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A CONVERGENCE RESULT FOR MEAN CURVATURE

FLOW OF TOTALLY REAL SUBMANIFOLDS

TRISTAN C. COLLINS, ADAM JACOB, AND YU-SHEN LIN

Abstract. We establish a convergence result for the mean curvature
flow starting from a totally real submanifold which is “almost minimal”
in a precise, quantitative sense. This extends, and makes effective, a
result of H. Li [8] for the Lagrangian mean curvature flow.

1. Introduction

The purpose of this paper is to establish a long-time existence and conver-
gence result for the mean curvature flow starting from a totally real, “almost
minimal” submanifold in a Kähler-Einstein manifold. Let (X, ḡ, J, ω̄) be a
Kähler-Einstein manifold of complex dimension n, and ∇ the Levi-Civita
connection on X with respect to ḡ. Let λ be the Kähler-Einstein constant,
i.e.

Ric = λg.

Let L be a real, n-dimensional, compact, smoothly immersed submanifold
of X.

Definition 1.1. An immersion F : L → X is totally real if for all p ∈ L

F∗(TpL) ∩ JF∗(TpL) = {0}.
In other words F∗(TpL) contains no complex lines.

A special case of the totally real condition occurs when L is a Lagrangian,
defined by ω̄|L = 0, which implies that the spaces F∗(TpL) and JF∗(TpL) are
perpendicular with respect to ḡ. Notice that while the Lagrangian condition
is closed, the totally real condition is open and, in particular, any small
deformation of a Lagrangian submanifold is totally real.

In the Kähler-Einstein case the mean curvature flow preserves the La-
grangian condition [22], and if the flow exists for all time and converges,
the limit is a minimal Lagrangian. When the ambient Kähler-Einstein
manifold is Calabi-Yau, minimal Lagrangians are special Lagrangian in the
sense introduced by Harvey-Lawson [4], and their existence is conjectured
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by Thomas-Yau [26] to be equivalent to an algebro-geometric notion of sta-
bility. Neves [16, 17] showed that finite time singularities of the Lagrangian
mean curvature flow are unavoidable and Joyce [5] proposed an update of
the Thomas-Yau conjecture linking the Langrangian mean curvature flow
and Bridgeland stability conditions on the Fukaya category; see [13, 14] for
some recent progress in this direction.

In contrast to the Lagrangian setting, totally real submanifolds are much
less studied, though they have appeared sporadically in the literature for
some time; see e.g. [2, 31]. Recent works of Pacini [19] and Lotay-Pacini
[9, 10, 11] have initiated a systematic study of totally real submanifolds and
their naturally associated notions of volume and minimality, in addition to
investigating how these submanifolds behave under the mean curvature flow
and related flows such as the Maslov flow.

Our main result is focused on the mean curvature flow. Consider the
following fixed geometric parameters associated to a totally real submanifold
L ⊂ X:

(i) Volume: Vol(L) = V .
(ii) Pointwise second fundamental form bound: supL |A|2 ≤ Λ.
(iii) Non-collapsing constant: Fix κ, r0 such that, for all p ∈ L, r ≤ r0,

we have V ol(Bp(r)) ≥ κrn, where Br(p) ⊂ L is an intrinsic ball.
(iv) Eigenvalue: Let λ1

1 denote the first non-zero eigenvalue of the
Hodge Laplacian on Ω1(L).

(v) Local curvature bounds: Fix R > 0 and assume that Rm, the
Riemann tensor of ḡ, satisfies

sup
B

Λ−1/2R
(L)

|∇ℓ
Rm|2 ≤ Λ2+ℓ 0 ≤ ℓ ≤ 5.

Theorem 1.2. Let (X, ḡ, J, ω̄) be a Kähler-Einstein manifold of complex
dimension n with Kähler-Einstein constant λ. Let L ⊂ X be a smoothly im-
mersed, compact, totally real submanifold, and assume [ω̄]|L = 0 ∈ H2(L,R).
Let H denote the mean curvature 1-form. With the above notation, there
exists a constant ϵ depending only on n and polynomially on lower bounds

for
κr20
V ,

λ1
1−λ
Λ , 1

ΛnV 2 , min{1, λ
1
1−λ

λ1
1

}, and R, such that if

sup
L

(
Λ−1

∣∣H∣∣2 + ∣∣ω̄|L∣∣2) ≤ ϵ,

then the mean curvature flow starting from L exists for all time and con-
verges exponentially fast to a minimal Lagrangian submanifold in BΛ−1/2R(L).

Remark 1.3. A few remarks concerning the theorem:

• In the case that λ ̸= 0 the exactness assumption [ω̄]|L = 0 ∈ H2(L,R)
is automatic. Furthermore, in negative Kähler-Einstein case the de-
pendence on λ1

1 can be removed.
• The precise quantitative dependence of ϵ on V,Λ, κ, r0, λ

1
1, λ, n is

given in Remark 7.4. The main upshot is that ϵ is controlled by a
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polynomial function, of controlled degree, of the scale invariant quan-

tities appearing in Theorem 1.2. Note the quantity Λ−1
∣∣H∣∣2+ ∣∣ω̄|L∣∣2

is also scale invariant under dilations of g.
• The initial control of H, ω̄L can be weakened to L2 control; see The-
orem 8.1.

When the initial manifold L is Lagrangian, Theorem 1.2 was obtained
by Li [8], who also conjectured the result in the totally real setting. It is
worth remarking that in the Lagrangian setting the dependence is on the
first non-zero eigenvalue of the Laplacian on functions, rather than 1-forms.
This is natural since, according to work of Oh [18], the stability of a minimal
Lagrangian under Hamiltonian perturbations depends on the spectrum of
the Laplacian on functions on L. On the other hand, the stability of a
minimal Lagrangian under general perturbations depends on the spectrum of
the Laplacian on 1-forms. We also refer the reader to [6] for other extensions
of Li’s result.

Gromov-Lees [7] proved an h-principle for Lagrangian immerisions. In
the complex dimension two case, this result implies that if F : L → X is an
immersion into a Kähler-Einstein surface such that F ∗[ω] = 0 ∈ H2(L,R),
then F is homotopic to a Lagrangian immersion. However, such a homo-
topy may be hard to control, and may not preserve the geometry of L. An
example illustrating the possible pathologies of this homotopy is given by
the minimal 2-sphere in the Atiyah-Hitchin manifold. This 2-sphere is the
globally unique minimal 2-sphere [28]; it is neither Lagrangian, totally real,
nor holomorphic. Interestingly, however, by the result of Gromov-Lees, it
is homotopic to a Lagrangian, but this homotopy must be rather wild. For
example, by the remarkable stability theorem of Tsai-Wang [27, 29], it can-
not be small in C1 topology (or even significantly weaker topologies [12]).
Thus, it does not seem straightforward to deduce the existence of a special
Lagrangian, as asserted in Theorem 1.2, using some homotopy or Moser’s
trick type argument and then applying the Lagrangian mean curvature flow
result of Li [8]. In higher dimensions the Gromov-Lees result is more chal-
lenging to apply and, under the assumptions of Theorem 1.2, the authors are
not aware of an argument showing that an initial totally real L is homotopic
to a Lagrangian embedding, aside from the proof presented in this paper.
In particular, utilizing the mean curvature flow in the non Lagrangian case
is necessary in certain setups.

In the future we hope to use the convergence results of Theorem 1.2
for geometric applications, including the construction of new minimal La-
grangians. Indeed, in [1] we prove a quantitative version of Li’s result [8]
allowing for the degeneration of the background geometry. This enables us to
construct new special Lagrangians in certain non-compact Calabi-Yau man-
ifolds. The construction begins by finding Lagrangian submanifolds which
are close to minimal, in a quantitative sense, and then running the mean cur-
vature flow. However, in more general applications the Lagrangian condition
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may be difficult to impose, and being able to apply the mean curvature flow
in the totally real setting could be an asset. Additionally, these applications
motivate the rather technical looking statement of Theorem 1.2, which is
stated precisely to allow the background geometry of (X, ḡ) to degenerate
in some quantitative sense.

The proof of Theorem 1.2 builds on the work of Li [8] and uses in a
crucial way ideas introduced in the setting of the Kähler-Ricci flow by Phong-
Sturm [20] and Phong-Song-Sturm-Weinkove [21]. To highlight this idea,
let us recall some basic facts concerning special Lagrangians. Recall that a
fundamental result of Thomas [25] says that special Lagrangians are zeroes of
an infinite dimensional moment map; see [10] for results in the totally real
setting. Furthermore, by McLean’s theorem [15], deformations of special
Lagrangians are in one-to-one correspondence with harmonic 1-forms on L.
They key idea of Phong-Sturm is to use lower bounds for eigenvalues of a
Laplacian to obtain exponential decay of the log-norm of the moment map
along its gradient flow. In turn, Phong-Sturm explain that the eigenvalue
lower bounds are intimately tied to the Hausdorff topology on the moduli
space of stable objects for a GIT problem. In particular, the degeneration
of the first non-trivial eigenvalue is closely related to the “jumping up” of
the stabilizer group along the gradient flow, and hence to the failure of
GIT stability. In the setting of the Lagrangian mean curvature flow this
idea suggests that lower bounds for the first non-trivial eigenvalue of the
Laplacian on 1-forms should be intimately related to the exponential decay
of the L2 norm of the mean curvature vector and the convergence of the
Lagrangian mean curvature flow. This is the central idea of the strategy we
execute in this paper. It should be noted that, in comparison with the work
of Phong-Stum [20] and Phong-Song-Sturm-Weinkove [21], we require much
more restrictive assumptions on the initial data.

The primary difficulty in executing this strategy in the totally real setting
is the proliferation of error terms arising from the failure of the manifold
to be Lagrangian. The main idea of the current paper can be summarized
as saying that, along the mean curvature flow, a totally real submanifold
which is initially quantitatively “approximately Lagrangian” remains quan-
titatively “approximately Lagrangian,” and in fact decays towards a La-
grangian; see, e.g. Propositions 3.1 and 5.1. Taken together, these results
imply that mean curvature flow inherits many of the properties of the La-
grangian mean curvature flow, allowing us to extend the results of Li [8].

The paper is organized as follows. In Section 2 we collect the necessary
background material relevant to the mean curvature flow in the totally real
setting. In Section 3 we obtain L2 estimates for the Kähler form restricted
to L in terms of the mean curvature, the Einstein constant of ḡ and, in
Calabi-Yau setting, the spectrum of the Laplacian on 1-forms on L. As a
by-product of these estimates we give a different proof of a result of Lotay-
Pacini. Section 5 contains the main technical result of the paper concerning
the exponential decay of the L2 norm of the mean curvature along the flow.
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In Section 6 we provide some basic estimates for the evolution of the non-
collapsing condition and the first non-zero eigenvalue of the Laplacian on
1-forms along the flow. In Section 7 we combine our results to prove Theo-
rem 1.2. Finally in Section 8 we describe the extension of Theorem 1.2 to
L2 smallness of the initial data.

Acknowledgements: We would like to thank J. Lotay for some helpful
discussion and for pointing out the example of the minimal 2-sphere in the
Atiyah-Hitchin manifold. We also thank R. Casals for providing us with
background on the result of Gromov-Lees. The authors discussed this prob-
lem at the American Institute of Mathematics workshop “Stability in mirror
symmetry,” and would like to thank the organizers and the institute for pro-
viding a productive research environment.

2. Background

In this section we introduce some of the background material needed
for our main result. Many of the key identities presented here also play
an important role in demonstrating that the Lagrangian condition is pre-
served along the mean curvature flow, and are derived in the earlier work
of Smoczyk [22], and later Lotay-Pacini [9]. Thus, while we prove some
necessary formulas, we direct the reader to these sources for further details.

As above let (X, ḡ, J, ω̄) be a Kähler-Einstein manifold of complex di-
mension n with Kähler-Einstein constant λ. Let F : L → X be a compact,
totally real smooth immersion. Given a point p ∈ L there exists a split-
ting of the tangent bundle TpX = F∗(TpL) ⊕ JF∗(TpL), with projections
πL : TpX → F∗(TpL) and πJ : TpX → JF∗(TpL) (we abuse notation slightly
by not distinguishing p and its image F (p)). Additionally there is a split-
ting given by the metric ḡ, written TpX = F∗(TpL)⊕NpL, where NL is the
perpendicular space to F∗(TL) determined by ḡ. Let πT and π⊥ denote the
tangential and normal projections.

Choose local coordinates (x1, ..., xn) for L, and let

Fi(p) :=
∂F

∂xi

denote the pushforward of the tangent vectors to L. Consider the map
N : F∗(TpL) −→ NpL defined by N(v) := π⊥(J(v)). Set Ni := N(Fi),
which gives a basis for the normal bundle. For simplicity let ⟨·, ·⟩ denote the
inner product with respect to the fixed metric ḡ on X. We use the notation
g := F ∗ḡ for the induced metric on L, ω := F ∗ω̄ for the restriction of the
Kähler form to L, and ∇ for the Levi-Civita connection with respect to g.
In coordinates on L the metric g and two form ω can be expressed via

gij = ⟨Fi, Fj⟩ and ωij = ⟨J(Fi), Fj⟩.

