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ABSTRACT

Next-generation wireless communication systems will need to contend with many ac-
tive mobile devices, each of which will require a very high data rate. To cope with
this growing demand, network deployments are becoming denser, leading to higher
interference between active users. Conventional architectures aim to mitigate this
interference through careful design of signaling and scheduling protocols. Unfortu-
nately, these methods become less effective as the device density increases. One
promising option is to enable cellular basestations (i.e., cell towers) to jointly process
their received signals for decoding users data packets as well as to jointly encode their
data packets to the users. This joint processing architecture is often enabled by a
cloud radio access network that links the basestations to a central processing unit via
dedicated connections.

One of the main contributions of this thesis is a novel end-to-end communications
architecture for cloud radio access networks as well as a detailed comparison to prior

approaches, both via theoretical bounds and numerical simulations. Recent work has
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that the following high-level approach has numerous advantages: each basestation
quantizes its observed signal and sends it to the central processing unit for decoding,
which in turn generates signals for the basestations to transmit, and sends them quan-
tized versions. This thesis follows an integer-forcing approach that uses the fact that,
if codewords are drawn from a linear codebook, then their integer-linear combinations
are themselves codewords. Overall, this architecture requires integer-forcing channel
coding from the users to the central processing unit and back, which handles inter-
ference between the users codewords, as well as integer-forcing source coding from
the basestations to the central processing unit and back, which handles correlations
between the basestations analog signals. Prior work on integer-forcing has proposed
and analyzed channel coding strategies as well as a source coding strategy for the
basestations to the central processing unit, and this thesis proposes a source coding
strategy for the other direction. Iterative algorithms are developed to optimize the
parameters of the proposed architecture, which involve real-valued beamforming and
equalization matrices and integer-valued coefficient matrices in a quadratic objective.

Beyond the cloud radio setting, it is argued that the integer-forcing approach is a
promising framework for interference alignment between multiple transmitter-receiver
pairs. In this scenario, the goal is to align the interfering data streams so that, from
the perspective of each receiver, there seems to be only a signal receiver. Integer-
forcing interference alignment accomplishes this objective by having each receiver
recover two linear combinations that can then be solved for the desired signal and
the sum of the interference. Finally, this thesis investigates the impact of channel

coherence on the integer-forcing strategy via numerical simulations.
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Chapter 1

Introduction

1.1 Motivation

Next-generation wireless communication systems are facing a growth in number of
mobile devices and a sharply-increased demand for higher data rate, which highlights
the need for techniques to mitigate interference between different users. Many of the
proposed systems and architectures for next-generation wireless will have to contend
with interference between devices. Conventional architectures aim to mitigate this in-
terference through careful design of signaling and scheduling protocols which become
less effective as the device density increases. Recently, Cloud radio access networks
(C-RANSs) have emerged as a promising framework that enable us to use advanced
signal processing techniques to jointly process the received signals at different cellular
basestations for decoding users data packets as well as to jointly encode their data
packets to the users. This joint processing architecture is often enabled by using
dedicated links between the basestations and a central processing unit.

This has been extensively analyzed via simultaneous joint typicality encoding and
decoding, which is unfortunately not suitable for practical implementation. Practi-
cal architectures have been proposed that rely on sequential encoding and decoding,
and substantial effort has gone into the design of algorithms to optimize the asso-
ciated parameters. Alongside these efforts, a new wireless architecture, namely the
integer-forcing receiver [Zhan et al., 2014], was proposed and has been analyzed for

several basic communication building blocks, including MAC, broadcast, and dis-



tributed source coding.

The integer-forcing receiver builds upon the compute-and-forward framework [Nazer
and Gastpar, 2011] proposed for the relay channel (i.e., the decoding is distributed
across the relays, not centralized in one receiver as in the MAC). In the compute-
and-forward strategy, the relay decodes integer-linear combinations of the desired
codeword along with the interference codewords, then forwards it to the destination.
Decoding integer-linear combinations is possible if all the users’ codewords were gen-
erated using the same lattice codebook due to the closure under addition property of
lattices.

For the MAC, the integer-forcing receiver first removes the noise by decoding
integer-linear combinations of the codewords. Then it removes the interference by
solving these combinations for the codewords themselves. This is unlike the conven-
tional linear receiver approach which uses equalization to eliminate the interference
between data streams before decoding, hence results in a poor performance due to
noise amplification or residual interference.

Integer-forcing decoders have been also introduced for the distributed source cod-
ing [Ordentlich and Erez, 2013]. The integer-forcing source decoder first recovers
integer-linear combinations of noisy sources’ observations, then solves these combina-
tions for the noisy sources’ observations. Since the sources are correlated, the com-
binations of the noisy sources’ observations can be chosen to have lower variances,
hence lower compression rates.

Here, we build on these efforts and propose several architectures for next-generation
wireless network topologies, such as C-RANs. The basic architecture of a C-RAN con-
sists of many users that communicate to several base stations (BSs) over a shared
wireless channel. Each BS has a finite-capacity fronthaul link to a central processor

(CP), which can employ joint encoding and decoding strategies to improve the overall



rates. Part of the appeal of C-RANSs is that in the uplink scenario the BSs do not need
to know the users’ codebooks, and can instead just forward their quantized channel
observations to the CP [Sanderovich et al., 2009]. Similarly, in the downlink scenario
the BSs decompress and transmit the recovered channel codewords to the users [Park
et al., 2013]. The CP can then employ sophisticated encoding/decoding procedures
to encode/decode the users’ messages. We extend integer-forcing to the uplink and
downlink C-RAN scenarios and develop algorithms to optimize the associated param-
eters. In the case when we are free to allocate the total transmitting power across
different transmitters and the fronthaul total capacity across different fronthaul links,

we established a sum-rate duality between the integer-forcing for uplink and downlink

C-RAN.

1.2 Integer-Forcing Background

In this section, we briefly review the IF schemes proposed in the literature for both

channel and source coding.

1.2.1 Integer-Forcing Channel Coding

Integer-forcing channel coding (IFCC), proposed in [Zhan et al., 2014] for the Gaus-
sian MIMO multiple access channel (MAC), shows a promising performance that
approaches the joint decoding performance on average when there is no channel state
information available at the transmitter (CSIT). However, the work in [Ordentlich
and Erez, 2015] showed that for some channel realizations, the sum-rate of IF can be
far from the sum-rate of joint decoding. As a workaround to achieve a constant gap
from the Gaussian MIMO capacity (i.e., centralized encoding), the authors proposed
using a universal (i.e., independent of the channel realization) space-time precoder at
the transmitter. Later, [Ordentlich et al., 2013] proposed successive integer-forcing

decoding in which the decoder uses previously decoded integer-linear combinations



as side information to help reducing the effective noise variance affecting subsequent
decoding steps at the expense of using different lattice codebooks at the transmitters.
Alongside these contributions, [Hong and Caire, 2011] proposed a reverse compute-
and-forward scheme for the broadcast channel (BC) (i.e., distributed antenna sys-
tems). In the reverse compute-and-forward, the encoder precodes the messages in
the digital domain before performing channel encoding. This allows the distributed
decoders after decoding integer-linear combinations of the codewords to map each
combination to the desired message.

The work in [Zhan et al., 2014, Ordentlich and Erez, 2015, Ordentlich et al., 2013,
Hong and Caire, 2011] assumed that all transmitters have the same power constraint,
hence the nested lattice codebooks used had a single coarse lattice that enforces the
power constraints. Later, [Nazer et al., 2016] generalized the compute-and-forward
building block used in the aforementioned IF schemes to include asymmetric power
allocation across transmitters by using nested lattice codebooks with multiple nested
coarse lattices. Recently, the work in [He et al., 2018] extended the reverse compute-
and-forward scheme to the asymmetric power allocation case using a digital version of
dirty-paper precoding on the digital messages. This allowed the authors to establish
an uplink-downlink IF sum-rate duality under a total power constraint. The uplink-
downlink IF duality result helped the authors to develop an iterative algorithm to

optimize the downlink channel parameters.

1.2.2 Integer-Forcing Source Coding

Recently, the distributed lossy compression for jointly Gaussian random variables,
under quadratic distortion measure, has been studied extensively in [Pradhan and
Ramchandran, 2003, Wagner et al., 2008, Krithivasan and Pradhan, 2009, Zamir et al.,
2002]. For the scalar sources, [Wagner et al., 2008] proved that the Berger-Tung (BT)

quantize-and-bin strategy [Berger, 1977] is optimal. In the BT scheme, we first quan-



tize the sources, realizations using i.i.d. codebook, then use a binning scheme similar
to Slepian-Wolf binning to exploit the correlation between the sources. At the re-
ceiver, BT uses a joint typicality decoder which has implementation complexity that
scales exponentially with the number of sources, thus preventing it from being re-
alized in practice. Another way to exploit the correlation between the sources is
to use Wyner-Ziv scheme [Wyner and Ziv, 1976] by successively decompressing the
sources, using previously recovered sources as side information. Recently, integer-
forcing source coding (IFSC) [Ordentlich and Erez, 2017] was proposed to extend the
idea of IFCC to the distributed lossy compression problem with symmetric distortion.
The underlying idea of IFSC is to use single-user decoders to decode integer-linear
combinations of noisy realizations of the sources, then solve for these noisy observa-
tions. Decoding integer-linear combinations of the sources is possible when using the
same lattice quantizer at the distributed sources. The combinations can be selected
to have smaller variances than the sources, hence, for a fixed distortion, the encoders
can use codebooks with lower compression rates.

Later, [He and Nazer, 2016] extended the IFSC scheme to the asymmetric distor-
tion case by using nested lattice codebooks as quantizers at the encoders and alge-
braic successive decoding for the combinations at the decoder. Both IFSC schemes
are promising candidates for the uplink C-RAN, where distributed BSs can use sim-
ple lattice quantizers to quantize their observations. The CP can then use IFSC to

recover the BSs observations.

1.3 Related Work

In an uplink C-RAN, each BS can choose between decoding some users messages
[Kramer et al., 2005] (probably the users closest to it), compressing its observation

[Cover and El Gamal, 1979] or computing integer-linear combinations of the users



messages [Nazer and Gastpar, 2011]. The BS then forwards the result to the CP.
On the other hand, several cooperation techniques were proposed for the downlink
C-RAN including data sharing [Simeone et al., 2009], reverse compute-and-forward
[Hong and Caire, 2011] and compress-and-forward (e.g., multivariate compression
[Park et al., 2014]). In the data-sharing scheme, the digital messages (or a subset
of the messages) are shared with each BS using the fronthaul links which creates a
cooperation opportunity that helps eliminate the interference at the user end. On
the other hand, in a reverse compute-and-forward scheme, the digital messages are
initially precoded at the CP, then forwarded through the fronthaul links to the BSs.
The users recover integer-linear combinations of the codewords transmitted from the
BSs where each combination at the user side can be mapped back to the originally
desired message at this user. Recent work [Ganguly and Kim, 2017] has proven that,
in a cloud-radio access network (C-RAN) set-up, compressing the relay’s signal and
forwarding it to the destination achieves the capacity within a constant gap in both
uplink and downlink scenarios. However, the achievability scheme in [Ganguly and
Kim, 2017] requires joint encoding/decoding at the CP which has implementation
complexity that scales exponentially with the number of users. Hence, recent papers
have developed strategies and optimization algorithms with lower implementation
complexity, like Wyner-Ziv-based compression [Gesbert et al., 2010, Park et al., 2014,
Zhou and Yu, 2014, Zhou and Yu, 2016] for the uplink scenario and multivariate

compression using successive compression [Park et al., 2013] for the downlink scenario.

1.3.1 Compression-Based Schemes for C-RAN

In compression-based uplink C-RAN, each BS compresses its observation and for-
wards it to the CP which first recovers the BSs” observations with some quantization
noise, then use them to recover the users messages. In [Zhou and Yu, 2014], the

authors proposed a successive decoding scheme for both phases, in which the CP first



successively recovers the BSs observations (i.e., Wyner-Ziv compression), then uses it
to successively decode the users messages. In [Zhou et al., 2016], the authors general-
ized the successive decoding to include all permutations between recovering both the
BSs’ observations and the users messages and proved that, under some conditions, it
recovers the performance of joint decoding.

Similarly to the uplink case, in a compression-based strategy the CP encodes the
digital messages to channel codewords, performs a linear precoding, compresses each
codeword and forwards it to a BS through the fronthaul links. Since the fronthaul
links have finite capacity, the BSs recover the codewords with some quantization
noise. The quantization noise from each BS is going to be combined at the users and
introducing a correlation between them can be beneficial [Park et al., 2014].

In this thesis, we will focus on developing low implementation complexity archi-
tectures that use single-user encoders/decoders instead for joint encoders/decoders

for compression-based uplink and downlink C-RAN.

Wyner-Ziv compression for uplink C-RAN

The simplest way to compress and decompress the BSs observations is to do it inde-
pendently discarding the correlation between these observations. However, discarding
some of the information yields a significant loss in performance. One can opt rather
to use previously decompressed observations at the CP as side information to help
reduce the compression rate under fixed distortion measure (or reduce the distortion
measure under fixed rate constraint) for subsequent recovered observations. This
can be done by Wyner-Ziv compression and successive decompression as suggested
by [Zhou and Yu, 2014]. In order to optimize their scheme, the authors developed
a successive convex approximation (SCA) algorithm to jointly choose the covariance
matrix of the quantization noise along with the channel precoding matrix (assuming

that the channel is known at the transmitter side). Furthermore, they proposed a



heuristic approach for the decompression order which is essential to limit the SCA
algorithm’s complexity. Other than error propagation, the Wyner-Ziv compression
technique used in [Zhou and Yu, 2014] faces two drawbacks. The first is that the
optimization problem is non-convex and the proposed successive convex approxima-
tion algorithm is not guaranteed to converge (or may converge very slowly). The
second is that taking all possible decompression orders into consideration may render
it impractical and using the heuristic ordering suggested in [Zhou and Yu, 2014] may
result in a considerable loss in performance. Hence, a lower complexity scheme that
takes into consideration the correlation between BSs observations and is easy to op-
timize is needed. For that reason, we propose using IFSC with parallel or successive
single-user decoders as the compression scheme of the end-to-end IF uplink C-RAN.
One advantage for IFSC over Wyner-Ziv successive decompression is that IFSC could
be done using parallel single-user decoders instead of successive single-user decoders
which exhibit delay and error propagation. Furthermore, the structure of the single-
user decoders used in IFSC has lower implementation complexity than the single-user

decoders used in Wyner-Ziv decompression.

Multivariate compression for downlink C-RAN

In order to minimize the distortions affecting the reconstructed codewords at the BSs
in a downlink compression-based C-RAN, we should independently compress (decom-
press) the codewords at the CP (BSs), respectively. This can be performed efficiently
using a rate-distortion code. However, since the quantization noise impacting the
recovered codewords at the BSs will be combined later at the user’s end, [Park et al.,
2013] proposed a multivariate compression scheme that allows us to create correlated
quantization noise at the BSs, which ultimately lowers the effective variances of the
combined noise seen at the users. The multivariate compression, which demonstrated

a promising performance in [Park et al., 2013], is done using joint compression. As



a lower complexity alternative, the authors also proposed successive single-user com-
pression to create the correlation between the quantization noise at the BSs. In
order to optimize the associated parameters, the authors proposed a successive con-
vex optimization algorithm for a given compression order. Similar to the Wyner-Ziv
compression for the uplink C-RAN, the optimization algorithm of this successive com-
pression strategy suffers from the same implementation drawbacks (i.e., convergence
issues and optimizing the compression order). This shows the need for an alternative
to multivariate compression or successive compression that has a lower implementa-
tion complexity and is easier to be optimized which we can use to create a correlation
between the quantization noise at different BSs. In this thesis, we propose a new
integer-forcing compression scheme, namely the reverse integer-forcing source coding,
that only uses parallel single-user encoders to create such a correlation. Furthermore,
this reverse IFSC scheme is easy to be optimized using the sum-rate duality that we
establish between both uplink and downlink IF architectures. Specifically, instead
of optimizing the reverse IFSC in the downlink, we optimize the IFSC in the uplink
then use the duality to get a solution for the reverse IFSC parameters that achieve

the same sum-rate as in the uplink.

1.4 Contributions

1.4.1 Integer-Forcing for Uplink C-RAN

For the uplink C-RAN channel, where the BSs are connected to a CP through fron-

thaul links with limited capacity, we

e Start by providing a simpler and complete achievability proof for IFSC with

algebraic successive cancellation proposed in [He and Nazer, 2016].

e Propose an end-to-end integer-forcing framework for compression-based uplink

cloud radio access network with lower implementation complexity and compa-
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rable performance over the state-of-the-art Wyner-Ziv-based compression with

successive interference cancellation.

e Prove that, when the channel state information is only known at the receiver
(CSIR), the IF outage probability is a constant gap from the optimal outage

probability.

e Develop an opportunistic IF compression scheme that combines both the IFSC
and single-user compression, for the important case when only local CSI is
available at the BSs (i.e., each BS only knows the channel from all users to

itself).

1.4.2 Integer-Forcing for Downlink C-RAN

In [Park et al., 2013], a multivariate compression coupled with dirty paper channel
coding is proposed which demonstrated a good performance despite its high imple-

mentation complexity. For that, we

e Introduce a novel reverse integer-forcing source coding, which uses only parallel
single-user encoders, instead of the joint or successive encoders used in the

multivariate compression, to create correlation between the quantization noise

at the BSs.

e Extend this compression technique to include algebraic successive encoding,
which can create quantization noise with a wider class of covariance matrices,
hence resulting in higher performance at the expense of using different lattice

codebook at each BS.

e Use the reverse IFSC to propose an end-to-end integer-forcing framework for
the downlink C-RAN with lower complexity than multivariate compression and

dirty paper coding.
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e Under total power constraint and total fronthaul rate constraint, we establish
a duality between the achievable end-to-end sum-rates using the proposed IF

schemes for uplink and downlink C-RAN.

1.4.3 Integer-Forcing Interference Alignment

Finally, we study the K-user MIMO interference channel, where some form of interfer-
ence alignment [Gomadam et al., 2011, Ntranos et al., 2013] is often needed to attain
the highest possible rates. For the important special case of linear alignment strate-
gies, many iterative optimization algorithms have been proposed that aim to maximize
the signal-to-interference-and-noise ratio (SINR) at each receiver. We propose a class
of iterative optimization algorithms for integer-forcing interference alignment (IFIA)
proposed in [Ntranos et al., 2013]. There are two main components: an aligned lattice
reduction algorithm and an equalization/beamforming optimization algorithm that
utilizes either uplink-downlink duality [He et al., 2018] or convexity. We also demon-
strate, via simulations, the rate gains of IFIA over the Max-SINR algorithm especially
in the low/moderate SNR regime. These gains are most pronounced in scenarios that

are not feasible [Yetis et al., 2010] for linear strategies in a degrees-of-freedom sense.

1.4.4 Time-Varying Integer-Forcing Linear Receivers

In many important scenarios, the channel may vary significantly within the span of a
single codeword (i.e., the coherence time of the channel is longer than the codeword
duration). For example, in orthogonal frequency division multiplexing (OFDM) sys-
tems, channel variation will occur across OFDM symbols if the channel is frequency
selective. Hence, the tacit assumption that the channel is fixed through the block
length that we assumed throughout this thesis work is not always true. Since relay
channels (e.g., C-RAN) is sophisticated to study in nature, we start first by assuming

a simple multiple access channel and extend the integer-forcing receivers for MAC to
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include time-varying channels and comparing its performance to conventional linear
receivers. The underlying idea of IF equalization is to approximate the channel to in-
tegers while decoding. Even if the channel is changing within the codeword duration,
the integer coefficients in the combination should be held fixed so that the lattice
closure property remains intact. We show that in the block-fading model, where the
channel is assumed to be fixed within a subblock but changes from subblock to an-
other, the IF performance still retains advantage over conventional linear receivers.
For the C-RAN, it remains an open question whether the proposed IF architectures
in this thesis still retain advantage over conventional decompression and decoding

strategies (e.g., Wyner-Ziv compression and successive MMSE decoding) or not.

1.5 Notation

In this work, we denote column vectors by boldface lowercase (e.g., x) and matrices by
boldface uppercase (e.g., X). Let X' denote the transpose of a matrix X and let X 4 5
be the matrix composed of the rows and columns of X with indices in the sets A and
B, respectively. When A = B, we write X 4 5 as X 4. Define log™ (z) £ max(0, log(z)).
For simplicity, we focus on real-valued channels.! We use the superscripts ‘ul’ and ’dl’
to denote symbols defined for the uplink and downlink channels, respectively. It is
worth noting that throughout this dissertation, we calculate the outage and average
rates for a certain scheme by computing its CDF numerically using the closed form

expression for the achievable rate under that scheme.

1.6 Outline

The remainder of this dissertation is organized as follows. We first review some

basic lattice definitions in Chapter 2. In Chapter 3, we study the distributed lossy

'Note that complex-valued channels can be handled via their real-valued decompositions [Zhan
et al., 2014].
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compression problem and introduce a simpler proof for the successive integer-forcing
source coding with asymmetric distortion. Next, in Chapter 4, we study the uplink C-
RAN and propose an end-to-end IF scheme based on the integer-forcing channel and
source coding. In Chapter 5, we propose a low-complexity scheme for multivariate
compression based on lattice coding. In Chapter 6, we study the downlink C-RAN and
propose a low complexity end-to-end IF scheme, then establish an uplink-downlink
[F' duality in Chapter 7. We propose an algorithm to optimize the parameters of the
integer-forcing interference alignment (IFTA) scheme in Chapter 8. In Chapter 9, we

extend the integer-forcing receiver to the time-varying channel and finally conclude

our work in Chapter 10.



Chapter 2

Preliminaries

We start with definitions and coding theorems for lattices that will be useful in our

strategies.

Definition 1. Lattice: A lattice is a discrete additive subgroup of R’ that is closed
under addition and reflection. Given m linearly independent vectors (i.e., basis)

g1, ...,8m € RT, the generated lattice is defined as

AG) = {Z gizi 17 € Z} = GZ™
=1

where G £ [g, ..., €] is called the generator matrix of A(G). For a full-rank lattice
A (i.e., m=T), we define its dual lattice as A* = {G Tz :z € Z"}.
The lattice quantizer maps any point in R” to the nearest point in A (breaking

ties in a systematic way),

Qx(x) £ arg min |x — }\||2,
AEA

which in turns defines the Voronoi region V(A) as the set of points in R” that quantize

to the zero vector. The mod A operator returns the lattice quantization error

[x] mod A £ x — Q(x).

14
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The second moment of a lattice is
a’(A) = lEHXH2
T

for x ~ Unif (V (A)).

Lemma 1 (Crypto Lemma). For a vector'y € RT and a dither u ~ Unif(V(A))
independent of y, we have that q = [y +u] mod A is independent of y and q ~
Unif(V(A)). See [Zamir, 2014] for a proof.

We say that the lattice A is nested in the lattice Ap if Ac C Ap. A nested lattice
codebook Ap NV (A¢) consists of all of the fine lattice points inside the fundamental
Voronoi region of the coarse lattice. Note that nested lattices Ac C Ap satisfy a

distributive law, i.e., for any x,y € R? and integers a,b € Z,

[a [x] mod A¢ + b[y] mod A¢] mod Ap (2.1)

= [ax + by] mod Ap. (2.2)

The following theorem encapsulates some of the nested lattice existence results
from [Ordentlich and Erez, 2016] in a form suitable for establishing our integer-forcing
source coding results.

Lemma 2 ( [Ordentlich and Erez, 2016, Theorem 2]). For 6y,...,0x € Rje >0, and
T large enough, there exist a nested lattice chain Ag C ... C Ay (generated using

Construction A from a p-ary linear code for a large enough prime p) such that for
m=1,...,L,

1. The second moment satistfies 0,,, < 0*(A\,,) < O + €.

2. A mizture of Gaussian and lattice quantization noise will remain in the Voronoi

K
cell w.h.p. if its second moment is below 0,,. Specifically, if z.g = Lozo+ >, BnZk
k=1

K

where Bo, ..., Bx € R, zg ~ N(0,1), zx ~ Unif(V(Ay)) and if 82 + > B0, <
k=1

O, then Pr ([z.4 mod A,, # z.g) < €.
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3. The rate of the codebook formed by intersecting A, with V(A,) satisfies

9@ 1 1 96
— — | < — — — | + €.
zlog (em) - Tlog‘AmmV(Ag)‘ < 2log (9m> ‘

The m™ successive minimum of the full-rank lattice A(G), defined by the basis

G € R™T is defined as
Am(G) = inf {r : dim (span (A(G) N B(0,7))) > m} (2.3)

where B(0,7) is a T-dimensional ball centered at the origin and has a radius 7.

b successive minima is the radius of the smallest ball that

In other words, the m®
contains m linearly independent lattice points. The following transference theorem
due to Banaszczyk allows us to connect the successive minima of a lattice to those of

its dual.

Theorem 1 ( [Banaszczyk, 1993, Theorem 2.1]). For m = 1,...,T, we have that
M (GOA 1 (GTT) < T

The successive minima are connected to the combinatorial L shortest independent
vectors problem (SIVP) [Bremner, 2012] by the following representation

An(G) = min |Ga,|?>, m=1,...,T. (2.4)

am€ZT rank([a; - am])=m

Despite the fact that the SIVP is an NP-hard problem, a good approximation for
the minimizers ay,...,ar can be obtained using polynomial-time lattice reduction

algorithms as LLL [Lenstra et al., 1982].

Definition 2. Algebraic Inverse: For a prime p, we define the algebraic inverse of

ZKXK

integer matrix A € over Z, as any integer matrix A™ € ZK*® that satisfies

[A™A] modp =1 (2.5)



Chapter 3

Distributed Lossy Compression

In this chapter, we study the classical distributed lossy compression problem which
plays an important role in compression-based C-RAN strategies which is one of the
main topics in this work. We first recall the problem set-up, recall some conventional
compression schemes, then finally study recently proposed low-complexity compres-

sion schemes based on lattice codes.

