm now can only analyze concrete bound for loops.

The direction of future work is to support dynamic or unbounded loops.
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APPENDIX A

Appendix for ARel

A.1 SYNTAX OF AREL

Unary types

Relational types

Index terms

Sort

Terms

|celimt

Values

exec(L,U) exec(L,U) exec(L,U)
A:=int|int[I]|unit| {P} Fy.A{Q} | Vi:S.A| A— A | A x Ay

Arrayy[l] Allist[Il A|A1+ A |CRA|C> A|Ti:S. A

diff(D) diff (D) diff (D)
T o=int|unit|int[[]| {P} Iy.T {Q} | VizS. T | T — 7’| Arrayy[l] T
|U (A1, Qo) |T1 x T2 list*[I] 7 |07 |71+ 12| C&T|C27T| Fi:S. T

LLU,D,a,p:=ilbln|r|+L|L*L|LH-L|Imax(ly, 1)
Iy
Imin(Il,Iz)I%I ZI INlogo (DT i} iex | BUBIBNBIBN S

=1
S:=RIN|B|P|L
tu=x|n|r|Q] Ax.t [fix f(x).t] o |letx=1t1in b | {1, ) |inl ¢
linr ¢| case (t,x.t;,).t2) | A.t|t[]]| packt | unpack tyasxin f»
nil|cons(ty, )| case t ofnil — 7 | h:tl — to|m1(8) |72 (1) |
| returnt | let{x} =t int, | alloct; t | read 1 £, | updt 4 1 13

ve=nlllr|0] Ax.t [fix f(x).t|inl v|inr v|A.t]|{vy, v2) | packv
| returnt | alloct; & | updt t; £ t3 | read 11 £ | let{x} =1 in & |nil
neN, reR, xeVar,i€iVar, yeiloc, ledLoc

Figure A.1: Syntax of values & expressions of ARel.
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Q:=9|Q,x: A
I'=¢|lx:t
Az=@|Ai::S
Zu=9g|Z,y:L

Co=L=L|LH<DL|"C|Lel,
O,:=T|CAD,
BQ:u=empty|y — fIP*Q|PUQ
H:=[[l— z]| Hyw Hy

z:=[v1,..., Ul

Figure A.2: Notations of ARel.
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A.2 OPERATIONAL SEMANTICS OF AREL

6 H UG v Hy
cyevkiy VGHYER
. Cl+62,k1+k2 . ! E-P
t,HUp v;H
tUC’k v
t 19 v t 19 v
—00 E-V I — E-INL - k. E-INR
v v inl £ J“%inl v inr ¢{”%inr v
£ )R inl v nlvixl |2k v,
E-CASEL

case (£, x.17, y.tp) | O T 6+ Cease kitketl g,

18 inr v tvlyl ek y,
E-CASER

case (£, .17, y.tp) YO+t Cease kithketl g,

n R Axt 2Ry x4

c1+C2+C3+Capp, k1 +ko+k3+1
tll-zul 2T 3T Capp, 1 2 3

E-aA
U1
B Ucl'kl v o/ [v/x] Ucz’kz )

. c1+co+an ki +ko+1 E-LT
let x =11 in f, 12T A0RTRTE )

t VR fix f x.t' t |k t'[fix fx.t' f1lv/ x] 4% 1y

Cc1+Co+C3+Capp, k1 +ko+k3+1
tlt2U1 27T 3T app, A1 TR2TRZ

U1

Figure A.3: Standard operational semantics of ARel, part 1.
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! 1.
tUC,k Atb tb U(C k") vy t Uc’k "
E-1APP 3 E-PACK
Ur pack 1 | pack v

/ /
t [] UC+C Jk+ Kk

H U(,‘lvkl paCk v tz[V/X] U(Cz,kz) v,

- F—— E-UNPACK
unpack fyas xin fp, J1 @M TR
f Uclrkl Aty t U(Czykz) Uy
— E-CONS
cons(ty, ) YT cons(vy, 1)
t Uc,k nll tl U(Crykr) vy
E-CASEL-NIL

case t of nil — #; | bz tl — tp | T eeaserkthrtly,

t U9k cons(vr,v2)  talvrlh, val t1) YR b,
E-CASEL-CONS

case ft of nil — 1| h:tl— L UC+CT+CcaseLyk+kr+1 v,

N Y % (0, v2)
Tekitk E-PROD —— 7 E-PrOJ1
(1, L) Y722 (11 1) w1 (8) Y Cpropk+l )
r UC,k <V1y U2> tl Uclrkl vy tz[yl/x] Ucr,kr v,
o %+l E-PROJ2 : — T E-CLET
o (1) YT ePro =Tt py clet f1asxint, 1+ g,

Figure A.4: Standard operational semantics of ARel, part 2.
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GHUSE v Hy

%% v
C+Cret, k+1 E-T
return t;HUf ret v, H
a1,k U'HUCZ'kz vi: H c3,ks vo: H Uc4vk4 va: H.
nhi v ; f 1, bl /x] | 1) 211 Vg 3; 12
let{x} = f in tZ;HUcl+cz+03+C4+qet,k1+k2+k3+k4+1 vs; Ho

f

n UCLkl I I UCz,kz n B UCs,ks v
Cl+CZ+C3+Cupdaterkl+k2+k3+1

f

F-U

updt t 1, 13, H |} 0;H(D)[n] < v

n ek t 1% n, H()[nl=v

read tz;HU;1+02+cread,k1+k2+1 v H

n
P
f Ucl.kl n t UCzykz v z=1v,...,V] [ fresh

1
allocfy tg;HU?+CZ+Ca1‘°°’kl+k2+ LHI—z

F-L

Figure A.5: Operational semantics of ARel: forcing evaluation.



A.3 TYPING OF AREL

l.lieq1,2)
|int|;
|unit|;
diff(D)
| {P} 3y :7{Q} |,
diff (D)
lT—1'|;
| ArrayY[I] T |i
U Al;
O],
[list*[1] T |;
[T+ 72l;
|C&T|;
|ICoT1l;
|BI;
I x:1l|;
T, x:7,x:U(A1, A2)l;
lempty|;
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Binarytype — Unarytype
int
unit
exgc(O,oo)
{IPl;} 3y 171; {1QI:}
exec(0,00)
ITl; — I7'l;

ArrayY[I] IT|;
A

ITl;

list[I] |7];
IT1l; +72l;
C&lt|;
Coltl;

@

Il x 7l
[T, x: Aj
empty
Yn—N

Figure A.6: Binary to unary type erasure of ARel.
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A.3.1 Well-formedness

FA ie€iVar SeSort
—— SENV-EMPTY SENV-IV
[ FAi:S

Figure A.7: Sort environment well formedness of ARel.

FX  yeiloc
—— LENV-EMPTY LENV-LV
F2,yelL

Figure A.8: Location environment well-formedness of ARel.

ARyl 5AFBP
WE-AS-EMPTY WEF-AS-REFERTO
;A + empty wf ARy — Bwf

;A Pwf ;AR Qwf
A PxQwf

WEF-AS-STAR

Figure A.9: Assertion well-formedness of ARel.
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AF Cwf
A-L:S AL S S e {N,R}
WEF-CS-EQ
Ak Il = 12 wf
AFL:S AFL:S
S e {N,R} AR Cwf
WE-CS-LT ————— WF-CS-NEG
AR L <, wf AF-Cwf

AFI;::S AFL:S
Se{N,R}

A|—11€IZWf

WE-CS-IN

Figure A.10: Constraint well-formedness of ARel.
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A@)=S8 2(y)=L
—— [-VAR———— [-L.oc —————  [-BOOL
AFI:S ARyl ZAFD:B
—— [-NAT ——  [-REAL
2 AFn:N AR

;AR N AR N c€{min,max,+,—, *,}

I-BIN-N
AR o) N
AFL R AR LR c€E{min, max,+,—, *,}
I-BIN-R
AF1oDb) R
ZAFTER oef{l], [T}
[-UNARY-R
;A (o) N
AT R
I-LoG
%A loge (D) =R
AR N VieKceN
I-NATSET
A {Ii}iex 2P
XA PP AR B P oefu,n,/}
I-SET-0OP
5AFBrofo P
AR N AR, N NI NETS S € {N,R}
7 I-sum
AR Y I:S
i=h

Figure A.11: Sorting rules of ARel.
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XA D, - Awf

WF-A-OMEGA-EMPTYSET

AP, - @ wf

A0, Qwf AP, - Awf
WF-A-OMEGA WEF-A-UNIT
NP, EQ x: Awf NP, unit wf

2 AFT:N
WEF-A-INT WE-A-INT-1I
XA ®, - Int wf A, @, - int[I] wf

AP, - A wi A D, - A wi
AP, A+ Ay wi

WE-A-SUM

AP, - Awf ARyl
SAFLCR SAFUR A Pwf Z,T/:[;AI—QWf

exec(L,U)
0@, {PY Iy A{Q} wf

WE-A-MONAD

XA D, - Awf A0, - A wf SAFLCR SAFUR

exec(L,U)
AP, A— A wf

WE-A-ARROW

Ayl 2 AFT N AP, - Awf
N0, ArrayY[I] Awf

WEF-A-ARRAY

ZiuS AP, - Awf i SAFLCR iS5 AFUCR
exec(L,U)
A, VinS Awf

WE-A-FORALL

ZiuS, AP, - Awf AFT:N XA D, - Awf
WE-A-EXIST . WE-A-LIST
AP, -3i S A wf XA @, list[1] A wf

A Cwf SN D,AC HAwS
AP, - CRAwS

WE-A-C-AND

A+ Cwf AN P,NACHE AwS
AP, - Co Awf

WE-A-C-IMPLY

Figure A.12: Well-formedness of unary types of ARel.
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XA, - T wf

WEF-R-GAMMA-EMPTYSET

A D, - @ wf

A ®, T wi NP, T wf
WF-R-GAMMA WE-R-UNIT
NP, T xTwf Z; A; @, - unit wf

PAFA P SRV DRFA P SRV
WE-R-INT WF-R-SUM
A @, - int wf AP, -1+ T wf

2N D, T wi 2N D, T wi
AN D, T x Ty Wi

WE-R-PROD

;A Pwf NP, 7wl Z;A,?:[I—wa S AFD:R

diff(D)
0@, - (P Iy T {Q} wf

WE-R-MONAD

AP, T wf AP, T wf SAFED:R

diff (D)
A0, T — 17w

WE-R-ARROW

ZiuS,A®, T wf
i SAFD:R .
WF-R-FORALL Z108,0;P, T wf

diff (D) WE-R-EXIST
SN ®, - VinS. Twf AP, 30 ST wf

Figure A.13: Well-formedness of relational types of ARel, part 1.
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L AERyL 5AFT N NP, T wf

WE-R-ARRAY
AP, ArrayY[I] T wf
A D, - Ay wi AP, - Ay wi
WE-R-UA
A, U (A, Ap) wf
2 AFa:N AT N SN0, T wf
WEF-R-LIST

0@, F list[1] T wf

A+ Cwf A D,AC T wf
;A D, - C&T wi

WF-R-C-AND

A+ Cwf SN D,ACET W NP, T wf
WE-R-C-IMPLY WE-R-SQUARE
AP, -CoTwf A @, - Or wi

Figure A.14: Well-formedness of relational types of ARel, part 2.

QF Hwf
QF Hwf x¢ dom(H)
WE-H-EMPTY WEF-H-UPDATE
QFempty wf QF (H,x — k) wf

Figure A.15: Heap well-formedness of ARel.
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A.3.2 Unary Typing Rules

500450 1A

0 . U-INT 0 U-1
20D, Qg nint 20D QA nint[n]
NP0 ,x ARV B

: L U-ABS Qx)=A

0 exec(L,U) 0 U-v
Z00,;QFgAx.t: A— B NP Qg x: A

U exec(L,U) U
Z;A;d)a;Ql—Ll1 Hh:A— B Z;A;d)a;QI—LZ2 A

U-A
N U1+U,+U+U, ]
Z,A,(Da,Q |_L1+L2+L+Lup:p ht:B

T A; 0,0 I—LUII n:A Z;A;d)a;Q,x:AI—LUZZ f:B

U-LT
A - U1+U2+U; — .
AP0 I—L1+LZ+L”[ letx=fHint:B
A - Ur 4 . A - U . .
LAQLQF 1A SACLQR 2 b A
5 — U-UNIT UL+ 0, U-PROD
5 0;®@4;Q b 0 : unit LA Qg QF =, 1) 1 Ay X Ap
5004QFY 11 A x Ay 50040 11 A x Ay
TEi U-PROJ1 TESi U-PROJ2
Z’AJ(D(,DQ |_L+L Pm‘] ﬂl(t) : Al zyA;q)a’Q |_L+L Pm‘] ﬂZ(t) : A2
proj proj

Figure A.16: Unary typing judgment of ARel, part 1.
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00,50 A AP

U-T
exec(L,U)

30D QFreturnt: {P} Iy. A (P}
U exec(L,U) U exec(L',U")
2N D,0 |_L11 H:{P}3y1: A {P"} 50715950, A I—L22 t{P"} Ay, : B {Q}

exec(L+L'+Li+Ly+L;,U+U'+U1+Ur+U))
N0, 0 I—g let{x}=t;in > : {P}3y1,7>: B{Q}

U-E

Z;A;@a;Ql—lelltlzint[I] Z;A;(Da;Ql—gzztg:A S:AFPwf

exec(Li+Ly+Lgy, U1 +Ux+Uy)

25 0;®4;Q g alloct 1 : {P} 3y :Array, [I] A {P xy — N}

U-L

A0 QR 1 Array, (A ZA04Q 42 fp:int(]')
LACLQRS 3:A AT <] AOEIef  TAFPw

exec(L1+Lo+L3s+L,, U +Ux+U3+U,)

Z N D, Q |—3 updt t; f t3: {P*y — B} A_:unit {P xy — B}

U-u

T A; 0,40 I—Zl n:Aray, (1A ZA,04Q l—gj f :int[I']
ADL T <T  S;AFPwf

0 exec(Li+Ly+L,,Uy+U>+U;)
Z0;®4,QFread 1y 1o {P}3_: A{P}

Figure A.17: Unary typing judgment of ARel, part 2.
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exec(L,U) U
0P x: A f:A— B,QF; t:B

0 ¢ exec(L,U)
Z0045Q 4 fixf(x).t:A— B

U-F

5000 1A AT, Ay wi
500,50 inl £: Ay + Ay

U-INL

000 A A0, Ay wf
5 00,4QF inr t: A; + Ay

U-INR

A ®4Q I—LUll r: A+ A,
20D Al,QI—LUZ2 nh:A 0P, AZ,QI—EJ; LA

S AD Q) |_U1+U2+Uc A U-CASE
A @ QS case (4, x.0, .12)
T U-NILL
2 0;D4;Q o nill : list[0] A
LA0LQF 1A SA0LQF i list(l] A
— — U-CONS
NP, 0 I—L1+L2 cons(fy, ) :list[I+1] A
SA0;QFY tilistinl A S A0, An=0,QFY £ A
50, MO An=i+1h: Atllist[i] AQFY 10 A
T - ; U-CASEL
PR OI) |_L11+L22 case tofnil - |hutl—t: A
L00,40F A SARU<U SARL <L
COST-TRANS

5A04QFY 1A

SA0QRY A A0, EAC A SARU<U SARL <L
SN0;QFY £ A

U-X

Figure A.18: Unary typing judgment of ARel, part 3.



259

5iuS0M0QFV A i¢FIV(®,;Q)

U-LAaM

0 exgc(L,U)

20N D4 Qg At VIS A

U exec(La,Us)
LA @4 QF 1 VinS A AT S

“A- 1. Ui+U; . : U-1APP

N D40 I—L1+L2 tl: A{l/i}

LN0L5QFY AN SAFT:S
U-PACK

N 0,0 I—g packt:3i::S. A

A D, Q I—Zl f:3i:S. A ZiuS,A®LuQ Fg; fr: Ay
ig FV(®,Q; A, Ly, U)

U+ - U-UNPACK
N0, I—L11+L22 unpack fyasxin t : Ay
LA050FY :CoA EA0,EC 500, ACGQFY £ A
U - U-CELIM U U-CIMPL
DRFAR L Ol bt celimt: A NP0 1:Co A
SA0QFY 1:CRAT LAOACx: ALQFY £ A,
; U-ANDE
500,57/ clet rasxint': Ay
Z0N0,NCQ l—gt:A 200, ACQ I—gt:A
U-SPLIT

500,40 1 A

AP, EL XA D, FQwf
500,40 £ Cc&A

U-CONTRA

L0, ACQRY A SA0,EC

i U-ANDI
NP5 QF; 1: C&A

Figure A.19: Unary typing judgment of ARel, part 4.
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A.3.3 Relational Typing Rules

SN0 THHeSc:T

— R-INT - R-1
300, THFnen<0:int 00,4 Hnen<0:int[n]
I'x)=1
R-UNIT R-V
5A00,4TH ()0 <0:unit 500,THxeoxS0:1

500,50, x:tHHhethb SD:o

diff D
NPT HAx. eAx.t2§0:11—>0

R-ABS

diff D
SN0 THRed <D:T—0  SAOLTHBety<Dy:1

LAOTFnhentySD+Di+Dy:o

R-APP

SL00,THHeSD:Ty SN0, x:TiFhoty<SDy:T)
A0 Hletx=tinteletx=1inty, <Dy +Dy: 17

R-LT

diff D
500 x:T, f :rl—>0,F|— het<D:o

. . diff
50045 T Hfixf(x).ofix f(x).b50:T 1—1?0

R-FIX

SANDTHier <D:1y AN D, T wi
NPT Hinl teinl i <D:71+1)

R-INL

SAPTHret <D:1p A D, T wf
5 AOuTHinr teinr £ <D:t11+71)

R-INR

Figure A.20: Relational typing judgment of ARel, part 1.
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NPTt <Dy:T1+1)
A0, x:T et SDy:iT 5004,y 1o oty SDy:T

— R-CASE
M@ case (6, x.1,).12) © case (t,x.1,y.1,) SD1+ D21
A - Ur ;. Al - Uz . .
XYM N H ) B} Rl B LA @ T2 120 A
R-S
Z;A;(Da;rl—tlefgsUl—LgiU(Al,Az)
SANP;QFret<D:T AP, =TET AP, ED<D
R-X
00T Hret <D 1
SN0, ACTHHHOt, SD:T SN0, A CTHEHHet, SD:T
R-P
500 THHetSD:T
ZN0,THHOD 5 D:7 VxedomT).Z;A;®, =T (x) = OI'(x)
R-NC
5004THHhet, S0:01
500,THhet, SD:T{lli} SART:S
: R-PACK
3N\ ® 4T Fpack tyepack t, <D:3i: St
LA0,T ety SDy:3inST
%0m8,MPx:1,TFBoety,<D1+Dy: 1) igFV(®,T;10)
R-UNPACK

3;A;®@4;T - unpack t asxin 1 © unpack tjasxin t, <Dy + Dy i 72

Figure A.21: Relational typing judgment of ARel, part 2.
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Z;A;CDa;FI—L‘IGIZSJD:r i¢FV(®,1)

diff D
S004THFAOANLS0:VinS. T

R-ILAM

diff D’
00T Het, SD:ViiS. T SAFT::S
R-IAPP
N0, THR ek ] §D+D,[I/i] cT{l/i}
500,THhet, SD:Cot NP, EC
R-CELIM

A0, Hcelimtyocelime, S0:1

SN0,ACTHFHOet, SD:1T
500,4THHhe S0:Cot

R-CIMPL

SN0 THR et SD:C&Ty A0, ACx:T, T ety <D 15

0@, Hclet tyasxintyoclet hasxinty SD+D': 1)

R-ANDE

SN0, ACTHHetSD:1T NP, EC
500,THhet SD:CRT

R-ANDI

diff D
50Qx: T f T — 70,1, f :U(A,A)) 1ot <D:1s

SN @4 IT FOFixf(0).6: Ay Z0;®4 1T FY Fix f(x).2: Ay

. . diff D
2 A;®4;T F Fix f(x).11 6 Fix f(x).1p <0: 71 — 72

R-FIX-EXT

LA0,Tnet; SDy ity 00,4 BotySDy:1)
004 =t ) o(t], ) SD1+Da:T1 XT3

R-PROD

00T Hiet SD:1y %17
00,4 () em(t) SD:1y

R-PROJ1

SAPTHiet! <D:1yx1)
00,4 Fma(t)omy(t) SD 1)

R-PROJ2

Figure A.22: Relational typing judgment of ARel, part 3.
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AP, T wf
5 0;®4T Fnilenil <D :list*[0] T

R-NIL

LA0TFnet; <Dt SA0, ety SDy:list*nl T
3 A; @ T F cons(ty, 1) © cons(t], t5) < Dy + Dy :list*  n+1] 1

R-CONS1

A0, ety <D0 ZA0TFhoety<SD;:list*n]T

T = R-CONS2
%A@ 4T = cons(ty, ) econs(ty, t,) S Dy + Doy :list*[n+1] T

R-CASEL
500,THretf <D:list*nlt ZA40,An=0C+Fnoef <D :7
50,00, An=i+1T,h:07, tl:list*[il - oty <D : 7
i, BA;®,An=i+1Aa=B+1;T, h:t,tl:listP[i] TF net,<D':1
200451
F case ' ofnil — ] |h:tl—tye caset' ofnil — ) |hutl—t, <D+D":1'

Figure A.23: Relational typing judgment of ARel, part 4.
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S00THHhet, SD:T A+ Pwf

afno) T
A @4 T Freturnty oreturnt, <0:{P}3_.7 {P}
diff(D)
2N (IDQ,I“I—tlet1 Dy : {P} Fy}. 7 {P}
diff(D")
A7 I]_d)a,l“ X: Tf—t29t£<D2 {P}Elyga {Q}
R-LET

diff(D+D'+D;+D>)
0@, T let{xt =t in ty o let{x} = 1] in £, <0:{P} Iy 172 : 0 {Q}

SANDTHGB O t{ < Dy :int[I]
Z;A;q)a;l“l—tgetégDzzr y fresh ;A Pwf

diff(Dy+Dy)
2N, ®,;T Falloct trealloc tl t2 < 0:{P}Fy. Arrayy[l] T{Pxy—N;}

R-ALLOC

0;0,4T - ot) S Dy :int[l]
LA0THBpetySDy:01  yfresh  Z;ARPwf

diff(Dy+D3)
2N ®,T Falloct troalloc ’71 , < 0:{P}Iy. Arrayy[l] T{Pxy— ¢}

R-ALLOC-BOX

LA0T et SDy: Array, [I] T
00T HRet, SDy:intll'l  A®,EI'<I  Z;AFPwf

diff(Dy+Dy)
%A@ T Fread ) tyoread ) £, S0: {Pxy— Bt AT {Pxy — B}

R-R

A @uTn et SDyAmay (1T SA04T - ety S Dy int(l]
AND,=I'<s]  SAN0.,ET'¢f S;AFPwS

diff(D; +D>)
0@, read t poread t) 1, SO0:{Pxy— B} A_O1{Pxy— f}

0@, ety SDy:Aray, (11T 50045 TF ety S Dy:int(I']
N0 THzet, SDs:T AO,=T'<sI  Z;AFPwf

diff(D1 +Dy+D3)
0@, T Hupdt 1y o tsoupdt 1] £ 15 S0:{Pxy — B3 _:unit {Pxy — fU{l'}}

R-U

50;®45T et SDy:Aray, (Il T 500 45T oty S Dy:int[I']
LA0THet, SD3:01 AO,EI<I  SAFPwf

dlff(D1+D2+D3)
;A @, T Hupdt £ 1 t3©updt tl t2 t3 0:{P*xy— B}I_:unit{Pxy— B\{I'}}

R-UB

Figure A.24: Relational typing judgment of ARel, part 5, impure rules.
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0@, (T |‘ fl Ay 50040, x:UALAD Oty SDy:T

%; ACDa,FI—Ietx—tl inhot,SUy+Da+cpp:T

R-LT-T

500 Tl F i Al A @,T, x: UL, AD F ety S Dy’

5005 eletx=tinty SDy—Li—cp: 7

R-T-LT

exec(L,U)
SAQqITh F Al — Ay SA04TH ety S Dy U(A A))

Z,A,q)u,l“l— ntoety,SU +U+Ds+cCapy:U(Az, Ab)
2~ pp 2

R-APP-T

exec(L,U)

50 Qg Tl b 1t Al — A)  SM04TH ety < Dy UA, A

7 R-T-APP
SN0ty t] ty < Dy—Li—L—capp: U(Ag, A))

A QGITh ] A+ Ay S A04T,x: UALADF et SDy:t
500, ,y:U(Ay, A) - ot <Dyt

; R-CASE-T
200, F case (6, x.t,y.t0)0t SU+ Do+ cCegse: T
% A;®g; T I—Ul’ A+ A
A QGITh b A+ A2 5N DT, x: UALAD et <Dyt
50 0uT, y: Ulds A et <Ds:1
R-T-CASE
0@, T e case (1, x.1),y.65) S Do — L) — Ceqse : T

Figure A.25: Relational typing judgment of ARel, part 6, Asychonization
pure rules.
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exec(L,U)

T8 @ |Th 7" s Py} 371 A (Q)
U exec(L,U")
dom(P)=dom(P1)  Z;A®4Tl2 b7 11 {P2} 3711 A} {Q2}
dift(D’)
00,0, x:UALAD RS l’é S D, :{PL Py} El’}?l.‘[ {Q}
QU+ U+ (Dt Uyt D) oET
A0 T Hletixt=ninhot, S—Ly: {P} 3y1.7 {Q}
U exec(L,U)
LA QT Hp! 1 (P} 371t A {Qu
U exe_g(L’,U’)
dom(P)=dom(P))  Z;A@4IT1 b7 122 4P} 3y1: Ap {Qa)
dift(D’)
50 04T, x: UAL A F ety < Dy {PUP} 31T {Q)
R-T-LET

diff(D'+ (D2~ Lp)— L1 — L—Cle)
LA05TFpoletixt=6inty, SUs: {P} Iy1.7" {Q}

Figure A.26: Relational typing judgment of ARel, part 7, asychonization
impure rules.
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A.3.4 Subtyping

50,04 A E Ay |

A0, A E A 0@, A2 E A
SN0, EL<L SN0, U<U

S-UA
exec(L,U) e>,cec(L’,U’),
50D = A — Ay € A — A
inS, AP, A A inS, AP, EL <L
SAD, = U<U i¢ FV(®,)
S-A-FORALL

exec(L,U) exec(L,U")
AP, EVinS. AT VinS. A

A0, AC A SAD,=L<L A0, =U<U
500, =PSP AP, EQSQ LA EYICSY: S

exe_g(L,U) Ieer(L’,U;) ,
00, E{PIY1: A{Q}E{P} Ty2: A {Q}

-UM

AP EACA SA0,EACA)

S-A-PROD
50, = Ay x Ay £ A, x A}

0@, A E A] 0@, A2 E A

$S-A-SUM
0@, k= A+ Ay E AL+ A)

Figure A.27: Unary subtyping rules of ARel, part 1.
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AP, =AC A AP, = I=T

S-A-ARRAY
N0, = ArrayY[I] AC ArrayY[I'] A

A0, A A A0, = I=T

: —————— S-A-LIST
A D, = list[I] AC list[I'] A
SinS, AP, A A i¢ FV(D,)
, : —— S-A-EXIST
NP, =Fi:S.A=di S A
S fAD, AT A ZAP,ACIEC
— S-A-CAND
NP, ECRAE C'RA
AN D,=AC A A 0,AC =C
—— S-A-CIMPL S-A-REFL
NP, ECoAEC DA NP, A A

SAD EACA I AD,E AT As
T A; @, E Ap C As

S-A-TRAN

Figure A.28: Unary subtyping rules of ARel, part 2.
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\Z;A;qna |:n|;rg\

S-R-INT-BOX

Z;A; @, = int = OU(int, int)

S-R-INT-I-BOX
2 A; @, = int[I] £ OU (int[ 1], int[I])

S-R-UINT-BOX

Z; \; @, = 0OU (int, int) E Oint

S-R-UNIT-BOX

Z; \; @, |= unit £ Ounit

LAQETIETT LAQETET, I A0,FEc<c
S-R-DIFF

. diff ¢’
diffc
SM0,ETI — T2 BT —T)

- S-R-BD
diffo

diff
AP, | O(T] — 1) C 01y — 015

S-R-EXECDIFF

exec(L,U) exec(L,U") diffu-L’
0@, = U(A] — Ap, A] — A)) S U(A, A)) — U(Ay, Ap)
SinS AP ETET i8S, AP, =csc i¢ FV(D,)

diffc diff¢’
0@, E VinS. TE VIS, 1)

S-R-FORALL-DIFF

Jifte T S-R-FORALL-BOX

N0, =0ONiS. 1) EVES. Ot

S-R-UNIT

Z; A\; @, = U(unit, unit) = unit

Figure A.29: Relational subtyping rules of ARel, part 1.
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S-R-FORALL-U
exec(L,U) exec(L',U") diff (U-L")
A @, =UVisS. A VizS. A)EVitzS. U(A A)
A0, ETIET) A0, ETET)
S-R-PROD

TANO ETI X T2 ET) X T)

S-R-PROD-BOX

00, F0r0 x0Or,20(11 X T2)

S-R-PROD-U

004 | U(A) x Ag, A} x Ay) U (A1, A}) x U(Az, A)

!/ !
500, FTIET 0P, FT2C 1,

S-R-SUM
SN0, ETI+T2ET) 4Ty

S-R-SUM-BOX
00,015 +0r, 2E0(11 +72)

inS AP, ETET i¢ FV(D,)
A0, =TS te3inS. T

S-R-EXIST

S-R-EXIST-BOX

NP, =Fi:S. O0re03i =S 1)

Figure A.30: Relational subtyping rules of ARel, part 2.
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A0, ETET 00, = I=T AP, Ey=y
0@, = Array, (11 TE Array),/[l'] 7

S-R-ARRAY

AP, =TT 0D, = I=I 300, = as<a’

; S-R-LIST
A0, = list (I T list* ('] T/

2Z0N®, = 1=0
A0, = list* (1] T E list*[1] Ot

S-R-LIST2

S-R-LISTB

0@, = list* (1] Or = O(list* (1] 1)

0@, A E A] 0@, A2 E A

S-R-UA
0@ = U (A, A2) EU (A}, Ay)

SAPETET, SAP.ET,E1,  A®ul= D<D'

dift (D') SR-A
diff(D) !
%A@, EO(T, — 12) EO7) — O1)

SANO,ETET SANO,ACEC

S-R-C-AND
AP, = C&TEC'&T

S-R-C-AND-BOX

A0, F C&OT EO(C&T)

, _ S-R-CIMPL-U
N0, FUCDACDA)ECDUMAA)
A0, ETET A0 ,ANC EC

S-R-C-IMPL
SAQ,ECoteC' o1

S-R-C-IMPL-BOX

N0, =F0Co>T)EC>OT

Figure A.31: Relational subtyping rules of ARel, part 3.
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S-R-REFL S-R-
LANQ,FTET A0, FTEU(TI,ITIR)
S-R-T S-R-D
N0, FOrET 200, FOrce00r
NP, FETIETY ZNDLFETIETY NP, FT2E TS
S-R-BB S-R-TRAN
2 0N0, =07, 20719 NP, FT1ETg

A O, ETET
A® Ecscd AOLEP'SP  AOETICT, I7:LA 0, EQQ
S

diff(c) , diff(c’)/ ,
00, F{P Iy 1:T{QIE{P Ay T {Q}

-RM

S-RUM

exec(L,U) exec(L,U")

N0, = U (fyi — T 3y, AL Qi by — T 3)7'2 A {Q2) E
diff(U—L")
{yi — Bi} I, 72: U(A1L, A2) {yi — BiU T; U T}}

PcP o P={y1—-B1Ly2—PB2---,Yn— PBn}
P ={y1—=BLy2— Bhs¥n— B}
Vie{l,...,n}.Bi < B,

Figure A.32: Relational subtyping rules of ARel, part 4.
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A.4 INTERPRETATION OF TYPES

lint] ¢ x ={n|neN}
[unit] g & ={0}
lint[/]]g x ={n|I=n}
[[ArrayY[I] Alg k ={l|I=nnAgy=U0An)}
exec(L,U) _ Vk'<k, g2g. Vv velAly =
[A— Allgk = { fix f(x).t tlvl x]fix f(x).t/ f1€ Hi,ﬂg’,k’,(L,U) }
Vg128.Vki<k, kp<k,.Vc.VH.
HEg i PA v HIG® =
- g, 2. 3H,, v1, 7. u;Huj;kZ vi; Hy A
[{P} Y. A{Qlgr =3V Lsc=sU N H Fgy -k, QN 1 €[Algy j-k, A
(3. P=tr1 = Th,eosyn— Tl A
Viel,nl. gly) =, Am =
Vi HIL)# Hall ) = e T))
ﬁfﬁ%ﬁlﬁﬂg,k ={ALIVL EIS. A ce AL ]y
[3i::S. Algk ={packv |3 F1:S AvelAlllillgr-1}
[A + Agllg i ={inlv|ve[Algr}ulinrv|ve[Algk}
[C> Alg ={v| ECV velAlgi}
[C&Al g ={v| EC A veE[Algi}
LALS ¢ oy ={tIVu, kK, K <kA tJ°F v= velAlgrw A L<scsU}
[-1g,k ={g}
[€Q, x: Alg k ={(olv/xD)1oelQlgx N ve[Algk}

Figure A.33: Unary interpretation of types.



(]int[) G,k

(unit) g x
(]int[I][)G’k
(

Array, [1] )6k

diff (D)
(11 — T2)gx

diff(D)

({P} YT {6,k

(U(A1, A,k

diff (D)
(Vi:S. 1)k
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={(n,n) | m=ny}

={(0,0)}

={(n,n)|I=n}

={U, L) T=n A Gy)=(h,b,T,n)}

VG 2G. Yk <k-1.Yuy, vo.
(v, 1) € (1) o0 =

(ix £, (trlvr/ x]Mfix f(x).t,/ f1,

= fix f(0.2) tr[v2 x)[fix f(x).t2/ 1) € (]Tzl)eG’,k’,D A

~~

exec(0,00)

vj. (fix f(0.0 € [IT1] — [T2l1lay, g A

fix f(x). € [IT1l2 — 72121 G, j
VG12G.Vki <k, kx<ky, ks, c1, ¢z, H, Hy.
(Hy, Hp) Bg, k, P N v1; Hy U?’kz A Uz; Hp U?'ke;
— 3G, 2 Gy, Hy, Hy, v}, vs.

(VI;HI U?’kz vis HY A v2; Hp Uff’ks vy Hy A
(Hy, Hp) EGy i~k Q A (U7, 15) € (T) Gt~k A
C1—C < D)

={ (v, ) | VK. vi € [Ailg, i N V2€[AzlG, i}

VI.F1:S A(t,t) e (tlI/il)EPIN A }

G,k-1
. E, (0, E, (0,
Vi telithlg (0,000

Glz,j
={(packvy,packvy) |31. 1S A (v1,v2) € (T[I/il)G k-1

exec(0,00) )

=1 (1, v2)

:{ (A.t1, A.B)

A telTlz]

={(@inl vy,inl v2) | (v1,v2) € (T1)G k-1 V (V1,v2) € (T2) G k1)
={wv) | Wv)e ()i}

={(v, )| ECV (v,1) € ()G k-1}

{(v1,v) | EC A (v, v2) € (T)G -1}

Vkl < ]C sz, l}l’ UZ; Cly CZ.
(tlr t2) (tl Ucl'kl V1 A\ I» Ucz,kz VZ)
—> (V]) UZ) € (]TDG,k—kl A c1—C <D

={g}

={(01,02) |IVxedom). V1. x:T€T. (01(x),02(x)) € (t)g }

Figure A.34: Relational interpretation of types.



H |=g,k empty
HFg i (y—P)

HI:g,k (P*Q)

u;Huj;k
(Hh, Hy) Fg,rempty
(Hy, Hp) Bgi (Y — B)

(Hy, Hy) Fg i (P Q)

Gy) =y, lp,1,n),
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iff true

iff LA n:gy)=,An)
A(Vi<n.(HIE) € (A)gk-1)

iff 3IH , H", g, g":
(H=H'wH"\A(g=g'wg")
ANH Eg i P)A(H"Egni Q)

(1>

I, H’.v;Huj;’C v H'
iff true

ift 3, b, 7, n:Gy)=(lL,1,T,n)
A (Vi s n.(Hi (L)1), Hall](1]) € (2)G k1)
A(Yi<n (Hi(L1i] # Ha2(L][i] = i€ B))

iff 3H;,H{, H,,H),G,G":
(Hi=HjwH{)A(H, = Hyw H)) A (G=G v G")
A((H], H)) B i P) A ((HY, HY) Egr i Q)

Gli(y) = (I, It]1,n),Gla(y) = (I, ITl2, 1)

Figure A.35: Interpretation of heap assertion.
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A.5 METATHEORY OF AREL

We use Ax.t as syntatic sugar for fix f(x).f when f does not show in t.
Lemma 1 (Monotonicity).

L Ifk' <k and G G, then (t)gx < (t)g k-

2. Ifk'<skandgc g, then[Alg i S [Alg k.

3. Ifk' <k and G< G, then (]T[)]élli c (]T[)g;Dk,_

4. Ifk' <kandg<g', thenl Al ;" < 1Al 5"
5. Ifk' <k and Ge G, then (T) g < (D)o &

6. Ifk’ <kandgc g’, then[[Q]]g,k c HQ]]g’,k’
Proof. (1,3) and (2,4) are proved simultaneously by induction on 7 and induction hy-
pothesis, (5,6) follows from (1,2). O

Lemma 2 (Heap extension). If (Hy, Hy) Egx P, then for any H{,H,, (Hy v H}, H, &

H})) EG i P
Proof. It is simply proved by case analysis on P. O
Lemma 3 (Evaluation cost soundness).

1. Ifl—g t:Aandt|‘v,thenL<c<U.

exec(L',U")

2. Ifl—g t:{P}3y: A{Q}, andt |° v, and there exists H such that H Fgrx Pandv; H U;}’

vV, H  thenl <c'<U'.
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3. Ifthety,SD:tandt ) vy andt, | v,, thency —cy < D.

ff(D")
4. If-thet, <D:{P} Ely 7{Q}, and t; | vy and t, }% v,, and there exist heaps
H,, H; such that Hy, H, B¢ i P, and vy; Hy Ufl vi; Hy, v2; Hp Uf2 vy; H), then ¢ —c) <

D'

Proof. (1) is directly proved from the definition of unary expression interpretation. If

I—U t:Athente [IA]]E ALU) , unfold the definition,we get: L<c<Uand t ‘v
exec(L E, (L U) 4 er e iti !
(2) te[{P} Fy: A {Q}]] y v and v’ ) v unfold the definition, we know L' < ¢, <
U'.
(3) From the fundamental theory, If - ¢, © £, < D : 7, we know closed terms (1, ) in the
E,D

interpretation of relational type 7, (7).

k, unfold the definition, ¢; — ¢, < D is proved.

diff(D")
(4) From the fundamental theory, If I— 1oty < D:{P}3y:1{Q}, we know closed terms

(1, tp) in the interpretation ({P} 3)/ T {Q}[) unfold it, ¢} — ¢, < D' is proved.

G,k’
O

Lemma 4 (Heap evaluation extension). If H;t U;’k Hy; v, then for any H HwH';t U?k

HwvH;v.
Proof. The proof is by induction on evaluation derivation on operation semantics. [
Lemma 5 (Well-formedness).

L. IfA@T et SD:1,then FV(t) < dom(I) and FV(ty) < dom(T).

2. If N @4;QFY t: A, then FV (1) < dom(Q).

Proof. The proof is by induction on the typing derivations. O
Lemma 6 (Value Projection).

L. If(v1,v2) € (T) G,k thenVk.vy € [Tl k and vs € [ITl2] G k-
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2. If(O'l,O'g) € (]FDG,/C’ then Vk.O’l € (“rh[)(;h,k andag € (]|r|2DG|2,k.
Proof. Proof of Statement (1) is by induction on (7)) . Proof of Statement (2) follows by
proof of (1). O
Lemma 7 (Heap monotonicity).

1. Ifk, <k and G' 2 G, then (Hy, Hy) '=G,k P = (Hy, Hy) |=G’,k’ P

2. Ifk'<skandg'2g,then HEg 1 P> HEg 1 P

Proof. proof of statement (1)

Assume k' < k and G' 2 G, and we have H;, H, F¢ . P, TS: Hy, Hy F¢r i P

Unfold the definition of H ¢ i P, By case analysis on P, there are three cases:
Case 1: P=empty Itis vacuously true that H F g - empty.

Case 2: P=y — 8, From H;, H, Fg, v — B, we know:

Gy) =, 1lp,7,n) (1)
Vi< n.(H ()i, H2(Ix)[i]) € () 6,k-1 2)
Vi<n.(H (D[l # H(L)[i)=>iep 3)

We conclude that G'(y) = (I1, I, 7, n) from assumption G'2 Gand Vi < n.H(I)[i] €

(r) ¢’ by Lemma 1 on (2).

Case 3: P= Py x P,. Suppose An.P ={y; — B;}forie[l,...,n].
Unfold the definition of Hy, Hy Fg  {y; — Bi} forie(l,...,nl.

We know there exists H; = (hy)w (h?)w---w (h}) and H, = (hy) W (h3)w---w (h}) and
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G=GIyGry--- WGy
so that h{, hé Fg, kYi— Pi forany i.
Since G’ 2 G, we know there exists G; 2 G; s.t. G' = Gl w Gy w---w G, AVi.G, 2 G;
Use the conclusion of case 2, we know:
Vie(l,nl.hi, K Fo e Yi— B
proof of statement (2)
Assume k' < kand g’ 2 g, and we have H, i P. TS: HE g/ 1 P

Unfold the definition of H Fg 1 P, by case analysis on P, there are three cases:

Case 1: P=empty, Itis vacuously true that H ¢ ;» empty.

Case 2: P=y — f. From H Fg ;. vy, we know:

gy)=WU,An) (1)

Vi<n.H()[il € [Alg k-1 )

We conclude that g'(y) = (I, A, n) from assumption g’ 2 g and Vi < n.H(l)[i] €

[Alg & by Lemma 1 on (2).

Case3: P=P=xQ
Assume p ={y;}forie(l,...,n].
From the definition of H kg i {y1,72,...,Yn}, we know
AH=(h)w () w--w(h)and g=g 1w g W - W gy s.t. hl kg, y; — B; foranyi.
Since g’ 2 g, we know: 3g},85,...,8,-8 =g Wg W - wg, AVi.g 2 gi.

By the conclusion of case 2. we know: hi Fg 1 yi foranyi.

This completes the proof of statement (2). O

Lemma 8 (Value interpretation containment).
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L. If(vy, v2) € (T) Gk then (v1, v2) € (]Tl)g(;c

2. IfvelAlgy, thenVt=0.v € [[A]]g,l(co,t)

Proof. (1) Assume (v, v2) € () 6.k (*)

E,0

TS: (v1,v2) € (7))

E’(,)C,we get: vy 1° vy and v; % v; and0-0<0and (vy, v2) €

Following the definition of (7)) ;

(7) G,x—0- This completes the proof. O

Proof. Assume v € [Alg ;. (*)
TS: Vi =0.v € [[A}]g’,(co’t) Following the definition of [[A]]g’,(co’t). We know v UO vand v €

[Alg k. This completes the proof. O

Lemma 9 (Value evaluation). v ||° v

Proof. By induction on the value term v. O

Lemma 10 (heap projection). If (Hy, H2) Egx vi — Bi,i € (1,n),then VT, T'.H, Eg), k

Yi— Ti anng |=G|2,k')/i i Til

Proof. Suppose Hy = hyWhy...h,and Hy = hywhy... h),
Unfold (h;, b)) Egx vi — Bi, we know:

Gy) =1, lp,7,n) (1)

Vi < n.(hi(1)1i], (L) [i]) € (T) 6 k-1 2)
From (1), we know:

G|1(Y) = (llyY) n) (3)
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Gla(y) = (b,y,n) (4)
From(2) and Lemma (Value projection) and ,we know:

Vi< n.(H )D€ lIthlg) k-1 ()

Vi< n.(Hy (1)) € [ITl2l 6l k-1 (6)

Using (3)(5), (4)(6), this lemma is proved.

O

Lemma 11 (heap subtyping). If-38:A and=6® and A\;®F P< P and Hy, Hy Eg i 6P,

then H,, H, FGk 6P

Proof. Assume we have: Hy, Hy Fg, i 6 P.

We want to show : Hy, Ha ¢ x O P'.

Suppose An.0P ={y; — Bi}forie[l,...,n].

Unfold the definition of Hy, Hy Eg i {y; — Bi} forie(l,...,nl.

We know there exists Hy = (b)) W (h}) w---w (h}) and Hp = (h}) W (h5) w---w (h}) and
G=GiIuyGw- WGy

so that h{, hé FG, kYi — Pi for any i.

Unfold the definition of A;® F §P < § P/, we know: P’ = {y; — ﬁ’.},ie (1,...,n].

STS: Vi€ (l,...,n].3x}, xi Eg,k vi — B; where Hy = (x]) w(xH) - (x]) and Hy = (x3) ¥
(X2) W (!

Pick i.Choose x! = h! and x} = hi, by unfolding the definition of h!, hl Fq, r i — Bi.

we have: G;(y;) = (I, 1},7%,n) and Ym < n.(hi (I} [m]) # hi(I})Im]) = m € B;

Since we know f3; < ,B;., we get: Vi€ [1,...,n].Gi(y;) = (li,lé,ri,n) AVm < n.(x{(m) #
xy(m)) = me p.

_ i .
Forany i€ [1,...,n], choose x1 h’ and x2 h’ we know: x{, X} Eg, k Yi— B;
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We also know Hi = (x]) W (x3) w---w (x]) and H, = (x;) ¥ (x3) ¥+ -- ¥ (x3) from assumption.

This completes the proof of the lemma. O

Lemma 12 (Subtyping soundness). 1. IfA;®,=1C=1 and +§:A andE ©5 and

(v, V) € (01) Gk, then (v, V") € (67') G k-
2. If M@y Ac A andb6: A and E ®6 and (v) € [0 Al gk, then (v) € [6 Al g k.

3. IfA® 1T andt-6: A and k= @6 and (t,1) € d(Sr[)g’Ik) and D < D', then (t,t') €

ED'
(6t'hey -

4. IfA @, = Ac A andb-6: A andE ®8 and t € [[5A]]§',(f>”) andL' <L andU < U,

! !
then r€ [SAT, .

5 IfN@, =11t and -6 : A and E ®5 and Vi € {1,2}. (v) € [167lilG);k then v e

1167116, k-

6. IfA;®, =11 andt6: A and E ®8 and Vi € {1,2}. (e) € |[|5r|,-]]’é'|@,;”) andl' <L

andU = U', then e € 115715, ;.

Proof Statements (1) and (2) (5) are by proven simultaneously by induction on the sub-

typing derivation. (3),(4),(6) will be proved first.

Proof. Proof of statement (3) Assume that A;®, |=t=7' and - § : A and F ®§ and
(t,) € (67) ¢y and D< D',

TS: (1,1) € qarfpf;},j’.

Assume that 1)1 | v, 2) ¢ 5¢ v/, 3)s < k.

Unfold the assumption (¢, ') € (6 r[)glz using assumption (1)(2)(3), we know that ¢ — ¢’ <
D(a), (v, V") € (07) G k—-s(b).

we conclude: ¢ — ¢’ < D' from assumption D < D'. and by IH1 on (b), we know (v, V') €
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07") G x—s-

Proof of statement (4) Assume A;®, = Ac A'and+§:Aand F®d and e € [[6A]]§:](€L’U)
and L' < Land U < U’. We want to show: ¢ € [§ A] E:I(CL’U)

Assume: t %, s < k.

Unfold the assumption ¢ € [0 A] E:I(CL’U), weknow: L<c<U(a), ve [6Alg x—s(b).

Then, we conclude: L' < ¢ < U’ from assumption. By IH2 with the first premise on (b),

we get:v € [0 A'] g k—s

Proof of statement (6) Assume A\;®, |=7=7 and -6 :Aand E ®6 and Vi € {1,2}. (e) €
u|6r|,-]]§’|‘?;c”) and ' <Land U< U’

E,(L,U
TS: t€ (167,17

E,(L,U)

Gk We know: L <c¢ < U(a),

Assume: ¢ ||*¢, s < k. Unfold the assumption ¢ € [|67’|;]
ve[l6t'lilgy k—s(b).

We conclude: L' < ¢ < U’ from assumption, by IH5 with the first premise on (b), we
getve [167'ilg; k—s -

Proof of statement (1)

The proof is by induction on the subtyping derivation, we will detail some of the most

interesting cases.

Case

NP, ETET

N®,=D<D' A®,EPSP Iy :LA®EQSQ ZEYIET:

s-RM
diff(D) , di_ff(D’), ,
0P, E{P} Iy :T{QIE{P} Tyn: T {Q}
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Assume 6 such that 6 : A and E 6§®. Assume also that we have G, k, v, v such that

diff(5D)
(v1,v2) € ({6P} 31 : 6T {6Q})sG .k (1)
We want to show
diff(6 D")
(v1,v2) € ({6P"} F72: 67" {6Q o6,k )

By definition, consider G; 2 6G, k; < k, k» < k, Hy, H» and assume

(Hy, Ho) Fg,.x, 6P A Hi; 0 1? AHy; v 1. Since A; @ [= P’ < P we also have

(Hy, H) G,k 6P

Thus, by Equation (1) we have that there exist G, 2 Gy, H{, Hé, vi, vé, c1, ¢ such that
vi; Hy U;l'kz vy Hy A va; Hy U?’kz vy H) A

(Hy, Hy) =6,k —k, OQ A (v, V5) € (0T) Gy, ky—ky A €1 — C2 < 8D,

Since X, 7, : L;A; @, = Q € Q' we also have (H/, H}) =6, k,-k, 6Q' by using Lemma 11 on
(H}, Hy) FGy by -k, 6Q-

Additionally, from A; @, =7 = 7’ and A; @, = D<D’

By IH on the first premise, we also get

(v}, v5) € (07') G,k -k, and ¢1 — ¢ < 5D’ respectively.

So we can derive Equation (2), and this completes the proof of case-sub-r-monad.

Case
s-RUM

exec(L,U) exec(L_’;U’)
NP U (fyi — T3 3yt A {Qub by — Ti3 3yh 1 A {Q2])
diff(U-L")
C{y; — Bi} 371,72 U(A1, A) {yi — Bi U T U T}
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Pick G, k,v,v,, we assume F 6 : A and = ®§, we have:

, exec(I;,U) e)/(ec(L_’:U')
(v, v) € (6U ({y; — Ti} 371 : Av {Qub by — T33 3v1: A2 {Q2D)) 6k (a)

diff(U-L)
TS: (v,v) € (6 {y: — Bi} IV1, V2 : U(A1, A2) {yi — Bi U ,Ti UTH)ek
Unfold the definition of (6 {y; — B} 371,72 : [ﬁ(li(ﬁ;fg)) {yi— BiuT; UT})ck.
Pick G'2G,k' <k, k" < k, H;, H,,
we assume (Hj, Hy) Eg v vi — Bi(1), Hi;v 1?” NHy; V' 4 (2).
Still To Show:
3G" 2 G, Hy, Hy, v1, v}, Hi;v 457 Hi;003), Hosv' WP Hy; vy (4) Hi, Hy Fgn g vi —
BiuT;uU Tl{(5), (vq, Vi) € (]U(AI,AZ)DG”,k’—k”(@-

exec(L,U) exec(L, U
From (a), unfold its definition of (§U (fy; — Ti} 3y1: A1 {Q1}, {yi — T7} 371 : A2 {Q2D) gk

, exec(E,U)
VE,velly;— Ti} 3y1: Ay {Qi}lg 1 (b)
exec(L',U")
VK, v € ly; — T} 372 A2 {Qall g,k ©

Pick k' as k, unfold its definition in (b), we already got: G'|; 2 G|; and k' < k and k" < k'’
and Hy;v | ;i" and H; Eg,,x vi — T holds by using Lemma (heap projection) on (1).
Derive from the definition, we know: 3g;' 2 G'l1, H}, v1., Hi; v U;}’k” Hi;v1(d),

Hj Fgr k—kr Qule), v1 € [Ar]gr g (f) Vi.gi(yi) = (i, A,m) = Hi(D[n] # H{()[n] = ne
T; ().

Unfold its definition in (c), we already got: G|, 2 G|, and k' < kand k" < k" and Hp; v | ¢
and H Fg, k' Vi — Tl.’ holds by using Lemma 10 (heap projection) on (1).

There are two cases for H; v | p= Hp; v 1;‘0/’:
1. Hh;v l? and k; > k’. Using Lemma 1, we get Hy; v l;i”

2. Hy;v | and k; < k'. We choose k" = k. we get Ho; v L3
f f
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Derive from the definition, we know:

gy 2 G'ly, Hy, v, Hov 42 Hyi 0] (9,

Hy Egn po_gr Q2(h),

v} € [Aol gy g ).

Vi.gy(yi) = (li, A,m) = Hy(D)[n] # Hy(D)[n] = n € T](x%).

(3),(4) already proved. STS1: Hy, H, Egr p—x» Vi — Bi U T; U Tl.’

From (e), we assume: H); = hy W hyw...h,(7), Hy = hiwhy ... h;,(8) .

From (*),(**), we know: Vi, n.(Hy(l;)[n] = (Hy(l;)[n]) = n ¢ B;, otherwise, n € ;.

for all the n not in B;, if Hy(l;)[n] # H{(li)[n], then n € T; . Similarly, if Hy(l;)[n] #
Hy(l;)[n], then ne T;.

Unfold the definition of Hj, H) F¢x vi — iU T; U T!. Vn.H)([;)[n] # Hy(I)[n] = ne
BiuT;u Tlf because (1) at position n, values differs in H;, H, means n in ; (2) at posi-
tion n, value same in Hi, H>. and differ in Hj, H; means n must in T; or T} or both.

This completes the proof of case sub-r-u-monad

Proof of statement (2). Proof is by induction on the subtyping derivation.

Case

AND,=AC A N, =L'<L

A®@, EU<U A, @, = PSP 27150, = Q' cQ Y1 <72

S-A-MONAD
exec(L,U) . eer(L’,U,’) .
500, ={PIy: A{QI S {P} Ty, A {Q}
exec(L,U)
Pick g k,v. We assume that - § : A and F @9, and then we know :v €{P} 3y} : A{Q} (a).

exec(L,U")
To Show: v €{P'} Iy, : A" {Q'} (b).
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exec(L,U)
By unfolding the definition of {P} 3y; : A {Q}, we pick g' 2 g, k' <k, k" < k', H.

Assume H g s P(1), H;v 1;&” 2).
We know: 3g” 2 g, H',v1 , H;v U;}"C” H;013), H' Egr o Q&), vy € [Algn jo_gn(5),
P=y;i—>T;=>Vi.g"(y)=U;,A,m)= H(l;)[n] # H (I;)[n] = n € T;(*).
Pick g’,H',v;. By IH 2 on the first premise A;®, = Ac A" with (5), we know: v; €
[A'Tgn - (6).

exec(L',U’)
TS: v €{P'} 37> : A" {Q'}, unfold its definition, we know: H kg P’ from (1) and P 2 P’
because P and P’ have the same ;. together with (2)
Still To Show : H; v u;}"“" H;01(0), H Fgn o Q(d), v1 € [Algn pr_pn(e), Pl =y; — T) =
Vi.g)(y:) = (lj, A,m) = H()n] # H'(I)[n] = n e T)(xx).
(c) is proved by assumption (3), (e) is proved by (6), (d) is proved by (4) and Q' 2 Q, (**)
is proved by (*). Because P2 P/ = Vi.T; 2 Ti’. For all the n in T3, it is also in Tlf. This
completes the proof of sub-A-monad.
Proof of statement (5). Proof is by induction on the subtyping derivation. We will prove
i=1, the proof of i=2 is similar.

Case
s-RUM

exec(I;,U) exec(L_’»,U’)
00, F U (y; — T3} 3y} : Ay {Qib {yi — T3 3y, AL {Qo))
diff(U-L")
C{yi — Bi} 1, 72: U(A, A) {yi — BiV T U T}

Assume that -0 : A and E ®d. we have

exec(L,U) exec(L,U")

ve[I6U (fy; — T3} 3y1: A {Quh fyi — T 371 A2 {Q2D 161,k (a)
diff(U-L"
TS:v e [0 {y; — Bi} V1, Y2 : U(A1, A2) {yi — BiuT; U Tl.’} lil|G1;,k(b) Choose i=1. From (a),

exec(l_l,U)
we know: v € [6 {y; — Ti} 3y1: A1 {Q1}] 61,k (C).
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exec(0,00)

From (b), Still To Show:v € [|6 {y; — Bi} 3y1,Y2: AL {yi — BiuT;u T;}}]|G|1,k(d).

Assume g'2Gly, k' sk, k" <k.HEgpyi —NQ), H;v 1;5” @).

STS: E'g” 2 g,,H,, Ul, H, v U;rr’cl H,, UI(S), H, I=g”,k'—k” Yi — N (4)’ Ul € [[Al]]g”,k'—k” (5),
P'=y;—=N=Vi.gy)=i,Am = H()n #H()[n]=neN (xx*).

From (c), unfold its definition, we know (2) and H Fg  y; — T; holds from (1).

Then we get: Hg,, - g,,H,, V’, H;v U;CCH’CI H,; v (e), H' |=g”,k’—k” Ql (f), Ve [[Alﬂg”,k’—k” (g),
P=y;—T;=>Vig(y)=U;,Am = HI)n #H()nl=neT; (x*).

(3) is proved by (e), (4) is proved by (f) because Q; contains at least as many 7y; as its
precondition y; — T;, (*) is proved by (**) because 7; 2N .

Case

NP, ETET

A;®, = D<D’ A;®, = P'cP %7 LA;®, = Q<qQ’ ZEYIEY:

diff(D) . diff(D’), .
00, F{PIy1:T{QYE{P} Iy2: T {Q}

diff((c))
Assume that -6 : A and E ®6, we have v € [| {P} 3y; : 7 {Q} |i]|gy;,k (@).
diff((c")
TS:v e [I6 {P'} Iy : 7' {Q"} lilg),, k(D).
ex_(»ac(O,oo)
Choose i=1. From (a), we know: v € [6 {|P|1} 3y7 : 171 {IQl1}] 61,k (O)-
exec(0,00)

From (c),Still To Show: v € [ {|P'|1} 3y : [T/11 {1Q" 11} 61,k (A)
From P’ 2 P and Q 2 Q’, we know |P|; = |P'|; A|Ql1 = |Q'|3, it is trivially proved.

This completes the proof of case sub-r-monad.

A.5.0.1 Proofof Theorem
Theorem A.5.1 (Fundamental Theorem).

L IfEN0THhet,SD:tandt 6 : A and E §® and (01,02) € (6T)gk, then
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E,(6D)

(6o1t1,0021) € (]6TDG,k

2. If5;0,045QFY t: Aandb 6 : A andF 5 and there exists Q. s.t. FV (1) € dom(Q)

and Q' < Q ando € (6Q) ¢k, then (6o't) € ”5”?2&’51’)-

3 IfZ;A\0THHet, SD:Tandb 6 : A andF 6D, then for i € {1,2}. if there exists

T s.t. FV(t;) € dom(I') andT, €T and o; € 16Tl g1, k, then 80 ;t; € 116711¢, .

Corollary A.5.1.1. IfVk.et-t10t, Sn:t1, then(t,t)€ QTI)g",sC(”).

Proof of statement (1). if Z;A;®,;THfH o, SD:tand 6 :Aand F 6P and (01,02) €

(0T) G,k then (11601, t602) € G5TD€’,‘?§D).

Proof by induction on typing derivation:

diff D
S0P x:T, [T 1—>T2,F|— L © thDZTz

R-FIX
. . diff D
20044 T HFixf(x).tp0Fix f(x).t, S0: 1y — To

Assume that -8 : A and F ®6 and (01,03) € (6T) g,k

TS: (30 fix £ (). 11, 80 fix f (x).12) € (8(r1 = 1)) ES

By unfolding the definition and the fact that fix f(x).#; and fix f(x).#, are values

STS: (6o 1fix f(x).t1,002fix f(x).1) € (]61(1ﬁff—(6>D512[)G,k

Set F = §01fix f(x).t1, F' = dafix f(x).t;, We want to prove a general statement: Vm <

diff6D
k.(F F') € (611 — 072)G,m- By sub-induction on m, there are two cases to show.

Subcase 1: m=0, we unfold the definition of function type interpretation, there are two

parts to show:

Subsubcase 1: V&' < m.(v1, 1) € (t1)Gx = .... It is vacuous by definition to

show k' < —1.
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exec(0,00) exec(0,00)

Subsubcase 2: STS: V]F € ﬂ|5T1|1 — |5T2|1]]G|1,]' ANF' € [[|6T1|2 — |5T2|2]]G|2,]'.
Pick j.

exec(0,00)
1. STS1: Fe[l6t1l1 — 1672l1]G},,j, we prove the more general statement.

exec(0,00)

vm' < j.Fell6t1li — 1672l (A.1)

By subinduction on m, there are two csases:
exec(0,00)

1.1. m’=0, we unfold the definition of [|671]1 — [672l1]G|,,m', there is no

non-negative k' < m’(0), it is vacuously true.

1.2. m’=m”+1. By sub-IH on m”

exec(0,00)

Fellotilh — 16T2llGp,m” (A.2)

exec(0,00)

STS: Fe[lot11h — 1072l Gy, m

exec(0,00)

Unfold the definition of [|671|1 — 672111 6),,m"+1-
Pick j” < m" +1,g' 2 Gl and assume that v € [|671[1], .

STS: 601 t1[v/x][fix f(x).t/ f] € u|rz|1]]§;(;’;,°°)

This follows by IH 3 on the premise instantiated with

exec(0,00)

o1lv/x][fix f(x).0/ fl€ [6(x: |71y, f:16T111 — 167201, IT1 D] gr

which holds because

. diffD .

i. FV(ty)cdom(x:t1y,f:11 — 12,T) using Lemma 5.
ii. 01€[|6Th]g,j» by Lemma 6 and then Lemma 1.

iii. ve[ldT1l1lg, ;v from the assumption.

exec(0,00)

iv. Fe[|6T1l1 — |6T2l1]g j» by Lemma 1 on (3.2).

exec(0,00)

2. STS2: F' € [|67112 — 16721216,
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Its proof is similar with STS 1.

Subcase2: m=m'+1<k

By the definition of function types, there are two parts to show:

Subsubcase 1: V&' < m.(v1, v2) € (T1) g = - .-
Assume G' 2 G, k' < (m—1). Pick vy, v s.t. (v1,v2) € (671) g -
STS: (1 [v1/ x1{fix f (x). 01/ f1, ta (w2 x1[fix f (x). 22/ f1) € (5T2) 50
By IH on premise instantiated with
o = o1/ x1fix f(x).t1] f1,05 = o2[v2/ x][fix f (). L2/ f]

and (o},05) € (T, x:7, f :11@12)6[)(;1,,4 which holds because

1. (01,02) € (6T) g by assumption and Lemma 1.
2. (1, 1) € (1) ¢ x from assumption

3. (F1,F) € (6(t1 — 12)) ¢,k from sub-IH (F), F,) € Qé(rl@rz)[)g,m/ and

Lemmal (K'<m',G'2G)

. exec(0,00) , exec(0,00)
Subsubcase 2: Vj.Fe[|671l1 — [6T2l1lq),,j AF € 116T1l2 — 16721216, )

which is already proved above

This completes the proof of this case.

Case

diff D
NP x:Ty 0T 1—>T2,r,f tU(AL, Aot <D:1s

S0 ®4IT FOFix f(0).6: Ay Z0;@4 1T FY Fix f(x).2: Ay

ditt R-FIX-EXT
. . ifft D
%A@ ;T - Fix f(x). 1 © Fix f(x). 1, < 0: 71 —> T2

Assume that -6 : A and F ®6 and (01,02) € (6T) g, k-

To Show (fix f(1).11807, fix f (x). £2502) € (6(r, = 72)) E°.
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By unfolding the definition and the fact that fix f(x).#; and fix f(x).#, are values
diff6 D

STS: (fin(x).t150'1,fin(x).l'g(SO'z) € (]6‘['1 — 6T2DG,kr

we set F = fix f(x).61601, F' = fix f(x).t26 02, We want to prove a general statement.
diff(6D)

Vm<k.(EF)e (611 — 6T2)m

By sub-induction on m, there are two cases to show.

Subcase 1: m=0. Unfold the definition of function type interpretation, there are two

parts to show:

Subsubcase 1: Vk' < m.(vy,v2) € (11)gx = .... It is vacuous by definition to

show k' < —1.

exec(0,00) exec(0,00)

Subsubcase 2: STS:Vj.Fe[|671l1 — 672l1]G),,j AF € 167112 — 18721206y, j-
Pick j.

exec(0,00)
1. STS1: Fe 167111 — 1672l1]¢},,j- We prove the more general statement

exec(0,00)

vm' < j.Fell6t1li — 1672l Gy (A.3)

. . : W :
By subinduction on m, there are two csases

exec(0,00)
1.1. m’=0. Unfold the definition of [|671l1 — [672l1]G|,,m', there is no

non-negative k' < 0(m'), it is vacuously true.

1.2. m’=m”+1. By sub-IH on m"’

exec(0,00)

Fellotilh — 16T2lilGp,m” (A.4)

exec(0,00)

STS: Fe[16T1lh — 161211161y, m
exec(0,00)

Unfold the definition of [|671|1 — 672111 6),,m"+1-

Pick j” < m" +1,g' 2 Gl; and assume that v € [|671 1], .
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STS: 601 t1[v/x][fix f(x).0/ f] € u|rz|1]]§;(;’;,°°)

This follows by IH 3 on the premise instantiated with

_ diff (D)
o1lv/x,fix f(x).t1/ fl€l0l(x: 11, f 11 — To, [ U (A1, A2), T 1] g
= o[v/xllfix f(x).01/ fl € [6(x: 7111, 2 A IT111)]1 g, j» which holds

because

diff (D
i. FV(t))cdom(x:t1y,f:1y l—(’)‘rg,f: U(A;, A2),T) using Lemma 5.

ii. 07 € [[|6F|1]]g/yjn by Lemma 6 and then Lemma 1.
iii. ve III(STlIl]]g/Jn from assumption.

iv. Fe[0A] ¢',j» by IH2 on the second premise of FIX-EXT instanti-

ated with Q' = |T'|; to show F € [§ A1 g, k- Then use Lemma 1.

exec(0,00)

2. STS2: F' € [|6T112 — 167212161,

Its proof is similar with STS 1.

Subcase 2: m = m’' +1 < k. By the definition of function types, there are two parts to

show:

Subsubcase 1: V&' < m.(v1, v2) € (T1) g = ---
Assume G' 2 G, k' < (m—1). Pick v, vz s.t. (v1, v2) € (071) g k-
STS: (1 [v1/ x11fix f (x). 02/ f1, ta (w2 x1[fix f (x). 82/ f1) € (5T2) 57
By IH on premise instantiated with
o = o1/ xllfix f(x).t1/ f1,05 = 02[v2/ x][fix f (x).t2/ f]

diff
and (0},05) € (T, x:7, f 1} I—I?Tg,f :U(A1, A2))0) ¢ x because

1. (01,02) € (6T) g by assumption and Lemma 1.
2. (v1, ) € (1) 'k from assumption

3. (F1,F) € (6(r1 — 12)) g,k from sub-IH (Fy, F) € 05(11@12)[)6_,”, and

Lemmal (K'<m',G'2G)



294

4. (F1,F) € (IU(AerZ)DG’,k- STS: Vn,i€{1,2}.F; € (]AiDGIi.n- By Lemma 6,
we know Vk.o; € (6IT|;) g x, it is proved by IH2 on the second and third

premises respectively.

. exec(0,00) , exec(0,00)
Subsubcase 2: Vj.Fe[|6111 — 16T2l1lq),,j AF €116T1l2 — 16722065, )

which is already proved above

This proof is the same as case Fix.

Case

0@, oty S Dy :int[l]

LA0T oty SDy:T y fresh A+ Pwf

diff(D1+D2)
Z;0;@4 T Fallocty @ allocty 1y SO: (P} Iy. Array, [1] T {P Yy — N}

R-ALLOC

Assume that - : A and F ®6 and (01,02) € (6T) g,k

diff(D1+Dy)

TS: (801 (alloc 11 12), (3o (alloc 1] 7)) € (S({P} 37. Array, [11 T {Pxy —NH) =)

E
Gk’

E

unfolding the definition of (7, ,.

diff(D1+D2)

STS: (601 (alloct; 1), (S0 (alloc t] 1)) € (§({P} Fy. Array, [11 T {P *y — N} g,k

diff(D;+Dy)
Unfold the definition of (6 ({P} Jy. ArrayY[I] T{P*xy—ND)g k-
Pick G 2 G, Hy, Ho, k' < k, k" < k', k"". Assume 60 alloc 1 1); Hi U£ (1), 80 (alloc ]
) Hy UK @
Because t1,t, are sub terms of o alloct; tp, t],t; are sub terms of do alloct; t;, from
(1)(2), we get: 60111 Uf) AT Uff 3), 6021, Uy NSOt} U s (4).
From (3),(4), we get:

vy, vo, k1, k2.50'1 h Ukl’cl V1 /\50’1 1) ng,(,‘z U2 A\ K" = ki+ko+1Ac=ci+c+ Calloc (@),

/ / / /
v}, vy kY, k. 0021 tka N Yoy A (LR vy NK" =k} + Ky +1Ac' = c) + )+ Catioe (D).
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From (a),(b) and the evaluation rules E-alloc we get:

3l.(alloct; tr)d0; Hy U;i”’c LH, = [vy,...19] (c)

A1’ @lloc 1] )60 Hy U 1 Ho, 1/ — (v, vh] (d)

By IH on the first premise instantiated with (o}, 07) € (6T) ¢ xvusing lemma 1, we get:

(6o111,6021}) € (int 1) 51" *)

Unfold the definition of (int[])%, ,, and using (a) and k; < k", we know:

E

G k'

(v, V) e (int) g pr—p, > v1 =V, =IAC;—C, <6Dy ih1l
1 G k" -k 1 1

By IH on the second premise instantiated with (01,02) € (6T) ¢ k-, using lemma 1,

we get:

E, 0D,

(50’1 l'g,60'2té) € (]TDG',k’—kl (**)

Unfold the definition of (**) and using (a), (b) and k, < k' — k;, we know
(v2, v3) € (T) ' k-t~ = (T) Gk —kr+1 A C2— € <6 D> ih2

Let us assume: G' = G'[r — (I,I',7,D] (e), H = Hy,l — [v2,vo,..., 2] (f), H) =
Hy, I — [y, vy,..., U] (8).

we want to show 3 cases.

TS1: (l, l,) € QArrayY[I] T[)G//yk!_k”

itis proved by unfolding the definition and using the assumption (e).

TS2: (H’, Hé) IZG/’,k’—k” P *x Y — N
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G"(y=W1,7,D, H =1— vy, vo,...,v2], H) =" — [v3,V),..., V3]
STS1: Vi< I,(H] (DI, Hy(IN[iD) € (t) g7 kr—kr—1-
It is proved by using ih2 and Lemma 1.

STS2: Vi<I, H{(D)[i] # H)(I)[i] — i € p=N. Itis trivial.
TS3: ¢ — ¢’ < §(D; + Dy) proved from ih1 and ih2.

This proof is complete.

Case

NPT HR O ti < Dy :int[I]

LA0,T oty SDy:0O0 vy fresh A+ Pwf

diff(D;+Dy)
;A4 T Falloct; pyoalloct t) S0:{P} Jy. Array, [I]1 O {P xy — @}

R-ALLOC-BOX

Assume that - : A and F ®6 and (01,03) € (6T) g,k

diff(Dy+Dy) E0
TS: (601 (allocty t2), (502 (alloc £ t7)) € (5({P} 3Y. Array, [I1 T {Pxy — BN 1
E

By unfolding the definition of (7). ,

diff(D;+Dy)

STS: (601 (alloc fy 1), (602 (alloc 1] 1)) € (6({P} Ty. Array, [I1 T {P*y — @})) 6,k
diff(Dy+Dy)

Unfold the definition of (6 {P} 3y. Array, [I] T {P xy — @}) G -
Pick G 2 G, Hy, Ho,k' < k, k" < k', k""" Assume 80 (alloc t; 1»); Hy Ujﬁ” (1), 6oz (alloct; t;
i Hy U (@),
Because 11,1, are sub terms of §o alloct; tp, t;,t, are sub terms of do alloct; ¢,. From
(1)(2), we get:
So1h uf) NGOG L u;? 3), 6021, Uy NS, s (4).
From (3),(4), we get: vy, va, k1, ko. 86011 159 vy Ado16 V22 vy Ak =k + ko + 1A C=

€1+ C2+ Calloc (@)

/ / / /
v}, vy kY, k. 0021 tka Vi ANOOt, ke vy NK" =k} + k) + 1A' =c) + )+ Catioe (D)
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From (a),(b) and evaluation rules we get:

3l.(alloc f t)do; Hy U;i"’c IHy, = [vs,...00] (c)

3l'.(alloct; t))60; Hy U;’ U Hy Il — [U),... V)] (d)

By IH on the first premise instantiated with (o}, 07) € (6T) ¢ xvusing lemma 1, we get:

E6D
! *)

(601 t1,5(72 t{) € qlnt[I]DGl K

Unfold the definition of (int[])%, ,, and using (a) and k; < k", we know:

E

G k'

(v, V) e (int) g pr—p, > v1 =V, =IAC;—C, <6Dy ih1l
1 G k" -k 1 1

By IH on the second premise instantiated with (01,02) € (6T) ¢ k-, using lemma 1,

we get:

Er(SDZ (**)

(50’1 l'g,60'2 té) € (]TDG',k’—kl

Unfold the definition of (**) and using (a), (b) and k, < k' — k;, we know
(v, Ué) € (]DTDG’,k’—kl—kg = (]DTDG’,k’—k”+1 ACp— Cé <0Dy=> 1y = Ué ih2

Let us assume: G" = G'[r — (I,I',7,D] (e), H = Hy,l — [v2, v2,..., v21(f), H) = Hp,l' —
[V}, v5,..., U5](8).

we want to show 3 cases.

TS1: (l, l,) € QArrayY[I] T[)G//yk!_k”

itis proved by unfolding the definition and using the assumption (e).

TSZ: (H’, Hé) IZG/’,k’—k” P *Y — @
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G"(y=W1,7,D, H =1— vy, vo,...,v2], H) =" — [v3,V),..., V3]
STS1: Vi< I,(H/(OIil, Hy(IN[iD) € (t)gr k—kr—1
It is proved by using ih2 and Lemma 1.

STS2: Vi<, H ()lil # H/(I)lil — i€
We know that Vi < I.H; () [i] = vz, Hj (I')[i] = v} and v = v, from ih2. We can

not find any i that make Hj (I)[i] # H, (I')[i] hold. It is proved.
TS3: ¢ — ¢’ <6(D; + D») from ih1 and ih2.

This proof is complete.

Case

diff D
SAPLTHHRenL <D T —1s  ZA®LiTHuou<Ds:ty

R-APP
S0N0THHhwmotuySD+Dy+Dy:1o

The first one talks about relational application. When we assume that -6 : A and F ®6
and (01,02) € (0T)gx- We would like to show, after the suitable substitution of index
variables and the typing context, two applications related at type 7, are in the expression
interpretation of type 7.

E,6(D+D1+D3)

(0o1(t1u),002(t2 up)) € (]5‘52[)(;,,C

We unfold the definiton of expression interpretation, and first pick k' < k, vy, v,, then
assume that 6o (¢t uy) Uc'k/ V1 A OO (1 Us) UC, v (a). We still need to show that: (v1,v5)
€ (012G r-x Ac—c'<8(D+ Dy +Dy).

From the evaluation (a) and the evaluation rule R-App, we are able to know

3....(801 1) YRt fix £ (). Aoy uy) YKo vl A 2 fix £ (). F11V) 2] P09 vy AR = K+
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ki +k{+1Ac=ci+c)+c]+capp(l). and 3....(0028) Y% fix f(x).1; A (Bo2u) Ve vy A
ty[fix £ (x).15/ f1[vy/ x] ch U AC=Ca+Ch+Cy + Capp(2).

Induction Hypothesis on the first premise instantiated with (o1,02) € (6T) ¢ tells us
that:

diff5 (D)

(50-1 t1;50-2 tz) € (]5‘[1 — 01 DE'é(Dl) (b)

2VGk

Similarly, by IH on the second premise instantiated with (o1, 02) € (6T ¢ x, we know the

following:

E;é(DZ) (C)

(bo1uy,002up) € (]5TIDG,k

Now we unfold the expression interpretation definition of (b), using the inequality k; < k
known from the statement (1). We can conclude the following conclustion about the

head of the application.

_ . / diffs (D)
(fle(x).tl,fle(x).tz) € (]51’1 — 6TZDG,k—k1 Aci—C<0(Dq) 3

Unfold the definition of (c), because ki < k, from (2), we get:
W), v3) € (6T1) g x—ts A€y — €3 <6(D2) 4

We want to show (v1,12) € (672) G k-k,p and ¢f — c¢5 < 6(D).
Considering both the third statements in (1),(2), it is suffice to show:
(£ [fix £ (). 2,/ F110} 1 %], £} 1fix £ (). £/ f1{vh/x]) € q5(rz)[)€:i(_Dk),+ "

Use Lemma 1 on (3) with k— k" + ki < k - k;. we get:

, . , diffs(D)
(fix f (x). 13, fix f (). 1) € (6T1 — 6T2) G k-t k7 (5)

Unfold (5). Because G2 Gand (k— k' + k) <k—k; -1
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By using Lemma 1 on (4) and (k- k' + k) < k -k}, we get:
(), v3) € (6T1) G ki k7 6)
Using (6), we know:

(1 [fix f (.01 F1w1 1], 15 fix £ 0085 11wy x]) € (872D 50 " (7)

Unfold (7) and we know: ¢} — ¢j < (D).

Case

LA0,THnety SDy tArray, (1] T

LAOT ety SDy:int[I'l AREI'<I  Z;AFPwf

_ R-R
diff(Dy+Dy)

%A@, read t poread t) 1, SO0:{Pxy— BT {Pxy— f}

Assume that - : A and F ®6 and (01,032) € (6T) g,k

diff(D; +D>) Fo
TS: (601 (read 1y 1),602(read 1] 1)) € (6 {P*y — B} A_T {P*y — BY) o
Because read 1 f» is a value.

diff(Dy+Dy)
STS: (601 (read t; 1),002(read £ 1)) € (6 {P*y — By I_.T {P*y — Bk
diff(D1+D2)
Unfold the definition of (6 {P xy — B} A_.T {P*xy — B} G k-
Pick G’ 2G, Hy, Hg,k, <k, k" < k,, k". Assume (Hy, H») |=G’,k’ P*Y — ,B (1), 00;(read {1 1
. k// . k_/l

) Hiy (2), 60(read t| 1); Ha Uy @
Because 1,1, are sub terms of read #; f», ],1, are sub terms of read ¢, t,. From (2)(3), we
get: 6014 U;Cpl NOO1 L U;CFZ 4),00> t{ U;il ANOO> té U? (5).
From (4),(5), we get: 31,n,k;, ko.801t 5 [ Adot, ng,c; nAk"=ki+k,+1Ac=

€1+ €] + Creaa ().