Note ω = 0 in the Lagrangian case.
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For any vector v ∈ TpL, we have the orthogonal decomposition

J(v) = π⊥(J(v)) + πT (J(v)).

Since Fℓ form a basis for TpL, in coordinates we write πT (J(Fi)) = bi
ℓFℓ for

some coefficients bi
ℓ. In fact, bi

ℓ = ωi
ℓ, since

bi
mgmk = ⟨bimFm, Fk⟩ = ⟨πT (J(Fi)), Fk⟩ = ⟨J(Fi), Fk⟩ = ωik.

Here we are using the convention that when working on L we can raise
or lower indices with respect the metric g. Now, the above shows πT (J(v))
vanishes if L is a Lagrangian, in addition to the useful decomposition formula

(2.1) J(Fj) = Nj + ωj
pFp.

Next we turn to the restriction of the metric g to the normal bundle,
which we denote by:

ηij := ⟨Ni, Nj⟩ = ⟨J(Fi)− ωi
ℓFℓ, J(Fj)− ωj

pFp⟩

= gij − ωi
ℓωjℓ − ωj

pωip + ωi
ℓωj

pgℓp

= gij − ωj
pωip = gij + ωj

pωpi.

We remark that in this case, and this case only, raised indices ηij will denote
the inverse of the metric ηij , and not a contraction with the metric g. To see
how J acts on the normal bundle, take J of both sides of (2.1) which gives
J(Nj) = −Fj − ωj

pNp − ωj
pωp

qFq. In addition, the formula for ηjk implies
ηjrg

rq = δj
q + ωj

pωp
q. Thus

(2.2) J(Nj) = −ηjrg
rpFp − ωj

pNp.

2.1. Extrinsic curvature terms. Here we provide some useful formulas
involving the mean curvature of L.

Definition 2.1. The second fundamental form on L is defined by

Ajk = π⊥(∇FjFk).

We denote the individual components by

hijk := −⟨Ni,∇FjFk⟩,

which allows us to write Ajk = −ηiphijkNp.

Because ∇ is torsion free we see right away that hijk = hikj . However, the
first indice does not commute with the other two if L is not a Lagrangian.
This can be seen explicitly by Proposition 1.1 from [22], stated here:

Proposition 2.2. Commuting the first two indices of hijk gives

hijk − hjik = ∇kωji.

Next we turn to the mean curvature. For a vector v ∈ TpL, recall the

shape operator is defined by SNi(v) = −πT (∇vNi), which we compute as
follows. For any basis {eα} of TpX, we can write the vector ∇FjNp as

∇FjNp = ⟨∇FjNp, eα⟩eβgαβ.
6



With the basis F1, ..., Fn, N1, ..., Nn, note that g is block diagonal in the
tangental and normal directions to L. This gives

(2.3) ∇FjNp = ⟨∇FjNp, Fq⟩Fsg
qs + ⟨∇FjNp, Nq⟩Nsη

qs.

In particular this implies

πT (∇FjNp) = ⟨∇FjNp, Fq⟩Fsg
qs = −⟨Np,∇FjFq⟩Fsg

qs = hpjqFsg
qs.

So SNp(Fj) = −hpjqg
qsFs, or (SNp)

s
j = −hpjqg

qs. We then see the trace of

the shape operator is Tr(SNp) = −hpjqg
qj . For notational simplicity, we let

Hp := gjqhpjq, so Tr(SNp) = −Hp.
Now, if {Ei} is an orthonormal basis for NpL, the mean curvature vector

H⃗ is defined by H⃗ =
∑

iTr(SEi)Ei. If we instead use the basis {N1, ..., Nn},
because it is not orthonormal one has

H⃗ = ηmpTr(SNm)Np = −ηmpHmNp.

We sometimes denote the components by Ĥp := −ηmpHm.

The mean curvature vector H⃗ can be identified with a 1-form on L via

H := F ∗(iH⃗ω),

which we call the mean curvature 1-form. To write down H in indices, note

H(
∂

∂xi
) = ω(H⃗, Fi) = −⟨H⃗, JFi⟩ = ⟨ηmpHmNp, Ni⟩ = ηmpHmηpi = Hi,

and so H = Hidx
i = gjkhijkdx

i.

Following the notation of [9], we also define a 1-form ξ := gkjhjikdx
i,

which is given by a different trace of the second fundamental form than
H. In the Lagrangian case ξ = H. In the general totally real case, by
Proposition 2.2 we have −∇kωji = hjik − hijk, which implies

(2.4) d∗ω = −gkj∇kωjidx
i = gkj(hjik − hijk)dx

i = ξ −H.

This equality, which is Proposition 2.5 in [9], will play a significant role
throughout the paper.

Taking the the exterior derivative of (2.4) yields

(2.5) dH = dξ − dd∗ω.

Let ρ be the Ricci form on X, and ρ its pullback onto L. We now restate
Proposition 2.8 from [9], which uses (2.5) to achieve a useful formula for dH
(we direct the reader to [9] for details).

Proposition 2.3. The exterior derivative of H can be expressed as

dH = ∆ω + ρ+ ω ∗Rm+ η−1 ∗ ω ∗Rm+ η−1 ∗ ω ∗ h ∗ h.

Here we use the standard notation “∗” for an expression involving tensors
where the exact contractions and constants do not affect the argument. We
also use the “analyst” convention to define the Laplacian ∆ = gjk∇j∇k.
Note that in our case, because (X,ω) is Kähler-Einstein, in the above for-
mula we can replace ρ by λω.
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2.2. The induced connection on the normal bundle. In addition to
computing the tangential components of ∇FjNi, which define the shape

operator SNi(Fj) = −πT (∇FjNi), it will be useful for us to understand the
normal components as well.

Proposition 2.4. The normal components of ∇FjNp are given by

π⊥(∇FjNp) =
(
ωp

rhqjrη
qs − ωq

rhrjpη
qs + Γs

jp

)
Ns.

Proof. Returning to (2.3), we see right away that

π⊥(∇FjNp) = ⟨∇FjNp, Nq⟩Nsη
qs

= ⟨∇Fj (J(Fp)− ωp
rFr), Nq⟩Nsη

qs

= ⟨J(∇FjFp), Nq⟩Nsη
qs − ωp

r⟨∇FjFr, Nq⟩Nsη
qs

since J is covariant constant and Fn, Nq are orthogonal. The last term on
the right above is a second fundamental form term. Applying (2.1) to Nq in
the other term we see

π⊥(∇FjNp) = ωp
rhqjrNsη

qs + ⟨J(∇FjFp), J(Fq)− ωq
rFr⟩Nsη

qs

= ωp
rhqjrNsη

qs + Γu
jpguqNsη

qs − ⟨J(∇FjFp), ωq
rFr⟩Nsη

qs

= ωp
rhqjrNsη

qs + Γu
jpguqNsη

qs + ωq
r⟨∇FjFp, J(Fr)⟩Nsη

qs.

One more application of (2.1) gives

π⊥(∇FjNp) = ωp
rhqjrNsη

qs + Γu
jpguqNsη

qs + ωq
r⟨∇FjFp, Nr + ωr

ℓFℓ⟩Nsη
qs

= ωp
rhqjrNsη

qs − ωq
rhrjpNsη

qs + Γk
jp(gkq + ωq

rωrk)Nsη
qs.

The term in parenthesis on the right is ηqk, which completes the proof.
□

Let V⃗ = V pNp be a section of the normal bundle NL. Pulling this bundle

back as F ∗(NL), we let ∇̂ denote the pullback of π⊥ ◦ ∇. Specifically

(∇̂jV
s)Ns := π⊥ ◦ ∇Fj (V

sNs) = Fj(V
s)Ns + V pπ⊥(∇FjNp)

=
(
Fj(V

s) + V p(ωp
rhqjrη

qs − ωq
rhrjpη

qs + Γs
jp)
)
Ns.

For notational simplicity we write

(2.6) Γ̂s
jp := ηsq⟨∇FjNp, Nq⟩ = ωp

rhqjrη
qs − ωq

rhrjpη
qs + Γs

jp.

Working on L, we then have

(2.7) ∇̂jV
s =

∂

∂xj
V s + Γ̂s

jpV
p.

Note that Γ̂s
jp is not symmetric in j and p, which we would expect, as

j corresponds to a derivative in the tangent direction, and p the normal
vector, which do not interchange.

Notice that every section α ∈ T ∗L can be identified with a section of the
normal bundle F ∗(NL) by contracting with the metric ηij . Specifically, for
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V⃗ ∈ F ∗(NL), we can define a 1-form F ∗(iV⃗ ω) exactly as we did for the
mean curvature one form H:

F ∗(iV⃗ ω) = ω(V⃗ , Fi)dx
i = −⟨V⃗ , JFi⟩dxi = −V pηpidx

i.

From this it is clear that given α = αidx
i, the contraction −ηkiαiNk defines a

section of the normal bundle. Thus it is reasonable to extend the connection
∇̂ to T ∗L by the formula

(2.8) ∇̂jαi =
∂

∂xj
αi − Γ̂p

jiαp.

Note that

∂kηij = ⟨∇Fk
Ni, Nj⟩+ ⟨Ni,∇Fk

Nj⟩
= ⟨π⊥(∇Fk

Ni), Nj⟩+ ⟨Ni, π⊥(∇Fk
Nj)⟩

= Γ̂s
kiηsj + Γ̂s

kjηis,

from which it follows that ∇̂kηij = 0. One could derive (2.8) from (2.7) just
using contraction with the metric and this fact.

Finally, we see

(2.9) ∇̂jαi −∇jαi = (−ωi
rhqjrη

qs + ωq
rhrjiη

qs)αs.

Thus, later on we will be able to change between ∇̂ and ∇ at the cost of
including a term of the form ω ∗ h ∗ η−1.

2.3. The Maslov 1-form. Let {F1, ..., Fn} be a positively oriented basis
of F∗(TpL), which can be extended via {F1, ..., Fn, JF1, ..., JFn} to a basis
for TpX. Let {F ∗

1 , ..., F
∗
n , (JF1)

∗, ..., (JFn)
∗} denote the corresponding dual

basis. At p define

ΩJ(p) :=
(F ∗

1 + i(JF1)
∗) ∧ · · · ∧ (F ∗

n + i(JFn)
∗)

|(F ∗
1 + i(JF1)∗) ∧ · · · ∧ (F ∗

n + i(JFn)∗)|h
,

where h is the induced metric on F ∗KX . This formula defines a section of
F ∗KX , which is independent of the choice of basis (see Section 3.1 in [9]).

A short calculation (Proposition 4.3 in [9]) shows

∇FiΩJ = i⟨J ◦ πJ(∇FiFj), Fk⟩gjkΩJ .

Definition 2.5. The Maslov 1-form on L is defined by

ξJ = ⟨J ◦ πJ(∇FiFj), Fk⟩gjkdxi.

In particular ∇ΩJ = i ξJ ⊗ΩJ . It will be useful to have an expression for
ξJ in local coordinates. Recall that

∇FiFj =⟨∇FiFj , Fk⟩gkℓFℓ + ⟨∇FiFj , Nk⟩ηkℓNℓ

=Γℓ
ijFℓ − ηkℓhkijNℓ

=(Γs
ij + ηkℓhkijωℓ

s)Fs − ηkshkijJFs.

9



We then see that J ◦ πJ(∇FiFj) = ηkshkijFs, which gives

ξJ = ηjkhkijdx
i.

We now restate Proposition 4.4 from [9]. Because we are in the Kähler
setting, we also use the first equation from Section 4.3 from that reference.

Proposition 2.6. The exterior derivative of the Maslov 1-form on L is
equal to the Ricci form restricted to L, i.e.

dξJ = ρ.

Now, suppose (X, g, ω,Ω) is a Calabi-Yau manifold, with Ω the holomor-
phic (n, 0)−form. Restricting to L, Ω is a constant multiple (of modulus
1) of the canonical section ΩJ of F ∗KX . In particular, there exists a well
defined angle function eiθL : L → S1 given by

Ω|L = eiθLΩJ |L.

Lemma 2.7 (Proposition 8.4 in [9]). If X is Calabi-Yau, then the Maslov
1-form can be expressed via

ξJ = −dθL.

Proof. Restricting to L, and using that the holomorphic volume form is
covariant constant, we compute

0 = ∇Ω =d(eiθL)⊗ ΩJ + eiθL∇ΩJ

=idθL ⊗ eiθLΩJ + iξJ ⊗ eiθLΩJ .

The lemma follows. □

We remark that the Maslov 1-form of a Lagrangian is sometimes defined
by dθL, which has the oppose sign as ξJ .

