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Ranked Sparse Signal Support Detection

Alyson K. Fletcher, Sundeep Rangan, and Vivek K Goyal

Abstract—This paper considers the problem of detecting the in the event thab; = 1. We consider the problem where the
support (sparsity pattern) of a sparse vector from random nasy  estimator knows neithes; nor s;, but may know theorder
measurements. Conditional power of a component of the spas o rank of the conditional powers. In this case, the estimator

vector is defined as the energy conditioned on the component f | t th tssoif d h
being nonzero. Analysis of a simplified version of orthogora can, Tor example, sort the componentsson an order suc

matching pursuit (OMP) called sequential OMP (SequOoMP) that
demonstrates the importance of knowledge of the rankings of
conditional powers. When the simple SequOMP algorithm is
applied to components in nonincreasing order of conditionh
power, the detrimental effect of dynamic range on threshold

ing performance is eliminated. Furthermore, under the most
favorable conditional powers, the performance of SequOMP
approaches maximum likelihood performance at high signato-

noise ratio.

[si| > |s2| = -+ > |sn] > O. ©)

The main contribution of this paper is to show that this
rank information is extremely valuable. A stylized apptioa
in which the conditional ranks can be known is random
access communication as described_in [1]. Irrespectivaisf t
application, we show that when conditional rank informaii®

Index Terms—compressed sensing, convex optimization, Iasso,ava"aple’ avery simple detector, termmhugntial orthogonal
maximum likelihood estimation, orthogonal matching pursut, Matching pursui(SequOMP), can be effective. The SequOMP
random matrices, sparse Bayesian learning, sparsity, thgholding algorithm is a one-pass version of the well-known orthogona
matching pursuit (OMP) algorithm (see references below).
Similar to several works in sparsity pattern recovery [2]-
[4], we analyze the performance of SequOMP by estimating

. . a scaling on the minimum number of measurementgo
Sets of signals that are sparse or approximately sparse with

respect to some basis are ubiquitous because signal mdeﬁsymptotlcally reliably detect the sparsity pattern (srpp

oo - >~ 70l x in the limit of large random matriceA.. Although the
often has the implicit goal of finding such bases. Using §equOMP algorithm ig extremely simple, we show:g

sparsifying basis, a simple abstraction that applies inyman ) )
settings is for « When the power orders are known and the signal-to-noise
ratio (SNR) is high, the SequOMP algorithm exhibits
a scaling in the minimum number of measurements for
sparsity pattern recovery that is within a constant factor

I. INTRODUCTION

y = Ax+d (1)

to be observed, wherd € R™*" is known,x € R" is the

unknown sparse signal of interest, adde R™ is random
noise. Whenm < n, constraints or prior information abosit
are essential to both estimation (finding vectdy) such that

||lx — X]|| is small) and detection (finding index skty) equal

to the support ofk). The focus of this paper is on the use of ,

magnitude rank information ox—in addition to sparsity—in

of the more sophisticated lasso and OMP algorithms.

In particular, SequOMP exhibits a resistance to large

dynamic ranges, which is one of the main motivations

for using lasso and OMP.

When the power profile can be optimized, SequOMP can

achieve measurement scaling for sparsity pattern recovery

the support detection problem. We show that certain scaling
laws relating the problem dimensions and the noise level are
changed dramatically by exploiting the rank informationain conditions for lasso and OMP.

simple sequential detection algorithm. _ The results are not meant to suggest that SequOMP is a good
The simplicity of the observation mode[l(1) belies theqorithm in any sense: other algorithms such as OMP can

variety of questions that can be posed and the difficulty 8k torm dramatically better. The point is to concretely and
precise analysis. In general, the performance of any dlgori 6 ahly demonstrate the value of conditional rank informa
is a complicated function of\, x, and the distribution ofl.

To enable results that show the qualitative behavior in $esfm

problem dimensions and a few other parameters, we assume

the entries ofA are i.i.d. normal and describeby its energy A. Related Work

and its smallest-magnitude nonzero entry. Under an i.i.d. Gaussian assumptiondrmaximum likeli-

We consider a partially-random signal model hood estimation ok under a sparsity constraint is equivalent

i=1.2. .. ..n 2 b finding sparse such thaty — A%||; is minimized. This
T is called optimal sparse approximation pfusing dictionary

where components of vectds are i.i.d. Bernoulli random A, and it is NP-hard [5]. Several greedy heuristics (matching

variables withPr(b; = 1) = 1—Pr(b; =0) = X > 0 ands is  pursuit [6] and its variants with orthogonalization [7]}-gnd

a nonrandom parameter vector with all nonzero entries. Therative refinement [10],[11]) and convex relaxationssi{pa

valuesf represent theonditional powerof the component; pursuit [12], lasso[[13], Dantzig selectdr [14], and others

that is within a constant factor of optimal ML detection.
This scaling is better than the best known sufficient

z; = bjsj,
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have been developed for sparse approximation, and undenplifies to
certain conditions onA and y they give optimal or near- SNR(x) = ||x/* (5)
optimal performancel [15]=[17]. Results showing that near-
. L . . . . Let
optimal estimation ofx is obtained with convex relaxations,
pointwise over compressibl& and with high probability Iywe = {je{l,2,...,n} : z; #0}
over some random ensemble fér, form the heart of the
compressed sensing literature[18]2{20]. Under a proksioil
model forx and certain additional assumptions, exact asymp- Iiwe = {j€{l,2,...,n} : b;=1}.
totic performances of several estimators are knaown [21].
Our interest is in recovery or detection of the support (
sparsity patterh of x rather than the estimation of. In
the noiseless case af = 0, optimal estimation ofx can
yield X = x under certain conditions oA ; estimation and
detection then coincide, and some papers cited above and Perr = Pr (j7é Itme) (6)
notably [22] contain relevant results. In the general no&ssye,
direct analysis of the detection problem has yielded muéhtaken with respect to randomnessAn noise vectoid, and
sharper results. signal x. Our interest is in relating the scaling of problem
A standard formulation is to treat as a nonrandom parameters with the success of various algorithms. For this
parameter vector and as either nonrandom with weightwe define the following criterion.
k or random with a uniform distribution over the weight-  Definition 1: Suppose that we are given deterministic se-
vectors. The minimum probability of detection error is theAuencesm = m(n), A = A(n), ands = s(n) € R" that
attained with maximum likelihood (ML) detection. Suffictenvary with n. For a given detection algorithmh = I(y), the
conditions for the success of ML detection are due to Waiiwobability of errorpe,, is some function of.. We say that
wright [2]; necessary conditions based on channel capadifie detection algorithm achievasymptotic reliable detection
were given by several authofs [23]=[26], and conditionsenowhen pe.(n) — 0.
stringent in many regimes and a comparison of results ap_We will see that two key factors influence the ability to
pears in [[4]. Necessary and sufficient conditions for lasstgtect I;,u.. The first is the total SNR defined above. The
were determined by Wainwright][3]. Sufficient conditions fosecond is what we call theinimum-to-average ratio
orthogonal matching pursuit (OMP) were given by Tropp and minjey,,,. |72
Gilbert [27] and improved by Fletcher and Rangan [28]. Even MAR(x) = W (7)
simpler than OMP is a thresholding algorithm analyzed in a
noiseless setting if [29] and with noise [ [4]. These rasulBinCe e hask elements|x||/k is the average of|z;|* :

are summarized in Tabl |, using terminology defined forynall’ € Itruc}. Therefore MAR(x) € (0, 1] with the upper limit
in Section(Tl. occurring when all the nonzero entries ®fhave the same

magnitude.
Finally, we define theminimum component SNiR be

denote thesupportof x. Using signal model{2),

(;I;he sparsity levelof x is k = |Liyyel- R R

An estimator produces an estimafe = I(y) of Iiue
based on the observed noisy vectar Given an estimator,
its probability of errdf

B. Paper Organization
minger,,.. Blllajz;[* | ]

The remainder of the paper is organized as follows. TthRmin(X) _ = min |z
setting is formalized in Sectidnlll. In particular, we defialé E][||d]||?] j€lme 7
the key problem parameters. Common algorithms and previous (8)

results on their performances are then presented in S@ionWhere a; is the jth column of A and the second equality
ollows from the normalization of chosen foA and d.