3.1 Problem Formuation

Ry

7
S1 Encoder 1 — 81

ir 49
SL Encoder L

— 8L

: Decoder

-

Figure 3-1: The distributed lossy compression problem.

Consider the distributed compression problem in Fig. 3-1, where we have L dis-
tributed correlated sources that generate 7' i.i.d. realizations s(1) --- s(7T') of a Gaus-

sian distribution with zero-mean and covariance matrix Kgg and a single decoder.

The ¢*® source is equipped with an encoder & : RT — {1,...,27F¢} that maps
s¢ 2 [s4(1) -+ s4(T)] to an index i, = &(s,) with rate R,. The decoder has a func-
tion D : {1,..., 27”1} x ... x {1,..., 278} — RT x ... x RT that uses all received

17
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indices iy, ..., i to recover (si,...,8;) = D (i,...,ir) where 8; £ s, + q is a noisy
version of s, with quantization noise q, that is characterized by its mean-square er-
ror 1E|lq¢[?>. We assume that the estimates S, are unbiased estimates of s, (i.e.,
E[q, =0) for £ =1, ..., L. This allows us to assume that the quantization noise q is
uncorrelated with the sources sy, ..., sy, which is a desirable property for our C-RAN
application as we will see later in Chapter 4.

The compression rates Rscheme¢(Kss, d1,...,dy) for £ € L are said to be achiev-
able, via a particular scheme, for distortion levels dy,...,dy, if there exist encoders
(with rates Rschemer(Kss,di,...,dr)) and a decoder such that for any ¢ > 0 and T

large enough we have

1
=K
T

T
Zq?,t] <dj+e (=1,... L
t=1

Remark 1. Similarly, for fixed rates Ry,...,Rp, the distortion levels
dschemet(Kss, Ry, ..., Rr) for £ € L are said to be achievable, via a particular
scheme, if there exist encoders(with rates Ry,...,Ry) and a decoder such that for

any € >0 and T large enough we have

T
1
T]E Zqzt] Sdscheme,Z<KSS7R17"‘7RL>+€7 (= ]-7"'7L'

t=1

In some applications (e.g., compression-based C-RAN), Kgg is not fixed and can
be assumed to be drawn from some distribution. In general, each compression rate
depends on Kgg and all rates should be set jointly according to the realization of
Kss. However, if the realization of Kgg is only fully known to the decoder and
partially known to the encoders (i.e., the (" encoder knows only Kgsue), we can
not set the rates jointly. In this case, each encoder can only set its compression rate
separately, depending only on its source’s variance. Hence, we can only use “single-

user” compression so that the quantized observation from the ¢*" encoder can be
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reconstructed directly from the index i,. Unfortunately, this compression scheme does
not exploit the correlation between sources observations. We propose a workaround,
in which the sources fix the compression rates (along with the fixed distortion levels
) regardless of the value of Kgg, so that the decoder can recover si,...,s; with
some positive probability (w.r.t. the distribution of Kgg). Specifically, define the
compression outage probability, for a target symmetric distortion level d; and target

symmetric compression rate R;, to be

poutage<Rt7 dt) é P (mKaX Rscheme,é(KSS> dt) > Rt) (31)

where the probability is taken with respect to the covariance matrix Kgg. Note that
we opt to use a symmetric distortion level d; when Kgg is not fully known to the
encoders, since it is not clear how to best choose dy 1, . .., d; 1 to obtain a given outage

probability.

3.2 Conventional Distributed Compression Techniques

3.2.1 “Single-User” Compression

The simplest compression strategy is to ignore any correlations between sy, ..., sy and
use i.i.d. Gaussian codebooks to compress each source independently. At the decoder,

we use single-user decoders to recover each source (i.e., 8, = Dy(i) for £ =1,...,L).

Lemma 3 ( [Zhou and Yu, 2016, Equation (8)]). The achievable compression rates

for single-user (SU) compression are

1 K
Rsvi(Kssue,de) = 3 log (1 + %) ., Yel (3.2)

where Kgg ¢ denotes the variance of the 0™ source and dy is the (™ distortion level.

Note that the “1 4+” appears inside the logarithm since we insist upon unbiased

estimates.
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Remark 2. Since the SU compression does not exploit the correlation between the

sources, the (™ achievable rate only depends on the (™ variance Kgsy.

3.2.2 Wyner-Ziv Compression

Since the sources sy, ..., sy are correlated, we can use a Wyner-Ziv (WZ) compression
strategy [Wyner and Ziv, 1976] to exploit this correlation using successive decompres-
sion. Assume the decompression order is specified by a permutation 7, : £ — L. The

basic idea behind W7 strategy is for the decoder to use previously decompressed

signals §7TS(1), U (¢.—1) as side information while recovering Sn. (o) to obtain a finer
reconstruction.

Lemma 4 ( [Zhou and Yu, 2016, Equation (28)]). The achievable compression rates

under Wyner-Ziv compression are given by

Rwzn,0)(Kss, D7) = = log — s log(dr, ), VLEL

1 Kss,7,.7 + D7 1
2 2

Kss,7 7, + D7
(3.3)

where Ty 2 {m,(1),...,7(0)} and D £ diag(dy, ..., dyL).
See [Zhou and Yu, 2016] for a proof.

Remark 3. Unlike SU compression, all achievable rates via WZ compression do
depend on Kgs. Hence, to find the achievable distortion levels subject to some rate
constraints, as we will see in Chapter 4 in our C-RAN application, we need the
knowledge of Kgg at all encoders.

Note that WZ compression can be also extended to the case where Kgg is only
available to the decoder and not to the encoders by setting a predetermined distortion
levels and tolerate some outage probability that one (or more) of these values falls

below the achievable distortion levels for WZ compression.
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3.2.3 Symmetric Berger-Tung Compression

The rate region for distributed Gaussian source coding remains an open problem.
However, the Berger-Tung (BT) quantize-and-bin strategy [Berger, 1977] is known to
be optimal for two (scalar) sources [Wagner et al., 2008]. Here, following the example
of [Ordentlich and Erez, 2017, Sec. II], we take the BT rate region, evaluated for
Gaussian test channels and with a symmetric distortion constraint, as a benchmark for
our compression schemes. This strategy relies upon joint typicality decoding, which
has substantially higher implementation complexity than the successive decoding used

for WZ compression.

Lemma 5 ( [Ordentlich and Erez, 2017, equation (6)]). The achievable symmetric

compression rate using the BT compression scheme is

1
I+ —Kggs

1
Rpr(Kss,dpr) = — log 7
BT

57 (3.4)

where Kgg is the covariance matriz of the sources and dgr is the symmetric distortion

level.

3.3 Lattice Distributed Compression

3.3.1 Lattice-Based Single-User Compression

Lattice codes can be used to achieve the same rate and target distortion for the
single-user compression strategy presented in Section 3.2.1.
For clarity, define permutations 7r and 7o such that the target distortion levels

and the sources variances satisfy

IN

Arp(L) < drp(n)

Kssroyme) < - < Kgsno(L)mo(L)-



22

Codebook

Generate nested lattice codebooks C; = Apy N V(Acy) with rates Ry = %log (Zi—’j)
using nested lattices Aoy € -+ € Acro) € Arre) € -0 © Apgp(r) selected
using Lemma 2 with parameters 0p, = dy and 6¢, (to be chosen later), where d; is

the ¢t distortion level.

Compression
The ¢™ encoder adds a random dither u, ~ Unif(V(Agy)) to its realization s, then

takes modulo with respect to the coarse lattice A¢, to obtain its codeword

)\g = [QAF,E (yg + ug)} mod AC,Z (35)

where Ay € Cy,. Note that the dithers uy,...,u; are independent and known to the
decoder'. The /" encoder then sends the index i, € {1, e ,ZTRE} that corresponds

to the codeword A, to the decoder.

Decompression

The decoder recovers the codewords Aq,..., Az from the indices iq,...,7., then re-

covers

S, = [)\g — llg] mod Aqg

n
~
|

—
S)
N

[[Sg +uy + Qg] mod Ac’g — ug] mod Ac’g

—
=

= [s¢ + q¢) mod Acy

:) S¢ + Qe (36)

'The availability of random dithers at the transmitters and receivers is a standard assumption
made to streamline achievability proofs for nested lattice codes. It is straightforward to show that
the same rates are achievable by replacing these random dithers with deterministic ones. See, for
instance, [Nazer and Gastpar, 2011, App. C] for more details.
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where q; = —[s;+u,] mod Ap, is a quantization noise independent of s, and uniformly
distributed over V(Apy) due to Lemma 1, (a) follows from the definition of the mod
operator, (b) follows from the distributive law, (¢) follows with high probability by

the second property of Lemma 2 if the effective variance satisfies
1 2
?EHSg + q||* = Kssue+di < 0oy, Yl EL. (3.7)
This is guaranteed if we choose 0¢, such that
0o = Kgspe+dp— € (3.8)

where € goes to zero as the blocklength goes to infinity.

Lemma 6. For a target distortion levels dy,...,dr and covariance matriz Kgg, the

achievable rates for lattice-based single-user compression are

1 <K ss,ee + de
2 g

RSU—lattice,Z = —lo d > Yl e L (39)
l

which matches the performance of the i.i.d. Gaussian codebooks from (3.2).

3.3.2 Symmetric Integer-Forcing Source Coding

For this section, let us assume symmetric distortion levels d; = --- = d;, = d and
symmetric compression rate R; = --- = Ry = R. In order to successfully recover the
sources’ realizations, we need to “break out” of the mod A¢, operation as in (3.6).
The distributive law (2.2) allows us to take integer-linear combinations of the sources
prior to removing the mod Ax operation. Since the sources are correlated, we can
select the integer coefficients to reduce the variance, thus relaxing the requirements

on the second moment of the coarse lattice and decreasing the compression rate. If
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we recover L linearly independent integer combinations

L
v, & Zamggg, e €Z, m=1,...,L, (3.10)
=1
then we can solve these for the quantized sources Si,...,S;. This is the main idea

behind integer-forcing source coding (IFSC).
Let A be the L x L integer matrix whose (m, £)™ entry is a,,, and note that we

can solve for the quantized sources if A is full-rank.

u
1 ' v /ﬁ’s\l
|
| . . .
! ! LA : A
| A ! uy,
¢ — Qap,, —modAc s—— X, % [ }v 5L
I | AL mOdAC,L L
|

e e e e e e oo - -/ -/

(a) The m'™ encoder. (b) The Decoder.

Figure 3-2: Integer-Forcing Source Coding, where the green arrows
denotes algebraic successive cancellation.

Codebook

Select a nested lattice pair Ap C A¢ using Lemma 2 with parameters 6 = d and
Oc, where d is the symmetric distortion. The nested lattice pair forms the lattice

codebook C = Ar N V(A¢) with rate R = 1log (%)'

Compression

As in the lattice-based single-user compression, the ¢! encoder first quantizes its

observation s, using Ap to obtain the lattice point
ty = O, (80 +uyp) (3.11)

where uy is a random dither uniformly distributed over V(Ar) and independent of s,.



25

Next, the /" encoder takes mod A¢ to obtain the lattice codeword A, € C as

follows:
Ag = [tg] mod Ac. (312)

Finally, the (" encoder sends the index i, € {1,...,2%} of A, to the decoder.

Decompression

It will be useful to collect the dithers and sources’ realizations in matrices U £
u; --- uglfand S = [s; --- s]f, respectively.

For a fixed full-rank integer matrix A, the decoder first recovers the codeword
matrix A = [A; --- Az]' from the indices iy,...,iz, then removes the dithers and

computes

V =[A (A — U)] mod A¢

@A (T - U)] mod Ac

9 A (S + Q)] mod Ac

VIPA (S + Q) (3.13)
where mod A¢ operates on each row, VvV 2 [V, --- v.]T, ¥, is an estimate of vy,
T 2 [t; --- tz]f, (a) follows from the distributive law, (b) follows from substituting

by T=S4+U+Q, Q= [a1 -+ aqi]l,ax = —[s + u] mod A is independent of sy,
and uniformly distributed over V(Ar) by the Crypto Lemma and the last inequality
holds from Lemma 2 with high probability if all rows of A (S + Q) lies with high

probability in V(A¢) which happens if
1o )
?]EHam(S—l—Q)H <bOc, m=1,...,L.

This can be guaranteed by setting 0 = d and ¢ = max,, al, (Ksg + dI) a,, + ¢,
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where %E [SST} = Kgg is the covariance matrix of the L sources, %E[QQT] =dI is
the effective covariance matrix of the quantization noise Q and € goes to zero as the
blocklength goes to infinity.

Assuming correct recovery V,, = V,,, the decoder applies the inverse of A to

obtain

S2AW=A1V

~S+Q.

Lemma 7 ( [Ordentlich and Erez, 2017]). For a given covariance matriz Kgs and

distortion level d, the symmetric IFSC achievable rate with parallel decompression is

max _al (Kgs+dI)a,

m=1,...,.L

1
R Kggs,d) = i —log* 3.14
rsc(Kss, d) AgéanX L 9 0g d ( )
Rank(A)=L
3.3.3 Asymmetric Integer-Forcing Source Coding
Let us recall the asymmetric IFSC introduced in [He and Nazer, 2016].
For a full-rank integer matrix A, assume that the combinations vy,..., vy have

been re-indexed (i.e., the rows of A) such that their effective variances are mono-
tonically increasing (i.e., E|v{||? < --- < E||v][?). Furthermore, assume that the
sources are re-indexed (i.e., the columns of A, columns and rows of Kgg as well as
the diagonal elements of D) such that the full-rank integer matrix A has full-rank
sub-matrices A (1., for m=1,..., L.

Furthermore, define a permutation 7g such that dr,.) < -+ < drp()-

Codebook

Generate nested lattice codebooks C; & Apy N V(Agy) with rates Ry = %log <%)
using nested lattices Acp, € --- € Ag1 € Apgro) € -+ € Apgr) selected using

Lemma 2 with parameters 0, = dy and 6¢c, (to be chosen later), where d; is the (th
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distortion level.

Remark 4. Note that for the symmetric rate case R, the monotonically increasing

effective variances E||vy||? < -+ < E||vp||? induces a monotonically increasing dis-
tortion levels dy < --- < dy, where g s the identity permutation in this case.
Compression

The compression part is similar to IFSC in Section 3.3.2, however with asymmetric

fine lattice A, and coarse lattice Ay such that the £ encoder obtains

te = Qup, (Se+uy)

)\g = [te] mod Ac,g (315)

where uy is a random dither that is independent of s, and uniformly distributed over
V(A F,é)‘

It is useful to write the i*" combination as
vi=al(T-U),i=1,...,L, (3.16)

where T=S+U+Q, Q2 [q; --- qz]f,q¢ = —[s¢+uy] mod Ap and is independent

of s, and uniformly distributed over V(Apy) from the Crypto Lemma.

Algebraic Successive Decompression

Recall that in parallel decompression in (3.13), we found that by computing [A (A — U)] mod

Ac = [A([T] mod A¢c — U)] mod A¢ and using the distributive law, we were able to
recover [A(T — U)] mod A¢, which can be written as [A (S + Q)] mod Ac.
This was only possible since we were using a single coarse lattice A¢. Unfortu-

nately, here at the m'™ decoding step, we take mod A¢,, and this result does not
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hold. Alternatively, at the m'" decoding step, we can compute
[L(A — U)] mod A¢,, = [L(T — U)] mod A, = [L(S + Q)] mod Acy,

where the first equality holds using the distributive law if and only if L is an upper

triangular integer matrix. This is due to the fact that, the m'"

row of LA only
contains mod A¢, operations for £ > m and for those values of ¢ we have Ac, C Ac,,
(i.e., Acym is finer than all ”inner” modA¢, operations).

Furthermore, the upper triangular property of L means that the m™ combination
will only contain the source vectors s,,,...,sy. Using previously decoded combina-
tions vy, ..., V,,—1 (assuming correct decoding) as side information, we can obtain the
missing part of the m' combination (i.e., fill out the zero elements in the m*™ row of
the upper triangular matrix L).

Towards this end, let us define a strictly lower triangular integer matrix C where its
m'™ row ¢! contains the coefficients of previously successfully decoded combinations
Vi,...,V,_1, hence the strictly upper triangular condition on the matrix C.

Next, we discuss the details of our algebraic successive decompression. The de-

coder first recovers the lattice codewords Ay, ..., Ay from the indices i, ..., iy, then

computes

v = [ejn (A-U) - cin\?] mod Acm

I
o
3~|~
)

+
)

8

o

o,

-
Q
3

3

I
\t—‘
=~

(3.17)
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where V 2 Vi - VT, CIn\A/' is available at the m™ decoding step since C,; = 0
for i > m, (a) follows from the distributive law, (b) holds from assuming correct
decoding for previous combinations (i.e., v; = v; for i = 1,...,m — 1) and using
(3.16), (c) holds from T=S+U+Q, Q = [q - qz]f,qr = —[sx + ug) mod Ay
is independent of s, and uniformly distributed over V(Apy) by the Crypto Lemma,
(d) holds from [Ordentlich et al., 2014, Theorem 2 (c)] and (e) holds from Lemma 28
in Appendix B which states that for any full-rank integer matrix A with full-rank
sub-matrices A[.,, form =1,..., L, we can select an upper triangular integer matrix

L and a strictly lower triangular integer matrix C such that

[L + CA] mod p = [A] mod p. (3.18)

h

Furthermore, the m'® estimated combination Vi = v

al (S+ Q) € V(A¢,n) which happens with high probability if
1 i 9
?EHam S+Q) | <bom m=1,...,L.

This can be guaranteed by setting 0p, = dy for £ = 1,...,L and O¢c,, =
al (Kgs +D)a,, + ¢, where %E [SST] = Kgg is the covariance matrix of the L
sources, %]E[QQT] 2 D = diag(di,...,d;) and € goes to zero as the blocklength goes
to infinity.

Finally, the decoder applies the inverse of A to obtain
SEATWV=ATV
=S+ Q.
Remark 5. The advantage from using L nested coarse lattices instead of a single one

as in the parallel decompression, is that each coarse lattice A, should tolerate only

one combination vy, (i.e., vy € V(Aem) w.h.p.) instead of tolerating all combinations
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Vi,...,vp (i.e., Vi € V(Ag) w.h.p. form=1,... L).

Theorem 2 ( [Bakoury and Nazer, 2017]). For a given distortion matriz D and
covariance matrix Kgg, the asymmetric achievable rates for IFSC with algebraic suc-

cessive decompression are

. 1
Rsirsci(Kgg, D) = Lo o log

+ (ai (Kss + D) ay

¢(=1,...,L 1
dg )7 ) ) (3 9)

where the minimization over all integer matrices A such that Rank(Ap.,) = m for
m = 1,...7L cmdai (K55+D)al S S aTL(Kss—f-D)aL.

Early, we have assumed that the sources have been re-indexed such that the matrix
A has full-rank sub-matrices Ay, for m = 1,..., L. Later, in our work, we will need

to write the achievable rates in terms of the original source order.

Lemma 8. Define the permutation wsipsc as the combinations re-ordering
that we did in the beginning to ensure that after re-ordering, we have

Kos + D) arg ey < -+ < al Kss + D) arg,.oo) and the permu-

Arsirsc(l) ( msirsc(L) (
tation Tk as the source re-ordering such that Rank(A g meo((1:m])mes(1m])) = M for
m = 1,..., L. The achievable rates in Theorem 2 in terms of the original source

order can be written as

Rsiescn,pn()(Kss, D) = min = log*

T
(afrswsd@ (Kss + D) aWSC(D) =1L
AcZLxL 2

dﬂ—rank‘(é)
(3.20)

where D = diag(d,, . ..,dy) and d, is the (" distortion level at the (™ source.

Remark 6. Note that, to achieve the compression rates in (3.14) or (3.19), all sources
need to know the covariance matrix Kgs. On the other hand, to achieve the compres-

sion rates in (3.9), the ™ source only needs to know its variance Kgs .

3.3.4 Symmetric Integer-Forcing Source Coding with Outage

In the case where Kgg is not fully known to all sources (i.e., the ¢** source only

knows Kggss), we must tolerate some probability of outage in order to exploit the
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correlations between sy, ...,sy. Specifically, for a given symmetric target distortion
d;, we fix a rate R that ensures that the decoder can successfully decompress sy, ...,Sy

with probability 1 — p;. We use the symmetric IFSC scheme from Section 3.3.2 with
target distortion d; and fixed symmetric rate R which can be determined using a

bisection search such that
Doutage (R, di) = P (Ripsc(Kss, di) > R) = ps, (3.21)

Then, using Lemma 2, we choose a codebook C = Ar N V(A¢) with rate R. The
lattice quantizer Q,,.(-) for this codebook should induce the target distortion level
d,, which suggests choosing 0 = d;, and 0o = d, x 228,

The compression and decompression processes are similar to the symmetric IFSC
with full knowledge of Kgg. However, the codebook should be generated and held
fixed to attain the desired outage probability ps; and should not be generated/adapted
according to the current realization of K¢S (assuming that K¢S has a distribution

as we will see later in the C-RAN application).

3.3.5 Opportunistic Integer-Forcing Source Coding with Outage

Note that, under fixed symmetric compression rate R the achievable distortion levels
under SU compression in (3.9) can be written as

a Kssee

22

dsu e

For some covariance matrix realizations Kgg, dsy, may in fact be smaller than the
fixed symmetric distortion d; in (3.21) that attains the desired outage probability
ps- This observation suggests the following opportunistic scheme that combines both
IFSC and SUC schemes. First, we choose a lattice codebook with a fine lattice that

induces a distortion level d; as in Section 3.3.4. Then, for ¢ such that dgy, < di,
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the (™" encoder scales its observation using a parameter (3, such that the decoder
reconstructs sy up to distortion dgy , before forming the linear combinations as in the
IFSC scheme. For the remaining ¢ such that dgy, > d;, we proceed as in the basic
IFSC scheme. Note that the effective variance of the combinations will be reduced.

Next, we present the opportunistic scheme in details.

Codebook

Select a nested lattice pair Ap C Ag using Lemma 2 with parameters 0 = d; and
0o = d,2%7, where d, is the target symmetric distortion. The nested lattice pair forms

the lattice codebook C = Ar N V(A¢) with rate R.

Compression

Using the codebook C, the /*" encoder maps its observation s, to the lattice codeword
Ae = [Qap (Bese + ug)] mod Ac (3.23)

where uy is a random dither uniformly distributed over V(Ar) and 5, = 1 whenever

dsu ¢ > d;. However, when dgy ¢ < d; we have

1 K d
Rsu o(Kss, di) = 5 log (M) <R

5 (3.24)

and we can better utilize the corresponding fronthaul link by scaling up s, using

B¢ > 1 such that

By = \/dt @1 —c (3.25)

Kssoe

where € goes to zero as the blocklength goes to infinity.
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Decompression

First, the decoder recovers

Sy = [Ag — 11@] mod AC

9 (Bese + @) mod Ac

(b) [Sg + ag] mod AC if dSU,g > dt

(3.26)
Bese + e if dsu,e < d;

where qy = — [¢s¢ + 1] mod Ap is independent of s, and uniformly distributed over
V(Ar) (due to the Crypto Lemma), (a) holds from the distributive law and (b) holds

with high probability if 87 Ksss¢ + d; < 6c which holds by choosing 3, as in (3.25).
Defining

¢ :g/ﬂ _ [Sg—l—qd mod AC ideU’g>dt
¢ Sefe se+ q if dsy < d;

where q¢ = /8, and +E||lq(||* = d;/fZ, the decoder then forms linear combinations

L
Gm = [Z (Im’gtg] mod AC

/=1
L L
(a) (b)
= [Z CLm7g (Sg + OM) mod AC = Z asymyg (Sg + Qg) (327)
=1 =1

where (a) holds from the distributive law and (b) holds w.h.p. if

1
T]E”an2 = a;rn (Kss +D)a, < ¢,

where D = diag(d;, ..
dy = dy/ B}

To guarantee correct

.,dr) is the covariance matrix of the quantization noise Q and

recovery with probability at least 1 — ps (ie.,
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P (Rirsc.op(Kss, di) > R) < ps ), d; should be chosen such that
max ajn (KSS + D) a, > 0c (328)

with probability p,. Finally, assuming correct recovery, the decoder applies the inverse

of A to obtain

S2A'V=S5+Q. (3.29)

Theorem 3. Under fized compression rate R and for a target outage probability ps,

the achievable distortion levels using opportunistic IFSC are given by

D= dz’ag(dt/ﬁ%, e 7dt/5%) (3.30)
: Kssie
1 if dy < 2R _ |

Be=19 [pr_ y . Kssor (3.31)
Kssye vV e

where d; is chosen such that P(Ripsc,op(Kss, di) > R) = ps and

(3.32)

. 1
Rirsc,op(Kss, di) = Juin m?xélong <
Rank(A)=L

az (KSS —+ D) ay
dy '



Chapter 4

Uplink Cloud-Radio Access Networks

In this chapter, we study the uplink C-RAN, under symmetric or total fronthaul
capacity constraints, and propose an end-to-end low complexity IF scheme. In this
scheme, we use IFSC to convey noisy versions of the BSs’ observations to the CP,
then use IF equalization to decode the users’ messages. We also establish approximate
optimality, in the sense that the end-to-end IF scheme achieves a constant gap from
the optimal outage probability when the channel is known only to the receiver (CSIR).
We also explore the important case when the channel is only locally known at the

receiver side (i.e., each BS only knows the channels from all users to itself).

