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INTRODUCTION
The purpose of this paper is to investigate theoz‘e’sical]_.y the

change in the electricrfield of a short radieting antenna caused by

the introduction into the original field of a special radiating antemna.

C .

s devised to give various signal strength éistributions, excepting wave

This re-radiating antehna is analagous to the Fresnel zone plate

used in physical optics inthat it-consists of a series.ef concentric
rings, electricelly conneeted, each a half wave length further from a
givep point onthe axis of symmetry‘ﬁhan the ring of next smaller radius.
This is shown in Figure I.

We are ultimetely conqerned~wi£h a result which may show an
improvement of signal strength in thevelectromagnetic propagation
through an 1mprovement in the electrlc and magnetic fields. This would
of course be of interest in relaying radio 51gnals.

In the past four years, the commercial progress of teievision
alone would warrant_investigafing any possibility whose end is an improve-
ment in signal radiation. - The expansion of microwave relay circuits
providee additionel impetus for thisrinvestigatioﬁ.

| Since antenna problems are solved through the well known Maxwell
equations, which often become unwieldy in application, certain simpli-
fications must be made. These are Jergely in the geometric forms of>the
elements of ﬁhe system to be studied. Wnile these simplifications some-
what limit the generality of the problem; since this probleé is solved:
theoretically, the’result‘will still allow us to gain some ingightiiﬁto
the advantages of the proposed arrangement. .

TWhile innumerable ingenious radiation conflgurations have been



guides, most of these have been béséd on the premise that the elements are
located within a limited space.‘ This paper céncerns a radiating antenna
which is extended in épace; that is one elemeni of the system is located
many wave lengths fromthe other. It is to be realized, of course, that
any secondary re-radiating antenna would derive an amount of energy from
the signal of the primary' radiator.‘ We hope to find a configuration which
will change the field of the prima:r;y radiator in:mich a way that the p_e_‘g
effect is an inérease 1n field strength at certain points.
In the Review of Research it willbe poihted out that experiments
have shown that as the wave length of £he radiated signal decreases, pro-
pérbies usually thought of as being associated with light become evident
and detectable in these high frequency radiations. It would seem reasonable
that the re-’radiator éould be dewised to take advantage of some of fhes'e
| properties. If Wer‘bhink of these optical properties and at the same time
wish to re-distribute the energy in the field; some vsort of interference

method comesim mind. The Fresnel ~zone plate is used to produce inter-
ference in physical optics and, accordingly, we have chosen the.zone plate
to prc;duce 'interférence in the ele‘ctromagnetic field.

Now to do this with any i‘igofouéness at all, we could hardly hope to
base our arguments on geometry along as is oftendone in physical optics.
Tt is essential to base our results on the Maxwell equations and introduce
the rev'-radiating zone plate as a boﬁndary conditiaﬁ. - In the Review of
Research, it will be shown that bouﬁdaries of various forms have been
studied. On these precedents, and using conventional methods s this
problem will also b:-:z studied,

It should be understood that this is essentiallj the type of problem



first solved by Dirichlet; that is a primary radiator used in conjunction
with a re-radiator in which a current is induced. We have further con-

- formed with Dirichlet's method(by’assuming the system to be isolated in
free space. Indeed, the.problem of introducing the earth as a boundary
is difficult in itself and will be cited later. Since the simplification
of free space is assumed, we cnn hardly expect good agreement with
experiment., Nevertheless, as was previously stated, while these limita-.
tions somewhat reduce the scope of the problem; a theoretical incite is

still to be expected.

The first section of this paper gives some Maxwell relations and
manipulates them into a form which is convenient to use for this antenna
study. The field vectors of a short radiator on which an arbitrary
signal is impressed are derived. The second section defines the geometry
of the Fresnel zone plate and derives the currents induced in this re-
radiator. The third section evaluates the compositeAelectric field
caused by a short radiator and zone plate togenher. Finally, some

conclusions are given.



REVIEW OF RESEARCH

The methods used in this problem have been well developed in the
solution of boundary vaiue problems an_d difi‘racfion ﬁroblems of
electromagnetic waves. The simplest, of course, is the We]l'knowﬁ
radiation of é simple periodic current in a shoft antennal. W.a:l;sxon2
attempted to account for this radiation following the contour of the
garth by studying the diffraction of electromagnetic waves. The
surface wave he derived was never qbsefved experimentally. This work
is cited since diffraction is'eSSentially interference. Epstein3 s
Burrowsb’, and Wise5 carried on his work, assuming various electric
properties for the eéz*bh.v It | is surprising that only recently Kahan
and Eckha.rt6 showed that the surface wave predicted earlier cannot
really;- exist since it is an incompatible boundary condition. This will
substantiate the earlier sf;a*bement. that intrpducing the earth into a |

radiation problem causes great difficulty in itself.

. 8. Skilling., Fundamentals of Electric Waves, Wiley and Sous,
1942, p. 134

2G. N. Watson., "The Difi‘raction-rvof Electric Waves by the Earth'",
Proc. Royal Soc. A, 95, 1918, p. 83

: 3 P. S. Epstein. "On the Bending of Electromagnetic Microwaves
Below the Horizon", Proc. Nat. Acad. Sci., 21, Jan. 1935, p. 62

hC. R, Burrows. "Radio Propagation Over Spherical Earth", Proc.
I'R.E., 23, ay 1935, p. L6l

SW. H, Wise. "The Physical Reality of Zenneck's Surface Wavel,
Bell Sys. Tech. Jour., 16, Jan. 1937, p. 35 _

O7, RKahan and G. Eckhart. "Somerfelds Surface Wave. Final
Solution of a Problem which has remained Undecided for a Long Time',
C.R. Acad, Science, 226, ay 1948, p. 1513