We will see that there is a potentially-large performancp gzg . : X
between the simplest thresholding algorithm and the o;btim-E\he quantleSNRmi.n(x) has a natural interpretation: The
ML detection, depending on the signal-to-noise ratio (SNFE})'""T‘er"jltor 1S the S'Q”a' power dug to th_e smallest nonzero
and the dynamic range of. Section[I¥ presents a newComponent inx, while the denominator is the toFaI noise
detection algorithm, sequential orthogonal matching Lpmrspower. The ratiGNR iy (x) thus represents the contribution to
(SequOMP), that exploits knowledge of conditional rankd1€ SNR from the smallest nonzero componenkoDbserve
Numerical experiments are reported in Secfidn V. Conchsiothat (3) andI{) show

. . . 1
are given in Section_VI, and proofs are relegated to theSNRmin(x) — min |Ij|2 _ ESNR(x)-MAR(x). @)

Appendix. J€Tirue
We will be interested in estimators that exploit minimal
Il. PROBLEM FORMULATION prior knowledge orx: either only knowledge of sparsity level

In the observation modat = Ax +d, let A € R™*™ and (throughk or \) or also knowledge of the conditional ranks
d € R™ have i.i.d. N(0,1/m) entries. This is a normalization (through the imposition of {3)). In particular, full knovdge
under which the ratio of conditional total signal energydtat of s would change the problem considerably because the finite
noise energy number of possibilities fox could be exploited.

E[|Ax|* | x|
E[[|d[?]

(4) 1An alternative to this definition gfe,r could be to allow a nonzero fraction

SNR(x) = of detection errors [25][126].
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[1l. COMMON DETECTIONMETHODS [4, Thm. 1] (generalized in_[30, Thm. 1]) shows that, for any
In this section, we review several asymptotic analyses fél> 0, the condition
i i i 2(1 —

dej[ectl_on of sparse signal support. Thesg previous refmlltlt . m > (1-9) klog(n — k) + k
pointwiseover sequences of problems of increasing dimension MAR - SNR

. i S . 21—
n, i.e., treatingx as an unknown deterministic qua.ntlf[y. That _ ( ) log(n — k) + k, (12)
makes these resulstronger than results that are limited to SNRpin

the model [(R) where thé;s are i.i.d. Bernoulli variables. To jg necessary. Observe that Wh&KRR - MAR — oo, the lower
reflect the pointwise validity of these results, they ardesta poynd [d2) approaches > k, matching the noise-free case
in terms of deterministic sequencesm, k, SNR, MAR, and (T0) as expected.

SNRmin that depend on dimensiom and are arbitrary aside  These necessary and sufficient conditions for ML appear in

from satisfyingm — oo and the definitions of the previousTaple[] with smaller terms and the infinitesimabmitted for
section. To simplify the notation, we drop the dependence gfnpiicity.

x, m andk onn, andSNR, MAR andSNR,,;, onx(n). When
the results are tabulated for comparison with each other aed

with the results of Sectioh Vv, we replade with A\n; this Thres_holdmg _
specializes the results to the moddl (2). The simplest method to detect the support is to use a

thresholding rule of the form

A. Optimal Detection with No Noise It = {je{L,2,....n} : p(j)>p}, (13)

To understand the limits of detection, it is useful to firswhere > 0 is a threshold parameter and(j) is the
consider the minimum number of measurements when thé@@relation coefficient:
is no noise. Suppose thatis known to the detector. With no , |a;.y|2

noise, the observed vector ys= Ax, which will belong to (i) = EY R J=12 .. n
one of J = (2) subspaces spanned tycolumns of A. If _ ! _ ‘ .
m > k, then these subspaces will be distinct with probabiligy"résholding has been analyzedin [4].[28]./[31]. In pastac,

1. Thus, an exhaustive search through the subspaces veitiire Thm- 2] is the following: Suppose

which subspace belongs to and thus determine the support 2(1+90)(1 +SNR)k L(k,n)

Iirue- This shows that with no noise and no computational mo= SNR - MAR

limits, the scaling in measurements of ~ 2(1+6)(14+SNR)L(k,n) (14)
m > k (10) SNRumin

whered > 0 and

is sufficient for asymptotic reliable detection. 2
Conversely, if no prior information is known at the detector L(k,n) = [\/bg(n —k)+ \/log(k)} : (15)

other thanx being k-sparse, then the condition {10) is alsol’hen there exists a sequence of detection thresholels:(n)
necessary. lin < k, then for almost allA, any k columns g, that /. achieves asymptotic reliable detection of the

.Of A spaan. _Consequently, any o_bserved veclor= Ax support. As before, the equivalence of the two expressions
is consistent with any support of weight Thus, the support in (I4) is due to[(D)

cannot be determined without further prior information be t

¢ Comparing the sufficient condition_(14) for thresholding
signalx.

with the necessancondition [12), we see two distinct prob-

lems with thresholding:

B. ML Detection with Noise » Constant offsetThe scaling[(I4) for thresholding shows
Now suppose there is noise. Singeis an unknown de- a factorL(k, n) instead oflog(n — k) in (12). Itis easily

terministic quantity, the probability of error in detedirthe verified that, fork/n € (0,1/2),
support is minimized by maximum likelihood (ML) detection. log(n — k) < L(k,n) < 4log(n —k), (16)
Since the noisel is Gaussian, the ML detector finds te
dimensional subspace spannedibgolumns of A containing
the maximum energy of.

The ML estimator was first analyzed by Wainwright [2]. He
shows that there exists a constant- 0 such that if

so this difference in factors alone could require that
thresholding use up to 4 times more measurements than
ML for asymptotic reliable detection.

Combining the inequality(16) witi (14), we see that the
more stringent, but simpler, condition

> - - _
m > CmaX{MAR~SNRMOg(n k),klog(n/k)} m 8(1+5)(1+SNR)klog(n_k) 17)
1 SNR - MAR
= Cmax{SN — log(n — k),klog(n/k)} (11) is also sufficient for asymptotic reliable detection with

thresholding. This simpler condition is shown in Talile I,
then ML will asymptotically detect the correct support. The  where we have omitted the infinitesimél quantity to
equivalence of the two expressionslinl(11) is dudto (9). Also  simplify the table entry.
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| [ finite SNR - MAR | SNR - MAR — 00
Necessary for ML m > 2 klog(n — k) m>k
Fletcheret al. [4, Thm. 1] (elementary)
Sufficient for ML m > —Cklog(n — k) m>k
Wainwright [2] (elementary)

Sufficient for SequOMP m > pore K log(n — k) m > 9k
with best power profile From Theorem [d (Section[IV-0) | From Theorem [ (Section[1V-B)

Sufficient for SequOMP m > BULSWMAR) 4 16g(n — k) m > 8klog(n — k)
with known conditional ranks|| From Theorem [ (Section[TV-0) | From Theorem [1 (Section[1V-B)

Necessary and complicated; se€ [3] m > 2klog(n — k)

sufficient for lasso Wainwright [3]
Sufficient for unknown m > 2klog(n — k)

OMP Fletcher and Rangain_[28]

Sufficient for m > S0 ko log(n — k) m > Seklog(n — k)

thresholding [(IB) Fletcheret al. [4, Thm. 2]

TABLE |

SUMMARY OF RESULTS ON MEASUREMENT SCALINGS FOR ASYMPTOTIC REHABLE DETECTION FOR VARIOUS DETECTION ALGORITHMS
ONLY LEADING TERMS ARE SHOWN. SEE BODY FOR DEFINITIONS AND ADDITIONAL TECHNICAL LIMITATIONS.

