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Abstract

We present a type inference algorithm, in the style of compositional analysis, for the language TRAFFIC—a
specification language for flow composition applications proposed in [2]—and prove that this algorithm is correct:
the typings it infers are principal typings, and the typings agree with syntax-directed type checking on closed flow
specifications. This algorithm is capable of verifying partial flow specifications, which is a significant improvement
over syntax-directed type checking algorithm presented in [3]. We also show that this algorithm runs efficiently, i.e.,
in low-degree polynomial time.

1 Introduction

In our previous reports[1, 2], we established a framework in which type systems reflect simplified representations of
rel ationships between various network flows that can be derived from complex compositional theories. We defined for-
mal operational semantic and presented a type system for the language TRAFFIC in [3], and proved severa properties
of the language. Our work here cannot be fully understood without reference to our previous work.

We showed that TRAFFIC meets our flexibility expectation, that (untyped) flow composition can be carried out
in any order. However, the syntax-directed type checking algorithm we presented before is only capable of checking
closed flow specification. This meansif we want to compose flows and check correctness of the composition, we have
to submit to the ordering constraint imposed by the type checker.

A compositional analysis of a system with many parts means that the parts can be analyzed completely indepen-
dently of each other and in any order. In thisway, analyzing one part does not need to wait for any part of the analysis
results of other parts. Also, when a part is updated, only the final composition steps need to be re-analyzed and un-
changed parts do not need re-analysis. Thisis achieved by designing a type inference algorithm for a type system that
has the principal typing property [4].

For our particular topic, the safe composition of network flows, this means the analysis of a flow is compositional
if it can be obtained by analyzing its subflows completely independently and in any order. The approach that we take
involves producing what we call principal typings of partial flow specifications. A typing X of atermisprincipal if
every typing Y of that term is an instance obtained by applying a substitution to X. A typing will generally contain
type variables, i.e., place-holders for types to be specified further, and a substitution will act on these type variables.
A flow specification is partial if it contains free flow variables.

In this paper, we present a type inference algorithm for TRAFFIC that satisfies principal typings property. These
technical concepts and many otherswill be clarified and expanded in due course in the rest of this report.

1.1 A Primer for The Language TRAFFIC

In this paper, we refer to those definitions and notations in [3], which we reproduce in Figure 1.1 and summarize
bel ow.
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Figure 1.1: Syntax of TRAFFIC and Its Types

r € FwSocketType
s € BwSocketType
z,y,z € FlowVar flow variable t € SocketType = r|s
A,B,C € LocalFlow local flow p € FwType = 71| (p1-p2)
A,B,C € GlobalFlow == A | =z o € BwType = s|(o1-02)
| AB sequential flow T € Type = plo
| AlB parallel flow e op2
| let 2=Ain B let-binding T € FlowType = oy o
(a) Syntax of Language (b) Syntax of Types

Syntax of the Language The language of TRAFFIC supports parallel and sequentia organization of flows and the
ability to abstract unknown flows to be later specified by means of alet-binding.

Syntax of Types The type of flows illustrates that flows have four connections: forward input, forward output,
backward input, and backward output. Every connection is a binary-tree structure of socket types that form the basis
of al types and type judgments. Fitness of socket typesis based on subtyping assumptions.

Subtyping Assumptions For the purpose of type analysis, we are given A asaset of binary relationsto characterize
the properties we want to check for an application. Let

A C (FwSocketType x FwSocketType) U (BwSocketType x BwSocketType)

be a set of fixed, but arbitrary subtyping assumptions on socket types given by the user. We assume A to be a partial
order relation.

2 Typing Judgment and Typing Rules
2.1 Introducing Type Variables

For the purposes of compositional analysis, we need to augment the syntax of typeswith type variables. Typevariables
are placeholders for unknown types that areinitially assigned to flow variables during type inference. This allows us
to defer the analysis of types until we have more information.

Specifically, weintroducean infinite supply Fw TypeVar of forward typevariables, and an infinite supply BwTypeVar
of backward type variables, with « and 3 (possibly decorated) ranging over Fw TypeVar and Bw TypeVar respectively.
The set of al typevariablesis TypeVar = FwTypeVar U BwTypeVar, and we let  range over TypeVar.

To the syntax of types givenin Figure 1.1, we augment the sorts with type variables as follows:

a € FwTypeVar

8 € BwTypeVar

v € TypeVar

p € FwType = rlal(p-p2)
o € BwType n= s| B (G1-02)
7 € Type w= plo

- ~ P1 P2

T € FlowType = {51 &J

We also need the notion of subtyping constraints (or just constraints) which are ssimply written as:

p1<:pp and Gy <:G9,



which may or may not be satisfied. As a special notation where we desire both 71 <: 75 and 75 <: 71, we may aso
write them together as 7, = 7. The purpose of defining a collection of constraints as a set is to delay checking the
subtyping relation of unknown entities until they are known.

Definition 2.1 (Constraints). Let C C Constraints range over aset of subtyping constraints, where
Constraints = (FwType x FwType) U (BwType x BwTypé)

The eventual objective is to check for the constraints' consistency with A, where the meaning of “consistent con-
straints’ is made precise by the notion of type variable substitution.

Definition 2.2 (Type Variable Substitution). A substitution S is atotal map S : TypeVar — Type™ that is sort-
preserving, i.e.,

{S() | « € FwTypeVar} C FwType” and {S(B8) | 8 € BwTypeVar} C BwType™.

A closed substitution maps type variablesto closed types, i.e., S : TypeVar — Type instead of S : TypeVar — Type™.
We lift a substitution S to Type~, FlowType™, and Constraints in the obvious way, i.e., to substitution type variable
occurrencesin these sorts accordingly.

Notation 2.3. Typically, a substitution S will be the identity on all but finitely many variables, say, {~v1, ..., 7} for
somen > 0, in which case we write S as afinite map.

S:{Vl’_)%la 7’771’_77171}

where S(v;) = 7; forevery 1 <4 <n,and S(7) = 7 forall 7 ¢ dom(S5).