A considerable amount of work on Dirichlet's problem has been
done. Keller and Keller® have solved the problem of a short
radiating dipole on which a simple periodic signai has been impressed,

located at the center of curvature of a conducting and grounded

shell, Papas and K:‘\.ng2 slightly earlier had eveiluated the currents
induced in the shell of the previous arrangement but used a quarter
wave length a.n‘benn:_a.. This increases the difficulty of the probleni
éince’ this radiator does not have a uniform current distribution with
re'Spect to time or length. Methods us"ed in these papers are used in
part in the problem at hand. A boundary i:roblem ‘worked by‘Horton3
determined the diffraétion of a plane wave by a conducting sheet of
semi-infinite dimensions. Le<il:‘.x‘1eggh has recént.ly worked out the general
'boundary problem in general functions with discontinuities in the
boundaries,

All of these are important §ir_1c:e they provide specific methods of
which we will make use, especially Ledinegg's general solution which in

terms of the general functions ﬁsed, outlines the steps to the solution.

1y, B. Keller and J. B.Keller. "Reflection and Transmission of
Electro-magnetic Waves by a Spherical Shell®*, J. Appl. FPhysies, 20,
April 19L9, P- 393

2, B, Papas and R. King. "Surface Currents on a Conducting Sphere
Excited by a Dipole", J. Appl. Physics, 19, Sept 1948, p. 808

3c. W. Horton. "On the Diffraction of a Plane Wave by a Semi-
infinite Conducting Sheet", Phys. Rev., 75, April 1949, p. 1263

l‘E.Ledinegg. "Boundary and Discontinuity Problems of Maxwell
Equations", S.B. Ost. Akad. Wiss, Art., IT A, 156, 1948, p 417



All of these papers are of course devoted to the application of
the Maxwell Equations to specific propagation problems., Bucholzl
made an interesting summary of all the work along these lines,
especially of boundary value problems in propagation, carried on in
Germany during the war, Most of these were concerned with the
boundaries of wave guides; another type of problem solved by the
Maxwell Equations. |

2 recently performed an interesting experiment. Assuming

Coates
that microwaves will demonstrate the interference properties common to
visible wave lengths and basing his equipmeht on: the geometric con-
siderations of physical optics; he constructéd a grating spectrometer.
His results show that his assumption was well taken since a spatial

distribution of energy analagous to that obtained in optics was

obtained.

1y, Bucholz., WElectro-magnetic Waves in Wave Guides and Related
Problems", FIAT Review Ger. Sci. (1939-19&6) Off. Mil. Govt., Appl.
Math., Pt. Vv, 1947, p 81

ZR. J. Coates. "A Grating Spectrometer for Millimeter Waves", Rev.
Aci, Instr., 19, Sept. 1948, p 586 . .



I. The Short Radiator

At

Maxwell!'s equations are well known w;’; ikt

S X e 4Td , 1L 5D
V*/ ¢ T 5= @
XE =-L 2B |
v < 4 (2)
<7- D = 4“7,5’ (3)
-8 =0 | (k)
and are usually used in conjunction with
J = o & (5)
W =37= (E-D+B-H) (6)
B = H (7
D =g £ | (8).

It is with these relations that virtually all soluble

problems in antenna radiation may be considered. In using them
to consider potential distribution, it is common practice to use
the splendid method provided by Dirichlet which enables reasonably
formed re-radiators to be placed in the field of the source radia-
tor and the net effect to be determined. Specifically, if the
potential due to a source radiator is given by ‘

=% (re,0,t) (9)
and the re-radiator is a grounded series resonant conduvetor such
that when t+ = O, the potential due to the re-radiator is O, the
potential of the latter is

$=¢, (r,e, ©,¢t) (10)



Since this is a scalar quantity, the additive sum of the two

potentials is the net potential at anmy point in space

£=2%2(re,0t) o,

expressible in terms of the source and re—radiating antennas

2-f -4, - aa.

How this is used in conjunction with the Maxwell equations
is. eagily shown; for while the potential distribution is of
iﬁteres’o, in radiation problemé we are primarily qoﬁoenied with
the power and electric field strength attenuation in sfaee-space.

Knowing, then,

H =V XA (13)

and ‘ | '

VXE = - %% 4 (1k)
a substitution results in

T XE=—%+ s x54 Coas.
We are justified in introducing any scalar quantity of the
nature :

<7 X Vj“" = O (16)
and finally may simplify t15) to
F=-4t20_T$ an,

 where we may say the scalar introduced is to be the potential

at any point in the field. We also make use of an earlier

relation
' 18
N CE = 4T1me (18)



e T

and ifhes Lorentz condition
‘ XS
Vo A s — & >z ' (19)

~which in conjunction with our earlier relations gives

s | >>3F _
?:Tf-—n, (v g“'cl-—":n TE‘E {20),

- el Similarly we can use

_amd 4 2 &
VXH=25 o 5% (21).

This latter may be transposed into

c _ >E | |
J=55 (vXH -t 5% . (22)

and after éubstitution of
H=~ XA . (23)

simplifies directly into

J:,—f‘;_ﬁxvx/a%é—, gfg +V (& j:f )j 24)
or finally N

JerE A SE) e
The similarity between (20) and (25) in form is obvious, and
Kirchoff has provided a retarded solution for source problems
of th&?‘ nature, |

The former, then, is soluble as .

P (26)
and the latter as ) 4 Y
A= fJfEEzEN @,

using only retakded poténtial
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in which no reference is yet made to boundary conditions,
As previously stated, some means for eonsidering power distri-

bution is of interest; so that since

W =35 [£D+BH ] (6)
and we will be working in free space, then
D=cE =k (7
and finally the energy density at a point in space will be
W =g [E T+ HY] (28).

