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LAGRANGIAN FIBERS OF GELFAND-CETLIN SYSTEMS

YUNHYUNG CHO, YOOSIK KIM, AND YONG-GEUN OH

ABSTRACT. Motivated by the study of Nishinou-Nohara-Ueda on the Floer thoery of Gelfand-Cetlin systems over com-
plex partial flag manifolds, we provide a complete description of the topology of Gelfand-Cetlin fibers. We prove that all
fibers are smooth isotropic submanifolds and give a complete description of the fiber to be Lagrangian in terms of combi-
natorics of Gelfand-Cetlin polytope. Then we study (non-)displaceability of Lagrangian fibers. After a few combinatorial
and numercal tests for the displaceability, using the bulk-deformation of Floer cohomology by Schubert cycles, we prove
that every full flag manifold F(n) (n > 3) with a monotone Kirillov-Kostant-Souriau symplectic form carries a contin-
uum of non-displaceable Lagrangian tori which degenerates to a non-torus fiber in the Hausdorff limit. In particular, the
Lagrangian S3-fiber in F(3) is non-displaceable the question of which was raised by Nohara-Ueda who computed its

Floer cohomology to be vanishing.
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A partial flag manifold GL(n, C)/ P can be defined as the orbit O) of the diagonal matrix whose diagonal entries

are given by a decreasing sequence A of integers under the conjugate U (n)-action. It comes with a U (n)-invariant

Kihler form (unique up to scaling), so-called a Kirillov-Kostant-Souriau symplectic form. Guillemin-Sternberg

[GS2] constructed a completely integrable system on O, respecting the circle actions arising from the Cartan sub-

groups of connected closed subgroups that form a nested sequence of U (n). They named it a Gelfand-Cetlin system

(GC system for short) as the torus actions was used by Gelfand-Cetlin [GC] to decompose the space of holomor-

phic sections of the U (n)-equivariant line bundle corresponding to A, which is the irreducible representation of the

highest weight A by the Borel-Weil theorem. GC systems are of main interest in this article.
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A projective variety admitting a toric degeneration can be studied through the toric variety located at the center.
Partial flag manifolds are known to have toric degenerations by works of Gonciulea-Lakshmibai [GL], Caldero [Ca]
and Kogan-Miller [KoM]. They have been versatile tools to study algebraic and symplectic geometry of partial
flag manifolds for understanding Schubert varieties, studying mirror symmetry, constructing integrable systems,
estimating Gromov width, etc by taking advantage of combinatorial obejcts associated with the toric varieties.
At the level of completely integrable systems, Nishinou-Nohara-Ueda [NNU1] constructed a toric degeneration
of a GC system to a toric moment map. They computed (deformed) Floer cohomology of torus fibers. En route,
they constructed a Landau-Ginzburg mirror by classifying holomorphic discs of Maslov index two bounded by a
torus fiber on a partial flag manifold. It can be thought as Floer theoretical realization of Landau-Ginzburg models
appearing in the context of closed mirror symmetry [EHX, Gi, BCKV].

Just like the toric cases, the image of any GC system is a polytope and the fiber over any point in its interior
is a Lagrangian torus. However, contrary to the toric cases, the action of the big torus does not extend to a partial
flag variety, which is reflected to an appearance of non-torus Lagrangian fibers. For the purpose of homological
mirror symmetry, those Lagrangians cannot be ignored since a certain non-toric Lagrangian is indeed a non-zero
object over the Novikov ring over the field of complex numbers according to the work of Nohara-Ueda [NU2].
This feature contrasts with the toric cases where a certain collection of Lagrangian toric fibers together with defor-
mation data can split-generate the Fukaya category of a toric manifold investigated by the third named author with
Abouzaid, Fukaya, Ohta, and Ono [AFOOQ]. It is also responsible for the fact that the number of critical points
of the superpotential is sometimes strictly less than the sum of betti numbers of the ambient variety. By the work
of Nohara-Ueda [NU 1] and Harada-Kaveh [HaK], one can produce completely integrable systems on a partial flag
manifold coming from various toric degenerations, but one still misses critical points having some critical values if
toric fibers are only considered. Therefore, non-toric fibers or their (quasi-)equivalent objects should be taken into
consideration to do mirror symmetry, which motivates us to classify non-toric Lagrangian fibers in this paper.

Besides the aspect of the Fukaya category of partial flag manifolds, the process revealing the topology of fibers
is itself interesting as it involves combinatorics of ladder diagrams and tableaux. In representation theory and
Schubert calculus, Young diagrams and tableaux are very effective combinatorial tools to study crystal graphs for
representations of quantum groups and the product structure on Schubert cocycles for instance, see [HoK, Ful]. In
this paper, we device a combinatorial procedure on ladder diagrams and tableaux, which are analogues to Young
diagrams and tableaux, in order to understand the topology of GC fibers and symplectic geometry of partial flag
manifolds. The first named author with An and Kim [ACK] found an order-preserving one-to-one correspondence
between the faces of a GC polytope and certain subgraphs of the ladder diagram. By playing “3D-TETRIS® ” with
certain shapes of blocks on the subgraph corresponding to a face of a GC polytope, one can tell the topology of
fibers over the relative interior of the face and whether the fibers are Lagrangian or not. Those types of combinatorics
on a ladder diagram will be further developed in [CKO] to obtain topological and geometric data on partial flag
manifolds.

In the second part of the paper, based on the above detailed description of Lagrangian fibers, we test displaceabil-
ity and non-displaceability of Lagrangian fibers. In Nishinou-Nohara-Ueda [NNU1], they showed the Lagrangian
torus fiber at the center of a GC polytope is non-displaceable. Other than toric fibers, there are not many things to be
known about non-displaceability of non-toric fibers. As far as the authors know, the only known non-displaceable
non-toric GC fibers are in some limited cases of Grassmannians such as the monotone U (2)-fiber in Gr(2,4) in
Nohara-Ueda [NU2] and the monotone U (n)-fiber in Gr(n, 2n) in Evans-Lekili [EL2]. In this article, we deal with
the case of complete flag manifolds F(n) for n > 3 equipped with a monotone Kirillov-Kostant-Souriau symplec-
tic form. We detect several non-displaceable non-toric Lagrangian GC fibers diffeomorphic to U (m) x T. For this
purpose, we consider line segments connecting the center of the polytope and the centers of certain faces having
Lagrangian fibers. Using Lagrangian Floer theory deformed by ambient cycles developed by the third named author
with Fukaya, Ohta and Ono [FOOO1], every toric fiber over the line segments is shown to be non-displaceable.
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More specifically, for deformation we employ Schubert cycles, which degenerate into unions of toric subvari-
eties corresponding to facets of a moment polytope according to Kogan, Kogan-Miller [Ko, KoM]. Then, non-
displaceability follows because non-toric fibers are realized as the Hausdorff limit of non-displaceable toric fibers.
In the particular case for F(3), we completely classify the non-displaceable GC fibers, answering questions of
Nohara-Ueda [NU2] and Pabiniak [Pa].

We hope that our detailed description of the geometry of Lagrangian fibers will have similar effect on the Floer
theory and homological mirror symmetry to that of Cho and the third named author’s article [CO], especially as the
testing ground of homological mirror symmetry for the non-toric Fano manifolds. For instance, it is expected to be
used to recover Rietsch’s Landau-Ginzburg mirror [Ri] that is preferred in the aspect of closed mirror symmetry. It
consists of a partial compactification of an algebraic torus together with a holomorphic function on it. Smoothing
faces containing a face admitting Lagrangians leads to a Lagrangian torus fibration with singular fibers. By gluing
formal deformation spaces of immersed Lagrangians and Lagrangian tori in the scheme of Cho-Hong-Lau [CHL],
one can recover the mirror and then the category of matrix factorizations should serve as the mirror of the Fukaya

category of partial flag manifolds. It will be invesigated by the second named author with Hong and Lau.

Acknowledgements. The first named author is supported by the National Research Foundation of Korea grant
funded by the Korea government (MSIP; Ministry of Science, ICT & Future Planning) (NRF-2017R1C1B5018168).
The third named author is supported by IBS-R003-D1. This work was initiated when the first named author and
the second named author were affiliated to IBS-CGP and supported by IBS-R003-D1. The second named author
would like to thank Cheol-Hyun Cho, Hansol Hong, Siu-Cheong Lau for explaining their upcoming work, Yuichi
Nohara for explaining work with Ueda, and Byung Hee An, Morimichi Kawasaki and Fumihiko Sanda for helpful
comments.