/ ! /
', n', ky, ky. 0021 e ' Ados t V2% n' A K" = ki+ky+1Ac"=co+cy+Creqq (D)
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From (a),(b) and the evaluation rule we get:
.80, (read 1, 1); Hy u;i”": v Hy A Hy(D[n] = v (¢)
.05 (read 4 1) Hy U v's Hy A Ho (1) [0] = V' ()

By IH on the first premise instantiated with (o, 07) € (0T)) ¢’ x» by lemma 1. we get:

(60111,8021)) € (Array, (1] 57) 50 6)

Unfold (6), since k; < k' and o1 #; ¥  and 50, t; J 1", we know

L1 e (]Array),[I] 5TDG’,k’—k1 Acl—Cr<0D, (e)
From (e), we know : G'(y) = ([,I',7,1) (7).
By IH on the second premise instantiated with (01, 02) € (6T) ¢ by lemma 1. we get:
(60112,60215) € (BintI'l) ¢ ;. 8)
Unfold (8), since k; < k' ,we know (n,n') € (int[I') g x'—x, = n=n"=I'Ac]—c; < 6Dy (f).
Let us assume: G' = G’ (g).
STS1: (H;, Hy) Eg k -k P *y — PB. By Lemma 7 and (1),this is proved.

STS2: (v,v) € (t) ' k'—k. From (c),(d). we know H; (I)[n] = v and H,(I")[n'] = v'. based
on (e) and (f), unfold (1), we know: Vi < n, (H;()(i), H2(I) (D)) € ()¢ k-1 -t we
know (Hy(D)[n], Ho(I)[n']) € (7) g g—1. Because k' — k" < k' — 1, By Lemma 1, We

get: (1, V) € (T) g/ -k
STS3: ¢-— ¢’ <6(D; + Dy), which is proved by (e), (f).

This completes the proof of case read.
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Case

LA0,T et SDy :Array, (1] T L00,4T oty S Dy:int[l']

SAEI's]  SAN0EI'¢S SAFPw

diff(D1 +D5)
0@ read ty poread 1) £, S0:{Pxy— B 3_OT{Pxy — B}

Assume that +§: A and F ®6 and (01,03) € (6T) ¢

diff(Dy +D3) E0
TS: (601(read 1y 1),602(read t] 1)) € (6 {P*y — B A_T{P*y — B} o
Because read 1; 1, is a value.

diff(Dy+Dy)
STS: (601 (read t; 1),002(read 1 1)) € (6 {P*y — By I_.T {P*y — Bk
diff(D1+D2)

Unfold the definition of (6 {P xy — B} A_.T {Pxy — B} G.k-
Pick G 2 G, Hy, Hp, k' < k, k" < k', k. Assume (Hy, Hy) = Pxy — B (1), 501 (read 1y t
) UK (2), 805 (read 1] 1) Hyp UK (3).
Because t1,1, are sub terms of read #; f», ],1, are sub terms of read ¢, t,. From (2)(3), we
getdoih U;ﬁl NOO1 U;? 4), 001, Uf} NOO 1) Uff (5).
From (4),(5), we get: 31,n,ky, ko.601t; {5 [ A S0t Ve n Ak =k +ky+1Ac=
€1+ ¢] + Creaa (@),

/ / /
A, 1,k k. Soat] UK U Aoty R n' A" = k) + ki + 1A C = co+ €+ Creqa (D).

From (a),(b) and evaluation rules we get:

Jv. Hy;60;(read t; 1) U;ﬁﬁ’c v;HIAH (D[nl=v (c)
V. Hy;605(read 1y 1) U;im'cl ViHo A Ho(I[n'1=0 )

By IH on the first premise instantiated with (0;,02) € (6T) s v by lemma 1. we get:

(0o1t,0021)) € QArrayY[I] 61[)5‘,% (6). Unfold (6), since k; < k' and do1t; | I and
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ooty 1", we know:
(1,1 € (Array, (11 7)o k-1, A €1 — €2 < 6Dy (e)

From (e), we know : G'(y) = (1,!',7,I) (7). By IH on the second premise instantiated with
(01,02) € (0T) ¢, k» by lemma 1. we get: (015,001, € (]5int[]’][)g,'k, (8). Unfold (8),
since k, < k' ,we know that (n, n) € (int[I'l) g/ -k, @ n=n"=I' A c] - c; <6D; ().

Let us assume: G' = G’ (g).
STS1: (H;, Hy) Eg x—k' P %y — B. By Lemma 7 and (1),this is proved.

STS2: (v,v') € (O1) ' k—k». from (c),(d). we know H; (I)[n] = v and H2(I')[n'] = v/, based
on (e) and (f),unfold (1), we know: Vi < n, (H(1)(i), Ho(I')(})) € (t) ¢ k'—1- S-t we
know that (H, (1) [n], Ho(I')[n']) € (t) ¢ k1. Because k' — k" < k' — 1, By Lemma 1,
We get: (v, V') € (7)) ¢/, x'—k7,consider the premise i ¢ , we know v = v/, so that we

prove (v, l),) € (]DTDG’,k’—k”-
STS3: ¢— ¢’ <6(D; + Dy), which is proved by (e), (f).

This completes the proof of case read-box.

Case

00Tt SDyArray, Il T ZA045T ety S Dy int(l']

N0, tget§§D3:T A;d)aI:I'SI ;AP wf

diff(Dy+Dy+D3)
0@, T updt 1y o tsoupdt 17 £ 15 S0:{Pxy — B3 _:unit {Pxy — fU{l'}}

R-U

Assume that -6 : A and F ®6 and (01,02) € (6T) g,k
diff(Dy+ D7)

TS: (601 (updt 1y 1y t3),002(updt 1] £ t3)) € (0({y — B} I_.unit {y — fu {1’}})[)'2:?C
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Because updt #; £, t3 is value.
diff(D;+Dy)
STS: (6o (updt 1y & 13),802(updt £ &) £3)) € (6({y — B} I_.umit {y — BU{T'}))c k
diff(Dy+ D7)

Unfold the definition of (§({fy — B} 3_.unit {y — BU{I'}))¢ k-
Pick G/ 2 G, Hy, Hg,k’ <k, k" < k’, k"'. Assume (Hy, Hy) |=G’,k’ P*)/ — ,3/\H1 = lelel/\
Hp=1—[v,....vIANHy = Hypw Hp A Hpp = I' — [V),...,V'1(1) 601 (updt t; &y 13); Hy uf"

. kl//
Because 1,1, 3 are sub terms of updt #; & 3, t,1;, t} are sub terms of updt ¢ ¢} £;. From

K K, k!

(2)(3), we get 61 1y ujﬁl NGOG L ufﬁ NGOG 13 ufﬁ (4), 8021} U ATty U NBO2 15 U7 (5).
From (4),(5), we get:31, 1, v, ky, ko, k3.801 1, {0 LA S0t VR n Aot 1R vA k! =
ky+ky+ks+1Ac=ci+c)+c +cupdare(@. and 3',n', V', k], k), k5001 Uki'CZ I'A
Soath Yk 0’ ATt 5% v AC = cotch+cll + Cupdate(D).

From evaluation rule: E-Update-F and (a)(b), we know:

updt 1y 1, t3; Hy UF¢ 0; Hy(D[n] — v ©

updt ] 13 5 Hy UX" 0; Ho (1) 1) — o' (d)
By IH on first premise instantiated with (o1, 02) € (6T) ¢ by lemma 1. We get:

(60111, 8021)) € (Array, [1) 67) 500" 6)

Similarly, By IH on the second premise and third premise, we get:

E6D;

GO D), B0 13,6015 € () 600 (8).

(50’1t2,60'2té)€ (]int[I][) Gk

From (6),(7),(8), we know:

(e (Array, (1 )G/ p—k, = Gy =1l 1,)Ac1—co <Dy (e)

(n,n') € (intl)g -k, >n=n"=INc;—c, <D, ()
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(v, V") € (T) g x—ks A€} — €5 < D3 (g

Let us assume: G" = G'(9), H] = Hi()[n] — v A H, = H>(I)[n'] — v'(10)

STS1: (H,,Hé) '=G’,k’—k” P*Y—> ﬁU {I’}
Unfold (1) and consider (e), we know: Vi < I.(Hy; (D[i], H(IN[i]) € (7)o -1 (11),
Vi < I.(Hy(D)[i] # Hp()[i]) = i € B(12). Since (e), we need to prove two sub

cases.

subgoal 1: Vi< I.(H;l(l)[i],H;Z(l')[i]) € (t)e k-
when i=n, we prove (H}, (D[], H},(I)[i]) € ()¢ x—k, from (g) and (10), and
then use lemma 1.
when i # n, proved by using lemma 1 on (11)
subgoal 2: Vi< I.(H;l(l)[i] # H;Z(l’)[i]) =iefull}
when i=n, n € {I'} from (f) = ne pu{l'}

when i # n, proved by using lemma 1 on (12)
STS2: (0,0) € (unit) g g—k». It is proved by unfolding the definition.
STS3 c¢— ¢ <8(Dy + D, + Ds). It is proved by (e),(f),(g).

This completes the proof of case update.

Case

A®@y TR et SDy :ArrayY[I] T N@yTH oty < D:int[l']

NOL;THzet, <D3:0O7 Ao, =<1 ;A Pwf

- R-UB
diff(Dy+ D2+ D3)

A;@g T Hupdt by 1 tsoupdt ] £y £ SO:{P*y — B} 3_:unit {Pxy — B\ {I'}}

Assume that -6 : A and F ®6 and (01,02) € (6T) g,k
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diff(D1+ D2+ D3)
TS: (6o (updt 1 13 13),002(updt t] 2 t3)) € (0({P %y — B} 3_unit {Pxy — B\ {I’}})[)Ié’y(;c

Because updt #; £, t3 is value.
diff(D1 +Dy+D3)
STS: (601 (updt t1 tp 13),002(updt t] t; t3)) € (O({P xy — B} F_unit {Pxy — B/H{I'N)c,k
diff(D;+D,+D3)
Unfold the definition of (§({P xy — B} _.unit {P xy — B\ {I'}})) g «-
Pick G, 2 G, Hy, Hg,k, <k, k" < k,, k". Assume (Hy, H») |=G’,k’ P*Y — ,6/\H1 = leL’dHll/\
Hp=1—1v,...,vIANHy = HypWHp NHjp = U'—[v,...,v1(0) 6o (updt #; 12 t3); Hy U?H 2)
. kll/
doa(updt t] £ t}); Ho Uf 3).
Because 11,1,3 are sub terms of updt #; & 13, t7,t,, t; are sub terms of updt ] ¢, £; From
k k k k/ k/ k_/
(2)(3), we get: 5011 Ufl IN 2R Ufz NGO 113 Uf3 (4), 6021 Ufl INTopA Ufz Lo Uf3 (5).
From (4),(5), we get: 3l,n,v,ky, ks, k3.6016 ke [ A sot Ukz'ci nndoits Uk?“cil UA
kK"=ki+ky+ks+1Ac=ci+c)+c] +cupaate(@
3, vk}, Ky, k.00t Uki'CZ I'nbo,t, Uké’cé n' Aéoaty Uké’cg VAl =ty t+e)+
Cupdate(b)-

From evaluation rule: E-Update-F and (a)(b), we know:

updt &1 £ t3; Hy UFC 0; Hy(D[n] — v ©
updt ] 13 th Hp UX" 0; Ho (1) 1) — v’ (d)

By IH on first premise instantiated with (o1, 02) € (6T) ¢ by lemma 1. We get:
(60111, 8021)) € (Array, [1) 67) 500" (6)

G, k'

Similarly, By IH on the second premise and third premise, we get

(60115,00213) € (Sint[11) 0> )
(80113,00213) € (OST) 0" ®)
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From (6),(7),(8), we know:

(I,Ihe QArray},[I] o k-, =Gy =W01I1,DAc1—c2<6Dy (e)
(n,n) e (inti)g -k, >n=n"=Inc;—cy<6D, )
v=v' AW V) e (T)g r-kc] — €y <6D3 €3)

Let us assume: G" = G'(9), H] = Hi(l)[n] — v A H) = Hy(I')[n'] — v'(10).

STS1: (H/,Hé) '=G’,k’—k” P*)/—> ,6/{[,}
Unfold (1) and consider (e), we know Vi < I.(Hj (D [i], Hp2(I)[i]) € (0T) g gr—1(11)
Vi < L.(Hp (D[] # Hp(I)[i]) = i € B(12) . Since (e), we need to prove two sub

cases.

subgoal 1: Vi < I.(H}, (D[il, H},(IN[i]) € (), k—x~
when i=n, we prove (Hl’l(l)[i],Hfz(l’)[i]) € (7)¢ k—k, from (g) and (10), and
then use lemma 1.
when i # n, proved by using lemma 1 on (11)
subgoal 2: Vi< L(H/ (Dli] # H,(1"[i]) = i € BT}
when i=n, H{(D)[i] = H,())[i], it is trivially proved. when i # n, proved by

using lemma 1 on (12)
STS2: (0,0) € (unit) g gk~ It is proved by unfolding the definition.
STS3 c¢—c’' <8(Dy + D, + Ds). Itis proved by (e),(f),(g).

This completes the proof of case update-box.

Case
SAN0,THFHhet, SD:T

diff(D)
2N, D4 T Freturntp ©return ity § 0:{P}d .7 {P}
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Assume that -8 : A and F @5 and (01,02) € (6T) gk TS: (60 (returnty), 802 (return tp)) €

diffD) o
(6 (PY3_T (PSS

diff(D)
Because return t is value, STS: (50 (return 1), 802 (return 1)) € (6 {P} 3_.7 {P}) .«
diff(D) .

Unfold the definition of (6 {P} 3_.7 {P})g k. Pick G 2 G, Hy, Hp,k' < k, k" < k', k". As-
sume (Hy, Hy) Fgr w P (1), 801 (return £,); H, u;i" (2), 50 (return t>); Hy u;i 3).
Because # is the subterm of return #; . From (2)(3), We know: §o1 1, % (4), 021> U;SW (5).

From (4),(5), we know:

vy, k1,601 U vy AK = ki +1AC=cp + Cres ()

!
dv,, ki,aﬂg 153 Ukl’cz Uz A\ K" = ki +1Ac' = Co+ Crer (b)

"0

From (a),(b) and the evaluation rule R-ret: Hj;return tll,l;i"’c vy1; Hy(c), Hy;return L‘ZU§ €
vo; Ho(d).

By IH on the premise instantiated with (o;,02) € (6T) ¢/ by lemma 1.

E6D

We get: (50’1 l'1,60'2t2) € (]5TDG, &

(6). Unfold (6), we get: (v, v2) € (07| g k/—k, (7).
Let us assume: G" = G'(8), H; = H; A H), = H, — V'(9).

STS1: (H;, H)) F¢ - P. Itis trivially true.
STS2: (v1,v2) € (7)) k- It is proved by (7) using Lemma 1.

STS3: c¢— ¢’ <8D which is proved from (a),(b).

This completes the proof.

Case

_»diff(D)
P=PxP, NDGTH B oty SDy{P} 3171 {Q1 *x Qo)
N diff(D")
AY1L:LOGT, x: 11 1p 01y S Do {Qq % Po} 372.72 {Q}

R-LET
diff(D1+D,+D+D")

A @y THletixt=nintyoletix} =t in £, S0: {P} Y172 T2 {Q % Q2}
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Assume that 4§ : A and F 6® and (01,03) € (6T) g,k
diff(D+D'+D1+D>)
TS: (601 (let{x} = 11 in #]), 80z (letix} = 1z in 1)) € (6 {P} IY172: T2 {Q* Qal) oy
Because let{x} = 1, in #] is value.
diff(D+D'+D;+D>)
STS: (601 (let{x} =ty in t]),60z(let{x} = tz in £})) € (0 {P} IY1Y>2: 72 {Q * Q2 Gk
diff(D+D'+D1+D>)
Unfold the definition of (6 {P} 3y172 : 72 {Q * Q2}) k-

Pick G 2 G, Hy, Hy,k' < k, k" < k', k", Assume (H;, Hy) Few P(1), 6o (let{x} =t in ¢
) i UK (2), 805 (letlx) = 1z in 1) Hyp UK (3).
Because t; is the subterm of let{x} = ; in t{ . From (2) ,we know:

oo 1oy ki, . ka,cy
Hvl) vly vly vl !klykZ) k3) k4yH1)H1 -601t1 U La U1 A U],Hl Uf !

1
]€4,C1

Iyt 1[4/ ks,c!!
vy Hidoty[vy/x] 9

". " " _ _ / I "
ViGHNK =ki+ko+ks+ks+1Ac=cr+cy+c]+c) +crela).

v AV HL
Similarly, from (3) , we get:

! 1 " / / / / ! 1
Ava, vy, V5, V5, kY, Ky, ks, Ky, Hy, H
kl,Cé”

K, . ky,c5 . kL,cl .
bo1tr v vy A vy Ho Uf2 2 vy Hyn o ty[vy/x] V% vy A vy; H, Uf4

", 1 /N _
s vy s Hy Nk =

/ / / / ! _ / 7 n
ky+ky+ks+ky+1AC =co+c)+ ¢+ ¢y + Crer().

From evaluation rule: E-Let-F and (a) (b), we know:

3H,, He, H,, Hl g1, Hlg2, Hlq, s.t.Hy = Hyw He Av1; Hy U g vl Hy A HLy = Hlgy w Hlgy

AV} Hlgiw He Up v} Hlg A HY = Hlgw Hlg,
(c)

3H,, H,, H,, Hlg1, Hlgs, Hlg, s.t.Hy = Hyw Hp A v1; Hy g v} Hy A HYy = Hlgy w Hl gy

AV Hlgurw He U v]'; Hlg A HY = Hlgw Hl

(d)
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From (1) : (Hy, H2) B¢ g P1 % P, , we assume that

3G,,Gp: (H = HywH,) and (H, = Hypw Hy)

(G'=G,wG,) and (Hy Hp)Fg,pP1 and (He, Hy) Fg 1 P2 *)

STS1: (H, H)) Egr -k Q% Qz. STS2: (v)",v}") € (T2) v k—k7. STS3: ¢ —¢' < 6(Dy + Dy +
D+D').

By IH on the second premise instantiated with (o, 02) € (6T) ¢ 1, we know:
diff(D)
(60111,00213) € ({P1} 3717 {Q1 * Q2}) 512} (4). Unfold the definition of
diff(D) ED ’ _diff(D)
({P1} 371.7 {Q1 * Qal) i 17, we use (a), we get: (v1,v2) € ({P1} 3V1.71 {Q1 % QoY) g w-ky A

c1—C < Di(e).
To unfold (e), we choose: kf < k' — k; and k} <ksand Gy 2 G and H,w H¢,H, & Hy and
(1),(a),(b). We have (Hq, Hp) Bk, PrAVI; Ha U AV2; Hp U g

Unfold the definition, we get: v; H, Uj} vy Hy A va; Hy U;Z vy; Hy A Hpy, Hy F Q1 % Qo.

(v}, v5) € (T1) g -k, A€y — ¢, <6D k)
diff(D") ED
By IH on the third premise, we know: (60,0}, 002v7) € ({Q1 * P2} 3y1.7 {Q}[)G; 1 (5).
diff(D)
Unfold the definition of ({Q; x P} 3y).7>2 {Q}l) o k,,use (a), we get:

diff(D")
(l)l, l)2) € (]{Ql *Pg} 3)71.1'2 {Q}DG’,k’—lq N Ci/ - Cg < Dz(f) We have (H&,HIZ) '=Gf.kf Ql *

Q> HlQl,HZQl EQ1A Hle,HZQZ EQANH., H; E Py, HlQl w He; l/i” Uf /\H2Q1 U]
Hg; vy’ |5.// Unfold the definition of (f), we get: Hlg w He; v} Uj} Hlg;v{" NH201 @

Hd, ,”Uf HZQ, ”’/\HIQ,HZQFQ

(Ulln, Vg,) € (]TZDG' K-k N Ci" - Cé” = 5D, (g)
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STS1: Use Lemma 2, we know that Hlgw Hlgo, H2qw H202 = Q % Qa.
STS2: it is proved from (g).
STS3: it is proved from (e), k), (f),(g).

Case
. . U . . . . U, . .
A®g Tl byt Ay A ®@g; [Tl b 120 Az

R-S
ANOyTHH et SU - Ly U(AL A2)

Assume that 4§ : A and F d® and (01,02) € (6T) g, k-

TS: (601 (11),002(1)) € (8U (A1, A)) ¢ ooy 2

Unfold the definition. Assume: o1t |¥°¢ v, (a), 02t UkZ’C’ v2(b), k1 < k(o).

TS 1: (v1,v2) € (U (6 A1,6 A2)) G k—k,- TS 2: ¢ —¢' < 6(U; — L)

We prove TS 1 first. Unfold its definition, STS: Vk'.v; € (6 A1) ),k and vz € (6 A2) Gy, &/
Pick k. By IH 2 on the first premise using FV (t;) € dom(6|T'|;) using Lemma 5. E 6@,

Vk.o1€ (0ITh) )y k-

EJ(6L1)

o U1 (1. Unfold the definition of (1), choose k = k; + k'. we

We get: Vk.6011 € [0 A]
know vy € [6 A1lg),, i AOL1 < c<0Ui(d).

By IH 2 on the second premise using V k.02 € (8IT12) G|, k-

We get: Vk.00,1 € [[6A2]]g’|f,€2’6U2) (2). Unfold the definition of (1), choose k = k» + k'.
we know v, € [§ A2l g, i AOL2 < ¢/ < 5Us(e).

(d),(e) finished the proof of STS1. (d),(e) finished the proof of STS2.

Case

U exec(L,U) , ,
AROPIINN |_L11 h:A — A IAHOPH Bl FECH 24 5 D, :U(A1, A))

R-APP-T
NOyzTHE RS té SJ U +U+ Dy + Capp : U(AZ,A,Z)
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Assume that 4§ : A and F 6® and (01,03) € (6T) g,k

TS: (601(8 1), 60‘2(t ) € (]6U(A2,AI)DE 5(U1+U+D2+Capp)

DE 60U +U+D2+cCapp)

Following the definition of (60U (A2, A7) , assume that:

So YR fix fx.t! (%)

So1t U2 vy (o) dlfixfx.t fllva/x] UR v, (4)
E-F

(50.1 tl) (60.1 t.z) Ucl+02+C3+Capp,k1+k2+k3+l v,

and 6o, (1) VK 0 (00) and ky + ko + ks + 1 < k.

TSI1: 1+ Co+ €3+ Capp — €' < O(U1 + U + Dz + Capp) -

TS2: (vy, V') € (6U (A2, AY)) G k—(ky +kp+ks+1) -

Frist show the second one. By unrolling the definition of (60U (Az, A5)) G, k—(k,+ko+ks+1)»
STS: Vj.v, € [6 A2l j AV € L6 A Gy, j-

Pick j. By IH 2 on the first premise using FV (#;) <€ dom(6|T'|;) using Lemma 5. F 69,

exec(L,U)
Vk.o1 € (8IT11) g, k. We get Vk.5o1 1 € [6(A; — Ag)]5CM0UD (),

Gl k
exec(L,U)

Instantiating (1) with X = j+ k) + ks + 1, we get 6o 1 t; € [6 (A — Ag)]]E /(011,601 2).

G, X
Following the definition, we get:

Sot vk fix fx.t' and fix f x.t' € II(S(AixeC—(»L (1{1)2)]]@1 X-k (@ and 6Ly < ¢ <6U (o).

By IH on the second premise, we get: (6012,0021,) € (]6U(A1,A’)[)E5(D2) Unfold the
defintion, by () and (¢0), we get: ¢, — ¢’ <0 D (f) and (v2, V) € (6U (A1, A))) G, k—k, (D).
From (b), we know : Vk.v; € [6 A1l ),k A V' € [0 A2] g, k- Instantiate k with X — k; — 1, we
get: V2 € [6A1lGl,x—k -1 ), V' € [0 A2l Glp, x—ky—1 (4).

Unfold (a), we get: t'[fix f x.t'] fl[va/ x] € [[6A2]]€’|‘i(§'_U,21_1 (c).

Unfold (c) using (#), we get: v, € [0 Aol G, x—k;—ks—1 (B), 0L <c3<6U ().

STS1 is proved by (e), (f), (g). STS2 is proved by (h) and (3) using Lemma 1.
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Case
U exec(L,U)
A@gITF 6 Ay — A)  A@uTH ety <Dyt Uy, A
R-T-APP
Assume that -8 : A and F §® and (01,03) € (6T) ¢
TS: (601(02), 6051} 13) € (6U (Ag, A g 2 757,
Following the definition of (6U (A, A’ )[)E 0Dz ~L1~L~Capp ), assume that:
Soot) UK fix £ x.t' (%)
Soaty V2% vy (o) flfix fx.t' 1 flIvh/x] UK vl ()
E-F

/ I\ 11 €+ Ch+Ch+Capp, K+ KL+ KL+ 1
(Boaty) (Boaty) T2t GFCapp iy tiptisth )

and 8016 R v, (00) and k; < k.

TS1: ¢1 = (c] + ¢5 + ¢4 + Capp) < O(D2 — Uy = U = Capp).

TS2: (vy, v}) € (6U (A2, AY)) G k—ky

Frist show the second statement. By unrolling the definition of (6 U (A, Alz)DG, k—ky»

STS: Vj.v, € [6 A2lig),,j A Ul € [8 AL Gl -

Pick j. By IH 2 on the first premise using FV (¢;) € dom(5|T'|;) using Lemma 5. k 0@,

Vk.o2 € (6IT12) Gy k-
we get Vk.5021, € |15(Ae’f eﬁlﬁfz)ugf{;ﬁ‘f” (1). Instantiating (1) with X = j + k| + k} + 1,
we get 5ozt € |16(A2X(i@»'(£’2)]]g]§‘?§1'5”1’ 2).
Following the definition, we get:
exec(L, U)

b0ty V64 fix f x.t' and fix f x.t' € [6(A] — A)lgp,,x- k (@) and 6L, < c; <6U; (e).
By IH on the second premise, we get: (601%2,0021;) € (]6U(A2,A’)[)E6(D2) Unfold the

defintion, by (¢) and (¢¢), we get :
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c1— ¢, <6D, (f) and (v, v)) € (06U (A2, AD)Gk—k, (b). From (b), we know : Vk.v, €
[6 Aol k A vy € [6 ATl Gl k-

Instantiate k with X — kj — 1, we get: vy € [6 A2l x—k -1 (3), Uy € [6A]1 1, x—k1 -1 (4).
Unfold (a), we get: ¢'[fix f x.t'/ f1[v}/x] € HéA'Z]]g]f'()L(v_lflgi_l (c).

Unfold (c) using (#), we get: v). € H5A/2]]G|2,X—kg—k§—1 (h),6L<c,<6U (g).

STS1 is proved by (e), (f), (g). STS2 is proved by (h) and (4) using Lemma 1.

Case

Z N D4 T I—LUl1 A ZND,T,x: UALAD RS té <D;:7

R-LT-T
5005 Hletx=tintoty, SU +Da+cpp: T

Assume that -6 : A and F 6@ and (01,02) € (6T) g,k

TS: (6o (let x =11 in 12),602(y)) € (]61[)5’?C(D2+U1+C”).
E,5(D2+U1+Cl[)

Ck , assume that:

Following the definition of (67)

Soi1ty R vy (%) So1ta[v1 /X1 % v, (4
E-LET

cr+cr+apki+kr+1

let x=0011indo1tr | vy

and 6ot UK V' (00) . STSI: (v, V) € 107T) G k—(ky + Ky +1)-
STS2: c1+c¢,+cjp—c' <6(Dy+ Uy +cyp.

To prove: Vk.vy € [6 A1lg),,k)-
Proof. Pick k. IH2 on the first premise.
1. FV(t;) €|6T|; using Lemma 5.
2. 01 € (I6T )6l k+60,+1 by Lemma 6 using assumptions.

We get: 01t € |I6A1]]|EG'??§C1;‘;[{;1)+1. Unfold the defintion, we know: 6L; < ¢; < 6U; (a) and
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U1 € [[6A1]] |Gl1,k+0u1+1—cy -

So, we know: vy € [6 A1]g),,x by Lemma 1. [

By IH on the second premise using
1. (o1lv1/x],02[v1/x)) € (0T, x: UG A1,8 A1),k using

1.1. (01,02) € (6T)gk
1.2. (v, 1) € (UBALGAD)Gk

E,6D>

we get: (001[vi/X]t,002(v1/x]ty) € Q&DG',C

Since x does not occur free in té, we have : (do1[vi/x]t,00, té) € (]5TDf;:iD2. Unfold the
defintion, we have: ¢, — ¢ < 8D (b), (v, V') € (67) G k-k, (C).

STS1 is proved by using Lemma 1 on (c) because k— (k; + k- +1) < k— k. STS2 is proved
by (a) and (b).

Case

Z0N0, T I—Zl r:A1+ A 00,0, x:UALA)D) RS t’,SDz:T

NPT, y:U(Ay, Aot <Dy:1

R-CASE-T
;A @4 T F case (1, x.17, y.1) 01 KU+ Do+ Cogse i T

Assume that§: A and F 6® and (01,032) € (6T) g,k

TS: (601 ( case (t, x.11, y.12)),602(1")) € G6TD2’?C(D2+U1+CC“”).

E,6(Dy+Uy+ccgse)

Following the definition of (67| .

, assume that:
80, case (1, x.11, y.2) V9K v, and 821" <K v/ (00) and C < k.
STS1: (v, V') € (67| Gk—xk- STS2: C—c' <8(D2 + Uy + Cease)-

To prove : Vk.v; € [6 A1]|g),, k- Depending on what o ¢ evaluates to, there are two

cases.
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Subcasel:
So1t U inlyy (%) So1t[v1/x1 4% v, (#)

CASE-INL
8o case (t,x.07, y.1p) Y Horteasekithitly,

To prove: Vk.(inlvy) € (6 A1 + 0 A2) 6 k-

Proof. Pick k. IH2 on the first premise.

1. FV(t) <|6T|; using Lemma 5.
2. 01 €(I6T )61y, k+60,+1 Dy Lemma 6 using assumptions.

E,(5L1,6U1)

We get: 011 € [6 A1+ Aol i 5041

Unfold the defintion, we know:
601tucl’k1 inlvy and 6Ly < ¢; <6U; (a) and inlv; € [6 A1 + 6 A2l G|, k+6uy +1—c, -

So, we know: inlvy € [6 A1 + 6 Azl |G|,k by Lemma 1. [ |

By IH on the second premise using

1. (Ul[vllx],ag[vllx])€(]6F,x:U(5A1,6A1)[)G_kusing
L.1. (01,02) € (0T) Gk
1.2. (v1,v1) € (UGB ALLS8AD) Gk

E,6D;

we get: (5o1[v1/x]1t,802[v1/x]t') € Q6T[)G .

E,6D»

Since x does not occur free in ¢/, we have : (601[v1/x]t1,002t") € (67)

Unfold its defintion, we get: ¢, — ¢| <6D, (b). (v, V") € (07) G k—k, (C).
STS1 is proved by using Lemma 1 on (c) because k — (k; + k» + 1) < k— k. STS2 is

proved by (a) and (b).

Subcase 2:
Sort U inryy (%) oyl /x1 U v, (#)

CASE-INR
80 case (f,x.17, y.tp) 6o kithkit1y,
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Prove similarily : Vk.(inrvy) € (6 Ay + 8 A2) G k-

IH on the third premise using

1. (o1[v1/x],02[v1/x]) € (0T, x: UG A1,6 A1),k using
L1 (01,02) € (6T)g,k

1.2. (v1,v1) € (U6 A1,0AD)) G,k
we get: (501[v1/x]1t,802[v1/x]t) € (]61[)2"]56[)2. Since x does not occur free in ¢, we

E,6D»

have: (6o1(v1/x]t,00,t) € (]5T[)G'k

Unfold its defintion, we get: ¢, — ¢| <6D, (b) ,(v,, V') € (6T) G k-k, (C).
STS1 is proved by using Lemma 1 on (c) because k — (k; + k» + 1) < k— k. STS2 is

proved by (a) and (b).

Case

U exgc(L,U)
LA Q4 ITh ) AP} 3y s A Qi)

exec(L',U")
30,0 Tl 2 52 {Po} 371 AL Q2
diff(D")
A @y T, x: U(AL A F oty <Dyt {PUP YT Q)

dom(P) =dom(P;)

R-LET-T
diff(Uy +U+(D2+Uz)+D'+cpp)

A0 Hletixt=finhhon,<—Ly: {P} 3y1.71 {Q}

Assume that 4§ : A and F §® and (01,032) € (6T) g,k

diff(—Ly)

TS: (o1 (letlx} = f1 in £2),802(13)) € (8((P} Iy1.7 (QN) LTV HPer Uy bivaien,

Assume let{x} = t; in t, {*°let{x} = f; in £, and 60 t) perk v
Unfold the definition, STS1: 0—c¢; < —(6Ly). By IH2 on the second premise, we get:
0L, < ¢| < 6U,, which proves STSI.

diff(Uy +U+(Da+Us)+D'+cj1)
STS2: (boi(letix}=fin 1), v)) € (6C  {PYIN1.T{Q} gk
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Unfold its defintion, assume : G2 G, k' < k, ko < k'.Hy, H] =g P

and let{x} =801t in 60 1r; Hy Ujf'kz Vier; Hy (a) and vy; H; U%'ké vy; Hyy (D).

STS1: (Hy, H) Fg k- ky Q. STS2: (Vjer, V) € (5T) otr—ky- STS3: €2 — €y < 5((Dy+ Uy) + D' +
U+ Ui+ crer).

: . exec(L,U) E.6(Ly,UY)
By IH2 on the first premise, we get: 50111 € (6({P1} 3y : Ay {Ql})D|G|1 P (c).

Unfold (c), we assume do1 £, [|°e*a v, we get: v e (5({P1} gl);%c@;ljl) {Q1))i61,.k-k, (d) and
0Ly < ¢, <0U; (e). Unfold (d), pick k; < k — k,. assume H; gk, P,

we know: v; I U?’kg vo; Hy and Hs kG, k- k; Q1 @and v € (A) Gl ky—ks AOL < ¢3 <8U (f)
and An.Py = {y; — T1,...yn — Tp} A Vi € [1,nl|Gl(y) = (I;, Am) = Y j.H[l;][]] #
Hs[l;1[j] = jeT; (2).

From (f), we know : (01[va/x],02(v4/x]) € (6T, x: U(A, A)) g,k (h).

IH on the third premise instantiated with (h), we get:

. diff(D’) ES(Dy) s
(0011val X1(12),002[val X1 (1)) € (6({P LI P1} Fy1.T {Q})DG',,C 2 (1)

Unfold (i), assume : 801 [va/x)t2 |% vy and 502 [v,/ x] t perk V).
diff(D’)

we get: (v4,v]) € (6({P L P1} V1.7 {QN) 6,k (j) and ¢4 — ¢ < 6D, (k).

Unfold (j), we assume :Pick kg = k' —ka— ks — kg — 1 < k— k4.

We first show the conclusion: (Hz, H) Fg,k, P L P; (&) .

Proof. We have the assuption (z) and the assumption Hy, H] k¢ P.

Unfold (&), we need to prove :

Vy € dom(P)Udom(Py).3L, b, 1,n.G(y) = (I1, b, 7,n) AVi < n.Hs[ylli] # H{ [ylli] =
i€ (PuPylyl. (%)

Unfold the definition of H, H] F¢ P, we know:

Vyedom(P).3l, b, 1,n.G(y) = (lh, L, T, n)AVi < n.Hy[y][i] # H{ [Ylli] = i€ (P)[yl. (D)

From the premise dom(P) = dom(P,), there is only one case:
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1. yedom(P),y € dom(Py)
From (9), we know
Vyedom(P)ndom(Py).3l1, 1, 7,n.G(y) = (I}, 1, 7,n)
AYi<n.Hlyllil # Hi[ylli] = i€ (P)ly],
which means H; and H{ differ at most at indices in P[y], also means Vi < n.i ¢
Plyl = Hilyllil = H;[ylli].
From (z), we also know that Vy € dom(P,),Vi < n.Hy[ylli] # Hs3lylli] = i€
P [yl], which means H; and Hs differ at most at all the indices in P [y].
So we know H3 and H differ at most at indices appear in P or Py, which is Vy €
(dom(P)ndom(Py)).3ly, b, 7,n.G(y) = (I1,lp,7,n) AVi < n.H [y][i] # H{[ylli] =
i€ PlylviePlyl.

This subcase is proved because i € P[y]vi € Pi[y] = i€ P[y]uP;[y] = (PU

Pyl
]
,,kl
Also assume vy; Hs Ujf’kf’ Us; Hy and v}; H] Ujf * vy Hy.
We get: Ho, Hy ¢ k;—k; Q (1) and (vs, v3) € (67) G ks—ks (M) and ¢5 — ¢, <6D' (n).

From the forcing evaluation rule
stnlfy v H ISP v H, a1 VR e v Ha U us H

1 y 117 f ar 113 21Va 4 4, 113 f 5y 112

F-E

CatcC3+catCs+Cet,kgtks+ka+ks+1
atC3+C4+C5+Clet, Kat K3+ K4+ K5 V5;H2

let{x} = £y in to; H; Uf

STS1 is proved by (I). STS2 is proved by (m) using Lemma 1.
STS3: Cy—Cy=Ca+ €3+ Ca+C5+ Clet — €5, < 5 (U + Ur + D' + (D2 + Ud) + ciey) by (e),(K),(n),

().
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Case
exec(L,U )

%5053 Tlo 7t ] < (P} 3711 AL {Q1)

exec(L',U")
DRVAROPHIN i U2 , L2 1P2} 3711 Ay {Qo}

A @,T, x: UA] A < NErA
T, x:UALADF ety < Dy:{PUP} Iy.7" {Q}

dom(P) =dom(P;)

- R-T-LET
diff(D'+(Da—Ly)— L1 —L—Cler)

A0 poletixt=6int, SU:  {P}Iy1.7' {Q}

Assume that -6 : A and F 0® and (01,02) € (6T) g,
diff(D'+(Dy~Lo)~Li~L-0e)
TS: (601 (1), 602 (letix} = £} in ) € (6(  {P}AF.0/ {QF  )ESWY.

G,k
Assume 805 (letix} = £} in ) | let{x} = 802 t] in 6oty and b1, 5 vy,
Unfold the definition, STS1: ¢; —0 < 6U, . By IH2 on the second premise, we get: 6L, <

c1 < 6U,, which proves STSI.
. diff(D,+(D2—L2)—L1—L—Clet)
STS2: (v1,007(let{x} = t{ int;)) € (0( {P} 3y1.7 {Q} 6, k-

Unfold its defintion, assume : G 2 G, k' < k,ky < k'.Hy,H| Fg i P

and let{x} = 8ot in S0, 1; H] U;Z’ ; H,, (a) and vy; Hy UCZ’ vo; Hy (D).

let’
STS1: (Ha, H)) FG -k, Q. STS2: (12, vlet) € (67)G,k-k,- STS3: c2 — 5y < 6(D' + (Dy — Lp) —
L1 —L— Clet).

: S p! oxoetl ) E8(L1,Up)
By IH2 on the first premise, we get: o2 1; € (0({P1} 3Y1: A] {Ql})|)|G| (o).

Unfold (c), we assume §0; £ Veaka v/, we get: v' € (]5({P1}§I);ff(LX) {Q1D)Gpp, k—k, (d) and
0Ly <c,<8U (e).

Unfold (d), assume : pick k; < k- k. H] Fg,,k, P1and v'; H] UCS’ vy H

and Hj F1Gly, -k, Q1 and v, € inD|G|2,k1—k§ ANOL<cy<6U (f).

From (f), we know : (01 [v;/x],02[v,/x]) € (6(T, x : U(A}, AD)) gk (h).

IH on the third premise instantiated with (h), we get:

diff(D")
(801 [v},/ x)(12), 802 [V, / x) (1)) € (6((P U P1} Fp1.T (QD) 42 (i)
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. Unfold (i), assume : 601 [v/,/ x]t, J"%1 v; and S, (v, / x] t |earky vy.
diff(D")
we get: (v1,v)) € (6({P U P1} 3y1.7 {QD) gk (j) and ¢; — ¢ < 6D, (k).

Unfold (j), we assume :Pick kg = k' — ks — 1< k—kj..

We prove (Hi, H}) =g k, P U Py in a similar way in the previous case.
,,k,
Also assume vj; Hj, U;S * vi; H) and vy; Hy U;Z’kz Uo; Ho.

We get: Ho, Hy ¢ k,—k; Q (1) and (v, v7) € (67') G, ks—ks (M) and ¢ — c; < 6D’ (n).

From the forcing evaluation rule

/ /
cg, kg

roychkl gyl I 1ot ckl rop CEkE
ot Yc@tav Vi H U vg; Hy Llv,/x] J4" vy 1/4,H3Uf5 ° vs; Hy

F-E

/ / / / / / / /
CatCgteytestCenkythythy+hg+1

let{x} = #; in t}; H] Uf

I,y
vy, H,

STS1 is proved by (1).
STS2 is proved by (m) using Lemma 1.

STS3: cy—cy=Cor—Cy—Cy—Cy— Ct — Cleg < O (D' + (D — L) — L1 — L— cieg) by (e),(k), (), (f).
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Proof of statement (2) if A;D,; Q) I—g t:Aand F 6 : A and E §® and there exists Q'. s.t.

FV(t) cdom(Q)) and Q' c Q and (0) € (6Q') 4,x. Then, (6ot) € (]AD?I(CéL,éU)

Proof by induction on typing derivation:

Case
exec(L,U) U
&M@ x: A f:A— B,QF[ t:B

U-F
exec(L,U)

N @y Q) fix f(x).t: A— B

Assume that - 6 : A and E 6@ and there exists Q'. s.t. FV (1) € dom(Q') and Q' < Q and
(0) € (](SQ,Dg,k

exec(L,U)
TS: (6ofixf(x).0) e [6 A— B]]?;CO’O). Because fix f(x).e is value.

exec(L,U)
STS: (0ofix f(x).t) € [6 A— Blg

exec(L,U)
We prove the more general statement V' < k.60 (fix f(x).t) € [f A — OBl g r(1).

By sub-induction on k. There are two cases:

Subcase 1: k’=0. there is no non-negative k such that k < 0, the goal is vacuously true.

Subcase2: K'=k"+1<k

exec(L,U)
By sub-IH, we know: §o (fix f (x).t) € [6 A — 6 Bl g 1 (2).
exec(L,U)

STS: (fix f(x).60e) € [ A—> 6Blg ir+1. Pick j < k”+1 and assume that v € [§ Al g ;.
STS: olv/x]lfix f(x).e/ f]) € HgBﬂg:;éL,ﬁU)
This follows by IH on the premise instantiated with

exec(L,U)

1. FV(e) cdom(x: A, f:A— B,Q’) from Lemma (well-formness)

exec(L,U) exec(L,U)
and (x: A, f:A— B,Q"Yc(x: A f:A— B,Q)

exec(L,U)
2. (olv/x)lfixf(x).t/f)€6(x: A, f:A— B,Q")]g,; which holds because
2.1. 0€[6Q1g;j by Lemma downward closure and j < k" +1<k
2.2. ve[Alg,; from assumption

exec(L,U)
2.3. (6ofix f(x).e) € [ A— 6B]g,; from Lemma 1 on (2).
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Case

Z;A;@a;Ql—thlzint[I] Z;A;@a;QI—LUZZtZ:A ;AR P wf

U-ALLOC
exec(Li+Ly+Lg,Uy+Ux+Uy,)

NP0 I—g alloct; tp : {P} Ay :Arrayy[l] A {Pxy—N}

Assume that - 6 : A and E 6@ and there exists Q'. s.t. FV (1) € dom(Q') and Q' € Q and
(o) € (]6QIDg,k

exec(Li+Ly+ Ly, U +Ux+Uy)

TS: (80 alloc ; 1) € [(P} 3y :Array, [1] A {Py —Nj1EA0”

exec(Li+La+Lg, Ui +Uz+Up)

Because alloc #j 1, is value. STS: (60 alloc t; 1) € [{P} Ty :ArrayY[I] A {Py —N}g
exec(Ly+Lo+Lg, Uy +Ua+Up)

Unfold the definition of [{P} 3y :Array, [I] A {Py — N} g . Pick gog kK<kk'<k

and H. Assume H Fg » P and H;alloc f; thkN.

From H;alloc tglk”, because 11,1, are sub terms of 6o alloc t; t,,we get :

oot U;ﬁl NOO 1y U;ﬁz (1). From (1) , we get:

vy, 00, k1, ko 60ty YR vy ASo s U2 oy AK =kt ko +1AC=cp + €1 + Calloc(@).

From (a) and evaluation rules we get: 1. H, (alloc t; )00 U;ﬁ”’c LH[ = [vy,...0](b).

By IH on the first premise instantiated with o € [6Q)] 4 xrusing lemma 1 and FV () €

dom(Q) and Q' € Q, we get (60 11) € [[int[I]]]g;f,‘Z,fl"SU“(*).

Unfold the definition of [int[] ]]]5; (2’%1.6%) and using (a) and k; < k”, we know:

(1) € Hint[I”]G’,k”—kl > =IAN0L1<c=6U; IH1

By IH on the second premise instantiated with (o) € [6T]g 'k, using lemma 1 and
FV (1) € dom(Q) and Q' € Q, we get: (30tp) € [ AL %20 (%),

Unfold the definition of (**) and using (a), (b) and k, < k' — k1, we know

(vy) € [[(SA]]g/,k/_kl_kz = |I5A]]g',k’—k”+1 ANOL, < Ci <o6U, IH2
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Let us assume: g" = g'[r — (I, A, D1(c), H = H, [l — [v2, V3, ..., 12]] (d). We want to show

4 cases.

TS1 () € [Array, [I] Algr kr—k

itis proved by unfolding the definition and using the assumption (c).

TS2 (H') ’zg”,k’—k” p*xy—N

we know that g"(y) = ([, A, ), H =HwH;AH;=1— [v3,V2,..., V2]
STS1 Vi< I, (H())[il € [Algr x—k-1. Itis proved by using IH2 and Lemma 1.

TS3 6(Li+ Lo+ L) <c<6(U;+U+Up,)

It is proved by IH1 and IH2 and 6 L, < c4110c < 0U,.

TS4 an"P = {Yl - Tl’---’Yn - Tn} /\Vl € [1!n]'g(Yl) = (llyAy m)
= Vi.(HILIGD # H L1 = j € T,-}

Because new allocated y is not in B, so for all the y;, it is not changed.

Case

A D Q I—Z‘ fy: Array, [I] A

AP, Q I—gj o int[I] El'<I I;AFPwf

U-R
exec(Li+Lo+L,,U1+U>+U,;)

PIFAN O P ) I—g read £ &> : {P}3_: A{P}

Assume that F § : A and E §® and there exists Q'. s.t. FV (1) € dom(Q') and Q' < Q and

(0) € (6 gk

exec(L1+Ly+L,,Uy+Ux+Uy;) £.(0,0)
TS: (o read t; 1) € [0 {P}3_: A{P} 125

k
& exec(Li+Lo+L,,U+U>+U;)
Because read 1; t, is value. STS: (0o read 1; ) € [0 {P}3_:A{P} lgk

exec(Li+La+ Ly, U +Us+U;)
Unfold the definition of [§ {P}3_: A{P} lgk-
Pickg'2g, k' <k, k" <k’ and H. Assume H F¢ vy and H;read 1 tzUk”

From H;read f; thk”, because 11,1, are sub terms of 6o read t; t,,we get:
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Saty ujﬁl ATty uff ().

From (1) , we get: 31,1, v,k;, ko.80 4 |59 IASot, Ukz’ci nAk'"=ki+ko+1Ac=c +
€1 + Creaa N H()[n] = v(a). From (a) and evaluation rules we get: H;do (read f; 1) U;‘c”’c
H;v(b).

By IH on the first premise instantiated with (o) € [6Q’ lg/x by lemma 1 and FV (1) S
dom(Q) and Q' € Q. we get: (6o 1) € [Array, [1] 6A]]§;,5]C(’L1,U1)(6).

Unfold (6), since k; < k' and 6014 Ukl'cl I, weknow ! e [[ArrayY[I] O6Alg k-, NOLy <
c1 <8Ui(e). From (e), we know :g'(y) = (I,0 A, ) (7).

By IH on the second premise instantiated with (o) € [6Q] g7 ¢ by lemma 1 and FV (£;) €
dom(Q') and Q' < Q. we get: (§o11;) € [[int[[’]]]?ic(,Lg,Uz) ().

Unfold (8), since k; < k' ,we know: n € [int[I']lg/ -k, = n=1'A6Ly < c; < 6U>(f). Let

us assume: g’ = g'(g).
STS1: H kg g P. proved by assumption H g x P

STS2: v e HA]]g’,k’—k”- From (a). we know Hl(l)[n] =v. From H |=g’,k’—k” Y we know:
Vi<n,(Hi(D@) € [Alg x-1 s-t we know (Hy () [n]) € [Al g k-1

Because k' — k" < k' — 1, By Lemma 1, We get: (v) € [Al g/ k-

STS3: O6(L1+Lr+L;)<c<d6(U;+U>+U,). BythefactthatdL, < cyeqq < 0Uy,, itis proved

by (e)(f).

STS4: An.P = {yy — Th,...,Yyn — Tu} AVi € [1,nl.g(yi) = (l;; A,m) = Vj.(H[LI[]]) #
H'Lj1=jeT;

H is not changed, H=H. it is trivially true.
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Case

A @40 I—Zl f;: Array[I] A

Z;A;QDQ;QI—EJZ2 t int[I'] Z;A;CDa;QI—g: t3:A  NOL,ETI<I  Z;AFPwf

U-u
exec(L1+Ly+L3+L,, U +Ux+U3+Uy)

A0, QH updt ty £ t3: {Pxy — B} 3_:unit {Pxy — B}

Assume that F 6 : A and E 6@ and there exists Q'. s.t. FV (1) € dom(Q') and Q' < Q and

(0) € (6 gk

exec(Li+Lo+L3+L,, U +Ux+U3+Uy)

TS: (boupdt ) tr t3) € [{P*y — B} A_:unit {P xy — ,B}]];’](CO'O)

Because updt 1, £, t3 is a value.
exec(Li+Lo+L3+L,,U1+U>+U3+U,)

STS: (6o updt 11 1o £3) € [{Pxy — B} 3_:unit {P xy — B} g x
exec(Ly+Lo+L3+Ly,U+Us+Us+U,)

Unfold the definition of [{P xy — B} 3_:unit {P xy — B}g k.

Pick g' 2 g, k' < k, k" < k' and H. Assume H Eg v Pxy — ff and H;updt t; t3 )%

H=H,wHANH,FPAH Fy—f

From H;updt t; £ thkN, because 11,1, are sub terms of 6o updt t; f, t3,we get 601, U;ﬁl

NSt u? Aot iff ().

From (1), we get: 31,1, v, k1, ko, k3.00t; ¥ [ Abot, Uk nador J59 va k" =k +

ko +k3+1Ac=ci+cy+c]+ cupdgare(a). From (a) and evaluation rules we get:

H; 60 (updt 1 1 13) U?”’c H[l[n] < v; 0 (D).

By IH on first premise instantiated with (o) € [0Q] g7 ¢ bylemma 1 and FV (;) € dom(Q)

and Q' € Q. We get:

(6o 1) € [Array, [1] Al @),

Similarly, By IH on the second premise and third premise, we get:

(6o 1) € lint[N1 557 @), @ot) € 1AL @),
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From (2),(3),(4), we know:

le IIArrayy[I] Alg -k = gy =WUADNANSL <c <60, (c)
nelintlg -, =>n=IN6Ly<c; <8U, (d)
ve[Alg p—i, ALz < c] <6Us (e)

Letus assume: g" = g'(5), H; = H()[n] — v = Hy + Hi(D)[n] — v A H;= H(l)[n] < v(6).

STS1: (H{) '=g’,k’—k” P*’y—> ,5
Unfold H kg P*y — B and consider (c), weknow Vi < I.(H;()[i]) € (A) g/, k-1 (7).

We need to prove:

Subgoal 1: Vi < L(H)()[i] € [Alg r—g
when i=n, we prove (Hl’(l)[z']) € [Alg k-, from (e) and (6), and then use
lemma 1.

when i # n, proved by using lemma 1 on (7).
STS2: (0) € [unit] g x— . It is proved by unfolding the definition.

STS3: 6(L1+Lo+L3+Ly) <c<6(Uy+Uz+Us+U,). bythefactthat 6Ly < cypgare < 6Uy,

it is proved by (c)(d)(e).

STS4: An.P = {y; — Th,...,Yn — Tu} AVi € [1,n].g(y)) = (l;; A,m) = Vj.(H[L][]]) #
H'[Lj1=>jeT;
Because H; = H(l)[n] — v=H,+ H/(D[n] — vA Hl’ = H;(l)[n] — v, When [; # I,
H(l;) = H'(l;), it is true. When [; = [, only at position n so that H()[n] # H(])[n],

we need to show n ¢ 8, which is the assumption from the rule.
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Case
L00;QFY A ADLzQF pwf

exec(L,U)
2N D4 Q I—O return¢: {P} 3y.A {P}

Assume that F 6 : A and E 6@ and there exists Q'. s.t. FV (1) € dom(Q') and Q' < Q and
(0) € (69 ) g,k

exec(L,

TS: (50 returnt) € [6 (P} 3y.A {P}]]E 0.0

exec(L,U)
Because return ¢ is value. STS: (6o return ) € [0 {P} Jy. A {PHg,k

(L,U)
Unfold the definition of [0 {P(}exﬁg/ A{P}g ) . Pick g 2 g, Hi,k' < k, k" < k'. Assume
Hi kg P(1), Hi;60(return 1) u;i ).

Because t is the subterm of return ¢, From (2), We know: 6o ¢ Uk” (3). From (3), we know:
3U1,]€1,50’1tuk1'cl 1/1/\](:”:]61+1/\6201+Cret (a)

From (a) and the evaluation rule U-ret: 3H7.Hj;return thcﬂ’c v1; Hy (D).

By IH on the premise instantiated with (o) € [0Q'] g r by lemma 1. We get: (0ot;) €
E8(LU)

[6 Al o O

Unfold (5), we get: vy € (0 A) g/ -k, AOL1 < c1 < 65U, (6).

Let us assume: g" = g'(7), H; = H; (8).

STS1: H| kg o P. itis from assumption by using lemma 1.
STS2: v € (7) g -k Itis proved by (6) using Lemma 1.
STS3: 6L < c <6U which is proved from (6)

STS4: In.P = {y; — T1,....,yn — Tl AVi € [Lnl.g(yi) = (I;, A,m) = Yj.(HILj]) #
H'Ljl=jeT;

H is not changed, it is trivial true.
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Case
exec(L,U)

P=P %P, Z;A;q)a;QI—Z1 t:{P1} 371 : A{Q1 x Qu}

R U exec(L’,_{J')
LAY P x Al ui{Qr x Pot 3y2: BAQ)

U-E
’ ’
Uy +Us+ U, exec(L+L,U+U")

XA D,; 0 I—L1+L2+Ll let{x} = tin u:{P}3y1,Y2: B{Q*Q}

Assume that - 6 : A and E 6® and there exists Q'. s.t. FV (1) < dom(Q') and Q' € Q
and (0) € (6Q')) 4.«

exec(L+L,U+U")

TS: (01 (let{x} = #1 in £))) € (6 (P} 31, V2 : B{Q* Quy) 5\ U1+ Uzla+l2)

g,k
Unfold the definition . Pick g 2 g, H, k' < k, k" < k.

Assume Hj ¢ g P(1), Hy; 60 (let{x} = £y in £]) u;i” 2).
Because t; is the subterm of let{x} = 1 in t{ , From (2), we know:
vy, vy, vy, vk, ko, ks, Ky, Hy, HY
Savty YK v A Hyjor V3 Hizvl Adoj[v)/x] 45 o] A Hi vl Y HY 0, k7 =
kitky+ks+ks+1Ac=c1+Cr+C3+cCy+Crer(a).
From evaluation rule: E-Let-F and (a) (b), we know:
AH,, H., H,,, Hlg1, Hlg2, Hlg,
s.t.Hy=H,wH.Av1;H, 5 Vi; HyAH, = Hlg1 & Hl
AV Hlgrw He g v} Hlg A HY = Hlgw Hlgo(c).
From (1) : H kg p Py % P, , we assume that 3g,, g, : (H; = Hyw He) (8' = ga W
g and (Hp) Fg,r P1 and (H;) Fg v Pa(x).
STS1: (H}') Egn pr—kr Q % Qa.
STS2: (v{") € (6 B) G, kr—k-
STS3: 6(L+ L)< cp<O(U+U)ANS(Ly+ Lo+ Lies) < ¢p < 6(Uy + Uz + Upey).
STS4: P=vy; — B;Vi.g"(yi) = (I;; m, A) — Hi(I))[n] # H] (I;)[n] = n e p;.

By IH on the second premise instantiated with (o) € (6Q) ¢ k'» We know:
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execd (L,U)

(bo1t) € ({P1} Iy : A{Q % QZ}Dg;flf,l’Ul) (4). Unfold the definition ,use (a), we get:

gxecﬁ(L,U)
(W) €@ PIIN1:AQi*QY)g v ALisc<sU AP =y;—Bi=

Vi.g"(yi) = Ui, m, A) — Hi(I)[n] # Hi(Ij)[n] = ne p; (e)
To unfold (e), we choose: kf < k' - k; and k} <krand gr2g'and (1),(a).
We have (H, |=gf,kf Pi1AHgvr Jf AHp; 02 U,
Unfold the definition, we get: Hy; v; U;Z H; Vi NH E Q1 % Q.
W)) € (A)grpr—t, ASL < €2 <SU(K).
execd(L,U")
By IH on the third premise, we know: (601 v}) € ({Q1 * P2} 3y1.6B {Q}[)g’,if,)z (5).
Unfold the definition, we get:
execd (L', U")
V1 € ({Qux P} IV1.72 QY g -k Ao c3<Up AQuu Py =y — B
=>Vi.g"(yi) = (l;;m, A) — H{(I;)[n] # H{ (I;)[n] = ne€ B;(f).
We have (H},) Fg,., Q1 *x Q2= HlgiF QuAHlgaF QoA He Po. Hlgrw He; v} U g
Unfold the definition (f), we get:
Hl1 e He; vf' U Hlg; v A Hlg F Q, (v]") € (6B g/ k-1, AOL' < e < 8U'(g).
STS1: Use Lemma 2, we know that Hlg w Hlg, F Q * Q2, which proves STS1.
STS2: it is proved from (g).
STS3: it is proved from (e),(k),(f),(g) and c=cf+cp. Acr=c2+ ¢4

STS4: from (e),(f), we know all the n in P will appear in P; or Q; w P,. It is proved.

This completes the proof of Unary let.



331

Proof of statement (3) if A;®,;;T o, SD:7Tand -6 : A and F §®. Then for i €
{1,2}. if there exists I"; s.t. FV(e;) € dom(I'";),I'; =T and (0;) € [I6T"|;1g|,x, then o ;e; €

1E,(0,00)
Hl&TllﬂG“,k

Because it is similar for the two case, we only show the case when i=1.

Case

diff D
ND@gx:1,f 11— 12, [FHhet, SD:1

R-FIX
. . diff D
A;®4;T F Fix f(x).1 © Fix f(x).1 <0: 71 — 77

Assume F @9 and there exists I s.t. FV(fix f (x).#;) € dom("),I" =T and o € [|16T" 116, k-

exec(0,00)

TS: (fix f(x).00t) € [(|1071]; — |5T2|1)Hg,|(1(?}€oo)

exec(0,00)

By Lemma 31,STS: (fix f(x).60 ;) € [(167111 — 167211)]6),,x- We prove the more general
statement:

exec(0,00)

vm' < k.(fix f(x).601) € [(16T111 — 1672101 61,m (1)

By subinduction on m'. There are two cases.

Subcase 1: m' = 0. there is no non-negative k’ < 0, it is vacuously true.

Subcase2: m'=m'"+1<k

exec(0,00)

By sub-IH: (fix f(x).00t1) € [(16T111 — 1672116}y, m"-
) exec(0,00)
STS: (fix f(x).00t1) € [(16T111 — 167211 G|y, m7+1
Unfold the definition. Pick j < m" +1, g’ 2 G|;. Assume v € [|67;]1]g j, STS:
Soti[v/x][fix f(x).0/ f] € [[|612|1]]§,’(?’°°)
By IH 3 on the premise instantiated with

exec(0,00)

ov/x]lfix f(x).tr/ fl1€ [6(x: 1711, 2167111 — 167211, IT'D]gr j because

1. 0 €[|6T"1)]g,; by Lemma 1.

2. vellrihlg ; from assumption.
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] exec(0,00) .
3. fixf(x).t; € [IT1l1 — I72/1]g,; by Lemma 1 on the sub-IH conclusion.

) diff D diff D
and premises: FV (1) Sdom(x: 1y, f:11— 12, and x: 711, f ;11 — 15, ' S x:

diffD
71, f 11 — 12,1

Case

00,4 ety S Dy int[l] AN@yTHBoty<SDy:1T y fresh

diff(Dy+ D7)
A; @4 T Falloct poalloct; t, < 0:{P} Jy. Array, [I]1 T {Pxy — N}

ALLOC

Assume F ®¢ and there exists I s.t. FV(alloc t; &) € dom(I"),I" T and o € [|6T" 116,k

exec(0,00)

TS: 60 alloc 1y o€ [18UIPI} Fy. Array, (1) [ {IPh xy —NDLIG e

exec(0,00)

STS: 60 alloc 1 t2€ [I6({|Pl1} Jy. Array, [ I7]1 {IPly xy — NDlil g,

Unfold the definition.

Pick g’ 2 G|, k' < k, k" < k" and assume H g 1 |P|; and H;allocty th?”

STS: H; v U;ﬁ,,’c v',H and0 < c<ooand H' Fgn _rry and v’ € [Array, [I] [T]1] gn gr—gr
From H;alloct; tzl,lk”, because 13,1t are sub terms of 6o alloc t; 1o,

we get: 60ty U;ﬁl NOO by U;ﬁz (1). From (1), we get:
vy, v0, k1, k.00 Ukl'cl V1 ANOO L Ukz’ci Uy A k' = ki+k,+1Ac=c+ C'l +Calloe (@)

From (a) and evaluation rules we get: 31.H, (alloc t; t;)60 U?”C I; H[l — [vy,...v2](b).

By IH 3 on the first premise instantiated with o € [|6T’ 1lg krusinglemma 1 and FV (1) <
dom([") and I’ cT, we get: (6o 1) € [[|51nt[I]|1]]§;f2;7°)(*).

Unfold the definition of [int[] ]]]5;'(2;?0) and using (a) and k; < k”, we know:

(1) € ﬂint[[]ﬂcl'krr_kl >1=IN0<c <00 [H1
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By IH 3 on the second premise instantiated with (o) € [|6T'|1] 4 '~k using lemma 1 and
FV(t;) cdom(|I"|}) and I’ =T, we get: (6atp) € ﬂlérllﬂg;(g;‘iolgl (**). Unfold the definition

of (**) and using (a), (b) and k, < k' — k1, we know

(v2) € 6T 1 g k1 —k, = [16TI ] g/ k-1 AO < €] <00 IH2

Let us assume: g" = g'ly — (L,Ith, DI(c), H} = Hy, [l — [v2, Va,...,v2]|(d). We want to

show 2 cases.

TS1 (V' =0D¢€ IIArrayy[I] IT|1] g7 k. it is proved by unfolding the definition and using

the assumption (c).

TS2 (H{) |=g”,k’—k” |P|y *y—N
we know that g"(y) = (I,I7|1, ), H = HHe HiAHy = 1 — [v3,...,12], Hy E|P|; from

assumption.
STS1 Vi<I,(Hi(Dli]€[Algr g —gr-1.Itis proved by using IH2 and Lemma 1.
TS3 0<c<oo.Itis proved by IH1 and IH2 and 0 < cg;7¢c < 00.

TS4: 3n.|Ply = {y1 — T1,...,Yn — Tut AVi € [L,n].g(y:) = (I;,A,m) = Vj.(H[L;][j]) #
H'Lj1=jeT;
Because y not in |P|;. For all y;, H,H’ is the same.

Case
N®;THR ot <Dy :Array, (11T
50045 thoty < Dy:int[I'] N, =T <1

' diff(Dy+ D)
00T read ) thoread t) £, SO:{P}I_.7 {P}

R-READ

Assume F ®§ and there exists I s.t. FV(read t; ;) € dom(I"),I’ =T and o € [|16T" 11,k

exec(0,00) E,(0,00)
TS: 60 read 1y L [I6WUIPIY _Izh UPLNI]G &
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exec(0,00

STS: 6o read 1y € [I6({IP11} 3_-(|1:|1){|P|1})|1]]G|1,k
Unfold the definition.
Pick g’ 2 G|, k' < k, k" < k" and assume H kg 1 |P|; and H;read #; IZUfN
STS: H;read 1 tguljﬁﬁ’c V,H and0=<c<ooand H' kgrp_iryand v' € [|T]1]gr pr—gr
From H;read f; tzl,lk”, because 13,1t are sub terms of 6o read t; 1o,
we get:do U;ﬁl ANOO Iy U;? (1). From (1), we get: 31, n, v, k1, ko.
o YR InSat |R9 nAK =k +ky+1Ac=cp + 1+ Creaa N H()[n] = v(a).
From (a) and evaluation rules we get: H;do (read 1 1) U?"C H;v (b).
By IH 3 on the first premise instantiated with o € [|6T”| 1lg rrusinglemma 1 and FV (#;) S
dom(")and I" cT, we get:(6a ty) € [Array, [1] |T|1]]§;f2;°°) (6).
Unfold (6), since k; < k' and 8o 1 ¥ [, we know [ € IIArray),[I] IThlg k-, AO<cp <
oo(e).
From (e), we know : g'(y) = (1, |t]1, D(7).
By IH 3 on the first premise instantiated with o € [|6T"|;] g krusinglemma 1 and FV () €
dom(I") and I" < T, we get: (6011)) € [[int[I’]]]?fg;"o) (8). Unfold (8), since ko < k' ,we

know
nelintl'Nlg p-r,=>n=I'A0<cj<oco )
Let us assume: g’' = g’ (g).

STS1: HFEg v |Ply. Itis proved by Lemma 1 on assumption H g 1 | Ply

STS2: (V' =v) € llthlg r—kr
from (a). we know Hl(l)[n] = . From H t:g',k’—k” Y, we know: Vi < n, (Hl(l)(l)) €
[Alg k-1

s.t we know (H; (1)[n]) € [Alg x—1. Because k' — k" < k' - 1, By Lemma 1, We get:
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VE HA]] g k'—k"
STS3: 0 < ¢ <oo. Proved by the fact that 0 < ¢;¢qq < 00, it is proved by (e) (f).

STS4: dn.|Ply ={y1 — T,....,Yn — T} AVi € [L,n].gy:i) = (;, Am) = Vj.(H[LI[]]) #
H'[][j1=> jeT;

H is not changed, it is trivially true.

Case

A0, ety SDy: Array, [ T

SAOLTH et <Dy:int[l']  AOeI'<sI  AO=T'epf

R-RB
dlff(D1 +D>)

;A;®@,T read fy poread t) 1, S0:{y — B 3_.0O71 {y — B}

The proof is same as case read above.

Case

500, TH ot SDy:Array, Il T

SA0TH ety SDoint[l]  ZA0LTHBOf,<Ds:t  AO =I'<I

R-U
diff(D; +Dy+D3)

0@, T Hupdt 1y o tsoupdt 1] £ 15 S0 {Pxy — B 3_:unit {Pxy — fU{l'}}

Assume that = ®§ and there exists I s.t. FV(updt t; 1, 13) < dom(I"), I’ =T and o €

[6T 16,k
exec(0,00)
TS: 60 updt 1 1 tz€ 6Pl xy — N} 3_.Junithy {|Phyxy = NDLIG e
exec(0,00)

STS: 6o updt £1 1 13€ [|6({|P]1 x Yy — N} A_.|unit|; {{Pl1 *y — NDllg,,k
Unfold the definition.
Pick g’ 2 Gly, k' < k, k" < k' and assume H g 1 |P|; xy — Nand H;updt #; t tgljiﬁ

STS: H;updt #; £, KSU?”C vV ,H and0<c<ooand H’ Fgr k—k"Y and V' € |I|unit|1]]g~,k/_ku
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From H;updt t; t tguk”, because t,t, are sub terms of 60 updt t; ©, t3,we get: do U;ﬁl

ANOO by U;z NOO I3 U;Cf (1). From (1), we get:

AL, n, v, ki, ko, k3. 00 t; U IAGat, 129 nadots |54 va

K'=ki+ky+ks+1Ac=c1+} +¢] + cupdate (@)

From (a) and evaluation rules we get: H; 6o (updt t; 1, t3) U;f”’c H(l[n] < v;0(b).

By IH 3 on the first premise instantiated with o € [|6T"| 1lg rrusinglemma 1 and FV () <
dom(([) and I’ T,

we get:(601) € [Array, [1] |r|1]]g',f2’,°°) (2).

Similarly, By IH 3 on the second premise and third premise,

we get: (5012) € [intl111h1 ™ 3), Gots) € [Tl ™ 4). From (2),(3),(4), we know:

L€ [Array, [I] Alg w1, = &' ) =(LADAO<c <00 (©
nelintlgp-r, =>n=IN0<c; <oco (d)
Ve [Alg p-k, ANO<c] <00 (e)

Let us assume: g" = g'(5), H; = H(I)[n] — v(6).

STS1: (H{) '=g’,k’—k” |P|y *Y — N
H, =HpwH, H{ = Hpw H)(I) < v, From assumption Hy F |P|; xy — N

STS: H, = H(l) — v F y — N, which is proved by the assumption that H; =y — N,
STS2: (0) € [unit] g x—kr. It is proved by unfolding the definition.
STS3: 0 <c<=<oo. bythefactthat 5L, < cypgare < 6Uy, itis proved by (c)(d)(e).

STS4: dn.|P|i*xy —=N={y;—=T1,....,yn— Tu} AVi€[l,nl.g(y:) =, A,m)

= Vj.(HILIG) # H L) = je Ty
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When [; # [, the heap is not changed. it is true;
When [; = I, H(l)[n] # H'(I)[n], To show n € §, which the premise in the typing
rule.

Case
S0N0,THhet, SD:T

diff(D)
2N, D4 T Freturnty ©return ity ,S 0:{P}d_.7 {P}

Assume F ®§ and there exists I s.t. FV(return t;) € dom(I"),I" T and o € [|6T" 116,k

exec (0,00

(0,00)
TS: 60 return e [6UIPKY Azl 1PhD LG e
exec(0,00)
STS: 6o return ri€ [I6({IPI1} A_ITh {IPIDIhlgp &
Unfold its definition.
Pick g’ 2 Gl1, k' < k, k" < k' and assume H kg 1 |P|; and H;return tlujiﬁ
STS: H;return tluji”'c v,H and0<c<ooand H' Fgn_iryand v' € [|T]1] g pr—i»

Because t; is the subterm of return #; ,we know: 6016 Uk” (3). From (3), we know:
vy, k1, 6010 U AR = ki +1AC=c1 + Cre ()

From (a),(b) and the evaluation rule R-ret: Hj;return tlujiu’c vy1; Hy(b).
By IH 3 on the first premise instantiated with o € [|6T”| 1lg rrusinglemma 1 and FV () S

dom(I") and I" €T, we get: (60 11) € [167111 ;> (5).

Unfold (5), we get:v; € (0A) g/ k-, A0 < c1 <00(6). Let us assume: g" = g'(7) H} = H;(8).
STS1: H) Fg g |Pl1. Itis proved by the assumption on Lemma (monotonicity).
STS2: (v1) € (I7l1) g k—k»- It is proved by (6) using Lemma 1.

STS3: 0 < ¢ < oo which is proved from (6)

STS4: 3n.IPli = {y1 — Tu,e..,Yn — Tu} AVi € [L,nl.gly) = (i, Am) = Y j.(HIL1[j]) #
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H'[;][j1= jeT;

H is not changed, it is true.

This completes the proof of case unary return.
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A.6 EXAMPLES REVISTED

A.6.1 Cooley Tukey FFT Algorithm

fix sp (O).ANANNANANNAXARALAYADT.
if i <(n/2) then
let {a} =read x (pr +2 i) in
let {b} =read x (pr+2*i+1) in
let {_} =updt y (pr+1i) a in
let {_} =updt y (pr+i+n/2)b in
celimspO 000N xn(@+1) y pr
else

return ()

unit — Vy1,y2 :LLYM,N,I,PR:N.(I = (M/2)A(M+PR)<N)>

Fosp Array.r1 [N] int— int[M] — int[[] —»/—\rrayy2 [N] int— int[PR]

exec(4x(M/2-1),4%(M/2-1)
—{y1 = N,v2 — N} I_.unit {y; = N,y2 — N}

unit — Vy1y2 :L.VM,N,I,PR:N.YB;.(I =< (M/2) A(M+ PR) < N)

Fspesp<0: :>Array?,1 [N] U(int,int)— int[M] — int[]] —»Array},2 [N] U(int,int)

) diff(0)
— int[PR] —{y1 — P1,72 — N} A_.unit {y; = N,y = N}
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fixcp Q. AANNANAAXAYALAU.
if I <uthen
let {a} = (read x [ )in
let{_} = (updtyla)in
(celimcpO N ONOMxyU+1)u)

else return()

unit — Vy1,y2.VL U,N.(L= U = N) DArray,, [N] int—Array, [N] int—

exec(2%(U—-L+1),2%«(U—-L+1))
int[L] — int[U] —{y; — N,y2 — N} I_.unit {y; = N,y = N}

unit — Vy1,v2,61.VL,U,N.(L<U < N)

Fcpocp<0: SArray,, [N] U(int, int)—Array,, [N] U(int,int)

diff(0)
— int[L] — int[U] —{y; — B1,y2 — N} 3_.unit {y; = N,y — N}

separate

fix separate ().A.AAAAAxAnAyApr.
let _=celim(spO 000 xn0yprin

celim(cpO M1 y x pr (n+ pr)
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unit — Vy1,y2.YM,N,PR.(M + PR < N) DArrayY1 [N] int— int[M]
I separate : —Array,, [N]int— int[PR] —

exec(4*M,z%*M)
{y1—=N,y2 — N} 3_.unit {y; — N,y — N}

unit — V1,72, $1.YM, N, PR.(M + PR < N)

DArraqu1 [N] U (int,int)—
I separate © seperate <0:

int[M] —»Arrasz [N] U (int,int)— int[PR] —
diff(0) )
{y1 — B1,y2 — N} I_.unit {y; — N,y2 — N}

fix loop Q). A AANANANAkARAXApT.
if k< (n/2)then

let {e} =read x (k+ pr) in
let {0} =read x (k+ pr+n/2) in
let w = e 2*PI*kin

let {_} =updt x (k+ pr) (e+ w=*0) in

let {_} =updt x (k+ pr+n/2) (e—w=*o0) in

celim(loopQ [1111111[D (k+1) nx pr

else

return ()
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unit — Vy1.YK, M, N, PR.(PR+ M < N) >
- loop : int[K] — int[M] —Array,, [N] int

exec(4*(M—-K),4*(M-K))
— int[PR] —{y; — N} 3_.unit {y; — N}

unit — Vy1,51.YK,M,N,PR.(PR+ M < N)>

Floopeloop <0: int[K] — int[M] —

diff(0)
Arrayy1 [N] U(int,int)— int[PR] —{y; — f1} 3_.unit {y; — N}

fix FFT Q. AAAAAAXAyAnApr.
if 2<nthen
let {_} = celim(separate QO[] [I[]1[]1[])xnyprin
let {_} =celim(FFT QNI xyr/2) prin
let { }=celim(FFTOONNOI xyn/2)(pr+n/2)in
celim(loop(Q [1(11111[D 0 n x pr
else

return ()

unit — Vy1,y2.YM,N,PR.(PR+ M < N)>

F  FFT Arrayyl[N] int—»Arrasz[N] int—

exec(8+ Mxlog(M),8xMx*log(M))
int[M] — int[PR] —{y1 — N,y2 — N,} I_.unit {y; = N,y2 = N,}
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unit — Vy1,v2,1.YM,N,PR.(PR+ M<N)>

Array},1 [N] U(int,int)
FFFTeFFT <0:

—>Array7,2 [N] U (int,int)— int[M] — int[PR] —

diff(0)
{y1— P1,y2 = N} A_.unit {y; = N,y — N}
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A.6.2 Naive String Search

Description: Given a long text string S :Array, [N] int and a shorter substring
W :Array,, [M] int to be searched in S. There is an int array P :Array,, [N] int which will
store the matching result (1 as match, 0 as mismatch ) for the same index as the text
string. For example, for index 1, there is a match with W from index 1 in the text string S
and P[1] = 1.

Helper function
Helper function will do the match process for one index m in s and update p[m], i will

start from 0 till the length of w (Q) if the prefix matches.

search =fiX f (). AAANAANANAASAWAMALAL,. Ap.
let {a} =read s (m+1) in
let {b} =read w i in
if (i+1)==1, then
if a==bthen...(1)
updt pm1
else
updt pmoO
else
if a==bthen...(2)
celim(fFON00000Mwm@GE+D1L,p
else

updt p moO
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unit —

VYL, Y2, Y3:LYLM,Q,N:N.U<Q<NAM+I<N) DArrayY1 [N] int
F search :

—»Arrayn[Q] int— int[M] — int[I] — int[Q)] —>Array7,3 [N] int—

exec(cy+1,(Q-D*r+cy)
y1—@,72—@,y3 — {M}} d_unit {y; — @,y> — @,y3 — {M}}
Notice, one thing to mention is that in the unary type, in the precondition, y3 — {M}, it

means before helper is executed, it can only touch position M in p.

Where r is the cost of two reads and c,, is the cost for update, w has length Q, s,p

have length N.

unit — Vy1,72,y3:LYI,M,Q, N :N.V s, Bs.

(I<Q<NAM+I<N)cArray, [N]int—Array,, [Q] int

- searchesearch <0:
— int[M] — int[I] — int[N] — int[Q)] —»ArrayYS[N] int—

diff(Q—1-min(MIN(B2n[I,00)),Q—1))%r)
{Pys — P3} 3_.unit {Bys — 3 U {M}}

where MIN(beta: set) return the minimum element in the set beta, P=y, — @,y, —

B2

First, we will apply rule R-Fix-Ext.
diff((Q—1-min(MIN(B2n[1,00)),Q-1)) 1)
Set 0 = unit — Vyy,--- {By3 — B3} 3_.unit {Pys — B3 U{M}}.