Definition 2.4 (Consistent Constraints). We say that a set of constraints C' is consistent to A, or simply consistent,
exactly when there exists a closed substitution S such that A = S(C).

2.2 Subtyping Judgments

We extend the derivation of “subtyping judgments’ in [3] to allow type variables. With the addition of a constraint set
C (possibly containing type variables) consistent with A, we write subtyping judgments as

A,O"%l <: Ty

for sometypes 71 and 7. All the axiomsand rulesin [3] are adapted accordingly, with some new rules:

{t1 <:ta} C A (stype) t € SocketType (st ) ACEHt <ty ACHFty<:ts (st . )
ACFt <ty P TR Cre<t ©YPETE ACFL < 13 stype-trans
{<h}CC v € TypeVar ACHR < T ACET <73

ACFR <7 @ ACFy <, e ACFR < 7 (cons-trans)

Obviously, an inconsistent C' would allow usto prove false subtyping relations using the (cons) rule, so it isimportant
that every time we construct a new set of constraints, we must algorithmically check its consistency. We leave the
criteriathat C' is consistent for |ater.

Types with type variables are lifted in the obvious way:

ACEp<:py ACEpa <:ph
A,CF (p1-p2) <:(ph - p)
However, it is no longer the case that A,C F 7, <: 7f and A,C + 7 <: 7} are the only way to derive the

judgment A, C' + (71 - T2) <: (74 - 74). Forexample, let Cy = {(71 - T2) <: (71 - 7))} and Co = {71 <: 71, T2 <: T4}
Consider the following derivations:

A,Cl_5'1<15'£ A,Cl‘&g<:5’é
A, CF (61-62) <:(d]-6%)

(fwtypé-lift)

(bwtypé-lift)

{7~'1 <:7~'{}ng {7:2 <:%2’}§02
{(7~'1-7~'2) <(’7~'{’7~'£)}§01 A,Cgl_f'l <Z7~'{ A,Cg"f'g <2’7~'é
A,Cll_(’f'l-’f'g) <(7~'{7~'é) A,CQ'—(%l-’T'Q) <(’7~'{’7~'é)




Figure 2.1: Typing Rules

f(x):f
LA CHz:T

. type(A) = T .
(var?) ———— (local")
DA CFHA:T

f,A,OI—Alz[gl 5’2] f,A,OI—AQ:[QB ?4] ACF oy <:ips A CFEés<:éo
1

02 03 04

- ——— (seq”)

F,A,OI—Al;AQ:[el ?4]

01 04

O,ACHB :Ty TUu{z:T1},ACFBy: T
[LA,CkHlet =58 in By: T

ILAJCHA T, T,A,CHAy: T
DA, CH A Ay : Ty 0Ty

(par)

(let™)

In some cases, we want C to justify for the constraints 71 <: 7 and 72 <: 74 aswell. Thisgivesriseto the following
projection rules:

A, CF (pr-pa) <: (P~ Po) A, CF (p1- p2) <: (Ph - p)

(fwtypé-projy ) (fwtypé-projs)

A,Cl—ﬁl <:/3/1 A7C|_,52 <:/6/2
A, Ct (61-02) <: (0] -5h) (bwtypé:projy) A, CF (51-69) <: (6] - 54 (wtypEproja)
€-pro é-pro
N WHPEReR A,CFé; <o HPERIe

2.3 Typing Judgments

We also extend the notion of derivation of “typing judgments’ to the case when types contain type variables. With the
addition of aconstraint set C' that is consistent with A, we write typing judgments as

[,ACHA:T
We write I" instead of I, and 7" instead of 7', to indicate that type variables may be present. Substitution on T is lifted
in the usual way. Typing rulesin [3] are adapted accordingly, as shown in Figure 2.1.

2.4 Properties

Subtyping Judgments There are some interesting properties we can show with regard to substitution, consistency,
and derivability of subtyping judgments.

Lemma 2.5 (Subsets of a Consistent Constraint Set are Consistent). Given sets of constraints C' and C'’ such that
C C C'. If ¢’ isconsistent, then C' is consistent.

Proof. Suppose C” is consistent, so there exists a closed substitution S such that A + S(C’). Since C' C C’, we have
S(C) C S(C"),anditisasothecasethat A - S(C), therefore C is consistent. O

A set of constraints is inconsistent when it contains one or more constraints that contradict the assumptionsin A.
However, if a set of constraints are already consistent, then taking constraints away from it does not cause contradic-
tions, so its subsets are indeed consistent.

Lemma 2.6 (Weakening of Constraintsin Subtyping Judgment). Given sets of constraints C and C’ such that
CCC.IfA,CF 7 <: Tpisderivable then A, C' - 7, <: 75 isalso derivable.

Proof. Thisis shown by induction on the possiblewaysto derive A, C + 71 <: T».

e caseof (cons), wehave {7; <: 7o} C C asthepremise. SinceC C ', itisasothecasethat {7; <: 72} C (",
0O A, C' + 71 <: Ty isderivable.

e case of (tv-refl), where 7y = 7o = ~ for some~ € TypeVar. Clearly A, C’ v <: v isimmediately derivable.



o all other cases can be shown by straightforward application of induction hypothesis on the premises.
O

If a subtyping judgment can be derived using some minimum constraint set, then additional constraints are simply
dummies. They play no role in deriving the subtyping judgment, but their presence does not prevent derivability. Note
that derivability on subtyping judgment does not depend on consistency of the constraint set.

Lemma 2.7 (Equivalence of Even Constraints). A, C F (71 -7) <: (T2 -75) isderivableifandonly if A, C'+ 7 <:
Toand A, C + 7] <: 75 are both derivable.

Proof. Apply projectionrulesfor (=), and lifting for (<). O

Lemma2.7 is used in Section 3.1 for the algorithm that normalizes constraints. It is used chiefly to show Lemma
3.5 that breaking down constraints, as described in Definition 3.1, produces eguivalent constraints.

Lemma 2.8 (Substituted Subtyping Judgment is Derivable). For every given type variable substitution S, if a
judgment A, C' 71 <: T isderivable, then thejudgment A, S(C) = S(71) <: S(7z) isalso derivable.