« SNR saturationin addition to theL(k,n)/log(n — k) conditions with SNR growing unboundedly withy matching
offset, thresholding also requires a factonefSNR more necessary and sufficient conditions can be found. Spedyfical
measurements than ML. This-SNR factor has a natural if m, n andk — oo, with SNR - MAR — oo, the scaling
interpretation adntrinsic interference When detecting
any one component of the vecter thresholding sees the m > 2klog(n —k)+k+1 (19)
energy from the other — 1 components of the signal asis both necessary and sufficient for asymptotic reliableclet
interference. This interference is distinct from the agdit tion.
noised, and it increases the effective noise by a factor Another common approach to support detection is the
of 14+ SNR. OMP algorithm [[7]-[9]. This was analyzed by Tropp and
The intrinsic interference results in a large performandgilbert [27] in a setting with no noise. This was generalized
gap at high SNRs. In particular, &\NR — oo, (I4) to the present setting with noise by Fletcher and Rangan [28]

reduces to The result is very similar to conditiod (119): n, n and
2(1 +5)kL(k7”). (18) k — oo, with SNR - MAR — oo, a sufficientcondition for
MAR asymptotic reliable recovery is

In contrast, ML may be able to succeed with a scaling
m = O(k) for high SNRs. m > 2klog(n — k). (20)
The main result of([28] also allows uncertainty fin
D. Lasso and OMP Detection The conditions[@g) an(ﬂ]ZO) are _both sh.own ir_1 Table I. As
. ... _usual, the table entries are simplified by including only the
While ML has clear advantages over thresholding, it is n?éading terms
computationally tractable for large problems. One prattic The lasso énd OMP scaling law§_{19) afd](20), can be

method islasso[[13], also called basis pursuit denoising [12]compared with the high SNR limit for the thresholding soglin
The lasso estimate af is obtained by solving the CONVeX |4 in (I8). This comparison shows the following:

optimization » Removal of the constant offsethe L(k,n) factor in

X = argmin (|ly — Ax||3 + pllx])1), the thresholding expression is replaced biog(n — k)
x factor in the lasso and OMP scaling laws. Similar to
where > 0 is an algorithm parameter that encourages the discussion above, this implies that lasso and OMP

sparsity in the solutiok. The nonzero components &fcan could require up to 4 times fewer measurements than
then be used as an estimatelgf,.. thresholding.

Wainwright [3] has given necessary and sufficient condgtion « Dynamic range:In addition, both the lasso and OMP
for asymptotic reliable detection with lasso. Partly bessau methods do not have a dependence on MAR. This gain
of freedom in the choice of a sequence of parametgrs, can be large when there is high dynamic range, i.e., MAR

the finite SNR results are difficult to interpret. Under cirta is near zero.
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« Limits at high SNRWe also see fron{ (19) and (20) thabnly in the orthogonal complement to the corresponding
both lasso and OMP are unable to achieve the scalinglumn of A. The method is identical to the standard OMP
m = O(k) that may be achievable with ML at highalgorithm of [7]-[9], except that SequOMP passes through th
SNR. Instead, both lasso and OMP have the scaligigta only once, in a fixed order. For this reason, SequOMP is
m = O(klog(n — k)), similar to the minimum scaling computationally simpler than standard OMP.
possible with thresholding. As simulations will illustrate later, SequOMP generally

has much worse performance than standard OMP. It is not

E. Other Sparsity Detection Algorithms @ntended as a co_mpe_titive practical alternative. Our B‘KEF

] i _ in the algorithm lies in the fact that we can prove positive

Recent interest in compressed sensing has led to a pletheid,js for SequOMP. Specifically, we will be able to shovt tha

of algorithms beyond OMP and lasso. Empirical evidence sugyis simple algorithm, when used in conjunction with known
gests that the most promising algorithms for support detect ., gitional ranks, can achieve a fundamentally betteriragal

are the sparse Bayesian learning methods developed in fhé,igh SNRs than what has been proven is achievable with
machine learning community [32] and introduced into signalathods such as lasso and OMP.

processing applications in_[33], with related work in_[34].

Unfortunately, a comprehensive summary of these algogthm )

is far beyond the scope of this paper. Our interest is not i Seduential OMP Performance

finding the optimal algorithm, but rather to explain qudiita The analyses in Sectidn]lll hold for deterministic vectors
differences between algorithms and to demonstrate theevatu Recall the partially-random signal modéll (2) wherg

of knowing conditional ranks: priori. is a Bernoulli¢j) random variable while the value aof;
conditional onz; being nonzero remains deterministic; i.e.,
IV. SEQUENTIAL ORTHOGONAL MATCHING PURSUIT s; is deterministic.

. . . , Let p; denote the conditional energy of, conditioned on
The results summarized in the previous section suggesf a_ (i.e., j € Iuo). Then
large performance gap between ML detection and practical o mer
algorithms such as thresholding, lasso and OMP, especially pj = s

when the SNR is high. Specifically, as the SNR increases, Yf
8

2 j=1,2,..., n. (21)
performance of these practical methods saturates at agcali - will call {p;};_, thepower profile SincePr(b; =1) = A
in the number of measurements that can be significantly hig r everyj, the average value GINR(x) in @) is given by
than that for ML. n

In this section, we introduce an OMP-like algorithm, which SNR = A ij'
we call sequential orthogonal matching pursuthat under =1
favorable conditions can break this barrier. Specificailly, Also, in analogy withMAR(x) and SNR i, (x) in (@) and [(8),

some cases, the performance of SequOMP does not satugatiine

(22)

at high SNR. .
SNRpin = minpj,
J
A. Algorithm: SequOMP MAR = An minp; — An SNRumin
Given a received vectagy, threshold level, > 0, and detec- SNR SNR
tion orderr (a permutation or{1, 2, ..., n}), the algorithm Note that the power profilg; and the quantitieSNR, SNRyin
produces an estimate of the support;,,. with the following andMAR as defined above are deterministic.
steps: To simplify notation, we henceforth assumes the identity
1) Initialize the counterj = 1 and set the initial support permutation, i.e., the detection order in SequOMP is simply
estimate to emptyf(0) = {0} (1,2, ..., n). A key parameter in analyzing the performance

2) ComputeP(j)a,(;) whereP(j) is the projection op- of SequOMP is what we will call theninimum signal-to-
erator onto the orthogonal complement of the span Biterference and noise ratio (MSINR)

{an(e), ©(0) € I(j — 1)} . -y 03
3) Compute the correlation 7 z:r?,l.?,npg/a (0), (23)
la, PGyl wheres? (/) is given by
p(j) = — —.
P (i 2P 2 n
1P (5)an( | (f)yll B0 — 1A Y py (=L%.n (24)
4) If p(j) > p, add the indexr(j) to I(j — 1). That is, j=L+1

I(j) =1(j — 1)U {j}. Otherwise, sef (j) = I(j — 1).
5) Incrementj = j + 1. If j <n return to step 2.
6) The final estimate of the supportis = I(n).