Set Aj = Ay = unit— Yy1y2,73 :LYLM,Q,N:N.U<Q<NAM+I<N)
DArray.Y1 [N] int—»/—\rrayy2 [Q] int

exec(cy,(Q—I-1)*r+cy)

— int[M] — int[I] — int[Q)] —>Array},3 [N] int—{y3 — {M}} 3_.unit {y3 — {M}} .
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diffo
SetI' =_:unit, f :unit— o, f U(A;, A2)

ITh FoFix f(O).A..... A8 A] Tl FOFix f(.A.....As....: Ay

diffo
I'FFixf().A....eFixf().A.... <0:unit—o

R-FIX-EXT

We first show how do we get the unary type A;.
Set A; = unit— By. So By =Vy1y2,y3:L..... ,Set Q= |T'l; =_:unit, f: A;.

unary type
First, we apply U-fix rule.

U-FIX
QFSFix f().A....1 A

Then, we apply rule U-ILam several times to introduce new index term into sort
environment A.
SetA=vy1:Ly2:Ly2:LLI:N,M:N,N:N,Q:N.
To introduce the constraint, apply U-CIMPL. ®,=(I < Q< NAM+ 1< N).
Apply U-Abs several times to eliminate all the lambdas, we introduce variables into the
unary context, Q = s :Arrayy1 [N] int, w :Arrayy2 [Q] int, m : int[M],

i :int[1], [y 1 int[Q], p :Array, [N] int . we will show:

{ys — {M}} = {ys — {M}} x empty
exec(cr,cr)

I—gread s(m+i):{ys — {M}} A_.int {y3 — {M}}

exec(cr+cy,cr+(Q—I1-1)*r+cy)

N; @y a:int, Q I—g let {b} =read b (i) --- :{ys — {M}} 3_.int {y3 — {M}}

U-LET
exec(cy+1,(Q-I)*r+cy)

A @y QF let{al =read s (m+1)...:{ys — {M}} 3_.unit {y3 — {M}}
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We apply U-Let again to introduce b into the unary environment. Set Q' = a :int, b :

int, Q.
We need to show the unary type of the first if term.

U-CASE
exec(cy,(Q—I-1)*r+cy)

A; @y Q'Y if (a == b)(1) :fys — (M}} 3_.int {y3 — N}

exec(cy,(Q—I-1)xr+cy)

A;®;Q FYif (a==b)(2) :{ys — (M}} A_.int {y3 — (M)}  FJi+1==1,:bool

A, Q)

exec(cy,(Q—I-1)*r+cy)

I—8 if (i + 1) == [, thenif(a == b)(1)elseif (a == b)(2) :{ys — {M}} A_.int {y3 — {M}}

For if (2):

exec(cy,(Q—I-1)xr+cy)

A;®g; Qg celim(FONNNNNNMN wm(+1) Ly p:lys — {M}} I_int fyz — (M}

exec(cy,(Q—I-1)*r+cy)

N; @45 Q' FJupdt p m 0:{ys — {M}} _int {y3 — {M}}  +) a==b:bool

U-CASE
N;@g; Q' Y if (a== b)thencelim (FONNNNNNMwmGE+1) Ly p

exec(cy,(Q—-I-1)xr+cy)

else updt p m 0:{ys — {M}} A_.int {y3 — {M}}

By applying U-app, U-Iapp, U-celim, we get the type for celim (f O 0000M wm @i+
exec(cy,(Q—-I-1)*r+cy)

1)l pis {ys — {M}} A_.int {y3 — {M}}. Along with the constraint [+ 1< Q< NAM+ 1+
1<N.

For the other branch, the term updt p m 0. We use U-X and subtyping rule S-A-MONAD.

exec(cy,cy)

A D, Q) I—gupdt p m0:{y3 — {M}} 3_.int {y3 — {M}}

exec(cy,cy) exec(cy,(Q—I-1)xr+cy)

A @, E{ys — {M}} 3 _int {ys — {M}}={ys — {M}} 3_.int {ys — {M}}

AEO0=0 AEO=O0

U-EXEC
exec(cy,(Q—I-1)*r+cy)

A; @4 Q' Fdupdt p m 0:{y3 — {M}} 3_int {y3 — (M}



348

For if (1), it is similar by using U-exec and subtyping rule S-A-MONAD to make its
type consistent with if (2).

Relational type
There are two cases we need to consider for relational types. We first apply some simple
relational rules R-ILAM and R-ABS. Subscription 1 and 2 are used for the two runs. We
apply R-CIMPL to introduce the constraints into the constraint environment ®,.

Set Z as the body of the function helper. where C= (I <Q < NA M+ 1< N) and

diff(Q—1—-min(MIN(B>n11,00)),Q—1))1)
T={y1— @,Y2— B2,¥3s — B3} I_.unit {y, — @,y2 — B2,y3 — B3 U{M}}.

To show the type of part Z, we will use the rule R-SPLIT first.

SNO,NCAIEPsTHZ0Z<0:1...(Casel)

S0MO,NCANIEPyTHZ0Z<0:1...(Case2)

R-SPLIT
SNO,ANCTHZeZ<0:1

Casel I¢pf»
Because I ¢ 2 = b; = b,. We know a; = ay, m; = mp and i; = i,. The two runs
will go to the same path,, in the rest part of the proof, we think ®/, =®, A (I <Q <

NAM+ 1< N)Ai¢p,. After two reads, we will reach a if conditional.

R-READ

A®THaeaS0: Array, [n] T

A@ ;T ke k<0:int[i] A® Ei<n  A;-empty wf

A; @ ;T Hread S(m+i)eread S (m+1i) S0:
diff(0)
{Yy1—@,v2— B2,ys — B3} A_int {y1 — @,y2 — B2,y3 — B3}

Set R as the outer if if (i + 1 == [,,)then (1) else (2).
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SetVasletb=read Wi inR.

R-LET

ANDybi+1==1,0i+1==1, <0:unit+unit

ANOLTH(1)e (1) 50:
diff((Q—1—min(MIJy(ﬁzm[I,oo)),Q—l))*r)
{y1— @,72— B2, y3 — B3} A_.unit {y; — @,y2 — B2,Y3 — B3 U {M}}

N®g T H(2)e (2) SJO:
diff(Q—1-min(MIN(B2N[I,00)),Q—1)) 1)
{y1— ®,72 — B2,y3 — B3} _unit {y1 — @,y2 — P2,y3 — B3 U{M}}

R-CASE
A;®;THRORSO:
diff((Q—1-min(MIN(B2n[1,00)),Q—1))*7)
{y1— ®,y2— B2, y3 — B3} I_.unit {y1 — @,y2 — B2,y3 — B3 U{M}}

diff(0)
A;@ T Hread Wioread Wi SO:{y, — B2} 3_int {y, — B2} Py =empty

APy THEVeVSO0:
diff((Q—l—min(MIN(ﬁgﬁ[I,oo)).Q—l))*r)
{y1— @,72 — B2,y3 — B3} A_unit {y1 — @,y2 — P2,y3 — B3 U{M}}

diff(0)
A;®y T Hread S(m+i)oread S(m+1i) S0:{y; — ¢} 3_:int {y; — @}

Py =empty

ANOyTHZeZ<0:
diff(Q—1-min(MIN(B>n11,00)),Q—1))1)
{y1— @,72— B2,y3 — B3} I_unit {y; — @,y2 — B2,y3 — Pz3U{M}}

(a) The relative cost for (1) is 0, because the cost of update is the same. We use

sub-typing rule S-RM to make the types of two branches consistent.

(b)The relative cost of (2) depends on its first branch , which is a recursive call of

the f function. We know that the relative costis (Q—1—-min(MIN(B2N[I,00)),Q—

1)) *r by using relational typing rules R-APP and R-Iapp . Because we already know

i ¢ B, itis easy to infer that MIN(f, N [I,00)) = MIN(B2 N [I+1,00)).

Case2 [€ f3,.
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When i € 82, by may not be the same as b,, which means the two runs may go to

different branches when reaching the if conditional. So we will switch to unary

typing. From R-S, we know the relative cost of helper is (Q — I —1) * r, the type
diff(Q-1-min(MIN(B2n[1,00)),Q—1)) )

i€p2 (Q-1-min(MIN(B,Nn1,00)),Q-1) = (Q-I-1).

We get the unary type of function helper from the context |T'| and apply U-IAPP

and U-APP to get the unary type of the body:

exec(cy,(Q—I-1)*r+cy)

{ys — {M}} 3_unit {y3 — {M}

By applying unary subtyping rule S-UM, we know the following unary typing used

in R-S.

exec(cy,(Q—I-1)xr+cy)

A;®g; Ty g (1) : {ys — {M}} 3_unit {y3 — (M}

exec(cy,(Q—I-1)xr+cy)

A;®g;|Tl2 =g (1) : fys — {M}} 3_.unit {ys — {M})

R-S
A;®,THD e <0:

exec(cy,(Q—I-1)*r+cy) exec(cy,(Q—I-1)*r+cy)

U({ys — {M}} A_.unit {ys — {M}}, {ys — {M}} I_.unit {ys — {M}})

exec(cy,(Q—I-1)*r+cy) exec(cy,(Q—I-1)xr+cy)

= U(lys — {M}} 3_.unit {ys — {M}, {ys — {M}} I_unit {ys — {M}}) C

diff(Q—-1-1)*r)
{y1— @,yY2 — B2,¥Y3 — Bs} I_.U(unit,unit) {y; — @,y2 — B2,Y3 — B3 U{M}}

By subtyping rule S-R-UNIT, we get the relational type.

NSS function

NSS =fix F (S). AW.Am.Als. AL, . AP.
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if (m+1,)<I;then
let {_} = (celim searchS Wm0, P) in
FSOWm+1)Isl, P

else

return ()

VM.NYY1,Y2,Y3:LYQ,N:N.

(Q=sNAM+Q=<N) cArrale [N] int

FNSSeNSS<0:
—»Array),2 [Q] int— int[M] — int[N] — int[Q] —»Arrayy3 [N] int—
diff((Q—1-min(MIN(B2n[0,00),Q—1))*r*(N—M-Q))

{Pys — P3} A_unit {Pys — 3 U[M, N]}
where P = y; — @,y2 — f2. For the type of NSS, we first apply R-FIX. Then we ap-
ply R-ILAM and R-ABS multiple times. Then after we introduce the constraints (Q <
NAM+Q < N) into the constraint environment @, the cost comes from the first branch.
Set K as (celim helper SW mO0Is1,, P),Set Qas F(SYW (m+1) I, P.
Set X as let _ = (celim helperSW mO0Is1, P) in

FSOYW(m+1)I1,P.
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R-LET
{Y1— @,72— B2,y3 — B3t ={y1 — @,y2 — B2,y3 — B3} xempty

AOy;THKOKSO:
diff((Q—1-min(MIN(B2n[0,00),Q—1)) 1)
{y1— @,y2— B2,y3— B3} I_unit {y; — @,y2 — P2, y3 — B3 U {M}}

A;®4;THQeQS0:
diff(Q—1-min(MIN(Bn[0,00),Q—1))r* (N—(M+1)~Q))
r1—= 8,72 = B2, ys — Pz U{M}} A_unit {y1 — @,y2 — f2,y3 = fsU{M}U[M + 1, N]}

A;®4;THX6XS0:
diff((Q-1-min(MIN(B2n10,00),Q—1))*7*(N=M-Q)
{y1— @,72— B2,y3 — B3} A_unit {y; — @,y2 — B2,Y3 — B3 U [M, N]}
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A.6.3 MergeSort

copy =fix cp Q). ANANNANAXAYAL AU
if I <uthen
let {a} = (read x I )in
let{_} = (updtyla)in
(celimcpONONMxyU+1)u)

else return()
Type 1: copy SN[l ul=¢

vn,LU,y1,72,SS. L<sU<nASN[LU =¢>
 copy e copy <O0: Array},1 [n] Ul(int, int)—»Arrasz [n] U(int,int)— int[L]

diff(0)
— int[U] —{y; — S,y2 — S’} I_.unit {y; — S,y> — N}

Type 2: copy Sn[l,u]l # @

vn,L,U,y1,Y2,S. L=< U < n>Array,, [n] U(int,int)

Fcopyecopy S0:  —Array,,[n] U(int,int)— int[L] — int[U]

diff(0)
—{y1 — S,y2 — N} I_.unit {y; — SU[L, U], 72, — N}

merge, =fix mg ().A.(k: int[K]).Aa :Array, [n] int.
Al int[i], Al s int[j], Arg rint[m], Are : int[u].ﬂtb:Arrayyz[n] int.

if Iy <[, then
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if ry < rethen
let {x} = (read a [;) in
let {y} = (read a 1) in
ifx < ythen
(let {}=(updt b k x) in
((celimmg 0 (k+1)) a(ls+ 1) Lo 77 b))
else
(Iet {}=(updtb k y)in
((celimmg () (k+ 1)) alyl, (rs + 1) e, b))
else
(Iet{x} =(read a ) in
let{_} = (updt b k x) in
((celimmgQ (k+ 1)) a(ls+1)lorsre b))
else
ifrg<re
(Iet{x} =(read a rg) in
let{_} = (updt b k x) in
((celimmg () (k+ 1) alyle (r+ 1), b))

else (return())
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Vi, lgle, 15,76, K, Y,y .ls < lo < 1s < 1o < 1D unit — int[K]
F merge, : —»Arrayy[n] int— int[/;] — int[l,] — int[rg] — int[r,]
exec(U,L)
—Array,[n] int—{y — @,y — [K, rl} 3_unit {y,y"}
L=(¢c,+cr+cy)*min(l,—ls,re—15)+(cr +cy) *max(le— 1,1, — e5)

U=(cr+cr+cy)*((Ue=15)+ (re—r5))

In merge,,, we have 4 positions in the input array, [, [, indicating the left part of the
array, rs, 1, for right part. we need to merge the two part, which means total (/, — [;)
elements for left part of the input array and (r, — r;) elements for right part. In the body
of mergey,, for every element to be merged and added to the buffer array, there are two
possible different branches: in one branch (if I < [, A rg < 1, which means we still have
elements waiting to be merged in both left and right parts), the cost will be ¢, + ¢, + ¢y,
cr for the cost of read from the input array, ¢, for the cost of updating the buffer array.
in the other branch, (either I; < [, or r; < r,, we need to only merge one part into buffer
array), the costis ¢, + c.

For the L, the minimal possible cost is that we run out the shorter part (min(l, -
ls, re — 1)) with the cost of ¢, + ¢, + ¢, first and then merge the rest part with the cost of
¢r + ¢y. For the maximal cost, merge all the elements with the cost of ¢, + ¢, + ¢;,. If we
consider the cost for update as 1 unit cost and cost for read is 1 unit cost, ¢, + ¢, + ¢, =

3,¢+cy=2.

Type 1: mergeLp SN [K,r.] =@
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vn,lsle, 5,16, K, Y, Y.
s<le<rs<1.=nASN[K,1.]=¢
F merge|, © merge|, S0: o unit — int[K] —Array, [n] U(int,int) — int[l;]
— int[l,] — int[rs] — int[r,] —»Arrayyr[n] U (int,int)
diff(0)
—{y =38,y =N} 3_unit {y — S,y — N\ [[, ul}
Because in the range [K, r.], all the values in the two arrays are exact the same, the

two programs will go to the same branch for every step.

In the read rule, i equals to either [ or r;.

A®@gTHaeaS0: Array, [n] T

N @ T Ilrsl o Ilrs] < 0:int[i] ANDy,Fi<n A; @, Fempty wf

R-R
diff(0)
A; @y T Hread a lg[rgloread a ls[rs] SO0:{y — St {y— S}
and
A®4THbebS0:Array,(nl T A;®,;THEkok <0:int[i]
APyl x:THxox<0:int ANO,Ei<n A; D, empty wf
R-U

diff(0)
N, ® T Hupdt bk x[yleupdt b k x[y] <0:{y' — N} 3_:unit{y' - NU[i]}

Using R-Case for two times, we have four similar cases, we will have a look at one

of them.

A @4 T E (celimmg) k+1a(ls+ 1) lorgrso (celimmg0)k+1a(ls+ 1) lersrs SO

diff(0)
Itstypeis {y — S,y' — N} 3_:unit {y — S,y’ — N}. By applying R—Celim to check

the constraint and then applying R — Iapp and R — App for several times.
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Type 2: mergelp SN [K,r.] # ®
Because if SN [K, 1] # @, merge;, in the two runs are likely to go into different
branches at any step, We will use R-S to handle this cases because the two runs are

likely to go to different branches in every step.

exec(L,U)

A;®g; Tl ) merge, O kalslersreb:{y — @,y — [K, rel} 3_: unit {y,y'}
exec(L,U)

A; @4 IT1p o merge, O kalslersteb: iy — @,7 — [K, o]} 3_: unit {y,y'}

R-S

A @y T Hmerge,0kalslorsrebeomerge,Okalslersteb S0
exec(L,U) exec(L,U)
Ully — 8,7 — [K,rel} 3_:unit {y,y'}, {y — 8,7 — [K, rel} 3_: unit {y,y'})

and we know from S-RUM.

exec(L,U) exec(L,U)
EU{y,y — [K,rel} 3_:unit {y,y'}, {y,y' — [L, U]} A_:unit {y,y'H &

diff(U-L)
fy—38,7 — S}3_:unit{y — S,y — S UK, r.]}

Vi, lslo, 15,76, K, Y, Y ls < lo < 1 < 1o < n D unit
— int[K] —Array, [n] U(int, int) — int[/]
F merge), © mergey, S0:
— int[l,] — int[rs] — int[r,] —»Arrayy/[n] U (int, int)

diff((U-L))
—{y—=8, 7 =N} _unit{y — S,y = NU[K, re]}

Function merge

merge = La.Ab.Al.Au.Amid.

let {_} = (celim (merge;, 01)a | mid mid+1 u b)in
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(celimcopy l) ab u)
Type 1: merge SN[K,rel=¢—Sn[L,ul=9¢

vo,l,muy,y,Sl<m<usnAaSnilul=¢
Yy

SArray,[n] Ulint,int)—Array,. [n] U(int, int)
F merge o merge < 0:

— int[l] — int[m] — int[u]

diff(0)
—{y =Sy =N F_unit{y - S,y = Nj

R-LET

Fcelim mergej, l alm(m+1)ubecelimmerge,lalm(m+1)ub0:

diff(0)
{y — S,y — N} A_unit {y — S,y — N\ [[, ul}

A;®@ 4T celimcopy labuecelimcopylabu<0:

diff(0)
{y — 8,7 = N\ [ ul} 3_unit {y — S,y — N\ [1, u]}

A;® ;T Emergeablmuomergeablmu<o0:

diff(0)
{y—S,¥ — N} A_unit {y — S,y — N}

we know: |= N/[/, u] EN, By S-RM, we can get the post condition of merge to be

y—=87y —-N}

Type 2:merge SN [K,r.]Z@ — SN[l ul# @

vn,l,m,u,y,y’,S.l <m<u<n>Array,[n] Ul(int,int)

F merge © merge <0 —»Arrayy/[n] Ul(int,int)— int[l] — int[m] — int[u]

diff(max(m-1,u—(m+1))

—{y =38,y =N} _unit {y — SUll,ul,y — N}
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R-LET
AHOPH

Fcelim mergej, lalm(m+1) ubecelimmerge, lalm(m+1)ub S0:

diff(max(m—1,u—(m+1))

{y =S,y =N} A_unit {y — S,y = NU[I, u]}

A; @4 T Hcelimcopylabuecelimcopylabu<0:

diff(0)
{y =S,y — N} A_unit {y — SU[l,ul,y’ — N}

A;® ;TEmergeablmuomergeablmu<0:

diff(max(m—1,u—(m+1))

{y =S,y =N} 3_unit{y — SUlL,ul,y — N}

msort
msort = fixsort (a :Array, [n] 7) b:Array,, [n] T Al Au.
if (I = u) then
(return()
else (
let _=(celim (sort)a bl (I+[(u—1/2]))in
let _=(celim (sort)a b (I+(u—0D/2]+1) u)in
(celim merge ab I (I1+ [(u—1)/2)) u))
vn,Luy,y' .l <u<n>Array,[n] int
F msort :

exec(0,(u—*log(u—1))
— int[l] — int{u] —Array,,[n] int—{y — [I, ul,y" — [I, ul} 3_.unit {y,y"}
Let us call M the following term: celim merge ab I (I+ [(u—1)/2]) u, and call S1
the following term: celim (sort)a b I I+ |(u—1)/2], and call S2 the following term:

celim (sort)a b I+ [(u—1)/2] +1 u, and call Z the following term: let_ = S1in let _=
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S2in M, and set V as: if [ = u,then (return ())else Z .

Type 1: msort SN [l,ul=¢

vn,Luwy,y :N,Sl<usnaSn(lul=¢

SArray, [n] Ul(int,int)— int[/]
F msortemsort <0:

— int[u] —»Arrayy,[n] U(int,int)
diff(0)
—{y =8,y =N} _unit {y — S,y — N}

R-CASE
diff(0)
ADy;THES2082<0:{y—S,y—N}3_:unit{y — S,y = N}
diff(0)

ANOyTEMoMS0:{y—S,y—N}3_:unit{y — S,y — N}

P> = empty
R-LET
N®yTHIet_=8S2inMelet_=8S2inM<0:
diff(0)
fy—=8y—N}3_:unit{y— S,y — N}

diff(0)
A;®yTHS1eS1<0:{y — S,y — N} 3_:unit {y — S,y — N}

P, = empty

R-LET
diff(0)

ANOyTHZeZ<0:{y— S,y —N}3_:unit{y — S,y — N}

A;®y;THI=uel=u<0:unit+ unit

diff(0)
A; @ T H return Qereturn )0 SO0:{y — S,y =N} 3_:unit {y — S,y — N}

diff(0)
NPTV OVS0:{y—Sy—N 3 _:unit{y — S,y = N}

Type 2: msort SN[l u] # @

vn,Luy,y :N,Sl<u<n DArrayY[n] U (int,int)

F msortemsort <0: — int[l] — int[u] —>Array7,, [n] U(int, int)

diff(Q(u—1+1,1Sn[1,ul]))
—{y— 38,y =N} 3_.unit {y — Su[l,ul,y — N}
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where Q(n, @) = =H h([2""1).min(a,2%7"), H=T[log(n)]

R-CASE
R-EXEC

diff(0)
E{y—S,y —N}3_:unit{y — S,y — N}
diff(Q(u—1+1,1S(L,ull))
Ciy—S,y =N 3_:unit{y - Sull,ul,y — N}

N; DT F return () © return () §0:

diff(Q(u—1+1,ISN [, ull))
A;®g T return Qereturn ) <0:{y — S,y — N} 3_:unit {y — Su [, ul,y’ — N}

A;®,;THI=uel=u<0:unit+ unit
diff(Q(u—1+1,|Sn[l,ull))
AN®yuTHZeZ<0:{y— S,y — N} 3_:unit{y — SU[l, ul,y — N}

diff(Q(u—1+1,|SN[1,ull))
N@gyTHVeVS0:{y— S,y — N unit fy — Su(l, ul,y' — N}

R-LET
R-LET
Py = empty
diff(Q(u—I-(u—D/2,1Sn [+ (u~D)/2]+1,ul))
ANDyTHES2082<50:{y — SUll L(w—D/2]1} 3_:unit fy — SU [, ul}

diffomax((I+[(u-1/2))—Lu—((I+1(u-D/2])+1))
ANOGTEMeMS0:{y—Sull,ul}3_:unit{y — Sull,ul,}

A®;THIlet_=S2inMeolet_=82inM<0:

diff(Q(u—I—(u—1)/2],ISN 1+ (u=1)/2]+1,ul|+(u-1))
{y—=Sull,[((u-D/2]],y =N} 3_:unit{y — SU[l,ul,y — N}

Py =empty

diff(Q(L(u—1)/2]+1,1SN(L, 1+ (u—1)/2]]])
ADy;THESIOSIS0:{y—S,y— N 3_:unit{y — SUIll [(u-1)/2]],y = N}

diff(Q(u—1+1,1Sn[L,ull)
NOyTHZeZ<0:{y—S,y—N}3_:unit{y —Su(l,ul,y — N}

If we simplify the relative cost for M, itis max(([(u—10)/2]),u—1-([(u-0/2))+1) =
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[”T_ZW . Let us look at the simplified version of msort:

msort(in,l,u,buf) = msort(in,l, 1+ L”T_lj,buf);
msort(in,l + L”T_ZJ +1,u,buf);

merge(in,l, [+ L”T_IJ +1,u,buf).

To show: Q(UE] +1,1Sn (1, 1+ 411D +

Quu—1— %21, ISn 1+ 1% + 1, ull) + 1454

=Qu-1+1,ISn[l,ull)

Let us simplify the inequality with n=l-u, a = |SN [, [+ L”T_IJ and g =|Sn[l+ L”T_IJ +
L, ull:

[21+Q(L5],a) +Q([51,8) < Qn, a+ p), it is arithmetically tautology

a+p#0because SN[/, ul # @
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A.6.4 Insertion Sort

fix 1ISort ().A.AAAAs AP AL
if i <l then
let {a} =read s i in
let {b} = celim(insertQ[ N0 sa0iin
celim(ISortQ (1111 (1s(@ + 1)1
else

return ()

unit— Vy;:L.YN,I:N.(I < N) DArrayY1 [N] int—

exec((MHLAH2 D32 (o N 1) (N+1)— (21+3) #(1+1))
int[/] — int[N] — {y1 — N} A_.unit {y; — N}

F  ISort

where minimal cost obtained when the array is already sorted in the ascending order

and the maximal cost corresponds to a sorted array in the descending order.

unit — Vy; :L.YN,I:N.VB;,.(I< N) :>Arrayy1 [N] int— int[]
F 1Sort © I1Sort 5 0: diff( N*(N+1)2—k*(k+l))

— int[N] —{y; — B1} I_.unit {y; = N}
where k = max(I, min(MIN(f;), N)).
fix insert ().A.A. A AN AAs Aadidx.Ai.

let {b} =read s idx in

if a=bthen
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celim(insertQNNNONM salidx+1)i
else
let =celim(GhiftON [0 sidx(i—-1)in

updtsidx a

unit— Vy;:LVYN,A IDX,I:N.(IDX < NAI=<N) :>Array),1 [N] int—

exec(I—IDX+1,2%(I-1DX)+2)
int — int[IDX] — int[I] —{y; — N} 3_.unit {y; — N}

F insert :

where the minimal cost consists of one update operation and (I-IDX) times read opera-
tions when the value ’'a’ inserted is already the biggest element in the sequence ranging
from [idx, i]. the maximal cost consists of 2*(I-IDX) coming from shift and one read and
update operation in addition when the inserted value ’a’ is the smallest element in the

sequence.

unit— Vy;:L.VN, A, IDX,I:N.Vf;.
(IDX<NAI<NABINI[IDX,I] = @)
Finserteinsert <0:
DArray),1 [N] int— int[M] — int[N] —
diff(0)
{y1 — B1} A_.unit {y; — f1}
The relational cost of insert function is 0 when the premise ; N [IDX,I] = @ holds,

which means in the range [IDX, I], the elements of arrays on the two runs are exactly

the same. Considering we are inserting the same value 'a’ (s[I]), it always goes into the
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same path and hence incurs no relative cost.

fix shift (O).A.A. A AAs.Aidx Ad.
if idx <1ithen
let {c} =read s i in
let {_} =updtsi+1cin
celimGhift O 0I)sidx(i—-1)
else

return ()

unit— Vy1:L.VN,IDX,I:N.(IDX < IANI<N) DArrayyl [N] int—

F  shift exec(2*(I—-IDX+1),2%(IDX—I+1)
int[IDX] — int[I] — {y; — N} 3_.unit {y; — N}

where cost 2 comes from one read and one update operation.

unit — Vy, :L.YN,IDX,[:N.(IDX <IANI<N) :)Array},l [N] int
Fshift e shift <0: diff0)

— int[IDX] — int[I] —{y; — B1} 3_.unit {y; — B U [ID}}

Let us look at the derivation of the relational type of ISort.

fix 1Sort (). A. A AN A AP AL.
if i <[ then
let {a} =read s i in

let {b} = celim(insertQ[ N0 sa0iin
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celim(ISortQO [1 111111 s(i + 1) I
else

return ()

unit— Vy;:L.VN,I:N.(I < N) :>Arrayy1 [N] int—

F o 1Sort exec(NHVENF2 TR D2 UE2) (5 N +1) % (N+1)—(21+3) * (I+1))
int[I] — int[N] — {y1 — N} 3_.unit {y; — N}
unit — vy, :L.YN,I:N.VS,.(I < N) DArray},1 [IV] int
F1SorteISort <0: difp( M) k)
2

— int[I] — int[N] —{y; — 1} I_.unit {y; — N}

where k = max(I, min(MIN(f;), N)).

We first apply the fix-ext rule to store the unary information of ISort into the context.
After several application of R-ILam and R-Abs rules as well as the rule R-CImpl, we in-
troduce the index variables, variables and the constraint to the left side of the typing
judgment. We will focus on the relational type of the body of the function ISort.

Set Z as the body of the function. where C = (I < N) and

diff( N*(N+1];k*(k+1) )

T :{71 — ﬁl} EI_.unit {Yl — N}

To show the type of part Z, we will use the rule R-SPLIT first.

S0NP,ACABIN[0,I=0;THFZeZ<0:7...(Casel)

S00,ACABINI0, £ THZeZ<0:1...(Case2)

R-SPLIT
500,ACTHZ6Z<0:7

Casel [1n[0,I]=¢
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We know the two runs will go to the same path and we use relational typing rules
to obtain the relational type of the body Z. After applying the rule R-Case, we need
to show the type of the two branches respectively. Set the first branch as (1), the

second (return () as (2), @' to be the updated constraint environment.

A @) Fi<lgei<ly <0:unit+ unit

AOTHDeMS0:T AP THRe@ <0:7

R-CASE
NOTHZoZ<0:1

(a) The relative cost for (2) is 0, return () as a unit operation causes no relative cost.

We use sub-typing rule S-RM to make the types of two branches consistent.

(b)The relative cost of (1) depends on the insert function as well as the recursive

call of ISort.

Set 3) aslet b=celim(insertONON0[) sa0iin

celim(ISortQ 11 MNs@E + 1)1

diff(0)
A;qD'a;F Finsert...einsert...<0:{y; — f1} I_.unit {y; — p1}

A;@ ;T 1Sort...e1Sort...<0:T[k/K]

R-LET
A;CD'a;l" F3)eB)<0:7

where k' = max(I+1,min(MIN(fB;), N)).

Because in this case, we know that 1 N [0, I] = @ = k = k/, and the relative cost of

insert is 0 and the relative cost of (3) comes from the recursive call. Because we

already know k' = k, it is easy to infer that 7[k/k'] = 7.

Case2 (1n[0,I]#@.
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The two runs may go to different branches when inserting one element into the
array. So we will switch to unary typing.
We show the unary type of (3) first:

exec(/+1,21+2)

A; @4 Qb insert---:fy; — N} 3_.unit {y; — N}

exec(LH B2 W25 (143 (5 N4 1) 4 (N+1)— (21+5) *(1+2))

N @ QFE ISort---: {y1 — N} 3_.unit {y; — N}
U-LET
. exec(NHUHNEZ U2 UH2) (5 N4 1) % (N+1) - (21+3) * (1+1))
+co+ :
A; @y Q |—2+2+1 3): {y1 — N} 3_.unit {y; — N}

N*x(N+1)—Ix(I1+1) Be-

From R-S, we know the relative cost of the function ISort is 5

cause we know that g1 N[0, I # @ => k=1,
diff(N*(N+l)2—k*(k+1])

the type is still {y; — B} 3_.unit {y; — N}.

By applying unary subtyping rule S-UM, we know the following unary typing used

in R-S.
c1+ca+1 exeC(Ll'[-],)
N Dy T I—Cl+C2+1 (3) : {y1 — N} I_.unit {y; — N}
exec(L,U")

A;@g; |Tlp FET2 0 (3) 1 fy) — N} A_.unit {y; — N}

c1+co+1

R-S
AD;THEB)eB3) S0:

exec(L’,l.J’) exec(L’,l.]’)
U({y:1 — N} 3_.unit {y; — N}, {y; — N} 3_.unit {y; — N})

exec(L,U") exec(L,U")

= U({y: — N} 3_.unit {y; — N}, {y; — N} I_.unit {y; = N}) =

where [/ = LW DR 157 = QN +1) « (N+1) — (21 +3) % (I +1)

diff( N*(N+1)27[*(I+1))

{y1 — B1} 3_.unit {y; — N}
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A.6.5 Boolean Or

BoolOr =fixf (). A.A.A.AAs. Am.AL.
if m < I then
let {a} =read s m in
if athen
returnfrue
else
(celim fO[MMIMN) s (m+1) I
else

return false

unit — Vy; :LLYM,N:N.(M < N) DArray.Y1 [N] bool—
+ BoolOr : int[M] — int[N] —

exec(3,(N—-M)*3+1)
{y1 — @} 3_.bool {y; — @}

unit— Vy;:LVYM,N:N.YS;.(M < N)

F BoolOre BoolOr <0: SArray,, [N] U(bool,bool)— int[M] — int[N] —

diff(N—1-min(MIN(B1N[M,00)),N)) x3+1)
{y1 — p1} 3_.U(bool,bool) {y; — B}

For the relational type, we show the type derivation on case analysis using R-Split

rule.
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Set Z as the body of the function. where C = (M < N) and
diff(N—1-min(MIN(B1n[M,00),N))¥3+1)
T ={y; — f1} _.U(bool,bool) {y; — B1}.

To show the type of part Z, we will use the rule R-SPLIT first.

500, ACAMEB;THZeZ<0:7...(Casel)

S00,ANCAMef;THZoZ<0:1...(Case?)

R-SPLIT
500, NCTHZ6Z<0:7

Casel M¢ B
Because M ¢ ;. We know the two runs will go to the same path and we use rela-
tional typing rules to obtain the relational type of the body Z. After applying the
rule R-Case, we need to show the type of the two branches respectively. Set the

first branch as (1), the second (return false) as (2).

A; @, - aea < 0:unit + unit
diff(N—1-min(MIN(B1n[M,00)),N))%3+1)
A®,;THE1) o) S0:{y; — B1}A_.U(bool,bool) {y; — B}
diff(N—1-min(MIN(B1n[M,00)),N))%3+1)
A®,;TH@2)e(2) S0:{y; — B1} A_.U(bool,bool) {y; — B}

diff(N-1-min(MIN(B1n[M,00)),N))*3+1)
ANDyTHZeZ S 0:{y; — B1}3_.U(bool,bool) {y; — f1}

R-CASE

(a) The relative cost for (2) is 0, because return false causes no relative cost. We

use sub-typing rule S-RM to make the types of two branches consistent.

(b)The relative cost of (1) depends on its second branch , which is a recursive call
of the f function. We know the relative costis (N—min(MIN(f;N[M,0)), N)) xr
by using relational typing rules R-APP and R-Iapp . Because we already know

M ¢ B, itis easy to infer that MIN(; N [M,00)) = MIN(1 N [M + 1,00)).
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Case2 M e f3;.
When M € f;, the two runs may go to different branches when reaching the if
conditional. So we will switch to unary typing. From R-S, we know the relative
cost of the functionis (N- M —-1) *3+1,
diff(N—1-min(MIN(B1n[M,00),N))*3+1)

the type is still {y; — 1} 3_.U(bool,bool) {y; — B} for the reason that under the

assumption of M € 1, (N—1-min(MIN(; N [M,00)),N)) =(N—-1-M).

We get the unary type of function body from the context |I'| and apply U-IAPP and

U-APP to get the unary type of the body:

exec(3,(N—-M)*3+1)
{y1 — @} 3_.bool {y; — @}

By applying unary subtyping rule S-UM, we know the following unary typing used

in R-S.
exec(3,(N—M)*3+1)
N;®@4;IT1 ) (1) : {y1 — @} 3_bool {y; — @}
exec(3,(N—-M)*3+1)
A;@g;|T)2 Fg (1) : {y1 — @} 3_bool {y; — @}
R-S

ADL;THM o) S0:

exec(3,(N—-M)*3+1) exec(3,(N—M)*3+1)
U({y1 — ¢} 3_bool {y; — @}, {y1 — @} 3_.bool {y; — &})

exec(3,(N—M)*3+1) exec(3,(N—M)=*3+1)
= U({y1 — ¢} 3_.bool {y1 — @},{y1 — @} 3_.bool {y; — @}) C

diff(N—-1—-M)*3+1)
{Yl i ,61} 3_.U(b001,b001) {Yl i ﬁl}
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A.6.6 Boolean Or, Two Implementations

We have two implementaions for the above Boolean or functions.

fixBoolOrl (). A.A.A.AAs. Am.AL.
if m < Isthen
let {a} =read s m in
if a then
returntrue
else
(celim BoolOr10[1111111) s (m + 1) I
else

return false

The unary type of BoolOr1 as follows.

unit — Vy; :L.YM, N:N.(M < N) SArray,, [N] bool—
- BoolOrl : exec(3,(N—M) #3+1)
int[M] — int[N] —{y; — ¢} 3_.bool {y; — @}

The following BoolOr2 is another implenmentation of BoolOr.

fixBoolOr2 ().A.A.A.AAs. Am.AL.
if m < I then
let {a} =read s m in
if (celim BoolOr2001000111) s (m +1) L) then

returntrue



373

else
returna
else

return false

With its unary type presented below.

unit — Vyp :L.YM, N:N.(M < N) Array,, [N] bool—

exec(3* (N—M)+1,3%(N—M)+1)
int[M] — int[N] —{y; — ¢} 3_.bool {y; — @}

- BoolOr2

We can obtain the relational type with relative cost 0.

unit — ¥y : L.YM, N:N.YS;.(M < N)

) U(Array},1 [N] bool,Array},1 [N] bool)
F BoolOrleBoolOr2 <0:

— U(int[M], int[M]) — U(@int[N], int[N]) —

diff(0)
{y1 — p1} 3_.U(bool,bool) {y; — B}

The derivation mainly relies on the switch rules.

exec(3,(N—M)#3+1)
N @I I—g BoolOrl: A —{y; — ¢} 3_bool {y; — @}

exec((N—M)#3+1,(N—M)#3+1)
N Dy T o |—3 BoolOr2: A —{y; — ¢} 3_.bool {y; — @}

R-S
A;® 4T BoolOrl e BoolOr2 <0:

exec(3,(N—M)=*3+1) exec(N—M)*3+1,(N—M)*3+1)
U(A—{y — ¢} 3_bool {y; — @}, A—{y; — ¢} 3_.bool {y; — @})

We set Atobeunit— Vy;:L.VM,N:N.(M < N) DArray},1 [N] bool— int[M] — int[N].

exec(3,(N—M)#3+1) exec((N—M)*3+1,(N—M)*3+1)
We set A; to be {y; — @} 3_.bool {y; — @} . set A, to be {y; — @} 3_.bool {y; — @}.

Wesset 7 tobe unit — Vy; :LLYM,N:N.V(;.(M < N)> U(Array71 [N] bool, Arrayy1 [N] bool
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) — U(int[M],int[M]) — U (int[N],int[N]).
We set 7’ to be {y; — b1} EI_.U(gi(f)fg)l),bool) {y1— B1}.

Use the subtyping rules S-R-FORALL-U, S-R-CIMPL-U and S-R-EXECDIFF, we can show
that

FUMA—A,A— A)ET—U(A A2)

Next, using the monadic sutyping S-RUM, we can show that

exec(3,(N—M)*3+1) exec((N—M)*3+1,(N—M)*3+1)
=U({y1 — @} 3_.bool {y, — @},{y1 — @} I_.bool {y; — @} C

diff(0)
{y1— B1} 3_.U(bool,bool) {y; — B}

Finally, using the ruele R-EXEC, we can derive the relational type shown above.
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A.6.7 InPlaceMap

Example 1: In Place Map

mapi = fix map (f).Aa.Ak.An.
if k < nthen (let {x} = (read a k)in
let{_} = (updt a k (f x) ) in ((celim (map f)) a(k+1) n)

else return()

As a first example we want to prove

exec(L,U)
. VLVU:N.(A— A) —Vn:N.Vi:N.Vy:L.
= mapi :

exec((L+cr+cy)*(n—1),(U+cr+cy)*(n—1i))
(isn)> (Arrayy[n] A — int[i] — {y — N} 3_.unit {y — N}
where c; is the cost for one reading operation and c, denotes the cost for one updating

operation.

diff
_ _ vr.O(T 1—H)—»Vn,i:l\l. Vy:ref.VfB:P.
F mapiemapi <0: diff((|BN[i,nl|*r))
(i<n)> (Arrayy[n] 7 — int[i] — {y — B} _.unit {y — B})

_ _ ‘v’r.(r(ﬁfr)—»‘v’n,i:l\l. Vy:ref. VB:P. (i<n)>
F mapiemapi <0: diff(((-i)*1)
(Array, [n] T — int[i] — {y — B} I_.unit {y — BU[i, nl})
Let us call M the following term: (celim(map f) a (k+1) n). and call T the following term:
(Iet {x}=(read a k)inlet{_} = (updt a i (f x) ) in (celim(map f)a(k+1) n))
and call Z the following term: let{_} = (updt a i (f x) ) in(celim(map f) a (k+ 1) n).

and set V as: if k < n,then T else (return ()).
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Before we discussing the two types, we can apply simple rules first to make the relational
type easy to read. We apply R —iLam and R — abs several times. Before we start to
derivate the relational type of part V, We apply relational rule R — Cimp! to introduce

the constraint i < n into the constraint environment ®,.

Type 1: Same function We have two possible cases, one is that position I € f which
means the values in the two arrays of two runs may be different, the other case

is I ¢ B, which means in index I, the values are the same in the two arrays:

Before we go to the two cases, we will first apply R-split. We need to show two cases
and their types, with different constraint environment ®, Ai € fand ®,Ai ¢

respectively.

Case 1: different values fromread, ®,Ai €

A;CI)a;Fl—aearSO:ArrayY[n]T ANDy;THEkok <0:int(i]

AND,l=i<n A; = empty wf

diff(0)
A;®@yTHreadakoreadak S0:{y— B 3_t {y — B}

and

A;q)a;l"l—aeagO:ArrayY[n]T A®@y;THEkok <O0:int[i]

ANOyT,x:t-fxofxSr:t ADylEi<sn Ak empty wf

diff(r)
A;@ T Hupdtak (f x)eupdtak (f x) S0:{y — B} 3_:ulrli€{y—>ﬁu{i}}

where A=n:N,i:N,r:R

=vy:L,®,=i<n,

diff
I'=a:Array, [n] 7,k:int[i], f:O(r ir)T),
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diff i
map :0O(t ir)T) dif((»))Vn :N.Vi:N.Vy:L. (i=n)>

diff(|Bnli, nl|*r)
(Array, [n] T — int[i] — int[n] — {y — p} unit {y — B} ).
Because at position i, a; [i] # az[i],s.t. BuU{i} = p.

We will show:

S-RM
diff(0) diff(lﬁﬁ[i.nl_l*r)
A Dy l={y — B} A_:unit{y — B} C {y — B} 3_: unit {y — p}
diff(0)
A; DT F return ) oreturn ) <0: {y — B} 3_:unit {y — p}
- , R-EXEC
diff(|Bn[i,n]|*r)
A; @4 T Freturn ) oreturn ) SO: {y — B} 3_:unit {y — p}
A;@yTHEk<nek<n<0:unit+ unit
diff(|fn[i,nl|*r)
A®yTHE Te TSO0:{y— B}3_:unit{y — B}
, , R-CASE
diff(|fnl[i,nl|*r)
NOLGT {x:1}F VeV S0:{y — B3 unit {y — B}
Using R-Let rules, we get
R-LET
diff(0)

Py=empty A;® THreadakereadak S0:{y— B13_:int{y — B}
diff(|Bni,n]l+1)
A®yTHZeZ<0:{y— B} 3_:unit{y — B}

diff(|8n[i,nl|*r)
A;OLT {x:inttFTe T <0:{y— B} 3_:unit{y — p}
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R-LET

Py, =empty
diff(r)
A;®@ T Hupdtak (f x)eupdtak (f x) S0:{y — B} 3_: unit {y — B}
diff(|Bn[i+1,n]|*1)
ANOyuTEMoMSO0:{y— B} 3_:unit {y — f}

diff(|Bn[i+1,nl|*r+r)
A®yTHZeZ<0:{y— B} 3_:unit {y — B}

Becauseiin f, weknow: |[fn[i+1,n]l*r+r=|n[i,n]|and fU{i} = .
We want to show the typing of M. By applying R-IApp (when instantiating Vi,
we use i+1) and R-App(when instantiating A.k, we use k+1), we can easily get

R-CELIM

AdyEi+lsn  A®,F ((mapf))e((mapf))<0:

diff(|Bn[i+1,n]|*r)
(i+1<n)> (Array,[n] T —int[i + 1] — int[n] — {y — B} 3_: unit {y — B})

A;@g; T+ (celim(map f)) © (celim(map f)) < 0:

diff(IBn[i+1,nl|*r1)
/—\rrayy[n] T— int[i + 1] — int[n] —{y — B} 3_: unit {y — B}

A;@g; T+ (celim(map f) a(k+1) n) e (celim(map fla(k+1)n) <0:

diff(| fnli+1,n]]*r)
{y — B} 3_:unit{y — B}
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Case 2: the same value from read, ®, A i ¢ 8

A;®@4THaeaS0: Array, [n] T

A;@L;THEkok <0:int[i] AND,l=i<n NP, FEigp

R-RB
diff(0)
A;® T Hreadakereadak S0:{y — B 3_0O1 {y — B}
and
R-UB
A;Cl)a;FI—aea,SO:Arrayy[n]T A@yTHEkok <O0:int[i]
diff diff (0)
A;®, = O if)r) C Ot — [t S-R-BOX-DIFF
diff (0)
AD - fof<0:0r—0r
ADyTx:Or- fxofx<0:0r Ad,l=i<n

diff(0)
A;®@yT, Fupdtak (f x)eupdtak (f x) SO:{y — B} 3_:unit {y — B/{i}}

where A=n:N,i:N,7:R

2=vy:L,®,=i<n,

diff diff i
I'=a:Array,[n] 7,k:int[i], f: Ot i:)T), map :0O( if)T) dﬂg)‘v’n, L,v,0:N.
diff(|fn[i,nl|*r)

(i <n) > (Array,[n] T — int[i] — int[n] — 3B. {y — B} unit {y — B} ).
Because at position i, a; [i] # aq[i],s.t. BU{i} = p.

Using R-Let rules, we get

diff(0)
A;®g T Hreadakereadak <0:{y— B} 3_:int{y — B}
diff(|Bnl[i,nll*r)
P, = empty ANOyTHZeZ<0:{y— B} 3_:unit{y — p}

R-LET
diff(|fnl[i,nl|*r)

ANDyT {x:inttFTe T <0:{y— B} 3_:unit{y — f}
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diff(0)
A;@ T Hupdtak (f x)eupdtak (f x) S0:{y — B} 3_:unit {y — B}
diff(|gn[i+1,n]|*r)
Py=empty A;OH;zTHFMoM<O0:{y— f}3_:unit{y— B}

- - R-LET
diff(|SN[i+1,n]|*r+0)

ANOyTHZeZ<0:{y— f}3_:unit{y — B}
Becauseinotin 8, we know: |[Bn[i+1,n]|*r+0=|6n[i,n]l.
The type of M is the same as we showed in previous case.
Type 2: Different functions :

diff
VNG Vi N Vi N Yy L YB:P. (i<n) o

F mapiemapi <0: diff(((n—i)*r))
(Array, [n] T — int[i] — {y — B} unit {y — BU i, n]})

Let start with read and update from index k.

A®@4THaeaS0: Array, [n] T

A;®,;THEkok <0:int[i] NO,l=i<n A; = empty wf

- R-R
diff(0)

A;®yTHreadakoreadak <S0:{y— g3t {y— B}

and

A;CI)a;Fl—aeaSO:ArrayY[n]T A®y;THEkok <0:int(i]

ANOsT,x:t-fxefx<Sr:t A®s=Ei<n  A;Femptywf

R-U
diff(r)

A;®@y;THupdtak (f x)eupdtak (f x) S0:{y — B} 3_:unit {y — pu{i}}

where A=n:N,i:N,r:R

2=vy:L,®,=i<n,
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diff diff
I'=a :Arrayy[n] T, k:int[i], f: (r ﬂ)‘r), map: (t ir)T) —Vn,i,y,p.

diff((n—1i)*r)
(i < n) > (Array,[n] T— int[i] — int[n] {y — B} unit {y — BU[i,n]} ).

We will show:

S-RM
diff(0) diff(| ﬁrj[i ROIESD] .
={y— B} 3_:unit{y — I =E{y — B} I_:unit {y — Ui, nl}
diff(0)
A; @4 T Freturn ) oreturn () SO0: {y — B 3_: unit {y — B}
- - R-EXEC
diff(|Bnl[i,nll*r)
A; @4 T Ereturn ) oreturn ) SO:{y — B} 3_:unit {y — pu (i, nl}
A;®@4THEk<nek<n<0:unit+ unit
diff(|Bn[i,nl|*1)
A®L;THE To TSO0:{y— SE3_:unit{y — puli,n]}
R-CASE

diff(|fn[i,nl|*r)
ANOLGT {x:1tF VeV <S0:{y— B 3_:unit{y — Buli,n]}

Using R-Let rules,instantiate P; with {y — B} and P, = empty,Q = {y — Ui, nl},

we get

diff(0)
A;®g T Hreadakereadak <0:{y— B} 3_:int{y — B}
diff(|pn[i,nll*r)
A;®yTHZeZ<0:{y— B 3_:unitfy — BULi, nl}

: . R-LET
diff( Bnli,nll*r)

ANOL T {x:inttFToe T <0:{y— B} 3_:unit{y — Buli,nl}

Because we know: (Bul{i})n[i+1,n]=pn[i+1,n]and pufiluli+1,n] = puUli,n]

Using R-Let rules,instantiate P; with {y — g} and P, = empty, Q; = {y — BuU{i}},

Q2 =empty,Q={y — puliluli+1,n]}, we get
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diff(r)
A;@yTHupdtak (f x)eupdtak (f x) S0:{y — B} 3_:unit {y — fu{i}}

diff(|(Bu{iDn[i+1,n]|*r)
AOuTEFMeMSO0:{y— fu{il}3_:unit{y — pu{iluli+1,nl}

R-LET
diff(|Bn[i+1,n]|*r+r1)

ANOyTHZeZ<0:{y— S 3_:unit{y — puli,nl}

We want to show the typing of M. By applying R— I App, instantiating  with Su/{i}

and i with i + 1. Then apply R — App (instantiating k with k + 1) several times, we

can easily get A; @4; T+ (celim(map f) a(k+1) n) e (celim(map f) a(k+1)n) S0:
diff(|n[i+1,nl|*71)

{y = Bu{i}} 3_:unit {y — pUli, nl}. When apply R-Celim, We also check the con-

straint i +1 < n.
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A.6.8 Square and Multiply (SAM)

This examples implements the square and multiply algorithm for the positive power of
the anumber. It bases on the observation that x™ = (x?) 7 if mis even and x™ = xx (x2) 2

if m is odd.

fixsam 0. A AAAAAAXxAaLiAn.
if i<(n-1)then
let {b} =read a i in
let {r} = celim(sam O IO xa(+1) nin
return(funcx br)
else
if x=0returnl

returnx

where func is a function which depends on the value of b (1 or 0), returns the result
x % 1if b=1, returns 1 otherwise. The relatonal type is derived by split the cases on the
assumption [ € § and on the two cases, func will generates different costs based on the

assumption whether I € § or not.

unit — Vy,.VI,N, X, f.(I < N) 2 int[X] —»Array),l [N] U(bool,bool)

diff(Bn[1,N])
— int[I] — int[N] —{y; — B} 3_.U(int) {y; — B}

Fsamoesam <0:
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function func

fix func (x).Ar.Ab.
if b then
returnx«r*r
else

returnr *r

diff (0)
Ffuncefunc S0: y(int) — U(int) —int — U(int)

diff (1)
Ffuncefunc S0: y(int) — U(int) — U(int) — U (int)
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A.6.9 Constant-time Comparison

fix comp().Al1.AL. Al An.
ifi < nthen
let {a} =read [; i in
let {b} =read > i in
returnboolAnd(celim(compQUIM 4 L (i +1) n,eq(a, b))
else

returntrue

where function boolAnd has the type (U(bool) x U(bool) O 1y (bool), and eq has

type (U(int) x U(int) 0 y(bool) .

unit — V’)’l,]/g.VI, N,,Bl,ﬁg.(l >0)
Fcompecomp <O0: :)Arrayy1 [N] U (int, int)—»Array),2 [N] U (int,int)— int[I] —
diff(0)
int[N] —{y1 — B1,v2 — B2} _.U(bool) {y1 — B1,y2 — B2}
When we assume the two arrays has the same length N, start comparing the two

arrays from the same index i on the two runs. No relative cost is generated because the

execution paths across the two runs are the same.
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APPENDIX B
Appendix for BiARel

We use some abbreviations throughout in the appendix, "TS" for "To show", RTS stands
for “remains to show", STS stands for “suffices to show". "IH" for induction hypothesis,
"[H2" for induction hypothesis on the second goal, which is usually when simultane-

ously proving multiple goals in a lemma, similar for "IH3", "IH4", and so on.

B.1 RELSTLC

B.1.1 Syntax of relSTLC

Types 1 == bool,|bool, |1 — 12
Terms ¢ := x/|true|false|if tthen f; else &, | Ax.t| 1 &
Value v := true|false|Ax.t

Figure B.1: Syntax of values and terms in relSTLC.

Types 1 == bool,|bool, |7 — 12
Terms ¢t := x/|true|false|if tthen £ else & | Ax.t| t; &
Value v := true]false| Ax.t

Figure B.2: Syntax of values and terms in relSTLC-CORE.

Types 7 == bool,|bool, |7, — 1>
Terms ¢t := x|true|false|if tthen t; else & | Ax.t|t1 6| (£:7T)
Value v := true|false| Ax.t

Figure B.3: Syntax of values and terms in BirelSTLC.
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I'x)=7 b € {true, false} b1,bs € {true, false}
—r-var r-bool r-u-bool
I'bxwx:1 I'bwb:bool, I'by v Dby :booly,

Iktwt':bool, Thuwtj:t Thhwt):T o
r-i
[ +if ¢ then 1 else 1, —~if ' then £} else t;: T
Ix:tiFHhwbh:1o l"l—tlmt{:n—wg F"tgmté:'[l
r-fix — r-app
I'EAx.j - Ax.lr:T1 — T2 'ttt t,:12
'ttt E1CT
r-c
't 7
Figure B.4: Typing rules of relSTLC.
Etict,  ETn.CT
bool L - - LR refl
I=bool, = bool, ET1—T2C57T, — Ty ETtCT
FET1ETo F12ET3
trans
ET1E713

Figure B.5: Subtyping rules of reISTLC.
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I'x)=1t b € {true, false}
——  alg-r-var alg-r-bool
I'txwxt1 I'bwb 1 bool,

b4,bs € {true, false} by # by
I' by by | bool,

alg-r-u-bool

Htw~t'tbool, TrHuwflt TrohetlT
[ +if t then # else t, —~if t' then t] else 1, | T

alg-r-if

Ix:tiFt—t ] 1o

alg-r-fix
I'Ax.ti - Ax.t | 11— 12
T-ft 11 —12 ruzmtgmal o THFt~t'17 Etv'st
THhtoontyty] T g-r-app I'tt'|1
Tttt |1

alo-r- -
Tt~ )t g-r-anno-

Figure B.6: Algorithmic typing rules of relSTLC.

alg-bool-r alg-bool-u
I=bool, <bool, I=bool,, <bool,
Eti<n ETy<T,
alg-bool - — alg-—
I=bool, < bool,, ET1—T2ST,—T1)

Figure B.7: Algorithmic subtyping rules of relSTLC.

.| :  Expression — Expression

| x| = X
lt1 2l = |6l
(1) = |t]

Figure B.8: Annotation erasure.
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B.1.2 Metatheory of relISTLC

Lemma 20 (Reflexivity of algorithmic subtyping). The reflexivity property holds for algo-
rithm subtyping for RelSTLC, denoted =t < 7.

Proof. By induction on the binary type.

Case

bool,
It is proved by alg-bool-r.

Case

bool,,
It is proved by alg-bool-u.

Case

T1 — T2
By alg-—, TS: = 7; < 7 and |= 72 < 72, which is obtained by IH on 7, and 7, respectively.

O

Lemma 21 ( Transitivity of algorithmic subtyping). The transitivity property holds for
algorithm subtyping for RelSTLC.

ET1<7y and |=12<713,thenl=11 <713.

Proof. By simultaneous induction on the first two subtyping derivation.

Case

alg-bool-r, alg-bool-r
= bool, < bool, = bool, < bool,

TS: = bool, < bool,, which is proved by alg-bool-r.

Case
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alg-bool-u, alg-bool-u
|= bool,, <bool,, I= bool,, <bool,,
TS: = bool, < bool,, which is proved by alg-bool-u.

Case

alg-bool , alg-bool-u
|=bool; <bool, |=bool, <bool,,
TS: = bool, < bool,, which is proved by alg-bool.

Case

alg-bool-r, alg-bool
I= bool, < bool, I= bool, <bool,,
TS: = bool, < bool,, which is proved by alg-bool.

Case
! / 2 ! ! "
F11=1T1 F12<T7, F1,=1; F1,<T7,
alg-—y’ a_lg-—>
_ li I ! I " "
FT1—=T2<1T,—71, T, —=T1,<T,—T1,

TS:E11— T2 <71] —15.
— !/ / I )
BylHon 7 <7 and =7, <71, F 7] <711.
— -/ " — I — i
BylHon|F1,<7|/and |F 12, <7,, F 72 < T,.
It is proved by using the two statements and rule alg-—.

O

Next, we can show that the algorithmic formulation of subtyping (7, < 7,) coincides

with the declarative formulation of subtyping (7, £ 7,). We do this in two steps.
Lemma 22 (Soundness of algorithmic subtyping). Ifl=t <1’ then =1 1'.

Proof. Proof is by straightforward induction on the given algorithmic subtyping deriva-
tion.

Case
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! !/
E1,=<711 E12<T7,

alg-—
ET1—>T2<1]—1)

TS:ET) =157, — 1)

BylHon |7, <7,F1] 1.

ByIHon =7, <75, F T2 E 7).

It is proved using these two statements and subtyping rule —.

Case

alg-bool
|= bool, <bool,,
TS: E bool, £ bool,, which is proved by subtyping rule bool.

Case

alg-bool-u
|= bool,, <bool,,
TS: E bool, = bool,, which is proved by subtyping rule refl.

Case

alg-bool-r
I= bool; < bool,
TS: E bool, = bool,, which is proved by subtyping rule refl.

Lemma 23 (Completeness of algorithmic subtyping). Ifl=t =1’ thenl=1<7'.

Proof. Proofis by induction on the given subtyping derivation.
Case

! !/
FT,ET) F12E71,

~
ET] > T2 E1] > 1)

TS:ET) = T2<1] =T,

BylHon |1, C1, F1)<71.
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ByIHon |12 S 7), E T2 < 7).
It is proved using these two statements and algorithmic subtyping rule alg-—.

Case

bool

= bool, = bool,,
TS: E bool, < bool,, which is proved by algorithmic subtyping rule alg-bool.

Case

refl

ETCET
TS: E 7 < 7, which is proved by Lemma 20.

Case

FT1ETy F12E713
trans

F1i1E713
TS:E 11 <713.

By IHon =11 E7, =71 <712.
ByIH on F12E713, F12<T73.
It is proved using these two statements and Lemma 21.

O

Lemma 24 (Soundness of algorithmic typing). The following holds, |.| is the annotation

erasure function.
1. fTEH | TthenT F ||« |6l 1.
2. Ifl"l— b ltthenlT' |||kl T.

Proof. Proofis by simultaneous induction on the given algorithmic checking and infer-

ence derivations and Lemma 22.

Case
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I'x)=1
alg-r-var
I'txwx17
TS:TH x| |x|: 7T

It is proved by using the premise I'(x) = 7 and typing rule r-var.
Case

t~t'tbool, Truwtjlt TrEhetlT

alg-r-if
['+if ¢t then 1 else t, ~if ¢ then 1] else 1) | T
TS: T+ |if ¢ then ¢, else t,| « |if ¢’ then ¢] else £]: 7

ByIH2onT+ ¢t t' 1 bool,,T

jstypeltl|t'|bool,.

BylHonTHtp ) | 7, Tt~ 8T,

BylHonTHtwty | 7,TH || w5l 1.

Because [if t then £, else f,| = if |e| then |#;] else |fz|. By using these three statements
and typing rule r-if, we get the conclusion.

Case

r,x:‘[ll—tlmtgl‘lfz

alg-r-fix
I'FAx.tjAx.b | 11— 12
TS:THAx.|H]| Ax.|t]:T1 — To.

Byl[Honl,x:t1Ffh b | 1o, [ x:11 H 61|« | 12] : T2.
It is proved by the above statment and tying rule r-fix.
Case

Tttt/ 17 1<t

alg-1|
Tttt
TS:TH |t~ |]:T.

ByLemma22onl=t<7,F71C7.
BylH2onTHt~t'17,T,F |t |t]:7.

It is proved by the above statment and tying rule r-c.
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Case

I'Ft~t |1

alg-r-anno-1
T ()1t
TS:TH|(t: 1)« |(t': T)|: T, which is simplified as T - ¢t «~ ' : 7.

BylIHonTHtwt' | 7,THt 1t 1.
It is proved by the above statement.

O

Lemma 25 (Completeness of algorithmic typing). IfT & t; v~ t, : T then there exists t; and

ty such thatT - t; ~ t; | T and |t]| = t; fori € {1,2}.

Proof. Proofis by induction on the given typing derivation and Lemma 23.
Case

Lx:tiFHwbhi1o
r-fix

I'FAx.tj - Ax.tr:T1 — T2
BylHonT,x:T1F 11~ tp:72, 31, 5.1, x: 71 F 1] ~ 1, | T2and | £]] = ¢;.

Then, using the above statement and algorithmic typing rule alg-r-fix, we can construct

the derivation where ¢ = Ax.t; and t) = Ax.t; .

Fl—[i,mtgl‘[l—"[z

And we show that |£]| = |Ax.t]| = Ax.|t]| = Ax.t;.
Case

It~t':bool, Trkfwti:t Trhhei:T

r-if
[ +if ¢ then 1 else 1, —~if ' then ] else 1, : T
BylHonT F ¢t t':bool,, 3t", " T, t" ~ " | bool, and |t"| = e, |t"| = 1.

By using algorithmic typing rule alg-r-anno-1, I' - (t” : bool,) -~ (¢ : bool,) 1 bool,.

BylHonT+t; vty :7, 31, ' T,k tf ~ t]" | Tand |t]| = t1,11]"| = 1.
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BylHonT+ tp« ty:7,3t),t)' T,- t) ~ 1) | Tand |t)| = 15,|8)'| = 1.
Then, using the above statement and algorithmic typing rule alg-r-if, we can construct
the derivation

where £3 = if (¢ : bool,) then ¢ else #) and t; = if (#' : bool,) then t" else t," .

'tttz l 1

And we show that

|t3] = |if (£” : bool,) then t{ else t}|

=if (¢ : bool,)| then || else |£;| = if e then ¢, else t,, similarly for .
Case

rFtlmtiZTl—V[g F"tgmtéiTl

r-app
Tt ty:To
ByIHonTHF ty«t):71 — 72, 38, /" T, -t 1) | T1 = 1o and |¢]| = 1, 11]"| = 1.

By using alg-r-anno-1, T+ (£ : 71 = 72) v« (] : 71 = 72) 1 71 — 72.
BylIHonT+ tp« ty: 71,38, 8" T,- t) —~ ) | Ty and || = B, 18| = 1.
Then, using the above statement and algorithmic typing rule alg-r-app, we can con-

struct the derivation where 13 = £ t) and t, = 1" ¢}’ .

Fl—l‘gv\ml‘[g

And we show that |13| = 1] )| = |t]'| |£)| = t1 t2, , similarly for 2.
Case

'ttt E1CT

r-c
I'- tlmtgl‘[,
BylHonT+ t; i1, 31, 6., F t]~ &5 | Tand |£]| = t1, | 8] = 1.
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By using algorithmic typing rule alg-r-anno-{, ' (] :7) «~ (£;:7) 1 7.
By using Lemma 22 on premise 1= 1/, =7 < 7.
Then, using the above statement and algorithmic typing rule alg-r-1|, we can construct

the derivation where f3 = (¢{ :7) and 3, = (£):7) .

'tttz lt

And we show that |3] = [(#] : T)| = |#]| = t1, similarly for #.
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B.2 RELREF

B.2.1 Syntax of RelRef

bool, | bool, | T1 — 7o | list[n]® T | Vi:S.7 | Ji:S.T
|O07|C&T|C>OT

Terms ¢ u= x|true|false | if t then 1 else & | fix f(x).t| f; o

| (case tofnil — x|l h:tl— )| At|t]]|letx=t1in b
| pack t | unpack #; as xin £, | clet t; as x in £, | celim ¢

| nil | cons(t, )

Types 1

Value v ;= true | false | fix f(x).v |nil | cons(ty, %) | A.t | pack v
Indices I,n := i|0|I+1|Il+12|11—12|%Ill-lgl[ﬂILIJI
o min([y, Iy) | max([y, I2).

Figure B.9: Syntax of values and terms,index terms in RelRef.

T bool, | bool, | 71 — 7 | list[n]% T | Vi::S.7|3izS.7 |07 | C&T|CO7T
Terms t == x|true|false|if t then 1 else £ | fix f(x).t | fixnyc f(x).t]1 6 & | NC¢
| split (¢, £2) with C | contra ¢ | der ¢ | Ai.t | t[I] | pack t with I
| unpack t; as (x,i) in fp | clett; as xin fp | celim ¢ |let x =1, in £,
case t of nil — f;
|hanctl =t hictl — 13
Value v := true]lfalse|fix f(x).v|fixyc f(x).¢|nil | cons(f, ) | pack twith I
| Ai.t | consyc (v, v2) | consc(vy, V2)

| consyc (1, £2) | consc(ty, ) |

Figure B.10: Syntax of values and terms in RelRef CORE.



Types
Terms

Value

T
t

v

398

bool; | bool, | 71 — 7o |list[n]%T | Vi:S.T|Ji:S.t|O7|C&T|CDT
x | true | false | if # then #; else £, | fix f(x).t | fixnye f(x).t]1 t £ | NC ¢
| split (#;, £2) with C | contra ¢ | der ¢ | Ai.t | t[I] | pack ¢ with [

| unpack #; as (x,i)in tp | (£:7) | cletf; as x in £,

|celim ¢t |let x=1t; in &

case tofnil — 1y
|hanctl >t hictl —t3

true | false | fix f(x).v | fixyc f(x).2 | nil | cons(ty, ) | pack t with I

| Ai.t| consyc(vy, v2) | consc(vy, v2)

| consyc(fy, 2) | consc(ty, ) |

Figure B.11: Syntax of values and terms in BiRelRef.
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T'x)=1 b € {true, false}
rr-var rr-bool
ANDyTEx AT A; @D, T b b:bool,

b4, by € {true, false}

A; @, T Hbg by :booly,

rr-u-bool

N®y;THEAt :bool,  A®LuTHH 1T AOuTHL 1T

rr-if
A;®@4; T Hif £ then 1y else 1, « if ' then ] else t,: T

ANDPgyx:t, fi11—1, T BT
A Dy THX f(x).0 ~fiX f(X).52:T1 — T2

rr-fix

NOsTHFR A :T1—>Ty  ANOGTHEB AT
N®@yTHH bt 1T

rr-app

NOyzTHEAE T
VxedomT). A\; @, =T (x) =0T (x)

ANOLT, Tt t:0O7

rr-nochange

NOyTHO AT OISR Sui

r-C
ANOTHH AT

N®, T — To WS ANDgx:ty, [0 —12),THEALIT,
Vxedom). A;®, =T (x) =20I(x)

- rr-fixXNC
A; @y T, T - fix f(x).1fix f(x).0:0(T1 — T2)
inSANOTHEAE T AND T HEAE VinS.T
i FIV(®,T) AFT::S
— rr-iLam - — rr-iApp
NOLTHEALA~AL VIS T NOLT E ]~ ] Tl i}

NDyT A T} A-T:S

— rr-pack
A; @4 T Fpack t—~pack ¢ :3ixS. T

A;@gyT 1ty 3081y
i:8,0Qx:1, Tl 1y:T) igdFV(®y,;T, 10, 1)
rr-unpackl

A;®4;T - unpack #; as x in t, «~ unpack # as x in 2} : T»

Figure B.12: Typing rules of RelRef, part 1.
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N DONCTHEAE T A;d)a;FI—tlmt{:CDT ANOLEC
; rr-c-impll
ANOuzT'HEA~E:CDT

- — rr-c-implE
A Dy T Hcelim tcelim ¢t i1
AN;®, T wf

rr-nil
A;®4; T Fnil v nil :list[0]% T

N@yiTHR At:T  ANOLT oty listin]“t

A;®@4;T - cons(ty, &) « cons(t], £) : list[n + 119" 7

rr-consl

N®yTHH~1:00 AOg Tty :listn]* T

A;®@4;T F cons(fy, ) «~ cons(fy, 1) : list[n+ 1] T

rr-cons2

AD T HEAE list[n)%T AN@An=0;THt 11
I, M@ An=i+1;h:01,tl:list[i]*T,T -t~ 1y : 7'
LB AP An=i+1Aa=p+ 1k, tl:listliP1,T b 1) 7'

- - - - — rr-caseL
A;®y4TH case tofnil -6 |hitl— 1t case t' ofnil — ¢ |hutl—16:7T
AP, EC  AOACTHEAE T

— T rr-c-andl
A®uTHEA:C&T

ANy TR A~ :C&Ty AN®ACx:T1, T 1Ty

- - — rr-c-andE
A® T Hcletpasxin fpwcletfyasxin ,: 72

ANO,NCTHEH AT NP, NANCTHHAD:T A+ Cwf
ANDyTHEHH AT

rr-split

NO, =L N @, T wf
NDy T HFH AT

rr-contra

Figure B.13: Typing rules of RelRef, part 2.
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Eticn

bool

!/
FT2E 7T,
refl

I=bool, = bool,

ET1—T2E1]—T)

—

=TtCcT

— Odiff

FO(r; — 1) EO7T — 0719

AND,En=n

Ad Eas<a

AND,ETET
11

A; @, = list[n]%T € list[n']* 7/

AD,Fa=0 2
A;®, Elist(n]* T S list(r]*O71

int-C]

10
A;®, = list(n]*0O7 = O(list[n]% 1)

i
A; @, = int E Oint

ANOL,ETIET)

T
Ao, FOTET

ANDO,ETIET,

D
AN®, FO7r=00r1

ANDOL =T E T3
trans

AN®,F0O7; =207,

inSNO,ETET i¢g FV(®,)

V diff
A, EVizS.TEVinS. T

imS,AP, =TT ieZFV(q)a)EI
A;®, =3inS.t=3izS. 1
AND,AC' EC AP, ETET
c-impl

AP, ECoreC o7

AD,ACEEC AND,ETET

c-and
Ad,=EC&TCC' &7’

AD, =T ET3

vQd

A, =O(VizS.T)EVi:S.Ot

30
AN ®,=Ti:S.O0r=0HiS. 1)

c-impl-0
Ao, FEOC>T)EC>OT

c-and-0O

AO,ECKOTEONIC&T)

Figure B.14: Subtyping rules of RelRef.
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’ ANO,ET1=10 ‘ checks whether 7, is equivalent to 7».

