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RADNER EQUILIBRIUM AND SYSTEMS OF QUADRATIC BSDES
WITH DISCONTINUOUS GENERATORS

LUIS ESCAURIAZA, DANIEL C. SCHWARZ, AND HAO XING

ABSTRACT. Motivated by an equilibrium problem, we establish the existence of a solution for
a family of Markovian backward stochastic differential equations with quadratic nonlinearity
and discontinuity in Z. Using unique continuation and backward uniqueness, we show that
the set of discontinuity has measure zero. In a continuous-time stochastic model of an
endowment economy, we prove the existence of an incomplete Radner equilibrium with

nondegenerate endogenous volatility.

1. INTRODUCTION

The equilibrium problem. Equilibrium is a fundamental concept in economics. It deter-
mines asset prices in markets so that supply and demand are matched when agents trade
optimally. A milestone in the development of the theory was Radner’s [Rad82] extension of
the classical framework of Arrow-Debreu. This extension incorporates market incomplete-
ness in equilibrium models. The present paper focuses on an important source of market
incompleteness: the number of sources of randomness in the economic environment is larger
than the number of risky assets, so that agents cannot fully hedge the risk they face by
trading in the market. In a continuous-time stochastic model of an endowment economy,
we prove the existence of an incomplete Radner equilibrium whose asset price volatility is
determined endogenously.

Study on general equilibrium with incomplete markets (GEI) has a long tradition in the
economics literature. The incomplete market structure is valued in the economic literature
as an implicit model for the consequences of bounded rationality and the opportunistic be-
haviour of agents (cf. [MQ96|, p.30]). For discrete time GEI models with finite sample space,
we refer reader to the survey [Gea90] and the textbook [MQ96]. In particular, Duffie and
Shafer show in [DS85, [DS86] that equilibrium exists for generic endowments. For continuous
time models, Anderson and Raimondo emphasize in [ARO§] that “with dynamic incomplete-
ness, essentially nothing is known”. In recent years, some progress has been made by the
mathematical finance community, cf. [ZitlQ, CLM12, Zhal2, [CLI4] [CL15, (KXZ15, [LSS16]
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Jarl7, WZ20]. Nevertheless, general existence results for equilibrium in endowment economy,
similar to those considered by the aforementioned economists, still remain missing.

We consider a model of a financial market consisting of one riskless asset (bond) in zero net
supply and one risky asset (stock) in unit supply. The stock pays a random dividend at the
time horizon, normalized to be 1.@ A finite population of CARA agents trade both assets in
order to maximize their expected utility of terminal consumptionB Agents consume the profit
or loss that results from their dynamic trading and the random endowments they receive at
the time horizon. One example of a random endowment is an agent’s labor income, which
cannot be fully insured by dynamic trading due to moral hazard considerations. Therefore
we allow more than one source of randomness to define the random endowments of the
agents and the stock dividend. When CARA agents consume intertemporally, equilibrium
problems of a similar type were considered in [CLMI12], [CL14], and [LSS16], where the
existence of equilibrium is established under a linear structure for the stock dividend and
the random endowment. Whether equilibrium exists under general conditions still remains
an open problem, which will be addressed in the present paper.

Backward stochastic differential equations. Since the seminal paper [PP90], backward
stochastic differential equations (BSDEs) have been a subject of extensive study. Given
a time horizon (normalized to be 1) and a filtered probability space (€2, F, (F;)icpo,], P)
satisfying the usual conditions, a BSDE is an equation of the form

1 1
Y, = G—l—/ f(s, Y, Z)) ds—/ Z,dW,, te|0,1], (1)
t t

where W is a d-dimensional {F;}cjo1-Brownian motion, G € F; is an N-dimensional ran-
dom vector, and f : Q x [0,1] x RN x RV*4 — RY is called the generator of the BSDE.
A solution to () is a pair (Y, Z) of an N-dimensional semimartingale Y and an N x d-
dimensional adapted process Z so that () is satisfied a.s. for all ¢.

We characterize the equilibrium problem as a system of BSDEs where N the dimension of
the system corresponds to the sum of the number of agents in the economy and the risky asset.
The generator f depends on Z nonlinearly and exhibiting quadratic growth. The wellposed-
ness of systems of BSDEs (N > 1) whose generators are allowed to grow quadratically is an
important and long-standing open problem posed by Peng in [Pen99]. The wellposedness of
such systems with a “smallness” assumption on the L*-norm of G is established in [Tev0§].
Without further structural assumptions on f, solutions may not exist as is illustrated by
the example in [FdR11]. Several structural assumptions on f have been identified: [Tan03]
studies linear-quadratic systems, [CN15] proposes a special structure which, in a Markovian

IThis normalization simplifies the notation. All of our results hold for any finite horizon T > 0.
2 The benefit of CARA utility is highlighted in the aforementioned literature on dynamic incomplete

equilibria. The wealth-independence of the agent’s portfolio choice enables the characterization of equilibria

via systems of BSDEs or quasilinear PDEs.
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setting and using a change of probability measure, allows the problem to be transformed
into one which can be solved, [HT16] proposes a diagonally-quadratic structure under which
existence and uniqueness are obtained without the Markovian assumption. Superquadratic
cases in the Markovian setting are studied in [KLT19]. Also in the Markovian setting, ex-
istence and uniqueness are established under a general Lyapunov condition and an a priori
local boundedness assumption in [X218]. From an application point of view, the global exis-
tence and uniqueness of Radner equilibria is studied in [KXZ15] and obtained in a Markovian
setting. Systems of BSDEs with quadratic growth in Z are also applied to other types of
equilibrium problems, see [KP16] for a price impact model and [WZ20] for an equilibrium
problem in an annuity market. Related PDE approach is taken in [Zit12, [Zhal2, [CL15].

The system of BSDEs considered in the present paper departs from the aforementioned
literature because its generator f is discontinuous in z. A standard technique to construct a
solution to () is to consider a family of approximating BSDEs whose generators f, are well-
behaved and converge to f as n — oo. Let (Y,, Z,) be the solution of the approximating
BSDE with generator f,. Suppose that (Y, Z,), (or a subsequence thereof) converges to
(Y, Z). In order to verify that (Y, Z) is indeed a solution to (I), one needs to prove that,
for each t € [0, 1],

[ Fu(s,Y e Zus)ds = [ f(s, Y, Z,)ds, P—as., asn— oo, (2)

To this end, the continuity of f is a standard assumption; for N = 1 cases, see [LSM97] for
continuous generators with linear growth, [Kob00] and [BH06] for generators with quadratic
growth; for N > 1 cases, see [XZ18] and [HRI19] for generators with quadratic growth.

In the case of the equilibrium problem considered in this paper, f(z) is discontinuous at
the point |2°] = 0, where 2° is the first row of the N x d dimensional matrix z. Studying
the discontinuity of the stochastic process f(Z) is therefore closely related to determining
the zeros of the process Z, i.e., the nodal set of Z. When N > 1 and d = 1, [HM14] studies
a system of BSDEs with discontinuous generators which emerges from non-zero-sum Nash
games of bang-bang type. The generators of the BSDEs are modified at the nodal set of Z
to establish the existence of an equilibrium. A similar approach is used in the case when
d > 1in [HMI§]. When N = d = 1, [MPRI16] uses the representation of Z in terms of
Malliavin derivatives to study the existence of densities of BSDE solutions in a Markovian
setting. The nondegeneracy of Z ensures that the marginal law of Y is absolutely continuous
with respect to the Lebesgue measure on R. Using a PDE representation of Z, [CLQX20]
examines the nodal set and the monotonicity of Z. When d > 1 and N > 1, Z is vector- or
even matrix-valued. Using representations of Z to investigate whether some components of
Z equals zero becomes less effective. No general results beyond the linear case are available
to the best of our knowledge.



RADNER EQUILIBRIUM AND QUADRATIC BSDE SYSTEMS 4

In the equilibrium context, the discontinuity of f arises when the stock volatility degen-
erates. Nondegenerate volatility has been studied in the literature in the context of dynam-
ically complete Radner equilibria and the problem of market completion with derivatives,
cf. [AROS], [HMT12], [HR13], [Kral5|, and [Sch17]. Thanks to the market completeness,
the systems of equations are linear. Our incomplete market gives rise to highly nonlinear
systems, making the analysis of the stock volatility more challenging.

We hope to stress that the discontinuity of the BSDE systems considered cannot be re-
moved ex ante. Whether f(-, Y, Z) is continuous along the solution (Y, Z) depends on the
solution, which is determined ex post. We present sufficient conditions on problem primitives
so that the solution (Y, Z) avoids discontinuity of the function f.

Unique continuation property and backward uniqueness. In order to determine the
nodal set of Z, we borrow analytic tools: unique continuation and backward uniqueness. Let
us first briefly discuss these tools. Consider a scalar function w : [0,1] x R — R satisfying a
parabolic differential equation

Pu=W (Vu)" +Vu, over [0,1)x R (3)

where P := 0, + 3V - (A(z,t)V) is a (backward) parabolic operator with leading coefficients
A :[0,1] x R? — R™4 and functions W : [0,1] x R — R? and V : [0,1] x R? — R,
called respectively the first order drift term and the zero order potential. Recalling that
when %A is the identity matrix, W = 0 and V' = 0, the locally bounded solutions u to
the backward heat equation (B]) verify that w(¢,-) is an analytic function with respect to
the space-variables, for all times 0 < ¢ < 1, the historial study of the unique continuation
property consists essentially on trying to find minimal conditions on A, W and V such that
the solutions u to (3) preserve certain know properties of space analytic functions even when
A, W and V are not analytic. For example, the unique continuation studies the following
questions:

Does u satisfying ([B]) and u(r,-) =0 over {7} x B,, for some p >0 and 0 <7 < 1, imply
that u(7,-) = 0 over R4? If one knows that u(7,-) has a zero of infinite order at z = 0, for
some 0 < 7 < 1, does it follow that u(r,-) = 07

On the other hand, the Backward uniqueness investigates the following type of backward in
time uniqueness property:

Does u satisfying ([B]) and u(r,-) = 0 over R%, for some 0 < 7 < 1, imply that u = 0 over
[7,1] x RY?
We refer to the review [Ves09] for a textbook treatment on unique continuation properties
and backward uniqueness for solutions to second order parabolic equations.
For our application to BSDEs, consider a Markovian setting where G = g(X;) for a
function g : R? — R and a vector-valued forward process X. The BSDE () is expected
to admit a Markovian solution (Y, Z) = (v, uo)(-, X) for functions v : [0,1] x R? — RV,
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w : [0,1] x RT — R¥*4 and the volatility o of X. Suppose that w satisfies a system of
equations of type (B) with the terminal condition u(1,-) = Vg. The unique continuation
and backward uniqueness properties for u can help us investigate the nodal set of u. More
specifically, if the nodal set of u has positive Lebesgue measure on [0, 1] x R? then unique
continuation and backward uniqueness would imply that w = 0 on [0, 1] x R? which may
contradict with nonzero terminal condition Vg. Therefore the nodal set of w must have zero
Lebesgue measure on [0, 1] x R%,

Our contribution and main results. Motivated by the equilibrium problem, we consider
a family of Markovian BSDE systems whose generator has quadratic growth in Z, satisfies
the structural condition identified by Bensoussan and Frehse (cf. [BF02]) and an a priory
boundedness condition (cf. Assumption [5.1]later). Moreover, the generator is discontinuous
when the first row of the matrix-valued z is zero, that is when |2°| = 0. For bounded
terminal conditions satisfying certain global integrability conditions, we prove in Theorem
the existence of a solution (Y, Z) where Y and Z are both bounded and Z°, the first
row of Z, is nonzero almost everywhere. As an application, Theorem [3.4] establishes the
existence of a Radner equilibrium in which the stock volatility is nondegenerate almost
everywhere. Once the equilibrium is characterized by a system of BSDEs or PDEs and the
existence of its solutions is established, one can employ standard numeric methods for PDEs
to study equilibrium quantities in models with economic interest. We explore this direction
in Example [4.4] We also identify three economies in which we obtain explicit solutions for all
equilibrium quantities including stock expected return, volatility, and optimal strategies of
agents. Example[4.1] considers an economy where the market is complete, that is when d = 1,
Example presents a case where agents only trade in the market to exchange hedgeable
risk, and Example [4.3] studies an incomplete economy in which the stock dividend and the
endowments are Gaussian distributed.

The present paper contributes to the literature in several ways. First, we present a self-
contained backward uniqueness result over R? in Theorem for a vector-valued function
u which satisfies a second order backward parabolic differential inequality with variable
time-dependent leading coefficients, a bounded first order drift term, and an unbounded
potential of zero order term. To our surprise, despite of the simplicity of the question raised
in the statement of Theorem and of the large number of related existing publications, we
found that the result in Theorem [7.2 has not been considered in the current literature on
backward uniqueness for second order parabolic equations (cf. [Lax56l, IY58] [LM60), P61
ANG7, Kur94l, [ESS03a, [ESS03b, [ESS04, Kuk04, Ngul0, DSJP15, WZ15, WZ16, WZ19]) or
in related publications on unique continuation properties of their local solutions (cf. [LO74
Lin90, [SS87, [Sog90], [HLI4, [Che96| [Poo96, [Esc00, [EVO1L, [EF03, Fer03, [AV04, [EFV06, KT09]).
More specifically, the following list outlines papers which handle some aspects of modelling
components that we need:
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e Variable leading coefficients are considered in [SS87, [Lin90, [EF03| [Fer03, WZ15,
WZ16, WZ19]. But |Lin90] studies time-independent coefficients and other papers
focus on bounded zero order potentials.

e Unbounded zero order potentials satisfying some integrability assumptions are studied
in [Sog90]. However the set {4 = 0} is assumed to be open, while we need to work with
a measurable set for our aforementioned argument by contradiction. [Esc00, [EVO1]
KT09] also consider unbounded potentials, but focus only on unique continuation
properties.

To study our incomplete equilibrium model, we need to work with a unbounded zero order
potential, because the second order spatial derivative of agent’s certainty equivalent is only
globally L% integrable. In order to work with all modelling components, we overcome
several technical difficulties. First, in order to work with a measurable set {u = 0}, we
extend techniques in [Reg01] for elliptic equations to parabolic equations, meanwhile adjust
arguments in [EFV06] to handle unbounded zero order potential. Second, the Carleman
inequality we derive in Lemma [7.7] contains an additional term, which is ignored in [EF03].
This additional term helps us handle the unbounded zero order potential. Consequently,
we present all ingredients in the proof of Theorem [7.2], whose statement is not covered by
aforementioned literature.

Our unique continuation and backward uniqueness results imply that |ZO\ # 0 almost
everywhere, hence the discontinuity of f is avoid and the convergence in (2)) holds. Our
result could be useful to study BSDEs with discontinuous generators and nodal sets of Z, in
particular in the case when d > 1.

Second, we obtain a general existence result for an incomplete Radner equilibrium in a
continuous-time endowment economy. To the best of our knowledge, this is the first time such
result is obtained. We focus on the setting with discrete dividend and random endowment.
While the study of this setting is well understood in discrete-time (cf. [MQ96]), results in
continuous time are rare to date. Continuous dividend and random endowment setting is
studied in [CLM12], [CL14], and [LSS16], where a linear structure is explored to establish
equilibrium quantities explicitly. As soon as one moves away from this linear structure,
an abstract study of the equations characterising the equilibrium becomes necessary and
the technical challenges we face in this paper appear. Going beyond the linear setting also
generates new economic insight. Example [£.4] numerically shows that nonlinear discrete
random endowment can generate excess equity premium comparing to its complete market
analogue.