Part 1. The topology of Gelfand-Cetlin fibers

2. INTRODUCTION TO PART 1.

A partial flag manifold arises as the orbit O, of an element ) in the dual Lie algebra of u(n) under the co-adjoint
action of the unitary group U (n) equipped with a U (n)-invariant Kihler form wy (unique up to scaling), so-called
a Kirillov-Kostant-Souriau symplectic form (KKS form for short). On a co-adjoint orbit, Guillemin and Sternberg
[GS2] built a completely integrable system

CD)\Z (0)\760)\) — RdimC 0)‘,

which is called a Gelfand-Cetlin system, or a GC system. The image of Oy under ®), is a polytope, denoted by A .
We call it a Gelfand-Cetlin polytope, abbreviated as a GC polytope.

The first part of this article studies the topology of the fibers of a GC system. By the celebrated Arnold-Liouville
theorem, the fiber over any interior point is a Lagrangian torus. Moreover, the fiber over each point not in the
interior of any GC polytope turns out to be a smooth isotropic manifold, see Theorem A. It is notable because there
is almost no control on the fiber over a non-regular value of a general completely integrable system. Furthermore, a
GC fiber not in the interior can be Lagrangian, which shows one marked difference between GC systems and toric

moment maps (on toric manifolds). Table 1 summarizes similarities and differences between them.

’ H Gelfand-Cetlin fiber ‘ Toric moment fiber
over any point isotropic submanifold
over any interior point Lagrangian torus
o . 71 (fiber) = ZF, mo(fiber) = 0
over any point in the relative - - -
interior of a k-dim face not necessarily torus k-dimensional torus
can be Lagrangian can not be Lagrangian

TABLE 1. Features of Gefand-Cetlin fibers and toric fibers
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To show the above, we will describe each GC fiber as the total space of the iterated bundle constructed by playing
a game with various “LEGO® blocks”. A game manual will be provided in Section 5 and 6. The first main result

of the article, obtained from the game, is stated as follows.

Theorem A (Theorem 5.12). Let ® be the Gelfand-Cetlin system on the co-adjoint orbit (Ox, wy) for A € u(n)*
and let Ay, be the corresponding Gelfand-Cetlin polytope. For any point u € Ay, the fiber @;1 (u) is an isotropic
submanifold of (O, wy) and is the total space of an iterated bundle

_ Pn— Pn— .
@Al(u) =E, 1 25 B, 2% ... 2 g P By = point

such that the fiber at each stage is either a point or a product of odd dimensional spheres. Two fibers @Xl (uy) and

@;1 (uy) are diffeomorphic if two points wy and uy are contained in the relative interior of the same face.

A GC system @) is known to admit a toric degeneration from ®, to a toric integrable system ® on a toric
variety. On the toric degeneration of algebraic varieties in stages constructed by Kogan and Miller [KoM], Nishinou,
Nohara and Ueda constructed the degeneration (see Section 7) of the GC system &) into the moment map ® of
the (singular) projective toric variety X associated with A using Ruan’s technique [Ru] of gradient-Hamiltonian

flows, see Theorem 1.2 in [NNU1]. Then, we obtain the following commutative diagram

(2.1) ((’))\,w)\) (X)\,w)

oA

Ay

where ¢ is a continuous map from O, onto X . Moreover, the map ¢ induces a symplectomorphism from ¢ ! (A A)
to <I>_1(A A) Where A a is the interior of Ay. As a consequence, one can see that each fiber located at A yisa
Lagrangian torus.

According to the work of Batyrev, Ciocan-Fontanine, Kim, and Van Straten [BCKV], this degeneration process
given by the map ¢ in (2.1) can be interpreted as a smoothing of conifold staratum, which is (a half of) a conifold
transition. Namely, through the map ¢, a partial flag manifold is deformed into a singular toric variety having coni-
fold strata. The following theorem indeed visualizes how each GC fiber degenerates into a toric fiber. Specifically,
through ¢, every odd-dimensional sphere of dimension > 1 appeared in each stage of the iterated bundle {E,}

simultaneously contracts to a point and each S!-factor persists.

Theorem B (Theorem 7.9). Let u be a point lying on the relative interior of an r-dimensional face. Then every

SY-factor appeared in any stage of the iterated bundle given in Theorem A comes out as a trivial factor so that
7' (w) 277 x B(u)

where B(u) is the iterated bundle obtained from the original bundle by removing all S*-factors. Moreover, the map
¢: ® ' (u) — &' (u) is nothing but the projection T" x B(u) — T" on the first factor:

Because of Theorem A, other fibers located in the interior of a face f of Ay are all Lagrangian as soon as the
fiber of one single point at the interior of f is Lagrangian. In this sense, it is reasonable to call such a face f a
Lagrangian face. Since every fiber is isotropic again by Theorem A, in order to show that a face f is Lagrangian,
it suffices to check that the dimension of the fiber over a point in the interior of f is exactly the half of the real
dimension of O,. We will classify all Lagrangian faces of a GC polytope by providing a refined combinatorial
procedure testing whether a face is Lagrangian or not, see Corollary 5.23.

The remaing parts of Part I is organized as follows. In Section 3, we review a construction and properties of
GC systems. Section 4 discusses the face structure of a GC polytope in terms of certain graphs of the ladder
diagram associated with the polytope. Section 5 is devoted to introduce combinatorics that will be used to describe
the GC fibers and classify all Lagrangian faces. In Section 6, we provide the proof of Theorem A by relating
the combinatorics on ladder diagrams to the topology of fibers. Finally, the proof of Theorem B will be given in
Section 7.
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3. GELFAND-CETLIN SYSTEMS

In this section, we briefly overview Gelfand-Cetlin systems on partial flag manifolds.
For a positive integer » € N, let ng, ny, -+ ,n,, n,4+1 be a finite sequence of non-negative integers such that

3.1 O0=ng<ni<ng <- <Ny <Npy1 =N.

The partial flag manifold F(ny,--- ,n,;n) is the space of nested sequences of complex vector subspaces whose
dimensions are nq, - - - ,n,., respectively. That is,

F(ny, - npn) ={Ve:=0CcViC---CV, cC"|dimcV; =n;fori=1,---,r}.

An element V, of F(ny,- - ,n,;n) is called a flag.
Note that the linear U (n)-action on C™ induces a transitive U (n)-action on F(n1, - -- ,n,;n) and each flag has
an isotropy subgroup isomorphic to U (k1) X - -+ x U(ky41) where

(3.2) ki =mn; —n;_1
fori = 1,---,r + 1. Thus, F(nq,--- ,n,;n) is a homogeneous space diffeomorphic to U(n)/(U (k1) x --- X

U(ky+1)). In particular, we have

r+1
(3.3) dimg F(ny,--- ,nr;n):ng—Zkf.
i=1

For notational simplicity, we denote by F(n) the complete flag manifold F(1,2,--- ,n — 1;n).
3.1. Description of F(ny,--- ,n.;n) as a co-adjoint orbit of U(n).

Consider the conjugate action of U(n) on itself. The action fixes the identity matrix I,, € U(n), which induces
the U (n)-action, called the adjoint action and denoted by Ad, on the Lie algebra u(n) := Ty, U(n). Note that u(n)
is the set of (n x n) skew-hermitian matrices

u(n) = {A € M,(C) | A* = —A}, A* =4
and the adjoint action can be written as

Ad: U(n)xu(n) —  un)
(M,A)  +— MAM".

The co-adjoint action Ad* of U(n) is the action on the dual Lie algebra u(n)* induced by Ad, explicitly given by

Ad*: U(n) xu(n)* — u(n)*
(M, X) = Xu

where X s € u(n)* is defined by X, (A) = X (M*AM) for every A € u(n).

Proposition 3.1 (p.51 in [Au]). Let H,, = iu(n) C M, (C) be the set of (n x n) hermitian matrices with the

conjugate U (n)-action. Then there is a U (n)-equivariant R-vector space isomorphism ¢: H, — u(n)*.

Henceforth, we always think of the co-adjoint action of U (n) on u(n)* as the conjugate U (n)-action on H,,. Let

A={\1, -+, A\, } be a non-increasing sequence of real numbers such that
(3.4) M= = > dp1= =X, > >N 1= =M (5 M\)
and let I, = diag(A1,- -+, An) € H,, be the diagonal matrix whose i-th diagonal entry is A; fori = 1,--- ,n. Then

the isotropy subgroup of I is given by

Ulky) 0 - 0

(.) U(.kQ) ! c U(n).

0 0 - Ulkrs)
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If we denote by O, the U (n)-orbit of I, then we have
Ox=U(n)/ (U(k) x - x Ulkry1))
which is diffeomorphic to F(nq, - -+ ,n,;n). We call Oy the co-adjoint orbit associated with eigenvalue pattern \.

Remark 3.2. Any two similar matrices have the same eigenvalues with the same multiplicities and any hermitian
matrix is unitarily diagonalizable. Thus the co-adjoint orbit O, is the set of all hermitian matrices having the
eigenvalue pattern \ respecting the multiplicities.

