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A CONVERGENCE RESULT FOR MEAN CURVATURE
FLOW OF TOTALLY REAL SUBMANIFOLDS

TRISTAN C. COLLINS, ADAM JACOB, AND YU-SHEN LIN

ABSTRACT. We establish a convergence result for the mean curvature
flow starting from a totally real submanifold which is “almost minimal”
in a precise, quantitative sense. This extends, and makes effective, a
result of H. Li [8] for the Lagrangian mean curvature flow.

1. INTRODUCTION

The purpose of this paper is to establish a long-time existence and conver-
gence result for the mean curvature flow starting from a totally real, “almost
minimal” submanifold in a Kéhler-Einstein manifold. Let (X,g,.J,@) be a
Kéhler-Einstein manifold of complex dimension n, and V the Levi-Civita
connection on X with respect to g. Let A be the Kahler-Einstein constant,
i.e.

Ric = \g.
Let L be a real, n-dimensional, compact, smoothly immersed submanifold
of X.

Definition 1.1. An immersion F : L — X is totally real if for allp € L
F(T,L)N JF.(T,L) = {0}.
In other words Fy(T,L) contains no complez lines.

A special case of the totally real condition occurs when L is a Lagrangian,
defined by |, = 0, which implies that the spaces Fy(T,L) and JF,(T,L) are
perpendicular with respect to g. Notice that while the Lagrangian condition
is closed, the totally real condition is open and, in particular, any small
deformation of a Lagrangian submanifold is totally real.

In the Kéahler-Einstein case the mean curvature flow preserves the La-
grangian condition [22], and if the flow exists for all time and converges,
the limit is a minimal Lagrangian. When the ambient Kahler-Einstein
manifold is Calabi-Yau, minimal Lagrangians are special Lagrangian in the
sense introduced by Harvey-Lawson [4], and their existence is conjectured
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by Thomas-Yau [26] to be equivalent to an algebro-geometric notion of sta-
bility. Neves [16, 17] showed that finite time singularities of the Lagrangian
mean curvature flow are unavoidable and Joyce [5] proposed an update of
the Thomas-Yau conjecture linking the Langrangian mean curvature flow
and Bridgeland stability conditions on the Fukaya category; see [13, 14] for
some recent progress in this direction.

In contrast to the Lagrangian setting, totally real submanifolds are much
less studied, though they have appeared sporadically in the literature for
some time; see e.g. [2, 31]. Recent works of Pacini [19] and Lotay-Pacini
[9, 10, 11] have initiated a systematic study of totally real submanifolds and
their naturally associated notions of volume and minimality, in addition to
investigating how these submanifolds behave under the mean curvature flow
and related flows such as the Maslov flow.

Our main result is focused on the mean curvature flow. Consider the
following fixed geometric parameters associated to a totally real submanifold
LcCX:

(i) Volume: Vol(L) = V.
(i) Pointwise second fundamental form bound: sup; |A]> < A.

(iii) Non-collapsing constant: Fix k,rg such that, for allp € L,r < ro,

we have Vol(B,(r)) > kr™, where B,(p) C L is an intrinsic ball.

(iv) Eigenvalue: Let Al denote the first non-zero eigenvalue of the

Hodge Laplacian on Q!(L).
(v) Local curvature bounds: Fix R > 0 and assume that Rm, the
Riemann tensor of g, satisfies

sup \ﬁE%F <AM o< <5,
B, _1/2 (L)

Theorem 1.2. Let (X,g,J,w) be a Kdihler-Einstein manifold of complex
dimension n with Kdhler-Einstein constant A\. Let L C X be a smoothly im-
mersed, compact, totally real submanifold, and assume [©]|;, = 0 € H?(L,R).
Let H denote the mean curvature 1-form. With the above notation, there
exists a constant € depending only on n and polynomially on lower bounds

k2 A=) 1 . A=) .
for S8, 25 min{1, 1/\—%}, and R, such that if

) AnV2)
—~1 2 _ 2
sup(A ‘H‘ +‘w|L‘ ) <,
L

then the mean curvature flow starting from L exists for all time and con-
verges exponentially fast to a minimal Lagrangian submanifold in By -1/25(L).

Remark 1.3. A few remarks concerning the theorem:

e In the case that \ # 0 the exactness assumption [0]|, = 0 € H*(L,R)
1s automatic. Furthermore, in negative Kdahler-Einstein case the de-
pendence on A} can be removed.

e The precise quantitative dependence of € on V, A, k, ro,)\%,)\,n 18
giwen in Remark 7.4. The main upshot is that € is controlled by a
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polynomial function, of controlled degree, of the scale invariant quan-
tities appearing in Theorem 1.2. Note the quantity A" ‘H’Q + ‘(I)|L’2
1$ also scale invariant under dilations of g.

o The initial control of H, @y, can be weakened to L? control; see The-
orem 8.1.

When the initial manifold L is Lagrangian, Theorem 1.2 was obtained
by Li [8], who also conjectured the result in the totally real setting. It is
worth remarking that in the Lagrangian setting the dependence is on the
first non-zero eigenvalue of the Laplacian on functions, rather than 1-forms.
This is natural since, according to work of Oh [18], the stability of a minimal
Lagrangian under Hamiltonian perturbations depends on the spectrum of
the Laplacian on functions on L. On the other hand, the stability of a
minimal Lagrangian under general perturbations depends on the spectrum of
the Laplacian on 1-forms. We also refer the reader to [6] for other extensions
of Li’s result.

Gromov-Lees [7] proved an h-principle for Lagrangian immerisions. In
the complex dimension two case, this result implies that if £': L — X is an
immersion into a Kéhler-Einstein surface such that F*[w] = 0 € H?(L,R),
then F' is homotopic to a Lagrangian immersion. However, such a homo-
topy may be hard to control, and may not preserve the geometry of L. An
example illustrating the possible pathologies of this homotopy is given by
the minimal 2-sphere in the Atiyah-Hitchin manifold. This 2-sphere is the
globally unique minimal 2-sphere [28]; it is neither Lagrangian, totally real,
nor holomorphic. Interestingly, however, by the result of Gromov-Lees, it
is homotopic to a Lagrangian, but this homotopy must be rather wild. For
example, by the remarkable stability theorem of Tsai-Wang [27, 29], it can-
not be small in C! topology (or even significantly weaker topologies [12]).
Thus, it does not seem straightforward to deduce the existence of a special
Lagrangian, as asserted in Theorem 1.2, using some homotopy or Moser’s
trick type argument and then applying the Lagrangian mean curvature flow
result of Li [8]. In higher dimensions the Gromov-Lees result is more chal-
lenging to apply and, under the assumptions of Theorem 1.2, the authors are
not aware of an argument showing that an initial totally real L is homotopic
to a Lagrangian embedding, aside from the proof presented in this paper.
In particular, utilizing the mean curvature flow in the non Lagrangian case
is necessary in certain setups.

In the future we hope to use the convergence results of Theorem 1.2
for geometric applications, including the construction of new minimal La-
grangians. Indeed, in [1] we prove a quantitative version of Li’s result [§]
allowing for the degeneration of the background geometry. This enables us to
construct new special Lagrangians in certain non-compact Calabi-Yau man-
ifolds. The construction begins by finding Lagrangian submanifolds which
are close to minimal, in a quantitative sense, and then running the mean cur-
vature flow. However, in more general applications the Lagrangian condition
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may be difficult to impose, and being able to apply the mean curvature flow
in the totally real setting could be an asset. Additionally, these applications
motivate the rather technical looking statement of Theorem 1.2, which is
stated precisely to allow the background geometry of (X, g) to degenerate
in some quantitative sense.

The proof of Theorem 1.2 builds on the work of Li [8] and uses in a
crucial way ideas introduced in the setting of the Kéahler-Ricci flow by Phong-
Sturm [20] and Phong-Song-Sturm-Weinkove [21]. To highlight this idea,
let us recall some basic facts concerning special Lagrangians. Recall that a
fundamental result of Thomas [25] says that special Lagrangians are zeroes of
an infinite dimensional moment map; see [10] for results in the totally real
setting. Furthermore, by McLean’s theorem [15], deformations of special
Lagrangians are in one-to-one correspondence with harmonic 1-forms on L.
They key idea of Phong-Sturm is to use lower bounds for eigenvalues of a
Laplacian to obtain exponential decay of the log-norm of the moment map
along its gradient flow. In turn, Phong-Sturm explain that the eigenvalue
lower bounds are intimately tied to the Hausdorff topology on the moduli
space of stable objects for a GIT problem. In particular, the degeneration
of the first non-trivial eigenvalue is closely related to the “jumping up” of
the stabilizer group along the gradient flow, and hence to the failure of
GIT stability. In the setting of the Lagrangian mean curvature flow this
idea suggests that lower bounds for the first non-trivial eigenvalue of the
Laplacian on 1-forms should be intimately related to the exponential decay
of the L? norm of the mean curvature vector and the convergence of the
Lagrangian mean curvature flow. This is the central idea of the strategy we
execute in this paper. It should be noted that, in comparison with the work
of Phong-Stum [20] and Phong-Song-Sturm-Weinkove [21], we require much
more restrictive assumptions on the initial data.

The primary difficulty in executing this strategy in the totally real setting
is the proliferation of error terms arising from the failure of the manifold
to be Lagrangian. The main idea of the current paper can be summarized
as saying that, along the mean curvature flow, a totally real submanifold
which is initially quantitatively “approximately Lagrangian” remains quan-
titatively “approximately Lagrangian,” and in fact decays towards a La-
grangian; see, e.g. Propositions 3.1 and 5.1. Taken together, these results
imply that mean curvature flow inherits many of the properties of the La-
grangian mean curvature flow, allowing us to extend the results of Li [§].

The paper is organized as follows. In Section 2 we collect the necessary
background material relevant to the mean curvature flow in the totally real
setting. In Section 3 we obtain L? estimates for the Kihler form restricted
to L in terms of the mean curvature, the Einstein constant of g and, in
Calabi-Yau setting, the spectrum of the Laplacian on 1-forms on L. As a
by-product of these estimates we give a different proof of a result of Lotay-
Pacini. Section 5 contains the main technical result of the paper concerning
the exponential decay of the L? norm of the mean curvature along the flow.
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In Section 6 we provide some basic estimates for the evolution of the non-
collapsing condition and the first non-zero eigenvalue of the Laplacian on
1-forms along the flow. In Section 7 we combine our results to prove Theo-
rem 1.2. Finally in Section 8 we describe the extension of Theorem 1.2 to
L? smallness of the initial data.

