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ABSTRACT

The Atomic Force Microscope (AFM) is a powerful tool for studying structure and

dynamics at the nanometer scale. Despite its wide application in many applications,

the slow imaging rate of AFM remains a severe limitation. Non-raster methods seek

to overcome this limitation by appealing to alternative scan patterns, either designed

to be easier for the actuators to follow or to reduce the amount of sampling needed.

One particular example in this latter category is the local circular scan (LCS). LCS

reduces the imaging time by scanning less sample area rather than scanning faster.

It drives the tip of the AFM along a circular trajectory, using feedback to center that

circle on a sample edge, and moving the circle along the feature, thus concentrating

the samples to the region of interest. While this approach can have a signi�cant

impact on improving the imaging rate of any AFM, its impact is further enhanced

when it is combined with high speed scanners. Due to its unique scanning pattern,

a high-speed, Dual-Stage Actuator (DSA) system is a natural �t. DSAs consist of
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the serial combination of a (relatively) low-speed, long-range piezoelectric actuator

(LRA) and a high-speed, short-range piezoelectric actuator (SRA). The SRA can be

dedicated to implementing the local circular motion and the LRA to tracking the

underlying sample. However, the control of a DSA scanner is challenging for at least

three reasons: it is a multi-input, single-output system, it is a highly resonant system

due to the underlying piezoelectric actuators, and it is a high-speed system. In this

thesis, we address these challenges.

First, we establish the controllability and observability of a general N -stage system

whose outputs are summed to produce a single signal. This property allows us to

develop individual controllers for the LRA and SRA of a DSA system so that we

can focus our design on the speci�c requirements of each component and its desired

action. While we apply both a Model Predictive Control (MPC) and simple state

feedback approach to the LRA, our primary focus is on the SRA element as its

high speed character makes it the more challenging component. Here we turn to

receding horizon Linear Quadratic Tracking (LQT) control and develop methods to

implement this approach at high speed using a Field Programmable Gate Array

(FPGA). We develop three variants of LQT that di�er in the required sample rates,

memory resources, and computing power. Implementing and testing all three in both

simulation and on a DSA scanning stage in our lab, we compare their performance and

address the practical implementation considerations under the limitations imposed by

the hardware. Finally, we combine the control of the LRA and SRA in two axes to

demonstrate the LCS scanning approach.

Overall, this thesis achieves a practical implementation of a model-based receding

LQT design on a dual-stage, high speed, highly resonant actuator system. Through

both simulation and experimental results, we demonstrate that this approach is robust

to modeling error and disturbances and suitable for high-speed implementation of the
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LCS approach to non-raster AFM.
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Chapter 1

Introduction

1.1 Motivation: Local circular Scan

The Atomic Force Microscope (AFM) is a powerful instrument for studying systems

at the nanometer-scale that allows the user to investigate a large variety of surface

properties, including topology, material moduli, and surface potential (Muller, 2008;

S. Liu & Wang, 2010; Melitz, Shen, Kummel, & Lee, 2011; Haase & Pelling, 2015).

AFM is also being used to study dynamics at this scale, including the motion of

individual biological molecules (Ando, Uchihashi, & Scheuring, 2014; Ruan et al.,

2017; Yang et al., 2017). However, although there has been signi�cant progress

on improving the imaging speed of these instruments, the slow frame rate of AFM

still remains a limitation for dynamic samples. Many current instruments construct

images at a rate of signi�cantly less than 1 frame per second. The fastest commercially

available instruments do operate at rates of approximately 10 frames per second

but are extremely expensive and have not yet displaced a large base of standard

instruments. Moreover, even 10 frames per second is too slow for many dynamics

of interest. As a result, there is a long history of research and development aimed

at improving the scanning speed, referred to collectively as high-speed AFM (HS-

AFM) (Ando, Uchihashi, & Kodera, 2013; Shibata, Uchihashi, Ando, & Yasuda,

2015; Ruan et al., 2017).

Typically, there are three main approaches for HS-AFM: improving system dy-

namics, using advanced controller designs, and employing alternative scan paths. As
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a mechanical microscope, modi�cations to the physical components of AFM usually

improve the operating speed signi�cantly. For instance, the development of smaller

cantilevers and faster actuators allows for more rapid imaging (Kenton, Fleming, &

Leang, 2011; Kenton & Leang, 2011; Marou�, Bazaei, & Moheimani, 2014). Simi-

larly, advanced controllers, such as adaptive proportional-integral-derivative (PID),

feedforward compensators, and multi-notch �lters, allow for closed-loop bandwidths

that approach or even exceed the resonant peaks of the system (Abramovitch, 2015;

Butterworth, Pao, & Abramovitch, 2012; Dukic et al., 2017). Finally, because AFMs

primarily utilize piezoelectric positioning stages that are highly resonant by nature,

consideration of the harmonic content of waveforms that drive scan trajectories can

also lead to increased scanning rates (Tuma, Lygeros, Kartik, Sebastian, & Pantazi,

2012; Bazaei, Yong, & Moheimani, 2016), though the e�ectiveness of these methods

relies on fast vertical positioning (Teo, Yong, & Fleming, 2018).

A complementary class of approaches seeks to improve the imaging rate by re-

ducing the amount of sampling needed. This has been done through sub-sampling

methods, combined with reconstruction algorithms (A. Chen, Bertozzi, Ashby, Ge-

treuer, & Lou, 2013; Song et al., 2013; Andersson & Pao, 2012; Luo & Andersson,

2015; Braker, Luo, Pao, & Andersson, 2018) as well as through schemes that use

feedback to focus the measurements to an area of interest (Thomson et al., 1996;

Hartman & Andersson, 2017; Zhang et al., 2015). In this work, we focus on one such

algorithm, termed Local Circular Scan (LCS) (Worthey & Andersson, 2015; Hartman

& Andersson, 2018). LCS is a scheme designed for imaging edges (such as cell bound-

aries) or string-like samples (such as biopolymers). The fundamental idea of LCS is

to drive the tip along a circular trajectory, using the detected edges of the feature

of interest of the sample to center the circle on that feature while also moving along

the trajectory de�ned by the sample. While limited to samples that are string-like
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in nature, such as grating edges, cell boundaries, or biopolymers, the approach can

yield an order of magnitude or better reduction in imaging time without any increase

in tip speed. It is therefore particularly useful for improving the speed of the large

installed base of standard AFMs.

Consider a moving, local reference frame attached to the center of a circle and a

thin sample such as a biopolymer. If the sample intersects with the circle, there will

be four detection points, two where the tip steps up onto the sample and two where

it steps down (see the left image of Fig. 1�1 for reference). A simple controller then

moves the center of the scanning circle so that the circle is centered on the sample

and is moved along the path de�ned by the sample. For samples whose widths are

larger than the scanning circle, such as the edges of cells, there will be only two

detections but the algorithm is otherwise the same. A typical trajectory is illustrated

in the simulation shown in the top image of Fig. 1�1 with di�erent choices of the

circle radius and step size along the sample to illustrate the 
exibility of the scanning

scheme. LCS has been demonstrated experimentally on gratings of a variety of heights

as well as on biopolymer samples, typically yielding an order of magnitude or better

reduction in imaging time (Hartman & Andersson, 2018). Typical images from LCS

scans of two grating samples are shown in the bottom images of Fig. 1�1. Note that

the white background indicates there is no information as the tip of the instrument

never scanned those regions.

1.2 Motivation: Dual-stage Actuator System

To achieve even faster imaging with AFM, algorithms such as LCS can be combined

with novel actuators and controllers. In particular, dual-stage actuators are a natural

�t to the scanning path of LCS. Dual-stage actuators (DSAs) consist of the serial

combination of a low-speed, large stroke long-range actuator (LRA) and high-speed
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(c)

Figure 1�1: LCS algorithm. (a) Illustration of LCS scan control where
the scan path is simultaneously moved along the underlying sample
while being centered on that sample. (b) Experimental data from an
LCS scan along a 20 nm high grating feature. (c) Experimental results.
LCS was used to track and image a DNA sample with a height of ap-
proximately 1.5 nm. Images reproduced from (Hartman & Andersson,
2018).

short-range actuator (SRA) with a smaller stroke, as shown in Fig. 1�2(a1). The

lumped-parameter and input-output structure are shown in Fig. 1�2(a2) and (a3),

respectively.

In portions of the work below, we will use the model of a speci�c stage in our

lab in Fig. 1�2(b), produced by our collaborators at the University of Utah. Lin-

ear models of the actuators for planar motion were found by �tting dynamic models

to frequency response data obtained through swept sine measurements taken with

low input voltages to mitigate the e�ects of hysteresis. The combined e�orts of

these two actuators allows for the full dual-stage system to exhibit simultaneously

large range, high bandwidth, and �ne precision (Tuma et al., 2013). This concept

is largely associated with hard disk drives (HDDs), which consist of a long-range
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voice coil motor (VCM) moving a small piezoelement (PZT) that is attached to the

read/write head (Li & Horowitz, 2001). Other applications of dual-stage systems in-

clude optic alignment systems (Yong, Wadikhaye, & Fleming, 2016), measuring ma-

chines (Ringkowski, Arnold, & Sawodny, 2020), and probe-based microscopes (Tuma

et al., 2013; Mitrovic, Nagel, Leang, & Clayton, 2020).

The LCS scan pattern can be broken down to a repetitive motion along a small

circular path, suitable for the SRA, and a longer path de�ned by the sample being

tracked, suitable for the LRA. Ideally, then, the actuator would be controlled by

two independent control loops. However, dual-stage systems are multi-input, single-

output (MISO) systems as only the �nal end position of the serial chain of actuators

is measured. In general it is not feasible to out�t the system with sensors to indepen-

dently detect the motion of the LRA and SRA stages and one must infer this motion

from the single output.

1.3 Motivation: Optimal Control Design and Implementa-
tion

A wide variety of controllers have been developed for dual-stage systems, including

proportional-integral-derivative (PID) controllers (El�zy, Bone, & Elbestawi, 2005),

complementary �lters (Yong et al., 2016), and combinations thereof. More advanced

controller architectures have demonstrated improvement in the positioner’s perfor-

mance, for example when performing nonlinear �ltering of references based on the

DSA range limitations rather than frequency content (Mitrovic et al., 2020), or

through direct compensation of nonlinear e�ects such as hysteresis (J. Zheng, Lu,

Wei, Chen, & Li, 2016). Furthermore, optimal controllers have been shown to ex-

hibit good performance, such as robust H1 control (Tuma et al., 2013) and model

predictive control (MPC) (Rahman, Al Mamun, Yao, & Daud, 2014).
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Figure 1�2: Dual-stage actuator (DSA) concept: (a1) schematic of the
long-range actuator (LRA) and short-range actuator (SRA) connected
in series, (a2) lumped-parameter model where the SRA is attached to
the LRA mass element, and (a3) dual-input single-output block dia-
gram. (Clayton & Leang, 2012)

When applied to the LCS algorithm, however, the controller design for the SRA

portion needs to track a low-amplitude, high-frequency sinusoidal trajectory de�ning

the repeated circle; while there are many choices for doing this, in this thesis we

choose a receding-horizon, linear quadratic tracking (LQT) controller. LQT control

is a classic approach in which the control task is encoded through a quadratic per-

formance function designed to minimize the error between the reference trajectory

and system output while simultaneously limiting the overall control e�ort. Typically,

the LQT controller consists of a feedback term, computed by solving an algebraic

Riccati equation (ARE), and a feedforward term, computed by solving a di�erential
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equation using knowledge of the system dynamics (Modares & Lewis, 2014; Lewis,

Vrabie, & Syrmos, 2012; Mannava, Balakrishnan, Tang, & Landers, 2011). The func-

tion of the feedback control portion is to stabilize the tracking error dynamics, while

the feedforward control is utilized to guarantee optimal tracking. The computation

of feedback gain and feedforward term are both noncausal with the corresponding

equations solved backwards in time and requiring complete knowledge of the system

dynamics. In general, LQT control is computed over a �nite time horizon and uses a

priori knowledge of the signal to be tracked (Anderson & Moore, 2007). However, in

applications such as LCS imaging there is no pre-de�ned terminal time because it is

not possible to know a priori the length of the sample. To overcome this, this thesis

develops a receding time horizon approach to LQT control design for the SRA of a

DSA.

We propose three approaches to determining the optimal control sequence for the

receding-horizon LQT and compare their relative performances in Matlab fisimulation.

These approaches di�er in whether they compute the gain matrices and feedforward

terms o�ine or online, and whether they use the steady-state value of those gains or

not. Of course, in experimental implementation there are a variety of factors beyond

tracking performance that are important, including unavoidable sensor o�set in the

stage position measurement, limited space for data storage in the hardware when

using o�-line computation, and computational power of the hardware when doing

all calculations online. Hence, the storage space during the data transmission and

computation power of FPGA are also decisive factors to select proper approach in

experiments as well, making the appropriate choice of approach hardware dependent.