Proof. We proceed to prove this by examine the possible ways to derive the judgment A, C + 71 <: 7o:

e caseof (cons). Suppose {71 <: T2} C C. We have {S(71) <: S(72)} C S(C), so we can derive A, S(C) +
S(’T’l) < S(7~'2)

e case of (tv-refl), where 7y = 7o = ~ for somey € TypeVar. Clearly, S(v) = S(v), 0 A, S(C) F S(v) <
S(y) isderivable.

e all other cases can be shown by induction.

Lemma 2.8 is used to show the General Solution property (Lemma2.12) below.

Lemma 2.9 (Substitution Preserves Consistency). Given any set of constraints C' and a substitution S, if S(C) is
consistent, then C' is consistent.

Proof. Suppose S(C) is consistent, then by Definition 2.4, there exists a closed substitution S’ such that A +
S'(S(C)). Let S” = S' 0 S, then S” is a closed substitution such that A + S”(C). By the same definition, C
is consistent. 0

Typing Judgments We also present properties pertaining to typing judgments, namely, weakening of environment
and weakening of constraints, which allow us to add dummy bindings to the environment and dummy constraints.

Lemma 2.10 (Weakening of Environment). Given two environments T and I” such that T' C I” (i.e, for all = €
dom(T"), itisthecasethat I'(x) = I'"(x) holds). If ', A,C + A : T isderivable, thenT’, A, C + A : T isderivable.

Proof. Induction by cases. Suppose T', A, C' - A : T isderivable.

o case Aisz, we have T'(z) = T as the premise. Sincez € dom(T'), we have I'(z) = I'(z) = T, 0
I",A,C+ x: Tisderivable.

e case AisA, thenT’, A, C' + A : T isimmediately derivable.

o case AisAr; As or Ai|| Az, wehaveT, A, C - Ay : Ty and T, A, C + A, : T, asthe premises. By induction
hypothesis, both I/, A, C' + A; : T} and F’ A,C+ Ay : T, arederivable, so I, A, C'+ A : T isderivable.

e case Aislet z =By in B, Wehave(l)F A,CFBy: Toad(2TU{z:Tp},A,CFB: Tasthepremlses
By induction hypothesison (1), I",A,C+ By : Ty isderivable. For (2), notethat ¢ dom(T ) Ifz e dom(F’)
thenTU{z:Tp} =T"U{z: To} (smce new binding overrides the old one), so 'U{z:To},A,CFB:T
is immediately derivable. Otherwise, I' U {x : Ty} C IV U {z : Ty}, so using induction hypoth&:«s on (2),
U {z:To} - B: T isderivable.



Note that for all y € dom(I") — dom(T"), y does not occur freein A.

Lemma 2.11 (Weaking of Constraints in Typing Judgment). Given two sets of constraints C' and C” such that
CCC.ITLA,CFH A:Tisderivable thenT', A,C" + A : T isalso derivable.

Proof. This is a result that can be shown by induction on the structure of typing rules, using Lemma 2.6 when a
premise is a subtyping judgment. O

Typing as a General Solution The following property is part of the Principal Typing theorem, which says that a
typing returned by the compositional analysis algorithm is a general solution in the sense that all other typings are an
instance of it, subject to substitution.

Lemma 2.12 (General Solution for Type Judgment). Given I', A, C' = A : T, then for every substitution S—not
necessarily closed—if S(C') isconsistent, then thereis a typing derivation wherethefinal judgmentis S(T'), A, S(C) =
A S(T).

Proof. Suppose S(C) is consistent, then C' is consistent by Lemma 2.9. For every typing derivation rule concluding
A, CH A:T,weandyzeits premises by possible forms:

e Premiseisajudgment of theform A, C + 7; <: 7o, thenby Lemma 2.8, A,C F 71 <: 7o implies A, S(C) +
S(71) <: S(72) isderivable.

e Premise is of the form I'(z) = T, then we have (S(T'))(z) = S(I'(z)) by definition of substitution, and
S(T'(z)) = S(T) by definition of the environment, so we have (S(T"))(z) = S(T).

o Premiseisof theformtype(A) = T. Wehave S(T') = T, since T does not contain type variables, so type(A) =
S(T).

e Premise is a typing judgment of the form I’,A,C" + A’ : T'. By induction hypothesis, the final judgment
ST, A, S(C") A" S(T") isderivable.

O

These properties presented in the section are used to prove the correctness of the compositional analysis algorithm
in Section 3.3.

3 Algorithm

For the syntax-directed type checking in [3], aflow has atyping if it is determined to be compatible using the typing
rules, but the entire flow must be known in advance; in compositional analysis, a flow may have unspecified holes,
and it has atyping if no incompatibility is found among the specified parts. The differenceis subtle. It isimportant to
realize that when two typings are composed per flow composition, there may not be a valid resulting typing. The set
of constraints allows us to defer the checking of subtyping relations until we have more information.

Deciding asolution for a set of constraintsis known as unification. For our type inference algorithm, unificationis
done in two steps. normalizing a set of constraints to a manageable form and deciding consistency on the normalized
congtraints. Consistent constraints necessarily conform to subtyping assumptions in the sense that, there must exist a
way to substitute all type variablesin the set of constraints to concrete types, and the resulting subtyping relations are
verifiable by the subtyping assumptionsin A.

3.1 Normalization of Constraints

The need to decide the consistency of a constraint set, which could contain constraints that are complicated to solve,
gives rise to the normalization algorithm below. The objective of the algorithm is to produce an equivalent constraint
set inthe normalized form, i.e., as a subset of NormConstraints, for which we can decide consistency by a straightfor-
ward reduction to solving a graph problem, which is both efficient and works around the problem that subtyping rules
are not syntax directed.



Definition 3.1 (Normalized Constraints). A set of normalized constraintsis for subtyping relations that contain no
binary structured types on either the left or right side. It is defined as follows:

FwTypeVar x FwSocketType) U (FwSocket Type x FwTypeVar) U
BwTypeVar x BwSocketType) U (BwSocketType x BwTypeVar) U
FwTypeVar x FwTypeVar) U (FwSocketType x FwSocketType) U
BwTypeVar x BwTypeVar) U (BwSocketType x BwSocketType)

NormConstraints =

(
(
(
(

Given C' C Constraints, we will rewrite C' to obtain an equivalent constraint set C/ C NormConstraints by the
means of substitution and simplification. Normalized constraints are used to decide consistency in lieu of the given
constraint set. The details of constraint set normalization follows.