The parameters anda?(¢) have simple interpretations: Sup-
pose SequOMP has correctly detectedor all j < ¢. Then,
in detectingb,, the algorithm sees the noigk with power
The SequOMP algorithm can be thought of as an iterati&{||d||?] = 1 plus, for each componerit> ¢, an interference
version of thresholding with the difference that, after azero powerp; with probability \. Henceg%(¢) is the total average
component is detected, subsequent correlations are paxtor interference power seen when detectingassuming perfect
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cancellation up to that point. Since the conditional power dn the table, we have usekl for An, which is the average
x, IS py, the ratiop,/52(¢) in 23) represents the averageumber of non-zero entries of
SINR seen while detecting componehtThe valuey is the ~ WhenSNR — oo, (29) simplifies to

minimum SINR over alln components.
m > 2(140)AnL(n, ) + An. (30)

Theorem l:iLet A = A(n), m = m(n), and the power
profile {p;}"_, = {p;(n )} , be deterministic quantities that This is identical to the lasso and OMP performance except for

all vary with n satisfying the limits the factorL(A, n)/log((1 — A)n), which lies in(0,4) for A €
(0,1/2). In particular, the minimum number of measurements
m—An—o00, An—o00, (l-A)n—o0, and y—0. does not depend avAR; therefore, similar to lasso and OMP,
Also, assume the sequence of power profiles satisfies the lifdUOMP can theoretically detect components that are much
below the average power at high SNRs. More generally, we
. can say that knowledge of the conditional ranks of the powers
lim  max 1og Zp = 0. (25) . . . ;
n—ooi=1,... n— = J enable a very simple algorithm to achieve resistance teelarg
= dynamic ranges.

Finally, assume that for aft,

> 2(1+96)L(n,\) + An, (26) D. Optimal Power Shaping
v The MSINR lower bound in(28) is achievedas— oc and
for somes > 0 andL(n, \) defined in[(I5). Then, there existsthe power profile is constant (all’s are equal). Thus, opposite
a sequence of thresholdg, = p(n), such that SequOMP to thresholding, a constant power profile is in some sense the
will achieve asymptotic reliable detection. The sequente worst power profile for a giverSNR,,;, for the SequOMP
threshold levels can be selected independent of the seguesigorithm.
of power profiles. This raises the question: What is the most favorable power
Proof: See AppendiX A. ®  profile? Any power profile maximizing the MSINR subject

The theorem provides a simple sufficient condition on the a constraint on total SNR_(R2) will achieve the minimum
number of measurements as a function of the MSINR in (23) for every/ and thus satisfy
probability A, and dimensiom. The condition[(2b) is some-
What_technlcal, we W|I_I verl_fy its validity in examples._ Th_e pe = 7<1 A Z pj>, (=1,2,....,n. (31)
remainder of this section discusses some of the implication

of this theorem. . 7= o
The solution to[(311) and (22) is given by

C. Most Favorable Detection Order with Known Conditional  p, = ~opi(1 + Yopt\)™ %, (=1,2,...,n, (32a)
Ranks

Suppose that therdering of the conditional power levels
{pj};?zl is known at the detector, but possibly not the values,yOpt — l [(1 + SNR)l/” _ 1} ~ L log(1+SNR) (32b)
themselves. Reordering the power profile is equivalent to A An
changing the detection order, so we seek the most favorabted the approximation holds for Iar@@ Again, some algebra
ordering of the power profile. Sincg?(¢) defined in [2#) shows that when\ is bounded away from zero, the power
involves the sum of the tail of the power profile, the MSINRprofile in (32) will satisfy the technical condition (25) wine
defined in [2B) is maximized when the power profile is norleg(1 + SNR) = o(n/ log(n)).
increasing: The power profile [(32a) is exponentially decreasing in
the index order/. Thus, components early in the detection

where

pr 2 p2 2 0 2 Pn = SNRuin. (27) sequence are allocated exponentially higher power than com
In other words, the best detection order for SequOMP is fropenents later in the sequence. This allocation insuresstrit
strongest component to weakest component. components have sufficient power to overcome the interéeren
Using [27), it can be verified that the MSINRIs bounded from all the components later in the detection sequence that
below by are not yet cancelled.
SNR,,in SNR - MAR Substituting [(32b) into[(26), we see that the scaling
72 1+ AMSNRpin  AM(14SNR-MAR)' (28) m > 2(1 +5)L("’/\))\n+/\n (33)
Furthermore, the sufficiency of the scalifig](26) shows that log(1 + SNR)
2(1 4 8)An(1 + SNR - MAR) is sufficient for SequOMP to achieve asymptotic reliable

> SNR - MAR L(n,A) +An  (29) detection with the best-case power profile. This expresision
: - . . . : ) shown in Tabléll, again with the additional simplificatiorath
is sufficient for asymptotic reliable detection. This exgzien (n,\) < 4log(n(1 — ) for A € (0,1/2)

is shown in Tabld]l with the additional simplification thafL )= 2108 ’ '

L(”v?\) < 419%(”(1 - A) for A € (_071/2)- To keep .the 2The solution [3R) is the = 0 case of a more general result in
notation consistent with the expressions for the otheri@ntr Section1V-G; see[(38).
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E. SNR Saturation The problem is that when a nonzero component is not de-

As discussed earlier, a major problem with thresholdin§gcted in SequOMP, that component's energy is not cancelled
lasso, and OMP is that their performances “saturate” wigf hi OUt and remains as interference for all subsequent comp®nen
SNR. That is, even as the SNR scales to infinity, the minimuif the detection sequence. With power shaping, components
number of measurements scalesnas= ©(Anlog((1 — A)n). early in the detection sequence have much higher power
In contrast, optimal ML detection can achieve a scaling= than components later in the sequence, so an early missed
O(\n), when the SNR is sufficiently high. detection can make subsequent detection difficult. As block

A consequence of (33) is that SequOMP with exponentiﬁf‘gth increases, the probgpility of missed detection oan b
power shaping can overcome this barrier. Specifically, if wéiven to zero. But at any finite block length, the probaypilit
take the scaling oBNR = ©(An) in (33), apply the bound of a missed detection early in the sequence will always be
L(n,\) < 4log(n(1 — \)) for A € (0,1/2), and assume that NONZEro0. o .

)\ is bounded away from zero, we see that asymptotically, The work [36] observed a similar problem when successive

SequOMP requires only interference cancellation is used in a CDMA uplink. To mi_ti—
gate the problem| [36] proposed to adjust the power allonati
m > 9An (34) to make them more robust to detection errors early in the

measurements. In this way, unlike thresholding and las&iftection sequence. The same technique, which we will call
SequOMP s able to succeed with scaling= O(\n) when robust power shapingan be applied to SequOMP as follows.
SNR — oo, The condition[(3Il) is motivated by maintaining a constant

MSINR through the detection process, assuming all compo-
nents with indexeg < ¢ have been correctly detected and
subtracted. An alternative, following [36], is to assumatth

The fact that power shaping can provide benefits wheme fixed fractiord € [0,1] of the energy of components
combined with certain iterative detection algorithms coné early in the detection sequence is not cancelled out due to
the observations in the work of Wipf and Rao [35]. Thatissed detections. We will call the leakage fraction With

work considers signal detection with a certain sparse Bagesnonzero leakage, the conditidn {31) is replaced by
learning (SBL) algorithm. They show the following result:

F. Power Shaping with Sparse Bayesian Learning

-1 n
Supposex hask nonzero components ang, i = 1,2, ...k, B B
is the power of theth largest component. Then, for a giver‘W =\t 9/\215 +A Z Pj [ =12 ..., n
measurement matriA, there exist constanig > 1 such that =1 =t (36)
if

For giveny, A, andd, (38) in a system of linear equations that

(35)  determine the power profilep,}}_,; one can varyy until the
the SBL algorithm will correctly detect the sparsity pattef Power profile provides the desired SNR accordingid (22).
x. A closed-form solution to[(36) provides some additional

The condition[(35) shows that a certain growth in the poweldsight. Adding and subtractinNR inside the parentheses in
can guarantee correct detection. The parametetsowever (38) while also using[(22) yields
depend in some complex manner on the matix so the " -1 "
appropriate_g_rowth @s difficult to compute. They also prcwid pe = 7<1 + SNR — )\ij +ON ij A Z pj>,
strong empirical evidence that shaping the power with cer- e e jett1
tain profiles can greatly reduce the number of measurements
needed.