Next we turn to the difference between ξ and ξJ . Recall that the induced
metric on the normal bundle is ηij = gij + ωipg

pqωqj . Contracting with g−1

gives ηijg
jm = δi

m + ωipg
pqωqjg

jm, and contracting again with η−1 gives

gℓm − ηℓm = ηℓiωipg
pqωqjg

jm. This allows us to conclude

(2.10) ξ − ξJ = (gjk − ηjk)hjikdx
i = ηjsωspg

pqωqrg
rkhjikdx

i,

giving a precise expression for the error term.

3. L2 Control of ω

The main goal of this section is to prove L2 control of ω := ω|L by the
L2 norm of the mean curvature 1-form H. All norms and inner products in
this section will be taken with respect to the induced metric g on L.

Proposition 3.1. Let (X, g, ω) be a Kähler-Einstein manifold with Einstein
constant λ. Let L be a totally real submanifold of X. If λ = 0 assume in

10



addition that [ω] = 0 ∈ H2(L,R). Let supL |A|2 = Λ, denote by λ1
1 the first

non-zero eigenvalue of the Hodge Laplacian on Ω1(L), and let

a = −λ if λ < 0,

a = λ1
1 − λ if λ ≥ 0,

Then, if

sup
L

|ω|2 ≤ min

{
λ1
1 − λ

λ1
1

, 1

}
a

4Λ
,

we have

a

∫
L
|ω|2 ≤ 4max

{
1,

λ1
1

λ1
1 − λ

}∫
L
|H|2.

Proof. First, recall that ξ −H = d∗ω. Also, note that Proposition 2.6 gives
dξJ = ρ = λω. In particular, if λ ̸= 0, then ω is exact as well. We now have∫

L
⟨ξJ , d∗ω⟩g =

∫
L
λ|ω|2.

Using that ξJ = ξ − (ξ − ξJ) = d∗ω +H − ξ + ξJ we see

−λ

∫
L
|ω|2 +

∫
L
|d∗ω|2 =

∫
L
⟨ξ − ξJ −H, d∗ω⟩g

≤
∫
L
|ξ − ξJ −H||d∗ω|

≤ 1

2ϵ2

∫
L
|ξ − ξJ −H|2 + ϵ2

2

∫
L
|d∗ω|2,

where ϵ > 0 is to be determined. Rearranging terms gives

−λ

∫
L
|ω|2 + 2− ϵ2

2

∫
L
|d∗ω|2 ≤ ϵ−2

∫
L
|H|2 + ϵ−2

∫
L
|ξ − ξJ |2.

Since ω is exact in all cases we may write ω = dβ where β is a co-exact 1-
form, by the Hodge decomposition. We then see |d∗ω|2 = |d∗dβ|2 = |□β|2,
and hence, by a standard spectral argument,∫

L
|d∗ω|2 =

∫
L
|□β|2 ≥ λ1

1

∫
L
|dβ|2 = λ1

1

∫
L
|ω|2.

We arrive at(
2− ϵ2

2
λ1
1 − λ

)∫
|ω|2 ≤ ϵ−2

∫
L
|H|2 + ϵ−2

∫
L
|ξ − ξJ |2.

Choose ϵ2 = min{λ1
1−λ

λ1
1

, 1}, which gives

a

2

∫
|ω|2 ≤ ϵ−2

∫
L
|H|2 + ϵ−2

∫
L
|ξ − ξJ |2.

11



Given our explicit formula for the error term (2.10) we see it is quadratic in
ω with one second fundamental form term, and so

a

2

∫
|ω|2 ≤ ϵ−2

∫
L
|H|2 + ϵ−2Λ sup

L
|ω|2

∫
L
|ω|2.(3.1)

Thus, as long as

sup
L

|ω|2 ≤ ϵ2
a

4Λ

we arrive at

a

4

∫
L
|ω|2 ≤ max{1, λ1

1

λ1
1 − λ

}
∫
L
|H|2.

□

As a corollary we obtain the following result, which was obtained by
Lotay-Pacini [11, Theorem 5.2].

Corollary 3.2. Suppose (X, ḡt, Jt) is a family of negative Kähler-Einstein
structures and L ⊂ (X, ḡ0, J0) is a compact minimal Lagrangian submani-
fold. Then for |t| sufficiently small, there is a unique minimal Lagrangian
Lt near L.

Proof. By a theorem of White [30, Theorem 2.1], L induces a smooth family
of minimal submanifolds Lt in (X, ḡt, Jt). Since L is Lagrangian, Lt are
totally real for |t| small and |ωt| < ϵ. By Proposition 3.1 the submanifolds
Lt are Lagrangian. □

4. Mean Curvature Flow

The mean curvature flow evolves the immersion F : L → X by moving
L in the direction of its mean curvature vector. Specifically it is defined by
the flow equation

(4.1)
d

dt
F = H⃗ = −ηmpHmNp.

For notational convenience, we write Ĥp = −ηmpHm, so H⃗ = ĤpNp. Here
{N1, ..., Nn} forms a basis for the normal bundle. If we are using a general
basis {eα} for TX, we also choose, by a slight abuse of notation, to denote

the mean curvature vector by H⃗ = Ĥαeα.
In general many of our computations will take place on the pullback

bundle E := F ∗(TX) over L, which is time dependent (since F is). Thus it
is reasonable to consider F as a smooth map from L× [0, T ) to X × [0, T ),
where we endow the latter with the metric g+dt2. Under this map the push

forward of the time vector field ∂t is F∗(∂t) = H⃗ + ∂t. If (V⃗ ) = V αeα is a
time dependent section of E, then the pullback of the metric connection is
given by:

∇ d
dt
V⃗ =

(
d

dt
V α + Γ

α
βγĤ

βV γ

)
eα.

12



Becuase the metric connection preserves the complex structure on X we see
the pulled back complex structure is parallel with respect to time.

For computations living in TL and its associated bundles (such as the
one form H or the metric gij), the above covariant derivative reduces to the

coordinate derivative d
dt , since we do not need to pull back the frame by F .

In the case that L is Lagrangian, the tangent bundle is identified with the
normal bundle to L via the complex structure. However, this is not true
when L is only assumed to be totally real, and the normal bundle will vary
with time. Thus when we compute the evolution of normal quantities we
need to use the covariant derivative in the time direction.

We now turn to the evolution of various important quantities, beginning
with the tangent vector Fi = F∗(

∂
∂xi ). It will be important later on to keep

track of the normal and tangental directions of many of these quantities, as
we do in the following lemma.

Lemma 4.1. The tangent vector Fi evolves via the formula

(4.2) ∇ d
dt
Fi = Ĥphpi

sFs + ∇̂iĤ
sNs.

Proof. Viewing Fi as a vector in E := F ∗(TX), we use the covariant expres-
sion for the time derivative:

∇ d
dt
Fi =

(
d

dt
Fα
i + Γ

α
βγĤ

βF γ
i

)
eα

=

(
d

dxi
d

dt
Fα + Γ

α
βγĤ

βF γ
i

)
eα = ∇FiH⃗.

At a point p we can let {F1, .., Fn, N1, ..., Nn} be a basis for TX. This allows
us to write

∇FiH⃗ = ⟨∇FiH⃗, Fq⟩Fsg
qs + ⟨∇FiH⃗,Nq⟩Nsη

qs

= −⟨H⃗,∇FiFq⟩Fsg
qs + π⊥(∇FiH⃗).

The first term on the right hand side is −Ĥp⟨Np,∇FiFq⟩Fsg
qs = Ĥphpi

sFs.
The second term on the right hand side is the covariant derivative on the
normal bundle. As we have defined in Section 2.2, this normal derivative

can be expressed as π⊥(∇FiH⃗) = (∇̂iĤ
s)Ns, where ∇̂ is defined in (2.7).

This gives the desired formula.
□

Lemma 4.2. Along the flow we have the following evolution equations:

d

dt
gij = 2Ĥphpij ,

d

dt
volg = −ηmpHmHpvolg.

Proof. We compute:

d

dt
gij = ⟨∇ d

dt
Fi, Fj⟩+ ⟨Fi,∇ d

dt
Fj⟩

= ⟨Ĥphpi
sFs, Fj⟩+ ⟨Fi, Ĥ

phpj
mFm⟩ = 2Ĥphpij .
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Additionally

d

dt
volg =

1

2
gij

d

dt
gijvolg = gijĤphpijvolg = ĤpHpvolg = −ηmpHmHpvolg.

□

Lemma 4.3. The restricted Kähler form ω evolves via the equation

d

dt
ω = 2dH.

Proof. Using that J is constant we see

d

dt
ωij = ⟨∇ d

dt
JFi, Fj⟩+ ⟨JFi,∇ d

dt
Fj⟩

= ⟨−∇ d
dt
Fi, JFj⟩+ ⟨JFi,∇ d

dt
Fj⟩

= ⟨−∇FiH⃗, JFj⟩+ ⟨∇FjH⃗, JFi⟩.

Meanwhile

∂

∂xi
Hj = − ∂

∂xi
⟨H⃗, JFj⟩ = −⟨∇FiH⃗, JFj⟩ − ⟨H⃗, J(∇FiFj)⟩.

Since [ ∂
∂xi ,

∂
∂xj ] = 0, it follows that [Fi, Fj ] = 0, and because ∇ is torsion

free ∇FiFj = ∇FjFi. Thus

∂

∂xi
Hj −

∂

∂xj
Hi = −⟨∇FiH⃗, JFj⟩+ ⟨∇FjH⃗, JFi⟩ =

d

dt
ωij .

□

Because the time derivative of the restricted Kähler form ω is exact, we
immediately get the following:

Corollary 4.4. The cohomology class [ω] ∈ H2(L,R) is fixed along the
mean curvature flow.

In light of the above result, we see [ω] = 0 is a necessary condition for the
flow to deform L to a minimal Lagrangian. As discussed in Section 3, the
condition [ω] = 0 is an added assumption in the Calabi-Yau setting, while
when λ ̸= 0 this condition is automatic since by Proposition 2.6 we have
ω = 1

λdξJ .
Before we state our next result, we solidify our curvature convention. Let

{eα} be any basis for TpX. We then set Rνργβ := ⟨R(eν , eρ)eγ , eβ⟩, which
implies [∇ν ,∇ρ]V

β = Rνργ
βV γ for any section V β of TX.

Lemma 4.5. Choose an arbitrary frame eα for TpX. The second funda-
mental form Aα

jkeα evolves via

∇ d
dt
Aα

ji =
(
∇j(Ĥ

phpi
s) + ∇̂iĤ

shsj
s −∇ d

dt
Γs
ji

)
Fα
s

+∇̂j(∇̂iĤ
s)Nα

s + Ĥphpi
s(∇FjFs)

α +Rνβγ
αĤνF β

j F
γ
i .
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We remark that this evolution equation shares two common terms with
the evolution equation for Aα

ji from Lemma 3.7 in [24], namely the curvature

term Rνβγ
αĤνF β

j F
γ
i and the term −∇ d

dt
Γs
jiF

α
s . The difference here is that

the remaining term from [24] is broken into tangental and normal compo-
nents, which again is useful in the arguments to follow. We include a proof
of this equation, keeping track of this decomposition, for completeness.

Proof. We begin by looking at the evolution of two derivatives Fα. Using
(4.2) we have

d

dt
Fα
ij =

∂

∂xj
d

dt
Fα
i =

∂

∂xj
(Ĥphpi

sFα
s + ∇̂iĤ

sNα
s − Γ

α
βγĤ

βF γ
i )

=
∂

∂xj
(Ĥphpi

s)Fα
s + Ĥphpi

sFα
js +

∂

∂xj
(∇̂iĤ

s)Nα
s + ∇̂iĤ

s ∂

∂xj
(Nα

s )

− Γ
α
βγ,νĤ

βF γ
i F

ν
j − Γ

α
βγ

∂

∂xj
ĤβF γ

i − Γ
α
βγĤ

βF γ
ij .

The spacial derivative of the normal vector can be computed using Propo-
sition 2.4 along with the formula for the shape operator, which gives

∂

∂xj
Nα

p = hpj
sFα

s + Γ̂s
jpN

α
s − F κ

j N
ν
p Γ

α
κν .

Plugging in the above, and adding Γ
α
βγĤ

βF γ
ij to each side, we see

∇ d
dt
Fα
ij =

∂

∂xj
(Ĥphpi

s)Fα
s + Ĥphpi

sFα
js +

(
∂

∂xj
(∇̂iĤ

s) + Γ̂s
jp(∇̂iĤ

p)

)
Nα

s

+ ∇̂iĤ
shsj

rFα
r − ∇̂iĤ

sF κ
j N

ν
s Γ

α
κν − Γ

α
βγ,νĤ

βF γ
i F

ν
j

− Γ
α
βγ

∂

∂xj
ĤβF γ

i .