AN®,=n=n' ANd,ma=a

A®g =11 =1 A®yl=T12=1) AD,ET=7
eq-fun - eq-list
A:®D, |= — ! . a . na' 1
s P FETI = T2=T,— 1Ty A; @, = list[n]* T =list[n19 T
NP, =T=7 iLND,=1=7 i¢gFV(D,)
-eq-B-U] eq-3

A;®, 1=3i:S.t=3i:S. 7

AC'AD,EC  ANCAD=C AP l=T=7
AP, EC&T=C &7’

eq-c-prod

A CAD,|=C ANC'AD,=EC NP ET=T
AD,ECor=C' o1

eq-c-impl

LNO,ET=T

ANDy=VinS.t=VisS.1

-eq-V

Figure B.15: Type equivalence rules of RelRef.
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I'x)=1
N®yuTHx~x:T

C-r-var

AN® 11— T2 W A;q)a;XZTl,flTlﬂTz,Fl—tlmtzlc‘t'z

c-r-fix
A; @y T HAix f(x).0 ~ fix f(x).12:° 171 — T2

A OB e S PRV A@gx:Ty, f:0(0; —712),00F1 t:1,

- n c-r-fixNC

A; @06 - fixye f(x).t ~fixye f(x).£:°0(11 — 12)

N®yTHR 1T NOLZTF Bty :Clist(n]%T
0 o717 c-r-consl

A; @4 T consc(t, 1) v~ consc(y, 1) " list[n+1]""" 7

N®yTHH~1:07 AOLT 1 :Clistin]®T
TR 5 C-Ir-cons2

A; @4 T consye(ty, f2) v consye(ty, &) - listin+ 117 T

A® Tttt Clistin]*T A@An=0;Tt; 11
M@ An=i+1;h:01,tl:list[i]*7,T -t~ 1, : 7'
i, B, M@ An=i+1Aa=p+1;h 1, ¢tl:list[i]’7,T - 3ty 1
- - - ; c-r-caseL
case tofnil — 1 case ¢ of nil — 1
NOyiTHIhantl — 6 “|huytl >t L7
| R cotl — 8 | W e tl — 1]
AN®y T 0T A®,;OrFt~t:1
— c-der - - c-nochange
N® T Hdertp ~dertr:“ 1 ANDL;ONT"ENCt~NCt:*Ot
NOyTHEAT T NOLET=T
r.c 1 C-r-=
NOyzTHEAT T

NONACTHEH AT ANOACTHE AT

c-r-split

A; @4 T F split (£, £7) with C «~ split (£, £5) with C:° 7

AND,EL  AD, T wf

c-r-contra
A;®,;T - contrat) v~ contrat €t

Figure B.16: Typing rules of RelRef Core, part 1.
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ANDyuTHE A CVinS T AFT:S
N Dy T e[ 11 T/ i}

c-r-iApp

inSNDTHEAE T i ¢ FIV(® ;1)

c-r-iLam
AN;® ;T At~ Ait CVisS.T

ANP,ACTHEANE ST ADyTHEANECCoT A, =C
Tz c-r-cimpl
ANOzTHEAE"COT

c-r-cimplE
A;®,; T Fcelim t~celim £ :“ 7 p

AN®,EC ANO,ACTHEAE T
ANPuTHEANECC&T

c-r-candl

AN@yTHH A~ :°C&T1 MOLACx:T,THH15:°T)

- ; — c-r-candE
A;Dg T Hcletpasxin fpcletfyasxin 6, :" 72

AN@yTHA A1 T1— 1)
AN@yTHB 1T

N@yTHG bt 1y 1)

c-r-app

A@yTHE 1T A@gx:1, Tty 10

- ¢ c-r-let
NOyTHIetx=finfrwletx=¢int,:" 12

NOGT A :C T} AFT:S
A; @ 4;T F pack rwith I pack ¢’ with I:€3i::S.1

c-r-pack

N@yTE B~y :f3inS.1y
P28, MPpx:1, T 1y:°1) i¢FV(®,;T, 10, 0)

A;®@4; T Funpack #; as (x, 1) in f; «~ unpack f; as (x,1) in £, :° 1

c-r-unpackl

Figure B.17: Typing rules of RelRef Core, part 2.
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I'x)=1

ANDy T HEFXAX XX T

e-r-var

ANOM ok S ) wf A;q)a;XITl,fZTl - T, 'H 1t~ tl* “A tg* ‘T2

e-r-fix
A DT Hfix f(x).tl  fix f(x).tg WﬁXf(x).tl*  fix f(x).tz* T1— T2

A®, T — T2 WS N@gx:ty, [:O01—12), Tt At~ At 1)
Vx,- € dOI’)’L(F), L= CO€ICer (x;),ar(x;) in € dom(F), A;(Da |: F(x) = DF(JC)
t** =let y; = t; x; in fixye f(x).t7[der y;/x;]

N @ T HAX f(X).t A fix f(X). 0~ "~ ™ :0(11 — T2)

NONACTHEA >ttt
e-r-fixNC - — e-r-c-impl
NOyzTHEEA >t~ :CO7T

AOyiTHEt A >t A" Cor A, EC

+— e-r-c-implE

A;® 4T Fcelim £ celim t' ~~ celim t* v~ celim ¢'" : 7

AD,EC  ANONANCTHEt A~ ™01

= e-r-andl
NOyTHEt A >t At C&T

NOsTHH At~ 1"t :C&Ty
NONACX: T, T At~ At 1)

N, D T
Fclet as x in t, ~clet £] as x in ty ~ clet #; as x in ; «~clet ;" as x in ;" : 7

e-r-c-andE

Figure B.18: Embedding typing rules of RelRef, part 1.
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NOGTHH A~ et 0T N®GT -ty by~ ¥ty clist[n]* T

A;®@4;T F cons(fy, &) «~ cons(t], t,) ~ consc (], t5) «~ consc ()%, &) :list(n + 114" 7
e-r-consl

NOGTHH At~ 1] 07 ANOGTH ot~ bt clistn]*T

A; @4 T F cons(fy, ) «~ cons(ty, ty) ~» consyc(ty, ty) «~ consyc(ty, ) :listin+ 1% 1
e-r-cons2
AN®yiTHt At~ At T
Vx;€dom(l), t; = coercer(,)0r(x,) Vxiedom), \;@,=T(x;) =20I(x;)

AT, T
Ftet~lety;=t; x; in NC t*[der y;/x;] «~let y; = t; x; in NC t*[der y;/x;] : Ot

e-nochange

NOyuTHE A~ "t istn]%T MA@ AR=0THH A~ 1" T
LN® An=i+1h:01,tL:istli]*T, Tty " 1y i1
LB AP An=i+1Aa=B+ kT, tl:listliP1,T -ty by~ £F 157 0T

/

. . /
Ai,:T rcase tofnil — _ caset of {111 L g
h:tl—1 |h:tl—t,
« case t'* of nil —

case t* ofnil — ¢

| hinctl — t w1
| hzctl I | hane tl—
.o 2

EE S

|huctl — 1,

e-r-caselL

PSP Tt At st i1 [ gFIV(@4T)

- — — - e-r-iLam
NDOLTEA L AAL ~~ AltT Al VIS T
ANOLTHEt A~ t* A" VinS.t AFI:S

e-r-iApp

N;D T H At ~ 5[ 1) {11}

Figure B.19: Embedding rules of RelRef, part 2.
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NPT A~ T AP, =TET t' = coerce; ¢/
e-r-C
N®yiTHH At~ 'ty T
NOyuTHt A~ t* " i7{I/i}  AFT:S
- — — - e-r-pack
A; @4 T - pack ¢ pack ¢~ pack t* with I «~ pack ¢~ with I:3i::S.7
N® Tt~ 0ty 23081y
im8,0®x: T, Tt~ b b Ty i¢FV(®,;T, 10, 1)
;¥ =unpack #; as (x,1) in t; t;* =unpack 1" as (x,1) in t,*
; ; — o e-r-unpack
A; @4 T Funpack 13 as xin i v~ unpack fy as xin 6, ~ " v 6, 1 T2
NCANDOLZTHEH A~ tl* A l'g* T
AACADLTHEH A~ " T AF Cwf
e-r-split

N @y T E 1o by~ split (7], 1) with C —~split (£, £, ) with C: 7

ANd,EL A®,FT wf

N®yzTHEH B~ contrat; —~contral: T

e-r-contra

Figure B.20: Embedding rules of RelRef, part 3.
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Ny @uETI =12 D N @aET2 =15 = D)
O=0, APy

Ny @uETI > T2=1) > 1,> @

alg-r-fun

LAY P ET=T 2@
N g; @y = VinS.T=VinS. T = Vi S.

alg-r-forall
s g

ANYgy®sE1=1"20 ' =danz=n'Aazd

- alg-r-list
Ny g @, = list[n]® T =list[n'] T/ = @

LAYEDET=T 5D i g FV(Dy)
Ny ®@gl=3inS.1=3i:8.7 > Vi S.0

alg-r-3

A;Wa;q)a |:TET’:>CD
ANYg P, EC&1=C'&1T'=>C—C'AD

alg-r-cprod

ANYagPaFT11=T2> @
MY, @ EO71 =072

alg-r-OJ

NYygy;PiE1=1=>0
Ny P, ECo1=C'o1'=>C~C'AD

alg-r-cimpl

Figure B.21: Algorithmic type equivalence rules of RelRef.
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ANYey,@yu;00Ftet |71
A;u/a;q)a;F’,DFI—NC teNCt|Or=>d

alg-r-nochange- |

MNYa;, @ TFHenL 107>
MYy @ THdertyederth, | 1= @

alg-r-der-1{

NYg®@uf:11—12,x:7,THter |1, @
Mg ®uTHAX f(x).tefix f(x).1' |11 > To=> @

alg-r-fix-|

MY ®@g f:0O(T1—12),x:7,0T et |1, ®
Ny @ T, 0T Ffixye f(x).tofixye f(x).1 | O — 12) > ©

alg-r-fix-| O

Ny @uTHnet 1 11— 1,20 Nyg@uTHnRoet) | 11>,

alg-r-app-1
AT/ (O P N ol 51 tzet{ l'éTTZZI’(Dl/\CDZ g-r-app

Avg®FTwf
AW a; @y T Hnil enil | list(rn]*T=>n=0

alg-r-nil-|

i, P € fresh(N)
ANya®uTHret |10, ALY PLTH et | list[i]PT=> 0,
O,=n=>{+1)AIB:NOAa=F+1

AW a;@4; T = consc(fy, 1) © consc(ty, 1) | list[n]* 7 = @1 A Ji = N,

alg-r-consC-|

iefresh(N) Ay ®@45THB o | O1=>d
Ni, W@yl ot |listli]*T=>0, @®,=0,An=(i+1)

— = - -alg-r-consNC-|
AW 4;Dg; T consye(ty, f2) © consye(ty, 1) | list[n]” 7= @) AJi :N.O,

Nwa@pTHret tlistin]t1=>®, Aygn=0A0;THret | 17=>0
PN Awn=i+1AD,;h:0O1, ¢l :list[i]1*T,TH ot | 1= o,
i::N,ﬁIZN,A;l[/a;nﬁi+1/\ai,B+1Aq3a;h2T,tlZliSt[i]ﬁT,F|—tgeté | T/ = d4
CI)body:(n£0—>CI>1)/\(Vi::I\I.(nii+1)—>((I)g/\V,B::N.(ai,B+1)—>CDg))

case r of nil — 1 case ' of nil — 1]
MYy ®uTH|hanctl — b olhunctl -t | T'= (@ A Dpogy)
|hictl — 13 |huctl — 1
alg-r-caseL-|

Figure B.22: Algorithmic typing rules of RelRef, part 1.
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I'x)=7
MYy ®uTFxexit=T

alg-r-var-1

S ANY®uTHEet 1>
Mg @y THALto AT | VinS. 1= (Vi:S.®)

alg-r-iLam- |

Ny, ®uTHret' 1 VicS.t'=>® AFI:S

alg-r-iApp-
Ny ®uTHelllod (I 1T/} =>® & pp-|
Ny ®usTHtot | t{llii=®  ARI:S
VaiZa alg-r-pack-|

Ny o; @ ;T F pack t with I e pack ¢ with I | 3i:S.7=> @

MNyg; T e ti 13i:S8.7,=>d;

[ 2S, MY @ux:T1,THFBOL | T)=> D) i¢dFV(@®,;T,12) ®= (@ AVi:S.Dy)

Ny 4;@4;T - unpack f as (x,i) in f, © unpack ] as (x,i) in t; | 7o => @
alg-r-unpack-|

MYy, OACTHFheh T2
My @ TFheth | C&Tt=CAC— D)

alg-r-c-andlI|

NYgs®uTHnot; 1 C&ty=d
Ny ®ACx:1,THhety, | 1,=> ) D, =C— D,

- - — — alg-r-c-andE|
NYa; g Tclettpasxin fpocletty asxin g, | 72 = (P A D)

MYy, OACTHHe | T2>0
MY, @ THFHeh | Cor= (C— D)

alg-r-c-implI|

MNvyay; P THte f1Cor=>d
A a;@g; T Fcelim recelim ' 1 7= (CAD)

alg-r-c-implE|

Figure B.23: Algorithmic typing rules of RelRef, part 2.
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Ny ®uTHret' 1 7/=> @ MYy Pu =1 =1 D)
Ny ®uTHret |10, A0,

alg-r-1|

A;wa;q)a;Fl—tet'lr:CD N D, T wf FIV(t) e A
ANpg®uTHE:e({ 1) 17> @

alg-r-anno-1

Ny CAdLTHRO | T2 D
Ny CADLzTHROL |T=>D,  AFCwf

A; W 4; @4 T = split (21, 1) with C e split (¢1, t) with C | 1= C — @1 AC — @,

alg-r-split|

AJWa;(Da =L

N 4; Py T contra ¢ © contra f1=>T

alg-r-contra|

I'+tet' {bool, = T-hetjlt=>®, Thrhet|1=>d;
[ +if 7 then 11 else r, oif ' then ¢ else t) | T = ®) A Dy A Dy

alg-r-if

Figure B.24: Algorithmic typing rules of RelRef, part 3.
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B.2.2 Metatheory of RelRef
B.2.3 RelRef Proof

Lemma 26 (Substitution of RelRef Core). Assume that
1. AV TEH-B: T (D).
2. NVYuTxitHt 01 (2).

then \;¥ ;T + 8] [0/ x] ~ ty[t2/ x] € 7.

Proof. By induction on the typing derivation of the second assumption (2).

Case

T,x:7)(z) =1

c-r-var
NP T, x:tHznz:07

Subcase: z=x.

TS: A;@4;T F zlt /1 x] « zl/x) € T

Because x = z,z[t1/x] = 11, z[to/x] = 11, STS: A; @ ;T -1~ 1 T/,

From (T, x:7)(z) =1’ and x = z, we know 7 = 7.

By the above statements, STS: A;®,; T+ 1, «~ £, : 7, which is proved by the assumption.
Subcase: z # x.

we know: I'(z) =1 (%).

TS: A;@4;T - zlt /1 x] » zla/x) € T

Because x # z, z[t1/x] = z, z[ta/ x] = 2, STS: A;®4;; Tz~ z:C T/,

By the core rule c-r-vars and (%), we construct the derivation :

I'z)=1

c-r-var
ANOTHzAz:T
Case
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N@gT,x:1Ht] vty 07 (3)
c-der

A @y, x:THdert] ~dert) :°1
! 1! ! 1!
r, =dert}, t; =der t,.

TS: A; @4 T Fder (¢] [t/ x]) ~der (8) [/ x]) 7'
ByIHon (1) and (3), A; W, T H t] [0/ x] ) [/ x] :€ 07" (4).

By core rule c-der and (4), we can derive

N@y T, x:THt][0/x] 6 [6/x]:°01 (4)
c-der.

A @4 T, x: 7 der (17 [t/ x]) —~der (8 [t/ x]) :€ T
Case

AN®gz:1y, f:11—To,Dx:tH 1 1) 12 (3)
c-r-fix

A @yT, x:THfix f(2).t] ~fix f(2).ty) 11 — 12
t =fix f(2).t], t, =fix f(2).t],7" =71 — 712.

TS: A @4 T HAix f(2).(¢] [/ x]) ~fix f(2).(8) [t2/ x]) :€ T

ByIHon (1) and 3), A; W4 2:71, f 171 — T2, T t] [/ X] 8] [82/X] € T2 (4).
By core rule c-r-fix and (4), we can derive :

N @y T HAixX f(2).(8] [0 x]) ~fix f(2).(8) [t/ x]) :€ T

Case

N@gz:Ty, f:0(1 — 10,00, x:TH 115 (3)

c-r-fixNC
N ® ;00T x 1+ fixye f(2).t ~fixye f(2).t:°0(1; — T2)
ty =fix f(2).t, t, =fix f(2).t,7' =0O(11 — 72).

TS: A; @407, T Ffix f(2).(¢[1/x]) « fix f(2).(¢[t2/x]) € T'.

ByIHon (1) and (3), A; @4 z: 7y, f:O(r1 — 12), 0T F 1/ x] « t[t/x] € T2 (4).
By core rule c-r-fixNC and (4), we can derive :

A; @407, T fix f(2).(¢[1/x]) « fix f(2).(¢[f/x]) € T'.

Case
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N®@yT,x:TH 3 15:°7" (3)

N®yT,x:Th ty 1y list(n]* " (4)

c-r-consl

A, @y, x: 7T consc(t3, 1) consc(té, tzll) Llist[n + 1]a+1 7"

1] = consc(f3, ta), t, = consc (1}, t;), 7' =list[n + 114" 7"

TS: A;®4; T+ consc(#3[t1/x], talt1/ x]) «~ consc (#5[t2/x], ty [t/ x]) € T'.
ByIHon (1) and (3),A; @4 T F 3t/ x] [t/ x]:€ 7" (5).
By IH on (1) and (4),A;®4; T F t4[t1/x] ~ ty[t2/ x] :Clist[n]* 7" (6).
By core rule c-r-consl and (5),(6), we can derive :
A; @y T = consc(tzlh/x], talti/ x1) «~ consc(ty [t/ x1, [t/ x1) :° 7',
Case

A0 x: Tt~ 7" (3)

c-nochange
A; @400 T, x:THFNCt~NC¢:°0O7"
f1=NC¢t t,=NCt,7'=01".

TS: A;®@ 4T =NC £t/ x] ~NC [t/ x] :° 7.

By IH on (1) and (3),A; @4 T F t[ty/x]  tlta/x]:C 1" (4).
By core rule c-nochange and (4), we can derive :
AN, ® ;T ENC 5 /x] ~NC tt/x]) 1/

O

Lemma 27 (Reflexivity of Algorithmic Binary Type Equivalence). YA,y ,, @4, T. there ex-

SISO StANY ;P ET=T=2>Dand Ay, @, = 0.

Proof. By induction on the binary type.

Case
Vi:S.t

Assume A, ,, ®,.
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TS: AP st A ;@ = VinS.t=VinS.t=>Oand A v, P, =@

ByIH on 7 where A’ = i,A, 30" s.t Ay ;@ E1=7=> @ and Ay ;@4 E D

By the above statement and algorithmic type eq rules alg-r-forall, we conclude the fol-
lowing statement where ® = Vi::S.®'.

MYy @y EVicS.T=VinS.t=>Dand A v, @, = .

Case

T — T2

Assume A, 14, Dg,.

TS: A0 st Ay s Q=11 = T2=T1 — T > Dand A v, Py =@

BylHon 7y, 39 st A0 @u =11 =71 = @ and A 9o, @y 1= 9.

ByIHon 1, 3Dy st A; ;@ E 12 =70 = @ and A; @ o, @ = Do

By the above statement and algorithmic type eq rules alg-r-fun, we conclude the follow-
ing statement where ® = ®; A ®,.

MYy PuETI = T2=7 —T2=>Pand A w4, Dy = D.

Case

list[n]*

Assume A, 4, Dg.

TS: A0 s.t A; 4 D, = list[n]* T =list[n]* 1= © and A w4, @, = ©

BylHon 7,30, s.t A;v ;P =1=7= @) and A; w4 Dy = 9.

By the above statement and algorithmic type eq rules alg-r-list, we conclude the follow-
ing statement where ®=®; An=nAa=a.

AW o @, Elist[n]? T =list[n]* T = © and A; @ 4; @, = D.

Case

di:S.7

Assume A, 4, Dg,.

TS: 3P st Ay ;P I=3iS.t=3inS.1=>Pand A v ;P = @
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ByIH on 7, choose i ¢ FV(®,), 3D, s.t i,A; v ;P l=1=7=> D and i, A9 4, Dy = .

By the above statement and algorithmic type eq rules alg-r-3, we conclude the following
statement where ® = Vi::S.®;.

MY @y ETinS.t=3inS.1=> Dand A v, @4 = .

Case

Or

Assume A, 4, Dg,.

TS: 30 st Ay ;@ 07 =071=>Dand A9, P, =@

ByIHon 7,30 s.t A; ;@ l=E7=7=> @) and Ay @y = 9.

By the above statement and algorithmic type eq rules B-OJ, we conclude the following
statement where ® = @,.

MYy @, EOr=071=>dand A; v, P4 = O.

Case

C&r

Assume A, 4, Dg,.

TS: A0 st A ;P FC&T=C&T=>Dand A v ;P =D

ByIHon 7,390 s.t A; g, @y l=7=7=> @) and Ay @y = .

By the above statement and algorithmic type eq rules alg-r-cprod, we conclude the fol-
lowing statement where ® = C <~ C A ®;.

MYy P EC&T=C&T=>Dand Ay, @, = O.

Case

Cot

Assume A, 4, Dg,.

TS: 3P s.t Ay ;P l=Cor=Cor=>Pand A v, @4 = @
ByIHon 7,30, s.t A; ;@ l=1=7=> @) and Ay, @y = .

By the above statement and algorithmic type eq rules alg-r-cimpl, we conclude the fol-
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lowing statement where ® = C <~ C A ®;.

AMNvgP,ECor=Cor=>dDand Ay, 9, = .

Theorem 28 (Soundness of the Algorithmic Binary Type Equality). Assume that
1. Ny OuET1=1T>0
2. FIV(®,,7,7") S A Wa
3. A D,400,4] = DIO,] is provable and A > 8, : vy, is derivable.

Then A;@,[0,] = 1[04 =7'(04].

Proof. By induction on the algorithmic binary type equivalence derivation.

Case
NYagPiETI1=11201  Ayg®uE12=1,= D)

P=P; ANDy

alg-r-fun
N @ ETI —T2=T) — 1,2
Assume FIV(®,, 71 — 72,7 — 75) S A, w4 and A; @4[0,] = [6,] is provable

and A > 0,: vy, is derivable.

TS: A;®4[04] F (11 — 12)[04] = (1] — 75)[04].

We know @ = @) A D, s.t FIV(®y, 71,77) S A, 94 and A; @4 [0,] = @1 [0,] is provable.
Similaryly, FIV(®,, T2,75) S A, ¥, and A; @,[0,4] = P2(0,] is provable.

ByIHon A;y ;@4 =11 = T'l = ®; with the same substitution 8, and the above state-
ments, A; @404 E71[04] = 711041

Byl[Hon Ay ;@4 1) = T’l = @, with the same substitution 8, and the above state-
ments, A;@4[0,] = 72[04] = 7,[04].

By the above statements and RelRef type equivalence rule eq-fun, we conclude that

A;q)a[ea] =1 — TZ)[Ha] = (Tll - T/z)[ea]-
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Case

NYygyiPsE1=1T>0 ' =bdAan=n'Aa=d

/ alg-r-list
Ny g @4 = list[n]® T =list[n1% 7/ = @'
Assume FIV(®,, list[n]? 7, list[n/]* T/) C A, Wqand A; ®4[0,] = @'[0,] is provable
and A > 0,: vy, is derivable.
TS: A;®4[0,] = (list[n]1%1)[0,] = (list[1n'1% 7)[0,).
Weknow®' =dAn=n'Aa=a's.t
From assumption FIV(®,, list[n]* T, list[n'1% T/) S A, W 4, we know
FIV(®,,1,n,a,7,0',a') S A p,.
From assumption A; ®,[0,] = ®'[0,], we get A;D,4[0,] = ®[O,] is provable
and A;@,4[0,] = (n=n)[0,] and A; @,4[0,] = (a = a')[0,].
By IH on the first premise A;y 4; @, = 7 = 7/ = © with the same substitution 6,,
and the above statements, A;®,(0,] =70, = 7'[0,].
By the above statements and RelRef type equivalence rule eq-list, we conclude that
N; D40, = (istn]* 1)[04] = (ist(n]7 7)[04).
Case

LAY P ET=T =@

alg-r-forall
NPy @, EVizS.T=VinS.1 = Vi S.®
Assume FIV(®,, Vi:S.7,Vi:S.17") € A,y and A; @,4[0,] |E @'[0,] is provable and A > 0, :

¥, is derivable.

TS: A;@,[0,) EVi:S. 710, = Vi:S.T'[0,].

We know @' = Vi:S.® s.t

From assumption FIV(®,, Vi::S.7,Vi:S.17') € A, ¥4, we know FIV(®,,7,7',i) € (i, A), y,.
From assumption A; ®@,[0,] |= Vi::S.®[0,], we get i, A; D,[0,] = D[0,] is provable.

By IH on the first premise i, A; y 4; @, |= T = 7/ = © with the above statements,

LA;DL0,4] =T[04] = T,[Ba]-
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By the above statements and RelRef type equivalence rule eq-V, we conclude that
N;Dy0,] EVinS.T[0,] =VizS.T'(0,].
Case

A a; g Fr=1'=>0

alg-r-cprod
ANYgP,EC&T1=C'&1T'=>C—C'AD
Assume FIV(®,, C & 17,C’' & 1) S A, and A;@,4(0,] |= D'[0,] is provable and A > 0, : v,

is derivable.

TS: A;@4[0,] = (C&T)[0,] = (C'&T)[0,].

We know @' =C — C' A® s.t

From assumption FIV(®,, C & 7,C’' & 1) € A, w4, we know FIV(®,, 7,7',C,C’) S A,y .
From assumption A; ®,[0,] |= (C — C' A®)[0,], we get A; ®,[0,] |= ®[6,] is provable and
A;®y[04] = ClO,4] and A;@4[0,] = C'[6,4].

By IH on the first premise A;y 4; @, = 7 = 7/ = © with the above statements, A; ®,[0,] |=
7[04] = 7'[04].

By the above statements and RelRef type equivalence rule eq-c-prod, we conclude that
N ®y[04] | (C&T)[04] = (C" &) [04].

O

Theorem 29 (Completeness of the Binary Algorithmic Type Equivalence). Assume that

N ®, =T =7". Then3D. such that \;®,=E1=1" = ® and \;®, = .

Proof. By induction on the binary equivalence typing derivation.

Case

. — — -/ . _ )
ADyETI =T, ADyETI=T,

eq-fun
ADy =T = T2=1] = T)
By IH on the first premise A; @, = 1) = T’l, there exists ®; s.t A; @, =171 = r’l = ®; and

A D, =Dy
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By IH on the second premise A; @, =75 = T’Z, there exists @, s.t A; D, =75 = r’z = ®, and
A D, | D).
By the above statements and algorithmic type equivalence rules alg-r-fun with an empty
VY ,, we conclude the following statement where ® = ®; A .
ANO,ETi—>T2=1T1—>T2=>Pand A; D, = D.
Case

NP, En=n AP a=d

AN ET=1

eq-list
A; @, = list[n]® 7 = list[n'1% 7'

By IH on the third premise A;®, = 7 = 7/, there exists @1 s.t A;®, 7 =1 = ®; and
AD, =D

By the above statements, the first and second premises and algorithmic type equiva-
lence rules alg-r-list with an empty ¥,, we conclude the following statement where
d=P;An=n'na=d.

A; @, = list[n]® 7 = list[n'] 7' = ® and A; @, |= ®.

Case

AND,ET=T

eq-B-O
A, =O7r=071
By IH on the premise A; @, |= 7 = 7/, there exists @1 s.t A; @, =7 =17 = ®; and A; @, =

;.

By the above statements and algorithmic type equivalence rules alg-r-0 with an empty
YV ,, we conclude the following statement where @ = @,.

AP, EO07=07"=>®and A; @, = D.

Case

LANO,ET=1

eq-V
A®,EVizS.T=VizS. 1
By IH on the premise i,A;®, |= T = 7/, there exists ®; s.t i,A;®, =7 =1 = ®; and
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LD, = .

By the above statements and algorithmic type equivalence rules alg-r-forall with an
empty ¥,, we conclude the following statement where ® = Vi::S. ;.

A, ®,EVizS.T=VizS.7 = ®and A; @, = O.

Case

ANC'AD,=C AN CADEC AP ET=T

eq-c-prod
AD,EC&T=C &7’
By IH on the third premise A;®, = 7 = 7/, there exists @; s.t i,A\;®, =7 =17’ = ®; and

AD, =Dy

From the first two premises A; C' A®, |= C and A; CAD, |= C', we know that A; @, |= C —
C'.

By the above statements and the algorithmic type equivalence rules alg-r-cprod with an
empty ¥,, we conclude the following statement where ® = C — C’' A ®@;.

AP, EC&T=C'"&1'=> ®and A; @, = D.

B.2.3.1 Proofof Lemma 4

Lemma 30 (Existence of coercions for relational subtyping). IfA;®, =t E 1’ then there

exists e€ RelRef Core s.t. A;@g;- =t~ t:1— 1.

Proof. Proof is by induction on the subtyping derivation. We denote the witness ¢ of
type T — 7’ as coerce; ,+ for clarity.
Case

ADETIET (%) AOLET2ET) (0)

.
! /
ANDyFT1 =127, — 1)

By IH on (%), Elcoercer/lyr1 VAN P coerce,! ;, v~ Coercey ol S 31

. . .C !
By IH on (¢), EIcoerceTMr2 VA PR o COeICer, ;1 v COBICe, 1 1° T2 — T,
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Then, using these two statements,we can construct the following derivation where
e =fix f(x).fix f(y).coelrceTZ,T/2 (x (coercey 7, )
N®g- bttt (11— 1) = 1] —T).

Case

int-J
A; @, = intE Oint
Then, we can construct the derivation using the primitive function

boxjn¢ : int — Oint

A; @ ;- Hfix f(x).boxjnx  fix f(x).boxj,tx :“int — Oint

Case

T

AND,=E0O7TET
Then, we can immediately construct the derivation using the rule c-der.

A; @y Hfix f(x).der x ~fix f(x).derx:*0O1—1

Case

D
Ao, =O7rE0O0T
Then, we can immediately construct the derivation using the rule c-nochange.

A;®@g;- Hfix f(x).NCxfix f(x).NCx:*0O7— 007

Case
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A®yET) ET2(x)

B-O
Ao, =EO7,E07
By IH on (%), 3coercer, 1, . A;Pg4;- - coercer, ;, v coercer, 7, T — Ta.

Then, using (x) and the rules c-der and c-nochange, we can construct the derivation

A Dg;-

- fix f(x).NC (coercer, r, (der x)) «~fix f(x).NC (coercer, r, (derx)):*O71; — 07,

Case

refl
NP, ETET
Then, we can immediately construct the derivation

A @y Hfix f(x).x~fix f(x).x:‘T>7

Case

AOsETIET, (X) ADyET2E T3 ()
trans

AND,FT1ET3
By IH on (%), 3coerce;,,r, . i::S,A;Dg4; - F coercer, ;, v coercer, ¢, (11— T2

By IH on (¢), Icoerceyr, ¢, . i::S,A;@gq; - - coercey, ;, v coercer, 1, €7y — T3,
Then, using () and (¢), we can construct the derivation simply by function compo-

sition

A Dg;-

F fix f(x).coercer, r, (coercer, r, x)fix f(x).coercer, r, (coercer, r, x):“11 — 13

Case
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— [aiff

diff(D diff(0
A;®, O 2D, oy eor, B0 oy,

Then, we can immediately construct the derivation

where e = fix f(x).fix (y).NC (der x) (der y))
N®Dy-Ftt:°0(@; — 1) — 071 — 071>,
Case

imSAND, Tt (%) i¢ FV(®,)
VY diff

A;®,=VinS.TEVinS. T
By IH on (%), dcoerce; ;. i::S,A;®g;- = coerce, ;1 coercer S A

Then, using this, and the c-r-iLam and c-r-iApp rules, we can construct the following
derivation:

A Dg;-
Ffix f(x).Ai.coerce; v (x [i]) «~fix f(x).Ai.coerce; v (x[i]): (Vi::S.1) — Vi:S. 7.

Case

vQo
A, =0izS.t)EViaS.Or
Then, we can immediately construct the following derivation using c-der, c-nochange,

c-r-iLam and c-r-iApp rules.

A Dg;-
Ffix f(x).Ai.NC ((der x) [i]) « fix f(x).Ai.NC ((der x) [i]) :O(Vi:S.7) — Vi:S.0O7.
Case

AN®yl=n=n" (x) ANO Ea<d () ADETET (D)
11

A; @, = list[n]® 7 C list[n']1% 7/

By IH on (1), Icoerce, ;. A;® ;- coerce, ;+ « coerce, ;7 17— 1’
T,T a T,T T,T

We first construct the more generic term for type:

unit — VreN Y/ sN. VasN.Va'sN. (n= 1’ Aa < ') &list[n]* 1) — list[n']¥ 7' (B.1)
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and then instantiate the term for eq. (B.33) later.

It can be shown that such a derivation can be constructed for expression.
t' = fix fList().An.An'.Aa.Aa’ fix f(x).cletx as t in

case t of

nil — nil

|haytl —letr=fList()[n—-1][n'-1][a][a'] t]

in consyc(NC (coerce; ;» der h), r)

|huctl —letr=fListQ)[n-1]1[n"-1][a-1][a’-1] t]

in consc(coerce; ;+ h,r)
Then, we can instantiate fList using (x) and (¢) as follows where

t" =fix f(x).fList () [n][n][a][a’] x
A @yt~ 1 list[n]® T — list[n']1Y 7.

Case

10

A;®, = list(n]*0O7 = Olist[n]% 1)
We first construct the more generic term for type

unit — VnuN. Va:N.list[n]* 01 — O (list[n]% 1) (B.2)

and then instantiate the term for eq. (B.34) later. It can be shown that such a deriva-
tion can be constructed for expression
t' = fix fList().An.Aa.fix f(x).
case t of
nil — NC (nil)
| hauntl —letr=flist()[n—1][a] t]l in
NC (consyc(der h,der r))
| hectl —letr=fList)[n—1][a—1] ¢l in

NC (consc(der h,der r))
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Then, we can instantiate fList with a concrete n and «a as follows
where t” = fix f(x).fList () [n][a] x

N;@g-Ht"et" <0:Clist[n]*0O1 — O(list[n]* 1)

Case

AD,lma=0
12

A;®, E=list[n]%T Clist[n]“0O7T
We first construct the more generic term for type

unit — Vn:N.Va:N. (a =0 &list[n]* 1) — list[n]* Ot (B.3)

and then instantiate the term for eq. (B.35) later. It can be shown that such a derivation
can be constructed for expression
t' = fix fList().An.Aa.fix f(x).clet x as t in
case t of
nil — nil
| by tl —let r =fList () [n—1][a] t! in consyc(NC h, 1)
| h:c tl — contra
Then, we can instantiate fList with a concrete n and a (note the premise a = 0) as follows
where t” = fix f(x).fList () [n][a] x
A @yt~ 1" :Clist[n] T — list[n]°O7.
Case

inSANP,ETET (%) i¢ FV(®,)
|

A;®,ETinS.t=3i:S.1

By IH on (%), 3coerce; ;7. i::S,A;®;- F coerce; o+« coerce; ;7 :°17— 1’
T,T T,T T7,T

Then, using this and the c-r-pack and c-r-unpack rules, we can construct the follow-
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ing derivation where e = fix f(x).unpack x as (y, i) in pack (coerce; ;» y) with i

A @yt t:f(3izS.1)—3izS. 1.

Case

a0
A D, =FixS.07=0(FiS.1)
Then, we can immediately construct the following derivation using c-der, c-nochange,

c-r-pack and c-r-unpack rules in in Figures B.92 and B.95

where e = fix f(x).unpack x as (y, i) in NC (pack der y with 7).
N®gy-Ftt:f(3i:S.01)—-0@3i:S. 7).

Case

A;D,AC |=EC (%) AP ETET (0

c-impl
AP, ECoteC o7
By IH on (¢), coerce; ;. A;®g4; -+ coerce, 1« coercer v (€7 — 7.

Then, using this and the premise (%) along with the c-r-c-impll and c-r-c-implE
rules, we can construct the following derivation where e = fix f(x).coerce; ;» (celim x)
ADyFtnt:(Cor)—C' o1,

Case

c-impl-0J
AND,EOC>T)EC>OT
Then, we can immediately construct the following derivation using c-der, c-nochange

and c-r-c-implE rules where e = Ax.NC (celim der x).
NDy-Ht~t:°0OC>T)— (Co0O7).
Case

A;®,ACI=C (%) AO, =11 (0)
c-and

A@ ECTEC &T'
By IH on (¢), 3coerce; ;7. A;®;-+ coerce; ;1 v~ coercey ‘T —7T
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Then, using this and the premise (x) along with the c-r-c-prodI and c-r-c-prodE
rules, we can construct the following derivation where e = fix f(x).clet x as y in coerce; ; y
A®y-Ftt:f (C&T)—C &T.

Case

c-and-[J
AO,EC&O7T7=0O(C&T)
Then, we can immediately construct the following derivation using c-der, c-nochange,

c-r-c-prodI and c-r-c-prodE rules where e = fix f(x).clet x as y in NC (der y).

NDy-Ht~t:(C&OT)—-O(C&T)

Theorem 31 (Types are preserved by embedding for RelRef).

L IfA;®gTH 8] w8 T, then M@ T HE 1)1

and \; @ ;T T.

Proof. Proofis by induction on the embedding derivations.

Case

NOyTHFH b~ H b T (%) AP,=TC8T (0) t' = coerce, ./ (1)

e-r-C
NOiTHFHR Ay~~~ T
ByIHon (%), A; @4 T H 6 1y €7 (kk)and A; @y T -1 1T (k%)

By Lemma 30 using (¢), we know that A; @g;- =t/ ~ 1 :C 7 — 1" (00).

By applying c-r-app rule and (xx) and (¢0), we get A; @ ;T H ¢ 1~ 1/ £ :°T (M),
By reflexivity of binary type equivalence, we know A; @, = 7' =1" (d#).

Then, we conclude as follows:

NOGyTHE 1 () AT =1 (M)
c-r—C

N@yTHE 1t )1

By (% x %) and (o) and rr-c, we also conclude A; @4 T H )~ tr: 7.
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Case

A®, 11— 1o W NPgyx:t, fiT1— T TFhebh~H " 1)

e-r-fix
N @y T Hfix f(x).t1; ~fix f(x).tp ~ fix f(x).0" ~fix f(x).6" 171 — T2
By IH on the premise A; @4 x: 71, f 111 = T2, T b~~~ " 170, ;O x: 7Ty, f

71— T, T 1 C 1 (%),
By applying c-r-fix rule and (x), we get A; @ 4; T Ffix f(x).1] «~fix f(x).6; 111 — 12 (W).
Similarly, using rr-fix, we conclude A; ® ;' fix f(x).f; ~fix f(x).tp: 7] — T2.
ADy T — 1o Wf AN@gx:1y, f:O00@1—12),TEt At~ 1t i1y
Vx; € dom(l), t; =coercer(y,)nOr(x;) Vx;edom@), A\;@,=T(x)cOT'(x)

t** =let y; = t; x; in fixyc f(x).t7* [der y;/x;]

N;®yT HAix f(x). 6 A~ fix f(X).t~ " ~ ™ :0(1; — 72)
e-r-fixNC

By IH on the premise A;®@g;x: 71, f: O — 12), [ Ht At~ 15~ 1711y,
wehave A; @y x:7y, f: 0T — 12), T H "~ 715 (%)

and A; @ ;T Rttty (k%)

TS: A; @ T = t** o~ t**:0(11 — T2)

By applying c-r-let rule on ¢**.

AN;®,;T it x; o 8 x0T (x;)

A;®@g; ;-0 (x;), T Hfixye f(x).t7[der y;/ x;] « fixye f(x).t* [der y;/x;]1:°O(11 — 72)

AN, DT
Flet y; = t; x; in fixye f(x).t*[der y;/x;] ~let y; = t; x; in fixye f(x).t" [der y;/x;] :

Oty — 72)

SetI'=x;:I'(x;), I'1 = y; : T'(x;).
STS: A; @,; 00, T +fixye f(x).t*[der y;/x;] v~ fixye f(x).t*[der y;/x;]1:O (11 — 12).
By c-r-fixXNC,
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N;@gx:Ty, f:0(r; — 12),0T1 F ¥ [der y;/x;]  t* [der y;/x;]1:“ 12 (o)

A;®@4; 00, T Hfixye f(x).t7[der y;/ xi] «~ fixye f(x).t*[der y;i/x;]:°0(11 — 72)
STS: A; @y x 1y, f:0O(1y — 12), 0T - t*[der y;/ x;] «~ t*[der y;/xi] :€ To.

From (%), we extend the context and get:
A®gx:1y, f:0(0 —12),00,THE" A~ 179179 (kx).
By Lemma 26 on (%) for the number of x; in I" times, we conclude :

AN ®gx:ty, f:0O(1; — 12),00 F t*[der y;/ x;] «~ t* [der y;/ xi] :€ T2.

Similarly, using (xx) and the third premise and rr-fixNC, we conclude
A @y T Hfix f(x).t ~fix f(x).t:01; — 72.
Case

NOGTHH A~ At T (%) NOGTHLt~ b 1 listin]®T (o)

A;®@4;T F cons(ty, t,) «~ cons(i}, 1) ~» consc (L, t3) v« consc(t)*, &) :list[n + 1] 7
e-r-consl

By IH on the premise %, A; @ ;T =t o~ 17" :1€7 (k%)
By IH on the premise o, A; @ ;T 1) té* Clist[n]%T (00)
By applying c-r-conl rule using xx and ¢¢. we get
A; @4 T consc(t, t5) v~ consc(i, t;) € list[n + 11917 ().
Case

AN®yTHt At~ At T

Vx;€dom(l), t; =coercer,)nrx; Vxiedom([), A\;®,=T(x;) 20T (x;)

A, ;T T

Ftwt~lety; =t x; in NCt*[der y;/x;] —~let y; = t; x; in NC t* [der y;/x;] : Ot
e-nochange

To Show:

A; @4, T et y; = ¢; x; in NC t*[der y;/x;] «~let y; = t; x; in NC ¢*[der y;/x;]:O1.
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By IH on the first premise A; @ ;T Ht At~ t* 701,
NPT HEE A~ t* 7 (W)and A; @ Tt t:T (k%)

By applying c-r-let rule.

NDLT Tt x ot x0T (x;)

A; @400, T,T' = NC £*[der y;/x;] ~ NC t*[der y;/x;] :cO1

A;® 4T, T

Flet y; = t; x; in NC t* [der y;/x;] «~let y; = t; x; in NC t*[der y;/x;]:Ot

c-r-let

SetI'=x;:I'(x;), I'1 = y; : T(xy).
STS:A; @,; 00, T,T" = NC t*[der y;/ x;] ~ NC t*[der y;/x;]:€O7.

By applying c-nochange.

N @O0 -t [yl xil [yl xi]1:€ 1

c-nochange
A; ®,;00, T, T = NC £*[der y;/x;] - NC t*[der y;/x;] Ot

STS: A;@4; 0T F t*[yi/ x;] « t* [yl xi] € 7.

From (), we extend the context and get

NOLT, O FtF ot 7 (%%)

By Lemma 26 on (x*) for the number of x; of ' times, we conclude :
A; @O0 [yl xi] o ¥ [yil xi] € 7.

Similarly, using (%) and the third premise and rr-nochange,

we conclude A;® ;T 07,

Theorem 32 (Completeness of embedding).

L IfA;®4T 1y« 1o : 7, then there exist t], &, such that
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NOyTHEL A~ 1 10T,

Proof. By induction on the typing derivations.
Case
NOyTHEATE:T

Vxedom). (x)A;Q, =T (x) 20T(x) (o)
rr-nochange

NOLGT,T'Fret:01
ByIHon (x), weget 3¢* such that A;® ;T t~t~s 5 "7 ().

By Lemma 30 on (¢), we get 3t; = coercer(x,),0r(,) forall x; e dom(I') (f1).

By e-nochange embedding rule using (1) and (1), we can conclude as follows:

ANPyuTHEAE~~T A T (1)

Vx;€dom(l), t; =coercer,)orwy,) (11) Vx;edom(), A\;@, =T (x;) 20T (x;)

A; @y, T

Ftet~let y; =t; x; in NC t*[der y;/x;] «~let y; = t; x; in NC t*[der y;/x;] : Ot
e-nochange.

Case
NOGT R~ distin]®T (%) A@AR=0TFf{1:T (o)
LN®,An=i+1;h:01,¢l:list[i]“T,TH it~ ty: 7 (1)

LB NP An=i+1Aa=B+1;h:T,tl:List[i]P1,TF £, ty:1 (W)
rr-caselL

A; @, ;TH case tofnil — 1) | h:tl— 1t case ' ofnil — 1] |hutl—ty: 7
ByIHon (x),weget3t* and 3t s.t. A;®@4;;T £t~ b/~ 1% ~ " :list[n]% T (%%).

ByIHon (¢),weget3¢ and 3£ s.t. AR =0ADHTE 8]~ 1] A 11T (00).

By IH on (1), we get 3¢, and 3 £," s.t.

imS,An=i+1AQgh:01,tl:ist[i]“T, Tty 1)~ £~ 1707 ().

ByIH on (#), we get 3£;* and 3 ;" s.t.

inS,BuS,AnZitlna=p+1ADh:T, tl:ist[i]P1,TF tr Ly~ B AT T (W),

By e-caseL embedding rule using (% *), (¢©), and (##), we can conclude as follows
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AOLTHt At~ t* " listin)%T NOAR=0TH At~ ot T
NP An=i+1;h:07,tl:istli]*T, Tty bty i1

% % !/

i,,B,A;(Da/\n:i+1/\a:ﬁ+1;hzr,tl:list[i]ﬁr,l“l—lfgmtéwtz”“"th2 T

case rof nil —#;  case t of nil — 7,
A;®,;TH - ~ T
|hotl— b |htl— g
case t'* ofnil —
case t* of nil — #; .
t
|h21thl—>t; ml
| hine tl — 1y
|hictl — 1"
|huctl — 1"
e-r-caseL

Case
N®y T — T WE AN®yx:ty, f:00—12), [t At:iTy (¥)

VxedomI).AP, =T (x) 20T (x) (o)

rr-fixNC
Ay T Hfix f(x).t~fix f(x).t:0(1; — 72)
ByIHon (%), weget:3t* s.t. A;®@y;x:71, [: 0@ —12), [ttt At 1Ty (k).

By Lemma 30 on (¢), we get 3t; = coercer(x,),0r(,) forall x; € dom(I') (00).

By e-fixNC embedding rule using (% x) and (¢¢), we can conclude as follows:

A®, 11— T W N@gix:1, f:O@—12),THt At~ 1" 7y
Vx; € dom(l), t;=coercer(,)n0ry;) Vx;edomI), A\;@,ET(x)=20IN(x)

t** =let y; = t; x; in fixye f(x).t7[der y;/x;]

A; @y T X f(x).t X f(x).E~ 7~ 101, — T2)
e-r-fixNC.

Case
iSO THEAY T (%)

i ZFIV(D ;1)
rr-iLam

AN;®,;THAt AL :VizS.T
By IH on (x), we get 3¢t* and 3¢ such that i :: S,A; @4, Tt~ !~ 15 A~ 1" 11 (% %).

By e-iLam embedding rule using (% *) , we can conclude as follows:
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imS00THEA >t At i1 i ¢FIV(@y4T)
e-r-iLam.

NPT HEA L AN ~ Ait" ~Ait”™:VinS.T
Case

ANDyuTHEAE VinS.T (%)

AFET:S (o)

rr-iApp

N @y T H ]~ T i}
By IH on (%), we get 3¢* such that A; @ ;T =t~ )~ 15 o~ 1* 1 VinSoT (x%).
By e-iApp embedding rule using (x*) and (¢), we can conclude as follows:

AOLTHt A~ t A" VinS.t AFRI:S

e-r-iApp.
AN;®TH o ]~ 51~ ¥ [ T/}
Case
NOuT A T{Ii} (%) AFT:S (o)
rr-pack

A;®4;T - pack ¢~ pack ¢’ :3i:S.1T
By IH on (%), we get 3¢t* and 3¢"* such that A; @ ;T t o~ b/ ~ 15~ 1 i T{I]i} (% %).

By e-pack embedding rule using (xx) and (¢) , we can conclude as follows:

ANOuTHE A st~ Tl ART:S

e-r-pack.
A;®4;T - pack ¢ pack t’ ~ pack t* with I «~ pack " with I:3i::S.7
Case

N®@yTH Bty FinS. 1y (%)

i2S,005x:1, Tl t):Ty (0) igFV(@4T,12, 1)

rr-unpackl
A;®4;T - unpack 1 as x in 1, -~ unpack ¢} as x in 2, : 75
By IH on (%), we get 3¢ and 3 £;* such that A; @4, T 1y~ £ ~» £ « 1% 1 FinS 11 (%),

By IH on (¢), we get 3¢, and 3£,
suchthat i S,A;@u;x: 71, Tty ~ 1) w1 1Ty (00).

By e-unpack embedding rule using (x*) and (¢¢) , we can conclude as follows:
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NOGTH ot~ 15t 13081y
i28,0®P5x: 1, Tty "~ Ty igFV(®4T,To, 1)

I

;" =unpack #; as (x,i) in t;  t,* =unpack #;* as (x, i) in t,"

e-r-unpack.
A;®4;T -unpack £ as x in f, ~unpack 1] as x in ty~ ;¥ ~ 6 : 1
Case

ANDOyTHG BT (%) AP T T (0

rr-C
NOyuTHE AT
By IH on (%), we get 37, f; such that A;@ ;T F 51~ o~ 11 ™ 1T (kx).

By Lemma 30 on (¢), we can show that 3¢’ = coerce; ;/ (¢0).

By e-r-C rule using (% x), (¢¢) and (¢), we conclude as follows

ANOyTHFH b~ b T AND,ETET t' = coerce;
e-r-C

N@yTHH Attt ot i1

B.2.3.2 Proof of Theorem 5

Theorem 33 (Soundness of algorithmic typechecking).

1. Assumethat A;y ;@45 T et | 1= ®© and FIV(®,,T,1) S dom(A,w,) and B, is a
valid substitution for v, such that A; ®,4(0,] |= ®[0,] holds.

Then, A;@,4[0,1;T[04] [t~ 1] :€ T[0,].

2. Assume that Ny ;@5 T Htet' 1 1= ® and FIV(®,,T) € dom(Aw,) and B, is a
valid substitution for v, such that A; ®,4[0,] |= ®[0,] holds.
Then, N;®4[0,1;T[04] F [t 1] :€ T[04].

Proof. By simultaneous induction on the given algorithmic typing derivations.
Proof of Theorem 33.1:

Case



436

MYy, @000t |72

alg-r-nochange- |
A;u/a;Qa;F’,DF FNCteNCt|Ort=>®
TS: A;®@4[0,1;T'[0,1,0T[0,]1 = NC|t|oNC |f] : O1[0,4].

By the main assumptions, we have FIV(®,,I",0T, 1) S dom(A,y,) (%) and
N;Dy04] E @O, (%)

Using (*), we can show that
a) FIV(®,,0T, 1) cdom(A,v,).

By IH1 on the premise using a) and (xx), we can show that
A;®@4[0,1;0T (041 |l |t]:T[04]

By the c-nochange rule using eq. (B.4), we obtain
A ®,(0,);T'10,],0T0,] -NC|t|eNC |t :O71[0,].
Case
Ny ®uTHret 1listn]“t = @, Nyan=0A0,;THHon | T =D
PN AW n=i+1AD,h:0O1,¢l:Nist[i]*1,T - ot | 7= d)
PN, BENAwgn=i+1Inazf+1AD h T, tl:Nist[i]P1,THtz08; | 7 = 03
Ppody=(N=0—DYA(VizN.(n=i+1) = (@ AV N.(@=f+1) — D)

case 7 of nil — 1 case ' of nil — 7|
MNYa;, @ THI R inctl — 1 el h :nc tl—>lfé l‘t’lz(q)e/\q)body)

lhactl —t3 |huctl — 1
caseL-|
TS:

case t of nil — |f] case t' of nil — |¢]]
A @yl04LTI0d Hh antl — |l o |huytl—|t) :7'[04]
| hectl—|t3) | b tl— |4

By the main assumptions, we have FIV(®,,T,1") € dom(A,y,) (%) and
A;@q[04] F (@ A Dpody) [0a] (k%)

Using (%), (%*)’s derivation must be in a form such that we have

a) A;(Da[ea] = q)e[ga]

(B.4)

alg-r-
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b) A;nf0,]1 =0AD,[0,] = D,[0,]
C) iS,A;n0=i+1AD,[0,] E Dy[0,]
d) i:50:SMn0=i+1Aal0=+1AD404] = DP3(0,]

By IH2 on the first premise using a) and (x), we can show that
D;Dy[04);T[0a) 12l @ 11'] :Nist[ 210,110 710,)
By IH1 on the second premise using b) and (%), we can show that
A;nlBa Z0A D404 T[04] - [Tl elty]:7'(04]
By IH1 on the third premise using c) and (%), we can show that
i:8,0;n[0,] =i+ 1AD4[0,;T[04F 2101ty :T'[0,]
By IH1 on the fourth premise using d) and (%), we can show that
i:8,6:80n0=i+1Aal0,1=B+1AD00,;T10,F 1510185 :17'[04]

Then by c-r-caseL rule using egs. (B.5) to (B.8), we can show that

case t of nil — || case ¢’ of nil — ||
N D40, T[04] Hh iy tl — | 12| ey tl_’lté| :Tl[ea]
| hc tl— |t3] | huc tl— |4

Case
iefresh(N) Ay, 0,;THnoen | 070
Ni, W ®uT et | list[i]*T=> @, D, =DyAn=(i+1)

AW a3 @ T = consye (1, ) © consye (1, 1) | list[n]% 7= @1 A Ti:N.D)

|

TS: A;@4[041;T[04] - consnc (I, 1 2]) © consne (18], 115]) : list[1[0,4114194 (6 4].
By the main assumptions, we have FIV(®,, T, list[n]* 1) < dom(A,v,) (%) and
AN D 0, = (@ AT N.@'Z)[Ha] (k%)

Using (%), (x*)’s derivation must be in a form such that we have

(B.5)

(B.6)

(B.7)

(B.8)

alg-r-consNC-
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a) A D400, F @110,

b) AFT:N

C) A@4[04] F D2004,i— 1]
d) A;®4004] =T +1) =n(0,]

By IH1 on the second premise using (%) and a), we can show that
A @0, TI0,] - 11l o1t :O7[0,] (B.9)
By IH1 on the third premise using (%) and b), we can show that
A;®al041;T104] 121 © |85 :list[ 117179 716,,] (B.10)

By c-r-cons2 typing rule using egs. (B.9) and (B.10), we obtain
A;@,4104);T104] F consnc (1], 112]) © consne (2, 1 5)  List[ I+ 1]*10 7[0,,].

We conclude by applying c-r-C rule to this using d) .
Proof of Theorem 33.2:

Case

Ny ®uTHret' |10 AO,Ftwf  FIV(T) €A

alg-r-anno-1
Ny ®uTH(E:T) e 1) 12> @

TS: A;@4[0,1; T |(t:T,0)01(t 7,0 :T[O4].
Since by definition, V. |(¢:_)| = |t], STS: A;®,4[0,];T[04] - [t o1t : T[0,].
By the main assumptions, we have FIV(®,,T') € dom(A,y,) (x) and
A @q[04] F PIO4] (k%)
Using the third premise, we can show that
a) FIV(®,,T', 1) cdom(A,v,).
By IH2 on the first premise using (xx) and a), we can conclude that
N @4[0,5T104) -t e]t']:T[04] -
Case
MY, O THFhHeL 1O7T=>0

alg-r-der-1{
ANyay; @l -dertyodert, | 7=
TS: A;@,[0,);T10,] - der |t| «~der |t :°T[00,].
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By the main assumptions, we have FIV(®,,T') € dom(A,y,) (x) and
A ®,4[0,] = DP[O,] (x%)suchthat A > 6,: v, are derivable.

By IH2 on the first premise using (x) and %, we obtain
A @400, T10,] [t el :O1[0,] (B.11)

Then, by c-der rule using eq. (B.62), we can conclude that
N, D,10,0;T10,) Fder |tloder|t']:T[00,].

B.2.3.3 Proof of Theorem 6

Theorem 34 (Completeness of algorithmic typechecking).

1. Assume that A;®4;T &ty tp:€ 1. Then, there exist t], t, such that A; ;@4 T+ t] ©

1= Pand A\ Q4 =@ and |t = t and |ty] = 1.

Proof. By simultaneous induction on the given Core typing derivations.
Case

A®y ;T 0T
c-der

AP ;T Hdertp ~der 6 :6 1
By IH on the premise, 3, , such that
a) AsOuTH et | 1,t=>0

b) A;Q, =

o ll=tand|t)| =t

Then, we can conclude by using a), b) and c) as follows:

As@guTHB oL | O

alg-r-der-| and
A;®g T Hderrodersy | 7= @
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A5@uTHB o | 01> 0

alg-r-der-|
A;®@4THderfpoderty | 7=

alg-r-anno-1
A @y T H(derfy:1)e(derty: 1) 1 7= @

ANO,ET=71=>® by Lemma?27

alg-r-1|
A;@yTH(derfy:1)o(derty:1) | T=>OAD

2. Byc), |(der £;:7)| = der|z].
3. Byb) and Lemma 27.

Case

NOiTHEA T AOET=T

c-r-=
AP THEAE ST
By IH on the first premise, 3, t, such that

a) AsOuTH et | 1=
b) A;®, Dy
o lgl=tand|f| =1
By IH on the second premise,
d AOLET=T 2D
e) A0, = D).

Then, we can conclude as follows
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1. Byusinga) and d)

A;s@uTHB O | T2 D

alg-r-anno-{ AND,ET=T =D,
Ns@gTH(:DOM):T) 1 T=> D

alg-r-1|
A5 @gTH( D O(t):T) | T =D AD,

2. Byusingb), e) ,we can show that A; @, |= ®; A D,
3. Byo), |(f;: 1)l =t and (£;:7) = 1,

Case

N@yTHH A1 11— T2

N®yTH B~ ty:f 1)

c-r-app
N®yTHR bty 1T

By IH on the first premise, 3¢, L‘{ such that
a) AsPuTHBet | T1—= T2
b) A;®@, D@y
o |tl=tand|t]| =1
By IH on the second premise, 31,, t; such that
d) A0uTHBet, | 1=
e) Dy =D
f) |bl=tand|t)| =1,

Then, we can conclude as follows
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As@uTHBet |11 > 1220

alg-r-anno-1
A ®uTH(L:T,—T10)0tl 11— T2) 171 — T2 2> Dy

Ns@uTHBO | 112> D)

c-r-app
N sOLTHFEI 0E [ T0=> 0 ADy

N DT HE 0 E, | To=> D ADy

alg-r-1|

where E1 = (f1: 71 — T2) p and Ex = (] : 71 — T2) I,
2. Byusingb)ande) .
3. Usingc) andf), [(f1:71 = T2) ol =ti rand [(£]: 71 — T2) Ll = 1] L.
Case
AN®@yTH Bty €30Sy

i:8,0Px:1, T 1y:°1) i¢ FV(®,;T, 10, 1)

c-r-unpackl
A;®4;T - unpack t as (x, i) in t, «~unpack f; as (x,1) in 7, :° 7,

By IH on the first premise, 31, ] such that
a) AOuTHH et | 3inST =0
b) A;®, = Py
o |al=tand|t]|=1
By IH on the second premise, 31, té such that
d) i:8A;5Pqx:T, TRt | 122> D)
e i:SAD, =D,

f) |bl=tand |ty =1,
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Then, we can conclude as follows

A;5@5THB ot | 3inS.1=> 0 (a)

alg-r-anno-1
A ®@yTHE ©E) 1 3inS.11 > @

i:S,APux:1,TFROL |10, @ =0, AD,

A;+;®4;T Funpack E; as (x,i) in f, © unpack E; as (x,i) in t, | 7, => @'

alg-r-unpack-|

where E; = (f; : 3i::S.71) and Ep = (¢} : 3i::5.71)
. By usingb) and t).

. Using c) and f), [unpack (#; : 3i::S.71) as (x,1) in | =unpack ; as (x,1) in &

and [unpack (¢ : 3i::S.71) as (x, i) in t)| = unpack ¢] as (x,i) in .
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B.3 RELINF

B.3.1 Syntax of Rellnf

This section does not appear in the main paper, but it works as a supplemental system
that helps us to understand the refinement type U(A, A), which is an important compo-

nent in later systems.

Unary types A == bool|int| A} — A;

Relational types 7 = bool, |int|7, — 72 | U (A1, A2)

Terms t == x|n|true|false|if f then f; else £, | fix f(x).t]| {1 &
Value v := n]|true]false|fix f(x).t

Figure B.25: Syntax of values and terms in Rel Inf.

Unary types A := bool|int| A} — Ay

Relational types 7 := bool, |int|7, — 72| U (A}, A2)

Terms t == x|n|true]false |if ¢ then #; else &,
[ fix f(x).t] 1t t2 | switch ¢

Value v := n]true]|false|fix f(x).t

Figure B.26: Syntax of values and terms in Rel Inf-CORE.

Unary types A
Relational types 7 bool, |int| T — 172 | U (A1, Ap)
Terms t o lswitcht] (g:7) | (t: A)
Value v := n|true|false|fix f(x).t

bool |int| A; — As

Figure B.27: Syntax of values and terms in BiRelInf.



445

Qx)=A b € {true, false}
— var bool —— const
QFx:A QF b:bool QFn:int

FAAL— Aowf X1 AL AL — Ay, QF £: Ay
QFfix f(x).t: A — Ay

QFtH: A — A QF 6 Ay QF t:bool QFt:7T Q"tgl‘[.

app - if
QFH{ A QFiftthen 1 else tr: T

QFt:A EMAcA
QFt: A

C exec

Figure B.28: Unary typing rules of Rel Inf.

I'x)=1t b € {true, false} Tt t1:A; Tk t: A
—— r-var r-bool r-switch
'-xwx:71 I' b« b:bool, 't t:U(ALA)

[Htt':bool, ThrH{wt:T Thhoty:T o
r-i

[ +if ¢ then 1 else r, —~if ¢’ then £} else £;: T

ANDOgyx:t, fit1—12,THFH BT
AN @y, T I—ﬁxf(x).t1  fix f(x).tgl‘l,'l — T2

r-fix

Thwt:T1—T2 Thhoety:n TFheth:T Erct’
r-app r-=
I'+ tlv‘tzi‘[,

ThHhtyntty:Ty

Figure B.29: Relational typing rules of Rel Inf.

FAacA  EMAacA)

A — exec A—u-reﬂ
= A1—>A2|;A,1—>A,2 FTAEA
|:A AlCE A |:A Ay E Aj

A u-tran
=" A E Asg

Figure B.30: Unary subtyping rules of Rel Inf.
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— execdiff

= U (A — Az, A] — A)) EU (A1, A)) — U (Az, AY)

|:A A C All |:A Ay A,Z = T'l C11 E1,E TIZ
U w —
!
E U (A1, A2) EU (A}, AY) FT=U(7[1,[7]2) ET1— T2 51— 1)
|=T1§T2 |:TZET3
refl trans
ETCT FT1ET13

Figure B.31: Relational subtyping rules of Rel Inf.

.lieq1,2) . Binary type — Unary type
lint|; = int
|bool,|; = bool
Ty =12l = Itil;—I72l;
U (A1, A2)l; = A
IL,x:zl; = Tl x:ltl;
|B1; = ¢

Figure B.32: Rellnf refinement removal operation.

— ./ — !
Fri=1, FET2=1,

eq-boolr ——  eq-intr -

eq-fun
— _ —_ _ —
I=bool, =bool, |=int =int FET1—T2=7,—1,

EAacA, ErAlca Eraca, ErAca,
= U (A1, Az) = U (A}, A))

eq-U

Figure B.33: Relational type equivalence rules of Rel Inf.

x:Al,f:A1—>A2,QI—t:CA2 Qx)=A
c-u-fix ———— c-u-var ————— c-u-const
QFfix f(x).t:° Ay — A QFx:fA QFn:‘int
QFt:fA =AC A
- c-u-c
QLA

Figure B.34: Unary typing rules of Rel Inf Core.
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Tl # :¢ A T2+ :¢ Ay

c-switch
I - switch £ v« switch £ :° U (A, A»)

Fry—1towf  x:1, fit1 =12, TFH A1) I'x)=1
c-r-fix — c-r-var
['Hfix f(x).6; ~fix f(x).:° 11— 12 F'Fxwx:t

Tttt =1

————— c-r-const — c-r-C
I'Fnewn:"int 'ttt 1

Figure B.35: Relational typing rules of Rel Inf Core.

I'x)=1
e-r-var - e-r-const
I'kxx~xwx:1 I'rnn~»nwn:int
11— 1o wf x:Tl,fZT1—>T2,F}—tlmtzwtl*v“fg*i‘[g

e-r-fix
[Ffix f(x).t; ~fix f(x).1 ~ fix f(x).6" ~fix f(x).6": 71— T2

TFH b~ T =t t' = coerce;
e Ik . I e-r-L
ITILE t;~ 8] 1 Ay ITI2F tp~~ 15 1 Ap
- ” - ” e-switch
't t1 « 1 ~ switch £ v switch £, : U (A;, Ap)
Figure B.36: Relational embedding rules of Rel Inf.
Qx)=A
—— e-u-var — e-u-const
QFx~~x:A QFn~n:int
FAAL = Apwf  5x:ALfiAl— A, QF t~ 11 Ay
" e-u-fix
QF fix f(x).t ~fix f(x).t7: A — Ay
QFt~1" A A Ac A
— e-u-c
QFt~~1": A

Figure B.37: Unary embedding rules of Rel Inf.
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Qx)=1 b € {true, false} QrFt1 A EACA
—— alg-u-var alg-u-bool alg-u-1|
QFx1 A QFb1bool QFtl| A
QFt] A QF £ 1bool QFHl A QK| A
—— alg-u-anno-| - alg-u-if
QF (AT A QFiftrthen 1 elset, | A

Q,x:Al,fZAlﬁAzl_fllAz
Ql—ﬁxf(x).tl | Ay — A

alg-u-fix

Figure B.38: Unary algorithmic rules of Rel Inf.

I'x)=1 b € {true, false}
—— alg-r-var alg-r-bool
I'xexit I'beb 1 bool,

TlEnt A TI2F56t A
I' - switch t; eswitch t, 1 U (A3, Ay)

alg-r-switcht

TI1E6 | A TI2F- 15| A
I' + switch t; @ switch &, | U (Aq, As)

alg-r-switch |

F-tet'tbool, Truenlt Trpenlt

alg-r-if
[ +if r then 1y else npoif £ then t] else t) | T &

Lx:t,fit1—T2FHheh |1
Fl—ﬁxf(x).tleﬁxf(x).tg lt1—12

alg-r-fix

/

T-netitti—1, TrkhenlT r'~tet'17 E1'=
alg-r-app THrot |1

T
alg-1]
Fl—tltget{téTTz 8

r+toet' |t
I'~@:ne(t:1)17

alg-r-anno-1

Figure B.39: Algorithmic typing rules of Rel Inf.
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FhAacA EhAcAa
alg-boolr —— alg-intr

alg-u
I=bool, = bool, I=int = int EUA=UA 8

I — — ./
FTi=T1  FT2=T1,

alg-—
— -/ /
FT1— 12517, 1,

Figure B.40: Algorithmic subtyping rules of Rel Inf.
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B.3.2 Metatheory of Rellnf
B.3.3 RefInf Proof
Lemma 35 (Reflexivity of Algorithmic Binary Type Equivalence). =7 =7.

Proof. By induction on the binary type.

Case

bool,
It is proved by algorithmic binary type equivalence rule alg-boolr.

Case

T1— T2
BylHon7ty,=71 =7;1.

BylHon 7y, F12=12

By the above statements and rule alg-—, we conclude
EFTi—12=1; — To.

Case

U (A1, A2)

TS: E U (A1, A2) = U (Ag, A2).

By unary subtyping rule u-refl, = A, = A; and [E* A, ¢ A,.
By the above statements and rule alg-u, we conclude

= U (A1, A2) =U (A1, Ap).

O

Lemma 36 (Existence of coercions for relational subtyping). If|= 7 C 1’ then there exists

coerce; 1 € Core s.t. - = coerce, ;1 « coerce; 1 :°T—1'.

Proof. Proof is by induction on the subtyping derivation. We denote the witness e of

type T — 1’ as coerce, ,+ for clarity.
T,T
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Case

!/ !
FT1E171 (%) FT2E7, (0)

-
ET1—T2E1]— 1)

By IH on (%), ElcoerceTrlyT1 . COErCe;! ;, “~ COEIcey g, :¢ T’l —T]
By IH on (), ElcoelrceTNr2 . F COerCer, ;1 “~ COeICer, ! €Ty — 1)

Then, using these two statements,we can construct the following derivation where
e = fix f(x).fix f(y).coerce,z_Tf2 (x (coercey -, )

Ftotf (T —T1) =T =T,

Case

w

‘FreU(1,1712)
Then, we can immediately construct the derivation using the rule c-switch.

-+ fix f(x).switch x « fix f(x).switch x:“ 7 — U (|7|1,]7]2)

Case

FT1ET2 (%) F12E73 (0)

tran
FTiET3
By IH on (%), 3coercey, 1, . i:: S, coercer, ;, v~ coerces, 7, :“T1 — T2

By IH on (¢), 3coercer, ;, . i:: S, coercer, ;, « coercer,r, :“ 72— T3.
Then, using (x) and (¢), we can construct the derivation simply by function compo-

sition

-+ fix f(x).coercer, 7, (coercer, r, x)fix f(x).coercer, r, (coercer, r, x):“7; — 13

Case
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— execdiff
= U (A — Az, A] — Ay S U (A1, A}) — U (43, A))
Then, we can immediately construct the following derivation

where e = fix f(x).fix f(y).switch (x y) using the c-switch and c-app rules.
Ftt:C(UA — Ag,A’1 — A’z)) — U(AI,A’I) — U(Ag,A’Z).
Case

EAacA ErAacA) .

= U (A, A2) 2 U (A}, AS)
Then, we can immediately construct the following derivation

where e = fix f(x).switch x using the c-switch and c-u-C rules.

‘E it 1€ (U (A A2)) — U (A, AY).

Theorem 37 (Types are preserved by embedding).
1. IfQF t~~>t* 1 A thenQF t*:“ Aand QF t: A.
2. IfTFtit~tf )7, thenTH i ~ 6 “TandT' -6~ 61 7T.

Proof. By simultaneous induction on the given derivations.

Proof of Theorem 37.1:

Case

FA AL — Aowf X1 AL AL — Ay, Qb o 15 Ay
e-u-fix

QFfix f(x).t ~ fix f(x).t7: A — Ay
By Theorem 37.1 on the premise, we get x: Ay, f: Ay — A2, QF £:¢ Ay. Then, by unary

x:Al,f:Al — Ay, QF IZCAZ
core rule c-fix,we concludt: c-u-fix.

QFfix f(x).t:° Ay — A

Proof of Theorem 37.2:
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Case

TR i A (0 TIZEE 81 Ar (0)
e-switch

I'F )« t ~ switch ¢ «~ switch £ : U (A;, A2)
By Theorem 37.1 on (%), we get A; ®; Q tf €A (xx).
By Theorem 37.1 on (¢), we get A;@;Q = £ :€ Ay (00).

1NN ZCAl T2+ 6 :CAZ
Then, we conclude as follows: c-switch .

I' - switch #; «~ switch £, :¢ U (A, Ay)

Theorem 38 (Completeness of embedding).
1. IfQF t: A, then there exists an t* such that Q- t ~ t*: A.
2. IfT-1t1 w17, then there exist t7 , t, suchthatT' =ty «~ tp ~ 1] «~ 1, 1 T,

Proof. By simultaneous induction on the given typing derivations.
Proof of Theorem 38.1:

Case

QFLr:A () EMACA (o)

=
QFt: A

By Theorem 38.1 on (%), we get 3t* such that QF t~~» t* 1 A (% %).

By e-u-C rule using (x %), (¢), we conclude as follows

QFt~~t*: A EAAC A

e-u-C
QF t~st*: A
Proof of Theorem 38.2:

Case

IThEt:Ar (%) ClaEtr: Az (o)
r-switch

I'+ hvt: U(Al,Ag)
By Theorem 38.1 on (%), we get 3£, such that || - 1 ~ 1% 1 Ay (k).

By Theorem 38.1 on (¢), we get 3z, such that [’z - 1 ~ 6" : Ay (00).
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By e-switch embedding rule using (xx) and (¢¢), we can conclude as follows:

ITILEE i 1 DAL (e%) TR2ER s 150 Ay (00)
e-switch.

[+t tp ~ switch #] v~ switch ¢ : U (A, A2)

Theorem 39 (Soundness of algorithmic typechecking).
1. AssumethatQtt | A, then, QF |t]:€ A.
2. Assumethat Q& t 1 Athen, QF |t]:€ A.
3. AssumethatT+toet | t,then, T+ |t|—|t']|:°T.
4. AssumethatT+-toet' | 1 ,then, T+ |t| |t 1.

Proof. By simultaneous induction on the given algorithmic typing derivations.
Proof of Theorem 39.1:

Case
Q,x:Al,f:A1—>A2|—t1 | Ay

alg-u-fix
Ql—ﬁxf(x).n | A — Ay

By IH1 on the premise, we get Q, x: Ay, f: A1 — Ao - [1]:€ Ay (%).

By the unary core rule c-u-fix and (x), We conclude Q - fix f(x)./#;]:¢ A} — Aa.
Proof of Theorem 39.2:

Case

QFt] A
——— alg-u-anno-1
QF(t: AT A
By IH1 on the premise, we get Q,F [£] :€ A ().
Because |(t: A)| = ||, We conclude Q F |(¢: A)| :€ A.
Proof of Theorem 39.3:

Case
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TI1E6 | A T2+t | A

alg-r-switch |
I' - switch t; v~ switch o, | U (A3, Ay)
By IH1 on the first premise, we get |T'|; F [£1]:€ Ay (%).

By IH1 on the second premise, we get |T'|, - | 2] :€ Ay (0).
By relational core rule c-switch and () and (o),

We conclude: T' - switch |#;| «~ switch £ t2] :€ U (A7, As).
Proof of Theorem 39.4:

Case
TI1E6 1A TI2E5 1 A

alg-r-switcht
I' - switch t; «~ switch 1, | U (A1, A))
By IH2 on the first premise, we get |T'|; F [£1]:€ Ay (%).

By IH2 on the second premise, we get [T'|o - |f2] :€ Ay (0).
By relational core rule c-switch and () and (¢), We conclude that
I' - switch | 1| «~ switch #1]£2] :€ U (A;, As).

Theorem 40 (Completeness of algorithmic typechecking).
1. Assume that Q& t:° A. Then, there exists t' such thatQ &+t | Aand|t'| = t.

2. Assume that T & t; « t,:° 1. Then, there exist t|,t, such thatT + t; o t, | T and

|t]| = t1 and |t)| = t,.

Proof. By simultaneous induction on the given Core typing derivations.
Proof of Theorem 40.1:

Case

Qx)=A
—— c-u-var
QFx: A
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We can conclude as follows

Qx)=1

—— alg-u-var =AC A

QFx1 A

alg-u-1|
QFx | A
Case
x:Al,f:Al — Ay, QF l'ICAg
c-u-fix

QF fix f(x).£:¢ A — Ay
By IH1 on the premise, we get exists t” s.t QF t” | Ay (%).

By algorithmic unary rule alg-u-fix and (%), we conclude where ¢’ = fix f(x).t” and |¢| =
t”

QFt'| Ay — Ay. and |t'| = fix f(x).|t"].
Proof of Theorem 40.2:

Case
Fl—tlv\f{ ZCT1—>T2

rf—tgmtéic‘[l

c-r-app
Tttty
By IH on the first premise, 3, ] such that
a) Fl—tlet{ lt1—19
b) |t1] = f; and |t{| = l'{
By IH on the second premise, 31>, z‘é such that
c) Fl‘l’z@tél’l’l
d) |al=tand|t)| =1,

Then, we can conclude as follows
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r}—ﬁ@til‘[l—“[g

alg-r-anno-1
F|—(t12T1—>T2)9t{ZT1—>T2) 111—12

rl—tgetélT13(D2

I'-EieEy 112

I'-EieE |10

where E; = (t;: 71 — 72) th and E» = (ti T1—T2) té.
2. Byusingb)ande) .

3. USiIlg c)andf), [(t;:71 — T2) K| =14 t and |(ti T —T2) l'é| = l'i l'é.
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B.4.1 Syntax of RelRefU

Unary types A u=
Relational types 7 ::=

Terms r =

Value v o=
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bool |int| A; — Ay | list[n] A| Vi::S.A|3i::S. A
|CRA|Co A

bool, |int| 71 — 72 | U (A1, Ap) | list[n]% T | Vi:S.T |
JdizS.t|O07|C&T|Co7T

x| n|true | false | if ¢ then #; else 1, | fix f(x).t| t; £ | nil
|cons(fy, )| case tofnil -4 |htl— | At t[] |
pack t |unpack t; as xin fp |let x =1, in £, |

clet t; as x in % | celim ¢

n | true | false | fix f(x).f | nil | cons(vy, v2) | At | pack v

Figure B.41: Syntax of values and terms in RellnfRef.

Unary types A =
Relational types 7 =

Terms r =

Value v o=

bool |int| A; — A, | list[n] A| Vi::S.A|3i::S. A
|IC&A|Co A
bool; |int| 71 — 72 | U (A1, Ao) | list[n]% T | Vi::S.T |
Ji:S.t |07 |C&T|CD7T
x | true | false | if ¢ then 1, else t | fix f(x).t]| 4 &
| switch ¢ | NC ¢ | split (1, ) with C | contra ¢ | der ¢
| Ai.t| t[I] | pack twith I | fixyc f(x).t
| eunpackt, as (x,i) in t, | consyc(t, t2) | consc(ty, t2)
et x= £ in & | case t of nil — f
|hanctl >t hactl — 13
n | fix f(x).t] | nil
| consyc(vy, v2) | consc(vy, v2) | Ai.t | pack vwith [

Figure B.42: Syntax of values and terms in RelInfRef-CORE.
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Unary types A == bool|int| A — Ay |list{n] A|Vi:S.A|3i::S. A
|C&A|CoA

Relational types 7 := bool; |int| 7] — 72| U (A, Ay) | list[n]¥1 | Vi:S.7 |
Ji:S.t |07 |C&T|CD7T

Terms t == x|true]false|if t then 1 else &, | fix f(x).t| & 12

| switch ¢ | NC ¢ | split (1, ) with C | contra ¢ | der ¢
| Ai.t| t[I]| pack ¢t with I | unpack #; as (x,7) in £
| consnc(ty, t2) | consc(ty, ) | fixye f(x).2] (£:7) | (2: A)
case t of nil — f
|hanctl =6 hactl — 13
Value v = nlfix f(x).t|fixye f(x).t] | nil

| consyc(vy, v2) | consc(vy, v2) | Ai.t | pack vwith T

[letx=1£ in £ |

Figure B.43: Syntax of values and terms in BiRelInfRef.
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I'x)=7 b € {true, false}
r-var r-bool
NPT HExox:T A; @D, T b b:bool,

A;®, ;T Htt' :bool, NOyTHH AT NOyiTHB Aty T
A;®4;T Hif t then 1 else 1 —~if ¢ then 1] else &5 : T

r-if

ANDPgyx:t, fit1—1, T~ 6T
Ay THEX f(x). ~fix f(X).l:T1 — T2

r-fix

AN@yTHH At :T1— T2 AOguTHB i1
NOyTHO bt T2

r-app

NDyuTHEAL:T
VxedomT). A;®, =T (x) =20I(x)

A®,;T T Ftnt:0O71

r-nochange

NOyiTH AT A =TT

r-£
NOyTHG AT

N®y 11— Ty W ANDgx:ty, f:O@0—12),HEAET)
VxedomT). A\; @, =T (x) =0T (x)

APy THEX f(x).1 - fix f(x).t:0(11 — 72)

r-fixNC

inSAPTHEAT T A®THEAE :VinS.T

i ZFIV(®,;ID) . AFI:S
—— r-iLam - — T
NDOLzTHEALt A~ AL :ViS.T NDOLTE ] ] il i}

-iApp

N®yuTH et~ T{I]i} AFT:S
A;®4;T - pack ¢ pack t':3i:S.7

r-pack

N@yT B oty :FinS. 1y
i:S,NPpx:1, T 1y:T) i¢dFV (@41, 10, 1)

A;®@4; T Funpack 11 as x in £, «~unpack #] as x in f,: T

r-unpackl

ANDONCTHEAE T
A®uTHEAE:COT

r-c-implI

Figure B.44: Typing rules of RellnfRef, part 1.
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N®gyTHH~t:CoT AOLEC

r-c-implE
A;® 4T+ celim t~celim ¢ : 7 P

IThEt:A; ITla = t2: Az
't~ 16:U (A, A))

r-switch

NOLTHE ~8:T1  AN®ix:1,THhwt):T)

- — r-let
AO T Hletx=fhinfhletx=tint,: 72
A;®, T wf
r_
A;®,4;T il v nil :list[0]%T
NOyiTHR At:T  ANOLZT ot listin]%t
— 751 r-consl
A; @4 T Fcons(t, 1) v~ cons(iy, 5,) :list(n+1]""" 1
A®@yTHG 1y :0O7 A;®@yT oty list[n]* T
r-cons2

A; @4 T F cons(fy, ) «~ cons(fy, 1) : list[n+ 1]% T

N @gyT et listin]%t A®An=0TFt—1]:7
I, M;@oAn=i+1;h:01,tl:list[i]*T,T -t~ ty: 7'

LB, NP An=i+1Aa=P+1;h:T,tl:list[i]P7,T+ £ ty:1'
r-caseL

A @ ;T H case tofnil — 1 | h:tl— o case t' ofnil — 1 |htl—1t):7

A®,=EC ANP,ACTHEAE T

r-c-andl
ANDyTHEAY:C&T

N@yTHR A~1:C&T) MO ACx:T, TR 1T

- - — r-c-andE
A;®g T Hclethasxin fycletfyas xin 6, : 7

NONCTHEHAG:T NO,NCTHEH AT A+ Cwf
ANOyuTHEH AT

r-split

A O A; @, T wf
NOyuTHERH AT

r-contra

Figure B.45: Typing rules of RellnfRef, part 2.
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- — int-0 — — OU-int
A; @, = int = Oint A; @, =0OU (int, int) E int
Ad, =T ET A®,=15C T,
bool-O ‘ ! 7 - z_,
A;®, = bool, = Obool, ANDuETI—T2ET, — Ty
——refl Odiff
AND,=TET AN®, =F0(r; — 12) EOT — 10

inSAO,=TtET i ¢ FIV(®,) O
i
A;®,=VizS.tcViS. T N®, FOVi:S.TEVI:S.Or

vU
A;®,=UVi:S. A Vi:S.A)CVizS.U(A A)

AN®,En=n ANd,Ea<a ANdyETET I
A;®, = list[n]® 7 C list[n1 7'
Ad,l=ma=0
12 10
A;®, Elistin]* T S list[n]*0O71 A;®, = list(n]*0O7 = O(list[n]% 1)
ANDL,ETIET)
T D B-O
ANO,FOTET A®, FO7r=00r AN®,=FO7; 2071
w EAacAl ErAaca)
FT=U(7[1,[7]2) |=U(A1,A2)EU(A'1,A’2)
i:S,NP, 1T i g FV(®,) O
A, ETinS.1=3i:S.1 A, =TixS.Or=E0(FixS. 1)
AD,ACEEC AND,ETET
— c-and c-and-O
NP, FC&TEC &T AND,FC&O7T7=E0(C&T)
A, ®d,AC |=C Ad,ETET
— c-impl c-impl-0
AN®,FCotEC DT ANO,FOC>T)ECoOT
ANDO,ETIET, ANDLET2E T3
trans

ANDL,ETIE T3

Figure B.46: Relational subtyping rules of RelInfRef.
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NOJENAIT A AN A A
A®LEN A — Ays A — A)

U-— exec

inS,AD, N AT A igFV(®,)
A; @, EAVinS. AT VisS. A

U-Vexec

i::S,A;q)aI:AAI;A’ i¢gFV(®,) A;CDa/\CI:C’ A D, I:AAEA’
u-3 u-c-and

A;®, =R 3inS. Ac 3iS. A A, CRACC & A

ANO,ANC EC  AD DA A
A®,EACoACSC o A

u-c-impl A u-refl
AP, " AC A
. _A . _A
ANOL,ET A E A ANO,LET Ay E As

A u-tran
A;®,L =" AL E A;

A®,En=n NO,EMAC A
A; @, =M list[n] A c list[n] A’

Figure B.47: Unary subtyping rules of RelInfRef.
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’ AND,=T1=1T> ‘ checks whether 7, is equivalent to 7,

eq-bool - — eq-int

A;®, |=bool, =bool, A; @, = int = int
AND,En=n AP, =a=d
NP, ET1=1] MO ETI=T, ANdyl=1=T .
- - eq-V - eq-list
N, ETI > T=T) —T) A; @, = list[n]% T =list[n'1% 1/
iLNO,ET=T LANO,ET=T i¢ FV(®,)
eq-vY eq-3

A;®,=VinS.T=VinS. 1 A;®, =3ixS.t=3inS. 1

AD,EAN A E A, A @, EM A E A

A®ylET= T B-OJ A, |:A A E Alz A®g |:A AIZ C Ay
;€q-b-

eq-U
A;®, 07 =07 NOEUAL A= U AL A

ACAD,=C ACAD,EC AP l=T=T

eq-c-impl
AD,ECor=C' o1 q p

ANC'ADP,EC  ANCAD,=EC AP =T=T1

eq-c-prod
AND,EC&T=C &7’ Tep

Figure B.48: Relational type equivalence rules of RelInfRef.
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Qx)=A

c-const c-var

A;®,;QFn:fint AD;QFxCA

N O A AL — Ao wf A Dgx: Ay fi A — Ap, QF € Ay .
c_
A; @y QFfix f(x).1:° Ay — Ay
ND®L,;QF 1 ZCA1—>A2 A;(Da;Ql_tgchl
c-app
NOLQF 1 B :¢ Ay
i:SN0;QFECA i ¢FIV(®,; Q)
c-iLam
AN ®,;QFAiE:CVinS A
AN®L;QFE:°VizS.A  AFI:S A @y QL t: Al i} A-T:S
c-iApp c-pack

A @y QF )€ AT} A;®@4;Q F pack rwith 1:°3i:S. A

A®y;QF 1 :3ixS Ay
i:S8,N®,;x:A1,QF 1 Ay igFV (@4l Ay, Ly, 1)

A;®@4; Q Funpack t as (x,1) in £, :€ Ay

c-unpack

A; @, - Awf AN®;QF A A D, ;QF 1 :Clistn] A
— c-nil _ c-cons
A; ®,4; Q il :€list[0] A A;®,4;QF consc(ty, ) :“listin+1] A

A®;QF 1: A A Dy x: AL QF 1:° Ay

c-let
A;®y;QFletx=1in £ :° Ay

A;®,;QF t:Clist(n] A
AND,An=0,QF ;A LAOAn=i+1;h: A tl:list[i]AQF ¢ A

A;D,;QF case tofnil — | hunctl— bt | hictl— t3:C A

c-caseL

Figure B.49: Unary typing rules of RelInfRef Core, part 1.
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A®,=C ANO,NCQFECA
AN®;QFE:CC&A

c-candl

AP QF 5 C& A ANDPLANCx: AL QF 1:° Ay

- c-candE
A;®,;QFclett; as xin 1 :€ Ay
ANP,ANCQFECA AND;QFECCo A A®,=C
c-cimpl - c-cimplE
AN®;QFE:CCo A A @, ;QF celim £:€ A

ND; QA AP, =ACT A

C- C exec
A®,;QF A

Figure B.50: Unary typing rules of RelInfRef Core, part 2.
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I'x)=1
N®yuTHx~x:T

C-r-var

AN® 11— T2 W A;q)a;XZTl,flTlﬂTz,Fl—tlmtzlc‘t'z

c-r-fix
A; @y T HAix f(x).0 ~ fix f(x).12:° 171 — T2

A OB e S PRV A@gx:Ty, f:0(0; —712),00F1 t:1,

c-r-fixNC
A; @4 0T Ffixye f(x).t o fixye f(x).0:°0(1; — 72)

N®yiTHR 1T NOLZTF oty :Clist(n]%T
]OH’I_L_

0 c-r-consl
A; @4 T consc(t, 1) v~ consc (1, B,) :“ list[n+1

N®yTHH~1:07 AOLT 1 :Clistin]®T

A;®@4;T F consyel(ty, 1) « consye(ty, ty) :Clistin+1]1% T

c-r-cons2

A® Tttt Clistin]*T A@An=0;Tt; 11
M@ An=i+1;h:01,tl:list[i]*7,T -t~ 1, : 7'

i, B, NP An=i+1Aa=B+1;h 1, tl:listli]P1,T F 13— 11
c-r-caselL

case r of nil — 1 case f of nil — ¢
NOyiTHIhantl — 6 “|huytl >t L7
| R cotl — 8 | W e tl — 1]
AN®y T 0T A®,;OrFt~t:1

c-der - c-nochange
A;®yuTHdertg ~dertr 1 A;®,;0O0T'FNCt~NCt:°O7

NOTHEA T AOET=T
AP THEAE T

c-r—- £

NOACTHEH AT ANOACTHE AT
A; @4 T 1 split (£, £7) with C « split (£, £;) with C:€ 7

c-r-split

AND,EL  AD, T wf

c-r-contra
A;®,;T - contrat) v~ contrat €t

Figure B.51: Relational typing rules of RellnfRef Core, part 1.



