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Abstract

This study develops methods for conducting uniform inference on quantile treatment effects
for sharp regression discontinuity designs. We develop a score test for the treatment significance
hypothesis and Wald-type tests for the hypotheses related to treatment significance, homogene-
ity, and unambiguity. The bias from the nonparametric estimation is studied in detail. In
particular, we show that under some conditions, the asymptotic distribution of the score test is
unaffected by the bias, without under-smoothing. For situations where the conditions can be
restrictive, we incorporate a bias correction into the Wald tests and account for the estimation
uncertainty. We also provide a procedure for constructing uniform confidence bands for quan-
tile treatment effects. As an empirical application, we use the proposed methods to study the
effect of cash-on-hand on unemployment duration. The results reveal pronounced treatment

heterogeneity, and also emphasize the importance of considering the long-term unemployed.
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1 Introduction

The regression discontinuity (RD) design (Thistlethwaite and Campbell, 1960) has emerged as
an important methodology for identifying and estimating causal effects from observational data.
Under this design, the assignment to a treatment depends on whether a covariate exceeds a certain
threshold. As such, the treatment effects can be identified and estimated by comparing individuals
positioned just above this threshold with those just below. Since the late 1990s, RD designs have
been applied in a wide range of fields (see Lee and Lemieux, 2010), including education, labor
markets, political economy, health, crime, and environmental issues. Thus far, the majority of
studies in the RD literature have focused on the average treatment effect (ATE).

However, treatment effects can be heterogeneous. The average effect, although important,
sometimes reveals only a partial picture. For example, it cannot directly measure whether the
treatment has altered the dispersion of the outcome distribution. In addition, it is usually silent
on whether the effects are stronger in some quantiles than in others. Such distributional aspects
can be important and arise naturally, for example, when evaluating effects of unionization on wage
inequality (Freeman, 1980, and Card, 1996) and effects of government training programs on lower
quantiles of the earning distribution (Lalonde, 1995, and Abadie, Angrist, and Imbens, 2002).

Quantile treatment effects (QTE; Lehmann, 1975, and Doksum, 1974) can be effective for doc-
umenting such heterogeneity. Recent studies on QTE outside the RD literature include Heckman,
Smith, and Clements (1997), Abadie, Angrist, and Imbens (2002), Chernozhukov and Hansen
(2005), and Firpo (2007). Within the RD literature, such studies have remained sparse. The work
of Frandsen, Frolich, and Melly (2012) is a notable contribution, where the authors propose an
estimator for QTE by inverting conditional distributions of potential outcomes. They consider
both sharp and fuzzy designs, and present confidence intervals that are pointwise with respect
to the quantile index. In spite of such progress, econometric methods related to quantile effects
under the RD design have not been fully developed in relation to the following issues: (1) How
can we test whether the treatment is significant at some unknown quantiles within a pre-specified
quantile range (Treatment Significance)? (2) How can we test whether the treatment effects are
homogeneous across the quantiles (Treatment Homogeneity)? (3) How can we test whether the
effects are always nonnegative within the quantile range (Treatment Unambiguity)? (4) How can
we construct a uniform confidence band for the quantile effects? These issues all involve a range of
quantiles, and addressing them requires methods that are uniform with respect to the quantiles.

This study examines these four issues and provides empirically useful methods. To facilitate



implementation, the theory and empirical application are discussed together, whenever possible.
When a theoretical result or procedure is introduced, it is immediately complemented by an em-
pirical discussion to make it practical. In addition, an R package is developed and made available.
Researchers can replace the current data file with theirs, and carry out analyses parallel to those
described in this paper. In addition, the choices and trade-offs that an empirical researcher may
face (e.g., bandwidth choice and bias estimation) are discussed in detail. They are incorporated
into the R package as options so that the researcher can experiment and evaluate the sensitivity of
the result.

More specifically, this study uses conditional quantile processes to develop methods for con-
ducting uniform inference on QTEs under the sharp RD design. The methods rely on the following
results of Qu and Yoon (2015): (i) The quantile processes can be estimated nonparametrically using
a family of local linear regressions, with quantile monotonicity maintained through linear inequality
constraints or rearrangement (see Chernozhukov, Ferndndez-Val, and Galichon (2010) for the study
of rearrangement as a generic method for estimating monotone probability and quantile curves).
(ii) The resulting estimators converge weakly to continuous Gaussian processes, the critical values
of which can be obtained from simulations. Building on these results, the analysis in this study
proceeds as follows.

First, we develop Score and Wald-type tests for hypotheses related to treatment significance,
homogeneity, and unambiguity. The score test treats the cut-off as an interior point, which is useful
for testing the treatment significance hypothesis. Because its implementation does not require
estimating conditional density, it can be particularly attractive when the sample size is small. The
Wald-type tests treat the cut-off value as a boundary point. These tests can be used for all three
hypotheses. We derive the limiting distributions of both types of tests and also give procedures for
tabulating their critical values.

As is typical with nonparametric regressions, the quantile process estimator is affected by a bias
term. Here, we analyze two possibilities and provide two options for addressing this important issue.
First, we provide sufficient conditions under which the score test is asymptotically unaffected by
the bias term without under-smoothing. Second, for situations where the conditions may not hold,
we provide Wald tests that explicitly correct for the biases, while accounting for the estimation
uncertainty. The second option is inspired by Calonico, Cattaneo, and Titiunik (2014). However,
there is an important difference. In our case, the object of interest is a quantile process, not a finite
dimensional parameter. Thus, we exploit the conditional pivotality of the subgradient process,

following the insights of Parzen, Wei, and Ying (1994) and Chernozhukov, Hansen, and Jansson



(2009). This approach is applicable to nonparametric inference beyond the RD design setting.

Then, we provide procedures for constructing uniform confidence bands for the quantile effects.
This covers situations where the biases have no effect and provides extensions that implement bias
correction. The procedure is a direct application of the theory of Qu and Yoon (2015). However,
this is the first time such uniform bands have been derived in the RD literature.

The proposed methods are applied to study the effects of cash-on-hand on unemployment dura-
tion using the dataset of Card, Chetty, and Weber (2007). This application is introduced in Section
2, and then continued as theoretical results are developed. The data have two potential discontinu-
ities, due to eligibility for severance pay and for extended unemployment insurance benefits. The
results show that both discontinuities are statistically significant and that substantial treatment
heterogeneity exists in both cases. Interestingly, at the 80th percentile, the two estimated effects
on unemployment duration are close to the respective benefit levels. This leads to an intriguing
hypothesis that, for the long-term unemployed, the liquidity effect can be a dominating factor in
determining the duration of a job search. This hypothesis mirrors the statement by Card, Chetty,
and Weber (2007) that a substantial share of behavioral responses to more generous unemployment
benefits is attributable to a liquidity effect.

There is a growing body of literature developing econometric methods for RD designs. Hahn,
Todd, and Van der Klaauw (2001) provide an influential contribution that develops a framework
for identifying and estimating the average treatment effect under weak functional form restrictions.
More recent contributions include those on distributional treatment effects (Frolich and Melly, 2010,
Frandsen, Frolich, and Melly, 2012, and Shen and Zhang, 2016), alternative estimation procedures
(Porter, 2003, Lee, Moretti, and Butler, 2004, and Otsu, Xu, and Matsushita, 2015), graphical
methods (Calonico, Cattaneo, and Titiunik, 2015), methods for bandwidths selections (Ludwig and
Miller, 2007, Imbens and Kalyanaraman, 2012), robust inference (Calonico, Cattaneo, and Titiunik,
2014), specification analysis (McCrary, 2008, and Lee and Card, 2008), and kink designs (Dong,
2012, Card, Lee, Pei, and Weber, 2015, and Chiang and Sasaki, 2016). A comprehensive survey
can be found in Imbens and Lemieux (2008). This study contributes to the literature by developing
uniform procedures for documenting treatment heterogeneity for sharp RD designs. Some methods
developed here are also informative for fuzzy designs. Section 2 has further discussions.

The remainder of the paper proceeds as follows. Section 2 presents the framework. Section 3
describes two estimation procedures. Section 4 develops a score test for the treatment significance
hypothesis. Section 5 develops Wald tests for the three hypotheses related to treatment signif-

icance, homogeneity, and unambiguity. Section 6 presents uniform confidence bands. Section 7



shows how various robustness checks can be carried out in practice. Section 8 examines the finite
sample properties of the testing procedures. Lastly, Section 9 concludes the paper. All proofs and
extensions are included in the online appendix. An R package reproduces the empirical findings,

including more details on the implementation.
2 Quantile effects under sharp RD designs

Here, we introduce the issues to be studied, and then discuss these in the context of an application.

2.1 Issues to be studied

Let d; denote the treatment status of an individual ¢. Under the sharp RD design, d; is a deter-
ministic function of some scalar variable z; (i.e., d; = 1{z; > x¢}), where xg is a known cut-off.
Let Fy|x(:|r) denote the cumulative distribution of the outcome variable Y, given X = x, and let
Q(7|z) be its conditional quantile at 7 € (0,1): Q(7|z) = F;llX(T]a:) = inf {s: Fy x(s|z) > 7}.
Following Lehmann (1975) and Doksum (1974), the treatment effect at the 7-th percentile can be

defined as
0(7) = lim Q(7|z) — lim Q(7|x).
x|xo zTzo

To simplify the notation, let Q(7|zg) and Q(7|zy) denote lim, ., Q(7]|z) and limgy,, Q(7|z), re-
spectively. Throughout this paper, the conditional quantile functions of potential outcomes are
assumed to be continuous at xg.

We treat Q(7|z) as a general nonlinear function of z and 7, and §(7) is treated as a process
indexed by 7 € T, where T = [A;, A\o] with 0 < A\; < Ay < 1. In practice, 7 can be chosen flexibly,
depending on the treatment. For example, if the treatment target is the low part of the distribution,
then we can choose 7 = [g,0.5], with £ being a small positive number.

The analysis focuses on estimating and conducting inference on 6(7). The objectives are to
develop methods for testing various hypotheses related to §(7) and to obtain a confidence band

that covers this process with a desired probability.

Treatment significance.  Under the null hypothesis (Hp), the treatment has no effect within
7. Under the alternative hypothesis (H;), the treatment is significant at some unknown quantiles

within 7. Formally: Hy: (1) =0 for all 7 € 7, and Hy : 6(7) #0 for some 7 € 7.

Treatment homogeneity. The null and alternative hypotheses are given as follows: Hy : §(7)

is constant over 7 € 7, and Hy : 6(7) # 0(s) for some 7,5 € 7.



Treatment unambiguity. Under the null hypothesis, the effect is unambiguously beneficial
at all quantiles within 7. Under the alternative hypothesis, it is detrimental at some quantiles.

Formally, Hy : (1) >0 forall 7€ 7, and H; : §(7) < 0 for some 7 € 7.

Uniform confidence band. Let 0 < a < 1 be a coverage level. We want to construct L, ()

and U, (7) such that liminf,, o P (La(7) < 0(7) < Uy(r) forall 7€ T) > a.