Acknowledgements: We would like to thank J. Lotay for some helpful
discussion and for pointing out the example of the minimal 2-sphere in the
Atiyah-Hitchin manifold. We also thank R. Casals for providing us with
background on the result of Gromov-Lees. The authors discussed this prob-
lem at the American Institute of Mathematics workshop “Stability in mirror
symmetry,” and would like to thank the organizers and the institute for pro-
viding a productive research environment.

2. BACKGROUND

In this section we introduce some of the background material needed
for our main result. Many of the key identities presented here also play
an important role in demonstrating that the Lagrangian condition is pre-
served along the mean curvature flow, and are derived in the earlier work
of Smoczyk [22], and later Lotay-Pacini [9]. Thus, while we prove some
necessary formulas, we direct the reader to these sources for further details.

As above let (X, g,J,w) be a Kéhler-Einstein manifold of complex di-
mension n with Kéahler-Einstein constant A. Let F' : L — X be a compact,
totally real smooth immersion. Given a point p € L there exists a split-
ting of the tangent bundle T, X = F.(T,L) ® JF.(T,L), with projections
7r : T, X — Fy(T,L) and 7y : T,X — JF,(T,L) (we abuse notation slightly
by not distinguishing p and its image F(p)). Additionally there is a split-
ting given by the metric g, written 7, X = F,(T,L) ® N,L, where NL is the
perpendicular space to Fi(T'L) determined by g. Let 7 and 7, denote the
tangential and normal projections.

Choose local coordinates (x!,...,2") for L, and let

OF
denote the pushforward of the tangent vectors to L. Consider the map
N : F.(T,L) — N,L defined by N(v) := 7 (J(v)). Set N; := N(F;),
which gives a basis for the normal bundle. For simplicity let (-,-) denote the
inner product with respect to the fixed metric g on X. We use the notation
g := F*g for the induced metric on L, w := F*w for the restriction of the
Kahler form to L, and V for the Levi-Civita connection with respect to g.
In coordinates on L the metric g and two form w can be expressed via

Note w = 0 in the Lagrangian case.



For any vector v € T}, L, we have the orthogonal decomposition
J(v) = 7L (J(v)) + 7 (J(v)).
Since Fy form a basis for T),L, in coordinates we write 77 (J(F;)) = b;*F, for
some coefficients b;’. In fact, b;’ = wig, since
bi" gk = (" F, Fie) = (mr(J(Fy)), Fi) = (J(Fi), Fip) = wig-
Here we are using the convention that when working on L we can raise

or lower indices with respect the metric g. Now, the above shows 77 (J(v))
vanishes if L is a Lagrangian, in addition to the useful decomposition formula

(2.1) J(F;) = Nj + w;PF,.
Next we turn to the restriction of the metric g to the normal bundle,
which we denote by:
Mij 7= (Niy Nj) = (J(Fy) = wi Fo, J(F}) — wiP F)
= gij — wi'wje — wiPwip + wi'w; g
= 9ij — wilwip = gij + wiPwpi-
We remark that in this case, and this case only, raised indices 7%/ will denote

the inverse of the metric 7;;, and not a contraction with the metric g. To see
how J acts on the normal bundle, take J of both sides of (2.1) which gives

J(Nj) = —Fj — wiP N, — w;jPwp?Fy. In addition, the formula for 7;; implies
Njrg"? = ;9 + w;Pwp?. Thus
(2.2) J(N;) = —njrg"P Fp — wiPNp.

2.1. Extrinsic curvature terms. Here we provide some useful formulas
involving the mean curvature of L.

Definition 2.1. The second fundamental form on L is defined by
Aji = FL(ﬁFij).
We denote the individual components by
hiji :== —(Ni, Vi, Fr),
which allows us to write Ajj, = fniphijk]\fp.
Because V is torsion free we see right away that hijk = hi;. However, the

first indice does not commute with the other two if L is not a Lagrangian.
This can be seen explicitly by Proposition 1.1 from [22], stated here:

Proposition 2.2. Commuting the first two indices of h;ji, gives
hijie — hjik = Vpwji.-
Next we turn to the mean curvature. For a vector v € T,L, recall the

shape operator is defined by Sy, (v) = —77p(V,N;), which we compute as
follows. For any basis {es} of T;,X, we can write the vector Vg, N, as

VFJ.N = <vFij,6a>€ﬁ§aﬁ.
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With the basis Fi,..., Fy,, N1,..., N,, note that g is block diagonal in the
tangental and normal directions to L. This gives
(2.3) Vi Np = (Vi Np, Fy) Feg® + (V Ny, Ng) N/,
In particular this implies
WT(vFij) = <vFij,Fq>Fsgqs = —(Np,ﬁijq)Fsgqs = hpigFsg?®.

So SN, (Fj) = —hypjqg?®Fs, or (Sn,)°; = —hpjqg?®. We then see the trace of
the shape operator is Tr(Sn,) = —hyjq9%. For notational simplicity, we let
Hy := ¢/%hyjq, so Tr(Sn,) = —H,,.

Now, if {E;} is an orthonormal basis for N,L, the mean curvature vector
H is defined by H = > Tr(Sk,)E;. If we instead use the basis { Ny, ..., Ny},
because it is not orthonormal one has

H = n™Tr(Sn,, )N, = =™ H;, N,

We sometimes denote the components by H? := —n™PH,,.
The mean curvature vector H can be identified with a 1-form on L via
H:=F* (Z ﬁw),

which we call the mean curvature 1-form. To write down H in indices, note

H(aaxl) = w(ﬁ, Fz) = _<ﬁ7 ']FZ> = <77mpHmNpa Nz> = nmpHmnpi = Hz'y
and so H = H;dx' = gjkhijkdxi.
Following the notation of [9], we also define a 1-form & := gMhj;.da’,

which is given by a different trace of the second fundamental form than
H. In the Lagrangian case £ = H. In the general totally real case, by
Proposition 2.2 we have —Vwj; = hj;r — h;ji, which implies

(2.4) d*w = —gkjvkwjida:i = gkj(hjik — hijk)dxi =¢—H.
This equality, which is Proposition 2.5 in [9], will play a significant role

throughout the paper.
Taking the the exterior derivative of (2.4) yields

(2.5) dH = d¢ — dd*w.

Let p be the Ricci form on X, and p its pullback onto L. We now restate
Proposition 2.8 from [9], which uses (2.5) to achieve a useful formula for dH
(we direct the reader to [9] for details).

Proposition 2.3. The exterior derivative of H can be expressed as

1

dH = Aw+p+wsRm+ntswsx Rm+n txwsxhxh,

Here we use the standard notation “*” for an expression involving tensors
where the exact contractions and constants do not affect the argument. We
also use the “analyst” convention to define the Laplacian A = gj’“Vij.
Note that in our case, because (X,w) is Kéhler-Einstein, in the above for-
mula we can replace p by Aw.
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2.2. The induced connection on the normal bundle. In addition to
computing the tangential components of ?FjNi, which define the shape
operator Sy, (Fj) = —WT(VF]. N;), it will be useful for us to understand the
normal components as well.

Proposition 2.4. The normal components of ﬁpj N, are given by
71 (Vi Np) = (wp"hgjrn®™ — wq"hyjpn® +15,) Ns.
Proof. Returning to (2.3), we see right away that
TU_(VFJNP) = <$Fj]\7paNq>Ns77qS
= <vFj (J(Fp) — wp" Fy), Ng) Nsn®®
= <J(vFjFp)7 Ng)Nsn®® — Wpr<ﬁFjFrv Ng)Nsn?®
since J is covariant constant and F),, N, are orthogonal. The last term on

the right above is a second fundamental form term. Applying (2.1) to N, in
the other term we see
TU(VENy) = wphgp Nan®™ + (I (Vi Fy), J(Fy) — wq" Fy)Nen™
= wp hgjr Nsn™ + F;'LpgquanS - <J(vFj Fp),wq" Fr)Nen®
= Wy hgir Non™ + T, 9ug Nen™ + wy" (Vi By, J(F)) Non™.
One more application of (2.1) gives

71 (Vi Np) = wp hgjr Nen® 4+ T% gug Nen® + wq" (Vi Fy, Ny + w, Fy) Noy
= wp hgjr Nsn® — wy" hyjpNen?® + Ffp(gkq + wq" wrk) Nsn?®.
The term in parenthesis on the right is 7., which completes the proof.

O

Let V = VPN, be a section of the normal bundle N L. Pulling this bundle
back as F*(NL), we let V denote the pullback of 7, o V. Specifically

(V;VENg == 710V, (VSN,) = F;(V*)Ny + VP (VE,N,)
= (Fj(vs) + Vp(wprhqunqs - "quhm‘pnqs + F;p)) Ns.
For notational simplicity we write
(2.6) T3, :=n*UVp Ny, No) = wp hgjrn™ — wq" hyjpn®® +T%,.
Working on L, we then have

X o .
/S — s S D
(2.7) V,; V%= @V + I3, VE.
Note that f‘jp is not symmetric in j and p, which we would expect, as
j corresponds to a derivative in the tangent direction, and p the normal
vector, which do not interchange.
Notice that every section o« € T*L can be identified with a section of the

normal bundle F*(NL) by contracting with the metric n;;. Specifically, for
8



V € F*(NL), we can define a 1-form F*(iyw) exactly as we did for the
mean curvature one form H:
F*(igw) = (V, F)da' = —(V, JF)dz' = —VPrpda’.

From this it is clear that given av = o;da?, the contraction —nkiaiN i defines a
spction of the normal bundle. Thus it is reasonable to extend the connection
V to T* L by the formula

N 0 A

(2.8) Vjozi = 8933' Q; — F‘;-’iap.
Note that
omij = (VeNi,Nj)+ (N;,VENj)

= (7L(VpDNi),Nj) + (Ni, 7L (VR N;))
= T%ins; + Tijnis,
from which it follows that @kmj = 0. One could derive (2.8) from (2.7) just

using contraction with the metric and this fact.
Finally, we see

(2.9) @jai — Vja; = (—wi"hgjrn® + wy" hejin® ) as.