468

ANP,ACTHEANE ST AOTHEAYCo A®,=C
Tz c-r-cimpl
ANOyzTHEAE"COT

c-r-cimplE
A;®,; T Fcelim t~celim £/ :“ 7 p

AN®,EC ANOP,ACTHEAE T
ANPuTHEANECC&T

c-r-candl

N®yTHH A1 :CC&T MO ACx:T, TR A1)

- - — c-r-candE
A;@g T Hcletpasxin fpcletfyasxin 6, :" 72

AN@yTHA A1 T1— 1)
AN@yTHB 1T

N@yTHG bty 1y 1)

c-r-app

A@yTHE 1T A@gx:1, Tty 15

- ¢ c-r-let
NOyTHIetx=fnintrwletx=¢int,:" 12

NOGT A :C T} AFT:S
A; @ 4; T pack rwith I pack ¢/ with I:€3i::S.1

c-r-pack

N@y T H 1 oty :fFinS.1y
i:S,MPpx:1, T 15:°1) i¢FV(®,;T, 10, 5)

A;®@4; T Funpack £ as (x, 1) in f, «~ unpack f; as (x,1) in £, :° 1

c-r-unpackl

Tl # :¢ A T2+ ¢ :¢ Ay

- - c-switch
I - switch #; v« switch & :€ U (A, A»)

AN®uTHEACVinST  AFI:S
N® T E eI 1T}

c-r-iApp

inS NP THEANE T i ¢ FIV(®,;T)

c-r-iLam
AN;® ;T At~ Ait CVisS.T

Figure B.52: Relational typing rules of RellnfRef Core, part 2
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Ny FA Al = Agwf A @ x: Ay fi Al — Ap, QF o 15 Ay

e-u-fix
N; @4 QFfix f(x).t~ fix f(x).t7: Ay — A

APy QFH~ 1" 1A= Ay NDyuQF b~ 1" 1 Ay

e-u-a
A@yQFf ty~ 1ty 1 Ay PP
Qx)=A A D, = Awf
e-u-var e-u-nil
AND;QFx~~>x: A A; D4 QFnil ~»nil :list[0] A

NPy QFH~1H"TA  NMNOLQF B~ 1" :listin] A
A; @4 Q- cons(ty, 1) ~ consc(t, 1) :list[n+ 1] A

e-u-cons

AP QF t~t i listinl A AP, AR=0,QF~ 1% A
LA®O An=i+1;h: A tl:istlilAQF 6~ 1" A

= - - e-u-caselL
case t of nil — ¢ case £” ofnil 1,
NOGQR ! |hunctl —ty A
- 2 lhictl—t;
[:S,N0,;QFt~1": A i ¢ FIV(®,; Q) .
e-u-iLam
NP ;QF Ae~ Ait™ 1 VizS. A
AN®y;QFt~1t":VizS. A  AFI:S
¥ ; e-u-iApp
N®,;QF e[l ~ t7[1]: A{I]1}
AN ®y;QF t~ 1" AT} AFI:S
e-u-pack

A;®@4; QF pack e ~ pack t* with 1:3i::S. A

AN Dy QR ~ 17 :3inS. A
P2S0M0,5x:A1,QF b~ 1" Ay i¢FV(®,;Q, As ko, 1)

A; @4 Q Funpack ¢ as x in f, ~» unpack #; as (x, 1) in £ : unpack t; as (x,i) in t; A,

ANDyuQF g~ 1" 1 Ay AN @yx: AL QF~ 1" 1 Ay
e-u-unpack - — e-u-let
NDL;QFletx=fnin~letx=1¢ int, 1 Ay

Figure B.53: Embedding uanry typing rules of RellnfRef, part 1.
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I'x)=1

ANOyuTHEFXAX > XnX:T

e-r-var

N®, T — To W NDgx:t, fit1—12, T~~~ H' - b*:1

e-r-fix
A; @y T X f(x).0 ~fix f(x). ~ fix f(x).6," ~fix f(X).6": 11— T2

A®, 11— T2 WS N@gx:Ty, [:O01—12), Tt At~ At 1y
Vx; € dom(l'), t; =coercer(,)0ry;) Vxiedom(I'), A;®@, =T (x) EOIN(x)
t** =let y; = t; x; in fixye f(x).t7[der y;/x;]

A; @y T F fix f(x).1 o X f(X).£~ 55~ £ 01 — T2)

NONACTHEA >t ™t
e-r-fixNC - — e-r-c-impl
NPT HEA ~~tT At :CO7T

AOiTHEA >t~ CoT A, =C

- - . - " - = e-r-c-implE
A; @Dy T - celim £~ celim ¢~ celim ¢7 v~ celim ¢ : 7
AD,EC  NONACTHEtA >t ™7

= e-r-andl
NOyTHEt A >t At C&T

NOGTHH At~ ot 1 C&Ty
NONACX: T, Tt~ 1 1)

A, D, T
Fcletf as x in f, «~clet £] as x in ty ~ clet #; as x in t; «~clet ;" as x in ;" : 7
e-r-c-andE

ND,=C ANDP,NCQFE~~ 1" A
NPy QFt~~1t":C&A

e-u-andl

AN®;QFH~ 1T C&A AP NANCx:ALQF B~ HY Ay

- ” — e-u-c-andE
A; @y Ecletthasxin fp~~cletty asxint, 1 Ay

NP, NCQFE~T A
ANDP;QFt~1":Co A

e-u-c-impl

APy QFt~1t":Co A AD,E=C
A;®,;QF celim £~ celim ¢t : A

e-u-c-implE

Figure B.54: Embedding typing rules of RellnfRef, part 2.
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NOGTHH At~ et T NOGT -ty ty~ bty :list[n]* T

A;®@4;T F cons(ty, &) «~ cons(t], ty) ~ consc(tf, t5) «~ consc(t]*, &%) :list[n + 11" 1
e-r-consl

NOGTHH At~ 1] 07 ANOGTH ot~ bt listn]* T

A;®@4;T F cons(fy, ) «~ cons(ty, ty) ~ consyc(ty, ty) «~ consyc(ty, &) :list{n+ 1]1% 1
e-r-cons2

ANOyuTHE At~ A T Vx;edom(), t; = COETCer(x;),Or (x;)

NOLGT,T'Fr~t~lety; =t; x; in NC t*[y;/x;] ~let y; = f; x; in NC *[y;/x;] : O7
e-nochange
NOyTHE A~ "t istn]%T A®PAR=0THG At~ 1"~ T

LN® An=i+1;h:01,tL:istli]°T, T~ th~ " 1) 17

/

case t of nil — ¢ case t of nil — 7/
A;q)a;I"— LEVA , 1o .7/
h:tl—1 |htl—t,

. case t'* ofnil —

case t* of nil — ] e

| hnctl =t 1 e
hianctl =t

|huctl — " | iine 2

I %

|hictl — ¢,

S AOTHE A ~t A T i ¢FIV(@,0D)
e-r-caseL - — — e-r-iLam
NPT EA L AAL ~~ ATt Al VIS T

ANOLTHt A~ t A" VinS.t AFRI:S
N;D T H A E[] ~ 5[ [ T}

e-r-iApp

NPT At~ T AN, =TET t' = coerce; ¢/
N@yTHH Attt 'ty 1

e-r-c

Figure B.55: Embedding rules of RelInfRef, part 3.
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ANOLTHt A~ t A ir{Iliy AFI:S

7 P P - e-r-pack
A; D4 T Fpack t—pack ¢ ~~ pack t* with I v~ pack ¢~ with I:3i::S.7
N®GT 1ot~ 5ty i30Sy
iS04 x: 1, Tty 1) 1Ty igFV(®4T,T0, 1)
;¥ =unpack #; as (x,i)in ¢,  t,* =unpack t;" as (x,i) in ,°
- ; — e, e-r-unpack
A; @4 T'Hunpack f; as xin fp v~ unpack fy as xin 6, ~> ;" v L, T2
NCANDOLT ot~ fl* A tz* T
ANACADLTHEO A~ "1 ARCwf .
e-r-split

A @y T H 1t~ split (2], £ ™) with C —~split (£5, £, ") with C: 7

N®, =L N®, T wf

NPT HH B~ contrat) ~contraty: 7

e-r-contra

Tt~ 8] Ay ITI2F tp~ 15 Ag
[k 1« f ~> switch t] « switch £, : U (A}, A2)

e-switch

Figure B.56: Embedding rules of RellnfRef, part 4.
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Mg @ AT A =D Ay, 0, Aye A= 0,

A ; alg-u-fun

Ay, FRACA >0, d=n=n'Ad

x — alg-u-list
Ny g =" list[n] AC list[n'] A" = ©

LAY N AE A= @

A p alg-u-v
Mgy P E " VinS.AE VYIS, A= ViSO ADy

LAY O ENASA > igFV(@,)

ry alg-u-3
NYag @y E" FinS. A 3izS. A = Vi 5.0

Nya @ R Ac A =0

A alg-u-c-impl
MYa @ FACoAEC oA = (C'—=CO)Ad

NYyg®u A AC A =@
ANYag®@uFACRAEC & A = (C—CHAD

alg-u-c-prod

Figure B.57: Algortihmic unary subtyping rules of RelInfRef.
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alg-r-int

ANYa; PgEint=int=> T

ANYgy®,E1=17, =D ANYg®,=10=1, =D,
¥a2a ! Vi %a 2 alg-r-fun

Ny @ ETI — =T =T, 2> O A D)

AYy;O,F1=17 =20
Vai%a alg-r-list

Ny g @, = list[n]%T = list[n1* 7' > PAn=n'ra=a

LAY P ET1=T > @
Ny @y EVizS.T=VinS. T = Vi S.O

LAY PET=T 2@ i¢ FV(®,) MYy P ETI =T, 2@
alg-r-3 B-O
MYy, EO71 =071, 20

ANpa; @y l=3inS. =387 > Vi S.O
. . _A / . . _A 41 /

M ya;®q =N A C Al = @ Aya @, =M Al s A = @)

MYa@u =N AT A =Dy Ay @y =N A S Ay => @)
NWa@qlE U(A, Ag) = U (A}, A)) = O AD) A Dy A D)

MYy Ppl=1=1"20

— - c-impl
MYy PgECo1=C o1 =>C—~CAD
My PiETr=1"20

c-prod
MYy P,EC&T=C'&T'=>C—C'AD P

Figure B.58: Algorithmic equivalence binary rules of RelInfRef.
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Qx)=A
ANy; @ QFx T A= T

alg-u-var-1

MNYa;@ufiAl — Ay, x: AL QFE| Ay=> D
Mg, @y QX f(x).2| Ay = Ap=> O

alg-u-fix- |

MYa;@p; Q11 A — Ax = D NYag; @g; Q1 | Ay = D)

alg-u-app-1
N Ya®uQr 11 | Ay = ) A D, g-urapp
12800 P,;QF | A D
- - - alg-u-iLam-|
MNya; @y QFAit | VinS. A= Vi S.O
Ny @y QFttVicS. A =@ AFT:S
= — alg-u-iApp-1
MNYa @y QI 1 AT} = O
MNYag; @y Q| Allli} = O AFT::S
alg-u-pack-|

NYya; @y QFpack twith [ | JiS. A= D

Mg @y QF 1 1330S A= 0 igFV(®,Q, A
12500 Pux:ALQF L | Ay = D) O=P; AVi:S.D,

— alg-u-unpack-|
AW @g; Q- unpack f as (x,i) infp | Ay => @

i € fresh(N) NYa; @y Q-1 | A= Dy
Ni,Wa; @ QF 1 | list[i] A= @, D, =DyAn=(i+1)

N a;®@a;Q F consc(ty, t) | list[n] A= @y A Ji::NLD,

alg-u-cons-|

AWa; ® A Awf
ANWa; @g; Q il | listin] A= n=0

alg-u-nil-|

Mg @y QFtllistin] A= @ Aywgn=0A®,;QF5 | A= d,
i € fresh(N) PN AW n=i+1ADh: Al :list[i] A, QF 6 | A= @3
CDbody:(rLiO—»(I)g)/\(Vi::I\I.(nﬁi+1)—>q)3)
case tofnil — f;
NWa;®g; Q| hinctl — 1 | A'= (@1 A Dpogy)
|hictl — 13

alg-u-caseL- |

Figure B.59: Algorithmic unary rules of RellnfRef, part 1.
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NYag; Qg Q-1 T A =Dy MNYax:ALQF | Ay = Dy
MYy @y QFletx=tint | Ay = 3(Y). Oy A Dy

alg-u-let-|

AYa®@uQFtl A d A0 Awf  FIV(A k) €A
MYy @y QF (E: Ak ) A= D

alg-u-anno-1

MNya®uQFtl A=>®  Ayy0,E A A=,
AN /PR OPH O ol SV EC O NO))

alg-1|

MYy, OANCQFE]| A= D
MNYa; @y Q-] k= CA(C— D)

alg-u-c-andI|

ANOANC,QFTt| A= D
MYy, @y QFt | CoAC—D

alg-u-c-impl |

AMNYag Py QFETCo A O
ANYa; @g;QFcelimt 1 A= CAD

alg-u-c-implE{

MYy, @y Q0 1 C&RA = O
ko, t, € fresh(R) Nko, o, W, Wy, OANC x: AL, QF 1 | Ay = D)
Dy =C—Donk=(ki+k) A1+ 1) =t

- — alg-u-c-andE|
NYa;@g;Qcletp asxin £ | Ap = 3(y). (P ATk, B R.D5)

AMNvag, CADL;QF 1 | A= Dy
ANy CADL;QF | A= Dy A+ Cwf

AW a; @y QEsplit (17, ) withC | A= C— Oy AC — Dy

alg-u-split|

NyaPal= L
ANYa;@g;QFcontrat | A= T

alg-u-contra|

Figure B.60: Algorithmic unary rules of RellnfRef, part 2.
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I'x)=r7
ANy ®guTFxexlt=T

alg-r-var-1

NYg®@uf:11—12,x:7,THter |1, @
Ny @y THx f(x).tefix f(X).1' |11 > T2 @

alg-r-fix-|

MW@ f:0T1—12),x:7,0T et |1, ®
Ny ;@ T, OT - fixye f(x).tefixye f(X).6 | O —12) = @

alg-r-fix-| O

Ny @upTHnet 1 11— 1,20 Nya®uTHnRoet) | 11>,

alg-r-app-1
AN /PR OPS B ol 5] tzet{ l'éTTgZI’(Dl/\CDZ g-r-app

Avg®FTwf
AW a; @y T Hnil enil | list(rn]*T=>n=0

alg-r-nil-|

i,Befresh(N) Ay, 0,THnpet |10
AL BWaOLTH et listlifr=>0, @h=n=({+DAIP:NOAa=p+1

N 4;@4; T = consc(fy, 1) © consc (1], 1) | list[n]* 7 = @) AJi = N,
alg-r-consC- |

i € fresh(N) Nyg®usTHnot |01 =0
Ni, W@yl pot | listli]®*T=>0, @®,=0,An=(i+1)

N 4; @4 T = consye(fy, 1) © consye(ty, t) | list[n]* 7 = @) A Ji N,
alg-r-consNC-|

Ny ®guTHred Tistin“tT=>®,  Awgn=0A0uTHnor |1/ = d
PN Awn=i+1AD,;h:01, el :list[i]1*T,TF ot | 7= o,
i::N,ﬁ::N,A;wa;nii+1/\a£ﬁ+1A@a;hzr,tl:list[i]ﬁr,l"l—tgeté | /= @
Dpogy=n=0—>P)ANVizN.(n=i+1) = (@2 AV :N.(a =p+1) — D3))

case fof nil — £ case t' of nil — 1
MYy @guTHIhanctl — 6 el h:nc Ifl—*té lrqu)e/\q)body
|hactl — 13 |huctl — 1t
alg-r-caseL-|

Figure B.61: Algorithmic relational typing rules of RelInfRef, part 1.
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SNy PuTHEet |12
Mg ®uTHALto AT | VinS. 1= (Vi:S.®)

alg-r-iLam- |

Ny ®uTHret' 1 VicS.t'=>® AFI:S

alg-r-iApp-
Ny ®uTHelled [N T'{Ii} =@ g-r-iApp-|
Ny ®uTHeet | tilliy=>®  AFI:S
VaBa alg-r-pack-|

Ny ;@ ;T F pack t with I e pack ¢ with I | 3i:S.7=> @

Ny ®uTHnoet) 1 3izS.1,=>d
,A;u/a;(Da;x:Tl,l“l—tgeté11'2:>(I>2 igFV(®yT,10) O =(D;AVi:S.Dy)

AW 4; @4 T - unpack f as (x,1) in f, © unpack ] as (x,i) in t; | 7o => @
alg-r-unpack-|

MYy, OACTHHeh | T>O
MYy @ lTFheh | C&Tt=CAC— D)

alg-r-c-andlI|

Nyg®guTHnoet 1 C&t=d
Ny ®ACx:1,THEhoen |12, ©O,=C—d,

3 ; — - alg-r-c-andE|
Nwa; Py T clet £y as x in 1 © clet hasxint | 1> 0 AD,

Figure B.62: Algorithmic relational typing rules of RellnfRef, part 2.
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ANYgy; @00 Ftet |70
Ny ®yT,OFFNCroNCt | O1=> @

alg-r-nochange- |

MY, @y THFHeL 1O
Ny @ T Hdertyedert, | 1= @

alg-r-der-1

Nyg®uTHret 117/=> @ Ny P, ET =1 D)

[; alg-r-Tl
My, @ THtet | 1= D ADy

A;wa;CDa;Fl—tet'sz(D AR OJN o AV FIV(t) e A
ANy ®uTHE:e( 1) 17> @

alg-r-anno-1

MNYy;, CADLT = tlet{ lT=>d,
Ny CADLzTHROL |T=>D,  AFCwf

A; W 43 @4 T+ split (21, 1) with C e split (¢1, t) with C | 1= C — @1 AC — @,

A T/PHOP =L

N 4Py T contra £ © contra =T

alg-r-split| alg-r-contra|

Myg @ TNIER T A = O Nya; ;T2 1 1 Ay = Do
AW ;@ T - switch £y eswitch tr 1 U (A, Ay) > @ A Dy

alg-r-switcht

Nyg; @ T 6 | Ay => D Nya;, @ L1216 | Ap=> D)
AW ;@ T - switch £ e switch 1 | U (A, A2) = (O A Do)

alg-r-switch |

Figure B.63: Algorithmic relational typing rules of RelInfRef, part 3.
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B.4.2 Metatheory of RelRefU

We also use the name RelInfRef for RelRefU.

Lemma 41 (Substitution of RelInfRef unary Core). Assume that
1. A VQFH:CA (D).
2. KV Q,x: AR S A (2).

then \;W ; Qb 111/ x]:¢ A,

Proof. By induction on the typing derivation of the second assumption (2).
Case

Qx)=A

c-var
ADP;QFxCA
Subcase: z = x.

TS: ;W QF zlt/x] € A

Because x = z,z[t1/x] = 11, STS: A;® ;T H 1 € A'.

From (Q,x: A)(z) = A’ and x = z, we know A= A'.

By the above statements, STS: A; ¥ ;; Q F £ :© A, which is proved by the assumption.
Subcase: z # x.

we know: Q(z) = A’ (%).

TS: ;W Q- zlt/x] € A

Because x # z, z[t1/x] =z, STS: A; ¥ ;; QF z:€ A

By the core rule c-r-vars and (%), we construct the derivation :

Qz)= A

c-r-var
ANV, QFz:C A
Case
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A;d)aI—AA1—>A2wf A;(Da;XZAl,fZAlﬂAz,Ql_l'ZCAz
c-fix

N @y QFfix f(x).1:° A — Ay
t{ :ﬁXf(Z).l'l, A = A1 —>A2.

TS: A; @4 Q Hfix f(2).(1 [0 /x]) € A'.
ByIHon (1) and (3), A; W, Q F 1] [11/x] € Ay (4).
By core rule c-fix and (4), we can derive :

A @y QFfix f(2).(1 [0 /x]) € AL O
Lemma 42 (Substitution of RellnfRef Core). Assume that
1. A WYuTHh-6:f1 (1).
2. KVYgTxitHt 101 (2).
then ;¥ ;T H £ [0/ x] « ty[t2/ x] € T'.

Proof. By induction on the typing derivation of the second assumption (2).

Case

T, x:7)(z) =1

c-r-var
ANOT,x:tHzz2:°7

Subcase: z=x.

TS: A;@4;T F zlt 1 x] vzl x) € T,

Because x = z,z[t1/x] = 11, z[t2/x] = 11, STS: A; @ ;T -1~ 1 : T/,

From (T, x:7)(z) =1’ and x = z, we know T = tau'.

By the above statements, STS: A;®,; T F £, « £, :¢ 7, which is proved by the assumption.
Subcase: z # x.

we know: I'(z) =1/ (%).

TS: A;@4;T - zlt /1 x] » zlta/x) € T

Because x # z, z[t1/x] = z, z[to/ x] = 2, STS: A;®4;; Tz~ z:C 1.
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By the core rule c-r-vars and (x), we construct the derivation :

I'(z)=1

c-r-var
ANDTHzAz:T
Case

N@gT,x:THt] vty 07 (3)
c-der

A @y, x:THdert] —~derty) :°1
! _ 1! ! 1!
t,=dert], tr,=dert,.

TS: A; @4 T Hder (1] [/ x]) ~der (8 [£/x]) € 7'
ByIHon (1) and (3), A; W ;T H # [/ x] «~ 85 [/ x] :¢ 01" (4).

By core rule c-der and (4), we can derive

N@yT,x:THt][0/x]« 6[6/x]1:°07 (4)

c-der.
A @4 T, x: 7 der (1 [t/ x]) —~der (8 [t/ x]) :€ T
Case

AN®gz:1y, f:11—>To,Dx:tH 1 1) :°12 (3)
c-r-fix

A;®yT, x:THfix f(2).t] ~fix f(2).ty) 11 — 12
t =fix f(2).t1, t, =fix f(2).t],7' =11 = 712.

TS: ;@4 T Hfix f(2).(8) [0/ x]) ~fix f(2).(2) [t2/x]) € T'.
ByIHon (1) and 3), A; ¥ ;T H [t/ x] «~ ) [/ x] : T2 (4).
By core rule c-r-fix and (4), we can derive :

Ay T HAiX f(2).(¢] [ x]) ~fix f(2).(8)[t2/x]) :€ T

Case

AN®gyzity, f:0O( —712),00x:TH t:1, (3)
c-r-fixXNC

A ®,;0O> T, x: 1 Ffixye f(2).t - fixye f(2).t:°0(1; — 12)
t; =fix f(2).t, t; =fix f(2).t,7' =0(71 — 72).

TS: A;‘I)a;ljr,r’I—ﬁXf(Z).(l‘[lj/x])mﬁXf(Z).(l‘[tg/)C]):C 7.
ByIHon (1) and (3), A;®@g;2z: 71, f : O(11 — 72), OT F 1] [t/ x] ~ ) [/ x] 1 T2 (4).

By core rule c-r-fixNC and (4), we can derive :
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A; @O0 T Hix f(2).(¢[1/x]) ~fix f(2).(t[ta/x]) € T'.
Case

AN@gT,x:THt315:°1" (3) N @yl x:Th ty 1y list[n]“1" (4)
c-r-consl

A;(Da;r, X:.T |_ consc(tg’ t4) A consc(té’ tl,l) :C liSt[n + 1](Z+l T"

1} = consc (13, t4), ty = consc (3, t;), 7' = list[n + ]9+ ¢,

TS: A;®@4; T F consc(tslti/x], talti/ x1) «~ consc(t5(ta/ x1, ty[t2/ x1) :€ T
ByIH on (1) and (3),A; @4 T F t3(t1/x] » 5[/ x] :€ 7" (5).
By IH on (1) and (4),A; @4 T F ta[t1/x] » ty[t2/x1:€ T (6).
By core rule c-r-fixNC and (5),(6), we can derive :
A; @4 T consc(tst/x], talty/x1) v~ consc(t5(ta/ x1, ty[ 12/ x1) :€ T
Case

A0 x:tHEA:T" (3)

c-nochange
A;®,;0On0T , x:7-FNCt~NCt:‘0O7"
t;=NCt, t;=NC¢, 7' =01".

TS: A; @4, T HNC t[t1/x] ~NC t[ta/x]) € 7.

By IH on (1) and (3),A; @4 T F t[ty/x] — tlta/x]:C 1" (4).
By core rule c-nochange and (4), we can derive :

A; @4 T ENC £/ x] ~NC t[/x]) € T/

Case

A @gITILE1 :C A (3) A @gITI2F 1) Ay (4)
c-switch

A; @4 T F switch 1] «~ switch t) :° U (A, Ap)
t; =switch t{, t, = switch £;, 7' = U (A;, Ay).

TS: A @y T H 16T,
By Lemma 41 on (1) and (3),A; @4; ITI1 F ] [t1/x] :€ A; (5).
By Lemma 41 on (1) and (4),A; @4; IT12 F £ [t2/x] :€ Ay (6).

By c-switch and (5),(6), we conclude that A;®4; T F ]~ £ :€ 7',
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O
Lemma 43 (Reflexivity of Unary Algorithmic Subtyping). A;®, A AC A= @
and \; @, = ©.
Proof. By induction on the unary type. O

Lemma 44 (Reflexivity of Algorithmic Binary Type Equivalence). YA,y ,, ®,, there exists

Os.tAYy;QpET=1=>Dand A wa; 4= O.

Proof. Byinduction on the binary type. Most cases are the same as RelRef’s correspond-
ing proof.

Case

U (A1, Ap)

By algorithmic equivalence rule U.

AYa@ R AT A =D (%) Ay ®, N A A = D

MYg @i EN AT Ay = D) (0) Ay @ EN AyE Ay = @,
U

MYy PalEU (A, A2) =U (A1, A2) > O A Dy A Dy A Dy
By Lemma 43 on (x) and (¢), we conclude
A;’(Vu;q)a FU(A;,A)=U(A],A) > DO AP ADy ADy and A;’(Vu;q)a E O AP ADPLAD,.

O

Lemma 45 (Transitivity of Unary Algorithmic Subtyping). IfA;®, E” A| & Ay = @, and
A D, A A>T A3 = Oy and \; @, |= O A Dy, then A; Py, A A E A3 = D3 for some D3

such that \; @, |= Os.

Proof. By induction on the first two algorithmic subtyping derivation.

Case
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Apg®FAAEA >0 1) Apg®.ER A4S A= 0, (2)
alg-u-fun

A Wa;®q =N Al — Ay A — Ay = O A D,

MNyas®, Al A= 0] 3)  Mya®.EN Abs A= 0, (4)

alg-u-fun
Aia; @q =D A — AL E A — Al = D) A D),
By IH on (1) and (3), we get

EA Al C A; = @ A D) and A; D, = @) A D).

By IH on (2) and (4), we get

EA Ay © A = @) A D), and A; @, [ @2 A D).

By rule alg-u-fun and above statements, we conclude

AW g;@q FN Ay — Ay £ A — A = @) A D, A Dy A Dy

Theorem 46 (Soundness of the Algorithmic Unary Subtyping). Assume that
1L M@ ER AT A =@
2. FIV(®,4, A AN S Ay,
3. A;®,400,4] = @[0,] is provable s.t A > 0, : vy, is derivable.

Then A; @410, E A0, € A'10,].

Proof. By induction on the algorithmic unary subtyping derivation.

Case

Mg FAAEA >0 1) Ayg®.ER A4S A= 0, (2)

alg-u-fun
Mg ®q =N Al — Ay T A — Ay = O A Dy
By IH on (1) and assumption 2,3, we get A; ®,[6,] A A’1 0, A[0,].

By IH on (2) and assumption 2,3, we get A; ®,[0,] =A A0, A’2 [0,].
By subtyping rule — exec, then we conclude

A;@q[04] A Ar — Ap[04] E A} — AL10,).
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O

Theorem 47 (Completeness of the Unary Algorithmic Subtyping). Assume that A; ®, ="

AC A'. Then3®. such that A;®, =" Ac A' => ® and A; @, |= .

Proof. By induction on the unary subtyping derivation.

Case

AOEMAIEA 1) ADLEMNAE A (2

— exec

A®,EN A — AyT A — A)
By IH on (1), there exists ®; s.t A; @, |:A A’1 C A= ®; and A; @, = D;.

By IH on (2), there exists @, s.t A; ®, EA A, C A’2 = ®, and A; D, |= Dsy.
By alg-u-fun and the above statements, we conclude there eixsts ® = ®; A O,

StA; @, EN Al — Ay € A} — Ay = D and A; @, | .

Theorem 48 (Soundness of the Algorithmic Binary Type Equality). Assume that

1. NygQpET1=1T=>0
2. FIV(®,,1,7) € A g

3. A;D400,4] |=DIO,] is provables.t A > 0, : v, is derivable.
Then A;q)a[ea] = T[Qa] = T,[Ha]-

Proof. By induction on the algorithmic binary type equivalence derivation. Same as
RelRef.

Case

Nyag® =N AE A= @) Awg®,EN Alc A = @)

Ay @ =R Ay s Ay = @, Ay @ =N A2 Ay => @)
U

AWa; @y = U (A1, A) = U (A}, Ay) = Dy A D) A Dy A D)y
From assumption 3, A; ®,4[0,] = (@1 A D) A Dy A D) (0]
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we know A; ®4[0,] = D1(0,4] (a)

N;®4104] | D[04] (D)

A;Dq[04] F @2104] (c)

N;®4104] | 5041 (d)

By IH on the first premise and (a), the second and (b), the third and (c) and the fourth and
(d) and the rule eq-U, we can conclude that A; ®,[0,] = U(A1, A2)[04] = U(A}, A)[04].

O

Theorem 49 (Completeness of the Binary Algorithmic Type Equivalence). Assume that

NP, =T=7". Then3D. such that \;®,=E1=17" = ® and A\;®, = .

Proof. By induction on the binary subtyping derivation. Same as RelRef.
Case

. _A / . _A 4/
A®, N AT A Ad, N A s A

N EM A2 A, A0 N Ay E A

eq-U
A;®q = U (A1, A2) = U (A}, AY)
By IH on the first premise, we know A; @, EA A C A'1 = ®; and A; @, E ;.

Similarly by IH on the other premises respectively, we get

A; @, EA Al C A = @ and A; @, F @)

A; @, EA Ay E Al = @) and A; @, Dy

A; @, EA AL £ Ay = @) and A; @, F @)

By the above statements and the relational algorithmic type equivalence rule U, we con-
clude where ® = ®; A ®] A Dy A DY

A®yl=U(AL A) =U(A,A) = ©and A; @y F @

O

Lemma 50 (Existence of coercions for relational subtyping). IfA;®, = T € 1’ then there

exists coerce; € Core s.t. \; ®; - = coerce; ;1 coerce; 1 : T — 7.
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Proof. Proof is by induction on the subtyping derivation. We denote the witness e of
type T — 7’ as coerce; ,+ for clarity.

Case

OU-int

A; @, =0OU (int,int) C int
Then, we can construct the derivation using the primitive function

box : OU (int, int) — int

A; ®;- - fix f(x).boxyx « fix f(x).boxyx:©OU (int,int) — int

Case

vuU

AD,EU(VizS. AVizS. A CVizS.U(A A)
Then, we can immediately construct the following derivation

where e = fix f(x).Ai.switch (x[i]) using the c-switch and c-iApp rules.

Nyttt (UVizS.AVizS. A)) - VizS.U((AA)

Theorem 51 (Types are preserved by embedding).
1. IfA®@4;QF t~~ 17 A then A;@g; QF t7 ¢ Aand A; @y QF £ A

2. If M@y THEO A~ 1) 1T, then ;@ T - 1 1

and \;®,;TH b T.

Proof. By simultaneous induction on the given derivations.

Proof of Theorem 51.1:

Case
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A;d)aI—AA1—>A2wf ANDgx: AL fi Al — Ay, QF £~ " Ay
e-u-fix

N; @y QFfix f(x).1~ fix f(x).17: A — Ay
By Theorem 37.1 on the premise, we get x: Ay, f : Ay — A2,QF £:¢ Ay. Then, by unary

core rule c-fix,we conclude:

A;d)aI—AA1—>A2Wf A;q)a;XZAl,fZAlﬁAg,Ql_l’ICAg
c-fix.

A; @y QFfix f(x).1: Ay — A
Proof of Theorem 51.2:

Case

AOg Tt~ 1 1 AL (%) NOg T2t~ 15 1 Ay (0)
e-switch

A @y Tty o 1o~ switch 1] «~ switch £, : U (A1, Az)
By Theorem 51.1 on (%), we get A; @;Q F 17 :¢ Ay (%x).
By Theorem 51.1 on (¢), we get A; @;Q F 15 : Ay (00).

A®y T A AN®y T2 1:¢ Ay
Then, we conclude as follows: c-switch
A; ®4;T = switch 11 v switch 6 :€ U (A7, A»)

Case

NPT A~ " T (%) AD =TT (0 t' = coerce,

e-r-C
NOyiTHH A~~~ ty T

By Theorem 51.2 on (%), A; ;T £ 15 :° T (%ex).

By Theorem 50 using (¢), we know that A;®@;- ' ~ t': 7 — 1’ (00).

By applying c-r-app rule on (x%) and (¢0), we get A;@; T £/t ~ ¢ £ :° 7' (M),

By reflexivity of binary type equivalence, we know A; @, = 7' =1" (d®).

Then, we conclude as follows:
NOyTHE 1 () AdET =1 (M)

c-r—-CE

N@yTHE 'ty 1

Theorem 52 (Completeness of embedding).

1. IfN;®4;QF t: A, then there exists an t* such that A\;©; QF £~ t*: A.
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2. If M@y T F 1y 101, then there exist ty, [,

suchthat ;@ TH o~ b~ 1] 1 1 T,

Proof. By simultaneous induction on the given derivations.
Proof of Theorem 52.1:

Case
A;CI)a;QI—,tCt:A (%) A;d)a;leA;A’ (©)

=
ANDL;QF £ A
By Theorem 52.1 on (%), we get 3¢* such that A;®@,;QF t~~> t* 1 A (%%).
By e-u-C rule using (x*), (¢), we conclude as follows
ANOLQF 1" A NO, =R AT A

e-u-c_
NDQFt~ " A
Proof of Theorem 52.2:

Case
ADIThHE A (%) AD; T oAy (0)

r-switch
ANDO;T'H 16U (A, A))
By Theorem 52.1 on (%), we get 37, such that A; ®; Q I—,L;l1 Hh~~h0*: A (k%).
By Theorem 52.1 on (¢), we get 3z, such that A; ®; Q l—,?z b~ 1" Ay (00).
By e-switch embedding rule using (xx) and (¢¢), we can conclude as follows:

AOg Tt~ 1] 1 Al (%%) AOg T2y~ 15 1 Ay (00)
e-switch.

A; @y T E 1y o 1y~ switch £ «~switch £ : U (A;, A2)

Case
NOyTHEATET
VxedomT). (x)\;®,=T(x) = 0OI'(x) (o)

rr-nochange
AND,T, T Ftnt:0O7

By IH2 on (%), we get 3¢t* such that A; @ ;T H o~ t~s " A~ t* 1T ().
By Lemma 30 on (¢), we get 3t; = coercer(x,), 0, forall x; € dom(I') (f1).

By e-nochange embedding rule using (1) and (1), we can conclude as follows:
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NP uTHEt At~ T (1)
Vx; € dom(l), t; =coercer(x,)norwy,) (T1) Vxiedom), \;@,=T(x;) =20I(x;)

A;@,T, T
Ftt~slet y; = £; x; in NC t*[der y;/x;] «~let y; = £; x; in NC t*[der y;/x;] : O7
e-nochange.
Case
AN®D Tt distin]%t (%) A@An=0;THt 1 :T (9
LN®,An=i+1;h:07,¢l:list[i]*T,T -t~ ty: 7" (1)

LBACAn=i+1Aa=+1h:T,tl:NistliP1,T 1) T (M)
rr-caselL

A;®,;TH case tofnil — 1) | h:tl—tp case ' ofnil — 1] |hutl—ty: 7'

ByIH2 on (%), we get 3t* and 1" s.t. A; @y Tt~ t/ ~ 5 o~ 1 1 list[n]¥T (% %).

ByIH2 on (¢),weget 3¢ and 31" s.t. Asn=0A DT E 1ot~ 1] A 17 1T (00).

By IH2 on (1), we get 3£, and 31," s.t.

imS,An=i+1ADgh:0O1, ¢l 1ist[i]“T, Tty by~ £~ t7 07 ().

By IH2 on (&), we get 3¢, and 3£,"" s.t.

inS,B:S,AnZi+lna=B+1AD h 1, tl:ist[i]P1,TF tp ty~= 55 A T (W),
By e-caseL embedding rule using (*x), (¢¢), and (##), we can conclude as follows

AOLTHt At~ t* " listin)%T NOAR=0TH At~ ot T

LNO An=i+1;h:01,tL:istli]°T, T~ th~ " Aty 17

/% % !

LB AP An=i+1Aa=B+ kT, tl:LstlilP 1Tty th~m £~ 1 i1

case t of nil — £ case t of nil — 1] ,

AN®y T H A , ~ T
|h:tl— 1 |h:tl—t,

i ) . case '* of nil —
case ¢ of nil — #)

l,l*
.. * 1
| hNe tl—>t2 “ W /0 "
|huctl — £ [hine th— 1
.-C 2 |h"C l_l . t/**
. 2
e-r-caselL
Case

N®, T — T WE ANDgx:ty, f:O0@—12),THtALIT (%)

VxedomT).A\®, =T (x) 20T (x) (o)
rr-fixNC

ADLT Hoix f(x).t ~fix f(x).£:0(11 — 72)
By IH2 on (%), we get:

At* suchthat A; @4 x: 71, f: 0@ —12),THt At~ "~ 1Ty (koK)
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By Theorem 50 on (¢), we get 3¢; = coercer(x,),nr(;) forall x; € dom(I) (00).
By e-fixNC embedding rule using (% x) and (¢¢), we can conclude as follows:
NP T —Towf  AOgx:7, f:001 =12, TEt At~ 1" 1
Vx; € dom(l), t; =coercer(y,)0ry;) Vx;edom(), A;®,ET(x) =0OI(x)
t** =let y; = f; x; in fixyc f(x).t* [der y;/x;]

A; @y T Hfix f(x).t X f(x).E~ 7~ 01 — T2)
e-r-fixNC.

Case
inSNDTHEAE T (%)

i¢FIV(® ;1)
rr-iLam

N @y T AL~ AL Vi8S T
By IH2 on (%), we get 3t* and 3¢"* such that i :: S,A; @ ;T -t~ t/ ~o 15 A i1 (%%).
By e-iLam embedding rule using (% *) , we can conclude as follows:

imS00THE A >t~ 1 i ¢FIV(@4T)
e-r-iLam.

NP T HEA L AN ~ APt ~Ait™:ViS.T
Case
ANOTHEA :VinS.T (%)
AFTI:S (0)

rr-iApp

A ® T[] 11Tl i}
By IH2 on (%), we get 3¢* such that A; @ ;T £t/ ~> 15 A~ ¥ 1 VinS.T (x%).
By e-iApp embedding rule using (x*) and (¢), we can conclude as follows:
N®yTH At 1"~ VinSt AFI:S

e-r-iApp.
NDGT At~ [~ ] T )
Case
NDyuT A T} (%) AFT:S (0)
rr-pack

A;®4;T - pack ¢ pack ¢ : 3i:S.7
By IH2 on (%), we get 3¢* and 3t"* such that A; @ ;T F £~ 1/ ~> 1% A~ " 1 T{I]i} (% %).

By e-pack embedding rule using (xx) and (¢) , we can conclude as follows:

I *

ANO Tt A ~t At T/} AFTI:S

e-r-pack.
A;®4;T - pack ¢ pack t’ ~ pack t* with I «~ pack ¢"* with I:3i::S.7
Case
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N®yTHf ) :FinS. 1y (%)
I1oSAM0x:7, T Ifé 1Ty (0) I¢FV(®,;1, 10, 1)

rr-unpackl
A;®4;T - unpack 1 as x in 1, -~ unpack ¢} as x in 7, : 75

By IH2 on (%), we get 3¢ and 311" such that A; @, T H o £] ~= £ 11" 1 3inS. 71 (%),
By IH2 on (¢), we get 3¢, and 3 ;"
suchthat i §,A; @ x: T, T oty ~ 1) ~ 1 1Ty (00).
By e-unpack embedding rule using (*xx) and (¢¢) , we can conclude as follows:
N®yT 1ot~ %ty 1 3inS.1)
im8,0®x: 1, Tt~ bt 1) igdFV (@41, 10, 1)

;¥ =unpack #; as (x,1) in t; t;* =unpack ;" as (x,1) in t;°

e-r-unpack.
A;®@4; T Funpack 11 as x in £, ~unpack ¢ as x in ty ~ ;7 ~ ;% 1 175
Case

ANOyzTEH AT () NP, ETET (0)

rr-C
NOyTHG AT

By IH2 on (%), we get 37, £, such that A; @ ;T iy~ v (1 A~ ™ 1T (k%).
By Lemma 50 on (), we can show that 3¢’ = coerce; ;/ (00).

By e-r-C rule using (xx), (¢¢) and (¢), we conclude as follows
NOyTHFH b~ H b T AN =TT t' = coerce;

e-r-—
NOyTHH Attt 8y i1

Theorem 53 (Soundness of algorithmic typechecking).

1. Assume that ;¢ ;P4 QFt | A— © and FIV(®,,Q,A) < dom(A,v,) and 0, is a
valid substitution for v, s.t. A;®,4[0,] = ®[0,4] holds.
Then, \;®,[0,];Q[0,4] F |t]:€ AlO,].

2. Assume that \; ¢4, P45;,QF t 1 A= ® and FIV(®,,Q) < dom(A,yv,) and 0, is the
valid substitutions for v, such that A;®,(0,] = ®[0,] holds.
Then, \;®,[0,];Q[0,] F |t]:€ AlO,].

3. Assume that N,y ;@4 T = tet' | 1= @ and FIV(®,,T,1) Sdom(A,w,) and 0, isa

valid substitution for v, such that A;®,4(0,] = ®[0,] holds.
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Then, A;@4[0,1;T[04] [t~ 1] :€ T[0,].

4. Assume that \;y ;@4 T = tet’ 1 1= ® and FIV(®,,T) € dom(A,y,) and 8, is the
valid substitution for v, such that A; ®,4[0,] |= ®[0,] holds.
Then, A;@41041;T[04] F [t~ 1] :° T[04].

Proof. By simultaneous induction on the given algorithmic typing derivations.
Proof of Theorem 53.1:

Case

Ny ®uQFrt A= o A;wa;d)aI:AA’EA:CDZ

alg-1]
MYy @y QFt | A D ADy
TS: A;@4[0,1; Q10,41 F |t :€ AlB,].
By the main assumptions, we have FIV(®,,Q, A) c dom(A,v,) (%) and
A;DPg[0a] = @1 AD2[04] (%)
Using (%) and (o), (**)’s derivation must be in a form such that we have
a) A>0,:v,
b) A;@400,4] E @110,
) A;@q[04] F @2[04]

By IH2 on the first premise using (x), a) and b), we can show that
N; Dy [041; Q1041 F [t]:° A'6,] (B.12)
By Theorem 46 using the second premise and c), we obtain
N;®,[0,) EA A'10,] € AlB,] (B.13)

Note that due to (x), we can conclude by the c-E exec rule using equation B.38,B.39 that
A;D4104];Q2004] F |2 :€ AlO4].

Case

MNya;@ufiAl — Ay, x: AL QFE ]| Ap=> O

alg-u-fix-|
MNYa; @y QFAX f(x).1] Al = Ay=>D
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TS: A;®,4[0,1;Q10,] + fix f(x)| t]:€ A1[04] — A2[0,].
By the main assumptions, we have FIV(®,,Q, A} — Ay) S dom(A,v,) (%) and
A;q)a[ea] = q)[ea] (% %)

Using (*), we can show that
a) FIV(®,,Q,A;, A1 — A)) Sdom(A,v,).

We also can show that (% x)’s derivation must be in a form such that we have
b) A;@400,4] E @10,]

By IH1 on the first premise using a) and b), we can show that
A;Dul04];x: Ay [ea]»f 1 A1104] — A2[0,4],Q[0,] F |1 ¢ A2[0,] (B.14)

By the c-fix rule using equation B.40, we obtain
A;D,4[0,4];Q[0,] F fix f(x)|t| 1€ A110,] — A200,].

Case

i2SMYP,QFt | A D

alg-u-iLam-|
Mg @y QFAit | VinS.A=>Vin SO
TS: A;®,[0,1;Q[10,] - Ai.|t]:€ Vi::S. AlO,].
By the main assumptions, we have FIV(®,,Q, Vi::S. A) € dom(A,y,) (x) and
A D 0, =VicS.®O,] (x%)

Using (x), we can show that
a) FIV(®,,Q,A) ci,dom(A,v,).

We can also show that (x*)’s derivation must be in a form such that we have
b) i:8,A,94004] F PO,]

By IH1 on the premise using a) and b), we can show that

1:8,0;@,00,1;Q[0,] F 1] :° AlO,] (B.15)

By the c-iLam rule using eq. (B.41), we obtain A; ®,[0,]; Q0,1 F Ai.|t]:° Vi::S. Alf,].
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Case

MYy @y Q] Allli} = O AFI:S

alg-u-pack-|
ANWa; @g; Q- pack twith 1 | 3iS.A=> O
TS: A;@,4[0,1;Q0,] F pack |¢| with T:€3i::S. Al0,].

By the main assumptions, we have FIV(®,,Q,3i::S. A) c dom(A,v,) (%) and
A Dy[04] =P[O, (k)

Using (%) and the second premise, we can show that
a) FIV(®,,Q, A{l/i}) cdom(A,y,).

By IH1 on the premise using a) and (%), we can show that

N;@4[04);Q104] = [1]:° AlOg1{11 1} (B.16)

By the c-pack rule using eq. (B.42) and the second premise, we obtain
A;®,410,];Q[0,] F pack |¢] with T:€3i::S. A[0,].

Case

ANYay@p; QF £ 1305 A = D iI€¢FV(®,40,A)
1SV P,x:ALQF L] Ay = Dy O=P; AVi:S.Dy

alg-u-unpack-|
NYa; @y QFHunpack £ as (x,i)inf | Ay => O
TS: A;@,4[0,1;Q[0,] Funpack | ;| with (x, 1) in |£]:€ A2[0,].

By the main assumptions, we have FIV(®,,Q, A2) € dom(A,v,) (%) and
AN D O] =P AV S.D[0,] (k%)
Using (%), (¢) and the 3rd premise, (*xx)’s derivation must be in a form such that we

have

a) A;(I)a[ea] |: q)l[ga]
b) i::5A;®4[04] E P210,]

By IH2 on the first premise using (x), a) , we can show that

N;®41041;Q10,] F 1] :° FixS. A1[0,4] (B.17)

From (%), we can show that

C) FIV((DG)AI)Q) AZ) < i) dom(A,'l//y'l//a)
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By IH1 on the second premise using b), ¢), (%) , we obtain

1S5,0D,4004];x: A1100,],2[0,] - | 2] ¢ A2[0,4]

Then by the c-unpack rule using eqs. (B.43) and (B.44),
we can show that A; ®,[0,]; Q[0,] - unpack | ;| with (x, 1) in |£]:€ A2[0,].

Case

MYy, CADL;QFH | A= O
Ay CADL;QF | A= D) A+ Cwf

alg-u-split|
AW @g; QEsplit (17, ) withC | A= C— DA C— Dy
TS: A;@4[0,1; Q10,1 F split (111, | £2]) with C :€ A[6,].

By the main assumptions, we have FIV(®,,Q, A) c dom(A,v,) (%) and
A;Dy04] E (C— Dy AC — Dy)[0,] (x%)

Using () and the third premise, we can show that

a) FIV(CA®,,Q, A) < dom(A, ).
b) FIV(RC A D,,Q, A) S dom(A, ).

Using (% x) and the third premise, we can show that

c) ACADL[04] = D1104]
d) A;CA q)a[ea] = @, [Ga]

By IH1 on the first premise using (x) and c), we can show that

A;C/\(Da[ga];g[ea] = |tl| :C A[ea]{l[ea]/l}

By IH1 on the second premise using (x) and d), we can show that

A;_'C/\q)a[ea];Q[ga] F 1] ¢ A[ea]{l[ea]/l}

By the c-split rule using eqgs. (B.45) and (B.46) and the third premise, we obtain
A;@,410,1;Q10,4] - split (1111, | 12]) with C :€ A[B,].

Case

(B.18)

(B.19)

(B.20)
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ANOANC,QFLt]| A D

alg-u-c-impl |
Ny, PpQFt|CoAC— O
TS: A;@4[0,1;Q10,] F || :€ ClO4] 2 Alf,].

By the main assumptions, we have FIV(®,,Q,C 2 A, k, t) S dom(A,v,) (%) and
A; D04 E (C— D)[O,] (%)

Using (%), we can show that
a) FIV(CAD,,Q,A) cdom(A,v,).

By IH1 on the premise using (x) and a), we can show that
A;ClO4 N Dyl0,4];Q210,] - | 2] :¢ Alf,4] (B.21)

By the c-cimpl rule using eq. (B.47), we obtain A; ®,[60,];Q[0,] F ] :€ C[0,4] 2 Alf,].
Proof of Theorem 53.2:

Case
MYy @y Q| A D A;(DaI—AAwf FIV(A k,t) e A

alg-u-anno-1{
MYy QF (LA k) A= O
TS: A;@,4[0,1; Q104 [(t: Ak, )] :€ AlB,].

Since by definition, V¢. [(¢:_)| = |t], STS: A;®,[0,]1; Q0,1 - |£] :€ AlO,].
By the main assumptions, we have FIV(®,,Q) € dom(A,y,) (x) and
A Du[04] = P@O,] (k%)

Using the third premise, we can show that
a) FIV(®,,Q,A) cdom(A,v,).

By IH1 on the first premise using (xx) and a), we can conclude that
A;@q[041;Q104] - 111 :¢ AlOq] -
Case

MNYay; Qg Q1 1 A — Ay = D MYy @g; Q1| Ay => D)

alg-u-app-|
MNYa Py Qb1 Ay=> D ADy

TS: A;@,41041;Q2004] - 111l [ £2] :€ A2[04].
By the main assumptions, we have FIV(®,,Q) € dom(A,y,) (x) and
A ®,[04] = (D AD2)[0,] (%) suchthat A > 6,: v, are derivable.
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From (%), we know

a) AD4[04] E D1104]
b) A;q)a[ea] = @, [ea]

By IH on the first premise using (x) and (a), we obtain
N ®@4[041; Q1041 F [ 11]:° A1l604] — A2(0,]
By IH2 on the third premise using (%) and (b), we obtain
N; @401 Q041 F [12] :€ AL[060,]

Then, by using c-app rule using eqgs. (B.48) and (B.49), we can show that
A;q)a[ea];Q[ea] = |tl| |t2| ¢ AZ[ea]-

Case
NPy @y QR VinS. A =@ AFT:S

alg-u-iApp-1
NYg; @y QI Al =>®
TS: A;@4[04]; Q0,1 F [ ¢] [11:° (A'{I/i})[00,].

By the main assumptions, we have FIV(®,,Q) € dom(A,y,) (x) and
A Dy[04] F D2[0,4] (%) such that A > 6, : vy, are derivable.

By IH2 on the first premise using (x), we obtain

N, ®y[04];Q00,] F 18] :€ VizS. A'[0,]

(B.22)

(B.23)

(B.24)

Then, by c-iApp rule using eq. (B.50) and the second premise, we can conclude that

N;®410,1;Q10,] 1t [11:° A'[0,1{1/1}.
Proof of Theorem 53.3:

Case
MY, @00ttt |71

alg-r-nochange- |
A;u/a;d)a;l“’,ljl“ FNCteNCt|Ort=>®
TS: A;®@4[0,1;T'(0,1,0T[0,] = NC el o NC |e| : O1[0,].
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By the main assumptions, we have FIV(®,,I',0T,7) € dom(A,y,) (%) and
A;q)a[ea] |: (D[ea] (k)

Using (%), we can show that
a) FIV(®,,0T, 1) cdom(A,v,).

By IH3 on the premise using a) and (xx), we can show that
A;@4[0,1;0T(04] |t |t]: T[04]

By the c-nochange rule using eq. (B.25),
we obtain A;®,[0,1;1'10,],0T0,] FNC |t]eNC |t :O1[0,].

Case
Ny ®uTHret 1listn]“t = @, Nyan=0A0,;THHon | T =D
PN Awgn=i+1AD,h:0O1,¢l:Nist[i]*1,T - ot | 7= d)
PN, BN, A ygn=i+laa=B+1ADgh:1,tl:list[i]P7,T + oty |1 =,
Dpody = (N0 — DY A(VizN(n=i+1) — (@ AVS:N.(a=f+1) — D))

case 7 of nil — 1 case ' of nil — 7|
MWy ®uTHIhanctl — b o|h:nctl =t L T'= (@ ADpogy)
lhactl —t3 |huctl — 1
caseL-|
TS:
case t of nil — |f] case t' of nil — [¢]]
N DL0.;T00F | hantl — |t o |huntl—|t)] :7'10,]
| hictl— |t3] | b tl— |4

By the main assumptions, we have FIV(®,,T,1") € dom(A,y,) (%) and
A;@g[04] F (@ A q)body) [0a] (k%)

Using (%), (% *)’s derivation must be in a form such that we have
a) A;(I)a[ea] = q)e[ga]
b) A;nl0y =0AD,[04] = P1[0,]
c) i:S,Anl0=i+1ND,40,] = D2[0,]

(B.25)

alg-r-
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d) i:5B:SMn0=i+1Aal0,=F+1AD,04] = DP3(0,]

By IH4 on the first premise using a) and (x), we can show that
N;Dql04);T[0a] 12l @ 12'] :Nist[ 210,110 710,) (B.26)
By IH3 on the second premise using b) and (%), we can show that
A;nl0al =0A @404 T(04] F 011011 : T [0 (B.27)
By IH3 on the third premise using c) and (%), we can show that
1:8,0;n[05 =i+ 1AD40,1;T[04] |12l ©1t5]:7'(0,] (B.28)
By IH3 on the fourth premise using d) and (x), we can show that
i:8,B:8,Mn04=i+1Aal0,]=B+1AD,00,;TI0,)F t3101851:7'10,  (B.29)

Then by c-r-caseL rule using eqgs. (B.26) to (B.29), we can show that

case t of nil — |f] case t' of nil — |¢;]
N;DL0,;T0,0F | hantl — |t o |huntl—|t) :7'10,]
| hc tl— |t3] Ih::(;tl—>|t§|

Case
iefresshN) Ay, 05THnoern | O1r=>d
Ni, Wy ®uT ot | list[i]*T=> @, D, =DyAn=(i+1)

alg-r-consNC-
AW a; @ T = consye(ty, ) © consye (1, 1) | list[n]% 7= @1 A Ti::N.D)

|

TS: A;@4[04);T10,4) - consyc(a1l, 12]) © consnc (1], 1 74]) : list[n]0,,]1%04 716 ,].

By the main assumptions, we have FIV(®,, T, list[n]* 1) < dom(A,v,) (%) and

A Dy0,] = (@ ATic: I\I.q)'z)[Ba] (k%)

Using (%), (x*)’s derivation must be in a form such that we have
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a) A D400, F @110,

b) AFT:N

C) A@4[04] F D2004,i— 1]
d) A;®4004] =T +1) =n(0,]

By IH3 on the second premise using (%) and a), we can show that
A;D4[04);T [0, 1t e8] :O7[0,] (B.30)
By IH3 on the third premise using () and b), we can show that
A;®al041;T104] 121 © |85 :list[ 117179 716,,] (B.31)

By c-r-cons2 typing rule using egs. (B.30) and (B.31), we obtain
A;@,4104);T104] F consnc (1], 112]) © consne (2], 1)  List[ I+ 1]*10 7[0,,].

We conclude by applying c-r-C rule to this using d) .
Proof of Theorem 53.4:

Case

Ny ®uTHret' |10 AO,Ftwf  FIV(T) €A

alg-r-anno-1
Ny ®uTH(E:T) e 1) 12> @

TS: A;@4[0,1; T |(t:T,0)01(t 7,0 :T[O4].
Since by definition, Vz. |(¢:_, )| = |t], STS: A; ®4[0,1;T[04] [t o] : T[0,].
By the main assumptions, we have FIV(®,,T') € dom(A,y,) (x) and
A @q[04] F PlO4] (k%)
Using the third premise, we can show that
a) FIV(®,,T', 1) cdom(A,v,).
By IH4 on the first premise using (xx) and a), we can conclude that
N @4[0,5T104) -t e]t']:T[04] -
Case
MY, O THFhHeL 1O7T=>0

alg-r-der-1{
ANyay; @l -dertyodert, | 7=
TS: A;@,[0,);T10,] - der |t| «~der |t :°T[00,].
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By the main assumptions, we have FIV(®,,T') € dom(A,y,) (x) and
A ®,4[0,] = DP[O,] (x%)suchthat A > 6,: v, are derivable.

By IH4 on the first premise using (x) and %, we obtain
A;®,4[0,1;T10,4] F [t |t,| :07[04]
Then, by c-der rule using eq. (B.32), we can conclude that

N, D,10,0;T10,) Fder |tloder|t']:T[00,].

Theorem 54 (Completeness of algorithmic typechecking).

(B.32)

1. Assume that A;®4;Q ¢ t:€ A. Then, there exists t' such that \;;®,;QF t' | A and

A;®, =D and|t'| =t.

2. Assume that A;@4;T &=t~ 1o :° 7. Then, there exist t;, t, such that A;;®4;T F £ 6

t, | 1= D and A\ Q4 =@ and |t = t and |ty] = 1.

Proof. By simultaneous induction on the given Core typing derivations.
Proof of Theorem 54.1:

Case
Qx)=A

c-var
A®;QFxCA
We can conclude as follows

Qx)=A

alg-u-var-! A®,FAAC A=
NP QFXxT AT

alg-r-1|
MYy @y Qx| A>T

Case
ADLu;QF A A, DyQF 1 :Clist(n] A

c-cons
A;®,;QF consc(ty, 1) Clistin+1] A

By IH1 on the first premise, 3 ti such that
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a) N ®uQF1 | A= Dy

b) A;®, Dy

o Ifl=1

By IH1 on the second premise, 3¢, such that
d A59,;QF té | list[n] A= @,

e) Ay =D

f) 15]l=1

Then, we can conclude as follows

i € fresh(N) Ny @u Qb1 | A= @)
Ni Ky £y Wi ®@ai Q) L listli] A= @) @ =(@An+1=(G+1)A)

alg-u-cons-|
N a; @a; QF consc(ty, ) | listin+1] A= @) A i = N.OY

2. Usingc) and f), [consc(t], t,)| = consc(t1, t).

Proof of Theorem 54.2:

Case

AN® T 0T

c-der
A;®, T Hderty —~dertr:“ 1

By IH2 on the premise, 3¢}, #; such that
a) AOuTHet 1,620
b) A;®, @

o ltjl=hand|tyl =1

Then, we can conclude by using a), b) and c) as follows:
As®uTHBon | Or=>@

alg-r-der-| and
A;5®@4THderfpoderty | 7= ®
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A5@uTHB oL | Or=>0

alg-r-der-|
A;®@yTHderfpodert, | 7=

alg-r-anno-1
A;@yTH(derty:T)e(derty: 1) 1 7= @

AN®,ET=7=® by Lemma?27

alg-r-1|
A;@yTH(derfy:T)o(derty:7) | T=>OAD

2. Byo), |(der tlf :T)| = derltlfl.
3. Byb) and Lemma 44.

Case
ANOiTHEA T AOET=T

c-r-=
AP THEAE ST
By IH2 on the first premise, 3¢, t; such that

a) AOuTHet | 1=
b) A;®@, = Py
o ltjl=tand |ty =1

By IH2 on the second premise,

d AP, ET=1T20,
e) A, = Do

Then, we can conclude as follows

1. Byusinga) and d)

As@uTHB O | T2 D

alg-r-anno-1 AP ET=1 =Dy
Ns@guTH (D O):1) 1 T=> D)

alg-r-1|
A;5@gTH( D O(ty:1T) | T =D AD,

2. By usingb), e) ,we can show that A; @, |= ®; A D,
3. Byo), [(f;:D)l=t;and (t5:7) =1,

Case
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N®yiTHR A1 T~ T2
AN®yTH 1) :f 1

c-r-app
NOLZT 1 B~ ti té 1y

By IH2 on the first premise, 3¢, t{ such that
a) NPT thet | 11—T=>d)
b) A;®, D
o |al=tand|t]| =1
By IH2 on the second premise, 3%, té such that
d) A0uTHBet, | 112D
e) O, =Dy
f) |to] = 6 and |t£| = l'é

Then, we can conclude as follows

As@uTHROt | T1— 122 0

alg-r-anno-1
As@gTH(:T1 =10t :T1—T2) [ 11— T2 > D)

A;5@guTHBO | 112> @)

c-r-app
ASEHOJSS B ol AR o) 1To=2>D;ADy

alg-r-1/
AsOuTHEHOE | To> D AD)

where t; = (1 : 71 = T2) b and t, = (£} : T1 — T2) 1.
2. Byusingb) ande) .
3. Usingc) andf), [(f1:71 = T2) ol = t1 rand [(¢] : 71 — T2) Ll = 1] L.
Case
AN®@yTH oty €30Sy
P 28,0 x:1, T 15:°T) i¢FV (@41, 10, 5)

c-r-unpackl
A;®@,; T Funpack 1 as (x,i) in ; -~ unpack f; as (x,i) in 1, :° 75

By IH2 on the first premise, 3¢, ¢; such that

a) A®uTHtet | 3inSt =0
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b) A, =@y

o |ahl=tand|t]| =1
By IH2 on the second premise, 3%, té such that

d) i:8,A;5Px:1, TR | 102> D)
e i:8AND, =Dy
f) |Ll=tand |ty =1t

Then, we can conclude as follows

A5 @uTHB ot | 3inS.1=> 0 (a)

alg-r-anno-1
A5 @uTHB o 1 3inS.1 =0

P28, APux:1,TFROL |10 @O =0, AD),

A;+;®4;T Funpack t; as (x,i) in t ©unpack #; as (x,i) in t; | 7 => @’

alg-r-unpack-|

where £; = (f; : 3i::S.71) and #, = (f; : 3i:S.71)
. Byusingb) and e).

. Using c) and f), [unpack (#; : 3i::S.71) as (x,7) in | =unpack #; as (x,1) in &

and [unpack (] : 3i::S.71) as (x, i) in #)| = unpack ¢] as (x,1) in £;.
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B.5 RELCOST

The content of this section is from the Ph.D. thesis of Ezgi Cicek Cicek (2018).
It first presents RelCost’s syntax, typing and subtyping rules. Then, it introduces
RelCostCore and the embedding of RelCost into RelCostCore. Finally, the bidirec-

tional system BiRelCost is introduced.



Terms

Values

Relational types

Unary types

Sorts

Index terms

Constraints
Constraint env.

Sort env.
Unary type env.

Relational type env.

Primitive env.

RelCost typing judg.

core typing judg.

Lk ta

R T ROEBE & O
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x|n|fix f(X).0] 6 6| t]{t, ) | m1(0) | m2(F)
|inl ¢ |inr ¢ | case (¢, x.t1,).12) | cons(ty, t2)

| case tofnil —t; | hutl—t | At] t[]

| pack t |unpack f; as xin fp |[let x =1, in £,
|clett; as xin | celim ¢ | () | nil

n|fix f(x).v|(vy,ve) |inl v |inr v |nil

| cons(vy, v2) | At | pack v | ()
diff(D)

unit [int |71 x 7 |71+ 72| 71 T2
. diff(1) )
| Vi g S.t|3izS.1|U(A;,A) |O1

|C&T|Co1|list[n]®T
unit |int| A; x Ay | A1 + Ax | A

xec(k, .
Mist{n] A| Vi~ s A13i:8. A

|IC&A|CD A
N|R

i10loo| I+11 h+ L h—-L| ¢ h-T |1
| L) | Logy(D) | I)? | min(ly, )

exec(k,t)
7 AZ

Iy
|max(l, )| X I
i=I

h=L|h<I|C|
TICAD
DlAT:S
?1Q,x: A
o|lx:T

diff(D) exec(L,U)

¢|Y76:T1
QrYVe:A
rFtletZSDIT

1Y, Ay Az

QrYVecA
PFIIGI'ZSJDICT

Figure B.64: Syntax of types and contexts of RelCost.
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Values v

Terms ¢

Values v

Terms ¢

Values v
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x|In|fix f(x).0] 6 62|11 {t, L) | m1(0) | 72(2)

linl ¢ |inr ¢ | case (t,x.t1,y.t2) | nil | cons(ty, £2)

| case tofnil - |htl—t | At] t]]

| pack t|unpack fy asxin i |letx=t,in £ | ()

| clet t; as x in £, | celim ¢

n|fix f(x).v|{vy,ve) |inl v|inr v |nil | cons(vy, vo) | At|pack v | ()

Figure B.65: Syntax of values and terms of RelCost.

x|n|fix f(x).1|fixye f(X).t]1 0 62 [ C 2| t1, 82) | w1 (2) | 702(2)

|inl # | inr ¢ | case (t,x.t;,).%2) | nil | consyc(ty, ) | consc(ty, t)

| case tofnil - 5| hunctl— | hictl— 3| Ai.t] t[]

| pack twith I | unpack #; as (x,i) in &, |let x=¢# in £ | () | contra ¢
| clet f; as x in £, | celim ¢ | der ¢ | switch ¢ | NC | split (£, t2) with C

n | fix f(x).t | fixyc f(x).t| vy, v2) |inl v |inr v | nil
| consyc(vy, v2) | consc(vy, v2) | Ai.t | pack vwith I ()

Figure B.66: Syntax of values and terms of RelCostCore.

x|nlfix f(x).t [ fixye f(X).t]| 1 62| (| {t1, 2) | 1 (2) | 72(2)

|inl # |inr £ | case (£, x.t1,).£2) | nil | consyc(ty, £2) | consc(ty, t)

| case tofnil - ;| hunctl— | hictl—t3| Ai.t] t[]

| pack twith I | unpack #; as (x,i) in & |letx=t,in £ | ()

| clet t; as x in £, | celim ¢ | der | switch ¢ | NC | split (£, £2) with C
|contrat| (¢:17,0) | (¢: Ak, t)

n | fix f(x).t | fixyc f(x).£|{vy,v2) |inl v |inr v | nil

| consyc(vy, v2) | consc(vy, v2) | Ai.t | pack vwith I'] ()

Figure B.67: Syntax of values and terms of BiRelCost.
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A; @, H4 Awf | checks well-formedness of the unary type A

checks well-formedness of the binary type t

—— wf-unit wi-int
A; @, - unit wf Ny @y - int wi
My, @11 wE My, Dy 1o wE A T/HOPE N S5 A V/HOPE N S5
wi-prod wif-sum
Ay, D11 x T Wi My, D11 + T2 WE
My, @y -1 wE My, @y -1 wE AOs R
diff(D) wi-fun
AN Dys T - To wf
AND,Fn:N ANDsFaN A D, T wE
- wi-list
A; @, list[n])% T wi
imSANO,FTwE i::S,A;(I)aI—t::l]%wfV imSA0,-Twfd
diff i} . l

A’q)al_vl I:gD) S.7wf A,q)al—fll..S.wa(D

ANy @, FY Ay wE A @y HA Ap wf A y; @, ¢ 7wt
Via ViPa wf-U Vi%a wi-box
My, @, U (Ap, Ap) wi ANy, @, -0O7 wE
N, @, - Cwf AN, CAD =T wt A, D, - Cwf AN;®, T wf
wf-Co wi-C&
ANO,FCoTwf ANO,FC&TwE

Figure B.68: Well-formedness of relational types of RelCost.
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A 4 Awf | checks well-formedness of the unary type A ®

v wf-u-unit v wil-u-int
A; @, 7 unit wf Ay @, 7 int wi

Ny @ A Ay uE Ay @y - Ap
A @4 A AL x Ap wi

wf-u-prod

Ny @  FA A uE Ay @ HA Ay uf

— i wi-u-sum
A,l[/,q)a F* A+ Ay wt

Ny @ FA A uE Ay @ HA ApwE AL kR ADL R

A exec(L,U) wi-u-fun
A;‘Da [ A1 _— Az wf
A @, n:N A;(I)aI—AAwfwf |
-u-list
A; @, A list[n] A wE
i::S,A;QDaI—AAwf imSAO,FLER i2SA0,FU R
exec(L,U) wi-u-v

A@ AV S At
i::S,A;(IDaI—AAWfo _ A; @, Cwf A;C/\(DaI—AAwfwf o

_u_ -u_
A; @, 2308, At A FACo At

AD,FCwf A0, A At

wf-u-CA
A @, HAC& At

Figure B.69: Well-formedness of unary types of RelCost.

