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Abstract—We present a local-to-global and measure-theoretical
approach to understanding datasets. The core idea is to formulate
a logifold structure and to interpret network models with
restricted domains as local charts of datasets. In particular,
this provides a mathematical foundation for ensemble machine
learning. Our experiments demonstrate that logifolds can be
implemented to identify fuzzy domains and improve accuracy
compared to taking average of model outputs. Additionally, we
provide a theoretical example of a logifold, highlighting the
importance of restricting to domains of classifiers in an ensemble.

Index Terms—Local to global principle, Neural Network,
Ensemble Machine Learning, Fuzziness

I. INTRODUCTION

The concept of a manifold has been broadly used in data

science for interpolating data points (for instance, [1] gives

an excellent overview of the topic). Recently, the study of

dataset using topological methods develops into an interesting

research area, see for instance [2], [3], [4]. In most applica-

tions, manifolds are understood as higher dimensional analogs

of surfaces in the Euclidean space R
3.

On the other hand, a crucial aspect of a manifold is the

local-to-global perspective to study spaces, which is often

overlooked in applications to data science. In [5] and this

paper, we would like to formulate a local-to-global approach

to study datasets.
Manifolds can be expressed as zero loci of smooth func-

tions, which are well approximated by polynomials. In con-

trast, datasets are like ‘point clouds’ and not locally Euclidean.

Thus, we propose to model a dataset by a measure space.

Moreover, inspired by the huge success of neural networks,

we take the graphs of linear logical functions as local models.
Linear logical functions are defined via graphs and linear

inequalities, whose targets are finite sets. We will restrict their

domains to measurable subsets of Rn. Functions obtained by

artificial neural networks belong to this class. Linear logical

functions are universal, in the sense that they can approximate

any measurable functions with a finite target set. Consequently,

constructing an atlas from the graphs of logical functions leads

to an analog of a topological manifold in this setting, which

we call to be a logifold.

Fuzziness is another important aspect in our formulation.

Logical functions used in machine learning exhibit the char-

acteristics of fuzzy logic, with values in the range [0, 1] rather

than {0, 1}. Thus, the graph of a logical function exhibit

fuzziness, leading to the notion of a fuzzy logifold.

Logifold provides a mathematical foundation for ensem-

ble machine learning. Ensemble machine learning takes a

weighted average of several models. It has shown impres-

sive results in classification problems ([6], [7]). Moreover,

it is shown to reduce bias and variance for clearer decision

boundaries ([8], [9], [10], [11]).

Our logifold formulation emphasizes the importance of

restricting to the domain of each model when we take average.

Otherwise wrong predictions of a model outside its domain

can seriously harm the average accuracy. We will make a

theoretical example of a logifold to show the limitation of

averaging over models.

In practice, the certainty scores given by the softmax

function provide some information about the domain of a

model. This will be the main ingredient of implementing a

logifold in practice. However, certainty score only contains

partial information about the domain. For instance, under

adversarial attacks [12], models have extremely low accuracy

at input points that it has high certainty scores. Thus, whenever

possible, we shall make use of other means to restrict the

domains of models. Some important ones are the target classes

of a model, the background context assumed by the model, and

the statistics (allowed range, expected mean and variation) of

input values. For instance, in our implementation of a logifold,

we allow models to have different types of target classes. This

also helps to increase the diversity and specificity of models.

We carry out experiments to show the advantages of

the logifold formulation. Applying a fuzzy logifold to the

CIFAR10([13]) classification problem shows that it could

achieve better accuracy improvements compared to weighted

average or majority voting. In another experiment, we form

a dataset with 30 target classes, which is the union of three,

namely MNIST([14]), Fashion MNIST([15]), and CIFAR10.

We apply a logifold formulation that consists of models with
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different type of targets and show that this achieves higher

accuracy than taking average of models with all the 30 targets.

For readers who focus on applications, they may want to

first go to Section V on experiments, and Section III on

comparison with ensemble learning and why it is important

to restrict to domains of local models. Section II and IV are

devoted to a quick review of the mathematical definitions

required for logifolds and fuzzy logifolds. We hope this

work also serves as a motivation and bridge between data

applications and various branches of mathematics.