We now discuss interpretations of d(7) and the three hypotheses, with and without making the
rank invariance assumption. Consider a hypothetical individual, with X = zg. Let Y denote the
potential outcome if the individual receives the treatment, and Y if not. Denote the distributions
of Y' and Y° by Fi(-) and Fp(-), respectively. Define (1) = Fy (1) — Fy *(7). Then, the rank
invariance assumption is equivalent to assuming Fy(Y!) = Fo(Y?). In the current framework, if
this assumption holds, then 6(7) = &(7). As a result, the three hypotheses and the confidence
band can all be formulated equivalently, with {(7) replacing 6(7). If this assumption is relaxed,
then there are two effects. First, {(7) will become set-identified (i.e., multiple values are consistent
with the two marginal distributions Fj(-) and Fy(-)), and 6(7) will represent one value in this set.
Second, the three hypotheses will remain informative about £(7). In particular, if we reject the
treatment significance hypothesis, then we also reject the hypothesis of £(7) = 0 for all 7 € (0,1)
at the same significance level. This is because if the two potential outcome distributions are the
same, then the actual outcome distributions of the treated and the untreated must also be identical.
Similarly, if we reject d(7) = d(s) for all 7,5 € 7, or reject 6(7) > 0 for all 7 € 7, then we also
reject £(7) = £(s) for all 7,5 € (0,1), or £(7) > 0 for all 7 € (0,1), respectively, at the same
significance level. For a more thorough discussion of the rank invariance assumption, along with
other assumptions on the identification of heterogeneous treatment effects, see Heckman, Smith,
and Clements (1997).

In addition to the above four issues, the methods developed can be used to study the following.

First, we can compare the QTEs between subgroups defined by a covariate z:

64(r) = {lim Q(T|z,z = 21) — liTm Q(T|z,z = zl)} - {lilm Q(T|z, 2z = 29) — liTm Q(T|z, 2z = 2’2)} .

x|xo

For example, z; and zo can correspond to males and females, or to two different age groups. Second,

we can examine how the QTEs change between two periods, tg and ¢1:

64(r) = {lim Q(T|z,t =tp) — 1iTrn Q(7lz,t = tg)} - {lilm Q(Tlz,t =1t1) — liTm Q(7|z,t = tl)} .

z|xo

This can be useful when there is a confounding policy at the cutoff (Grembi, Nannicini, and Troiano,

2016), or if we need to check the robustness of the original results (Landais, 2015). Finally, we can



study the QTEs at two distinct discontinuity points, xo and 1 (see Angrist and Lavy, 1999, and
Van der Klaauw, 2002 for the average effect):

5d(7) = {him Q(t|x) — liTm Q(T]x)} — {hlm Q(t|x) — liTm Q(T\x)} .

The online supplement contains details on how to test hypotheses about 5d(7') and how to construct
a uniform confidence band for it. See Section S.2.

Some methods we develop are also applicable to fuzzy designs. To illustrate this, consider a
standard fuzzy design (as in Section 2.3 of Imbens and Lemieux, 2008) that allows for compliers (i.e.,
individuals who receive the treatment if and only if they are eligible), never takers (individuals who
always refuse the treatment) and always takers (individuals who receive the treatment, irrespective
of eligibility). Let Y'' and Y° denote potential outcomes. Let Qy1|g.o(T) and Qyoy, () be the 7-
th quantiles of Y! and Y?, respectively, conditional on a complier with X = z7. Suppose the object
of interest is the QTE for compliers, defined as 6.(7) = Qy1|39,c(7) = Qy0|3,,(7). Then, as observed
in Shen and Zhang (2016), we have the following: (i) If 6.(7) = 0 for all 7 € (0,1), then §(7) = 0 for
all 7 € (0,1); (ii) If 6.(7) > 0 for all 7 € (0, 1), then d(7) > 0 for all 7 € (0, 1). The relationships (i)
and (ii) imply that, under fuzzy designs, we can still apply our tests for the treatment significance
hypothesis or the treatment unambiguity hypothesis, as if the design were sharp. If a rejection
occurs, then this implies that we also reject the hypothesis d.(7) = 0 for all 7 € (0,1) or d.(7) >0
for all 7 € (0,1) at the same significance level. Testing the homogeneity hypothesis about d.(7)
and constructing a uniform confidence band for it are more challenging. For them, one needs to
consider d.(7) directly. A procedure that inverts the conditional quantile functions Qy1, (1) and
Qy0|z,c(T), and then applies reweighting, in the spirt of Frandsen, Frolich, and Melly (2012), is
worth considering. This is left for future research.

We assume that xq is known. It would be interesting to test whether the QTE is significant at
some unknown 7 and z. This would require establishing approximations to Q(T|x) that are uniform
with respect to both 7 and z. The techniques in Guerre and Sabbah (2012) and Lee, Linton, and
Whang (2009) can be valuable for such an analysis.

2.2 Application: Cash-on-hand and unemployment duration

Does disposable income (“cash-on-hand”) substantially affect the duration of a job search? Card,
Chetty, and Weber (2007) study this issue by considering discontinuities generated by severance
pay and by extended unemployment benefits in the Austrian labor market. Austrian law requires

that workers who are laid off after three years of service at the same company receive a lump sum



amount equal to two months’ salary. This implies that an employee’s eligibility for severance pay
jumps from 0% to 100% as his or her job tenure reaches 36 months. This leads to a sharp RD
design. In addition, job seekers with sufficient work history can receive unemployment benefits
that vary discontinuously. Those who worked for more than 12, but less than 36 months (at any
company) in the past five years are eligible for 20 weeks of unemployment benefits, while those who
worked for 36 months or more can receive an extra 10 weeks of benefits. This also leads to a sharp
RD design.

In this application, the treatment significance hypothesis asks whether the treatment (severance
pay or extended benefits) affects the distribution of the unemployment duration within the quantile
range 7. Testing this hypothesis can be more informative than testing the ATE if the latter turns
out to be small. The homogeneity hypothesis asks whether the treatment shifts the duration by
approximately the same magnitude. This is important, because the treatment may affect the long-
and short-term unemployed very differently. A test of the treatment unambiguity hypothesis asks
whether the effects are always non-negative. Finally, the uniform confidence band quantifies how
the effect changes as 7 moves from the lower to the upper tail of the conditional distribution. This
band gives detailed information on magnitudes and significance of the effects for all quantiles in 7.

We may gain valuable information from the tests that is not obtainable from the ATE. Such
information can be useful for informing policy or for discriminating between different models of
job seekers’ behavior. For example, suppose the test for the treatment unambiguity hypothesis
rejects the null hypothesis. Then, this suggests that some job seekers have utilized the increased
resources to make their search more efficient, for example, by broadening the search diameter or
by paying for childcare in order to gain more time. If this is the case, then follow-up studies can
be conducted to identify these efficiency channels to facilitate their usage. As another example,
suppose the treatment effect is significant and the treatment homogeneity test does not reject the
null hypothesis. Then, this suggests that moral hazard may play an important role in determining
the job search. Instead, suppose the treatment homogeneity test rejects the null hypothesis, and
that the QTE is found to be strongly increasing with respect to 7. Then, this suggests that an
important share of the behavioral responses may be attributable to a liquidity effect. Of course,
further studies would be needed to confirm or falsify these tentative conclusions. Meanwhile, if we

do not examine distributional effects, we may not gain such information in the first place.



3 Estimating quantile treatment effects

This section first estimates 6(7) by applying the procedures of Qu and Yoon (2015) to the RD

setting. Then, the estimator is applied to the unemployment duration application.

3.1 Estimation procedures

Qu and Yoon (2015) study two estimation procedures in a general nonparametric setting. The
procedures share two features. First, they are based on local linear regressions, the suitability of
which for RD designs is discussed in Hahn, Todd, and Van der Klaauw (2001) and Porter (2003).
Second, they both allow the bandwidth to vary across quantiles. The procedures differ in how the
quantile monotonicity is achieved. The first procedure uses linear inequality constraints, while the
second applies rearrangement, following Chernozhukov, Ferndndez-Val, and Galichon (2010). The
finite sample properties of the two procedures are shown to be quite similar. Below, we outline
how to implement the two procedures in the RD setting. Let {(z;,v:)};—; denote a sample of n
observations. Let hy, ; be a bandwidth parameter that can differ between quantiles, K (-) be a kernel

function, and p_ (+) be the check function evaluated at the 7-th percentile. Define d; = 1 {x; > x¢}.

The first procedure. STEP 1: Partition 7 into an even grid {71, ..., 7} and solve

min ZZPTJ Yi — 75) = B (1) (@i — 20)) &;i K (‘T;L_ :c0> , (1)

+
{at(75),8%(15) P n,T;j

subject to o (7;) < af(r;41) for all j =1,...,m — 1. Denote the estimates by a* (7;) and B+(7'j)

with j=1,...,m. STEP 2: Compute

at(r) = y(r)a'(ry)+ 1 —y(r)a"(rj41) (2)
At ~+ ~+

() = v()B (1) + A =v() B (Tj+1),

for any 7 € [1,741], where y (1) = (7j41—7)/(Tj41—7;) and j = 1,..., m—1. Set Q(T|$S_) =at (7).

The second procedure. STEP 1: Solve (1) without the inequality constraints. Denote the esti-
mates by &t (71),...,a" (7,,) and E+<T ), ...,B+<Tm). STEP 2: Apply (2), and then obtain &** (1) =
inf{yeR: [11(&"(u) <y)du>7— A}, where \; is the lower limit of 7. Set Q(rlzd) = & (7).

In the first procedure, the monotonicity constraints involve only the intercepts in the local linear
approximation. They are independent of the data (such as their support) and the bandwidths. In

the second procedure, the rearrangement is applied after the linear interpolation in order to be



consistent with the theoretical analysis in Chernozhukov, Ferndndez-Val and, Galichon (2010). As
their paper suggests, to facilitate the implementation, it can also be applied directly to 5(+(7'j)
(j = 1,...,m), provided that m is sufficiently large. The linear interpolation can then be applied to
the monotonized estimate to obtain the final estimate.

After obtaining Q(T\xg ) using one of the two procedures, we can obtain Q(T|x6 ) by replacing

d; in (1) with 1 —d; and "+" with "-". Finally, §(7) can be estimated as
3(r) = Q(rlag) — Q(rlxy) for any 7 € T. (3)

An important step for the estimation is the bandwidth selection. As in Qu and Yoon (2015),
we first determine the bandwidth at the median, and then relate it to other quantiles using the
link function of Yu and Jones (1998): h,, = {27(1 — T)/[W¢(<I>_1(T))2]}l/5 hno5, where ¢(-) and
®~1(.) are the density and quantile functions, respectively, of a standard normal distribution. We
consider three selectors for the bandwidth at the median. The first selector uses leave-one-out cross
validation. The second uses the minimum MSE bandwidth formula of Qu and Yoon (2015). The
third is an adaptation of Imbens and Kalyanaraman’s (2012) selector from the conditional mean to
the conditional quantile setting. All three selectors treat xy as a boundary point. Denote the chosen

bandwidths by he_ hi% and hik

s n.r» respectively. A description of these selectors can be found in

Section S.1 of the online supplement. They are all implemented in the empirical application.

3.2 Empirical application (cont’d)

We estimate the effects of the two treatments on unemployment duration. The analysis uses the
restricted sample of Card, Chetty, and Weber (2007). This sample excludes individuals who worked
for only one firm in the past five years because, for these individuals, the two treatments are perfectly
collinear. Thus, including them can potentially lead to positive biases for both effects. Later, in
Section 7, we conduct a sensitivity analysis using another subsample.