AFTI:S A>O:vw
A []:: A>OM—I:M:Sy

Figure B.70: Sorting of Substitutions of RelCost.
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\ AD,ET1ET) \ Relational type 7, is a subtype of relational type 7,

A; @, = A C Ay | Type A, is a subtype of type A,

- — int-0 — — OU-int
A; @, = int E Oint A; @, =0OU (int, int) E int
A®, =TI ET A;®, ET2 ET)
A, ,=D<D
i it diff(D) diff(D’) T
A; @, = unit E Ounit AD, T 8 T,E7) i )
diff(D) diff(0) — Dlaitt
1 1
AO,F0(r —— 1) EQT —— 0712

— execdiff

exec(L,U) diff(U—L)

A D, = U (A A)C U A U A,
inSANO, =TT i2SAN®,=ED<D i¢ FV(D,) y
diff
dlff diff(D’
A, Vi M s ey M s
dlff(D) dlff(O) vo
A;®, = O(Vi S.7)CV s.07
(L,U) (L' U dff(U L) vu
AO, UM S ANV s.A)cvi® S.U(A,A)
N®,ET1ET, AN®,l=T2ET)
! ! X XD
APy FETIXT2ET) X Ty A, =071 x0O71,=0(71 X T)

xU
A @y = U(A] x Az, A} x Ay) EU (Ay, AD x U (Az, AY)

. — ! . _ /
ANDyuETIET, NP, ET2ET,

ANDg =TI+ T2 ET) +T)5 A®, =01, +071,c0(1; +72)

AND,En=n AP Ea<a ANd,ETCT

A; @, = list[n]® T Clist[n']* 7/

Figure B.71: Subtyping rules of RelCost, part 1.
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\ AP, =T ET) \ Binary type 7, is a subtype of type 7,

NP, Ea=0 12
A; @, =list(n]% T Elist[n]*0O7

itSAd, 1T iQFV(d)a)EI
A;®, =3inS.TE3isS. 1

AP, ACEEC AND,ETET

c-and
AP, EC&TEC &7

ANd,AC =EC AN =TT
Ad,=Cor=C' o7

c-impl

10
A; @, = list(n]*0Or = Oist[n]% 1)

- - =]
A @, =TixS.O7rEDOFi:S. 1)

c-and-0O

AO,EC&OTEOIC&T)

c-impl-0
Ao, =EOC>T)ECSOT

AN, ETIETH

T
Ao, =EOTET

D
Ao, EO7rE007

B-O
ANDO, =01 E07)

A®,EN AT A

ANO,ETEU|T|

NP, EFT1ETy

N®,EUACUA

—— refl
AND,=TET

NP, =12 ET3

trans

AND, =TI ET3

Figure B.72: Subtyping rules of RelCost, part 2.
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A D, EA A C A, Type A, is a subtype of type A

AOEAAIEA AOEAACA, MDD <L AO=U<U

A;q)a |:A Al exec(L,U) Az EA,I exec(L',U") A,z
inS, AP, ENAC A iuS AP EL <L
imS,M0,EU<U  idFV(®,)
O U u-Vexec
A, EAYE T 8. AEYE T s A
AOEA A EA ADL R A A)
u-x
ADg N A x Ay s Al x A}
ADEAM A AL AD, M Ay A - A®,En=n AO,ENAC A ol
A @, EN A+ Ay T A + A, A; @, = list[n] AC list[n'] A’
inS,AD,EN AT A igFV(®,) AO,ACEC A0 EMAC A
x p u-3 X p p u-c-and
ANO,ETTinS.AETiS. A ANO,E"CRAEC & A
AOLAC EC N, =R Ac A
u-c-impl u-refl

AOLEACoAEC o A A@ EN AT A

AOEMAIEA  AO N A A

A u-tran
AND,ET A E A3

Figure B.73: Unary subtyping rules of RelCost.
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General rules

ND T 1A
A;®g; T 72 10 A
N Dy T H tletszUl—ngUA

switch

ANDyTHtet<SD:1
VxedomT). A;@,=T(x) 200N (x)

NOLT,T;QFretr<0:01

nochange

Constant integers and unit

const r-const

u
A; @y QFgn:int A;®4 T Hnen<0:int A; @ Q) 0 : unit

r-unit

A;®@4;T (e () <0:unit

Qx)=A I'x)=r1
5 var
A®gy QX A AOy;THxex<S0:T

r-var

NOGQFY i A AOL N Ay wf |
mn
A®g; QY ind £: A+ Ay

AN yTHtet <D:1q A;®, 1o W

- — r-inl
A;® T Hinl teinl ¢ SD:11+ 12
. F - U ,. . A
NOZQFY 4, AL FR A wf
i inr
A Qg QFinr £: Ay + Az
NOyTHEtetr <D:1, N @ty wf
r-inr

N®y T Hinr reinr £ <D:11+71>

Figure B.74: Typing rules of RelCost, part 1.

nit
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case (t,x.11,y.1)

A®gy: Ay, QY 10 A

N QR A+ A ADgx:ALQFY 1A
case
L. U+U'+ccas .
A OIEQ) I—L+L,+CC;§‘: case (t,x.11,y.12): A
A;q)a;FI—tGIISDIT1+T2
N@gx:1,THFhety SD:1 A®Ly:1,TFRenSD' i1
r-case

A; @, T F case (8, x.07,).1) © case (', x.t],y.t) SD+D': T

xec(L,U
A D, A A e, A, QrY 12 A,

LU
mAgwf ANDgyx: AL fi A
exec(L,U) Az

A; @ g Q) fix f(x).1: Ay

diff(D
D) Tg,rl—tletg,SDng

A OF o ) diffD) To wf ADgx:ty, fri1)
diff(D) -fix
A, T Hfix f(x).t19ﬁX f(x).tZSOZTl T2
Mg 2 owf A0 xiT, fO0@ S, ) THtet<D:1,
Vxedom@). A\;@,=T(x) = 0OI(x)
¢ . r-fixNC
diff(D)
72)

A; @4 T HAfix f(x).tofix f(x).t S0:0(1y

L)
el 4y AD,Q F2 10 Ay

N Q] 1 Ay
app

. . L‘1+I2+U+Capp .
A; Dy Q |_L1+L2+L+Capp hit:A

diff(D)

A®yTHB et SDyi1y Ty
NOyiTHBetySDy:1Ty
r-app

NDLTH R tg@ti té§D1+D2+DIT2

Figure B.75: Typing rules of RelCost, part 2.
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(t, 1)

A;® 4 Q I—LUII n:4,  AN®OLzQ FLU; fr: Ay

A D Q[ (1, 1) Ay x Ag

prod

N®yiTHRet; SD1:Ty MOguTHBen<Dy:T)

— r-prod
AT (G, Yot ) SD1+ Doty X T9
A;q)a;Ql—gt:AIXAz o ANDyTHiet <D:1y x1)
, proj
A; D Q FLU:;;? Te): Ay A®4THm(@em(t) <D
Symmetric rules.
nil
A @, D Awf . A; @y T wf
ni
N Dy Q |—8 nil :list[0] A A;®4; T Fnil enil <0:1ist[0]%T
NOLQAF A AOLQF 1 listin] A
! 2 cons

N @ Q1% cons(hy, 1) :listin+1] A

AN®gyTHneti SD1:t AMOizT Bty SDy:listin]t
A;®4;T F cons(ty, &) © cons(t], ty) < Dy + Dy :list(n +1]1"1 1

N@yiTHret <Dy:01  ANOLTHBot, SD;:list(n]%r
A; @4 T Fcons(ty, 1) © cons(ty, ;) < Dy + Dy :listin+ 1]1%1

Figure B.76: Typing rules of RelCost, part 3.

r-projl

r-consl

r-cons2
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case tofnil -5 | hutl— 1t

A @y QY ¢:list[n] A
AD,An= OQI—L, A LN, An=i+1;h:A,tl:list[i] A, QI—L, th: A

caseL

U+U+C L . .. R .
A D, QI—L+L,+CC“S£ case tofnil — | hutl—t: A

A® ;T e <D:list[n]%t A®,An=0;T+tet; SD 7'

LN D,An=i+1;h:07,¢l:list[i]*T,TF e, <D :7
iL,B NP An=i+1Aa=p+1;h:T,tl:list[i]P1,TF ety <D :1'

A;®,;TH case tofnil — 1| h:tl— t;© case t' of nil —»tllh tl—>t2<D+D’

r-caseL
leaf

A; @, - Awf A;®, -1 wf
5 leaf r-leaf
A; Dy Q -y leaf: tree[0] A A; @4 T +leafoleaf < 0:tree[0]% T

node(t, t, t)

A; D4 Q I—LU [ A A; @42 I—Zl t; :treeli] A AR O ) }_Efzz Iy :tree[j] A

node

A @ QE L node(, 1, ) : treeli + j + 11 A

ANOyTHretr <D:1
NOgTHet, SDytreelil®t AO4uTHG et SDo) tree[j1P 1

p : r-nodel
A; @4 T Fnode(t, £, t-) onode(t), t', 1)) S D+ Dy + Dyt treeli + j + 1]@+h+1
AN®uTHre ! <D:0O7
NOgTHet; SDytreelil®t AO4LTHG et SDo) tree[j1P
r-node2

A; @4 T Hnode(t;, t, t;) enode(t), t', t;) S D+ Dy + Do : tree[i + j + 11%+A ¢

Figure B.77: Typing rules of RelCost, part 4.
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case t of leaf — t; | node(l, x,1r) — t»

ANdg QY ritreen] A A0 An=0;QFY 1 A

L, j,N;@aAn=i+j+1;x:Al:tree[i]l A r: tree[]]AQ}—L, LA
caseT

. . U+U'+ccaser N - . Al
A D, Q |_L+L’+ccaser case t ofleaf — t; | node(l,x,7r) — L : A

N®y;THtetr <D:tree[n]*T A®,An=0;T+ret; <D : 1
i,j,,B,H,A;CDa/\n:i+j+1/\a:ﬁ+9;x:|:lr,l:tree[i]ﬁr,r:tree[j]gr,l"
Fnety<D':1
i,j,,0,0P,An=i+j+1Aa=L+0+1;x:1,1:tree[il’ 7, : tree[j]? 7,T
FnhetySD':1'

N, D ;T
 case t of leaf — t; | node(l,x,r) — f, © case t' of leaf — ] | node(l,x,r) — t,
<D+D":7

r-caseT

i:8,00,;QF 1A igFIV(®,Q)
exec(L U) iLam
A Dy QR AL Vi S.A

i:S,AN®THret! <D:7
iZFIV(®,;T)

dff(D) r-iLam
A;®y THA oA <0:Vi i ST
t[]
Xi L’U’
A® RV v " g A AFLS
pp
. U+U[I/l] . .
8D QFTHUII 4y - A1)
diff(D’
NOgTHter <D:Vi" St
AFI:S

r-iA
NOGTHt1 o[l SD+D'[I/i]:t{1/i} PP

Figure B.78: Typing rules of RelCost, part 5.
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A®LQFY e ATy AFT:S
A Dy Q I—g pack £:3i::S. A

pack

NOyTHrer <D:1{l/i} A-T:S
N;®4;T Fpack tepack ' <D:3i:S.1

r-pack

unpack t as xin ¢/

N D, Q I—LUI1 fp:3iS A
i:500,;x:A,Q I—LUZ2 A i¢FV (@410, Ay, Ly, )

unpack

U +U. )
A D, Q I—L11++L22 unpack #; as xin £ : A,

A®y;THB ot <Dy:3iS. 1
i:8,APsx:1,TFBpoet,<Dy:1, i¢FV @y, 10, 6)

- - — r-unpackl
A; @4 T Hunpack # as x in L eunpack £ as xin t, SD1+ D272
Primitive application‘
YO = A =Y 0 AogQrY A
U+U"+capp primapp
N D, Q |_L+L’+capp (t:A
YO =11 22 1, A®uTHtet <D
- - r-primapp
ANOTH telt SD+D'":1y
let x=1t in lfg‘
NOGQF Al ADgx:ALQR Ay
let
Ur+Us+cpe .
N OgQE 1 2 e et x =1y in 1 Ay
AN@yTHret <Dty AOgx:1,THFBet,<Dy:1) et
r-let

A®@ THletx=nint,eletx=1tinty <Dy +Dy: 1)

Figure B.79: Typing rules of RelCost, part 6.
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C & 7 intro. rules

AD,EC  NDACQFT A

= c-andl
ANOL QR E:CRA

AND,EC  NOACTHtet! <D:1

- c-andl
ANOyuTHtet SD:C&T

C &7 elim. rules \

A;cpa;m—LUl1 f:C& A A;@aAC;x:Al,QI—fZZ fr: Ay 4
c-andE

. - U1+U> ; .
A Dy Q |_L1+L2 clettjasxin t,: Ay

AN®yiTHRet SD1:C&T1  AOACx:1,TFBROt, <Dy: 1)

- p — r-c-andE
A;® T Hclettyasxin troclettyasxint, SDy+Dy: 1o
C o 7 intro. rules
A ACAFY A NOACTHtet <D:1
i c-impl - r-c-impl
ADg QR 1:CoA AOyTHtet <SD:Cot
C o 7 elim. rules
AO;QFVE:CoA A EC
7 c-implE
A; @ Qb celim £: A
ANOyTHEtet! <D:Cot A®,=C
- — r-c-implE
A; @y T Hcelimtocelim ¢ <D:1
Subtyping
AOL;QFY 1A A@,EN AT A
ANO,EK <k ANOy =t
y C exec
AOLQFY £ A
ANOiTHFHOHLSD:T AHOPSE Sui APttt
r-£

ANDyTHretL SD 1

Figure B.80: Typing rules of RelCost, part 7.
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Constraint dependent typing

NOACGTEY i A MO A-CTHEY i A AFCwf
A® THY £: A

split

N O,NCTHHhetSD:T AO,NANC Tt SD:1T AF Cwf

r-split
ANOyTHHhet SD:T
NOLEL A @, FQwf AN®, =L N®, T wf
i contra r-contra
ANOyTH A ANOyTHHhet,SD:T
Asynchronous typing
A @ ITI ] 1: Ay
ND@yx:UAL TRt <SDy:1;
- r-let-t
AND T Hlet x=1 in tget§ H+1t+Cler:To
A®g T2 i Ay A ®gx:U(ALAD,THi6 SDy:ito |
r-t-let
NDyTHteletx=tint, SUz— Ly — Cler : T2
. - Uy, . 4. execL,U) . / . /
A, @y T 1 I—Ll h:Al—— Ay NPT EBet, SDZ U (A1, A)
r-app-t
NOuTHG oty Sti+ L+ 1+ Capp:U(Az, A)) PP
. . Uy 1. 41 exec(LU) . . I < . /
. r-t-app

NOGTH e t] ty SUs—Ly—k—capp: U (A, Ab)

Ny TITE £: A+ Ay
Ny x:U (AL, AN THFret' <D':71 Ny y:U(Ay,A),THpet' <D':1

- , r-case-t
A; @y T F case (t,x.ty,y.00)0t SD'+D+cCegse: T
A;®gITI2 b7, 1 Ay + Ay
A®@gx:U(A, A, THtet <SD:1 A@gy:U(Ay, Ap),THtety<D:1
r-t-case

AN@g T e case (t,x.1), y.t5) St—k' —cease: T

Figure B.81: Typing rules of RelCost, part 8.
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ANOyuTHH et~ tf ety SD:1| Expressions #; © t, are embedded into ¢ e # with
the relational type 7 and the relational cost D.

A Dy Q I—g t~t*:A| Expression t is embedded into t* with the unary type A

and the minimum and maximum execution costs L and U, respectively.

General rules \

NI i~ 17 i A MO 1)1 A e-switch

A @y Tt ot~ switch £ oswitch t, SU;—L,:UA

N®yTHtet~t'et"<D:1 Vx; € dom(T), t; =coercer(y,)0rx,)

N®y T, T Fret~lety;=t; x; in NC *[y;/x;]©let y; = t; x; in NC *[y;/x;] < 0:07

e-nochange
Constant integers and unit

5 e-u-const — e-r-const

A @y QFgn~n:int A;@yTHnen~nen<0:int
0 — e-u-unit — e-r-unit

A ®g; Qb (O~ () :unit NDPLuTHOe ()~ 080 ,SO:umt
Qx)=A I'x)=1
5 e-u-var e-r-var
A Dy Qg x~~x: A ANDyTHxox~~x0x<0:7

Figure B.82: Embedding rules of RelCost, part 1.
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AOHZQFY tm 1AL N D, Ay W
A, Dy Q I—ginl t~inl t*: A; + A,

e-u-inl

ANOuTHheb~h eh"<D:1y APy T WS

- - - — ” e-r-inl
A;®yTHInl fyeinl f~inl 17 einl 6* S D11+ 12
Ny QFY s "1 Ay AOL - Ay wi
T — e-u-inr
A D@g; Qb inr t~~inr ¢ : A1+ Ap
A;(Da;r}—tletgwtl*etz*SDng A D, =11 wi
e-r-inr

A @y T Hinr einl fh~inr h* einl HL* <D : 11+ 7>

case (e, x.t1,Y.12)

N®y QY £ £ AL+ Ay

A ®yx: AL Q I—g’ H~1" A N Dy y: Az, Q I—gl b~ A
e-u-case

!
A Dy Q) I—?jﬁ,’&fxze case (e, x.11,y.t) ~ case (t*,x.t7,y.t,): A
ANdyTHtet ~t et <D:11+1,
N®yx:1, THFhe~t e <D i1
N®gy:1oTHFhet~ b ety <D':1
5% = case (", x.t7,y.t;) ¥ = case (¢, x.t", y.t;")

e-r-case
A; @, T F case (e, x.ty,).1) © case (', x.17,y.6) ~ 6o, <SD+D': 1

Figure B.83: Embedding rules of RelCost, part 2.
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7@y FA Ay D wf A D Ay fi A 2 4 QY s 1* Ay o
e-u-
A D QY fix f(x).1~ fix f(x).0%: Ay 2D, 4,
A, 7y SO, o Wi
diff(D) * *
ND@gx:Ty, fi11 o, TFheb~th "ot <D:1;
e-r-fix

A; DT F fix £(x).0 ©fix f(x).0 ~ fix f(0).0" o fix f(0)." S0: 71 g,

N®g T Ty wf ADgxiTy, 1O 1), T tet~ "o " DT
Vx; e dom(l), t; =coercer(;)orx,) t** =let y; = t; x; in fixyc f(x).£"[yi/ xi]
A @y T Hfix f(x).tefix f(x).t~ " et™ <0:0(1y diff(D) )

e-r-fixNC

LU
A QR 1 1yt A 2

Ay ADLQ |—§’22 b~ 0¥ A

e-u-app
. . U1+t2+l’+Capp -
A; @ Q2 I_L1+L2+k+cap,, hilp~= ity by A
diff(D
A®yTHHot~n et <D i1,
NOLTHBety~ b ety <Dy:1)
e-r-app
NOsTHR ot~ o tyy <Di+Dy+D:1)
(t1, 12)
A D QD LA NOLQF A
Pl i~ t A s Pl Pl I L A
e-u-prod

N @ QETE (0, 19) ~ (8, 15) A x A

NOyTHHeti~t ety <Dt  MNOsTHBebL~ b ety <Dy:1y
N @y T H (1, ) &ty ty) ~ (1, ) 01", 1) SD1+ Dy 171 X Ty

e-r-prod

Figure B.84: Embedding rules of RelCost, part 3.
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AN QFUet~U et <L:A; x Ay
A @y QY 7y(e) ~ (£ 1 A

e-u-projl

ANdyTHtet ~t et <D:1; x1,
A @gyTHmi(e)om(t)~mt)em (™) <D:1,

e-r-projl

nil
A; @, - Awf

T — e-u-nil
A; @y Q o nil ~ nil :list[0] A

A D, T wf

e-r-nil
A;®@ 4T il enil ~ nil enil <0:1ist[0]* T

cons(t, ts)

m@mgkgtpﬁnﬂA m@wgkga~»@%mumA

e-u-cons

A; Dy Q I—Zl:ﬁ cons(t, tp) ~» consc (1], t;) :list[n+ 1] A

NOyTHRot ~ 0ot SD1:1  AOuTFRoG~ B e SDy:listin]*t
AHOPH )
- cons(f, 1) © cons(ty, ty) ~ consc(t), t;) © consc(t)", 1,") < Dy + Do : list[n + 1]

a+l_[

e-r-consl

NOsTHHet ~h et <D:01 ANOzTHBet,~ kb et <Dy:list[n]%t
N DT
F cons(#, 1) © cons(ty, ty) ~ consyc (), ty) © consyc (7, ;) S Dy + Dy :listin+11%1

e-r-cons2

Figure B.85: Embedding rules of RelCost, part 4.
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case tofnil -5 | hutl— 1t

NOLGQFY s " listinl A A @ AR=0,QFY " A
i, A Qg An=i+ 1R Al listli] A QFY ty o~ 10 A
case t* of nil — ¢;
|hlithl—>l‘ér< A
|hictl—t,

e-u-caselL

1 case tofnil — ¢
A;(Da;Q |_U+l’] +Ccasel 1
LtL'+ccaser | h i tl— by

NOyuTHEtet ~ t*et’™ <D:list[n]*t
NO,An=0TFnet;~n"et;" <D :7
i,A® An=i+1;h:01,tl:istli]*T,TH et~ et,” <D :1
LB AP An=i+1Aa=B+1;h:T,tl:ist[i]P1,TFethwtieoty <D :7

case tof nil —# _ case t of nil — #

ANOLT F e ~<D+D":7
a |hotl— b |htl— 1 ~
case t* of nil — case t'* ofnil —
f oI
|hanctl —t) | hne tl — 8
*
|huctl — 1 |huctl — 8
e-r-caselL

i::S,A;@a;QI—Utw " A i ZFIV(®4 Q)

exeC(L 0 e-u-iLam
A Dy QF At~ AiLt*: Vi S.A
inS,N0uTHtet ~t*et’" <D:1 i ¢ FIV(®,; 1)
WD) e-r-iLam
NOGTHA oA ~ Al t* oAt <0:Vi @ St
t[]
X L’U
A0 QY b Vi s 4 ArDs
Q U+U' I/ i1+Ciapp . ACT/ e-u-iApp
B @G e 1)~ 1) AU
iff(U")
NOLTHtet ~t o <D:Vi" 'St AFI:S

e-r-iA]
ND T Htle 1~ t*Ne ™[N <D+D'[I/i]:T{l/i} PP

Figure B.86: Embedding rules of RelCost, part 5.
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N®QFY s ATy AFT:S
A;®4;Q Y pack £~ pack t* with 1:3i::S. A

e-u-pack

Ay THtet! ~t et <D:t{Ili} AFI:S

e-r-pack
A; ®4;T + pack re pack ¢’ ~ pack * with I e pack ¢'* with I < D:3i:S.7T P

unpack ¢ as x in t/

N @ Q] 1y~ 1y 1 3iS. Ay
iS5 0A0,;x:A,Q |—Il4]22 Io ~ l'g* t Ao igFV (D40, A, Ly, Us)

U1+U2+Cunpack . * PR * e-u-unpk
A Dy Q) |_L1+L2+Cunpack unpack #; as x in f, ~> unpack ;" as (x,i) in t; : A,
NOsTHf@ot ~ et <Dy :3izS.11
imSM®P;x:1,THFhethb~b ety <Dy:1y  i€FV(®yT,T2,Do0)
;" =unpack #; as (x,i) in t;  t;* =unpack t;" as (x,1) in ;"
e-r-unpk

A;®@,; T Funpack 11 as x in f @unpack t] as xin t, ~ t;7* 0 6;* <Dy + Dy : 1)

letx=tin &

A;® 4 Q Fg; h~h0*: A AN®sx:ALQ Fg; fr~ 1"t Ao
e-u-let

od - Ur+Uz+cier g L
A D, Q |_L1+L2+clet letx=finfp~letx=1¢int, : Ay

NOTHRot ~h* et <Dy:1) N®yx:1,TFRot,~tb et <Dy:T)
N, DT
Fletx=t in poletx=t infy~letx=1t int;eletx=1"in ;" <Dy +D7: 13

e-r-let

C &7 intro. rules ‘

AD,EC  NDACAFY w17 A

= " e-u-andl
NDOg; QF  t~~1 :C&A

A®,EC  ANDACTHtet ~t*et’” <D:1

- — e-r-andl
ANDyTHtet ~tTet <D:C&t

Figure B.87: Embedding rules of RelCost, part 6.
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C & 7 elim. rules

A; @, Q |—§’11 f~0":C&A;  MNDLACx:ALQ l—i’; fr~ 1" 1 Ao
e-u-c-andE

. - Ui1+U> ; * L
ANDy,T I—L1+L2 cletfy asxin fp ~cletf; asxin ¢, : Ay

N®THHot ~h*et] <D :C&T
A;(Da/\C;XZTl,r}—tzetéwtz*Qté*SDziTg D=D;+ Dy
A Qg T

Fcletr as xin f, oclet t] as x in t, ~clet#; as xin t; oclet ;" as x in t," <D : 1,
e-r-c-andE
C o 7 intro. rules
NDACAFY s %1 A
il " e-u-c-impl
AD@y;QF t~~17:CD A
AP ACTHEtet ~t et <D:7
- % e-r-c-impl
ANOuTHtet ~~t et SD:Co1
C o 7 elim. rules
A®iQF st :Co A AOLEC
T — e-u-c-implE
A;@4;Q k= celim £~ celim 7 : A
AdyTHtet ~t*et’"<D:Co1t  A®,EC
e-r-c-implE

A;® 4T+ celim t e celim ¢/~ celim t* ecelim t'" <D:7

Figure B.88: Embedding rules of RelCost, part 7.
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Primitive application ‘

LU !
oD fy ADGQFY 1 A

NoGQFV Y Cran 17 Ay

Y()=A;

e-u-primapp

diff(D)

YY) =1, T AN®yTHtet ~t et <D :1
A®yTH{telt! ~(t*elt" <D+D 1,

e-r-primapp

AND, =L N®,FQwf

T e-u-contra
A;Dg Q] t~contrat:T

N®, =L N;®, T wf

AOyTHB ot~ contratyecontraty SD:T

e-r-contra

Subsumption

AOLQF ts A AOERACA ANOELSL AOU<U

T e-u-.
N @y QFy ts it A

NOyuTHHeL~H 0" SDZT
AN® =17 ¢ =coerce; N, =U<U’

N@dyTHret~t el ty <D : 1

e-r-cC

Constraint-based rules \

NCACHQFY 1t A ACADLQFY ts %A AR Cwf

T ————— e-u-split
A;®g; Qb t~split(£7, 177 ) withC: A
NCADGiTHBeh~H"0h"<SD:1
A-CADPTHEHeth et " <D:1 A+ Cwf
e-r-split

A @4 T H ot~ split(ty, ") with Cesplit (¢, )withC<D:7

Figure B.89: Embedding rules of RelCost, part 8.
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Asynchronous typing rules

A; @y T I—Zl h~0" A NDgyx:U (AL AN THRet~ b et <Dy: 1

AOyTHletx=finhot~letx=tint; 0t SU+ Do+ Cler: T2
e-r-let-e

A; @4 T2 I—I(f t ~ fl* A N®yx:U(ALA),THES 1~ t*e tz* SDlez

A®gyTHteletx=finty~t'oletx=1t int; SUs— Ly —Cler: T2

e-r-e-r-let

LU
NG ITILFY 1~ 1" A 220 4y

NOysTHBot~ b et, <Dy:U(ALA))

! * % % ’ e'l"app-e
LU
A T2 1)~ 1} A cxeclh D, 4y
ANO PR N o ON | Ifé ~ tz* S] té 5 D, : U(AZ,AII)
e-r-e-r-app

NO TEBotyty~t, 0"ty SUs—Li—L—capp: U(Az, A))

A; D, |TI1 I—f] st AL+ Ay A®gx:U(ALA)THFHet ~n et <D':7
AN®yy:U(Ay, A THBet b et <D :7

A; @4 T F case (e,x.t7, y.1) © '~ case (t*,x.t7,y.6,) 0t SD'+ U+ cegse: T

e-r-case-r-e

N@gITI2b7 ¢ 1"t A+ Ay ADgx:U(ALADTHten ~t" et <Dt
N®gy:U(Ay, A, THtethb~t'et, <D:T

A; @4 TFto case (1, x.t), y.ty) ~ t* o case (', x.0;", y.t;" ) SU - L' — cose : T

e-r-e-r-case

Figure B.90: Embedding rules of RelCost, part 9.
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’ AND,=T1=1T> ‘ checks whether 7, is equivalent to 7,

- — eq-int - — eq-unit
A; @, = int =int A; @, = unit = unit

—— . _ )
ANDyETI=T, AOyET2=T,

Ao, =t=1
diff(z) diff(z") eq-fun
NPy ET) —>To=T) ——> 1)
ADg =T =T NDy =12 =10
eq-prod

ADg =Ty X To=T) X T)

AND,En=n ANP,ra=d

ANDylET1=1]  AOLET=T, ANOgl=T=T
— eq-sum - eq-list
NDy =T +T2=T) + 1) A; @, = list[n]? T =list[n'1% T/
LWINOET=T LAND =r=T NP, ET=T  igFV(®,)
dift(1) dift(r') eq-v j EEPTELS

A®,EYi s St=Vi i ST R

AOEMA 2L A, EM A A

AD,ET=1 A @, N Ay A A @, N Ay E A

-eq-B-U] eq-U

A, EOT=07 A;®q U (A1, A2) = U (A}, Ay

ANCAD,EC  ANC'AD,EC NP =T=T
AP, ECor=C' o7

eq-c-impl

ANC'AND,=EC ANCAD,EC  AND=T=T1
AP, EC&T=C &7

eq-c-prod

Figure B.91: Relational type equivalence rules of RelCostCore.
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General rules ‘

NOGITIF 0 C A AOGITIH? 1p:C A
A; @4 T+ switch fy e switch t, SUp— LU A

N®y;OTrFtet<D:t
A; @, 00T FNCroNC £ <0:°07

c-nochange

N®yuTHRet, <D:0OT

c-der
A;®@g T derryedert, <Dt

Constant integers and unit

c-switch

5 — c-const —— c-1-const
A @y QFgn:Cint A; @y T Hnen <0:Cint
o C-unit —— C-r-unit
A;®g; Q4 (€ unit A;D;THE(O6 () <0: unit
Qx)=A I'x)=r1
5 c-var — c-r-var
A®g QR x:C A ADyTHxex<S0:T
. . U ,.c . A
ADLQAFY 1A ADL A Ay wi
T c-inl
A @y Qb inl £:° A + Ay
AOyTHEe! SD:1 MO 1wl
- — z c-r-inl
A;@y T HInl teinl £ S D114+ 71,
. . U ,.c . A
NOLGQRY 1€ 4, ADL R A wf
- p c-inr
A D@g; Q[ inr .7 Ay + Ap
ANDyTHteo ! <Dty AO, -1 Wf
c-r-inr

A;®y T Hinr reinr £ <D:f11+71,

Figure B.92: Typing rules of RelCostCore, part 1.
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case (f,x.11,).12)

Nz QRY A+ A A D3 x: Al,QI—L, n:cA
A;(Da;y:Ag,QI—L, ¢ A

C-case

U+U'+c,
A; @, Q Lot case (,x.11, Y.12) CA

AN®y T H tet’<D CT1+T2
A (Da,x T1,F|_t19t1<D, C A @a,y T21F|_t29t2<D, :€

A; @4 T F case (8, x.0,).1) © case (', x.t],y.t) SD+D":°1

A;®, FA Ay

C-r-case

exec(L,U) exec(L,U)

As wf AN®gx: Ay fi A
exec(L,U)
1 —

Ay, QY 10 Ay

C-

N @ Q) fix f(x).0: A Ap

diff(D)

diff(D
AO T — T WE ANDgx:ty, fi1) o)

Tz,rl—tletstZCTz

N;® 4T Hfix f(x).07 ©fix f(0).1 S0 7 T2 7,

c-r-fix

AOu 1y 2D oowf A D xiTy, f:O0@ D), ) OTFtet<D: 1,

diff(D)
T2)

-r-fixNC

A; @4 OT F fixye f(x).26fixye f(x).6<0:0(1 ——

L,
ND QR 10 A ZRD 4 AR 0 A
1 2
U1+U2+U+capp ¢ A ¢-app
Li+Ly+L+cqp 2" A2

NDg; Q-

A®yTHfot, <Dy 122 1,

NPyuTHBot, <Dy :f1)
NOyiTHH ot t,Sth+h+t:°

c-r—app

Figure B.93: Typing rules of RelCostCore, part 2.
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(t, 1)

A @y Q I—Zl nA  ANOLQ ng f:€ Ay

A @G Q[ (1, 1) € Ay x Ag

c-prod

N®yiTHRet; SD:t; NOuTHBoet, SDy:f1)

— - c-r-prod
A ®yT H(t, ) ot 1) SD1+ D211 x T3
A;CI)a;Ql—gt:CmXAg ANOyiTHEter <D:f1y %1,
Tre c-projl . — C-r-projl
NG Qb me) A 8@l Eme)em () S DT
Symmetric rules.
nil
A @, A Awf A; @4 T wf
o - c-nil - - — -— c-r-nil
A; @45 Q Fgnil :€list[0] A A; @4 T Fnil enil <0:“list[0]Y T
P - U . .c . - Uz . .cq;
NGO A MDLQFT 5 Clist(n] A
L 2 c-cons

A; D Q I—Zﬁf consc(ty, ) € list{n+1] A

NOiTHRet; SD1:t NOLuT ot <Dy :Clist(n]%r

A;®@4;T F consc(ty, t) ©consc(t], t) < Dy + Do C listn+1]%* 1 1

c-r-consl

AN@gyTHre SD1:°0O1  AOLzTHBon S Dy listn]*r

A; @4 T consyel(ty, 1) © consye(ty, ) < Dy + Dy :“listin+ 1]1%1

c-r-cons2

Figure B.94: Typing rules of RelCostCore, part 3.
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case tofnil - |hitl— 1

A; @y QY £:Clist(n] A
A® AR = OQI—L, fniA LAO, An=i+1;h:Atl:list[i] A, QI—L, A

c-caseL
A D, Q I—LU:LI,JJ;:;?:L case tofnil = 1 |hunctl—=t | huctl—t3:° A
N®y;THret <D:Clistin]*t A®@,An=0;T+ter <D : 1
iL,N®,An=i+1;h:07,¢l:list[i]%T, Fl—tget2<D' L7
i, B, NP An=i+1Aa=p+1;h 1,tl:list[i]P1,T - 130 §,§D’:CT’
; ; c-r-caselL
case f of nil — 1 case t of nil — ¢]
NOyiTHI Ryt — b olhuntl —t, <D+D":‘7
| R cotl — 8 | W e tl — 1]

imS,00;QFV 1A igFIV(®,4;Q)

execLU) c-iLam
Ny QR ALt E Vi S.A
iS50, Hte t’gD:CT iZFIV(®,; 1)
dlff(D) c-r-iLam
A @ T AL toAi.t' <0:°Vi S.T
t[]
L’U’
Ao rY v s 4 ArT:s
U+U'[1/1] c . c-iApp
A @ QYT 1 € AL iy
ADgTHed <DVi™ st AFI:S
T — c-r-iApp
A;@a;Fl—t[I]et[I]gD+D[I/l]: T{I/i}
A®GQFY AT AFTES
T c-pack
A; @4 Q1] pack twith 1:°3i:S. A
N®y;THreor <D:Ct{Ili}  AFI:S
c-r-pack

A; @ 4;T - pack twith I e pack ¢’ with I < D:€3i:S.1

Figure B.95: Typing rules of RelCostCore, part 4.
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unpack ¢ as x in t/

A; @4 Q Fg; f:3i:S. Ay
i8S A ®y x: ALQ FE’; €Ay  igFV(®yT, Ay, Ly, Us)

c-unpack

Ur+U: N
A OF0) I—LII:L; unpack ; as (x,i) in £ : A,

A®y;THB ot <Dy :f3ixS.1
i2S,0P;x:1,TFRet,<Dy:1y  i¢FV(®4T,12, D))

— - — —c-r-unpackl
A;®@4;T - unpack £ as (x,1) in f, ounpack ¢] as (x,i) in t, <D+ D2 :“ 1

Primitive application ‘

exec(L,U) !

T A Mg QFY f A
U+U"+capp
L+L'+capp

Y()=A;

c-primapp

A®,;QF (t:° A

YO =7, 22 1, AOLTHtet <D:1y

NOiTH(telt' <D+D 1,

c-r-primapp

C &7 intro. rules ‘

NDEC  NOACQFY 1A

7 c-c-andl
NPy QR t:°C&A

AP, EC  NOACTHEe! <Dt

- - c-c-andl
AOuTHEtet SD:CC&T

C &7 elim. rules \

A @4 Q |—§’11 L CC&A;  NOLACx:ALQ I—E’; tr:€ Ay
c-c-andE

. . U1+U> . .c
A D, Q |_L1+L2 cletf; asxin t:“ A

N®yuTHnet SD:C&T1 MONCx:1,THBOtySDy:f1)

- - — p c-r-c-andE
A;®y T Hclettyasxin hocletty asxin t, SDy+ Do 1)

Figure B.96: Typing rules of RelCostCore, part 5.
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C o 7 intro. rules

AOACGQFY A NOACTHEtet <Dt )
i c-c-impl - - c-r-c-impl
APy QF; t:°Co A ADyTHtet SD:Cor
C o 71 elim. rules
AOQFY:CCoA AOLEC
i c-c-implE
A @y ;QF celim £:° A
ANOyTHEter <D:Cot Ad,E=C
- — . c-r-c-implE
A;®@y T Hcelim tocelim ¢ <Dt
letx=tin 6
. - Ur . .c e - Uz . .c
A’(D“"QFLl nhA A,(I)a,x.Al,QI—LZ I Ay i
c-let
Uy +Us+ce .
A;q)“;Q |_L11:L22:ccllett letx= hin z £ A2
AN®yTHRet; <Dty NOgx:1,THRot,<Dy:f1)
c-r-letl

A®y;THletx=nin,eletx=1in ty <Dy + Dy 1)

Unary Subtyping
AOLzQFY rfA Ad,EACA
NOLEL <L AOLE<U
- c-C
A@LQFY 1:f A
Binary Subeffecting

N®yTHred <Dt AOET=T
N® U

AN uTHtetr <D':°7

C-Ir-=

Figure B.97: Typing rules of RelCostCore, part 6.
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Constraint dependent typing

ANOACGAFY 1A A0 A-COFY 1A
A; @4 Q Y split (21, 1) with C:€ A

c-split

AN®ACTHFHeSD:1  AOACTRHOt,<SD:T

- — - — - c-r-split
A; @4 T+ split (1, ;) with Cesplit (2, t,) withC SD:“ 1
NOD, =L N D, Qwf
T c-contra

A; @4 Q] contrat:© A

NP, EL AN D, T wf
c-r-contra
A; @, T Hcontrat econtrat, SD:“t
Asynchronous typing
D@ ITI ] 1 Ay
NDgyx:U(ALA),THEBS [5 D, :€ Ty
c-r-let-t

N®PgyuTHletx=rin ot SUp+ D+ cler: T2

N, Dg;IT12 I—Zl t:¢ A N ®gx:U (A, A TRt <Dy "1

c-r-t-let
NOyuTHeeletx=1Hin 6 SDZ_LI — Clet ZCTZ

AT 112 A S22 4y ADGTH oty S Dy UAy Ay

NOGTHO oty SU + Do+ U+ capp i U(Az, A))

c-r-app-t

; exec(L,U)
Al

A;®g; TI2 ] 1] € Ay AOLTH ety <Dy U(A, A

c-r-t-a
AOLITILFY £:° A+ Ay N@gux:U(ALADTFhet! SD' 1
AN D@y y:U (A, A),THpet' <D ‘1
c-r-case-t
N @y ;T case (e, x.1,y.0) 0t SD +t+cease:“ T
N®gIT2 by, £ C A+ Ay N®gx:U(AL AN THte <D:1
A®g;y:U(Ay, Ap),THtety <Dt
c-r-t-case

N®@ ;T e case (1, x.1, Y1) SD—L —cogse :° T

Figure B.98: Typing rules of RelCostCore, part 7.
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Ny ®sTHheth | 1,D=> (D‘ Under the existential variable context ¥, and the

assumption @4, t; © 1, checks against the input type 1 and the difference cost D. Finally,

it generates the constraint ®.

MYy @ T en ! 1= [y],D,®| Under the existential variable context ¥, and the

assumption ®,, t; © £, synthesizes the output type 7 and the relative cost D where all
the newly generated existential variables are defined in . Finally, it generates the con-

straint ®.

MYy @y QFt | A LU= ®| Under the existential variable context v, and the as-

sumption @, ¢ checks against the unary input type A and the minimum execution cost

L and maximum execution cost U. Finally, it generates the constraint ®.

My @y QFt 1 A= [v], L, U,® | Under the existential variable context ¥, and the as-

sumption ®,, ¢ synthesizes the unary output type A, the minimum execution cost L
and maximum execution cost U, where all the newly generated existential variables are

defined in w. Finally, it generates the constraint ®.
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switch ¢

ANWa; @5 Tt 1T A= [ya],_, Uy, @ Ny T E 1T A= [yl Ly, _, Do
A;l//a;tba;l“ F switch h o switch LtUA=> [’(//1,”(”2], U —L,,; AND,

alg-r-switcht
Ll, Ul,Lg, U2 € fresh([R)
A LLULY QT E R | AL, U =@ AL, U, g O ITIE | A Ly, Uy = @

AYa, @y T
F switch t; eswitch t, | D,UA = 3L;,U; = R.(®y ATLy, Uy :: R.®y AU, — Ly = D)

alg-r-switch |

D'efresh®R) A;D,y,;®,;00rFtet|1,D'=>d
ANYg; @I, OTFNCteNCt | O1,D=>0=DA@ED ::R.®)

alg-r-nochange- |

Nya®ult ot 1 O1= [y],D,0
ANyay; @yl Hdertyedertr 1 7= [y],D,®

alg-r-der-1{

Figure B.99: Algorithmic typing rules of RelCost, part 1.
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Constant Integers n and unit ‘

- alg-u-n-1
MY @p; QbFn fint=[1,0,0, T
: alg-r-n-1
ANvYa; @g;TFnenfint=[],0, T
- alg-u-unit-1
ANYa;@p; QF () 1 unit=[.],0,0, T
- alg-r-unit-1
MY, @p;TFE(Qen tunit=[],0, T
Qx)=A
alg-u-var-1{
ANy @ QFx 1 A= [1,0,0, T
I'x)=7
alg-r-var-1{

MY @ TFxex 1 t=1[1,0,T

Mg ®uQbt | ALLU®  Awe®a N Ay wi
Nyay; @y QFinl t | A1+ A, LU => @

Ny, ®uTEnen|1,D=>0 AWa; @g T2 W

ANy Hinl einl 6 | 11472, D=>@

MNYa®uQbt] A LU=>®  Aye®a - A wf
AWa g Qinr | Ay + Ay, LU= @

ANy @yl | 1,D=>d AWg @yt 1 wf

MYy @l Hinr einr fp | 11+ 172, D> O

alg-u-inl-|

alg-r-inl-|

alg-u-inr-|

alg-r-inr-|

Figure B.100:  Algorithmic typing rules of RelCost, part 2.
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case (f,x.11,).12)

Mg ®g Q11 A+ Ay = (Y], Le, Ug, @y
L' U efresh® AL U v, v;®yQx: A0 | AL U = o,
NL U w050 y: As- 1 | ALLU = @3
®=3). O AQL U 2RO AP3AL=L + Lo+ cegse AU+ Up + Cegse = U)

AYa; Py QL case (e, x.11,y.) | AL LU=

alg-u-case-|

Ny ®pTHtet 111+ 1= (Y], £, ©
D'efresh®R)  A;D 9, pg;®45T,x:11-n0t) | 7,D' = D)
ND W, W @pT,y: T2 oty | 7,D = @
® =3(y).®; A @D :R.Dy AD3 A (D' + D, = D))

A;wa; @ T+ case (e, x.17,y.12) © case (¢, x.t],y.t) | T,D=>®

alg-r-case-|

Aai®u fi A ST a i AL, QF 1] Ay LU = @
Iy alg-u-fix-|
AW a @ Q- fix foo).1 ] Ay 22U, A LU OALZ0A0=U
diff(D")
/PO P B 1,x:7,TFtet |1, D =>d algr-fix-|

Ny @y T Hiix f(x).tefix f(x).1' | 1y M‘Q,D:@/\OiD

AYa;®g f:0O@ 22 1)), x:7,, 00 Ftor' | 15, D' = @

diff(D’)

N Yo @ T, 0T Ffixye f(x).tofixye f(x).t ] O

Tz),Dﬁ(D/\OiD

alg-r-fix-| O

Figure B.101: Algorithmic typing rules of RelCost, part 3.
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exec(Le,Upg)
MYa;®a; Q0 1T A Ap = [y], Ly, Uy, Oy

Ly, Uy efresh(R)  A; Ly, Un, W, W a; @q; Q12 | Ay, Lo, Up = @
MYa @y Q0 61 Ay = [La, Lo, W], Ly + Lo+ Le + Capp, Ur + Uz + Ue + Capp, P1 A P2

alg-u-app-1

diff(D,)

Nyg®guTHnertn T2 = (Y], D1, @y
D, € fresh(R) N Do, W, W ;@ TH oty | 11,Dy = @)

NWa @ T oty ty ] 1o0=[Do,w],D1+ Dy+ Do, ®; A D,

alg-r-app-1

(1, 12)

Ll, Ul,Lz, U2 € fresh(R)
ALy, U, e @ Q- 1 | Ay, Ly, Uy = O ALy, U, W ;@ Q- 12 | Ay, Lo, Uz = @y
AW a; ©g; Q2
H (l’],fz) l A] X Ag,L,U:>E|L1,U1 ZZR.q)l /\E|L2,U2 . R.q)z A\ U1 + U2 =UAL= L1 +L2

alg-u-prod-|
D1, D, € fresh(R)
NDLY e @y THo l11,D1 =0, AD, Y@l Ehety | 11,D,= 0,
Nwag;®gQF(t, Yoy, 1) | T1 x To,D = 3D = R.®; AID; = R.Dy A Dy + Dy =D

alg-r-prod-|

A,U/a;q)a:Q Ht T Al X AZ = [1//]710 U,(D
MNYag @y Q)1 A= [yl LU, @

alg-u-projl-1

NYa®uTHtet' 11 x1,=[y],D,®
Myeg@uTHm(Dem ()1 11=[y],D,®

alg-r-proj1-1

Figure B.102: Algorithmic typing rules of RelCost, part 4.
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cons(fy, t)

Ll, UI’LZ) Ug € fresh(IR) i€ fresh(l\l) A;Ll, Ul,’l//a;q)a;.Q [ h l A,Ll, U1 = (Dl
A) iyLZ) UZ;U/a;q)a;Q + 153 l llSt[l] Ay LZ) U2 = q)z
CI)’Z:(<I>2/\n£(i+1)/\L£L1+L2/\Ul+U2£U)

AW @g; Q1 conse(ty, o) | listin] A, L, U = 3L, U; :R.(P; ATLy, Uy : R0 I\I.CD'Z)

alg-u-cons-|

D1,Dyefresh®)  i,Befresh(N)  A;Dy,y;®,THnet | 1,D1= 0
A i, B, Do, g;®u;T -ty ot | list[i1P 7,0y = @,
O, =n=({+1)AIP:NDO,Aa=p+1AD1+D,=D
NYa; ®g T
- consc(ty, f2) © consc(ty, ty) | list[n]%7,D = 3D, :: R.(®1 AIDy, Dy : R.3i :: N.OY)

alg-r-consC-|
D1, D5 € fresh(R) i € fresh(N) A DLy @y THH S t{ |O01,D1 = Oy
A; i,Dz,wa;q)a;F Fne [é ! liSt[i]aT,Dz =0, CDIZ =0, An={(+1)AD1+Dy,=D

NYa; @y T
Fconsyc(ty, &) © consyc(ty, 1) | list[n]* T,D = 3Dy :: R.(Dy ATD; :: R.Fi : NL.DY)

alg-r-consNC-|

iS00 P, QF | AL, Ug=> @

T alg-u-iLam- |
MNYa®uQFAit Vi S ALU= (NVizSOALZ0A0=U
imSNv® THtet | 1,t,=> @
Vai%a . ‘ alg-r-iLam- |
1 e . .
Ny ®uTHALteo ALl | Vi 0 S.1,D=> (Vi S®)A0=D

Figure B.103: Algorithmic typing rules of RelCost, part 5.
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case t of nil —»tllh::tl—>t2‘

ANYa; @g; Q¢ 1 list[n] A= [y], Ly, Uy, @

L,, U, € fresh(R) N Ly, Up, W, Wag;n=0AD;QF 1y | A Ly, Uy = @) i € fresh(N)
[N, A Ly, U, W, W n= i+ 1A h: A tl:ist[i] A,QF 1 | A Ly, Uy = @
®;=L=(Ly+Ly+ceaser) AUy + Uz + Cegser) = U.
(I)body:(nﬁoﬁq)z)A(ViZZN.(nﬁi+1)—’q)3)/\q)s

case t of nil — f
MNYay; @y QT hinctl — 6 | AL U= 3(y).(@ ATLy, Us R.®poay)
|hictl — 13

alg-u-caseL-|

Ny @ T Hret 1list(n]®T = [y], Dy, @,

D, € fresh(R) A Do, W, Wa;n=0AP;T ROt | T,D= 0
PN, A Do, W, W n=i+1A®gh:0O1,¢1:ist[i]*T1, T oty | 1/,Dy=> 0,
PN, BN, A; Dy, v, W n= i+1/\aiﬁ+1/\<I>a;h:T,tl:list[i]ﬁr,l“
Fsoty |7, Dy=> 03 Dpogy =
n=0—-d)NANizN.n=i+1)— (D2AVB:N.(a=p+1)—>DP3))AD;+D,=D

IWFHOFH Y
case t of nil — £ case t' of nil — 1
Flhanctl—t e |huyctl—t L 7,D=3().(®e AID; : R @poa,y)
|huctl — 13 |huctl — 1
alg-r-caseL-|

. exec(Le,Upg)
ANWa; @y Q-1 Vi :

S.A = [yl,L,U,® AFT:S

— ; —— alg-u-iApp-1
NYa; @y QF 11T AL} = (W], L+ Le[1/1],U+ U,[I/]i],®
, L diff(D,) ,
Ny @y THtet (Vi o St =[yl,D,® AFI:S .
alg-r-iApp-1

Nya®g Tt ' (111 7111} = [w], D+ D[1/i],®

Figure B.104: Algorithmic typing rules of RelCost, part 6.
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pack ¢ with I

MNyay; @y Q| Allli}L LU= O AFT::S
ANWa; @y QFpack twith [ | Jii:S.A LU= D

alg-u-pack-|

Ny ®uTHeet | t{lli,D=>® AFI:S
Ay o; @ ;T pack ¢ with e pack ¢ with I | 3i:S.7,D= @

alg-r-pack-|

unpack 7 as (x,i) in ¢/

Mg Py QF 1 1 3inS Ay = [y], Ly, Uy, 9 L,, U, € fresh(R)
S0 Ly, Un, W, W ;@ x: A1, Q1 | Ap, Ly, Uz = @) I FV(D4;Q, Az, Lo, Us)
o= El(’([/)(q)l ALy, Uy RVi:: SO, ANL=L1+Ly+ Cunpack N U +U, + Cunpack =U)

AW @g; QFunpack 1y as (x,i) infp | A, L, U => ©
alg-u-unpack-|

Nwa@pTHnet 1 3iS.11= (W], Dy,
D, € fresh(R) 12850 D0, v, Wa; Qs x:711,TH o té | 72,Ds = ©y
igFV( @411, D)) O =3 (Y).(®; AIADy ::R.Vi:: S.®» A Dy + D, = D)

A; W 4; @4 T Hunpack 11 as (x,1) in f; © unpack ] as (x,) in &y | 7,D => @

alg-r-unpack-|

Figure B.105:  Algorithmic typing rules of RelCost, part 7.
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clettj as xin &

MYa@p; Q10 T C&A = (Y], Ly, Uy, @
L,, U € fresh(R) ALy, Up, W, W s @PAC;x: AL, Q- B | Ag, Ly, U = @y
(I),Z:CH(DZA]C&(L1+L2)/\(U1+U2)£U

MYy @y Qlcletfyasxin fp | Ay, LU = 3(Y). (D ATLy, Us i IR%.CDé)

alg-u-c-andE|

NYa @ QF et 1 C&ty=[w],D;,®  D;efresh(R)
A Do, W, Wy, ®ANC;x:11,QF oty | 19, Da=> Dy @, =C—DPyA(D1+Dy) =D

NWa@gQFcletfy as xin poclett) as xin | 72, D= 3(Y).(D1 ATD, : R.DY)

alg-r-c-andE|

MYy @y Q1 Co A= [yw], LU, ®
MY @y QFcelimt ) A= [y],L,U,CAD

alg-u-c-implE1

Ny ®yuTHret' 1 Cot=[y],D,®
N4 @y T Fcelim rocelim ' 1 7= [y],D,CAD

alg-r-c-implE1

letx=tin &

Mg ®@g; Q11 1 A= [y, Ly, Uy, @
Ly, Uy efresh(R) ALy, U, ¥, Wa;x: A1, QF 1 | Ap, L, Ur = @)
Q) =Dy Ak=(Ly+ Lo+ Cle) N(Ur + Uz + Clep) =U

MYy @y QFletx=6int | Az, L,U = 3(y). Oy ATLy, Us i [R%.q)'z

alg-u-let-|

A’u/a)q)a!r = ne t{ T T = [UI]le)ch
D, € fresh(R) A;Dg,w,wa;x:Tl,rl—fgetész,D23q)2 O3=D;+Dy,=D

Nya®gTHletx=tinpoeletx=1tint, | 72,D=3(y).®; ATD, : ROy A D3

alg-r-let-|

Figure B.106: Algorithmic typing rules of RelCost, part 8.
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nil

Ao ® A Awf

— : : — alg-u-nil-|
Mg @y QEnil | list[n] A, LLU=>n=0AL=0A0=U
AWy, ®FT1wf
AL —— alg-rnil-|
Ao @y T Enil enil | listin]*t,D=>n=0A0=D
Ny, OANCQFE] ALU=>®
alg-u-c-andI|
MYy @y QFt | LU C&A=CA(C— D)
ANy ; ONCTHFHeh | T,D=>0
Va - alg-r-c-andlI|
MYy @y Qe | C&T,D=>CA(C— D)
ANOANC,QFEt]|ALU=>®
alg-u-c-impl |

AMNYg; @y Q| CoALU=>C—D

ANPACTHtet |1,D=>®
NPT HEe | Co>1,D=>C—®

alg-r-c-impl|

Figure B.107:  Algorithmic typing rules of RelCost, part 9.
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MY, CADL;QF 5 | AL U= @
Ny CADL;QF 1 | A LU= O AF Cwf

A; W ; @g; Q F split (11, ) with C | A, LU= C — & A=C — D,

alg-u-split|

Ny CAdiTHB ot | 1,D=> @
NyasCADLzT Bt |T,D>D,  A-Cwf

N 4; @4 T+ split (21, 1) with C e split (¢1, t) with C | 1,D = C — @1 A~C — @,

alg-r-split|

Ny a; Dg =L
AYa; @y T Hcontrat | A,LLU=>T

alg-u-contra|

A?'Wa;q)a =L
A Wa;®yT Feontratrecontrat’ | 7,D=>T

alg-r-contra|

NYa,®g; Q1] A= [W],L,, U,:q)l Ny, pa; Pg |:A AlcA> %)
Mg @y QR | ALU=3() O AP, AU <sUANLSL

alg-1|

Ny ®uTHret' 1 17/= [y], D, @, Ny, v @ ET =1=> @)
Ny ®uTHret | 1,D=3(y). O AP, AD <D

alg-r-1|
(t: AL U)

AyYa®uQFt |l ALUS>®  A@,FA Awf  FIV(A,LU) €A
MNYay; Qg Q- (A LU VA [],LU,©

alg-u-anno-1{

(t:1,0)

A;u/a;CDa;Fl—tet'lT,D:CD AN D, T wf FIV(t,D) e A
ANyag;®uTH(t:T,D)e(t':1,D) 1= [],D,®

alg-r-anno-1

Figure B.108: Algorithmic typing rules of RelCost, part 10.
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Asynchronous rules

MNya; o ITILE 1 1 A= [yl], Ly, Uy, @
1, € fresh(R) N, W, Ya; @usx: U (AL A THBSt] 12,D0= Oy
Aya; @g; T
Fletx=fintot] T2, D= 3A(Y).(®1 ATD3 :: R. Dy AUy + Do + Cet =D)

alg-r-let-t|

A;Wa:q)ay|r|2 F h T Al = [W])L]) Ul)q)l
t, € fresh(R) N, W, Y @usx: U(AL AN, THES L | T2,D0 = ©)

alg-r-t-let|
WFHOFH Y
Ftoletx= 4] in 153 l T2,D> El(l//)(q)l AADy i R.®y A Dy — L1 — Clet =D)
Ny ® I 1A 2P ) o ), L, Uy, @,
D, € fresh(R) AN Do,y W g; @ T 20 Ifé | U(AI,A’Z), = 0y
alg-r-app-t|

AYa; Pa T
Ffe l'é | U(Ag,A,Z),D =>3W). O AT R P, AU + Do+ U, + Capp =D
My ;T2 - £ 1 Ay eVl ot 1y 1y, Uy, @
Dyefresh(R)  A;Do, W, ¥ g;@g;T -0ty | U(Ay, A)), Dy = @,
AWa; @g T
Fretty | U(Az, Ay),D=3().0y A3Dy i ROy ADy— Ly — Lo+ Capp =D

alg-r-t-app

MY @ ITI2E 1 Ay + A= (], Ly, Uy, @y
Dy efresh(R) Ay ®gx:U(ALADTH{et | 1,D0= D,
NYa @ y:U(A2, A), T ot | 1,t,=> D3
AN ya; ®@g T
F case (t,x.11,).2) © t7,D=> (). P A Tt i R. Dy AU+ D2 + Cegse = D)

alg-r-case-t|

NYag;®@gITI2F 1 A+ Ay = [yl], Ly, Uy, @
D, € fresh(R) MYa; @gsx:U(AL A, THES t{ | 7,Dy = Oy
NYa@gy:U(Ag A),THtot) | 1,6 = 03
NYa; Og T
Fte case (', x.t),y.15) | T,D = 3(h).@1 A 3Dy :R.Dy A Dy — Ly — Cogse = D)

alg-r-t-case|

Figure B.109:  Algorithmic typing rules of RelCost, part 11.



553

Awa®, A A £ Ay = ®| checks whether A; is subtype of A, and generates con-
straints ®
MYy, PuETI=T2=2>@
straints ®

checks whether 7; is equivalent to 7, and generates con-

alg-r-unit

alg-r-int

MYy Qg Eint=int=>T AW a; Py = unit=unit= T

NYg @i ETI=T120 Ay, 1221, 0

diff(D diff(D’ alg-r-fun
Mo ®a =1 Sy = SO o o A Dy AD =D
MNya@ET1=112 01 Ayg@ulEta=1)= O
— alg-r-prod
MNYgPuETI XT2=T) X T, 2> DAy
MYsPET1=T120  Ayg@ul=to=15=> D)
— alg-r-sum
A;Wa;q)a |: T1+T2=T; +Ty :>q)1 /\(Dz
My PiET=1"20
Vai%a - alg-r-list
Ny @, = listn]®T =list(n'1* T' > dAan=n'Aa=d
LAY PET=T >0 y

. D . !
Awa®a EVi T s r=vi ™ s s Vi SoAD =D
LAY e P, |:.rzr':'<.1> ,i€FY(®u) algr-3 ANyaPul=T1=12=> @ -
MYa;PpEFinS.T=3inS.7T => ViSO MYy, @ EO7T1 =07,

MYa® R AIC A =@, Ay @R A S A = O
Myai®a FN A E Ay =0y M@ N Ay E Ay = D)
NWa @ = U(A], Ay) = U (A], A)) = O] AD) A Dy A D)

NyaPal=1= =0
c-impl

MYy P, ECo1=C'o1'=>C—C'AD

MYy PuE1=17 >0

c-prod
ANy ®,EC&T=C&T'>CC'AD P

Figure B.110: Algortihmic type equivalence rules.
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[.] :  Expression — Expression

n| = n

10] = 0

| x| = X

Ifix f(x).t] = fix f(x).|t]
Ifixye f(x).t] = fixye f(x).]1]
|11 B = |nalle]

[(t: Ak, 1) = |t

[(£:7,0)] = |t

Figure B.111: Annotation erasure of RelCost.
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B.5.1 Metatheory

Lemma 55 (Embedding of Binary Subtyping in RelCost). IfA;® |= 1 C 1’ then 3t € Rel-
CostCore such that A\;®;-+teot S0:€1 O, .

Proof. Proof is by induction on the subtyping derivation. We denote the witness ¢ of

diff(0) .
type T —— 1’ as coerce; ,+ for clarity.

Case

AND ETIET] (K)  AOLETET), (0)

AN;®,=D<D'
, — diff
diff(D) diff(D")
A, =1, T)ET] —— T

diff(0)
By IH on (%), Elcoercer/lyn VA 3R o coerce;! ;, ©coerce; r, S0t —— 1y

diff(0)
S0:C1 —— 15,

!
2 Y

By IH on (¢), Elcoercerz,rr2 RVAN XN coercer, ;1 © Coercer, o
Then, using these two statements and A;® |= t < ¢’ with binary subeffecting rule
(rule c-r-C in Figure B.96), we can construct the following derivation where

t= Ax.)ty.coerce,z,,r2 (x (coercey -, ¥))
diff(r)

diff(0) _, diff(t)
T T

AD;-HtotS0:° (1 T9) 1 5

Case

unit

A; @, = unit £ Ounit
Then, we can immediately construct the derivation using the rule c-nochange in Fig-

ure B.92.

A;®;- - Ax.NC (0 © Ax.NC () < 0:¢ unit 2%, Cunit

Case

int-0O

A; @, = int E Oint
Then, we can construct the derivation using the primitive function:
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.. diff(0 .
box;jn¢ : int i), Oint.

diff(0)

A; @;- = Ax.boxjpx © Ax.boxj, X <0:Cint Oint

Case

OU-int
A; @, =0OU (int,int) C int
Then, we can construct the derivation using the primitive function:

.. diff(0) .
box;; : AU (int, int) IO, int

A; ®;- = Ax.boxyx e Ax.boxyx <0:°0OU (int, int) 4O, int

Case

T

ANO,=FO7TET
Then, we can immediately construct the derivation using the rule c-der in Figure B.92.

A;@;-+ Ax.der xe Ax.der x S0:°O7 diff(@)

Case

D

Ao, =0OreE00r
Then, we can immediately construct the derivation using the rule c-nochange in Fig-

ure B.92.

A;@;-FAx.NCxeAx.NCx <0:°0O7 difl0) 4,
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Case

A®yET) ET2(X)

B-O
N®, =07, 2071,

diff(0)
By IH on (%), 3coerce;, 1, . A;®;- - coercer, r, ©coercer, , S0:°171 —— 12

Then, using (x) and rules c-der and c-nochange in Figure B.92, we can construct the

derivation

A; @;- = Ax.NC (coerce;, 7, (der x)) © Ax.NC (coerce;, ;, (derx)) S0:°07; A0, o T2

Case

W

ANO,=ETEU|T|
Then, we can immediately construct the derivation using the rule c-switch in Figure B.92.

A; ®;- = Ax.switch x e Ax.switchx <0:°7 40, U (11, 1712)

Case

refl
AND,ETET
Then, we can immediately construct the derivation

AD; - FAx.x0AxxS0:°T diff0)

Case

AOysETIET, (X) ANDyET2ET3 ()

trans
ADL, =TI ET3
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diff(0)

By IH on (%), dcoerce . 1:S,A;®;- F coerce o coerce <0:1T]—— 12
T1,T2 T1,7T2 T1HLT2 ~

. diff(0)
By IH on (¢), Icoercey, 7, . i:S,A;®;-F coercer, r, ©coercer,, S0:°7p —— 73.

Then, using (%) and (¢), we can construct the derivation simply by function compo-

sition

diff(0)
A; @; - = Ax.coerceq, ;, (coercer, ;, X)© Ax.coercer, , (coerce;, ;, x) < 1] — 13

Case

— [Odiff
diff(D diff(0
A; @, O D), 0y egr, O, o4,

Then, we can immediately construct the derivation where ¢ = Ax.Ay.NC (der x) (der y))

diff(D) diff(0) diff(0)

A;@;-Ftet<0:°0(r, T2) 01 Or,.
Case

- — execdiff
A;q)a |: U(Al exec(L,U) Az) C UA1 diff(U—-L) UAZ

Then, we can immediately construct the following derivation

where 1 = Ax.Ay.switch (x y) using c-switch and c-app rules.

A; D; -
- IGISOIC (U(Al exec(L,U) Az,All exec(L',U") A,Z)) diff(0) U(Al,All) diff(U—-L") U(AZ,A/Z)-
Case
i2SAQ,ETCT (%) iwSN\®,=D<D i¢FV@®,)
diff(D diff(D’ Vair
A, =i M s revi ) s

. diff(0)
By IH on (%), 3coerce; ;7. i::S,A;@;- - coerce; ; © coerce; p S0:67 —— 1.

Then, using this, the second premise and the c-r-iLam and c-r-iApp rules in Rel-
CostCore, we can construct the following derivation:

A; ®; -
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diff(D diff(D’
F Ax.Ai.coerce;  (x[i]) © Ax.Ai.coerce;  (x[i]) S0:€ (Vi 1 ( )S.T)—>Vi 1:(: )S.T'.
Case
dff(D) dff(O) VO
ND, O S.nevi o w S.0Or

Then, we can immediately construct the following derivation using c-der, c-nochange,

c-r-iLam and c-r-iApp rules in Figures B.92 and B.95.

A; ®; -
- Ax.Ai.NC ((der x) [i]) © Ax.Ai.NC ((der ) [i) <0:¢O(¥i " 5.7) — vi " 5. 07
Case
VU
A (I)a |— U(V exec(L U) S, A Vi exec(L U’ S, A,) = dlff(U L) S, U(A A,)

Then, we can immediately construct the followmg derivation
where f = Ax.Ai.switch (x[i]) using c-switch and c-iApp rules in Figures B.92 and B.95.

xec(L,U X L’U i U L)
N rer<0:c Ui T s 4 vi TE ) s 4y — vi T

S.U((AA).
Case

ND ETIET) (X))  AOLETIET), (0)

X

N®y =T xTo ET) X Th

diff(0
By IH on (%), Jcoerce,, ! . A;@;- - coerce;, | ©coercer, ;1 <0:fr 1—()>T’1.
diff(0)
By IH on (¢), dcoerce,,, 7 . A;@;- - coerce,, 7, ©coercer, 1 S0:C1; —— 15,

Then, using these two statements and the rules c-prod and c-proj in Figure B.93, we can

show the following derivation where e = Ax.(coerce,mi (m1x), coercer, 1 (m2X)).

diff(0
A ®;-Ftet<0:° (T x T) —1—(—)>T’1 X T).
Case
x [

A;q)a |: |:|T1 X DTZ = D(Tl X T2)
We show the direction from right-to-left using the rules c-der, c-nochange, c-r-proj, c-

r-let and c-r-prod in Figures B.92, B.93 and B.95 where the expression
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t=Axleta=mxin

let b =mn,x in NC ({(der a,der b)).

A;D;-Ftet<0:°0O1, XDTng(Tl X Tp).

Case

xU

N @ = U (Ag x Az, A} x AY)) EU (A1, AY) x U (Az, A))
Then, we can immediately construct the following derivation

where ¢t = Ax.((switch 7} x, switch 2 x)) using the c-switch, c-r-prod and c-r-proj rules
in Figures B.92 and B.93.

N®; 1 1< 0 (U(A) x Ag, AL x AY) 5% 17 (A, A)) x U (Ag, AL)

Case

+0

ANO,FO7+071,20(71 +72)
We can construct the following derivation by using the rules c-der, c-nochange, c-r-

case, c-r-inl and c-r-inr in Figure B.92 where the expression
t = Ax. case (x,a.NC (inl der a), b.NC (inr der b)).

A®; ot <0: 071 + 0712 2% (1 +12)

Case

NOylEn=n" (x) AOFasa’ () AQETET (1)

11
!
A; @, = list(n]* T Clist[n']* 7/
diff(0
By IH on (1), 3coerce; ;. A;®;- I coerce, » © coerce; 7 S0:°7 Ao, 7
We first construct the more generic term for type:
.. diff(0) diff(0)

unit 2O v N YR ENL Y asNL Y sNL (= 7/ A a < &) &list[n]% 1) 229 Jist[n/]% 7/

(B.33)
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and then instantiate the term for eq. (B.33) later.

It can be shown that such a derivation can be constructed for expression
t' = fix fList( ). An.An'.Aa.Aa’ Ax.clet x as t in

case t of

nil — nil

| h =y tl — letr = fList (O[n - 1][n" -

1] [a] [@'] t] in consyc(NC (coerce; ;+ der h), 1)

| huctl —letr =fList O[n—1][n' - 1] [a—-1][a’ —

1] ¢l in consc(coerce; ; h,r)
Then, we can instantiate fList using () and (¢) as follows where

t" = Ax.fList ) [n][#/][a](a'] x
A;®;- "o t" <0:Clist[n]*T IO, Yist[n@ 7,

Case

10

A;®, = list(n]*0O7 = Olist[n]% 1)
We first construct the more generic term for type

unit 2, v N VasN. List[] 407 222 0 (list[n]* 1) (B.34)
and then instantiate the term for eq. (B.34) later. It can be shown that such a deriva-
tion can be constructed for expression
t' = fix fList( ). An.Aa.Ax.
case t of
nil — NC (nil)
| hauntl —letr=1flist()[n—1][a] tl in
NC (consyc(der h,der r))
| hectl —letr=fList)[n—1][a—1] ¢l in

NC (consc(der h,der r))
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Then, we can instantiate fList with a concrete n and «a as follows
where ¢ = Ax.fList () [n][a] x

A;@;-Ft"et" <0:Clist(n]*0OT AT, 1 (list[n] 7).
Case

NP, Ea=0

12
A;®, Elist[n]* T S list[n]“0O7T
We first construct the more generic term for type

unit B, v peNLVasN. (@ = 0 & list[7]% 1) 25 jist[n1* 07 (B.35)

and then instantiate the term for eq. (B.35) later. It can be shown that such a derivation
can be constructed for expression

t' = fix fList().An.Aa.Ax.clet x as t in

case t of

nil — nil

| h oy tl —let r =fList O [n—1][a] ¢! in consyc(NC h, 1)

| h:c tl — contra

Then, we can instantiate fList with a concrete n and a (note the premise a = 0) as follows

where ¢ = Ax.fList () [n][a] x
A®;-+t"et" <0:Clist[n]%1 HO), list[n]°O 7.
Case

inSAPETET (%) i¢FV(®,)
|

A;®,|=3i:S.t=3iS. 1

. diff(0)
By IH on (%), Icoerce; ;. i::S,A; ;- coerce; + © coerce; 5 0:t—=1'.

Then, using this and the c-r-pack and c-r-unpack rules in RelCostCore in Figure B.95,
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we can construct the following derivation
where ¢ = Ax.unpack x as (y,1) in pack (coerce; ;» y) with i.
A;@;-Ftet<0:°3i:S.7) A0, 5;..5.7.

Case

a0
A D, =FixS.07=0(FiS.1)
Then, we can immediately construct the following derivation using c-der, c-nochange,
c-r-pack and c-r-unpack rules in in Figures B.92 and B.95 where
t = Ax.unpack x as (y,7) in NC (pack der y with 7).
A D+ rot<0:¢ @i:S.01) 2% 0@izs. o).

Case

A;D,AC |=EC (%) AP ETET (0

c-impl
A®,=Cor=C' o7

By IH on (¢), Icoerce; ;. A;®;- - coerce; + © coerce; 7 S0:°7 O, 7.

Then, using this and the premise (%) along with the c-r-c-impll and c-r-c-implE

rules in Figure B.96, we can construct the following derivation where ¢ = Ax.coerce; » (celim x).

diff(0)

A®;-Htet<0:°(C>o1) C'o1'.

Case

c-impl-0J

Ao, =E0C>T)EC>OT

Then, we can immediately construct the following derivation using c-der, c-nochange

and c-r-c-implE rules in RelCostCore where t = A1x.NC (celim der x).
AD;-Ftet<0:0C>7) 2 (coO.

Case

AP, ACEC (%) AN ETCET (0

c-and
A, =C&TC &7

diff(0)
By IH on (¢), coerce; ;. A; ;- - coerce, , © coerce;p S0:°7 —— 7.
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Then, using this and the premise (x) along with the c-r-c-prodI and c-r-c-prodE
rules in Figure B.93, we can construct the following derivation
where t = Ax.clet x as y in coerce; ;/ Y.

A®; ot <0 (Car) D gy,

Case

c-and-O

NO,=COTCEOC&T)
Then, we can immediately construct the following derivation using c-der, c-nochange,

c-r-c-prodI and c-r-c-prodE rules in Figures B.92, B.93 and B.95

where = Ax.clet x as y in NC (der y).

A®; ot <0: (&) 2L o).
O
Lemma 56 (Reflexivity of Algorithmic Binary Type Equivalence in RelCost). A; v ,;®, =
T=1=>Pand Ay, 4= O.
Proof. By induction on the binary type. O

Lemma 57 (Reflexivity of Unary Algorithmic Subtyping in RelCost). A;®,=* AT A= @

and \; @, = ©.
Proof. By induction on the unary type. O

Lemma 58 (Transitivity of Unary Algorithmic Subtyping in RelCost). IfA;®, = A,
Ar = D) and A; @4 EP Ay & A3 = @) and A; @, = @) A Dy, then A; @, R A C Ay = O

for some @3 such that A; @, |= ®s.
Proof. By induction on the first subtyping derivation. O
Theorem 59 (Soundness of the Algorithmic Unary Subtyping in RelCost). Assume that

L My ®,EAA A= @
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2. FIV(®,, A AN S A v,
3. A;®,4[04] = ®[0,] is provable s.t A 1> 0, : vy, is derivable.
Then A; @410, E A'10,]  Al6,).
Proof. By induction on the algorithmic unary subtyping derivation. O

Theorem 60 (Completeness of the Unary Algorithmic Subtyping in RelCost). Assume

that \; @, =" A’ € A. Then 3®. such that A; @, ™ A'c A= © and A; @, |= .
Proof. By induction on the unary subtyping derivation. O

Theorem 61 (Soundness of the Algorithmic Binary Type Equality in RelCost). Assume

that
I My OsET =120
2. FIV(®,,7,7) S Ay,
3. A;®,4004] = @[0,] is provable s.t A > 0, : vy, is derivable.
Then A;@,[0,] I=1'(04] = 7(04].
Proof. By induction on the algorithmic binary type equivalence derivation. O

Theorem 62 (Completeness of the Binary Algorithmic Type Equivalence in RelCost). As-

sume that \;®, =1 =71. Then3®. such that \;®, =1t =7=> ® and \; @, = D.
Proof. By induction on the binary subtyping derivation. O

Theorem 63 (Soundness of ARel & Type Preservation of Embedding). The following
holds.

1. IfA;@;Q I—I[C t~e*: A then \;®;Q I—]"‘C e*:C Aand\;®;Q I—,’fC t:A.
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2. If MO THhet oty StiT, thenNO;THifet) Sttt

and \;O;THhet, St:T.

Proof. Proof is by simultaneous induction on the embedding derivations. The proof
follows from the embedding rules presented in Figures B.92 to B.97. We show a few

representative cases.
Proof of Theorem 63.2:

Case

NOGTIF 1A ) AOGITIF2 w1y 1A (0)
L 2 e-switch

A®yTH ot~ switch ] oswitcht; SU - L,: U A
By Theorem 63.1 on (%), we get A; ®; Q) I—]tcl1 ) :CAp (%),
By Theorem 63.1 on (¢), we get A; ®; Q) I—Itfz tz* €Ay (00).

NOgITIF A4 NogITIF2h:cA
- 2 c-switch

Then, we conclude as follows:
A;®4;T = switch f; @ switcht, SUp— LU A
Case
NOyzTHHS I~ fl*etz* §D2T

A@,=1ET ¢ =coerce; A®,EU<U

e-r-=[(%)][()][(T)]

NOyiTHRet~t el ty <D 1
By Theorem 63.2 on (%), A;@;T' -t ot St:€1 (%k).

By Lemma 55 using (¢), we know that A;@;- -t et <0:°1 o,

7' (00).
By applying c-r-app rule in Figure B.94 tp (x*) and (¢¢),

weget A\ O;THE i ot 5 ST (M),

By reflexivity of binary type equivalence, we know A; @, = 7' = 17" (d®).

Then, we conclude as follows:

NOyTHE ol t, St (M) ADET =1 (08)
ADyl=t<t (1)

NOTHE for 5 St

Theorem 64 (Completeness of RelCostCore). The following holds.
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L IfA®;QFY 2 A then, 3t* such that A;D;Q Y s 12 A

2. IfAO; T ety SD:vthen, 3t and3t;

suchthat A, @;T'-tHet~tfet); SD:T.

Proof. Proof is by simultaneous induction on the typing derivations. The proof follows
from the embedding rules presented in Figures B.82-B.84. We show a few representative

cases.

Proof of Theorem 64.1:

Case
AOLOFY A (%) N0 EMATA (o)
MO <k () AOEtst 1

L exec
N®L;QFY 1 A
By Theorem 64.1 on (%), we get 3t* such that A;; QY 1~ 1% 1 A (% %).
By e-u-C rule using (x %), (¢), () and (1), we conclude as follows
AOLQF ts A AOERMATA ANOEL<SL AO=U<U

- e-u-C
A @y QFY £t A
Proof of Theorem 64.2:

Case
N®g TN i A (%)

NN 5 A (o)
switch

NOyTHHet, SU —L:UA

By Theorem 64.1 on (%), we get 3£;" such that A; @;Q I—LUl1 o~ 0" A (k%)
By Theorem 64.1 on (o), we get 3 £, such that A; ®;Q I—gj I~ 1Y Ay (00).
By e-switch embedding rule using (xx) and (¢¢), we can conclude as follows:

NOGITIF s i 1A %) MOGITIF s 151 A (00) o
e-switcn.

A @4 T ot~ switch ]y oswitcht; SU - Ly:UA
Case
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ANOTHtet<D:1 (%)
VxedomT). A;®, =T (x) 20T (x) (0)

nochange
AN®y;T,T;QFrer<0:01
By Theorem 64.2 on (%), we get 3¢* such that A;®;T'+tet~t*et* SD:1 (1).
By Lemma 55 on (¢), we get 3¢; = coercer(y,),nr(,) forall x; e dom(T) (F1).
By t-nochange embedding rule using (1) and (1), we can conclude as follows:
N®yTHret~t"ot"<D:1 (1) Vx; € dom(), t; =coercery,arx,) (1)

A @ T, T Ftet~lety; =t; x; in NC t*[y;/x;]elet y; = t; x; in NC t*[y;/x;] <0:07
e-nochange.
Case
N®L;THrer <D:listin]*T (%) AN@,An=0;TFtet; <D : 1" (o)
I ,N® An=i+1;h:01,tl:list[i]*T,T - oty <D : 1" (1)
LB NP An=i+1Aa=B+1h:T,tl:listlilP1,T ety <D': 1" (#)

A;®,;TH case tofnil — 1) |h:tl— 1o caset' ofnil — 1] |hutl—> 6, <D+D':7
r-caseL

By Theorem 64.2 on (%),

weget3t* and 3t"* s.t. A;@;THtet' ~ t*e '™ SD:list[n]*t (x*).

By Theorem 64.2 on (¢),

wegetdf and 31" st. Ain=0AD;THHet ot SD:1' (00).
By Theorem 64.2 on (1), we get 3£, and 3£," s.t.
imS,An=i+1A®;h:0Or1,tl:listli]*T,TF et~ ot SD:T' (T1).
By Theorem 64.2 on (#), we get 3¢, and 3 té** s.t.
inS,puSAn=i+lAa=p+1AD;h:T,¢tl:list[i]P7,T

Fhet,~ 5 ety SD:T (AW).

By e-caseL embedding rule using (*x), (¢¢), and (##), we can conclude as follows
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A®yTHtet ~t et <D:listn]“t
NO,An=0TFhety~tn"et;" <D :7
i,N® An=i+1;h:01,tl:ist[i]*T,TF et~ et,” <D :1
L,BAOAn=i+1Aa=B+1h:T, tl:listli)P1,T - tety~t;oty <D :1

case rofnil — ¢  case t of nil — 7,

A;®,;T o ) ~<D+D":1'
|h:tl—t |h:tl—t,
case t* of nil — case t'* ofnil —
tf o
| h:ne l‘l—>t2* |hZZthl—>té*
lhuctl — 13 |huctl — it
e-r-caseL
Case
diff(D diff(D
Ao e 2] D) To wf AN Dy x:ty, f:0O(1 D) 7),TFtet<SD:1, (%)

VxedomT). A;o,=T(x) 20I(x) (o)
r-fixNC

A @ T HAix f(x).tefix f(x).t S0:0(1 LR

By Theorem 64.2 on (%), we get 3¢* such that
A ®;x:Ty, f:0(1 D), ), THtet~t*et* <D:1y (%x*).

By Lemma 55 on (), we get 3t; = coercer(x,), 0T, forall x; € dom(I') (00).

By e-fixNC embedding rule using (% x) and (¢¢), we can conclude as follows:

A1 2 owf A0 xiT, f:O0@ S, ) THtetwt*ot* <D:1y
Vx; € dom(T), t;=coercer(y;)0rx; t** =let y; = t; x; in fixye f(x).t7[yil xi]
A;@yT - fix f(x).t0fix f(x).6~ t** 0 t** <0:0(1; =2, 1)
e-r-fixNC.

Case

i:8,0M0,;THtet SD:1 (%)
i ¢ FIV(®,;T)

D) r-iLam
NOLsTHATOANT S0:Vi 7 ST

By Theorem 64.2 on (%), we get 3¢* and 3¢"*
suchthati: S,A;®;THtet’ ~t*et™ <D:1 (%%).

By e-iLam embedding rule using (x*) , we can conclude as follows:
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im0 THtet ~t* et <D:t  i¢FIV(®,T)

WD) e-r-iLam.

NOGTHATOANL ~ Ait* oAl <0:Vi = St

Case
iff(D’
NDyT e t’gD:Vidff:(: 's.7 (%)
AFT:S (o)
r-iApp

NOGTH1 e[l SD+D'[I/i]:1{1/i}
By Theorem 64.2 on (%),
we get 3t* such that A;®;T-ret’ ~t*e "™ <D: Viexecz(:t & S. (k%).

By e-iApp embedding rule using (x*) and (¢), we can conclude as follows:

ANOLTF et ~t ot <D:Vi"w St AFI:S
e-r-iApp.
N® T F e 'l ~ t* [N (1| <D+ D'[I/i] : T{I/i}
Case
NOyTHter <D:t{I/i} (%) AFT:S (o)
r-pack

N;® 4T Hpack tepack t' < D:3i:S.7
By Theorem 64.2 on (%),
we get 3t* and 3¢"* such that A;@;T = tet' ~ t* ot <D:t{l/i} (x%).
By e-pack embedding rule using (xx) and (¢) , we can conclude as follows:
A®yTHtet ~t et <D:t{I/i} AFI:S

e-r-pack.
A; @ 4;T - pack te pack t' ~ pack t* with I e pack " with I < D:3i:S.1
Case

A®@yTHB ot <Dy :3inS11 (%)

[ 28, AP;x:1,TFBpet,<Dy:Ty () igFV(®yT,12, 1)

r-unpackl
A; @4 T FHunpack £ as x in £, © unpack ti as x in té SDy+D;y:1;

By Theorem 64.2 on (), we get 3¢ and 3 #{*

suchthat A;®;TH f et~ ) ot SD:3inS. 11 (%),

By Theorem 64.2 on (¢), we get 3£, and 3 ¢,°
suchthati:S,A;®;x:7,TF et~ ty et SD:1y (00).
Proved by e-r-unpack embedding rule using (% %) and (¢©).
Case

ANDyTHReL<D:T (%) AOJETET () Adit<t 1+
r-£

ANOiTHHeL <D : 1
By Theorem 64.2 on (%), we get 31, £, suchthat A; ;T =10~ [0 H* ST (k).
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By Lemma 55 on (o), we can show that 3¢’ = coerce; ;+ (00).