4.1 System Model

Consider the uplink C-RAN scenario shown in Fig. 4-1, where a set X £ {1,..., K}
of single-antenna users communicate to a set £ = {1,..., L} of single-antenna base
stations’. The BSs are connected to the CP via noiseless fronthaul links with finite
capacities C1, ...,y as shown in Fig. 4-1. The fronthaul links either exhibit individ-
ual rate constraints® Cy = Cgym, V¢ € L, or a total rate constraint Zle Cy = Ciot,

depending on the physical structure of the network.

'For simplicity, we assume single-antenna BSs, however, the proposed schemes can be extended
directly to deal with multiple-antenna BSs as in [Bakoury and Nazer, 2017].

2We assume symmetric fronthaul links constraints, however an extension to asymmetric individual
rate constraints is straightforward

35
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Figure 4-1: Uplink C-RAN architecture with K users and L BSs.
The red dashed rectangle represents the distributed lossy compression
sub-problem, while the blue dashed rectangle represents the end-to-end
channel coding problem

4.1.1 The End-to-End Channel Coding Problem

The k'™ user encodes its message wy, € {1,2,...,27%}, with symmetric rate R, into
a length-T' codeword x; = [x4(1) --- 24(T)]" € RT satisfying the standard power
constraint ||x;]|> < T'P. The ¢ BS receives y,(t) € R at time ¢ and the vector of all

received signals y(t) = [y1(t) --- yr(t)]" at time ¢ can be expressed as
y(t) = Hx(t) + z(t) (4.1)

where H € RE*E is the channel matrix which is only known to the receivers (i.e.,
CSIR), x(t) = [z1(t) -+ xx(t)]! is the vector of transmitted symbols at time ¢, and
z(t) is i.i.d. M(0,1). For simplicity, we focus on real-valued channels and note that
complex-valued channels can be handled via their real-valued decompositions [Zhan
et al., 2014]. We also consider both cases, namely global CSIR and Local CSIR. In
global CSIR, all BSs knows the channel matrix H, while in local CSIR, the /" BS
knows only its local channel Hy k¢ (i.e., the channel from all users I to itself).

The (™ BS maps its observation y, £ [ys(1) --- 2(T)]! to an index 4, €
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{1,...,27¢%} and forwards it to the CP through the fronthaul link. Upon receiv-
ing indices 7, ..., iy, the CP uses these indices to make estimates w1, ..., wx of the
transmitted messages.

We say that a symmetric rate R is achievable if, for any ¢ > 0 and T large
enough, there exists encoders and decoders that can attain P (Uszl{wk # wk}) <e
average probability of error at most €. Since we assume that H is not known to the
transmitters, each user has to tolerate some outage probability.

For a target symmetric rate R, we define the outage probability of a scheme as

poutage(R) = P(Rscheme<H> < R)

where Rgcheme(H) is the achievable symmetric rate under H for this particular scheme.

Similarly, for a target outage probability p, we define the symmetric outage rate as

Routage(p) é Sup {R : poutage(R) S P}

4.1.2 The Distributed Lossy Compression Sub-problem

In compression-based strategies, each BS uses the fronthaul link to send a compressed
version of its observation to the CP rather than decoding locally, and can thus be
oblivious to the codebooks employed by the users. The /** BS maps its received signal
ye = [ye(1) -+ yo(T)]' to an index i € {1,...,278}, where R; is the compression
rate, and forwards it to the CP through a fronthaul link with fixed capacity Cy (i.e.,
R; < Cy). Upon receiving indices i, ..., iy, the CP first reconstructs the signals
Yi,.-.,Yr where ¥, £ [§,(1) --- 9(T)], then uses these reconstructions to make
estimates w0y, ..., wg of the transmitted messages.

Note that the CP can use other techniques to recover the messages wy, ..., wg
from the indices 4, ..., ir,, however recovering y, ...,y first simplifies the fronthaul

network to the well studied distributed lossy compression problem which allows us to
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use one of the efficient schemes proposed in Chapter 3 to convey the BSs’ observations
to the CP.

Due to the limited fronthaul capacity, each decompressed signal
Je(t) = ye(t) + q(t), YeLl

suffers from a quantization noise g,(¢), which is characterized via its mean-squared
T

error (MSE) (i.e., distortion level) ZE[ 3 (g,(¢))?], which depends on the fronthaul
link capacity C, and the compression str;;gy. We assume that the g,(t) are unbiased
estimates of y,(t), since this facilitates the interface between source and channel coding
by allowing the latter to assume that the quantization noise is uncorrelated with the

transmitted codewords.

The end-to-end effective channel can be written as
y(t) = Hx(t) + z(t) + q(?), (4.2)

where §(t) = [71(t) --- go(t)]" and q(t) = [q(t) --- qu ()]

For the distributed lossy compression sub-problem, we denote the effective covari-
ance matrix for BSs’ observations Y £ [y; -+ yr|f asKyy £ 2E[YY'] = PHH'+1.
Furthermore, the achievable compression rates via particular scheme are denoted by
Ripeme s, dy, ... dp) < Cp, VU € L for distortions dy, . .., dy. It is worth noting that
for the local CSIR scenario, the ¢** BS knows only Kyy,, = P||Hyx|> + 1.

For the special case where the fronthaul network has symmetric rate constraints
Cy = -+ = O = Cgym, the distortion achievable by a compression scheme is given

by,

dscheme(ps) é lnf {d : pgutage(csynh d) S ps}

where paee(Csym, d) is given in (3.1), ps < p is the target compression outage and p

is the end-to-end outage probability.
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4.2 Conventional Receivers for Uplink C-RAN

In this section, we go over the techniques proposed in literature to deal with both
channel coding and distributed source coding problems. We assume fronthaul rate

allocation C,...,CL.

Remark 7. (Local CSIR) Under local CSIR, the channel outage probability constraint
1s reduced to 1—pyg, since the remaining probability ps is reserved for the decompression

outage event. In our work, we choose ps = p/2.

4.2.1 “Single-User” Decoding

The simplest conventional scheme to convey wy, ..., wg to the CP is to use parallel
single user decoders for both; the decompression and the channel decoding stages.
In this scheme, each BS uses the single-user compression scheme, discussed in
Section 3.2.1, to independently convey its observation to the CP through its dedicated
fronthaul link. The CP independently recovers y, for £ = 1,..., L, applies a linear

equalizer B to its reconstructed observations to get
Y = BY

where Y 2 [¥1 --- ¥1]7, and then applies a single-user decoder to each row of Y to
recover the individual codewords. Thus, each row of B should be selected to maximize
the SINR for the desired codeword, which corresponds to the MMSE equalization
vector.

Lemma 9. For a given channel matriz H, the achievable symmetric rate using SU

compression and MMSE linear receiver is

P(biH, )

bl (I+D)b, + P ; (biH,,)?

.
RSUC,MMSE(Ha D) = 5 IkHElllcl log 1+ (43)
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where bl = PHL’,C (P ZlHEJHTE,j—I—IvLD is the (™ row of the MMSE
j:
equalization matriv B, Hgy, is the k™ column of the channel matriz H, D =

diag(dSUﬁl, c. 7dSU,L) and

[ Hyc|?P + 1
dsve = TG T VleL.

See [Tse and Viswanath, 2005, Section 8.3.3] for more details on MMSE decoders.

Remark 8. Since the SU compression does not exploit the correlation between the
BSs observations (i.e., does not depend on cross channels), it is suitable for both

cases; local CSIR and global CSIR.

4.2.2 Successive Decoding

Using successive decoding can enhance the performance of both decompression
and channel decoding. In this scheme, first the CP successively reconstructs
Y, (1)s - - - Yro(z) for some decompression order 7, : £ — L. Next, the CP uses MMSE
decoder with successive interference cancellation (MMSE-SIC) to cancel out the effect
of previously decoded codewords X (1), ..., Xx (k—1) (assuming successful decoding),
for some decoding order w. : K — K, before decoding the current codeword X, (),

and then equalizes the result to get

k-1
ylt: = bL (Y - Z Hﬁﬂc(i)xjrc(i)> ) (4.4)
=1

which is subsequently fed to a single-user decoder to recover X, ) for k =1,... K.

Lemma 10. For a given channel matriz H, the achievable symmetric rate using W2
compression and MMSE-SIC is
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R (H,D) L inlog [ 1+ P(bJH e 1)’
wz,MMSE-SIc\I1, = —maxminlog
e kek RS "I+ D)by+ P> (bl Her ()

>k

(4.5)

where bL = PHL w(P 22 Her, HL’WC(].) +I+D)~t is the MMSE-SIC equalization

>k
vector and D £ diag(dwz., - .. ,dwzr) is chosen such that

2

1Og |PH7, c(H7, )" + 1+ D7
|PH7, , x(Hy,_, x)f +1+ Dy, |

1
) Y lOg(dWZm—S(f)) = Cﬂ's(@’ vg = ‘C

(4.6)

where T, = {m,(1),...,74(0)}, 7 is the decompression order and =, is the channel

decoding order.

See [Tse and Viswanath, 2005, Section 8.3.3] for more details on MMSE decoders
with SIC.

Remark 9. (Global CSIR) It can be shown that, for a fited Dy,—1, Ry, . (H, D7),
gwen in Lemma 4, is monotonically decreasing in dwzx, ). This means that the
optimal dyz ) for the global CSIR case can be obtained successively for £ =1,..., L
(e.g., using a bisection search method) such that Ry,  (H,D7) = Cr ), for a

giwen fronthaul rate allocation C1,...,CL.

Remark 10. (Local CSIR) Under local CSIR, H is only known to the CP. Thus,
the WZ compression rates in Lemma 4 are not known to the BSs and we can not
set the distortion levels accordingly. Furthermore, it is not clear how to optimize for

the asymmetric distortion levels dy, ... ,dy to satisfy a certain outage probability ps.

Hence, we set a symmetric distortion d; such that

P (Ui, { Rz (H, d.I) > Co}) < ps. (4.7)

where Ry, ,(H, d;I) is given in Lemma 4.
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It is worth noting that, the Wyner-Ziv compression scheme requires searching over
all L! decompression orders, which can be computationally expensive. To circumvent
this issue, [Zhou and Yu, 2016] proposed a heuristic ordering by placing the effective
variance of yq,...,y in increasing order. Numerical simulations indicate that this

heuristic ordering operates close to the performance of optimal ordering on average.

4.2.3 Joint Decoding

In this scheme, we employ a BT quantize-and-bin strategy [Berger, 1977] as a com-
pression scheme to convey the BSs’ observations to the CP. The BT rate region is
evaluated for Gaussian test channels and with a symmetric distortion constraint. This
converts the channel to a virtual MAC as mentioned earlier. The best performance
for the channel decoding part given ?, is attained by simultaneously decoding all
codewords X, ..., X via a joint maximum likelihood (ML) decoder. Although, the
implementation complexity for both BT compression and joint ML decoding scales ex-

ponentially with number of users/BSs, we include it as a benchmark for our schemes.

Lemma 11. For a given channel matriz H, the achievable symmetric rate using BT

compression scheme and joint ML decoding is

P

dpr+1

1
R H, dgrl
BT,ML( ) BT) mm2|8| (

H sH ¢+ ID . (4.8)
where dpr is chosen (e.g., using a bisection search) such that

— IOg ‘I + —Kyy = IIllIl Cg (49)

2L dpr

Lemma 11 follows from using joint typicality analysis and can be considered a special

case of [Zhou and Yu, 2014, Proposition 1].

Remark 11. (Local CSIR) For local CSIR, one can still implement the BT quantize-
and-bin strategy by fixing dgr, independent of the channel matrix H, to the smallest
value that satisfies

IP’( Sr(H, dpr) > mgin Cg) < ps
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where R (H,dpr) is given by (3.4).

4.3 Integer-Forcing C-RAN Architecture

For this section, we assume that we have symmetric rate constraints on the fronthaul
links Cy = --- = O, = Csym, however, the scheme can be directly extended to the

asymmetric constraints setting as we will see in Chapter 7.

4.3.1 Architecture

The end-to-end integer-forcing architecture for C-RAN is illustrated in Figure 4-2. Tt
employs one of the integer-forcing source coding schemes in Section 3.3, to convey
the channel observations to the CP, which then recovers the transmitted messages
via integer-forcing channel decoding discussed in Chapter 9. Specifically, for full-

rank integer matrices Ay and A, the CP first recovers integer-linear combinations

o~ . OA T~ o~
vi, =al, Y form =1, L, solves for the BSs observations Y = [y; --- y.]T,
then recovers integer-linear combinations v, =al X form =1,..., L, then finally
A
solves for X £ [x; -+ xg]T.
: Lattice : CSYm : Subtract Vs,1 yi Lattice | Ve,1 : .
Y1 ‘ . ‘ . modAc = X1
. |(Quantizer| | . | Dithers Decoder |
([P I I |
BS 1 | !
L. A ) AL : A
. \ : s : s : c |
l l
17 . L;t;l;é ) 71 Csym : Subtract Vs,L ¥r [Lattice | Ve,K |
YL — . \ . modA¢ o R
| Quantizer) | | | Dithers Decoder !
,,,,,,,, | |
BS L Central Processor

Figure 4-2: Integer-forcing architecture for C-RAN with
symmetric distortion.

For completeness, let us assume that the CP already recovered Y up to distortion

levels dy, ..., d and recall briefly the IF channel decoding part.
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In order to decode x1,...,xk, the CP first decodes integer-linear combinations of
the transmitted codewords, and then solves for the desired codewords. Specifically,

in order to decode the combinations

vi éai’mX, m=1,....K

c,m

where a.,, € Z¥, the CP first applies linear equalizers b;m to get effective channels

yh=bl,Y
= al, X +(b],H-al )X+b],(Z2+Q)
N—— N ~~
lattice codeword effective noise
:Vl’m%—ziﬁc’m, m=1,...,K (4.10)
where zlﬁm = (b, H—al )X +bl (Z+Q)is the effective noise due to the scaled

AWGN b .7, the scaled quantization noise bf, Q and the mismatch between the
equalized channel bLmH and the integer vector aLm. The CP then employs single-user
decoders to decode v, 1, ..., V. g, and finally solves for x;, ..., xk.

The effective variance of Zeg ,, is
1
Ootm = HElZl” = [l H —al,, |*P+bl, I+ D)be,  (4.11)

where D £ diag(dy, . ..,d;) is the covariance matrix of the quantization noise Q.

Using the MMSE equalizer that minimizes the noise variance in (4.11)
bl = Pal H' (PHH' +I1+D) ",
and applying Woodbury’s matrix identity, we can write (4.11) as
W (PTI+H I+D) T H)  a,, = |Foae|? (4.12)

2 — af
Ueﬁ,m = a,

)
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where F. is any matrix satisfies the decomposition FIF, =
(PI+HI (I+D)'H)
Lemma 12. [Zhan et al., 2014, Theorem 4] For a given channel matric H and

distortion matriz D, the achievable symmetric rate for the integer-forcing strategy

with parallel channel decoding is

1 P
. Lo P\ 4.1
RIFCC’( 7D) Aclélza;{XxK 71717,161%2 o8 <||Fcac,m”2> ( 3)
rank(Ac)=K

Remark 12. Similar to MMSE-SIC, successive decoding for the combinations
Ve, .., Ve 45 possible and improves the achievable symmetric rate for IF receivers

on average. See [Ordentlich et al., 2013] for more details.

Remark 13. Note that both symmetric integer-forcing source coding and integer-
forcing channel coding only need parallel encoding/decoding.

Finally, the end-to-end IF performance can be measured by the next 3 Theorems.

Theorem 4. The achievable symmetric rate for the integer-forcing C-RAN strateqgy
with global CSIR, parallel decompression and parallel channel decoding is

1,/ P
Rip.cran(H) = aaax min - log (m)
subject to Rank(A.) = K (4.14)

?FSC(Hv d) S Csyma

where R3poo(H, d) is given by (3.14) and F. is any matriz satisfying the decomposition
FIF, = (P'I+ /4 HH) .

d+1

Furthermore, the performance can be enhanced by using asymmetric distortions

for TFSC.
Theorem 5. The achievable symmetric rate for the IF C-RAN strategy with global
CSIR, algebraic SIC decompression and parallel channel decoding is

1 P
Rip.cran(H) =  max min ~ log™ (—)

D,A €K XK mek 2 |Facm|?
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subject to Rank(A,) = K (4.15)
rsce(H, D) < Cgy, VO € L

where Ripge,(H, D) is given by (3.19) and F. is any matriz satisfying the decompo-
sition FIF, = (P T+ H! (I+D)"'H)

It can be shown that the two optimization problems in (4.14) and (4.15) are non-
convex problems. In the following section, we propose sub-optimal algorithms for

choosing the integer matrices A, A. and the distortion levels D.

Theorem 6. The achievable symmetric rate for the IF C-RAN strategy with local
CSIR, opportunistic IFSC and parallel IF channel decoding is

1 P
Rp. H) = in - log" | ——— 4.16
woran(H) = max mek2 o (||Fcac,m||2) (410
subject to P (Ripscop(H, di) > Coym) < ps

where Ripge ,,(H,dy) is given by (3.32), F. is any matriz satisfying the decomposition
FIF. = (P_ll—l— H (I+ D)_lH)_l, ps 18 the compression outage probability, D =
diag(di /3%, ... ,di/ %) and By is given by (3.31).

4.3.2 Optimization Algorithms

In this section, we propose algorithms that can be used to select the parameters of

the IF-CRAN scheme proposed in Section 4.3.

IF-CRAN with Symmetric Distortion

The optimization problems in (4.14),(4.15) and (4.16) are challenging problems due
to the integer constraints on A. and A,. For a fixed distortion matrix D (d for
the symmetric case), the problem of finding the optimal A to meet the fronthaul
constraint or finding the optimal integer matrix A, given Ay to maximize the IF

C-RAN symmetric rate are linked to the shortest vectors problem [Bremner, 2012].
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For a fixed matrix A., the overall rate in (4.14) is monotonically increasing in
d. Using a bisection search, we can quickly converge to the smallest d that meets
the fronthaul constraint (i.e., Ripsc(H,d) = Csm). During each iteration in the
search, A; can be optimized using an LLL reduction [Lenstra et al., 1982] on Fj,
which provides approximate guarantees. A detailed algorithm is given in Algorithm
1. Finally, an approximate solution for the integer matrix A. can be obtained using

an LLL reduction on the basis F..

Algorithm 1 Symmetric I[FSC

1: procedure SIFSC(P,H, Cyyy,,tol)
2: Initialization: Set dpi, = 0 and dyay = d large enough such that Ripsc(H, d) <
Coym-

3: while Csym — Rirsc (H, d) > tol or Rlpsc(H, d) > Csym do
4: if RIFSC<H7 d) < Osym then

5: Anax = d/2.

6: else

T dmin - d/2

8: end if

9: d= (dmin + dmax)/Q.

10: F, = chol((1 + $)I + : PHHY)
11: A, = LLL-reduction(Fy).

12: RIFSC(Ha d) = %10g+(“Fsas,LH2)
13: end while

14: return d.

15: end procedure

IF-CRAN with Asymmetric Distortion

In the symmetric case, we were able to decouple the problem of choosing the distortion
level d from the problem of choosing the integer matrix A.. However, in the case
of asymmetric distortion levels in (4.15), the problems of distortion selection and
integer matrix selection are more tightly coupled. In order to tackle this problem, we
initially set all distortion levels to the symmetric value d such that Ripsc(H,dI) =

Csym, fix the integer matrix Ag, then find the distortion levels di, ..., dr such that
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Ripsce(H, D) = Csym, V0 € L. With A, fixed, the last step is equivalent to solving L
linear equations in D.

Note that, for algebraic successive cancellation to work, we need the sub-matrices
A, (1. to be full-rank which can be achieved by permuting the BSs (i.e., columns of

a full-rank matrix A). A detailed algorithm is given in Algorithm 2.

Algorithm 2 Asymmetric I[FSC

1: procedure AIFSC(Kyy, Csym)

2: Initialization: Fix d; = d, V¢ and solve d = SIFSC(H, Cyyp,, tol).

3: Fix A, and find mp @ {1,..., L} — {1,...,L} s.t. rank(Ag pum)mpe(nem))) =
m, Ym=1,..., L.

4: Find distortion levels d, ..., d; that satisfies

Cld,---d;] = e (4.17)

where C = QCsym x I — AS,E,WIF(ﬁ) ®© AS,C,WIF(E) and ey =
almF(g)KyyaMIF(@,W eL.
5: return D = diag(d,,...,dy).
6: end procedure

Remark 14. The asymmetric distortion levels obtained from Algorithm 2 are upper-
bounded by the distortion level obtained from Algorithm 1. This is because the sym-
metric distortion d that satisfies Ripsc(H,d) = Csyn (i-e., Algorithm 2 result) also
guarantees that Ripsce(H, dI) < Cyyp, V0 € L, since for both cases, the integer matriz
A, is the same and in IFSC with parallel decoding, all rates are constrained by the
combination with the largest variance. Second, decreasing one distortion level only
increases the compression rate of the corresponding BS and simultaneously decreases

the rate of the other BSs.

4.4 IF Outage Upper Bound

As noted in [Zhan et al., 2014], for some channel realizations H, the achievable rate

of IF channel coding can be far from the MIMO capacity. However, [Domanovitz and
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Erez, 2018] quantifies the measure of such channels H for the important special case
of Gaussian fading (i.e., H ~ N(0,I)). A similar story holds for IF source coding as
shown in [Domanovitz and Erez, 2017]: for certain covariance matrices of the form
PHHY +1, the performance falls short of BT compression, but, for i.i.d. Gaussian H,
the measure of such “difficult” channels can be bounded. Here, we combine ideas
from the proofs in [Domanovitz and Erez, 2018, Domanovitz and Erez, 2017] to bound
the measure of channels for which our IF-CRAN scheme falls significantly below the
uplink C-RAN capacity.

To this end, we apply Theorem 1 to find that, using the eigenvalue decomposition

US,U' = d—ilHTH + I, the IF rate in (4.14) can be bounded by

1
A2 <S§ UT>
KQ

1
1 [[S3Ufa|?
=5 loe (%ZT ' (4.18)

1 _1 1
Rip.cran(H) = ~3 log ()\%{ <82 2UT)) > 5 log

We now recall a result from [Domanovitz and Erez, 2018] that provides a bound on
the outage probability for integer-forcing over i.i.d. Gaussian fading. We make a slight
modification to the original proof by using the Banaszczyk transference theorem from
Theorem 1 to exchange a(K) in [Domanovitz and Erez, 2018, Equation 36] with K2,

which yields the following theorem, whose form is more convenient for our analysis.

Theorem 7 ( [Domanovitz and Erez, 2018, Theorem 1]). For the Gaussian MAC

(i.e., Cyyp = 00 and d =0), we have

1 _
P( min [|S?Ua|? < 214 K2) < 7 (K)2-AOmac (4.19)
acZK:a#0

where ACyac > 0 is some constant, the orthogonal matriz U and the diagonal matriz
S, comes from the eigenvalue decomposition US,UT = PHH +1, C' = %log 1S4] is
the MAC capacity and v(K) is defined in [Domanovitz and Erez, 2018, Equation (59)]
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as ¢(K) with replacing a(K) by K2.

Let us define the probability that the difference between the IF C-RAN achievable
rate and a cut-set bound on the sum capacity is larger than some positive constant
AC as

Pyig(AC) =P (K Rip-cran(H) < Cupper(H) — AC)

where AC > 0 is some constant and Cypper(H) £ min {LCs 1og (!PHTH + ID}

yms 9

is a cut-set bound for the sum capacity and the probability is taken with respect to

H ~ N(0,1).

Theorem 8. For the uplink C-RAN channel with i.i.d. Gaussian fading, H ~
N(0,1), the probability that the integer-forcing C-RAN strategy with global CSIR,
parallel decompression, and parallel channel decoding cannot operate within AC of

the sum-capacity is upper bounded as follows:

Pug(AC) < y(max{K,L}) 272¢/3 (4.20)

where y(max{K, L}) is defined in [Domanovitz and Erez, 2017, Equation (45)] as
c(max{K, L}) and only depends on max{K, L}.

Proof. The proof closely follows that of [Domanovitz and Erez, 2018, Theorem 1].
We start by bounding Pgig(AC) as

Puig(AC) =P (K Rip-cran(H) < Cypper(H) — AC|A) P(A)
+ P (K Rir-cran(H) < Cupper(H) — AC|A) P(A°)
< P (K Rip-cran(H) < Cypper(H) — AC|A) + P (A°). (4.21)
N s N——

-~

(@) (i7)

where A £ {Ripsc(H,d*) < Ry (H,d*) + AR} is the event that the IFSC rate is
within a constant AR > 0 (to be chosen later) from the BT compression rate and
d* > 0 is the distortion that saturates the fronthaul rate constraint Rjpqc(H,d*) =
Csym. For the rest of the proof, we will omit d* from Rjpgc(H,d*) and Ry (H,d")
for for the sake of conciseness.

In order for the end-to-end IF scheme to work correctly, we need both the IF
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source coding part to work (i.e., to be able to recover the BSs observations correctly)
and the IF channel coding part to work (i.e., to be able to recover the users’ messages
correctly). Consequently, one interpretation to this bound is that (ii) measures the
probability that the IFSC rate Ripgo(H) is not within a constant AR from the BT
rate Ry (H) (i.e., the source coding part is the bottleneck), while (i) measures the
probability that the IFCC rate K Rip.cran(H) is not within a constant AC' from the
cut-set bound Cypper(H), given that the IFSC rate is within a constant AR from the
BT rate (i.e., the channel coding part is the bottleneck). For the rest of the proof,
we will eliminate d* from Rjpqc(H,d*) and Ry (H,d*) for clarity and try to bound
both (i) and (i7).