The results in this paper add to Wipf and Rao’s observation4lich can be rearranged to
showing that growth in the powers can also assist SequOMP. -1
Moreover, 1_‘or SequOMP, we can explicitly d_erive the optimal (1 4 y)\)p, = ~ (1 +SNR — (1 — 6)A ij> . (37
power profile for certain large random matrices. =

This is not to say that SequOMP is better than SBL. In fact, ] ) )
empirical results in[[33] suggest that SBL will outperforrrps'”g _standard techniques for solving linear constant-
OMP, which will in turn do better than SequOMP. As weFoefficient difference equations,

Di > ViPi—1, 7'227 37"'7k7

=0

have stressed before, the point of analyzing SequOMP here is SNR (1 —¢)¢it
that we can derive concrete analytic results. These residys pi = 7T C cn (38a)
provide guidance for more sophisticated algorithms.
where N
+7
G. Robust Power Shaping ¢ T (38b)
The above analysis shows certain benefits of SequOMP
. . . ; . and
used in conjunction with power shaping. However, these Lo /
gains are theoretically only possible at infinite block lgrsg 1 1- ( f;SSN';R)
Unfortunately, when the block length is finite, power shapin TN (38¢)

146 snrR 1/ )
can actually reduce the performance. T+sNR
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SNR =0 SNR =10 SNR =20

Notice thatd < 1 implies ¢ < 1, so the power profile (38a) !
is decreasing as in the case without leakage in SeCfion IV- ﬂ
Settingd = 0 recovers[(3P).

100

V. NUMERICAL SIMULATION
A. Threshold Settings

The performances of the thresholding and SequOMP £ 200
gorithms depend on the setting of the threshold lgveln £
the theoretical analysis of Theorelh 1, an ideal threshcZzso
is calculated for the limit of infinite block length, which
guarantees perfect detection of the support. In simulatraith 300
finite block lengths, it is more reasonable to set the thrigshc
based on a desiref@dise alarm probability A false alarm is
the event that the algorithm falsely detects that a compon:
is nonzero when it is not. For the thresholding algorithm i 00 00
Sectior(1II-C or the SequOMP algorithm in Sectlon TV-A, the ~ *® °* °* %2 005 oL oas 02 O iy ot
false alarm probability is

r10.6

r10.5

r10.4

m m

0.3

- p . f T Fig. 1. SequOMP with power shaping: Each colored bar reptesthe

pra = Pr(jel|j¢& Liue SequOMP algorithm's missed detection probability as a tiancof the
. . number of measurements, with different bars showing different activit
= Pr(p(])>/‘|]€1‘crue)a g y

probabilities A and SNR levels. The missed detection probabilities were

S - S estimated with 1000 Monte Carlo trials. The number of usersset to
which is the probability that the correlatigr(j) exceeds the """ ine faise alarm probability isps = 10-2. The power shaping is

thresholdy whenb; = 0. performed with a leakage fraction 6f= 0.1. The dark black line shows the
In the simulations below, we adjust the threshqldby theoretical number of measurementsrequired in Theoreml1 with = ~(60)

trial and error to achieve a fixed false alarm probabilit')'/] GE9).

(typically ppa = 10~3), and then measure tiaissed detection 10

probability given by ) ~ [ == Threshold, const pow
R | —=— SeqOMP, const pow
PMD = Pr (] g I | .7 € Itrue) .

—— SeqOMP, pow shaping
The missed detection probability is averaged ovey @l I, .

=
o I
S
T

B. Evaluation of Bounds

We first compare the actual performance of the SequOMP
algorithm with the bound in Theoref 1. Figl 1 plots the
simulated missed detection probability for using SequOMP |
at various SNR levels, probabilities of nonzero componants
and numbers of measurements In all these simulations, the
number of components was fixedto= 100. The false alarm
probability was set tgra = 1072, The robust power profile 105 100 150 200 250
of Section V-G is used with a leakage fractién= 0.1. Num measurements, m

The dark line in Fig[lL represents the number of measure-
mentsm for which Theorenil would theoretically guarante€ig. 2. Missed detection probabilities for various detattimethods and

; ; i power profiles. The number of usersris= 100, SNR = 20 dB, the activity
reliable detection of the support at infinite block lengtfis. probability is A = 0.1, and the false alarm rate jsea = 10~ For the

apply the theorem, we used the MSINR= ~(6) in (38d). sequOMP algorithm with power shaping, the leakage fracties set to) =
At the block lengths considered in this simulation, the ks 0.1.

detection probability at the theoretical sufficient coiuditis

small, typically between 2 and 10%. Thus, even at moderate, . . . ,

block lengths, the theoretical bound in Theofgém 1 can pmvié_etecuon probability was estimated with 1000 Monte Carlo

a good estimate for the number of measurements for reIialBﬁ@lS‘ . .

detection. As expected, thresholqlmg requires the most numbgr of

measurements. For a missed detection rate of 1%, [Fig. 2
) shows that thresholding requires approximatety ~ 210

C. SequOMP vs. Thresholding measurements. In this simulation of thresholding, the powe
Fig. [ compares the performances of thresholding apdofile is constant. Employing SequOMP but keeping the

SequOMP with power shaping. In the simulations= 100, power profile constant decreases the number of measurements

A = 0.1, and the total SNR is 20 dB. The number oBomewhat tom =~ 170 for a 1% missed detection rate.

measurementsn was varied, and for eacln, the missed However, using SequOMP with power shaping decreases the

0
N

Missed detection probability
=
S
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10

of the difficulties in the proof is to handle the dependence
between random events at different iterations of the SeqaOM
algorithm. To avoid this difficulty, we first show an equivate
between the success of SequOMP and an alternative sequence
of events that is easier to analyze. After this simplificatio
small modifications handle the cancellations of detected ve
tors.

Fix n and define

Itrue(j) = { {:le Itrueag S]}a

which is the set of elements of the true support with indices
i ¢ < j. Observe thaf.,.(0) = {0} and l;;ue(n) = lirue-
Let P,ue(7) be the projection operator onto the orthogonal

—e— OMP, const pow
—=— OMP, pow shaping

!
N

Missed detection probability
=
)

10_3 I I

20 30 40 50 60 70 80 90 100 complement of{ay, ¢ € I;ue(j — 1)}, and define
Num measurements, m

(39)

) |a./thrue(j)Y|2
Fig. 3. Power shaping with OMP. Plotted is the missed detegirobabilities Pirueld

: ; ; aqiob [P true(7)a |2 Prue (5)y]1*
with OMP using a constant power profile, and power shaping wileakage
fraction set tof = 0.1. Other simulation assumptions are identical to Eig. 2A simple induction argument shows that SequOMP correctly

detects the support if and only if, at each iteratjorthe vari-
ablesI(j), P(j) andp(j) defined in the algorithm are equal

number of measurements by more than a factor of twWo #§ 1,....(j), Piue(j) and pue(s), respectively. Therefore, if
m ~ 95. Thus, at least at high SNRs, SequOMP may proviqdge define

significant gains over simple thresholding. = {7 ¢ puwe(j) > p } (40)

D. OMP with Power Shaping then SequOMP correctly detects the support if and only if

. . i I = Iy In particular,
As discussed earlier, although SequOMP can provide gains

over thresholding, its performance is typically worse than Perr(n) = Pr (f + Imm).
OMP, even if SequOMP is used with power shaping. (Our
interest in SequOMP s that it is simple to analyze.) To prove thatp..(n) — 0 it suffices to show that there

While we do not have any analytical result, the simulation igxists a sequence of threshold levels:) such the following
Fig.[3 shows that power shaping provides gains with OMP ago limits
well. Specifically, when the power profile is constamt~ 85

measurements are needed for a missed detection probability liminf min ptLe(]) > 1, (41)
of 1%. This number is slightly lower than that required by nree J€lue(n)  fb
SequOMP, even when SequOMP uses power shaping. When limsup max Prrue(]) <1, (42)
OMP is used with power shaping, the number of measurements n—oo J€luue(n)
decreases ten = 65. hold in probability. The first limit [41) ensures that all the
components in the true support will not be missed and will be
VI. CONCLUSIONS called thezero missed detection conditiofihe second limit