We need to add the evolution of the connection term to the above evolu-
tion equation, which is computed as follows

∇ d
dt
(Γ

α
βγF

β
j F

γ
i ) = Γ

α
βγ,νĤ

νF β
j F

γ
i + Γ

α
βγ

(
d

dt
F β
j

)
F γ
i

+Γ
α
βγF

β
j

(
d

dt
F γ
i

)
+ Γ

α
κνΓ

κ
βγĤ

νF β
j F

γ
i

= Γ
α
βγ,νĤ

νF β
j F

γ
i + Γ

α
βγ

∂

∂xj
ĤβF γ

i + Γ
α
κνΓ

κ
βγĤ

νF β
j F

γ
i

+Γ
α
βγF

β
j (Ĥ

phpi
sF γ

s + ∇̂iĤ
sNγ

s − Γ
γ
νκĤ

νF κ
i ),

where in the final line above, the term in parenthesis comes from (4.2). We

can now add ∇ d
dt
Fα
ij and ∇ d

dt
(Γ

α
βγF

β
j F

γ
i ) to arrive at the evolution of ∇FjFi,
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noting right away that the terms with Γ
α
βγ

∂
∂xj Ĥ

βF γ
i cancel. In particular(

∇ d
dt
∇FjFi

)α
=

∂

∂xj
(Ĥphpi

s)Fα
s + Ĥphpi

sFα
js

+

(
∂

∂xj
(∇̂iĤ

s) + Γ̂s
jp(∇̂iĤ

p)

)
Nα

s

+ ∇̂iĤ
shsj

rFα
r − ∇̂iĤ

sF κ
j N

ν
s Γ

α
κν − Γ

α
βγ,νĤ

βF γ
i F

ν
j

+ Γ
α
βγ,νĤ

νF β
j F

γ
i + Γ

α
κνΓ

κ
βγĤ

νF β
j F

γ
i

+ Γ
α
βγF

β
j (Ĥ

phpi
sF γ

s + ∇̂iĤ
sNγ

s − Γ
γ
νκĤ

νF κ
i ).

The terms −∇̂iĤ
sF κ

j N
ν
s Γ

α
κν and Γ

α
βγF

β
j ∇̂iĤ

sNγ
s cancel. Furthermore(

Γ
α
βγ,ν − Γ

α
νγ,β + Γ

α
κνΓ

κ
βγ − Γ

α
βκΓ

κ
νγ

)
ĤνF β

j F
γ
i = Rνβγ

αĤνF β
j F

γ
i .

Finally, Ĥphpi
sFα

js + Γ
α
βγF

β
j Ĥ

phpi
sF γ

s = Ĥphpi
s(∇FjFs)

α. Thus we see(
∇ d

dt
∇FjFi

)α
=

∂

∂xj
(Ĥphpi

s)Fα
s + ∇̂iĤ

shsj
rFα

r + Ĥphpi
s(∇FjFs)

α(
∂

∂xj
(∇̂iĤ

s) + Γ̂s
jp(∇̂iĤ

p)

)
Nα

s +Rνβγ
αĤνF β

j F
γ
i .

Now, one can express the projection of ∇FjFi onto the tangent bundle
as a connection term, allowing us to write the second fundamental form as
Aα

ji = ∇FjF
α
i − Γk

jiF
α
k . From the above evolution equation it follows that

∇ d
dt
Aα

ji =
∂

∂xj
(Ĥphpi

s)Fα
s + ∇̂iĤ

shsj
rFα

r + Ĥphpi
s(∇FjFs)

α(
∂

∂xj
(∇̂iĤ

s) + Γ̂s
jp(∇̂iĤ

p)

)
Nα

s +Rνβγ
αĤνF β

j F
γ
i

−(∇ d
dt
Γk
ji)F

α
k − Γk

ji∇Fk
Ĥα.

Breakling Γk
ji∇Fk

Ĥα into its tangential and normal directions gives

Γk
ji∇Fk

Ĥα = Γk
jiĤ

phpk
mFα

m + Γk
ji∇̂kĤ

sNα
s .

Plugging this back in we see

∇ d
dt
Aα

ji =

(
∂

∂xj
(Ĥphpi

s)− Γk
jiĤ

phpk
s

)
Fα
s + ∇̂iĤ

shsj
rFα

r

+

(
∂

∂xj
(∇̂iĤ

s) + Γ̂s
jp(∇̂iĤ

p)− Γk
ji∇̂kĤ

s

)
Nα

s

+Ĥphpi
s(∇FjFs)

α +Rνβγ
αĤνF β

j F
γ
i − (∇ d

dt
Γk
ji)F

α
k .

This proves the desired formula. □

Using the result above, we now turn to the evolution of the individual
components of the second fundamental from hijk.
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Lemma 4.6. Along the mean curvature flow hijk evolves via

d

dt
hijk = Ĥphpk

shijs − ηsi∇̂j(∇̂kĤ
s)− Ĥp⟨R(Np, Fj)Fk, Ni⟩

+hqjkĤ
ℓhℓi

q + hqjkω
q
p∇̂iĤ

p − hpjkωi
r∇̂rĤ

p.

Proof. Recall hijk = −⟨∇FjFk, Ni⟩ = −⟨Ajk, Ni⟩. Taking the time derivative
yields

d

dt
hijk = −⟨∇ d

dt
Ajk, Ni⟩ − ⟨Ajk,∇ d

dt
Ni⟩.

For simplicity we write down the two terms on the right hand side separately.
First, we note

−⟨∇ d
dt
Ajk, Ni⟩ =− ηsi∇̂j(∇̂kĤ

s)− Ĥphpk
s⟨∇FjFs, Ni⟩ − ⟨R(H⃗, Fj)Fk, Ni⟩

=− ηsi∇̂j(∇̂kĤ
s)− Ĥphpk

shijs − Ĥp⟨R(Np, Fj)Fk, Ni⟩.

For the other term, since Ajk = −ηqshqjkNs, we have

−⟨Ajk,∇ d
dt
Ni⟩ =ηqshqjk⟨Ns,∇ d

dt
Ni⟩ = ηqshqjk⟨Ns,∇ d

dt
(J(Fi)− ωi

mFm)⟩

=ηqshqjk⟨Ns, J(∇ d
dt
Fi)⟩ − ηqshqjk⟨Ns, ωi

m∇ d
dt
Fm⟩

=− ηqshqjk⟨JNs,∇FiH⃗⟩ − ηqshqjkωi
m⟨Ns,∇FmH⃗⟩

Note that

−ηqshqjk⟨JNs,∇FiH⃗⟩ =ηqshqjk⟨ηsmgmrFr,∇FiH⃗⟩+ ηqshqjk⟨ωs
rNr,∇FiH⃗⟩

=− gqrhqjk⟨∇FiFr, H⃗⟩+ ηqshqjk⟨ωs
rNr,∇FiH⃗⟩,

from which it follows that

−⟨Ajk,∇ d
dt
Ni⟩ = gqrhqjkĤ

ℓhℓir+ηqshqjkωs
rηrp∇̂iĤ

p−ηqshqjkωi
mηsp∇̂mĤp.

Putting everything together we see

∇ d
dt
hijk = Ĥphpk

shijs − ηsi∇̂j(∇̂kĤ
s)− Ĥp⟨R(Np, Fj)Fk, Ni⟩

+hqjkĤ
ℓhℓi

q + ηqshqjkωs
rηrp∇̂iĤ

p − hpjkωi
r∇̂rĤ

p.

Finally, we see ωs
rηrp = ωr

pηsr, since in normal coordinates

ωs
rηrp = ωsqg

rq(grp + ωrℓg
ℓmωmp) = ωsp + ωsqωqℓωℓp,

while

ωr
pηsr = ωipg

ri(gsr + ωsjg
jkωkr) = ωsp + ωipωsjωji.

This completes the proof of the formula. □

At last, we turn to the evolution equation for the mean curvature 1-form
Hi = gjkhijk. First, recall that ∇̂ηℓm = 0, which implies

−ηsi∇̂j(∇̂kĤ
s) = ηsi∇̂j(∇̂kη

spHp) = ∇̂j(∇̂kHi).
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Now, from the above Lemma we can directly compute

d

dt
Hi = −gjp

d

dt
gpqg

qkhijk + gjk
d

dt
hijk

= −2Ĥphp
jkhijk + gjkĤphpk

shijs + gjk∇̂j(∇̂kHi) +HqĤ
ℓhℓi

q

+Hqω
q
p∇̂iĤ

p −Hqωi
r∇̂rĤ

p − gjkĤp⟨R(Np, Fj)Fk, Ni⟩.

Combining and rearranging terms, and using the definition of Ĥp, gives

∇ d
dt
Hi =gjk∇̂j(∇̂kHi) + ηpsHshp

jkhijk − ηℓsHqHshℓi
q

+Hqω
q
p∇̂iĤ

p −Hqωi
r∇̂rĤ

p − gjkĤp⟨R(Np, Fj)Fk, Ni⟩.(4.3)

While this evolution equation will be useful to us later on, there are two
reasons we will also need a different formula for the evolution of H. First,
the terms ηpsHshp

jkhijk and −ηℓsHqHshℓi
q do not cancel, and in particular

this gives a term of order H ∗ h2 ∗ η−1, which is difficult to keep track of.
More importantly the curvature term is not useful as is, because it is not a
Ricci curvature term.

To see how we can extract a Ricci curvature term from the evolution of
H, we first need the following lemma:

Lemma 4.7. Contracting the curvature term ⟨R(Np, Fj)Fk, Ni⟩ with gik

produces a Ricci curvature term. In particular we have the formula

Ric(Fp, Fj) =gik⟨R(Np, Fj)Fk, Ni⟩+
1

2
ωki⟨R(JFp, Fj)Fk, Fi⟩

+
1

2
ηikωk

r⟨R(JFp, Fj)Nr, Ni⟩+ gikωp
r⟨R(Fr, Fj)Fk, Ni⟩.(4.4)

Proof. For any basis {eα} of TpX we see {Jeα} also forms a basis, and thus

the Ricci curvature can be expressed as Ric(Fp, Fj) = gαβ⟨R(Fp, Jeα)Jeβ, Fj⟩.
As a result we see

Ric(Fp, Fj) = −gαβ⟨R(Fp, Jeα)eβ, JFj⟩
= gαβ⟨R(Jeα, eβ)Fp, JFj⟩+ gαβ⟨R(eβ, Fp)Jeα, JFj⟩
= gαβ⟨R(Jeα, eβ)Fp, JFj⟩ − gαβ⟨R(Fp, eβ)eα, Fj⟩.

The second term on the right is again the Ricci curvature. This implies that

2Ric(Fp, Fj) = gαβ⟨R(Jeα, eβ)Fp, JFj⟩.
With the basis F1, ..., Fn, N1, ..., Nn we have

2Ric(Fp, Fj) = gik⟨R(JFi, Fk)Fp, JFj⟩+ ηik⟨R(JNi, Nk)Fp, JFj⟩.
Using symmetries of the curvature tensor along with the fact that J is
covariant constant gives

2Ric(Fp, Fj) = −gik⟨R(JFi, Fk)JFp, Fj⟩ − ηik⟨R(JNi, Nk)JFp, Fj⟩
= −gik⟨R(JFp, Fj)JFi, Fk⟩ − ηik⟨R(JFp, Fj)JNi, Nk⟩
= gik⟨R(JFp, Fj)Fk, JFi⟩ − ηik⟨R(JFp, Fj)JNk, Ni⟩.
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Using (2.1), first term on the right hand side above can be expressed as

gik⟨R(JFp, Fj)Fk, JFi⟩ = gik⟨R(JFp, Fj)Fk, Ni⟩+ ωki⟨R(JFp, Fj)Fk, Fi⟩,
while with an application of (2.2) we can write the second term as

−ηik⟨R(JFp, Fj)JNk, Ni⟩ = gik⟨R(JFp, Fj)Fk, Ni⟩
+ηikωk

r⟨R(JFp, Fj)Nr, Ni⟩.
Putting everything together gives

2Ric(Fp, Fj) = 2gik⟨R(JFp, Fj)Fk, Ni⟩+ ωki⟨R(JFp, Fj)Fk, Fi⟩
+ηikωk

r⟨R(JFp, Fj)Nr, Ni⟩.

A final application of (2.1) to JFp inside of the term 2gik⟨R(JFp, Fj)Fk, Ni⟩
completes the proof of the formula. □

As a result, if we want to arrive at a Ricci curvature term, we need to
contract the time derivative of hijk with gik instead of gjk. To accomplish
this we use the identity H = ξ − d∗ω. We remark that in some literature
on the Lagrangian mean curvature flow (see for example [23]), the contrac-
tion gikhijk is also used to compute the time derivate of Hj , since in the
Lagrangian case there is full symmetry on the indices of hijk.

Returning to the time derivative of Hj we now compute

d

dt
Hj =

d

dt
(gikhjik) =

d

dt
gik(hijk +∇kωij) + gik

d

dt
(hijk +∇kωij).

=− 2Ĥphp
ikhijk − 2Ĥphp

ik∇kωij + gik∇̂j(∇̂kHi)

− gikĤp⟨R(Np, Fj)Fk, Ni⟩+ Ĥphp
ishijs + hqj

iĤℓhℓi
q

+ hqj
iωq

p∇̂iĤ
p − hpj

iωi
r∇̂rĤ

p + gik
d

dt
∇kωij .