- With the previous relations, we will hope to evaluate the E and H

and 'bhereby determine through the potential and Dirichlet's method
the Electric field vector at any point and the power distribution.
Let us restate an earlier result as :
[f[ee-£,, @

Yy v
and apply it to a short antenna, A three dimensional cartesian
coordinate system is assumed with the radiator of length 1, located
S0 that 1/2 is at the zero point and runs along the vertical axis,
%z, 1 is sufficiently small so that the radius rectorlto any point
distant from it is considered constant. A currenmt of simuscidal
nature passesy along the antenna in the z direction alone. We may
noﬁ’ restate (29) as |

7 rt.hw(t-"—-g by
A=+ j d= (30).

‘n

Wherein reference is made to the magnitude of the vector only.
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Performing the integration along the z axis is readily done and we

get the result

A I «(7 eéww(t"z’: )+ o ' (31)0

Changing from a ca.rbesian coordinate system to a set of spherical

coordinates requires projecting (31) into the new coordinate axis

and this results in

Ah Iietﬁnw(a‘: )C,OS‘Q—l'b (32)
- !
Ay = -L& ginw(c-E) s 0 +d (33)
and by performing the operation spec:.fled in (13) - |
Ir le iq
v X /Al :\H.___ rsing rwin © b;» (13),
) __&_ > Y 3
. Ar 28 A é

Ar -A e v sin ©

we arrive at the magnetic field vector components,
H, = © (35)
He = © | | , (36)

. IIOX gV an) irW(t—’—c':Z}—
Hnﬁ = == (r‘ = e | (37).

Now making use of (19) again

, = -1 30 . '
V -A = —¢ SZ (19)
we have finally the relation '
£ - 20 j,qat, (38),

so we may evaluate all the quantities which would be of interest.
The operation in (19) is performed in a relatively simple manner

for the case in question and before the specification of the initial
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condition that when t = 0, the potential must be zero, we arrive

T, A e I, y tnw(E- E)
ab 'iIi: ci-& [a. t Thw < "
+ 2 +S‘_‘??_it+fe' (39)«

Now to this point, our highly restricted case of a radiating antenna

.of short length was quite formal. Of course in practicé s even were

a short length antenna in free space used, the signal appiied in the
antenna would be of a far more complex forme, Normally for radiation
problems this is of mno consequence aﬁd one .spatial distribution is
identical with all others in so far as the Fourier series analysis
with respect to timeis. ubually concernhed i, but since we are to be
eoncerned mth a non-homologous signal to be used in conjunction with
a re-radiator primarily usable at only one wave length, we shall wént .
to investigate the effect of frequency discrimination. 'Accordingly,
the Fourier series in time of the appiied signal m.ll be of considef—

able importance and using

/’Ja—/—fjj (t-/)dv .(27)‘

we must now specify i more in agreement with practice, so that

I, Eh. A, sin mw (Z- )+ B cos nw &-£) (10).

Assuming the same radiating attennule specified and reverting to
the cartesian coordiante system, integration along-the z axis is of
the form +2
/4 = A I ZA sin nw(i'~c.)+8 cos ”w(t_r)dz

x.

2 (3
g

L
=



which after int.egration is
R i‘ Z Ah Slh hw(i:-ﬁ.) hcashw[—f,—ﬁr>+d(h2).

Now tranforming to the spherical coordinate system
A a=I°’Qz[_Ah st he (B=2) +Bpcoshw - 4')]¢°6e+5 (43)

He —_-_.Io«Q Z[Ah sim hwit ~A‘)+ necos hw("f’-"A‘JS)nﬁ +g

Re = | (1),

Using (19)
?ﬁ:"’c{V'H dt (1)
and since the operations are interchangesble, we get the
divergence as
) = ° /( - Ab W : - .
VA :E.n, < "ees hw(t ?’:")"'.B_‘_“g__‘lsm hw(‘#‘é“) cosO
(L6).
- IO«Q
— Ay sin hw(’ﬁ“ )*’ B, cos hw (-l:-ig-)]cos-e-
+ 7\-,— A g O‘ELV\ <
The integration with respect to time is obtainazble as

§Oé L.« coseg(iliw Z[B—“ sin o (44) - P’ . cos moft=2)

Z[A\'\ Sin hw (‘t" ) Bv\ cos lﬁw(’i‘-""ﬁ} w0
+(3‘\‘~ + 5‘tc+we + R
It is th:Ls lat.ter relation wh:.ch we will use in conjunction with
the potential of the re-radiating antenna to find the net distrib-
utions We then proceed , after application of initial and boun-

dary conditions in connection with the earlier



- relations to arrive at the necessary field quantities.

Referring back to
S B 5
F=-Z o=V £ 8
and performing the operations indicated yields the components of

the electric field.

En. = acI/t:QZD)’“ 5in hw(‘h‘o)"’Bnc"s"’WH‘ —-')]Cob-é-

+ 2I¢/Q ()48)
| Z[——h-sw\ hw (-2 ) - B" coShw(~L~.ﬂ=)J cose

+_@:EL + g-t C«+WQ' -+ m
| c/\-‘-Z[A“ Slhhw(‘i'-"-—‘)*'ﬁp\ coshw(":‘——-)]s;we

+I° Z‘[ Sih hw(t—%)—_ﬁ%,‘-c&&hW(‘f—"%)] Sme

£ +];_;:-//S Z[R W "U'\°°5V)W('L’£'>‘ Bhﬁmnw&"%)]Sm-e-i-S't:“'b'?;—o):Q
¢ = O

Insisting on the initial condition that when tz O; the potential

is gero, permits a restatement of (47) as
o= (#1),
- el (51).
From this the constant is evaluated as

k= TL 5, s, nwn thosL_)cow (52)