Methods such as OMP and lasso, which are widely used®®?) ensures that all the components not in the true support
over thresholding but still fall far short of the performancalarm condition
of optimal (ML) detection at high SNRs. Analysis of the Set the_ sequence of threshold levels as follows. Sinse),
SequOMP algorithm has shown that knowledge of conditionde can find are > 0 such that
rank of signal components enables performance similar to 9
OMP and lasso at a lower complexity. Furthermore, in the (1+0) = (1+€)" (43)
most favorable situations, conditional rank knowledgentf®s For eachn, let the threshold level be
the fundamental scaling of performance with SNR so that

performance no longer saturates with SNR. p=(1+e log(n(1 — /\))' (44)
m—An
APPENDIX The asymptotic lack of missed detections and false alarms

with these thresholds are proven in Appenditds D lahd E,
_ respectively. In preparation for these sections, Appefi@ix
A. Proof Outline reviews some facts concerning tail bounds on Chi-squared

At a high level, the proof of Theorem 1 is similar to theand Beta random variables and Appendix C performs some
proof of [4, Thm. 2], the thresholding conditioh {17). Onereliminary computations.

PrROOF OFTHEOREM[
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B. Chi-Squared and Beta Random Variables The following lemma provides a simple expression for the

The proof requires a number of simple facts concernifg@xima of certain beta distributed va(r:S\bles. _
chi-squared and beta random variables. These variables are€Mma 5:For eachn, suppose{w;"}7_, is a set of
reviewed in[[37]. We will omit all the proofs in this subsexts random variables Witm§") having a Betal,m;(n) — 1)
as they can be proved along the lines of the calculations distribution. Suppose that
[4].

A random variableu has achi-squareddistribution withr
degrees of freedom if it can be writtenas= >";_, 22, where \yhere

=117

nhﬂngo log(n)/mmin(n) = 0, nhﬂngo Mmin(n) =00 (46)

z; are ||dN(O, 1). - o . mmin(n) = min m](n)
Lemma 1:Supposex € R" has a Gaussian distribution j=L...m

N(0,021I,). Then: Then,
(a) !|x||2/o—2 is chi-squared withr degrees of freedom; and limsup max m;(n) w§_n) <1
(b) if y is any otherr-dimensional random vector that is n—soo J=1,....n 2log(n)

nonzero with probability one and independentfthen iy probability.

the variable

x'y|?
~ 2y|? C. Preliminary Computations and Technical Lemmas

fWe first need to prove a number of simple but technical

s a chi-squared random variable with one degree Bounds. We begin by considering the dimensiap defined

freedom. as
The following two lemmas provide standard tail bounds.
Lemma 2:Suppose that for each, {xg.")};?:l is a set of
Gaussian random vectors with eacj”n) spherically symmetric OUr first lemma computes the limit of this dimension.
in anm,(n)-dimensional space. The variables may be depen-L€mma 6:The following limit

dent. Suppose also thEI||x.§.")||2 =1 and lim min —%_ —1 (48)

m; = dim(range(Piruc(i))). (47)

nh—>nolo log(n) /muin(n) = 0 holds in probability and almost surely. The determinidtitits

where . log(An) . log((1 —A)n)
Mmin (n) = j:l.i.?.n m; (n) nh—{r;o m—\n__ nh—>H;o m—\n =0 (49)
o also hold.
Then the limits Proof: Recall thatP,..(i¢) is the projection onto the
lim max ||x§.”)|\2 = lim min ||x§.”)|\2 =1 orthogonal complement of the vecterswith j € Ijue(i—1).
00 j=1oun nro0 §=1,...m With probability one, these vectors will be linearly indepe
hold in probability. dent, sOP4,¢(2) Will have dimensionn — | Iiyue (i — 1)]. Since

Lemma 3:Suppose that for each, {u.g'n)}.?:l is a set Iiuue(i) is increasing with,
of chi-squared random variables, each with one degree of

freedom. The variables may be dependent. Then i e = mem axy [ e (1 = 1)|
(n) = m— |[Iirue(n — 1)|. (50)
. U
hffo‘ip 21 2 log(n) <1 (45)  since each user is active with probabilityand the activities
o . of the users are independent, the law of large numbers shows
where the limit is in probability. that
The final two lemmas concern certain beta distributed . [Ttrue(n —1)] 1

random variables. A real-valued scalar random variable el An—-1)

follows a Betdr, s) distribution if it can be written asv =
ur/(u, + vs), where the variables, andwv, are independent
chi-squared random variables wittands degrees of freedom,
respectively. The importance of the beta distribution isegi
by the following lemma.

Lemma 4:Supposex and y are independent random

in probability and almost surely. Combining this with {50)
shows [48).

We next show[(49). Since the hypothesis of the theorem
requires that\n, (1 — \)n andm — An all approach infinity,
the fractions in[(409) are eventually positive. Also, frandl)1

r-dimensional random vectors witkk being spherically- L(.n) < max{log(An),log((1 — A)n)}. Therefore, from

symmetrically distributed ifR” andy having any distribution @),
that is nonzero with probability one. Then the random vagiab L, 100030 Tog((1 — A)n)}
m—An ’
Ix"y|? gl
W= ——7—— < ———— max{log(An),log((1 — A)n)} <
Iy T? < gy etiosn) ol = A

is independent ok and follows a Betél,r — 1) distribution. where the last step is from the hypothesis of the theoram.

o2

— 0,
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Next, for eachi = 1,...,n, define theresidual vector Proof: See [38]. ]
. Lemma 9:Under the assumptions of Theor 1, the limit
€; = Ptrue(z)(y - aixi)- (51) P an
. a?(i)
Observe that limsup max 2 <1

n—oo =1,..,n 82(7/) -

€; Ptrue(i)(y - aixi)

holds in probability.
Proof: Let z(i) = o%(i)/52%(i). From the definition of
o2(i) in (83), we can write

—
S
=

= Ptruc(i) d + Z a;T;

i
® z(i) = ! + i z(i,7)
= Puuc(i) d+zaﬂmﬂ' (52) - 5%(1) j=i+1 o
j>i '

where (a) follows from[{lL) and (b) follows from the fact thatvherez(i, j) = |z;|/5°(i) for j > i. | _
P....(i) is the projection onto the orthogonal complement of Now recall that in the problem formulation, each user is

the span of all vectora; with j < i andz; # 0. active with probabilityA, with power |z;|? = p; conditioned
The next lemma shows that the power of the residual vec®? When the user being active. Also, the activities of défer
is described by the random variable users are independent, and the conditional powgrsare
n treated as deterministic quantities. Therefore, the bt
o) =1+ Z ;2. (53) z(i,j) are independent with
j=itl - p;/52(i), with probability \;
. 230 =1 0 with probability 1 — A
Lemma 7:For all: =1,...,n, the residual vectoe;, con- ’ P y ’

ditioned on the modulation vector and projectionP (i), for j > . Combining this with the definition &2 (¢) in (24),
is a spherically symmetric Gaussian in the range space @k see that

Pi,ue(7) with total variance

2 _Mi g, N - _
E (Jleil|* | x) = —o®(i), (54) E(z(i)) = =10 1+Aj§1pj =1.
wherem; ando?(i) are defined in[(47) and(63), respectively. '
Proof: Let Also, for each;j > i, we have the bound
v, =d+ a;r;, . 9.
Z I 2(i,7) € [0,p;/52(3)].