3.2. Symplectic structure on a co-adjoint orbit O,.

For any compact Lie group G with the Lie algebra g and for any dual element A € g*, there is a canonical
G-invariant symplectic form wy, called the Kirillov-Kostant-Souriau symplectic form (KKS form shortly), on the
orbit O,. Furthermore, O, admits a unique G-invariant Kihler metric compatible with w), and therefore (O, w)
forms a Kéhler manifold. We refer the reader to [Br, p.150] for more details.

The KKS form wy can be described more explicitly in the case where G = U(n) as below. For each h € H,,,
we define a real-valued skew-symmetric bilinear form @y on u(n) = iH,, by

Wr(X,Y) :=tu(ih][X,Y]) = w(iY[X,h]), X,Y €u(n).
The kernel of wy, is then
ker w, = {X € u(n)|[X,h] =0}.
Since O, is a homogeneous U (n)-space, we may express each tangent space 13,0, at a point h € O, as
T,O\ ={[X,h] € ThHp =Hn | X €u(n)}.
Then we get a non-degenerate two form wy on Q) defined by
(W), ([X,A][Y R]) :=wn(X,Y), heO,, XY €cu(n).
The closedness of w) then follows from the Jacobi identity on u(n), see [Au, p.52] for instance.

Remark 3.3. The diffeomorphism type of O, does not depend on the choice of A but on k,’s. However, the sym-
plectic form w, depends on the choice of A. For instance, two co-adjoint orbits Oy and Oy, have k; = ko = 1
when A = {1,—1} and X' = {1, 0} and both orbits are diffeomorphic to U(2)/ (U(1) x U(1)) = P'. However,
the symplectic area of (Oy,wy) and (Oy/,wys) are one and two, respectively.

Any partial flag manifold is known to be a Fano manifold and hence it admits a monotone Kihler form. The

following proposition gives a complete description of the monotonicity of w.

Proposition 3.4 (p.653-654 in [NNU1]). The symplectic form wy on Oy satisfies
c1(TOy) = [wy]

if and only if

)\:(n_nla"'vn_nl_nQ»"'v"‘ 7n_n7‘71_nr7"'7_nr7”'7_nr)+(ma"'7m)7

k1 k2 Ky Kry1 n

for some m € R.
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3.3. Completely integrable system on O).

We adorn a co-adjoint orbit (Oy, w) ) with a completely integrable system, called the Gelfand-Cetlin system. We

recall a standard definition of a completely integrable system.

Definition 3.5. A completely integrable system on a 2n-dimensional symplectic manifold (M, w) is an n-tuple of
smooth functions

b= (Py, - ,D,): M > R"

such that
(1) {®;,®;} =0forevery 1 <i,j <nand
2) d®q,--- ,d®, are linearly independent on an open dense subset of M.

If ® is a proper map, the Arnold-Liouville theorem states that for any regular value u € R" of ® the preimage
®~1(u) is a Lagrangian torus. However, if u is a critical value, the fiber might not be a manifold in general.

Harada and Kaveh [HaK] proved that any smooth projective variety equips a completely integrable system
whenever it admits a flat toric degeneration. (See Section 7 for more details.) However, the terminology “completely

integrable system” used in [HaK] is a weakened version of Definition 3.5 in the following sense.

Definition 3.6. A (continuous) completely integrable system on a 2n-dimensional symplectic manifold (M, w) is

a collection of n continuous functions
b :={Dy,---,P,}: M - R"”

such that there exists an open dense subset I/ of M on which

(1) each ®; is smooth,
2) {®;,®;} =0forevery 1 <i,j <n,and
3) d®q,--- ,d®, are linearly independent.

For any co-adjoint orbit (O, w) ), Guillemin and Sternberg [GS2] constructed a completely integrable system
(in the sense of Definition 3.6)

. dim¢ O
(I))\.O)\—>le r

called the Gelfand-Cetlin system on Oy (GC system for short) with respect to the KKS symplectic form w). The
GC system on O, is in general continuous but not smooth. From now on, a completely integrable system will be
meant to be a conitnuous completely integrable system in Definition 3.6 unless mentioned.

We briefly recall a construction of the GC system on O, as follows. (See also [NNUI, p.7-9].) Let n,’s and
ke’s be given in (3.1) and (3.2), respectively, and let A\ be a non-increasing sequence satisfying (3.4). From (3.3), it

follows that
r+1
dimp O = 2dimc Oy =n” = Y k7.
i=1
Forany = € Oy C H,,, let (®) be the (k x k) leading principal minor of z for each k = 1,--- ,n — 1. Since (¥

is also a hermitian matrix, the eigenvalues are all real. Let
(3.5) T=A0,j)]4jeN,i+j<n+1}
be an index set. We then define the real-valued function
Y0y =R, (i,5)€Z
where <I>§\’j () is assigned to be the i-th largest eigenvalue of (*+7~1), Note that the eigenvalues of z(*) are arranged
by
O (x) > @3 (@) > oo > @Y ()

in the descending order. Collecting all <I>f\’j ’s for (i, j) € Z, we obtain ®).
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Definition 3.7. Let A be given in (3.4). The Gelfand-Cetlin system ® » associated with )\ is defined by the collection
of real-valued functions

(3.6) Dy 1= (@

)(‘ j)ET 1OV R"(”J”
i,J

Remark 3.8. We label each component of ®, by multi-index (4, j) € Z such that @i\’j corresponds to the lattice
point (4,5) € Z? in a ladder diagram in Definition 4.1. (See also Figure 9.) Notice that the labeling of components
of ®, used in [NNUI1] is different from ours.

Now, we consider the coordinate system of R™("+1)/2
(3.7) {(wi) e RHV2) (6, 5) € T}

where each component u; ; records the values of (IDf\’j. Fix x € Oy and let (u; j)(;,jyez = Pa(®), that is, u; ; =

@i’j (x) for each (4, j) € Z. By the min-max principle, the components u; ;’s satisfy the following pattern:

A1 A2 Az A An
Q T Q % Q T
Ul,n—1 U2,n—2 Unp—1,1
N % %
(3.8) UL, n—2 Up—2,1
N %
Q %
Uuy,1

Note that each @i’”“fj assigns the j-th largest eigenvalue of 2(™) = z, and therefore @f\’"H*j (x) = Aj for
every z € Oy and j = 1,--- , n. Furthermore, by our assumption (3.4), we have \,,, , 41 = --- = A, for every
1 = 1,---,r + 1. Then it is an immediate consequence of (3.8) that for all j = n;—; + 1,--- ,n; — 1 and each
k=3j,---,n; — 1, we have

L () = A,

2

for all z € O,. Thus, there are exactly 1 (n? — Z::ll k?) non-constant functions among {@i’k}(j7 ryez on O, Let

(3.9) I := {(4,7) € T | ®% is not a constant function on O, }.

Collecting all non-constant components of ® ), we rename
r+1

. 1
(3.10) (I)A = (@;’]> : 0)\ — Rll—)‘l, |I)\| = dim(c O)\ = 5(712 - Zkf)
i=1

(4,5)€Zx

as the Gelfand-Cetlin system. By abuse of notation, the collection is still denoted by ®,. Guillemin and Sternberg
[GS2] prove that & satisfies all properties given in Definition 3.6, and hence it is a completely integrable system
on O, '. We will not distinguish two notations (3.6) and (3.10) unless any confusion arises.

Definition 3.9. The Gelfand-Cetlin polytope® A is the collection of points (u; ;) satisfying (3.8). A Gefland-Cetlin
polytope will be abbreviated to a GC polytope for simplicity.

Indeed, we have another description of a GC polytope.

Proposition 3.10 ([GS2]). The Gelfand-Cetlin polytope A coincides with the image of Oy under ® .

I general, the Gelfand-Cetlin system is never smooth on the whole space O, unless Oy is a projective space.

21t is straightforward to see that A is a convex polytope, since A is the intersection of half-spaces defined by inequalities in (3.8).
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3.4. Smoothness of O,.
Let A be given in (3.4) and let @, be the GC system on (O, wy ). In general, ), is not smooth on the whole Q.

However, the following proposition due to Guillemin-Sternberg states that @ is smooth on Oy almost everywhere.

Proposition 3.11 (Proposition 5.3, p.113, and p.122 in [GS2]). For each (i,j) € Iy, the component <I>i’j is smooth
atz € Oy if

(3.11) I (2) < 4 (2) < YT (2).

In particular, ® is smooth on the open dense subset <I>;1 (A £) of Ox where A A Is the interior of Ay. Furthermore,
d@g\’j (2) # 0 for every point z satisfying (3.11).

One important remark is that a Hamiltonian trajectory of each <I>§\’j passing through a point z € O, satisfying
(3.11) is periodic with integer period. Therefore, each @&j generates a Hamiltonian circle action on the subset of
O, on which <I>§\’j is smooth. See [GS2, Theorem 3.4 and Section 5] for more details.