In [WZQO], an equilibrium model where the agents only trade a stochastic annuity is
studied and volatility of the annuity is also determined endogenously. In this case, agent’s
optimal holding in the annuity does not depend on the endogenous volatility, so the issue of
degenerating volatility does not appear.
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Our results also relate to the literature studying endogenously complete dynamic equilibria.
In the study of these problems the non-degeneracy of the stock price volatility is shown
to follow from the time analyticity of the solution of the linear PDEs characterising the
stock price. We replace the analysis of the time analyticity of solutions of linear PDEs
with backward uniqueness results for nonlinear PDEs. We show that the time analyticity
assumption on model coefficients can be replaced with weaker conditions in the case of a
single stock (cf. Theorem for the precise statement of these conditions).

Third, more technically, we complement the Holder estimate of solutions to systems of
quadratic BSDE in [XZ18] with a local Sobolev norm estimate on an unbounded domain.
This result parallels the boundary Sobolev estimate in [BF02, Proposition 5.1] which applies
on a bounded domain. In combination with the classical Sobolev embedding theorem, this
Sobolev norm estimate allows us to show that Z is bounded. Applying this norm estimate
to an approximating sequence of a quadratic BSDE system with continuous generator, one
could establish the uniform BMO-norm estimate of Z" - W needed to construct a solution
by the stability argument in [HRI9].

Structure of the paper. The remainder of the paper is organized as follows. The equilib-
rium problem is presented in §2] and subsequently characterized via a system of BSDEs in §3|
The main equilibrium result is also presented in §3] and followed by four examples in §4. A
class of quadratic BSDE systems with discontinuous generators is introduced and the main
existence result is presented in §0l In §0l a sequence of approximating BSDEs is constructed
and properties and convergence of solutions are analyzed. A self-contained backward unique-
ness result is presented in §71 Additional proofs are presented in §8.  Finally, some potential
future research questions are discussed in §9l

Notation and conventions. We mark row vector or matrix valued functions or processes
by bold symbols, except the R%valued spatial variable z which is an independent variable.
Superscripts indicate components in a vector or matrix valued object. For a (I + 1) x d
matrix z, we denote 2° and 2%, for i = 1,...,I, rows of z from the first to the last. The
superscript T of a matrix indicates its transpose. Subscripts are time index or index in a
sequence.

For a scalar function v : [0,1] x R? — R, Vv is the gradient as a R%valued row vector.
For a vector-valued function v : [0, 1] x R? — R+ Vv is understood as the RU+HD*yalued
Jacobian matrix.

For 1 < p < oo, v € (0,1] and a domain B C R? with its closure B, Sobolev spaces
W2(B), W2 (B), W}r*((0,1) x B), W,2.((0,1) x R?) and Hélder spaces C27([0, 1] x B) and

p,loc

C'*2247([0,1] x B) are defined as in [LSUGT]. L>® + L2 is the following class of functions

{F:0,xR*=R: f=g+h,gec L>=((0,1) x R, h e L*2((0,1) x R))}.
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The vectorial version is defined analogously. The Banach space L°L2([0,7] x RY) is the
space of functions f : [0,7] x R? — R with the finite norm

1
2
||fHLg°L§([0,T]de) 1= €SSSUDy¢(0,77] ( fRd | f(t, 35)|2d35) .

For a filtered probability space (€2, F, (F¢)icpp,1]; P), E¢[-] denotes the conditional expecta-
tion E[-| 5], HO(R?) is the class of R%-valued progressively measurable processes, n-S denotes
the stochastic integral [; 7,dS;, and £(n-S) is the stochastic exponential exp (—4(n-S)+n-S).

2. THE MODEL

Time and uncertainty are described by a filtered probability space (€2, F, (F¢)icpo,], P)
satisfying the usual conditions. The initial o-algebra Fj is trivial and F = Fi.

There exists a single perishable and perfectly divisible consumption good in the economy
which serves as numéraire: income, consumption and prices are expressed in units of this
good. A total of I agents, whose lifespan is represented by the interval [0, 1], populate the
economy. Agents are endowed with an endowment E = (E")Z-:Lm,[, where each F' is a
random variable measurable with respect to F;. Wealth may be consumed at the end of the
time horizon only and the agents’ preference ordering over consumption is represented by
CARA utility functions

Ul(x) = —e o, reR, 1=1,...,1

Hence individual agents may differ in their degree of risk-tolerance §° > 0.

The financial market consists of one riskless asset (bond) in zero net supply and one risky
asset (stock) in unit net supply. The price of the riskless asset is assumed to be constant,
equivalent to the assumption of the interest rate being zeroB The stock pays a dividend
€ € Fi. At the initiation of the market, the unit of stock is distributed amongst the agents,
thereafter it can be traded without any frictions. Throughout time the agents’ positions in
the stock are represented by a stochastic process 8 = (Qi)izl,,,,,l. At the end of the time
horizon the price S; of the stock equals the dividend; prior, on the time interval [0, 1) its
value S; is determined endogenously by the equilibrium conditions specified below. Notably,
the filtration in our setting will be generated by multiple sources of randomness. Therefore,
the risk transfers that agents can achieve by trading a single stock are limited and the market
is tncomplete.

Agents form self-financing portfolios in order to maximise their expected utility of terminal
consumption. Agent ¢’s optimization problem is

SupE [U" ( Joi s, + Eﬂ .

3Because agents in this economy only consume at the end of the time horizon, this assumption entails no

loss of generality.
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The CARA nature of the agents’ utility functions allows us to simplify notation by scaling
all variables

E £ S N , 5

— S = So = 0 —-— h b= 4
52 ? é- Zk 6k7 Zk 6k7 Oél’ where o Zk 6k ( )
Hence o' € [0,1] and >, o' = 1. Hereafter the variables (E, &, S, 0) will always represent the
scaled, dimensionless quantities. The scaling of consumption has the effect that all agents

E' —

now rely on the same utility function U = U(z) when computing their preference ordering

over scaled consumption:
U(x) =—e", x e R.

Using the scaled variables agent i’s optimization problem is now of the form
supE [U( o8 ds, + E)] . (5)
61'

Throughout, the consistency of their mutual investment decisions is ensured by the equilib-
rium conditions laid out in the below definition.
Let Q = {Q'};=1. 1 denote the set of probability measures defined by
d@z U,(fol 9; ds; + Ez) e fy 03 dSi—E?

® g [o( [y e s+ B)] E[e ko asor]

If O is well defined, we call it the set of pricing measures.

Definition 2.1. A pair (0,5) consisting of a predictable process 8 = (6");—; ; and a

.....

semimartingale S is a Radner equilibrium, if

(i) the collection Q is well defined, S; = £ and, fori =1,..., I, the processes S and 6"- S
are Q'-martingales;
(ii) the stock market clears:

I
Y aigp=1,  telo,1]. (6)
i=1

The clearing condition (@) is formulated in terms of agents’ scaled positions in the stock.
It readily implies that in equilibrium agents’ unscaled holdings in the stock sum to one. We
do not explicitly state the clearing condition for the bond market. Condition (6) and the
self-financing nature of agents’ portfolios immediately imply that the agents’ positions in the
bond sum to zero.

The following lemma, the proof of which is presented in §8 recalls that in light of the
equilibrium stock price S the agents’ choice of strategy @ in the above definition is optimal.

Lemma 2.2. Let (0,S) be a Radner equilibrium according to Definition [21, then, for i =
1,...,1, it holds that E[|U(6" - S + E")|] < oo and

E[U( fy 6 asi+ B)| = E[U( 3 m as,+ E)],
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for all processes 1 such that n - S is a supermartingale under the pricing measure Q.

3. RADNER EQUILIBRIA AS SOLUTIONS TO A SYSTEM OF BSDES

We assume throughout the rest of the paper that the filtration (F)icpo,] is generated by
a d-dimensional Brownian motion W = (W7),_; 4.

Given a trading strategy 6 and a stock price S, we denote by R = (R');—;....; the agents’

-----

certainty equivalents of their continuation utilities, given by

R =U" (Et [U( 6 ds, + E)] ) (7)
The following theorem characterises Radner equilibria in terms of solutions to a system of

quadratic BSDEs. The vector-valued process ¢, 7%, i = 1,..., I, introduced in this theorem

are always considered as row vectors.

Theorem 3.1. A pair (0,5) is a Radner equilibrium if and only if there exist processes
R € HO(RY), ¢ € HO'(RY), and v € HO(RI*Y) such that (S, R,,~) satisfies, fori=1,...,1
and every t € [0, 1],

Se= €= (Spatrk+ €60 du— [1¢,
i i 1 i 1,
Ri= B+ 4 [ ((Cu+ X ok = 7i) §9) ey — 31l du— [ aw,
and such that 0 has the decomposition
T .
—1+(Zka 7t )‘§:|2> ZfCt%Oa (9)

or is arbitrarily chosen to satisfy (6)), if ¢, = 0, and the stochastic exponentials Z' =
E(—(v"+6°¢)-W) and the processes Z'S and Z'(6"-S) are P-martingales for alli =1,... 1.

(8)

Denote Z to be a RUFD*_yalued process whose first row is ¢ and other rows are specified
by 7. If we define the function f = (f°, f',..., f))(z) : RUFDxd 5 RIFL hy

fU(z) == (X, 02" +2")(z°)7,
fi(z) =3 (( + >, afz —z)(| )‘ ) Loz — 3127, i=1,...,1,

where the summation over k runs from 1 to I and z° denotes the first row of the matrix z,
then f(z) represents the generator of the BSDE system (8). Observe that f has quadratic
growth in z and that when >, af2% — 2% # 0, the maps 2° — fi(2z) are discontinuous at

(10)

|z°| = 0. To illustrate this point, let us consider the following example:

Ezample 3.2. Consider d = I = 2. Take >, a*2* — 2 = (1,0). Then, for any z > 0,

1 2°=(z0)
. 20)T
(Yo akzk — 27) Zg‘ =< —1 29=(-2,0)
0 2°=(0,2)

Therefore the previous expression is discontinuous at z° = (0, 0).
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The discontinuity of f*, i =1,...,I, at |2°| = 0 introduces major difficulties to establish
the existence of a solution (5, R, {,~y) to the BSDE system ({8]) in order to prove the existence
of a Radner equilibrium. In §8 we will study a family of BSDEs, containing (§), with
discontinuous generators at |2°| = 0 and construct a solution (Y, Z) such that |Z° # 0
a.s.-dt x dP.

We consider a Markovian setting in which randomness is driven by a d-dimensional process
X satisfying

dXt = b(t, Xt)dt + O'(t, Xt) th, XO given, (11)

where Xj and functions b : [0, 1] x R? — R9, & : [0, 1] x R? — R4 are given. Stock dividend
and endowment are specified by

£=¢°X)) and E'=g'(Xy), i=1,..., 1
We impose the following assumptions on the coefficients (b, o, g):

Assumption 3.3.

(i) The function b is once continuously differentiable in space and the function o is once
continuously differentiable in both time and space. Both functions and their first
order derivatives are globally bounded and

V|| oo ((0,1)xrd) + V|| oo 0,1)xre) + 11000 || oo ((0,1) xR < Lo

for some constant L.

(ii) The functions b, o, and their first order derivatives in space are Holder continuous
in time and space: there exists a € (0, 1] such that for all h € {V/, 09, 0t D0 :
i,5,k=1,...,d},

\h(t1,21) — h(t2, 22)| < Ly (|t — t2]2 + |21 — 22|%), for any t1,t; € [0,1], 21,72 € R™.

(iii) There exists a constant A > 0 such that the matrix-valued function A := oo’
satisfies
MEP < ETA(tz)E < XTYE?, for any (t,2) € 0,1] x R? and ¢ € R% (12)

(iv) The function g is twice continuously differentiable and g € W2 NW?2 (R%). Moreover,
there exists a point zy € R? such that |Vg¢®(zo)| # 0.

The previous assumption readily imply that the SDE in (1) admits a unique strong
solution X.
We now present our main result on the existence of Radner equilibrium.

Theorem 3.4. Let Assumption[3.3 hold. Then there exists a Radner equilibrium (0, S) with
nondegenerate stock volatility, i.e., || # 0 a.s.-dt x dP.
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When |{| # 0, we can define a 1-dimensional Brownian motion B via B; = J %qu.

Then the volatility part of the (scaled) stock price in the first equation of (§) is exactly |{|dB.
Therefore we call || the total volatility for the (scaled) stock price. The total volatility for
the (unscaled) stock price is >, 6¥|¢].

Remark 3.5. Uniqueness of equilibrium remains an important open question, which we left
for future investigation. As Remark .3 later explains, nondegenerate stock volatility is not
sufficient to ensure sufficient regularity of the BSDE generator f to establish the uniqueness
for solutions of the BSDE system ({]).

4. EXAMPLES

Our first example is an economy with one source of randomness, i.e., d = 1. The equilib-
rium market is endogenously complete.

Example 4.1. Assume that the dividend £ and the endowments FE satisfy
E[e—ﬂ < o0, E[e—%} < 0, E[e‘GEk} <oo k=1,...1,

where G = ¢ + Y, o"E*. Moreover, e"¢¢ is Malliavin differentiable and its Malliavin
derivative D;(e“¢) # 0 a.s. for any ¢ < 1.

We conjecture that the equilibrium volatility ¢ # 0 almost everywhere. In this case,
summing up all equations in (8) yields the following BSDE for S + Y, a*R¥:

Sit Sy ot Rl = G = § [ (Gt Typakl)? ds = [(Go+ Xpahl) W,
which can be solved by using an exponential transform (Cole-Hopf transform) to obtain
Si+ >, "R = —InE, [e‘G}
and ¢ + Y, @"y* can be identified as 3 from the martingale representation
de—(SttXp o Ry) _ — B, e Sty a* Ry) dw,, e it a*RY) _ ,—G

We now introduce an equivalent measure P ~ P via dP/dP|z, = E;Je"¢]/E[e~¢]. Then
Girsanov’s theorem yields that W := W + fo B, ds is a P-Brownian motion. It then follows
immediately from (R]) that

S, =TE,¢] and S, + 3, a"RF — Ri=E/[¢ + 3, o"E* — E7],

meanwhile ¢ and ¢ + Y, a*y¥ — 4" can be identified via above martingale representations
under P. Solving above equations, we can obtain R and ~* for each 7. On the other hand,
it follows from the Clark-Ocone formula that

E, [Dt(e_Gg)]
G = TR
Therefore the process ( is nonzero almost everywhere from our assumption. Finally, one can
verify 2! = dP/dP|x,, moreover Z'S and Z'(¢ - S) are P-martingales for all i = 1,..., 1.
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Therefore the solution of (§]) constructed above identifies an equilibrium thanks to Theorem

B.1

In the second example, there are two sources of randomness and agents’ random endow-
ments are the sum of a hedgeable and a non-hedgeable components. In equilibrium agents
trade the risky asset to exchange their hedgeable risk and shoulder their own non-hedgable
risk.