J>i
so thate; = Piue(i)v;. Since the vectors; andd have So for use in Hoeffding’s Inequality (Lemnia 8), define
GaussianN (0, 1/mlI,,) distributions, for a given vectoxk, n
v; must be a zero-mean white Gaussian vector with total C=C(i,n) = 3*4(2') Z p;{
varianceE||v;||? = o%(i). Also, since the operatdP, (i) i1
is a function of the components and vectors, for ¢ < i,
Piwe(?) is independent of the vectors anda;, j > 4, and
therefore independent of;. Since Pi,..(¢) iS a projection
from anm-dimensional space to an;-dimensional space;, ¢n = max log(n)C(i,n),
conditioned on the modulation vectar must be spherically i=1,..,n
symmetric Gaussian in the range spacéPef,.(i) with total S0 thatC(i, n) < ¢/ log(n) for all i. Hoeffding's Inequality

variance satisfying (34). _ _ (LemmalB) now shows that for all< n,
Our next lemma requires the following version of the well-

where dependence of the power profile a®g) on n is
implicit. Now define

known Hoeffding’s inequality. Pr(z(i) > 1+¢) < exp(—2€6/C(i,n))
Lemma 8 (Hoeffding’s Inequality)Suppose: is the sum < exp (_262 log(n)/cn) .
z=z20+ Yz Using the union bound,
=1
where zo is a constant and the variables are independent nler;O Pr <‘_Hllax z(i) > 1+ e)
random variables that are almost surely bounded in some I )
interval z; € [a;, b;]. Then, for alle > 0, < lim nexp <_M>
- n—oo I
—9¢2 "
Pr(s— B(z) > ¢) < exp ( ‘ ) , _ lim i 2o —
O n— o0
where The final step is due to the fact that the technical condition

C = Z(bi —a;)%. (23) in the theorem implies,, — 0. This proves the lemma.
=1 |
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D. Missed Detection Probability

Consider anyj € Iiue- Using [51) to rewrite[{39) along
with some algebra shows

|a;'PtruC(j)Y|2

ptruc(j) = . ;
HPtrue(J)aH2”Ptrue(J)Yj”2
_ | (2 Piruc(f)a; + €;)[?
HPtrue(j)ajHQijPtrue(j)aj + ej”2
> LV (55)
Sj + 2, /285 + 1
where
|xj|2||Ptruc(j)aj”2
’ lle;l1
- |a,/thfue(j)ej|2 ' (57)
[Ptrue(5)aj (%] e;]|?
Define
Smin = MiN §j, Smax = MaX Zz;

J€Itrue J€Itrue

We will now bounds,,;, from below ands,,,, from above.
We first start withs,,i,. Conditional onx and Py, (),
LemmalT shows that eaaky is a spherically-symmetrically

distributed Gaussian on the;-dimensional range space of

Pirue(j). Since there are asymptotically: elements infi,ye,
Lemmal2 along with[{49) show that

lim max
o 2(5)
n—+00 j€lyrue M0 ( )

lejlI* = (58)
where the limit is in probability. SimilarlyP.u.(j)a; is
also a spherically-symmetrically distributed Gaussiarthie
range space 0fP...(j). Since P..(j) is a projection
from an m-dimensional space to a;-dimensional space
and E|ja;||? = 1, we have thalE||Pu(j)a;||> = m;/m.
Therefore, Lemmal2 anng with (#9) show that

1. (59)

R 1 2 ==
i s PPt

Taking the limit (in probability) ofs,;y,
Sj
5
|xj|2||Ptrue(j)aj”2
7lle; 2
|z]?
Y02 (5)
b
v0%(j)
liminf min Z;J
n—00 j€ltrue Y02(7)

liminf min
n—00 j€lrue

n—00

7y

liminf min
Nn—00 j€lrue

liminf min
Nn—00 j€ltrue

liminf min
Nn—00 j€lrue

1, (60)
where (a) follows from[(36); (b) follows froni ($8) and _{59);
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Lemmal4 that each; is a Betdl, m; — 1) random variable.
Since there are asymptotlcau\yz elements iNfi;ue, Lemmd®
along with [48) and[{49) show that

lims —An li — A ax 2 < 1
1mu75max—1mu max zj
sy 2log(An) ey 21og(/\n) 7€ Ttrue
(61)
The above analysis shows that for ah¢ I,
li f —
RS fW ~VE)
(a) 1
> hmlnf—( Smin — V/Smax)
n— oo
(b
> lim 1nf — 2log(An) )
n—o00 m — )\TL
> liminf < 2log(An) )
n—o00 m — )\TL

lim inf
n— o0

— /log(\n) )

Z Vs
r
F )

where (a) follows from the definitions of,;, and sy,.x; (b)
follows from (60) and[{(@1); (c) follows froni (26); (d) follosv
from (I8); (e) follows from [(4¥); and (f) follows from(43).
Therefore, starting with(55),

r4)
I

lim inf
n— oo

lim inf V1te (62)
n—oo

liminf min
Nn—00 j€lrue

(a) 18; —2./z2:8; + 2;

> liminf min — J 17 J
n—oo jeluue [ S5 +24/2Z585 +1

= liminf min —(— Y ')
n—00 j€ltrue MS +2\/Z.78_] +1

(b) 1

> liminf min o Ire
n—00 j€ltrue S] + 2\/le8_j + 1

(e) 1

> liminf min e
n—00 j€ltrue S] + 2\/8.7' + 1

1+e€

> liminf mi

- 17{11){2 7énlixrllle Smin + 2\/ Smin + 1

(d) 1 e

> liminf min te Q 1+e¢

n—00 761'51[18 (\/_+ 1)

where (a) follows from[(55); (b) follows froni (62); (c) folles
from the fact thatz; € [0,1] (it is a Beta distributed random
variable); (d) follows from [(6D); and (e) follows from the
condition of the hypothesis of the theorem that> 0. This
proves the first requirement, conditidn {41).

(c) follows from [21); (d) follows from Lemmal9; and (e)E. False Alarm Probability

follows from (23).

We next consideg,,.,. Conditional onPy,,.(j), the vec-
tors Piyue(J )aj ande; are independent spherically-symmetric
Gaussians in the range space Bf,..(j). It follows from

Now consider any index ¢ Iiue. This implies thats; =0
and therefore[{31) shows that

Piue(j)y = €;.
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Hence from[(3P),

where z; is defined in [(5FF). From the discussion above
eachz; has the Bet@&, m; — 2) distribution. Since there are
asymptotically(1 — A\)n elements in/¢,

|aje|?
[ Puue(h)all?lle;]?

(63)

Ptrue (.7) = Zj

the conditions[(48)

true?

and [49) along with Lemmia 5 show that the limit

. m—An
lim sup max <1

L — 64
n—oo J&ltrue 210g(n(1 - )‘))ZJ - ( )

holds in probability. Therefore,

where (a) follows from[(&3); (b) follows froni(44); and (c)

1msup max —p
n—oo JEltrue U truel]

(@)

limsup max —z;
n—oo JEltrue b

lim sup ma m— An z

X .
n—)oopjgfcrue (1 + E) log(n(l — )\)) J
(¢) 1

1+e€

[16]

[17]

(18]

[19]

[20]

[21]

[22]

(23]

[24]

follows from (64). This proves (42) and thus completes tHed]
proof of the theorem.

(1]

(2]

(3]

(4

(5]
(6]

(7]

(8]

El

[20]

[11]

[12]
(23]

[14]

[15]

REFERENCES

A. K. Fletcher, S. Rangan, and V. K. Goyal, “A sparsity elgion
framework for on—off random access channelsPmc. IEEE Int. Symp.
Inform. Theory Seoul, Korea, Jun.—Jul. 2009, pp. 169-173.

M. J. Wainwright, “Information-theoretic limits on spgty recovery in
the high-dimensional and noisy settindEEE Trans. Inform. Theory
vol. 55, no. 12, pp. 5728-5741, Dec. 2009.

——, “Sharp thresholds for high-dimensional and noiswrsjty recov-
ery using/;-constrained quadratic programming (lass®EEE Trans.
Inform. Theory vol. 55, no. 5, pp. 2183-2202, May 2009.