Using [Domanovitz and Erez, 2017, Theorem 1], we immediately have the upper
bound (ii) < v(L)272% where (L) is defined in [Domanovitz and Erez, 2017, Equa-
tion (45)]. Next, in order to bound (i), we use (4.18) to get

(i) < Pus, (min |SY2Uta|)? < K222 Curper(H)-AC)/K| A)

— ]P)Sl |:]P)U|Sl (mln ||S;/2UTa||2 < K22—2AC/K min{|sl|1/K722LCsym/K}|A>]
(4.22)

where the minimization is over all non-zero integer vectors a € Z¥ \ {0} and U, S;
and S, come from the eigenvalue decompositions US; U = PH'H+1 and US,U' =
P
FHH+ L
We now proceed to bound the inner probability in (4.22) for any value of S;.

4

@ 1 1S/ 217t 4112 20-2AC/K _ |S1] I 92L0um/K
= Pyjs, maln||S2 U'a|] < K2 min <@> ’W ‘A

Puys, (minHS;/QUTaHQ < K292AC/K min{|sl|1/K’22LCsym/K}

2LCsym

L
< S = 2= % [d*+1\¥
S PU‘Sl (mln ||S;/QIJJ[3~||2 < K22% min {(d* + 1) ) 2RSK(H ( : ) } ’A>
) 27K
1

)

(4.23)

X

(©) _ i "
< Py, (min 1SY?Uta||? < K?27%° min {(d* +1) 722% +

IS

where (a) holds from S, £ Isjﬁ, (b) holds from |Sy| = |27 (Sy + d*T)| > | 4S,|
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and Rip(H) = 1log |+ Kyy +1| = flog >
Ripgc(H) — AR = LCgym — AR given A.

Next, we partition the space of possible values of S; into B and B¢, where
B = {ilog|Si| > LCsm — L/2 — AR} and bound d* depending on the event B as in
Lemma 29 in Appendix C. Using (4.23), we can upper bound (i) by

S, | and (c) holds from Ry (H) >

al/2 d* + L/K
Ps, |Puys, mgn||82/ UTa||2<K22_2(Ac_AR)/K( - )

A B> i

AB ) 1s]
< Pg, [Pwsl (min\|§§/2UTaH2 < K297 2(AC-AR)/K92(AR+L)/K A, B) ]13]
AB ) 1
(0)

< y(K)27(AC28R9L 4 o ()2~ (AC)QL/2 (4.24)

+ Ps, {%SI (m 1S5/ Uta|l? < K?2722¢/K(d* 4 1)/

(a)

+ Pg, []P’USl <min IS5/ *Ufa|? < K22 2AC/KoL/K

where 1 is the indicator function, (a) holds from Lemma 29 in Appendix C and (b)
holds from Theorem 7 by substituting ACyiac = AC — 2AR — L and ACyac =
AC — L/2, respectively.

The rest of the proof follows by combining (i) and (ii) and taking AR = 2€ so
that the exponential terms in (ii) and (4.24) are &°. O

lI>

For a fixed sum rate R, define the optimal outage probability as poptimai(R)
P(C(H) < R), where C'(H) is the sum capacity of the uplink C-RAN channel.

Theorem 9. For a positive constant AC', the outage probability for the integer-forcing
C-RAN strategy with global CSIR, parallel decompression, and parallel channel decod-
ing is bounded by

p[F-CRAN(R — AC) S poptimal(R) + ”y(maX{K, L}) 27AC/3. (4.25)

Proof. Using the law of total probability, the IF-CRAN outage probability can be
written as

pir-cran (R — AC) = P ({K Rip.cran < R — AC} N {C(H) > R})
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P (K Rip-cran < R — AC|C(H) < R)P(C(H) < R)
P (K Rip.cran < C(H) — AC) +P(C(H) < R)

P (K Rip-cran < Cupper(H) — AC) + P (C(H) < R)
y(max{K, L}) 272 4 popiima (R) (4.26)

where Clpper(H) £ min {LC’Sym, % log !PHTH + I‘} is a cut-set bound on the sum
capacity of the uplink C-RAN channel and we used Theorem 8 in the last step. [

4.5 Numerical Results

For our simulations, we generated 1000 realizations for the channel matrix H, each
elementwise i.i.d. A(0,1). Since joint decoding and joint decompression recently
proved to achieve the capacity within a constant gap [Ganguly and Kim, 2017], we
plot Berger-Tung (BT) compression with symmetric distortion and joint maximum
likelihood (ML) decoding as a benchmark.

In general, we expect the advantage conferred by IF channel coding to be more
pronounced when K > L (i.e., higher interference), while that of IF source coding
ought to be more pronounced when K < L (i.e., higher correlation). This is because
when the number of users is larger than the number of BSs (i.e., K > L), conventional
linear receivers (e.g., ZF and MMSE) fail to achieve the optimal degrees of freedom,
while the IF receiver does. On the other hand, when the number of BSs is larger
than the number of users (i.e., K < L), exploiting the correlation between the BSs’

observations using IF source coding becomes more important.

4.5.1 Global CSIR

We start by assuming global CSIR and fixing SNR = 25 dB. Fig. 4-3 and 4-4 show the
symmetric outage rates versus the fronthaul rate Cyy,, for outage probability p = 0.05
and p = 0.02 and for the case when K > L and K < L, respectively.

The performance of asymmetric integer-forcing source coding (AIFSC) compres-
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sion with integer-forcing channel coding (IFCC) decoding, IFSC with IFCC decoding
and optimized® Wyner-Ziv compression (WZC) with MMSE successive interference
cancellation (MMSE-SIC) decoding are plotted. In Fig 4-4, we also plot the perfor-
mance of the WZC with heuristic decompression order (heuristic WZC), single-user
compression (SUC) and parallel MMSE decoding without SIC. We note that the dif-
ference between heuristic WZC and optimal WZC can be large at limited fronthaul
rate constraint Cgym,.

Since the asymmetric distortion levels in Algorithm 2 are bounded below by the
symmetric distortion level in Algorithm 1, we see in both figures that the performance
of AIFSC compression with IFCC decoding is bounded below by the performance of
IFSC compression with IFCC decoding. Notice that the IF strategies outperforms
conventional schemes in the high fronthaul capacity regime. This is expected, since
as Csym increases, the C-RAN converges to a MAC, where IFCC is already known
to outperforms conventional linear decoders [Zhan et al., 2014]. More importantly,
the IF strategy (e.g., IFSC with IFCC and AIFSC with IFCC) still performs close
to WZ compression with MMSE decoding in low and moderate fronthaul capacity
regimes while retaining the advantage of its lower implementation complexity. It
is worth noting that IFSC, IFCC and MMSE only use parallel single-user decoding
while AIFSC, WZC and MMSE-SIC uses sequential decoding.

For the global CSIR scenario, we find the IF strategies are competitive with op-
timized Wyner-Ziv successive strategies coupled with successive MMSE decoding,

however IF strategies can be implemented using parallel single-user decoders.

4.5.2 Local CSIR

Regarding local CSIR, where each BS only knows the channel gains to itself, Fig. 4-5

and Fig. 4-6 compare the performance of local IFSC compression with IFCC decoding

3with an optimized decompression order
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and opportunistic IFSC with IFCC decoding to conventional (parallel and successive)
compression and decoding schemes when K < L. At high SNR or Cjy,, regimes, the
performance can be ordered from the highest symmetric rate to the lowest as follows:
opportunistic IFSC with IFCC, then local IFSC with IFCC, SUC with MMSE-SIC
then WZC with MMSE-SIC. The poor performance for WZC (even compared to SUC)
is due to the challenge to choose asymmetric distortion levels to achieve a certain
outage probability which left us with assuming symmetric distortion levels for WZC.
Since local IFSC can be considered a special case of opportunistic IFSC where we
do not recover any BS’s observation before forming the integer-linear combinations,
we can see that its performance is always bounded above by the performance of
opportunistic IFSC.

Fig. 4.7 and Fig. 4-8 show the same strategies when K > L and p = 0.1. In this
case, the advantage of IF schemes over the conventional schemes are more noticeable.
The poor performance of local IFSC at small fornthaul capacity relative to the op-
portunistic IFSC and SUC that we see in Fig. 4-5 and Fig. 4-7 can be attributed to
the fact that asymmetric distortion schemes better utilize the fronthaul links at small
fronthaul capacity.

Finally, Fig. 4-9 and Fig. 4-10 show the same strategies for a square channel matrix
H (i.e., K = L). Opportunistic IFSC with IFCC has the best performance almost
through all SNR and Clgyy, values. Furthermore, the more pronounced difference be-
tween the opportunistic IFSC and local IFSC emphasizes the advantage of eliminating
some outage events at some BSs.

Overall, we find compression strategies with asymmetric distortion levels (e.g., op-
portunistic [FSC and SUC for local CSIR and asymmetric IFSC and WZC for global

CSIR) have advantages in limited fronthaul rate constraint or high SNR regimes.
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Chapter 5

Distributed Lossy Decompression

5.1 Problem Formulation

A I
S1— 1 Decoder 1 S

Encoder

A Ry N
SL—) L Decoder L S,

Figure 5-1: The distributed decompression problem.

Consider the distributed decompression problem in Fig. 5-1, where we have a single
encoder with 7" i.i.d. realizations of L sources s(1),...,s(T') distributed according to
a Gaussian distribution with zero-mean and a covariance matrix Kgg and L decoders.
The m* decoder is interested in the m™ source vector s, = [s,,(1) - s,(T)]". The
encoder has a function £ : R x -+ x RT — {1,... 2T} x ... x {1,... 2TFL} that
maps (si,...,sz) to indices (ir,...,i;) = E(si1,...,sr) with rate tuple (Ry,..., Ry).
The m'" decoder has access only to the m'™ index i,, upon which it uses a function
Dy {1,...,2TE=} — RT to recover S,, = D,,(4,). Since the rate R, is finite, we

h

. . ~ A ~ ~ . . . .
can write the m'™ reconstruction as's,, = s,, + q,, where q,, is a quantization noise’.

The quantization noise Q 2 [@1 -+ qg]l is characterized by its effective covariance

"'We assume here unbiased estimates §,,, for s,,, hence zero-mean quantization noise qy,.
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matrix
Tt
T]E[QQ J-

~

Suppose, for reasons to be clear later, that we are interested in recovering sy, ... ,sy,
with a desired effective covariance matrix €2 for the quantization noise. The rates
Ri(Kgg, ) for £ € L are said to be achievable if for any € > 0 and 7T large enough,
there exists mappings £ and D,,, m =1,..., L, such that

1 T

=K

T S Qi,j + €, VZ,j - L:

Qi 45t
t=1

This desired correlation €2 can be useful in some applications like the downlink
C-RAN, which we will see in Chapter 6, where introducing correlation between quan-
tization noise across different BSs helps reducing the effective variance of the quanti-

zation noise when combined at the receivers [Park et al., 2013].

5.2 Conventional Compression Schemes

5.2.1 Single-User Compression

The simplest scheme is to use L parallel single-user encoders to quantize each source
independently (i.e., i, only depends on s;). This implies that the quantization noise
at different decoders is uncorrelated and we end up with a diagonal covariance matrix
2. Under i.i.d. Gaussian codebooks, the following rates are achievable.

Lemma 13. For a given source covariance matrix Kgs and a target diagonal quan-

tization covariance matriz Q@ = diag(Q1,...,2.1), the achievable rates for the SU

COTin’@SS’I;OTL are

1

Kssoe+ Qe
Rsyy = = log (—

Qg

5 ) , YeLlL, (5.1)

where Kgsyy is the (£,0)" element of Kgg (i.e., the variance of the (™ source) and

Qo is the (£,0)" element of Q (i.e., the (™ distortion level).
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Remark 15. Under fized rates, single-user encoding minimizes the sum of the achiev-
L
able distortions Y Q. However, the quantization noise is uncorrelated (i.e., diago-

=1
nal ).

5.2.2 Multivariate Compression

The idea behind multivariate compression is to apply a joint typicality encoder that
searches for the indices ..., 1, € {1,...,27%} x ... x {1,...,27c} such that the
corresponding reconstructions Si,...,Sy, at the decoders are jointly typical with the
source vectors sy, . .., sy, according to a distribution (i.e., Gaussian test channel) with

the desired covariance matrix €2.

Lemma 14. [Park et al., 2013, Lemma 2] For a target covariance matriz S, the
achievable rate region for the multivariate compression is given by any rate tuple
(Ryvas -, Ruve) that satisfies

1 1
> 5 log (Kssai + Q) — 5 log [Q7.7] < Y Ruve, VT C{L,....L}, (52)
ieT ieT

where Kgs;; is the (i,1)" element of Kgs and Q;; is the (i,i)™ element of €.

Remark 16. The achievable rates in Lemma 14, can also be obtained using ana-
log successive compression (i.e., successive single-user encoders) which has smaller

implementation complexity.

5.3 The Reverse Integer-Forcing Source Coding

Now, we introduce a simple, yet effective, scheme to create correlations between
the quantization noise qy, ..., qr without using neither joint typicality encoding nor
a successive compression. We call this scheme reverse integer-forcing source coding
(RIFSC), since it mimics IFSC as proposed for distributed lossy compression in Chap-

ter 3. However, instead of recovering integer-linear combinations of the sources, we
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create correlation between the quantization noise by forming integer-linear combina-
tions of the quantizers’ outputs. We also extend our results to include an algebraic

successive cancellation strategy, which can attain a larger class of covariance matrices.

5.3.1 Parallel Reverse Integer-Forcing Source Coding

The basic idea behind the RIFSC is to use nested lattice codebooks to quantize
the source vectors, then form integer-linear combinations of the quantizers’ outputs.
These integer-linear combinations are still valid codewords, due to the closure prop-
erty of lattice codebooks. Furthermore, since the m' decoder is interested in recov-
ering the m™ source s,, and not in an integer-linear combinations of s;,...,s., we
need to pre-invert the sources in the analog domain before quantization.

Let A € Z"*I be a full-rank integer matrix containing the coefficients of the

integer-linear combinations. Furthermore, define a permutation 7~ such that

Kssacymo) T dlasmll” < -+ < Kssaew)mew) + dllanewl®
where d > 0 is the target distortion level and ay is the /" row of the matrix A.

Codebook

Select nested lattices Ac r ) € -+ € Agro(1) © Ap using Lemma 2 with parameters
0r = d, where d is the symmetric distortion and 0¢;, < --- < 0¢ 1, to be chosen later.

Each nested lattice pair Ac, C Ap forms a lattice codebook Cy 2 ApN V(Acy) with

rate R, = §log (?—F"Z).
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Compression

First, the encoder pre-inverts the full-rank integer matrix A and uses it to obtain the

combinations
V=A"'S (5.3)
where V2 [v; --- vz]fand S £ [s; --- sz]f.

Second, the encoder adds random dither matrix U £ [u; --- uz]t to V, where
ui,...,uy are independent dithers uniformly distributed over V (Ar), then quantizes
the result to obtain

®=0,,(V+1U) (5.4)

where the quantizer Q,, operates on each row separately.
Next, the encoder forms the integer-linear combinations T = A® and applies

mod A¢,,, to the m™ row of T (i.e., t,,) to obtain the lattice codewords
Am = [t mod Ag,,, m=1,..., L. (5.5)

Finally, the index i,, € {1,...,27%"} of \,,, € C,y, is forwarded to the m*™ decoder.

Decompression

Upon receiving %, the m'™ decoder recovers A, then removes the dithers and take

mod A¢,,, to get

81, = [l — al, U] mod Ac,n
(@ [t!, — al U] mod Ac,,
= [af,® — af U] mod Ac,n
2 [al, (V+U+Q) - a,U] mod Ac,,
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= [sjn + a;an} mod Ac

"2 sl +al,Q (5.6)

where al is the m'

row of the matrix A, (a) follows from the distributive law,
(b) follows from defining Q £ [q; --- qz]f and for ¢ = 1,... L, we have q, =
—[v¢ + uwy] mod Ap is independent of v, and uniformly distributed over V(Agr) by
the Crypto Lemma and finally the last equality follows from the second property of

Lemma 2 with high probability if
Loist o af Ol
~Els), + ], QI < b (5.7)

By setting 0 = d and 0c,, = Kssmm + d|lan||* + € where € goes to zero as T
goes to infinity, we satisfy (5.7) and the m'® decoder is able to recover (5.6) with high
probability. Finally, Fig. 5-2 shows a detailed diagram for the encoder and decoders
of the RIFSC.

Remark 17. Note that Q £ AQ is the final correlated noise and the correlation is
determined by the integer matrix A along with 0 = d since the effective covariance
matrix of Q 18

%E[QQT] = dAAT.

Theorem 10. For a given covariance matriz Kgg, target covariance matriz £ =
dAAT for a full-rank integer matriz A € ZX*L and distortion level d > 0, the following

rates are achievable using reverse integer-forcing source coding

1 K + d|lay||?
Rrirsce 2 §1Og< 55,64 y Il > (=1,...,L, (5.8)

where Kgs gy is the (€,0)™ element of Kgs.



64

(a) The Encoder. (b) The m*™ decoder.

Figure 5-2: Reverse Integer-Forcing Source Coding. Green arrows
indicate successive encoding.

5.3.2 Successive Reverse Integer-Forcing Compression

Instead of using a single fine lattice, one can better approximate a desired covariance
matrix by using L nested fine lattices Ap; C -+ C Apy (ie., L different lattice
quantizers) with L different second moments 0p; < --- < 0p;. Since the encoder
forms integer-linear combinations of the quantizers outputs, this limits us to the
finest resolution 0 leading us back to the previous result with a single resolution
(i.e., single fine lattice Ary). In order to solve this problem, we propose a ”digital”
successive quantization approach to eliminate the fine lattices {Ap, & > m} from the
m*™ compression step.

For a full-rank integer matrix A, assume that the sources are re-indexed (i.e.,
the columns of A, columns and rows of Kgg as well as the diagonal elements of D)
such that their distortion levels are monotonically increasing (i.e., d, < --- < dy).
Furthermore, assume that the combinations al (V +Q),...,al (V + Q) has been
re-indexed (i.e., rows of A) such that the full-rank integer matrix A has full-rank
sub-matrices A i.y), for m = 1,..., L. Finally, similar to the parallel compression

in Section 5.3.1, we define a permutation mo such that EHSLC(I) + aLC(l)QHQ <--- <

E||sjrc( nt ajrc( L)QHQ) which determines the nested coarse lattices order.
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Codebook

Generate nested lattice codebooks C; = Apy N V(Acy) with rates Ry = %log (Zi—’j)
using nested lattices Acror) € -+ € Acro) © Ap € -+ € App selected using
Lemma 2 with parameters 0, = dy and 6¢c, (to be chosen later), where dy is the (th

distortion level.

Compression

Similar to the parallel compression, the encoder starts by pre-inverting an integer
matrix A, with full-rank sub-matrices A, for m =1,..., L, and using it to obtain

the combinations
V=AS (5.9)

where V2 [vy,--- ,vz]fand S £ [sy,--- ,s7]

Second, the encoder adds the dither and quantizes to get

Onp, (Vi +ug + g1)f

P — ; (5.10)
Onp, (Vo +ug + gr)'
where uy, ..., uy, independent dithers with u, uniformly distributed over V (Ag,) and
g1, ...,g are some auxiliary variables to be chosen later.

Next, unlike in the parallel compression, the encoder uses a lower triangular integer

matrix L to form the combinations
T = L&. (5.11)

Since each row of @ is quantized with a different resolution (i.e., different fine
lattice), using a lower triangular integer matrix L allows t,, (i.e., the m™ row of T)

to only contain the quantizers’ outputs with resolutions lower (coarser) than 0p,,
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(i.e., Apy for £ <m ).

Finally, the encoder forms the lattice codewords
Am = [t mod Agy, m=1,...,L, (5.12)

where t,, is the m™ row of T and A, € Cp,, then the index i, € {1,...,27%} of

A, is sent to the m'™ decoder.

Decompression

A

Defining U £ [ul HL]Tv Q= [Oh CIL]T, dx S —[Vk + ug + gk] mod Apy, which

by the Crypto Lemma is uniformly distributed over V (Agy) for k = 1,...,L and

G =g - gr]f, we can write T as
T=L®
YWL(V+U+Q+G)

YUL(V+U+Q+Cad)

YL(V+U+Q+C(V+U+Q+G))

YLI+I-C)'C)(V+U+Q)

ULF(V+U+Q) (5.13)

where (a) holds from Q = [q; --- qg]f, (b) follows from choosing a recursive solution
G £ C® for some strictly upper triangular integer matrix C, (c) holds as (a) by the

substitution ® =V 4+ U + Q + G, (d) holds from solving the recursive equation
G=C(V+U+Q+G)

for G and (e) from defining F £ (I + (I — C)~'C) which is proved in Appendix E to

be an upper triangular integer matrix with unit diagonal entries.
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Finally, the m' decoder removes the dithers £! FU from (5.13) and applies mod

Ac,m to recover

(Al — €/ FU] mod Ac,,,
(

[[€],F] mod p (V + Q)] mod Ac,n,

= [[a},] mod p(V + Q)] mod A¢,p
[al, (V + Q)] mod Ac,n

= [sl, +al,Q] mod Ac,,

w

P sl +al Q (5.14)

where (a) follows from the distributive law, (b) and (d) follows from [Ordentlich et al.,
2014, Theorem 2 (c)], (¢) follows from Lemma 30 in Appendix D which states that,
for any full-rank integer matrix A with full-rank sub-matrices Ay, form =1,..., L,
there exists lower triangular integer matrix L and strictly upper triangular integer
matrix C such that [LF] mod p = [A] mod p and the last inequality holds with high
probability if

~Elsh, +al, QI < b

Finally, setting 0,, = Kgsm.m+al,Da,,+¢, where € goes to zero as the blocklength
goes to infinity insures that with high probability the m'" decoder recovers sf =
sl, +af,Q.

Remark 18. In Lemma 30, after obtaining ¥, we can find the corresponding C using

C=1-F"' (5.15)
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Theorem 11. For a given covariance matriz Kgg, target covariance matriz £ =
ADA for a full-rank A € Z2*L with full-rank sub-matrices Ap.n form=1,...,L,
distortion matrix D = diag(dy,...,dy) and dp < --- < dy, the following rates are

achievable using successive reverse integer-forcing source coding

1 K D
Rsrirsce(Kss, Q) £ §1Og < SS’MCZ 2 aﬁ) ,0=1,...,L. (5.16)

Lemma 15. Define the permutation wsgirsc as the source re-ordering that we used

nwsrirsc(L) <---<d
tion re-ordering such that Rank(Ax . (nm)rspmso(m))) = m form =1,... L. The

to ensure that d 1) and the permutation Ty as the combina-

TSRIFSC(

achievable rates in Theorem 11 in terms of the original source order can be written
as

_I.
1 KSSvﬂ'Tan ‘(2)77‘-7‘0,71 (E) + aﬂ'mn Y4 Daﬂ'ran (E)
Rspipscagnrsc (Kss, ) = 5108 ( - C’; 0 — ). t=1,....L

msriFsc(f)

(5.17)

where D = diag(dy, ... ,dr).

Remark 19. The permutations wsripsc and Trni are essential for the algebraic suc-
cessive compression to work and determines which source should be mapped to which
combination, however the permutation w¢c is only used to define the nesting order of
the coarse lattices.

Finally, we present the next theorem that compares the performance of the pro-
posed successive reverse integer-forcing source coding to that of the multivariate com-
pression [Park et al., 2013].

Theorem 12. For a given covariance matrix Kgs and a desired covariance matriz €2

that can be decomposed into Q@ = ADAT, where A is any unimodular integer matriz

and D s a real positive diagonal matrix, we have

L L
> Renipsce(Kss, @) = Y Ruve(Kss, Q) (5.18)

/=1 /=1
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where  Rpirsce(Kss, Q) are the achievable rates wusing the RIFSC, while
Ruyve(Kss, Q) are the achievable rates wusing the multivariate compression in

Lemma 14.

Proof. We proceed as in Lemma 15. First, find a permutation 7 such that d,, () <
++dr ). Next, since A is a full-rank matrix, there exists a permutation 7y such
that Rank(A ., (1:m]),m (1:m))) = m for m = 1,..., L. By permuting the sources and

combinations by m; and mq, respectively we get the following achievable sum-rate

L
> Rspirsc(Kss, Q)
=1

— log
dr ()

L T
(a) Z 1 (Kssm(e)m(a + am(@m(c)Dm(ﬁ),m(c)am(z),m(c))
2

L
1 Zl:ll (Kss,m(em(e) + ajrg(e),m(,C)Dm(C)m(ll)aﬁz(f)m(ll))
=5 log 7
[T dr0)
/=1
5 :
] I1 (Kss,u + agDa£>
B =1
=3 log 7
[1de
/=1
L ,
] II (Kss,z,z + agDa£> 1
= —log | & + = log(|AJ?
5 log ADAT 5 log(|A[)
(b) L1 1 1
2> 5 log (Kssee+ajDay) — - log (1€2]) + 5 log(|A[)

L
D" Ruv(Kss, ) (5.19)
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where (a) holds by applying Theorem 11 to the sources re-indexed by m; and using
the integer matrix Ar,z)r (c) With full-rank sub-matrices A, ((1.m]),m (1:m)) for m =
1,..., L instead of A when forming V in (5.9), (b) holds from Q = ADAT, (¢) holds
from Lemma 14 and (d) holds from noting that |A| = £1 for unimodular matrices.