II. LINEAR LOGICAL FUNCTION

In this section, we define the notion of a linear logical

function using a directed graph and affine maps associated

with each node. It formulates network models as a class of

functions.

Let D be a subset of Rn and T = {t1, . . . , tk} a finite set.

Given an affine linear map l : Rn → R, the inequalities l ≥ 0
and l < 0 define chambers, and we take their intersections

with D. Since intersections and unions can be expressed using

Boolean algebra, we can interpret membership in a chamber

using propositional logic based on inequalities of affine maps,

for instance x ∈ R
2
(+,+) ↔ (x1 ≥ 0) ∧ (x2 ≥ 0). We now

define what a linear logical graph is.

Definition II.1 (Linear Logical Graph). Let G be a finite

directed acyclic graph with vertex set V , having only one

source vertex and a finite number of target vertices t1, . . . , tk.

For each vertex v with more than one outgoing arrows, we fix

an affine linear functions whose chambers in D are one-to-

one corresponding to the outgoing arrows of v. Let L be the

collection of such chosen functions. The pair (G,L) is called

a linear logical graph.

Given a linear logical graph, we can construct a linear

logical function from D to T .

Definition II.2 (Linear Logical Function). For a given x ∈
D, we start from the source vertex of G, and follow a path

according to the following rules. At a vertex v,

• if there is only one outgoing arrow, we follow that arrow.

• if there are multiple outgoing arrows, we consider the

chambers defined by affine maps lv. We select the out-

going arrow corresponding to the chamber that x lies

in.

Since G has no cycle and finite, the path is finite and will stop

at a target vertex, which is associated to an element t ∈ T .

This defines a function fG,L(x) := t, which is called a linear

logical function determined by (G,L).

In classification problems, T is the set of labels for target

classes, and the dataset is a subset of D × T , representing a

graph of a function from D to T . For a feed-forward network

model where the activation function at each hidden layer is the

ReLU function, and the last layer uses the index-max function,

the model takes the form

f(x) = σ ◦ LN ◦ rN−1 ◦ LN−1 ◦ · · · ◦ r1 ◦ L1(x)

where Li : Rni−1 → Rni are affine linear functions with

n0 = n, ri are the entrywise ReLU functions, and σ is the

index-max function.

Proposition II.3. There exists a linear logical graph (G,L)
whose function f(G,L) gives the above f composed of affine

linear functions, the ReLu function, and the index-max func-

tion.

Proof. The graph is constructed as follows. The source vertex

v0 is equipped with the affine linear function L1, from which

N outgoing arrows originate, corresponding to the N cham-

bers created by L1. These chambers match the possible values

of the ReLu function r1, forming a finite subset of {0,+}n1.

Next, we take the composition function L2 ◦ r1 ◦L1 restricted

to each chamber, each of which is affine linear, and assign this

function to the vertex corresponding to the chamber. Again,

we create outgoing arrows corresponding to the chambers in

R
n defined by this linear function. Inductively we proceed

through the layer of vertices correspoding to the chambers of

LN ◦rN−1 ◦LN−1 ◦ · · ·◦r1 ◦L1. Let LN = (l1, . . . , lnN
), and

define L̃N := (li − lj : i < j). At each vertex, the function

L̃N ◦rN−1◦LN−1◦· · ·◦r1◦L1 restricted to the corresponding

chamber is linear on R
n, and we equip this function to

the vertex and make outgoing arrows corresponding to the

chambers of the function. We assign this function to the vertex

and create outgoing arrows corresponding to the chambers of

the function. Within each chamber, the index i that maximizes

li ◦ rN−1 ◦ LN−1 ◦ · · · ◦ r1 ◦ L1 is determined, and we make

an outgoing arrow from the corresponding vertex to the target

vertex ti ∈ T .