Ezample 4.2. Consider the case d = 2 with W = (W' W?), which are independent 1-
dimensional Brownian motions. Assume that the (scaled) dividend & € F}V" and the (scaled)
random endowment E' can be decomposed as E¥ = EF! + E¥2? with EF € .7:1W1 and
ER2 e FV ® for each k. Here FW' is the filtration generated by the Brownian motion
Wi We assume that ¢ and E*! satisfy the non-degeneracy, integrability and Malliavin
differentiability assumptions in Example 1] moreover,

E[e_Ek'2] <oo, k=1,...,1.
In this case, the system of BSDEs () admits an explicit solution (S, R, {,~) which satisfy
¢=(¢10), R =R"'+R7? ~=("1").

Here (S, R*', ¢!, v"1);=1; forms an complete market in the sub-filtration FWV'(RM2 452)
solves the following BSDE

7, i, 1 i 1 i
Ry* = EW — 5 [} i Pdu— [, yi2dw;?.

The process R"? is the (scaled) certainty equivalent for the agent i to shoulder the unhedge-
able random endowment E%2.

Our third example features Gaussian dividend and endowments. There exist a closed
form Radner equilibrium with an incomplete market. One can consider this example as the
terminal consumption analogue of [CLM12].

Ezxample 4.3. Consider (scaled) dividend and endowments of the form
E=b"W, and E‘'=b'W,, i=1,...,1,

where b” and b, i = 1,...,I, are all constant d-dimensional (row) vectors with |b°| # 0,
and W is the time 1 value of a d-dimensional Brownian motion W. In this case, the BSDE
system () admits an explicit solution

¢=0b", A'=b, i=1,...,1,
Sp=(t—1)(3, a*b" + %) (B°)T + bW,

Bi=(t=1)] = 3((0° + S ottt — b1) 83

2 . .
) +%|b’|2} +b W, i=1,...,1.
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Agent’s (scaled) optimal investment strategy is

g (BT, ()T
o°F G

—1,...,I. (13)

Observe that
(6" + 32, a*b")(B°)T = Cov(€ + 3, aFEF €), b'(B")T = Cov(E,€), |b°|? = Var(¢).

Reverse the scaling in (). Let S = Y, 085,& = 3, 6%¢, E* = §'E', and 6 = a'0' be the
(unscaled) stock price, dividend, endowment, and investment strategy, respectively. Then
the (unscaled) stock price has an expected return and variance

~ ~ ~~T
=g Cov(E, BM+ 68, ¢C = Var(), (14)
respectively. Agent’s (unscaled) optimal investment strategy is

~ @ Cov(¢ EY
g =gt _ =)
&el Var () (15)

Results in (I4) and (I5) have several economic implications, which are similar to the

economic results for equilibrium with intertemploral consumption in [CLM12]:

(i) Agent’s optimal investment strategy (3] can be decomposed as a mean-variance ef-
ficient component &° ﬁ/(&'é’T) and a hedging component Cov(€, E')/Var(€). When the
covariance between endowment and stock dividend is positive, investing in stock is
risky, because its final payoff is likely to co-move with agent’s endowment. Therefore,
agent reduces her holding in stock. Meanwhile, when the covariance between endow-
ment and stock dividend is negative, agent’s hedging component in positive. Agent
uses additional position in stock to hedge randomness in her endowment.

(ii) When the covariance between the aggregated endowment and the stock dividend in-
creases, stock expected return p increases to compensate the reduced demand from
agents. When aggregated endowment is deterministic, expected return is Var(g )/ > 0k,
which is the variance of dividend normaized by the aggregated risk tolerance of all
agents.

(iii) Consider a complete market benchmark with a representative agent whose aggregate
(unscaled) endowment is G = £+ 3 i E*. The (unscaled) stock price in the complete
market is given by

dQ

Seom — E2[¢],  where i

E, [e—é/ 2k 5’1
Fi B E[e_é/zk5k] .

(16)

The expected return and variance of S®™ is the same as in (I4]). This is observed in
[CL14] in equilibrium models among CARA agents with intertemporal consumption.
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When the endowments are nonlinear in the state variables, our last example below shows
numerically that the equilibrium quantities in incomplete markets can be different from their
complete counterpart.

Example 4.4. Consider an economy with two sources of randomness (W?, W?), which are
independent 1-dimensional Brownian motions. The consumption good produced at time 1 is
assumed to be oW/ +cW2. We interpret the first source of randomness 1! as the production
and the second source W? as the weather. There is only one risky asset, whose (unscaled)
dividend is the consumption good produced at time 1, i.e., E = oW} + cW2. Therefore the
market is incomplete. Two agents with CARA utilities trade in this market. Agent 1 holds
N units of put options on the weather risk with (unscaled) payoff P(W2) = — min{cW2,0},
so that E' = NP(W2); Agent 2 is the seller of options so that E? = —E".

Consider X = (oW, 0W?)" as the state variable, we solve the system of PDEs associated
to (8) to obtain the numeric results in Figures [Il and 21

In both figures, the complete market benchmark is calculated via (I€). When z, is far
away from 0, the put option is either in-the-money or out-of-the-money, put option payoffs
in these regimes are linear. As xs moves further away from 0, the incomplete equilibrium
converges to the situation in Example [£.3] whose equity premium and total volatility are the
same as their complete market counterparts. This is confirmed by the left and right tails in
the left and middle panels of Figures [Iland 2. When the put option is at-the-money, i.e., x5
close to 0, the nonlinearity of option payoff impacts the equilibrium quantities. The equity
premium in the incomplete market is larger than its complete market counterpart in both
figures, but the change in the total volatility is negligible. When 2? moves away from 0, each
agent’s (unscaled) optimal holding g’i, 1 = 1,2, also converges to its counter-part in the linear
payoff case in Example Using (I3), we obtain

14 N 2 2_ N 2
51_){a+5,x—>—oo and 52_){0&—;,:6—)—00
Q

al, 2?2 — 00 2 2 — 00

Here o' is the Pareto-optimal holding for the agent i and :I:% is the hedging component.
When x5 is negative, the put option holder chooses a positive hedging component in the risky
asset to hedge the put option payoff; meanwhile the put option seller takes a negative hedging
component. As x5 increases to be positive, the put option becomes out-of-the-money. The
hedging components vanish for both agents and their optimal holdings are determined by
the Pareto-optimal holding.

Figure [Il shows the equilibrium quantities when the number of put options is either N =1
or N = 2. The larger N is, the left and middle panels show that the larger deviations in the
equity premium and the total volatility from their complete market counter-parts.

Figure 2l plots the equilibrium quantities when the risk tolerance for the option holder is

1

ot = 3 or % and the risk tolerance for the option seller is 62 = % In the left panel when the
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FiGURE 1. Equilibrium quantities with different option leverage This
figure presents the equilibrium equity premium, stock total volatility Y, §%[¢],
and optimal positions for both agents at time 0 in both incomplete and com-
plete markets, when the number of put options is either N =1 or N = 2. The
parameters are T =1, 6 = %, =21 ando= 2\%" so that the total volatility

29
of € is 20%.

put option holder is less risk tolerant, the risk tolerance of the representative agent is smaller.
Hence the equity premium is higher in the complete market. Moreover, the deviations of
the equity premium and total volatility in incomplete markets from their complete market

counter-parts are also bigger when the option holder is less risk tolerant.

5. A QUADRATIC BSDE SYSTEM WITH DISCONTINUOUS GENERATORS

Motivated by the equilibrium problem in the previous section, we consider a class of
systems of Markovian BSDEs, which contains the system (§)) as a special case. Given the
process X satisfying ([IT]), we seek a pair of processes (Y, Z) which satisfies

Y, =g(X)) + /tl £(Z,) ds — /tl Z, dw, (17)

and such that the process Y is continuous, ftl f(Z,) ds and ftl |Z,|? ds finite a.s., for all
t € [0,1]. We call such a pair of processes a solution of the BSDE system (I7).

Due to the Markovian nature of the equation we exploit the duality between systems of
BSDEs and systems of semilinear PDEs in order to prove the existence of a solution (Y, Z)
to (). Specifically, we will construct a sufficiently regular function v : [0,1] x R? — RI*+1
such that

Y,=v(tX;) and Z;=(Vvo)(t,X),
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FiGURrE 2. Equilibrium quantities with different risk profile This figure
presents the equilibrium equity premium, stock total volatility, and optimal
positions for both agents at time 0 in both incomplete and complete markets
when the risk tolerance for the option holder is ' = % or % The parameters

_ _ 2 _ 1 _ 20%
are T'=1,N =2,0"= 3, and 0 = R

which solves the Cauchy problem

ot . .
— P f = t 1) x R?
T + Lv' + f'(Vve) =0, (t,z) €[0,1) x R, a8)
vi(1,)=g¢', veRYi=0,...,1,
where
1 . 52 d_ 9 i
== Al —_— — A= . 1
L 5 j]%:l (t,z) 5l O + jEZI v (t, x)ﬁxﬂ and oo (19)

Let 2° be the first row of 2z € RUTD*d Define = a
== {z e RUFDxd . 120 = 0},

We assume the following conditions on f:

Assumption 5.1.
(i) The function f° is zero on Z and it is locally Lipschitz continuous on RUFD*e  for
i=1,...,1, f"is locally Lipschitz continuous on RUTD*4\ =: for every compact set
K C RUFDX (if § = 0) or K € RUFVXIN\ = (if 4 = 1,...,I) there is a constant Ly

such that
(1) — Fi(z)| < Lokl — zol,  for any 21,2 € K.
(i) For each i =0,1,...,1, the function f* admits a decomposition of the form

fi(z) = 2'0'(2) + ¢'(2) + 5'(2),
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such that for all z € RUTD*? the functions ¢ : RUHD*d 5 R i - RUFDxd 4 R and
s RUFDXd 4 R satisfy

[0'(2)] < M |z],
' (2)] < M 325,127, (BF)
|s'(2)| < s(|2]),

for some constant M and a locally bounded function x : [0,00) — [0,00) which
satisfies lim, o #(r)/r? = 0.

(iii) There exist a sequence of functions L* : RUFDxd 4RI k=1 .. K, with K > I+1,
which satisfy |L*(2)| < Lo(1 + |z|) for some constant Ly, and a sequence of nonzero
vectors ai, . ..,ax € R’ which positively span R+, such that

1
ol (2) < Slal 2+ al 214(2), (WAB)

forall z ¢ RUtDxd and k=1,... K.

(iv) The first order derivative V f°, the (I + 1) x d matrix (0. f°), is locally Lipschitz
continuous on RUTV*4 For i = 0,1,...,1, let (V%) be the (i + 1)-th row of V f°.
There exists a constant M such that, for any z € RUT*d

(V) (2)] < M 2],

(VIO (2) < M2, i=1,... 1. (20)

Assumption [5.7] (ii) shows that its generator f has quadratic growth in z. BSDEs of this
type need structural conditions on f to ensure its wellposedness (see [FdR11]). The structural
condition (BE) was discovered by [BF02]. Condition (wAB) was proposed in [XZ18] to
provide a-priori L>-bound of the solution v to (). These two conditions combined provide
Holder estimates for v; see [BF02] and [XZ18].

In contrast to aforementioned literature, major difficulty raises in our current situation
due to the discontinuity of f* at = for i = 1,...,1. To construct a solution to (IT) or (IJ)),
one typically approximates the discontinuous f* by a sequence of well-behaved continuous
functions (f!),en. After establishing wellposedness for the approximating systems with the
generator f, and obtaining the solution v,,, one aims to construct a limit v from the sequence
(V)nen. In order to show that v is indeed a solution to the system ([I8)), one needs to prove
that the nonlinear term converges almost everywhere, that is to say that

fi(r, Vv,o) — f(Vva) almost everywhere, (21)

for any i = 1,...,I. Due to the discontinuity of f? at =, in order to establish the convergence
in (21I), we will prove a backward uniqueness result in §7. It shows that, when |V¢°(xq)| # 0

4A sequence of nonzero vectors aq, . ..,ax € RI*T! positively span R7*T! if for each @ € R+ there exist

nonnegative constants A1, ..., Ax such that \ia1 +--- + Agax = a.
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for some point zo (see Assumption B3 (iv)), then
|V1°| # 0 almost everywhere on [0, 1] x R?. (22)

To establish (22]), we need to establish global integrability of v and Vv. This requires the
global integrability of g in Assumption [3.3](iv) and that the growth bounds on the right-hand
sides of (BE])) and (20) do not have additive constants.

We now present our main existence result for the system of BSDEs (I7).

Theorem 5.2. Under Assumption [3.3 and [5.1, the multidimensional BSDE (I7) admits a
Markovian solution Y, = v(t, X,) and Z, = (Vve)(t,X,), t € [0,1], where v € L® NW,> N
W5 ((0,1) x RY) and Vo € L=((0,1) x RY). Moreover, the set

{(t,z) € [0,1] x R : |V’ =0}
has Lebesque measure zero.

Remark 5.3. Uniqueness result currently is out of reach and is left for future investigation.
This is because the generator f lacks the local Lipschitz property

}f(z) — f(i)‘ <C(l1+|z|+|2|)|z— 2|, forany z, 2z, (23)

for some constant C'. This local Lipschitz property is needed to compare two solutions and
is assumed for the uniqueness result in [X218, Theorem 2.14]. In our equilibrium application
[®), a sufficient condition for (23)) is |¢| bounded uniformly away from zero, which is difficult
to establish.

Remark 5.4. The statement of Theorem remains valid when the set of discontinuity = is
identified via several rows of z, rather than the first one, i.e.; there exists N < [ such that
without loss of generality = = {z € RUFDXd . |27| = 0 n =0,...,N}. Then the second
condition in Assumption (v) needs to be replaced by the existence of a point 2y € R? and
n € {0,..., N} such that |Vg"(x¢)| # 0. Moreover, Assumption [5.1] (i) and (iv) are replaced
by
(i") The functions f°, ..., f" are zero on Z and they are locally Lipschitz continuous on
RU+Dxd For j = N4 1,...,1, f is locally Lipschitz continuous on RU+D*d\ =,
(v’) For any n =0,..., N, the first order derivative V ™, the (I + 1) x d matrix (0, f"),
is locally Lipschitz continuous on RU+D*d  For 4 = 0,1,...,1, let (Vf")" be the
(i + 1)-th row of V™. There exists a constant M such that, for any z € RU+1)xd
andn=20,..., N,

(Vf™)i(2)] < M|z|, i=0,1,...,N,
(VFiz) < MYN 127, i=N+1,..., 1

Indeed, let w be a (N + 1) X d matrix with its n-th row «4™ = Vo". Then assumptions (i)
and (v') above together with other parts of Assumption B3] and 5] ensure that each w”
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satisfies assumptions in Lemma [[.1l with w therein replaced by the matrix-valued w. Then
by working with each row of the matrix-valued u, the proof of Theorem [7.2] which is applied
to the vector-valued w, also applies to the matrix-valued w.