Note that now Ĥphp
ishijs is equal to hqj

iĤℓhℓi
q, and these terms cancel

with −2Ĥphp
ikhikk. Thus

d

dt
Hj = gik∇̂j(∇̂kHi)− gikĤp⟨R(Np, Fj)Fk, Ni⟩ − 2Ĥphp

ik∇kωij

+hqj
iωq

p∇̂iĤ
p − hpj

iωi
r∇̂rĤ

p + gik
d

dt
∇kωij .

The term gikĤp⟨R(Np, Fj)Fk, Ni⟩ now contains a Ricci curvature term,
which will be necessary for achieving exponential decay.

We expand on this formula further by turning to the evolution of d
dt∇kωij .

gik
d

dt
∇kωij = −gik

d

dt
Γm
kiωmj − gik

d

dt
Γm
kjωim − 2(d∗dH)j ,

where we have used d
dtω = 2dH. Now, using the well known formula

d

dt
Γm
ki =

1

2
gmℓ

(
∇k(

d

dt
giℓ) +∇i(

d

dt
gkℓ)−∇ℓ(

d

dt
gik)

)
,
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our evolution equation for g gives

d

dt
Γm
ki = gmℓ

(
∇k(Ĥ

phpiℓ) +∇i(Ĥ
phpkℓ)−∇ℓ(Ĥ

phpik)
)
.

Plugging this in we at last arrive at

d

dt
Hj =gik∇̂j(∇̂kHi)− gikĤp⟨R(Np, Fj)Fk, Ni⟩ − 2Ĥphp

ik∇kωij

(4.5)

+ hqj
iωq

p∇̂iĤ
p − hpj

iωi
r∇̂rĤ

p − gik∇k(Ĥ
phpiℓ)ω

ℓ
j

− gik∇i(Ĥ
phpkℓ)ω

ℓ
j + gik∇ℓ(Ĥ

phpik)ω
ℓ
j − gik∇k(Ĥ

phpjℓ)ωi
ℓ

− gik∇j(Ĥ
phpkℓ)ωi

ℓ + gik∇ℓ(Ĥ
phpjk)ωi

ℓ − 2(d∗gdH)j .

This formula will play a fundamental role in the subsequent section.
We conclude this section by stating higher order second fundamental form

bounds. These bounds hold for any embedded submanifold of a Riemannian
manifold (of any codimension) evolving along the mean curvature flow (see
Theorem 3.2 from [3], or Proposition A.2 in [1]). However, here we state
them for our specific geometric setup.

Proposition 4.8. Let Lt be a totally real submanifold of (X, g, ω) evolving
smoothly via the mean curvature flow starting at L0. Suppose there exists a
constant Λ so that for all time t ∈ [0, αΛ), and all 0 ≤ ℓ ≤ m + 1 we have

supLt
|A|2 ≤ Λ, and supLt

|∇ℓRm|2 ≤ Λ2+ℓ. Then there exists a constant
C > 0 depending on α, n, k, and m so that

sup
Lt

|∇mA|2 ≤ CΛ

tm
.

5. Exponential decay

In this section we demonstrate exponential decay of the L2 norm of the
mean curvature 1-form H, for a family of totally real submanifolds Lt evolv-
ing along the mean curvature flow. Unless explicitly specified, we use the
convention that if the norm of a tensor is not adorned, then it is understood
to be taken with respect to the metric induced by g. For example, |H|
denotes the norm taken with respect to g on Ω1(Lt). The mean curvature

vector H⃗ is a section of the normal bundle, so |H⃗| denotes the norm with
respect to the induced metric η. If |ω| is sufficiently small then g and η are
equivalent, i.e.

(5.1)
1

1 + sup |ω|2
|H|2g ≤ |H|2η ≤ 1

1− sup |ω|2
|H|2g.

Furthermore, in our work above ⟨·, ·⟩ denotes the inner product with respect
to g, so to avoid confusion with this fact we will write ⟨·, ·⟩g for the inner
product with respect to g. Additionally, as above, λ denotes the Kähler-
Einstein constant and λ1

1(t) the smallest non-zero eigenvalue of the Hodge
Laplacian on Ω1(Lt).
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Proposition 5.1. Let Lt be a totally real submanifold of (X, g, ω) evolving
via the mean curvature flow for t ∈ (0, T ], with T ≤ ∞. Assume C0 control
of the second fundamental form supLt

|A|2 ≤ Λ for all t ∈ (0, T ]. Addition-
ally assume that Lt lies inside of B

Λ− 1
2R

(L0), and that in this ball g satisfies

the local curvature bounds |Rm| ≤ Λ. Fix t0 > 0 and consider the time
interval (t0, T ]. If λ < 0 let a = −λ, and if λ ≥ 0 let

a := inf
t∈(t0,T ]

λ1
1(t)− λ > 0.

If (X, ḡ) is Calabi-Yau, assume in addition that [ω]|L = 0 ∈ H2(L,R).
Finally, for notationally simplicity set Ψ :=

√
Λ
t0

+ Λ. Under the above

assumptions there exists a constant C > 1, depending only on n, so that if
for times t ∈ (t0, T ] it holds
(5.2)

Λ− 1
2 sup

Lt

|H|+ sup
Lt

|ω| < 1

C
min

{
1,

a

Λ

}
min

{
1,

a1/2

Ψ1/2
,
a2

ΛΨ

}
min

{
1,

(
λ1
1 − λ

λ1
1

) 1
2

}

sup
Lt

|ω|2 <
∣∣∣∣ a

(2λ+ a)

∣∣∣∣
then we have the exponential decay∫

Lt

|H|2 ≤ 2e−
at
20

∫
L0

|H|2.

Proof. We drop the subscript from Lt for notational simplicity, and unless
otherwise specified we use the convention all terms unadorned terms are
defined at the time t. Using (4.5), we have the evolution equation

d

dt

1

2

∫
L
|H|2 =

∫
L

(
1

2

d

dt
gjqHjHq + gjq

d

dt
HjHq

)
(5.3)

=

∫
L

(
− Ĥphp

jqHjHq + gjqgik∇̂j(∇̂kHi)Hq

− gjqgikĤp⟨R(Np, Fj)Fk, Ni⟩Hq

+ hm
qiωm

p∇̂iĤ
pHq − hp

qiωi
r∇̂rĤ

pHq

−∇k(Ĥ
php

km)ωm
qHq −∇i(Ĥ

php
im)ωm

qHq

+∇ℓ(Ĥ
pHp)ω

ℓqHq −∇k(Ĥ
php

qm)ωk
mHq

− gjq∇j(Ĥ
php

im)ωimHq +∇ℓ(Ĥ
php

qi)ωi
ℓHq

− 2gjqĤphp
ik∇kωijHq − 2gjq(d∗dH)jHq

)
.

The main idea of the proof is to show that one can find a small negative term
involving

∫
L |H|2 on the right hand side above. Then, as long as supL |H|

and supL |ω| are chosen sufficiently small, the negative term will dominate.
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In practice, and due to some challenging cross terms, we will also have to
modify the quantity by adding terms involving |ω|2.

The last term on the right hand side of (5.3) is a useful negative term,
given by

−2

∫
L
⟨d∗dH,H⟩g = −2

∫
L
⟨dH, dH⟩g = −2||dH||2L2 .

The first term on the right hand side is controlled by 2
√
Λ supL |H|

∫
L |H|2.

For terms of the form ∇(Ĥ ∗h)∗ω∗H, we can distribute the derivative inside
of the parenthesis. If the derivative lands on h, because |∇h|2 is controlled
by CΛ/t0 by Proposition 4.8 (where C only depends on n), we have∫

L
|Ĥ ∗ ∇(h) ∗ ω ∗H| ≤ 4C

√
Λ√

t0
sup
L

|ω|
∫
L
|H|2.

The above bound will also hold for the term ∇ℓ(Ĥ
pHp)ω

ℓqHq. Thus we
arrive at

d

dt

1

2

∫
L
|H|2 ≤

∫
L

(
gjqgik∇̂j(∇̂kHi)Hq − gjqgikĤp⟨R(Np, Fj)Fk, Ni⟩Hq

(5.4)

− 2gjqĤphp
ik∇kωijHq + hm

qiωm
p∇̂iĤ

pHq

− hp
qiωi

r∇̂rĤ
pHq −∇kĤ

php
kmωm

qHq

−∇iĤ
php

imωm
qHq −∇kĤ

php
qmωk

mHq

− gjq∇jĤ
php

imωimHq +∇ℓĤ
php

qiωi
ℓHq

)
− 2

∫
L
|dH|2 + C

(
√
Λ sup

L
|H|+

√
Λ

t0
sup
L

|ω|

)∫
L
|H|2.

Again C is a constant that depends only on n, which may change from line
to line.

We would like to integrate by parts in the first term on the right hand side
above to get a good negative term. However, because ∇̂ does not preserve
the the metric g or the volume form, we first must change this to ∇. Using
equation (2.9) gives

gik∇̂j(∇̂kHi) = gik∇j(∇̂kHi)− ηℓpωkrhpjr∇̂kHℓ + ηℓpωp
rhrj

k∇̂kHℓ.

After multiplying by gjqHq the last two terms on the right hand side are of

the form η−1 ∗ h ∗ ω ∗H ∗ ∇̂Ĥ. Applying (2.9) once more

|η−1 ∗ h ∗ ω ∗H ∗ ∇̂H| ≤ 2
√
Λ|ω||H||∇̂H| ≤ 2

√
Λ|ω||H||∇H|+ 4Λ|ω|2|H|2.

Next, we see there are 7 terms of the form h ∗ω ∗H ∗∇Ĥ from (5.4). When

the derivative ∇ lands on η−1 from Ĥ, it gives an extra 2∇ω ∗ω, and ∇ω is
controlled by 2

√
Λ by Proposition 2.2. Thus

(5.5) |h ∗ ω ∗H ∗ ∇Ĥ| ≤ 2
√
Λ|ω||H||∇H|+ 4Λ|ω|2|H|2.
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Returning to (5.4), we see

d

dt

1

2

∫
L
|H|2 ≤

∫
L

(
gjqgik∇j(∇̂kHi)Hq − gjqgikĤp⟨R(Np, Fj)Fk, Ni⟩Hq

− 2gjqĤphp
ik∇kωijHq + 16

√
Λ|ω||H||∇H|

)
− 2

∫
L
|dH|2

+ C

(
√
Λ sup

L
|H|+

(√
Λ

t0
+ Λ

)
sup
L

|ω|

)∫
L
|H|2.

Note we have used that |ω|2 ≤ |ω| for |ω| small.

Consider the term containing 2gjqĤphp
ik∇kωijHq. Integrating by parts,

when the derivative lands on h, we only contribute to the constant C. When
the derivative lands on H, we contribute 4 to

∫
L

√
Λ|ω||H||∇H|. Finally,

when the derivative lands on Ĥ, we can appeal to (5.5), and contribute both

to
∫
L

√
Λ|ω||H||∇H| and the constant C.

Next we turn to the curvature term. By (4.4) we see

−gjqgikĤp⟨R(Np, Fj)Fk, Ni⟩Hq =gjqηpsHsHqRic(Fp, Fj)

+
1

2
gjqηpsHsHqω

ik⟨R(JFp, Fj)Fk, Fi⟩

− 1

2
gjqηpsHsHqη

ikωk
r⟨R(JFp, Fj)Nr, Ni⟩

− gjqηpsHsHqg
ikωp

r⟨R(Fr, Fj)Fk, Ni⟩.

For |ω| small enough, all the non-Ricci curvature terms are controlled by
6|ω||Rm||H|2. Using that Ric(Fp, Fj) = λgpj , the first term above is equal
to

λgjqηpsHsHqgpj = ληqsHsHq = λ|H|2η,
Thus we have extracted a useful term from the Ricci curvature.

Next, integrating by parts on the gjqgik∇j(∇̂kHi)Hq term now gives∫
L
gjqgik∇j(∇̂kHi)Hq = −

∫
L
gjqgik∇̂kHi∇jHq

≤ −
∫
L
|d∗H|2 + 2

√
Λ

∫
L
|ω||H||∇H|.

As stated above, for notational simplicity we let Ψ :=
√

Λ
t0

+ Λ. We have

assumed that near Lt the curvature tensor of g satisfies |Rm| ≤ Λ. Putting
everything together so far we arrive at

d

dt

1

2

∫
L
|H|2 ≤−

∫
L

(
|d∗H|2 + 2|dH|2

)
+ 26

√
Λ

∫
L
|ω||H||∇H|(5.6)

+ λ

∫
L
|H|2η +

(
C
√
Λ sup

L
|H|+ CΨsup

L
|ω|
)∫

L
|H|2.

23



The main difficulty we have at this point is the |ω||H||∇H| term. In order
to control it, instead of just looking at the time derivative of ||H||2L2 , we add

B|ω|2|H|2 to the integral, where B is a large constant to be determined, and
compute the time derivative

d

dt

∫
L

(
1

2
+B|ω|2

)
|H|2.