Below figure 1 shows an example of such a linear logical

graph, which produce a linear logical function of the form

σ ◦ L2 ◦ r1 ◦ L1 : R2 → {t1, t2, t3}. This corresponds to a

three-layer feed-forward network model (N = 3) with L1 =
(l11, l12) : R

2 → R
4 and L2 = (l21, l22, l23) : R

4 → R
3.

v0

v1

v2

v3

v4

L̃2 ◦ r1 ◦ L1

L̃2 ◦ r1 ◦ L1

L̃2 ◦ r1 ◦ L1

L̃2 ◦ r1 ◦ L1

t1

t2

t3

(+,+)

(+,−)

(−,+)

(−,−)

L1

Fig. 1: Example of a linear logical graph.

A. Universality of linear logical functions and definition of a

logifold.

We introduce the universal approximation theorem for linear

logical functions.

Theorem II.4 (Universal Approximation Theorem for mea-

surable functions([5])). Equip R
n with the Lebesgue measure



µ. Let D ⊂ R
n be a measurable subset with µ(D) < ∞, and

T a finite set. For any measurable function f : D → T and

ǫ > 0, there exists a linear logical function L : D → T

and a measurable set E ⊂ D with µ(E) < ǫ such that

L|D−E ≡ f |D−E .

Moreover, there exists a countable family L of linear logical

functions Li : Di → T where Di ⊂ D and Li ≡ f |Di
, such

that D \
⋃∞

i=0 Di is measure-zero set.

We note the following main differences from usual approx-

imations by polynomials or Fourier series. First, linear logical

functions are discontinuous. Second, the target set is finite

here. In particular, the approximation L exactly equals the

target function f in a large portion D − E of D.

The second part of the theorem tells us that up to a measure-

zero set, the graph of f is covered by the graphs of Li. This

makes an analog of a manifold and motivates the following.

Definition II.5 (Linear Logifold). A linear logifold is a pair

(X,U), where X is a topological space equipped with a

σ−algebra and a measure µ, U is a collection of pairs

(Ui, φi) where Ui are subsets of X such that µ(Ui) > 0 and

µ(X −
⋃

i Ui) = 0; φj are measure-preserving homeomor-

phisms between Ui and the graphs of linear logical functions

fi : Di → Ti, where Di ⊂ R
ni are measurable subsets and

Ti are discrete sets.

To make a simple example, let S ⊂ (−∞, 0] be any

measurable subset, X ⊂ R × {1, 2, 3} be the graph of the

function f defined by f(x) = 1 if x ∈ S∩ (−∞, 0], f(x) = 2
if x > 0, and f(x) = 3 if x ∈ (−∞, 0]\S. Let T1 = {1, 2} and

T2 = {2, 3}. For i = 1, 2, fi := f |f−1(Ti) are the restrictions

of f on the inverse sets Di := f−1(Ti) ⊂ R; Ui ⊂ Di × Ti

are the graphs of fi; φi is simply identity. Note that fi can

be expressed as the step function on R restricted on Di and

hence is a linear logical function, even though f itself is not.

Remark II.6. 1) In the above definition, topological struc-

ture is necessary to distinguish graphs of different linear

logical functions.

2) In place of openness condition on local charts for

topological manifolds, we make a measure-theoretical

requirement µ(Ui) > 0, which is more relevant to

datasets.

3) The graphs of fi are equipped with measures induced

from Di.

III. ENSEMBLE MACHINE LEARNING AND A THEORETICAL

EXAMPLE

Ensemble methods have achieved significant success in

many classification problems([6], [7]). These methods improve

model performance not only in terms of accuracy but also

in computational efficiency. Essentially, ensemble methods

combine multiple classifiers to reduce bias and variability, or

to create clearer decision boundaries([8]-[11]).

In ensemble theory, various techniques are employed to

enhance performance. One approach involves training models

on evenly divided training datasets, or re-training models

on misclassified datasets to form an ensemble ([8], [10]).

Another technique adaptively adjusts the weights during the

final combining step of the ensemble, as models are transferred

and the final combining layer is adaptively trained ([16], [6]).

Additionally, some studies ([17], [18]) explore finding the best

representative point in a dataset using geometric methods.