For our particular system, we implemented all three approaches to compare these

factors, as well as performance, under practical conditions and constraints.

Combined with the LCS scanning pattern, the LRA attempts to track an unknown



8

sample path de�ned by the sample being imaged. In a real experiment, the system

has hard constraints that arise from several hardware limitations, most notably the

voltage limitations of the ampli�er (while the current limitations of the ampli�er

may also play a role, we have found that, at least for our system, the system can

generally source more than enough current). To account for these restriction, we

turn to an MPC approach. Also referred to as receding horizon optimal control,

MPC has wide applications in constrained control problems and, at least in certain

settings, can guarantee stability and performance. It dates back to the 1970s (Garcia,

Prett, & Morari, 1989; Bitmead, Gevers, & Wertz, 1990) and is designed to control

a process while satisfying a set of constraints and maintaining the robustness of the

system (Neelakantan, Washington, & Bucknor, 2008). The conceptual structure of

MPC is depicted in Fig. 1�3. As the name suggests, this controller strategy usually

uses a discrete time model of the dynamic system to predict the system performance

over a prede�ned time horizon (Bemporad & Morari, 1999; Lee & Yu, 1997). This

predictive process allows for the solution of the corresponding optimal control problem

on-line. When the model is linear and the cost quadratic, the problem can be cast as a

Quadratic Program (QP) (Nocedal & Wright, 2006). Existing solvers can be utilized

to �nd the optimal control at each time step. Much progress has also been made for

nonlinear systems, including the reliability and e�ciency of the on-line computation

structure (Magni, Raimondo, & Allg�ower, 2009; A. Zheng, 1997).

1.4 Contributions

1.4.1 Generic Multi-input Single Output System

Since a dual-stage actuator system has two inputs and one joint output, it can only

provide a single measurement of the overall position of the serially-combined actua-

tors. In order to develop state-space controllers for the SRA and LRA, it is of course



9

(a) (b)

Figure 1�3: (a) Basic structure of Model Predictive Control. (b)
Receding horizon strategy: only the �rst of the computed moves of
u(t) is implemented, from (Bemporad & Morari, 1999)

necessary to have the full system state. However, controllability and observability of

these systems is not immediately clear. Our �rst contribution, then, is to establish

the controllability and observability of a general N -stage system whose outputs are

summed to produce a single signal. A corresponding simulation was also developed

to demonstrate the theoretical results. With minimality of the system established,

we are able to develop individual controllers for the LRA and SRA of a DSA system

so that we can focus our design on the speci�c requirements of each component and

its desired action.

1.4.2 Optimization-based controller design of dual-stage system

The second contribution is the creation of an observer-based controller design paradigm

for the DSA system. We apply a Luenberger observer to estimate the states of the

LRA and SRA from the system output. We apply MPC to achieve long range, low

frequency tracking of an underlying sample while also taking into account the physical

constraints of the physical devices used to achieve the motion. For the SRA, we apply

a receding-horizon LQT controller to track the low-amplitude, high-frequency sinu-

soidal term that de�nes the repeated circle of the LCS algorithm. We validated the
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proposed controllers through simulation, comparing their performance with an alter-

native approach based on a cascading controller. These simulations studied three ref-

erence trajectories representing di�erent imaging scenarios. The comparison revealed

that the performance of the MPC-receding LQT for LCS trajectories outperformed

that of the alternative scheme. Note that this comparison result is not expected to

hold for generic trajectories but is speci�c to the LCS algorithm.

1.4.3 Receding LQT implementation using three di�erent approaches

Our third contribution lies in the experimental implementation of the approach, using

both an MPC and a simple state feedback controller to simplify the overall imple-

mentation. This allowed us to focus on the SRA element as the high speed nature

of its reference trajectory (and the high-speed, highly-resonant nature of the actua-

tor dynamics), makes this a challenging practical control problem. Our controllers

were deployed on a Field Programmable Gate Array (FPGA) programmed in the

National Instruments LabVIEW fi environment. When designing the controller for

real-world implementation, one must consider several practical factors, including the

available computational power relative to the necessary sample rate (especially given

the high frequency resonant behavior of the SRA), the amount of memory available

for implementing the code, and storage space available when considering, for exam-

ple, table-lookup approaches. To explore these considerations, we implemented and

compared three di�erent versions of the LQT controller, each of which makes di�erent

tradeo�s in terms of online resource requirements. We compared their relative per-

formance using simulations and through experiments with a physical DSA. Finally,

we implemented the combined MPC on the LRA and receding horizon LQT on the

SRA on a two-axis DSA to demonstrate the LCS scanning approach.
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Chapter 2

Physical Device and System Dynamics

In this chapter, we describe the physical hardware used in this work and develop the

system models that are needed in the remainder of the thesis.

2.1 Physical Device Setup

The physical dual-stage scanner used throughout this thesis, shown in Fig. 2�1, was

designed and built by our collaborator Kam Leang and his student William Nagel,

both at the University of Utah (Nagel & Leang, 2017). This system consists of two

planar piezostack actuators interfaced into a mechanical 
exure mechanism to guide

and amplify their motion; together these comprise the two long range actuators.

The center platform of this mechanism houses a single three-axis shear actuated

piezoelement which serves as the short range actuator for both the x- and y-axes (as

well as providing a vertical axis of motion). An aluminum cap, the output port of

the positioner, is a�xed to the top of this shear actuator. Samples can be attached

to this cap and its faces are used as the measurement surfaces for capacitive sensors

to measure the total displacement (Fig. 2�1(b)). The LRAs for both axes have a

maximum displacement of �8 �m while the SRAs have a maximum displacement

of �0.35 �m. The actuators are driven using a high voltage ampli�er that accepts

command inputs of �10 volts. For further details, see (Nagel, Andersson, Clayton,

& Leang, 2021).

All controllers are implemented on a Field Programmable Gate Array (FPGA) us-
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(a) (b)

Figure 2�1: (a) Experimental multi-axis dual-stage nanopositioner,
see (Nagel & Leang, 2017) for device details (b) Physical installation
in our lab.

ing a multifunction recon�gurable input/output device (National Instruments PCIe-

7852R), coded through the LabVIEW2017 fi environment with a sampling rate of 20

kHz. While providing a powerful computational platform and high sample-rate capa-

bilities, the resources of this computing platform are limited, and when dealing with

complex, state-based controllers and high speed, highly resonant systems, it is impor-

tant to be aware of these constraints. The FPGA module consists of a �nite number

of prede�ned resources with programmable interconnects. Typically, these resources

are grouped in slices that contain a set number of Look-up Tables(LUTs), 
ip-
ops

and multiplexers to create con�gurable logic blocks. The amount of block RAM, or

block memory, and registers are also important factors that need to be considered in

FPGA code design. Block RAM is RAM that is embedded throughout the FPGA for

storing data, while a register is a group of 
ip-
ops that stores a bit pattern. Since

we mainly take a state space approach to control design, the controller implemen-

tation in the FPGA module needs to take into account the memory space available

for the state variables, state matrix, control variables, as well as the components of

the observers needed to estimate the state. In particular, the space required (and
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the computational complexity) increases with the increase in the order of the system

order. As a result, the choice of the appropriate system order must be informed by

not only performance requirements but also the constraints of the implementation

platform. In addition, the FPGA module only allows for one-dimensional arrays with

a �xed-point representation on real numbers. Given the limited total onboard mem-

ory, one must carefully choose the bitwidth for each variable in the algorithms and

ensure that the realizations of the system models are balanced to avoid the need to

represent wide ranges of numbers.

To transfer data between the FPGA target and the host computer, a First In, First

Out (FIFO) data structure is used to hold elements in the order they are received.

Our FPGA system is housed on a PCIe-based board inserted into the bus of the

host computer. This system only allows for three parallel FIFOs for communicating

data back to the host. Given the high sample rates and the corresponding high data

volume, this places a severe restriction on the amount of data that can be transferred

for storage; as will be seen later this forces us to carefully choose what data to store

during the experiments.

2.2 Position Sensor

The sensor we used is a non-contact precision capacitive sensor for detecting position

and displacement (model 8810-2834L, MicroSense, USA). The sensor probe has a

nominal bandwidth of 20 kHz, and a measurement range of �250 �m. As shown in

Fig. 2�1(b), each axis is out�tted with one of these sensors. To place the sensors, a

zero command is �rst sent to both the LRA and SRA actuators on an axis and the

system allowed to settle. The sensor is then placed manually so as to get a reading

as close to zero as possible; then sensor is help in place through a friction �t. Note

that the sensors do shift over time and thus the placement procedure must be done
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prior to every experiment. Moreover, because the placement is done by hand, there is

an unavoidable non-zero bias in the sensor reading that a�ects the overall controller

performance.

2.3 System Identi�cation

Linear time invariant models of the planar actuators are found by �tting dynamic

models to frequency response data obtained via swept sine measurements taken with

low input voltages to mitigate hysteresis e�ects. In each case a zero command was

sent to the non-active stage. Since the main resonance of the LRA for both actuators

is less than 2 kHz, we collected data for these subsystems out only to 5 kHz. Limited

by the sensor bandwidth, the SRA subsystems were identi�ed out to 10 kHz. Note

that our collaborators performed a more complete system identi�cation using a laser

vibrometer (Nagel & Leang, 2017) and provided us with a more accurate 15th order

model. This is used in the simulation studies in Ch. 4. In the physical experiments,

however, we used our own models to account for any changes over time in the system

since the original identi�cation. The results of the sine sweeps are shown in Fig. 2�2.

Note that the e�ect of nonlinearities such as hysteresis and creep were ignored

in this work in order to focus on controller design in a simple, linear setting. How-

ever, piezostages are known to have dynamics that depend on their location in their

workspace. To characterize this e�ect, we ran additional sine sweeps around di�erent

set points. These results are shown in Fig. 2�3 for the two axes around a set point of

+5 V and in Fig 2�4 for a setpoint of -5V.

Finally, while the physical design of the stage was optimized, at least in part, to

minimize coupling between the x and y axes, in practice there will be some cross-talk.

As our design assumes independence, it is important to characterize the amount of

cross-coupling. In the following plots we show the sine sweep data for both x to y
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(a) x-LRA (b) x-SRA

(c) y-LRA (d) y-SRA

Figure 2�2: Sine sweep data of the (a-b) x and (c-d) y axes around a
setpoint of 0 V for both the (a,c) LRA and (b,d) SRA subsystems..

(driving x while measuring y) and x to y for the LRA and SRA subsystems, at several

setpoints in the workspace.

Fig. 2�5 collects all the x ! y results. The results show that the SRA axes

are reasonably well decoupled with each curve being at least 20 dB down from the

direct measurement. The LRA cross coupling is also at least 20 dB down relative

to the direct connection, but the resonance does show up strongly, indicating that

the system should avoid using the LRA above approximately 1 kHz to avoid cross

coupling issues. The results for y ! x are shown in Fig. 2�6 with similar conclusions.
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(a) x-LRA (b) x-SRA

(c) y-LRA (d) y-SRA

Figure 2�3: Sine sweep results for (a-b) x- and (c-d) y-axes around a
setpoint of 5 V for both the (a,c) LRA and (b,d) SRA subsystems.

2.4 System Model and Data Representation in the FPGA

2.4.1 System Model

Fits were empirically made to the measured data rather than using �rst principles

modeling. The LRA dynamics were modeled using a second order system with a

dominant resonance, �t by hand by adjusting the dynamic parameters to get a good

approximation to the sine sweep data. Since the SRA dynamics were more compli-

cated, we utilized the system identi�cation toolbox in Matlab. With an eye to limiting

the implementation complexity of the LQT controllers on the FPGA module, a fourth
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(a) x-LRA (b) x-SRA

(c) y-LRA (d) y-SRA

Figure 2�4: Sine sweep results for (a-b) x- and (c-d) y-axes around a
setpoint of -5 V for both the (a,c) LRA and (b,d) SRA subsystems.

order model was selected for the SRA subsystems. After the initial identi�cation, the

resulting models were modi�ed to produce a balanced realization; this helped to en-

sure the numbers in the resulting �ts were of approximately the same size. The �nal

models for the LRA and SRA actuators in the x and y axes are given below.