Thus, later on we will be able to change between V and V at the cost of

including a term of the form w * h % n~1.

2.3. The Maslov 1-form. Let {F},...,F,,} be a positively oriented basis
of Fy(T,L), which can be extended via {Fi, ..., Fy,, JF, ..., JF,} to a basis
for T,X. Let {FY, ..., Fy;,(JF1)*, ...,(JF,)*} denote the corresponding dual
basis. At p define

(Ff +i(JF)* )N - AN(FF +i(JF,))
|(Ff +i(JE)*) A A(Ex + i(JF)*)|n’
where h is the induced metric on F*Kx. This formula defines a section of

F*Kx, which is independent of the choice of basis (see Section 3.1 in [9]).
A short calculation (Proposition 4.3 in [9]) shows

ViQy =i(Jony(ViF), Fr)g* Q.
Definition 2.5. The Maslov 1-form on L is defined by
EJ = <JO TFJ(vFiFj),Fk>gjkdxi.

Qy(p) ==

In particular VQ; =i £; ® Q. It will be useful to have an expression for
&7 in local coordinates. Recall that

Vi F; =(Vp,Fj, Fi)g" Fy + (Vi Fj, Neyn™ N,
=T Fr — 0" hyij No
=7 + 0" hyijwe®) Fs — 0" hyijJ F.
9



We then see that J o 7 (V g Fj) = nkshkist, which gives
€1 = 1nFhyda’.

We now restate Proposition 4.4 from [9]. Because we are in the Kéhler
setting, we also use the first equation from Section 4.3 from that reference.

Proposition 2.6. The exterior derivative of the Maslov 1-form on L is
equal to the Ricci form restricted to L, i.e.

d&y = p.

Now, suppose (X, g,w, ) is a Calabi-Yau manifold, with € the holomor-
phic (n,0)—form. Restricting to L, © is a constant multiple (of modulus
1) of the canonical section 5 of F*Kx. In particular, there exists a well
defined angle function ¢z : L — ST given by

Qlp = e QyL.
Lemma 2.7 (Proposition 8.4 in [9]). If X is Calabi-Yau, then the Maslov
1-form can be expressed via

§7 = —dir.
Proof. Restricting to L, and using that the holomorphic volume form is
covariant constant, we compute
0=V =d(e?") @ Qy + €92V,
—idfy ® L Qy +if; @ L Q.

The lemma follows. U

We remark that the Maslov 1-form of a Lagrangian is sometimes defined
by df, which has the oppose sign as &;.

Next we turn to the difference between £ and &;. Recall that the induced
metric on the normal bundle is 7;; = g;; + wipgPlwy;. Contracting with g !
gives nz-jgjm = 6"+ wz-pgpqwqjgjm, and contracting again with n~! gives
gim —ntm = néiwipgi”qwqj ¢’™. This allows us to conclude

(2.10) £~ &5 = ("% — M) hjipda’ = 1P%wepgPwyr g™ hyida,

giving a precise expression for the error term.

3. L? CONTROL OF w

The main goal of this section is to prove L? control of w := @|y by the
L? norm of the mean curvature 1-form H. All norms and inner products in
this section will be taken with respect to the induced metric g on L.

Proposition 3.1. Let (X,g,w) be a Kdhler-FEinstein manifold with Einstein
constant X. Let L be a totally real submanifold of X. If A = 0 assume in
10



addition that [w] = 0 € H?(L,R). Let sup, |A|> = A, denote by A\l the first
non-zero eigenvalue of the Hodge Laplacian on Q' (L), and let

a=-\ ifA<0,
a=A—XifA>0,
Then, if

A=\
s%plwl2 < min{ 1/\% ,1} ﬁ,

)\1 }/

2 1 2
a w|” <4max<1, H|“.
/L| | { A=A L| |

Proof. First, recall that £ — H = d*w. Also, note that Proposition 2.6 gives
d€y; = p = Aw. In particular, if A # 0, then w is exact as well. We now have

e, = [ N

Using that {5 =¢ — (§ —&y) = d*w + H — £+ £ we see

—)\/L|w|2+/L!d*w2Z/L<§—§J—H7d*w>g

— — H||d*
S/L‘f & — Hlld"w|

<1/|£ ¢ H|2+€2/|d*w|2
_262 L J 2 L ’

where € > 0 is to be determined. Rearranging terms gives

2_ 2
) / w4 2C / Pl < €2 / HP 12 / £ — &P
L 2 L L L

Since w is exact in all cases we may write w = df where [ is a co-exact 1-
form, by the Hodge decomposition. We then see |d*w|? = |d*dB]* = |0,
and hence, by a standard spectral argument,

/ d*wf? = / 08P > Al / dBJ = Al / wf2.
L L L L
We arrive at

2— ¢ 1 2 -2 2 -2 2
M A [P e [ HP 42 [ -
L L

. A=A . .
= mln{&—%, 1}, which gives

a _ _
s [l <e? [P+ [le-gp
L L
11
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Given our explicit formula for the error term (2.10) we see it is quadratic in
w with one second fundamental form term, and so

(3.1) “/W 36—2/ yHy2+e—2Asup\wy2/ Wl
2 L L L

Thus, as long as
sup |w|? < 22
L — 4A

we arrive at

a 2 )\% / 2
- <m 1, ——— HI|”.
Ll < maxir 2 [
O

As a corollary we obtain the following result, which was obtained by
Lotay-Pacini [11, Theorem 5.2].

Corollary 3.2. Suppose (X, g, Jy) is a family of negative Kdhler-Einstein
structures and L C (X, go, Jo) is a compact minimal Lagrangian submani-
fold. Then for |t| sufficiently small, there is a unique minimal Lagrangian
Li near L.

Proof. By a theorem of White [30, Theorem 2.1], L induces a smooth family
of minimal submanifolds L; in (X, g, J;). Since L is Lagrangian, L, are
totally real for || small and |w:| < e. By Proposition 3.1 the submanifolds
L, are Lagrangian. ([

4. MEAN CURVATURE FLow

The mean curvature flow evolves the immersion F' : L — X by moving
L in the direction of its mean curvature vector. Specifically it is defined by
the flow equation

(4.1) %F = H = —n"H,,N,.

For notational convenience, we write HP = —n"PH,,, so H= lﬁIpr. Here
{N1,..., N, } forms a basis for the normal bundle. If we are using a general
basis {eq} for TX, we also choose, by a slight abuse of notation, to denote
the mean curvature vector by H=H Yeq.

In general many of our computations will take place on the pullback
bundle E := F*(T'X) over L, which is time dependent (since F' is). Thus it
is reasonable to consider F' as a smooth map from L x [0,T") to X x [0,T),
where we endow the latter with the metric g+ dt?. Under this map the push
forward of the time vector field 9y is Fy(8;) = H + 8. If (V) = Ve, is a
time dependent section of F, then the pullback of the metric connection is
given by:

- d —a o~
VaV = <dtV"+FmH5V7) €a.

12



Becuase the metric connection preserves the complex structure on X we see
the pulled back complex structure is parallel with respect to time.

For computations living in T'L and its associated bundles (such as the
one form H or the metric g;;), the above covariant derivative reduces to the
coordinate derivative %, since we do not need to pull back the frame by F'.
In the case that L is Lagrangian, the tangent bundle is identified with the
normal bundle to L via the complex structure. However, this is not true
when L is only assumed to be totally real, and the normal bundle will vary
with time. Thus when we compute the evolution of normal quantities we
need to use the covariant derivative in the time direction.

We now turn to the evolution of various important quantities, beginning
with the tangent vector F; = F*(%). It will be important later on to keep
track of the normal and tangental directions of many of these quantities, as
we do in the following lemma.

Lemma 4.1. The tangent vector F; evolves via the formula
(4.2) VaF, = HPh,i*Fy + Vi H*N,.
t

Proof. Viewing F; as a vector in E := F*(TX), we use the covariant expres-
sion for the time derivative:

— d — A
V%E = (dt.FZ'a + I‘ﬁ,YHB_FZ’Y> €a

d d o - L
= (== F>LT% HPFY —VpH.
(dx’dt e 1)6“ Vr

At a point p we can let {F}, .., F,,, N1, ..., N} be a basis for TX. This allows
us to write

VipH = <§Fzﬁ7 FQ>FquS + <VFiﬁ7Nq>Nan5
= —(ﬁ,vFin>Fsgqs + Wl(ﬁFlﬁ)

The first term on the right hand side is —HP(N,, V, F,) Fsg% = HPh,;*F.
The second term on the right hand side is the covariant derivative on the
normal bundle. As we have defined in Section 2.2, this normal derivative
can be expressed as 7w (Vg H) = (V;H%)N,, where V is defined in (2.7).
This gives the desired formula.

O

Lemma 4.2. Along the flow we have the following evolution equations:

d . d
719 = 2HP hyj, @VOIQ = —n"P H,, Hyvoly.

Proof. We compute:

d — _
7% = (VaFi Fy) +(F,VaFj
= <thpisF8, E7> + <Fi7thpijm> = 2thpij‘
13



Additionally

d 1 ,..d R .
7 Voly olg 2g dtngol = g HPhy;jvoly = HP Hyvoly = —n""P Hy, Hyvoly,.
O

Lemma 4.3. The restricted Kahler form w evolves via the equation

d

—w = 2dH.

at”
Proof. Using that J is constant we see

d _ —
@wzj = <V%JFZ‘,F]‘> + <JFZ',V%FJ'>
= (=VaF,JF) + (JF;, V4 Fj)
t t
= (-VpH,JF)+ (VpH,JF).
Meanwhile
0 8 = = B
Since [ a?w axj] = 0, it follows that [F}, Fj] = 0, and because V is torsion
free VF F; = VF F;. Thus
0 0 = = d
—H;— —H;=— H, JF}; H F; Wij-
O

Because the time derivative of the restricted Kahler form w is exact, we
immediately get the following:

Corollary 4.4. The cohomology class [w] € H?(L,R) is fized along the
mean curvature flow.