6. A CANDIDATE SOLUTION

In this section, we will construct a candidate solution v for ([I8). First, we construct a
family of functions (f, )nen approximating f and consider the associated family of systems
of PDEs approximating (I8). Each function f, is Lipschitz continuous and has certain
important properties which we prove in Lemmal[6.Il These properties allow us to apply results
from [XZ18] to construct solutions (v,)nen to the approximating PDEs, and to show that
the sequence (v, )nen is bounded and locally Holder continuous, uniformly in n. Secondly, we
extend a Sobolev estimate for systems of PDEs whose nonlinearity exhibits at most quadratic
growth in the gradient term, which was first proved in [BF02] for bounded domains, to our
setting of unbounded domains to show that the sequence (v, ),en is locally bounded in the
W;72—norm. This allows us to prove in Corollary that the sequence (Vv,,)nen is globally
bounded and that its L°°-norm is uniformly bounded in n. Thirdly, we construct v by taking
a convergent subsequence of (v,)n,en. However, in order to send n — oo in approximating
system to verify that v is indeed a solution to the system (IS]), we need to prove ([22). To
prepare for this in the next section, we close this section with a global W;vQ—estimate for v
on (0,1) x R? in Proposition

6.1. An approximating family.

Lemma 6.1. Under Assumptions and [51] (i)-(ii1), there exists a sequence of Lipschitz
continuous functions (f,, )nen, which satisfies:

(i) Each f, : R x RUFDXd 5 RIFY gdmits the decomposition
fi(w, 2) = 20 (2, 2) + ¢ (x,2) + 8 (x,2), i=0,1,...,1, (24)

where 0, ¢!, and s, satisfy (BE) with the constant M and the function k independent
of n.
(ii) Each f, satisfies

1
ay fo(v,2) < Slag 2* + ap 2L (x, 2), (25)

where ay, . .., ay is the same set of vectors as in WADB|) which positively spans RI 1
and each L¥ is a bounded function.
(11i) Asn — oo,

2z, 2z) — fz), (z,2z) € RY x RUFDxd,
filx, z) = fi(2), (z,2z) € RY x (RUFDxI\ =),

with the convergence being uniform on compact subsets.
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(iv) For any locally bounded function h : [0,1] x R? — RUFVxd eqch £ (- h(-,-)) €
LP((0,1) x R?) for any p € [1,00].

Proof. To prove assertions (i) to (iv) above we truncate the quadratic growth of f, multiply
it with a function vanishing at 2° = 0 and localize it using the newly introduced space
variable z. Define a truncation function II,(2) := (]z| An)(z/|z|). It is Lipschitz continuous
and satisfies |I,(z)| = |z| An. Let ¢ : [0,00) — [0,00) be another Lipschitz continuous
function satisfying ¢(0) = 0 and ¢(r) = 1 when r > 1. Define ¢, (r) := @(nr). Let n be a
smooth cut-off function on R? such that n(z) = 1 when |z| < 1 and n(z) = 0 when |z| > 2.
Define n,(x) := n(z/n) for x € R?. The sequence of functions (f,,)nen is now defined in the
following way: for (z,z) € R% x RU+Dxd,

ful@, 2) = f1(ILa(2)en(12")a(z), i=0,1,....1. (26)

From the truncation function II, and the local Lipschitz continuity of 0 on RUTD*4 and
fPon RUFDXA\ = for 4 = 1,... I, we obtain the Lipschitz continuity of each f on these
domains. In fact, the multiplication factor ¢, allows us to deduce that, also fori =1,... 1,
the functions f! are Lipschitz continuous on the entire domain R? x RU+D*4 To see this,
let (7,z) € R? x RUFDX4 with the first row of z equal to zero. Observe that f(z,z) = 0
because ¢, (0) = 0. Then, for any (z,z) € R x RUF*d,

|[fa(, 2) = fo(@,2)| = | £ (2, 2)] < Cul2"| < Cal(z, 2) — (7, 2)),

where the constant C), depends on the maximum of f¢(II,(-)) and the Lipschitz constant of
¢n. The second inequality follows because |2°| < (|z — z[> + 31_, |2% — 2> + |zo\2)1/2.

From the construction of f,,, we see that f, admits the decomposition ([24)) with ¢ (x, z) =
C(I0,(2)((|z] An)/|2])en(|2°)na(z), if i = 0,...,I. The functions ¢’ and s’ are defined
similarly. Because the values of (|z| An)/|z|, ¢, and 7, are less than one, the functions £¢,
¢¢, and s satisfy (BF]) with the same constant M and the same function x uniformly in n.
This confirms the assertions in (i).

We now prove (ii). Using the inequality (wABI), we obtain for any k and any n that

ay f(,2) = ay £ (I (2))en(| 2" (2)

< glal =2 (o) (|20 (o) + o] 2 E0 (L (2)0(12 )

|2 |2

1
< L= + af zLi(r.2).

where L (z, z) = ((|z| An)/|z]) LF(I1,(2))¢(|2°|)n.(z) and it is bounded due to the at most
linear growth of L* and the boundedness of II,,, ¢, and 7,.

The construction of f! immediately implies the convergence in (iii). Finally, it follows
from the construction of f, that f, (-, h(-,-)) has compact support and is also bounded on
its support. Hence the claim in (iv) readily follows.

O
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With the approximating family (f, ),en constructed in Lemma 6.1, we consider the fol-
lowing family of systems of BSDEs

t t
Xt:X0+/ b(s, X.) ds+/ o (s, X.) dW.,
0 . 0 . (27)
Y., —g(X)) + / Fo(Xo Zos) ds — / Z,, div..
t t

Having established the Lipschitz continuity of each f, and the properties (25) and (24) in
Lemma B.I, we may use the results in [XZ18] in order to prove the following corollary.

Corollary 6.2. Under Assumptions[3.3 and[5.1 (i)-(iv), the system of BSDEs (21) admits
a Markovian solution (Y ,, Z,); there exists a function v, : [0,1] x R — RI*L such that:

(i) Yot = v,(t, X;) and v, is bounded and locally Hélder continuous on [0,1] x RY.
(ii) For any R > 0, the L>-norm of v,, and the Hélder norm of v, are independent of n
and xo on [0, 1] X Br(xg).

Proof. Result (i) follows from Theorem 2.5 in [XZ18]. Thanks to (25) and the argument in
[XZ18, p. 543], the L>®-norm of w, is independent of n on [0,1] x R% Moreover, Theorem
2.5 and Proposition 5.5 in [XZ18] imply that the Holder norm of v, on (0,1) x Bg(zo) is
also bounded uniformly in n and xy. O

6.2. Local Sobolev estimates. In this section we establish local Sobolev estimates for the
family of functions v,,. We begin with the following general Sobolev estimate for systems
of PDEs whose nonlinear term exhibits at most quadratic growth in the gradient term.
The proof of this result follows extending the argument in [BF02, Proposition 5.1] to an
unbounded domain.

Proposition 6.3. Given a point vy € RY, parameters 0 < r < R < oo, p € (1,00),
and functions © : [0,1] x R? — RI*1 g : RY — RIFL such that, for some a € (0,1),
v e (WHNC*%)((0,1) x Br(xo)), g € W2(Bg(xo)); if v satisfies

|22+ £o| < C(1+|Va]), (t,z) € [0,1) x Br(), (28)
ﬁ(l,):gv vEe Rd’

then

|v|W§’2((0,1)><Br(aco)) < C(Oé>pa T, R, [@]CQ/Q’Q((O,UXBR(SC()))? |{7|Lp((0,l)><BR(xo))a |Q|W§(B3(xo)))a (29)

where C' is a constant depending only on the quantities in the brackets.

Before presenting the proof of Proposition 4.3 we apply it to the Markovian solution of
the approximating family of BSDEs (27). Given that each f, admits the decomposition (24])
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with each term satisfying the condition (BE]) uniformly in n and since o is bounded, we
obtain that

|f,.(x, Vv, o) < C (1 + \wa),

for some constant C. Therefore the inequality (28] is satisfied. Applying Proposition to
each function wv,,, we obtain the next corollary.

Corollary 6.4. Suppose Assumptions and [21 (i)- (i) hold. Then

(i) v, € W, for any p € (1,00) and, for everyr >0, its Wl2-norm on (0,1) x B, (x0)
s bounded, uniformly in n and x.

(ii) The spatial derivative Vv, is locally Holder continuous and globally bounded on [0, 1] x
R?.  Moreover, the Hélder and L>®-norms of Vv, are bounded uniformly in n on
[0,1] x RY,

(iii) For some v € (0,1), v, € C*2277([0,1) x B,.(x0)) for any r and xy, and it solves
the Cauchy problem

% 4 Lui + fi(x, Vo,e) =0, (t,2)€[0,1) x RY, 0
vi(1,-) =g, zeRY i=0,... 1.

Proof. As we have shown above, v,, satisfies (28)). It is assumed in Assumption 3.3 (iv) that
g is twice continuously differentiable, hence g € W; 1oe for any p € (1, 00). Moreover, thanks
to Corollary (ii), the L*> and Holder norms of v, in (0,1) x Br(x) are independent of
n and g, for any R > r. Then (i) follows from Proposition [6.3

To prove (ii) we choose p > d + 2 in (i). Then it follows from the classical Sobolev

embedding theorem (see [LSUG7, Page 80, Lemma 3.3]) that

‘V'vn‘Ca/z’a((o,l)xBr(xo)) < C(‘Un|wl}’2((o,1)xBT(xO)))v

for some a € (0,1 — (d + 2)/p). Recall that the W)-*— estimate of v, on (0,1) x B, ()
is uniform in n and xy. Therefore, the claim in (ii) follows from the fact that, on the same
domain, the Holder and the L*> norms of Vw,, on [0, 1] X B,.(z¢) are dominated by the Co/20
norm of Vwv,,. Therefore they are also dominated by the constant C', which is independent
of n and .

For each i and n, given Vv, and a spatial domain B, (z¢), consider the following linear
boundary value problem

Pt Lu=—fi(z, Vo), (t,z)€[0,1) x B,(x),

u=", (t,z) € [0,1] x 0B, (z9) U {1} x B,(x0).
Thanks to (ii), Vv, is Holder continuous on [0,1] x B,(zy). Hence fi(-, Vv,o) is Holder
continuous on the same domain as well. It follows from [ETi64, Chapter 3, Theorem 9] that

the previous boundary value problem has a unique C'*2:***-solution, hence, also a W}
solution. It then follows from the uniqueness of Wl}g—solutions for linear parabolic equations



RADNER EQUILIBRIUM AND QUADRATIC BSDE SYSTEMS 24

(see e.g. [LSUGT, Chapter IV, Theorem 9.1]) that the unique solution for the previous
boundary value problem is v}. Therefore v} € C'*2:2+([0, 1] x B, (x)). O

Proof of Proposition[6.3. For any point zp € R? and a function h : [0,1] x R? — RI*! we

write,

RIS .o = [Rlwe .o |Alp,s,z0 = |R|Lr((0,1)x B, (20))
rk) .__ e -
‘ ‘1(7,57:2:0 T ‘h‘W;’k((O,l)st(xo)y [h’]s,xo T [h]ca/la((o,l)st(xo))-

If xo = 0 we omit xq from the above definitions.
Without loss of generality we set o = 0. We introduce a family of smooth cut-off functions
Trs : R? — R, parametrised by § € [0, 1], with the property that

17 HS BR—57
TR’(;(ZIZ') =
Oa x ¢ BR—5/2
and
C C
|\VTrs| < 5 and |V2’7‘R’5| < o

for some constant C'. These properties imply that

C
STR,(; S g and |V2TR6‘ < 5—

We fix a value for 6 and observe that the components 7',2%7517", 1 =1,...,1 + 1, of the

Wﬁ%,a‘ <

vector-valued function 7'}22, sV verify the following terminal boundary value problems over the
cylinder [0, 1) x Bp_s:

B (1h 50" + L(Th50") = T (%—f + Eﬁi) + 0L 5+ AVTh 5 - VT,
T}%,év ( 7:1:) = 07 (t,l’) S (07 1) X aBR—%u
7-%’561(1) ) - 7_}2%75 gi, T € BR—%

The assumptions on v guarantee that the right-hand side of this system of equations
belongs to LP((0,1) x Bg). Moreover, taking into account the conditions on the coefficients
of £ in Assumption [.3], specifically the boundedness of b and the boundedness and continuity
of o, we may use the energy estimate from [LSUG7, Theorem 9.1 in Chapter 4] to obtain

1,2) v ~i ~i ~ (2
|7'R5'v|;R 52 < C’Z ‘TR(; (%—t + Lo ) + 0 5712%75 + AVTfM -V B + C’|7'}2%’6g|1(),1)[3_5/2

p,R—9

Clp,R)

_ C .
< C|TI2~2,5‘VU|2‘1>,R—5/2 + ﬁ‘v‘p,R—5/2 t 5 52

_'_ C’| |p R— 5/27
(31)
where the second estimate follows from (28]), the properties of the cut-off function 75 and

Young’s inequality applied to AV73 - Vo', i =1,..., 1+ 1.
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Define 9¢(t) := 0(t,z9) = ©(t,0) and, in order to facilitate the integration by parts in the
below estimate, observe the decomposition

- o (o ~i ~ifai i
|Vo|* = P (8 k( vo)) — AD' (D' — 7).

Using integration by parts, we obtain

1
/ / 5| VO|* da dt
0 JBr 572
! o (ov i
[ [ e (S - ) aoa
R—5/2
1
— / /B s VO PPPTVAY (3 — i) da dt
R—6/2
:—2]9/ / Ty 167R5\v |2(-1) a“k( — ) dz dt
Ox
Br_s5/2
o™ 9P Ovd -
—92p—1 2r=2) 0) da dt
(p )A /;R(;/Q 7—R6|V | 8$l 8:ck8xl 8Ik( UO) 2
1
—/ / \V'v|2p VA (#7 — 5)) da dt
0 BR76/2

1
<C p)/ / 5| VOPP V|05 — ©| da dt
0 JBr_s/2

1
C(p)/ / 7‘}2{’5_1|V7‘R,5||V@|2p_1||i7 — o] dx dt.
0 JBr_s/2

Using Young’s inequality, the above is

1
<C p)/ / TR6|V’U|2P|’U—’UO| dz dt
0 JBr_s/2
1
p)/ / 7‘R5|V2'u|p|'v—’v0| dz dt
0 JBr_s/2
1
(p)/ / Vs |71 — o d dt.
0 JBr 572
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From the Hélder continuity of v, for every (t,z) € (0,1) X Br_s/2, |0(t, x) —vo(t)| < [0]3RY,
the right-hand side above is bounded from above by

1
D)% R / / TS| VB[P da dt
0 JBgr_s/2
1
[9]%R™ / / TS VPO da dt
0 JBgr_s/2

1
+ C(p) [’T)]%RO‘/ / |V7‘R,5|2p dz dt.
0 JBr_s/2

Now choose R such that 1—C'(p)[v]%, Rf > 0. Replacing R in the aforegoing computations
with any R € (0, R;) and possibly also replacing & with a smaller § € (0,6), we obtain

p)[O]%R 1 .
2 |Vo [ de dt < // V2% de dt+—Cla,p, B, [8]2).
/ /R 52 _Cp) Ra Ba 5/ 0% "
(32)

From (31]) and (32)) we find that

Ol fe 1 2
— V2P . .+ —Cl(a,p, R, [0]% 9] 5) + Clg|®r
1 — C(p)[{,]aRRa| pR=5/2 " §2p (o, p [ ]R | |p,R) |g|p,R

By possibly choosing an even smaller R; above, we may assume that
o ORI _1
1—C(p)[o]zRe

2~ 1P
V7ol & s

Defining
F(8) := 0%|V*|" - .
5 Fop o s1(2) ACRE
G(8) := 0%C|g|"F + C(a, p. R, [0]3, |0],, ).