4. LADDER DIAGRAM AND ITS FACE STRUCTURE

In order to visualize a GC polytope, it is convenient to employ an alternative description of its face structure in
terms of certain graphs in the ladder diagram provided by the first named author with An and Kim in [ACK]. The
goal of this section is to review the description of the face structure.

We begin by the definition of a ladder diagram. Let A = {\y,--- , A\, } be given in (3.4). Then A uniquely
determines n,’s and k,’s in (3.1) and (3.2), respectively.

Definition 4.1 ((BCKV], [NNU1]). Let I'z> C R? be the square grid graph satisfying

(1) its vertex set is Z? C R? and
(2) each vertex (a,b) € Z? connects to exactly four vertices (a,b + 1) and (a & 1,b).

The ladder diagram T'(nq,--- ,n,;n) is defined as the induced subgraph of 'z that is formed from the set

Vo (ny - ,nnsm) OF vertices given by
VF(n1,~~~,nr;n) = U {(a,b) €z’ | (a,b) € [njanj+1] x [0,n — nj+1]}-
§=0

As )\ determines n,’s, we simply denote I'(n1, - - - ,n,;n) by I'y. We call I' the ladder diagram associated with
A

I'(1,2,3) I'(2,3,5)

FIGURE 1. Ladder diagrams I'(1,2;3) and I'(2, 3; 5).

We call the vertex of T'y located at (0,0) the origin. Also, we call v € VI a top vertex if v is a farthest vertex
from the origin with respect to the taxicab metric. Equivalently, a vertex v = (a,b) € Vpisatop vertex ifa+b = n.
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e : top vertices

e origin

]

FIGURE 2. Top vertices for I'(1,2,3,4;5) and I'(2, 4;6).

Definition 4.2 (Definition 2.2 in [BCKV]). A positive path on a ladder diagram I'y is a shortest path from the
origin to some top vertex in I'.

Now, we define the face structure of I'y as follows.

Definition 4.3 (Definition 1.5 in [ACK]). Let I') be a ladder diagram.

e A subgraph vy of Iy is called a face of Iy if

(1) ~ contains all top vertices of 'y,

(2) v can be represented by a union of positive paths.
e For two faces v and 7' of Ty, - is said to be a face of v/ if v C .
o The dimension of a face +y is defined by

dim v := ranky, H; (v;2),
regarding v as a 1-dimensional CW-complex. In other words, dim ~ is the number of minimal cycles in 7.

It is straightforward from Definition 4.3 that for any two faces v and 7’ of Ty, v U ~' is also a face of ", which
is the smallest face containing v and /.

We now characterize the face structure of the GC polytope A in terms of the face structure of the ladder diagram
L.

Theorem 4.4 (Theorem 1.9 in [ACK]). For a sequence X\ of real numbers given in (3.4), let "y be the ladder
diagram and Ay be the Gelfand-Cetlin polytope. Then there exists a bijective map

{ faces of ')} LN { faces of A\}

such that for faces v and v’ of T\

o (Order-preserving) v C ' if and only if U(y) C U (v'),
e (Dimension) dim ¥(~) = dim .

Example 4.5. Let A = {1, A2, A3} with Ay > Ay > A3. The co-adjoint orbit (Oy,w, ) is diffeomorphic to the
complete flag manifold F(3). Let "y be the ladder diagram associated with \ as in Figure 3. Here, the blue dots

are top vertices and the purple dot is the origin of T"y.

FIGURE 3. Ladder diagram I').

The zero, one, two, and three-dimensional faces of I") are respectively listed in Figure 4, 5, 6, and 7. Here, v;
denotes a vertex fori € {1,---, 7}, e;; is the edge containing v; and v;, f7 is the facet containing all v;’s for ¢ € I,

and 1234567 1S the three dimensional face, i.e., the whole I').



LAGRANGIAN FIBERS OF GELFAND-CETLIN SYSTEMS 11
U1 V2 V3 (% Vs Vg (%4
FIGURE 4. The zero-dimensional faces of I'y.

o [ B

€12 €13 €14 €26 €35

TlTTl_I‘l_IT ]

€37 €45 €46 €57 €67

FIGURE 5. The one-dimensional faces of I'y.

- B B H &b

fi23 f1246 f1345 fas7 faser faze7

FIGURE 6. The two-dimensional faces of I'y.

]

I1234567

FIGURE 7. The three-dimensional face of I'y.

The GC polytope Ay is given in Figure 8. (See Figure 5 in [Ko] or Figure 4 in [NNU1].) We can easily see
that the correspondence W(v;) = w; of vertices naturally extends to the set of faces of Ty, satisfying (1) and (2) in
Theorem 4.4.

We wr
wy l Ws
w1 Wy

FIGURE 8. The GC polytope Ay for A = {1 > Ay > A3}.

For our convenience, we describe each point in Ay by using I'y with a filling, putting each component u; ; of
the coordinate system (3.7) of RIZl = R™5™ into the unit box whose top-right vertex is (4,5) of T'x. The GC

pattern (3.8) implies that {u; ;} ¢ j)ez is

@) (1) increasing along the columns of Ty , and
' (2) decreasing along the rows of I'y

allowing repetitions (cf. a Young tableau in [Ful]).
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Example 4.6. Let Oy ~ F(3) be the co-adjoint orbit from Example 4.5. Recall that the pattern (3.8) consists of
the following inequalities:

U > U1, ULl = U1, AL > U2, ULz > A2, A2 > Uz1, U1 > As.

The ladder diagram I'y with a filling by variables u; ;’s is as in Figure 9.

A1

ur2 | A2

uiy |u2,1 | Az

FIGURE 9. The ladder diagram I'y with u; ;’s variables.

Now, we explain how the map ¥ in Theorem 4.4 is in general defined. For a given face v of 'y, consider -y with
a filling by the coordinate system {u; ;}. The image of v under U is the intersection of facets supported by the

hyperplanes that are given by equating two adjacent variables u; ;’s not divided by any positive paths.

Example 4.7. Suppose that A = {4,4,3,2,1} and let -y be a face given as in Figure 10. Then, the corresponding
face () in Ay is defined by

U(y) = AxN{uzy =wii} N{urg = wip} N{uge = uip} N{uzy =usp} N{uze =us 3}t N{usy =4}

4 4
4 4 4 4
3 uz,1|us,2| 3
2 U1 U2 U23| 2
1 u1,1 upfur zfur gl 1
I Y

FIGURE 10. The bijection ¥

5. CLASSIFICATION OF LAGRANGIAN FIBERS

Our first main theorem A, which will be proven in Section 6, states that every fiber of the GC system ®, on a
co-adjoint orbit (Oy, wy) is an isotropic submanifold and is the total space of certain iterated bundle

Pn—-1

5.1 Epo1 5 Byo ™8 .. 2 By 2L Ey = point

such that the fiber at each stage is either a point or a product of odd dimensional spheres. In this section, we
provide a combinatorial way of “reading off” the topology of the fiber of each projection map p; from the ladder
diagram (Theorem 5.12). Furthermore, we classify all positions of Lagrangian fibers in the Gelfand-Cetlin polytope
(Corollary 5.23).

We first consider a 2n-dimensional compact symplectic toric manifold (M, w) with a moment map ®: M —
R™. It is a smooth completely integrable system on M in the sense of Definition 3.5 and the Atiyah-Guillemin-
Sternberg convexity theorem [At, GS1] yields that the image A := ®(M) is an n-dimensional convex polytope.
It is well-known that for any k-dimensional face f of A and a point u € f in its relative interior f of f. the fiber
®~1(u) is a k-dimensional isotropic torus. In particular, a fiber ®~1(u) is Lagrangian if and only if u € A..

In contrast, in the GC system case the preimage of a point in the inteior of a k-th dimensional face of the GC
polytope A, might have the dimension greater than k as the torus action does not extend to the whole space. In

particular, &, might admit a Lagrangian fiber over a point not contained in the interior of A .
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Definition 5.1. We call a face f of Ay Lagrangian if it contains a point u in its relative interior f such that the
fiber @, ' (u) is Lagrangian. Also, we call a face y of T'y, Lagrangian if the corresponding face f. := W() of Ay
is Lagrangian where W is given in Theorem 4.4.

Remark 5.2. We will see later that if u and v’ are contained in the relative interior of a same face of Ay, then
<I>;1(u) and @;l(u’ ) are diffeomorphic. In particular if f is a Lagrangian face of A, then every fiber over any
point in f is Lagrangian, see Corollary 5.23.

Example 5.3 ([Ko, NNU1]). For a complete flag manifold F(3) ~ O, of complex dimension three from Exam-
ple 4.5, the fiber @;1(103) is a Lagrangian submanifold diffeomorphic to S® where the vertex w3 is in Figure 8.
See Example 3.8 in [NNUI].