In light of the above result, we see [w] = 0 is a necessary condition for the
flow to deform L to a minimal Lagrangian. As discussed in Section 3, the
condition [w] = 0 is an added assumption in the Calabi-Yau setting, while
when A # 0 this condition is automatic since by Proposition 2.6 we have
W = %df J-

Before we state our next result, we solidify our curvature convention. Let
{eo} be any basis for T,X. We then set R,z := (R(e,,ep)ey,es), which
implies [V,, V)] VA = Eymﬁ V7 for any section V7 of TX.

Lemma 4.5. Choose an arbitrary frame eq for T,X. The second funda-
mental form A]Q‘kea evolves via

VA = (vj(thpf) + Vi H hy® — ﬁ%r;?i) Fo

—i—@j(@iﬁs)]\fg + ﬁphpﬁ(ijFs)“ + Eyg,yaf{ijﬂFi’y.
14



We remark that this evolution equation shares two common terms with
the evolution equation for Af; from Lemma 3.7 in [24], namely the curvature

term R,,g,yc“H”FjﬁFV and the term —V d I's. F*. The difference here is that

Jit s
the remaining term from [24] is broken into tangental and normal compo-
nents, which again is useful in the arguments to follow. We include a proof
of this equation, keeping track of this decomposition, for completeness.

Proof. We begin by looking at the evolution of two derivatives F'*. Using
(4.2) we have

d 0 d 0 =a £
—Ff=— —_F*=___(H? hpi®FY HSNO‘ Ty HPFY
dt™9 T oxidt’t T Oxd 5 (H Ry +Vi sy HUE)
0 0 0
HPh,;® FY HPh,*F% + H° N H® N
813 ( P ) + P VES 8 (v ) +v 8.’13-7( s)
—a  a 0 —a
B v B B
— Fﬁw,H Fi'yF Fﬁ7 97 H Fﬂy FB'YH FZ';

The spacial derivative of the normal vector can be computed using Propo-
sition 2.4 along with the formula for the shape operator, which gives

0 - =a
@N; = hp]SFsa‘i‘FijSa _FJEN;FHV

Plugging in the above, and adding fgvff B Fﬂj to each side, we see

0

_ O ~ = A A A
VaFj=o (HPhyi®)F® + HPhyi Ff: + (W(vim) + Fjp(Vin)> N©
+ViH*hy"F* — V;H FFN!T,,, — T, A FJFY
—w 0
— . gBy
PBWWH F].

We need to add the evolution of the connection term to the above evolu-
tion equation, which is computed as follows

VO EE) = T R R T, ()
+TG, FY <5tF”> + T, T, H FF)
= Ty, H'F'F) +Tj, 88 HPF) +T,, T H'F/F]
+T5, F) (HPhy FY + ViH*N] — T, HVFY),

where in the final line above, the term in parenthesis comes from (4.2). We
can now add V 4 F and Va (fng f F}) to arrive at the evolution of Vg, F;,
dt dt
15



noting right away that the terms with Fﬁv 0_[p F} cancel. In particular

(V%%jﬂ) = 8‘9 (HPhy®)F® + HPhy F2,

js
0 & A s NS (V7. [7P «a
+ %(VlH )+ 5,(ViHP) | Ng
+Vil*hy"FY — V;H*FFN!T,, — Ty, H°F)F/
T v By o T TR frv B Y
+ 1, HF;F' + 1, g H'F, F,
+ T, FY (HPhy* FY + ViHN] =T, HVFF).
The terms —V;H*F TN T, and fng J’-B ViH*NJ cancel. Furthermore
(fg'w o fi’y st fgvfgv - fgnfﬁw) HVF'B}W = EVB'YQHVF]@’F?/'
Finally, I:IphpZ-SFa + FﬁVFBthmSF;’ thm (VF F,)®. Thus we see

0
oxJ

a s S 2 (6% 5) o frv 6 Y
<a (V) + 15 (Vin)>NS + Ry, H'FF).

(V¥r, Fi>a L (HPhy®)F® + ViH gy FY + HPhy* (Vi Fy)°

Now, one can express the projection of ﬁiji onto the tangent bundle
as a connection term, allowing us to write the second fundamental form as
A]O-‘Z- =Vpg F — F;?Z-F . From the above evolution equation it follows that

0
oxJ pt

O & fsy 1P (9.0 B afyph
<W(ViHs) + Fjp(Vin)) N + Ryg,“H'F/F

VaiAf = HPhy*\FX + N H hy" F® + HPhy* (V , Fy)®

S
—(VauTE)F2 —TEY 5 H®.
£t k ji k
Breakling Fﬁ?ﬁFk H* into its tangential and normal directions gives

[5V p H® = T8 HPhy " Fo + D5V HENS,
Plugging this back in we see

_ o . .
VaAj = ( o (HPhyi®) — F;.HPhka) F& 4+ ViH*hg FY
9 s s a = TTS e
(a S(ViH?) + 15, (Vi HP) - T,V H ) N
+HPhyi* (Vp, Fo)® + Rypy“HYFJ F) — (Vi INAY I
This proves the desired formula. O

Using the result above, we now turn to the evolution of the individual
components of the second fundamental from h;jy.
16



Lemma 4.6. Along the mean curvature flow h;;, evolves via

d N A A oA N
gk = HPhp®hijs =15V (V") — HP(R(Np, Fj) Fy, Ni)
+hqjkf[€hgiq + hqjkwqp@iﬁp — hpjkwfﬁrﬁp.
Proof. Recall hyjj, = —<vFij, Ni) = —(Aj, N;). Taking the time derivative
yields
da
dt
For simplicity we write down the two terms on the right hand side separately.
First, we note

—W%Ajk, Ny = =0 Vi(VeH?®) — HPhy* (V g, Fs, Ni) — (R(H, F}) Fy,, N;)

hiji = _<ﬁ%AjkaNz’> — <Ajk,V%Ni>.

= — nuVj(ViRH®) — HPhy*hijs — HP(R(N,, F;)Fy,, Ny).
For the other term, since Aj, = —n?°hg;;, N, we have
_<Ajk’v%Ni> :nqshqjk<N37v%Ni> = quhqjk<Ns,$%(J(Fi) —wimFy))
=% hggi(Nes (¥ 4 F5)) = 0% (No, ™ 4 F)
= — % hgi(JNs, Vi, H) — 0% hgjzw;™ (Ns, Vi, H)
Note that
—1* g (I Ns, Vi H) =01 hgjie(omg™ Fr, V5, H) + 1% hgjh(ws” Ny, Vi H)
= — " hgir (Vi Fr, H) + 1% hgji(ws"N,, Vi H),
from which it follows that
*(Ajk,v%ND = g hgit H Rpip 1% hgjiws ™ 0rp Vi P —1% By o ™ 1spV i HP
Putting everything together we see
ﬁ%hzjk = HPhy hijs — 05V (ViH®) — HP (R(Np, Fj) Fy, N;)
Fhgjr H ha® + 1% hgjpws 0 ViHP — iV, HP.
Finally, we see ws"1rp = w"pnsr, since in normal coordinates
Ws Nrp = Wsgg" (Grp + Wreg M winp) = Wep + WeqWgtiep,
while

r 74 ik
W pNsr = Wipg" " (Gsr + Wsj g7 W) = Wsp + WipWsjWii.

This completes the proof of the formula. U

At last, we turn to the evolution equation for the mean curvature 1-form
H; = ¢’ khijk. First, recall that Vg, = 0, which implies

05V (VEeH®) = 15V ;(VenPHy) = V; (Vi H;).
17



Now, from the above Lemma we can directly compute
d

- d d
i = _g]pggpngkhijk + ¢ —hiji

dt
= —Qﬁphpjkhijk + gjkf{phpkshijs -+ gjk@j(@kHi) + quféhgiq
+H,w, Vi HP — Hyw"V, H? — " AP (R(N,, F}) Fi,, N).
Combining and rearranging terms, and using the definition of H?, gives
V.o Hy =gV (Vi H;) + 0™ Hshy™ hijr. — 0" HyHih!
(4.3) + Hyw, Vi HP — Hyw"V, HP — ¢7* HP (R(N,, F}) Fy, N;).
While this evolution equation will be useful to us later on, there are two
reasons we will also need a different formula for the evolution of H. First,
the terms npsHshpjkhijk and —nequHsh&q do not cancel, and in particular
this gives a term of order H % h? x n~!, which is difficult to keep track of.
More importantly the curvature term is not useful as is, because it is not a
Ricci curvature term.

To see how we can extract a Ricci curvature term from the evolution of
H, we first need the following lemma:

Lemma 4.7. Contracting the curvature term (R(N,, Fj)Fy, N;) with g'*
produces a Ricci curvature term. In particular we have the formula

_ = -
Ric(Fy, Fy) g™ (RN, F}) Pl ) + S (R(T )P )
1. _ A _
(4.4) + inkakr<R(‘]Fpa Fj)NT> Ni) + ngpr<R(FT7 Fj)Fka Ni).

Proof. For any basis {e,} of T, X we see {Je,} also forms a basis, and thus
the Ricci curvature can be expressed as Ric(F,, F}) = g**(R(F,, Jea)Jeg, F}).
As a result we see

Ric(Fy, Fy) = —g**(R(Fp, Jea)eg, JF))
= §Qﬁ<ﬁ(<]eow eg)Fp, JFj) + ?O{B(R(@Bv Fy)Jea, JFj)
= ?aﬁ<§(']em eg)Fy, JEj) — gaB<R(va eg)ea; Fj).
The second term on the right is again the Ricci curvature. This implies that
2Ric(Fp, Fj) = 9*(R(Jea, eg)Fyp, JFj).
With the basis F1, ..., F},, N1, ..., N, we have
2Ric(Fy, Fj) = ¢*(R(J F;, F},)Fp, JF;) + 7" (R(JNi, Ny)F}, JE}).
Using symmetries of the curvature tensor along with the fact that J is
covariant constant gives
2ﬁ(FP7 Fy) = ik<R(JFi7 Fy)J Fp, Fj) — Uik (JNi, Ny) J Fp, Fj)
*k(R(JF,, F})JF;, F},) — n**(R(JF,, F})JN;, Ni,)

= g"™(R(J Fy, F}) Fy,, JE;) — ™" (R(J Fyp, F;)J Ng,, Ni).
18
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Using (2.1), first term on the right hand side above can be expressed as
gH(R(IFy, Fj)Fi, JF) = g (R(IFy, Fy) P, Ni) + oM (R(JEy, Fy) By, F),
while with an application of (2.2) we can write the second term as
—n"*(R(JF,, F;)JNi, N;) = ¢"™(R(JF,, F;)Fi, N;)

+n*w," (R(JE,, Fj)N,, N;).