+ Io»(’, ( .@!1 S nw €
E i % + gh codn A) cos
~and the unique result is

E Iofqz {Hh 31“) hW(‘t*"")‘!- Bs\cos hW(":-"'))COSG + __L_ Z( 5,;,, nw(-ﬁ _'k)
S B cos hw 't:-"—'))coSé + o= ’I"‘QZ (Ah S - Bcos hw«.) cose (53)e

R
"‘I&’e Z (_15“""“”1' *-&LCOS_.__&>COSG' +'__@I— + S:Ed'h
This is changed into the form  ©

Eb Ib«Q Z [A \,‘ksu,‘ hw (1 ~_’l‘) +5m Q_u_l_g,) + B“ (c,os nw H;""‘ —as ni?)]cwe

+%;Q12[§3_(m (44 +5mnw¢) -Bu (cosnw (£~

= cos "-‘%’-4)] cos© +"@‘—.fb + g’tcih-e- ‘
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- Applying the same initial condition to the electric field components
results in Er being, when t= O
Q=
, C/Lz (Z[ Ansin nwa 4 thos huJ/L_]) cose (58)

+ BIO (Z[ Bh Sl"] y\wn_ - Qh CoSh___A])c,Ose’f‘hn
so that
- BICVQ. (2[ .._% Sh’) hW/L +_B_b. cos mwm]) (‘,OSS- .
| (56)
.-\feI'o

c N2 (Z[Bh Shhwa . Bk Cos hW/L]) cCo5E&
. C (& o
and the unique result for E is
- Ena= 81-042 . H
(51 hVW(‘L'?:) +3ih hwa ):__m (cos hw(-t-—?;)~c0-ﬁbig:i):]c069
(57)

+ éloi
C v EEA‘\(&»\ (-2 )+5m ng,rg) Bh(cos hw (4:4)- cosu__a):l cos©

, A + BE f3"l= 3t ctne
Repeating the initial condition for E g aT

O=TJo A
one Z[A"‘s"‘“—%": + Bh cos huJ/L])SM.Q. (58)

+Ic/e (Z[
3 —— " - .
wal —_‘9-h SML%JA- __%h.c%_b_%kj)sm-efvg
. results in

Fe =Jé°fz Z[A 5Ihhw('l:‘—"‘)+5“1_w4')+-'3h(ws hw(i-:"’) 605%4)]8!”6'

+I°
w/u" KZ{_ SM hw(t-_;_k) +351n hwn.)
c

\

7 -~ _Bh_b. (cob hw(tmgs:-) —cCod hwn.)]g,,',)e. +<_§;t_c_';%§
C— 1

So that finally we have only the last component E ,which

¢

is gero from | symmetry,



What we have considered up to this point is the small radiating antenna;
that is an antenna of short length in comparison with the wave length

of the impressed signal. This means that we may consider the distance
from any point on the antenna to a given point in space to be the same.
This is quite a common practice in antenna theory and allows integrations
with respect to coordinates to be made more easily. Referring to equation
(L1) it is evident that if the r in the denominator were not considered
constant, the integrationwould not proceed so readily.

Now this is the first of the geometric limitations imposed as was
mentioned in the Inbroduction., It does iimiﬁ the generality of the_
prbblem somewhat; but we can still expect the result to be of some use.
That is, since we are really hoping to compare the field of a short
‘radiaﬁor wiih the field due to the antenna system proposed, it is anly the
difference between the two fislds which is o be determined. Whether
the field of the "improved" system proposed is more or less advantageous

for applications suggested in the Introduction remains to be seen.

16
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II. The equation for the Fresnel zone plate is given by
b vvnt 2 (b D22 here A
s of radisted signal (60)

This is shown in Figure I in the appendix. | '

The zone plate, as was mentioned in the ﬁﬁroductioh, is a series of

concentric rings. In optics the tranSparent' rings alternate with non-
transparent rings and each ring is a half wave leﬁgth further from a -
point én the axis of symmetry than the ring of next smaller radius,
These radii are given by rn in the relation above. b designates the

distance to. the point in space on the axis and )\‘vis the wave length of
the light being used with the zone ;plate. That is, for each‘ different
wave length of light used, a new zone plate must be cénstructed and the
dimensions of the rings are given by (60).

We have two critical problems conf;ronting us in adapting this to the
mathematics of the electromagnetic theory. First, we must of course
construct the theoretical zone plate with properties which will allow an
inteéfation withbut too many mathematical difficulties. Since our short
radiator is most conveniently worked mathematically in spher_:n:k:ézl coordi-—
nates, the rings will be considered annular sections of the'za‘aurface of a
sphere. The géometry' of equation (60) will then have to be changed to
conform with this new geometric form. Second, we must consider that in
.el-ectromagnetic theory and practice the monochromatic source is often
not used. To keep generality in the problem, it is desirable to assume
the source to be radiating a signal composed of components of many
frequencies. For this purpose, instead of using a simple periodic function,
a Fpuriér serieé is used as the form of the current in the antenn\ule.{

- In principle, we can then arrive
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at a result which can be used irrespective of the wave form being
used to "drive" the antenna.

In keeping with practice, and to keep the mathematics from
becoming unwieldy, a few further assumptions are made. The electro- .
magnetic analogue of the zone plate is considered to be made of a mebal
which has no resistance. This is a reasonable assumption since there
are metals of negligible resistivity. This assumption is often made.
We must furthér agree that the reactance can be made zero for the re-~
radiating zone plate. This can be done in practice by adjusting the
electric elements in the "ground lead", but at any rate it is valid in
iheory.