Recall the evolution equation d
dtω = 2dH from Lemma 4.3. Combining this

with Proposition 2.3 we see that

(5.7)
d

dt

1

2
|ω|2 ≤ ⟨∆ω, ω⟩g + λ|ω|2 + 10

(
sup
X

|Rm|+ Λ

)
|ω|2

(where we used the Gauss-Codazzi equation to control the curvature terms
Rm by Rm and Λ). Note λ is a fixed constant controlled by the curvature
bound. Thus

(5.8)
d

dt
|ω|2 ≤ 2⟨∆ω, ω⟩g + 20Ψ|ω|2.

Recall (4.3), which gives the evolution of H without worrying about cre-
ating a Ricci curvature term

d

dt
Hi = gjk∇̂j(∇̂kHi) + ηpsHshp

jkhijk − ηℓsHqHshℓi
q

+Hqω
q
p∇̂iĤ

p −Hqωi
r∇̂rĤ

p − gjkĤp⟨R(Np, Fj)Fk, Ni⟩.

From here we compute

d

dt
|H|2 =− 2Ĥphp

imHiHm + 2gim
d

dt
HiHm

=2gimgjk∇̂j(∇̂kHi)Hm − 2Ĥphp
imHiHm + 2gimηpsHshp

jkhijkHm

− 2gimηℓsHqHshℓi
qHm + 2gimHqω

q
p∇̂iĤ

pHm

− 2gimHqωi
r∇̂rĤ

pHm − 2gimgjkĤp⟨R(Np, Fj)Fk, Ni⟩Hm.

Using that |h|2 is controlled by Λ, |∇H| ≤ C
√
Λ/t0, and |ω| ≤ 1, we see

d

dt
|H|2 ≤ 2gimgjk∇̂j(∇̂kHi)Hm + CΨ|H|2.

Here, as above, C only depends on n.
We can now write down the evolution equation:

d

dt

1

2

∫
L
|ω|2|H|2 ≤

∫
L

(
⟨∆ω, ω⟩g|H|2 + CΨ|ω|2|H|2

+ gimgjk∇̂j(∇̂kHi)Hm|ω|2
)
.

Before we integrate by parts, note that changing ∇̂j to ∇j creates a term

containing ω ∗ h which is bounded by
√
Λ|ω|3|H||∇̂H|. Also we can change
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the resulting |∇̂H| to |∇H| at the cost of adding to the CΨ|ω|2|H|2 term.
This gives

d

dt

1

2

∫
L
|ω|2|H|2 ≤

∫
L

(
⟨∆ω, ω⟩g|H|2 + CΨ|ω|2|H|2(5.9)

+ gimgjk∇j(∇̂kHi)Hm|ω|2 +
√
Λ|ω|3|H||∇H|

)
.

Integrating by parts on the first term on the right hand side above we see∫
L
⟨∆ω, ω⟩g|H|2 =

∫
L

(
− |∇ω|2|H|2 − 2gjk⟨∇jω, ω⟩g⟨∇kH,H⟩g

)
≤
∫
L
2|∇ω||ω||∇H||H|.

Note we do not keep the negative term. Next, integrating by parts on
Laplacian term for H from (5.9) we see∫

L
gimgjk∇j(∇̂kHi)Hm|ω|2 ≤ −

∫
L

(
⟨∇̂H,∇H⟩g|ω|2 + 2|∇̂H||H||∇ω||ω|

)
.

We want to remove the hat on the derivative of H on the right hand side
above. Doing so gives∫

L
gimgjk∇j(∇̂kHi)Hm|ω|2 ≤

∫
L

(
− |∇H|2|ω|2 + 2|∇H||H||∇ω||ω|

+
√
Λ|H||∇H||ω|3 + 2

√
Λ|H|2|∇ω||ω|2

)
.

Note the last term on the right hand side above is controlled by CΨ|ω|2|H|2,
since |∇ω| ≤ 2|h|.

Returning to (5.9) and pugging in what we have computed gives

d

dt

1

2

∫
L
|ω|2|H|2 ≤

∫
L

(
− |∇H|2|ω|2 + 4|∇H||H||∇ω||ω|(5.10)

+ 2
√
Λ|H||∇H||ω|3 + CΨ|ω|2|H|2

)
.

Applying Young’s inequality to second term on the right hand side above

4|∇H||H||∇ω||ω| ≤ 1

4
|∇H|2|ω|2 + 16|H|2|∇ω|2.

Furthermore, we can also apply Young’s inequality to the third term from
the right hand side of (5.10) to see

2
√
Λ|H||∇H||ω|3 ≤ 1

4
|∇H|2|ω|2 + 4Λ|ω|4|H|2.

Note since |ω| ≤ 1 the second term on the right is controlled by CΨ|ω||H|2.
Thus (5.10) becomes

d

dt

1

2

∫
L
|ω|2|H|2 ≤

∫
L

(
− 1

2
|∇H|2|ω|2 + 16|H|2|∇ω|2 + CΨ|ω||H|2

)
.
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We are ready to add the above inequality (multiplied by 2B for a constant
B ≥ 1 to be determined) to inequality (5.6), yielding

d

dt

∫
L

(
1

2
+B|ω|2

)
|H|2 ≤

∫
L

(
−|d∗H|2 − 2|dH|2 −B|∇H|2|ω|2

)(5.11)

+

∫
L

(
26
√
Λ|ω||H||∇H|+ 32B|H|2|∇ω|2

)
+ λ

∫
L
|H|2η +

(
C
√
Λ sup

L
|H|+ CBΨsup

L
|ω|
)∫

L
|H|2.

The −|d∗H|2 and −|dH|2 terms can be used to extract a helpful negative
term. A standard spectral theory argument yields∫

L
|d∗H|2 + |dH|2 =

∫
L
⟨□H,H⟩g ≥ λ1

1(t)

∫
|H|2.

Plugging this back into (5.11) and using (5.1), together with the assumption
of the proposition, we arrive at

d

dt

∫
L

(
1

2
+B|ω|2

)
|H|2 ≤

(
−a

2
+ C

√
Λ sup

L
|H|+ CBΨsup

L
|ω|
)∫

L
|H|2.

+

(
32B sup

L
|H|2

)∫
L
|∇ω|2

+

∫
L

(
26
√
Λ|ω||H||∇H| −B|∇H|2|ω|2

)
.

To control the term involving 26
√
Λ|ω||H||∇H| we first write this expres-

sion as follows:

26
√
Λ|ω||H||∇H| =

(√
a

10
|H|
)(√

10

a
26

√
Λ|ω||∇H|

)

≤ a

20
|H|2 + 3380Λ

a
|ω|2|∇H|2.

We can now specify the large constant B = 3380Λ
a , which is a scale invariant

quantity with explicit dependence on bounded terms. The second term on
the right above cancels with the term containing −B|∇H|2|ω|2, yielding

d

dt

∫
L

(
1

2
+B|ω|2

)
|H|2 ≤

(
−3a

20
+ C

√
Λ sup

L
|H|+ CBΨsup

L
|ω|
)∫

L
|H|2

+

(
20Λ sup

L
|ω|2 + 32B sup

L
|H|2

)∫
L
|∇ω|2.

Next we need to control the terms involving
∫
L |∇ω|2. This is accom-

plished by adding a q|ω|2 term to the time derivative, where q is a small
26



constant to be determined. Recall (5.8), which implies

d

dt

∫
L
q|ω|2 ≤ −2q

∫
L
|∇ω|2 + 20qΨ

∫
L
|ω|2

≤ −2q

∫
L
|∇ω|2 + 80qΨ

a
max

{
1,

λ1
1

λ1 − λ

}∫
L
|H|2,

where we used Proposition 3.1. If we choose

q < min

{
a2

1600Ψ
,
a

16

}
·min

{
1,

λ1
1 − λ

λ1
1

}
,

then the right most term above is bounded by a
20

∫
L |H|2.

Putting everything together we now arrive at

d

dt

∫
L

(
q|ω|2 + 1

2
|H|2 +B|ω|2|H|2

)
≤
(
− a

10
+ C

√
Λ sup

L
|H|+ CBΨsup

L
|ω|
)∫

L
|H|2

+

(
−2q + 20Λ sup

L
|ω|2 + 32B sup

L
|H|2

)∫
L
|∇ω|2.

To complete the argument, we need

sup
L

|H| < min

{√
q

32B
,

a

40C
√
Λ

}
,

sup
L

|ω| < min

{√
q

20Λ
,

a

40CBΨ
,

1

2
√
B

}
These conditions can be written succinctly as

Λ− 1
2 sup

L
|H| ≤ a

CΛ
min{1, a

1/2

Ψ1/2
} ·
(
min

{
1,

λ1
1 − λ

λ1
1

})1/2

sup
L

|ω| ≤ 1

C
min{1, a

1/2

Ψ1/2
,
a2

ΛΨ
} ·
(
min

{
1,

λ1
1 − λ

λ1
1

})1/2

,

each of which is implied by the main assumption (5.2). This now gives

d

dt

∫
L

(
q|ω|2 + 1

2
|H|2 +B|ω|2|H|2

)
≤ − a

20

∫
L
|H|2.

Finally, we make use of two simple observations. First, Proposition 3.1
implies

(5.12) −1

4

∫
L
|H|2 ≤ − a

16
min

{
1,

λ1
1 − λ

λ1
1

}∫
L
|ω|2 ≤ −q

∫
L
|ω|2,

where the last inequality follows from the definition of q. Second, we as-
sumed supL |ω|2 < 1

4B , yielding

(5.13) −1

4

∫
L
|H|2 ≤ −B sup

L
|ω|2

∫
L
|H|2 ≤ −

∫
L
B|ω|2|H|2.
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Taken together we now conclude

− a

20

∫
L
|H|2 = − a

20

∫
L

(
1

2
|H|2 + 1

4
|H|2 + 1

4
|H|2

)
≤ − a

20

∫
L

(
1

2
|H|2 + q|ω|2 +B|ω|2|H|2

)
,

giving exponential decay of
∫
L

(
1
2 |H|2 + q|ω|2 +B|ω|2|H|2

)
. The exponen-

tial decay of the L2 norm of H follows, as demonstrated by

1

2

∫
Lt

|H|2 ≤
∫
Lt

(
q|ω|2 + 1

2
|H|2 +B|ω|2|H|2

)
≤ e−

at
20

∫
L0

(
q|ω|2 + 1

2
|H|2 +B|ω|2|H|2

)
≤ e−

at
20

∫
L0

|H|2.

In the last line we used the negative of (5.12) and (5.13) at time t = 0. This
completes the proof of the proposition.

□

6. Control of further geometric quantities

In the previous section we saw that the smallest nonzero eigenvalue λ1
1 of

the Hodge Laplacian on Ω1(L) plays an important role in proving the expo-
nential decay of

∫
L |H|2 along the mean curvature flow. In our convergence

result to follow, we will also need control of the non-collapsing constant κ.
In this section we show how these two geometric quantities evolve along the
mean curvature flow and how they can be controlled.

Definition 6.1. We say (L, g) is κ-non collapsed at scale r0 if for every
0 < r < r0 and for every p ∈ L we have

Volg(Br(p)) ≥ κrn,

where Br(p) denotes the geodesic ball of radius r about p.

We now state [8, Lemma 3.5], which we modify slightly here in order to
achieve scale invariant estimates.

Lemma 6.2. Suppose that (L, g) is κ-noncollapsed at scale r0. Let S be
a tensor on L such that |∇S| ≤ C0 and

∫
L |S|2 ≤ m. We then have the

following bound

sup
L

|S| ≤ max

2C
n

n+2

0

κ
1

n+2

,
2

n+2
2 m

n
2(n+2)√

κrn0

m
1

n+2 .
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Proof. Suppose |S| achieves a maximum at a point p ∈ L. Consider the ball

Br(p), with r = min{ r0
2 ,

|S(p)|
2C0

}. By the gradient bound for S, at any point

x ∈ Br(p) we have |S(x)| ≥ 1
2 |S(p)|. Thus

m ≥
∫
Br(p)

|S|2 ≥ 1

4
|S(p)|2Volg(Br(p)) ≥

1

4
|S(p)|2κrn.

If r0 ≤ |S(p)|
C0

, plugging in r = r0
2 gives

|S(p)| ≤

√
2n+2m

κrn0
.

Otherwise plugging in r = |S(p)|
2C0

we see

|S(p)| ≤ 2

(
Cn
0m

κ

) 1
n+2

.

Taking the maximum of the two quantities on the right hand side and fac-

toring out m
1

n+2 completes the proof. □

To take advantage of the above lemma, we need the evolving metric gt to
stay κ-noncollapsed along the mean curvature flow. First, define

(6.1) µ(t) :=

∫ t

0
2 sup

Ls

(|A||H|)ds.