Putting everything together gives
2Ric(F,, Fj) = 2¢'"(R(JFy, F})Fy, N;) + w"(R(JF,, F})Fy, F)
+n* " (R(JFp, Fj) Ny, N;).

A final application of (2.1) to JF), inside of the term 2gik<§(JFp, F;)Fy, N;)
completes the proof of the formula. O

As a result, if we want to arrive at a Ricci curvature term, we need to
contract the time derivative of h;j;, with g'* instead of ¢/%. To accomplish
this we use the identity H = £ — d*w. We remark that in some literature
on the Lagrangian mean curvature flow (see for example [23]), the contrac-
tion gikhijk is also used to compute the time derivate of Hj, since in the
Lagrangian case there is full symmetry on the indices of hjjy.

Returning to the time derivative of H; we now compute

d d, . d . 0 d
P :a(gmh]‘ik) = %gm(hijk + Viwij) + 91k£(hijk + Viwij).
= — Qﬁphpikhijk - 2f[phpikvkwij + glkﬁ](@kHl)
— " HP(R(Np, Fj) Fio, N;) + HPhy"* hijs + hgj H hyy
) A A N o d
+ hqjlwquin — hpjlwirerp + gmavszj.
Note that now ﬁphpishijs is equal to hqjifléhgiq, and these terms cancel
with —2HPh,"*h,. Thus
d AN oA N .
—H = 9"V (Vi H;) — ¢ HP(R(N,, F}) Fy, N;) — 2HPh,"*Vw;;

. N . A~ A d
+hqjlwquin — hpjzwiTerp + g’k£vkwij.

The term gikﬁp<§(]\7p, F;)Fy, N;) now contains a Ricci curvature term,
which will be necessary for achieving exponential decay.

We expand on this formula further by turning to the evolution of %kaij.

0 d

ik %

I at

where we have used %w = 2dH. Now, using the well known formula

dm _ 1 e d 4 da
ik =59 <Vk(dtgw) +vz(dt9ké) Vz(dtgzk)> ,

kaij:_gk@ kz‘wmj—gk% kjwim_Q(d dH);,
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our evolution equation for g gives

d - . .
ST = g™ (Vr(lPhyie) + Vil P hye) = Ve (HPhyi))
Plugging this in we at last arrive at

(4.5)
d N oA ~ .
- H; =g"*V (Vi H;) — g* HP(R(N,, F})F},, N;) — 2HPh, "k Vi
+ hqjiwqp@iﬁp — hpjiwirﬁrﬁp — gikvk(f{phpi@)ng
— gV (H hpe)’ j + 9V o (HP hyir)w' j = 6™V ik (HP hyje)wi”
- giij(ﬁphpkg)wié + ging(ﬁphpjk)wie — Q(d*gdH)j.

This formula will play a fundamental role in the subsequent section.

We conclude this section by stating higher order second fundamental form
bounds. These bounds hold for any embedded submanifold of a Riemannian
manifold (of any codimension) evolving along the mean curvature flow (see
Theorem 3.2 from [3], or Proposition A.2 in [1]). However, here we state
them for our specific geometric setup.

Proposition 4.8. Let L; be a totally real submanifold of (X,g,w) evolving
smoothly via the mean curvature flow starting at Lo. Suppose there exists a
constant A so that for all time t € [0, %), and all 0 < £ < m + 1 we have
supy, |[A]> < A, and supy, [V Rm|* < A>Tt Then there exists a constant
C > 0 depending on o, n, k, and m so that

sup |[V™AJ? < cA
Ly

5. EXPONENTIAL DECAY

In this section we demonstrate exponential decay of the L? norm of the
mean curvature 1-form H, for a family of totally real submanifolds L; evolv-
ing along the mean curvature flow. Unless explicitly specified, we use the
convention that if the norm of a tensor is not adorned, then it is understood
to be taken with respect to the metric induced by g. For example, |H|
denotes the norm taken with respect to g on Q'(L;). The mean curvature
vector H is a section of the normal bundle, so |H| denotes the norm with
respect to the induced metric n. If |w] is sufficiently small then g and 7 are
equivalent, i.e.

1

5.1 S —— T ]
(5:1) 1+ sup |wl|?

2 2 2
H < 1H} < s ralHE
Furthermore, in our work above (-, -) denotes the inner product with respect
to g, so to avoid confusion with this fact we will write (-, ), for the inner
product with respect to g. Additionally, as above, A denotes the Kahler-
Einstein constant and A}(¢) the smallest non-zero eigenvalue of the Hodge
Laplacian on Q'(L;).
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Proposition 5.1. Let L; be a totally real submanifold of (X,g,w) evolving
via the mean curvature flow for t € (0,T], with T < co. Assume C° control
of the second fundamental form supy, |A|*> < A for all t € (0,T]. Addition-

ally assume that Ly lies inside of BA‘%R(LO)’ and that in this ball § satisfies
the local curvature bounds |Rm| < A. Fiz tg > 0 and consider the time

interval (to,T]. If X <0 let a ==\, and if A >0 let

a:= inf M(t)—X>0.
te(to, T
If (X,g) is Calabi-Yau, assume in addition that [w]|, = 0 € H?*(L,R).
Finally, for notationally simplicity set ¥ = ,/% + A. Under the above

assumptions there exists a constant C' > 1, depending only on n, so that if
for times t € (to, T it holds

(5.2)
1
1 /2 2 L 2
A3 Szltp|H| -|-sEtp|w| < Cmin{l,i}min{l,gﬂ/y /il\I/} min{l, <)\1)\% )\> }
sup |w|* < L
Ltp 2\ +a)

then we have the exponential decay

/ |H|2§26‘53/ \H 2.
Lt LO

Proof. We drop the subscript from L; for notational simplicity, and unless
otherwise specified we use the convention all terms unadorned terms are
defined at the time ¢. Using (4.5), we have the evolution equation

d1 1d . o d
5.3 —— [ |H= [ | =¢""H;H, + ¢’'— H,H,
63 gy [ = [ (Gaem, gL,
:/L < — ﬁphquHqu + gquikﬁj(ﬁkﬂi)f[q
— ¢"g"™ HP (R(Ny, Fy) Fy, Ni) H,
+ hp W™,V HP H,y — hy%'w;"V, HP H,
— Vi(HPhy ™) w0, Y Hy — Vi (HPhy "™ ), H,
+ Vo (HPH,)w" H, — V1.(H byt H,
— ¢V (HP hy' ™ Ywim Hy + Vo (HP hy®)w; H,,
— 2999 FPhy, "V i Hy — ngq(d*dH)qu).
The main idea of the proof is to show that one can find a small negative term
involving [, [H|? on the right hand side above. Then, as long as supy, |H|

and sup;, |w| are chosen sufficiently small, the negative term will dominate.
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In practice, and due to some challenging cross terms, we will also have to
modify the quantity by adding terms involving |w|?.

The last term on the right hand side of (5.3) is a useful negative term,
given by

—2/<d*dH, H), = —2/<dH, dH), = —2||dH|[3..
L L

The first term on the right hand side is controlled by 2v/Asupy, |H| [, [H|*.

For terms of the form V(f] xh)*wxH, we can distribute the derivative inside
of the parenthesis. If the derivative lands on h, because |Vh|? is controlled
by CA/ty by Proposition 4.8 (where C only depends on n), we have

CVA / )
sup |w H|“.
N L!ILI |

The above bound will also hold for the term Vg(I:IpHp)wequ. Thus we
arrive at

(5.4)

N 4
/|H*V(h)*w*H|<
L

dtQ/!HIQ / g”g”“V (VeH;)Hy — ¢7%g™* HP(R(N,, F;) Fy, N;) H,

— 267 [P hy, "V i Hy + hp 0™,V HP H,
— hytiw;"V, HY H, — Vi HPh,f™w,, 9 H,

— Vi HPhy,™ w1 Hy — V. HPh, ™", H,
— GNPy i Hy +  HP Ry s H,

—2/|dH]2+C'(\/Ksup|H|+\/Asup\w|>/|H|2.
L to L

Again C is a constant that depends only on n, which may change from line
to line.

We would like to integrate by parts in the first term on the right hand side
above to get a good negative term. However, because V does not preserve
the the metric g or the volume form, we first must change this to V. Using
equation (2.9) gives

gik@j(@kHi) = gikvj(@kHZ-) — nePwkrhpjT@ng + népwprhrjk@ng.
After multiplying by ¢/7H, the last two terms on the right hand side are of
the form ! % h*xw* H « VH. Applying (2.9) once more
It x hxws H« VH| < 2VA|w||H||VH| < 2VA|w||H||VH| + 4A|w|?|H|?.
Next, we see there are 7 terms of the form h*w* H * VH from (5.4). When

the derivative V lands on 7! from H, it gives an extra 2Vw % w, and Vw is
controlled by 2v/A by Proposition 2.2. Thus

(5.5) |hswx H+VH| < 2VA|w||H||VH| + 4A|w|?| H|?.
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Returning to (5.4), we see
G5 [P < [ (a9 (Ot H, = g™ B (RON,. F) B N,

— 2¢7 HPh,) *V oy Hy + 16\/K|wHHHVH|) - 2/ |dH|?
L

A
+C<\FAsupH|+<\/+A> sup|w]>/|H|2.
L to L L

Note we have used that |w|? < |w]| for |w| small.

Consider the term containing gqu Ph zkvkaHq. Integrating by parts,
when the derivative lands on h, we only contribute to the constant C'. When
the derivative lands on H, we contribute 4 to [ VA|w||H||VH|. Finally,

when the derivative lands on H, we can appeal to (5.5), and contribute both
to [, VAlw||H||VH| and the constant C.
Next we turn to the curvature term. By (4.4) we see

—gquikﬁp<R(Np7FJ’)Fk,Ni>Hq =g’ P Hy HyRic(Fp, F)

=+ %gjqnpsHquwik (R(JEy, F})Fy, ;)
- %gjquSHqunikar<R(Jva Fj)Ny, N;)
- gjqnpSHqugikwpr<R(Fra Fj)Fy, Ni).