By e-r-C rule using (% x), (¢¢) and (), we conclude as follows
NPT ~h"e"<SD:1

AN@,l=1ET 1 =coerce; N, =U<U’

e-r-c
N@yTH@et~t el ty SD 1

Theorem 65 (Invariant of the Algorithmic Typechecking). We have the following.

1. Assume that ;v P45;Q 4t | A LU = ® and FIV(®,, ;A L U) < dom(A,y,).

Then FIV(®) < dom(A; v ,).

2. Assumethat A,y ;@45,QFt 1 A= [v], L, U, D and FIV(®,,Q) < dom(A,v,). Then

FIV(A, L, U, ®) < dom(A, w; v ).

3. Assume that ;v 5; @4 T = tet' | 1,D= ® and FIV(®,,T,1,D) € dom(A,y,).Then

FIV(®) € dom(A; ).

4. Assumethat N,y ;5T Htet' 1 7= [y], D, ® and FIV(®,,T) € dom(A,v,). Then

FIV(z,D,®) c dom(A;v; v ,).

Theorem 66 (Soundness of the Algorithmic Typechecking in RelCost). We have the fol-

lowing.
1. Assumethat \; v ;P QFt | A LU= ® and

1.1. FI(®,,Q, A, L U) cdom(A,v,)

1.2. N;®400,4] = @[0,] is provable for some 0, such that A > 0, : vy 4 is derivable
. . Ulbal | . .c
Then A;®,4[0,1;Q10,] |_L[0,l] |£]:¢ Al6,].
2. Assumethat N,y ,;@45,QFt 1 A= [y], L, U, D and

2.1. FIV(®,,Q)cdom(A,v,)
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2.2. YO YO, ND,40,] E DOO,] is provable st A > 0 :w and A > 0, : vy, are

derivable
Then A;q10,41; Q1041 g 1£1:€ A0 04] .
3. Assume that Ny ;@5 Htet' | 1,D= ® and

3.1. FIV(®,,T,1,D)cdom(A,v,)

3.2. A;D410,] = D@IO,] is provable for some O, such that A > 0, : vy, is derivable
Then A;@,4(0,);T10,4] F [t o]t < DIO,] € T[0,].
4. Assume that N, w ;@5 =tet' 1 1= [y],D,® and

4.1. FIV(®,,T)cdom(A,v,)
4.2. YO YO0,. N;D4[04] = DIOO,] is provable s.t A > 0 :y and A > 0, : vy, are

derivable
Then A;@,4(0,);T104 [t S DIO6,]:CT[00,] .

Proof. Statements (1—4) follow from simultaneous structural induction on the algorith-

mic typing derivations. We present several cases below.

Proof of Thoerem 66.1:

Case
Ll,Ul,Lg, U2 (—:fresh(IR{)
ALy, UL wa; @g;QF 1] Ay Ly, Up = @ ALy, U, W ;@ s QF 12 | A, Ly, Uz = @)

A Y a; Pg; Q2
F{t, b)) | Ay x Ag, LU= 3L, Uy = R.® ATLy, Us iR Dy AU +Us =UAL=L1+ Ly
alg-u-prod-|
TS: A; @4l04); Q104 g 4! 102], 1221} € A1l X A2 [6,].
By the main assumptions, we have FIV(®,,Q, A, L, U) S dom(A,v,) (%)
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AN Dy[04] 1= ALy, U R Dy ALy, Uy i R Dy A (Uy +U) =U A (Ly + Lp) = L)[04] (x%)
Using (%), (x*)’s derivation must be in a form such that we have

a) AbFLi:RandAFU; =R

b) AFLy:Rand AF U ::R

C) A;@4[04] F 1104, L1 — L1, Uy — U]

d) A®4[04] F D2004, Lo — Lo, Uz — Us]

e) A; @[04 F (Ur+Uz) =Ul0ql A (Ly + Lp) = LIO4]

By Thoerem 66.1 on the first premise using (x) and c), we can show that
A; @y [04]; Q1041 " 1011 A1[64] (B.36)

By Thoerem 66.1 on the second premise using (x) and d), we can show that
N; @y [04]; Q1041 12 112]: Az(04] (B.37)

Combining egs. (B.37) and (B.69) with c-prod rule, we get

N Dql04); Q20041 ' 12 1] 8]} € Ar[64) x AslB).

Then, by using e) with the c-E exec rule , we can conclude that
A;@a[01; Q1041 g4 (111, 1221) :° Ar[0a] X AalO4l.
Case

A;u/a;q)a;Q |_ t T A/ = [W])L/) t/)q)l A;Wy'l//a;q)a |:A A/ E A:> (DZ

alg-1|
MY @y Q| Ak t=3). O AP A <tAk<L

TS: A5 @al0a1; Q104 7 4 111:€ AlBql.

By the main assumptions, we have FIV(®,,Q, A, L,U) c dom(A,v,) (%) and
N DL E Q). @ AP, AU <UAL<LNO,] (x%)

By Theorem 82 using (%) and the first premise, we get

FIV(A, L', U, ®)) S dom(A,w;y ) (9).

Using (%) and (¢), (**)’s derivation must be in a form such that we have
a) A>0O,:v,
b) A;D400,] = D1[04,04]
) AD,[04] = D2[0,,0,]
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d) A;9,00,] = U,[Q 04=<U[0,4] ALIO,] SL,[QQa]

By Thoerem 66.2 on the first premise using (x), a) and b), we can show that

A @q[01;2104] 04 1]:€ A'106,) (B.38)

By Thoerem 74 using the second premise and c), we obtain
A;®q[04] EA A'100,] T Al00,) (B.39)

Note that due to (), we have A[00,] = A[f,]. Then we can conclude by the c-C exec rule
using egs. (B.38) and (B.39) and (d) that A; ®,[60,]; Q16,4 I—IL][[HQ“]] 2] :€ A[0,).
Case

ST g, x: AL Q1| Ap LU = ©

exec(L,U")
—_—

Nya;®a; f 2 Ay

ANya; @y QFfix f(x).1] Ay

alg-u-fix-|
A, LU=>DOAL=0A0=U
exec(L'[0,],U'[0,4))

A2 [ea]-

L U)cdom(A,wg,) (%) and

TS: A; @ [0,4]; Q104 10 fix f(x).121:¢ Ar[Oa]

exec(L',U")

By the main assumptions, we have FIV(®,,Q, A;
N DO, EDPAO=LAO=U'[0,] (x%)
Using (%), we can show that

exec(L',U")

a) FIV((DayQ)Al) Al )AZr L/y U,) - dom(A,U/a).

We also can show that (x*)’s derivation must be in a form such that we have

b) A;®4[04] E P0,]
c) A;D40,]=0=LI[0O,]
d) AP410,] E0=Ul0,]

By Thoerem 66.1 on the first premise using a) and b), we can show that

exec(L'[0,],U'[0,]) A,

041,004 FV 19 1£1:¢ 4,10,  (B.40)

A ®ql0a);x: A1l04l, f 2 Ar[04] L6,

By the c-fix rule using eq. (B.40), we obtain

exec(L'[0,],U'[0,4])
5 ®41041; Q10,1 FO fix F(x).11]:¢ Ay[0,) Sl Tl
By ¢-C exec rule using (c) and (d), we obtain

s @a[041; QU0) by fix £(x).121:° Ar[6,]

AZ [ea]-

exec(L'[0,1,U'[04])

A2 [ga]-
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Case

iS00 PQF | AL, U => O

exec(Le, Up) alg-u-iLam-|
Ny ®uQFAit Vi = S ALU= (VizSOAL=0A0=U
Le 0!,1 !Ue ga
TS: A @01 Q101 FV0) A fef € vi "D 5 arg).
. . . exec(Le, te)
By the main assumptions, we have FIV(®,,Q, Vi S A LU C dom(A,wg) (%)

and
NDL O = (Vi:SPIAO=LAO=U)[O,] (%%)

Using (%), we can show that
a) FIV(®,,Q,A, L, U,) Si,dom(A, ).
We can also show that (% x)’s derivation must be in a form such that we have
b) i::5,A;®,4[0,] = P[6,]
C) A;®@4[04] 0= L[6,]
d) AD40041 E0=Ul0,4]

By Thoerem 66.1 on the premise using a) and b), we can show that

i5:8,8;0010,]; Q1041 %0 1£1: Al (B.41)

By the c-iLam rule using eq. (B.41),

xec(Le[04],U.[04
we obtain A; @ [0,]; Q10,1 FO Ad|]: yi e ek Uelfal

By c-LC exec rule using (c) and (d),

S.Al0,].

exec(L, [9.4] ,Uel04])

we obtain A;®,[0,); Q10,] by Aillt] € Vi S. Alf,.
Case
MYy @y QF | AT}, LU= O AFT:S

alg-u-pack-|

AN g QFpack twith I | 3i:S.A LU= O

TS: A;®q10,]; Q2104 0! pack [¢] with 1:° 3i::S. Alf].

By the main assumptions, we have FIV(®,,Q,3i::S. A, L, U) < dom(A,y,) (%) and
A;®g[04] F ®@O,] (%)

Using () and the second premise, we can show that

a) FIV(®,,Q, A{l/i},L,U) cdom(A,v,).
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By Thoerem 66.1 on the premise using a) and (xx), we can show that

A;D[01; Q104 14 121: A0} (B.42)

By the c-pack rule using eq. (B.42) and the second premise, we obtain
A; @ [0,41; Q104] Fp g pack |¢] with I:3i::S. Al
Case
ANYag; @ QF 1 T30S Ay = [y], Ly, Uy, @ L, U, € fresh(R)
1280 L, Up, W, W @ x: A1, Q12 | Ag, Lo, Uy = @) igdFV(®,0,A, Ly, Us)
O =3(W).(O1 ATLy, Uz ::R.Vi:: S.®2 AL= Ly + Lz + Cunpack AUt + Uz + cunpack = U)

AW @g; QF-unpack £ as (x,i)inf | Ay, L, U => @
alg-u-unpack-|
TS: A;®a10,4); Q04 154 unpack |1 with (x, i) in |2 € A2 [0,].
By the main assumptions, we have FIV(®,,Q, A, L,U) < dom(A,y,) (x) and
N @yl04] =
AW).(@1 ALy, Uz 2 R.Vi : S.Dp A (Uy + Uz + Cynpack) = U A (L1 + Lo + Cuppack) = L)) [04]
(x %)
By Theorem 82 using the first premise and (%), we get
FIV(A1, L1, Uy, ®1) € dom(A, w;v,) (o).
Using (%), (¢) and the 4th premise, (% *)’s derivation must be in a form such that we

have
a) A>0:y
b) A;®@4[04] E P1100,]
C) i:5,004[04] 1= D2[04,0,L2— Ly, Up — Us]
d) A®4[04] F Uil004] + Uz + cunpack = Ul04]
e) A;®q4[04] E LIOa] = L11004] + Lo + Cunpack

By Thoerem 66.2 on the first premise using (%), a) and b), we can show that

A;Da[041; Q1041 ;g0 10111 3i::8. A1 106, (B.43)

From (%) and (¢), we can show that
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f) FIV((DLZ) AI»Q; AZ)LZ) UZ) < i)LZ’ tZ) dom(Ay W;U/a)

By Thoerem 66.1 on the second premise using c), f), (x) and (¢), we obtain
i1:8,0;®4[04];x: A1[00,],Q104] )° 121 A2(00,] (B.44)

Note that due to (%), we have A2[00,] = A2[0,]. Then by c-unpack rule using eqs. (B.43)
and (B.44), we can show that

. . U11004)+Uz+cunpack
A’ (I)a [Ha] ’ 0 [ea] l_Ll 0 6a]+L1+Cunpack
By C exec rule using (d) and (e), we obtain

A;D,10,1;Q210,4] I—Zg):]] unpack |#;| with (x, 1) in |£] :€ A2[0,].

unpack |#; | with (x, ) in |f] :© A2[0,].

Case

APy, CADL;QFH | A LU= O
ANy CADL; QR | ALU= O AFCwf

alg-u-split|
AW o @ g; QL+ split (¢, L) withC | A, LU = C — O A —C — D,

TS: A; 10,413 20041 15 split (1], 12]) with C:¢ Al6,].

By the main assumptions, we have FIV(®,,Q, A, L,U) < dom(A,v,) (%) and
A;@g[04] = (C— @y AC — D) [0,] (x%)

Using (%) and the third premise, we can show that

a) FIVICAD,,Q,A L U)cdom(A,y,).
b) FIV(:CA®,,Q, A L U) cdom(A,v,).

Using (% x) and the third premise, we can show that

) A CADL[0,4] = D1[04]
d) A;0CA (Da[ea] = @, [ea]

By Thoerem 66.1 on the first premise using (x) and c), we can show that

A;C A D041 Q10,] 754 111: AlOLII104111) (B.45)

By Thoerem 66.1 on the second premise using (x) and d), we can show that

A;C AR 041; Q20041 FLo 4 1121 AlOIT10)/ 1) (B.46)
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By the c-split rule using eqs. (B.45) and (B.46) and the third premise, we obtain
;@ [0,41; Q101 F @ split (1], 122]) with C :¢ A[f].
Case

NOANCQFE|ALU=>O

alg-u-c-impl |

MNYeg; @y QFE | CoALU=>C— D

TS: A;a10,4); Q041 54 111: ClO4] > AlB].

By the main assumptions, we have FIV(®,,Q,C> A, L, U) cdom(A,v,) (%) and
A;@y[04] F (C— D@)[0,] (%)

Using (%), we can show that
a) FIV(CAD,,Q,A L U)Sdom(A,y,).

By Thoerem 66.1 on the premise using (x) and a), we can show that

A; ClOa) A Pal01; QU041 5 121 AlB] (B.47)

By the c-cimpl rule using eq. (B.47), we obtain A; ®,[0,]; Q2[0,] I—LU[LH“]] [t]:€ C[O,] 2 AlB,].
Proof of Thoerem 66.2:

Case

MYa®uQFt| ALU=>®  A®,F Awf  FIV(A L U) €A

alg-u-anno-1{
A;Wa;q)a;fu_ (t:AJL) U) T A= [']JLJ U)®
TS: A; @ [0,]; Q0041 54 1(2: Ak, 1)1 :° AlBg].

Since by definition, V1. |(¢: _,_, )| = |£], STS: A;®@a[04]; Q04 154 111:€ AlB).
By the main assumptions, we have FIV(®,,Q) € dom(A,y,) (x) and
A;@y[04] = @[O,] (%%)

Using the third premise, we can show that
a) FIV(®,,Q,A, L, U) cdom(A,y,).

By Thoerem 66.1 on the first premise using (x %) and a), we can conclude that

A;@41041;Q104] g 121:€ AlB4]

Case
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Aya®u Qb 1A S a1y, Ly, Uy, @y

Ly, U, € fresh(R) N Ly, Un, W, Wag; @ Q1 | Ay, Ly, Uz = @)

A;U/a;q)a;QF htlA> [Lg,Lg,l[/],Ll +L2+L6+Capp,U1 +U, + Ue+Cappr(I)l N Dy

alg-u-app-1
(U Us+Ue+Capp)04,02]
TS: 85 @al0al; Q0al by, e g ot 10 12212 A2104,62).

By the main assumptions, we have FIV(CDa, Q)cdom(A,yp,) (x)and
A Dy[04] = (@ AD2)[0g,02] (k%) suchthat A > 0,: Ly, 6,y (¢) and A > 0, : vy, are
derivable.

By (¢), we can show that 0, = Ly, 1,0 such that

a) 0(L;) =L, and 6(U,) = U, for some L, and Us.
b) A>0O:y

By Thoerem 66.2 on the first premise using (x) and (b), we obtain

Lel064],Uc(00,
N;®,[0,];Q10,] |_U1[99a] 11 AL [06,] exec(Le[00,4],U.[00,4])

L1[00,] Az[00,] (B.48)

By Theorem 82.2 on the first premise and (*), we get

exec(Le,Upg)

C) FIV(AI AZ?LI! Ul) q)l) < dom(A,'ll/, Wa)

By (%) and c), we get
d) FIV(q)a) Q) AZ} LZ) UZ) < LZ) UZ) dom(A) 17[/) U/a)

By Thoerem 66.2 on the third premise using (c), (d) and (x*), we obtain
N; Dy [04]; Q20041 72 112 A1[66,] (B.49)

Then, by using c-app rule using eqgs. (B.48) and (B.49), we can show that

U1[004]+U.[00,]1+U:
B ®al0a); QU041 ot a1l 1] € A [90,921.

Note that we have [,[0,,05] = L, and U,[0,,05] = U,. Moreover, U;[0,,02] = U1[00,]
and L;[0,4,0-] = L1[00,] (similarly for L, and U,) since L2, U, are fresh variables.

Case

exec(Lq,U,
Mg ®u Qb 1V s A sl L u®  AFI:S

alg-u-iApp-1
MNYa;®@gQF (111 ATy = W), L+ LelI/i,U + Up[1/i],®

- A- . (U+Ue1/i1)[004] .
TS: A5 @041 QU041 {7 e 181 11 :€ (A'{T1i)[66,].
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By the main assumptions, we have FIV(®,,Q) € dom(A,y,) (x) and
A ®y[04] = D2[00,] (ex)suchthatA > 0:y (¢) and A > 0,: v, are derivable.

By Thoerem 66.2 on the first premise using (x) and (¢), we obtain

exec(Le ) ga]yUe [0 Ha

A D4[0,]; Q0] U0 |4 Vs a60,) (B.50)

LI66,]
Then, by c-iApp rule using eq. (B.50) and the second premise, we can conclude that

B3 @a[01; QU041 g ey s 1L L€ AT 0,111},

Proof of Thoerem 66.3:

Case

D' efresh(R) A;D,y,;®,;00ter|1,D =

alg-r-nochange- |
AW a; P T, OT-NCteNC | O1,D=>0=DA @D = R.®)
TS: A;®@4[0,1;T'[0,],0T[0, FNCteNC t < D[6,]:O1[0,4].

By the main assumptions, we have FIV(®,,I”,0T,7,D) € dom(A,w,) (%) and
A @40, =EO0=DAID =R.D)[O,] (x%)

Using () and the first premise, we can show that
a) FIV(®,,T,7,D")c D',dom(A,y,).
Using (%), (%*)’s derivation must be in a form such that we have
b) A; 40041 0=Ul04]
c) A+ D' ::Rforsome D’
d) A;®4004] E @[04, D' — D']

By Thoerem 66.3 on the premise using a), d) and (), we can show that
N ®@,4[0,;0OT [0, F |t et <D : 1[0, (B.51)

By the c-nochange rule using eq. (B.51), we obtain
N;®,4[0,1;T[0,],0T[0,] FNC [t|eNC || <0:07[0,].
By the c-r-C rule using this and b), we obtain
A;@4[0,1;T'[0,],00[0, EFNCteNCt < D[0,]:071(0,].

Case
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MNyag;®yTFret 1listn]®t = [y], D, ®,

D, € fresh(R) A Do, wag;n=0A®yuT ot | T,D,=> 0
P:2NA Do, W, wan=i+1A®gh:0O1, ¢l :ist[i]*1,TH ot | 1/,Dy = D)
PaN, BN, A Dy, wgsn=i+1Ana=p+1AD4 h:T, tl:list[i]P7,T
Fisotyl1,Dy=>D5  Dpogy =
nm=0—-d)ANizN.(n=i+1)— (P2AVB:N.(a=p+1)—>DP3))AD;+D2=D

AYa;Pg T

case f of nil — 1y case ¢’ of nil — 1]
Flhanctl =t o |hinctl—t L 7,D=3W).(®e ATD2 : R.D@pogy)

|hactl — 13 |huctl — 1
alg-r-caseL- |
TS:

case t of nil — |f| case t' of nil — |¢]]
A @0, T0dF | huntl — |t o |huntl—|t) <D0, :7'[04]
| hictl— |t | b tl— |4

By the main assumptions, we have FIV(®,,T,7/, 1) € dom(A,w,) (%) and
A;D@q[04] F BW). Qe ATty i RPpoay) (0] (x%)
By Theorem 82 using the first premise and (%), we get
FIV(list[n]® 1, t;,®.) S dom (A, ;W) ().
Using (%) and (o), (**)’s derivation must be in a form such that we have
a) A0y
b) A;®4[04] P [00,]
c) AFDy:R
d) A;nl00,] =0AD4[04] E P1[06,]
e) i:S5An00,=i+1AD,04]=DP2[04,0,Dy — D]
£) 1:5,0:S,A4n00,1=i+1Aa[00,=B+1AD,[0,] = D3(0,,0,D, — D-]
8) A P@4[04] | D1[00,]+ D2 = D[04]

By Thoerem 66.4 on the first premise using b) and (x), we can show that

N;@a04);T104) ¢ 120 11| < D1[00,] :list[n[00,1149% 1166, (B.52)
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By Thoerem 66.3 on the second premise using d) and (x), we can show that
A;nl00,] =0AD40,T04F Irlelt]l S Dy:7'[00,] (B.53)
By Thoerem 66.3 on the third premise using e) and (%), we can show that
i:8,0;n[005] =i +1AD4[0,1;T[04F |2l 015l <Dy :7'[00,] (B.54)
By Thoerem 66.3 on the fourth premise using f) and (x), we can show that

028,080,000, =i+1Aa[00,]=L+1AD4[0,;T[04)F |t3101851 < Do:7'[06,]

(B.55)
Then by c-r-caseL rule using eqs. (B.52) to (B.55), we can show that
case t of nil — |f|case t' of nil — |7
A; @010, Hh iy tl — | 1] e N tl_’|té| SDI[Hea]“‘DZ:T,[ga]

| hictl— |t3) | b tl— 1]

We conclude by applying c-r-E rule to this using g).
Case
D1, D5 € fresh(R) i € fresh(N) A;Dy,wa; @ T © ti 1 01,D] > O,
Ni, Dy, W @ T ot | list[i]*1,Dy = @) D, =DyAn=({+1)AD+Dy=D

AWa; Pg; T
- consyc(ty, 1) © consyc(ty, ) | list(n]* 7,D = 3Dy R.(D) ATD; :: R.Fi : N.DY)
alg-r-consNC-|

TS: A;@4[04);T10,4) - consyc(al, 1 2]) © consnc (141, 115]) S DI04] : list[n[0,1]“6< 7[0,).
By the main assumptions, we have FIV(®,, T, list[n]* 7,D) < dom(A,v,) (%) and
A;@4[04] E (3D i R.®; A3Dy :R.3i N.D5)[04] (k%)
Using (%), (% *)’s derivation must be in a form such that we have

a) AFD;:R

b) AFDs R

0 A;@4[04] F 1[04, Dy — Dyl

d AFIT:N
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e) A;D,0,] D204, Do— Do, i— 1]
£) A®,4104] 1= (I+1) =nl0,]
g A;®@4[04] F (D1 + Do) = DI0,]

By Thoerem 66.3 on the third premise using () and c), we can show that
A @y [041; Q041 F [t et <Dy :0O7(6,] (B.56)
By Thoerem 66.3 on the fourth premise using (x) and e), we can show that
A;@,410,1; Q104 F 2l © 85| < Do :list[11%0<1 79, (B.57)

By c-r-consl typing rule using egs. (B.56) and (B.57), we obtain
A;®4104);T104] - consnc (1], |22]) © consne (111, 125]) S Dy + Dy < list[1 + 11%0l 7(6,,].
We conclude by applying c-r-C rule to this using f) and g).
Case
exec(Lq,Up)
NygQITIEn T A ————— Ao =[], L1, Uy, &

Dyefresh(R)  A; Doy, g;®u;TH o th | U(ALAY, = D,

alg-r-app-t|
A T/PHOPH

Fh ety U(Ay,Ay),D=3().0) At ROy AU+ Dy +Ue + Capp =D

TS: A; @401 T4 F 521 €115 S DI04]: U (Alf4l, A'[04)).

By the main assumptions, we have FIV(®,,T,U (A, A), ) S dom(A,y,) (%) and
A;®g104] E Q). @1 AED2 i R.®2 A Dy + Do+ De + Cqpp = D) AND3)[0,4] (%) such that
A > 0,:vy,is derivable.

By Theorem 82 using (%) and the first premise, we get

FIV(A; e, 4, L1, Uy, @) € dom(D,w;wa) (0.

Using (%) and (), (x%)’s derivation must be in a form such that we have

a) A>0:y

b) A;®4(04] = 1(004]

C) A@4[04] F @2004,60, D2 — Do]

d) A;P4[04] E P3[004]

e) A;®ul04] F D1[0604] + Del0604] + D2+ capp = DI04l
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By Thoerem 66.2 on the first premise using (x), a) and b), we can show that

exec(Le[004],U.[00,])

A;@a[04];IT[0]11 FV10%) 111:¢ 4,166,]

L1106, AZ [9 Ha]

From (%) and (¢), we can show that
f) FIV((I)CZ)F! U(Alr A,)y tZ) c tZy dom(ArW) U/[l)

By Thoerem 66.3 on the third premise using c), (%) and (¢), we obtain
N @404 T[04) - 112l © 115 S D22 U(A1[060,], A'1660,))
By Thoerem 74 on the fourth premise using (¢), () and (d), we obtain
A;®al04] M A2(00,) € Al6,)
By U subtyping rule using eq. (B.60) and u-refl subtyping rule, we obtain
N @4[04] = U (A20004], A'104) E U (Al64], A'64))

Then by the c-r-app-e rule using eqs. (B.58) and (B.59), we can show that
A @q[041;T104] 1] 22| © |té| SU11004]+ U100, + D2 + Capp * U (A2(04], A'[04]).
Applying c-r-C rule to this using (e) and eq. (B.61), we can conclude as

N D40, T[0,] - 1l 2] © |t£| 5 D[0,]: U(A[Ba]yA,[ea])-
Proof of Thoerem 66.4:

Case
A;t//a;CI)a;Fl—tet’lr,qu) N @, T wf FIV(t,D) e A

alg-r-anno-1
NYag;®uTH(t:T,D)e(t':1,D) 1 7= [],D,®
TS: A;@4[04); Q0,1 |(:T, D)0t 7,0 S DI04 : T[0,].

(B.58)

(B.59)

(B.60)

(B.61)

Since by definition, Vz. |(¢:_, )| =], STS: A; @4[0,1;T[04 - [tlo|t'| S DIO4] : T[0,].

By the main assumptions, we have FIV(®,,T') € dom(A,y,) (x) and
A;(Da[ea] |: (D[ea] (k)

Using the third premise, we can show that

a) FIV(®,,I',7,L,U) cdom(A,v,).
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By Thoerem 66.4 on the first premise using (x %) and a), we can conclude that
N D40, T[0,] [t S |t/| 5 D[0g4]:7(0,] .
Case

ANYag; @y TFhenOr=[y],D,®

alg-r-der-{
ANy O T Hdertyoder 1 7= [y],D,®

TS: A;®@4[0,1; Q0,1 F [tle|t'| S D00, :T[00,].
By the main assumptions, we have FIV(®,,I') € dom(A,y,) (x) and
A Dy[0,] FDPIOO,] (x%)suchthat A > 0:v (¢) and A > 0, : v, are derivable.

By Thoerem 66.4 on the first premise using (x) and (¢), we obtain
A;@4104);T104] 1t et S DIO6,]:O7T[00,] (B.62)

Then, by c-der rule using eq. (B.62) and the second premise, we can conclude that
N D40, T[0,] [t S |t/| 5 D[00,]:7[00,].
(]

Theorem 67 (Completeness of the Algorithmic Typechecking in RelCost). We have the

following.
1. Assume that \;®4;Q I—LU t:¢ A. Then, 3¢’ such that

1.1. A;0,;QF1 | AALU=>®
1.2. ;O =D
13 |t'|=t
2. Assumethat \;®4; Tt e t, S D:1. Then, 3t], t, such that
21. A @uTHEet, | T,D=>@
2.2. A;®, = D
2.3. |tjl=tiand|t)| = t,

Proof. Proof is by simultaneous induction on the RelCostCore typing derivations.
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Proof of Theorem 11.1:
Case
Qx)=A
c-var

A; Dy Q I—g x: A
We can conclude as follows

Qx)=A

alg-u-var-1{ A D, I:A A A= ® by Lemma 72
AP, QFx1 A=>11,0,0,T

MNyay; @y Qx| A0,0=>T

alg-r-1|

Case
A; @4 Q I—LUII nA  ANOLQ FE’; f :list[n] A

c-cons

AD,;Q I—Zl:gz consc(fy, 1) :‘listin+1] A

By Theorem 11.2 on the first premise, 3¢; such that

a) A @yQF 1 | A LU = D
b) A;®, = Dy
o Ifl=1

By a), we can show that for L], U] € fresh(R) where ®] =@, AL; = LI AU = U,
ALLUL®LGQF ] | ALLLU = (B.63)

By Theorem 11.2 on the second premise, 3¢, such that

d) A;®@4QF 1 | list(n] A, Ly, t, = O
e) AQq =D
f) |5]l=1

By a), we can show thatfor i, L, t} € fresh(R) where ®, = Do ALy = L AU, = U NI =n
y 2 2 2 2

N, Ly, th; @0 Q F 1 | list[i] A, L), 1y = @), (B.64)
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Then, we can conclude as follows

1.

L}, Uy, L}, Uy € fresh(R)
i € fresh(N) NLL G, we @ Q1 | A LLU = @) eq. (B.63)
Ni, Ly, 1, Wa; @g; Q& 1y | list[i] A, L), Uy = @), eq. (B.64)
D)= (@oAn+1=({+ )AL+ Ly =L+ Ly AU + Uy = Uy + Up)

AWa; ©a; 2
Fconsc(t], ) | listin+ 1] A, Ly + Ly, ty + tp = 3L}, U] = R.(D ATLS, Uy 2 R.Fi : NL.OY)

alg-u-cons-|

2. Using b) and e) for the substitutions L’l. =L; and tlf = t; for the fresh costsand i = n
for the size of the tail.
3. Usingc) and f), [consc (], ;)| = consc(11, £)

Proof of Theorem 11.2:

Case

ANOTHHen SDZCDT
c-der

A;®y ;T Hderrhodert, <Dt
By Theorem 11.2 on the premise, 3¢;, £, such that
a) AOuTHtet |l 1,t=>0
b) A;D, = D

o ll=t and|t)| =t

Then, we can conclude by using a), b) and c) as follows:
A5®uTHB o | O7,D>@

alg-r-der-| and
A;5®g T -derrpoderty | 7,D=> @
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A;5®uTHB o | O7,D=>@

alg-r-der-|
A;;®@4THderpodert, | 7,D=>®

A;;®@4TH (derty:1,D)e(derty:1,D) { 7= [],D,®
A®,=1=7=>d by Lemma70

alg-r-anno-1

A;;®g4TH(derty:1,D)o(derty:7,D) | 7,D=>DOAD' AD<D

2. Byo), |(der tlf :7,D)| = derltgl.
3. Byb) and Lemma 70.

Case

NOGITIF 654 AMOgITIFZ 10 A
. 2 c-switch

A; @ 4T = switch r oswitch i, SU - L :CUA
By Theorem 11.1 on the first premise , 3¢] such that
a) A ®gITI1 1 | A, Ly, Up = @
b) A;®, E D
o Ifl=1

By a), we can show that for L', ¢/ € fresh(R) where ® =®;ALi =L/ At; =1t
y 1 1 1 1

AL @4 TR | ALLLL L =

By Theorem 11.1 on the second premise , 3 té such that
d) A5 @GITI2F 1) | A, Ly, Uy = @
e) AP, E D,
f) 15]l=1t

By d), we can show that for L7, U, € fresh(R) where @, = ®, AL, = L, AU, = U,

ALy, Uy; @y IT12 - 8y | A, L)y, Uy = @)

Then, we can conclude as follows

alg-r-1|

(B.65)

(B.66)
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1. By using egs. (B.65) and (B.66):
L}, U;, Ly, Uy € fresh(R)
NLL UL WD -8 | A LLU = @) N Ly, Uy wa; @;ITI =t | A Ly, Uy = @)

Nvya; @a T
switch #; & switch ¢} | D,U A= 3L;,U; :: R.(®) ATL), Uy :: R.D, AU, — L), = D)
alg-r-switch|.
2. By using b) and e) and the substitutions L, = L; and U = U; for the fresh costs where
U=U - L.
3. Byc) and f), we get |switch t]| = switch ||

Case
ANDyTHte! <Dt AO, =T=T
AD,Et<U'

c-r-=
ANOyTHretr <D :°1
By Theorem 11.2 on the first premise, 3¢, £, such that

a) AOuTHt ot 1,610
b) A Dy =D
o |l=tand|f|="¢
By Theorem 79 on the second premise,

d AOLET=T 2D
e) A;D, = Do

Then, we can conclude as follows

1. Byusing a) and d)

A;5@uTHB e8| 1,D=> D

alg-r-anno-1 A;®,71=7 >0,
A;5®yTH(f:1,D)o(ty:1,D) 1 1= [],D,d4

A;5®gTH (8 :1,D)0(ty:7,D) | 7/,D'=> D1 AP, AD<D’

alg-r-1|

2. By usingb), e) and the third premise, we can show that §;®, = ®; AO; AD< D’
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3. Byo), [(f;:7,D)|=tand (t;:7,D) = 1.

Case

dift(D
NDOiTHRot; <Dy ¢ Tlu T)

NDOyiTHBotySDy: 1y

c-r-app
NOyiTHH ot t,Sth+h+1:°T)

By Theorem 11.2 on the first premise, 3, ¢; such that

diff
Q) A @uTHnet |1 5% 1y 1= d,

b) A;®, Py
¢ |hl=tiand |t =1
By Theorem 11.2 on the second premise, 3¢, #; such that

d) A0 Hhet) | 1,L=> D)
e) AP, F D,
f) |Ll=tand |ty =1,

By d), we can show that for t, € fresh(R) where @, = ®, A f, = ¢,
Nty ®gTHBOL | 11,1 = D) (B.67)
Then, we can conclude as follows

1.

diff(D
As@THB e ] 1 D), T, = D

diff(D)

diff(D) diff(D)

IASHOPH Bl (SN 3] 72,D1) (1] : 11 72,D1) 171

Djefresh®) — A;Dy®4;T ety | 7),D)= D)

T2 = [],D1,D;

A @ THE ©Ey 1 122 [D)], Dy + D+ Dy, @ AD,
c-r-app

A @y THE©Ey | T3,D1+ D+ Dy = 3D, i RO AP, ADy+ D+ Dy<Dy+ D+ Dy
alg-r-1|
diff(D)

diff(D
where E; = (£ : 71 D)

T2,D7) t and E, = (L‘i 1T T2,D1) Ifé.
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2. By using b) and e) and the substitution D/, = D, for the fresh cost.
. diff(D diff(D
3. Usingc) and f), |(f; : 71 D), T2,D1) bl =t trand |(f] : 74 D), T2, D1) tyl =t 1),

Case

A®y;THB ot <Dy:f3ixS.1
i 2S,MP;x:1,TFRet,<Dy:1y  i¢FV(®4T,12, D))

c-r-unpackl
A;®,;T - unpack 1 as (x,i) in 1 ounpack f; as (x,1) in t; <Dy + D :° 7,
By Theorem 11.2 on the first premise, 3¢, ¢; such that

a) A®uTHtet | 3inS T, =D

b) A;@, =D

o |al=tand|t]| =1

By Theorem 11.2 on the second premise, 37, té such that

d) i:8,A;5Pqx:T,THHety | 12,Dy= Dy
e i:SAD, =D,
f) |bl=tand |ty =1,

By d), we can show that for D;, € fresh(R) where ®, = ®, A D = D,
i:8,0,D®nx:1,T oty | 12,D)= D (B.68)

Then, we can conclude as follows

1.

A;5@5THB ot | 3inS.1,D1=> @) (a)

alg-r-anno-{
A;;(Da;FFEl eEi T EIi::S.Tl = [']rDqu)l

i::8,0;D®gx:1,T oty | 12, = D, (eq. (B.68))
q)/:HDIZZZR.q)l/\(DIZ/\Dl-FDéiD]-I—Dg

A;+; @4 T Funpack E; as (x,1) in f; @ unpack Ej as (x,i) in t) | 7p,D1 + Dy = @'

alg-r-unpack-|

where E; = (f; : 3i:S.71,Dy,) and E, = (¢7 : 3i::S.71,Dy,)



592

2. By using b) and e) and the substitution D/, = D, for the fresh cost.

3. Using c) and f), [unpack (#; : 3i::S.71, D) as (x, i) in £,| = unpack £ as (x,7) in £, and

lunpack (#] : 3i::S.71,D1) as (x,1) in ;| = unpack #] as (x, 1) in £.



593

B.6 BIAREL

Terms

Values

Terms

Values

tu=x|ln|r|O|Ac| 1] Ax.t| tu | returnt | let{x} = tin #; |inr ¢|
alloctt | allocytt|updtttt|updty ttt|read tt|ready ¢t |inl ¢
| case (t,x.t1,y.t2)| pack t |fix f(x).t| unpack tyasxin t, |celim¢
switch ¢ | NC ¢ | split t with C | contra ¢ | FIXEXT t with U(A;, A2)

vi=n|llr|(Q] Ax.t |A.t| returnt | alloctt | alloc,tt | updtt ¢t |
updt, t tt|read t t | ready £ £ |inl v|inr v|
let{x} = tin t; | packv | A.t|fix f(x).t

Figure B.112: Syntax of values and expressions of ArelCore.

tuo=x|lnlr|Q|At|t[l| Ax.t| tu|returnt | let{x}=tin 17 |

alloctt | allocytt |updt ¢ttt |updty, t£¢t|read tt]|ready £ ¢ |inl ¢]inr ¢
| case (t,x.t1,y.12) | packt |fix f(x).t| unpack tyasxin f, |celimt

switch ¢ | NC ¢ | split twith C | contra ¢ | (¢:7,D) | (t: A, L, U)

| FIXEXT twith U(A;, Ap)

vi=n|llr|(Q] Ax.t |A.t| returnt | alloctt | alloc, tt | updtt ¢t |
updt, t t t|read £ t | ready ¢ £ |inl v|inr v|
let{x} = ¢in t; | packv | A.t|fix f(x).t

Figure B.113: Syntax of values and expressions of BiARel.
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NP TERhen~~t et < D:t| Expressions f; © t, are embedded into 1) ety with
the relational type 7 and the relational cost D.

00,0 I—g t~t*:A| Expression t is embedded into f* with the unary type
A and the minimum and maximum execution costs L and U, respectively.

General rules \

LAQLITIF 1] : A LAQGITIF 2~ A
e-switch

A @y Tt ot~ switch £ oswitch t, U —L,:UA

Subsumption

NOZQF tmt* A A® =AC A AOEL<L AN =U<U

- e-u-sub
NDg; Qb e~ e A
A;q)a;rl_fletgwtl*etz*SDiT
A =TT t' = coerce; A;®,=D<D

I e L e-r-sub

AOyTHHhe~t et t, SD T
Qx)=A I'x)=1t
5 e-u-var e-r-var
A Dy Qg x~~x: A ANDyTHxox~~x0x<0:7

Figure B.114: The elaboration rules of ARel, part 1
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D@y QR o~ intl]] A Qg QR v 151 A
y fresh XA Pwf

exec(L1+Ly+Lg Ui +U2+Uyp)

A; @4 Q) allocty ty ~ alloc t t5 : {P} y. Array, [I] A {P*y — N}

e-u-alloc

N®THH ot~ h*et]” <D;:int[l]
NOsTHBoety~ b ety <Dy:t  yfresh  Z;AFPwf

ANOF )

diff(D; +Dy)
Falloct; ty ealloct) t; ~~allocty £; eallocty™ ;" < 0:{P} 3y. Array, [I] T {Pxy — N}

e-r-alloc
N®LTHH ot~ h*et]” <D;:int[l]
NOsTHBet~ b et, <Dy:01  yfresh  Z;AFPwf
A; @y T

diff(Dy+ D)
alloch tp o alloct; 1y ~ allocy, t] t5 @ allocy, 11" £," < 0: {P} Jy. Array, [I1 T {Pxy — @}

e-r-allocb

Figure B.115: The elaboration rules of ARel, part 2
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N @ Q] 1y~ 1 : Array, (1] A
NG QE 2ty i3 :intlI] A®gT'<T  ZARPwf

0 % % exec(Li+Ly+ Ly, U +Us+U;)
A Dy QFgread 1y fr~~read 7 15 - {P} 3y.A{P}

e-u-read

AN THROt~ 0" e t{* <Dy :Arrayy[l] T
N®yTH ot~ n oty <Dyintll]  A®@u=I'<I  Z;AFPwf

) * ok Ix /% diff(D1+D2)
A;®@y T Hread ) thoread t) £, ~~read £ £, ©read " t," S 0:{P} Fy.7 {P}

e-r-read

A;CI)a;Fl—tlet{wtl*et{*ng:ArrayY[I]T
AOLTF ot b et <Dy:intll] A EI'sI  I'¢gp  SAFPwf

ANOF )
diff(D1+D2)
Fread ty toread 1] t) ~read t) t; oread 1" t;" SO {Pxy— B} Iy.OT {Pxy— B}

e-r-readb

Figure B.116: The elaboration rules of ARel, part 3
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D@ QR 1y~ 1] tArray, (1A @ Q2 1y~ 3 :int[]]
A;CI)a;QI—E]S3 Bt A NOLI<I  SAFPwE A®,=T'epf

e-u-updt
exec(Li+Lo+L3+L,, U +Ux+U3+Uy)

N @y QR updt fy 1y t3 ~ updt ] £ £ (P xy— B} Iy.A{P*y— B}

N®yTHHeti~t et <D tArray, Il 7
N® T ot~ b ety <Dy:int[I']

AN O W tgetéwtg*eté*SDg:r NPT <T ;AP wf
A @y THupdt ty 1 tsoupdt ] £t~ updt 1] & t3 oupdt 1" 15" 15" <0
diff(D1+ D2+ D3)

{Pxy— B} Iyt {P*xfUll'}}

e-r-updt

NOLTHROt ~h*et] <D :Array, (11T
N®@yTH oty b ety <Dy:int[l]
NOyTHBet~ 13 ety <D3:01  A®EI'<I  I;AFPwf
A; @y T Hupdt ty 1 tsoupdt 1] £ ty ~> updty, 8] £ 3 e updty 11 6, 15" S0
diff(D;+Dy+D3)
{Pxy— B} Iy.T {P*xB\{I'}}

e-r-updtb

Figure B.117: The elaboration rules of ARel, part 4
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A®i QR A
e-u-ret

0 exec(L,U)
A; @ g5 Q&g return £ ~> return t* : {P} 3y. A {P}

A®yTHtet ~t et <Ds:1  Z;AFPwf

diff(D)
A;®4;T - return rereturnt’ ~ return t* ereturn £'* <0: {P} 3y.1 {P}

e-r-ret

letm

U exec(L,U) U exec(L,U")
IAHOPG) |_L11 1~ tf :{P} 3)71.14 {Pl} Z;A,fl;q)a;ﬂ,x A |_L22 I ~~ t; : {P’} 3)72.14/ {Q}

exec(L+L' +Li+Ly+L;,U+U'+U1+Ur+U))

N;®@g; Q) let{x} =t in o~ let{x} = in & : {Py3_A{Q}
e-u-letm
. diff(D)
N®yuTHBet ~n*et” <Dy :{P}3y.T (P} D)
diff(D")

A7 LOLT,x:TH e th~ tb* ety <Dy:{P} 3.1 {Q)

N@ T Hletixt =t inpoletix} =t inty~let{x} =] in t; olet{x} = ;" int; <O0:
diff(D;+D>+D+D")

{Py3_7"{Q}

e-r-letm

Figure B.118: The elaboration rules of ARel, part 5
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’ AN®,l=T1=12 ‘ checks whether 7, is equivalent to 7,

ANyaEI=T
Ay o @, Eint[I] = int[1']

eq-int-I

MNyg®.E1=17  Ey=y  NyuEI=T

eq-r-arra
A;y 4;@q I=Array, (1] T=Array [1'] 7/ 1 Y

NYa®ilETt=1 Ay PP =P
A;Wa;q)c”:QEQI EY1=72

diff(D) | _diffD)
NYa; @q E{PY Iy : T {Q}={P'} Ty : 7 {Q}

eq-r-monad

MNYa®iET1=T7)  Awe®ulET12=T; AMy,ED=D'

eq-r-fun
diff D’ q

capy . _ . di _/ /
MNYa,®qFT1 — 12T — 1)

Figure B.119: Relational type equivalence rules of ARel.

A;Wa;q)a|:PEP,3(D A;U/a':ﬁliﬁZ
A;Wa;q)a |:P*Y_’ﬁl EP,*Y_’ﬁZ

eq-r-predicate

eq-r-predicate-empty
MYy Pal=0=0

Figure B.120: Predicate equivalence rules of ARel.
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AHOPR) I—g t:A | theunary core typing rules.

N0, et SD:1| therelational core typing rules.

General rules \

A; @ ;T I—Zl €A A®y T Fg; A
A;® ;T = switch f; @ switch t, SU;— LU A

c-switch

Unary Subtyping

NDiQFY A A AT A
AOELSL  AO,EU<U

N@LGQFY 0 A

c-C

Binary Subeffecting

ANDyTHteo ! <Dt AOLET=T
A O =D<D'

ANy uTHtetr <D':°7

Figure B.121: The typing rules of Arel-Core, part 1.



601

A0 QR 0 Cintll] LAQLQR2 A yfresh  ZARPwf

c-alloc

exec(Ly+La+Lg,Ui+Ux+Uy)

Z0ND,0 I—g allocty £, :° {P} Fy. ArrayY[I] A {Pxy—N}

LA0,4T ety SDy:Cint[l] 004 hoty SDy 1

y fresh ;A Pwf
c-r-alloc

diff(D;+D>)
Z;0;@4; T Fallocty @ alloc ty 1y S0:°{P} 3y. Array, [I] 7 {Pxy — N}

00,4 ot S Dy :Cint[l]
LA0,T oty SD:0O1 yfresh ;A Pwf

diff(Dy+Dy)
Z0;® 4T Fallocy, fy 1 ©allocy £ 1, S 0:° (P} 3y. Array, [1] T {P xy — @}

c-r-allocB

A D50 I—Zl 1 :¢ Array, [I] A
Z;A;q)a;Ql—gz2 ) Cint[I'] A;@ahl'sl ;A F P wf

c-read
exec(Li+Lo+L,,U1+Us+U;)

SAP;QFread ) £,:° {PY3_A{P}

LA0,T oty SDy ¢ Array, Il
SADLTF o, <D, Cintll] AQuI'<sI  SAFPwf

diff(Dy+Dy)
;0@ Hread ) poread t) 1, S 0:°{P}3_.7 {P}

c-r-read

A0, Hnot; SDy ¢ Array, (1] T
AT ot <Dy fintll]  AQuI'sI I'¢f S AFPwf

diff(D1+Dy)
0@, Hready, 1y fyoready 1] £, S0:°{Pxy— B3 .07 {P*y— B}

c-r-readb

Figure B.122: The typing rules of Arel-Core, part 2.



602

update

00,40 Fg; niAray [I1 A Z0,040 FE’; f € int[I']
Z;A;d)a;Ql—gj 3:°A A;@ahl’sl ;A Pwf A;d)al=I’€,B

U-u
exec(Li+Lyo+L3+L,, U +Usx+U3+Uy)

Z N D, Q |—3 updt f £ t3:° {P *y— B} 3_.unit {P *xy — B} c-update

A0 ety SDy ¢ Array, ([T Z0®045TFpe t, < Do :Cint[I']
S004T 30t SD3:‘1 A®,=I'<sI  Z;AFPwf

diff(D;+D,+D3)
0@, T Hupdt g 1 tzeupdt 1 8 15 S0:°{P*y— B} I_unit {Pxy— U{l'}}

c-r-update

L0N0sTHEB ot SDy:CArmay, (11T ZA04TF ety SDy:int(l']
500,450t SDg:‘0O1 ANO,=I'<sI Z;AFPwf

diff(D;+D,+D3)
0@, T Fupdty 11t 3o updty, £ ) 15 S 0:°{Pxy— B} 3_unit {P *y— B\ {I'}}

c-r-updateb

LA0;QFY A AR Pwf

0 exec(L,U)
20D Qg returnt P} Fy.A{P}

c-return

S00THFnet <Dt ;AP wf A F Qwf ;A EPSQ
c-r-return

diff(D)
3 A;® 4T - returnty ©returnt, <0:°{P}3_.7 {Q}

Figure B.123: The typing rules of Arel-Core, part 3.
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letm
U exec(L,U) U exec(L,U")
20D, Q |_L11 5] “{P} Elfl.A {P,} Z;A,fl;q)a;ﬂ,x tA l_ng 1) :€ {P’} 3]72.A, {Q}

c-letm
exec(L+L'+Li+Lo+L;,U+U +U1+Ur+U))

0@ QF) letix} =ty in £ 2 (P} 371,7>.A {Q}
diff(D)
A0, et] <Dy :C (P Iy (P

R diff(D’)
LAY LT, x: T ety < Dy:f{P'} 3.0 {Q}
diff(D+D'+D;+D5)
0@, T let{x} =11 in tp o let{x} = t] in £, < 0:°{P} Iy172.0 {Q}

c-r-letm

Figure B.124: The typing rules of Arel-Core, part 4.
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5000 Fhet| T,D:CD‘ Under the location environment X, the index
variable environment A, the existential variable context ¥,, the current constraint
environment @, the relational typing context I, terms #; and £, check against the input
relational type 7 and the relative cost D and generates the constraint ®.

M0 THHeh 1 7= [y],D,® Under the location environment X, the in-
dex variable environment A, the existential variable context ¥, the current constraint
environment ®,, the relational typing context I', terms #; and f, synthesize the output
relational type 7 and the output relative cost D and generates the constraint ® with all
the new generated variables in .

5000501 A L,U:CD‘ Under the location environment X, the index
variable environment A, the existential variable context ¥,, the current constraint
environment ®,, the unary typing context (2, term ¢ checks against the input unary
type A and its upper bound and lower bound of the execution cost specified by L and
U, and generates the constraint ®.

500050t A= [yl L, U,CD‘ Under the location environment X, the index
variable environment A, the existential variable context ¥, the current constraint
environment ®,, the unary typing context Q, terms ¢ synthesizes the output unary type
7 and the its upper bound and lower bound of the execution cost and generates the
constraint ® with all the new generated variables in .

NV D, =A A C A, > ®@| Under the location environment 2, the index variable
environment A, the existential variable context ¥ ,, the current constraint environment
®,, checks whether A is subtype of A, and generates constraints ®

ANV P ETI=ET2@ Under the location environment X, the index variable
environment A, the existential variable context ¥ ,, the current constraint environment
®,, checks whether 7, is equivalent to 7, and generates constraints ®

Figure B.125: Bidirectional algorithmic typing judgment explanation.
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constant integer n

MY P;QFn tint=[],0,0, T alg-u-n-1

0P Fnen fint= [],0, T alg-r-n-1

T WD f: A ST ) x4 QF e ] Ay, LU = @
o alg-u-fix- |
AW DsQ - fix f).e | A 2D A LUSOALZ0A0ZU
DRV V/PHOPHN IS 3 diff(r) 1,x:1,[Ftet | 19,D =D
alg-r-fix-|

04 BT+ fix f(0). £ @ fix f(0).1 | 7 L)

variable x

Tz,D3®/\05D

Qx)=A
alg-u-var-1
A;'l//a;q)a;-Q |_ X T A:> [-])O)O’T
I'x)=1
alg-r-var-1

MYy @y TTFxextt=1],0,T

MNYa; @pITIE0 T A= [yl Uy, @ NYag; @ ITIE T A= [yl Ly, , 0
A;wa;tba;F F switch L e switch 5 T UA=> [’Wl,l[/Z], U —L),,®; AND,

alg-r-switcht
Ly,Uy, Ly, U; € fresh(R) ANULLL Y Og I T E | A LU = @
AUz Lo, W ;@ IT I E B | A Lz, Uy = @y

LAY e P T
F switch L o switch [5) l D, UA=TL,U; = R.(®1 AdLy, Uy :: R. Dy AU, — Lo =D)

alg-r-switch |

Figure B.126: Bidirectional algorithmic typing rules of ARel, part 1.
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MY CADL;QFR | ALU=
500 CAPL; Q1 | A LU= O A Cwf

2 AW 4 @g; Q F split (1) with C | A, LU= C — ®; A-C — Dy

alg-u-split|

LAY CADTHROt | T,D=> D
LAY CAD;THB e | 1,D=>D; ARCwf

20w ;D g; T F split (£7) with C e split (t{) withC | 7,D=>C —> ®;A~C— Dy

alg-r-split|

MY PqE L
MY Py QFcontrat | ALLU=>T

alg-u-contra|

DRV /PHOPE SR
2,04, @y I F contra ¢ © contra t'17,D=>T

alg-r-contra|

SAYGPLQF T A ], LU, @ LM, psPENAEAS D,
SAYLDLQF | ALU=3W). 0 AP AL <LAU<U’

alg-1|

LAY PsT et 17> [y],D, 01 ZAY,yaQ T =10
MY PuT et | 1,D=>3().®; AP, AD <D

annotation

LAY OLQF L ALUS®  AOFANAwf  FIVA L U) €A
MY PHQF (A LU A= LU,®

alg-r-1|

alg-u-anno-1{

S0 PTHtet |1, D>® Ad,-Twf  FIV(r,D)€A
AW, ®LTH(e:T,D)e (' :1,D) 1 7= [],D,®

alg-r-anno-1

Figure B.127:  Bidirectional algorithmic typing rules of ARel, part 2.
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;A Ly, Uy, Ly, Us € fresh(R) 500, UL Y ®g; QF 1 | int[I], Ly, Uy = @
0L, U, W @g; Q1 | A, Ly, Uy = @)
O=DO, AL+ +L,=LANU+U,+U,=U vy fresh ;A F Pwf

XA/ PHOPHO)

exec(L,U)
Falloct; tn | {P} EhszrrayY[I] A {Pxy—N}0,0=>3L;,U; 2 R.(Dy ALy, Uy :: R.D)

alg-u-alc-|

Dy, Dyefresh®  %A;D1, ;@ TF 1y 01 | intlI], Dy = ®,
0D, W @ T -0ty | 7,00 = @,
O=P,AND;+D>=D 2+ vy fresh ;AR Pwf
LMY P T
diff(D)
Falloct tpoalloct; ty | {P}Jy. Array [I1 T {Pxy —N},0=3D; : R.0; A 3Dy : R.D)

alg-r-alc-|

D1, D5 € fresh(R) 50D, QT H1 O t{ | int[I], D; > ©,
0D, ;@ T -0ty | O1,D0 = @
O=D,AD;+D>=D Yy fresh A FPwf

XA /PHOPH§
diff(D)
allocy 1y ty @ allocy 1 £ | (P} 3y. Array, [I1 T {P %y — @},0=3D; :: RO A (3D; :: R.D)

alg-r-alcB-|

Figure B.128: Bidirectional algorithm-typing rules (alloc).
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LN Ya; Pa; Q1 1 Array, (1] A= [y, Ly, Up, @
LML YGPsQF b TintI = [Wol, Ly, Us, @ ZMp 4@ F T <1
O=Dy)ALi+Lp+c;, =LAU+Up+c,=U P=Pxy—_ ZAFPwf

exec(L,U)
0P Qlread 1y 1o | {PYA_t A{P}L0,0= (). (@1 A (A(y).9))

alg-u-read-|

5004 PuTHB e8! Array, [I1 T = [y1], D1, ®,
LMYL Y PuTE ot tint[I' = [y, Dy, @)
P=Pxy—_ SAUgO <] ®=0,AD +D2=D SAFPwf

diff(D)
MW@ T Hread 1y fporead 1] 1 | {P} 31_.1 {P},0=3(y1).®1 A Q). D)
alg-r-read- |

S0V Pg Tt et 1 Array, [11 7= [y1], D1, @y
LML, YaPsT R tint[I' = [y,],D,@  P=Pxy—f
SNy EI<IAN(T'ef) ®=®yAD1+D,=D  I;AFPwf

diff(D)
S0 ;@ T Hready 1 trpoready £y 1, | {PHA_.T {P},0= 3(y).@1 A B(12). D)

alg-r-readB-|

Figure B.129: Bidirectional algorithm-typing rules (read).
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Update algo

LAYaPa QU 0 1 Array, [I1 A= [ya], Ly, Uy, @

SNYL WP Q1 T int[I'] = (2], Lo, Us, @) SNy PETI<INT €f
Lg,Ug € fresh(R) Z;A;Lg, Ug,lllz,wl,l,[/a;q)a;ﬂ [ I3 l A,Lg,Ug = (Dg
O=P3AL1+Lo+L3+c;,=LAU+U,+Us+c,=U
P=P'xy—p AP wf
PRVA /P H PR

exec(L,U)
Fupdtf; & t3 | {P} 3_:unit {P},0,0 = 3(y1).(P1 A F(w2).(®s AdLs, Us :: R.D)))

alg-u-updt-|

SNV Pq Tt et 1 Array, [11 7= [y1], Dy, @y
LML VP THFRen tint[I'= (Y], Dy, @ ZM04P,ET'<IAS =pU{l}
Ds € fresh(R) 0 D3, W0, W1, Wa; @g; T - t30 15 | 7,D3 = @
P=Pxy—B Q=P xy—f ©®=0AD;+Ds+D3=D Ak P wf

XA FHOPH
diff(D)
Fupdt ) 1 tsoupdt t) £, t3 | {P}3_.unit {Q},0= 3(y).(D) A F(W2).(@y ATD3 :: R.D))
alg-r-updt-|

500 0uTHB e8! Array, [I] T = [y1],D1,®,

LAY, YO TH ot 1int[I' = [y, Dy, @ LAY Q I <IAB =pIHI
Dsefresh(R)  Z;A;D5,92, w1, g @ T30t | O1,D3 = @
P=P'xy—f Q=P xy—f  ®=DP,AD1+Dy+D3=D  Z;AFP wf
LAY a; Pa; T

L diff(D)
Fupdty f1 K 3o updty, £ &, 3 | {P}3_unit {Q},0 = Fy1.(P1 A (Fyo. (P ATD3 1 R.D))

alg-r-updtB-|

Figure B.130: Bidirectional algorithm-typing rules (update).
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exec(L,U)
MY P QF 0 1PV AL P = [y, Ly, Uy, @y
exec(L',U")
Lg, Ug € fresh(IR) Z; A; Lg, Ug,’([/l,’l//a;q)a;Q [ b l {Pl} 3)72 . Ag {Q},Lg, UZ =4 (Dg
O=O)ANL+L + L1+ Lo+ =L"'AU+U +U+Us+¢; =U"

exec(L",U")

500 a P Qb letnixt=tintp | {PY3_: A2{Q},0,0 = 3 (). @1 A (Lo, Us it R.D)

alg-u-let-|

diff(D)

LAY PuT et 1P Iy 1 {Py = [y1], D, @y

diff(D’)
D, € fresh(R) 0D, 91, W @ TH B oty | {P}3y2:12{Q}, Dy = @,
q3:q)2/\D1+D2+D+D,iD”
L 0Ya; P T
_ o diff(D")
Flet{x}=tf1in pelet{ix} =t int, | {P}I_.72{Q},0=3(y1).(P; A (D3 : R.D)

alg-r-let-|

exec(L,U)
SN Wg @ QF n TP YA P = (), Ly, Uy, @)
exec(L',U"
AL YEPLQF 6 1{Q) 370 Ay (QY = [yl Lo, Us, @, P'=Q D3=0,AD,

exec(L+L'+Li+Ly+c;,U+U'+U1+Us+¢))

ZNY P QR letn{xt =16 in 1 {P}3_: Az {Q} = [y1,v¥2],0,0,P3
alg-u-let-1
diff(D)
LMY PsT et 1P 3y 1 (P = [y, Dy, @

diff(D")
SAYLYGPaTE et 1{Q) 37212 {Q) = [Y2],Ds,®2 Q' =P d3=0; 2D,

_ ) diff(D+D’+D1+D>)
S0P THletnixl =trin holetnixt =t inty 1 (PY3_72{Q} = [Y1,12],0,03

alg-r-let-1

Figure B.131: Bidirectional algorithm-typing rules (let).
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50000t | AALU=>D ;AP wf

exec(L,U alg-u-ret- l

)
500 aPQreturnt | {PY3_: A2 {P},0,0=> @

LAY, PT e |1,D=>® ;AR Pwf
A Qwf S AEPCQ

diff(D)
20 Py I = return t e return {1 {Pra .t {Q1,0=>®

alg-r-ret-|

Figure B.132: Bidirectional algorithmic typing rules (return).

Algorithmic Reltional type equivalence

alg-r-int-1
SNV, Eintl] =int[I > 1=1 &

SNy ET=T 2 ZEy=Y
20 Wa; ®q FArray, (11 T=Array (I T'= 1= ' A O

alg-r-array

MY T= TIZ)(D]

Z;A;Wa;q)a|:P/Ep3(D2 ZIA;Wa;cDaleEle(Diﬁ Z:'=771:')72
alg-r-monad

diff(D) diff(D)
SN ®, EP YT Q=P Ay T {Q} > D= D' A D A Dy A D

SAYGPETIET| =0 SAYLP T =T, = D)

— alg-r-fun
diffD diff D

LMY P ET — 1221 — 1, D=D' ADAD,

Figure B.133: Algorithmic relational equivalence rules of ARel.

PIYAN /PR OP |:PEP,3CD
LAY OEPxy = P1=P xy—fo=>DAB1 =

predicate

predicate-empty
Z;A;'l//a;q)a Fo=¢=>T

Figure B.134:  Algorithmic predicate equivalence of ARel.
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Algo Unary subtyping

SAVLPENAEA D LAY, 0. N Ay e A= D,

A exec(L,U) exec(L',U")
LAY e P " AL — ApEA] — Ay= DN DAL < LAU < U

alg-u-fun

TN WDy FNAC A = @y
SAYLPEAP EP> D,  SAYLs0.,F QEQ =>d;  ZEVICT:

A exec(L,U) exec(L',U")
S0 @ EHPY Y A{QIE{P AV A Q) > Oy A Dy AN DAL S LAU U’

SiA WP A PEP = O

alg-u-monad x p
LMY P ET Py —=PEP xy— F2=2>DPABIE P

u-predicate

Figure B.135: Bidirectional unary algorithmic subtyping rules of ARel.

[.] :  Expression — Expression

|n| = n

(0] = 0

| x| = X

|[FIXEXT twith U(A;,A)| = FIXEXT |t|with U(A1, Ap)
Ifix f(x).el = fix f(x).|Z]

[t1 B = |nlle]

[(t: A L U)| = |t

|(t:7,D)] = |t

Figure B.136: Annotation erasure of ARel.
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B.6.1 Metatheory
B.6.1.1 ProofofLemma7

Lemma 68 (Embedding of Binary Subtyping in ARel). IfA;® = 17 = 1’ then 3t € ArelCore

diff(0
such that A;®@;-+ te ISO:CT—I&TI.

Proof. Proof is by induction on the subtyping derivation. We denote the witness ¢ of
type T A0, 77 as coerce; , for clarity.
Case

A0, EtET A®,=D<D

27109, EQsQ’ 3;A;®, = P'cP Y1 <72

S-RM
diff(D) , diffdh)
0P, = {PAy1. T {QIE{P} Y. {Q}

. diff(0
By IH on (%), 3coerce; ;. i::S,A; ;- coerce, » ©coerce; v S0:€7 O, 7/

We can construct the following derivation where ¢ = Ax.let {y} = (x) in returncoerce;; y
using the c-r-= ,c-r-letm and c-r-return rules.

<q.c diff(D) aifeo) -, SO
AD;-rer$0:° (P 3y1.T{Q) —— ({P'} Fy2.7 {Q')

Case
S-RUM
Bi=BiuTiUT;
exec(L_,’U) exeC(L’_LU’)
00, F U(fy;— T3} 3y Ay {Qub {yi — T3 3y A2 {Q2})
diff(U-L")

C {yi— Bi} 371, 72.U(A1, A2) {yi — B’}
We can construct the following derivation where ¢ = Ax.let {y} = (switch x) in returny
using the c-switch ,c-r-letm and c-r-return rules.

A;D;-Ftet<0:°
exec(L,U) exec(L,U") diff(U—1"

Ulyi— T3} 3y} A Qi) by — T)3 3y A2 {Q2) — (yi — Bi} 371, V2. U (A1, A2) {yi — B}
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O

Lemma 69 (Reflexivity of Predicate Equivalence in ARel). A;y,;®, = P =P = ® and
NYagPu = 0.

Proof. By induction on the definiton of the predicate P. O

Lemma 70 (Reflexivity of Algorithmic Binary Type Equivalence in ARel). A; vy ;@4 7=

T=>0and A wa,; Q4 = O.
Proof. By induction on the binary type. O

Lemma 71 (Reflexivity of Predicate Subtyping in ARel). A;®, |:A PCP=>®and\;®, =
D.

Proof. By induction on the definiton of the predicate P. O

Lemma 72 (Reflexivity of Unary Algorithmic Subtyping in ARel). A;®, E* A A= @

and \; @, = ©.
Proof. By induction on the unary type. O

Lemma 73 (Transitivity of Unary Algorithmic Subtyping in ARel). IfA;®, A A, & A, =
Oy and N, @, EP Ay © A3 = Oy and A; @, |= Oy A Dy, then A;®, =R A T Az = O3 for

some ®3 such that \; ®, |= 3.
Proof. By induction on the first subtyping derivation. O
Theorem 74 (Soundness of the Algorithmic Unary Subtyping in ARel). Assume that

I Ayg @A A A= @

2. FIV(®4,AA) S Ay,
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3. A;®,4[04] = @[0,] is provable s.t A > 0, : vy, is derivable.
Then A;®,410,] EA A'10,] € AlB,].
Proof. By induction on the algorithmic unary subtyping derivation. O

Theorem 75 (Completeness of the Unary Algorithmic Subtyping in ARel). Assume that

A; @, EA A'C A. Then3®. such that A; @, F" A'C A= @ and A; @, = .
Proof. By induction on the unary subtyping derivation. O
Theorem 76 (Soundness of the Algorithmic Predicate Equality in ARel). Assume that
1. Ny O EP=P =@
2. FIV(®,,PP)<SAw,
3. A ®4[04] |E DO, is provables.t A > 0, : v, is derivable.
Then A;@,4[0,] I= P[0,] = P'[0,].
Proof. By induction on the algorithmic predicate equivalence derivation. O
Theorem 77 (Soundness of the Algorithmic Binary Type Equality in ARel). Assume that
1. My T =120
2. FIV(®g4,1,7) S A v,
3. A;®,400,] = @[0,] is provable s.t A 1> 0, : v, is derivable.
Then A;®@4[0,) ET'[04] = T104].
Proof. By induction on the algorithmic binary type equivalence derivation. O

Theorem 78 (Completeness of the Algorithmic Predicate Equivalence in ARel). Assume

that \;®, =P =P'. Then3®. such that\;®, =P =P = ® and \;®, = ©.
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Proof. By induction on the predicate equivalence derivation. O

Theorem 79 (Completeness of the Binary Algorithmic Type Equivalence in ARel). As-

sumethatZ; \;®, =1 =71. Then3®. such that \;®, =17 =7= ® and \; @, |= .

Proof. By induction on the binary subtyping derivation. O

B.6.1.2 Proof of Theorem 8

Theorem 80 (Soundness of ARel & Type Preservation of Embedding). The following
holds.

LIS 00;QFY tom 1 A, then Z;0,0;Q Y 1€ Aand 250,0;Q Y 12 A
2. IfS N0 TEhet~tf ety SD:tT, thenZ, A, 0;THEf oty SD:Ct
andZ;\;O;T- et SD:T.

Proof. Proof is by simultaneous induction on the embedding derivations. The proof

follows from the embedding rules.
Proof of Theorem 80.2:

Case

LAOLITIF it A () SA04ITIF2 s 51 A (0)
L 2 e-switch

AN®y Tt ot~ switch ] eswitch ; SU - Lt U A
By Theorem 80.1 on (%), we get A; ®; [T =7 17 :¢ Ay ().
By Theorem 80.1 on (), we get A; ®; |T'| I—LUZ2 t2* €Ay (00).
Then, we conclude as follows:

A; @4 T Fg; €A A®y T FLUZZ €A -
C-SWILC

A;®4;T = switch 1y @ switch t, SUp— LU A

Case
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ANOyuTHheth~h "ot SD:1 (%)
A®, =11 (0) ' '=coerce,; A;D,ED<D (1)

e-r-sub
N@dyiTHRe~ttferdty <D :1

By Theorem 80.2 on (%), A; ;T -t ety SD:°T (x%).

By Lemma 55 using (¢), we know that A; ®;-+t'et’ <0:°1 HO), 71 (©0).

By applying c-r-app rule and (xx) and (00), we get A;&;TH ' tf o t' t7 SD:C1' (M),

By reflexivity of binary type equivalence, we know A; @, = 17" =17" (##).

Then, we conclude as follows:

N®yiTHro ! SD:1 (#4) ANOLET=T (MB)
A®,ED<D" (1)

AN®yTHEtetr <D :°7

Case
NOsTHHoet ~n ety SD;:int[l] (%)
NOsTHBet~ Bk et <Dy:1 (6) yfresh  Z;AFPwf

N, DyT
diff(Dy +Dy)
Falloct; ty ealloct t; ~~allocty £; @alloc )™ ;" < 0:{P} 3y. Array, [I] 7 {P %y — N}

e-r-alloc

By Theorem 80.2 on (%), Z; A; @4 T H e t{ SJ Dy :fint[I] (%x%).

By Theorem 80.2 on (), we know that Z;A; @45 T et SDy:f1 (00).
By applying c-r-alloc rule and (%) and (¢¢), we get:

LA0,4T ety SDy:Cint[l] 004 oty SDy:t
y fresh ;A Pwf

c-r-alloc
diff(D;+Dy)

0@, alloct; fy0alloct t) <0:{P} Jy. Array, [I]1 T {Pxy — N}

Case
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A® THn et~ n"en” SDy:Armay, 11T (%)
N®LT ot~ h*et,” <Dy:int(I'] (o)
ND,ETI'<sI  T'¢Bf  IAFPwf

JAR O
diff(Dy+Dy)
Fread ty poread t] ty~read t] t; ©read 1;* 1" SO0:{Pxy— B} Iy.O0T {Pxy+— B}

e-r-readb

By Theorem 80.2 on (%), Z; A; @, -1 © t{ 5 Dy :€ Arrayy[I] T (k%).
By Theorem 80.2 on (¢), we know that X;A;®4; T F t © £ S Dy :“int[I'] (00).

By applying c-r-readb rule and (x*) and (v©), we get:

50®4TH oty <Dy Array, [ T (%)
LAPsTHBet, SDy:Cint[l'] (00)  A@u=I'<I  I'¢gf  Z;AFPwf

diff(D1+Dy)
0@, Hready, 1y fpoready 1] £y, S0:C{Pxy— B3 .07 {P*y— B}

Case
A® ;THB et~ n*en” SDy:Armay, 11T (%)
N® T oty ~ b ety <Dy:int[I'] (o)
NOsTHBet~ 13 ety <Ds:01 (1) A®=I's]  ZA-Pwf

A; @y T Fupdt 1y 1 ts0updt £ t) 15~ updty, 1) 15 £; eupdty, 1" 1" 15" <0:
diff(D1+D2+D3)
{Pxy— B} Ayt {PxB\{I'}}

e-r-updtb

By Theorem 80.2 on (%), Z; A; @4, -1 © t{ 5 Dy :€ Arrayy[I] T (k%).
By Theorem 80.2 on (o), we know that Z;A; @4 T 6 1), < Dy :Cint[I'] (00).
By Theorem 80.2 on (1), we know that Z;A;® 4T et < D3:“0O71 (7).
By applying c-r-updateb rule and (% x), (¢¢) and (f, 1), we get:
A0, oty SDy ¢ Array, (11 T (%%) 50045 troty SDy:Cint[I] (00)
A0, st SDs:°O7 (1) NOET <I ;A P wf

dlff(Dl +D2+D3)
;0@ T Hupdty 11 £ t3oupdty £ ) 15 S 0:°{Pxy— B} I_unit {Pxy — B\ {I'}}
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c-r-updateb

B.6.1.3 Proof of Theorem 9

Theorem 81 (Completeness of ARel). The following holds.
L If%0,0;Q Y 12 A then, 3t* such that 2;0;9;Q Y o 12 A

2. If;A;0;THH oty SD: T then,

3t and3t; such thatZ; A, ;T et~ tfet; SD:T.

Proof. Proofis by simultaneous induction on the typing derivations.
Proof of Theorem 81.1:
Case
LN0QFYV A (x) L A0, AT A
SAEU<U SAEL <L

500,50 10 A
By Theorem 81.1 on (%), we get 3¢* such that A;®,; Q I—LU F~~ 151 A (k).

By e-u-sub rule using (*x) ,we conclude as follows.

AOHQFY s 171 A (%) AO,EAC A
AP, =L <L AD,=U<U

- e-u-sub
N Dy Qb e~ et A
Proof of Theorem 81.2:
Case
AT F fi Ay (%) LA @Il b2t Ap (o) L

ZN0,THHO tZS Ui —Ly:U(A;, Ay)

By Theorem 81.1 on (x), we get 37 such that X; A; @ 4; Tl I—Zl f~ 1 T Ay ().
By Theorem 81.1 on (¢), we get 3 £; such that Z;A; @ 4; T I—ZZ L~ 1y i Ay (k).

By e-switch rule using (x %) and (¢¢) ,we conclude as follows.
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LA QGITIE fi s 1 1 AL ok) TN QT2 s £ 1 Ag (00)

e-switch
A; @y Tty oty ~ switch £ e switch t, S U — Ly : U(A;, Ap)
Case
00,4 oty S Dy int(l] (%)
Z;A;(I)a;l“l—tgetéfJDZ:DT (©) y fresh ;A Pwf
r-alloc-box

diff(D; +D5)
0@, T Falloct ty@allocty ty SO: (P} 3y. Array, [I] T {Pxy — @}
By Theorem 81.2 on (%),
we get 3¢) such that A;@;T - et~ ¥ et]” <Dy :int[l] (x%).
By Theorem 81.2 on (¢),
we get 3¢, such that A;®@4;T - ety ~ L ety <Dy :OT (00).
By e-r-allocb rule using (x %) and (¢¢) ,we conclude as follows.
N®THRot ~h* et <D;:int[l] (x%)
NOsTHBoet~ b ety <Dy:01 (00)  yfresh  Z;AFPwf

AN, DT
diff(Dy +D5)
alloct; n ©alloct; t) ~ allocy, £) £ ©allocy, 11 £,* < 0: {P} Jy. Array, [I1 T {Pxy — @}

e-r-allocb
Case
LA0T ety SDy :Array, (11 T
00,4 oty <Dy int(]] AP, I'<sI  Z;AFPwf

diff(D1+D>)
0@, read fy poread £y ty SO0: {Pxy — B 3_T{Pxy — B}

r-r

By Theorem 81.2 on (),
we get 3¢f such that A;@4;TH et~ ¥ e t]” SDy:Array, [I1 T (x%).
By Theorem 81.2 on (v),
we get 37, such that A; @, T et~ n* ety < Dyint[I'] (00).

By e-r-read rule using (% %) and (¢¢) ,we conclude as follows.
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N THnen~n*et” SDy:Amay Il T (k%)
NOsTHBet~ b ety <Dy:int[l'] (00) ANOL=I'<I  Z;AFPwf

! * ok Ix /% diff(D1+D2)
A;®@y T Hread ) thoread t) £, ~~>read ¢ £, ©read " t," S0:{P} Fy.7 {P}

Case
diff(D)
500,4T ety SDy:{P YT (P} (%)
. diff(D")
A L OGT, x:TE 16ty < Dy {P'} 3.0 {Q} (o)

diff(D+D'+D;+D5)

0@, Hlet{xt =t in fpolet{x} = 1] int; S0:{P} IY17>2:0 {Q}

By Theorem 81.2 on (%),

r-let

diff(D)
we get 3¢ such that A;@,;THfH et~ h* e t{* S Dy {P1} 3Y1.71 {Q1 % Q2} Dy (% %).

By Theorem 81.2 on (¢), we get 3¢ such that
R diff(D")
LAY :LOgT x:Th ot~ t* oty <Dy {Qr % Po} 3y2.7' {Q} (00).

By e-r-letm rule using (x %) and (¢¢) ,we conclude as follows.
diff(D)
NOsTHfBot ~t et]” <Dy:{P}3y1.7 (P} D (x%)
R i} diff(D")
A7 :LOsT,xitH et~ h et <Dy:{P'} 3yt {Q} (00)

e-r-read

A@gTHletixt =t in poletix} = inty~let{x} = in t; olet{x} = ;" in t; <O0:
diff(D;+D2+D+D")
{P}3_.7" {Q}

e-r-letm

Theorem 82 (Invariant of the Algorithmic Typechecking). We have the following.

1. AssumethatZ; ;@ ;@4 QFt | A, LU= © and FIV(®,, 0 A, L U) cdom(A, v ).

Then FIV(®) c dom(A;vw,).

2. Assume that ;A\, ;@45 QF t 1 A= [y], L,U,® and FIV(®,;,Q) < dom(A,y,).

Then FIV(A,L,U,®) S dom(A,v; v ).



622

3. Assume thatZ; Ny ;@4 T Htet' | 1,D= ® and FIV(®,,T,1,D) S dom(A,v,).

Then FIV(®) < dom(A; v ,).
4. Assume thatZ; ;v 4; @ 45T Htet' 1 1= [y],D,® and FIV(®,,T) S dom(A,w,).

Then FIV(1,D,®) c dom(A;v;vw ).

B.6.1.4 Proof of Theorem 10

Theorem 83 (Soundness of the Algorithmic Typechecking in ARel). We have the follow-
ing.
1. AssumethatZ; N\, ;@ Q¢ | AL, U = © and

1.1. FI(®,,Q,A, L, U)cdom(A,v,)

1.2. Z;A;9,(0,] = ®[0,] is provable for some 8, such that A > 0,: v, is derivable
Then %3 A; @q10,41; Q1041 152 1216 AlO).

2. AssumethatZ; A\ w ;@4 QFt1 A= [y],L,U,® and

2.1. FIV(®,,Q) < dom(A, v ,)
2.2. YO YO, NDy40,] = DOO,] is provable st A > 0 :w and A > 0, : vy, are

derivable

Then %3 8; @4 10,41; Q1041 15 1£1: A6 64l .

3. Assumethat N, wg;®5T=tet’ | 1,D=> ® and

3.1. FIV(®,,T,7,D) < dom(A,y,)

3.2. A;D410,] = D@IO,] is provable for some 0, such that A > 0, : vy, is derivable

ThenZ;A;@,4(0,);T10,4] - [t o1t < DIO,] € T[04].
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4. Assume that N\, v ;@5 THtet' 1 1= [y],D,® and

4.1. FIV(®,,T)cdom(A,v,)

4.2. YO VO,. N;D410,] = PIOO,] is provable s.t A > O :y and A > 0,4 : v, are

derivable
Then A;@,4(0,1;T104 1t o1 S DIOO,]:CT[00,] .