We are now in a position to make some statements about the currents
induced in theanalogue zone plate by the radiated signal of >the source
antennule. |

Further back, we had

= e
—

1
c 2N - L :},__&_.) (2h).
i (VAT e )
Use will also be made of the components of the vector potential

of the radiator ,
Ay = T=d (AhaMhu%t~%)+Bhastb%}we+B 13)

wr
Ae = '%%Z (Ansih nw(# &) i Bhees hu ('k--'é‘-))sme v ()
R¢ = o - | )

Tt will now be necessary to evaluate the separate components of the
current density induced in the zone plate using (24).

These are

(61)
_—————"1 A
dd Q: = %%L (‘ Ahw‘h‘;»h hw{)‘:"%)- Bnwncos hw/"ﬁ‘f:))cos—e—- |
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23 o Lod (A whsin nuale-L )0 o G 0 (62),
- , S VAR :
! L _d ,
V=)t (e ssh + (FFs)e @
The scalar Del square product (a sealar) which is to operate on the

vector quantity of fhe vector potential is given by

2 2 3Vl d OVt " ctnb >
V“(—F‘é—f’-"ﬁ"')-/—)"‘:sl'n"é an.)-{.h’- s M r=  Jé (6k)

so that we may state the final result of the various component

ope ra.’c.ions as

7A- - o (65)
9% i
0Ae _ & )
2P = ,
27A4- © e
" 9A I /Q? P
é):‘ = - °r',_ Z (An Sin nw(t-{l)-}‘-th_os' nw(t—%"—))cos.e(éa)

(o4
+§’”i- Zéﬁi‘ :)_._ > cos h“"(f_"sw).t@ﬁ.it.s in "'W(ﬁ'-—:—'-.))ws e
C
BBs o Lok 5T(O4 i s )+6, 08 nn(t =E))sin e, (69)
IR (—wmﬁLcosnw(t“'g')+w"‘: . SIH"W(t‘—E-))‘ih °

> e cr —r. h
-aa—éﬁ?:%z (/-)hsn‘n nw(b—{-)+5hcos m,u_(t = )) é (70)

”ﬁ 2 1 ' : -r cos nw A'E) sin ©
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Combining all of these components into a final expression to
give the vector quantity expressing the current density induced
in the re-radiator positioned in the radiating field, we arrive

at the somewhat formidable and lengthy expression
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Now certain simplifications are permissible. We prescribe the
re-radiator to be infinitely thin so that no current is permitted
along the radial component, thereby, eliminating this component
from the whole expression., A symmetry in phi eﬁsts from the
outset by virtue of the short dipole used and so we may similarly
disregard this Vcomponent and presume thaﬁ the component in theta
alone will have the necessary spatical variation in which we are

concerned, This results in the slightly simplified form ,
: i.=“?r-£'7& ;s Z(An sin nw (f—§)+3h cos nw(-[;-—f)_){’" ©
== —wnfn _ nw(—é—_.’!’).;- wnBn iy pw -é:-{'—)) sin 8
<« C
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It is now necessary to investigate the fields set up byb the zone
plate by virtue of the current induced in it. In keeping with ‘
Dirichlet's method, the components of these fields are then added to
the fields originated by the source antennule to get the resultant
distribution in space of the fields of the system as a whole,

We musf now study the f'-geometry of the radiating zone plate.

Making use of Figure II, we can see that

surface lenqtﬁ‘

F

and that the area of each radiating zone is proportional to n

¥ MY (h'= l)‘ﬁ": A
n 2 L"a’ R (78).

As was mentioned, the geometry of the Fresnel Zone plate in optics is

S = ()

not of much use here; ‘The optical zone plate is flat ahd this
analogue has been given a spherical surface. Referring again to
Figure II, we could state from the lawof Cosines for triangles
, |
5= ([ 2 )e (b v )0 e b)) 61]

For this to be true, s ﬁust be a straight segment. Now since we
are studying the radiation field, which by definition is the field at
great distances from a radiator; b is large. | |

Since s is necessarily small in comparison with b, the difference
in b between s considered curved or flat is negligible, and the equation
used (79) is a reasdnably valid assumption. Furthermore, considering
s curved would result in a geomebiic relation which is considerably more

complex and of course makes any result that much less appealing to the

physical sense", Combining (78) and (79) gives

o0& = (_;'—j—)— | (80)
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Now the general expression for the vector potential at a point b

distance along the axis, measured from the re-radiator is given by
%f[[él£~¢/c> CJ\/ '
b ‘ _ (81)

or specifically in the spherical coordinates which are being used

.HZ 1 [{ c(tb*"’/z_) »fq. e de sine- (82).

The volume element in this expression is reduced to a double integral by

the assumption that the radial thickness of the zone plate is negligible.
We are going to integrate over the limits of each segment whose magnitude
is given by(79) and sum the individual components (in this case theta

alone) over the total number of such zones in the zone plate. This is

T/ (19)
A2 L) et de dbone

o
in which we may algebran.cally reduce the upper limit and get a form which

is more useful CChn- ') A ja*’h' s

A 19}2;‘ L L ¢ ('l:‘: rfe) P \9_ G((P sih-e (8L).