Definition 3.2 (Simplification of Constraints). We define simplify(C') to be a function that replaces all constraints
in C of theform (71 - 72) <: (71 - 74) with two constraints, 7, <: 7 and 72 <: 74, leaving other constraints asis.

Algorithm 3.3 (Normalization of Constraints). We describe a normalization algorithmthat normalizes a constraint
set C' C Constraints to an equivalent constraint set C’ € NormConstraints, based on a rewrite sequence of the form:

S S S
Co2o S0y S

where we construct a substitution .S; and a new constraint set C;,1 from C;, for i > 0, in the following manner:
choose a constraint {7 <: 7'} C C; to be rewritten with S; according to one of the rewrite rules below, and let
Ci+1 = simplify(S;(C;)). Arewrite step rewrites one constraint at a time, leaving other constraints intact. However,
a rewrite step may produce at most two constraints due to simplification. Rewriting terminates when C'; contains no
constraints for which the rewrite rules apply.

Rewrite Rules

1. If 7 <: 7 hastheform (7, - 72) <: 7/, thenlet S; = {' — (v - 7%)} with ], 4 fresh. Abort if 4" occursin 7
or 7o.

2. If 7 <: 7 hastheform~ <: (7 - 75), thenlet S; = {v — (y1 - 72)} with v, v, fresh. Abort if v occursin 7
or 74.
3. If 7 <: 7' hastheform (71 - 72) <: (71 - 74), then S; isthe identity.
We know as a fact that rewrite sequence always either aborts or terminates. e write the sequence all the way to its
termination in n stepsas C :Sf>* C, andlet ¢’ = C,,, in which case C" isin the normalized form, and we say that
n

constraint set C' normalizesto C”.
Thedesired output of thealgorithmupon terminationis (S, C’), where.S = S,,_10- - -05705; (and“ o” istheusual
function composition). The algorithm, when expressed asa function, iswrittenas (S, C’) = normalizeConstraints(C').

Notation 3.4. We also write 7 <: 7' |} S to denote that, given a constraint 7 <: 7/, a particular substitution S is
chosen based on the rewrite rules described in Algorithm 3.3,

3.1.1 Correctness

Lemma 3.5 (Constraints Equivalence for Simplify). Let C be a set of constraints, and let C'’ = simplify(C'). Then
A,C"’T’l <: Ty IﬁA7C/ 1< To.

Proof. We enumerate by the three basic rulesto derive A, C + 71 <: T».
o Case{%l <: ’7~'2} cC, 1 75 T9. |f’7~'1 = (7~'1’1 -711’2) and Ty = (’712’1 . 7‘2’2), then
A,C FTo<i T iff A,C [ 7~'1’1 < ’7~'2’1 and A, CH 7~'1’2 < 712’2 (by Lemma’?’))
iff AC'HFF1<TiadAC'FTio <o
(since {711 <: To,1,T1,2 <: T22} C C")
iff AC'F 7 <7 (by Lemma??)



Otherwise, simplify(C) leaves {71 <: 72} intact, so the claim isimmediate.
e caseT; = 7o, then by reflexivity, both A, C + 7, <: 7 and A, C’ + 7y <: 7, areimmediately derivable.

e Ccase using transitivity. We proceed to show both ways:
(=) Supposethereexistssome 7/ suchthat A,C + 71 <: 7 and A,C + 7 <: 7o, thenwehave A, C' F 7, <:
7 and A, C' + 7' <: 7 by induction hypothesis, which implies A, C’ + 71 <: 7, by transitivity.
(<) Supposethere existssome 7/ suchthatA, C’ - 71 <: 7 and A, C’ - 7 <: 7o, thenwehave A, C' + 7, <:
7 and A, C + 7 <: 7> by induction hypothesis, which implies A, C' - 71 <: 7, by transitivity.
O

Lemma 3.6 (Consistency Preservation for Simplify). Let C bea set of constraints, then C'is consistent iff simplify (C)
is consistent.

Proof. Whenwesay C isconsistent, there existsaclosed substitution S suchthat A + S(C). In other words, for every
{1 <: T2} C C,wehave A F S(71) <: S(72). It holdsthat {71 <: 72} C C iff either {71 <: 72} C simplify(C)
or, when T = (’711’1 -7~'172) and Ty = (7~'2’1 . 7~'2’2), we have{%m < 7~'271,’7~'1’2 < 7~'2’2} C Simplify(C) by definition of
simplify(C'). The former case istrivial because simplify(C) leaves {71 <: 72} intact. In the latter case, it sufficesto
show that A = S(71) <: S(7) iff A F S(71,1) <: S(T2,1) and A = S(712) <: S(72,2), and this holds as a special
case of Lemma2.7. O

Lemma 3.7 (Constraints Equivalence for Rewriting). For some {7 <: 7/} C C'and 7 <: 7/ || S, thenfor all types
7,and 7., itisthecasethat A, C' + 7, <: 7. iff A, S(C) F S(7) <: S(7).

Proof. We enumerate by the three waysto derive AC + 7; <: 7.

e case{T; <: 7} CC.If =7and 7, = 7,and 7 <: 7/ matches one of the rewriting rules, then we examine
the substitution according to the rules, as shown below.

L S={y+ (7))} Sufficestoshow {(71-72) <: (v1-74)} C S(C) implies{(71-72) <: v’} C C. This
inherently holds, sinceit cannot bethe casethat { (71 - 72) <: (74 -74)} € S(C) but {(71-72) <: 7'} € C,
for the reason that 4 and +} are created fresh for the substitution (i.e., fresh variables that does not occur
anywherein C).