The unemployment duration Y is defined as the number of days from the end of the last job to
the beginning of the next job. The spells are typically relatively short: over one-half of job losers find
a new job within 20 weeks, and over three-quarters do so within a year. The resulting distribution
is heavily skewed, with a long right tail. This constitutes a serious concern when estimating the
average effect, as in Card, Chetty, and Weber (2007). For this reason, for some of the analysis
(see their Figures V and VIII(a)), they exclude observations with spells longer than two years,
with the latter roughly corresponding to the 85th percentile of the unconditional distribution. We

choose not to exclude these observations, because, arguably, the long-term unemployed are the most



important. The quantile regression framework enables us to do so, because the estimation is local
in the sense that the estimation of the lower quantiles is little affected, or even unaffected by the
higher quantiles. However, in order not to be affected by those who may have left the labor force,
we restrict our attention to distributional effects up to the 80th percentile. That is, we consider
the quantile range [0.2,0.8]. This leaves us with 457,615 observations; 72,014 of these are eligible
for severance pay and 337,069 are eligible for extended benefits. For severance pay, the running
variable X is the job tenure at the firm from which the individual is laid off. For the extended
benefits, the variable is the number of months worked in the past five years. All the estimates are
obtained using the first estimation procedure; the second procedure returns essentially the same
results.

The estimates §(7) are reported as dashed lines in Figures 1(a) (for severance pay) and 2(a)
(for extended benefits). The z-axis is the quantile index and the y-axis is the unemployment
duration. All estimates are computed with the bandwidth at the median set to 4.5. This represents
a conservative choice, because the bandwidth values chosen by h8f’5,h8(_i5y , and hif. for the two
treatments are equal to (5.0, 4.5, 6.8) and (9.0, 6.5,6.9), respectively. Later, in Section 7, we report
estimates with the median bandwidth set to 6.5 to examine the sensitivity of the result.

Two findings emerge from Figure 1(a). First, the effect of severance pay on unemployment
duration is economically significant. Second, the estimates show substantial heterogeneity. At the
30th percentile, the effect is barely positive at a value of 4.00 days. At the median, the effect
increases to 20.17 days. At the 70th and 80th percentiles, they reach 36.25 days and 71.00 days,
respectively. To put these values in perspective, Card, Chetty, and Weber (2007) report an average
effect of 10 days, while excluding observations with unemployment spells longer than two years.
Under the rank invariance assumption, the heterogeneity implies that for individuals who would
accept the next job relatively quickly without the treatment (e.g. those at the 30th percentile), the
severance pay would have little effect (extending the unemployment duration only by four days).
However, for individuals who would search for a longer time, the effects would be substantial.
Interestingly, the point estimate at the 80th percentile is close to two months, while the severance
pay is equal to two months’ salary.

Now, consider extended benefits in Figure 2(a). The effects again exhibit heterogeneity, as in
Figure 1(a). Further, at the 30th, 50th, 70th, and 80th percentiles, the estimates are equal to 7.00,
13.08, 27.50, and 36.33 days, respectively. The values at lower percentiles are close to the severance
pay case, while those at the higher percentiles are smaller. Because the extended benefits amount

to about 1.4 months’ (i.e., around 42 days) salary, the estimate at the 80th percentile is again close

10



to the benefit level.
In summary, we find economically significant effects for both treatments. They tend to become

stronger as 7 increases. Next, we study them further using hypothesis tests and confidence bands.
4 A score test

This section first develops a score test for the treatment significance hypothesis, and then applies

the test to the empirical application.

4.1 The test statistic

The intuition behind the score test is as follows. Under the null hypothesis of no treatment effect,
Q(rlzd) = Q(r|zy ) = Q(7|xo) for all T € T. Therefore, the observations around xg can be pooled
to obtain a consistent estimate of Q(7|zg). In practice, this can be done using one of the two
procedures in the previous section, while dropping d; from the objective function (1). Denote the
estimate by Q(7|xp). Under the alternative hypothesis, Q(7|zd) # Q(7|zy) for some 7 € T. As a
result, Q(7|zo) will differ from Q(7|z) or Q(7|zg ), even asymptotically. The localized subgradient
(the directional derivative of (1) with respect to the intercept), when evaluated at Q(7|zo) using
the observations on one side of xg, should also be distinct from zero asymptotically.

Define

Ry(7) = (nhn) "2 (7 = 1(d(7) < 0)) diKi 1, (4)
i=1
where

Ui (1) = yi — a(7) — (z; — 20)B(7) and K, = K ((; — 20)/hn.r) -

Here, &(7) and 3(7) are estimates in (1) after dropping d;. The test statistic is

Ry (T) = sup [Rn(7)] - (5)

The test does not require estimating the marginal density of X or the conditional density of
Y. It is constructed using only the observations on the right side of the cut-off. Those on the
left side are redundant. To see this, let R, (7) denote the counterpart of R, (7) constructed using
the observations on the left side of zo: Ry, (1) = (nhy )" Y23 0 (7 — 1(4;(7) < 0)) (1 — d;)Ki .
Then, by the subgradient condition for the pooled sample, R, (7) + Ry (7) = 0p(1) uniformly over
7. This implies R, (1) = —R,(7) + 0,p(1) uniformly over 7, which leads to sup,c7 |Rn(7)| =
sup,cr |R;, (T)] + 0p(1). This holds under both the null and the alternative hypotheses.

The following conditions are assumed to hold under the null hypothesis of no effect. They

correspond to Assumptions 1—5 in Qu and Yoon (2015), but specifically for an interior point.
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Let B(xo) be an open neighborhood of zp. Let fx and fy|x be the marginal density of X and
conditional density of Y, given X. fy|x(Q(7|z)|r) is abbreviated as fy|x(7|z), unless confusion

may arise.
Assumption 1 The density fx is continuously differentiable at o, satisfying 0 < fx(xo) < oo.

Assumption 2 (i) fy|x(7|xo) is Lipschitz continuous with respect to T over T. (ii) There exist
finite positive constants fr, fu, and €, such that f, < fyx (7 +mnl|s) < fu for all |n| < €, s € B(xo),
and T € T.

Assumption 3 (i) Q(7|zo) and 0Q(T|xo)/0T are finite and Lipschitz continuous over T. (ii)
02Q(7]s)/0s? is finite and Lipschitz continuous over the set {(s,7): s € B(xo) and 7 € T}.

Assumption 4 K(-) is compactly supported, symmetric, and bounded. It has finite first-order
derivatives and satisfies K(-) > 0, [ K(u)du =1, [uK (u)du =0, and [v?K (u)du = py < 00.

Assumption 5 The bandwidth hy, ; satisfies hy, r = ¢(T)hy,, where hy, = O(n‘1/5), nh, — 00, and

() is Lipschitz continuous, with 0 < ¢ < c¢(1) < ¢ < oo forallT € T.

Assumption 1 is fairly standard. Assumptions 2 and 3 are local. That is, they involve only
neighborhoods surrounding zp and 7. For example, if 7 = [0.5,0.8], then the lower part of the
conditional distribution is left unrestricted. Because 0Q(7|zo)/0T = 1/fy|x(7|z0), Assumption
2 implies 3(i), provided that Q(7|z) is differentiable with respect to = at zg. Technically, under
Assumption 3(ii), using a local quadratic estimator with an optimally chosen bandwidth can achieve
a faster rate of convergence than that of a local linear estimator. Nevertheless, we choose to use
the local linear estimator in order to derive simple procedures by applying the results in Qu and
Yoon (2015). Assumption 5 requires the bandwidth parameter be a smooth function of 7. This
is needed to ensure stochastic equicontinuity. It is not restrictive, and is satisfied by the optimal
bandwidth that minimizes the asymptotic MSE; see the discussion in Qu and Yoon (2015).

Define . o

/L;_ :/0 w! K (u) du and py = /ooqu(u)du for 7=0,1,2,3.
Because of the symmetry of K(-), ,uj = p; when j is even. The next result provides an approxi-

mation to R, (7) that holds uniformly over 7 € 7.
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Lemma 1 Let Assumptions 1—5 hold and assume m/(nh,)"/* — oo as n — co. In addition, let
m/(nhy,)Y? — 0 hold for the first estimation procedure and (Tzlz%T)l/2 — h(1) < oo hold for the

second procedure. Then, under the null hypothesis of no treatment effects,

T)=1(n _1/2” 7 —1(ud(r -—1— Ti o £
Falr) = o) 3 (= 10600 < 0) {5 = () £

b o, 0

where ud(1) = y; — Q(7|z;) and the order oy, (1) holds uniformly over T.

i

The conditions on m are the same as in Qu and Yoon (2015). They ensure that the monotonicity
constraints and the rearrangement have no first-order effect on Q(7]zo). The existence of a finite
h(7) is needed to satisfy Assumption 2 in Chernozhukov, Fernandez-Val, and Galichon (2010). The
simulation in Qu and Yoon (2015) shows that the finite sample properties of the estimators are not
sensitive to the choice of m, provided that its value is not too small (say at least 10). In (6), the con-
stants uf and p, are known once the kernel function is specified. When using the Epanechnikov ker-
nel, R,(7) = (nhn) Y230 (1 — 1(u(1) < 0)) {d; — 0.5 — (15/16)(x; — x0) /hnr} Kir + 0p (1).

As a somewhat unexpected feature, the usual bias term does not enter the leading term in the
approximation (6). This holds even when the bandwidth is of order O(n=1/ %), that is, without
requiring under-smoothing. To see the intuition behind this, note that the key element in the test

statistic R, (7) is @;(7), which can be decomposed as

wi(t) = {yi —Q(7lzi)} (7)
0Q(7|z
+{atrle) - Qtrlen) - (o1 - a0 22710
0Q(7|x R R
+{trlao) + (a1 = a0 LT — () = (01— 2B}
The first term on the right-hand side is equal to u?(r), the second term represents the remainder
when replacing Q(7|x;) with a local linear approximation, and the third term reflects the effect of
the parameter estimation. The last two terms both contain a bias, because they both depend on
02Q(7]x)/02%. For example, if Q(7|r) is concave at g, then the biases in these two terms will
be negative and positive, respectively. In aggregate, they cancel out each other, making 4;(7) bias

free.

Remark 1 For the bias cancellation to occur, Q(T|z) needs to be second-order differentiable at xg
under the null hypothesis. If this assumption is too strong in a particular application, then the

procedures in Section 5 can be used instead.
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Proposition 1 Under the same conditions as in Lemma 1, we have: Ry, (T) = sup,c7 |G(7)],

where G (1) is a zero-mean continuous Gaussian process with a covariance function that satisfies

BIOOGE] = xla) (O (A5~ 9 +
/_oo (1(@0)—;—’;;&) <1(zzo)—;—z}jﬁ)K<l;ﬂ>K<ﬁ(Zs)>d&

where K(7) = hp 7 /hp1/2 = c(7)/c(1/2), with c(T) defined as in Assumption 5.