ALRAx =
�

0:9965 0:0756
�0:0756 0:9965

�
; BLRAx =

�
0:0553
0:0532

�
; CLRAx =

�
0:0553 �0:0532

�
:
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ALRAy =
�

0:9964 0:0756
�0:0756 0:9964

�
; BLRAy =

�
0:0586
0:0565

�
; CLRAy =

�
0:0586 �0:0565

�
:

ASRAx =

2

664

0:8831 �0:4577 0:0252 0:0045
0:4577 0:8813 0:0589 0:0031
0:0252 �0:0589 0:3544 �0:2121
�0:0045 0:0031 0:2121 0:0401

3

775 ; BSRAx =

2

664

�0:0239
0:0167
0:0767
�0:0066

3

775 ;

CSRAx =
�
�0:0239 �0:0167 0:0767 0:0066

�
:

ASRAy =

2

664

0:8649 �0:4541 �0:0794 0:0474
0:4541 0:8736 �0:1347 0:0010
�0:0794 0:1347 0:3181 0:5152
�0:0474 0:0010 �0:5152 0:1687

3

775 ; BSRAy =

2

664

�0:0350
0:0148
�0:0868
�0:0146

3

775 ;

CSRAy =
�
�0:0350 �0:0148 �0:0868 0:0146

�
:

As a metric of the order choice in the balanced realization, we looked at the

Hankel singular values where the magnitude of the singular values re
ects the relative

importance of the corresponding state. For our models, these singular values were

gLRAx =
�
2:2761 2:2372

�T ; gSRAx =
�
0:0365 0:0356 0:0069 0:0004

�T :

gLRAy =
�
2:2434 2:1996

�T ; gSRAy =
�
0:0227 0:0214 0:0098 0:0030

�T :

2.4.2 Data Representation

Our setup uses a 16 bit Analog-to-Digital Converter (ADC) to convert the sensor

probe output into a digital representations. The digital commands are then converted

back into an analogic signal using a 16 bit Digital-to-Analog Converter (DAC). Both

the ADC and DAC have a range of �10 V and represent values as signed variables,
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leading to the conversion equations

AO V oltage =
Output Code

32768
� 10:0V; Input Code =

AO V oltage
10:0V

� 32768: (2.1)

Internal to the FPGA a �xed point representation is used to represent all numbers

in the computation of the control signals. While there is a 
oating point representa-

tion available, using �xed point leads to more e�cient computation. This representa-

tion is determined by two factors: the maximum word length (up to 64 bits) and the

integer word length. The number of bits to represent the precision is the di�erence

between the maximum word length and the integer word length. Note that every

variable can be selected to have a di�erent size and the output of every computation

must also be given a speci�c size in the �xed point format. As a result, we divided

the computation into three modules, one for updating the system dynamics, one for

computing the observer values, and one for calculating the control values.

Inside each module, we tuned the word size based on the variables needed, seeking

to minimize the size needed so as to make maximal use of the available space. Given

the balanced model determined in Sec. 2.4.1, we selected a 20 bit word size with a 5

bit integer word size for the system dynamics. For the observer, the calculation of the

gain matrix uses a 22 bit word with a 5 bit integer length while the remainder of the

observer calculations reverted to the 20 bit/5 bit structure. Finally, since we limited

the controller outputs to �8 V to provide some additional protection, we chose a 16

bit word with a 4 bit integer component for the controller computation.
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(a) LRA x� y, SRA 0 V (b) SRA x� y, LRA 0 V

(c) LRA x� y, SRA 5 V (d) SRA x� y, LRA 5 V

(e) LRA x� y, SRA -5 V (f) SRA x� y, LRA -5 V

Figure 2�5: Sine sweep results for x ! y cross coupling of the LRA
with the SRA at (a) 0 V, (c) 5 V, and (e) -5 V and of the SRA with
the LRA at (b) 0 V, (d) 5 V, and (f) -5 V.
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(a) LRA y � x, SRA 0 V (b) SRA y � x, LRA 0 V

(c) LRA y � x, SRA 5 V (d) SRA y � x, LRA 5 V

(e) LRA y � x, SRA -5 V (f) SRA y � x, LRA -5 V

Figure 2�6: Sine sweep results for y ! x cross coupling of the LRA
with the SRA at (a) 0 V, (c) 5 V, and (e) -5 V and of the SRA with
the LRA at (b) 0 V, (d) 5 V, and (f) -5 V.
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Chapter 3

Theoretical Development

In this chapter, we develop theorems to establish the controllability and observability

for a generic MISO system. These results will allow us to design the controller and

observers for the DSA device that is at the core of our work. As described in Ch. 1,

a dual stage actuator (diagrammed in Fig. 3�1) consists of a low-speed LRA serially

connected with a high-speed SRA (Clayton, Dudley, & Leang, 2014) and provide

a level of speed, precision, and range that is not achievable with a single actuator

system. Where there are many approaches to control of such systems, they typi-

cally �lter and separate the reference and output signals based on frequency and,

possibly, spatial content, sending the appropriate components to the corresponding

subsystem (Clayton & Leang, 2012; Clayton et al., 2014). When applied to the LCS

algorithm in high-speed AFM, however, it is natural to use the SRA to follow the

circular portion of the trajectory and the LRA to track the underlying sample. As

dual-stage actuators are MISO systems, providing only a single measurement signal

of the overall position of the tandem actuators, the ability to separately control both

actuators from the single output is only possible of the system is minimal, that is, if

it is controllable and observable. Therefore, in the next section we turn our attention

to these properties. We then present an initial controller design to demonstrate the

results. For this we combine an observer to determine the state with an Internal

Model Principle controller for the SRA and a set point regulator for the LRA. In

later chapters we will replace these with more complex controller designs.
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Figure 3�1: Illustration of dual-stage actuator.

3.1 Observer-Based Control of Dual-Stage

While our interest is primarily in a dual-stage system, in this section we begin by

considering the more general case of N�stages, with each stage a general multi-

input, multi-output system, before focusing on the dual-stage setting. We establish

both controllability and observability when the systems are connected by adding their

outputs as illustrated in Fig. 3�2.

Figure 3�2: Block diagram of a generic N -stage system.

The results below are developed in large part from the work of CT Chen in (C.-

T. Chen & Desoer, 1967). The fundamental idea of his approach is to analyze the

joint system using a canonical form. We �rst introduce the necessary notation.
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Consider, then, a collection of independent MIMO systems, given by

Si : _xi = Aixi +Biui; (3.1a)

yi = Cixi; (3.1b)

where xi 2 Rni , ui 2 Rpi , and yi 2 Rq. Because the output of each system has the

same size, we can connect them as shown in Fig. 3�2 to produce the composite system

Sc : _x = Acx+Bcu; (3.2a)

yc = Ccx; (3.2b)

where the system matrices for Sc are given by

Ac =

2

64

A1
A2

. . .
AN

3

75 ; Bc =

2

64

B1
B2

. . .
BN

3

75 ; (3.3a)

Cc = [ C1 C2 � � � CN ] : (3.3b)

In (C.-T. Chen & Desoer, 1967), the system properties of (3.2) were analyzed by

�rst expressing the system in a basis where Ac is in Jordan canonical form. To that

end, let �1; �2; : : : ; �m denote the m distinct eigenvalues of Ac. The system matrices

of the combined system then have the form

Ac =

2

6664

Ac1

Ac2

. . .
Acm

3

7775
; Bc =

2

64
Bc1

...
Bcm

3

75 ; (3.4a)

Cc =
�
Cc1 � � � Ccm

�
; (3.4b)

where Aci denotes the set of Jordan blocks associated with the eigenvalue �i. Letting
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r(i) denote the number of Jordan blocks associated to eigenvalue �i, we have

Aci =

2

6664

Ai1
Ai2

. . .
Air(i)

3

7775
; Bci =

2

64
Bi1

...
Bir(i)

3

75 ; (3.5a)

Cci =
�
Ci1 � � � Cir(i)

�
: (3.5b)

where the �rst sub-index refers to a speci�c eigenvalue and the second to a speci�c

Jordan block inside that Aci. In the sequel, ckij will denote the kth column in the

output matrix of the jth Jordan block of the ith distinct eigenvalue (in accordance

with the notation set out in (C.-T. Chen & Desoer, 1967)). Speci�cally, c1ij and clij

will denote the �rst and last columns in that block. Similarly, b1ij and blij will denote

the �rst and last rows in the input matrix of the jth Jordan block of the ith distinct

eigenvalue. Note that the while the value of l depends on the particular Jordan block

so that l = l(i; j), we omit explicitly noting this to avoid (further) cluttering the

notation. The size of the jth Jordan block of the ith distinct eigenvalue is nij and the

total size is n =
PN

i=1

Pr(i)
j=1 nij.

Observability of the general combined system (3.2) is established as follows. Note

that this is independent of any particular interconnection of subsystems and is based

on the Jordan form description in (3.4). It is thus important to keep in mind that

subscripts here refer not to subsystems but rather to eigenvalues and Jordan blocks

of the combined description. The proof of the following theorem can be found in

(C.-T. Chen & Desoer, 1967).

Theorem 3.1. A system S is observable if and only if, for i = 1; 2; � � � ;m, the set
of q-dimensional column vectors

c1i1; c1i2; � � � ; c1ir(i)

is a linearly independent set.
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For ease of reference, we collect the set of column vectors in Thm. 3.1 into a matrix

Ĉ.

Remark 3.1. One important special case (for our purposes) is when q = 1, that
is when the subsystems and combined system have scalar outputs. In that case Ĉ
consists of a single row. The theorem above can then only hold if Ĉ is a scalar.

Let us now turn our attention to the composite system (3.2). Our goal is to

establish results based on properties of the original subsystems rather than on the

combined Jordan form description. Controllability is straightforward to establish

from the Kalman rank condition.

Theorem 3.2. The composite system Sc in (3.2) is controllable if and only if the
individual subsystems Si, i = 1; 2; : : : ; N; are controllable.

Proof. Given the structure of the composite system matrices in (3.3), we have

[Bc AcBc � � � An
c � 1Bc]

=

"
B1 A1B1 An � 1

1 B1

. . .
. . .

. . .
. . .

BN AN BN An � 1
N BN

#

:

Assume �rst that the individual systems are controllable. Clearly, in the matrix
above the columns corresponding to each subsystem are independent of the others.
Controllability of the individual systems then immediately implies this matrix is full
rank and thus the combined systems is controllable.

Next, assume that the combined system is controllable. The matrix above is
full rank. Again, due to the independence of the columns corresponding to each
subsystem, it immediately follows that the subsystems are controllable.

We now turn to observability. In the sequel, we use �i to denote the set of

eigenvalues for subsystem i. For simplicity, we focus on the single-output setting that

is relevant to our particular application.

Theorem 3.3. Consider a composite system Sc of the form (3.2) with q = 1. Suppose
the subsystems are observable. Then Sc is observable if and only if

�1 \ �2 \ � � � \ � � ��N = ;:
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Proof. We begin with necessity and proceed by contradiction. Assume, then, that
Sc is observable and that at least two of the sub-systems share an eigenvalue. Then,
in the Jordan form of the combined system there are at least two Jordan blocks
corresponding to that eigenvalue (one coming from each subsystem). Without loss of
generality, let this be the �rst eigenvalue in Ac. Then the collection c111; � � � ; c11r(i)

has at least two elements in it. But then, as noted in Remark 3.1, Thm. 3.1 cannot
hold and thus the combined system cannot be observable, contradicting the original
assumption. Therefore the sub-systems cannot share any eigenvalues.

For su�ciency, assume the intersection of the eigenvalue sets is empty. Then the
Jordan form of the combined system is simply the combination of the Jordan forms of
the sub-systems and checking for observability is equivalent to checking the condition
of Thm. 3.1 for each sub-system independently. Because the sub-systems are each
observable, Sc is as well.

To highlight these results, consider a simple example system with

A1 =
�
1 1
0 1

�
; A2 =

�
1 1
0 2

�
; B1 =

�
0
1

�
; B2 =

�
1
1

�
;

C1 = C2 =
�
1 0

�
:

Clearly these two systems share are individually controllable and observable. By

Thm. 3.2, the combined system is also controllable. Checking the Kalman rank

condition, we �nd that

�
Bc AcBc A2

cBc A3
cBc
�

=

2

664

0 0 1 0 2 0 3 0
1 0 1 0 1 0 1 0
0 1 0 1 0 1 0 1
0 1 0 2 0 2 0 2

3

775

is indeed full rank, verifying controllability. However, because the systems share the

eigenvalue 1, by Thm. 3.3, the combined system is not observable. Indeed, a quick
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calculation shows that

�
CT

c AT
c CT

c (AT
c )2CT

c (AT )3
cCT

c
�T =

2

664

1 0 1 0
1 1 1 1
1 2 1 3
1 3 1 7

3

775

clearly has rank three, and thus the combined system is indeed not observable. If,

however, we change the second subsystem to

A2 =
�
2 1
0 2

�

there is no longer a shared eigenvalue. This new system is observable and thus, by

Thm. 3.3, the combined system is also observable. To verify, we calculate

�
CT

c AT
c CT

c (AT
c )2CT

c (AT )3
cCT

c
�T =

2

664

1 0 1 0
1 1 2 1
1 2 4 4
1 3 8 12

3

775

which has full rank.