]



Chapter 6

Downlink Cloud-Radio Access Networks

In this chapter, we study the downlink C-RAN, under total fronthaul capacity con-
straints. We propose an end-to-end low complexity IF scheme, in which we use
the RIFSC proposed in Chapter 5 to convey the users’ codewords, with correlated
quantization noises, to the BSs. This transforms the downlink C-RAN to a virtual
broadcast channel, for which we can use the reverse compute-and-forward [Hong and
Caire, 2012] to decode integer-linear combinations of the BSs codewords at the user
side, then map these combinations to the users’ messages. The parameters of the

scheme can be optimized using our duality result that will be established in the next

Figure 6-1: The downlink C-RAN channel model.

chapter.
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6.1 System Model

Consider the downlink C-RAN scenario shown in Fig. 6-1, where a CP is connected
to a set L of single-antenna BSs through noiseless fronthaul links with finite rates
C1,...,Cp as shown in Fig. 6-1. The CP wants to communicate K messages wy €
{1,..., 278} with rate Ry, for k € K, to a set of single-antenna users K, where
the k'™ user is interested in wj;. The fronthaul links either exhibit symmetric rate
constraints! Cy = Csym, V0 € L, or a total rate constraint 25:1 Cy = Ciot, depending

on the physical structure of the network.

6.1.1 The End-to-End Broadcast Channel

The CP maps the messages w1, . . ., wg into indices iy, . .., iy, where i, € {1,..., 27}
for ¢ =1,..., L, then forwards i, to the /' BS through the fronthaul link. Next, the
(" BS transmits signal x, € RT for £ = 1,..., L and the received signal across all

users 1is
Y =HX+7Z (6.1)

where Y 2 [y, --- yx]f, yx € R” is the received signal at the k"™ user, H € R¥*L
is the channel matrix from the L BSs to the K users which is known to the CP, all
BSs and all users, X = [x; --- x;]f and Z € RE>*T is ii.d. A(0,1). The BSs have
total power constraint Tr (XXT) < TPiotal. The k™ user makes an estimate wy, of the
transmitted message based on its received signal y,. We say that the rates Ry, ..., Rg
are achievable if, for any € > 0 and 7" large enough there exists encoders and decoders

that attain average probability of error at most € (i.e., P (Ur_; {wy, # wi}) < €).

'We assume symmetric fronthaul links constraints, however an extension to asymmetric individual
rate constraints is straightforward.
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6.1.2 Compression-Based Strategies for Downlink C-RAN

In compression-based strategies for the downlink C-RAN, the CP jointly encodes the
messages Wi, . .., Wx into channel codewords s1, ...,sy (since we have L BSs) rather
than locally encoding each one at a separate BS. These strategies allows the BSs to
be oblivious to the codebooks employed by the users. The CP then compresses the
(" codeword s, into an index i, € {1,...,27%} and forwards it to the ¢ BS through
the fronthaul link. Upon receiving the index i, the /** BS reconstructs the signal s,
then uses it to transmit x, = s;.

Due to the limited fronthaul capacity, the decompressed signal at the /" BS
Sp=sp+ qe, V0 e L (62)

suffers from a zero-mean quantization noise q,. The quantization noise Q =
[a1 -+ qg]f is characterized by its covariance matrix %E[QQT], which depends on the
fronthaul rates C1, ..., Cy, and the compression strategy used at the CP/BSs. Similar
to the uplink, we assume zero-mean quantization noise, since this implies that the
quantization noises qi,...,qr, are independent of the channel codewords sq,...,sy

which facilitates the interface between source and channel coding.

6.2 Conventional Receivers for Downlink C-RAN

In this section, we briefly summarize the successive encoding scheme proposed in [Park
et al., 2013]. First, for a specific encoding order 7., the CP successively encodes the
Messages W, (1), - - - , Wr,(k), into channel codewords Sr (1), ...,Sxr. (k) of length T" as
done in the dirty paper coding (DPC) [Costa, 1983]. Denote the diagonal matrix P =
diag(Py, ..., Pk) = %E[ggf] as the effective covariance matrix of S 2 [3; --- Sg]f.

Second, the CP applies a linear beamforming matrix B € RE*K to obtain S 2 BS,

where 8 = [s; --- sz]f. Next, the CP jointly compresses the equalized codewords
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s; --- sy and forwards it to the BSs through the fronthaul links. This is done us-
ing the novel multivariate compression scheme discussed in 5.2.2. The multivariate
compression scheme helps creating correlation between quantization noise across BSs.
Since the quantization noise is going to be combined (naturally by the wireless chan-
nel) at the user side, the correlation can be chosen to reduce their effective variance at
the receiver, hence improve the end-to-end performance. Finally, the BSs recover and
re-transmit X = S 4+ Q, where the quantization noise Q has an effective covariance
matrix 2E[QQ'] = Q.

Lemma 16. For a beamforming matrix B, diagonal coding power matrix P, effec-
tive covariance matrixz €2 and encoding order m., the rates achievable by DPC and

multivariate compression are

2
1 (hjrc(k)bﬂc(k)) Pr k)
Rpper.(H) = 3 log | 1+ IR (6.3)
L+ hjrc(k) < > bfrc(é)bjrc(z) + Q) hr ()
(=k+1
where B,  and P should be chosen such that
1 ; 1
> 5 log (BIPb; + Qi) — Slog| Q77| <G VT C {1, L),
— ) ’ 2 ’ ;
€T €T
Tr (BPB' + Q) < Py (6.4)

Remark 20. The authors in [Park et al., 2013] have also proposed a successive convex
approzimation algorithm in order to optimize the parameters of the aforementioned

scheme, for a given encoding permutation ..

6.3 Integer-Forcing C-RAN Architecture

The end-to-end integer-forcing architecture for downlink C-RAN is illustrated in Fig-

ure. 6-2. In this scheme, the CP first pre-codes/pre-inverts the messages allowing
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each user at the end to map the decoded integer-linear combination of the transmit-
ted codewords to its desired message. The CP encodes the messages using nested
lattice channel codes, then uses the reverse-IFSC (RIFSC) proposed in Section 5.3
to convey these channel codewords to the BSs while introducing correlations between

the quantization noises.

At gl A A, L

Central Processor

Figure 6-2: Integer-forcing architecture for Downlink C-RAN with
symmetric distortion. The green arrows denote the successive encoding
in [He et al., 2018, Section VIJ.

6.3.1 Channel Encoding

For simplicity, we only present integer-forcing beamforming for the special case of
symmetric rates, and point to [He et al., 2018, Section VI] for the asymmetric case.

The CP starts with "digitally” precoding the K messages wy, ..., wxg by forming
W = [A™W] mod p (6.5)

where W 2 [w; - wgl]l, A, € ZE*K is a full-rank integer matrix, A™ is the
algebraic inverse of the matrix A. over Z,, W = [Wy - .- WK]T, wy, is the p-ary
expansion of w, and p is a prime. The precoded messages wi,...,Wg are then
mapped successively, as in Theorem [He et al., 2018, Theorem 6] to lattice codewords

S1,...,Sk of length T and power +E|[§;||> = P, for k =1,..., K to form the channel
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codeword matrix S £ [§;, --- 8] with effective covariance matrix %E[ggT] = P,
where P = diag(Py, ..., Px). The precoding step in (6.5) allows the m'® user, after

successfully decoding the real integer-linear combination

vl & alymS,

c,m

to map it back to

[aT W] mod p = [aim [A"W] mod p| mod p
= [almAichW] mod p
= [[al,,A™] mod pW] mod p

=wl (6.6)

which is the desired message at that user, where a.,, is the mt™ row of A, and both
(a) and (b) hold from the distributive law.

After forming the channel codeword matrix g, the CP uses a beamforming matrix
B € RY*K to form

S2[s --- s)f =BS.
6.3.2 Backhaul Compression

In order to convey S to the BSs (i.e., convey the " row of S to the (™" BS) with
correlated quantization noises, we use the RIFSC scheme proposed in Section 5.3.
For simplicity of presentation, we summarize parallel RIFSC, however one can choose
to use algebraic successive cancellation to enhance the end-to-end performance.

The CP uses a full-rank integer matrix A to form linear combinations V, = A['S,

then uses it to compute

Al =T[al ,On, (Vi+U)] mod Acy, m=1,...,L, (6.7)
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where a,, is the m'™

row of A, U is a random dither matrix discussed in Section
5.3. The CP then forwards the index 7,, of A,, through the fronthaul link.
Finally, the /*" BS uses the index i, to recover A, then removes the dithers, applies

mod A¢y to obtain

sl = |A—al, U mod Acy

Y2 sf 1al,Q (6.8)
where the last equality holds with high probability as in (5.6), the quantization noise
Q has an effective covariance matrix Q = %E[QQT] = dA,A] and d is the distortion
level. Finally, the /** BS transmits x, = §;.
Remark 21 (RIFSC). In case of parallel RIFSC, the linear equalizer B, coding

power matriz P, integer matriz Ay and distortion level d should be chosen to satisfy

the constraints

1 (b;sz + [las||2d
— log :

<
5 y )_C%WEE

Tr(BPB' + A,DA!) < Py (6.9)

Remark 22 (SRIFSC). In case of successive RIFSC, the linear equalizer B, coding
power matriz P, integer matriz A, and distortion matriz D should be chosen to satisfy
the constraints

1 b/Pb, + a! ,Da,
Tog | TP TTTE) coy i e L
2 dy
Tank(Ag 1:m) = m, Ym € L
dr, <---<d;

Tr (BPB' + A,DA!) < Pjya. (6.10)
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6.3.3 Channel Decoding

The end-to-end channel can be written as
Y-H <B§ n ASQ> w; (6.11)

where Y = [y; --- yx|T, y& is the received signal at the k" user.
As mentioned earlier in this section, the k™ user is interested in decoding Vlk =
al kg, which can be mapped later to the desired message W;L = [al kW] mod p. In

order to accomplish this, the k' user equalizes (i.e., MMSE scaling) its received signal

yYr by v € R to get

?,1 S 'Ukyit

— vj,,k +2l, (6.12)

where z/; 2 (vhiB — ai’k)g + vpzl + vhl A,Q is an effective noise with effective

variance

1 1
ofns 2 ZE(zeal®) = || (0xh]B —al, ) PH + (1) + (0)’h{A DA (6.13)

Theorem 13. Similar to [Hong and Caire, 2011], it can be shown that the achievable
sum-rate for the IF strategy is

K
Rip.cran(H) = max > % log™ (Bs) (6.14)

BERLXK7ACEZKXK
D=diag(dy,...,dr)
P=diag(P1,...,Pr)

subject to Rank(A.) = K
Ry psc(BPBI, D) < Cy, Wl € L
Tr(BPB' + A,DA!) < Py, V0 € L

where By £ Py /02y, is the k™ effective SINR for the k™ user and Ry pgc,(BPBT, D)
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is given in (5.16). The proof of Theorem 13 follows the same steps in [He et al., 2018,
Theorem 6], however, here we have the added quantization noise Q with effective
covariance matrix D.

Finally, the MMSE equalizer that minimizes the variance in (7.17) and the corre-

sponding variance are given by

a’ , PBh,
Vg = : (6.15)
1+ b} (A,DA! + BPB') by
Ulef,k = ||]51c,/’<:aC,/’f||2 (6.16)
where F, is any matrix that satisfies the decomposition
4 -1
Fl F)= (p—1 + Bihy, (1 +h;ASDA§hk> h;B) :
Similar to the uplink, under fixed rate allocation Ci,...,C for the fronthaul

network and assuming that the compression rates meet these constraints with equality,

we write the achievable downlink distortion matrix D in terms Cy,...,C}, as
D = diag (Re) (6.17)

where ¢, £ bszg is the /" element of e, while

-1
2201 — (CL571’1)2 e —(CLSJ’L)Z

R2 : : . (6.18)

—(as7L71)2 . 22CL — (CL&L’L)Q



Chapter 7

Uplink-Downlink Integer-Forcing Duality
through Algebraic Successive Decoding

In this chapter, we prove a sum-rate duality between the end-to-end IF schemes pro-
posed in Chapters 4 and 6 for both the uplink and downlink C-RAN, respectively.
Recent work in [He et al., 2018] proved the sum-rate IF duality between the uplink
(i.e., MAC) and downlink (i.e., BC) channels where the authors only used channel
codes. In compression-based strategies, the uplink (downlink) C-RAN channel how-
ever has additional source codes that are used to convey the BSs observations (channel
codewords) from the BSs (CP) to the CP (BSs), respectively. These source codes adds
to the complexity of establishing the duality, since the end-to-end transmission rates
(i.e., channel code rate) depends on the distortion levels achieved in both directions
(i.e., uplink and downlink directions) as we saw in Theorems 5 and 13. The distor-
tion levels achieved depend consecutively on the compression rates allocation across
the fronthaul links in both directions which may be different. In this work, we link
both achievable distortion levels to the same compression rate allocation (e.g., the
uplink compression rate allocation), even if this allocation was not achievable! for one
direction (e.g., the downlink channel).

For clarity, in this chapter we denote all uplink parameters by superscript ul and

all downlink parameters by superscript dl. We also assumes total fronthaul rates

IEven if the downlink rate allocation was not achievable, these downlink distortion levels can be
achieved using different rate allocation, however, we write it in terms of the unachievable uplink rate
allocation of the.

80
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Figure 7-1: The Uplink and downlink C-RAN channel models.

constraint Ci., and total power constraint P

7.1 Uplink C-RAN
7.1.1 Uplink C-RAN Channel

In the uplink C-RAN, the k" user has a message w}' € {1, e 2TR551} to the CP with
rate R, The k™ user maps w}! to a lattice codeword s}! € RT of length T, scales it

using v}! € R, then transmits x\!' = v Istl The received signal at the BSs is given by
g Vg k k
jrul IIul)(ul Zul7 (71)

where YU £ [y ... yU]f vl € RT is the received signal at the ¢*" BS, HY € REXK
is the channel from all users to all BSs (assumed to be known to all terminals),
X & [xy L xullf = vulgul vl & diag(otl, ... vl) is the beamforming matrix,
Sul & [si ... s¥] is the codeword matrix and Z" € RX*T is i.i.d. M'(0, 1) noise. The
BSs have a total power constraint® Tr (VUP"VUT) < Py, where PU! £ LE[SUSUI]
is a diagonal coding power matrix. The ¢** BS maps its received signal y}' into
an index &' € {1,...,27%"}, where CI, ..., C}! are the L rates allocation to the L

-ul

fronthaul links and satisf L oow < Ciotal. Upon receiving the indices &%, ..., @,
Y 2.0=1%0 p g 1 L

2 Although standard uplink channel models employ individual power constraints on the users, a
total power constraint is necessary here to enable us to establish uplink-downlink duality.
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the CP makes estimates @\, ..., @Y of the transmitted messages. We say that the

rates RV, ... RY are achievable if, for any € > 0 and T large enough there exists

encoders and decoders that attains average probability of error at most e.

7.1.2 Integer-Forcing for Uplink C-RAN

We begin with an overview of the integer-forcing scheme proposed in Chapter 4 for the
uplink C-RAN, however, we assume here a total power constraints on the transmitters
and that the channel H is known at the transmitters (CSIT), hence we can allocate
different rates to different transmitters. Without loss of generality, we assume for both
the source and channel coding stages that the identity permutation is admissible [He
et al., 2018, Definition 2|, which will impose constraints on the effective noises and
integer matrices.

Specifically, for the channel coding part, this means that we first permute the
channel coding combinations vi,..., vl such that (o}')> < --- < (o})?, then
permute the K users such that the integer matrix AY has full-rank sub-matrices

Aul

e [1:m] form=1,... K.
On the other hand, for the source coding part, this means that we first permute

the BSs such that d¥' < ... < df!, then permutes the source coding combinations

ul
s,[1:m]

ul

FETRREE for

v vl such that the integer matrix A% has full-rank sub-matrices A
m=1,...,L.
Uplink Source Coding. The ¢ BS uses a lattice codebook C; = Apy N V(Acy)

with rate C}! to quantize its observation y}',
AL = [Qap, (i + )] mod Acye (7.2)

where u}' is a random dither independent of y' and uniformly distributed over

V(Age). The £ BS then forwards the index if' € {1,...,27¢%"} of A}’ to the CP
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through the fronthaul link.

For a fixed integer matrix AM £ [a2) ... a2 |" with full-rank sub-matrices A};}[l:m]
for m = 1,..., L, the CP uses the integer-forcing source coding with algebraic suc-

cessive cancellation in Section 3.3.3 to recover

?ul — Hulvulsul + Zul + Qul (73)

where Q" £ [qf' --- q}]! has effective covariance matrix D" £ ZE[QYQ"] =

diag(dy, ..., dM). Since A™ and D" should be chosen such that, the successive IFSC
rate Ripgc, = Cp for £ =1,..., L, we can write the distortion levels d, ... d¥in

terms of the fronthaul rate allocation C}, ... C% as in the next Lemma.

Lemma 17. For the uplink C-RAN with sum-rate backhaul constraint Ciye and an
integer matriz A% that satisfies mnk(A;‘f[l:m]) =m,Vm € L, the achievable distortion

levels d¥, ..., d¥ can be written in terms of the rate allocation C}, ..., C¥ as
d" = R"e" (7.4)

where d¥ and e £ a™ (HYV @y i i +1X)al, are the (™ elements of d* and e,

respectively, while

2201 (ag,l1,1)2 e _(ag,ll,L)2
R £ : , : (7.5)
_(ag,lL,l)Z LLo2% (ag,lL,L)Z
The proof of Lemma 17 follows from Theorem 2.
Uplink Channel Coding. The users draw their codewords si, ... s} from nested

lattice codebooks, which are selected via Lemma 2. After reconstructing the quantized

BS observations ?“1, the CP proceeds to successively decode integer-linear combina-

tions v, ..., vil. of channel codewords si, ... s%, as in [Nazer et al., 2016, Lemma
16], where
K
ul A ul ul
Vem = 5 UomiSk> VM E K, acmp € Z.

k=1



84

At the m'™® channel decoding step (i.e., when decoding V;ﬂm) and assuming correct

decoding of v, ..., vt _. the CP first employs a linear equalizer byl to obtain

b%f?ul — Vzl:n + (b%THHIVUI ulT )Sul + bulT Zul + buITQul

~~
ulf

eff,m

z

where the effective noise zlj; ,, has an effective variance
i —EII ol = (R HUV =l )PU2 2 4 by * + by Dby (7.6)

Finally, it is worth noting that the MMSE equalizer that minimizes (7.6) and the

corresponding variance are given by

bzrf — alcl}ilPulTvulTHulT (HulvuIPuquITHuH T Dul)*l (77)

(om)* = IFaz, | (7.8)
where FU!' is any matrix that satisfies

B -1
FlcllTFlcll — ((Pul)fl + VuITHulT (I + Dul) 1 Hulvul) ) (79)

Lemma 18. For an uplink channel H%, beamforming matriz V¥, coding power ma-
triz P coding power vector p* = diag(P") and equalization matriz B*, we can
write (7.6) as

(I- diag(B")M™) p = J“B" (7.10)

where B = [pE...pYT, pul = PE/(of)? is the k™ effective SINR, J*
gl ., T, = b+ 5, 5 (L Rt 2, MY, = (b aglopt—a, )2+
> Zj(b}éfi)QR;flj(a;‘ghgl)z(v}”)Q is the (k, )™ element of M and h} is the (™ column
of H™.

The proof of Lemma 18 is given in Appendix F.
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Finally, using the successive decoding in [Nazer et al., 2016, Lemma 16|, the

achievable rates for the uplink IF-CRAN can be written in terms of effective SINR as
1
RUL_IF_CRANJC(HHI) = 5 10g+ ( ;;1) ,Vk’ e (7.11)
where B! = P /(o11)? is the k™ effective SINR.

7.2 Downlink C-RAN

7.2.1 Downlink C-RAN Channel

In the downlink C-RAN;, the CP has K messages w{! € {1, . 2TR21} with rate R,
for k =1,..., K, to the K users where the k" user is interested in the &' message
wd. The CP maps the K messages w, ..., w¥ into L indices (!, ..., i), where ' €
{1,...,27¢"} has a rate Cdl for £ =1,..., L and the rates satisfy 2521 CH < Ciotar-
The 4 is then forwarded to the £ BS through the fronthaul network. The ¢! BS

transmits the codeword x, € R .

The received signal across all users is

Y = H'X" 4727 (7.12)
where Y& £ [yd ... yd]T yd ¢ RT is the received signal at the k' user, H! € R¥*L
is the channel matrix from the L BSs to the K users, X% £ [x{! ... x{Jf and

74 € RE*T s ii.d. M(0,1). Similar to the uplink, we have a total power constraint
FETr (XUXI) < Pioga®. The k™ user makes an estimate @{ of the transmitted
message based on y{!. We say that the rates R{!,... RY are achievable if, for any
€ > 0 and T large enough there exists encoders and decoders that attains average

probability of error at most e.

3We assume equal power constraints Pioiai between the uplink and downlink channels since we
are seeking to prove duality between both proposed IF schemes, however, in a practical system, both
constraints should not be equal and the BSs usually have more power.
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7.2.2 Integer-Forcing for Downlink C-RAN

For the channel coding part, we use the integer-forcing beamforming strategy in-
troduced for the downlink channel in [Hong and Caire, 2012] for symmetric powers,
then extended in [He et al., 2018] to the asymmetric powers setting. For the source
coding part, we use the successive reverse integer-forcing source coding (SRIFSC) in
Section 5.3.2.

Downlink Channel Encoding.

The CP successively, as in [He et al., 2018, Section VI], maps the messages

. . . . A
wil ... wl to lattice codewords s{,... s% with coding power matrix P4 =

TE[SUS], where S £ [s{"- - - s#]T is the channel codeword matrix, w{' is the p-ary

expansion of wﬁl and p is a prime.

dl

¢,[1:m)] for

Briefly, for a fixed integer matrix Ad with full-rank sub-matrices A

m = 1,..., K, the CP first forms the precoded messages w{! ... W by succes-

dl dl

sively applying the inverse of [Ad ] mod p over Z, to the messages wil, ... wl,

c,[1:m]

then map wd! to the lattice codeword sd! for each encoding step m =1,..., K.
Next, the CP uses a beamforming matrix B € REXK to form S4 = BUS4 where

Sd & [sd ... st

~dl

Downlink Source Coding. The CP then compresses s{', ... 5% using the SRIFSC

discussed in Section 5.3.2. This can be done by first pre-inverting S with integer

matrix A4 which has full-rank submatrices A;l,l[l;m} form=1,...,L to get
Vi = (AT) 7§ (7.13)
where V&' £ [vdl, ... vd 1T Next, using lattice codebooks C; = Ape N V(Acy), the

CP quantizes and forms integer-linear combinations

Ad— Z Lf,i7kQAF7k(v§}k +uf 4+ g | mod Acm (7.14)
k=1
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where uf!, ..., ud! are independent dithers,LﬁE’ . is the (m, k)™ element of the lower tri-

angular matrix LY and g is the k™" row of the matrix G discussed in Section 5.3.2.

The BSs then recover and re-transmit
xd _ gdl + le

where Q¥ £ AYQY and Q™ has effective covariance matrix DY £ TE[QIQ™M].
Since the achievable rates for both integer-forcing schemes (i.e., uplink and downlink)
depend on the achievable distortion levels, the next lemma helps us to express the

distortion levels achieved in the downlink channel in terms of the uplink parameters.

Lemma 19. For the downlink C-RAN with sum-rate capacity constraint Ciq, the
following distortion levels d¥', ... d% are achievable using the SRIFSC compression

scheme
d* = Re® (7.15)

where d¢* and efl! £ blePdlbz” are the (™ elements of A% and e, respectively, while

-1

20 dl N2 i 2
277 — (%,1,1) e _(as,l,L)
A .
Rdl = . . .
dl 2 20 dl )2
_(as,L,l) s 270 — (as,L,L)
where CU - .. C¥ are the uplink rate allocation. Furthermore, if we choose integer

matriz A% = A" we have R = R™.
The proof of Lemma 19 is given in Appendix F.
Downlink Channel Decoding. The k' user attempt decoding Vil,:[ = ail,ISdl,

which (if successfully decoded) can be mapped back to its desired message wil. To

do so, it equalizes its received signal, using v{', to get
~dif &, dldlf
Y = UrYg

v (7.6
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where zgg £ (vhy B — all)SY + oflz] + v h TALQY is an effective noise with

effective variance

(o2 2 ZE(Z47) = 1| (B — ) PP 4 (i) + (o AL DY AR
(7.17)

Lemma 20. Let

P/ (of")? P
B £ 2 and p" = | (7.18)
P/ (o) P

denote the effective SINR and coding power vectors, respectively, then (7.17) can be

written as

(I - diag(ﬁdl)Mdl) pdl — Jdlladl (719)

where MgdllC = (hd”bdlvdl - adl L)+ ZZ] bldedl(Nleh D2(vdh? is the (£, k)™ el-
ement of M4 hdl is the (™ column of HY, ;”] is the 7™ column of A and
JU = diag ((v{H?, ..., (v¥)?).

The proof of Lemma 20 is given in Appendix F.

Finally, the asymmetric achievable rates for downlink IF-CRAN can be written in

terms of effective SINR as
1
RDL_IF_CRANJg(Hdl) = 5 1Og+ ( ](31) ,\V/k e (720)

where Bl = Pd/(od))? is the k' effective SINR. This follows directly from [He et al.,
2018, Theorem 6].
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7.3 Duality

Lemma 21. For the dual channel H® = H"" and by choosing C{l = C¥ for { =
1,....,L, B=Bu Vi =Vu Ad = AUl gnd Ad = AY we have

R = R"I (7.21)
M = M (7.22)

and the distortion matriz DY = diag (Rdledl) 1s achievable even though the downlink
compression rate allocation C, ... C% may not be achicvable.
The proof of Lemma 21 is straightforward and follows from both Lemma 18 and

Lemma 20.

Theorem 14. Let RY onay be the achievable sum-rate using integer-forcing equal-
ization and compression for a given uplink channel H", integer matrices A* and

Aul

Ul coding power matriz P™, equalization matriz BY and beamforming matriz V%

that satisfies the total power constraint P,. Then, for the dual downlink channel

. K K
H? = H*!| we can achieve a sum-rate Y w1 Ror-tr-crang > Yy Rur-ir-cran-

Proof. We start by defining a Z-matriz as any square matrix that has non-positive
off-diagonal elements. The Z-matrix is called an M-matriz if it has eigenvalues with
positive real parts. Next, we borrow the next theorem from the theory of non-negative

matrices.