Since models in an ensemble learning have discrepancies

and may disagree with each other, increasing the number of

models in an ensemble often degrade the overall accuracy,

even if computational costs are ignored. An optimal selection

of the ensemble components is necessary ([17], [18]).

The above logifold formulation provides a mathematical

foundation for ensemble learning. It emphasizes on keeping

track of the domain of each local chart. Theorem II.4 ensures

that such a local-to-global formulation allows a theoretical

zero loss in accuracy (which means the measure of wrongly

predicted subset is zero).

Consider a classifier as an approximation of a target func-

tion. In the context of linear logical functions, the model size

can be defined as the number of chambers in its domain.

Let us fix N > 0 to be the model size. Below, we construct

a simple example of a logifold, such that an ensemble of any

number of models (which are linear logical functions) with

size ≤ N has accuracy below a fixed bound less than 1.

This shows the importance of keeping to the domains of local

models.

For E ⊂ R, the characteristic function of E is

IE(x) :=

{

1 if x ∈ E

0 otherwise.

Let f : (0, 1] → {0, 1} be a function defined as

f(x) =

∞
∑

n=0

(

(−1)n + 1

2

)

IEn
(x)

where En = (2−n−1, 2−n]. The graph of f represents a

dataset in (0, 1] × {0, 1} with countably many ‘jumps’ or

‘discontinuities’ near at x = 0.

Any linear logical function f : (0, 1] → {0, 1} must take

the form
N
∑

j=0

(

(−1)n + 1

2

)

IAj
(x)

where Aj are sub-intervals in (0, 1] satisfying
⋃N

j=0 Aj =
(0, 1] and Aj ∩ Ak = ∅ for j 6= k.

Consider a family of linear logical functions F = {fi : i =
1, . . . ,K} be a finite family of functions

fi(x) :=

N
∑

j=1

(

(−1)n + 1

2

)

IAi,j
(x)

where Ai,j = (αi,j+1, αi,j ], 0 = αi,N+1 < αi,N ≤ · · · ≤
αi,1 ≤ αi,0 = 1, and

gF(x) := σ ◦

(

1

K

K
∑

i=1

fi(x)

)



where σ(x) = I{x≥ 1

2
}(x). Each fi stands for a trained

model (or classifier) to the dataset Γ(f). Note that each fi
is linear logical function. Then gF serves as the ensemble of

F . The consistency of the family F at x ∈ D is defined by
max(M0(x),M1(x))

K
.

The upper bound N for the model size represents the

number of decision boundaries, or discontinuities of fi. In

other words, each classifier has at most (N + 1) chambers in

its domain.
Typically, the combiner of an ensemble uses a weighted

average. Alternatively, the effect of weights can be realized

by adding more instances of the same logical function in the

family. Let Mt(x) denote the number of functions fi ∈ F
such that fi(x) = t for x ∈ (0, 1] and t ∈ {0, 1}.

It is typically assumed that each classifier in the ensemble

is at least a weak learner, with prediction accuracy as well as

random guessing, approximated by 1
T

where T is the number

of targets [8]. Therefore, we set T+1
T 2 as the least consensus of

consisting models of an ensemble. The following theoretical

example demonstrates that ensemble machine learning fail to

fully describe a dataset. Here, the consistence number 3
4 is

derived from T+1
T 2 where T = 2.

Theorem III.1. There exists δ > 0 such that

µ ({x ∈ (0, 1] : f(x) = gF (x)}) ≤ 1− δ

for any finite family F of logical functions of size at most N

if the consistency of F is greater than 3
4 for all x ∈ (0, 1],

where µ denotes the Lebesgue measure.

Proof. For any x ∈ R, define ⌊x⌋ := sup{n ∈ Z : n ≤ x}.