The distribution of sup,c7|G(7)| depends on the model only through the marginal density

fx(zo). The relevant critical values can be estimated by simulating from the following distribution:

()Y (= 108(0) £ 0) {di -3- <$h_x O) ”T} Kiz|.

im1 25

(8)

sup
T€T

A general algorithm is given in Qu and Yoon (2015). It can be implemented in three steps. First, fix
xi,di, K; 7, and hy, -, and draw (uq, . .., up) o Uniform(0, 1). Second, evaluate the above expression,
with u?(T) replaced by u; — 7 for all 7 € 7. Third, repeat the above steps a large number of times.
Sort the resulting values and use the corresponding percentiles as critical values.

For the score test, we implement the following two bandwidth selectors that explicitly treat xg
as an interior point. The first selector determines the bandwidth at the median using leave-one-out
cross validation. The second selector uses the minimum MSE bandwidth formula of Qu and Yoon
(2015) for an interior point. The bandwidth at the median is then related to other quantiles using
the formula of Yu and Jones (1998). Denote the chosen bandwidths by hﬁf’i and hfﬂ, respectively.

More details can be found in Section S.1 of the online supplement.

4.2 Empirical application (cont’d)

For severance pay, the two bandwidth selectors return hﬁféﬁ = 3.0 and hf%ﬁ = 7.8. The score
test is equal to 0.102 and 0.107, respectively, using these two bandwidth values. The p-values are
both less than 0.0001. For the extended benefits, the bandwidth selectors return h%.5:4-0 and

}'1”76.5:6.6. The Score test is equal to 0.072 and 0.090, respectively. The two p-values are again
both less than 0.0001. Therefore, there is strong statistical evidence against the null hypothesis of

no treatment effects.
5 Wald tests

This section develops Wald tests for the treatment significance, homogeneity and, unambiguity
hypotheses, allowing 9?Q(7|z)/0z% # 9*Q(7|zy )/0z%. The analysis that maintains the restriction
O*Q(r|zd)/02% = 0*°Q(7|zy ) /0x? for all T € T can be found in Section S.3 of the online appendix.
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5.1 Test statistics

Let
WHR(T) = /il s fyx(rleo) (3(7) = B2 (dF = d7)) | (9)

where 0(7) is defined in (3), hfwcfi and hgwd; are estimates of the biases in Q(T|$ar) —Q(7|zd) and
Orlz) - Q(rlwy ), respectively, and fy|x (rlzo) = [fypx (rlg) + fypx (7l /2. with fypx (7))
and fy|X(T]a;a) being estimates of limg|4, fy|x (7|7) and limg14, fy|x (7|7), respectively. The mul-
tiplication by fy| x(T|zg) ensures that the distribution of W,F(7) depends asymptotically on the
data only through fx(2o) under the null hypothesis. The constructions of d, d-, fy‘ x(7]zd) and
fAy‘ x(7|zy ) are discussed in Subsection 5.2.

Treatment significance. This hypothesis can be tested using a Kolmogorov—Smirnov type test:

WSE(T) = sup |Wi(r)
TeT

)

Treatment homogeneity. This hypothesis can be tested by measuring the deviation of W,f(7)

from the average of W(7) over 7 :

h‘TLT 2
WHE (T) = sup [ Wh(r) — Yz vl / Wi(r)dr|.
el Jser V/nhasfyix(slzo)ds JreT

Treatment unambiguity. To test this hypothesis, we determine whether the treatment can be

detrimental at some unknown quantiles, using
VVA,I;2 (7) = sup ‘1 (Wf(r) < O) Wf(T)‘ .
T€T

Koenker and Xiao (2002) and Chernozhukov and Fernédndez-Val (2005) considered similar test
statistics, but for parametric conditional quantile models. Note that the treatment unambiguity
hypothesis can also be tested using RA,, (T) = sup,cr |1 (R, (7) < 0) R, (7)|, where R, (7) is given
by (4). (This was pointed out by a referee). Under §(7) = 0, this statistic converges weakly to
sup, 7 |G(T)1 (G(1) < 0)] if 9?Q(7|zg)/02* = 9*Q(7|xy)/0x? for all T € T .

5.2 Implementation

The three test statistics require estimating conditional densities. The density fy X(T|xa_) can be

estimated using a kernel method:

Frix(rlad) = / th (2 — ) /hye) dE (g0, (10)
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where z = Q(T|$6r) and F(y|xar) = sup{7 € (0, 1)|Q(T|.’E6r) < y}. To implement (10), we first

obtain Q(7|z{) using the bandwidth hy.. Then, we sample from the distribution F(ylzd) and

apply kernel smoothing to the draws with bandwidth h,, = QEW, where ﬁyz is determined using

Silverman’s rule of thumb formula. Alternatively, fy X(7'|x5r ) can be estimated using the difference

quotient (see Koenker (2005) for a more detailed discussion about this estimator):
20+

Q (7 + Snrleg) = Q (1 — Snrlzg)’

Frix (rl2g) = (11)
where 0, is a bandwidth parameter. Because nhn77-(@(7"$g ) — Q(7]zd))=0,(1) uniformly over

T, (11) converges uniformly to fy|x (t|zg) if 65, — 0 and Oz (Mhp )2

— 0o uniformly over 7.
The density fy|x (7|7, ) can be estimated similarly using observations on the left side of z.

We estimate the bias using local quadratic regressions in three steps. First, minimize

SO oy (51— ot () — B () (s — 0) — A () (i — o)) K (z - x“) (12)

bnr.
7j=1 =1 n,T;

with respect to {at(7;), 87 (1), AT (1) 71, where by, -, are bandwidth parameters that can vary
across quantiles. Next, apply linear interpolation to obtain 5\+(7') = (7) A (15)+(1 =~ (7)) 5\+(Tj+1),
where 5\+(Tj) are the solutions to (12) and 7 (1) = (741 — 7)/(Tj+1 — 7). Finally, compute
2
()" =iy
5
nons — (u7)

The estimate CZ; can be obtained in the same way after replacing d; in (12) with 1 — d;.

dt =TA () with T = (13)

5.3 Asymptotic properties

We first separately study 6(r) and d — d

—, and then combine the results to obtain asymptotic

approximations for the three test statistics.

The next two assumptions relax Assumptions 2 and 3 to allow Q(7|z) to be discontinuous at

zo. Note that they allow 9?Q(7|z)/0z% # 9*Q(r|zy )/ 0>

Assumption 6 (i) The densities fy‘X(T|IL‘6r) and fy|x(7|rg) are Lipschitz continuous in T over
T. (ii) There exist finite constants fr, > 0, fu >0, € >0, and ¢ > 0, such that fy|x (7 +n|s) and
Jyix (T +n|s') lie between fr and fy for all |n| < e€,s € [v0 — ¢, x0), 8" € (v, 20+ |, and T € T.

Assumption 7 (i) Q(t|zg), Q(t|xy), 0Q(|zg)/07, and 0Q(T|zy)/0T are finite and Lipschitz
continuous in T over T. (ii) 0Q(7|x)/0x and 9*Q(r|x)/0x? are finite and Lipschitz continuous

over {(z,7): x € (xo,x0 +¢|, 7 € T} and {(z,7): © € [xg — ¢, x0), T € T} for some ¢ > 0.
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To present the asymptotic approximation to ) (1), define

T 2 o0x2 » Yr 9 Ox2 » =i, T MS_M; B (uf)Q » Sir v (M;)Q
Let
Wie(T) = /nhn - {3(7’) —&(1) = hi , (df - d;)} _ (14)

Lemma 2 Let Assumptions 1, 4, 5, 6, and 7 hold. Assume m/(nhn)1/4 — 00 asn — oo. In
addition, let m/(nhy)"? — 0 hold for the first estimation procedure and (nhfm)l/2 — h(T) < 00

hold for the second procedure. Then, uniformly over T € T,
Wi,e(r) = Di (1) = Dy (1) + 0, (1),
where
(nhnﬁ)_l/Q > i (T —1(uj(r) < 0))ExrdiKi,T
fx (o) fyx (7]z) ’

and Dy (1) is equal to Dy () with d;, fy‘X(T|xar), and ZF_ replaced by (1 — d;), fyix(Tlzg), and

1, T

DY (r) =

=, ., respectively.
b

We now study dt —d-. Under conventional asymptotics, if d and d- satisfy dt —d = o, (1)
and d- — d; = o, (1) uniformly over 7 € 7, then m{g(ﬂ —4(r) — hfm(dj —d7)} will
converge weakly to the same Gaussian process as Wy, .(7) does. In practice, however, J;L and d;
can exhibit high variability and can have large effects on the finite sample distributions of the
tests. This phenomenon is well documented in the nonparametric inference literature. Below, we
derive an alternative approximation that explicitly accounts for the effect of the bias estimation.
This approximation is inspired by work of Calonico, Cattaneo, and Titiunik (2014), who study
the inference on the average treatment effect under RD designs. Their key contribution is a novel
variance formula for the average treatment effect with additional components coming from the bias
estimation. Relative to their setting, the inference here is on the quantile process, rather than on
a finite dimensional parameter. Thus it might not be clear whether an analogous development is
possible. We show that this is the case using the conditionally pivotal property of the relevant

expressions.

Assumption 8 (i) 93Q(7|x)/0x? is finite and Lipschitz continuous over {(z,7): = € (x0,z0 +
cl,7 € T} and also over {(z,7): x € [xg — ¢, x0), T € T}, where ¢ is some positive constant. (ii)

BQ(r|z) /023 and B3Q(7|xy) /0 are finite and Lipschitz continuous over T .

17



Assumption 9 The bandwidth b, ; satisfies b, » = ¢(T)by,, where b, = o(n_1/7) and nb,, — oo and
() is Lipschitz continuous, satisfying 0 < ¢ < ¢(1) < € < 0o for all T € T. The values of ¢(7), c,

and ¢ can be different from those in Assumption 5.

Assumption 8 is analogous to Assumption 7(ii). It ensures that the remainder term from the
local quadratic approximation is uniformly small. The third-order derivatives on the two sides of
the threshold can be different. Assumption 9 plays a similar role to that of Assumption 5 in the
local linear regression. The bandwidth b, » can be of the same or higher order than h,, -. To present
the result, let 15 =[0,0,1],2] . =[1 (2 —x0)/bns (75— 20)?/b2 ;], Kir = K ((x; — x0) /bn,7), and
N* be a 3-by-3 matrix, where the (i, 7)-th element is given by " ; o = [77 w7/ 72K (u) du. Let
N~ equal NT, with u;:_j_Q replaced by j1;, ; o = fo w2 K (u) du.

—00

Lemma 3 Let Assumptions 1, 4, 5, 6, 7, 8, and 9 hold. Assume m/(nng)V4 — 00 as m — oo.

Then, uniformly over 7 € T :

\Jnbs, (dj —d; — (df - d;)) = DJ (1) - Dy (1) + 0, (1),
where B ~
B(NF)"Hnby )20 {7 =1 (ul(7) € 0)} 2, di K -

fyix (Tlag) fx (o) 7

and D (1) is equal to Dy (), with d;, fy‘X(7'|xar), and N replaced by (1 — d;), fyix(Tlzg ), and

Dy (r)=T

N, respectively.

Define

)
i)

Combining Lemmas 2 and 3 leads to the following approximations for the three test statistics.

GH(r) = fyix(rlao) § [DY (7) = Dy (7)] - (1) =Dy (7)] ¢ - (15)

Proposition 2 Let the conditions in Lemmas 2 and 3 hold. Then:
1. Under 6(t) =0 for all 7 € T, WSE(T) — sup,c7 |GE(T)| = 0, (1).