A. K. Fletcher, S. Rangan, and V. K. Goyal, “Necessary anfficient
conditions for sparsity pattern recoveryE2EE Trans. Inform. Theory
vol. 55, no. 12, pp. 5758-5772, Dec. 2009.

B. K. Natarajan, “Sparse approximate solutions to limggstems,'SIAM
J. Computing vol. 24, no. 2, pp. 227-234, Apr. 1995.

S. G. Mallat and Z. Zhang, “Matching pursuits with timedquency
dictionaries,” IEEE Trans. Signal Processvol. 41, no. 12, pp. 3397-
3415, Dec. 1993.

S. Chen, S. A. Billings, and W. Luo, “Orthogonal least aggs methods
and their application to non-linear system identificatidn;. J. Contro|
vol. 50, no. 5, pp. 1873-1896, Nov. 1989.

Y. C. Pati, R. Rezaiifar, and P. S. Krishnaprasad, “Ogthrwal matching
pursuit: Recursive function approximation with applicas to wavelet

[26]

[27]

(28]

[29]

[30]

(31]

[32]

(33]

decomposition,” inConf. Rec. 27th Asilomar Conf. Sig., Sys., & Comput[34]

vol. 1, Pacific Grove, CA, Nov. 1993, pp. 40—-44.

G. Davis, S. Mallat, and Z. Zhang, “Adaptive time-frequeg decompo-
sition,” Optical Eng, vol. 33, no. 7, pp. 2183-2191, Jul. 1994.

D. Needell and J. A. Tropp, “CoSaMP: lterative signataeery from
incomplete and inaccurate samplesgpl. Comput. Harm. Analvol. 26,
no. 3, pp. 301-321, May 2009.

W. Dai and O. Milenkovic, “Subspace pursuit for commige sensing
signal reconstruction,JEEE Trans. Inform. Theoryol. 55, no. 5, pp.
2230-2249, May 2009.

S. S. Chen, D. L. Donoho, and M. A. Saunders, “Atomic deposition

by basis pursuit,'SIAM J. Sci. Compuwvol. 20, no. 1, pp. 33-61, 1999.

R. Tibshirani, “Regression shrinkage and selectioa the lasso,"J.
Royal Stat. Soc., Ser, Bol. 58, no. 1, pp. 267-288, 1996.

E. J. Candes and T. Tao, “The Dantzig selector: Stegisestimation
whenp is much larger tham,” Ann. Stat. vol. 35, no. 6, pp. 2313-2351,
Dec. 2007.

D. L. Donoho, M. Elad, and V. N. Temlyakov, “Stable reeoy of sparse
overcomplete representations in the presence of nol&EE Trans.
Inform. Theory vol. 52, no. 1, pp. 6-18, Jan. 2006.

[35]

[36]

[37]

(38]

13

J. A. Tropp, “Greed is good: Algorithmic results for spa approxima-
tion,” IEEE Trans. Inform. Theoryol. 50, no. 10, pp. 2231-2242, Oct.
2004.

——, “Just relax: Convex programming methods for idfiig sparse
signals in noise,IEEE Trans. Inform. Theoryol. 52, no. 3, pp. 1030-
1051, Mar. 2006.

E. J. Candés, J. Romberg, and T. Tao, “Robust uncéytainnciples:
Exact signal reconstruction from highly incomplete fregue informa-
tion,” IEEE Trans. Inform. Theoryvol. 52, no. 2, pp. 489-509, Feb.
2006.

D. L. Donoho, “Compressed sensindEEE Trans. Inform. Theory
vol. 52, no. 4, pp. 1289-1306, Apr. 2006.

E. J. Candés and T. Tao, “Near-optimal signal recovieoyn random
projections: Universal encoding strategiedZEE Trans. Inform. The-
ory, vol. 52, no. 12, pp. 5406-5425, Dec. 2006.

S. Rangan, A. Fletcher, and V. K. Goyal, “Asymptotic s& of
MAP estimation via the replica method and applications tmpessed
sensing,”IEEE Trans. Inform. Theory2011, to appear; available as
arXiv:0906.3234v1 [cs.IT].

D. L. Donoho and J. Tanner, “Counting faces of randomigjected
polytopes when the projection radically lowers dimensioh, Amer.
Math. Soc. vol. 22, no. 1, pp. 1-53, Jan. 2009.

S. Sarvotham, D. Baron, and R. G. Baraniuk, “Measurdmes. bits:
Compressed sensing meets information theory,"Pimc. 44th Ann.
Allerton Conf. on Commun., Control and Complonticello, IL, Sep.
2006.

A. K. Fletcher, S. Rangan, and V. K. Goyal, “Rate-disitor bounds
for sparse approximation,” iIHEEE Statist. Sig. Process. Workshop
Madison, WI, Aug. 2007, pp. 254-258.

G. Reeves, “Sparse signal sampling using noisy lineajeptions,” Univ.
of California, Berkeley, Dept. of Elec. Eng. and Comp. SEech. Rep.
UCB/EECS-2008-3, Jan. 2008.

M. Akcakaya and V. Tarokh, “Shannon-theoretic limds noisy com-
pressive sampling,1EEE Trans. Inform. Theoryvol. 56, no. 1, pp.
492-504, Jan. 2010.

J. A. Tropp and A. C. Gilbert, “Signal recovery from ramd measure-
ments via orthogonal matching pursuitEEE Trans. Inform. Theory
vol. 53, no. 12, pp. 4655-4666, Dec. 2007.

A. K. Fletcher and S. Rangan, “Orthogonal matching pitfsom noisy
measurements: A new analysis,” Rroc. Neural Information Process.
Syst, Y. Bengio, D. Schuurmans, J. Lafferty, C. K. I. Williams, dan
A. Culotta, Eds., Vancouver, Canada, Dec. 2009.

H. Rauhut, K. Schnass, and P. Vandergheynst, “Comedessnsing and
redundant dictionariesJEEE Trans. Inform. Theorwol. 54, no. 5, pp.
2210-2219, May 2008.

W. Wang, M. J. Wainwright, and K. Ramchandran, “Infotioa-
theoretic limits on sparse signal recovery: Dense versassepmea-
surement matricesJEEE Trans. Inform. Theoryvol. 56, no. 6, pp.
2967-2979, Jun. 2010.

M. F. Duarte, S. Sarvotham, D. Baron, W. B. Wakin, and RB&raniuk,
“Distributed compressed sensing of jointly sparse sighedsConf. Rec.
Asilomar Conf. on Signals, Syst. & Compute?Pacific Grove, CA, Oct.—
Nov. 2005, pp. 1537-1541.

M. Tipping, “Sparse Bayesian learning and the releeanector ma-
chine,” J. Machine Learning Researchkiol. 1, pp. 211-244, Sep. 2001.
D. Wipf and B. Rao, “Sparse Bayesian learning for bagskedion,”
IEEE Trans. Signal Processvol. 52, no. 8, pp. 2153-2164, Aug. 2004.
P. Schniter, L. C. Potter, and J. Ziniel, “Fast Bayesiaaiching pursuit:
Model uncertainty and parameter estimation for sparseatimeodels,”
IEEE Trans. Signal ProcessAug. 2008, submitted.

D. Wipf and B. Rao, “Comparing the effects of differeneight distri-
butions on finding sparse representations,Pioc. Neural Information
Process. SystVancouver, Canada, Dec. 2006.

A. Agrawal, J. G. Andrews, J. M. Cioffi, and T. Meng, “ltgive power
control for imperfect successive interference canceltgtilEEE Trans.
Wireless Commuwol. 4, no. 3, pp. 878-884, May 2005.

M. Evans, N. Hastings, and J. B. Peaco&atistical Distributions
3rd ed. New York: John Wiley & Sons, 2000.

W. Hoeffding, “Probability inequalities for sums of boded random
variables,”J. Amer. Stat. Assqovol. 58, no. 301, pp. 13-30, Mar. 1963.