To perform this integration, which is quite a difficult operation, b

may be considered to be a constant, This is reasonable since the re-radiétor

is of small dimensions compared with the distance b from this re-radiator

to the point in spé.ce being studied. Fur‘bhermore;. since b was taken

as being large further back, there will be very little change in the

magnitude of b measured from this point to the outermost ring of the plate. This

means simply that the values of b measured to the point from the extremities of



the surface do not vary a,pprecn.ably from the distance along the axis

to these points. Accordingly, w:.thout introduction of much error

_ and in a mamner used for the short dipole, we will ignore the radial
dependence and call th;‘t.s .distance éénstant‘ substantially simplifying the

integratione We get after Mtggration over symmetric ph:L,,

Lrn-0' N1+ X
/4 "Z LA [E’I(wnAh cos hw (- ﬂ)— B,, sin mu(t ))sl'n o
y ‘ .
B et Er))sin o (85).
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: +Z(.ﬁn__f’ cos hw (- L)+BrWh sin nw(’ﬁ'-n))-l—c-qjsm ede
The individual integrations to be performed are quite simple and are set

foxth as{[.(n-l)*_]"‘""xl 573 {‘E j+ }6‘73
sin*ed e = [ &- -},—sm e] (86)
{[(n—l))\':’ +n' }573 . {[ ) +}w 3 ,
\f sin 8 cos ©d 6= [—‘- smle | | | (87)
-1\ n'>(> £7.3
{[ ca)s i+dej= [J-e+-L sin e] I 7+ }e73 (88)
' {[(n-:)-}\’]-:-yx }f" 3 5[ 71+ }573 |
f sin edé = [cos e] . » (89)

in which the limits for our problem are :anluded.

Finally, we have the theta component of the vector potential as
IR SO ¥ R AN S Aoy
2 niy 7.3
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So we have here the field of vector potential contributed
alone by the re~radiator as a resulﬁ of its induced current due to
its positiox} in the field of radiation due to the primary dipole.
Since this is a vector quantity, although only one component is
present, it is essentiall- to add it vectorially to the primary’
radiation due to the dipole alone, this latter having two components.
The resulting expression :;Ls then considered in 1ight of the initial
and field bomdax& conditions and finally used to arrive at the
increment or diminution in total field strength at various portions
of the field at which the radiation as a' result of both together is
being investigated.

The total radiated field along the radial axis is

6/” nw ~z cos hUJ(f"_ as
27 5 (A sinrw i), e e€91)

and long the theta component

A = '(sa.mf- as oq valion 90) . | . (92)¢

Because of symmetry, of o urse, we still have

Ag = 0O | (93).
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III. The field components for the primary radiating source
have been completely determined. From the vector potential at

which we have just arrived, it is possible through

E=*~é~~j—f’~-—v Adt (38)

or in this particular case

Eg=~7 8- -‘VLfAedf (s1)

to arrive at the field strength components for the re-radiator
alone, Thig of course is the field set wp bythe re-rédiator as a
result of induced currents in the zone plate as a result of its |
being in a field of a radiator.

It is necessary to separately determine the elements in the

equation given by (9L4). One of these is

Jﬁe' Z _IA. EZ—“"‘ A sinnw (E~-£)-win G c.o.snw(f-'- ))
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Another element is givenby

fA dt = Z-‘IJ[E Aw cin nw(f—-—)-i-__. cos nw("t-——))
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There remains the operation of the scalar del square, Since we
are investigating in terms of r , we can substitute the variable in
terms of the radius and position of the zone plate and the distance
from the zone plate measured along the axis to an arbitrary point
under consideration, This is applied to the theta component alone

and is given by‘
thd
~ % S5 )b‘)éofb) e (Ph)t 99)+(D) (s7)

and the differentiations used are shown valid since

2 =_2 ar (98)
ob 2r
_2,__ = Ac, @ Sin el | (98a)
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It is convenient first to rewrite (96) in terms of the substituted

variable, then perform the operations indicated accordingly,
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The differentiation is performed first with respect to the distance

along the axis measured from the zone plate into the re—fadiated

field giving
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The second differentiation with respect to the same variable s Yo
which we were eventually headed is
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We come now to what is an important and.necessary simplification.
As was mentioned further back, we are concerned here with the
"madiation" portion of the electromagnetic field. It is customary in
problems with antennaes to consider the field as two separate parts.
These are the induction field and the radiation field. The radiation
field, as aefined further back, is the portion of the field at a great
distance from the a.ntenné., The induction field, on the other hand,
is that portion immediately close to the radiating system. More
precisely if in the field relations we omit all terms which have
negligible values at great distance, we have the radiation field left.
Conversely, omitting terms which are of small value close to the
antenna gives the induction field. Now usually the whole electric
field expression contains the distance from the system to points in
space 1n the denominator. When the distance is involved as a square
power or higher in the denominator, omitting the terms containing
this quantity gives the radiation portion. Conversely, if the distance
appears to the first power, omitting terms containing these quantities
leaves the induction field close to the antenna.

Now while (101) is a measure of the field at amy point in
épace, it is so lengthy and involve?; 80 many terms that we do not
have much help in framing a geometric picture. Thatis, it is hard
to see exactly what effect on the relation the various quantities
involved have. |

The assumptionsb made presumed that we would be concerned with

points located at quite some distance from the re-radiator. Therefore,

to be consistent and insure accuracy, we should conhtern ourselves mainly

with the radiation field at great distances from the re-radiator.