We denote K be the cardinality of F . Let AF denotes the

set of discontinuities of gF and MF := |AF |. Then we can

enumerate AF as {α1, . . . , αMF
} where 1 > α1 > α2 · · · >

αMF
> 0. Define α0 = 1 and αMF+1 = 0. Let Ui be the

number of functions f ∈ F such that f(x) = 1 on the interval

(αi+1, αi] for i = 0, . . . ,MF . Define ∆i := |Ui+1 − Ui| as

the difference between Ui and Ui+1 for i = 0, . . . ,MF .
By consistency of F , either Ui >

3
4

⌊

K
4

⌋

or Ui ≤
1
4

⌊

K
4

⌋

for all i, and ∆i ≥ 2
⌊

K
4

⌋

. Since each function f ∈ F can

have at most N many discontinuities, we have

MF
∑

i=0

∆i ≤ KN,

and therefore

2

⌊

K

4

⌋

(MF + 1) ≤ KN

, which implies that gF have at most KN

2⌊K
4 ⌋

− 1 number of

discontinuities. Since 2N − 1 ≤ L < 3N − 1 where L =
KN

2⌊K
4 ⌋

− 1, we have µ({f = gF}) < 1− 3 · 2−3N .

Remark III.2. In the proof, L can be expressed as 2N − 1+
O(K−1), that means to increase the size of FK is to decrease

the upper bound to 1−3 ·2−2N . Additionally, the function gK
has σ at the last ‘layer’, analogous to the index-max function.

IV. FUZZY LINEAR LOGICAL FUNCTION AND FUZZY

LOGIFOLD

Deep neural network model provides a function f : D → T

for classification problems, where the last layer is typically

given by the SoftMax function rather than the index-max func-

tion, and activation functions are sigmoidal functions valued

in [0, 1] instead of {0, 1}. A classifier describes the dataset

with fuzziness in its prediction, leading to the formulation of

fuzzy linear logical function and graph.

Definition IV.1 (Fuzzy linear logical function and graph [5]).

G be a graph as in definition II.1. Each vertex v of G is

equipped with a product of standard simplices

Pv =

mv
∏

k=1

Sdv,k

where

Sdv,k =







(y0, . . . , ydv,k
) ∈ R

dv,k+1
≥0 :

dv,k
∑

i=0

yi = 1







for some integers mv > 0, dv,k ≥ 0. Pv is called the internal

state space of the vertex v. Let D be a subset of the internal

state space of the source vertex of G. Each vertex v that has

more than one outgoing arrows is equipped with an affine

linear function

lv :

mv
∏

k=1

R
dv,k → R

j

for some j > 0, whose chambers in the product simplex

Pv are one-to-one corresponding to the outgoing arrows of

v. (In above, R
dv,k is identified with the affine subspace

{

∑dv,k

i=0 yi = 1
}

that contains Sdv,k .) Let L denote the col-

lection of these linear functions. Moreover, each arrow a is

equipped with a continuous function

pa : Ps(a) → Pt(a)

where s(a), t(a) denote the source and target vertices respec-

tively.

We call (G,L, P, p) a fuzzy linear logical graph.

(G,L, P, p) determines a function

f(G,L,P,p) : D → P out :=

K
∐

l=1

Ptl

as follows. Given x ∈ D, the collection L of linear functions

over vertices of G evaluated at the image of x under the arrow

maps pa determines a path from the source vertex to one of the

target vertices tl. By composing the corresponding arrow maps

pa on the internal state spaces along the path and evaluating

at x, we obtain a value f(G,L,P,p)(x) ∈ Ptl . The resulting

function f(G,L,P,p) is called a fuzzy linear logical function.

In a feed-forward network model f , where the activation

function at each hidden layer is the ReLU function s and that

at the last layer is SoftMax, we can construct a linear logical

graph (G,L) as in section II. The last two layers of vertices in



G are replaced by a single vertex t, and the affine maps of L

at vertices adjacent to the last target t and t itself are excluded,

since these vertices do not have more than one outgoing arrow.

The internal state space Pv at each vertex v is
(

S1
)n

, except

for the target vertex t, and Pt := Sd where d is the number

of target classes. The map pa is defined to be the identity

function for all arrows a, except for those targeting t. On each

adjacent vertex of the target t, pa for the corresponding arrow

a is defined to be SoftMax ◦ l where l is the restricted affine

map on the corresponding chamber in R
n. In this construction,

we get f = f(G,L,P,p).