3.2 Controller and observer design for dual-stage LCS

With both controllability and observability established in Sec. 3.1, we turn our atten-

tion in this section back to the LCS scheme for high-speed AFM and to the design of

the observer and controllers for a dual-stage system suitable for that approach.

3.2.1 Observer

We use a standard Luenberger observer of the form

_̂x = Ax̂+Bu� L(y � ŷ); (3.6a)

ŷ = Cx̂: (3.6b)
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De�ning the observer error as e = x� x̂ leads to the usual error dynamics of the

observer,

_e = (A� LC) e: (3.7)

Thus, selecting the observer gain L such that A�LC is Hurwitz ensures the estimated

state converges to the true value. In this work we select L such that the poles of A�LC

are approximately �ve times larger than any closed loop poles of the controlled system

so that the estimation error dies away quickly relative to the other system dynamics.

3.2.2 SRA controller design

Under LCS with dual-stage actuation, the goal is to use the SRA to drive the tip

of the AFM along a circular trajectory. As shown in Fig. 3�3, we achieve tracking

of a given sinusoid using the internal model principle (IMP). This form of the IMP

essentially acts as integral control and achieves zero tracking error for the sinusoidal

inputs.

Figure 3�3: Block diagram of the SRA controller branch. The esti-
mated state is used to generate the estimated output. This is compared
against the desired output to drive the internal model. The actual con-
trol is generated as state feedback from the combined SRA and IMP
system.

Recall that the SRA is assumed to be a single-input, single-output (SISO) system.
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The dynamics in state space form are given by

_xSRA = ASRAxSRA +BSRAuSRA; (3.8a)

ySRA = CSRAxSRA: (3.8b)

To use the IMP, we introduce a new state, xd, which evolves according to

xd = Adxd +Bded (3.9a)

yd = Cdxd (3.9b)

where, with !0 denoting the desired sinusoidal frequency, the system matrices are

Ad =
�

0 1
�!2

0 0

�
; Bd =

�
0
!0

�
: (3.10)

Here the drive signal e is the output error ed = yd � ySRA. (Of course, since ySRA is

not directly observable, we use instead the estimated output ŷSRA = CSRAx̂SRA.)

To design a controller, we �rst de�ne the combined system with dynamics

�
_x
_xd

�
=
�
A 0n�2

BdC Ad

� �
x
xd

�
+
�
B

02�1

�
u+

�
0n�1

Bd

�
r; (3.11a)

y =
�
C1 01�2

� � x
xd

�
: (3.11b)

Control of the combined system is achieved with state feedback

uSRA = �KSRAxSRA �Kdxd: (3.12)

The control gains can be selected in a variety of ways; in this work we use simple pole

placement. As with ySRA, in implementation the actual state xSRA is replaced with

the estimated state x̂SRA.
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3.2.3 LRA controller design

As described in Ch. 1, the LCS algorithm produces a desired path for the center

of the scanning circle. The role of the LRA controller is then to track this path.

Under the assumption that motion along the sample trajectory is slow relative to the

controller dynamics, we will use simple set point regulation for the LRA. Under this

approach, diagrammed in Fig. 3�4, ydLRA is the desired setpoint (generated by the

LCS algorithm). The control law is

uLRA = gyd �KLRAxLRA: (3.13)

The \accumated gain" g yields setpoint tracking when

g =
�
KLRA I

� �A B
C 0

��1 �0
I

�
: (3.14)

Note that in general this controller is sensitive to modeling error and in practice one

of a variety of more robust controllers should be chosen. This version is selected here

primarily for simple demonstration of the overall approach; approaches based on both

model predictive control and pole placement design are considered in later chapters.

Figure 3�4: Block diagram of the LRA controller branch. State feed-
back is applied based on both the (estimated) state of the LRA and
the desired setpoint yLRA.
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3.2.4 On the principle of separation

The control approach taken here relies on the principle of separation, namely that the

controllers can be designed as if the true state is known and then control performed

using the estimated state without loss of stability. This property is well known to

hold for minimal linear, time-invariant systems (and thus for the dual-stage actuator).

However, since we desire independent control of the LRA and SRA sub-systems de-

spite the single, combined output measurement, it is worth considering the property

for our speci�c setup.

To place this on a somewhat general setting, let x1 denote the combined state of

the LRA and its associated controller and x2 the combined state of the SRA and its

controller. Under the speci�c controllers in Sec. 3.2.2 and 3.2.3, x1 is simply xLRA

while x2 is the combination of xSRA and xd. We assume state feedback control with

gains K1 and K2 respectively. De�ne the observer errors

e1 = xLRA � x̂LRA; e2 = xSRA � x̂SRA: (3.15)

Then, the combined dynamics are given by
2

664

_x1

_x2

_e1

_e2

3

775 =

2

664

A1 0 �L1C1 �L1C2

0 A2 �L2C1 �L2C2
0 0 A1 � L1C1 �L1C2

0 0 �L2C1 A2 � L2C2

3

775

2

664

x1

x2

e1

e2

3

775+

2

664

B1 0
0 B2

0 0
0 0

3

775

�
u1(k)
u2(k)

�
;

y =
�
C1 C2 0 0

�

2

664

x1

x2

e1

e2

3

775 :

The principle of separation is evident in the block diagonal structure of the com-

bined system, implying that the controllers and observer can be designed indepen-

dently. In addition, the structure shows that the controllers in the two subsystems

x1 and x2 can be designed independently of each other. Due to the summed output,
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however, the observer must be designed for the joint system simultaneously.

3.3 Simulation

To demonstrate the observer-based control of the dual-stage system and its appli-

cation to the LCS algorithm, in this section we present simulation results using a

dual-stage system (loosely) modeled after the physical system described in (Nagel &

Leang, 2017).

3.3.1 System model

As shown in Fig. 3�5, the LRA and SRA subsystems are both described using second-

order systems with the LRA having a resonance at 1450 Hz and the SRA at 11 kHz.

Figure 3�5: Bode plots for the LRA (black) and SRA (gray).

To approximate how one might derive models in practice, simple second order

SISO transfer functions were de�ned and then converted to state space form in Mat-
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lab. The state space model for the LRA was given by

ALRA =
�
�18:2 �10132:2
8192 0

�
; BLRA =

�
32
0

�
;

CLRA =
�
0 31:7

�
;

while the state space model for the SRA was

ASRA =
�
�23499:1 �72895:3

65536 0

�
; BSRA =

�
8
0

�
;

CSRA =
�
0 9:1

�
:

Note that these systems are both controllable and observable and do not share

any eigenvalues. Thus the requirements of Thm. 3.2 and Thm. 3.3 are met.

3.3.2 Controller and observer design

Control of the LRA was done using the set-point regulation controller of (3.13). The

desired closed loop poles, chosen to be slow relative to the natural frequency of the

LRA, were selected to be

p1 = �200; p2 = �300:

Using pole placement, this let to a feedback gain of

KLRA =
�
15:0 �316:4

�
: (3.16)

Using this in (3.14) yields the accumulator gain

g = 0:0072: (3.17)
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The desired sinusoid for the SRA was selected to be

ydSRA = 0:03 sin(2�200t): (3.18)

Control of the SRA was done using the IMP controller in (3.12). As with the LRA,

the desired poles for the closed loop SRA system were selected to be slow relative to

the natural dynamics (but fast relative to the desired frequency) and were given by

p1 = �4000; p2 = �6000:

The other two poles in (3.11) were selected empirically (based on visual inspection of

the controller performance) to be

p1 = �10 + i; p2 = �10� i

Using pole placement, the corresponding gains in (3.12) were

KSRA =
�
�1687:4 �9065:4

�
; Kd =

�
�1256:6 0:0159

�
: (3.19)

With the controller designs in place, the observer was designed to be fast relative

to the closed loop dynamics by placing the observer poles approximately �ves times

farther away from the origin than those of the closed loop system, leading to an

observer gain of

L =
�
�51:0 127:3 �6647:0 �5570:4

�
: (3.20)
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3.3.3 Simulation results

We performed two di�erent simulations. In the �rst, we drove the single axis, dual

stage actuator using

ydSRA = 0:03 sin(2�200t); ydLRA = 1; t � 0: (3.21)

The result is shown in Fig. 3�6. The combined output is shown in Fig. 3�6a) while

the tracking error for the two subsystems is shown in Figs. 3�6b and 3�6c. The results

show good tracking in both the LRA and SRA.

(a) Combined response (b) Tracking error of LRA (c) Tracking error of SRA.

Figure 3�6: Results of the �rst simulation with desired trajectory
given by (3.21). (a) The combined response (blue) clearly shows the
desired behavior. (b) The LRA tracking error quickly converges to zero
with a �rst order response. (c) The SRA also quickly converges with
second order characteristics driven by the IMP.

For the second simulation, a two-axis dual-stage scanner was simulated by simply

repeating the same model for the second axis. To demonstrate using the system as

part of a LCS scan, the two SRAs were driven according to

ydSRA 1
= 0:03 sin(2�200t); ydSRA 2

= 0:03 cos(2�200t);

so that the short range actuators traced out a circle of radius 0.03 units at a rate

of 200 Hz. The long range actuators were driven along an Archimedean spiral, a



37

trajectory designed to loosely resemble a biopolymer on a surface. The resulting

overall trajectory of the scanner is shown in Fig. 3�7. The system started at (0,0),

proceeded clockwise. The combined path follows a circle centered on the desired LRA

path (in red). Note that the scanner moves faster along the path as it proceeds along

the spiral, illustrating that the �nal shape of the output path depends on the relative

speed of the LRA and SRA elements. While the SRAs continue to trace out a circle,

the �nal output trajectory will begin to lose the character of a circle centered on the

desired center-axis as the speed is increased and the time scales of the LRA and SRA

subsystems are no longer well-separated.

Figure 3�7: Simulated trajectory for a two-axis dual-stage scanner.
(red) Desired trajectory for the LRAs. (blue) Final path of the two-
stage system under the designed observers and controllers.
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Chapter 4

Comparison of Two Optimization-Based
Controllers for Feature Tracking SPM
Scanning in Dual-Stage Nanopositioners

The previous chapter used a combination of IMP and setpoint regulation. In this

chapter, we propose the use of MPC for the LRA and a receding-horizon LQT con-

troller for the SRA; these controllers are in general more robust and reliable and,

in the case of the MPC, can handle constraints on the actuator. The basic archi-

tecture illustrated in Fig. 4�1 depicted these two optimal controllers design for this

dual-input single-output (DISO) system. We demonstrate our controller design and

through simulation compare its performance to an alternative approach that uses the

SRA in a completely di�erent way, speci�cally to regulate the error incurred when

using the LRA to track a desired trajectory (here the combination of the circular scan

with the tracking motion over the sample) (Chang & Andersson, 2019).

4.1 MPC and Receding LQT

Combined with the LCS scanning pattern, the LRA attempts to track an unknown

sample path being imaged. In real systems, there are physical constraints, including

input and output boundaries. The input limits for both actuators are limited by the

voltage signal provided to the ampli�ers of the dual-stage actuators, while the output

boundaries are determined by the physical stroke achievable by each actuator. To
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Figure 4�1: Proposed control structure for a single DSA.

account for these, an MPC design is used.

MPC uses a discrete time model of the dynamic system to predict the system

performance in a prede�ned time horizon in the future in order to arrive at the

optimal control action subject to the constraints at each instant of time (Bemporad

& Morari, 1999). In this work, MPC is applied to the LRA to achieve output tracking

of the sample trajectory. The corresponding optimal control problem is

min
uL

1
2

NpX

i=0

jj(ŷL(k + i)� rL(k + i))jj2Q +
Nm �1X

i=0

jjuL(k + i)jj2R

subj. to umin � uL(k + i) � umax; i = 0; 1; � � � ; Nm � 1;

yLmin � yL(k + i) � yLmax ; i = 0; 1; � � � ; Np:

(4.1)

where k is the current step, Np is the length of the prediction horizon, Nm is the

length of the control horizon (Nm � Np), and rL is the reference trajectory for the

LRA, taken to be the path of the sample being tracked using LCS. The notation k�kM

refers to the norm kxkM = xTMx.