2. Under 6(t) =6 for all T € T for some § € R,

h'I’LTA
WHE(T) - sup|G(r) - YT [ g
TeT Jser V/hnsfyix(slzo)ds JreT

18



3. Under the least favorable null hypothesis of §(7) =0 for all T € T,

WAE(T) - Elelg’ }1 (GR (1) <0) Gf(T)} =0,(1).

Remark 2 Conditional on {z;}1,, the randomness in the four components Dy (1), Dy (), Dy (1),
and Dy (7) all comes from the same source: {1 —1(ud(r) < O)}?:l. As a result, GE(T) can be
simulated by: (i) obtaining (ui,...,uy,) b Uniform(0, 1), (ii) evaluating the four components with

{r— 1(u; — 7 < 0)}; replacing {7 — 1(ud(T) < 0)}_,, (iii) repeating this a large number of times.

717
The simulated GE(T) can then be substituted into the expressions in Proposition 2 to obtain the crit-

ical values. The validity of this procedure is proved in the online supplement. See Section S.5.

Remark 3 Proposition 2 can be extended to allow us to conduct inference on conditional quantile

processes in a general nonparametric setting, with xo € RF being an interior or a boundary point.

Remark 4 The local power properties of the score and Wald tests are analyzed in the online ap-
pendiz. There, the restriction 8*Q(t|z)/02* = 0?°Q(7|xy)/0x? is imposed in order to make the
comparison meaningful. Interestingly, the score and Wald tests for the treatment significance hy-
pothesis have the same local asymptotic power against the sequence considered there. In addition,
the results show that the tests can have montrivial power against alternatives of order (nhn)_l/Q,
Finally, what matters for power is not only the difference Q(7|zg) — Q(7|zg ), but also the condi-
tional density and the bandwidth. Everything else being equal, the power is higher if the departure

from the null occurs in a dense region or at a place where the bandwidth is wider. See Section S.4

for details.

5.4 An extension

The above analysis allows d —d to vary freely across quantiles. In practice, there can be situations
where we expect d and d; to be different, but their difference remains relatively constant across
the quantiles. The following procedure incorporates this information into the tests:

STEP 1. Solve (12) to obtain di and d-. STEP 2. Compute d = fT — d-)dr and

E(7) = Vil fyx (7lzo) (8() = 2 .d) (16)

STEP 3. Construct WSE(T),WHE(T), and WAZ(T) in the same way as WSH(T), WHE(T),
and WAE(T), but with WF(7) replacing W,F(7).

To obtain the critical values, define

\/175’”/ nb5 “12D} (s)ds and D w/nhi’”/ nb5 “12D3 (s) ds.
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In addition, let GE(r) = fy‘X<T|fE0){[DIr () — Df (7)] = [Dy () — D5 (7)]}. Then, the tests
WSE(T),WHE(T), and WAE(T) satisfy the same formulae as in Proposition 2, with GEZ(r)

replacing GZ(7). The critical values can be obtained in the same way as in Remark 2.

5.5 Empirical application (cont’d)

We use the tests assuming 92Q(7|x{)/0z% = 8?Q(7|zy )/0x? as the benchmark, and then examine
the effect of the bias correction. The bandwidth at the median is set to 4.5.

First, consider severance pay. The Wald test for the treatment significance hypothesis is equal
to 74.50 and the p-value is less than 0.0001. This confirms the finding of the score test. The Wald
test for the treatment homogeneity hypothesis is equal to 60.43. The p-value is again less than
0.0001. Therefore, there is strong evidence supporting treatment heterogeneity. The test for the
treatment unambiguity hypothesis equals 0.00, with the p-value being 0.8810. This suggests that
the treatment effects are uniformly non-negative.

When applying the quantile-by-quantile bias correction, the Wald tests for the three hypotheses
equal 56.40, 30.67, and 0.00, respectively. The p-values are 0.0025, 0.0065, and 0.8764, respectively.
Therefore, the conclusions are the same as before. Finally, under the constrained bias estimation,
the Wald tests equal 52.94, 63.56, and 40.61, respectively. The p-values are 0.0003, 0.0001, and
0.0465, respectively. The first two tests lead to the same conclusions as before. However, the
unambiguity test now rejects the null hypothesis at the 5% level. This is because the bias correction
makes the estimates at lower quantiles slightly negative, which is interpreted by the test as evidence
supporting negative treatment effects.

For extended benefits, the Wald test for the treatment significance hypothesis is equal to 61.22.
The p-value is less than 0.0001. Therefore, the treatment is statistically significant. The test for
the treatment homogeneity hypothesis is equal to 37.54. The p-value is less than 0.0001. There is
clear evidence of heterogeneity. The test for the treatment unambiguity hypothesis is equal to 0.00,
with a p-value of 0.8796. This is consistent with the effects being uniformly positive. Applying
the bias correction confirms these conclusions. Specifically, under the quantile-by-quantile bias
estimation, the Wald tests for the three hypotheses equal 65.80, 45.01, and 0.00, while the p-values
are less than 0.0001 for the first two tests, and 0.8772 for the last test. Under the constrained bias
estimation, the three Wald tests equal 63.41, 37.47, and 0.00, with p-values of 0.0001, 0.0009, and
0.8123, respectively.

In summary, the tests suggest that the two treatments are statistically significant, hetero-

geneous, and uniformly positive. The only exception is in the case of severance pay under the
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constrained bias estimation. There, the effects at the 30th percentile and below appear slightly

negative.
6 Uniform confidence bands for the quantile effects

We first develop uniform confidence bands for 6(7), and then apply them to the empirical applica-

tion.

6.1 Confidence bands with and without bias estimation

For now, assume df — d_

— is known. Then, by Lemma 2,

| fix (rlao) (8(7) = 8(r) = 12, (dF = d7) )| = Fyix(7lo) [ DY () = DT (7)] + 0, (1),

The following procedure leads to an asymptotic 100(1 — p)% confidence band for §(7):
STEP 1. Simulate the supremum of fy|X(T|x0) |Df (1) — Dy (7)] over 7 € T.
STEP 2. Compute the (1 — p)-th percentile of the resulting empirical distribution. Call it ¢,(x).

STEP 3. Compute the confidence band for 6(7) over 7 € T as

cp(20)

+ = .
V1 fyix (T]20)

It follows from Lemma 2 and Corollary 2 in Qu and Yoon (2015) that this band covers Q(7|zg ) —

(5(r) = B2 - (af —d5)) (17)

Q(t|zy) over T € T asymptotically, with probability (1 — p). The band is usually wider near the
tails of the conditional distribution. This is because fy| x (7|xo) tends to get smaller near the tails.
This effect typically dominates the corresponding increase in h,, » as 7 approaches the tails.

Now, we adapt the above procedure to the following three circumstances: (i) df —d; = 0 for
all 7 € T; (ii) df — d; # 0 for some 7 € 7, with the possibility of d} — d; # df — d; for some
7,8 € T; and (iil) df —d; #0 for some 7 € 7T, and d}f —d; =df —d; forall T,s € 7.

Under (i), we have (df —d;) = 0. The confidence band (17) reduces to

5(r) + o (%0) (18)

\/mfnx (T|960)'

Under (ii), a uniform confidence band is given by

(56r) = 12, — ) £ ——2 20

1oz fy|x (T]20)

where dt and d; are the estimates of df and d- given by (13), and cf(x0) is the (1 — p)-th

(19)

percentile of sup;e7 |GE(7)|, without imposing fyix(tlzg) = fy|X(T]x(J{). Under (iii), a uniform
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band is given by
¥ (o)
Vb fyx (7]zo)

(zg) is the (1 — p)-th percentile of suprer ‘G*E(T)

(8(7) - h?wci) + (20)

where cf

fyix (tlag).
Our results are related to those of two other studies: Frandsen, Frolich, and Melly (2012) and
Shen and Zhang (2016). Frandsen, Frolich, and Melly (2012) show that the conditional quantile

, without imposing fy | x(7|rg) =

processes, obtained by inverting conditional distributions of potential outcomes, converge weakly
to Gaussian processes. One advantage of a distribution function based approach is that it allows
a discrete outcome variable. Although it has not been done, their result might also lead to tests
and uniform confidence bands for the quantile effects. However, because their analysis is based
on a different methodology, the implementation and theory for inference would both differ from
those presented here. Shen and Zhang (2016) consider hypothesis tests for distributional treatment
effects of the form Fy|X(y‘$3_) — Fyix(ylzg) = 0or >0 (< 0) for y € R. Their tests are of the
Kolmogorov—Smirnov type, based on comparing CDFs on two sides of the cut-off. Their study
differs from ours in three ways. First, the objects being studied are different. Shen and Zhang
(2016) study distributional effects, while we study quantile effects. Although the two effects are
always consistent in signs under sharp RD designs, their magnitudes can convey very different
information. For example, a homogeneous quantile effect (i.e., Q(7|zy) — Q(r]|zy) = ¢ for all
7 € T) can correspond to non-monotonic distributional effects (e.g., FY‘X(y|$5r) — Py x(ylzg)
increasing, and then decreasing as y increases). Therefore, distributional and quantile effects are
complementary, rather than substitutable. This is the most important difference between the
two studies. Second, the scopes are different. Shen and Zhang (2016) use the clever observation
that, under fuzzy designs, the signs of local distributional treatments are the same as that of
Fy X(y|xar) — Py x(y|zy ). This makes their tests applicable to fuzzy designs. We focus on sharp
designs. However, the procedure can be used to study the treatment homogeneity hypothesis,
which is beyond the scope of Shen and Zhang (2016). Finally, the inference is also different. Shen
and Zhang (2016) report pointwise confidence intervals, while we develop and implement uniform

confidence bands.

6.2 Empirical application (cont’d)

For each treatment, we use the confidence band without bias correction as the benchmark, and

then study the difference caused by the bias estimation. We use the same bandwidth as before.
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Consider severance pay. The shaded area in Figure 1(a) represents the 90% uniform band
without bias correction, calculated from (18). The values of the band at the 30th, 50th, 70th, and
80th percentiles equal [—1.88,9.88], [12.99,27.35], [21.10,51.40], and [27.34,114.66], respectively.
Clearly, substantial heterogeneity is present.

Figures 1(b) and 1(c) report the results with bias correction. The dashed lines represent the
bias adjusted estimates and the shaded areas are 90% uniform confidence bands. Under quantile-
by-quantile bias correction, the estimates show the same tendency as in Figure 1(a), although
the extent of the heterogeneity is less pronounced. This is partly because the confidence bands are
substantially wider, but also because the point estimates take on smaller values. Under constrained
bias estimation, the heterogeneity is comparable to that in Figure 1(a). In summary, the results
consistently show that the treatment effect tends to increase as the quantile index increases. At
the same time, there is uncertainty about the exact magnitude of the effect, which depends on the
assumption about the second-order derivative of the conditional quantile function at the cut-off.