For |w| small enough, all the non-Ricci curvature terms are controlled by
6|w||Rm||H|?. Using that Ric(F,, Fj) = Agp;, the first term above is equal
to

AgjqnpsHqugpj = )\UqSHqu = MH|7277

Thus we have extracted a useful term from the Ricci curvature.
Next, integrating by parts on the ¢/g*V; (V. H;) H, term now gives

/gquikvj(@kHi)Hq = —/gquik@kHiVqu
L L
< —/ ]d*H|2+2\/K/ w|| H||VH.
L L

As stated above, for notational simplicity we let ¥ := 1/% + A. We have

assumed that near L; the curvature tensor of g satisfies |[Rm| < A. Putting
everything together so far we arrive at

dt2/]H]2 / (I HJ? + 2| ? )+26\F/ Wl H|IVH)
)\/|H|727+(C\/Ksup|H|+C\Psup|w|>/|H\2.
L L L L
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The main difficulty we have at this point is the |w||H||V H| term. In order

to control it, instead of just looking at the time derivative of [|[H|[%,, we add

B|w|?|H|? to the integral, where B is a large constant to be determined, and
compute the time derivative

d 1
— [ {5+ Bw]*) |H|%
i [ (G4l ) i

Recall the evolution equation %w = 2dH from Lemma 4.3. Combining this
with Proposition 2.3 we see that

1 N
(5.7) —tf|w|2 < (Aw,w)y + A|w|* + 10 <s§p |Rm| + A> |w]?

(where we used the Gauss-Codazzi equation to control the curvature terms
Rm by Rm and A). Note A is a fixed constant controlled by the curvature
bound. Thus

d
(5.8) £]w|2 < 2(Aw, w), + 200|w|?.

Recall (4.3), which gives the evolution of H without worrying about cre-
ating a Ricci curvature term

d N )
T Hi = gV H) P Hihy hig — 0 Hy Hyhe®
+Hw!,VH? — Hyw;"V, HP — ¢* HP(R(N,, F}) Fy,, N;).

From here we compute

%\H\Q = — 2[Ph, "™ H;H,, + 2gim%HZHm
=2¢"" gV (Vi Hi) Hyy, — 2HP Ry ™ H Hypy + 29" 0P8 Hihy* i Hy,
— 29" HyHshg " Hy, + 29™ Hyw®,V, HP H,y,
— 2" Hyw;"V , HP H,, — 29" ¢’* HP(R(N,, F}) Fy, N;) H .
Using that |h|? is controlled by A, [VH| < C+/A/ty, and |w| < 1, we see
SUHP < 29"/, (Vi) -+ OO |

Here, as above, C only depends on n.
We can now write down the evolution equation:

d1

G [ WPIHE < [ ((@ww), =P + COwPiP
+ g GV (Vi Hi) Honlf?).

Before we integrate by parts, note that changing @j to V; creates a term

containing w * h which is bounded by vAlw|3|H||VH|. Also we can change
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the resulting |VH| to |VH]| at the cost of adding to the CW¥|w[?|H|? term.
This gives

w3 PR < [ (w7 + Cul? P
dt 2
+ g7 (Vi Hy) Honleo? + VAo [H[VH] ).
Integrating by parts on the first term on the right hand side above we see
[ (@), P = [ (= 1VwPIHP - 29™(Vj.0)y (Vi H, H),)
L L
< / 2|Vwl||w||VH||H].
L

Note we do not keep the negative term. Next, integrating by parts on
Laplacian term for H from (5.9) we see

/LgimgjkvijnHmW < —/L ((VH VH) ol + 21V H| H]| Vel |])

We want to remove the hat on the derivative of H on the right hand side
above. Doing so gives

| gm0t Hall < [ (= IVHPP + 2V H| H][ Vel
L L

+ VAIH|IVH] |l + 2VA B P Velw]?).
Note the last term on the right hand side above is controlled by CW¥|w|?| H|?,

since |Vw| < 2|h|.
Returmng to (5.9) and pugging in what we have computed gives

G0) G [PIHE < [ (= IVHPP + A HIH Do
+ 2VA|H||VH||w]? + C\Il|w]2|H|2).
Applying Young’s inequality to second term on the right hand side above
4|VH||H||Vw||w| < %|VH|2|w|2 + 16| H|?|Vw|?.

Furthermore, we can also apply Young’s inequality to the third term from
the right hand side of (5.10) to see

1
2VAH|[VH][w® < 2 |VH[*|wf* + 4ALw[*|H .

Note since |w| < 1 the second term on the right is controlled by CV¥|w||H|?.
Thus (5.10) becomes

1
2 L 20,12 2 2 2
dt2/| 2| /( SIVHPL +16[H Vel + CWlul|HP?).
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We are ready to add the above inequality (multiplied by 2B for a constant
B > 1 to be determined) to inequality (5.6), yielding

(5.11)

1
a / Ly B 1HP < / (—|d*H|? — 2|dH]? - BIVH|u]?)
dt J, \2 ;

+/ (26\/K|w\|H\|VHy+323\H\2m|2)

L

+)\/|H\%+<C\asupH]—I—CB\I/sup\wD/\H\Q.
L L L L

The —|d*H|? and —|dH|? terms can be used to extract a helpful negative
term. A standard spectral theory argument yields

/L @ HP + |dH]? = /L (OH, H), > A (1) / =

Plugging this back into (5.11) and using (5.1), together with the assumption
of the proposition, we arrive at

d

1
— —+ Blw ) |H* < —g+C\/Ksup\H\+CB\I/sup|w] / |H|?.
dt J; \ 2 2 I I I

+ (323supH]2)/|Vw|2
L L
+/ (26\/K|w||H\|VH| —B|VH|2|w|2>.
L

To control the term involving 26v/A|w||H||V H| we first write this expres-
sion as follows:

26V Rl 1198 = (1111 (ﬁ%mwwfl)

a 3380A
< —|H? + ——|w|*|VH%.
< SLH P+ SR P v |
We can now specify the large constant B = @, which is a scale invariant

quantity with explicit dependence on bounded terms. The second term on
the right above cancels with the term containing —B|V H|?|w|?, yielding

d 1 3
— — 4+ Blw]? ) |H> < ——a+C’\/Asup|H|+C’B\I'Sup |w| / |H|?
dt L 2 20 L L L

+ (20Asup\w[2—|—32BsupH]2> / Vw2,
L L L

Next we need to control the terms involving [, [Vw|?. This is accom-

plished by adding a g|w|? term to the time derivative, where ¢ is a small
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constant to be determined. Recall (5.8), which implies

d
ol <~ / |w|2+20qw / wf?

dt
< —Qq/ ]Vw|2 + 7max 1 Al / \H\Q
> . a ) Al Y I )

where we used Proposition 3.1. If we choose

< mi a? a . 1 /\{ - A
mms-s ———, — - 1mMin —_—
1 1600%° 16 APV &

then the right most term above is bounded by 55 [, |H|?.
Putting everything together we now arrive at

d 9 1 10 2| 1712
= L(q|w[ + 5[ H? + Bl IHI)
g(—a—i—C\/Ksup\H‘—i-CB\I/sup!w‘)/’H|2
10 L L L

+ <—2q+20Asup|w[2+32Bsup\H2>/]Vw|2.
L L L

To complete the argument, we need

. [ q a
sup |H| < min — ,
Lp‘ | { 32B 400\/K}
S R Y L B ——
u w min
P 20\’ 40CBY’ o0v/B

These conditions can be written succinctly as

R oAb
A~ 2sup\H\ < — CA mm{l,w}w (mln{l,)\%})
a

/2 42 . AL 1/2
) (o {1 B I

each of which is implied by the main assumption (5.2). This now gives

d
o [ (ool + 512 + i) < -5 [ 1ae

Finally, we make use of two simple observations. First, Proposition 3.1
implies

1 _
5120 -1 [P <L A < [,
)\1 L L

where the last inequality follows from the definition of ¢. Second, we as-
sumed sup, [w|?> < 7, yielding

(5.13) —/ |H|? < Bsup ]w|2/ |H|? < /B]w| |H|?.

1
S < — min{l
up jw| < & min{




Taken together we now conclude

a

a 1 1 1
—— | |H=—= —|H? + = |H* + ~|H?
204” 20L(ﬂ "+ g2+ 5 1]

a 1

<—— [ (z|1HP 2+ Blw|*|H|?

< g5 [ (SIHP + du + BlPIEP).

giving exponential decay of [; (5|H|* + glw|* + B|w|?|H|?). The exponen-
tial decay of the L? norm of H follows, as demonstrated by

1 1
= IHFS/‘@MP+\HP+BMWMQ
2 /1, L 2

a 1
<8 [ (alol + GIHP + BloPlP)
Lo

§e’%/ |H|?.
Lo

In the last line we used the negative of (5.12) and (5.13) at time ¢ = 0. This
completes the proof of the proposition.
([l

6. CONTROL OF FURTHER GEOMETRIC QUANTITIES

In the previous section we saw that the smallest nonzero eigenvalue A} of
the Hodge Laplacian on Q'(L) plays an important role in proving the expo-
nential decay of [, |H |2 along the mean curvature flow. In our convergence
result to follow, we will also need control of the non-collapsing constant k.
In this section we show how these two geometric quantities evolve along the
mean curvature flow and how they can be controlled.

Definition 6.1. We say (L, g) is k-non collapsed at scale ¢ if for every
0 <r <rg and for every p € L we have

VOlg(Br<p)) > K:Tn’
where By(p) denotes the geodesic ball of radius r about p.

We now state [8, Lemma 3.5], which we modify slightly here in order to
achieve scale invariant estimates.