From now on, we tacitly identify faces of the ladder diagram I") with faces of the Gelfand-Cetlin polytope A
via the map ¥ in Theorem 4.4. For example, “a point r in a face 7" of Iy means a point r in the face ¥(y) = f,
of A A

5.1. W-shaped blocks and 1 -shaped blocks.

For each (a, b) € Z2, let (%) be the simple closed region bounded by the unit square in R? whose vertices are
lattice points in Z and the top-right vertex is (a, b). The region (J(**) is simply said to be the box at (a, b).

Definition 5.4. For each integer & > 1, a k-th W-shaped block denoted by Wy, or simply a Wy-block, is defined
by

Wy = U D(a’b)
(a,b)

where the union is taken over all (a,b)’s in (Z>1)? such that k + 1 < a + b < k + 2. A lattice point closest from
the origin (with respect to the taxicab metric) in the Wy-block is called a bottom vertex.

The following figures illustrate W3, Wy, and W3 where the red dots in each figure indicate the vertices over
which the union is taken in Definition 5.4. The purple dots are bottom vertices of each W -blocks.

Wi Wa Ws

FIGURE 11. W-shaped blocks

For a given diagram Iy, the set of edges of each face v divides W}, into several pieces of simple closed regions.

Definition 5.5. For the Wj-block and a face « of I'y, we denote by Wy, () the Wy-block with ‘walls’, where a
wall is an edge of +y lying on the interior of the Wj-block.

Example 5.6. In Example 4.5, we consider the vertex vz of I'y in Figure 4. There are no edges of vs inside W,
and hence W7 (v3) = Wi with no walls. The Wa-block is divided by v3 into three pieces of simple closed regions
so that Wa(v3) is Wo with two walls indicated with red line segments in Figure 12.
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FIGURE 12. W;(vs3)-blocks

Next, we introduce the notion of M -shaped blocks.

Definition 5.7. For each positive integer k > 1, a k-th M -shaped block denoted by My, or simply an My-block, is
defined, up to translation in R?, by

My = | O@?
(a,b)
where the union is taken over all (a, b)’s in (Z>1)? such that

e k+l1<a+b<k+2,
e (a,b) # (k+1,1),and
e (a,b) # (1,k+1).

M1 M2 M3

FIGURE 13. M -shaped blocks.

Remark 5.8. Note that M, can be obtained from W, by deleting two boxes O*+1.1) and O0(1-*+1) The reader
should keep in mind that each W -shaped block W}, is located at the specific position, but M, is not since it is
defined up to translation in R2.

For each divided simple closed region D in Wy/(+y), we assign a topological space to Si(D) by the following

rule :
S (D) = S2¢=1if D is the Mj-block and D contains at least one bottom vertex of the Wj,-block,
point otherwise.
We then put
(5-2) Siv) = [ S

DCWi ()

where the product is taken over all simple closed regions in Wy () distinguished by walls coming from edges of .
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Example 5.9. Again, consider the vertex vs of Iy in Example 5.6. Note that S; (v3) = pt since W7 (v3) consists of
one simple closed region W7 which is not an M -shaped block. In contrast, W5(v3) consists of three simple closed
regions Dy, Do, and D3 as in the figure below. (See also Figure 12.) Even if D; and D3 are M;-blocks, they do
not contain any bottom vertices so that So(D;) = point and So(D3) = point. Observe that Dy is an Ma-block
containing a bottom vertex of W5. Therefore, we have

SQ(U3) = SQ(Dl) X SQ(DQ) X Sg(Dg) = 53.

For k > 2, Wy(vs) has no walls and hence W, (v3) consists of one simple closed region W}, which is never an
M -shaped block. Thus Sy (v3) = point for every positive integer & > 2.

L 2
D
—

D,

Wa(v3)

Example 5.10. Let A = {¢,¢,0,0} with ¢ > 0. Then, the co-adjoint orbit O} is a complex Grassmannian Gr(2, 4).
Let v be the one-dimensional face of I' given by

As we see in the following figure, Wi (~) consists of one simple closed region that is not an M -shaped block.
Thus we have S; () = point.

Wi()

On the other hand, W5() has two walls (red line segments in the figure below) and is exactly the same as
Wa(vs) in Example 5.9. Thus we have Sa(7y) = S°.

Finally, W5(+y) has two walls as we see below, and therefore there are three simple closed regions, D1, Da, and
Dg, in Wg (’}/)




16 YUNHYUNG CHO, YOOSIK KIM, AND YONG-GEUN OH

Since D; and Dj are not M -shaped blocks, we have S3(D;) = S3(D3) = point. Since Do = M; and contains
a botton vertex of W3, we have S3(Dy) = S*. Therefore, we have

Sg(’)/) = Sg(Dl) X S3(D2) X Sg(Dg) = Sl.

For k > 3, Wi (~) consists only one simple closed region, the Wj-block itself, and it is never an M -shaped block.
Thus S (y) = point for k& > 3.

Proposition 5.11. Let A be a sequence of real numbers satisfying (3.4) and v be a face of the ladder diagram
L. For each i > 1, let {Dy,--- , Dy, } be simple closed regions in W;(v) such that S;(D;) = S* for every

j=1,--- ,m;. Then we have
n—1
dim~y = Zmi.
i=1

Proof. Note that dim +y is the number of minimal cycles in y by Definition 4.3. Also, each minimal cycle o in
can be represented by the union of two shortest paths connecting the bottom-left vertex and the top-right vertex of
o. We denote by v, the top-right vertex of . Note that [J”» (blue-colored region in Figure 14) is contained in the
simple closed region bounded by o. Therefore, if we denote by ¥ := {01, - , 0., } the set of minimal cycles in ,
then there is a one-to-one correspondence between ¥ and {v,, }1§i§m.

On the other hand, observe that (1V~ is appeared as an M -block in W;(7) where

i+1l=a+b, v,=(a,b)

for each o € X. Also, every M;-block appeared in W;(~y) for some ¢ should be one of such [(0V<’s. Consequently,
there is a one-to-one correspondence between X and M -blocks appeared in W;(~y) for ¢ > 1. Since |X| = dim~y
by definition, this completes the proof. O

Voyq

2

= Voy

~
FIGURE 14. Correspondence between minimal cycles and M -blocks

Now, we state one of our main theorem which characterizes the topology of each fiber of ), where the proof

will be given in Section 6.

Theorem 5.12. Let A = {\1,--- ,\,} be a non-increasing sequence of real numbers satisfying (3.4). Let v be
a face of 'y and f, = () be the corresponding face of Ay described in Theorem 4.4. For any point u in the
relative interior of f., the fiber <I>;\1 (u) is an isotropic submanifold of (Ox, wy) and is the total space of an iterated
bundle

(5.3) ®3 () 2 5, 1(7) 5 Samaly) = -+ 5 Si(y) 5 Soly) = point

where py: Sk () — Sk_1(7) is an Sk(v)-bundle over S, _1(7y) for k = 1,--- ,n — 1. In particular, the dimension
of ®3 " (u) is given by

n—1
dim @3 (u) = > dim S;(7).
k=1

We illustrate Theorem 5.12 by the following examples.



LAGRANGIAN FIBERS OF GELFAND-CETLIN SYSTEMS 17

Example 5.13. Let )\ be given in Example 4.5. Using Theorem 5.12, we will compute the fiber <I>;1 (v;) of each
vertex v; given in Figure 4 for¢ =1,--- 7.

T b g
SR R Sy R

W1 111 W1 U2 W1 1}; W1 ?)4 W1 vr, W1 U() W1 ’U7
Wa(v1) Wo(va) Wa(vs) Wa(vs) Wo(vs) Wa(ve) Wa(v7)

FIGURE 15. Wi (v;)’s and Wa(v;)’s for F(3)

Figure 15 shows that S;(v;) = pt for every ¢ = 1,--- , 7 since each W (v;) does not contain any M -shaped
block containing a bottom vertex of W7, that is, the origin (0,0). Also, we can easily check that S3(v;) = point
unless ¢ = 3. When ¢ = 3, there is one M -shaped block M, inside W5 (v3) containing a bottom vertex of Ws. Thus

we have
Sy (v3) = point x S% x point = 3.
Since @} ! (v;) is an Sz (v;)-bundle over S (v;) and Si(v;) is a point for every i = 1,- - , 7, by Theorem 5.12, we
obtain
93 ifi=3
‘I’Xl(Uz‘) = . .
point otherwise.

Example 5.14. Again, we consider Example 4.5 and compute the fibers over the points in the relative interior of
some higher dimensional face of Ay as follows.

Consider the edge e = e15 in Figure 5 and let u € é;15. By Theorem 5.12, <I>;1(u) is an Sy (e12)-bundle over
S1(e12) so that it is diffeomorphic to S!. See the figure below. For any other edge e of I'y, we can show that
@' (u) = S! for every point u € ¢ in a similar way.