Now, consider extended benefits. The shaded area in Figure 2(a) corresponds to a confidence
band without bias correction. The effects exhibit pronounced heterogeneity, as in Figure 1(a).
Further, at the 30th, 50th, 70th, and 80th percentiles, the values of the 90% confidence band equal
[1.35,12.65], [6.26,19.91], [12.53,42.47], and [—10.04,82.70], respectively. The point estimates in
Figures 2(b) and 2(c) are similar to those in Figure 2(a). The confidence band in Figure 2(b) is
again noticeably wider. Overall, consistent evidence for heterogeneity is detected, irrespective of

whether or not we implement bias correction.
7 Sensitivity analysis and summary of findings

This section repeats the analysis using a subsample. It also considers an alternative bandwidth.

7.1 A different subsample

Considering a subsample is motivated by the following concern. Although the sample above excludes
workers who worked at only one company in the past five years, it includes workers who worked for
one to four months at a different company. For these individuals, it is possible that they become
eligible for extended benefits within a four-month window prior to becoming eligible for severance
pay. Because the bandwidth we use is equal to 4.5, this can potentially lead to over-estimating
the effect of the extended benefits, while under-estimating that of the severance pay. To determine
whether this has happened, we repeat the estimation using a subsample that only includes workers

who worked for more than four months at a firm different from the one where they were laid off.
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The estimates and their 90% confidence bands are reported in Figures 3 and 4. The bandwidth
at the median is still equal to 4.5. The results are fairly close to those reported in Figures 1
and 2. In particular, for severance pay, the estimates and the confidence bands at the 30, 50,
70, and 80th percentiles equal 4.00, [—1.93,9.93]; 20.17, [12.89,27.44]; 33.33, [18.16,48.51]; and
57.00, [12.16,101.84], respectively. For extended benefits, the values are 6.00, [0.10,11.90]; 13.33,
[6.15,20.52]; 29.08, [13.18,44.99]; and 31.75, [—17.37,80.87], respectively. Therefore, there is no

evidence of biased estimates.

7.2 An alternative bandwidth

The analysis has used a conservative bandwidth to avoid a large bias. However, using a larger
bandwidth can potentially yield sharper results if the bias remains adequately accounted for. To
examine this further, we obtain the estimates and the confidence bands using h, 05 = 6.5. The
results are reported in Figures 5 and 6. Qualitatively, they are similar to those reported in Figures
1 and 2. Quantitatively, the bands for severance pay under the quantile-by-quantile bias correction
are now narrower, and the effects are closer to those without the bias correction. In summary, the

conclusions remain the same after carrying out the two sensitivity analyses.

7.3 Summary

The analysis finds significant heterogeneity for both treatments. This raises an interesting question:
what economic models are consistent with such behaviors? Card, Chetty, and Weber (2007) argue
that their estimates are inconsistent with the prediction of a simple permanent income model,
and are also inconsistent with naive “rule of thumb” behavior. Simply put, the effect is too
large compared with the former, but too small compared with the latter. Our quantile based
estimates lead to values that lie on both sides of the Card, Chetty, and Weber estimates. Under the
rank-invariance assumption, it appears some individuals (the short-term unemployed) behave as
if they follow the permanent income hypothesis, while others (the long-term unemployed) behave
myopically. On the one hand, this implies that Card, Chetty, and Weber’s conclusion remains
relevant when viewed through the lens of quantile regressions. On the other hand, it implies that
the heterogeneity must be accounted for and can also be a key channel explaining the behavior of
job searchers.

The results demonstrate that it is important to consider the long-term unemployed (those in the
upper quantiles of the distribution). Such individuals are more liquidity constrained. In addition,

under the rank-invariance assumption, the treatment effects are strongest for these individuals.

24



Interestingly, our results show that at the 80th percentile, the estimated effects are close to the
respective levels of the benefits. This suggests an intriguing hypothesis that for the long-term
unemployed, the liquidity effect may be playing a dominating role in determining the length of the
job search. This reinforces the conclusion of Card, Chetty, and Weber that a substantial share of

the behavioral responses to longer unemployment benefits is attributable to a liquidity effect.
8 Monte Carlo

This section studies four issues: (1) whether the bandwidth selectors are informative, (2) the per-
formance of the score test relative to that of the Wald test for the treatment significance hypothesis,
and (3) the size and power properties of the Wald tests, with and without bias correction.

We consider four data generating processes (DGPs). Under the null hypothesis of no treatment

effects, their conditional quantile functions Q(7|z) are given by

Model 1: 1+ 2+ (0.5+0.3z) Q(7), (21)
Model 2: 0.5+ x + 22 +sin (rz — 1) + (z + 1.25) Q- (1),
0.48 + 1.27x + 7.182% + 20.2123 + 21.542* + 7.332° + 0.1295Q.(7) if z < 0

Model 3: )
0.48 + 0.84x — 322 4 7.992% — 9.012* 4 3.162° + 0.1295 Q. (7) if 2 >0

322 +0.1295 Q. (1) ifx <0
42% +0.1295Q. (1) if 2 >0

Model 4:

The first two models satisfy 92Q(7|zg)/0x? = 02°Q(7|zy )/0x2. Model 1 is linear in z, while Model
2 exhibits significant curvature. Models 3 and 4 are taken from Imbens and Kalyanaraman (2012).
They both satisfy 9?Q(7|zg)/0z% # 9?Q(7|zy)/02%. Other aspects of the DGPs are as follows.
For Models 1 and 2, the values of = are independent realizations from U(—1,1). For Models 3 and
4, following Imbens and Kalyanaraman (2012), the values of = are independent realizations from
(2Beta(2,4) —1). The errors ¢; are always generated i.i.d. from N (0, 1), such that Q.(7) = ®~! (7).

The quantile range 7 is set to [0.2,0.8]. The sample sizes are n = 500, 1000, 2000. Because the
nonparametric estimation involves conditional quantiles at 7 = 0.2 and 0.8, n = 500 can be viewed
as a relatively small sample size. The cut-off is zg = 0, and the treatment assignment satisfies
d; = 1(z; > xp). The nominal level for the tests is set to 10%. All the results reported are based on
2000 replications, and are obtained using the first estimation procedure. Subsection 8.1 considers

Models 1 and 2, while Subsection 8.2 considers Models 3 and 4.
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8.1 Models 1 and 2

The selected bandwidth. Table 1 summarizes the means and standard deviations of the selected
bandwidths at 7 = 0.5. The bandwidths are divided into two groups, depending on whether or not
they impose the null hypothesis of no effects. Their values are restricted to fall between 0.1 and
0.5. The lower bound safeguards against using too few observations (e.g., it corresponds to about
25 observations when n = 500 and the bandwidth is selected under the alternative hypothesis),
while the upper bound allows us to use approximately half the observations on either side of xg.
The results show that the bandwidth selectors are informative. In particular, the bandwidths
for Model 1 are consistently wider than those for Model 2. Between the two bandwidth selectors
that impose the null hypothesis, hfﬁ tends to return greater bandwidths than hffg does. Among
the three selectors that operate under the alternative hypothesis, the bandwidths chosen by hg'
tend to be the largest. The Imbens and Kalyanaraman bandwidth exhibits the smallest standard
deviation owning to the effects of the regularization terms r_ and r,. Below, the score test is
computed using the bandwidths A% and hi"t and the Wald tests are computed using hyrs h?{?? ,

n,T n,t
ik
and h¥_.
n,t

Rejection frequencies under null hypotheses. The results are reported in Tables 2—4. Here,
‘Wald’, ‘Wald Robust’ and ‘Wald Robust EC’ correspond to tests that assume 0?Q(7|zg)/02? =
02Q(7|xy)/0x?, tests that allow the above difference to vary freely across the quantiles, and tests
that impose the constraint that this difference is constant across the quantiles, respectively.

The rejection frequencies of the score test are close to 10%. The maximum size distortion across
all cases is only 0.023. This follows because the test does not require estimating the conditional
density. The Wald tests show moderate over-rejections when n = 500, with the distortions falling
between 0.007 and 0.098 in Tables 2 to 4. Their sizes improve uniformly as the sample size increases,
with the maximum distortion reduced to 0.046 when n = 1000. We also repeat the above simulation
using n = 500, with fy| x (7|xo) replaced by its true value. The rejection frequencies of the three
Wald tests are then between 0.090 and 0.110 for the two models across all bandwidth choices. This
confirms that the over-rejection is indeed due to the estimation of the conditional densities. Finally,
in all cases, the rejection frequencies of the three Wald tests are comparable. This suggests that
the bias correction does not impose extra costs, in terms of size, in these two models. This is also

found below when considering Models 3 and 4.
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Rejection frequencies under alternative hypotheses. We consider alternatives where the
treatment effects are significant and heterogeneous. Specifically, the conditional quantile functions

Q(7|x) for = > 0 equal (the functions for x < 0 remain the same as (21))

Model 1 : 142+ (0.5+0.32) {Q:(7) + cpo1 arctan(4nt —4)},

Model 2 : 0.5+ 2+ 22 +sin (rz — 1) + (z + 1.25) {Q:(7) + cpo2 arctan(dnr — 4)},

where “arctan” denotes the arctangent function, which is used here to generate effects that decrease
smoothly from positive to negative levels as 7 decreases. The sign change occurs at approximately
the 32th percentile. We set 01 = 1.43 and o2 = 0.57, such that the maximum effect is equal to ¢y,
times the standard deviation of the conditional distribution at z,. We consider ¢, = 0.3,0.6, 1.0,
and 2.0.

Table 5 reports the rejection frequencies when testing for the treatment significance hypothesis.
There, the power of the score test and the ‘Wald’ test are comparable, with their differences mainly
reflecting the variations in the bandwidth. To examine this further, we fix the bandwidths for the
two models at 0.4 and apply them to both the score and the Wald tests. Then, for n=1000, the
rejection frequencies under ¢, = 0.3,0.6,1.0, and 2.0 are as follows. For Model 1, the values are
(0.265,0.663,0.948,1.000) for the score test and (0.293,0.648,0.922,1.000) for the Wald test. For
Model 2, the values are (0.386,0.741,0.975,1.000) for the score test and (0.336,0.693,0.941, 1.000)
for the Wald test. The values are close to each other in both cases.

The effects of the bias correction on the Wald tests are clearly visible. For Model 1, the
maximum power difference between ‘Wald’ and ‘Wald Robust’ is 0.280, while for Model 2 it is
0.312. When the equality constraint is imposed, the gap is reduced, but remains nonnegligible.
The maximum differences are 0.192 and 0.244, respectively, for the two models. Table 6 reports
the results for the treatment homogeneity hypothesis. There, the comparison between ‘Wald’ and
‘Wald Robust’ shows a pattern similar to that in Table 5, while the powers of ‘Wald’ and ‘Wald
Robust EC’ are now close to each other owning to a cancellation effect. Table 7 reports results
for the treatment unambiguity hypothesis. There, the overall pattern is similar to that in Table 5,
although the power is lower. This is because the effects are positive, except when 7 is below 0.32.

Therefore, whether to implement a bias correction can imply a substantial difference in power.
For Models 1 and 2, the difference in power is a pure loss, because the second-order derivatives are

continuous. We further study the trade-off using Models 3 and 4.
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8.2 Models 3 and 4

We conduct the same analyses as those for Models 1 and 2, to further evaluate the effect of the

discontinuity in the second order derivative on the three Wald tests.