Lemma 6.2. Suppose that (L,g) is k-noncollapsed at scale ro. Let S be
a tensor on L such that [VS| < Cy and [, |S|* < m. We then have the
following bound

s n+2 n

2" I 1
sup |S| < max — — mntz,
L Kn+2 HTD
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Proof. Suppose |S| achieves a maximum at a point p € L. Consider the ball

B.(p), with r = min{%, |g(é§2‘ }. By the gradient bound for S, at any point

z € B, (p) we have |S(z)| > 5|S(p)|. Thus

1 1
m> / ISP > L1S(0)12Voly(By(n)) = S |S(p) 2.
B (p) 4 4

If rp < %, plugging in r = 7 gives

2n+2m

< .
IS(p)| < ey

Otherwise plugging in r = ‘g(—é'o)' we see

1
Cgm n+2
o .

B@N§2<

Taking the maximum of the two quantities on the right hand side and fac-
1
toring out mn»+2 completes the proof. O

To take advantage of the above lemma, we need the evolving metric g; to
stay k-noncollapsed along the mean curvature flow. First, define

(6.1) wu(t) ::/0 2sup(|A||H]|)ds.

S

We now demonstrate the following:

Lemma 6.3. Suppose Ly is k-noncollapsed at scale rg at t = 0. For later
times L; is ne_(”+1)“(t)—noncollapsed at scale rg.

Proof. By Lemma 4.2, we see
d d
\%gm < 2|A||H| and |£Volg| < 2|H|*vol,
from which we conclude the distance function dg, (p, q) on L satisfies

e Ody, (p,q) < do,(p,) < "Dy (p,q)
as well as
e_u(t)VOIgo < wvoly, < e”(t)volgo.
Putting these together gives, for r < ry,
Voly, (B, (p)) = / volg, > / e_u(t)volgo > e~ (DRt
Br(p) B ), (p)
O

Thus we see that as long as the second fundamental form and mean
curvature stay controlled in C? along the flow, so will the non-collapsing
constant.
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We now turn to the control along the mean curvature flow of A\l. Note
that if \Y denotes the first non-zero eigenvalue of the scalar Laplacian, and
p1 denotes the smallest nonzero eigenvalue of the Hodge Laplacian on d*-
exact one forms, then by Hodge decomposition A} = min{\{, p1}, and so
it suffices to estimate each quantity individually. In [1, Lemma 2.3] it is
demonstrated that along the mean curvature flow

(6.2) e O 0) < M (1) < 3 MN\0(0).

Thus, to demonstrate that A} does not degenerate along the flow, we need
control of pi(t). In fact, using a similar Rayleigh quotient argument as the
one from [1], we can prove:

Lemma 6.4. Let pi(t) be the first eigenvalue of the Hodge Laplacian O :
W22(QY(L)) Nker(d)* — L2(QY(L)) Nker(d)* with respect to g; evolving
along the mean curvature flow. Then one has the following control

e W1 (0) < pi(t) < €Dy (0),
Proof. The space ker(d)" is isomorphic to the range of d* on Q?(L). There-
fore, for 8 € ker(d)*, we have 0B = d*dB and (0B, 8)2 = |dﬂ|%2. Thus,
p1(t) can be computed by the Rayleigh quotient
Jp |dBI3,voly,
Beker(d)+ fL \B|gtvolgt

Consider the orthogonal projection 7, : L2(Q'(L)) — L?(Q'(L))Nker(d)*.
For any 1-form § we have df = dm 3 since (I —m)f3 is d-closed. This allows
us to rewrite the above Rayleigh quotient as

dB|? vol
peker(d) [ |mf3|2,volg,

The advantage of the second expression is that while ker(d)* depends on
the metric g;, the space ker(d) is constant along the flow. Thus, the 1-from
£ will not change along the mean curvature flow.

We now separately estimate the evolution along the flow of the denomi-
nator and the numerator of the Rayleigh quotient. First

d .
o [ 18R ol | < 20l [ 1d8Evol,.
L L

Applying Lemma 4.2 gives |%gij\ < 2|A||H|, which implies

(6.4) e~H() /L |dB|2,volg, < /L |dB|Z volg, < e /L |dB|2, voly,.

On the other hand, observe that the denominator of (6.3) can be rewritten

as
2 . 2
ol,, = inf — ol,, .
/megfv ” weka(d)/Lm lavola
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Again from the evolution of the metric, we have

d
dt\/[\/‘/B_Fy,?]tVOIQt

which implies that

e k(1) /L |8 —’y|30volg0 < /L 1B — ’y|§tvolgt < et /L |8 — 'y\fhvolgo.

Taking infimum on both sides over v € ker(d), we reach

©5) O [ imbfvoly, < [ mavoly < @ [ jrafvol,

The lemma then follows by combining (6.4) and (6.5). O

< 20gnll 1 o /L 18 — 72 voly,

The above lemma, along with (6.2), allows us to conclude
(6.6) e 3O 0) < Al(t) < 2N (0),

giving the desired control.

7. CONVERGENCE

We are now ready to prove our main convergence result. Recall that if
|w| is sufficiently small then g and 7 are equivalent, i.e. (5.1) holds. As a
result if |H| is exponentially decreasing, so is |H|. Since certain formulas
along the mean curvature flow are easier to state using H , this will be an
important observation. Additionally, for this section we focus on the A > 0
case, as the negative Kéahler-Einstein case is done in the exact same way.

Fix a totally real submanifold Ly of (X,g,w). Assume L has the follow-
ing control of geometric quantities: the second fundamental form satisfies
supy, |A]* < A, the volume is given by Vol(Ly) = V/, the first nonzero eigen-
values A} associated to the Hodge Laplacian on Q!(Lg) satisfies A — A > a,
and Lg is k-noncollapsed on scale r. Finally, assume that the mean curvature
one form H and restricted Kéhler form w satisfy the estimate

sup ATHH? + sup |w]? < e
Lo Lo
Let L; be the solution of the mean curvature flow starting at L.

Definition 7.1. We say the solution to the mean curvature flow L has
(b, €)-control at time t if

(1) The second fundamental form satisfies
|A(t)|? < bA.
(2) The volume satisfies

(bV)~! < Vol(L;) < bV.
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(3) The first nonzero eigenvalue M\ (t) associated to the Hodge Laplacian
on QY(L) satisfies

M) =A>ab™h

(4) Ly is kb~ '-noncollapsed on scale r.
(5) The mean curvature one form H and the restricted Kdhler form w
satisfy
sup ATHH|? + sup |wl* < e.
L L

We also assume that

(7.1) sup |V Rm|? < A2*t for 0 < ¢ <5.
T€B, _1/2,(Lo)

Our first goal is to achieve short time control of the above quantities.

Lemma 7.2. Suppose Ly has (1, €)-control and let L; be the solution to the
mean curvature flow starting at Ly. Suppose that (7.1) holds. Then, for all
0 <1, there exists a constant C' depending only on n such that, if we set

1 ALH(0) — A
ts = oA min {5, e_l/zR, Se /2 min {1, 1)\(%20)}} ,
then for allt € [0,ts], Lt has ((1+3), (1+9)5¢) control, and Ly C B%A_l/zR(Lo).

Proof. Define times
Ty :=sup{s >0 : |[A*(t) < (1 + A forallt €[0,s)}
T, :=sup{s >0 : [w|*(t) < (1+0)e for all t € [0,5)}
Ty :=sup{s >0 : |H|>(t) < (1+6)4Ae for all t € [0,s)}
Tr:=sup{s>0:L; C B%A_l/QR(LO) for all t € [0,s)}
By integrating the mean curvature we have Tr > min{7Tp, ﬁe_%R}.

We first estimate T4. Suppose that Ty < Tg. By [24, Corollary 3.9], along
the mean curvature flow the second fundamental form squared satisfies the
differential inequality:

d S _

(7.2) a|A|2 < AAP2 + 4|A1* + 20| Rm||A]? + 4|VRm||A|.
We show a lower bound for T4 that depends only on A, §. Note that since
we are assuming T4 < Tg it holds

d

%\A\Q < AJAJ? + 20072
for t € [0,T4). By the maximum principle
(7.3) |A]2(t) < sup|AJ*(0) + 200A%t.

Lo

Thus, T4 > & for a fixed constant C'. In conclusion we have that, in any

case, T4 > min{Tg, &}
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We next consider the restricted Kahler form. If we assume that T, <
min{7T'4, Tr}, then inequality (5.7) implies

d
(7.4) £|w\2 < Alw|* + 100A|w]?.

By the maximum principle and ODE comparison we conclude T;, > & for
a fixed constant C. Thus,

1)
CA b
We turn to the mean curvature. It suffices to estimate Ty under the
assumption that Ty < Tg. It is convenient to use [24, Corollary 3.8], which
gives the evolution of the mean curvature vector along the mean curvature
flow in any codimension:

J
T, > min{Ty, T, a} > min{7Tg,

d - . . .
(7.5) %|H|Z < A|H|? +4|A|?|H|? + 2|Rm||H|?.

As long as t lies in the interval [0, min{T4,T,,}), we can choose e smaller
than a dimensional constant so that (5.1) applies. In this case we have
|H|*(t) < 16A€, and so

d = - -
%]HF < A|H* + 10A|H|?.

By the maximum principle and ODE comparison we conclude that Ty > &
for a fixed constant C'. Thus, we have that if Ty < min{Tg, T4, T, }, then

5
> —,
Tu = 51

As a result we conclude that
1
win{T, T, Trr, Tr} > 7y min{?, ¢ 2R}

Finally, recall the quantity u(t) from (6.1). We have already seen in the
proof of Lemma 6.3 that the volume form satisfies e_“(t)volgo < volg, <
"ol . Using (7.3) and the definition of p(t) it is easy to conclude (1 +
§)71V =t <vol,, < (1+0)V for t small enough. The non-collapsing constant
k satisies the desired bounds as well.

Equation (6.6) gives Al(t) > e 3*(M\1(0). Thus, as long as

1 A(0) + 6
o 0= =35 (557
_aut AH(0) + 6A AH(0) — A a
(1) M)~ Az ?’M()/\%(O)_kzl(lfé)_/\2 21+5) “Tys

In fact, the expression on the right hand side of (7.6) is bounded below by
5 AH0)—X
TH5 3\ (0)

, and as a result we only need pu(t) less than this quantity. By
33



the definition of u(t) it then suffices to choose t so that
§ 1 AH0) — A
t< -2 e rmindl, 2 2L
=act mm{ TAL0)
This completes the proof of the lemma. ([

The main theorem is an immediate consequence of the following Propo-
sition.

Proposition 7.3. Suppose Ly has (1,€)-control and let Ly be the solution
to the mean curvature flow starting at Lg. Suppose that (7.1) holds. Define

Tnaz :=sup{T >0 : Ly C By-1/25(Lo) has (4, 206%‘*'2) control Vt € [0,T)}.