Lemma 22. [Plemmons, 1977, Theorem 1] Let L be a Z-matriz, then the following

statements are equivalent.
1. L is an M-matriz.
2. L7 emists and non-negative.
3. There exists x > 0 such that Lx > 0.

4. FEwvery real eigenvalue of L is positive.
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Now back to our proof. It follows from Lemma 21 that by setting B4 Val Adl
and A4 we have MY = M"T. Furthermore, from (7.5), it follows that (R“l)_1 is a Z-
matrix. Furthermore, we can write the uplink achievable distortion levels (D“l) >0
as a solution for (R")"!x = e, where e" > 0. From Lemma 22, it follows that
(R")~! is an M-matrix and that R" is a non-negative matrix. Following the same
argument we can prove that (R¥)~! is an M-matrix and that R is a non-negative
matrix. Now looking at the (k,¢)™ element of M, we can show that M" is a
non-negative matrix as well (same result holds for M since M = MU ),

Next, we repeat the same argument for the matrix (I — diag (3")M™) instead
of (R‘ﬂ)_l. Looking at the off-diagonal elements of (I — diag (B8")MY) (i.e., the
off diagonal elements of —diag (3")M™), it follows that (I — diag (B“)MY) is a Z-
matrix. Furthermore, since we have a positive uplink power allocation p"' > 0 that
is a solution for (7.10) for positive JUB" we have that (I — diag (3*)M™) is an
M-matrix.

By setting 8 = 8% and noting that both diag (3" )M% and diag (8Y)M" have
the same eigenvalues, we deduce that there exists a unique non-negative downlink

coding power vector
pdl — (I _ dlag (,Bdl)Mdl)_lelﬁdl (723)

that satisfies (7.19).
Finally, it remains to check that this coding power vector satisfies the total power
constraints. To this end, define

Pl = NUpt € RY
Pl = NUpt € R

as the power allocated across transmitters for the uplink and downlink, where N =
diag (012, (0f)?) and Ngk = () + 1, S5, (all PR, 0 € £ and
Vk e K.

Since p" satisfies the total power constraint, we have

Ptotal - ]-Tp:tl;t
— 1TNu1(I . diag(6u1>Mul)flJulIBul
= 1"N"(I — diag(B8")M")diag(8™)J"1
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— 1TNu1(diag(/8ul)—1 _ Mul)—lJull

— lTJle(diag(ﬁdl)—l . Mle)—lJull

= 11diag(B™")IJM(T — M diag(31)) 1 J"1
— BdITJdIT(I o Mlediag(Bdl))—lJull

— I@leJle(I o Mlediag(ﬁdl))—lNlel

dl
= pto:fr]"

Finally using (7.11) and (7.20), similar to [He et al., 2018], and since the achievable
SINRs for the uplink and downlink are equal, we have our result. O
Theorem 15. Let Rpr_r-cran be the achievable rates using integer-forcing equaliza-
tion and compression for a given downlink channel Hy, integer matrices Aq. and Ay,
coding power matrix Py, equalization matriz V4 and beamforming matrix By that sat-
i1sfies the total power constraint Piyq. Then, for the dual uplink channel H, = Hil,
we can achieve a sum-rate Zszl Ruyp-ir-crang > Zle Rpr-1r-crRAN -

The proof is similar to the proof of Theorem 14.

7.4 Downlink C-RAN Optimization Algorithm Based on Du-
ality

Our approach is to first choose A", Bu A" and D" while maximizing the sum-rate
of the corresponding dual uplink channel H* = HY, then set AY, B! A4 and D4
as in Theorem 14 to achieve at least the same sum-rate as the dual uplink channel.
Unfortunately, optimizing A%, B% A% and D" for the corresponding uplink
channel is also challenging. However, in Chapter 4, we proposed a suboptimal solu-
tion for individual symmetric fronthaul rate constraints, which demonstrated good
performance via simulations. Hence, we use Algorithm 3 which is adapted for sum-
rate fronthaul links constraint to optimize the dual uplink channel. The details for
the optimization algorithm is given below in Algorithm 4. It is worth noting that, at

the end of Algorithm 3 and before using Algorithm 4, we need to permute the BSs
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such that we have full-rank sub-matrices A?,l[lzm] form=1,... L.

Algorithm 3 Uplink [F-CRAN

1: procedure UIFCRAN(HY, Vi, P C,.1,tol)
2: Initialization: Set dn;,, = 0 and dypa.x = d large enough such that

Zfﬂ RgIFSC,E(Hul) < Ciotal-

3 while Ciotal — Zf:l R%IFSG,E(HuI) > tol or ZeL=1 RgIFSC,e(Hul) > Ciotal dO
4 if 3, Ripse,((H") < Cioal then

5 yax = d/2.

6: else

7 dmin = d/2

8 end if

9: d = (dpin + diax)/2.

10: F = chol((1 + é)I + éPH“lVUIPUIV“”H“”)
11: A = LLL-reduction(F).

12: Rgpsc, (H") = 5 log™ (||Fy'all[*)

13: end while

14: return d.

15: end procedure

Algorithm 4 Downlink IF-CRAN

1: procedure DIFCRAN(HY, Cya1,tol)

2: Initialization: Set HY = HM, V¥ =T and P =
3 d“=UIFCRAN(H", vu pul C’total,tol).

4: Calculate R™ using (7.5).

5: Calculate F¥! using (7.9).
6
7
8:

SNR
K1

AU = LLL-reduction(F%).
Calculate B" using (7.7).
: Set Adl = AT Bd = Bulf, Al = AU and DY = diag(R"e!!) according to
Theorem 14
9: return (Ad B4 Ad D).
10: end procedure

Finally, it is worth noting that similar to [He et al., 2018], one can develop an
iterative algorithm based on our IF duality result, in which each time we optimize
the parameters at the receiver side for one direction (e.g., uplink), then use the
duality to move these parameters to the transmitter side of the other direction (e.g.,

downlink), then repeat. However, preliminary simulations showed no extra gain from
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iteratively going back and forth between the uplink and downlink channels, hence we

only propose one-shot algorithm for downlink parameter optimization.

7.5 Numerical Results

In this section, we show the performance (in terms of average sum-rate in bits/sec/Hz)
of the proposed IF architecture and compare it to independent compression with suc-
cessive channel encoding as well as multivariate compression with successive channel
encoding. The optimization of the rate achieved by multivariate compression with
dirty paper encoding is carried out jointly using the successive convex approximation
algorithm proposed in [Park et al., 2013]. (Note that this optimization must be per-
formed over all K'! possible decoding orders.) For more details about multivariate
compression, we refers the readers to [Park et al., 2013].

For our simulations, we generated 500 realizations for the channel matrix HY,
each elementwise i.i.d. N(0,1). We also fix the number of BSs to L = 4. Figure
7-2 shows the case of L = 4 users where we fix the total SNR = 30dB and plot the
average sum-rate with the sum-rate of the backhaul network Cgyy,. The performance
of the proposed IF scheme is quite close to that of multivariate compression combined
with dirty paper coding, and has an advantage over multivariate compression with
single-user decoding as well as single-user compression and channel coding. Figure 7-3
shows the average sum-rate against the SNR for fixed total backhaul rate Ciota = 20
for the same 4 x 4 channel. Again, we observe that our integer-forcing scheme is
competitive with multivariate compression combined with dirty paper coding, and
outperforms schemes that rely on single-user source coding and/or channel coding.

We also note that, rather than a “one-shot” algorithm, we can iterate between
the uplink and downlink to optimize the parameters. However, our simulations did

not show any significant performance improvement for this iterative algorithm.
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Figure 7-2: The average sum-rate for K = 4 and SNR = 30dB
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Figure 7-3: The average sum-rate for K = 4 and Cgyy = 20
Bits/Sec/Hz.



Chapter 8

Integer-Forcing Interference Alignment

For the K-user MIMO interference channel, some form of interference alignment is
often needed to attain the highest possible rates. For the important special case of
linear alignment strategies, many iterative optimization algorithms have been pro-
posed that aim to maximize the signal-to-interference-and-noise ratio (SINR) at each
receiver. Recent work [Ntranos et al., 2013] has demonstrated the advantages of
integer-forcing interference alignment (IFIA), which combines both signal space and
signal scale interference alignment. This chapter proposes a class of iterative opti-

mization algorithms for IFTA and demonstrates its advantages via simulations.

8.0.1 Notation

We denote the matrix resulting from dropping the k" column of matrix A by A, and
the vector resulting from dropping the £ entry of vector a by a.;. In this chapter,
we refer to the transmitter or the receiver index by superscripts. Particularly, we
index the transmitters by ¢ and the receivers by k. Subscripts is used to index the

elements in a vector (or vectors in a matrix).

8.0.2 System Model

For our system model, we assume the /" transmitter is equipped with Ng)]( antennas
and the k*® receiver has NI@( antennas. We let T" denotes the coding blocklength.
The /** transmitter has a message w!¥) that is drawn independently and uniformly

from {1,2, ..., onRl }, where R denotes the rate of wl¥ measured in bits per channel

96
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use. The (™ transmitter is equipped with an encoder £ : {1,2, ..., 2n®7} 5 RT
which maps the message w! into a codeword sl = £ (wl). The ¢ transmitter

creates a channel input matrix
X = ylAgldt (8.1)

[, . . . .
where vl € RV« is a beamforming vector. The resulting channel input satisfies an

average power constraint
1
TE[Tr(XWXW)] <p (8.2)

where p is the average power available at each transmitter (assuming symmetric power
constraint across all transmitters).

The k™ receiver observes the channel output

K
vl — Z HFAXE 4 7K (8.3)

where HF ¢ RMSNix s the channel matrix from the ¢ transmitter to the &
receiver and ZF € RVeXT is clementwise ii.d. A (0,1) representing the AWGN at
receiver k. The k™ receiver applies an equalization matrix U e RVEMY 40 the

channel output and obtains an effective channel output
Y — ylkity k. (8.4)

Each receiver k is equipped with a decoder DI* : RM"XT _ {1,2 ... Q”R[k]} that
decodes Wl = DF(YH).

Remark 23. The M equalization vectors (columns of UM ) needed to decode w!*!
depend on the decoding technique used at the k' decoder.

We call the rate tuple (RIY, ... RIX]) is achievable if for any ¢ > 0 and for large
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enough T, there exist encoders, beamforming matrices, equalization matrices and

decoders such that

Pr (O{w[k] # w[k]}> < €. (8.5)

8.1 Signal Space Alignment and Max-SINR Algorithm

As mentioned earlier, interference alignment can be performed at both the signal
level, using structure codes, and the signal space, using beamforming vectors. The
later type of interference alignment aims to creating an interference-free space that
can be used by the desired signal. This is done by aligning the interference signals,
using beamforming vectors, in one space and projecting the received signal, using
equalization vectors, onto the space orthogonal to the interference. The work in
[Cadambe and Jafar, 2008] focused on the high SNR regime by studying the degrees
of freedom (DOF') achievable by interference alignment. While DOF is a good metric
for the performance of the interference alignment schemes at high SNR regimes, it is
not sufficient for the low or moderate SNR regimes. In [Gomadam et al., 2011], the
authors studied this problem and proposed an algorithm called Max-SINR algorithm
which aims to maximize the signal to interference and noise ratio (SINR) at the
receiver successively. The SINR metric is a good choice for the low to moderate SNR

regimes, since the achievable rate of the linear receiver is a monotonic function in the

SINR.

8.1.1 Objective and Optimization Problem

For a fixed channel realization, the rate of the linear receivers can be written as

1
Rk _ los (1 + SINRM (ul¥] vV],W)) (8.6)



99

where SINR[k](u[k],Vm,Vf), the SINR at the k'™ receiver, is a function in the equal-
ization vector ul*! and all the beamforming vectors v,

In linear receivers, e.g., zero-forcing or MMSE receivers, the k' receiver decodes
directly its intended data stream sl® treating the rest of interference data streams
as noise (i.e., sl we k). Thus, M k] = 1 equalization vector u* is needed. The

effective output can be expressed as

Mt = Fiy ¥ (8.7)
S S e ¢ L e L7 (8.8)
desire?irsignal {#k interference fromﬁle £th transmitter

where sl here is drawn from an ii.d. Gaussian codebook of power p and each
beamforming vector must satisfy || vl?|? < 1 to satisfy the power constraint'.

The resulting signal-to-interference-and-noise ratio (SINR) at the k'™ receiver is

S|NRW pu[k]TH[k’k]V[k]V[k]TH[kvk]Tu[k}

-1
ulklt (p S HEAvAvIAtHEAT + I) ulkl
£k

Our goal is to choose ul*! and v¥ in order to maximize the sum rate. Formally,

we want to solve the following optimization problem.

K
1
max 5 log (1 + SINR[k]> (8.10)

ulk] vl

subject to |[vIF|2 <1 \Vk=1,... K

where SINR¥ is given in (8.9).

"'We employ unit-norm equalization and beamforming vectors (u[k] and v, respectively) to make
it easier to switch the roles of transmitters and receivers later in the dual channel.
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It can be shown that simultaneously choosing ul* and vl to solve 8.10 is a non-

convex optimization problem.

8.1.2 Max-SINR Algorithm

The idea behind the Max-SINR algorithm is to use reciprocity of wireless networks
to relax the non-convex problem into an iterative optimization problem. Precisely,
the relaxation is done by, firstly, dividing the optimization over the unit-norm vectors
u® and vl into two separate problems. Secondly, further relaxing the problem of
finding the optimal beamforming vectors v¥ for a fixed ul* using channel reciprocity.

To this end, let us consider the dual channel in which the roles of the transmitters
and receivers are reversed. Define the dual channel matrix ﬁ[k’z] = HIHT which
represents the channel from the (' transmitter (¢ receiver in the original problem)
to the k™ receiver (k™ transmitter in the original problem). In the dual channel,
the vl play the role of the equalization vectors and the ul* play the role of the
beamforming vectors.

For the prime channel, the relaxed optimization problem becomes
"1
>~ - log (1+ SINRY) 8.11
a2 gt Sy

For a fixed choice of beamforming vectors v, the optimal solution of (8.11) can

be expressed in closed form as

—1
i+k

ultl = (8.12)

£k

B -1
(p S HEAvIAvISTHEOT | 1) Hlk Kyl
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For the dual channel, the relaxed optimization problem becomes
K ?
> 5 log (1+SINRH). 1
w2 g et &1

[K] [K]

Now, using the dual channel, while holding u'* fixed, the optimal v\* that maxi-

mizes (8.13) is

£k

-1
<p S H Al q AT I> Fletly
W

V[

(8.14)

-1
1,61
<p S Hkau Tl Hka 4 1) H kg l#

£k

Finally, the Max-SINR algorithm uses (8.12) and (8.14) iteratively to optimize
the beamforming and equalization vectors. For more details, we refer readers to

[Gomadam et al., 2011].

8.2 Integer-Forcing Interference Alignment

In this section, we give a high-level overview of the IFIA strategy, which builds on
previous results for compute-and-forward and integer-forcing from [Nazer and Gast-
par, 2011,Zhan et al., 2014, Ordentlich et al., 2014, Ntranos et al., 2013, Nazer et al.,
2016]. Our framework inherits the alignment idea from [Ntranos et al., 2013] as well
as the expanded framework for the compute-and-forward technique from [Nazer et al.,
2016]. For details, we refer readers to [Nazer et al., 2016]. Fig. 8-1 shows the structure

of the IFIA transmitters and receivers.

8.2.1 Achievable Rates

Let us assume that the /' transmitter selects a codeword s, € R™ with power

pr = %]EHSV] |> and a beamforming vector v that meets the overall power constraint
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Figure 8-1: The structure of the

/™ Tx. and the k™ Rx. for IFIA scheme

pe|VI9||?2 = p. Let P = diag(py, ..., px) be the diagonal matrix of coding powers
and S = [sll ... sl&]]f denote the matrix of transmitted codewords. We define the

beamforming matrix V as

1
) v ON[TIJ(
V= oo (8.15)
ON[K] V[K]
Tx

where Oy refers to the zero column vector of length N. Recall that H®Y is the
channel matrix from the ¢'" transmitter to the k' receiver. By defining the channel

matrix from all the K transmitters to the & receiver as
HF 2 [H[k,ll H[klﬂ] : (8.16)
we can compactly write the k" receiver’s observation as

Y = HFVS + ZW (8.17)
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The k™ receiver’s goal is to recover M ¥l integer-linear combinations of codewords
which can be solved later for the desired codeword sl®l. The m™ combination is given

by

et = alftS =1, M (8.18)

m

where alll € ZK is the integer vector containing the coefficients of the m™ linear

combination.

To recover the integer combination ry,i], the k'™ receiver applies the equalization

vector uL’ﬂ, the m*™ column of the matrix U and obtains effective channel output

rlHf + zL’;lfm (8.20)

Desired combination  Effective noise

(K]t

eff,m

= (uyZHH[k]V—aLﬁH)S +ul'Z is the effective noise due to the mismatch

between the actual effective channel ult /H®'V and the desired integer vector allt plus

the amplified AWGN after equalization. The power of the effective noise zgl%m is given

by

where z

2 1 )

eff,m eff;m

In order to decode the m™ integer-combination r at the k™ receiver, all par-

ticipating users with non-zero coefficient in at should design their codebook to
(K]
eff,m

tolerate noise power (a )2 given in (8.21). Successfully decoding the m™ integer-

combination rL’,i] at the k' receiver results in a set of constraints called the computation
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rates for the participating users, given as

1
R = —log" P | for agﬂ’e # 0 (8.22)

comp,m,f 2
o )
effm

(K]

where a*!, is the ¢t entry of al’. Here Regmpm.t

Sy is a rate constraint on user ¢ only

if this user participates in the m'" integer-combination at the the k' receiver (i.e.,
agﬂz # 0). The message from the /*" transmitter (user) might participate in multiple
combinations at multiple receivers. Thus, the achievable rate for the ¢ transmitter

is the minimum computation rate among these combinations

. k
R = min - min R, (8.23)
mia,,

It is worth noting, as we will see later, that usually the computation rate

constraints are ordered in a descending order (i.e., Rgfjmp’w > RL?mp,z,z > ..>
(k]
Rcomp,K,Z? V€, k)

The rate expression in (8.23) can be further improved by implementing algebraic
successive cancellation introduced in [Ordentlich et al., 2014] which relaxes some of
the computation rate constraints in (8.23). We first review the basic idea of algebraic
successive cancellation and then show the improved achievable rates region.

Algebraic successive cancellation can be achieved by using previously decoded
integer-combinations to eliminate some of the users codewords participating in the
subsequent integer-combinations. This relaxes the corresponding computation rate
constraints on these, no longer participating, users.

In order to capture the order in which the codewords can be eliminated from
the integer-combinations, we define a mapping Z¥! as a set of pair of the form
(m, ), where £ € {1,...,K} denotes the user index, m € {1,..., M*} denotes

the integer-combination index and (m,f¢) € Z™ means that the ¢*" user can not
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(]

comp,m, ¢ 1S a COon-

be canceled out while decoding the m'™" integer-combination (i.e., R
straint on Rm). Only some mappings are admissible (depending on the integer matrix
Al & [a[lk}, . ag\k)[k}]T). A mapping Z!¥! is said to be admissible if there exists a lower
unitriangular? matrix L¥ e RM™<M™ quch that the (m, €)™ entry of LMARK is
equal to zero for all (m, ) ¢ Z™. The admissible mapping Z¥ captures the possible
assignments of the computation rates to the users.

For any choice of integer matrices A¥l, beamforming matrix V, equalization ma-
trices Ul coding power matrix P and admissible mappings Z!¥!, the following rates
are achievable

. . K]
RY = min min R[
k=1, K mi(m,f)ezlkl P

(8.24)

For an in-depth discussion of the achievability proof, we refer interested readers to [Or-

dentlich et al., 2014, Ntranos et al., 2013] and [Nazer et al., 2016].

8.2.2 Integer Matrix A structure

In the simple case where the k™ receiver wants to decode all of the codewords (K

codewords), we need K independent integer-combinations such that
rank (A") = K. (8.25)

Decoding all the codewords is essential in a multiple-access channel, where the
receiver is interested in all transmitted codewords. However, in the interference chan-
nel, this overconstrains the user rates as we will have K computation rate constraints
while the receiver only desires one message.

The k™ receiver can choose to decode fewer integer-combinations (i.e., M* instead

of K), then solve for the desired codeword. In order to solve for the desired codeword,

Zlower triangular matrix whose diagonal elements are equal to 1



106

the following conditions are needed:

rank (AF) = M (8.26)

rank (Aﬂ) - MW 1, (8.27)

The first condition, in (8.26), means that the M integer-combinations should be
independent (since there is no need to decode additional dependent combination with
possibly lower computation rates). The second condition in (8.27) means that the
coefficients of the interference codewords, in the M* integer-combinations, should be

aligned in no more than M — 1 dimensional space.

Example 1. In order to visualize (8.26) and (8.27), lets consider the case when
K =3 and MY = 2. An example of the integer-combinations that could be decoded

at recewver 1 are

pl — oglt] 4 g2 4 oG (8.28)
rl) — 65l 4 2(s2 4 2609, (8.29)

(]l . ,
It can be shown that s!'l = ™2 22 L. The integer matrices A and AE}l are

Al = (g 5 ] (8.30)

Al = B ﬂ (8.31)

which satisfy the conditions in (8.26) and (8.27). Fig. 82 illustrates (8.26) and
(8.27) for this example.

8.2.3 Objective and Optimization Problem

Using equation (8.24), the problem of maximizing the sum of the user rates achieved

by IFIA strategy can be written as
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D
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Figure 8-2: Example 1
K 1 )
max min “logt [ — X 8.32
7K Ukl vl AR ezMF x Kk p ;k 1,... K m: (mz ez[ 12 & (U[k] )2 ( )
- effm
subject to VAP <1vei=1,.. K

rank(AK) = pr¥

rank(AM) = MM — 1

(8.32) is a challenging non convex optimization problem. It does not only has the
non convexity of choosing Ul and v jointly as we saw before, but it also has an
integer programming part for choosing Al¥l ¢ 7ZM FIxK Furthermore, the mapping
Z¥ between the computation rates and the user rates does not have an explicit form

that we can use. Hence, in this work, we try to relax this challenging problem to a

more tractable problem that we can solve.
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8.2.4 Problem Relaxation

Since (8.2) can be written as pg||[vi1||? < p, one can use this to relax the problem
of optimizing over the coding power matrix P by absorbing it into the choice of the

beamforming vectors vl. This can be done by selecting
pel VU2 =p, VO =1,.. K. (8.33)

Also, assuming that all the users participate in all the combinations, this relaxes the

need to optimize over Z¥1. Taking this into consideration, the relaxed problem is now

1
max min  min  =log" % (8.34)
UK vle] ALkl ezM Pl x K k=1,...K m=1,.., MK 2 < %] )
v, =1 O offm
subject to VAP <1ve=1,.. K

rank(AM) = A

rank(A[fL) = MM 1

Note that p, is a function in vl which makes the numerator inside the log also

depends on v, By replacing py by its lower bound p the relaxed problem becomes

2
min max  max (O'ggm> (8.35)
Uk vl0) AlklezMFl x K k=1,...K m=1,..,M ’
subject to VAP <1ve=1,.. K

rank(AM) = A

rank(A[fL) = MM 1

Unfortunately, even (8.35) can be shown to be a non-convex problem. To this
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end, we propose a suboptimal iterative algorithm.

First, we choose V and U for a fixed integer matrix A*. This can be done
as in [Gomadam et al., 2011], using the duality results in [He et al., 2018]. We also
propose a novel solution method using convex optimization.

Second, we select A¥l while keeping V and U™ fixed. A suboptimal algorithm

for this subproblem is given in the next subsection.

8.3 Aligned LLL

In this section, we discuss how to choose the integer-combinations coefficients A to
maximize the sum of computation rates at the k*" receiver. For simplicity, we propose
an algorithm to optimize the integer matrix A for a fixed M™ = 2 (decode two
integer-combinations) and given matrices V and U,

It has been shown in [Zhan et al., 2014] that for a given equivalent channel H¥/'V,

(]

coding power matrix P and integer vector a;, , the optimal equalization vector u

that minimizes (8.21) is given by the MMSE equalizer o
ull = aftptviHFN I+ HE VPV (8.36)

Substituting with (8.36) we can rewrite (8.21) as
(ol ) = aldt (P — PVIHIN I+ HYVPVIHFN) THFEVP) al¥ (8.37)
A HF[k]a[TI;L]HQ (8.38)

where FM = (P~!'+VTHMIHMV) "2 and the last inequality follows from Woodbury’s
matrix identity.

Recall that, for a fixed U¥ and vl (8.35) is relaxed to

- W)
min max (o (8.39)

Al ezMFxK m=1,..,M eff,m
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subject to rank(A K = A7

rank(Aﬂ) = MK 1

which can be shown to be equivalent to

M k] 9
min (o4..) (8.40)
A[k]ezM[k]xK me1
subject to rank( AW) — M

rank(Aﬂ) = Mk 1

Combining (8.37) with (8.40), such a problem is equivalent to finding the shortest
M vectors in the lattice spanned by FI*¥ satisfying the constraints in (8.40).

Finding the shortest and independent M vectors in a lattice spanned by FI¥ is,
in general, a hard problem. Some polynomial time algorithms (e.g., LLL algorithm
[Lenstra et al., 1982]) can provide a good approximation, but there is no guarantee
for satisfying the conditions in (8.26) and (8.27). In order to solve this, we introduce a
lattice reduction method that we call the aligned LLL algorithm to obtain the desired
A, For general case (M > 2), a generalization of this aligned LLL algorithm is
given in Appendix G as well as simulation results.