32
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We perform the essential operation then of considering the pro-
perties only of the radiation field and to this end neglect all
terms of square powers and higher in b and thus <> the sub-

stituted variable. Our azimuthal angle component with which we

have been working ta.kes the form

E ] Z 4~b3 [7‘:¢rm~s + 4—6"[;‘","5.7
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Neglecting these same induction field ecomponents in the azimuthal

component of the primary radiator, we have

= cta' ert _it_ Z(_‘%". sin nw (&-£) (103)

o - r
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n

The arithmetic sum of (103) and (102) provides us with the total

“

azimuthal electrié field strength
ctn' © / By sin nw (t-£
SE - Lyt op 5 G o )

— An o nwét- )
____-.e, Sz. ..,/?.'Eé—-
2, 4-b ['Z'(_____‘*‘_f, Anpcos nw (t ) (10k)

an [J j €7.3
nu) 6 .sannw(éf*’d"'b)) 'Q /{ -
ZJ A_n_____. c oS ”W(+—Z—*‘)
r—-b o

in>é _
Gn“’" s "“’/i—'f‘f‘é)) 5”
ﬂn win® s nw(‘é'~/fﬁ~)"’ /—r“ sin nw(t-
{[ Jf}~5‘732 wsﬂ A cos nw (- ’0+b)
S’ 0 {‘[ F+} $7.3
e

o

—

,{L J+J $7.3

o }h))

s
2

—

Ed

l_.c,os
4 w3n3 6,, sin nw (f-""%")) } ER
3

E = Same AS radiated Field (105)
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~ The gecmetric aspecf.s of the re-radiator, it was pointed out, do
not materially affeet the radial or other angular component of the
field and these are the same as that of the primary radiator alone.
We have determined completely the electric field vector for the

whole antenna system.



CONCLUSION

Relations (104), (105) and (106) are the resulﬁ of this investiga- |
tion. Referring to (106) we ses that the electric field component in
the.phi direction is zero. 7This is not surprising since early in the paper,.
sjmmetry with the respect to this coordinate was prescribed in the theore-
tical construction of the radiating antennule and the re—radiating zone
plate, |

Refér;'ing to (108), we sée that the field for the whole system is
thé same as the field for the antennule alones When we consider that the
problem was worked using an infinitely thin zone piate, this is not
sur'prising._ : ' ’

Equation (103) is the relation which givés us the magnitude of the
electric field in the tﬁeta direction. Thié is, of course, the magnitude
of the distant radiation field., It is to bé noted that this expression
is not the same for the whole system as for the radia.ting antennule alone,

By :‘mserting the zone plate s we have "rotabted" the electric field.
The basis for this staten;ent requires that we inveétigate slightly the
nature oi‘ vectors., Since we have used spherical coordiﬁates here, which -
are orthogonal, the magnitude of any vector is simply the square root of
Z( componénts) 2;..—,-.;,.f.;:-er.-,-. Now if the theta component has changed in
. magnitude, its sqﬁare will change in mafgnitude and accordingly the vector
magnituée will changé in m‘agx'ﬁ.tude » - . {

Now the direction of a vector is given by specifying an angle in the
coordinate system in each of three directions. This anglé‘ is determined
usually in terms of the tangent of this angle; being defined as the

magnitude of the component in a particular direction divided by the magnitude
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of the vector, Now since two of the components were shown unchanged
by inserting the re-radiating zone plate, and yet the vector was shown
changed in magnitude; it is obvious that fhe angles in the direction

of these components will change. In other words, the numerators remain
fixed while the denominator changes. This, of course, changes the
value of the angle's tangent and so the direction of _the‘vect.or has
changed.,

This is precisely what has happened in this case with the electric
field vector whose components are given in (10L), (105) and (106).

Having changed its angle, it has been rotated as was mentioned.

Electromotive force may be defined as the scalar or dot product of
the electric field and the line element of the conductor in which the
electrc;motive force is being developed. This dot ‘product cqntains a
cosine term, so that when the cosine is unity, the electromotive force is
aa maximum, This means the angle corresponding to the cosine can be
. 0 degrees; and in this case, it is the angle between the line element and
the electric field wvector.

If we are "receiving" the signal of the short antenna in amn
;antennﬁle, we would presmhably orient it to gain the mamimum electromotive
force that we can. Now if the re-radiator is inserted in the system, the
electric field is rotated and if we still wish to develop the maximum
electromotive force, we must rotate the receiving antennule. To gain
maximum electromotive force, we must again make the cosine of the angle
between tlie antennule 'and the electric field unity, or the angle O degrees.

This means, of course, that we must rotate through an angle exactly
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equal to that through which the electric field was rotated. Noﬁing (10kL)
again we can arrive at some conclusions of further interest. The terms .
caused by the introduction ofthe re-radiator into the system are all in-
cluded under a summation sign. This summation corresponds to the number
of zones used in constructing the theoretical zone plate. That is, the
integration of the re-radiated field was performed for each half wave zone
in the zoné piate. tﬁhese were then summed over the number of zones which
we choose to use. -As the relation is given, the choice in the number of
zones is perfeetly arbitrary.. We may choose to use no zones, which amounts
to not having any re-radiating zone plate in the system. We should expect
to have the equations representing the electric field of the whole system
degenerate back to the field of the radiating antennuie 'along. Since' all
of the terms contributed by the re-radiator are contained within this
summation, as was mentioned, using no zones and summing over zero eliminates
the field due to the zone plate. Thus, we are left with the original field.
We should also expect that as we go toward infinity the whole electric
field should approach zero, Since all of the térms in the result have a
distance in the denominator, if the distance approaches infinity all of , the
terms would approach gzero and the electric field thus disappear. In terms
of our problem the distances used are either the distance from the re-
radiator or from the radiating antennule., We have retained both to more
easily identify the terms that correspond to the radiator and those that
correspond to the zone plate. However, as we approach infinity both of these
distances approach infinity and since they do appear in the denominator terms
throughout, the corresponding terms approach.zero, Therefore, at infinity the

electric field degenerates. This is important in working amy Dirichlet



problem such as this, since if a true representation of a physical
situation is to be given theoretically, we must at least expect that
in thelimiting cases, we can get agreement with known experience.

It is,of course, assumed that we know the further we get from tﬁe
electromagnetic radiation of a system such as this; the weaker the
radiation becomes. Presumably, then, at infinity, we would expect no
radiation from the system to be present.