If € is sufficiently small, depending only on background geometry at time
t =0, then Thae = 00, and the mean curvature flow converges exponentially
fast to a minimal Lagrangian in By 1/25(Lo) .

. 1. 2 (AL0)—-X
Proof. Fix € < smin{l, R ,< 1}\%(0)

exists a time ¢; so that L; has (2,10¢) control for ¢t € [0,¢1) and L; C
1
B%A,l/gR(LO). Note € < en+2, which implies 0 < t; < Tinee. Now, sup-

2
) }. By the previous lemma there

pose that T}pq, is finite. We show that L; actually has (3, 36%‘*‘2) control for
t € [%, Thnas), and then derive a contradiction.

First choose ¢ small enough to guarantee Proposition 5.1 holds on the
interval [4, Tnaz), precisely

1 1 . ab . )\%(0) - A
(78) en+2 S len{l,m}mln{l,/w}.
This implies

) < e~ 5020V Ae,

=

|H|? < e—Sé/ |H|> < e~ sup |H[*Vol(L.
Ly L

tq Ly
2 i

|

since L, has (2,10¢) control. To improve this to C* exponential decay, note
2

the smoothing estimates of Proposition 4.8 imply |[VH|? < %, where C'
depends only on n. By making C' larger (if necessary), Lemma 6.2 now gives

Ayt Ae) itz " —2_
sup |[H|* < C’max{(tl)2 : (VA) } (e_?SVA€> e

4 n
Lt K nt2 K/TO

Set a = m, and substituting t; = (CA)~! we get
1 ntl
1 APV2\ T2 Venis
(7.9) sup |[H|? < Aen-l&-2CmaX{< 5 6) , ¢ — }eo‘t.
L K K1
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Choosing

(7.10) < Loind (58 -
. e< pming s |
yields

(7.11) sup |H|* < Aemizeat

L

forall t € [tl Tnaz)- Note, in particular, that this yields an estimate on the
Hausdorff distance from L; to Lg. Precisely, we have

dr(Ly, Lo) < CAY? (ﬁtl + T / e—cz“tdt> :
t1

Hence we see that Ly C Bi1,-1/25(Lo), provided
2

€< émin{R2 (A)Z(n+2)}.

We can perform the same argument for |w|. For ¢ € [%, Tn4z), combining
Proposition 3.1 with Proposition 5.1 gives

C AL(H)
2<7 1 H2
el —A%<t>—xmax{ () - A} 1

C )\% 0) _at
gg ax{l N(0) )\}VAee 80,

Recall |[Vw| < 2|h| < 4v/A. Again for some C depending only on n, Lemma

6.2 implies
n M) -1 s
An+2 <maX {1, ﬁ} a VAE)
sup |w|* <C max — MO
t KrE KT

Choosing
(7.12)
. )\%(0)—)\ n+2
6<lmin K2 a—Q mm{l? 21(0) } g-ﬁ min< 1 )\%(0)_)\ "
- C A2 AnV?2 AV T A0
we obtain
(7.13) lw|? < ez oot

35



for any time t € [%1, Tinaz)- In particular, we conclude
-1 2 2 1
sup A7 |H|? + sup |w|* < 3en+2.
Lt Lt

Next we turn to the second fundamental form term. The well-known for-
mula for the time derivative of the second fundamental form along the mean
curvature flow (see e.g. [24, Equation (27)]) yields the following inequality

AP < 2V H|| A + 4| AP|A] + 2B 4| A|.

Because |w| is small, (5.1) and (7.11) give that |H| is also decaying expo-
1
nentially. Using this, and that L; has (4, 20e7+2) control, we see

at

(7.14) |A\2 < 2V2H||A| + A2 e %

We would like the entire right hand side to be exponentially decaying. To
accomplish this, we use integration by parts and the smoothing estimates of
Proposition 4.8 to see

/|V2Hy2 /\HHV4H|< e Y,

Lemma 6.2, together with ¢; = C 1 how 1mphes

n 1 +
; AT Aniz (AV572<7L+2>>2< +2> L1
sup [V2H| < C'max § ——, (A3V) 757 €207 ¢ D)
Ly Kn+2 Hrg

For the time being denote by B the scale invariant constant depending
only on background geometry at the initial time, so that

— 3 1 __at
sup |V2H| < A2 Be2(n+2? ¢ 20n42)
L

Plugging this back into (7.14) we see
d 2 2 1 _ _ at 2 1 at
AP < 20PBeR e T 4 OAP I e S

Recall that for any constant c, fooo e~ = ¢!, Thus integrating the above
expression in time for ¢ € [%, Tinaz), and absorbing constants depending on
n into B, gives

[AP(t) < AP ( 1) + A2BeTo2 o) 4 OA2eTmr T o !

We know |A|?(%
ensure |A|%(t)

) < 2A. As a result, we may choose € small enough we can
3A on [%, Tinaz)- More precisely, we require

. <g) 2(n+2)?  2(nt2) Lrg (g) 2\ 2(n+2)
min A (VQAH)(TH_Q) 5 vV A .
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Our next goal is to show that the volume, the eigenvalue A1, and the non-

collapsing constant x all satisfy the bounds of L; having (3, 36#'2) control.
Note that for t € [%, Tinaz)

() = [ 2(sup 4] sup s

4 L

a t
< 2v3A (/2 sup|H|ds+ﬂ sup\H\ds)
0 Ls

t

< V30eAt; + 6A62("1+2> ﬁ e_%t

1

2

1
< V30eAt; + 12Ae20F2 oL,

Thus we can choose

(7.16) €< %min {1, (X)Q(n+2)} <min {1, %})2(%2) .

For an appropriate choice of C it is easy to achieve e h®) > % and so
e *Mvoly, < vol,, < etvol,, implies

(8V) ! < e IVol(Lo) < Vol(Ly) < e#Vol(Lo) < 3V,

Similarly, we have seen that if Lg is k-noncollapsed at scale rg at t = 0, it is
ke~ (DR _noncollapsed at scale rg at later ¢. Thus, again we can choose
C so that ke~ (+Dr®) > 3=1 for ¢ € [4, T)4,). Finally, by equation (6.6),
AL(t) > e 3#®)1(0). As in the the proof of Lemma 7.2, we can choose C' so
that the choice of € from (7.16) implies p(t) is controlled by the quantity on
the right hand side of (7.6) for 6 = 2. Equation (7.7) now gives

A(t) — A>3 ta.

1
Taking everything into account, we have demonstrated L; has (3, 3e7+2)

1
control for ¢ € [4, Tinag). By continuity Ly,,,, has (3,3¢7+2) control. An

application of Lemma 7.2 starting at L7, with § = % shows there exists a

time tg5, so that if t € [Thaw, Tinax + ts), then L; has (4, ZOG%H)-geometry,
contradicting the maximality of T},q... We conclude T,q, = 00.

As a result the exponential decay (7.11) and (7.13) holds for ¢ € [%, 00),
and thus L; converges to a minimal Lagrangian.

]

Remark 7.4. We can collect the dependencies of €. Introduce the scale
mvariant quantities

n AL(0) — A
By=A"V2, B =2 B,=20 B _pmindy 2 AL
0 ) 1 ) 2 vV 3 = min s )\%(O)

> 2



Note that By, Bs < 1. Then from (7.8), (7.9), (7.10),(7.12), (7.15), and
(7.16), we require (after removing redundancies)

1 2 2(n+2) 6 (n+2) K (213 KQB2B3
e< — B; BB — B
= C {R ( ) BO 2 ? BO
(n+2)
1 n n+2)
¢ < = min Bl( +2) K ’(3233)2(7%2) (B1ByBs) (n+D)
C By

8. L? SMALL INITIAL DATA

In this section we describe the extension of Theorem 1.2 to the case of L2
smallness of the initial data.

Theorem 8.1. Let (X,g,J,w) be a Kahler-Einstein manifold of complex
dimension n, and Kdhler-Einstein constant A. Let L C X be a compact,
smoothly immersed, totally real submanifold, and if A = 0 assume the class
condition [w] =0 € H?(L,R). Suppose that

(8.1) sup |w|®> <1 6.
L

In addition suppose that L satisfies the background geometry conditions (i)-
(v) of Section 1. Then there exists a constant € depending only on n and

o )\, T mln{l } and R, such that, if

/A 21 H7? + /|w2<6

then the mean curvature flow exists for all time and converges exponentially
fast to a minimal Lagrangian submanifold.

2
RT
lower bounds for <2,

Proof. We sketch the proof. First note that, as long as |w| < 1 on L; we
know that L; is totally real. Thus (8.1) can be viewed as a quantitative
totally real condition. From (7.2) there is a time ty = &7 min{1, R} such
that, for all ¢ € [0, tp] we have

sup |A]* <24,
Ly
and L; C Bi,-1/2p(Lo). By the evolution of |w|? we have, as long as |w| < 1,
2
jw|®

(1= |wp?)’

-1

|w|2 < Alw]? + CAlw? + A

The last term on the right hand side arises from the n~" in the expression
for dH given in Proposition 2.3. From the above evolution equation, we can
find a time t; = g7 min{é%, R} < ¢, such that |w|? < (1 — %) on [0,t1]. We
also see that the L? norm of |w]| is controlled for small time.
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The evolution of the norm of mean curvature vector is given by (7.5).
After possibly increasing C, this equation allows us to see that the L? norm
of |H| can not grow too quickly, and thus for all ¢ € [0, ¢1] we have

A—I/Q/ \H]2+/ |w|? < 2.
Ly Ly

Now, arguing as in Section 6 it is straightforward to check that the non-
collapsing, eigenvalue, and volume bounds are preserved up to appropriately
scaling them up by 2, or down by %, as long as we take t5 <t to satisfy

t<ilo i 22)\7%
2 S &g g | min RSV .

By the smoothing estimates of Proposition 4.8 together with Lemma 6.2
we conclude that, for all ¢ € [%2, 9]

A2 sup [H|? + sup |w|* < U(e|d, A, V, K, 70),
Ly Ly

where W (e|d, A, V, k, 10, \}) — 0 goes to zero as € — 0, fixing 6, A, V, k, 7, Al
We can now appeal to Theorem 1.2 to conclude the result. O
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