For a fixed M* = 2 (i.e., AM € Z2*K) we need to align the coefficients of the

K — 1 interference codewords into a single combination. Recall that alMt is the m!

row of A¥ for m = 1,2 and agﬂik is the vector resulting from dropping the k" entry

of vector ali/l (i.e., dropping the coefficient of the desired codeword). At the k"

receiver, the constraints in (8.26) and (8.27) can be rewritten as constraints for a[lk]Jr

h

and a[QkH such that
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ayl, = Whap] (8.41)
a[Qk]k = b2 2 1[1’1 (8.42)
al' = b} (8.43)
ay) = by} (8.44)

[
2
(k] 7 [k]
rank ( b[lk]l b[lk]Q ) =2 (8.45)
b1 Dy
where al’l € ZK-1 and bgﬂi e Z,¥i,m=1,2.

int
Here the vector all

int

represents the coefficients of an aligned function. Recall that
S £ sl ... sIXlJf denote the matrix of codewords and let (ST).; be the matrix
resulting from dropping the & column of St (i.e., dropping the desired codeword).

Another way to view this, is to define an aligned function of interfering codewords as

mt

[

Now, we decode two independent integer-combinations r Iand r glven by

rgk] b[lk]ls +b[1k]2g (8.47)

0 — g g 4 g (5.48)

If r[lk] and r[Qk] are decoded successfully, we can solve for s¥! (and gl¥l). Our goal

(K]

is to find the optimal (or a good approximation) aj " and a[zk]Jr given by the structure

n (8.41)-(8.44) to minimize the product of effective noise powers [] ||FF a[k]||2.
m=1,2
We propose a method based on Minkowski’s second theorem [Cassels, 1957]. The

method allows us to get a theoretical lower-bound on the computation sum rate. For

any chosen interference function gi*! in (8.46), we choose two independent integer
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k] [k k 2
vectors bl = [b Ll ]]T and bl = [b bl ]T to minimize [] (oiff]’my which can be
m=1
written as

2 2
[T, =H||F[k1a£ﬂu? (8.49)

m=1

k k k
H 162 £ 4 bt R a2 (8.50)

— H (AN (8.51)
=1

where F][:Z]d = [fg“] Fﬂal[ﬂ} represents the basis of a new reduced lattice. The first
column of this basis corresponds to the desired signal sl*!, while the second column
corresponds to the interference function gl*.

Since there is no constraints on b[k] and b[zk} other than independence, (8.51) means
that minimizing H ( eﬁm) (for a given fixed amt) is now mapped to finding the two
shortest non-zero vectors in this new lattice with basis FE’Z]d The optimal b[lk] and

b[ lare given as a function of aEn]t by

bl — GRNIE 8.52
arg i [|Fqb) (8.52)

bl = arg min ||F£]g(]lb||2 (8.53)
bez2:rank([b}'b])=2

Note that a lattice reduction algorithm (e.g., the LLL algorithm) can be used to
give the optimal solution since dim(FyZ]d) = 2. The remaining question is how to
select ai[ﬁ]t?

From [Feng et al., 2013] and (8.51), the powers of the effective noise in the two

integer-combinations are given by the first and second successive minima of the re-

duced lattice FI*, such that (o/*] )2 = \(F 1) and (crng]ﬂ) = A2(F"). We can write
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the sum of the computation rates as

2 2
1
W2 _P
> Rloupm = 5 > log ( %] 2) (8.54)
m=1 m=1 (Ueff,m)
1 2
= S log | i (8.55)
k
[T A% (L)
(@) 1 p2
> —log (8.56)
2 <4rdet<F£’z§F£’;£>r>

where (a) is due to Minkowski’s second theorem [Cassels, 1957]. Furthermore, we can

write det(FElZngjd) as

k k k k k k
det(FUIFEL) = (16412 FFLall |2 — (£HTFH al)? (8.57)
ARt ﬂ@ﬂwT (K] lk] K]
= al TP TalE £ [P 2] (8.58)
k
= |[GHal)? (8.59)

where Gl can be obtained by Cholesky factorization of

£l
(F[kHHf[k]H (I - ||f[kl||2> || £, ]||F[k]) Since minimizing the determinant in (8.57)
results in the sharpest bound in (8.56), the interference function gl*! (i.e. al[ ]) can

be obtained by lattice reduction on G*!:

a

int

M — arg min |GMal? . (8.60)
aczZs —

Choosing al[n]t as in (8.60) guarantees that HG[k]a <||? is the shortest vector in a

lattice with basis GI* (i.e., A2(Gl¥)) and as a result we can bound the sum of the

computation rates as

SNR?
(k] -
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@ 1 SNR?
> —log 5 (8.62)
2 4(K — 1) det(GH)x=

where (a) is due to Minkowski’s first theorem [Cassels, 1957]. Algorithm 5 shows the
details of the aligned LLL algorithm for M = 2.

Algorithm 5 Proposed Method A for decoding two integer-combinations

1. Step 1: Using the LLL algorithm, find the shortest vector in the lattice G ¥

a[k] —arg min || GHMal?
ac7ZK—1

where G can  be  obtained by factoring ~GHIGH
{5 g[k]T
F[k”Hf [k]H (I — Bk ) H h HF using Cholesky decomposition.

||f“”u2

2. Step 2: Using the LLL algorithm, find the shortest two vectors in the lattice

P = (6 Pl

bgk] = arg min HFred [k] bH2 =1,2
b€Z2:rank([ ..... b,” 1 ,b])=i

3. Step 3: Calculate the integer matrix A* using

k
o)
b? 1 b2 2 1nt

AlFl — ( A[k])

where L* is a permutation matrix which puts column 1 in between columns k
and k + 1 of A,

8.4 Beamforming and Equalization

In this section, we propose two methods to optimize beamforming matrix V and

equalization matrix U while fixing A¥l. Even after fixing A jointly optimizing
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V and UM is a non-convex problem, and we will relax this joint optimization problem
into two separate optimization problems.

For any given beamforming matrix, V, the columns of the optimal equalization
matrix Ul is always in the form of MMSE equalizer as in (8.36). On the other
hand, for a given equalization matrix UM we develop two algorithms to update the
beamforming matrix V. The first algorithm relaxes the problem of choosing V, given
A and UM, to a convex optimization problem. Then uses a convex optimization
toolbox, like the CVX package [Grant and Boyd, 2014], to solve the relaxed convex
problem. The second algorithm optimizes V given U using the idea of channel
reciprocity and uplink-downlink duality for integer-forcing [He et al., 2018]. Both
algorithms are iterative optimization algorithms in the sense that, we keep updating
U and V given A using these two methods. By the end of each iteration, the
integer matrix Al¥l can be updated using the aligned LLL algorithm introduced in
Section 8.3 for fixed V and UK.

We use the CVX package to solve the convex optimization problem for our first
algorithm, thus we name the first algorithm CVX-IFIA. The second algorithm is
called Dual-TIFIA since it borrows the idea of duality for integer-forcing from [He

et al., 2018].

8.4.1 CVX-IFIA

Recall that our focus has been shifted towards maximizing the sum of the computation
rates rather than the sum of the user rates. This method further relaxes this goal by
maximizing the worst computation rate (i.e., largest effective noise power) across all
the receivers. Since this computation rate will be mapped to one of the user rates,

this corresponds to maximizing the symmetric rate.
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The relaxed problem can be written as

Pl: min <max (ag;f]’m)Q)

V,UI*] k,m

(8.63)
st VY92 <1, we.
As mentioned earlier, the joint optimization problem P1 is a non-convex optimiza-
tion problem. However, for a fixed U, P1 can be rewritten as

P2 : Ir{;n (max (O',Ejg’m)Q)

k,m

(8.64)
st VY92 <1, we

which is a convex optimization problem. Since for any fixed beamforming matrix V,

(8.36) gives the columns of the optimal U, one can iteratively optimize U* and V

using (8.36) and the solution of (8.64). The details of the algorithm is presented in

Algorithm 2. To guarantee better performance, the CVX-IFIA algorithm is initialized

by the beamforming vectors given by the Max-SINR algorithm described in Section
8.1.

8.4.2 Dual-IFTA

Before giving the details of the algorithm, we introduce the dual channel and dual
network for the IFIA. The dual channel for IFIA is a bit trickier than the dual
channel for linear receivers (introduced in Section 8.1). This is because the number of
transmitted codewords (beamforming vectors) from each transmitter and the number
of decoded combinations (equalization vectors) at each receiver are not always equal
anymore. In the primal network, each receiver k wants to decode M¥ combinations
and solve for the desired single codeword sl®! sent by the k™ transmitter. Overall, we
have M = Zszl M¥ > K combinations decoded at all the receivers.

In the dual network, the receivers and transmitters roles are reversed. The /" pri-
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mal receiver becomes the /" dual transmitter and the k" primal transmitter becomes
the k' dual receiver (i.e., the dual channel matrix Hk = HI“¥It), In addition, the
beamforming (equalization) vectors of the primal network become the equalization
(beamforming) vectors of the dual network, respectively. As a result, in the dual net-
work, each dual transmitter ¢ wants to send M messages, while each dual receiver
k wants to decode only one combination of these messages. We have dual beamform-
ing matrices <\7V’1 e RVMY and the dual equalization vectors T ¢ RV, Let
A = [Alf ... Al € ZMXK he the integer matrix of the primal channel, the dual

integer matrix can be represented as
%
A=Al czM (8.65)

where K here represents the total number of combinations and M represents the total

number of the transmitted messages. Define the channel to the k" dual receiver as
ﬁ[k] = [ﬁ[k’vl} ﬁU%K]] ) (8.66)

Following the same steps as in the primal IFIA, the k" dual receiver decodes a single

combination and we can write the power of the effective noise on this combination as
(TH)? & g2 4 (ﬁ[knﬁ[k]v _ g[kn)ﬁ(ﬁ[knﬁmv —
where v is the block diagonal matrix of [V” e Vfﬂ] and % is the diagonal coding

power matrix with diagonal elements

= p

Pi,i - y Z - 1, ,M (867)
92

where <\7Z is the ¢ column of the matrix V

The optimal equalization vector Wt which minimizes the effective noise power
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?[e];}]“ at the k' dual receiver is

G = RAWPTVTHN(1+ HIVPVEN), (8.68)

opt

In order to update V, we use the equalization vectors @™ at the k' dual receiver
(after normalizing) and map it to the beamforming vectors v* for the ™ primal
transmitter. Finally, We can iteratively use the closed form expressions in (8.36) and
(8.68) to optimize the beamforming and equalization vectors. The details of the the

proposed algorithm is given in Algorithm 6.

8.5 Simulation Results

We now briefly investigate the performance of our iterative algorithms. In our sim-
ulations, we consider the case of 500 channel realizations. Figure 8-3 shows the sum
rate of three users obtained after 20 iterations of each algorithm. For the first plot,
we have set K = 3 and M = 2 Vk (i.e., all terminals have two antennas). Recall
that this scenario satisfies the feasibility conditions in [Yetis et al., 2010] for the ex-
istence of a linear strategy. The elements of the channel matrices H®Y are drawn
i.i.d. M(0,1). Notice that the Max-SINR algorithm is a special case of the IFIA al-
gorithm where the integer matrix A is set to the identity matrix. Thus, we can pick
the maximum sum rate between any IFIA algorithm as well as Max-SINR without
changing our decoding framework. In Fig 8-3, “max all” represents the maximum rate
achieved among “Dual-IFTA” | “ CVX-IFIA” and “Max-SINR”. “Decode All” is the
scenario where M = 3, Vk and thus there is no interference alignment. For clarity,
we have omitted the plot of max(Max-SINR, Dual-IFIA) as well as max(Max-SINR,
CVX-IFTA) since they are close to “max all”. From Fig 83, it can be observed that
our IFTA algorithms attain the same slope as the Max-SINR algorithm. The perfor-

mance can be ordered from the highest sum rate to the lowest as follows: “max all”,
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Algorithm 6 Dual/CVX-IFIA Iterative Optimization

Given Iteration Number, power constraint p and H*4 Vi, ¢.

A

Initialization: counter=0, vI¥, U o, = p, Vk .

Run Max SINR algorithm and update vl¥! and Ul Vi .
Choose A using Algorithm 1.

Optimize U using (8.36), Vk.

while counter < Iteration Number do

(a)  if Dual-IFIA
i Set A = AT, HIM — HIMH and VI = UM,
ii.  Optimize W using (8.68), Vk.
iii.  if [|9™|2 > 1 then
iv. Normalize ‘.
V. end if
Vi. Set v[H = ¥ , VEk.
else if CVX-IFTA
1. Using CVX package, solve P2
ii.  Optimize UM using (8.36), V.
end if
(b)  Update pp = p/|[vI¥|]* , V.
(c) Update A using Algorithm 1.
(d) counter=counter+1.

end while
Optimize U using (8.36), Vk.
Output pg, A¥ vH and UMK vk,
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500 realizations, 20 iterations per realization for 3 users
12 ‘ ‘ ‘

—©—max all

—8-Dual-IFIA
10} == Max-SINR
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gl —&— Time Sharing
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in bits/sec/Hz
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SNR in dB

Figure 83: K =3, N/ = NIF — 9 it — 2 wi.

“Dual-IFIA” | “Max-SINR”, “CVX-IFTA”, “time sharing”, and “Decode All”.

For comparison, Fig 84 shows the sum rates for 4 users (K = 4), which is no
longer a feasible scenario [Yetis et al., 2010] for linear strategies in terms of degrees-of-
freedom. For clarity, we omit the plot of max(Max-SINR, CVX-IFIA) and max(Max-
SINR, Dual-IFTA), since they are only slightly higher than Dual-IFTA. In Fig 84,
“Decode All” is the scenario where M = 4, Vk and “max all” represents the max-
imum rate achieved among “Dual-IFTA”, “Max-SINR”, “CVX-IFTA”, and “Decode
All”. Tt can be seen that IFIA outperforms Max-SINR significantly. It also outper-

forms “time sharing” at low SNR.
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Chapter 9

Time-Varying Integer-Forcing Receivers

In many important scenarios, the channel may vary significantly within the span

of a single codeword. For instance, under orthogonal frequency-division multiplex-

ing (OFDM), channel variation will occur across OFDM symbols if the channel is

frequency-selective [Knopp and Humblet, 2000].

In this chapter, we extend the

integer-forcing (IF) receiver to the time-varying channel setting and compare its per-

formance with conventional linear receivers.

9.1 Channel Models

For simplicity, we assume a discrete-time communication system

y(t)

H(t)x(t) + z(t),

1.

, T

w1, —f

user 1

AR

Wy —

user 2

AR

WK —

user K

AR

Rx.

—)UA)K

Figure 9-1: MIMO MAC channel with K users
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H1 H2 HN

L%J £ subblock length
T £ block length
Figure 9-2: The block fading model.

where y(t) € RX is the received signal, H(t) € R¥*X is the real-valued' channel

T

matrix, x(t) £ [21(t) -+ xx(t)]' is the vector of channel inputs, 7" is the block

length, and z(t) ~ N(0,I) is additive Gaussian noise. This system represents a

MIMO channel or MIMO MAC as in Fig 9-1.

9.1.1 Static Channels

Previously proposed IF schemes assume that the channel is fixed through the code-
word (i.e., H(t) =H, t =1,...,T), hence the communication system in (9.1) can be

written as

where Y 2 [y(1) --- y(T)] , X £ [x(1) --- x(T)] and Z = [z(1) --- z(T)].
9.1.2 Block Fading Channels

In this more general model, the channel is assumed to be fixed within a subblock, but

changes from subblock to another. Formally, we model the block fading channel as
T T
H(t) = H,, (n—l){NJ +1§t§n{ﬁJ7 n=1..,N (9.3)

where N is the number of the subblocks in each block as shown in Figure 9-2.

The received signal during subblock n can be written as

'For simplicity, we consider real-valued channels since complex-valued channels can be handled
using a real-valued decomposition [Nazer and Gastpar, 2011].
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Y, =H,X, +Z, Yn=1,..,N (9.4)

where X, 2 [X((n — DT/N| +1) - x(nLT/NJ)},Yn 2 [y((n ~ 1)|T/N| +
1) - y(nLT/NJ)] and Z, = [z((n —1)[T/N]+1) --- z(nLT/NJ)] are the trans-
mitted signal, received signal, and AWGN during the n'" subblock, respectively. It
will be useful to define Y)Y 2 {Y,,..., Yy} and HY 2 {H;,... ,Hy} as the set of

observations and channel matrices across all N subblocks, respectively.

9.2 Problem Formulation

Consider the MIMO MAC shown in Figure 9-1, where a set £ = {1, ..., K} of single-
antenna transmitters want to communicate to a common receiver with K antennas.
The k'™ transmitter has a message wy € {1,...,27%}, where R (in bits/channel use)
denotes the symmetric rate. Using an encoder, the £*® transmitter maps wy, into
a channel input (codeword) x; 2 [24(1) --- 24(T)]" where it satisfies an average

2 < SNR. The receiver uses a decoder to obtain

power constraint %ZtT:l(xk(t))
estimates w0y, ...,wx of the messages from its observations Y4'. We say R(HY)
is an achievable symmetric rate if there exists encoders and decoders such that the
average error probability vanishes as long as R < R(HY). Since the channel is only
known to the receiver (CSIR), the transmitters should be willing to tolerate some
outage probability p. The outage happens when the transmitting rate R > R(HY).
The outage probability is Poyage(R) = Pr{R > R(HY)}. On the other hand, the

outage rate is Routage(p) = max{R : Poytage(R) < p}.

9.3 Conventional Block Fading Receivers

Since the channel is not static, the effective noise statistics are not fixed and can not

be considered identically distributed anymore.
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9.3.1 Joint ML Receiver

The joint ML receiver for the static case can be directly extended to the block fading

case.

Theorem 16. (Joint ML Receiver): For a fixed set of channel matrices HY, joint

ML decoding is optimal and achieves the following rate

N
Ry (HY) > “logdet(I+ SNRH,, x sH 1 5) (9.5)
n=1

- sggl,l..l.l,K} 2N|S|

where H,, x s is the submatrix consisting of the columns of H,, with indices in the
set §. The proof follows from using i.i.d. Gaussian encoding and simultaneous joint

typicality decoding.
9.3.2 MMSE Linear Receiver

Linear receivers are often employed as a means of reducin the implementation com-
plexity of multiple-input multipleoutput (MIMO) decoding.The basic idea is to first
separate the data streams via linear equalization and then recover them via single-
user decoding. However, in many scenarios, conventional linear receivers fall short of
the performance of optimal joint ML decoding of the data streams.

In order to decode x,,, the receiver equalizes Y,, using an adaptive equalizer vam

form=1,..., N, to get

= (bil,mhnym) X:rm,m + Zlﬁ,n,m

where h,, ,,, is the m™ column of H,, bIL, is the m'™ row of the equalizer B,, and

m

z! = htm (bL,mhn,m>XL,k +bl . Z, is the effective noise during the n*" subblock

eff n,m

and X, ,,, is the nth subvector of the m'™" codeword x,,. Note that the total effective
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noise ZZH’m £ [ZZH,I,m zlﬁ’ N.ml 18 DOt identically distributed anymore across the

N subblocks since both the channel h, ; and the beamforming vectors b, ,, are no
longer static.

For this elliptical noise (i.e., not identically distrobuted across subblocks), we
propose two different MMSE linear receivers.

The first MMSE receiver approximates this elliptical noise to a spherical noise
(i.e., identically distributed across subblocks), then uses a conventional SUD.
Theorem 17. (Linear AM-MMSE receiver): For a fized set of channel matrices HY

and a fived set of equalization matrices BY 2 {By,..., By}, the achievable rate for
the AM-MMSE receiver is

RAM,Linear(H]lva B{V) = _Tlﬂin = IOg
1 1

N ;::1 1+SINRy,, m
SNR(bijhnm)2

~ Ibuml? + SNR by (bhmh,)?

SINR ., (9.7)

where bl is the m™

n,m

row of the equalization matriz By, h,,, is the m™ column of
the channel matriz H,, and SINR,, ,,, is the signal to interference and noise ratio. The
proof of Theorem 17 follows from Theorem 19 by plugging in A = 1.

The second MMSE receivers uses the ambiguity decoder in [Loeliger, 1997] which
successfully decodes the desired codeword if the entropy of the noise falls below a

certain threshold.

Theorem 18. (Linear GM-MMSE receiver) : For a fived set of channel matrices HY
and a fized set of equalization matrices BY, the achievable rate for the GM-MMSE

recetver 1S

N
. 1 1
Ront,Linear(HY ,BY) = min v ; 5 log (1 + SINR,, ) (9.8)

where SINR,, ., s given in (9.7). The proof follows from plugging in A = I in Theorem
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20. For both AM-MMSE and GM-MMSE receivers, the optimal equalization matrix

B, is
Bk, = SNRH], (I + SNRH, HJ) ™.

9.4 Block Fading IF Receiver

We now propose a class of IF receivers for the block fading case. The IF receiver

decodes integer-linear combinations

vfn £ aan
K
= Zamlxz, m=1,...K
=1
where a,, € ZX is the m™ row of a full-rank matrix A = [a; --- ag]|, then applies
the inverse of A to V = [v; --- vi]f = AX in order to recover the codewords X.

In order to decode v! . the receiver applies an adaptive equalizer bihm to obtain

the effective channel

S’jz,m - bIL,mYTL

=al X, +2lg, ., n=1,...,N, (9.9)
where zlﬁn . (bILmHn — a;fn) X, +bIL7mZn is the effective noise encountered during

the n'* subblock.

It is important to note that the integer coefficient vector a,, is fixed and does not
depend on the subblock index n, since changing it will destroy the closure property
of the underlying lattice codebook. It can be argued, similarly to [Zhan et al., 2014],

that the effective variance of Zeg 1, is

N
: (Hnabn,mvam) é ?EHZeH»ﬂymHQ = Hb:fl,m”2 + SNRHbIL,mHﬂ - ajnHQ' (910)

Jeff,n,m
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Finally, the effective channel seen by the m'™ decoder across subblocks is

v, =al X+zl; . (9.11)
where yi = [ﬂm Srj\,m] and zlﬂm = [Zlff,l,m ZZH’NM]. Like the MMSE

receiver, Zeg,, is not identically distributed and we will evaluate the rates for both

AM and GM decoders.

Theorem 19. (AM-IF receiver): For a given set HY | the achievable symmetric rate
for AM-IF receiver is

1 SNR
R HY) = in —log" ( —— . 9.12
ap(Hy) = max - min o log (”FeqamHQ) (9.12)
rank(A)=K

N
where F, is any matriz that satisfies quFeq = % 21 FILFn where F,, = (SNR_II +

H! H,,)~'/2. The proof of Theorem 19 is given in Appendix A.1

Theorem 20. (GM-IF receiver): For a given set HY , the achievable symmetric rate
for GM-IF receiver is

1 SNR
Reyp(HY) = max  min = log" (9.13)
’ AcZEXE m=1,...K N 2
rank(A)=K [T IFran|*
n=1

where F, = (SNR™'I + H{H,)~"/2.  The proof of Theorem 20 is given in Ap-
pendix A.2

Note that the AM of the noise variance is greater than its GM due to AM-GM
inequality, therefore, the rate of the GM-IF receiver is at least as high as the rate of
the AM-IF receiver. Also note that, we can find approximate solutions for the integer
matrix A of the AM-IF receiver by applying the LLL algorithm [Bremner, 2012] to
the basis F.,. However, the problem of choosing A to optimize the GM-IF rate

expression does not directly correspond to a lattice reduction problem. It remains
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Figure 9-3: Outage rates Figure 9-4: Outage rates
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and NR)( = 2. and NRX =3.

an open problem to find a polynomial-time algorithm that outputs a near-optimal

integer matrix A for the GM-IF receiver.

9.5 Simulation Results

Fig. 9-3 and Fig. 9-4 show the outage rate of IF receivers compared to the MMSE
linear receivers and the joint ML receiver. We also include both MMSE and IF
receivers with successive interference cancellation [Ordentlich et al., 2013]. The plots
are generated from 10000 channel realizations, where each is drawn according to an
i.i.d. Gaussian distribution. The outage probability p is 0.1. It is worth mentioning
that for both MMSE and IF strategies, we expect the GM receiver to outperform
the AM receiver since the GM SINR is at least as high as the AM SINR due to the
AM-GM inequality. We also expect the IF receiver’s rate (AM or GM) to be as high
as the MMSE receiver’s rate since the IF receiver with A =1 is the MMSE receiver.

The performance can be ordered from the highest symmetric rate to the lowest as

follows: ”GM-SIF”, "GM-MMSE-SIC”, "GM-IF”, "GM-MMSE”, ” AM-SIF”, ” AM-
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MMSE-SIC”, ” AM-IF” and ” AM-MMSE”. It is worth noting that the IF-GM receiver
requires exhaustive searching all possible? integer matrices A since the problem of
maximizing its symmetric rate does not correspond to a lattice reduction algorithm.
It is also noted that the gain of IF receivers over MMSE receivers for both AM and

GM schemes becomes more pronounced as the number of users increases and at high

SNR.

2To limit the search space, in our simulations we only searched over all integer vectors with norm

less than vSNR.



Chapter 10

Conclusion and Future Work

10.1 Summary

In this dissertation, we proposed several low-complexity architectures for next-
generation wireless network topologies, such as C-RANs. Specifically, since the perfor-
mance of integer-forcing encoding/decoding approaches the joint encoding/decoding
performance for both source and channel coding separately, we build upon this and
propose an end-to-end integer-forcing architectures for the C-RANs that combine
both integer-forcing channel and source coding.