57 = 51(612) = Sl
B = W1(€12)

e
2 = Sa(e12) = pt

W2(€12)

For a two-dimensional face of 'y, we first consider the face fi345 of Ay described in Figure 6. Again by
Theorem 5.12, we have @;1 (u) = T2, an So(f1345)-bundle over Si(f1345), for every point u € f1345. Similarly,
we obtain <I>>_\1 (u) = T2 for every interior point u of any two-dimensional face of A .
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i_l = S1(f1345) = pt
;j - Wi (f1345)

f1345
= Sg(f1345) = Sl X Sl

Wa(f1345)

Finally, consider /1234567, the improper face of Ay. Then Theorem 5.12 tells us that @;l(u) isan S' x S1-
bundle over S! for every interior point u of I'y. In fact, the Arnold-Liouville theorem implies that the bundle is
trivial, i.e., @;1(u) is a torus T for every u € AOA, see also Theorem 7.9.

I = S1(I234567) = St

= Wi (I1234567)

1 |
1234567 = So(Ih23as67) = S* x S!

Wo(I1234567)

Consequently, a Lagrangian fiber of the GC system on (Oy,w,) is diffeomorphic to either 72 (a fiber over an
interior point of Ay) or S (a fiber over v3). Other fibers are isotropic but not Lagrangian submanifolds of (Oy, wy)
for dimensional reasons.

Remark 5.15. In general, one should not expect that every iterated bundle in (5.3) is trivial. Namely, @;1 (u) might
not be the product space Hz;ll Sk (7). For instance, consider the co-adjoint orbit Oy ~ F(2, 3;5) associated with
A = (3,3,0,—3,—3) as in Figure 16. By Theorem 5.12, the GC fiber ®; ' (0) over the origin is an S-bundle over
S5. Meanwhile, Proposition 2.7 in [NU2] implies that ®;*(0) is SU(3). It is however well-known that SU(3) is
not homotopy equivalent to S° x S3.

-3
-3.-3

SU (3)-fiber

FIGURE 16. SU(3)-fiber

5.2. Classification of Lagrangian faces.

Recall that Theorem 5.12 implies that a face v is Lagrangian if and only if the GC fiber over an interior point of
v is of dimension dim¢ Q). Therefore to determine whether -y is Lagrangian or not, it is sufficient to check that

1
> dim S(y) = 5 dimg Oy,

In this section, we present an efficient way of checking whether a given face of I" is Lagrangian or not by using so
called “L-shaped blocks”.
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Definition 5.16. For each positive integer k& € Z>; and every lattice point (p,q) € Z*> C R?, a k-th L-shaped
block at (p, q), or simply an Ly-block at (p, q), is the closed region defined by

Lifp.g) = |J 00

(a,b)
where the union is taken over all (a,b)’s in Z? such that
o (a,b) = (p,q+i) for0<i<k—1,and
o (a,b)=(p+i,q) for0<i<k-—1.
*:(p,q) . | | |
Ll(p7 Q) LQ(p7q) L3(p7 q) L4(p7Q)

FIGURE 17. L-shaped blocks

Remark 5.17. Note that GC patterns described in (3.8) are linearly ordered on any of W-shaped, M -shaped, and
L-shaped blocks in the direction from the right or bottom most block to the left or top most block.

Definition 5.18. Let v be a face of I',. For a given positive integer k € Z> and a lattice point (p, q) € Z2, we say
that L (p, q) is rigid in ~ if

(1) the interior of Ly (p, ¢) does not contain an edge of -y and

(2) the rightmost edge and the top edge of L (p, ¢) should be edges of .

Example 5.19. Let us consider I' = I'(2, 5; 7) and let -y be given as follows.

r o

e fod 8 8
Ly(1,1) Li(4,1) L1(5,1) L1(5,2)

We can check that any other L-blocks are nor rigid. For instance, L3(2, 1) is not rigid since its interior contains
an edge of .

o —— wall
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Also, L2(2,2) is not rigid because its rightmost edge is not an edge of -y violating the condition (2) in Definition
5.18.

Ly(2,2)

The following lemma follows from the min-max principle of GC pattern (3.8), or more specifically from (4.1).

Lemma 5.20. Suppose that Ly (a,b) is rigid in a face v of T'x. Let Qi (a, b) be the closed region defined by
Qrla,b):= | O,
0<i,j<k—1
ie, Qi(a,b) is the square of size (k x k) that contains Ly (a,b). Then there are no edges of v in the interior of

Qk(av b)

Proof. If k = 1, then Ly(a,b) = Q1(a,b) and it has no edge of + in its interior so that there is nothing to
prove. Now, assume that & > 2 and suppose that there is an edge e = [vgv1] of  contained in the interior of
Qk(a,b). Then, without loss of generality, we may assume that vg = (ag, bo) is in the interior of Q(a, b) so that
a<ap<a+k—1landb<by<b+k—1.

By Definition 4.3, there exists a positive path ¢ contained in  passing through vg. Then § should pass through
the interior of Ly (a,b) since 0 contains a shortest path from the origin of I'y and vg, which intersects the interior
of L/(a, b). This contradicts the rigidity (1) in Definition 5.18. O

Lemma 5.21. If two different L-blocks L;(a,b) and L;(c,d) are rigid in the same face -, then they cannot be
overlapped, i.e.,

Li(a,b) N L;(c,d) =0
where L;(a,b) and Ijj (¢, d) denote the interior of L;(a,b) and Loj (¢, d), respectively.
Proof. If (a,b) = (¢,d) and i # j, then both L;(a, b) and L;(c, d) cannot be rigid since at least one of these two
blocks violates (1) in Definition 5.18. Suppose that (a,b) # (c,d) and L;(a,b) N Ijj(c, d) # 0. Without loss of
generality, we may assume that j > ¢. Then it is straightforward that either the top edge or the rightmost edge
of L;(a,b) lies on the interior of Q;(c,d). It leads to a contradiction to Lemma 5.20 since the top edge and the
rightmost edge of L;(a, b) are edges of by Definition 5.16.

edge of v
| | (a,b)
| | (c,d)
|| ._/ _
Ly

L3 (C, d)

Q4 (a, b)

O

Proposition 5.22. Let A = (A1, - , \,,) be given in (3.4). For a given face v of T, let L(y) be the set of all rigid
L-shaped blocks in ~y. Then, for any point w in the relative interior of the face f., = U(~) of Ay, we have
dim® ') = Y [Li(ad) = Y (2k—1)
Li(a,b)€L(v) Lk (a,b)€L(v)
where |Li(a,b)| = 2k — 1 is the are of L (a,b).
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Proof. By Theorem 5.12, it is enough to show that

n—1
ZdimSk(v) = Z |Lk(a,b)|
k=1

Li(a,b)eL(y)
where
S =TI swD)
DCWi(7)
as defined in (5.2).
Let D be a simple closed region in W (7). Suppose that D contains a bottom vertex of W, and D = Mj(a, b)
for some j > 1 where M;(a,b) denotes the j-th M-shaped block whose top-left vertex is (a, b). Then there are

two edges e; and ep of v on the boundary of M as we see below. By (4.1), there is no edge of +y in the interior of

R ) — walls (edges of ) L

€1

Q](a—O—l,b—]—l—l) - =

(a7b7j) (a+j7b7j) |
M;(a, b)

@tib_jr1 LilatLb—j+1)

Qjla+1,b—j+1). Thus Lj(a+1,b— 7+ 1)is arigid L;-block in .

Similarly, for any rigid L-shaped block L;(a + 1,b — j + 1) in v (for some j € Z> and (a,b) € (Z>1)?), we
can find a closed region D in some Wi, (y) such that D is M (a, b) that contains a bottom vertex of 1}, Therefore,
there is a one-to-one correspondence between the set of rigid L-shaped blocks in v and the set of simple closed
regions D appeared in some W} (7) such that such that Sy,(D) = S%/ 1. In other words,

n—1
U frigid L;-blocksin v} = (J (J {D cWily) | S(D) = 5%}
=1 k=1 j=1

Lila+1,b—j+1) + M(a,b).
Moreover, we have |M;| = |L;| = dim S,(D) = 2j — 1, and hence it completes the proof. O

The following corollary is derived from Theorem 5.12, Lemma 5.21 and Proposition 5.22.

Corollary 5.23. Let v and f- be as in Proposition 5.22. Then the followings are equivalent.

(1) For an interior point u of f., the fiber ® ' (u) is a Lagrangian submanifold of (O, w).
(2) For any interior point u of f., the fiber <I>)_\1 (u) is a Lagrangian submanifold of (Oy,w).
(3) The set of rigid L-shaped blocks in v covers the whole T .