< 25(3) i

Since the function f(8) is bounded for all § € (0 ,é) and ¢ is monotonically increasing it
follows that

we obtain the recursive relationship

N | Sn

Fi) < i ;ﬁ(%) <2G(5).

Dividing this inequality by 2 we obtain the estimate
- = |~ (2
V28] 5 < Cla6,p, R, [0]3, 0], 7,19 %)),

From a finite covering of the ball By 5, with smaller balls By_s(x1) together with (31
and ([B2)) it follows that

~ (1,2 = ot |~ ~ (2
8]\ - < C(a, 6,0, R, [8]%, |91, 2 181°%)-



RADNER EQUILIBRIUM AND QUADRATIC BSDE SYSTEMS 27

A further covering argument now yields the result with » = R — 9. U

6.3. Limit of the approximating family and a global Sobolev estimate. In this
section we establish the existence of the limit of (v,),en as n — oo and study some of its
properties. The resulting function v : [0,1] x R? — RI*! serves as a candidate solution
for the system of PDEs (I8). Corollary implies that (v,)nen is uniformly bounded and
equi-continuous on [0, 1] x Bgr(xg). Therefore, the Arzeld-Ascoli theorem allows us to extract
a subsequence of (v,,)nen, Which converges uniformly. A diagonal procedure then produces
a further subsequence which converges locally uniformly to a continuous function v. It is
well known that this convergence preserves the local Holder continuity and local Sobolev
integrability. In particular, Corollaries and imply that the Holder norm and the
W,*-norm of v are finite on (0, 1) x B,(xo), uniformly in zo. Moreover, the L*>-norm of v
and Vv is also finite on [0, 1] x R%. Finally, to prove (22)) and to prepare for the next section,
we will need the following global W }?-norm estimate of v on (0,1) x R

Proposition 6.5. Suppose Assumptions and [51 (i)-(iii) hold. Then v, € Wy* N
W, 5((0,1) x RY), and its Wy N W% -norm is bounded uniformly in n. Therefore, also
ve Wy NW,5((0,1) x RY).

To prove Proposition [6.5] let us first prepare the following result.

Lemma 6.6. Suppose Assumptions[33 and[51 (i)-(iii) hold. Then v, € L* N L*2((0,1) x
RY) and its L*> N L2 -norm is bounded uniformly in n.

Proof. We will only prove the statement that v, € L2, The assertion that v, € L? is
proved similarly given that g € W2 according to Assumption (iv). Let aq,...,ax be
the positively spanning set from condition (wAB|). Given k € {1,..., K}, we consider the
following BSDE:

_ 1 - _ _ _
AY%, = = (31202 + 20 L (X0 Vo1, X)) dt) + 23, dWa, V), = alg(Xa),

Because g and L% are bounded, this BSDE admits a solution (Y}f,Zﬁ) such that YF, =
oF(t, X;) for some bounded function o* and ZZ € BMO; see [Kob00]. Further, construction
of LF in Lemma and boundedness of Vv, uniformly in n in Corollary (ii) imply
that LF(-,Vv,) is bounded on [0,1] x R? uniformly in n. Therefore, the generator of the
previous BSDE satisfies the condition (BE]), uniformly in n, the same argument used to prove
Corollary [6.4] (ii) (now applied to a 1-dimensional BSDE) allows us to deduce that Vo* € L
and that the L>-norm is bounded uniformly in n. Therefore, also me = (Vito)(t, X;) is
bounded uniformly in n.
We now define a measure P under which

_ 1
AW, = AW, — [5.Z,,, + Li(X,, Vo, (t, X)) dt
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defines a P-Brownian motion W. Then the function ¥ solves the linear Cauchy problem

% + Lok =0, (t,z) €[0,1) x RY,
Uk(L ) = a;'g()’ S Rda

n

(33)

where £ is the infinitesimal generator of the stochastic process X which solves the SDE
X, = [b(t, X)) + o(t, X)) (125, + LE(X,, Voot Xt)))] dt + o(t, X,) AW,

Note that coefficients of £ are bounded uniformly in n. Therefore, given g € W7 ,((0,1) x
R%), the W;fz-estimate for linear PDEs (see e.g. [LSUG67, Chapter IV, Theorem 9.1]) implies
that

" e L2((0,1) x RY), (34)

and the L4*2-norm of #* are bounded uniformly in n as well.

Meanwhile, thanks to (28), the comparison theorem for Lipschitz BSDEs (see, e.g., [EKPQ97,
k

Theorem 2.2]) implies that a/v, < ©¥. Therefore, a]wv, is bounded from above by a

is bounded from above by a sequence of L42((0,1) x R¢) functions for a positive spanning
set {ay,...,ax} of RI* then v, € L42((0,1) x R?) itself. This fact is proved similarly as
shown in the first paragraph of [XZ18, Page 542]. Because the L%t?-norm of o is bounded
uniformly in n, so is the L4 2-norm of v,,. 0]

Proof of Proposition[6.3. The constant C' below will differ from line to line throughout this
proof. Recall that f, admits the decomposition (24]) with each term in the decomposition
satisfying the condition (BEF]). Therefore, thanks to the global boundedness of Vv, which
we established in Corollary (ii), we deduce from (B0) that

‘ ot

Loy Lo

g < |filz, Vv,0)| < C|Vv,|. (35)

The constant C' depends on ||Vv,||1~, which is bounded uniformly in n, and ||o||~. Using
the fact that, according to Assumption (iv), g € W2,,(R%) and the W}},-estimate for
linear PDEs (see e.g. [LSU6T, Chapter IV, Theorem 9.1]), we obtain

i a2, oaywkey < € (170l aszoyee) + 1971l 0150 ) (36)
and

||U;||W;f2((0,l)><Rd) < C<||friz||Ld+2((0,l)><Rd) + ||gi||wg+2((0,1)de))-
Thanks to Lemma [6.1)(iv), the right-hand side of the second inequality above is bounded,
hence ||U;||Wd1f2((o,1)de) is bounded as well for all ¢ = 0,...,1 and n > 1. Summing both

sides of (B0l over i, we obtain

d+2

H’vnHWdlf2((0,1)><Rd) < C(||an||Ld+2((o,1)de) + llgllw-2 ((0,1)de)>- (37)
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From the classical Sobolev interpolation inequality (see e.g. [Lie96, Lemma 7.19]) we know

that
C(d)

[V, | Larz(01)xray < €] V00| Larz(0,1)xra) + THUnHLdH((o,and),

for some constant C(d) depending on d. Choosing € so that Ce < 1/2, where C is the
constant in (37)), we combine the previous two estimates to conclude that

||Un’|wl}’2((o,1)xugd) < C<||UnHLd+2((0,1)de) + ’|9’|W3+2((0,1)de))- (38)

Therefore the statement in the proposition now follows from Lemma and the fact that
g € W2,,((0,1) x R%). The assertion that v, € W3 is proved similarly with d + 2 above
replaced by 2. ([

7. BACKWARD UNIQUENESS

We will show in this section |Vo°| # 0 a.e. on [0, 1] x R%. Denote u := Vo = (ul,... u?).

The following result presents the properties that u satisfies.

Lemma 7.1. Suppose Assumptions and 51 hold. Then w € W,*((0,1) x R%) and there
are V and W : (0,1) x R — R with

IV Il o+ 24420, 1) xre) + W[ oo o,y xrey < A7H (39)
for some X € (0,1) such that the components of w verify inequalities
|Pu/| < W|Vu|+ V]u|, over[0,1) x R? forj=1,...,d, (40)
and with P := 0, + 1V - (AV ).
To show that |u| # 0 a.e., we need the following Backward Uniqueness result.

Theorem 7.2 (Backward Uniqueness). Suppose that
(i) the vector valued function w : [0,1] x R? — R? satisfies u € W,>((0,1) x R%) and
@Q) with B9) hold.

(i1) the matriz valued function A satisfies (I2) and is globally Lipschitz with respect to
both the time and the space variables over [0,1] x R.

Then, if the set
E={(t,x) €[0,1) x R? : |u(t,z)| = 0}

has positive Lebesque measure in (0,1) x RY u =0 over [0,1] x R?

Remark 7.3. When V and W are bounded functions over [0, 1] x R¢, the same result holds
provided that u is in Wzl”lic((O, 1) xRY) and |u(z, )| < eV over [0,1] x R, for some N > 1,

and under some more constrain conditions on VA over [0,1] x R% See [Ngul0, Theorem
1.1], [WZ19, Theorem 1.2] and the references there in.
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Remark 7.4. Under the hypothesis in Theorem [[.2] the combination of the reasonings behind
[EFV06), Theorem 2 (3) and (2.20)], [Fer03, Theorem 3] and the proof of Theorem [7.2] imply
that if w(1,-) # 0 over RY, then

{z e R : u(t,z) =0}

has zero Lebesgue measure for all 0 < ¢ < 1. Also, the combination of the reasonings behind
[EEV06, Theorem 3 (2)], [HL94, Theorem 1.1} and the proof of Theorem imply that the
Hausdorff dimension of

{(t,z) € 0,1) x R? : u(t,z) = 0}

is less or equal than d, when wu(1,-) # 0 over R%

We will first prove Theorem and then come back to the proof of Lemma [.T] at the
end of this section. The idea of the proof for Theorem is the following. First, by the
Lebesgue differentiation theorem, there is some (7, z) € E such that

o 1ENQ,(r)
im ————————=
r—0t | Q. (T, 2)]

where Q,(7, z) denotes the backward parabolic cube [7,7 + r?] X B,(z) and Q, = Q,(0,0).

Without loss of generality, we may assume that (7,2z) = (0,0). Then, we show that w must

=1,

have a zero of infinite order with respect to the (¢, z) variables at (0,0). (See [Reg01] for the
elliptic analog.) Subsequently we use the Carleman inequality for parabolic operators with
variable coefficients derived in [EF03, Theorem 4]@ to show that w(0,-) = 0 on R%. Then, by
backward uniqueness and with a second Carleman inequality (see [EF03, Theorem 3]), we
derive u = 0 elsewhere.

Lemma 7.5. For sufficiently small r depending on A and d

[ufl 2en  <crH|ull g, ) (41)

(Qr)
where C' depends on A\ and d.

Proof. Let ¢ € C5°(Qo,) with 0 < p <1 and p =1 in Q,., with Q. C [0,1) x R% Multiply
Pu by p?u’ and add up in i. Then, from the product rule

©*u - Pu = o™’ (&gui + %V (AVui))
= L0lpul® — lul’e0ip + 1 V - (PAV|ul’) — 1 AV(pu') - V(pu') + AV - Vo

Multiply (42)) by —2 and integrate the result over [r,4r%] x By, for 0 < 7 < 4r? while using
the fact that ¢ = 0 on the boundary of Bs,.. Then, we get

2 [ [ G Pudt de = [y lo(ru(m)P de+ [ [, AV (pu) -V (pu;) dt dz
+2 7 [ lul? [0 — LAV V] dt da.

(42)

"Here one could also use the Carleman inequalities in [KT09].
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It then follows from (0] that
472 4r2
=2 [*" [, *u-Pudtdze <¢ [ [, OPlu|(W|Vu|+ V]u|) dt dz
4r2
<c [ g, Vielu])? + Wlpu||V(pu)| + WipVe||u|* dt du.
The above inequality, (I2), ([39), the natural bounds satisfied by o, 7%|0;p| + r|Vp| <c 1,
and Holder’s inequality with p = ‘%2 imply that for 0 <r <1
HSOUH%gOLg([o,w}de) + |V () 720, 42 xmay o772 Jo,, [ul* dt dz
2
+ ||V'2||L#(er)||90U||Lz(dd+2_> ([0,4r2] xRY) + THSOUHLgOLg([oAﬂ}de)||V (¢u) ||L2([0,4r2}de)a (43)
where V =V, + V5, with
IVill oo 0.1)xrety + IVallLav2 0,1y xray < 22071 (44)

The interpolation inequality in Lemma [7.11] (i), Jensen’s inequality and (44]) give

H‘PUHLZ(%,*”([OATQ}W) S HSOUHLgOLg([oAﬂ]de) + HV((‘OU)HL%[O,M?]XR% (45)
and
Vall g2, < 2rA~" (46)

Then, (@3) and (@A) yield
HQOUH%;X’Lg([OAr?}de) + [V (pu) ||iQ([0,4r2}XRd) <cr’ fQ% lul* dt dz

+r |:H90uHit°°L%([0,4r2}><Rd) + IV (pu) ||2Lz([0,4r2}XRd)] .
Now, if r is small we can hide the second term on the right-hand side above on the left-hand

side, which implies by (45

H‘P“HLW;” <c ||¢U||L§°L§([o,4r2]de) + 1|V (pu) HL2([0,4T2]><R‘1) <c T_IHUHL?(er)a

([0,4r2] x Re)

for 0 < r < r(\ d) and Lemma [75 follows. O

Lemma 7.6. If the set E has positive Lebesque measure on [0,1) xR? and (1, 2) is a Lebesgue
point of E, then w has a zero of infinite order at (1,2); i.e., there is R > 0 such that for all
m > 1 there is C,, with

lu(t,z)| < Cp(t —7+ |z — z|2)77n, (t,z) € Qr(T, 2). (47)

Proof. Without loss of generality and after a translation we may assume that (7, z) = (0, 0).
Then, starting with the right-hand side of (41]),

el 2y = 1l 2@y < 1@ \ EIT7 ] s

-\ B
SCT<|Q|2Q\T| |> [l 2,

(QQT‘\E)
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where the first inequality follows from Jensen’s inequality. It then follows from (41]) and (48]
that for 0 < r < r(\,d)

1
N\ B\ 7
Jall s <c (M) g el 2,

|Q2T| QQT‘)
where the constant C' is independent of 7. Now, because (0,0) is a Lebesgue point of F
~\ F
lim 7‘622 \ E| =0
r—0t |Q27’|

and for all € > 0, there is some r. > 0 such that

HUHLQ(%&)(Q” SEHU’HLQ(%&)(Q%Y O<r<r.

The iteration of the previous inequality implies that

limr_mHuH 2(d+2) =0, m>1
r—0 L™ a (Qr)

Finally, standard estimates for sub-solutions to parabolic equations [Lie96, Theorem 6.17]),
- which are well known to extend for vector solutions to parabolic systems with a diagonal
principal part - ([@0), (39) and (I2)) imply that with constants depending on A and d

1

3

The last two facts show that (47) holds for R small and (7, z) = (0, 0). O

wgxlul <o uldsdy, 0<r <
r 27

Lemma 7.7 (Strong uniqueness). Assume that w has a zero of infinite order with respect to
the (t, z) variables at (0,0). Then, w(0,z) =0 over RY,

Lemma [7.7 follows from the following Carleman inequality [EF03, Theorem 4]. See also
[Esc00], [EVOI], [ESS03a, p. 148], [ESS04, §3] or [ESS03b, Prop. 6.1] for similar Carleman
inequalities for cases where the leading part of P is the backward heat operator. Comparing
to the Carleman inequality in [EF03l Theorem 4], a term in (54)) below, which is dropped
in [EF03], is utilized in the lemma below to control the unbounded part of the zero order
potential.