We now demonstrate the following:

Lemma 6.3. Suppose L0 is κ-noncollapsed at scale r0 at t = 0. For later
times Lt is κe−(n+1)µ(t)-noncollapsed at scale r0.

Proof. By Lemma 4.2, we see

| d
dt
gij | ≤ 2|A||H| and | d

dt
volg| ≤ 2|H|2volg,

from which we conclude the distance function dgt(p, q) on L satisfies

e−µ(t)dg0(p, q) ≤ dgt(p, q) ≤ eµ(t)dg0(p, q)

as well as

e−µ(t)volg0 ≤ volgt ≤ eµ(t)volg0 .

Putting these together gives, for r ≤ r0,

Volgt(Br(p)) =

∫
Br(p)

volgt ≥
∫
B

e−µ(t)r
(p)

e−µ(t)volg0 ≥ κe−(n+1)µ(t)rn.

□

Thus we see that as long as the second fundamental form and mean
curvature stay controlled in C0 along the flow, so will the non-collapsing
constant.
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We now turn to the control along the mean curvature flow of λ1
1. Note

that if λ0
1 denotes the first non-zero eigenvalue of the scalar Laplacian, and

ρ1 denotes the smallest nonzero eigenvalue of the Hodge Laplacian on d∗-
exact one forms, then by Hodge decomposition λ1

1 = min{λ0
1, ρ1}, and so

it suffices to estimate each quantity individually. In [1, Lemma 2.3] it is
demonstrated that along the mean curvature flow

(6.2) e−3µ(t)λ0
1(0) ≤ λ0

1(t) ≤ e3µ(t)λ0
1(0).

Thus, to demonstrate that λ1
1 does not degenerate along the flow, we need

control of ρ1(t). In fact, using a similar Rayleigh quotient argument as the
one from [1], we can prove:

Lemma 6.4. Let ρ1(t) be the first eigenvalue of the Hodge Laplacian □ :
W 2,2(Ω1(L)) ∩ ker(d)⊥ → L2(Ω1(L)) ∩ ker(d)⊥ with respect to gt evolving
along the mean curvature flow. Then one has the following control

e−2µ(t)ρ1(0) ≤ ρ1(t) ≤ e2µ(t)ρ1(0).

Proof. The space ker(d)⊥ is isomorphic to the range of d∗ on Ω2(L). There-
fore, for β ∈ ker(d)⊥, we have □β = d∗dβ and (□β, β)L2 = |dβ|2L2 . Thus,
ρ1(t) can be computed by the Rayleigh quotient

ρ1(t) = inf
β∈ker(d)⊥

∫
L |dβ|2gtvolgt∫
L |β|2gtvolgt

.

Consider the orthogonal projection πt : L
2(Ω1(L)) → L2(Ω1(L))∩ker(d)⊥.

For any 1-form β we have dβ = dπtβ since (I −πt)β is d-closed. This allows
us to rewrite the above Rayleigh quotient as

ρt(t) = inf
β/∈ker(d)

∫
L |dβ|2gtvolgt∫
L |πtβ|2gtvolgt

.(6.3)

The advantage of the second expression is that while ker(d)⊥ depends on
the metric gt, the space ker(d) is constant along the flow. Thus, the 1-from
β will not change along the mean curvature flow.

We now separately estimate the evolution along the flow of the denomi-
nator and the numerator of the Rayleigh quotient. First∣∣∣∣ ddt

∫
L
|dβ|2gtvolgt

∣∣∣∣ ≤ 2∥ġt∥L∞(gt)

∫
L
|dβ|2gtvolgt .

Applying Lemma 4.2 gives | ddtgij | ≤ 2|A||H|, which implies

e−µ(t)

∫
L
|dβ|2g0volg0 ≤

∫
L
|dβ|2gtvolgt ≤ eµ(t)

∫
L
|dβ|2g0volg0 .(6.4)

On the other hand, observe that the denominator of (6.3) can be rewritten
as ∫

L
|πtβ|2gtvolgt = inf

γ∈ker(d)

∫
L
|β − γ|2gtvolgt .
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Again from the evolution of the metric, we have∣∣∣∣ ddt
∫
L
|β − γ|2gtvolgt

∣∣∣∣ ≤ 2∥ġt∥L∞(gt)

∫
L
|β − γ|2gtvolgt ,

which implies that

e−µ(t)

∫
L
|β − γ|2g0volg0 ≤

∫
L
|β − γ|2gtvolgt ≤ eµ(t)

∫
L
|β − γ|2gtvolg0 .

Taking infimum on both sides over γ ∈ ker(d), we reach

e−µ(t)

∫
L
|π0β|2g0volg0 ≤

∫
L
|πtβ|2gtvolgt ≤ eµ(t)

∫
L
|π0β|2g0volg0 .(6.5)

The lemma then follows by combining (6.4) and (6.5). □

The above lemma, along with (6.2), allows us to conclude

(6.6) e−3µ(t)λ1
1(0) ≤ λ1

1(t) ≤ e3µ(t)λ1
1(0),

giving the desired control.

7. Convergence

We are now ready to prove our main convergence result. Recall that if
|ω| is sufficiently small then g and η are equivalent, i.e. (5.1) holds. As a

result if |H| is exponentially decreasing, so is |H⃗|. Since certain formulas

along the mean curvature flow are easier to state using H⃗, this will be an
important observation. Additionally, for this section we focus on the λ ≥ 0
case, as the negative Kähler-Einstein case is done in the exact same way.

Fix a totally real submanifold L0 of (X, g, ω). Assume L0 has the follow-
ing control of geometric quantities: the second fundamental form satisfies
supL0

|A|2 ≤ Λ, the volume is given by Vol(L0) = V , the first nonzero eigen-

values λ1
1 associated to the Hodge Laplacian on Ω1(L0) satisfies λ

1
1 − λ ≥ a,

and L0 is κ-noncollapsed on scale r. Finally, assume that the mean curvature
one form H and restricted Kähler form ω satisfy the estimate

sup
L0

Λ−1|H|2 + sup
L0

|ω|2 ≤ ϵ.

Let Lt be the solution of the mean curvature flow starting at L0.

Definition 7.1. We say the solution to the mean curvature flow Lt has
(b, ϵ)-control at time t if

(1) The second fundamental form satisfies

|A(t)|2 ≤ bΛ.

(2) The volume satisfies

(bV )−1 ≤ Vol(Lt) ≤ bV.
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(3) The first nonzero eigenvalue λ1
1(t) associated to the Hodge Laplacian

on Ω1(L) satisfies

λ1
1(t)− λ ≥ ab−1.

(4) Lt is κb−1-noncollapsed on scale r.
(5) The mean curvature one form H and the restricted Kähler form ω

satisfy
sup
L

Λ−1|H|2 + sup
L

|ω|2 ≤ ϵ.

We also assume that

(7.1) sup
x∈B

Λ−1/2R
(L0)

|∇ℓRm|2 ≤ Λ2+ℓ for 0 ≤ ℓ ≤ 5.

Our first goal is to achieve short time control of the above quantities.

Lemma 7.2. Suppose L0 has (1, ϵ)-control and let Lt be the solution to the
mean curvature flow starting at L0. Suppose that (7.1) holds. Then, for all
δ ≤ 1, there exists a constant C depending only on n such that, if we set

tδ =
1

CΛ
min

{
δ, ϵ−1/2R, δϵ−1/2min

{
1,

λ1
1(0)− λ

λ1
1(0)

}}
,

then for all t ∈ [0, tδ], Lt has ((1+δ), (1+δ)5ϵ) control, and Lt ⊆ B 1
2
Λ−1/2R(L0).

Proof. Define times

TA := sup{s > 0 : |A|2(t) ≤ (1 + δ)Λ for all t ∈ [0, s)}
Tω := sup{s > 0 : |ω|2(t) ≤ (1 + δ)ϵ for all t ∈ [0, s)}
TH := sup{s > 0 : |H|2(t) ≤ (1 + δ)4Λϵ for all t ∈ [0, s)}
TR := sup{s > 0 : Lt ⊂ B 1

2
Λ−1/2R(L0) for all t ∈ [0, s)}

By integrating the mean curvature we have TR ≥ min{TH , 1
CΛϵ

− 1
2R}.

We first estimate TA. Suppose that TA ≤ TR. By [24, Corollary 3.9], along
the mean curvature flow the second fundamental form squared satisfies the
differential inequality:

(7.2)
d

dt
|A|2 ≤ ∆|A|2 + 4|A|4 + 20|Rm||A|2 + 4|∇Rm||A|.

We show a lower bound for TA that depends only on Λ, δ. Note that since
we are assuming TA ≤ TR it holds

d

dt
|A|2 ≤ ∆|A|2 + 200Λ2

for t ∈ [0, TA). By the maximum principle

|A|2(t) ≤ sup
L0

|A|2(0) + 200Λ2t.(7.3)

Thus, TA ≥ δ
CΛ for a fixed constant C. In conclusion we have that, in any

case, TA ≥ min{TR,
δ

CΛ}.
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We next consider the restricted Kähler form. If we assume that Tω ≤
min{TA, TR}, then inequality (5.7) implies

d

dt
|ω|2 ≤ ∆|ω|2 + 100Λ|ω|2.(7.4)

By the maximum principle and ODE comparison we conclude Tω ≥ δ
CΛ for

a fixed constant C. Thus,

Tω ≥ min{TA, TR,
δ

CΛ
} ≥ min{TR,

δ

CΛ
}.

We turn to the mean curvature. It suffices to estimate TH under the
assumption that TH ≤ TR. It is convenient to use [24, Corollary 3.8], which
gives the evolution of the mean curvature vector along the mean curvature
flow in any codimension:

d

dt
|H⃗|2 ≤ ∆|H⃗|2 + 4|A|2|H⃗|2 + 2|Rm||H⃗|2.(7.5)

As long as t lies in the interval [0,min{TA, Tω}), we can choose ϵ smaller
than a dimensional constant so that (5.1) applies. In this case we have

|H⃗|2(t) ≤ 16Λϵ, and so

d

dt
|H⃗|2 ≤ ∆|H⃗|2 + 10Λ|H⃗|2.

By the maximum principle and ODE comparison we conclude that TH ≥ δ
CΛ

for a fixed constant C. Thus, we have that if TH ≤ min{TR, TA, Tω}, then

TH ≥ δ

CΛ
.

As a result we conclude that

min{TA, Tω, TH , TR} ≥ 1

CΛ
min{δ, ϵ−

1
2R}.

Finally, recall the quantity µ(t) from (6.1). We have already seen in the

proof of Lemma 6.3 that the volume form satisfies e−µ(t)volg0 ≤ volgt ≤
eµ(t)volg0 . Using (7.3) and the definition of µ(t) it is easy to conclude (1 +
δ)−1V −1 ≤ volgt ≤ (1+δ)V for t small enough. The non-collapsing constant
κ satisies the desired bounds as well.

Equation (6.6) gives λ1
1(t) ≥ e−3µ(t)λ1

1(0). Thus, as long as

(7.6) µ(t) ≤ −1

3
log

(
λ1
1(0) + δλ

(1 + δ)λ1
1(0)

)
we see

(7.7) λ1
1(t)− λ ≥ e−3µ(t)λ1

1(0)− λ ≥ λ1
1(0) + δλ

(1 + δ)
− λ ≥ λ1

1(0)− λ

(1 + δ)
≥ a

1 + δ
.

In fact, the expression on the right hand side of (7.6) is bounded below by
δ

1+δ
λ1
1(0)−λ

3λ1
1(0)

, and as a result we only need µ(t) less than this quantity. By
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the definition of µ(t) it then suffices to choose t so that

t ≤ δ

ΛC
ϵ−

1
2 min

{
1,

λ1
1(0)− λ

λ1
1(0)

}
.

This completes the proof of the lemma. □

The main theorem is an immediate consequence of the following Propo-
sition.

Proposition 7.3. Suppose L0 has (1, ϵ)-control and let Lt be the solution
to the mean curvature flow starting at L0. Suppose that (7.1) holds. Define

Tmax := sup{T > 0 : Lt ⊂ BΛ−1/2R(L0) has (4, 20ϵ
1

n+2 ) control ∀t ∈ [0, T )}.

If ϵ is sufficiently small, depending only on background geometry at time
t = 0, then Tmax = ∞, and the mean curvature flow converges exponentially
fast to a minimal Lagrangian in BΛ−1/2R(L0) .

Proof. Fix ϵ < 1
2 min{1, R2,

(
λ1
1(0)−λ

λ1
1(0)

)2
}. By the previous lemma there

exists a time t1 so that Lt has (2, 10ϵ) control for t ∈ [0, t1) and Lt ⊂
B 1

2
Λ−1/2R(L0). Note ϵ < ϵ

1
n+2 , which implies 0 < t1 < Tmax. Now, sup-

pose that Tmax is finite. We show that Lt actually has (3, 3ϵ
1

n+2 ) control for
t ∈ [ t12 , Tmax), and then derive a contradiction.