We started our work by studying the uplink C-RAN, where we proposed an end-
to-end integer-forcing architecture in which the BSs use integer-forcing source coding
to convey their observations to the CP. Our work in this problem also resulted in
a simpler proof for integer-forcing source coding with algebraic successive decoding
and iterative algorithms to optimize the associated parameters of the end-to-end
integer-forcing architecture. We also showed that the proposed IF C-RAN architec-
ture achieves the optimal outage probability within a constant gap.

Later, we proposed a novel standalone low-complexity compression strategy for the
distributed decompression problem, namely the reverse integer-forcing source coding.
The reverse IFSC strategy creates a correlation between the quantization noise across
distributed decoders. Furthermore, we extended the reverse IFSC to include algebraic
successive encoding, which achieves a wider class of target covariance matrices. The

reverse [FSC with algebraic successive encoding achieves the same performance as
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multivariate compression for a certain class of target covariance matrices. Specifically,
if the target covariance matrix can be decomposed using a unimodular integer matrix
and real diagonal matrix, then reverse IFSC sum rate is the same as the multivariate
compression sum rate.

For the downlink C-RAN, we used the reverse IFSC to develop an end-to-end IF
architecture that showed, via simulations, almost the same performance as sequen-
tial encoding strategies (i.e., multivariate compression and dirty paper coding) with
lower implementation complexity. We also established a duality between the sum-rate
achievable using IF in the uplink C-RAN and the sum-rate achievable using IF in the
downlink, under total power and total fronthaul link capacity constraints.

We also developed algorithms to optimize the performance of IFIA proposed for
the Gaussian interference channel, namely the aligned LLL reduction algorithm. Us-
ing the aligned LLL reduction algorithm, the performance of IFIA was also shown to
outperform the Max-SINR algorithm in low and moderate SNR regimes.

Finally, we studied the impact of channel variation on integer-forcing receivers for
the simple case of MAC where we showed that integer-forcing linear receivers still

retain an advantage over conventional linear receivers for MAC.

10.2 Future Work

Coding over frequency (e.g., OFDM systems) sometimes suffers from block fading
channels. Henc, extending the proposed time-varying integer-forcing MAC receivers
to other wireless applications (e.g., C-RAN and Ad-Hoc) is an interesting direction.

Also, finding other applications for IFSC beyond communications such as im-
age processing, where Wyner-Ziv based schemes [Puri et al., 2007] proved enhanced
performance in video encoding/decoding.

Another direction is to study coded distributed compression. Consider a dense
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wireless sensor network, where each sensor compresses its observation and sends it to
a master processor. The master processor has access to a number of cores, which can
be used to decompress the sensors (correlated) observations. One natural candidate
is to use IFSC, since it exploits the correlation between the observations and yet uses
parallel single-user decoders which naturally distribute the computation load over the
distributed cores. Specifically, each core can compute one modulo operation and then
a centralized ”fusion” node can combine these results to get the required observa-
tions. In the case, we have a number of cores equal to the number of observations,
we can use IFSC directly as in the uplink C-RAN. However, if we have more cores
than observations, we can use extra cores (with coding) to better minimize the com-
putation delay, since some of the cores can experience delay due to several reasons.
We can also use extra cores to minimize the work done per processor, or the commu-
nication between processors. One potential candidate to minimize the delay is to use
a maximum distance separable (MDS) code to determine the combinations that each
core should recover. However, since pre-existing MDS codes are not optimized to
minimize the effective variance of the integer-linear combinations as we saw in [FSC,
we may end up with very high compression rates (or high distortion in case of fixed
compression rates).

Another interesting direction is whether we can prove a channel-source coding du-

ality between reverse compute-and-forward and reverse integer-forcing source coding.



Appendix A

Arithmetic Mean and Geometric Mean

Decoders

A.1 AM Decoder

Consider the point to point channel
yl =a'X + zlﬁ,

where a € ZX, X £ [x; --- xg]f, x¢ = [Ax + ux] mod A¢ is a lattice codeword,
uy, ~ Unif (V(Ar)) is a random dither independent of Az, A € C 2 V(A¢) N A for
k=1,...,L, Ar and A¢ are nested lattices generated using Lemma 2 with parameters
0 and 6¢, respectively, z); = [zlﬁc’l, . Zlﬂi ] is the effective noise through the block

and z', = (bLHn — aT)Xn + bLZn is the noise through the subblock n.

eff;n

Furthermore, assume that A can be decomposed, by construction, into

A=A, x ... x A, (A.1)
N ti

where A. is a lattice of dimension % This is equivalent to coding over an effective!

blocklength %

'We assume that % goes to infinity, as T" goes to infinity. However, in practice, using an effective
blocklength % instead of T should result in a penalty.
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K
The AM decoder estimates Aeg = {Z ak)\kl mod Ag by computing
k=1

K
Xeff = [QAF (y — Z akuk>] mod AC. (AQ)
k=1

Lemma 23. (AM decoder achievable rate): For a given set of channels HY , the

achievable symmetric rate for AM decoders is

1 SNR
RHY) = -~ log" ( 5 ) (A.3)
2 O4M
N
where 0%, = ~ Y. 02 and o2 = SNR||bl H,, — a'||* + ||b] ||>.
n=1

= [QAF ([yT — aTU] mod AC)} mod Ac

i K

(:b) QAF ( [Z ak)\k + Zef mod AC>
L k=1

( i K

2 QAF (Z ak)\k + Zeﬁ‘>] mod AC

k=1

mod AC

K
(i) Z ap\; + QAF (Zeﬁ‘)] mod AC

L k=1

K
e

= Z ak)\k

Lk=1
= )\eff

—
~

mod AC

where (a), (b) and (c) holds from the distributive law, (d) holds since S°1 | apA; € Ap
and finally (e) holds only if z.g € V(AF).
Note that, it follows from the Crypto Lemma that each dithered subvector x

Iml XImN} is uniform over V(A¢). From

is uniform over V(A.), hence xI, £ [x
[Ordentlich and Erez, 2016, Theorem 3], we have that the mixture noise zeg is semi

norm-ergodic and from Property 2 in Lemma 2, it follows that by choosing - = SNR
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and 0r = 0%y + € we have Pr(z.gs ¢ V(Ar)) < € where € and ¢ goes to zero as T
goes to infinity.
[

This is equivalent to approximating the mixed noise z.g to a spherical noise with
effective variance 03,, for which we can use a classical lattice quantizer (i.e., nearest
neighbor decoder) to decode the transmitted codeword affected by the spherical noise.

It is worth noting that, since we can bound the distribution of z.¢ with a Gaussian
distribution having the same variance as in [Nazer and Gastpar, 2011}, we can prove
the previous lemma by using an ambiguity decoder [Loeliger, 1997] with a spherical
decision region. This will become more clear in the next appendix when we define
the ambiguity decoder.

Finally, from plugging in the optimal MMSE equalization matrix Byvse, =
SNRAH] (I + SNR HnHjl)f1 and applying Woodbury’s matrix identity we have

1 N
TAM = N o (A.4)
n=1
N
= LS |Fal? = [Fual? (A.5)
N n eq
n=1

N
where F, is obtained by factoring F{ Feq = & > FIF, where F, = (SNR™'I +
n=1

1
N

HH,,)~/? which proves Theorem 19.

A.2 GM Decoder

Lemma 24. [Nazer and Gastpar, 2011, Appendiz A] Let Z,,,; be the mizture noise

zim = CJ{X + C;Z
where Z € RNT s 4.4.d. N(0,1), X = [x1 - Xng |1, Xm is uniformly distributed
over V(A¢) and independent of Z, ¢y, cy € RN and Mg is a lattice with dimension T

generated using Lemma 2, then there exists an i.i.d. Gaussian vector z* with variance
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o? equal to the effective variance of Zmis

1
?E(||zmm||2) — 0% as T — o0
and the pdf of z,, can be bounded by

where ¢(T) depends on the lattice A and ¢(T)T converges to a constant as T goes to
00.

Using the previous lemma, we can upper-bound the pdf of the effective noise of
the IF receiver for each subblock by a pdf of a Gaussian noise with the same effective
variance as in the following lemma.

Lemma 25 (Gaussian distribution upper bound). Consider the effective noise zlﬁ =
2

= are defined in Lemma 25,

i i : : :
251 Zugn], where zeg, and its effective variance o

the distribution of z.g can be upper bounded by

foug(2) < ¥R 1 (2) (A.6)
where ¢(L)T converges to a constant as T goes to oo, z*1 = [z;1 -+ z}T] ~ N(0, %)
and

o’ ... 0
L=
0 ... o3I

Proof. Recall that by the Crypto Lemma, the subvector x,, ,,, is uniformly distributed

over /Té, hence the vector x,, = [xim e X}r\,’m]T is uniformly distributed over Ag £
Ao x - x Ag.

Now, the pdf of z.s can be written as

N N
a ()
For(@) E T faugn @0) < [ VF5 £ (20) (A7)
n=1 n=1



138
< eNTxC(%)sz* (Z)

where (a) holds from the fact that zeg1,...,Z.sn are independent, (b) holds from

using Lemma 24 and c(%)T converges to a constant as 1" goes to oco. O

Since the distribution of the mixed noise can be upper bounded by the distribution
of a Gaussian noise with the same variance, a vanishing error probability under a
Gaussian noise z* means a vanishing error probability under the mixed noise z.g.
From this point on, we assume a non-identically distributed Gaussian noise. Instead
of approximating this non-identically distributed noise to an identical one, which
wastes some of the packing space, we develop a decoder that deals directly with the
elliptically-shaped noise. This is possible using the ambiguity decoder in [Loeliger,
1997] and [El Gamal et al., 2004] with elliptical decision region.

For simplicity, we assume a non-dithered point-to-point channel, since we can

remove the dithers at the receiver as in the AM decoder.

Lemma 26. GM decoder achievable rate : Consider a point to point channel
y = Aeﬁ—l— Zofy (AS)

where Ay € V(Ac)NAp is a lattice codeword of length T', the nested lattices Ac C Ap
N 1
is generated using Lemma 2 with parameters O = [] (02)~ and 6c = SNR , ziﬁ =

n
n=1

[zlﬁc’1 zLﬁN], and zeg, ~ N(0,021) for n = 1,..., N, then the following rate is
achievable using the GM decoder

1 SNR
RG’M = 5 IOng ﬁ (Ag)
Il (02)*

Proof. Define an ambiguity decoder D : RT — Ay as

3 1.y€QT7€—|—5\
Dly)=A lf{ 2. BN € Ap st y € Qne + N and X # A (A-10)
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with a decision region Q7 = {z € R : 2'%7'2 < T(1 +¢), }, where

o?T ... O

Y= .

0 ... 0%l
In other words, the ambiguity decoder sends the region A + Q7 to A. Taking
this into consideration, for a fixed decision region Q7. and fine lattice Ap, an error
happens only if the elliptical noise z.s exceeds the decision region {17, or there is an
ambiguity about decoding the received signal y (i.e., the intersection of two shifted
decision regions is non-empty ).

Formally, define the ambiguity A and error £ events as

.A = {y € {QT,e + A} N {QT,e + A,}} (All)
5 = .A U {Zeff ¢ QT,e};

where X # A'. Using the union bound, the probability of error &, given Qr,. and Ap,

1S

Pe(QT,eu AF) S Pl"(Zeﬂ ¢ QT,e) + PY(A) (A12)
Lemma 27. Now, define Vi £ Vol(T-dimensional unit ball) and G(A¢) = %

as the normalized second moment of lattice Ac. Then, from [Ordentlich and Erez,
2016, Definition 5] and for any € > 0, we have

2meG(Ac) < (1+¢)

for large enough T and A¢ that is good for MSE quantization.

It would be also to write the rate of the lattice codebook as R = %ln <¥Zi&f;>

By averaging over Loeliger ensemble of lattices as in [Loeliger, 1997], we get

Po(Qrc) < Epp (Pe(Qre, Ar)) (A.13)
Vol(Qr,)

Vol(Ap)

Vol(Qre) rr

(%) Pr(zes ¢ Q) + (1 + 5(6))W6

< Pr(zes & Q) + (1 +6(e))

(d) ,
< Pr(zes ¢ Qr.) + (1 + 5(6))6T(R*RGM+6 ) (27reG’(AC))T/2
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INZ

€+ (14 8(c))e" FHant) (2meG(Ac))

—
S
=

/
€

IA

where (a) holds from using codebook Ap N V(A¢) with rate R = 7 1n <¥,§8\\§§>, (b)

T/2
holds from Vol(Qr..) = Vi(T(1 + €))% det(£)? and (%) > T Vol(Ac)T/2 =

% (Gfi@) = % (%), 0 = %log(l + €), (c) holds from the asymptotic equipar-
tition property for large enough 7" and finally (d) holds as long as R < Rgy where €
goes to zero as T' goes to infinity.

Finally, as any random coding argument, as long as there is an ensemble of nested
lattices such that the average probability of error converges to zero, there must be
at least one nested lattice sequence such that the probability of error converges to

Zero. O

Finally, from plugging in the optimal MMSE equalization matrix Byvse, =
SNR AHY (I+SNRH,H) ~" and applying Woodbury’s matrix identity we can prove
Theorem 20.



Appendix B

Existence of L and C in UL C-RAN

Lemma 28. For any full-rank integer matriz A with full-rank sub-matrices A, for
m=1,..., L, we can select an upper triangular integer matriz L and a strictly lower

triangular integer matrix C such that

[L + CA] mod p = [A] mod p. (B.1)

Proof. Since C is a strictly lower triangular matrix, we can write (B.2) as

Ei OOT T ajr{
£ a a
2+ 2 mod p = 21| mod p. (B.2)
e S Cpaal al,

For the first row of (B.2) to hold, it suffices to choose EJ{ = ai. Next, since the
first element in £y is zero (i.e., f51 = 0) and in order to satisfy the first element in
the second row in (B.2), we choose Cy = al%¥ay;. This sets the first element in the
second row in the LHS to [Cy1a11] mod p = [as] mod p = RHS. To satisfy the rest of
the equality for the rest of the elements in the second row, it follows that we have to
choose the rest of £y as £y o.1] = Az j2.1) — Ca1ay j2.1).

Following the same steps for each row, generally, for m = 1,..., L — 1, it can be
shown that (B.2) follows by choosing the (m + 1) row of L and C as

T _ ot inv
cm—i—l,[l:m} - am—l—l,[l:m] [1:m]
T ot T
eerl,[l:m} - am+1,[m+1:L] - cm+1,[1:m]A[1:m]:[m+15L}' (B?))
0
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Appendix C

Bounding d*

Recall that S; is the eigenvalue decomposition of

US, U = PH'H+ 1.

Lemma 29. Conditioning on A, the distortion d* that satisfies Rpgo(H,d*) = Cyym

satisfies the following inequalities
d* > 2 CAR/LYD g e B (C.1)

4 <1 if S, €B (C.2)

where B = {31og[S1| > LCyyn — AR — L/2} and A = {Rjps(H) < Ryp(H) + AR}.

Proof. In order to prove (C.1), assume for the sake of contradiction that d* <
27 (GAR/LH) and 1log|Si| > LCsym — AR — L/2. Then, we have

(a)
LCsym — AR — L2 = LR}yso(H) — AR — L/2 > LRy .(H) — AR — L/2

1 1
1 |PHH' + (" + 1)1
= —log +d+1) —AR—-L/2
2 d*
1 L b) 1
> élog S| — 5 log d*2*AR/L+1 (>) 3 log |Sq| (C.3)

where (a) holds from Rjpqc(H) > R (H) as shown in [Ordentlich and Erez, 2017]
and (b) is a contradiction that holds if d* < 2= (GAR/L+1),
Now, in order to prove (C.2), assume that d* > 1 and 1 log|Si| < LCgym — L/2 —
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AR and note that

LCsym — L/2 — AR = LR}y (H) — L/2 — AR

(a)
< LRy (H) — L/2
1 PHHY + (d* + 1)1‘

~ o
%% 2d*

() P
< — HH'+1

1
081 5+

1

1
2

where (a) holds from the fact that Rjpqc(H) < Rir(H) + AR and (b) follows from
assuming d* > 1. Finally, we reach a contradiction with our assumption. Hence, we
have d* < 1. O]



Appendix D
Existence of L and C in DL C-RAN

Lemma 30. For any full-rank integer matriz A with full-rank submatrices Afi.m) for
m = 1,..., L, there exists a lower triangular integer matriz L and a strictly upper
triangular integer matrix C such that

[LF] mod p = [A] mod p (D.1)

Proof. Let us start by expanding LF as

1 f1,2 fl,Lfl fl,L

0 1
LF =16 £ ... £ o fiooi1 foal
0 0 ... 1 fii
o 0 ... 0 1
L—1
= (b1 Lo+ fi2b1 L3+ fi3ly + fosbe ... Lp+ 21 firki| - (D.2)

where £, is the m™ column of the matrix L.

First, by setting £; = aj, the first column in (D.2) is satisfied. For the first element
in the second column in (D.2) to be satisfied and since €5 has a leading zero (i.e.,
(15 = 0), we have to choose fio such that [f;2¢11] mod p = [a; 2] mod p which can
be done by setting f12 = Kifgau where Eifjf is the algebraic inverse of ¢, ; as defined
in (2.5). Hence, in order to satisfy the rest of the elements of the second column and
with holding f 2#; fixed, we have to choose {9 = ay2 — fi20k1 for k> 1. Similarly,
for the third column, we first choose

[frafas]l = Li[rll;VQ}A[l:Q],S
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then proceed to choose (3 = axs — fi3lk1 — fo3lk2 for k> 2.
Generally, we set £ = a; and for m = 1,...,L — 1, the (m + 1)* columns of

matrix F and L should be chosen as

F[l:m] m+l — Ll[IllYm} A[l:m] mtl

Limi1:0)mr1 = Ami1:L)ms1 — Lpngrn)im Fimime, E=m+1,..., L. (D.3)

It is worth noting that the existence of the algebraic inverse Ll[‘fvm] of the matrix

Li1.,), which is defined in (2.5), is guaranteed for m = 1,..., L since A,y is full

rank and we have

det(A[lzm]) = det(L[lzm]) det(F[l:m})
= det(L[lzm]) (D.4)

where the last equality holds from recalling that F is an upper triangular matrices

with unit diagonal, hence unit determinant.

[]



Appendix E

Matrix F Properties

Lemma 31. For a strictly upper triangular integer matriz C, the matrizr F £ T +

(I— C)~*C) is an upper triangular integer matriz with unit diagonal.

Proof. First, the matrix F is an integer-matrix since

F=I+(I-C)'C

k=0
L-1
D14 C’“) C
k=0
L—-1
=Y Ck (E.1)
k=0

where (a) holds from taylor expansion, (b) holds from the fact that for a strictly upper
triangular matrices C* = 0. Finally, since all powers of the matrix C, higher than
one, are strictly upper triangular matrices with integer entries, it follows that F is an

integer upper triangular matrix. O
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Appendix F

Uplink Downlink Duality Appendix

F.1  Proof of Lemma 18
We start by multiplying (7.6) by P /(o})? to get

ul
Pk:

= By (Z(b““hzﬂ /= all )? P+ R+ Z i) d“)

L

SV 3 SR

14

_'_Hbul||2 +ZZ b OZU; ;ﬂj HulvulPulvul]LHulT) S])

VA
+Y 0N B PCrnalt (Zh ' (v} >asj>
i J

ul ul pul ul jul
= B E M, P+ B Tk
l

=By (Z(buwhgl i A P+ T

Finally, (7.10) follows from the previous equation by taking k =1, ...,
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F.2 Proof of Lemma 20
Similar to Appendix F.1, multiplying (7.17) by Pd/(c)?, we get
Pl = IZ (b7 Thilvg! — adly )P + B (uil)?
‘f'ﬁiccﬂ(v ) Z(hdIT~d1) ddl
glzmz“hzlvgl o P+ A
i 5?312 hle~d1 2 du di
Zﬁglz by Thilvg! —aly )2 P + B (wf)?
Ll Z Z hd1T~dl deib;ilTPdlbdl
:ﬁglz by Thilvj' — agy.) Pt + By (v’
1222 hd1T~dl 20l (bl )2 pil

dl dl pdl | pdl 7dl
= B ZMMP@ + Br Tk
¢

Finally, (7.19) follows from the previous equation by taking k£ =1, ...

F.3 Proof of Lemma 19

We start by computing df', ..., d% such that

1 (blePdlbdl +ad1TDdl dl

ul
5 log p ) o e=1,...,L

where C{',... C% is the uplink fronthaul rate allocation. Since d{!,

(F.2)

K.
(F.3)
-, d¥ are not

necessarily monotonically decreasing, the rates in (F.3) may not be achievable and so
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are d', ..., dd.

In order to argue that d{',... d} are indeed achievable, we find two permu-
tations m; and e such that dd1 1y ,dgll(L and rank(A% e ([Lm]) (1 m])) = m for
m=1,...,L.

This implies that the following rates are achievable

le dly,dl dly dldl
) 1 b_ P b 20 T30 (Z)D ag .o
Rspirsc,e = 5 log ( 24 : : (F.4)
w1 (£)
. L s
if >y RSRIFSC,E < Chotal-
The sum rate in the last equation can be written as
L L dly dl dl le digdl
) 1, [ PneP b ma0P &m0
Z Rspirsc,e = Z B log ddl
/=1 /=1 T (Z)
le dl,dl dly dl,dl
. ZH b P Do T Amyo DT im0
— ] =
2 %8
H dwl(Z)
Lo a dl
R L L Ko C
= ~log | &
2 H ddl
_ EL: 1 blePdlbdl + aleDdl gue E5)
2 ddt
L
=Y ' < Cioi,t=1,...,L. (F.6)
=1
which indicates that the rates Rigpgc, for £ =1,..., L are achievable and hence the

distortion levels computed from (F.3).



Appendix G

Aligned LLL for general M*

In this appendix, we propose two other methods for choosing the integer matrix
AlFl given U and V. These methods can be used for any MK (if M* = 1 it
is equivalent to Max-SINR algorithm). When we combine these methods with the
proposed method in Section 8.3 and choose the best between them, we can slightly

improve the performance.
[

Both methods start by first searching for the integer vector aiﬁ}t which constructs

the interference function g according to a certain criteria. Next, they search for

2
the independent integer vectors bl and bl that minimize II HF[MaEIf]H2 given this

=1
k]

int*

integer vector a

Method B

The intuition behind this method is to choose the interference function gi* that has
the smallest contribution on the effective noise power, regardless of the two integer-

combinations in s* and gi*! (i.e., the integers bny],i).

G.0.1 Choosing the interference function gl*!

By eliminating the &* column of F* that corresponds to the desired codeword, we
(%]

can get a;, by solving

k . k
aj = arg min [P a2, (G.1)
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Note that any lattice reduction algorithm (i.e., LLL) can be used to give an

approximate solution for (G.1).

G.0.2 Finding the best two integer-combinations in gi*! and s!*!

[¥]

For each interference function gi* (i.e., a;}), we can get the best combination of g*!

and the desired codeword sl*! as in (8.52) and (8.53).

Method C

The difference between Methods B and C is that we choose the interference func-
K]

int

tion gi* (i.e., ai,)) to minimize ||[F*la}”||? instead of minimizing IF e ll?. This

guarantees that the first integer-combination in (8.47) will have the lowest effective

noise power. This can be done by finding the integer vector a[lk] corresponding to the

]

int

shortest vector in the lattice with basis FI¥, then dropping the k™" element to get a

as follows

al”l = arg min |[F¥a)? (G.2)
acZk

k k
all =all,. (G.3)

Finding the best two integer-combinations in gl*! and sl*! follows as in Method B.

A comparison between the performance of the three methods are shown in Table
G.1 for SNR = 25 dB. We also add the best (i.e., maximum) of all three methods to the
comparison, where the maximum is taken for each channel realization H separately.
We denote the method previously discussed in Section 8.3 by method A. As we can
see from Table G.1, none of the methods are consistently better (as the maximum is
strictly higher than any one of them). It is worth noting that the rate per user for the

4-user case is higher than the rate per user for the 3-user case for SNR higher than
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15 dB. This implies that time sharing between orthogonal groups of 3 users should

be done in moderate and high SNR regimes.

Method A Method B Method C Best
3 users 9.8316 9.757 (-0.758%) | 9.6541(-1.805%) | 10.0808(+2.53%)
4 users 8.9254 8.5276(-4.45%) | 8.1259(-8.95%) | 9.3343(+4.58%)

Table G.1: The sum rate (in bits/Sec/Hz) for different methods at 25
dB

G.1 Generalized Aligned LLL Algorithm

In Algorithm 7 we propose a generalized aligned LLL algorithm for M combinations.
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Algorithm 7 Generalized Aligned LLL for M integer-combinations.

1. Step 1: Using the LLL algorithm, find the shortest M —1 vectors in the lattice
generated by F¥!

Method B: al[ﬁ]“ = arg mingeyx—1 HF[kkaH2
Method C::
i) al" = arg min |[F¥a|?, i=1,..., MM —1
aczZX

i) alM . = alM i=1,...,M"M 1

int,? 1~k

2. Step 2: Using the LLL algorithm, find the M k] shortest vectors in the lattice
generated by FE’Z]d = [f,gk} F[fLA[’“]]

bl[k} = arg min ||F£]Z]db||27 i=1,..., M®¥
bezM ¥ rank (bl .. b b])=i
k
where A¥ = [a l[n}t Lo ’ai[n}t,M[’“]—l]

3. Step 3: Calculate the integer matrix A* using

o -
5[1]1 Z bl g+1@int g1 .. Z bl j+1%int,j,K—1
Akl —
M1
k k
65\4][’“],1 Z +1a1nt,j,1 oo Zl bgw][k] 7j+1aint,j,K—1
L j=1 Jj= .
AlF — 1,[%] (A[k})

where L is a permutation matrix which put column 1 in between columns k&
and k + 1 of Al
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