Lemma 7.8. Assume that %A(O, 0) is the identity matriz. Then, there are N and 0 < § <1
depending only on X and d such that with v = 2a/6?, for each o > N there is an increasing
C> function o : (0,1] — [0, 400) verifying

t/IN<o(t)<t, 0<t<1/2y, (49)
and such that the inequality
d 1 Cad 11
2012 Ha2 G2U’|L2(dd+2) ((0.1]xES) + ogHa G2U||L2([0,1]de) + \/ang QG2 VUHL2([0,1}><Rd)

l—a l o
< Nllo2 GZPU||L2([0,1]><Rd) + eV Y N [HUHLZ([O,I}XRd) + HVUHLZ([O,l}de)] , (50)

holds for any v € Coy N W,7((0, %) x RY). Here G(t,x) =t~ 2¢~ 1=/,
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Proof of Lemma[78. As in [EF03, Theorem 4 and Lemma 4], setting G(t, z) = ¢t~ 2¢~l=I*/4
and when 2A(0,0) is the identity matrix, the Assumptions B3] (i)-(iii) and (I2) hold, there
are N = N(\,d) > 1 and 0 < § = 6(\,d) < 1 such that if « > 2,0 < § < by, v = /62,

o(t) = B(vt)/y and B(t) = texp {— /Ot (1—exp (— /057—5 (log (1))* dT)) d—}
(51)

the Carleman inequality (where integration is carried out over (0, +o0) x R%),

oy [[ o7 PG dt dz + [ o' 77| Vu|*G dt dz
<N [[ o' Po’G dt dz + ™My [[ o] + |[Vo]? dt dz, (52)

holds for any v € C§°((0, %) x R?). The main point about (5I)) and (52) is that
0<c(t)<1 and Ot<o(t)<t, 0<t<1/(2v), (53)

holds over the support of v [EF03, Lemmas 4], for some 0 < # < 1 which depends only on
the choice of § and is independent of v > 1; i.e. of @ > 2 and 0 < § < dy.

In what follows we fix the value of § and take it equal to 0. On the other hand, the reader
can verify that the authors of [EF03] could have also added the integral

[f o= [0 — $A(0,2)V1ogG - Vv + 1Fv — —v} G dt dz, where F = —2‘9”‘2_;20@):”,
(54)
(left aside along the proof of [EF(03, Theorem 4]) to the left-hand side of (52]), while integra-
tion by parts over (0,7) x R% 0 < 7 < 1, shows that the following identity holds
2 [ Jgao ™ [0 — LA(0,2)V1og G - Vv + s Fv — $%v| v G dt da
= Jrao ()X (@, 7)G (2, 7) dz — [ [gao 0 *0]*G dt dz (55)
+ Jy Joa 0T [FG = 0,G + iV - (A(0,2)VG)] |v]? dt dz.

The Lipschitz continuity of A(0,-) and the fact that $A(0,0) is the identity matrix imply
that

|FG —8,G+ 1V - (A0,2)VG) | <y Z G (56)
while from Young’s inequality and the support properties of v
12 7 Jea o™ [0 — LA(0,2)V]og G - Vv + 1Fv — 22| v G dt da

< [[ o7 [ — $A(0, x)VlogG Vou+ 3 FU——U] G dt dz
+ 7! sup Jpa o' (0) |0 (7, )G (7, ) . (57)
o<r<1
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It then follows from (B3)), (57), (B6) and (B3) that for « > N, with a possibly larger new N
0sup Jra o (T) "0 (1, 2)G(7, ) dz
<n [[ o [8w — A(0,2)VIog G - Vo + LFv — 29]* G dt d (58)
+ [[o=> (1 + |z|) |v|*G dt d.
Also, the inequality
5B n2a(t, x) de < 2t [|Vh[PG(t, ) do + 4 [ |h[2G(t, z) d (59)

holds for all 4 in C§°(R?) and ¢ > 0 [EFV06, Lemma 3]. Multiply then (5J) applied to v(t, -)
by o~* and integrate the corresponding inequality over [0, 1] to get

oL 12 G dt dz <y [[ o0 Vu2G dt dz + [[ o~*|v|?G dt dz. 60
\ t\

By (B3), the Hélder inequality, Young’s inequality and the support properties of v imply that
[[ o= |z||v]’G dt dz <y [[ a“’m [02G dt dz+~y "t supg,roy [0 (T)|v(T, 2) PG (T, 2) d.

(61)
Then, (58), (61) and (©0) yield
sup Jga o(T) (7, 2)G(7, z) dz
o<r<
<y [[ol™ [@v —A(0,2)VlogG - Vv + %F’U — ‘;‘—Zvr G dt dx (62)

+ [[ov’G dt dz + [[ o'~*|Vv[*)G dt dx,
Also, the triangle inequality and (53)) imply that
[[ o2V (GV*0) 2 dt dz <y [[ o' *|Vo|*G dt dz + [f a‘aﬁ\vPG. (63)
It now follows from (52)), (62), the fact stated in (54)), (G3) and (60) that

||U E G2U||L°°L2 ([0,1] xRd) +\/7||V(U ? G”’)HL?(OMRd +allo” 2G2U||L2(01><Rd)
+ \/a||UTG§VUHL2([0,1}de) < NHUTG§PUHL2([O,1]XR‘1)
+ eNay et [HUHLZ([O,Hde) + ||VU||L2([0,1}de)] . (64)

Then, by Lemma [Z.11] (i) with [a,b] = [0,1] and the control we have on the first and the
second terms on the left-hand side of (64), we get

QT |07 GZUH T a||0_%G%U||L2([071}XRd) +al|lo 2 G2V 20,1y xme)
< N|o*3*G? PUHL2(01 &) + N YTV (o] 20 1 xmay + | VO] 20.0yxmey] s (65)
when a > N (A, d) and v € C§°(0, %) x Re.
Then, mollification and the Dominated Convergence Theorem show that (65]) holds for

functions v € Cy N W,((0, %) x R?). Finally, Lemma [.§ follows from (GH) after one
replaces o by 2 and redefines v as 2a/62 in (GH) . O
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Proof of Lemma[77]. After the constant change of variables + = Ry, R = %Al/z(0,0),
which satisfies

N7yl <|z| < Nly|, z€R? with N = N(\), (66)

we may after abusing of the notation, assume that in the original coordinates (¢, ), the
matrix SA(0,0) is the identity.

In what follows N and v are the constants defined in Lemma [7.§ so that it holds for any
a > N. Let now w satisfy the conditions in Lemma [T v, = ¢.(t) 0(z)u, where § € C5°(R?)
and ¢. € C5°(R) verify § =1 for |z| < 1,0 =0 for |z| > 2, . = 1 when e <t < 1/(67) and
¢ = 0 when ¢t < ¢/2 or t > 1/(47). Apply now the inequality (50) to each component v’ of
v.. Then, after adding up in 7, we get

_d 1_ 1 _ 1
aTEDN|o2 GE | warn ) T OO CE U 20 11cme)

L ot 14 ~1
+Vallo2 G2 Vo | r201)xrey < No? G2 Po|| 120 1xre)
+ Nyt [||’Ue||L2([0,1}de) + vaeHLz([O,l}de)} . (67)
After writing V' as V; + V5 with V} and V5 as in ([d4), from Holder’s inequality

1oL 1ol
027G 2V v |12 (j0,1)xre) + (|02 G2W V| 20,1 xR

—a v 1\~
< WVillzes o,y xray |0 G20l L2 0,1 xma) + [1Vall Lar2 (0,1 xra) |0 sze||L2‘<dTl+2>([07ude)

1AL
+ (W 2o (0,1 xrey |02 ™ G2 Vo | L2(10,1 xR

it is possible to hide on the left-hand side of (67)) the term W|Vwv.| + V|v.| arising on the
right-hand side of the inequality

|P’UE‘ SN W‘V’v€| + V|'U€| -+ |Vu|1[0,ﬁ}><(32\31)

-1
+ |u| (Oé 1[0,%]><(B2\B1)U[%,ﬁ}><B2 +e 1[§7E}><Bz> )
after one requires « to be sufficiently large. Also, from (49]) there is N > 1 independent of
« > 1 such that

07°Gr <N, when (z,1) € [0, 2] x (B2 \ B) U [, L] x Ba.

Altogether, we get that for a > N, for some N depending only on A and d

o |22 a, o«
[t~ el /8tu||L2([E’#XB1) < eNog [||u||L2([o,1}xB2) + ||vu||L2([071}XBz)}

_ e 1|2
te leNaaaHt a o=l /8tu||L2([§,e]><Bz)-

Next, the fact that w has a zero of infinite order at (0,0) with respect to the (¢, z) variable,
implies that the last term above tends to zero when € — 0%, and we get

||t—a€—|m|2/8tuHL2([071}XBI) < NeNaOza [||UHL2([0,1]><32) + HVUHLQ([O,I]XBQ)} y for all « > 0. (68)
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Also, from Stirling’s formula a® < Ne*a!, for all @ € N [AhI66]. Then, after multiplying
©8) by 1/ (a!ezN QQO‘) and adding up over a@ > 0, we derive that for some large new N as

above

1/Nt—|x|?/8t

e ullr2oayxm) < N [llwllr2oixm) + |Vl r201yx8s)] -

In particular,

1/2Nt

e * ]l 2o, 5 < N [lellz2qonxs + VUl 2goaxs] - (69)

Finally, the standard estimates for sub-solutions to parabolic inequalities (see [Lie96, Theo-
rem 6.17]) imply that with constants depending on A and d

lu(x, t)| <y t%% ft% fBﬂ(x) |u| dsdy, when z € R4 and 0 <t < 1/4 (70)

and from (69) and (70)

_ 1
lu(z,t)| < Ne VN [l z2(o,1x8s) + IVl £2(0,11x B2y ] » When |z] < 1/V/N and 0 < t < 1

Thus, u vanishes to infinite order with respect to the (¢, z) variables at all points (0, y), with
lyl < 1/VN.

Because of (66]), one can now repeat the same reasoning but now with center at the point
(0,) with |y| < 1/v/N and find that w vanishes to infinite order with respect to the (t,x)
variables at all points (0,v), with |y| < 2/+/N. Eventually, one derives that w(0, ) = 0 over
B, I for all m > 1, which confirms Lemma [T.7. O

After establishing the unique continuation property for (0, -) on R?, we are going to prove
the backward uniqueness for u on [0,1] x R%. To this end, the Carleman inequality in the
following lemma is important. In particular, the time derivative term on the left-hand side
of (7)) is needed to handle the unbounded zero order potential.

Lemma 7.9. There is C = C(\,d) such that the inequality

H6M(t+5)atfHL2((0,T)><Rd) + \/M“eM(t—l—cS)VfHL2((07T)><Rd)

+VaM HeM(tJré)ny((o,T)de) <c HeM(tM) (t+ 5)_QPUHL2(( (71)

0,7)xR4)

holds for any o >0, M > X2, 0<0 < ;37 and v € W, 2((0,T) x RY) with v(0,-) = 0 and
o(T,-) =0 over R?, when f = (t+6)™*v and T = 537 — 26.

Proof. Let 7 : [0,400) — R4 and o : [0,400) — R be two smooth functions to be chosen.
For v € C((—6, +00) x R?) set f = e’®v. Then

"D Py = 7O pe=o®f =, f — ot)f+ V- (A(t,x)Vf) =0 f —SF,

where § = d(t) — V - (A(t,z)V ) is for each fixed time ¢ a symmetric operator; i.e.,
Jea(SO)Y dz = [ou ¢(Stp) dz, for any ¢, ¢ € Cg°(R?).
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Then,
H\/’eUPUHLQ( §,400) X RY) = |[vye Pe ofHLQ( —6,400)xRY) = v (0f = Sf) HL?( —6,400)xRY)
- Hﬁatny((_a,Jroo)de) + HWSJCHB((—&,JFOO)XW) —2 ff(—5,+oo)de YOLfS [ dt da.
For the third term above, using integration by parts and because S is a symmetric operator,
=2 [f s sooyra VoSS dt dv = — [ ) V][O fSf + 0, fSf] dt d
= ff(_57+oo)de [ — O (VfSF)+AfSf+7fSf +7fSOf — ’YfSatf] dt dx
I peyens (55 7S £t do
where S; = 6(t) — V- (0;A(t,2)V). From the definition of S and S;, we have
iS +98 = #(67) = V- (104 +54)V ).
Combining the previous three identities, we get
HﬁeapyHLz Csroority = S s sooyera VMO At dx+ [[ s ) carISFI? dt da
+ ff(—6,+oo)de Le)|fI*+ (VoA +HA)Vf -V f dt da.
Take now o(t) = —alog(t + &) and (t) = €249 Then, because A2M > 1, we have
L(67y) = aft +6) M1 — 2M (t + 6)] > 2(t +0) 22D over (=5, T +6)  (73)

and
(VO A +HA)E - € > MASMIFD |2 for € € RY, and (¢, 7) € RM™. (74)
Then, (73) and (74) confirm that the inequality

HeM(tM)atfHL2((_5,T+5)de) + mHeM(H—(S)VfHLQ((—&T—i—é)de)
+Va MMV gy < N[O+ ) 7P|
holds for any v € C5°((=d, T + &) x RY) after dropping the integral

S b pooyma NSFI2 dt de

from the right-hand side of (72).
Next, when v € W,2((0,T) x R%), the identity

v(ty, ) — v(t, x / Ov(t, x)
1

and the Minkowski inequality show that

|v(ta, ) —v(ty, ) |lL2mey < V|2 — t1| |0:0]| L2(0,m)xRay),  for 1, t2 € [0, 77, (76)

and v € C([0,T], L*(R%). Now, if v(0,-) and v(T,-) are a.e. zero over R, the extension of
vto R as v =0 for t < 0andt > T (abusing the notation we continue to denote it v)
belongs to W, (R*4).

(—8,T+8)xR) (75)
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Let now ve g = 0r (v * @) be a compactly supported in space mollification of v, where
Or(z) = 0(x/R) for some 0 € C§°(B,), with 8§ = 1 over By and ¢ € C§°((—1,1) x By) is
a standard mollifier with integral 1 over R'*4. Then, for ¢ small and R > 0, v, lies in
C((—6/2,T +6) x RY) and v, g converges in a dominated way as R — +oo and € — 0 to
v in Wy ?(R'*9). Also f.r = (t + 6) v converges in a dominated way to f = (t 4+ &) *v
in Wy2((=6/2,T + 8) x RY).