This situationin the limiting case is mentioned for a specific
reason. Like all Dirichlet problems, the system is considered
isolated in free space as was mentioned. This is a situation which we
can hardly expect to achieve in performing an experiment to verify the
results. That is, we can hardly expect any experiment to show much
agreement with the theoretical result but this does not particularly
dgcrease the ﬁalue of the result. We have set out.to find out what
. effect the analogue of a fresnel zone plate would have on the electric
field established by a radiating antennule. We have done this and what
is probably most important to the physicist, wehave widened fhe number
of problems to whicﬁ the Dirichlet method may be applied. This, of
course, makes for a better unity in physics, which is one of the ultimate
goals; ie the solution of as many different problems as possible with as
flew methods as possible,

As a suggestion to those interested, some possible additional
problems aré suggested. These are a few of the mény possible., It would
be of interest to work the problem of zone plates in series. This
implies that we could locate these zoﬁe plates concentrically putting

the first at a given distance from the antennule, the second at a



greater distance and so on.

: Thé use of a reflecting "horn" in conjunction with a sone plate
would also be of interesﬁ. The "horn" presumably would be placed some
- distance on one side of the antennule and the zone plate arranged so
that the horn islocated at the rad:i.us of curvature of and directed at
the zgﬁé.'pla’o_e. _
. Problems of this sort, as well as the one contained in this

paper, widen fjifuxf.tiler. the applications of Dirichlet's method.

Lo
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VII

ABSTRACT OF THE DISSERTATION

In this paper we are concerned with the possibility of
improving the field strength of a radiated electromagnetic
disturbance, The disturbance is propagated by an antenna of
short length which is excited by a signal of purely arbitrary
wave forme In an effort to improve the distribution in space of
the radiated signai, a secondary re~radiating antenmna is intro-
duced into the field of the primary short antenna. This secondary
antenna is of special design . Use is made of Fresnel's zone'plate
from the physical optics. | |

The Fresnel zone plate is a series of concentric circular
rings of varying area, each a.fea alternately transparent and
opaque, The result in optics is the strengthening of light intenéity
at certain points in space at the expense of other points,

The mathematical representation of this new distribubtion of

light energy is well knoﬁh. We hope to make use of the electromag-
netic analogue of the zoﬁe plate , but instead of making use of
geametric concepts only, make a rigorous mathematical definition
of the new field distribution in space. This is done with the
help.of the well known Maxwell Equations,

The radiation pattern of the potential is derived and is
= |
smnys Foc Tl cose J(30)0 [ 2o nufeg)- B cosnkis]

| .
+ c—mz [Ah Shh hw(#«g-)ﬁ- Bh cos hw /t-g—,)]
+ (if: 4 oF J\c:"t he Kk
I, represents the amplitude of the current of the exciting signal,
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1 the length of the short primary antenna, and -© the azimuth-
e.l.angle. This relation is given in spherical coordinates
since most of the spatial distributions of the fields are
most easily derived in these orthogonal coordinates. Use

is made only of Kirchoff!s retarded potential solution and
the advanced potential is not considered and is dismissed as
being physically unreal., By definition,this short primary
antenna has the seme distance from any point on the antemna
to a given point in space.

The re-radiating antemna is intfoduced at an arbitrary
distance from the antenna and its surface 'is prescribed as
spherical, The radius of this sphere is taken equal to the
distance from the short radiating antemna to the re-radiator
alone and measured along the axis joining their centers.

The surface is actually made up of concentric rings of
varying area alternating with rings of free space and the
former rings are electi'ically conducting and connected. This
is really , as was mentioned, the electromagnetic analogue of
the Fresnel Zone Plate,

The currents induced in the re-radiator by the short
antenna are then investigated, The radial current component
is neglected by making the zone plate negligibly thin.

The electric field set up by the currents induced in this

i'e-radiator is then determined through the Maxwell equations v

.



after the latter have been manipulated into a form which is
more convenient to use in this problem. Finally, the elec-
tric field components a‘re.sunnned arithmetically;with the cor-
responding electric field component of the short antenna
being added to that caused by the introduction of the re-
radiator.

Some generality is sacrificed to make the problem
workable and more appealing to the geometric sense. This
results mainly from assuming the re-radiator negligibly
thin and the primary radiator short. principle, however,
the method used allows a solution for a radiator of any
lengtl.z and a zone plate of arbitrary thickness, Since
this problem is in essence a Dirichlet problem, the usual
assumption is tacitly made that all of the elements in the

system being studied are located in free space.

The solution presented is that of the radiation field
alone; This is the field at large distances from the system
which is determined by ignoring terms in the solution which
involve an inverse square term or higher of this distance.
Practically ,we are interested in improving the signal strength
of an antenna at great distances and so it is the radiation

field in which we are really interested.
. Some conclusions can be drawn from the solution,

The electric field vector is rpta.ted and changed in magnitude



by the introduction of the re~radiator. This ié shown to
be dependent upon the number of zones used in the re-rad-
iator. When the number of zZones is made zero, which amounts
to removing the re-radiator from the system;the electric
field vector returns to its original orientation and mag-
nitude as is to be expected, Furthermore, as the distance
frbm the system grows larger, the electric field vector
magnitude approaches zero which is in keeping with our
physical sense of the problem,

No effort is made to study the field near the
system, as was mentioned, since this induction field has
little practical use in this problem.

Several further investigations suggest themselves
immediately. The effect of stacking re-radiators,concentric
with the primary radiator, would probably result in a further
al'beratidn of the original field. It would also be of inte:pest
to evaluate the field of the system used in this paper when
the primary radiator is a quarter-wave antenna or is used in
conjunction with a horn or reflector. All of these can be
solved in'principle with the methods used here and are all of
great practical interest in light of the current need for

efficient and inexpensive signal relay methods,
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