This LQR problem with constraints is then translated to a quadratic program to

determine the sequence of optimal controls to be applied to the LRA. The �rst control

is then applied, the index k incremented, and the process repeated. Note that while

in practice the sample trajectory rL(t) is unknown in advance, it can be predicted

locally based on recent data (see (Hartman & Andersson, 2017)).
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Remark: We recognize that this is a simple formulation for MPC tracking and

in particular omits a terminal constraint. However, we found this form worked well

in simulations. Considering more complex versions that include, for example, the

impact of the observer and that provide for guarantees on feasibility and stability are

left for future work.

In the proposed design, the SRA follows the circular portion of the LCS trajectory.

Since this circular path is entirely designed by the user, it is assumed to be selected

so as to satisfy all constraints of the actuator. Moreover, since the LCS is designed to

track edges and thin samples such as biopolymers, the expected radius of the circular

path is small. Therefore, we do not consider constraints on the SRA in the control

design, though in practice the SRA is also subject to control and range bounds. With

this min mind, we selected a linear quadratic output tracking controller (LQT) to

track the repetitive motion with the SRA. The concept of LQT is an extension of

the linear quadratic regulator (LQR) and is used when the system output needs to

track a desired reference trajectory and reject a given disturbance with an optimized

cost function. Typically, LQT control is applied over a �nite time horizon and uses

a priori knowledge of the signal to be tracked (Anderson & Moore, 2007). The cost

function in discrete time is

min
uS

1
2
kCx̂ S(N)� rS(N)k2

�P +
1
2

NX

k=0

�
kCx̂ (k)� r(k)k2

Q + ku(k)k2
R
�
;

where rS is a sinusoidal reference signal and �P , Q, and R, are scalar weights for

tracking and input e�orts. Following standard derivations, the state feedback control

law is

u�(k) = �Kfb(k)x̂ (k) +Kff (k)v(k + 1): (4.2)

The gain matrices and feedforward terms are found by solving the matrix Riccati
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equation and vector di�erence equation over the �nite time horizon using

Kfb(k) = [BTP (k + 1)B +R]�1BTP (k + 1)A; (4.3a)

P (k) = ATP (k + 1)[A�BKfb(k)] + CTQC; (4.3b)

v(k) = [�BKfb(k)]T v(k + 1) + CTQrS(k); (4.3c)

Kff (k) = [BTP (k + 1)B +R]�1BT ; (4.3d)

with P (N) = CT �PC and v(N) = CT �Pr(N). Kfb is the optimal feedback gain, while

Kff is a feedforward gain that depends on the auxiliary sequence v determined from

the reference signal via a di�erence equation (note P and v are backward di�erence

equations). Clearly, the solution depends on knowing rS(N) and the horizon, N .

In practice, however, while the reference is a given sinusoid, there is no pre-de�ned

terminal time N . To overcome this, a receding time horizon LQT design is used,

solving over an N-step horizon, applying the �rst control value, and then repeating.

4.1.1 Cascading LQC

To contrast the proposed joint MPC-receding horizon LQT controller, we also apply

a control architecture that is derived from optimality conditions but generalized to

be causal and implementable without a priori trajectory knowledge. This controller,

�rst presented in (Nagel & Leang, 2020), derives individual linear quadratic com-

pensators for the LRA and SRA, but the actuator references e�ectively cast them

into a cascading form. Speci�cally, the LRA attempts to track the entire reference

trajectory for that axis, while the SRA tracks the LRA’s error, written as

rL(k) = ydes(k);

rS(k) = ydes(k)� ŷL(k);
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where rL;S denotes the trajectory that each actuator is tracking. In the LCS setting,

the single reference ydes is the sum of the sinusoidal component to generate the circular

scan and the (estimate) of the sample path being tracked. This controller is in the

class of schemes that deconstructs the control task into a coarse stage (assigned to

the LRA) and a �ne stage (assigned to the SRA). While not speci�cally designed for

the LCS approach, it is broadly applicable.

The cascading LQC laws for the actuators are determined through the same for-

mulation as the LQT controller discussed prior, but with two modi�cations for easier

implementation. First, the steady-state solution of the feedback gain is used, solved

from the discrete algebraic Riccati equation. Second, the feedforward term in (4.3c)

is solved forward in time assuming zero initial conditions,

vj(k + 1) = [Aj �BjKj;fb]vj(k) + CT
j Qjrj(k); (4.4)

where j 2 fL; Sg. This result is an implementation of LQT where the feedforward

term sacri�ces optimality for the capability of tracking an arbitrary reference trajec-

tory without pre-computation.

4.2 Performance Comparison

4.2.1 Simulation model

The two controllers outlined in the previous section are compared below through sim-

ulations on models of an experimental multi-axis dual-stage nanopositioner, designed

speci�cally for LCS and other similar algorithms (Nagel & Leang, 2017). This device

was introduced in Ch. 2 and is shown in Fig. 4�2(a) in more detail. Here the 
exures

de�ning the LRA and the shear-actuated element de�ning the SRA are sketched to

show their physical structure and highlighted in the physical device itself in a cutaway

view.
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Figure 4�2: (a) Experimental multi-axis dual-stage nanopositioner
modeled for controller performance and (b) the measured frequency
responses and linear models for the x-axis and y-axis LRA and SRA
behaviors.
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Linear models of the planar actuators are found by �tting dynamic models to

frequency response data obtained via swept sine measurements taken with low input

voltages to mitigate hysteresis e�ects. Unlike the system identi�cation presented in

Ch. 2, this data, shown in Fig. 4�2(b), was collected by our collaborators using a laser

vibrometer. The LRA frequency response was collected from 100 Hz to 3 kHz and

the SRA response was measured from 1 kHz to 20 kHz, so creep e�ects are negligible.

Fits were empirically made to the measured data rather than through �rst principles,

as the LRA 
exure mechanism exhibits additional resonance shapes before the SRA

resonance is excited. The LRA dynamics are modeled using a 3rd order system with a

dominant resonance at approximately 1.4 kHz, while the SRA dynamics are modeled

as a 15th order system with resonances and anti-resonances predominantly between

1.4 kHz to 40 kHz. . As in our own system identi�cation, the e�ect of nonlinearities

such as hysteresis and creep are ignored in order to focus on a comparison of the two

control techniques in a simpler, linear setting.

Input and output boundaries, which are used in the MPC formulations and incor-

porated as constraints in the simulation models, are determined from the nanoposi-

tioner stroke length and the electronics used to power the actuators. The LRAs for

both axes have a maximum displacement of �8 �m while the SRAs’ displacements

have maximum values of �0.35 �m. Input voltages for all actuators are based on the

inputs to the high voltage ampli�ers for the stages and were set to �10 volts. These

limits are explicitly considered in the controller formulations for the MPC-receding

LQT design and are experienced by both compensation approaches in the simulations

through saturation calculations before the linear dynamic models. The horizons for

the MPC controller were set to Np = Nm = 10 and the receding-horizon LQT horizon

is set to N = 10.
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Table 4.1: Controller parameters used for simulation.

4.2.2 Simulation Details

The controllers described in Sec. 4.1 are applied to the actuator models described

above through simulation using the parameter values in Table 4.1. These values were

chosen through trial and error to achieve good performance. To highlight potential

conditions where these controllers may be bene�cial, three trajectory scenarios were

explored. These consisted of di�erent periodic coarse 2D paths with high-frequency

circular scanning as described for the LCS algorithm. Thus all three scenarios exam-

ined here had the �ne reference trajectories

rx;SRA(k) = 0:1 sin(2�2000�t); (4.5a)

ry;SRA(k) = 0:1 cos(2�2000�t); (4.5b)

where the time step �t was taken to be �t = 2:5 �s (400 kHz). Note that while this

time step quite fast and thus would be challenging in practice to implement the MPC

method, there are existing approaches and results for achieving MPC at these rates

(see, e.g., (McInerney, Constantinides, & Kerrigan, 2018)).

The coarse path for Scenario I consisted of a repeating circle pattern with a radius

of 5 �m, followed at a rate of 20 circles per second. Scenario II followed a string-

like path (e.g., a biopolymer strand), moving end-to-end along the strand �ve times

every second. The last coarse trajectory consisted of several 1{2 �m steps, where
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each step can be interpreted as a separate biopolymer strand to be scanned with the

LCS algorithm. The resulting 2D path resembles the steps of a \staircase", so this

moniker will be used hereafter. These trajectories and the tracking performances of

the MPC-receding LQT and cascading controllers are shown in Fig. 4�3.

4.2.3 Results

Due to initial conditions mismatch arising from the simulation environment, the cas-

cading controller has a large initial error. To avoid skewing the metrics due to the

initial transients, all shown qualitative results are computing only using data after

the initial convergence period. That is, all plots and tables show results only after the

controllers reach the initial steady state. Note, however, that the staircase pattern

re-excites these transients as part of the trajectory and those transients are quanti�ed

in the metrics of performance.

Both proposed controllers have good tracking results as shown in Table 4.2. Three

metrics are included to quantify the error of a single axis. Note that due to space

limitations, results are only shown for the y-axis. Results in the x-direction are simi-

lar. The maximum error emax and root-mean-square (RMS) error erms are calculated

Table 4.2: Tracking errors for MPC-receding LQT and cascading LQC
for the y-axis of the 2D trajectories.

Trajectory Controller emax erms e1
(� m) (� m) (� m)

Circle MPC-receding LQT 0.0318 0.0186 0.0165

Cascade LQC 0.0429 0.0261 0.0233
String-like MPC-receding LQT 0.0286 0.0181 0.0163

Cascade LQC 0.0455 0.0257 0.0231
Staircase MPC-receding LQT 2.0019 0.0544 0.0134

Cascade LQC 2.3003 0.1545 0.0464
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Figure 4�3: Simulation results for the proposed MPC-receding LQT
controller and the cascading LQC designs. 2D LCS trajectory tracking
results are shown for the (a1) circular, (b1) string-like, and (c1) stair-
case paths. Time response results are also included, where (a2){(c2)
highlight error for the y-axis of the DSA, (a3){(c3) depict control ef-
forts for the y-axis LRA while (a4){(c4) show the SRA e�orts. For all
plots, black is the reference, blue are the MPC-receding LQT results,
and red is the cascading LQC results. Green dashed borders indicated
zoomed in results, and yellow sections refer to control e�orts that are
saturated when applied.
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using

emax = max
k
je(k)j; (4.6)

erms =
�

1
Ne

NeX

k=0

e(k)2

�1=2

; (4.7)

where Ne is the number of samples for a period of the error signal. In addition, the

normalized l1-norm of the error over one period is reported, given by

e1 =
1
Ne

NeX

k=0

je(k)j: (4.8)

Plots of the system’s joint output, as well as single-axis outputs, errors, and control

e�orts are all shown in Fig. 4�3.

4.3 Discussion

The 2D tracking and y-axis time response plots in Fig. 4�3(a1)-(a4) illustrate that

the MPC-receding LQT and cascading LQC both track well for in all cases (at least

in steady state), with maximum and RMS error values less than 1% of the total am-

plitude of the circular trajectory. Table 4.2 catalogs these errors, as well as those for

the other two trajectory scenarios. While both controllers perform well, the MPC-

receding LQT controller improves upon the cascading numbers by 25{37% for these

maximum and RMS errors, indicating a notable improvement over the causal con-

troller. Note that the cascading LQC on the SRA exerts signi�cantly lower e�ort

than the receding-horizon LQT controller, shifting that e�ort to the LRA. This likely

contributes to the lower performance. Similarly, in Scenario II (Fig. 4�3(b1)-(b4)),

the MPC-receding LQT tracked the string-like path better than the cascade LQC for

these same metrics. One particular point to note is that the turn-around point at
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the ends of the path resulted in bigger spikes in error for the cascading controller,

contributing to the larger maximum error observed in these results.

Scenario III, Fig. 4�3(c1)-(c4), the staircase trajectory, highlights the clearest dif-

ferences in the controller performances. The large transients of the cascading con-

troller occur because the cascading controller does not predict these future transitions.

To minimize its cost function, the cascading controller will then drive large control

signals to bring the DSA quickly back to the sample trajectory, see Fig. 4�3(c3)-(c4).