Finally, for ¢ > 0 small, we can plug in v. g in the inequality (75]), where ¢t + 0 > /2.
Then, letting first R — +oc and after ¢ — 07, the dominated convergence theorem confirms
that Lemma holds. O

Lemma 7.10 (Backward Uniqueness). If w(0,-) =0 on R?, then w =0 on [0,1] x RZ

Proof. Fora>1, M >0and 0 < 4 < 40M small, let T = ——25 > =57 be as in Lemma [0l
Consider a smooth truncation function ¢ : [0,1] — R such that 0 § qb <1, ¢(t) = 1 when
0<t< g7 and ¢(t) =0 when t > . Set v(t,z) = ¢(t)u(t,z). We first apply Lemma
[79 to each component v;, i = 1,..., I, of v, which lies in W,*([0,7] x R%), v(0,-) = 0 and
v(T,-) = 0 over R%. To this end, we have

i = ¢ Pu; + pu; = 1+11. (77)

For II, by the construction of ¢, |¢| <C M and ¢ # 0 only when ¢ lies in the interval (557> 517 )-
Therefore, for 0 <t4+0 <T 46 < 4M, we have
| M (4 6) "¢ Opus| <c (8M)'T|ul. (78)

For I and due to ({0
M (1 466 [Pus] <o W](t+6)6 Vul + V(£ +6) 6 u| <c WIVF| + VIf| (79)

where f = (t 4+ 9)"*¢u. Applying Lemma to each v;, 1 = 1,...,d and adding up over ¢
on both sides of (7)), we obtain from (77)-(79) and ([@4]) that the following holds

Hatme((o,T)de) + \/aMHfHB((o,T)de) + \/MvaHm((o,T)de)

<c (8M)|ul| sa o 1yxmey + IV Fll ooy T 1] oo rycmey + VS Il ooy

For the last term on the right-hand side above, Holder’s inequality and (44)) yield
H‘/?fHL? ((0,T)xRd) — HV2 T)xRd)’

Applying Lemma [7.17] (i) and (ii) to the rlght—hand side of the previous mequahty, we get

<c HVfHZ;(QOT xRd) HatfHZ;r2(0T xRd)

d+2 ‘

(80)

(OT

T)xR
o (81)

<c HVfHLz (oT)xrt) TE T
for any € > 0. Then, the last three terms on the right-hand side of (80) are bounded by

‘@fHLZ ((0,T)xRd)’

d+42

<C [HfHH((O,T)de)) + (1 + €_T> vaHL2 ([0,1]xR7) + EMHatfHL2 ((0,1) de))} ’ (82>
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d+2
with C' = C(\,d). Choose then e sufficiently small so that Ce d < 1 Then, choose M
sufficiently large such that

m220<1+e—‘%z).

Then (82) shows that the last three terms on the left-hand side of (80) are dominated by the
left-hand side of (80), if we choose and fix a sufficiently large value of M.
As a result, we have from (80) that for that value of M, a > 1, 0 < 6 < = and with

40M
T = — 26 > we have

5M’

VAl 570y 1 € CEM )

=57)xR9) ([0,1]xR7)"

Letting then ¢ tend to zero and recalling that ¢ = 1, when t <
we get from (83])

a7 Where t717% > (16M) 1,

HuHLz Ovﬁ}xﬂkd) <C2 QHUHLQ(OI «Rd)? when o > 1.
Sending o« — oo we conclude that HuHL2 o, 1 L)) = 0. Now iterating the same reasoning
over the time interval [16M, 1), as many tlmes as it is necessary, we derive uw = 0 over

[0,1) x R%. To reach the terminal time ¢t = 1, applying the estimate (76) to w, we obtain
u € O([0,1], L3(R%)). Therefore u(1,-) = 0 and we confirm the statement of Lemma[ZI0. O

Lemma 7.11. There is a constant C' depending on d > 1 such that the following inequalities
hold for any interval [a,b] in R.

0 1 g o S IV 1 ey

(i) HfHLgOLg([a,b}de) <vb-a HatfHLz([a,b}de)’ when f(a,-) =0 over R,

Proof. For a € (0,1), let A, be the fractional differential operator and Z, the fractional
integral operator. Then f = ZuAof, Auf = |€|°f, and Zog = |€|~*§, where © is the Fourier
transform. Young’s inequality implies that for any € > 0 and £ in RY, [£]?% < €2 + e2272|¢]2.
Then

[Aaf(t, HL2 Rty S el £, ')HLZ(Rd) +e VA, ')HLZ(Rd)'
Minimizing with respect to € > 0 the above right-hand side, we obtain
HAaf HL2 Rd) < va(t= ')H(;(Rd)Hf( HL?(Rd (84)

On the other hand, when  — 1 = % and 0 < a < d, Z, maps L*(R?) into L"(R?) [SteT70), p.
119], i.e., there exists a constant C' depending on r such that

| Zag(t. )|

Combining (84)),(8]), together with f = Z,A,f and choosing r = M, a = ﬁ‘g, we obtain

L7 (R9) <c Hg(tv ')HLZ(Rd)’ (85>

_d
<o 1970 e | 0 |y

1001,

RY)
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Taking the 242 power of both sides and integrating with respect to time over [a,b] we
confirm the statement in (i).
By the Fundamental Theorem of Calculus f(t, z) f O f(s,x)ds, when f(a,z) =0 and

() < (J) 10 (s.2) Pds) VT,
which implies
HfHLgoLg([a,b}de) < Vb-— a’Hat-fHLz([a,b}de)'
O
Proof of Lemma[7.1]. It follows from the discussion at the beginning of Section that u €
L>=((0,1) x RY) and from Proposition [6.5] that w, Vu € L*((0,1) x R?).

Taking the derivative with respect to 2™ on both sides of the equation satisfied by v° in
(IR), we obtain

Ou" + 537 4 Oni (AF O™
= %Zj,k 8ijjk 8xkun - %Zj,k 8anjk 0mju’“ — Zj bﬂﬁmgu” - Zj 8xnb7 uj

OF 4 g or 86
- Z]}k 9207 ot Opru™ — Zj,k 9205 8xn0'k] u® ( )
of° 0

_ 9] kjg2 i _ 95 kj i
Zi;éo,j,kazij T D i Zi;éo,j,k 02 Opn 0™ Opiv”.

Recall from Assumption (i), b,o, Vb, Vo € L*. Moreover, it follows from Assumption
B0 (iv) that

fO

7 o5

for a constant C' depending on M in Assumption[5.1](iv) and ||o || . Thanks to Corollary [6.4]

(ii) and Proposition[6.5 Vv € L*NL4H2N L% and Vv € L2N L2 we confirm (B9) and (@0)

from (86) and we further obtain V € (L*® + L42)((0,1) x RY), where the L?*2 component

comes from the first term in the last line of (86). Now due to the fact that W,u € L*>

and u, Vu, V?v € L2, the right-hand side of (86) belongs to L?. Then the Sobolev norm

estimate for linear parabolic equations (see e.g. [LSUG6T, Chapter IV, Theorem 9.1])) implies
that w € W,*((0,1) x RY). O

(V'va)‘gc\Vﬂ and V'va)‘gc\u\, i=1,....1, j=1,...,d,

8. ADDITIONAL PROOFS

8.1. Proof of Lemma 2.2 We fix i € {1,...,I}. The finiteness of E[|U(6"- S+ E")|] follows
from the assumption in Definition 2] that the set Q is well defined. To prove the optimality,
define the conjugate function of U by

V(y) ==sup{U(z) —zy} =y(lny - 1),  y>0,

zeR
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and observe that
V(U (x)) =U(z) — 2U'(z) > Ule) — cU'(x), ceR.

In particular, letting o’ := E[U'(6" - S + E')], we find that

U(fy 0 as+B) —a'S2 [y 01 as+ BY) 2 U( o m dSe+ B) —ai 9 ( [ n dSi+EY),

for all processes 1. Taking the expectation under P on both sides of the inequality yields the
result due to the fact that n - S is a supermartingale under Q¢ . O

8.2. Proof of Theorem [B.1l Let (0,5) be a Radner equilibrium, Q = {Q'};—,
of associated pricing measures and R the certainty equivalent process defined by (7). For

t=1,...,1, we define the martingales
Ki =B [eU'(( [y 0 a8, + BY) | = By [ge fiou asir),
Li=E, [U’ ( Jlei ds, + E)} —E, [e— I dsu—Ei] .

Since S is a martingale under every element of Q and from the representation dQ!/dP =
L'/ Li, we obtain that

i K}
S = E;@ [f] = L_:7
t

. . t K
RZ:—lnLZ—/HZud< .“),
! ! 0 L,

t KZL
e fo(5)
t 7
R :Rg_/ <d1nL;+e; d(K.“)).
0 L,

Because the filtration is generated by the Brownian motion W, therefore, any local mar-

which we may write as

(87)

tingale can be represented as a stochastic integral with respect to W. This and the fact
that L > 0 allows us to deduce that there exist processes 3,1 € H°(R?*%) such that the
martingales K and L have the representation

t
K=K+ [ 1, am,
0

t
L;‘:Lg+/ Lym,, dW,.
0
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A simple application of It6’s formula now yields
i)~ (B my) () dt + (B ;) t5
t
) 1 . )
dInLj = —§|n§|2 dt + n; dW,

and therefore the SDE

t

t
S = Sy— / (B — Sun) ()T du+ / (B — Sun') dW,.
0 0

Because S solves each of the I previous SDEs, there exists a row vector ¢ € H°(RY) and
p € H°(R) such that, for every i € {1,...,1},

Ct = /617; - St'r’za
My = _Ct(')’i + 92Ct>—r7

where —~° := 1’ 4+ #'¢. Taking into account the terminal conditions S; = ¢ and R} = E,
we may write (87) in backward form:

1 1
et [ pdu= [ ¢, am,
t t
, 1t . L
Ri=EF =5 [ WP =16g du= [+, aw,
t t
From the market clearing condition Y, a’6" = 1 we deduce that
—(Cpatyy + )¢/
# (ot = |§t|2, i ¢, 0.

A simple substitution now yields the BSDE formulation in the statement of the theorem.
It remains to consider the stochastic exponentials Z? = £(—(~" 4 6¢) - W). Observe that

Zi — e 2 fo |’yu+91§ |2 du— fo 'yu-i—GlC dW,,
=e 2 fo |, |2 d“+fo dWy

L} dP

Hence each Z is a P-martingale. Since S and 6°- S are martingales under Q¢, it now follows
that Z°S and Z*(#* - S) are martingales under P.

Suppose (S, R, {,~) is a solution of the BSDE stated in the theorem. Let 8 be defined as in
@) if ¢ # 0, and take arbitrary values satisfying (@) if ¢ = 0, and let Z° = £(—(~*+6¢)-W)
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be the density process of a probability measure Q. Then

—dQ = Z;{ = e_% Jo rit6i¢,? dt—fol Yit+0iCe dWe

dP

_ o~ Ri+Ri— [y 0; dS.

 U(f 6 asi+E)
CE[or (o dso+ B)]

where we deduced e~fo = E[e‘Rli_(’i'S] from the fact that E[Z]] = 1. Hence Z = (£%);=1. 1
defines the elements of the set of pricing measures Q. We further observe that S; = £ and
that, for every ¢ € {1,...,I}, since Z'S and Z*(¢* - S) are martingales under P and the
density process Z! is a martingale, it follows that S and #° - S are Q*martingales. Given
the expression (@) for each ¢, one easily verifies that also the clearing condition (@) holds.
Lastly, undoing the computations in the ‘only if’ part of the proof shows that R is indeed
the certainty equivalent defined by (). O

8.3. Proof of Theorem [3.4. We will check that an invertible linear transformation of f
in (I0) satisfies Assumption Bl Once this is done, Theorem implies the existence of a
Markovian solution Y, = @(¢, X;) and Z, = (Voo)(t,X;), t € [0,1] with Y and Z both
bounded for the BSDE with the transformed generator } Invert the linear transformation,
same properties hold for (Y, Z). In notation of (§), ¢ = Z° and v' = Z', i = 1,...,1.
Recall ¢ from (), we obtain

0'¢=C¢+ Y, afyh — A (88)

Boundedness of ¢ and ~% imply that ¢ is bounded no matter whether ¢ = 0 or not.
Therefore the stochastic exponential Z' = E(—(v' + 6°C) - W) defines a probability measure
Q' via dQ'/dP|, = Zi. Tt then follows from the first equation of (8) and (88) that

ds, = ¢, AW,

where dW] = dW, + (3., a*~% + ¢,)dt defines a Q’-Brownian motion W* Thanks to the
boundedness of ¢, S is a Q‘-martingale. Moreover,

o' dS, = 6'¢, AW},

Therefore boundedness of #?¢ implies the Q*-martingale property of - S. Now, the ‘only if’
statement of Theorem Bl implies that (0, .5) is a Radner equilibrium.
Come back to the linear transformation of f. Introduce f whose components are

'@ =), f@E= -, i=1...1-1 f@=/Ff(2)

20 =2 Z'=z-2 i=1,...,I1-1, Z =2z.
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Assumption [5.] (i) is clearly satisfied. To check (ii), observe that

f(z) =2"C(2),
Fi(®) =fi(z) = () =2'0(2) - 37'(Z' +22"), i=1....1-1,

= Y N =\ E)T :

are both at most linear growth function of z. Meanwhile fl (2z) is at most quadratic growth
function of Z. Therefore (BE) is satisfied by f. To verify (iii), note that

Moverover

f(z) + 2,0’ fi(=2)
0 0 0
::_%(ﬁ;ﬂz)]4”¢“"+(f|%@)]fZ¢”'%ﬁ‘QJ(EZMfZQ(Z%T1V%m}*-f%Z)
H15 0 (ZE) oy — S el
<T+1I,

where, due to f%(z) = 0 when 2° = 0,

0 0
I= (f|z(0|g) Lizoz0y + ]|c (0|2) (22 a'2")(2%) TLizoz0y + fO(2) = = f2(2) 12020 + fO(2) = 0,

=150 ()t — S 2 00

The two estimates above combined implies f°(2z) + >, o/ f'(z) < 0. Therefore the previous
estimates imply that f satisfies (WADB]) with a positively spanning vectors in R

a;=—¢,i=1,....,1+1, and a;.o=(1,a",...,a"),

where (e;) are the standard basis vectors of RY. Recall that the positively spanning property
is remains after invertible linear transformation (see. e.g. [XZ18, Remark 2.13]). Therefore
f satisfies (wAB)) as well. Finally, from the specific form of f°(z), we can verify Assumption
.11 (iv) as well. In conclusion, ? satisfies all conditions in Assumption .11 0J
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8.4. Proof of Theorem Corollary (i) shows that the Holder and L*-norms of
Vv, are bounded uniformly in n. Then by Areld-Ascoli theorem, Vv, converges to Vv
local uniformly. On the other hand, Lemma [Z.I] and Theorem imply that, if there is a
measurable set in [0, 1) x R? with positive Lebesgue measure such that |Vv°| = 0 there, then
Vo? = 0 on [0, 1] x R?. However, this is contradicts with |[V¢°(zo)| # 0 in Assumption
(iv). Therefore, we confirm (22]). As a result, the convergence (2I]) follows from the local
uniform convergence of Vv,, to Vv and the local uniform convergence of f, to f in Lemma
(iii). We have seen from Corollary (iii) that each v, satisfies ([B0)). Sending n — oo,
we obtain that v solves (I8 in weak sense, hence almost everywhere. It follows Corollary [6.4]
(ii) and Proposition B3 that v € L> N W, N W;f2((0, 1) x RY) and Vv € L>((0,1) x RY).
Finally, (Y, Z:) = (v, Vvo)(t, X;) solves the BSDE (7)) thanks to Krylov’s It6 formula in
[Kry80, Chapter 2, Section 10, Theorem 1]. O

9. FUTURE RESEARCH

This paper invites investigations in several challenging future research topics: First, due to
the terminal consumption nature of our setting, the interest rate is not endogenously deter-
mined. When agents also consume intertemporally and receive flow of random endowments,
the interest rate needs to be determined endogenously. The case of linear stock dividend
and random endowment is considered in [CLMI12], [CL14], where the equilibrium interest
rate is deterministic. Going beyond the linear setting requires studying stochastic interest
rate, which is challenging in a setting with CARA utility agents. Second, when there are
multiple risky assets, their volatility ¢ becomes a matrix, rather than a vector in the single
risky asset case. The mean-variance component in agents’ optimal position requires ¢’ to
be invertible. This is the same research question as in the endogenously complete dynamic
equilibria. However, rather than a system of linear PDEs, incomplete equilibrium demands
analyzing a system of highly nonlinear PDE, rendering the non-degeneracy property of ¢¢’
highly non-trivial to understand. Lastly, we hope our self-contained backward uniqueness
result Theorem [7.2] could provide researcher a tool to tackle other BSDESs or control problems
where the degeneracy of Z or the control variable naturally appear.