Proof. Statements (1—4) follow from simultaneous structural induction on the algorith-

mic typing derivations. We present several cases below.
Proof of Theorem 83.1:
Case
Mg Py Q| A LU= O (o) ;A Pwf

exec(L,U)
MNYa; @g; Qbreturnt | {PY3_: A{P},0,0=>D

exec(L[04],U[04])
TS: 58, @,410,); Q04 FV0) [ return£]:¢ (PY3_: A {P}[0,).

LB,
exec(L,U)
By the main assumptions, we have FIV(®,,Q, ({P} 3_ cA{PY), L, U) S dom(A, WYa) (%)

A;Dq[04] F (@)[O4] (x%)

Using (%), (x*)’s derivation must be in a form such that we have

alg-u-ret-|

a) A;D4[04] EDO,]

By Theorem 83.1 on (¢) using () and b), we can show that
. . Ulfal .c
qu)a[ea]yﬂ[ga] |_L[0a] |t| . A[ea] (B.69)

Using rule c-ret rule, we get
%50 @al0a); Q00 Filo) 1€ Al0y) A ¢ Pwf

exec(L[0,4],U[0,])
N D,00,1;Q10,] Ireturntl : {P}3y.A{P}
Proof of Theorem%

c-return

Case
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exec(L,U)
LAY P Q0 1P Y AP = (], Ly, Uy, @) (1)
exec(L',U")
001, WaPaQx: AL 1 1{Q 3Ys: Ay {QF = (Y2, Ly, Us, @ (M)
P/ — Q/

20 0P Q2
exec(L+L'+Ly+Ly+Cr,U+U'+Uy+ Uz +c))

Fletmixt=tinfp 1 {P}3_: A2 {Q} = [Y1,12],0,0,01 A Dy
alg-u-let-1

) exec((L+L")[00,],(U+U"[00,])
TS: 5505 D[04); Q104 {1 L2 0 Netmixt = nin 1o 1:° {PYI_2ALPY T [06,].

By the main assumptions, we have FIV(®,,Q) € dom(A,y,) ()
A;®gl04] |E (@ AD2)[00,] (k%)
From (xx), we know : A;®,[0,] = (©1)[00,] (¢) and A;®,4[04] = (®,)[00,] (¢0) By The-

orem 83.2 on (1) using (x) and (¢), we can show that
exec(L,U)

% A;0,4[0a1; Q1041 g 1011:° {P} 371 A1 {P'}[00,] ().

From Theorem 82, we know that FIV(A;) € dom(y;) which implies FIV(®,,Q,x: A;) <

dom(A, (Wa, 1)) (Q).
By Theorem 83.2 on (#) using () and (¢¢), we can show that

Ur[06.] exeg(L’,U’)
Z0;@a10a1; 2, x: ArlBal B2 11201 1Q 3720 A2 {QHO64] (AM).
U1160,] exEc(L,U) ,
Z0;®4(04];Q004] |_L11[995] |t1]:°{P} 3y1: A1 {P}[O0,] (1)
Up160.] , exeg(L’,U’)
Z0;@al0a1; Q2 x: Arlbal 70 1120 1Q 3720 A2 {QHO64] (M) |

exec((L+L'+Li+Ly+c))[00,], U+U'+Uy +Us+c)[00,4]) c-letm

A QD let{xt =17 in £ :° {P} 371,72.A2 {Q}

Proof of Theorem 83.3:

Case
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S0P HH S t{ 1 Arrayy[l] 7= [y1], D1, (a)
S0 a, WPy T ety 1int[I'] = [y2], D, @ (b)
SN @ T <IAB =BIHT
Ds € fresh(R) ;0 D3, W0, W1, W a; @g; T - 30 15 | OT, D3 = @5 (C)
P=Pxy—p Q=P xy—p O=DO,AD;+Dy+D3=D A+ P wf

diff(D)
00 ;@ T Hupdty 1 1 30 updty £ £ £5 | {P}3_.unit {Q},0=

3@ A @W2).(@2 ATD;3 : R.D)))
alg-r-updtB-|

TS: Z;0; @400, T (04 F lupdty, 11 o t3]© | updty, ¢ £ ) | S DI04 € {P} H(il.f{i?l)it {Q}O4].
By the main assumptions, we have FIV(®,, T, ({P} El(il.f{ig)it {Qh,D)cdom(A,yp,) (%)
A;@q[04] = F(W1). (@1 A B(W2). (P2 ATD3 :: R.D))))[O4] (x%)

By Theorem 82 on (x) and the first premise,

then we get FIV(ArrayY[I] 7,D1,®1) S dom(A, vq,v1) (1).

Similarly on the second premise, we have FIV(int[I'], Dy, ®,) € dom(A, 4, w1,¥2) (2)

Using (%), (1), (2), (x*)’s derivation must be in a form such that we have

a) AFds;: R

b) A;@400,4] E @110,

0) A;Pq[04] = D2[04]

d) A;®4[04] F @300,4, D3 — ds]

e) A@q104] [ (D1164] + D2[04] + ds) = DI6,4]

By Theorem 83.4 on (a) using (1) and b), we know:
004041 T104) - 0l © 18] S D1[004] :€ Array, (1] T[00,] (%)
By Theorem 83.4 on (b) using (2) and c), we know:

0040041 T104] 12l © 185 S D2[06,] € int[I'][06,4] (o)
By Theorem 83.3 on (c¢) using (1)(2) and d), we know:
I 0040 T 104 - 310115 Sdz:*OT(04] (1)

Using the above statements and the premises, we conclude using the rule c-r-updateb.
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Z0@4[04T104) - Il o1ty < D1[064] :€ Array, [T T[06,] (%)
5 0; D410, T104] (1] © 115] S D2[00,]:int[I'1[004] (o)
0 @4[04):T104) I3l 0 185 S ds:“O1[04] (1)

AD, = I'sI ;A Pwf

209,400,415 T10,4]
diff(D[0,4])
Flupdty ty 2 t3]©|updty t) £ £5 | S0:°{P*xy— B} I_unit {Pxy— B\ {I'}}
c-r-updateb

B.6.1.5 Proofof Theorem 11
Theorem 84 (Completeness of the Algorithmic Typechecking in Arel). We have the fol-
lowing.

1. Assume thatZ;\;®4;Q I—g t:¢ A. Then, 3t' such that

1.1. ;A;5P,;QF | A LU= O
1.2. O, =D
1.3. |t'|=t

2. AssumethatZ;\;®4;TH e t, S D:°1. Then, 31y, t, such that

2.1. Z0504THety | 1,D=>d
2.2. A;®, = D
2.3 |tjl=tiand|t)| =t
Proof. Proof is by simultaneous induction on the ARel typing derivations.

Proof of Theorem 11.2:

Case
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SAM0,THFRet <Dt A F Pwf A Qwf ;A EPSQ

diff(D)
3 A;® 4T returnty oreturnt, <0:°{P}3_.7 {Q}
c-r-return

By IH on the first premise, we know that exists #{, ¢, such that:
A0 et | 1,D=>0 (%)
A Dg =D (0)
|t} =ty and |#5] = £ (1)

By using (x) and the premises, we can conclude using the algorithmic return rule.

A0 T et |1,D=>® AR Pwf
SAFQw  SAEPCOQ

- alg-r-ret-|
diff(D)
3;A;®@g T returnty ©returnty | {P}3_ .7 {Q},0=> @
Case
diff(D)
50 04T F 08 <Dy {P} 3.1 {P)

R diff(D')
LAY LT, x: T oty S Dy :C{P'} 3ys.0 {Q}

diff(D+D'+D;+D5)
0@, T let{xt =ty in fyolet{x} = 1 in t; 0:°{P} Iy172.0 {Q}

By IH on the first premise, we know that exists £, t{* such that:

c-r-letm

diff(D)
0@, T o™ | {PY3y1.T {P'}, D1 = @) (%)
A; Dy | Dy (0)
|t| =t and |17*| = ] (1)
diff(D) diff(D)

Choose ¢, = (#; :{P} 3y1.7 {P'},D1) and £]* = (£ :{P} 3y1.7 {P'}, D1).
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By the rule alg-r-anno-1, we have:

diff(D)

505 ®5T et | {PY.T (P}, D)= @ (%)
diff(D) diff(D)
A @, H{P}3y1.T {P'} wf  FIV{P} 3y1.T{P'},D)) €A
D) alg-r-anno-1

505 Q4T e 4" 1 (P} 3y1.T (P =[], D1, ®

By IH on the second premise, we know that exists ,, té* such that:
diff(D")
APy T ety | {P'375.0 {Q}, Dy = @) (k%)
A; D4 |E Dy (00)

1571 =t and |,"] = 1, (1)

By (x*), we can show that for D;, € fresh(R) where ®, = ®, A D, = D,

diff(D")
0 D5, 5@ Tty ty | {P'} 375 :72{Q}, Dy = )

By the algorithmic rule alg-r-let-|, we can conclude that:
diff(D)
505 Q4T 1y " 1 (P} 3Y1 71 (P = [y ], Dy, @
diff(D’)
Dyefresh(R)  Z;A;D5@4T oty | {P}3ys:12{Q} Dy = @)

®=®,AD;+Dy+D+D =D"

(B.70)

diff(D")

Z0; 5@ THletixt =t inpoletixt =" int, | {P}3_.12{Q},0=> Dy A 3Dy ::

alg-r-let-|

In this case, we know that there exists
diff(D) diff(D)

t =let{x} = (t; :{P} 3y1.7 {P'}, D1) in , and ' =let{x} = (¢] :{P} 3y1.7 {P'},D1) in ;.

R.D)
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APPENDIX C

Appendix for Adaptive analysis
C.1 LOOP LANGUAGE

C.1.1 Syntax and Semantics

Expressions can be either arithmetic expressions or boolean expressions. An arithmetic
expression can be a constant n denoting integer, a variable x from some countable set
Var, the empty list [], a list [ay,..., a] of arithmetic expressions, A boolean expression
can be asusual t rue or false, the negation of a boolean expression, or a combination
of boolean expressions by means of an operation &, or the result of a comparison ~
between arithmetic expressions.

Commands in the loop language are labelled — we assume that labels are unique
and corresponds to the line of code where they appear, implicitly this gives us a control
flow graph representation for the program. A command can be either a labelled as-
signment [x — e]’, or a labelled query request [x — ¢ (eq)]l , a labelled skip [skip]/, the
composition of two labelled commands [c;; ¢2] I alabelled if statement if ([b]’, c1, c2), a
labelled loop statement 1oop [a]! do c.

A memory is a partial map from the labelled variables to values.

A trace is a list which only tracks the queries called and the results of the queries.

For memory and traces we will use notation: we will write ++ for concatenation of
lists in traces, and we will use the standard notation m[x — v] for the update of the
memory.

For the query request, we have g(e;) so that e, represents the actual query. The
query expressions ey will be evaluated into the normal form, we call them query val-

ues vy, which can be a natural number, the y, and its access y[n] as well as arithmetic
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Arithmetic Operators &, = o+ |- x|+

Boolean Operators ®p = V|A|-

Relational Operators ~ = < | = | ==

Label l = N

Loop Maps w € Label xN

Arithmetic Expressions a = nlxlasgza

Boolean Expressions b w= true|false|b|bepbla~a

Expressions e w= alb|l|le,...,e]

Values v w= n|true|false|[] | [v,..., V]

Query expressions eq w= alylylalleg®aeq

Query Values Vq w= onlylxnllvg®avg

Labelled commands c = [xe—ell | [x— q (eq)]l | loop [al'doc|c;c
|if ([b1), ¢, ¢) | [skip]’

Memory m = [ mlx— vl

Trace o ou= 01quP )t

Annotated Query A2 u= {qvy) "W}

Figure C.1: Syntax of loop language

operations over query values.

We are working on the database X", where X is the universe of the database. We
define that two query expressions are the same in certain memory m by =¢'.
eq =1 eq iff Vi € X.3v.(m, eq[k/x]) = (m, v) A{m, eq[k/x]) = (m, v).

When we compare two v, the memory m can be empty. So we can define: v :2 Vg2-

We use = as the shorthand for :2.
We define the inclusion relation €, of one annotated query q(vq)l'win the trace t:
gy €4 riff g € 1.(vg) = (V).

g &4 tiff Y g € 1, (vg) £y (V)
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(m,ay —q4(m,a

n=m(x) (m,ar) —q (m,ay)
a-var : a-aopT
(m, x) —q4(m, n) (m, a1 &4 a2) —q (M, a; &, az)
(m, az) — 4 (m, ay) n=n;en
— a-aop2 a-aop3
(m,n; &4 az) —q(m, Ny &4 ay) (m,ny &4 nz) —q(m,n)

(m,by =, (m,b)

(m, ay) —4(m,ay) (m, az) — 4 (M, ay)
Ve : b-rop1 2 a S brop2
(m,ay ~ az) —p<{m,a; ~ a) (m,ny ~ az) —p (M, ny ~ a,)
true=ny ~ ny false = ny ~ ny
b-rop3 b-rop4
{(m,ny ~ nz) —4 (m,true) (m, ny ~ ny) —, (m,false)

(m, eq) —4(m,ey)

(m,ay —q,(m,a’) (m,ay —q,(m,a’)

nga — g-chi
(m,ay —q4(m,a’) (m, xlal) —q4 <(m, xla'l)

!
(m,eq) —q(m,eq))

(m,eq, ®qeq,) —q (M, eq) ®aeq,)

g-aop1

(m, eq,) —a(m,eqy)

— g-aop2
(M, Vg, ®aeqy) —q (M, Vg, ®aegy)

Figure C.2: Operational semantics of loop language, part 1
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—— (m,e) — (m,e")
(m,c, t,w)y— (m,c,t,w) ; .~ I-assnl
(m,[x<el', t,w)—(m,[x—e],t,w)

l-assn2

(m,[x — vl', t, wy — (mlv/x], [skipl’, £, w)

(m,ay —4(m,a’)

. Loo 7 ] I-loop-a
, plal’ doc,t,w) — (m,loop [a]" doc, t,(w+ 1))

vy >0

I-loop
(m,Loop [vn]' do ¢, £, wy — (m, ¢;1oop [(vy — D1 do ¢, £, (w + 1))

UN=0

7 — I-loop-exit
(m,loop [vy]" do ¢, t, w) — (m, [skip]’, ¢, (w\]))

(m, eq) —4(m,ep)

I-query-e
(m, [x — qeg))', t,w) — (m, [x — q(e))]', t, w)

qvg) =v

lI-query-v
(m,[x — qv)l' t, w) — (mlv/x],skip, t ++ [q(vy) "], w) ey

I / !/
(m,Cl,t,w>—><m,Cl,t,w>

. T Iseql — 1-seq2
<m, C1; 02, t! LU> - <m vclr €, r , W > <m, [Sklp] ;Co, t, LU) — <m, C2, t, LU>

(m,by —p b’

1-if
<m! if ([b]lr C1, CZ)’ L, w> - <my if ([bl]l» C1 CZ); L, w>

1-if-t

(m,if ([truel’, c1, ), t, w) — (m, c1, £, W)

1-if-f

(m,if ([false]’, c1, ¢2), t, wy — (m, ¢z, 1, W)

Figure C.3: Operational semantics of loop language, part 2
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Operational Semantics. We define the operations on the loop ma w, where w; refers

to a map w without the key .

w\l =w l¢Keys(w)
=w Otherwise
w+1 =wl[l—0] l¢Keys(w)

will— w(l)+1] Otherwise
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C.1.2 Adaptivity of Programs in Loop Language

Definition 11 (Label Order)

<wand=y.

W=y Wy = Keys(wy) = Keys(w) AVk € Keys(wy).wy (k) = wo (k)
¢:w®

mk(w;) = MinKey(w;)

wy <y Wo £ wy=¢
£ mk(w;) < mk(w,) wy, Wol =@
2wy (mk(wy) < wa(mk(w,)) mk(w)) = mk(w,)
L (wy \ mk(wy)) <p (ws \ mk(w,)) Otherwise

Definition 12 (Query may dependency )
One query ¢(v4,) may depend on another query g(vg,) in a program c, with a starting

loop maps w, a starting memory m, hidden database D, denoted as
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DEP(q(vg )"V, q(vg,) "2, c, w, m, D) is defined as below.

Yt.dmy, ms, 1, 13, Co.

(m,c, t,w) —=* (my, [x — qvg )15 02, 11, w1y —
(m1[q(vg)(D)/x], 2, 11 + +[q(vg ) V], wi) —* (m3, skip, t3, ws)
A

(g ) € (15— 1) A q(0g,) B2 € (15— 1)
= Jv € codom(q(vq,)), my, ty, w;.

(my[v/x], ¢, 11 + +1q(vg) V], wi) —* (m}, skip, 5, w})
NGg) ) ¢ (85— 1)

A

(a(g M) €4 (85 = 1) A G0g,) =D ¢4 (15— 1)
= Jv € codom(q(vy,)), mj, t;, wy.

(my[vlx], e, 11 + +[q(vg ) ¥V, wy) —* (mj, skip, 13, wh)

NGg) =) eq (8- 1)

Definition 13 (Query-based Dependency Graph)

Given a program c, a database D, a starting memory m, an initial loop maps w, the
query-based dependency graph G(c, D, m, w) = (V, E) is defined as:

V={qu)" e 2|Ve.am W', t' (m,c,t,w) —* (m',skip, ', w') A qvy) "W € (' - B)}.

E= {(q(vq)”’w), q(v;)”"w’)) €EADx AD DEP(q(v;)””“”), q(vy) "), c, w,m,D) }

Definition 14 (Adaptivity in loop language)
Given a program ¢, and a memory m, a database D, a starting loop maps w, the adap-
tivity of the dependency graph G(c, D, m, w) = (V, E) is the length of the longest path in

this graph. We denote the path from q(v,) " to q(v;)”/’w/) as p(q(vg) "W, q(v;)(l/'”’/)).
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The adaptivity denoted as A(c, D, m, w).

! !
Alc, D, m, w) = max  |p(qwy)t?, qwp) )]
gy, qwy) eV



C.2 THE SSA LANGUAGE

Arithmatic Operators &,

Boolean Operators &)
Relational Operators ~
Label l
Loop Maps w
Arithmetic Expressions a
Boolean Expressions b
Expressions e
Values v
Query expressions €q
Query Values Vg
Labelled commands C
Memory m
Trace r
Annotated Query A
SSA Variables FV

Labelled SSA Variables <7V

637

+| - x|+

VA=

<|=|==

N

Label x N
n|x|laezallllla,...,al

true | false | “b|beyb|a~a
albl|e,...,e€]
n|true|false|[] | [v,..., V]
alylxlalleq®.eq
nlylxinllvg®avg
x—el'| [x—qleg)' | ifvarxx) | [skip]
loop [a]!, n, [X,X1,X2] do c |
c;c|if ((bl/, [x,%1,%2], ¢, €)

D | (xl —vV):m

01 (qug) )t

{qvg) W)y

{x}

x(bwy

l

Figure C.4: Syntax of the SSA loop language
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C.2.1 SSA Transformation Rules

We use a translation environment §, to map variables x in the low level language to those
x in ssa-form language. We use a name environment denoted as Z, a set of ssa variables
so we can get a fresh variable by fresh(X). We define 6, >< >, in a similar way as Vekris

et al. (2016b).

51[><162:{(X,XI,XZ)EVﬂgxyyxy7|)C'-—>X1 €61,X*—>X2€52,X1 # Xo}

511><152/5c:{(x,xl,xz)eyd%xny,SW/lxQJ’C/\x-—»xl €61,X'—>X2€52,X1 # X2}

We call a list of variables x.

[X,X1,X2] = {(x, X1, x2) VO =< i < |X], x = X[i] Ax1 = X1[i] A xp = X2[i] AIX| = |X1| = [ X}
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d;e—e

— S-VAR
0;x—d6(x)

’2;6;CHC;6’;Z"

6;b—b  Xb;c1—c1;01;21 Z1;0;0 — €502, 2
[X,X1,X2] =01 ><02 [7,¥1,¥2] =0><61/% (Z,21,22] =6 ><02/ %
6 =6[x—X1j—V1z—7Z1 X,¥,Z fresh(Z,) I =3u,y,z}

S-IF
3;8; [if (b, ¢1, )] — [if (b, [X, %1, %], [¥/, Y1, Y2, [Z,Z1,72], €1, €2)1 ;67 2’
be—e 6 =6[x—x] xfresh(X) I=Zuix}
l —— S-ASSN
%0 [x—el' —[x—e];0;2
5;eq—eq 6 =6x—x] xfresh(x) ZIX'=Zuix
l —— S-QUERY
Z;0;[x —qleg))] — [x—q(eg)l’;65Z
0;a—a Z;0;c—cp;01;2 2%;01;,c—€2;01;2
[%,%X1,X2] =0 ><16; 6 =6[x—X]
X fresh(Z,) ¢ =X /%3] = c2[X /%]
f 1 1 1 2 2 S-LOOP

%;8; [Loop a do ¢l — [Loop a,0, [X, X3, Xz] do ¢'1;8,[X — X]; T U {X'}

2;0;01 —€1;01; 21 2156156 — €2, %

! !
%;6;¢c1;6—c¢p;62;0; 2

S-SEQ

Figure C.5: SSA transformation rules



[x —q(x(1D]";

if (x==0)°

then [y — q(x(2))]’
else [y —0]*;

if (x==1)°

then [y —0]°

else [y — gx12)]’

[x — qD]';
[y — g+ x1n]%;
N if (x+y::5)3
~ then [z«—q()([3])]4
else [skip]S;
[w — q(x14D]°%;

lI>

C1

C2

[x —g1D]*;
loop 100% do

62 ([y—awe+ol;
[z —q(x3n]%;
[x<—y+z+x]5);

[x1 — q(x1D];

if (x1==0)%lys,y1,y2, 0,1l
then [y — q(x[2D)]’

else [yo —0]*;

if x1 ==1)% [ye,V4, Vsl
then [ys —0]°

else [ys — q()([Z])]7

[x1 — qx1D]';

[vi — g1 +x11D]%
it x1+y1==531,1,0
then [z; — q()([?)])]4
else [skip]S;

[wy — q(x[4)]%;

[x1 = q(rn]’;
1oopl00?,0, [x3,X;,Xz] do
([y1 — axi21+x9)])*;
[z, — q(x13D];
(X2 — 1+ 21 +3]° )

Figure C.6: SSA transformation examples
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Definition 15 (Well defined memory) 1. mkE§ = Vxedom(s),3v, (x,v) € m.
2. mkg, 0 2 Vxe codon(d),Iv, (X, V) € m.

Definition 16 (Inverse of transformed memory)

m=06"1m) 2 Vxedom(d),(5(x), m(x)) € m.

Lemma 85 (value remains during trans). Givend;e —e, Vm.mkES.YmmkEg, 0 Am=

5 'm), Vm.mESNmmkEs, 6 Am=05"1(m), then (m,e) — v and (m,e) - vandv =v.

C.2.1.1 Proofof Theorem 16

Theorem 86 (Soundness of transformation). Given Z;8;c — ¢;6’; %/,

Vm.mE 8.¥Ym,m kg, § Am = 6"'(m), if there exist an execution of c in the loop lan-
guage, starting with a trace t and loop maps w, {m,c,t,w) —* (m/,skip,t’, w'), then
there also exists a corresponding execution of ¢ in the ssa language so that (m,c, t, w) —*

(m/,skip, ¢, w'y and m' = 5"~ (m’).

Proof. We assume that g is the same when transformed to q, as the primitive in both
languages. And the value remains the same during the transformation. It is proved by

induction on the transformation rules.

2;0;c—c¢1;01;21 2156150 — €2;65 %
¢ Case S-SEQ
%;8;¢1560 — €y562;65%

We choose an arbitrary memory m so that m E §, we choose a trace ¢ and a loop

maps w.

(m,cy, t,wy —" (my,skip, tj, w1)  {(my, ¢, , wy) —~ (m',skip, t', w')

(m,cy; ¢, t, wy —* (m',skip, t', w'

We choose the transformed memory m so that m =6 ~1(m).
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To show: (m,cy;cy, £, w) —* (m’,skip, t'.w'y and m' = 6"~ (m’).

By induction hypothesis on the first premise, we have:

(m,cy, t, wy —* (my,skip, 1, wy) A my = 67" (my)

By induction hypothesis on the second premise, using conclusion m; = §7* (my).

We have:
(my,cp, t, wy) —* (m’,skip, ¢, w'y Am' =61 (m)
So we know that
<m,C1, t’ w> —* <m1y Skipr tl) wl) (ml)CZ) tl} wl> —* <m,) Skip) t,) w,>

<my C1;C2, I, w> —" <m,y Skipr t,) w,>

be—e 6 =06[x—x] xfresh(Z) =Zuix}
Case S-ASSN

%6 x—ell = x—e]6:3

We choose an arbitrary memory m so that m E §, we choose a trace ¢ and a loop
maps w, we know that the resulting trace is still ¢ from its evaluation rule 1-assn

when we suppose m, e — v.

l-assn

(m, [x — v, t,wy — (mlv/x], [skipl’, £, w)

We choose the transformed memory m so that 72 = §~ ! (m).

To show: (m, [x —e]’, t, w) —* (m’,skip, t, w) and m' = &'~ (m’).
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From the rule ssa-assn, we assume m, e — v, we know that

ssa-assn
m, [x —vI\, t, w) — (m[x— v], [skip]!, £, w)

We also know that §’ = §[x — x] and m = 6§} (m), m' = m[v/x]. We can show that

mlv/x] =8[x— x]" m[x— v]).

0;eq— eq
6'=6lx—x] xfresh(X) I =zuix}
Case S-QUERY
%85 1x — qle))) — x — qleg)’;6'
We choose an arbitrary memory m so that m E §, we choose a trace ¢ and a loop

maps w, we know that when we suppose (m, e;) —4 (m, vg).

q(vg)(D) =v

I-query
(m,[x — qv)l' t, wy — (mlv/x],skip, t ++ [q(vy) "], w)

We choose the transformed memory m so that m =6 “1(m).
To show: (m, [x — q(eq)]l, t,w) —* (m/,skip, t, w) and m' = 5"~} (m’).

From the rule ssa-query, we know that

Gy (D) = v

(m, [x — qleg)]', £, w) —* (m[x— v],skip, t ++ [q(vy) "], w)

We also know that 6’ = §[x — x] and m = § 1 (m), m' = m[v/x]. We can show that

mlv/x] =6[x— x]" m[x — v]).
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0;b—b  X;6;c1—c1;01;2; 21;0;00— €2;02; 2

[X,X1,X2] =61 ><02 [7,V1,Y2] =0 ><61/% (2,2),22] =6 ><1062/%

8 =6lx—X1j—¥1z—2] X,¥,Z fresh(Z,) I =3U0&,¥,7}

e Case
;68 lif (b, c1, c2)]' — [if (b, [X, X1, %), [¥/, V1, V2, [, 71, %2], €1, ¢2)] ;6,2
S-IF

We choose an arbitrary memory m so that m E §, we choose a trace ¢ and a loop
maps w. There are two possible evaluation rules depending on the the condition
b, we choose the case when b = true, we know there is an execution in ssa language

so that b = true, we use the rule 1-if-t.

(m, [if (true, c1, c)1%, £, w) — (m, ¢y, t, w) —* (m',skip, t', w')

We choose the transformed memory m so that m =6 “L(m).

TS: (m) [lf (true) [X,yx_l’x_Z]) [y,yy_lyy_Z]; [ZI,Z_I,Z_Z], 1, CZ)]I) t) w) —* (m,y Skipr tly w,>

and m' =&~ 1(m).

We use the corresponding rule SSA-IF-T.

ssa-if-t

(m, [if (true, [X,X;,%2], [V, ¥1,V2, [Z,7,%2],¢1,¢2)]L, 1, w) —

(m,cy;ifvarX,X));ifvary,ye);ifvar(Z,zy), t, w)

By induction hypothesis on X;6;c; — ¢3;01; %1, and we know that (m, ¢, t, w) —*

(m/,skip, t', w'), from our assumption that m = § ! (m), we know that

(m, ¢y, £, w) —* (my,skip,t’, w'y Am' =67" (my)



645
and we then have:

<m) C1, I, w) —" (ml) Skip)t,y w,>

(m,cy;ifrarX,xy);ifvary,v1);ifvar@,zy), t, wy —*

(m [X' — my (X3),§ — my (y2),Z — my (Z3)], skip, t', w')

Now, we want to show that

m' =6[x—X,7—~7,z2— 21" m[X' — m;(X1),¥ — my (y2),Z — m; (Z)]).

Unfold the definition, we want to show that Vx € (dom(§)uxuyuz),(6[X — X, j—
V., z2—71(x), m' (x))

emy [X — m;(X3),y — mjy(y2),Z — my(z;)].

1. For variable x in X, we can find a corresponding ssa variable x € X/, so that
x, m'(x)) € m; [X' — my (X7)]. It is because we know [x — Xx;] for certain x; €
X1 in 61, then by unfolding m' = §7* (m;) and X; € codom(§1), we know

(x3, m'(x)) € m; so that m'(x) = my (xy).

2. For variable y € j, we know that y € dom(0;), then [y — y] for certain yz € y»
in §1. So we know that (61(y), m'(y)) € my, and then m’'(y) = my (y2). We can

show (y, m'(y)) € m; [/ — m; (y2)].

3. Forvariable z € z, we know that z ¢ dom(d) by the definition (otherwise z will
appear in ), then [z — z;] for certain z; € z; in §. We know (6(z), m(z)) € m
from our assumption, so we have m(z) = m(z;). Because z is not modified in
c1, so that m(z) = m'(z). Also m will not shrink during execution and z; will
not be written in ¢y, so (z1,m'(z)) € my. Then we can show that (z, m'(z)) €

m, [Z' — my (Z)].

4. For variable k € dom(§) — X — y — Z. From our assumption m = 6~ (m), we can

show (6(k), m(k)) € m. We know that k is not written in either branch from
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our definition, so (6 (k), m'(k)) e m; .

0;a—a Z;0;c—cp;01;2 %;01;¢—€2;01;2
[X,X1,X2] =0 ><16 6 =6[x—X]

% fresh(Z)) ' =c1[X/X1] = co[X /%3]
e Case S-LOOP

8;[Loop ado ¢l — [Loop a,0, [X',X1,X2] do ¢'1%;6[% — X1; =1 U X'}

We choose an arbitrary memory m so that m E §, we choose a trace ¢ and a loop
maps w. Suppose (m, a) — vy. There are two cases, when vy = 0, the loop body

is not executed so we can easily show that the trace is not modified.

When the loop is still running (v > 0), we have the following the evaluation:

vy >0

I-loop
(m,[loop vy do c]l, t,w)— (m,c;[loop (vy—1)do c]l, tL(w+1)

We then have the following evaluation:

(m,c,t,(w+1)y—"*(m',skip, t;, w')

(m, ¢;[Loop (vy—1) do cl’, t, (w+ D)) —* (m’, [Loop (vy—1) do cl’, £}, w')

We can have the following evaluation of the ssa-form using the rule ssa-loop,

when we assume , m = 51 (m).

vy >0 n=0—=1i=1 n>0—=1i=2

ssa-loop
(m, [Loop vy, 1, [X,%1,%] do 'L, £, w) —

(m, c'[%i/X];[Loop (vy — 1), n+ 1, [X,%1,%] do €', 1, (w + 1))
Depending on if the counter 7 is equal to 0 or not, there are two possible execution
paths (the variables x is replaced by the X; or X3). We start from the first iteration

(when n =0) when vy > 0.
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By induction hypothsis on the premise Z;6; ¢ — ¢;;01; Z1, we know that
(m,c[X; /%], ¢, (w+ D) —* (m, skip, £}, w') Am' = 67" (m)

Hence we can conclude that:

(m,c'[% /%], 1, (w+ 1)) =" (m',skip, ], w')

(m, c'[x;/X'];[Loop (vy — 1),n + 1, [X, %), %] do 1L, £, (w+ ) —*

(m’, [Loop (vx —1),n+1,[X,%;,%] do ¢/I', ], w)
Then there are two cases,

1. when vy —1 =0 so that the loop exits. The 1-level execution as follows by the

evaluation rule 1-loop-exit.

UN—1:0

I-loop-exit
(m',[Loop vy —1do cl’, £}, w'y — (m/, [skipl’, £}, (w'\ D))

The corresponding ssa-form evaluation as follows:

UN—IZO

ssa-loop-exit
(m,) [loop UN — 1} n, [X;X_I)X_Z] do c]l; t{y LU,> -

(m'[X— m' ()], [skipl', £}, (w'\ )

We can see that both traces are not changed during the exit of the loop. We
need to show that m' = §~1(m/[x— m'(X2)]). We know that [¥ — %] in §;
from the definition, so we can show that for any variable x» € X», (X2, m'(x)) €
m’. For variables x € dom(§) — X, the variable is not modified during the exe-

cution of ¢ so that we know m(x) = m’(x), and then we can show that
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(6(x), m'(x)) e m’ because 6 (x) is not written in ¢/[X; /X'] .

. when v, — 1 > 0 so that the loop is still running.

We want to show that : assuming in the i — th (i < vy) iteration, starting
with #; and w; and m; =& Il(mi) so that the low level evaluation as follows
(m;,[Loop vy —ido cll, b, wiy —* (mjsq, [loop (vy—i—1)do cll, tiv1, wist).

Then the corresponding ssa form evaluation as follows :

(my, [Loop (vy — i), n, [X,%1,%] do 'L, #;, (w; + 1)) —*

<mi+l) [100P (UN —i- 1)) n+ 1; [)_(,)X_lrx_Z] do c,]lr Li+1, wi+l>

and m; =6~ (my).

We then have the low level evauation:

vy—i>0
I-loop

(m;,[loop vy —1ido c]l, L, wi)—

(mj, c;[Loop (v —i—1)do cl', t;, (w; + D))

We then have the following evaluation:

(miy c) tl) (wl + l)) _’* (mi+1) Skip! [i+1) w1+1)

(mj,c;[Loop (uy —i—1) do cl', t;, (w; + D)) —*

(Mis1,[Loop (v —i—1) do cl’, ti41, wis1)

By induction hypothsis on the premise X;61; ¢ — ¢2;01; 21, we know that

(my, €' % /X'], ti, (Wi + D)) —* (M1, SKip, tiv1, Wit1) A M1 =07 (myyq)
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Hence we can conclude that:

(my, ¢ X /X], t;, (Wi + 1)) =" (My41,8kip, tiv1, Wit1)

(m;, ¢'[%/X]; [Loop (vy —i— 1), n+1,[X, %, %] do ¢\, 17, (w; + 1)) —*
P

<mi+1) [loop (UN - i - 1)) n+ 1) [X,)X].!)(_Z] do c/]l) ti+1) wl+1>

So we can show that before the exit of the loop after (v = n) iterations, we
have t, = t, and m,, = 61‘1(mn). This proof is similar when it comes to the

exit as in case 1.

Definition 17 (Query may dependency in SSA )
One query q(vq,) may depend on another query q(v4,) in a program ¢, with a starting

loop maps w, denoted as DEPssa(q(vql)(ll'wl), q(qu)(ZZ'WZ),c, w,m, D).
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is defined as below.

Vt.dm;,mg, 11, I3, Co.

(m, ¢, t, w) —=* (my, [x — q(vg )" c2, 11, w1) —

(my [q(vg,)(D)/X], €2, 11 + +[q(vg ) "*V], wy) —* (m3, skip, t5, ws)
AN

(Aq) ™) g (15— 1) A Gugy) 2 €4 (15— 1)

= Jv € codom(q(vg,)), my, t;, w;.

(my [v/X],Co, 1 + +[q(vq1)(ll’”’1)], wy) —* (my, skip, t;, W)
NGg) =) gy (8- 1)

A

(gD €4 (15— 1) A Gug,) B ¢4 (15— 1)

= Jue codom(q(vql)),m’g, ty, wy.

(my [v/x],¢2, 11 + +1q(vg) V], wy)y —* (m}, skip, 1, w})

NGwg) ) € (5= 1)

Definition 18 (Dependency Graph in SSA)

Given a program c, a database D, a starting memory m, an initial loop maps w, the
dependency graph Gs(c, D,m, w) = (V, E) is defined as:
V= {q(vq)l'w €L |Vt.Im', w', ' .(m,c, t,wy —* (m/,skip, t’, w') A q(vq)l”’" e(t' -0l

E:{(q(vq)(l'w),q(vq’)(l/’“”))E,szfQx,szfQ DEPsa ()", q(v)“™, ¢, w,m, D) }

Definition 19 (Adaptivity in SSA language)
Given a program ¢, and a meory m, a database D, a starting loop maps w, the adaptivity
of the dependency graph G;(c, D,m, w) = (V, E) is the length of the longest path in this

graph. We denote the path from q(vq)(l’”’) to q(vq')(l/’wl) as p(q(vq)(l’“’),q(vq’)(l,'“")).
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The adaptivity denoted as Ag(c, D, m, w).

! !
As(c,D,m,w) = max  {Ipqy) ™, qvH N
C](Vq)(l‘W)yC](Uq')(l wey

Theorem 87 (Same graph). Given X;6;c — ¢;6';%/,
Vm.mESNmmEs;, dAm=3561m), starting with a trace t and loop maps w, then

G(c,D,m,w) = Ggs(c, D,m, w).

Proof. The nodes in the two graphs are the same according to soundness of the trans-
formation theorem. We will show that the edges are the same. Unfold the definition of
DEP, when we find some v in the codomain of one query that may change the appear-
ance of another query, we can always show that v = v works for DEP; as well. In the
other direction, for any v that may change the appearance of another query and lead
to a different trace té in the ssa execution, there is the same v = v so that the trace té is

generated in the loop language execution, according to the transformation theorem. [

Corollary 87.1
Given X;6;c — ¢; 6,2, Vm.m = 6.Ym,m kg, 5 Am = 6! (m), starting with a trace t and

loop maps w, then A(c, D, m, w) = As(c, D,m, w).
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C.2.2 SSA Operational Semantics

the command ifvar(x, ') stores the variable map during the run time, which is a map
from ssa variable x to variable x;. This map is designed for if condition, when the variable
may comes from two branches and this command records which branch the variable

comes from.

(m,c,t,w) — (m’,c,t’,w)

q(vg)(D) =v
(m, [x — q(v)!', t, w) — (mx— v],skip, t ++ [(vy) "], w)

ssa-query

ssa-assn

(m, [x — v, t,wy — (m[x— v, [skipl’, £, w)

(m,b) —, b’
ssa-if

<m) [lf (by [X)X_I)X_Z]r [)_’,Y_I,YZ]; [Z)Z_I)Z_Z])CI)CZ)]I) t) w) -
(m, [if (b, [%,%1,%], [§, Y1,Y2I, (2,71, Z2), €1, €2)1', £, w)

ssa-if-t

(m, [if (true, [X,X3,X2], [V, V1, V2], [Z, il,Z_z],Cl,Cz)]l,t, w) —
(m,cy; ifvarXxXy);ifvar(y,yz);ifvar(z,zy),t, w)

ssa-if-f

(m, [if (false, [X,X3,X2], [V, V1, V2], Z,71,23],¢1,¢2)1L, 1, wy —
(m,co;ifvar(X,Xz);ifvar(y,y1);ifvar(z,zp), t, w)

ssa-ifvar

(m,i fvarx,X), r, w) — (m[x — mEX)],skip, t, w)

Figure C.7: SSA operational semantics, part 1
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vy >0 n=0—=i=1 n>0—=i=2

ssa-loop
(m, [Loop v, 1, [X,X),%z] do cl', £, w) —

(m, c[%;/X]; [Loop (vy — 1), n+1,[%X,X1,%] do cl', £, (w + 1))

vy=0 n=0—=i=1 n>0—=i=2

ssa-loop-exit
(m, [1loop vy, 1, [X,X1, %] do cI\, £, w) — (m[X— m&)], [skiplLt, (w\ [))

Figure C.8: SSA operational semantics, part 2
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C.3 THE ANALYSIS ALGORITHM

C.3.1 Analysis Rules/Algorithms of ARel

There are two steps for our algorithm to get the estimation of the adaptivity of a program

c in the ssa form.

1. Estimate the variables that are new generated (via assignment) and store these
variables in a global list G. We have the algorithm of the form : VE(G; w;c) —

(G w').

2. We start to track the dependence between variables in a matrix M, whose size
is |G| x |G|, and track whether arbitrary variable is assigned with a query result
in a vector V with size |G|. The algorithm to fill in the matrix is of the form:
GG(T;¢; i) — (M;V;iy). T is a vector records the variables the current program
c depends on, the index i; is a pointer which refers to the position of the first new-
generated variable in ¢ in the global list G, and i, points to the first new variable

that is not in c (if exists).

We give an example of M and V of the program c.

(x1) (x2) (x3) [ ]

x1 —q (y[11); (x1) 1
(x1) 0 0 0

C= Xp—X1+1; M= V=1(x) 0
(x2) 1 0 0

X3 <—Xp+2 (x3) O

(X3) 1 1 0 - h

Still use the program c as the example, the global list G is now : [x, X2, x3]. The function

Left and Right is used to generate the corresponding vector of the left side and right side
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of an assignment. Take x, — x; + 1 as an example, the result is shown as follows.

0 (x1)
1 0 0
LD =11 (x) Rxp+1,1)=
(x1)  (x2) (x3)
0 (x3)

Now let us think about the loop.
[xi —q(x1]';
loop [2],0,

[X3,X1,X2] do

(33é 3
([y1 —ai21+2)]%;

[Xz "N +X3]5)i

(2] — x3 +2]°

) G oh G @@ 0 6D G @ —
(x1)

x) 0 0o O O O O 0 0 0
(x3)
k) 1.0 0 O O 0 0 0 O
1
()
) 0 o o0 o0 O 0 O 0 O
(x3)

x) 0 1 1 0 0 0 0 0 O
M= V=13
®% o o o0 1 ©O0 0 0 0 O

)
) o o o0 0 0 0 0 0 0
(x5)
* o o o0 0 1 1 0 0 O ;
! (x3)
k) 1.0 O O O O 1 0 O
| (z1)

(z1) O 0 0 0 0 0 0 1 0




656

[x1 —q(xn];

loop [0]%,0, (x1) (xéc) (z1) [ ]
(x1) 1
. & [X3,X1,X2] do (x1) O 0 0 ¢
¢, 2 ; M= | V=1l o
([YI‘_Q(X[Z])] ; x}) 1 0 0
5 (z1) O
[x2 < y1 +x3] ); _(Z"f) 0 1 0 | ) :
[z — x3+2]°
We can now look at the if statement.
[x«—q(}([ll)]l; [x1<—q()([l])]1;
ly = qx2n]%; [v1 —ax2D]’;
if (x+y==5)° if (x1 +y1 == 5)°, [x4, %2, x31, [1, [y3, 1, y2!

4% then [x—q(x(11+3)]" — €142 then [xp —q(y[1]1+3)]"
else( [x — q(y14D]’; else( [x3 — q(y[4D)]°;
y<—2) V2 < 2);

[z —x+y]"; (71 — x4 +y3]";



(x1)
(1)
(x2)
(x3)
(72)
(x4)

(¥3)

| (21)
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(x1) (1) (x2) (x3) (32) (xa) (¥3) (21)
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

’VC4 =

(x1)
()
(x2)
(x3)
(y2)
(x4)

(¥3)

(z1)
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C.3.2 The Matrix-Vector Algorithm
C.3.2.1 Variable Estimation

We first generate a list of variables G that will be assigned with values (via the command

x—eorx—q(eq).

ag-asgn
VE(G; w; [x — e]) — (G + +[x""]; w) %8

ag-que
VE(G; w; [x — q(eg)]") — (G ++x""}; w) srquery

VE(G; w;c1) — (G1; wn) VE(G;; w;c2) — (Go; wo)
Gs = G + +[XMW) + +[F"W] + + 28]

- ——————————— ; ag-if
VE(G; w; [if (b, [X,X1,X2], [, ¥1,¥2], [Z,Z1,22],€1,€2)]") — (G3; W)

VE(G; w; 1) — (G1; wy) VE(G;; wy;c2) — (G2; wo)
VE(G; w; (c1;¢2)) — (G2; wo)

ag-seq

Go=G wo=w  Y0<z<NVEG,++E"™ V] (w,+1D);¢) = (Guiy; wes1)
Gr=Gy++EM"YW)  a=nN

; ag-loop
VE(G; w;[1loop a, n, [X,X1,Xz] do €I’) = (G wn \ 1)

Figure C.9: The variable estimation algorithm
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C.3.2.2 Graph Generation Rules

I' is a matrix of one row and N columns, N = |G| = |V].

L(i) generates a matrix of one column, N rows, where the i — th row is 1, all the other

rows are 0.

R(e, i) generates a matrix of one row and N columns, where the locations of variables
in e is marked as 1. To handle loop, for instance, the variable y appears many times in
G, the argument i helps to find the location of the current living variable y in the expres-

sion e, which is the latest y with the largest location iy, < i in our global variable list G.

V0 <z <|X].X(2) = Xz, X1(2) = X1, X2(2) = X2,

Li+X] (2 = =1 A - i+z,i+z+1 _
r |_M,v¢ X,X],X2] =V0<z<|x|.' I—szyvq) Xz < X1z + Xz, where M =} (3 M,
My; My = My-M;+ M+ M,

I Nll=1vWil=D)Ai=1,-- ,NA|Vi|=|V,]
ViwV,

0 o.w.
Definition 20 (Valid matrix)

For a global list G, G E (M, V) iff the cardinality of G equals to the one of V, |G| = |V| and

the matrix M is of size |V| x | V.

Definition 21 (Valid index)
For a global list G, a loop maps w, G;w F (c,i1,i,) iff G' = G[0,...,i1 — 1],G;w;¢c —

G w' AnG"=GI0,... i, —1].
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r |—j\14""2/ c=GGT5¢01) — (M, V, i)

M =L(i) * (R(e, i) +T)
GG(T; [x — el;i) — (M; Vg i+ 1)

ad-asgn

M=L(i) * (R(eq, H+1) V=L(3)
GG(T;[x — qleg); i) — (M; V;i+1)

ad-query

GG(I' +R(b, i1);c1;i1) — (My; Vi 12) GG(I' +R(b, i1);c2; i2) — (Ma; Vs; i3)
GG(T; [x,X31,X2]; i3) — (My; Vg; i3 + X)) GG(T; [y, y1,¥2l; i3 + X)) — (My; Vig; iz + X[ + [])
GG(T;(z,Z1,22]; i3 + 1X| + |§]) — (M,; Vig; i3 + X + [y +1Z])
M = (M) + M) + My + My + M,

GG(T;if ([bl), [X,X1,%2], [, V1, V2, [Z, 21, 22], €1,€2); i1) — (M; Vi @ Va; i + | %] + | 7] +1Z])

. GG(Tep;i1) — (My; Visia) GG €5 i2) — (Mp; Vs d3)
ad-if - - ad-seq
GG(T; (cy;€2);i1) — (My;M2); Vi W Va; i3)

B=Ix| A=]c|
V0 < j < N.GG(T;[X,X1,%2];i + j * (B+ A) — (Myj; Vij;i+ B+ j* (B+ A))
GG(;¢i+B+j* (B+A)— (Maj; Vaj;i+B+ A+ j* (B+A)
GG(T; [%,X1,X2];i + N (B+ A) — (M; V;i+ N« (B+ A) + B)
a=N M=M+ ) (M;j+My;) V'=Ve ) Vjuls))
0<j<N 0<j<N

GG(T';1oop [a]’, 0, [%,X),%z] do ¢, i) — (M; V';i + N % (B+ A) + B)

ad-loop

Figure C.10: The graph generation algorithm

[Loop [al;o, do I€l0w]!

[[Loop a, 1, [X,%1,%2] do €]*[;0

lc1;¢2liow = lciliowslc2liow

|lif (b, [%,X1,%2), [§,¥1,¥2), [Z.Z21,22], €1,€2)) 10w = if (Ibliows €11 10w, 1€2110w)]"
Ix — el 10w = [IXliow — lel1ow)’
|[X‘—Q(eq)]l|low = [|X|low‘_q(|eq|low)]l

1Xil 10w = X

1710w = n

lay @4 az2li0w = |a1ljow ®alazliow

|by €Bbbz|low = |b1|low @b|b2|low

Figure C.11: The erasure of SSA
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Definition 22 (Valid gamma)

I'=i,iffVi=i,,T(i;)=0.

Definition 23 (Adaptivity of piece of program)

ilviz

Given a program c, the global list G, s.t. T’} ¢,

the Graph G, (M, V, G, i1,i2) = (Nodes, Edges, Weights) is. defined as:

Nodes Vi={G(j) e £V | i1 < j<iy}

Edges E={(G(j1),G(j2)) € LV x LV | M[j1llj2l Z 1 A iy < ju, 2 < iz}

Weights Wt = {(G(j),1) € LV x N i1 < j < ia AV[jl = 1}U{(G(}),0) € LV x Ni1 < j <
i» AV[jl =0}

Adaptivity of the program defined according to the logic is as:

Adapt(M,V,iy,ip) := rnaxV[Weight(p(vtl,vtz),Wt),

Vi, VhhE

where p(k, [) is the path in graph Gg,(M, V, i1, i») starting from k to [,

Weight(p(vt, vtp), Wt) get the total sum of weights along the path p(vt, vi).

C.3.3 Soundness of ADAPT

Definition 24 (Subgraph)

Given two graphs Gs = (V1, E1), Ggsq = (Va, E2, W), Gs € Ggq iff:
3f, g so that

1. forevery ve Vi, f(v) € Vo A fisinjective, and wt(f(v)) = 1.

2. Ve = (v, v;) € Ey, there exists a path g(e) from f(v;) to f(v2) in Gysq.

Definition 25 (Mapping of vertices from G; to G, graph)
Let us define amap f: A/ 22— > £V as follow: f(q(vq)l’w) =xhw

Lemma 88. Vt,m,w,c,{m,c,t,wy —* (m',skip, t', w'), every node in t' — t has unique

label.
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Proof. By induction on the evaluation of program c.

Case (m, [Loop vy do cll, t, wy —=* (my, skip, tn, WN)
We want to show every node in ¢y — ¢ has unique label. Suppose vy = N,so we have N
iteration. When N = 0, there is no new generated trace, it is trivially true. When N > 0,

we have the following evaluation.

vy >0

I-loop
{(m,[loop vy do c]l, t,w)— (m,c;[loop (vy—1)do c]l, t,(w+1)

(m’ c, t) (w + l)) —* (mly Skip) tl) wl)

(m, ¢;[Loop (vy—1) do cl’, t, (w+ 1)) —=* (my,[Loop (vy —1) do cl’, t1, wy)

By induction hypothesis on (m,c, t, (w+1)) —* (my,skip, t;, w1), we know that for every
node in #; — ¢ has unique label.

Unfold the loop, for the 2nd, 3rd, until the N — th iteration, we can also conclude
that every node in £, — #1, f3 — f», until £ — - has unique label.

Because w # w+1 Z w1+l # wr+1 #...,# wy-1+1, we know that node from different

iteration (i # j) t; — t;—1 and f; — t;_1 has different loop maps.

Case (m, c1; ¢, t,wy —* (m",skip, t”, w")

<mr c1, I, w> - <m/’ Skipy t,r w,> <mlr C2, tly w,> —* <m"r Skipr tlly w”>

<mr C1,C2, L, w) —* (m,r Skip; tly w,>

By induction on premises, we know that : every node in ¢'— ¢ and ¢” — ' has unique label.
Also, all the program lines [l}, l5,...,1,] in c; is smaller than the minimal program line in

c2, so every node in ¢’ — t has different line number with node in " - ¢'. O

Lemma 89 (Label consistency in the dependency graph over queries in the loop lan-
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guage ). Given a program c, for a database D, a memory m, a loop maps w, every node

c](vq)(l'“’) in the graph (V1, E1) = G(c, D, m, w) has unique label (1, w).

Proof. From the definition of G(c, D, m, w), the vertices comes from the trace generated
in the low level evaluation (m,c,[], w) —* (m’,skip, t, w'y. This can be proved using

Lemma 2. O

Lemma 90. GivenT’ l—g\i/}"i}) ¢, for any global list G and a loop maps w, such that G, w E
(c,i1,i2) NG E (M,V). Assume G' = GI0,...,i; — 1], so that G;w;c — G";w'. For any
database D and memory m and trace t, {m,|c|;ow, t, w) —* (m',skip, t’, w"). Then w' =

w'.

C.3.3.1 ProofofLemma 18

Lemma 91 (fp ,, is well defined). Given T I—E\i/}”"}) ¢, for any global list G and a loop

maps w, such that Gyw E (¢c,i1,i2) NA\GE (M,V) and T \ iy. For any database D and
memory m, the function fp, : 42 — LV maps all the nodes in query-based graph
(V1,E1) = Gs(c, D,m, w) to the unique node in the variable-based graph (V,,E», Wt) =
Gssa(M,V,G,iy,12), defined as :

Fo.m(g@"?) =x® where g € V; andx'"") € V, is injective

and ¥ q(vy) P e Vi, wt(f(qvy)h™)) = 1.

Proof. To show fp ;, is injective.

We want to show that:

for every node ¢**) in V; (in the new generated trace by executing c), there exist only
one corresponding labelled variable x"*) € £¥ in V;(also know as G[iy, ..., (i»—1)]) with
the same label (I, w).

(i1,i2)

By inductionon T+ /"> ¢.
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M= (L(i)+R(eq,0)) T V=L()
Case — query
iy X dleq)

We assume G;w F ([x — q(eq)]l, i,i+1) and G F (M,V). We have the loop program
|[x <~ q(eq)]lllow =[x < q(eq)]l. We choose the database D and memory m, a starting
trace t, from the definition of (V1, E;) = G([x — q(eq)]l, D, m, w), we know v; comes from

the trace t' — f generated in the following ssa evaluation.

q(vg)(D) =v

(m, [x — q(v)I", t, w —* (m[v/x],skip, £+ +[q(vy) ""], w)

We unfold G; w E ([x — q(eq)]l, i,i+1) sowe know that
G'=GI0,...,(i —DIAG;w;[x — gle)) — G+ +xE W w

Considering every node in V5 has the unique label. we know that there is the unique
labelled variable x> in V, with the same label as the one g'>* in V;. From the analysis
rules, we also know that Wt (x>%)) = 1 because [x — q(eq)]l associates x with the query

result, and G(i) = x“W) V(i) = 1.

(i1,i2) (i2,i3)
I'Ey v I'Eyoy, €2
Case seq

(ilri3) .
I |_M1;M2,V1®V2 €1, €2

We assume G; w E (c;1;¢2, i1, i3) and denote ¢; = |¢1];0 and ¢z = |c2];0. We choose the

memory m, trace t and hidden database D, we have the ssa evaluation:

(m,cy, t,wy —" (my,skip, f1, wy) (my, ¢y, t, w1) =™ (mp, skip, bz, wo)

{(m,cy;c2, t, W) — (My,skip, b, w2)

From our assumption G; w F (cy; ¢, i1, i3), we denote G’ = GI0,..., (i; — 1)]. We have the
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following :

! ! !/ !/
G w;cp — Gy wy G1; wy;€2 — Goswy

G'sw;cr;ca — Gy wy
We know that ¢y, cp are the subterm of c¢y;c2 so there exist i such that G; w = (cy, i1, i)
and G; w; F (cp, io, i3). By Lemma 90, we conclude that w; = w/.

By induction hypothesis on the first premise, we know : every node g'*) € /2 in
t; — t has a unique mapping x'>*) with the same label in Gliy, ..., (i, — 1)].

By IH on the second premise, we conclude that : every node g**) € # 2 in t, —
has a unique mapping x(b™) with the same label in Gliy,...,(i3—1)].

Now we can conclude that : every node ¢'»") € «/2 in t, — t has a unique mapping
xbW) with the same label in G[iy, ..., (is — 1)].

For all the query assignments [x — q(eq)]l in ¢;, we know 3i; < i < iy, G(i) = x(bw) A
V(i) = 1. Similarly, for all the query assignments [x — q(eq)]l in ¢z, we know iy < i <
i3, G(i) = x“") A V5 (i) = 1. So we know that for all the query assignments [x — g(e,)] in
c1;€2, iy < i < i3, G(i) = xPW AV, w5 (i) = 1. From the definition, we know wr(x#)) = 1
for all the query assignments in ¢; ¢z and fp,m(q(vy) ")) =x"W

B= |)-(| T |_(i,i+B) (i+B,i+B+A) c

Mi0,V10 M, V2
. (i+j*(B+A),i+B+j*(B+A)
V1<j<NIky
(i+B+j*(B+A),i+B+A+j*(B+A))
I |_M2j>V2j ¢

DR e EOEN- G 3 8 %) a=[N]

[X) X_l ’ X_Z]

M=M+ Y Mj+My; V'=Vw ) WVuly;

0<j<N 0=j<N
Case loop
[ it Nx(B+A)+B) [Loop a, 1, [X,X3,X2] do cl!

M,V
We assume G; w E ([1loop a, n, [X,X;,X2] do cl!,i,i + N (B+ A) + B) and denote ¢ =

Icl;ow and a = |al;,,. We choose the memory m, trace ¢ and hidden database D, we have
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the ssa evaluation supposing (m, a) — vy:

vy >0

I-loop
{(m,[loop vy do c]l, t,w)— (m,c;[loop (vy—1)do c]l, t,(w+1)

(m’ c, t) (w + l)) —* (mly Skip) tl) wl)

(m, c;[Loop (vy —1) do cl’, t, (w+ 1)) —=* (my,[Loop (vy —1) do cl’, t1, wy)

We assume G’ = GI0,...,i — 1], from our assumption, we have:

Go=G wy=w V0<z<N.G,++EM"V):(w, + ;e — Gpq; wesr

Gr=Gy++E"W] e=N]

loop
G'; w;[Loop (e), n, [X,X1,%z] do ]’ — Grwn\1

(i+B,i+B+A)

By induction hypothesis on T' - Moo, Voo

c using the conclusion (m,c, t,(w+ )) —*
(my,skip, t;, w;) and G, + +XM*]: (w, + I);¢ — G,11; w,,1 where z = 0. We can con-
clude the following about the first iteration.

Every node g in t, — t, there is a unique labelled variable x"**) with the same label

in. G[i+B,...,i+ B+ A-1].

For other iteration 1 < j < N, we can show similarly by induction hypothesis on

(i+B+j*(B+A),i+B+A+j*(B+A)) c

F|_M2j;V2j

O

C.3.3.2 Proofof Theorem 19

Theorem 92. [Soundness of ADAPT ] Given T’ I—%}'{f) ¢, for any global list G, loop maps w
such that G;wE (¢c,i1,i2) AGE (M, V), '+ iy. K is the number of queries inquired during

the execution of the piece of program c and |V| gives the number of non-zeros in V. Then,

K= |V| A VDrm-GS(chrmy w) < GSSa(M’ Vy G; il) ZZ)
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i1,i2

Proof. By induction on the judgment '+ /7 c.

M=L()*(R(e, i) +T)
¢ Case asgn

G+l
FFM,VQ) X—e

Given a memory m, database D, trace ¢, loop maps w, then from the following

operational semantics:

m, [x —el’, r,w) —* (m, [x — v]’, t, w) — (m[x— v], [skipl, ¢, w)

We need to show:

1. Gsx<—e,D,m,w) € Ggs5q(M, Vg,i,i +1).

2. K<|Vyl.

The first goal is shown because the new generated trace t' is empty, based on the
definition of G, we know that G has no vertices.

The second goal is proved because K = 0.

M =L(i) * (T +R(eg, 1)) V=L(3)
* Case query

[y x—dleq)
Given a memory m, database D, trace ¢, loop maps w, then from the following

operational semantics:

qvg)(D)=v

(m, [x — qleq)]’, t, w) — (m[v/x],skip,  ++ [(q(vy) ")), w)

We need to show:

1. Gs([x— qleq))!,D,m, w) € Ggsa(M, V,i,i +1).
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2. K=|V].

The first goal is shown as follows: because the new generated trace ' = [g(v)»*)]
only has one element. By the definition of G = (V, E;), we know there is only one
vertex vx in V and no edge in E, i.e., Vs = {q(v) ")} and E; = {}.

From Lemma 91,we know that there exists a function f so that f(vx) (equivalent
to q(v)“™ in Gy) exists in the vertices Visq of Gssa(M, 1, i,i+1) = (Visa, Essa). Since
Vs € Visq and Eg € Egqq, itis proved that G([x — c](eq)]l, D,m,w) € Gssq(M,V,i,i+

1). So we have the first goal proved.

The second goal is proved because V = L(i) is not empty so that |V|=1,and K = 1.

T+R(b, i) Fyr® er  T+Rb, i) Fy2% e
V0 < j<I[x].x(j) = xj, X1(j) = x15, X2(J) = X2

. - i3+j,iz+j+1 ) ) )
VO§]<|x|.FI—ij7V® Xj—X1j+ X2

. - i3+|X|+j,iz3+]|X|+j+1
V05]<|y|.1"|—Myj'V¢ Yi—=Wjtye

. _ Ig+|X|+|yl+j, s+ XI+pl+j+1 ' ‘
VOSJ<|Z|'F|_MZJ~,V¢ Zj—2z1j+ 2]

M= (M +M)+ ) Mg+ ) My + ) M,

Jellxl jellyll jellzl] .
Case ey / if

(i, i3+ X+ y1+2]) . oo oy i— = oo o
F"I\l},‘l/?;-;éz-i_y-i_z lf ([b]l’[x’xl’xz]’[Y’YI’YZ])[Zyzl’ZZ]yclyCZ)

Given a memory m, database D, trace ¢, loop maps w and a global list G. We

assume that G = M’ Vl W ‘/2) G) wk (lf (b; [ny_l’x_Z]) [5’»}’_1,}’_2], [ZyZ_IyZ_Z]yCerZ)r il) i3 +
|X| + 17|+ |z]). There are two possible executions. We choose one branch and the

other will be similar.
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From the assumption, denote G’ = GI0, ..., (i; — 1)] we know that

!
G;w;c1 — G;un

Giwica— Guwy  Gy=Go+ +[EMW]+ +[F"W] + +20W)

if

G'; w;if (bl X, %1, %), [§, Y1, V2l, 2,71, Z2], €1, €2) — G3; w
c; is the sub term of if (b, [X,X;,X2], [V, ¥1,¥2], [Z,Z1,Z2],¢1,€2). so we have: G F
M, W, and G;w & (c1,11,12), andI' + R(b, i) Eig.

(i1,i2)

By induction hypothesis on the first premise I'+R(b, i1) I,/

c1, we can conclude
that :

KC] = |V1| A GS(CI)D) m, lU) < GSSLZ(MI) Vl) il’ 12)

By the definition of K, we have K¢, when b = true.

Kif (b, %51 %2, [§.3192 ), (2,71, 72),c1,02) —
Next, we want to show : G, (if ([b]l, [X,X1,X2],[¥,¥1,¥2], [Z,Z1,Z2],€1,C2), D,m, W)

C Ggsa(M, V1 & Vo, 0y, i3+ |X] + | 7] +|Z). By the definition of G, we know that

Gs(if ([bl, [X,X1,%2), [V, V1, V2, [Z,Z1,22], €1, €2), D, m, w) is the same graph

as Gg(cy, D,m,w). We can also show that G, (M1, V1,G, i1, 12) is a subgraph of
Gssa(M, V1 & Vo, 11,13 +|X| + || +|Z) because all the vertices in the former also ap-
pears in the later([i;, i»] is a smaller range of [i}, i3 + i3 + | X| + || + |Z]]) and same

for the edges( M contains M).

(i1,02) (i2,13)
FI—MI,VI Ci rl_MZ,VZ C2
Case seq

(i1,i3) .
I l_Ml;Mz,VN*JVz €1, €2

Given a memory m, database D, trace ¢, loop maps w ,a global list G. We assume
G, w E (c1;¢2,11,13), G E My; M, Vi @ V,. From the following ssa operational se-

mantics:
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<my C1, I, w> —" <ml) Skip) tl) wl) (mlyCZy tlr w1> - <m2) Skip) tZ} w2>

<my C1;C2, L, w> - <m27 Skip) tZr w2>

We need to show:

1. Gs(cy;¢2,D,m, w) € Ggsq(My; Mo, Vi W Vo, iy, 03).

2. KCI;CZ < |Vl (C] V2|.

From our assumption, we denote G’ = GI0, ..., (i; — 1)]. We have the following :

le gy - e vy
va)cl_’Gl;wl Gl»wl’cz_'GZ)wz

/ !
G w;cy;¢2 — Go; wy
Because c;, co are subterms of ¢y ; ¢z, we know that there exists an index i1 < iy < i3
so that G, w  (c1, i1, i2) and G, wy k= (cz, io, i3).

By induction hypothesis, we have:

K¢, = IVII A Gg(er, D,m, w) € Ggsq(M1, V1, G, i1, 02)

Ke, < Vol A Gg(c2, D,my, wy) S Gssq(Ma, Vo, G, ia, i3)

We can easily show that K¢, ¢, < |V; w V»| by the definition of K¢, ;¢, = K¢, + K¢,, and
|V1w Va| =| V1| +| V2| because the non-zeros range in Vi ([i1, i2)) is disjoint with that
in Va([iz, i3)).

By the definition of G, we know that vertices of (V Xi, E7) = Gs(c1, D,m, w) come

from the trace t; — t and (V Xy, E>) = Gy (c2) from £, — 17.

Unfold the definition of subgraph <, we need to show two cases.
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1. The vertices in G;(cy; c2) can be mapped to the vertices in Ggs,(My; Mo, Vi @
Va,11,13) by fp,m-
By induction hypothesis, we know that there exist functions fp,m,c,
for Gs(c1, D,m, w) and fp,m, ¢, for Gs(cz, D,m, wi). Then, we construct the
mapping function
fome (vx)  (vx)e(f —1)

fD,m,Cl;Cz(Ux) = )
Io,mye (VX)) (vx) € (82— 1)

which maps vertices in Gg(cy; ¢2) to the vertices in Gggq(M1; Mo, V1w Vo, 11, i3).

2. Every edge in G(cy;c2, D,m, w) can be mapped to a corresponding path in
Gssa(My; My, G, V1 W Vs, i01,i3). The edges in Gg(cy;c2, D,m, w) comes from
three sources:

2.1. Edgesin Gs(cy, D,m, w). We can find a path in G, (M1; Mo, V1w Vs, iy, i3)
for edge of this kind because we can find one path in a smaller graph
Gssa(M1 V1, 14, 12)

2.2. Edges in Gs(c2, D,my, w}). This can be proved in a similar way as in pre-
vious case.

2.3. Edges (vx1,vx2) where vx; = ql(vl)(ll’wl) comes from G;(c;, D,m, w)
and vx, = qg(vz)(lz’w” comes from G;(c2, D,my, wi). We unfold the def-

inition of one edge so that we have:
DEPssa(vx1, vx2, €15 €2, w,m)

Since we know that ql(vl)(ll'wl) comes from t; — ¢, SO we can assume

that ¢; = c;c}. The last command of ¢} is [x — q; (e1)]“. We have the
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following SSA evaluation:

(m,cy, t, w) —* (mj, [x — g1 (v)1"; ¢}, 8], w) — (my, skip, {1, wy)

(my,cy, t, w1y —" (Mg, skip, fp, W)

(m, cy;Cp, f, w) — (mMy,skip, lp, W2)

Then unfold the DEP;:

Vmy,m3, D, t, 1], t3.(m,c, £, w) —* (my, [x — g1 (v1)]";¢2, 11, wy) —
(my[vg/x], 2, t1 + +[q1 (1) ""¥V], wy) —* (mg, skip, i3, ws)
/\(671(1/1)([1‘“”) €E(B—DAGo(v2) 2" € (i5-1) =

Av € codom(q; (v1)(D)).{my [v/x], €2, 11 + +[q1 (v1) ¥V, wy)

—* (mj, skip, 1, wh) A (q2(v2) ) ¢ (1 - 1))

A(ql(vl)”hwﬂ €(ls— DA G2 ¢ (15— 1) =

Av € codom(q; (v1)(D)).{my [v/x], €2, 1 + +[g1 (1) ¥V, wy)

—* (my, skip, t5, wi) A o (v2) 2w € (15— t1))

We already know that ql(vl)(ll'wl) € (f — t),qg(vg)(lz'”’Z) € (- 17).
So from DEP, we know that: 3v € codom(g; (v1)(D)).(mj [v/X],¢}; €2, 1] +
+(q1 () )], W)y —* (mb, skip, &), wh) A (qa(v2)279) ¢ (8 - 1).

We have:

I .
(m,cy;¢2, 1, wy =" (m, [x — q1(v1)]"; €5 €2, 1], W) — (my,skip, 1, wy)

(my,cp, 1, wy) —" (Mg, skip, tz, wo)

<m,C1;Cz, L, w) —* <m2y Skipr tZy wZ)

We know there exists a value v of g; (D), assigned to variable x(hw i), such

that L]g(vg)(lz’wz) Zth—1.
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Since qz(vz)(lz’“’Z) comes from some certain query request
We assume it comes from cé =[y—q» (e2)]2. We know that the execu-
tion of c, depends on x ) We want to show there is a path from
yl2w2) to xlw) in Gyg,.
There are two situations that ¢, depends on x%v).
i. c, directly depends on the variable x. In this case, there are two pos-
sible cases:
A. (:’2 in either branch of if ([b]’, [X,X1,X2], [V, V1,¥2], [Z,Z1,Z2], Ca, Cp).
And x is used in the conditional b.
B. cé =[y— q(eg)]l2 and variable x is used in e».
In both situations, M[y'?%2)][x®¥1] = 1 so we know there is a di-
rect edge in G-
ii. ¢, indirectly depends on xlowWD | Then there exists a sequence of
labelled variables z; "%, z, % @) 7 (W™ for some
I <1 12...,1" < I, and some w',w?,...,w" such that :1. z,¢" %"
directly depends on x. 2. zi(li’”’i) directly depends on zi(lj’wj) when
i=j+1A1<i<n.3.c,directly depends on 2, ",
We now show that direct dependence between labelled variables
y®) and %" in ssa language is tracked by our algorithm.
There are three possible situations:
A. The assignment statement [y — e], and x appears in e.
B. The assignment of y (either [y — e]’ or [y — g(e)]!) appears in ei-
ther branch of an if statement. x is used in b.
C. [y~ q(e)]l and the variable x is used in e.
In the above three situations, our algorithm shows that

My x? )] =1 so that there is an edge from z%) to x*"%".
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So we can show that there is path from the labelled variable in ¢, to

x(bw1) when c, indirectly depends on x{hwn)

_ I (i,i+B) g « « (i+B,i+B+A)
B = x| r |_M10,V10 [X,X7,Xo] r l_Mzoszo c

. (i+j*(B+A),i+B+j*(B+A) = - -
V1< ] <N.T |_M1ij1j [X,XI,XZ]

(i+B+j*(B+A),i+B+A+j*(B+A)) (i+N*(B+A),i+N+*(B+A)+B) 1= .~ =
r |_ng,sz C r |_M,V [X,X),Xo]

a=[N1 M=M+ ) Mj+M; V=V ) Vjuly;
0<j<N 0<j<N
* Case

TN BB 11 60p a,0, [%,%7,%2] do ¢’

loop
Given a memory m, database D, trace t, loop maps w, a global list G. Suppose we
have GE M’,V'and G; w F (loop a,0, [X,X1,X2] do €), i,i + N % (B+ A) + B, suppose

(m,a) — (m, vy), then from the following SSA operational semantics:

vy >0 n=0=—=i=1 n>0=—=1i=2

ssa-loop
(m, [Loop vy, 1, [X,X3,%,] do ]!, £, w) —

(m, c[X;/X]; [Loop (vy — 1), n+1,[%,X1,%2] do cl', £, (w + 1))

vy=0 n=0—=i=1 n>0—i=2

(m,[Loop v, 1, [X,X1,%2] do ¢!, £, w) — (m[Z— m&)], [skip]!, 1, (w\ 1))

When vy =0, the body is not executed and the new generated trace is empty, this

case is trivially proved.

When ey = N for a positive integer N, there will be N iterations. The execution as

follows :

(m) [100P UN, O) [X)X_I)X_Z] do c]l’ L, w) -
(m, c[X; /X];[Loop (vy — 1), 1,[%,X1,%2] do cl', ¢, (w + 1)) —

<m1) [loop UN — 1! 1; [)_(rX_I)X_Z] do c]ly I, wl> <mNy [Sklp]lr In, (I/UN\ l)>
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We need to show:
1. Gg([1oop vn,0, [X,X1,%2] do c], D,m, w) € Gsso(M',V',i,i+ N * (B+ A) + B).
2. Kiyoop vy,0,551,%] do ! =1V'I-

From our assumption G; w E (loop a,0, [X,X;,X2] do ¢),i,i + N * (B+ A) + B, we

denote G’ = G[0,..., (i — 1)], so we have:

Go=G wy=w VO0<z< N.G;+ +[X(l""’z+l)]; (wy+D;c— Gaa1; Waan

Gr=Gy++EMY]  a=1N]

loop
G'; w;[Loop a,0, [X,X1,Xz] do ]! — Grwn\1

We can show that G[0,...,(i+ B—1)] = Gy + +x®wz+D] pecause B = | x|, and
G[O0,...,(i+ B+ A)] =G,

because A is the number of variables assigned in c. So we have G, w k& (¢,i+ B, i +
B+A),GuiE(i+B+1*(B+A),i+B+A+1%(B+A),until G, wy_1 = (c,i+
B+(N-1)*(B+A),i+B+A+(N-1)*(B+A).

By induction hypothesis on premise T I—%I:f i};B *A) ¢, we conclude about the first

iteration.

GS(C[X_I/X]’D}m) LU) < GSS&(MZO)‘/ZO)i+B)i+B+A) /\KC = |V20|

By induction hypothesis on premise I I—E\Z?‘J;;,*(BM)’HBMH*(B+A)) cfor0<j<N,
Jrrej

we have:
Gs(cXz2/x], D,mj, w;) € Gssq(M2j, V2j, i+ B+ j* (B+ A),i+ B+ A+ j* (B+ A))

AK < |V
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We can show the first goal: Kjjoop 1y,0,5x1,%] do o = N * Ke = Xo<j<n(V2]). Be-

cause the non-zeros of any two V3;,V2; (i # j) are disjoint.

Then we need to show:
Gs([1oop vn, 0, [X,X;,X2] do c]l,D,m, W) € GgsqM', V', i,i+ N (B+ A)+B)

Unfold the definition of subgraph <, we need to show two cases.

1. The vertices in Gs([1oop vn;, 0, [X,X;,X2] do c] ! D,m, w) can be mapped to the
vertices in Gssq(M', V', i,i+ N *(B+ A)+ B) by fp n. We know that there exists

function fp,m;,c for Gs(c, D,mj, w;) when 0 < j < N. We can have
fomWx) = fp o (wx) vx=qg@)-)

2. Every edge in Gs([loop vp,0, [X,X3,X2] do c]!, D,m, w) can be mapped to a
corresponding path in Gss,(M’, V',i,i+ N * (B+ A)+ B). The edges (vx;, vx2)

can be divided into two categories.

2.1. vx;,vx; appear in the same iteration (¢, — ¢;) when 0 < j < N and
fo = t. We know that (vx, vx2) € Gs(c, D,mj, w;) so we can find a path
p(p,m(vx1), fp,m(VX2)) in Gssq(Mzj, Vaj, i+ B+ j* (B+A),i+B+ A+ jx*
(B + A)). We can easily show that Ggsq(M2j, V2j,i+ B+ j* (B+A),i+ B+

A+ j*(B+ A)) is a subgraph of Gssq(M',V',i,i+ N % (B+ A) + B).

2.2. vx;,vx; comes from different iterations jy (¢j,+1 — t},), j2(£j,+1 — t},) for
o @) Uy, w', )
0<ji1<j2<N.Weassume vx; = qgi(v1) "V 7" and vxp = qa(v2) 2 72",

We unfold the definition of one edge so that we have:

DEP(vxy, vx,, [loop vy, 0, [X,X),X2] do c]l, w) A To(vxy, vxo)
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! !
We know that q; (vl)(ll’wh) in the trace f;, 11— £, comes from a command

c) =[x—gqi(e)] Il We assume the loop body ¢ = ¢y; ¢;; c2 then we have:

<m7 [loop UN)Oy [X)X_I)X_Z] do c]lr L, LU> —*

(my,, [x — qu ()] ¢2; [Loop (v = 1), ju, 1%, %1, %] do €', 1), wh ) ="
<mj1y [100p (UN_ jl)rjl) [iyx_l!X_Z] do c]l) tj]y wh) —"

(my;, [skip]!, (tn, wn /D))

(m, [1oop vy, 0, [X,X,%] do cl’, t, w) —* (my, [skipl’, (tn, wn!D))

From the definition of DEP, we conclude that there exists a value v of
! !
jl), such that qz(vz)(lz’w

! /

W)
Similarly, we know that g, * 2

(hw

/
q1(D), assigned to variable x i) € L1~ Ljye

in the trace comes from a command

c’2 = [y— qz(ez)]lé. We know that the execution of c’2 (y(lé’“’}z)) depends

! !

on x(l i),

Similar as we show in sequence case, we now need to show there

. . (,w', ) apw' ) .
exists a path in G, fromy 272" tox V71" if the former affect the ap-
pearance of the later.
@'y . . apw' )
We first show thaty 272" will not directly depend on x V" /1" based

on the position of c’2 in ¢, there are three situations:

! ! ! !
%}, will not directly depend on x i)

: !/ !/ /
i. I; <l sothatc,€co. y
because c, appears before the assignment of x at line [].

ii. I, =1] sothat q; = g and x =y. It is the same reason as previous

, )

!
case that x""""%2) does not directly depend on x

! !
iii. I, > 1] so that c, € c. In this case, y(lz’wfz) still does not directly de-

! !/
(hw;

pend on x ") because there is only a direct edge between vari-

ables in the same iteration, while according to our assumption, it is
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not true.

1w (l{,w}

!
Then, we showy 2 indirectly depends on x V). There exists a

sequence of labelled variables lvy,lvy,..., v, for such that :1. [v, di-
rectly depends on x Wi,

(lé7

lv; directly depends on lv; when i =
j+lal<i<n.3.y wip) directly depends on lv,,.

We now show that direct dependence between any two labelled vari-
ables y**) and x*"*" in ssa language is tracked by our algorithm.

There are three possible situations:

i. The assignment statement [y — e], and x appears in e. This case
also covers the variables in X of our loop statement, because we treat
[X, X1, X2] as assignment X = X; + X2 to allow the values of variables

passed to next iteration.

ii. The assignment of y (either [y — e]’) appears in either branch of an

if statement. x is used in b.
iii. [y— g(e)]! and the variable x is used in e.

In the above three situations, our algorithm shows that
Myt x?%"] = 1 so that there is an edge from z%) to x?"%".

So we can show that :

/!

! ! ! ! !
there is path from the labelled variable in y(lz' i) tox"i when y(lz' wi,)

.. a,w' )
indirectly depends onx V"1,
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