2.y < (7 -1) U {y— (71-72)}. Similar to the argument in (1), need to show
ACEy<: (7 -75) iff ASCO)F (1-72) <: (7] -75)
which suffices to show
(y<:(7-#)YCC iff {(n-7) < (7 7))} CS(C)

It cannot be the case that {(v1 - 72) <: (71 - 73)} C S(C) but {y <: (7 - 73)} € C, since; and ~, are
created fresh for the substitution.

Otherwise, the substitution has no effect on 7; <: 7., so the equivalenceistrivial.

e Cae 7 = 7., thenitisthe casethat S(7;) = S(7.), so by reflexivity, both A,C + 7, <: 7. and A, S(C) +
S(7) <: S(7,.) areimmediately derivable.

e Case using transitivity. We proceed to show both ways:

(=) Suppose there exists some 7. suchthat A,C + 7, <: 7. and A, C + 7. <: 7, thenwehave A, S(C) +
S(7) <: S(7.) and A, S(C) + S(7.) <: S(7) by induction hypothesis, which implies A, S(C) + S(7;) <:
S(7,) by transitivity.

(<) Suppose there exists some 7. such thatA, S(C) F S(7) <: S(7.) and A, S(C) + S(7.) <: S(7), then
wehave A,C +F 7, <: 7. and A,C F 7. <: 7. by induction hypothesis, which implies A, C + 7, <: 7. by
trangitivity.



O

Lemma 3.8 (Rewrite Rules Preserve Consistency). Let {7 <: 7'} C C and 7 <: 7' || Sp, then C is consistent iff
So(C) isconsistent.

Proof. By definition on consistency, let C' be consistent when every {7; <: 7.} C C holdsfor A - S(7) <: S(7)
with some closed substitution .S; and So(C') be consistent when every {7; <: 7.} C Sy(C) holdsfor A - S'(7;) <:
S’(7,) with some closed substitution S’. We enumerate on the possible S, according to the rewrite rules, as shown
below:

1 7, <: 7 maches (71 - 72) <: 7" 4 {v' — (7] - ¥4) }-
(=) Since S isclosed and A = S(7;) <: S(7) (which isto be shown by lifting), there must be a substitution
in S such that S(v') = (7 - 75) for some r; and 75. Construct S; = {y{ — 71,75 — 74}, and clearly,
S(S1(S0(C))) = S(C) by overriding the substitution of 4/ in S. That is, we can construct S’ = .S o S; where,
if S showsthat C is consistent, then S’ shows Sy (C') to be consistent.

(<) Onthe other hand, if we are given S’, then there must be two substitutionsin S’ such that S’(v1) = 71 and
S’ (~4) = 1 for somer; and 7. Clearly, {7 — (71 -7%)} isthesameas{v] — 71,75 — 75} o {7y — (71 -7%)},
so we construct S = S’ o Sy where, if S’ showsthat Sy (C) is consistent, then S shows C' to be consistent.

2. 71 <: 7, machesy <: (7 - 75) 4 {v — (71 - ¥2)}. Similar to the argument in (1), one can show that, when
given S, we can construct S’ = S o S; where S; = {y1 — 71,72 — T2} while S(y) = (71 - 72); when given
S’, we construct S = S’ o Sj.

3. Otherwise, if thereis no match, S istheidentity, so Sy (C) = C, and the claim istrivial.

O

Lemma 3.9 (Equivalence and Preservation of Consistency for Normalization of Constraints). Let C =Sf>* C’,
n
then

1L ACHT<:7ifandonlyif A,C"F S(7) <: S(7).
2. Cisconsistent if and only if C’ is consistent.

Proof. For (1), it is shown by using Equivalencefor Rewrite Rule (Lemma 3.7) and that for Simplify (Lemma3.5) on
one step of the type expansion rewrite sequence, then apply the one step proof repeatedly to get the desired result. (2)
issimilarly shown by using Consistency for Rewrite Rule (Lemma3.8) and that for Simplify (Lemma3.6) instead. [

Lemma 3.10 (Normalization Preserves Typing Derivability). For all global-flow specification A, environment T,

constraints set C', and a flow type 7', and let C :Sf>* C’,thenT,A,C + A : T isderivableiff S(T'), A,C" - A : S(T)
n

is derivable.

Proof. This is a result that can be shown by induction on the structure of typing rules, using Lemma 3.9 when a
premise is a subtyping judgment. O

3.2 Checking Consistency of Constraints

Recall that given a constraint set C, C' is consistent exactly when there exists a closed substitution such that all
subtyping relations in S(C) can be checked against A, i.e,, A I S(C). Since A is assumed to be a partial ordering
relation, it is necessarily the case that S(C) C A, so S(C') must not contain subtyping relations that contradict partial
ordering assumption of A.

One criterion for C' to be consistent is that types are reflexive, but this is trivially the case given our subtyping
derivation rules.

Moreover, we say that C' is closed under A exactly when A, C' -t <: ¢t/ implies{¢t <: ¢’} C A. If C isconsistent,
it must be the case that C is closed under A for the obvious reason. If C' is not closed under A, then C' cannot be
consistent.

A substitution is said to be induced from a set of constraints C' if the substitution forces the constraintsin C' to
conform to antisymmetry of subtyping. In many cases, such substitution may be the identity map. However, if C



contains constraints that are contra-variant to each other, e.g.,, A,C+ 71 <: m and A,C + 7 <: 7, for some 7 and

79, then it must be the case that 7, and 7, are equal. The substitution induced by C only existsif at least one of 71 or 7>

isatype variable, in which case we can have S(71) = S(72). More generaly, it isthe case that if C' is consistent, then

the induced substitution exists. On the other hand, if an induced substitution does not exist, then C' is not consistent.
Here we describe our desired definition for inducing substitution on C'.

Definition 3.11 (Substitution Induced By Constraints). Let C' be a set of normalized constraints. We define the
function inducedBy(C') asfollows. If C' is not consistent, then inducedBy(C') aborts with “error”. If C' is consistent,
then inducedBy(C') returns a substitution, namely:

inducedBy(C) = {y—71|ACky<:7andA,CF7T<:v}U
{V=v]ACHy<:yandA,CHA <:yandy <~}

here“ <" is afixed, but otherwise arbitrary, total ordering on the sets of type variables, FwTypeVar and BwTypeVar.
Note that the substitution returned by inducedBy(C') is not necessarily closed.