REFERENCES

[Ahl66]  L.V. Ahlfors. Complex Analysis. McGraw-Hill, 1966.

[ANG7] S. Agmon and L. Nirenberg. Lower bounds and uniqueness theorems for solutions of differential
equations in a Hilbert space. Comm. Pure Appl. Math., 20(1):207-229, 1967.

[ARO08] R.M. Anderson and R.C. Raimondo. Equilibrium in continuous-time financial markets: endoge-
nously dynamically complete markets. Econometrica, 76:841-907, 2008.

[AV04] I. Alessandrini and S. Vessella. Remark on the strong unique continuation property for parabolic
operators. Proceedings of the American Mathematical Society, 132:499-501, 2004.

[BF02] A. Bensoussan and J. Frehse. Smooth solutions of systems of quasilinear parabolic equations.

ESAIM Control Optim. Calc. Var., 8:169-193, 2002.



[BHOG]
[Che96]
[CL14]
[CL15)]
[CLM12]

[CLQX20]

[CN15]
[DS85]
[DSS6]
[DSJP15]
[EF03]
[EFV06]
[EKPQYT]

[Esc00]
[ESS03a]

[ESS03b]
[ESS04]
[EVO1]
[FAR11]
[Fer03]
[Fri64]

[Gea90]

RADNER EQUILIBRIUM AND QUADRATIC BSDE SYSTEMS 46

P. Briand and Y. Hu. BSDE with quadratic growth and unbounded terminal value. Probab. Theory
and Related Fields, 136:604-618, 2006.

X.Y. Chen. A strong unique continuation theorem for parabolic equations. Math. Ann., 311:603—
630, 1996.

P.O. Christensen and K. Larsen. Incomplete continuous-time securities markets with stochastic
income volatility. Review of Asset Pricing Studies, 4:247-285, 2014.

J. H. Choi and K. Larsen. Taylor approximation of incomplete Radner equilibrium models. Fi-
nanc. Stoch., 19:653-679, 2015.

P.O. Christensen, K. Larsen, and C. Munk. Equilibrium in securities markets with heterogeneous
investors and unspanned income risk. J. Econ. Theory, 147:1035-1063, 2012.

Z. Chen, S. Liu, Z. Qian, and X. Xu. Explicit solutions for a class of nonlinear backward stochastic
differential equations and their nodal sets. Working paper, https://arxiv.org/abs/2006.00222,
2020.

P. Cheridito and K. Nam. Multidimensional quadratic and subquadratic BSDEs with special
structure. Stochastics, 87:871-884, 2015.

D.1 Duffie and W. Shafer. Equilibrium in incomplete markets. I. A basic model of generic existence.
J. Math. Econom., 14(3):285-300, 1985.

D. Duffie and W. Shafer. Equilibrium in incomplete markets. II. Generic existence in stochastic
economies. J. Math. Econom., 15(3):199-216, 1986.

D. Del Santo, C. Jah, and M. Paicu. Backward uniqueness for parabolic operators with non-
lipschitz coefficients. Osaka J. Math., 52(3):793-817, 2015.

L. Escauriaza and F.J. Fernandez. Unique continuation for parabolic operators. Ark. Mat., 41:35—
60, 2003.

L. Escauriaza, F.J. Ferndndez, and S. Vessella. Doubling properties of caloric functions. Appl.
Anal., 85(1-3):205-223, 2006.

N. El Karoui, S. Peng, and M. C. Quenez. Backward stochastic differential equations in finance.
Math. Finance, 7(1):1-71, 1997.

L. Escauriaza. Carleman inequalities and the heat operator. Duke Math. J., 104(1):113-127, 2000.
L. Escauriaza, G. Seregin, and V. Sverdk. Backward uniqueness for parabolic equations. Arch.
Rational Mech. Anal., 169(2):147-157, 2003.

L. Escauriaza, G.A. Seregin, and V. Sverak. L3,00-solutions of the navier-stokes equations and
backward uniqueness. Russian Math. Surveys, 58(2):211-250, 2003.

L. Escauriaza, G Seregin, and V Sverdk. Backward uniqueness for the heat operator in a half-
space. St. Petersburg Math. J., 15(1):139-148, 2004.

L. Escauriaza and L. Vega. Carleman inequalities and the heat operator II. Indiana Univ. Math.
J., 50:1149-1169, 2001.

C. Frei and G. dos Reis. A financial market with interacting investors: does an equilibrium exist?
Math. Financ. Econ., 4(3):161-182, 2011.

F.J. Fernandez. Unique continuation for parabolic operators. II. Comm. Partial. Differ. Equ.,
28(9-10):1597-1604, 2003.

A. Friedman. Partial differential equations of parabolic type. Prentice-Hall Inc., Englewood Cliffs,
N.J., 1964.

J. Geanakoplos. An introduction to general equilibrium with incomplete asset markets. J. Math.
Econom., 19(1-2):1-38, 1990.



[HL94]
[HM14]
[HM18]
[HMT12]
[HR13]
[HR19]
[HT16]
[1Y58]
[Jarl7]
[KLT19]
[Kob00]
[KP16]
[Kral5]

[Kry80]
[KT09)]

[Kuk04]

[Kur94]

[KXZ15]

[Lax56]

[Lic96]
[Lin90]

[LMG60]

RADNER EQUILIBRIUM AND QUADRATIC BSDE SYSTEMS 47

Q. Han and F.H. Lin. Nodal sets of solutions of parabolic equations: II. Comm. Pure Appl. Math.,
47(9):1219-1238, 1994.

S. Hamadene and R. Mu. On the bang-bang type Nash equilibrium point for Markovian nonzero-
sum stochastic differential game. Comptes Rendus Mathématique, 352(9):669-706, 2014.

S. Hamadeéne and R. Mu. Bang-bang type nonzero-sum stochastic differential game and related
BSDEs with discontinuous generators. Working paper, https://arxiv.org/abs/1412.1214v1, 2018.
J. Hugonnier, S. Malamud, and E. Trubowitz. Endogenous completeness of diffusion driven equi-
librium markets. Fconometrica, 80:1249-1270, 2012.

F. Herberg and F. Riedel. Existence of financial equilibria in continuous time with potentially
complete markets. J. Math. FEcon., 49:398-404, 2013.

J. Harter and A. Richou. A stability approach for solving multidimensional quadratic BSDEs.
FElectron. J. Probab., 24(4), 2019.

Y. Hu and S. Tang. Multi-dimensional backward stochastic differential equations of diagonally
quadratic generators. Stochastic Processes and their Applications, 126(4):1066—-1086, 2016.

S. Ito and H. Yamabe. A unique continuation theorem for solutions of a parabolic differential
equation. J. Math. Soc. Japan, 10(3):314-321, 1958.

R. Jarrow. On the existence of competitive equilibrium in frictionless and incomplete stochastic
asset markets. Math. Finan. Econ., 11:455-477, 2017.

M. Kupper, P. Luo, and L. Tangpi. Multidimensional markov FBSDEs with superquadratic
growth. Stochastic Process. Appl., 129(3):902-923, 2019.

M. Kobylanski. Backward stochastic differential equations and partial differential equations with
quadratic growth. Ann. Probab., 28(2):558-602, 2000.

D. Kramkov and S. Pulido. A system of quadratic BSDEs arising in a price impact model. Ann.
Appl. Probab., 26:794-817, 2016.

D. Kramkov. Existence of an endogenously complete equilibrium driven by a diffusion. Financ.
Stoch., 19:1-22, 2015.

N.V. Krylov. Controlled Diffusion Processes. Springer-Verlag New York, 1980.

H. Koch and D. Tataru. Carleman estimates and unique continuation for second order parabolic
equations with nonsmooth coefficients. Commun. Part. Diff. Eq., 34(4-6):305-366, 2009.

I. Kukavica. Backward uniqueness for solutions of linear parabolic equations. Proc. Amer. Math.
Soc., 132(6):1755-1760, 2004.

K. Kurata. On a backward estimate for solutions of parabolic differential equations and its appli-
cation to unique continuation. In Spectral and Scattering Theory and Applications, pages 247-257,
Tokyo, Japan, 1994. Mathematical Society of Japan.

C. Kardaras, H. Xing, and G. Zitkovi¢. Incomplete stochastic equilibria with exponential utilities:
close to Pareto optimality. Working paper, 2015.

P. D. Lax. A stability theorem for solutions of abstract differential equations, and its application
to the study of the local behavior of solutions of elliptic equations. Comm. Pure Appl. Math.,
9(4):747-766, 1956.

G. M. Lieberman. Second order parabolic differential equations. World Scientific Publishing Co.,
Inc., River Edge, NJ, 1996.

F.H. Lin. A uniqueness theorem for parabolic equations. Comm. Pure Appl. Math., 43(1):127-136,
1990.

J.-1. Lions and B. Malgrange. Sur 'unicité réctrograde dans les problémes mixtes paraboliques.
Mathematica Scandinavica, 8:277-286, 1960.



[LOT4]
[LP61]
[LSMY7]
[LSS16]

[LSU67]

[MPR16]

[MQ96]
[Ngul0]

[Pen99]

[Po096]
[PP90]

[Rad82]
[Reg01]
[Sch17]
[Sog90]
[SS87)

[Ste70]

[Tan03]

[Tev08]

[Ves09]

[WZ15]

RADNER EQUILIBRIUM AND QUADRATIC BSDE SYSTEMS 48

E.M. Landis and Oleinik O.A. Generalized analyticity and some related properties of solutions of
elliptic and parabolic equations. Russian Math. Surveys, 29(2):195-212, 1974.

M. Lees and M.H. Protter. Unique continuation for parabolic differential equations and inequal-
ities. Duke Math. J., 28(3):369-382, 1961.

J.P. Lepeltier and J. San Martin. Backward stochastic differential equations with continuous
coefficient. Statist. Probab. Lett., 32(4):425-430, 1997.

K. Larsen and T. Sae-Sue. Radner equilibrium in incomplete Lévy models. Math. Financ. Econ.,
10:321-337, 2016.

O. A. LadyZenskaja, V. A. Solonnikov, and N. N. Ural’ceva. Linear and quasilinear equations of
parabolic type. Translated from the Russian by S. Smith. Translations of Mathematical Mono-
graphs, Vol. 23. American Mathematical Society, Providence, R.I., 1967.

T. Mastrolia, D. Possamai, and Réveillac. Density analysis of bsdes. Ann. Probab., 44(4):2817-
2857, 2016.

M. Magill and M. Quinzii. Theory of Incomplete Markets, Volume 1. The MIT Press, 1996.
T.A. Nguyen. On a question of Landis and Oleinik. rans. Amer. Math. Soc., 362(6):2875-2899,
2010.

S. Peng. Open problems on backward stochastic differential equations. In Control of distributed
parameter and stochastic systems (Hangzhou, 1998), pages 265-273. Kluwer Acad. Publ., Boston,
MA, 1999.

C.-C. Poon. Unique continuation for parabolic equations. Commun. Partial. Differ. Equ., 21(3-4),
1996.

E. Pardoux and S. Peng. Adapted solution of a backward stochastic differential equation. Systems
Control Lett., 14(1):55-61, 1990.

R. Radner. Equilibrium under uncertainty. Econometrica, 36(1):31-58, 1982.

R. Regbaoui. Unique continuation from sets of positive measure. In Carleman estimates and
applications to uniqueness and control theory (Cortona, 1999), volume 46 of Progr. Nonlinear
Differential Equations Appl., pages 179-190. Birkhduser Boston, Boston, MA, 2001.

D.C Schwarz. Market completion with derivative securities. Financ. Stoch., 21:263-284, 2017.
C.D. Sogge. A unique continuation theorem for second order parabolic differential operators. Ark.
Mat., 28:159-182, 1990.

J.C. Saut and E. Scheurer. Unique continuation for evolution equations. J. Differential Equations,
66:118-137, 1987.

E.M. Stein. Singular Integrals and Differentiability Properties of Functions. Princeton University
Press, 1970.

S. Tang. General linear quadratic optimal stochastic control problems with random coefficients:
linear stochastic Hamilton systems and backward stochastic Riccati equations. STAM J. Control
Optim., 42(1):53-75 (electronic), 2003.

R. Tevzadze. Solvability of backward stochastic differential equations with quadratic growth.
Stochastic Process. Appl., 118(3):503-515, 2008.

S. Vessella. Unique continuation properties and quantitative estimates of unique continuation
for parabolic equations. In Handbook of differential equations: evolutionary equations. Vol. V,
Handb. Differ. Equ., pages 421-500. Elsevier /North-Holland, Amsterdam, 2009.

J. Wu and L. Zhang. Landis-Oleinik conjecture in the exterior domain. Adv. Math., 302:190-230,
2015.



[WZ16]
[WZ19]
[WZ20]
[XZ18]
[Zhal2]

[Zit12]

RADNER EQUILIBRIUM AND QUADRATIC BSDE SYSTEMS 49

J. Wu and L. Zhang. Backward uniqueness for parabolic operators with variable coefficients in a
half space. Commun. Contemp. Math., 18(1), 2016.

J. Wu and L. Zhang. Backward uniqueness for general parabolic operators in the whole space.
Calc. Var. Partial Differ. Equ., 58, 2019.

K. Weston and G Zitkovi¢. An incomplete equilibrium with a stochastic annuity. Financ. Stoch.,
24:359-382, 2020.

H. Xing and G. Zitkovi¢. A class of globally solvable markovian quadratic bsde systems and
applications. Ann. Probab., 46(1):491-550, 2018.

Y. Zhao. Stochastic equilibria in a general class of incomplete Brownian market environments.
PhD thesis, The University of Texas at Austin, 2012.

G. Zitkovié. An example of a stochastic equilibrium with incomplete markets. Financ. Stoch.,
16:177-206, 2012.

DEPARTAMENTO DE MATEMATICAS, UPV/EHU, BARRIO DE SARRIENA S/N, 48940 LEIOA, SPAIN
Email address: 1uis.escauriaza@ehu.eus

MATHEMATICS DEPARTMENT, UNIVERSITY COLLEGE LONDON, 25 GORDON STREET, LoNDON WC1H

0AY, UK

FEmail address: d.schwarz@ucl.ac.uk

DEPARTMENT OF FINANCE, QUESTROM SCHOOL OF BUSINESS, BOSTON UNIVERSITY, 595 COMMON-
WEALTH AVE, BosToN MA 02215, USA

Email address: haoxing@bu.edu