Therefore, at each step point, the cascading controller yielded large control signals

which surpassed the equipment voltage constraints. Table 4.2 also indicates that the

maximum and RMS errors for this path were much larger than the other scenarios,

due to this instantaneous jump in the reference signal. Thus a more indicative metric

to consider for this scenario is the L1-norm in (4.8). This shows that while both

controllers were still e�ective for this scenario, the MPC-receding LQT compensator

shows 71% reduction in the error signal’s integral, demonstrating the utility of the

non-causal calculations in scenarios with large step changes in the reference signal.
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Chapter 5

Practical Implementation of Receding

LQT

Ch. 4 demonstrated the feasibility of LQT implementation in a high order, high

speed system. Since there typically is no �xed end time N in practice, we proposed a

receding horizon LQT with a look ahead of N steps. As is common in such receding

horizon schemes, we apply the �rst control in the planned sequence and then re-

plan from the next time step. From (4.2), we see that this �rst control depends

on the measured state at the current time, the gain matrices Kfb(0) and Kff (0)

(which in turn depend on the terminal values de�ned by the weighting matrices), and

the auxiliary signal v(1) (where the time index is relative to the current global time

step). These can all be solved for either online or o�ine, backwards in time from their

terminal conditions. The choice of what to do online versus what to do o�ine has

implications in terms of computational complexity and memory requirements. From

these considerations, in this chapter we de�ne three approaches to implementing the

LQT, compare them in both simulation and in experiment, and �nally present results

of a physical demonstration of an LCS pattern using the DSA.
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5.1 Practical LQT: three approaches

Approach I uses a completely o�ine approach. This method has the lowest compu-

tational cost since it simply takes a measurement from the observer and then inserts

that value into (4.2) to get the next control value. Note that regardless of time hori-

zon, since we only apply the �rst control in the sequence and then shift our \zero

time" forward, only the values of the gain matrices at k = 0 are needed at runtime (it

is straightforward to allow for applying multiple stages of control before replanning by

simply storing the gain matrices for additional values of k). Similarly, only the value

v(1) of the auxiliary signal is needed. Unlike the gain matrices, however, this term

depends on the reference signal at the end of the horizon. In the receding horizon

approach, the value of rs(N) is changing as time moves forward and we must therefore

compute and store v(1) for every point in the reference signal. For a generic signal,

this implies an in�nite length sequence and thus a completely o�ine approach is not

viable. In our setting, however, r(�) is a periodic signal. Thus, while the auxiliary

signal is not periodic as a function of N , it is periodic in terms of the time during the

run with a period equal to that of the reference signal. One need only precompute

and store the values v(1; s) for s = 1; 2; : : : ; Nr where s is in index into (one period

of) the reference signal and

Nr =
fs

fref
: (5.1)

Here fs is the sampling rate, and fref is the frequency of the periodic reference signal.

So long as Nr is not too large (which depends on the physical hardware used), this is

approach is quite feasible. However, when using a high sampling rate (to control, e.g.,

a high Q system with high-speed resonances) for tracking a relatively slow reference
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signal, Nr could become quite large, requiring signi�cant onboard resources to store

the vector v(1; �). In addition, the values of v(1; �) depend on the reference signal. If

this is changed, the entire sequence must be calculated again, implying such a change

cannot be made at runtime. However, since the size of the gain matrices Kfb(0) and

Kff (0) and of the vector v(1; �) do not depend on the horizon N , that horizon can be

chosen to be of arbitrary length without any impact at run time. This last feature

is quite appealing in terms of overall performance since in general one expects better

performance with increasing horizon.

Approach II is very similar to Approach I but recognizes that, so long as (As; Bs) is

reachable and (As; Cs
p
Q) is observable, the gain matrices Kfb and Kff will converge

to steady state matrices Kfb1 and Kff1 when N !1. This second method, then,

replaces the true optimal gains Kfb(1) and Kff (1) with their steady state values. One

could then use the steady state matrices in the computation of the auxiliary signal,

simplifying the o�ine computations. However, we found that doing so led to very

poor performance when compared to computing the auxiliary signal based on the full

optimal solution and thus Approach II still uses the same v(1; �) as calculated in the

�rst approach. As a result, Approach II has the same online requirements and o�ine

complexity as Approach I; the only di�erence is in the feedback and feedforward gains

used. Since we are using a receding horizon approach, it is reasonable to conjecture

that these in�nite-horizon matrices may have better performance.

Our �nal practical implementation, Approach III computes the auxiliary signal

online. Unlike the previous two approaches, the available computational power will

limit the horizon N . The maximum value of N can be quite low, especially when

high sample rates are needed as in the high-frequency, highly-resonant system of the

DSA as this strongly limits the computational time that is available. We see from

(4.3c) that the gains are needed at every step of the horizon, not just at k = 0, even
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though only that �rst control will actually be applied. While these could be computed

online, this is a signi�cant computational burden and doing so will further limit the

size of N . To circumvent this, we trade o� storage for compute time, pre-computing

and storing these matrices, replaying them at run time to compute the auxiliary

signal. In addition, the entire reference signal sequence must be stored. However,

this is a scalar at each point in time (over Nr time points) and thus the required

space is not onerous. One major bene�t of this approach is that the reference signal

can be changed at runtime as needed, providing some often useful 
exibility to the

implementation.

Note that one could imagine several other variations on these three approaches.

One other natural choice is a fully online computation of all terms. This would use

the least amount of memory but would also require signi�cant online resources; we

found that in our setting such an approach was not practical on the physical hardware

we had. Use of the in�nite horizon gains to compute the auxiliary signal online is

a reasonable idea but we found it to work quite poorly in practice as the auxiliary

signal was then far from the true one.

Table 5.1 summarizes the description of the the three approaches we consider in

the remainder of this chapter (and in the next). In the table, p is the dimension of the

state space system. Note that the storage requirements does not include the common

elements such as the state matrices since those are needed by all three approaches. It

is also important to note that the total amount of resources needed is a combination

of Storage and Computation; while Approach III requires fewer resources for storage,

it will require more (and perhaps signi�cantly more) to achieve the computation.

Additionally, the FPGA uses a �xed point representation for numbers. Because the

di�erent approaches lead to di�erent values in, for example, the control gains, they

will require di�erent numbers of bits to represent those numbers. Therefore the choice
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(a) (b)

Figure 5�1: Bode plot of SRA system models. (a) (blue) Swept-sine
system ID (to 10 kHz) using on-board capactive sensor with 20 kHz
bandwidth. (red) corresponding fourth order model used for control
design. (b) 15th-order model (�t to swept-sine data captured with a
laser vibrometer) used to model the device in simulations.

of which Approach to use depends on multiple factors that change depending on the

physical system, the requirements of the application, and the available resources.

Table 5.1: Qualitative comparisons of the three approaches

Method Storage requirements Computation Flexibility
Approach I pNr + 2p Low Strict
Approach II pNr + 2p Low Strict
Approach III Nr + 2pN High Flexible

5.2 Simulation comparison of LQT approaches

In this section, we compare the performances of the three di�erent approaches, fo-

cusing on tracking error as the metric of interest. We do this through simulations,

using a model of a multi-axis, dual-stage system in our lab (Nagel & Leang, 2017)

(see Chapter. 2 for more details on the physical device.)
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5.2.1 Simulation setup

As our interest here is in using the SRA to realize the sinusoidal trajectory element

of the LCS imaging method, we consider only the SRA. (Under the assumption of

the controller structure shown in Fig. 4�1, the controllers for the SRA and the LRA

of the DSA can be designed independently.) A swept-sine system identi�cation was

performed on the physical stage in our lab (see Chapter 2, Sec. 2.4.1); the results

are shown in the blue curve in Fig. 5�1a. In order to capture the primary dynamics

while limiting the complexity of the controller, a fourth order model was �t to this

data (red curve in the Bode plot). The model of LRA and SRA on x-axis used in

simulation can be also found in Sec. 2.4.1.

To better capture the physical system, a more accurate 15th order model (provided

by our collaborators and shown in Fig 5�1b) was used as the physical model for

the actuator in this simulation comparison. (Details on the high order model can

be found in (Nagel & Leang, 2017).) Note that the 15th order model used in the

simulation to generate system motion while the 4th order system was used to design

the controller. These two models show signi�cant di�erences, most strikingly in the

low frequency gain. We decided to keep this di�erence in place in the simulation to

explore performance in the face of modeling error.

To determine the underlying states of the SRA from the output we implemented a

standard Luenberger observer with eigenvalues selected to be signi�cantly faster than

the main actuator dynamics. Below is the observer gain we used in both simulation

and experiments, which were also described in Chapter. 2, Sec. 2.4.1.

Lx =
�
118:2768 49:8857 �11:9448 86:9753 �4:6991 �0:1193

�T : (5.2)

Ly =
�
86:0965 32:1071 �27:0840 58:8364 9:7118 �3:8249

�T : (5.3)
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For all LQT implementations, the weights for the cost function were set to R = 1,

Q = 20; 000, and �P = 0. This choice re
ected the fact that the main consideration

was tracking error; the simple sinusoidal reference was not expected to require large

control excursions so R was kept low relative to Q; if actuator bounds are a stronger

consideration a di�erent relative weighting should be selected. The choice of a zero

weight on the terminal condition was in large part to simplify the implementation. In

the simulation we also enforced an input voltage boundary of �10 volts to represent

the limitations of the physical hardware. Note that the controller design assumed

unconstrained control. The reference signal was set to

rx;SRA = 0:1 sin (2�500�t); (5.4)

where �t is the sampling rate (50 �s). With an eye towards the capabilities of our

physical hardware (see Sec. 2.4.1), the look-ahead horizon for Approach III was set

to N = 3. For Approaches I and II, recall that the horizon can be set arbitrarily long

as its choice has no e�ect on the runtime complexity of the control implementation.

Since there is no guarantee that longer is better, we ran a series of simulations where

we increased the horizon N . The results, shown in Fig. 5�3a, indicate a rapid reduction

in tracking error with increasing horizon up to approximately N = 10. After that

the error essentially saturates, though with some oscillatory behavior. As a result of

these studies, we selected N = 10 for approaches I and II.

In Fig. 5�2 (b-f) we show the results of simulation runs for all three approaches.

A large tracking error (de�ned as the amplitude error) is evident. This error arises in

large part from the model mismatch between the fourth order model used for control

design and the 15th order model used in the simulations (see Fig. 5�1). Experimental

results later in the chapter where the model is a better �t to the physical system
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(a) Steady-state error vs.
Horizon

(b) Error (c) Contro.

(d) Approach I (e) Approach II (f ) Approach III

Figure 5�2: Simulation results with reference signal (5.5). (a) Steady
state error of (blue) Approach I and (red) Approach 2 as a function of
the look-ahead horizon. (b) Convergence of the error signal for each
approach, showing similar but di�erent convergence rates. (c) Con-
trol signal for each approach. All Approach stay within the � 10 V
boundary. (d-e) Output of the SRA under each approach.

bear this conjecture out. Note that we focus on amplitude error for two reasons.

First, in the LCS setting the amplitude error is more di�cult to overcome due to

the constrained control range while the phase error can be adjusted more easily,

e.g. by adding a phase o�set to the reference signal. Second, as will be seen in the

experimental results later in this chapter, measuring the relative phase between the

reference and output is challenging due to the limited FIFO bu�ers for sending data

back to the host.

From Fig. 5�3b, we see that Approach II has a slightly longer convergence rate

than the other two. Note that the amplitude error for all systems could be reduced by
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using a more accurate model, increasing Q, or by including integral action. However,

in practical systems there will always be modeling error and other issues that must

be considered, such as actuator constraints, when attempting to overcome it.

From this exploration, it is clear that there is not a clear \best" choice of approach

for LQT implementation. Approach II, which uses the steady-state gain matrices,

performed well in the simulations, while requiring the same amount of computation

time and storage space as Approach I, though with a slight tradeo� in convergence

speed. Approach III had essentially the same dynamics as Approach I but with

somewhat worse error due to the limited horizon. However, it has the bene�t of

requiring less storage (at least for reference signals with periods that are much slower

than the sample rate) and provides the 
exibility to modify the reference signal online.

Guided by these factors, we implement all three approaches in our experimental setup.

5.3 Experimental Setup

Since this work mainly focused on the application of high speed, high resolution mo-

tion tracking, to validate the simulation results in Sec. 5.2, we used receding LQT to

control the SRA on one axis of the experimental multi-axis dual-stage nanopositioner

shown in Ch. 2, Sec. 2.1. (see (Nagel & Leang, 2017) for device details). Samples can

be placed on the central cube and the faces of that cube are used as the measurement

surfaces for the capacitive sensors (which have a 20 kHz sensing bandwidth). As

described in Ch. 2, the sensor has a small bias in its measurement, that is, the sensor

always consistently reads a non-zero value even when the stage positions are zeroed.