The selected bandwidth. See Table 8. For Model 3, hi¥ tends to be higher than h$%, while

05 tends to be the highest among the three selectors that operate under the alternative hypothesis.
This pattern is the same as those in Models 1 and 2. For Model 4, the bandwidths are closer to
each other and such a pattern is not visible. In both models, the hg’% bandwidths still exhibit the

least variation among the three bandwidths that operate under the alternative hypothesis.

Rejection frequencies under null hypotheses. Table 9 reports rejection frequencies of the
tests with bias correction. As in Tables 2 to 4, the robust tests here show mild size distortions
when n = 500, and the over-rejection is reduced when the sample size is increased. This suggests
that the bias adjustments are effective in controlling the size, provided that the sample size is not
small. Next, we turn to the non-robust tests.

Consider Model 3. For the treatment significance hypothesis, when n = 500, the rejection
frequencies for the score test are 0.159 (using the bandwidth ~&%) and 0.330 (h{), and the values for
the Wald tests are 0.308 (h;,’;),0.260 (h%%), and 0.282 (hi% ). The rejection frequencies deteriorate
further when the sample size is increased to 2000, with the maximum values reaching 0.673 and
0.474 for the two tests. When testing for the treatment unambiguity hypothesis, size distortions
are also present, except that the rejection frequencies are now below the nominal level. At n = 500,
the rejection frequencies for the Wald tests are 0.024 (h;’,),0.036 (h%ﬁ’%), and 0.044 (h%fT) They
further decrease to 0.006 (h¢%,),0.007 (hy), and 0.002 (hi¥,) when n is increased to 2000. Finally,
when testing the treatment homogeneity hypothesis, the results are quite different. The rejection
frequencies are now 0.134 (h¢¥, ), 0.162 (hy%), and 0.158 (hiF) when n = 500, and 0.110 (h$%,), 0.110
(hfff?r/), and 0.104 (hﬁlkT) when n = 2000. This reflects the same cancellation effect observed in Models
1 and 2. For Model 4, the pattern is similar to Model 3, although the magnitudes are much less
pronounced. The details are omitted.

Therefore, ignoring discontinuity in the second order derivative can lead to substantial size

distortions. This suggests that the robust tests can be valuable even though their power is lower.

Rejection frequencies under alternative hypotheses. We consider alternatives similar to

those used for Models 1 and 2. Specifically, the conditional quantile functions Q(7|z) for z > 0

28



equal (the functions for < 0 remain the same as (21)):

Model 3 : 0.48 + 0.842 — 32% + 7.992% — 9.012 + 3.162° + 0.1295 {Q.(7) + cpo3 arctan(4nr — 4)},
Model 4 : 42?4 0.1295 {Q.(7) + cpo4 arctan(4nr — 4)},

where o3 = 04 = 5.55, such that the maximum effect will equal ¢;, times the standard deviation
of the conditional distribution at x;,. We continue to consider ¢; = 0.3,0.6,1.0, and 2.0. Table 10
reports the results for the robust tests. As in Tables 5 to 7, imposing the equality constraint brings
mild power gains, relative to the unconstrained bias estimation when testing for the treatment
significance and unambiguity hypotheses. The power gain is significantly higher when testing for

the treatment homogeneity hypothesis. These two features apply to both Models 3 and 4.

8.3 Summary

This section has reported a relatively comprehensive study of the size and power properties of the
proposed test statistics. The tests show desirable size and power properties. The score test is an
attractive option for testing the treatment significance hypothesis when the sample size is small.
The results also show that allowing the second-order derivative to change at the cut-off can make
a substantial difference. Because these derivatives are often difficult to estimate, in practice, it
can be useful to obtain results with and without bias correction, compare them, and then provide
a full disclosure of the results. Finally, when applying the bias correction, imposing the equality
constraint increases the power in all the specifications considered, sometimes substantially so. This
method requires the assumption that changes in the second-order derivatives are constant across
the quantiles. However, we feel that this can be a reasonable assumption in certain situations and

that the resulting tests warrant consideration.
9 Conclusion

This study developed a framework for conducting uniform inference on quantile treatment effects
for sharp RD designs. It proposes two sets of statistics that can be used to test hypotheses related to
treatment significance, homogeneity, and unambiguity. It also suggests a procedure for constructing
uniform confidence bands for quantile treatment effects. We conjecture that the methods can serve
as useful complements to the standard ATE analysis to uncover and document potential treatment

effect heterogeneity.
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Table 1: Summary Statistics of Bandwidths at the Median (Models 1 & 2).

Model 1 Model 2
n=500 | n=1000 | n=2000 || n=500 | n=1000 | n=2000

Imposing Hy

cud 0.337 | 0.347 | 0.346 | 0.244 | 0221 | 0.195
(0.138) | (0.137) | (0.136) || (0.094) | (0.076) | (0.061)
hint 0.500 | 0.500 | 0.500 || 0.327 | 0.286 | 0.248

(0.000) | (0.000) | (0.000) || (0.018) | (0.012) | (0.007)

Allowing H;

o 0470 | 0475 | 0479 | 0455 | 0443 | 0.414
(0.053) | (0.047) | (0.044) | (0.061) | (0.065) | (0.067)

hbdy 0428 | 0433 | 0435 || 0.396 | 0.383 | 0.347
(0.069) | (0.066) | (0.065) | (0.070) | (0.066) | (0.052)

hik, 0.301 | 0.304 | 0.304 || 0.301 | 0.302 | 0.301

(0.018) | (0.016) | (0.016) || (0.018) | (0.017) | (0.018)

Note. The values are averages over 2000 replications. Standard deviations are in the paren-
theses. hff} and h;"i denote the cross validation and MSE optimal bandwidths treating
the cutoff as an interior point. They will be used for the score test. h;’;, hf{fi’ and hﬁff
denote cross validation, MSE optimal and Imbens and Kalyanaraman (2012) bandwidths by

treating the cutoff as a boundary point. They will be applied with the Wald tests.

Table 2: The Size of Tests for the Treatment Significance Hypothesis (Models 1 & 2).

Tests Model 1 Model 2
n=500 | n=1000 | n=2000 || n=500 | n=1000 | n=2000
Score
h&vi 0.099 | 0.088 | 0.08 | 0.108 | 0.103 | 0.098
hind 0.116 | 0.108 | 0.107 | 0.123 | 0.116 | 0.114
Wald
h&vs 0.160 | 0.110 | 0.094 | 0.172 | 0.146 | 0.126
ht 0.166 | 0.122 | 0.100 | 0.182 | 0.138 | 0.120
hik 0.188 | 0.136 | 0.112 | 0.198 | 0.146 | 0.112
Wald Robust
e 0.132 | 0.099 | 0086 | 0.132 | 0.102 | 0.081
hoty 0.138 | 0.106 | 0.088 | 0.161 | 0.111 | 0.090
hik 0.164 | 0.113 | 0.090 | 0.173 | 0.123 | 0.088
‘Wald Robust EC
o 0.150 | 0.109 | 0.102 | 0.154 | 0.115 | 0.097
hoty 0.154 | 0.116 | 0.094 | 0.168 | 0.118 | 0.090
hik 0.170 | 0.124 | 0.098 | 0.180 | 0.129 | 0.096

Note. The table reports rejection frequencies at the 10% nominal level over 2000 replications.
“Wald”, “Wald Robust” and “Wald Robust EC” denote tests that assume a continuous second order
derivative at the cutoff, tests that allow a discontinuous second order derivative whose magnitude
of discontinuity can vary freely across the quantiles, and tests that allow a discontinuous second
order derivative whose magnitude of discontinuity remains constant across the quantiles.



Table 3: The Size of Tests for the Treatment Homogeneity Hypothesis (Models 1 & 2).

Tests Model 1 Model 2
n=500 | n1=1000 | n1=2000 || n=500 | n=1000 | n=2000
Wald
he's 0.138 | 0.107 | 0.091 | 0.142 | 0.114 | 0.102
oW 0.142 | 0.108 | 0.099 | 0.153 | 0.118 | 0.100
hiks 0.154 | 0.120 | 0.099 | 0.164 | 0.120 | 0.110
Wald Robust
he's 0.123 | 0.090 | 0.082 | 0.126 | 0.096 | 0.083
oY 0.123 | 0.098 | 0.080 | 0.128 | 0.102 | 0.084
hik. 0.142 | 0.112 | 0.086 | 0.139 | 0.109 | 0.090
Wald Robust EC
he's 0.122 | 0.098 | 0.082 | 0.126 | 0.104 | 0.092
oW 0.120 | 0.094 | 0.090 | 0.135 | 0.107 | 0.090
hiks 0.139 | 0.108 | 0.090 | 0.146 | 0.110 | 0.097

Note. See Table 2 for the definitions of the test statistics.

Table 4: The Size of Tests for the Treatment Unambiguity Hypothesis (Models 1 & 2).

Tests Model 1 Model 2
n=500 | n=1000 | n=2000 || n=500 | n=1000 | n=2000
Wald
hev 0.136 | 0.104 | 0.088 | 0.107 | 0.070 | 0.062
o 0.140 | 0.105 | 0.098 | 0.126 | 0.086 | 0.082
hik 0.162 | 0.110 | 0.102 | 0.156 | 0.103 | 0.094
Wald Robust
e 0.120 | 0.096 | 0.084 | 0.118 | 0.094 | 0.080
oW 0.131 | 0.098 | 0.086 | 0.133 | 0.096 | 0.084
hik, 0.136 | 0.101 | 0.087 | 0.140 | 0.096 | 0.086
Wald Robust EC
hg’s 0.126 | 0.101 | 0.093 | 0.138 | 0.096 | 0.094
o 0.132 | 0.098 | 0.094 | 0.142 | 0.102 | 0.096
hik 0.146 | 0.103 | 0.094 | 0.146 | 0.108 | 0.092

Note. See Table 2 for the definitions of the test statistics.



Table 5: Power of Tests for the Treatment Significance Hypothesis (Models 1 & 2)

Tests Model 1 Model 2
cn=03] 06 | 1.0 | 20 |c,=03] 06 | 1.0 | 2.0

Score

cvi 0.196 | 0.469 | 0.690 | 0.951 || 0.179 | 0.395 | 0.658 | 0.947
hint 0.299 | 0.746 | 0.986 | 1.000 | 0.250 | 0.572 | 0.904 | 1.000
Wald

e, 0.302 | 0.680 | 0.950 | 1.000 | 0.368 | 0.742 | 0.961 | 1.000
hbt 0.300 | 0.662 | 0.940 | 1.000 | 0.332 | 0.678 | 0.930 | 1.000
hik 0.262 | 0.560 | 0.857 | 1.000 | 0.292 | 0.586 | 0.872 | 1.000
Wald Robust

eo, 0.198 | 0.422 | 0.729 | 0.993 | 0.202 | 0.430 | 0.733 | 0.991
hbt 0.186 | 0.424 | 0.705 | 0.991 || 0.196 | 0.420 | 0.686 | 0.990
hik 0.179 | 0.354 | 0.577 | 0.964 | 0.187 | 0.373 | 0.608 | 0.970
Wald Robust EC

hev, 0.226 | 0.502 | 0.814 | 0.996 || 0.220 | 0.498 | 0.819 | 0.997
hby 0.214 | 0.484 | 0.789 | 0.996 || 0.222 | 0.474 | 0.760 | 0.996
hik 0.198 | 0.414 | 0.665 | 0.988 || 0.210 | 0.428 | 0.683 | 0.990

Note. See Table 2 for the definitions of the test statistics. The bandwidths are defined as in Table 1. They
are now computed from the data generated under the alternative hypothesis.