We call the corners of the set Pv be state vertices, which

takes the form eI = (ei1 , . . . , eimv
) ∈ Pv for a multi-index

I = (i1, . . . , imv
), where {e0, . . . , edv,k

} ⊂ R
dv,k+1 is the

standard basis.

Definition IV.2 (Fuzzy linear logifold [5]). A fuzzy linear

logifold is a tuple (X,P ,U), where

1) X is a topological space equipped with a measure µ;

2) P : X → [0, 1] is a continuous measurable function;

3) U is a collection of tuples (ρi, φi, fi), where ρi are

measurable functions ρi : X → [0, 1] with
∑

i ρi ≤ 1X
that describe fuzzy subsets of X whose supports are

denoted by Ui = {x ∈ X : ρi(x) > 0} ⊂ X;

φi : Ui → Di × Ti

are measure-preserving homeomorphisms where Di ⊂
R

ni are (Lebesgue) measurable subsets in certain di-

mension pi; fi are fuzzy linear logical functions on Di

whose target sets are Ti;

4) The induced fuzzy graphs Fi : Di × Ti → [0, 1] of fi
satisfy P =

∑

i ρi · φ
∗
i (Fi).

V. EXPERIMENTS

We conducted experiments on the logifold formulation using

commonly used dataset such as MNIST [14], Fashion MNIST

[15], and CIFAR10 [13] dataset. Our experiments aim at

comparing our refined voting system based on fuzzy domains

with taking average in usual ensemble learning for the same

collection of models. Our experiments were in small scale and

did not take a collection of huge models for comparison with

state-of-the-arts models. We wish to carry out experiments in

a larger scale and for a broader range of datasets in the future.

A. Experiment Setting

We trained the models using either a Simple CNN structure

or ResNet [19] for 200 epochs and with a batch size of 32.

The learning rate had been set to 10−3 initially, and then

decreased to 0.5 × 10−12, with the data augmentation. We

used the ADAM [20] optimizer with η = 10−3. The logifold

formulation was implemented, and its pseudo-code can be

found in [5].

For each classifier M , we stratify our domain, which is

called fuzzy domain of M ([5]), according to the certainty of

classifier as provided by M(x) to restrict domain of the classi-

fier. In experiments, we preset our certainty thresholds as A =

{0, σ(0), σ(0.5), . . . , σ(10)} where σ(x) = (exp (1 + ex))
−1

.

When evaluating a logifold formulation, we use the fuzzy

domain of each classifier to combine their predictions for a

given instance x. Specifically, a model provides its prediction

only when its certainty exceeds a predefined threshold.

With four models (ResNet20 and ResNet56) on the CIFAR-

10 testing dataset, using simple averaging, the ensemble

achieved an accuracy of 86.97%. In our logifold formulation

[5], the accuracy increased to 93.23%.

B. Experiment 1: Ensemble of six Simple CNN and one

ResNet20 on CIFAR10

The purpose of this experiment is to test whether our

logifold program can defend against bad outputs from models

with low accuracy. We used the test set of 10, 000 images of

CIFAR10 for evaluation. Six of the models were trained with a

Simple CNN structure, and the other was with the version 1 of

ResNet20 strucuture. The Simple CNN models had relatively

low accuracy, 56.45% in average, while the ResNet model

achieved 85.96% accuracy. Combining them, we obtained the

following table I. The first column of the table shows the

certainty thresholds for the fuzzy domain of each model,

and the third column shows the number of data points for

which the logifold, as the combiner of classifiers, had greater

certainty than the certainty threshold. The second column is

the accuracy in the restricted domain, not in the entire test

dataset. As expected, both weighted(or simple) average and

TABLE I: Result of Experiment 1

Certainty Accuracy Accuracy The number of
threshold with refined voting in certain part certain data

0 0.6158 0.6158 10000
0.8808 0.7821 0.7821 10000
0.9526 0.8185 0.8946 8653
0.9997 0.6544 0.9984 2495

Simple average: 62.55%
Majority voting: 58.72%
Our logifold: 84.86%

majority voting performed poorly due to the predominance of

the six Simple CNN models. In contrast, our refined voting

system using fuzzy domains yields about 81.85% accuracy

at the certainty threshold 0.9526. By also utilizing validation

history [5] to choose the optimal certainty threshold for each

testing data entry, we can achieve 84.86% accuracy. This

shows our logifold have suppressed most of the wrong outputs

of the Simple CNN models.