However, derivation of thejudgment A, C' F 71 <: 7 isnot syntax directed, and we need a deterministic approach
to solving consistency of constraints. We propose an algorithm to decide whether C' is consistent and to produce an
induced substitution, based on adirected graph representation G of subtyping relations. Thenotionof A,C + 7 <: 7/
can be queried in the graph by asking if v; ~» vz (thereisapath from v; to v;/).

The first requirement for C' to be consistent is that C' is closed under A. In other words, if v ~~ vy, then we
requirethat {t <:¢'} C A.

The second requirement is that “A, C” (or simply “A U C") is a partial order. In particular, “A, C” must be
antisymmetric. Thisimpliesthat if vz ~ vz and vz ~ vz, then 7 = 7/. We simply compute the strongly connected
components SCC1, ..., SCC,, of G and seeif al verticesof every SC'C; can be coa esced, according to the following
rules:

e v, and v,/ can be coalesced, resulting in asubstitution {y’ — ~}, and
¢ v, and v, can be coalesced, resulting in a substitution { — ¢}.
e No other cases can be coal esced.
We present our consistency checking algorithm that satisfies the two requirements of consistency.

Algorithm 3.12 (Checking Consistency of Constraints). Given a set of normalized constraints C, the algorithm
outputs a set of substitutionsif C' is consistent, and outputs“ error” otherwise.

1. Weconstruct agraph G = (V, E) to represent C' as the following:

V= {vz| 7 € SocketType U TypeVar occursin C.}
E = {(vsve) [{T<:7}CCand7 #7'}U
{(vs,v0) | v, v € Vand {t <: '} C A}

2. For every v, € V such that ¢ € SocketType, we perform either a breadth first search or depth first search
on G from v;. For every v, we encounter during the search such that ¢’ € SocketType, return “error” if

{t<:t'} £ A,
3. Compute SCC14,...,SCC,, the strongly connected components of G.

4. Foralli e {1...n} where SCC; = (V;, E;), check that V; has at most one vertex that represents a socket type.
If not, return “ error” . Otherwise we emit substitution for SCC; according to the following two cases:

(a) If V; hasexactly one v, for somet € SocketType, construct a substitution

Si = {yetlv e Vi {u)}.
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(b) Otherwise, choose a “least” type variable vo within V; by lexical-graphical order <, and construct a
substitution

Si = {y—lvyeVi—{vy}}.
Finally, return the substitution S,, o - - - 0 Sy.

We write S = inducedBy(C') to mean letting the input of Algorithm 3.12 be C, and the output of the algorithm be
S.

Lemma 3.13 (Deciding Consistency | s Efficient). If we can decide in constant time whether an arbitrary subtyping
assumption t; <: t2 holds, i.e., whether {¢; <: ¢} C A, then we can effectively compute inducedBy(C'), where C'is
a set of normalized constraints, in low-degree polynomial time in the size of C'.

Proof. For n as the size of C, step (1) of Algorithm 3.12 takes O(n) to construct V and O(n + n?) to construct
E. For step (2), the number of vertices that represent socket types is bounded by n, and each iterations of searches
are also bounded by n, so step (2) runsin O(n?) time. For step (3), we determine strongly connected components

SCCy,...,8CC, intimelinear to thesize of E' using depth first search twice, and the size of E isinthe same order as
sizeof C, so thisstep runsin O(n) time. Step (4) takes atotal of O(n), since |[V| = Y7 |Vi| where SCC; = (V;, E;).
Overall, the algorithm runsin O(n?) time due to step (1) and step (2). O

3.2.1 Correctness

Lemma 3.14 (Relating Consistency to Strongly Connected Components). Let G be a graph representation of A
and C' be a set of normalized constraints closed under A. All strongly connected componentsin G contain at most
one socket type vertex (other vertices of the component are type variables) iff C' is consistent.

Proof. We proceed to prove the claim in two directions:

(=) For every 7, and 72 in astrongly connected component, we have A, C' + 71 <: o and A,C' F 7o <: 71, SO
it must be 7, = 7, for A, C to be consistent. If 7and 7, are both SocketType, they cannot be equal (otherwise they
would have been the same vertex). If one of 7 or 7 isa TypeVar, then there exists a substitution S by substituting 74
for 75 (or vice versa) and keep S(C') consistent with A. Hence C' is consistent.

(<) If C is consistent, then thereisno 7; and 72, 71 # 7o suchthat A,C + 7, <: o and A,C F 7 <: 7.
Furthermore, there exists a closed substitution S such that al type variablesin C' are substituted to a closed socket
type. Let G = (V, E) represent A, S(C). It followsthat G isacyclic, and all strongly connected componentsin G are
simply avertex by itself.

O

Lemma 3.15 (Equivalence of Constraint Sets With Induced Substitution). Let C be afinite constraint set. If C'is
consistent and S = inducedBy(C'), then C and S(C') are equivalent, i.e.,

ACER <:To iff ASC)FS(T) <:S(T2)
for all socket types 7, and 7.

Proof. By the definition of inducedBy(C), itisthecasethat A, C' - S(71) <: 71 and A, C + 72 <: S(72), Sowe have
A,C FT<iTo iff A,Cl— S(’ﬂ) <7 <iTo <& S(7~'2) iff A,S(C) F S(’ﬂ) <: S(7~'2) O

Lemma 3.16. Induced Substitution Preserves Typing Derivability] For all global-flow specification A, environment
I, normalized constraints set C', and a flow type 7', and let S = inducedBy(C), thenT', A, C' = A : T' is derivableiff
S(T),A,S(C)F A: S(T)isderivable.