The system model of the LRA and SRA are also described in Ch. 2. As in the simu-

lations, we used a fourth order model for the SRA model. Unlike in the simulations,

we need to design a controller for the LRA to prevent it from drifting during the ex-
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periment. To that end we used a simple second order model for this subsystem. The

observer gains and LQT controller parameters are described in Sec. 5.2. Considering

the �xed-point data representation, the control threshold of LRA and SRA was set to

a conservative �8V olt (recall that the physical limitations are �10 V). As discussed

at the end of Sec. 5.2, in Approaches I and II, the horizon was set to N = 10, while

in Approach III the horizon was set to N = 3. All algorithms were implemented

on a Field Programmable Gate Array (FPGA) using a multifunction recon�gurable

input/output device, coded through the LabVIEW fi environment with a sampling

rate of 20 kHz (see Ch. 2 for details). The reference signal in each axis was set to a

1 kHz sinusoid,

rx;SRA = 0:1 sin (2�1000�t); (5.5)

ry;SRA = 0:1 cos (2�1000�t); (5.6)

This choice was to reduce the data storage needs (the storage size needed for the ref-

erence is given by (5.1)) to ensure there was enough space on the FPGA to implement

both the LRA and SRA controllers.

In these experiments, a state-feedback controller for the LRA was designed and

implemented to hold its position constant, eliminate drift, and reduce the interactions

between the two systems. This simple controller is de�ned by

ULRA = �KLRA(Ref � x̂LRA); (5.7)

where KLRA was selected using a pole placement method and Ref represents the ref-

erence signal of LRA trajectory. In Sec. 5.4, Ref is de�ned as a constant value to

hold LRA on a constant position, but in Sec. 5.5, Ref is de�ned as a linear function
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increasing or decreasing in range of [�1:6�m 1:6�m]. KLRA is feedback gain deter-

mined by pole placement. In these experiments the closed poles for the LRA were set

to [0:50:6].

5.4 Experimental results on constant value

The reference signal (5.5), auxiliary signal v(�) and the gain matricesKfb andKff (4.3)

were computed o�ine and transferred to the FPGA prior to an experiment. Specif-

ically, the reference signal was sampled o�ine at the sample rate of the SRA (20

kHz) and the points for one period were sent to FPGA to be used in the controller.

This avoids the need to compute a reference signal online, reducing the overall com-

putational burden (again at the cost of storage space). In all the results presented

below, the o�set between the reference signal and the output (caused by the bias in

the sensor signal) is numerically removed from the data. As noted previously, the

limited communication bandwidth restricted how many real time signals could be

transmitted to the host and stored. As a result, the reference signal shown in the

plots below was generated after the fact and phase shifted by hand to line up with

the output signal. Finally, as the results from the x- and y-axes are similar, in this

and the next section we show results only for the x-axis (results from both axes are

shown in Sec. 5.6 when a circular path is implemented).

The measured output from a typical run and the corresponding control signal are

shown in Fig. 5�3(a-f). The system output shows reasonable tracking, a small amount

of noise, and likely some residual oscillations from unmodeled dynamics. Note that

the tracking is signi�cantly better than in the simulations, likely re
ecting that the

model used in control design is a much better �t to the real data. Due to the sensor

bias, the LRA control outputs a constant value to maintain the entire system around
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(a) Approach I (b) Approach II (c) Approach III

(d) Control of Approach I (e) Control of Approach II (f ) Control of Approach III

Figure 5�3: Experimental results with reference signal (5.5). (a-c)
(blue) Output of the SRA under LQT controllers I-III respectively.(red)
References signal for comparison (see text for details). (d-e) Control
signal for (top) LRA pole placement controller and (bottom) LQT con-
trollers I-III respectively. All Approach stay within the� 8 V boundary.

the reference point Ref in (5.7). Note also that the LRA signals show essentially

no cross-over from the SRA dynamics, supporting our decision to model the two

subsystems as independent.

To more directly see the ampltiude error, Fig. 5�4a shows a Fast Fourier Transform

(FFT) of the reference and the output signals from all three approach. All three

clearly show that they match the 1 kHz of the reference signal with Method III

coming closest to matching the amplitude; Approach I and II actually overshoot the

amplitude. Note that we do not show the phase of the FFT since, as mentioned before,

we do not have the \true" reference signal (or, better said, we do not have a true

clock by which to compare the signals). However, the innovation signal does contain
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information about the relative phase delay. This innovation is shown in Fig. 5�4b.

Since Method III has the largest innovation (but the smallest amplitude error), we

infer it has the largest phase error of the three approach.

(a) FFT of output (b) Innovations of three approaches.

Figure 5�4: Experimental results on a single axis of a DSA using LQT
on the SRA to track a 1 kHz sinusoidal reference, combined with a pole
placement controller on the LRA to maintain its position at zero.

5.5 Experimental results on trajectory

To consider performance as the LRA traces out a (simple) trajectory, we moved the

LRA along a linear path by de�ning Ref in (5.7) to be an increasing (or decreasing)

signal in the range of [�1:6�m 1:6�m]. To illustrate the resulting overall path, the

combined output under an increasing and a decreasing trajectory is shown in Fig. 5�5.

Note that for these �gures the LRA was controlled using the same pole placement

controller as before, while the SRA was controlled using Approach I.

The corresponding control signal and FFT of all three approaches for two segments

of the up trajectory are shown in Fig. 5�6(a-i).Fig. 5�6c, Fig. 5�6f and Fig. 5�6i are

FFT plots showing the tracking performances of all three approaches. Fig. 5�6a and

Fig. 5�6b are the control signal of DSA system at two di�erent positions of the LRA.
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(a) Increasing LRA trajectory (b) Decreasing trajectory

Figure 5�5: Combined output of the x-axis of the DSA along (a) an
increasing reference and (b) a decreasing reference for the LRA. The
LRA was controlled using a pole placement controller while the SRA
was controlled using an LQT-Method I.

The red dashed line shows the peak value of the SRA control signal; the fact that it

shifts reveals that the control e�ort of the SRA changes as the LRA position changes.

This phenomenon also occurs in Approach II and Approach III, shown in Fig. 5�6d

and Fig. 5�6e, and Fig. 5�6g and Fig. 5�6h. This coupling is discussed in more detail

in Ch. 6.

The corresponding control signal and FFT of all three approaches for two segments

of the decreasing trajectory are shown in Fig. 5�7(a-i). Similar to the increasing

trajectory plots, Fig. 5�7c, Fig. 5�7f and Fig. 5�7i are FFT plots showing the tracking

performances of all three approaches. The nonlinear coupling issues also occur in

control e�ort plots; this can be seen by the shift in the minimum value of the SRA

control.
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(a) Control of Approach I (b) Control of Approach I (c) FFT of Approach I

(d) Control of Approach II (e) Control of Approach II (f ) FFT of Approach II

(g) Control of Approach III (h) Control of ApproachIII (i) FFT of Approach III

Figure 5�6: Experimental results with reference signal (5.5). (a-c)
Control signal of the LRA and SRA under Approach I for the increas-
ing trajectory at two di�erent LRA positions, and the FFT showing
tracking performance. (d-e) Control signal of the LRA and SRA under
Approach II for increasing trajectory at two di�erent LRA positions,
and the FFT showing tracking performance. (g-i) Control signal of the
LRA and SRA under Approach III for increasing trajectory at two dif-
ferent LRA positions, and the FFT showing tracking performance. All
approaches stay within the � 8 V boundary.

5.6 Experimental results on two-axes

The goal of this work is to create a controller implementation for the two-axis dual-

stage piezoelectric actuators system for implementing the LCS pattern. Because
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(a) Control of Approach I (b) Control of Approach I (c) FFT of Approach I

(d) Control of Approach II (e) Control of Approach II
(f ) FFT of Approach II
output

(g) Control of Approach III (h) Control of ApproachIII (i) FFT of Approach III

Figure 5�7: Experimental results with reference signal (5.5). (a-c)
Control signal of the LRA and SRA under Approach III for the de-
creasing trajectory at two di�erent LRA positions, and the FFT show-
ing tracking performance. (d-e) Control signal of the LRA and SRA
under Approach II for the decreasing trajectory at two di�erent LRA
positions, and the FFT showing tracking performance. (g-i) Control
signal of the LRA and SRA under Approach III for the decreasing tra-
jectory at two di�erent LRA positions, and the FFT showing tracking
performance. All approaches stay within the � 8 V boundary.

the two axes must work together, all controllers need to be implement on a single

FPGA device. Limited by LUTs and registers of FPGA, we can not generate complex
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trajectory for LRAs (note, however that for LCS application, the trajectories are

actually de�ned by the underlying sample and thus this is not a limitation in the

application, only for demonstrating performance here). As a result, we use a simple

ramp in the LRA x and y, increasing from -1.6 �m to 1.6 �m in both axes. One axis

of the SRA is driven using a 1 kHz sine wave; the second axis is driven using a 1 kHz

cosine wave. As noted previously our device has limited by data transmission and we

can only acquire the control e�orts and output measurements from the FPGA.

Fig. 5�8 shows the result of one of these experiments. Note that we have manually

shifted the relative phase of the x and y reference trajectories for the SRA to achieve

a good circular shape; in practice this could be done online by wrapping a controller

around the relative phase, using the phase o�set in one reference signal as a control;

similarly one would likely want to implement a controller to match the amplitudes

in the two axes to obtain a good circular pattern. However, the LCS algorithm is

somewhat robust to the particulars of the shape of the scan path (so long as the

system measures its position), so the requirements here are not strict.

Note that while nominally Approaches I and II have the same storage requirements

(see Table 5.1), the controller gains in Approach II span a larger numerical range.

This implies that the �xed point representation for these numbers requires a larger

number of bits and thus Approach II actually requires more resources. For our system,

the implementation using Approach I for both axes simultaneously took 98.9% of the

LUTS ad slices of the FPGA while Approach II could not be �t in the system.

While Approach III uses fewer resources for storing parameters, it requires more

resources than the other two to implement the computations to determine the vk

online. As a result, Approach III would also not �t in our FPGA system for both

axes simultaneously. Thus the results shown here for two axes are based only on

Approach I. It is important to note that our FPGA system is a fairly limited one
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(a) System output (b) SRA control in the two
axes

(c) SRA control signals

Figure 5�8: Experimental results on two axes of a DSA using an LQT
(Approach I) to track the same trajectory designed for LRAs. (a) Com-
bined system output. The LRAs are being driven along a slow ramp
while the SRAs are being driven along sinusoidal trajectories to pro-
duce an approximately circular scan. (b) The SRA controls plotted in
x versus y to illustrate that the SRAs maintain their circular trajectory
over the scan. (c) Zoom in of the two SRA control signals.

compared to others that are available and thus the limitations are a function of the

available hardware and not a fundamental limit.
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Chapter 6

Exploring Robustness to Model

Uncertainty and Nonlinearities

As previously discussed, the dynamics of the DSA actuators change as they move

across their workspace. They will also change when samples are placed on the surface

for imaging, due to changes in local temperature, and to a variety of other factors. In

this chapter, then, we investigate the performance of our controller architecture with

respect to model uncertainty. We also test its robustness to external disturbances

through a simple knock test.

6.1 Model uncertainty due to coupling between the LRA and

SRA

Throughout this work we have assumed that the coupling between the LRA and SRA

for single axis was small enough such that it could be ignored; this was supported by

the system ID results in Ch. 2. This allowed us to design controllers for the SRA and

LRA independently. However, that identi�cation was around a single position of the

actuators. As it turns out, there is a secondary coupling e�ect in that the dynamics

of the SRA are connected to the position of the LRA. To highlight this, consider

the results shown in Fig. 6�1. This �gure shows data from the experiment reported
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in Ch. 5 when the LRA was driven along a line trajectory with the SRA controlled

to the sinusoidal reference (5.5) using Method I. Fig. 6�2a shows the SRA control

signal when the LRA was at the extremes of its trajectory; note that the reference

signal to the SRA remained consistent throughout these experiments. These results

indicate that the SRA control signal becomes clipped at +8 V (recall that we imposed

arti�cial constraints of �8 V on all actuators to protect the system) at one extreme

of the LRA motion, and clipped at -8 V at the other extreme. This clipping leads

to undesirable oscillation e�ects in the output signal as highlighted in Fig. 6�2b. By

comparison, when the LRA is in the middle of its operating range, the SRA control

does not show any clipping (Fig 6�1c) and the output signal tracks the sinusoid well

(Fig. 6�1d), though there are still a few higher-order dynamics evident. (Note that

the data in Figs. 6�1 (a,b, and c-d) were taken in di�erent experiments as seen by the

di�erent times.)

Note that this is not a linear coupling; the dominant e�ect is that of shifting

the output of the SRA rather than causing a change in amplitude or phase. This

can perhaps best be understood by looking carefully at the mechanical design of the

scanner as seen in Fig. 2�1. This device uses a 
exure mechanism to translate the

motion of a piezostack into the motion of the stage. One e�ect of this is that the

shear piezo that provides the SRA motion rotates and displaces as the LRA is moved.