Also, we have the following corollary which follows from Corollary 5.23.

Corollary 5.24. A Gelfand-Cetlin system ®y: Oy — Ay on a co-adjoint orbit (Oy,wy) always possesses a

non-torus Lagrangian fiber unless Q) is a projective space.

Example 5.25. Let A = {¢,¢,0,0,0,0} with ¢t > 0. The co-adjoint orbit O} is a complex Grassmannian Gr(2, 6)
of two planes in C® and the corresponding ladder diagram Ty is given as below.

A

A
0
00
0000
0000
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Observe that any faces of I'y do not admit rigid Lj-blocks of £ > 2. Also, note that there are three Lagrangian
faces 71, 2 and 3 of I', which have only one rigid Ls-block as follows.

: rigid L;-block

]

Y1 Y2 - e Y3

/ |

Lo(1,1) L3(1,2) Ly(1,3)

Finally, there is exactly one Lagrangian face -4, which has two rigid Lo-blocks as below.

. | 7 rigid L;-blocks

1 . Lo(1,1)

Ly(1,3)

Thus there are exactly four proper Lagrangian faces 1, y2, s and 4 of I'y.

Example 5.26. Let A = {3,2,1,0}. Then the co-adjoint orbit O, is a complete flag manifold F(4) and the
corresponding ladder diagram Iy is as follows.

We can easily see that any face of I'y does not have a rigid Li-block for k& > 3. There are exactly three
Lagrangian faces of I') containing one rigid Lo-block as below.

Y1t L Y2t Vs - ],
] ] 1] { I

LQ(]-vl) L2(172) L2(271)

Also, it is not hard to see that there is no Lagrangian face that contains more than one Ls-block. Thus 71, 72,
and +y3 are the only proper Lagrangian faces of I'.

6. ITERATED BUNDLE STRUCTURES ON GELFAND-CETLIN FIBERS

In this section, for each point u in a GC polytope Ay, we will construct the iterated bundle E, described in
Section 5 whose total space is the fiber <I>§1 (u). Using this construction, we complete the proof of Theorem 5.12
by showing that each ®; ' (u) is an isotropic submanifold of O.

For a fixed integer k& > 1, consider sequences a = (ay, - ,ar+1) and b = (by,--- ,bg) of real numbers
satisfying
(6.1) ap > by >ax>by > >ap > by > agqa.

Denoting by H, the set of (¢ x ¢) hermitian matrices for ¢ > 1 and by sp(z) the spectrum of z, we let

Ou = {z € Hryr | sp(x) = {a1,--+ ,ars1}}
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be the co-adjoint U (k + 1)-orbit of the diagonal matrix I, := diag(a1, -+ ,ap+1) in Hpr1 2 u(k + 1)*.
Consider a subspace

Ari1(,6) = {o € Hoepr | sp(@) = {ar, -, agsad, sp(@®) = {br, -+ by} |

where z(*) denotes the (k x k) leading principal minor submatrix of x. It naturally comes with the projection map

pr+1:t Agpi(ab) = Oy
T =z
from Aj1(a, b) to the co-adjoint U (k)-orbit Oy of the diagonal matrix Iy, in Hy = u(k)*.
Let Wy(a, b) be the k-th TW-shaped block T}, together with walls defined by the equalities of a;’s and b;’s as in
Figure 18. By comparing the divided regions by the walls on Wy, (a, b) with M-shaped blocks as in (5.2), we define
a topological space Sy (a, b), which is either a single point or a product space of odd dimensional spheres.

aj
b1 az a; L .
—<__~ wall exists if and only if a; > b;
by a3 b;
a b; [ a;r, wall exists if and only if b; > a1
br agpq1

FIGURE 18. Wy(a,b)

Example 6.1. (1) For a = (a1,a2,a3) = (5,4,2) and b = (by,b2) = (4,2), Wa(a, b) is divided by three
simply closed regions D1, D, and Ds. Since D; does not contain any bottom vertices and neither Dy nor
D3 match with M -shaped blocks, Sa(a, b) = S3(D1) x S2(D2) x S2(D3) = point.

5
4 4 = D2
>
W2 (Cl, b)

(2) For a = (5,4,2) and b = (4,4), Ws(a,b) is divided by three simply closed regions D, Dy and Ds.
Observe that D; and D3 do not contain any bottom vertices and D5 is an Ms-block containing bottom
vertices of Wo. Therefore, we have Sa(a, b) = point x S3 x point & 3.

Dy

4 4 = Dy
1 [7] o,

WQ(G, b)

Proposition 6.2. With the notations above, pi11: Agy1(a,b) = Oy is an S (a, b)-bundle over O,

Before starting the proof of Proposition 6.2, as preliminaries, we introduce some notations and prove lemmas.
We denote by Aj41(a, b) the set of matrices in A1 (a, b) whose (k x k) leading principal minor is the diagonal
matrix Jg. So, a matrix in A1 (a, b) is of the form

b1 0 Z1

Z(ap)(2) =
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for z = (21, , ) € CF. Since Z(qp)(2) has the eigenvalues a = {a1, -+, ax41}, the (k + 1,k + 1)-entry of

Z(a,6)(2) is to be constant
k1

Zk41 = Zal Zb cR

by computing the trace of Z 4 4)(2). The characterlstlc polynomlal of Z(q,6)(2) is expressed as

k k 9k
.
(6.2) det(z] — Z(a,0)(2)) = ( — 2k41) | I (x —b;) E (x —jlb I | x —b; )
i=1 i=1

j=1
whose zeros are * = aj,--- ,ap+1 by our assumption. By inserting x = aj,--- , ax4; into (6.2), we obtain the
system of (k + 1) equations of real coefficients, which are linear with respect to (|z1|%,- - -, [2k]?) € (R>0)*. We

sometimes regard an element .,Zk_H (a,b) as an element C* under the identification Z(a,6)(2) = 2. The following

lemma implies that the solution space is never empty as long as (a, b) obeys (6.1).

Lemma 6.3 (Lemma 3.5 in [NNU1]). Letaq, b1, - ,ak, bk, and aj+1 be real numbers satisfying (6.1). Then there

exists z1,...,2, € Cand zi41 € R such that
b1 0 Z1
0 b Zk
21 -+ Rk Rk+1
has eigenvalues ay, . .., Qx41-
Lemma 6.4. Suppose in addition that ay,b1,- - - ,ag, by, and ai1 in Lemma 6.3 are all distinct. Then there exist
positive numbers 61, - - - , 0y such that
bl 0 Z1
Ak+1(a,b) = ’ ' GAk+1(a,b) . (Zl,"' 7Zk)€(ck, |Z7|2:51fOI'Z:1, 7]43
0 by 2k
21 .. Rk Rk+1
where zp11 = Zf+11 - Zl 1 bi. In particular, we have Ajgr(a,b) = TF,

Proof. We first note that if | z; |2 = 0 for some j, then the equation (6.2) (with respect to x) has a solution z = b;. It
implies that b; € {a1,--- , ar4+1}, which contradicts to our assumption that a,’s and b;’s are all distinct. Thus, it is
enough to show existence and uniqueness of a solution (|21 |2, - - , |2 |?) of the system of linear equations in (6.2).

The existence immediately follows from Lemma 6.3. Let
{l21]> =61 >0, |2]* = 6 > 0}
be one of solutions of (6.2) so that .Zkﬂ (a, b) contains a real k-torus
T ={(21,- ,2) €CF | |zi? = 05, i = 1,--- |k},

which yields that dimg Avk+1 (a,b) > k. Since (6.2) is a system of non-homogeneous linear equations with respect
to the variables |z1]?, -+ , |2x|?, the set

{22l 1) o2 € A (a,b))

is an affine subspace of R*. Therefore, dimp ./Zlvk+1 (a,b) = k if and only if the equations (6.2) has a unique solution
(|z1/%, -+, |2k)%) = (61, -+, 6k). It suffices to show that dimg Ax41(a,b) = k.
Note that A1 (a, b) is an A1 (a, b)-bundle over O, whose projection map is

prer1: Aggi(a,b) = Op
T AN
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More precisely, for each element y € Oy, there exists a unitary matrix g, € U(k) (depending on ) such that

9999y = Io
where I}, is the diagonal matrix diag(by, - - - , by ). Then the preimage p,:il (y) of y can be identified with A, 1 (a, b)
via
P (¥) — Agy1(a,b)

v (v * (9 O) y (9% O
* Zpa 0 1 0 1

_ Ib gy*

*t'gy_l Zk+1

so that Aj11(a, b) is an /Tkﬂ (a, b)-bundle over Oy via pgy1.
Now, we consider a sequence of real numbers ¢ = {cy, -, cx—1} such that

by >cy > >bp_1>cr_1 > b.