Proof. Thisis aresult that can be shown by induction on the structure of typing rules, using Lemma 3.15 when a
premise is a subtyping judgment. O
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3.3 Compositional Analysis

We define a procedure Pc—our desired type analysis as shown in in Figure 3.1—which, given an arbitrary globa
flow A asinput, always terminates and returns an output, denoted P (.A), in one of two cases:

1. Pc(A) = "no-solution’, meaning that A is not typable.

2. Pc(A) = (T,C,T), where T is atype environment, C' is a consistent set (possibly empty) of constraints, and
T isatype.

Pc producesa principal typing that consists of an environment, a set of consistent constraints, and a flow type that
may contain type variables. Given a global-flow on input, it breaks down the composition of flow, computes principal
typing of the pieces, and compose the typings. It adds more constraints to the typing for those subtyping relations that
need to hold for the flow compositionit just broke down. It checksthat the resulting constraints are still consistent and
returnsthe typing if it is the case.

Theresult ' no-solution’ indicates that composition within A was inferred to have resulted in an internal incompat-
ibility. On the other hand, if P¢ returns <f, C, T), that means there is no known compatibility issues when the blanks
in A are left open, but there may <till be a problem when one or more of the blanks are filled in with incompatible
controllers.

Pc makes use of an additional function that merges two environments from the two typings to be composed,
defined below.

Definition 3.17 (Merger of Environments). Given T'; and I's, we define a function mergeEnv(I';, I'2) that returns a
pair (T, C') of some environment I" and a constraint set C' such that

U {a: :To(z) | 2 € dom(s) and - ¢ dom(f‘l)}

c = {f‘l(x) = Ty(z) | & € dom(T'1) N dom(f‘g)}

Furthermore, we say that I'; U T, yields amerger constraint C' for the pair (', C') returned by mergeEnv(T';, T').
We will proceed to prove the following result.

Theorem 3.18 (Solvability and Principality). Let A be a global-flow specification. Suppose P ¢ terminates and
returnsthetriple P (A) = (I', C, T). It then holds that:

1. Thereisatyping derivation with final judgment
LA, CFA:T

i.e., thereisatyping for A that assignsit the type 7.
2. For every substitution .S, not necessarily closed, if S(C) is consistent, then there is a typing derivation where

the final judgment is } ~

S(T),A,S(C)FA:S(T)
3. For every typing derivation with final judgment
ILAFA:T

thereis a closed substitution S such that

(@) I = S(T),
(b) A S(C),
(¢) T = S(T)

Properties 1, 2, and 3, together, mean (T, C, T') definesa “ principal typing” for A.
Proof. We break the properties down to Lemma 2.12 above, and Lemma 3.20 and 3.21 below. O

12



Figure 3.1: Compositional Analysis Algorithm P

1. IFA=A THENRETURN (&, &, type(A)).
2. IFA=2 THEN
Qg1 O 2
6w,1 ﬁw,?
IN  ({z:T},2,7).
3. IFA=(A;;As) THEN
LET <f‘1,C1,T1> = Pc(Al) y
(T2, Co, To) = Pe(As2)
IN  LET (I',Co) = mergeEnv(I';,T'2),
C = CoUC) UCy U {f-out(T}) <: f-in(Ty), b-out(T) <: b-in(T})} ,
f-in(T1)  f-out(T3)
b-out(Ty)  b-in(T3)
(S1,C") = normalizeConstraints(C) ,
Sy = inducedBy(C")
IN IF Sy =error THEN FAILWITH ’'no-solution’ ELSE
LET S =2S5,08; IN RETURN (S(T),S5(C"),S(T)) .
4. IFA=(A]A2) THEN
LET (['1,C1,T1) = Po(AL),
<f‘2,02~, T2> = PC(AQ) L
IN  LET (T',Cp) = mergeEnv(I'1,T'9),
C=CyuCiUCy,
T="T eTy,
(S1,C") = normalizeConstraints(C) ,
So = inducedBy(C")
IN IF Sy =error THEN FAILWITH 'no-solution’ ELSE
LET S=05508; IN RETURN (S(I),S5(C"),S(T)).
5 IF A = (let z=A4; in As) THEN
LET (T1,C1,T1) = Po(Ar),
(T, Ca, Ty) = Pc(Az) o i
IN  LET (T',Co) = mergeEnv(I'1, Ty — {x : T'a(x)}) ,
C=CyuCiUCyU
{ f-in(Ta(z)) <: f-in(T1), f-out(T) <: f-out(T'y(x)),
b-in(T2(x)) <: b-in(T}), b-out(T}) <: b-out(Ty(z)) },
T="T,,
(S1,C") = normalizeConstraints(C') ,
So = inducedBy(C)
IN IF Sy =error THEN FAILWITH 'no-solution’ ELSE
LET S =S,08; IN RETURN (S(T),So(C"),S(T)) .

LET T'=

] WHERE 0tz 1, Q¢ 2, 82,1, Bz,2  FRESH
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Lemma 3.19 (Correctness of Environment Merging). If I'1,A,Cy = Ay : Ty and T2, A, Co = Ay : Tp are
derivable, and (I, Cp) = mergeEnv(I'1,T'2), and C1 U Cy U Cy is consistent, then

1. T,A,CLUCy+ A, : Ty isderivable.
2. T,A,CoUCy + As : T isderivable,
Proof. O

1. By Definition 3.17, Ty C T, so by Lemma2.10, T',A,Cy - A; : T} is derivable. Finally, by Lemma 2.11,
[,A,C1UCy - A,y : Ty isderivable.

2. Suppose I's, A, Cy + A, : Ts is derivable. By Lemma 2.11, T's, A,Co U Cy + Ay : T is derivable. Let
S = inducedBy(Cy). Notethat S # "error’ since, by Lemma2.5, C'; U Cy U Cjy being consistent implies that
Co is consistent. By Lemma2.12, S(T'), A, S(C2 U Co) = Az : S(T3) is derivable. Notethat S(T'2) C T', so
by Lemma2.10, T, A, S(Cy UCp) - As : (Tg) isderivable. By Lemma3.15, wehave A, Co UCy F 71 <: T
iff A S(CQ U OO) - S(Tl) < S(Tg) SOF A CoUCy + Ao : (Tg) is derivable, and that A CyUCy
S(Tg) <: Ty findly, T,A,Co UCy + Ay : Ty |sder|vable

Lemma 3.20 (Type Derivation for Compositional Analysis Typing). If Pc(A) = (T'*,C*,T*), then there is a
typing derivation with final judgment I'*, A, C* + A : T*.