While this 
exure mechanism is designed to minimize this unintended motion, the

design cannot remove it completely. The corresponding global translation of the

SRA implies that the SRA controller must work to counteract that displacement,

leading to an overall shift in the control signal. Note that one would also expect

both some changes in the the coupling between the two axes due to the rotation and,

correspondingly, some changes in the amplitude of the control signal to maintain the

output amplitude. That we do not see much change in the amplitude implies these
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e�ects are small, at least compared to the displacement e�ects. For further details

on the mechanical design and its impacts on controller design, see (Nagel & Leang,

2017).

(a) SRA control hit control boundary. (b) Oscillation occurred on trajectory.

(c) SRA control away from limitation. (d) Good tracking performance.

Figure 6�1: Experimental results demonstrating nonlinear coupling
between the LRA and SRA motion (a) The control signal for the SRA
(controlled using LQT-Method I) at two extremes of the LRA position,
showing clipping at the �8 V boundary. (b) Output signal when the
LRA is at the lower extreme of its linear trajectory. Clipping in the
control drives undesirable oscillations in the output (c) The control
e�ort for the SRA with the LRA near the center of its range. (d)
Corresponding output showing much better tracking of the sinusoidal
reference.
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6.2 Robustness to external disturbances

Atomic force microscopes are often mounted on stages designed to reduce coupling to

outside disturbances (such as placing the system on a high-mass platform suspended

using bungee cords). However, because these systems have sub-nanometer resolution,

even small disturbances can show as large e�ects on the motion of the scanner. It

is therefore important that any controller be robust against such disturbances. To

test this, we carried out a simple \knock test". In essence, we banged the desk on

which the stage was sitting while the system was following a descending trajectory

in the LRA with sinusoidal reference signal in the SRA . The corresponding results

are shown in Fig. 6�2. The \knock" is clearly evident in the output, leading to a

short-duration, relatively large excursion. The system does not go unstable, however,

and recovers once the disturbance is removed back to its desired trajectory.

(a) Knock test (b) Oscillation occurred on trajectory.

Figure 6�2: \Knock" test results. An external disturbance was applied
to test the stability and robustness of the system by simply knocking
the table with the DSA scanner.
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Chapter 7

MPC with LQT: One-axis Tracking

To experimentally demonstrate the MPC control design described in Ch. 4, we imple-

mented MPC control for the LRA in FPGA module with input and output constraints

using a built-in function in the NI LabVIEW fi software.

7.1 Experimental results on constant value

We consider only regulation to a setpoint. We set the output bounds to �8 V (corre-

sponding to �8 �m). The system model for the LRA can be found in Ch. 2.4.1. The

cost parameters in the MPC controller were set to Q = 10 and R = 1, which is same

set in (Chang, Nagel, Leang, & Andersson, 2021). Performance depends, of course,

on selection of these terms. Because we considered only regulation to a setpoint the

terminal cost weight was set to P = 0. If the LRA were to follow a more complex

shape, a non-zero terminal cost would likely be required. The prediction and control

horizons were both set to 5 steps and the reference to zero.

The MPC controller was implemented using the built-in QP solver in the Lab-

VIEW fi software. This was then combined with each of the three approaches to

LQT for the SRA (see Ch. 5. The results are shown in Fig. 7�1.

As shown in these �gures, the system output shows the SRA faithfully tracks

the high speed reference signal while the LRA is maintained around the a constant
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(a) Approach I (b) Approach II (c) Approach III

(d) Control of Approach I (e) Control of Approach II (f ) Control of Approach III

Figure 7�1: Experimental results with SRA reference signal (5.5).
(a-c) (blue) Output of the SRA under LQT controllers I-III respec-
tively.(red) References signal for comparison (see text for details). (d-
e) Control signal for (top) LRA MPC design and (bottom) LQT con-
trollers I-III respectively. All approaches stay within the � 8 V bound-
ary.

position. Note that this position is not zero due to the sensor o�set. The di�erent

steady state values re
ect di�erent o�sets in di�erent experiments. To more directly

see the amplitude error, Fig. 7�2a shows the FFT of the reference and the output

signals from all three approaches (without the DC term). All three clearly show that

as expected, the SRA achieves good reference tracking. In particular, since there

exists sensor reading bias, the initial reading of the system position is a random

nonzero value. While a detailed comparison to the simpler state feedback control

applied earlier is the topic of future work, at least qualitatively the MPC seems to do

a better job maintaining the LRA position.
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(a) FFT of output (b) System output of three approaches.

Figure 7�2: Experimental results on a single axis of a DSA using
LQT on the SRA to track a 1 kHz sinusoidal reference, combined with
a MPC design on the LRA to maintain it at a constant value.



Chapter 8

Future work

8.1 Achieving full two-axis MPC and LQT control

Overall, this work achieved high speed, high resolution motion tracking by implement-

ing receding LQT with three di�erent solutions. While MPC was the main control

structure proposed for LRA control, our results for tracking a non-zero reference with

the LRA currently rely on simple state feedback. This is in large part due to the fact

that when combining MPC and LQT for control of a high-order system, the hardware

requirements place a severe restriction on what can be done. While many consider

the computational speed, which is a concern, there are multiple other factors to con-

sider, including storing the Look-Up-Tables needed for the controller, the number of

available registers, the data representation, and the total physical resources on the

device. For our FPGA, combining Approach I of the LQT for the SRA together with

simple feedback control for the LRA occupied approximately 99% of the resources.

MPC requires more storage and computation; this limited us to demonstrating MPC

only on a single axis. One possible direction of future work, then, is to revisit the

implementation and look for additional shortcuts and approximations that can be

made to reduce the implementation size without losing performance. Of course, a

simpler solution is to purchase hardware with additional resources.

75
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8.2 Dealing with noise

In Fig. 6�1d, it is clear that the system noise level is small but not negligible, especially

if one is after nanometer-scale precision. In our work,we utilized a standard Luen-

berger observer to determine the state variables for the LRA and SRA subsystems

from the combined output measurement. However, the Luenberger observer does not

address issues related to noise. There are multiple approaches one could consider. For

example, one could replace the Luenberger observer with a Kalman �lter that pro-

vides some level of optimal estimation in the face of noise (Chang, Svitelskiy, Ekinci,

& Andersson, 2020). Of course, doing so requires one to have prior knowledge about

the process and measurement noise in your system and requires non-trivial resources

on the FPGA to implement. Alternatively, one could implement appropriate �lters

(e.g. a narrow band-pass �lter on the SRA estimate or an overall low-pass �lter with

a cuto� beyond the SRA reference trajectory), though these often come with a cost

in loss of phase margin as well as requiring additional resources on the FPGA.

8.3 Dealing with phase delay and amplitude error

The LCS scan pattern relies on the path de�ned by the SRAs to be approximately

circular. While some deviation is acceptable, if the phases of the two sinusoids are

not properly controlled, the path may become too narrow, leading to failure of the

LCS as it will not be able to detect the samples edges nor obtain su�cient data

to generate a good image. As discussed in Ch. 5, when moving to full control of

the two-axis scanner, it would be useful to include a controller on the relative phase

between the two SRA axes, and also, perhaps, on the amplitude, to ensure the output

pattern is that of a circle. Having such an automatic system will also compensate for

unmodeled coupling between the LRA and SRA as well as between the two axes, and
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automatically adjust as the system moves throughout its workspace. The primary

challenge, of course, is �tting an additional controller into the available resources on

the FPGA.

8.4 z� axis control

The original motivation for this work was implementing the LCS algorithm for high-

speed AFM imaging of biopolymers. Doing so would allow for extremely fast imaging

of such samples and even allow for creating real-time (or faster) movies of dynamics

occurring on these structures, such as the binding and release of regulatory proteins,

the motion of polymerises on DNA, and other systems. To achieve that, this two-axis

system needs to be coupled with high speed control of the z-axis and then coupled to

real-time estimation of the underlying sample trajectory from the measurements.

8.5 Dealing with LRA-SRA coupling

As discussed in Chapter. 6, the coupling between the LRA and the SRA in each

of the axes leads to a undesired shift of the SRA control signal. While this is a

physical phenomena that cannot be avoided, its e�ect on the controller design can

be minimized by introducing a decoupling �lter �rst to eliminate the interaction

between piezoactuators. There are also many advanced controller design proposed

for handling such coupling issues. In (D. Liu, Yi, Zhao, & Wang, 2005), a sliding

model-based control methods was applied, where the unactuated load swing was

coupled to the actuated cart motion with sliding surfaces to facilitate controller design.

In (W. Zhu & Lin, 1991; W. Q. Zhu, Huang, & Yang, 1997), stochastic optimal

coupling control of adjacent building structures was studied based on the stochastic

dynamic programming principle and stochastic averaging method. In (Yabui, Atsumi,
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& Inoue, 2020), a coupling controller design was proposed for breaking the tradeo�

between the constraints and the positioning accuracy of a hard disk drive system such

that people turn attention to the characteristics of the entire feedback loop, rather

than each feedback loop inside each MISO system.
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Chapter 9

Conclusions

This thesis considered the control of a dual-stage scanning system with a focus on

trajectories relevant to local circular scanning for high speed imaging in AFM. Con-

trollability and observability results were �rst established for a general N -stage system

whose outputs are summed to produce a single signal. Control for the LCS system

was achieved using an observer and separate, independent controllers in the long

range and short range actuators.

Then, this work compared two control strategies for a DSA scanning system.

The �rst controller divided the LRA and SRA according to the LCS algorithm, ap-

plying an MPC to the LRA to achieve sample trajectory tracking and a receding

LQT to the SRA to follow the repetitive motion. This was compared to an opti-

mal cascading LQC that eliminated a priori requirements for trajectory tracking.

The comparison between these two controllers revealed that the performance of the

MPC-receding LQT for LCS trajectories outperformed the cascade controller, espe-

cially for the staircase path. This is likely the result of two di�erences. First, our

approach singles out the SRA for the component of the trajectory that it is well-

suited for. The LQT controller then takes full advantage of the prior knowledge of

the trajectory to achieve good tracking. By contrast, the cascading controller divides

the entire control task across both actuators, using the SRA to compensate for the

residual error after the LRA motion. This can be very e�ective for general tracking
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problems but does not perform as well as an approach designed speci�cally for LCS.

Second, our approach uses the full backwards solution of the feedforward signal for

the tracking while the cascading controller solves only forward in time assume a zero

initial condition. While this simpli�cation allows for easy real-time implementation,

the reduction in performance is signi�cant. Note that the results presented in this

thesis for the cascading controller focused primarily on the steady-state condition,

overlooking signi�cant transients that arise in part because of this mismatch on the

feedforward term.

Lastly, three practical versions of a receding horizon LQT controller were com-

pared in terms of performance as well as with respect to implementation limitations

arising from memory and computation requirements. Approach I used a full o�ine

computation, allowing for a true optimal implementation with arbitrary horizon but

with the tradeo� of requiring storage of the auxiliary signal in addition to the gain ma-

trices and reference signal. Approach II used the steady state, in�nite horizon gains

in lieu of the optimal values; this reduced the o�ine computational burden. This re-

duction may be bene�cial if one wishes to adapt the controllers gain in semi-real time.

For example, when a new sample is placed on the AFM, a quick system identi�cation

could be run to determine the current system model and from that new gain matrices

determined; being able to do this fast would then be bene�cial. Approach III used

online computation of the auxiliary signal, leading to a possible reduction in required

memory, depending on the relative values of the sample rate and the period of the

reference signal, but an increase in computation required as well as an increase in the

complexity of the algorithm and thus the amount of resources needed in the FPGA

to implement. All approaches performed reasonably well in simulation, leading to

the conclusion that the appropriate choice depends upon the particular application,

driven by the required sample rates, available memory, and computing power. All
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three methods were implemented and used to control a physical DSA system to val-

idate the approach. They were combined with a simple state feedback controller on

the LRA to achieve full control of the DSA. All three showed good results for tracking

a desired sinusoidal reference. Approach I was then implemented to control both axes

of a DSA scanner, demonstrating the ability to implement the LCS scheme using the

high speed, high precision, long range stage. When considering these di�erent phys-

ical implementations, it is also important to keep in mind that because the models

used are never a true, complete representation of the system, the notion of \optimal"

can be somewhat elusive and it is not necessarily practical to keep that as your metric

of performance. Rather, one should balance the complexity of the scheme against the

real-world performance it achieves.

Our experimental results also showed that the scanning stage exhibit nonlinear

coupling between the x and y axes due to the physical geometry of the stage. We

explored this coupling through experiment, showing that in practice it limits the

available actuator range in the SRA by adding a bias to the control as a function

of the LRA position. We also demonstrated robustness of our scheme to external

disturbances through a basic \knock" test.

Finally, we implemented a combined MPC-LQT control approach on a single

axis to demonstrate the complete controller architecture. Due to FPGA resource

limitations, this could only be done on a single axes and with only Approach I.
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