First choose ϵ small enough to guarantee Proposition 5.1 holds on the
interval [ t12 , Tmax), precisely

(7.8) ϵ
1

n+2 ≤ 1

C
min{1, a

6

Λ6
}min

{
1,

λ1
1(0)− λ

λ1
1(0)

}
.

This implies∫
Lt

|H|2 ≤ e−
at
80

∫
L t1

2

|H|2 ≤ e−
at
80 sup

L t1
2

|H|2Vol(L t1
2
) ≤ e−

at
80 20V Λϵ,

since L t1
2
has (2, 10ϵ) control. To improve this to C0 exponential decay, note

the smoothing estimates of Proposition 4.8 imply |∇H|2 ≤ 2CΛ
t1

, where C

depends only on n. By making C larger (if necessary), Lemma 6.2 now gives

sup
Lt

|H|2 ≤ Cmax

{
( Λt1 )

n
n+2

κ
2

n+2

,
(V Λϵ)

n
n+2

κrn0

}(
e−

at
80V Λϵ

) 2
n+2

.

Set α = a
40(n+2) , and substituting t1 = (CΛ)−1 we get

(7.9) sup
Lt

|H|2 ≤ Λϵ
1

n+2Cmax

{(
ΛnV 2ϵ

κ2

) 1
n+2

,
V ϵ

n+1
n+2

κrn0

}
e−αt.
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Choosing

(7.10) ϵ ≤ 1

C
min

{
κ2

ΛnV 2
,

(
κrn0
V

)n+2
n+1

}
yields

(7.11) sup
Lt

|H|2 ≤ Λϵ
1

n+2 e−αt

for all t ∈ [ t12 , Tmax). Note, in particular, that this yields an estimate on the
Hausdorff distance from Lt to L0. Precisely, we have

dH(Lt, L0) ≤ CΛ1/2

(√
ϵt1 + ϵ

1
2(n+2)

∫ ∞

t1

e−
α
2
tdt

)
.

Hence we see that Lt ⊂ B 1
2
Λ−1/2R(L0), provided

ϵ ≤ 1

C
min

{
R2,

( a
Λ

)2(n+2)
}
.

We can perform the same argument for |ω|. For t ∈ [ t12 , Tmax), combining
Proposition 3.1 with Proposition 5.1 gives∫

Lt

|ω|2 ≤ C

λ1
1(t)− λ

max

{
1,

λ1
1(t)

λ1
1(t)− λ

}∫
Lt

|H|2

≤ C

a
max

{
1,

λ1
1(0)

λ1
1(0)− λ

}
e−

at
80

∫
L t1

2

|H|2

≤ C

a
max

{
1,

λ1
1(0)

λ1
1(0)− λ

}
V Λϵe−

at
80 .

Recall |∇ω| ≤ 2|h| ≤ 4
√
Λ. Again for some C depending only on n, Lemma

6.2 implies

sup
Lt

|ω|2 ≤Cmax

Λ
n

n+2

κ
2

n+2

,

(
max

{
1,

λ1
1(0)

λ1
1(0)−λ

}
a−1V Λϵ

) n
n+2

κrn0


·
(
max

{
1,

λ1
1(0)

λ1
1(0)− λ

}
a−1e−

at
80V Λϵ

) 2
n+2

.

Choosing
(7.12)

ϵ ≤ 1

C
min

κ2
(
a2

Λ2

) min{1, λ
1
1(0)−λ

λ1
1(0)

}

ΛnV 2
,

(
a

Λ
· κr

n
0

V
·min

{
1,

λ1
1(0)− λ

λ1
1(0)

})n+2
n+1


we obtain

(7.13) |ω|2 ≤ ϵ
1

n+2 e−αt
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for any time t ∈ [ t12 , Tmax). In particular, we conclude

sup
Lt

Λ−1|H|2 + sup
Lt

|ω|2 < 3ϵ
1

n+2 .

Next we turn to the second fundamental form term. The well-known for-
mula for the time derivative of the second fundamental form along the mean
curvature flow (see e.g. [24, Equation (27)]) yields the following inequality

d

dt
|A|2 ≤ 2|∇2H⃗||A|+ 4|A|3|H⃗|+ 2|Rm||A||H⃗|.

Because |ω| is small, (5.1) and (7.11) give that |H⃗| is also decaying expo-

nentially. Using this, and that Lt has (4, 20ϵ
1

n+2 ) control, we see

(7.14)
d

dt
|A|2 ≤ 2|∇2H⃗||A|+ CΛ2ϵ

1
2(n+2) e−

αt
2 .

We would like the entire right hand side to be exponentially decaying. To
accomplish this, we use integration by parts and the smoothing estimates of
Proposition 4.8 to see∫

Lt

|∇2H⃗|2 ≤
∫
Lt

|H⃗||∇4H⃗| ≤ CΛV

t21
ϵ

1
2(n+2) e−

αt
2 .

Lemma 6.2, together with t1 =
1

CΛ now implies

sup
Lt

|∇2H⃗| ≤ Cmax

Λ
4n

2n+4

κ
1

n+2

,
Λ

n
n+2

(
ΛV ϵ

1
2(n+2)

) n
2(n+2)√

κrn0

(Λ3V
) 1

n+2 ϵ
1

2(n+2)2 e
− αt

2(n+2) .

For the time being denote by B the scale invariant constant depending
only on background geometry at the initial time, so that

sup
Lt

|∇2H⃗| ≤ Λ
3
2Bϵ

1
2(n+2)2 e

− αt
2(n+2) .

Plugging this back into (7.14) we see

d

dt
|A|2 ≤ 2Λ2Bϵ

1
2(n+2)2 e

− αt
2(n+2) + CΛ2ϵ

1
2(n+2) e−

αt
2 .

Recall that for any constant c,
∫∞
0 e−ct = c−1. Thus integrating the above

expression in time for t ∈ [ t12 , Tmax), and absorbing constants depending on
n into B, gives

|A|2(t) ≤ |A|2( t1
2
) + Λ2Bϵ

1
2(n+2)2 α−1 + CΛ2ϵ

1
2(n+2)α−1.

We know |A|2( t12 ) ≤ 2Λ. As a result, we may choose ϵ small enough we can

ensure |A|2(t) ≤ 3Λ on [ t12 , Tmax). More precisely, we require

(7.15) ϵ ≤ 1

C
min

{( a
Λ

)2(n+2)2 κ2(n+2)

(V 2Λn)(n+2)
,

(
κrn0
V

·
( a
Λ

)2)2(n+2)
}
.
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Our next goal is to show that the volume, the eigenvalue λ1
1, and the non-

collapsing constant κ all satisfy the bounds of Lt having (3, 3ϵ
1

n+2 ) control.
Note that for t ∈ [ t12 , Tmax)

µ(t) =

∫ t

0
2(sup

Ls

|A|)(sup
Ls

|H|)ds

≤ 2
√
3Λ

(∫ t1
2

0
sup
Ls

|H|ds+
∫ t

t1
2

sup
Ls

|H|ds

)

≤
√
30ϵΛt1 + 6Λϵ

1
2(n+2)

∫ t

t1
2

e−
αt
2

≤
√
30ϵΛt1 + 12Λϵ

1
2(n+2)α−1.

Thus we can choose

(7.16) ϵ ≤ 1

C
min

{
1,
( a
Λ

)2(n+2)
}(

min

{
1,

λ1
1(0)− λ

λ1
1(0)

})2(n+2)

.

For an appropriate choice of C it is easy to achieve e−µ(t) ≥ 1
3 and so

e−µ(t)volg0 ≤ volgt ≤ eµ(t)volg0 implies

(3V )−1 ≤ e−µ(t)V ol(L0) ≤ Vol(Lt) ≤ eµ(t)Vol(L0) ≤ 3V.

Similarly, we have seen that if L0 is κ-noncollapsed at scale r0 at t = 0, it is
κe−(n+1)µ(t)-noncollapsed at scale r0 at later t. Thus, again we can choose
C so that κe−(n+1)µ(t) ≥ 3−1κ for t ∈ [ t12 , Tmax). Finally, by equation (6.6),

λ1
1(t) ≥ e−3µ(t)λ1

1(0). As in the the proof of Lemma 7.2, we can choose C so
that the choice of ϵ from (7.16) implies µ(t) is controlled by the quantity on
the right hand side of (7.6) for δ = 2. Equation (7.7) now gives

λ1
1(t)− λ ≥ 3−1a.

Taking everything into account, we have demonstrated Lt has (3, 3ϵ
1

n+2 )

control for t ∈ [ t12 , Tmax). By continuity LTmax has (3, 3ϵ
1

n+2 ) control. An

application of Lemma 7.2 starting at LTmax with δ = 1
3 shows there exists a

time tδ, so that if t ∈ [Tmax, Tmax + tδ), then Lt has (4, 20ϵ
1

n+2 )-geometry,
contradicting the maximality of Tmax. We conclude Tmax = ∞.

As a result the exponential decay (7.11) and (7.13) holds for t ∈ [ t12 ,∞),
and thus Lt converges to a minimal Lagrangian.

□

Remark 7.4. We can collect the dependencies of ϵ. Introduce the scale
invariant quantities

B0 = ΛnV 2, B1 =
a

Λ
, B2 =

κrn0
V

, B3 = min

{
1,

λ1
1(0)− λ

λ1
1(0)

}
.
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Note that B2, B3 ≤ 1. Then from (7.8), (7.9), (7.10),(7.12), (7.15), and
(7.16), we require (after removing redundancies)

ϵ ≤ 1

C
min

{
R2, B

2(n+2)
3 , (B6

1B3)
(n+2),

κ2

B0
, B

(n+2)
(n+1)

2 ,
κ2B2

1B3

B0

}
ϵ ≤ 1

C
min

{(
B

2(n+2)
1

κ2

B0

)(n+2)

, (B2B
2
1)

2(n+2), (B1B2B3)
(n+2)
(n+1)

}
.

8. L2 small initial data

In this section we describe the extension of Theorem 1.2 to the case of L2

smallness of the initial data.

Theorem 8.1. Let (X, ḡ, J, ω̄) be a Kähler-Einstein manifold of complex
dimension n, and Kähler-Einstein constant λ. Let L ⊂ X be a compact,
smoothly immersed, totally real submanifold, and if λ = 0 assume the class
condition [ω] = 0 ∈ H2(L,R). Suppose that

(8.1) sup
L

|ω|2 < 1− δ.

In addition suppose that L satisfies the background geometry conditions (i)-
(v) of Section 1. Then there exists a constant ϵ depending only on n and

lower bounds for
κr20
V ,

λ1
1−λ
Λ , 1

ΛnV 2 , min{1, λ
1
1−λ

λ1
1

}, and R, such that, if∫
L
Λ−1/2|H|2 +

∫
L
|ω|2 ≤ ϵ,

then the mean curvature flow exists for all time and converges exponentially
fast to a minimal Lagrangian submanifold.

Proof. We sketch the proof. First note that, as long as |ω| < 1 on Lt we
know that Lt is totally real. Thus (8.1) can be viewed as a quantitative
totally real condition. From (7.2) there is a time t0 = 1

CΛ min{1, R} such
that, for all t ∈ [0, t0] we have

sup
Lt

|A|2 ≤ 2Λ,

and Lt ⊂ B 1
2
Λ−1/2R(L0). By the evolution of |ω|2 we have, as long as |ω| < 1,

d

dt
|ω|2 ≤ ∆|ω|2 + CΛ|ω|2 + Λ

|ω|2

(1− |ω|2)
.

The last term on the right hand side arises from the η−1 in the expression
for dH given in Proposition 2.3. From the above evolution equation, we can
find a time t1 = 1

CΛ min{δ2, R} ≤ t0 such that |ω|2 ≤ (1− δ
2) on [0, t1]. We

also see that the L2 norm of |ω| is controlled for small time.
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The evolution of the norm of mean curvature vector is given by (7.5).
After possibly increasing C, this equation allows us to see that the L2 norm
of |H| can not grow too quickly, and thus for all t ∈ [0, t1] we have

Λ−1/2

∫
Lt

|H|2 +
∫
Lt

|ω|2 ≤ 2ϵ.

Now, arguing as in Section 6 it is straightforward to check that the non-
collapsing, eigenvalue, and volume bounds are preserved up to appropriately
scaling them up by 2, or down by 1

2 , as long as we take t2 ≤ t1 to satisfy

t2 ≤
1

CΛ
log

(
min

{
2, 2

λ1
1

λ1
1 + λ

})
.

By the smoothing estimates of Proposition 4.8 together with Lemma 6.2
we conclude that, for all t ∈ [ t22 , t2]

Λ−1/2 sup
Lt

|H|2 + sup
Lt

|ω|2 ≤ Ψ(ϵ|δ,Λ, V, κ, r0),

where Ψ(ϵ|δ,Λ, V, κ, r0, λ1
1) → 0 goes to zero as ϵ → 0, fixing δ,Λ, V, κ, r0, λ

1
1.

We can now appeal to Theorem 1.2 to conclude the result. □
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