Proof. Induction by cases in the compositional analysisalgorithm in Figure 3.1. In the proof, we refer to pseudo-code
variablesin the algorithm for the corresponding case.

1 If A= A, then )
type(4) =T*
o, N, o+ A:T*
isimmediately satisfied.
2. If A=z, then ~ R
I*(z)=T*

Aotz T*

is satisfied because I'* = {x : T*} for some T* = ] where the type variables are fresh.

[51 B2
3. If A = (Ay; Az), then we show the final judgment is derivable by showing that the premises of the (seq”)
rule are al derivable. By induction hypothesis on results of P (A;) and Pc(Az), Fl,A Ci-A T and
T3, A, Cy b Ay : Ty areboth derivable, fromwhichboth T, A, C1 UCy - Ay : Ty and T, A, CoUCo F Ay -
are derivable by Lemma3.19. Since C'; U Cy € C'and C2 U Gy € C, by Lemma2.11, both [,A,CH A
and T, A,C + A, : T, arederivable. Finally, T A, C*F A, T1 andIT*, A, C* - A : T2 aredenvabledue
to Lemma 3.10 and Lemma 3.16.
A, C* I f-out(Ty) <: f-in(T3) and A, C* F b-out(T) <: b-in(T}) are both derivable because {f-out(T}) <
f- m(Tg) b-out(T,) <: b- |n(T1)} C C,andwehave A, C' + f-out(Ty) <: f-in(T3) impliesA, O - f- out(Tl)
f-in(Ty) and A, C' F b-out(T,) <: b-in(T}) |mpl|esA C  b-out(Th) <: b-in(T1) by Lemma 3.9, Lemma
3.15, and Lemma2 8.

4. If A= (Ai]A2), then we may show the final judgment is derivable by showing, in away similar to (3) above,
that the premises of the (par”) rule, I'*, A, C* = A : T} and T, A, C* + A, : T, are both derivable.

5. IfA=1let x = A; in Aj, then we may show the final judgment is derivable similar to the way it is done
in (3) above, noting that (I'y — {z : Ta(x)}) U{z : Th} CT U{z : Th}, andthat A, C* + TF = I'y(x) is
derivable.

O

Lemma 3.21 (Correctness of Compositional Analysis). If Po(A) = (T,C, T)andT', A - A : T, then there exists
aclosed substitution S suchthatT' = S(I"), T'= S(T'), and A - S(C).
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Proof. We proceed to prove this by enumerating the possible ways to derive the judgment I', A - A : T'.
e case Ais A, then S istheidentity since T = T isaclosed type.

o case Aisz, T = [ 2],andT: [gl 52]thenS:{a1le,angg,ﬁlHal,ﬁgHag}.
1 2

a1 «

B B

e case A is.A;||.As, then we proceed directly by induction hypothesison A4, A;. S = S; o Sy, where Sy issuch
closed substitution for A, and S5 for As.

e case Ais Ap; As, we show that subtyping judgment introduced in this derivation will satisfy A - S(C), then
proceed by induction hypothesison A 1, As.

g1 5’2
subtyping judgment of the form A, C' = o <: pz and A, C' = 63 <: 52 asthe premise for deriving I,A,CH
A : T. We can construct a substitution to produce A F po <: p3 and A + o3 <: oo respectively (for

T,AF A, L’;i gj andT,AF A, : [gz gﬂ)inthefollowingway:

Suppose P (A1) = (1,01, [él ﬁ2]> and Po(Az) = (Ta, Oy, Ei f;ﬂ}. By Lemma 3.20, we have

p2  if po € TypeVar andy = o
ps if p3 € TypeVarand~ = p3
So(v) = o ~
o3 if 3 € TypeVarandy = &3
oo if 69 € TypeVarandy = &4
S1 = closed substitution from analyzing A,
So closed substitution from analyzing A-

S = (51052)050

Using Preservation of Consistency (clause (2) of Lemma3.9) and Equivalence on Induced Substitution (Lemma
3.15), itisclear that A = S(C), since C is consistent. Furthermore, S is closed by induction hypothesison A ¢
and .AQ.

ecase Aislet z = A; in Ay, suppose I, A F A, : Ty and Po(As) = ([a, Co, Tp), and that Ty (z) =
[81 5)2],T1 = [m pQ] . We simply construct a substitution in the following way:
g1 02 g1 02

p1 if pyp € TypeVarandy = py

p2  if po € TypeVar andy = po

So(7) = o1 ifg; € TypeVarandy = &,
oo if 6o € TypeVarandy = &4

S1 = closed substitution from analyzing A,

Sy = closed substitution from analyzing A

S = (51052)050

This concludes the correctness of our compositional analysis algorithm P .

4 Conclusion

We presented a compositional analysis algorithm for the language TRAFFIC that satisfies principa typing property.
In order to achieve this, we introduced type variables to denote unknown types, and extended subtyping relation to
check against constraints, which alows us to defer the actual verification against subtyping assumptions in A until
we have more information. Inconsistent constraints mean a violation of A, in which case the compositional analysis
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aborts with error. We also presented an algorithm to decide whether a set of constraints is consistent and showed that
it iscorrect.

Our approach to decide for consistency of a set of constraints involves normalizing the constraints and run a graph
analysis on the normalized constraints. We have shown that graph analysis runsin O(n ?) time, but normalization can
run in exponential time using naive data representation of constraints. It is known that if the constraints are expressed
as directed acyclic graphs, then normalization can be run in low-degree polynomial time as well.

Assuming that Algorithms 3.3 and 3.12 run in low-degree polynomial time, then compositional analysis also runs
in low-degree polynomial time to the size of the input. Therefore, compositional analysis can do at least as well as
syntax-directed type checking. Furthermore, compositional analysis has the advantage that it can deal with holesin
a flow specification, and that principal typing of a flow specification needs only be computed once—one can reuse
typing of the same flow specification to see, for example, if the hole can be fitted with several candidates. Therefore,
we consider compositional analysis an improved type analysis technique over syntax-directed analysis.
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