Table 6: Power of Tests for the Treatment Homogeneity Hypothesis (Models 1 & 2)

Tests Model 1 Model 2
cn=03] 06 | 1.0 | 20 |c,=03] 06 | 1.0 | 2.0

Wald

e 0.382 | 0.782 | 0.968 | 0.998 || 0.359 | 0.752 | 0.960 | 0.997
hbt 0.364 | 0.762 | 0.957 [ 0.997 || 0.333 | 0.715 | 0.935 | 0.992
hik 0.306 | 0.646 | 0.897 | 0.985 || 0.312 | 0.647 | 0.901 | 0.983
Wald Robust

e 0.221 | 0.515 | 0.806 | 0.978 || 0.225 | 0.509 | 0.798 | 0.974
hby 0.226 | 0.502 | 0.782 | 0.966 | 0.228 | 0.474 | 0.748 | 0.952
hik 0.200 | 0.403 | 0.671 [ 0.925 || 0.211 | 0.412 | 0.672 | 0.929
Wald Robust EC

hev, 0.364 | 0.762 | 0.962 | 0.998 || 0.339 | 0.734 | 0.955 | 0.996
hbdy 0.344 | 0.740 | 0.946 | 0.996 | 0.319 | 0.689 | 0.927 | 0.990
hik 0.283 | 0.620 | 0.883 | 0.982 | 0.292 | 0.620 | 0.887 | 0.981

Note. See Table 2 for the definitions of the test statistics. The bandwidths are defined as in Table 1. They
are now computed from the data generated under the alternative hypothesis.




Table 7: Power of Tests for the Treatment Unambiguity Hypothesis (Models 1 & 2)

Tests Model 1 Model 2
v =03] 06 | 1.0 | 20 ||, =03] 06 | 1.0 | 2.0

Wald

o 0.108 | 0.220 | 0.425 | 0.752 | 0.078 | 0.177 | 0.354 | 0.709
hoY 0.106 | 0.222 | 0.406 | 0.733 || 0.097 | 0.190 | 0.354 | 0.677
hik, 0.110 | 0.199 | 0.336 | 0.635 | 0.109 | 0.203 | 0.323 | 0.637
Wald Robust

he's 0.093 | 0.149 | 0.266 | 0.514 || 0.093 | 0.146 | 0.262 | 0.514
o 0.091 | 0.160 | 0.254 | 0.504 | 0.096 | 0.156 | 0.258 | 0.486
hik 0.090 | 0.152 | 0.222 | 0.428 | 0.091 | 0.150 | 0.229 | 0.438
Wald Robust EC

h& 0.099 | 0.178 | 0.318 | 0.602 | 0.096 | 0.178 | 0.312 | 0.595
o 0.094 | 0.173 | 0.308 | 0.592 | 0.107 | 0.174 | 0.292 | 0.577
hik 0.095 | 0.162 | 0.254 | 0.500 | 0.104 | 0.166 | 0.254 | 0.516

Note. See Table 2 for the definitions of the test statistics. The bandwidths are defined as in Table 1. They
are now computed from the data generated under the alternative hypothesis.

Table 8: Summary Statistics of Bandwidths at the Median (Models 3 & 4).

Model 3 Model 4
n=500 | n=1000 | n=2000 || n=500 | n=1000 | n=2000

Imposing H

hev 0.258 | 0211 | 0.164 | 0129 | 0.116 | 0.107
(0.131) | (0.108) | (0.070) | (0.027) | (0.019) | (0.012)
hint 0447 | 0411 | 0360 | 0.126 | 0.109 | 0.100

(0.057) | (0.062) | (0.053) || (0.007) | (0.004) | (0.000)

Allowing H;

hg's 0.395 | 0.356 | 0.308 || 0.222 | 0.192 | 0.169
(0.082) | (0.081) | (0.070) | (0.038) | (0.030) | (0.024)
hbdy 0282 | 0.248 | 0216 || 0.240 | 0.215 | 0.191
(0.053) | (0.031) | (0.019) | (0.038) | (0.025) | (0.016)
hik, 0.283 | 0.284 | 0285 || 0278 | 0274 | 0.267

(0.019) | (0.017) | (0.016) || (0.024) | (0.023) | (0.025)

Note. See Table 1 for the definitions of the bandwidths.




Table 9: The Size of Robust Tests in Models 3 & 4.

Tests Model 3 Model 4

n=500 | n=1000 | n=2000 || n=500 | n=1000 | n=2000

Treatment Significance:
Wald Robust

e 0.166 | 0.143 | 0.152 | 0.182 | 0.125 | 0.106
hot 0.157 | 0.117 | 0.092 | 0.181 | 0.115 | 0.098
hik. 0.168 | 0125 | 0110 | 0.164 | 0.106 | 0.081

Wald Robust EC

e 0.190 | 0160 | 0161 | 0.192 | 0.136 | 0.118
hot 0.170 | 0.130 | 0.102 || 0.194 | 0.128 | 0.108
hil. 0.180 | 0.139 | 0125 | 0.176 | 0.118 | 0.092

Treatment Homogeneity:
Wald Robust

hg's 0.114 | 0.086 | 0.090 | 0.142 | 0.118 | 0.104
hoty 0.128 | 0.094 | 0.093 | 0.145 | 0.111 | 0.096
hiks 0124 | 0.092 | 0.093 | 0.130 | 0.100 | 0.080

Wald Robust EC
hg's 0.116 | 0.082 | 0.098 | 0.149 | 0.128 | 0.108
hoty 0.144 | 0.100 | 0.103 || 0.152 | 0.118 | 0.100
hils 0.138 | 0.099 | 0.096 | 0.138 | 0114 | 0.102

Treatment Unambiguity:
‘Wald Robust

héts 0.060 | 0.048 | 0.043 | 0126 | 0.100 | 0.098
ho% 0.087 | 0.078 | 0.064 | 0119 | 0.089 | 0.088
hik 0.084 | 0.073 | 0.048 | 0110 | 0.074 | 0.061

Wald Robust EC
hés 0.061 | 0.046 | 0.044 | 0125 | 0.108 | 0.099
ho% 0.086 | 0.078 | 0.068 | 0.124 | 0.103 | 0.092
hik 0.098 | 0.072 | 0052 | 0107 | 0074 | 0.070

Note. See Table 2 for the definitions of the test statistics.



Table 10: Power of Robust Tests in Models 3 & 4

Tests Model 3 Model 4
c, =03 0.6 1.0 2.0 c,=03] 0.6 1.0 2.0
Treatment Significance:
Wald Robust
h§’s 0.307 | 0.514 | 0.779 | 0.988 0.190 | 0.356 | 0.568 | 0.928
oW 0.211 | 0.388 | 0.622 | 0.975 | 0.202 | 0.370 | 0.599 | 0.951
hik. 0.230 | 0.421 | 0.671 | 0.976 0.207 | 0.412 | 0.657 | 0.973
Wald Robust EC
hg's 0.338 | 0.560 | 0.828 | 0.994 || 0.218 | 0.409 | 0.621 | 0.963
hg‘_ié’ 0.237 | 0.450 | 0.698 | 0.988 0.236 | 0.426 | 0.655 | 0.979
hik. 0.259 | 0.474 | 0.739 | 0.992 0.245 | 0.458 | 0.725 | 0.990
Treatment Homogeneity:
Wald Robust
h§'s 0.220 | 0.480 | 0.754 | 0.955 0.190 | 0.361 | 0.591 | 0.879
hg‘flg 0.190 | 0.399 | 0.641 | 0.905 0.186 | 0.388 | 0.616 | 0.891
hik. 0.207 | 0.422 | 0.672 | 0.917 || 0.198 | 0.423 | 0.665 | 0.919
Wald Robust EC
h§'s 0.352 | 0.743 | 0.931 | 0.990 0.257 | 0.556 | 0.814 | 0.957
hgfig 0.292 | 0.623 | 0.865 | 0.976 0.274 | 0.587 | 0.840 | 0.964
hik. 0.311 | 0.659 | 0.893 | 0.980 0.289 | 0.637 | 0.880 | 0.974
Treatment Unambiguity:
Wald Robust
h§'s 0.048 | 0.096 | 0.181 | 0.406 0.098 | 0.138 | 0.200 | 0.380
hg‘.ig 0.078 1 0.123 | 0.198 | 0.387 || 0.096 | 0.133 | 0.208 | 0.383
hik. 0.064 | 0.113 | 0.201 | 0.389 0.075 | 0.122 | 0.195 | 0.398
Wald Robust EC
h§’s 0.048 | 0.103 | 0.194 | 0.480 0.094 | 0.143 | 0.218 | 0.428
hg‘flg 0.076 | 0.128 | 0.219 | 0.450 0.098 | 0.140 | 0.226 | 0.430
hik 0.065 | 0.121 | 0.212 | 0.454 | 0.080 | 0.126 | 0.218 | 0.456

Note. See Table 2 for the definitions of the test statistics.




Figure 1: Quantile effects of Severance Pay on Unemployment Duration

(a) Without bias adjustment

(b) With quantile-by-quantile bias estimation
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The results are produced using the restricted sample of Card, Chetty, and Weber (2007). The
three figures contains point estimates (the dashed lines) and uniform confidence bands (the
shaded areas) obtained from the following procedures: (a) assuming a continuous second order
derivative at the cutoff, (b) allowing a discontinuous second order derivative whose magnitude
of discontinuity can vary freely across the quantiles, and (c) allowing a discontinuous second
order derivative whose magnitude of discontinuity remains constant across the quantiles. The
bandwidth at the median is 4.5.



Figure 2: Quantile effects of Extended Benefits on Unemployment Duration

(a) Without bias adjustment

(b) With quantile-by-quantile bias estimation
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The results are produced using the restricted sample of Card, Chetty, and Weber (2007). The
three figures contains point estimates (the dashed lines) and uniform confidence bands (the
shaded areas) obtained from the following procedures: (a) assuming a continuous second order
derivative at the cutoff, (b) allowing a discontinuous second order derivative whose magnitude
of discontinuity can vary freely across the quantiles, and (c) allowing a discontinuous second
order derivative whose magnitude of discontinuity remains constant across the quantiles. The
bandwidth at the median is 4.5.



Figure 3: Quantile Effects of Severance Pay estimated using a subsample

(a) Without bias estimation
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The results are produced using a subsample that include only workers who worked more than 4
months at a firm different from the one where they got laid off. Other specifications, including
the bandwidth, are the same as Figure 1.



Figure 4: Quantile effects of Extended Benefits estimated using a subsample

(a) Without bias estimation
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The results are produced using a subsample that include only workers who worked more than 4
months at a firm different from the one where they got laid off. Other specifications, including
the bandwidth, are the same as Figure 2.



Figure 5: Quantile Effects of Severance Pay estimated using a different bandwidth

(a) Without bias estimation
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The bandwidth at the median equals 6.5. Other specifications are the same as in Figure 1.



Figure 6: Quantile effects of Extended Benefits estimated using a different bandwidth

(a) Without bias estimation
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The bandwidth at the median equals 6.5. Other specifications are the same as in Figure 2.