C. Experiment 2: union dataset of MNIST, Fashion MNIST

and CIFAR10

In this experiment, we concatenate the MNIST, Fashion

MNIST and CIFAR10 datasets into a single dataset with 30

target classes (by resizing all images to 32 × 32 × 3 input

dimensions). We construct a logifold for

R
32 × R

32 × R
3 → T = {mi, fi, ci : i = 0, . . . , 9}

where mi, fi, and ci denote the target classes of MNIST,

Fashion MNIST, and CIFAR10 respectively. The structure of



each model is ResNet. The special feature of our logifold

is that it consists of models with different target classes. In

particular, each model only covers a part of the dataset by

design. We show that such a logifold outperforms learning of

an ensemble of models which have all the 30 target classes.

Our logifold consists of five types of models, T,M,F,C, T ′

to be explained below. For the models trained on MNIST

and Fashion MNIST, a random selection of 50,000 samples

from the respective datasets was chosen because the CIFAR-

10 dataset has 50,000 samples in the training dataset. This

selection was then split into training and validation sets with

a ratio of 0.2, resulting in 40,000 samples for training and

10,000 for validation.
First, we trained models T with a concatenated dataset that

consists of one-third of each type of data, totaling 39,999

training samples and 9,999 validation samples. Here, type T

model refers to a model classifying 30 classes which is the

union of classes in MNIST, Fashion MNIST, and CIFAR10.

Its testing accuracy in 30,000 concatenated samples of testing

dataset was 76.41% in average.

Next, we derived a model of type T ′ using ‘specialization’

method([5]) from model of type T , which is a classifier trained

on the 40,000/10,000 training/validation samples having only

three targets {m0, . . . ,m9}, {f0, . . . , f9}, {c0, . . . , c9}. More-

over, we trained models that have partial targets. Each partial

model was trained exclusively on one of the datasets. When

we trained models for MNIST type dataset, RGB channels are

randomly given. Let M,F,C be the following three types:

1) M has specialized on MNIST dataset with classes {mi}.

2) F does on Fashion MNIST dataset with classes {fi}.

3) C does on CIFAR10 dataset with classes {ci}.

The testing phase involved a concatenated dataset compris-

ing 30,000 testing samples from MNIST, Fashion MNIST,

and CIFAR10. The logiold of models of type {M,F,C, T ′}
yields an accuracy of 94.90% at 0.9526 certainty threshold

and 94.94% based on validation history, which is greater than

82.35% the accuracy of ensemble of T type models only. See

the Table II below for the detailed experimental result.

TABLE II: Results of Experiment 2

Certainty Accuracy Accuracy The number of
threshold with refined voting in certain part certain data

0 0.9483 0.9483 30000
0.8808 0.9486 0.9486 30000
0.9526 0.9490 0.9508 29870
0.9997 0.9486 0.9942 19777

Single model with full target of 30 classes: 76.41% in average.
Simple average of four models with 30 classes: 82.35%.
Our logifold : 94.94%

VI. CONCLUSION

The first experiment shows that even when models of poor

performance predominantly occupy our logifold formulation,

the main contribution comes from the most well-trained com-

ponent, unlike usual ensemble methods. The second experi-

ment demonstrates that the logifold formulation can flexibly

combine models with different target types; they are local in

the sense that their domains are strict subsets of Rn×T where

T denotes the target set of classes. We utilize such flexibility to

achieve higher accuracy (more than 10%) than usual averaging

method of ensemble learning.

In summary, our logifold formulation provides a geometric

formulation of ensemble learning, and the refined voting

method using fuzzy domains achieves significant improvement

in accuracy in experiments.
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