Restricting the fibration pj41 to Ay (b, ¢), we similary have an A, 1 (a, b)-bundle over A, (b, ¢). Note that its total
space is the collection of (k + 1) x (k + 1) hermitian matrices such that the spectra, the spectra of the (k x k)
leading principal minor and the spectra of the (k — 1) x (k — 1) leading principal minor are resepectively a, b and
c.

By a similar way described as above, we see that Ay (b, ¢) is an Ay (b, c)-bundle over O with the projection
map pi: Ag (b, ¢) = O, such that dimg ﬂk(b, ¢) > k— 1. Taking a sequence of real numbers 0 = {d;,- - ,dk_2}
so that

L >dy > > Cpg > dp_g > Ck—1,

the restriction of pj, to Aj_1(c, ) induces an Ay (b, ¢)-bundle over Aj,_1(c,d).

Proceeding this procedure inductively, we end up obtaining a tower of bundles such that the total space E is a
generic fiber of the GC system of O,. Namely, E is the preimage of a point in the interior of the GC polytope A,.
By Proposition 3.11, E is a smooth manifold of dimension
k(k+1)

—a
On the other hand, by our construction, the dimension of E is the sum of dimensions of all fibers of p;’s for
1 =2,---,k+ 1sothat

1
dimR E= 5 dln’lR Oa ==

dim E = dim Ay + dim Ay, + - - - + dim A,.

Since dim /Lurl > ¢ for each i, we get dim .Ziﬂ =i foreveryi=1,---, k. Lemma 6.4 is established. O

Note that Lemma 6.4 deals with the case where a; & {b1,--- , b} for j =1,--- , k+1. Now, let us consider the
case where a; 1 € {b1,--- by} for some j € {0,1,--- ,k}. Denoting the multiplicity of a; 1 in a by ¢, without
loss of generality, we assume that a; > a;41 = --- = aj4¢ > aj4¢41. Then either a1 = b; or a; 1 = bj4 1. For
the first case, there are two possible cases:

(1) a; > bj =Qj41 == Ajyp > bj+g, or

(6.3)
(2) aj >b; = ajp1 ="+ = aj4e = bjye > ajeq1

For the second case, we have two possible cases too:

6.4) (3) bj > ajy1 =bjy1 ="+ = aj1e =Dbjye > ajeq1, OF

(4) bj > ajpr =bjp1 =+ = aj1e > by,
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Note that only the case (2) above have more multiplicity of b’s than a’s, i.e., multiplicity ¢ + 1 and ¢ respectively:
The cases (1) and (3) have the same multiplicities of both a and b while in the case (4) a has multiplicity £ and b
has multiplicity £ — 1.

We start with the first inequality of (6.4).

Lemma 6.5 (case (3) of (6.4)). Suppose that b; > aji1 = bjy1 =+ = ajg = bjie > ajiey1. Then, every
solution (z1,- -+ , z1;) € C¥ of the equation (6.2) satisfies
Zjy1 = = zZj4e = 0.

Proof. Observe that each term of the equation (6.2)

k k k
det(x] — Z(q,0)(2)) = ( — 2k41) H Z ( [zl H (x— bm)> =0

=1 =1 m=1

is divisible by (z — ij)e*l by our assumption. In particular, the first term of the equation

k
(@ — z41) - [J (= — b2)

i=1
is divisible by (z — b;+1)*. Foreachi & {j + 1,---,j + £}, so is
k

|2

since bjy1 = -+ = bj4. Taking

g9(x) := det(z] — Z(a,p)(2))/(z — bj41) ",

we have g(bj1+1) = g(a;41) = 0 because z = a;+1 = bj4+1 is a solution of (6.2) with multiplicity ¢. It yields

k
(lzg1 P + -+ 1zj40f) - 11 (bj+1 = bm) = 0.
me{aﬂ:l J+e}

Since

k

H (bj1 — bm) # 0,

mg AT g+0)

we deduce that |zj41]? + -+ + |zj4¢|> = 0O and hence 241 = -+ - = 240 = 0. O

Therefore, under the assumption (case (3) in (6.4)) on a and b, the equation (6.2) is written by

- k—¢ 9 k=t

i=1 m=1
where
, , — —
L (bl abk_é) = (bla"' abjabj+17"' 7bj+f7bj+€+l7"' abk)7
° (wl 7wk—€) = (zlv"' 3 Zgy Bj41s " 3 BG4l B 4041, " 7Zk), and

® Wk—f+1 = Zk+1-
Observe that the equation
det(¢] — Z(a,0)(2))/(x = bj+1)" =0
is same as the equation det(x] — Z(q/ py(w)) = 0 where

’ / / — —

®a = (alv"' 7ak—£+1) = (alv"' yAgs Qjt1y -y Qjply Aj404+15 " 7a/€+1) and
/ / ’

o b= (b, b )
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Thus, A1 (a, b) can be identified with Ay, _¢(a’, ') via

6.5) Apy1(a, b) - Apt1-e(a’, )
(Zla"'7Zj707"'5072j+€+17"'azk) = (217"'7Zj7Z7\+1a"'7Z7-\-§-Zazj+(+1a"'7zk)~

Therefore, we obtain the following corollary.

Corollary 6.6. For sequences a = (a1, ,ar4+1) and b = (by,--- ,by) of real numbers obeying (6.1), suppose
that there exist j,{ € Z~ such that

bj > Qj41 =041 = = 0Ajpe = bj+g > Qjyo41-
Setting o (respectively b') to be the sequence of real numbers obtained by deleting aji1,- - ,a;+¢ (respectively

bit1, - ,bjye), Aj11(a,b) can be identified with Ay, _ (o, b') under (6.5).

The following two lemmas below are about the cases of (4) in (6.4) and (1) of (6.3). Since they can be proven
by using exactly same method of the proof of Lemma 6.5, we omit the proofs.

Lemma 6.7 (case (1) of (6.3)). Suppose that a; > b; = aj41 = -+ = ajqye > bjyy. Then (z1,--- ,2x) €
Apy1(a, ) if and only if

® zj=-=2zjye1 =0, and

o (Z1,-  ,Zj—1,2Zj40," " 1 2k) € ,Zk,gﬂ(a’, b’)
where o is obtained by deleting {aji1, - ,a;1¢} from a and b’ = {by,--- ,b,,_,} is obtained by deleting

{bj s 7bj+4,1}fr0m b.

Lemma 6.8 (case (4) of (6.4)). Suppose thatb; > a;11 = --- = a;j4¢ > bjye. Then (z1,--- , 2x) € ./Z{k;_l,_l(a, b) if
and only if

® zjit1=-=2j49—1 =0, and

o (z1,: 2, Zj40, 1 2k) € Ap_g42(a', )
where o/ = {a}, - ,a}_, o} is obtained by deleting {a;y 2, -+ ,a;jy¢} from a and b = {b},--- b _, |} is

obtained by deleting {bj11,--- ,bj4¢—1} fromb.
It remains to take care of the case (2) of (6.3).
Lemma 6.9 (case (2) of (6.3)). Suppose that
aj >bj = aji1 = = ajpe = bjte > @
Then there exists a unique positive real number C; > 0 such that
|25 + -+ |zjae* = Gy
forany (z1,- -+ ,2,) € Api1(a, b).
Proof. By Lemma 6.5, 6.7, and 6.8, we may reduce a = {ay,- - ,agy1} and b = {by,--- , by} to
a' ={a},---,a..1}, and b ={b},--- b}

for some r > 0 so that there are no subsequences of type (3), (4) of (6.4) or (1) of (6.3)in (aj > b} > --- > al. >
b, > ay. ). Also, the above series of lemmas implies that Aji1(a,b) is identified with A, (o, b’) under the

identification of w = (wy, - - - , w,) with suitable sub-coordinates (z;,,- - ,2;.) of (21, , zx+1). Therefore, it is
enough to prove Lemma 6.9 in the case where (a1,b1, - , ag, bk, ar+1) does not contain any pattern of type (3),
(4) of (6.4) or (1) of (6.3).
We temporarily assume that
aj > bj =Qj41 = = Ajpe = ijrg > Qj4o41-
is the unique pattern of type (2) of (6.3) in (a1, b1, - , ak, bk, ax+1). Then the equation (6.2) is written as

det(xI — Z) = (z — bj)* - g(x)
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where
k k 9 k
@) = @) I @=L I @b
i1 ) = g e

is a polynomial of degree (k — ¢ + 1) with respect to . For the sake of simplicity, we denote by
k
B(z) := H (x — bm).
mg (AT g0
1

. . 1 .
Since our assumption says that = ... = —— the second part of g(z) can be written by
xr — bj Tr — ijrg

k k

|zi|? (212 + - +1zj4e)?) |2i|?

. B = — | -B
Z (x—bi () z —b; + Z x—b; ()

i=1 i—
ig{j, . J+€}
By substituting o’ = {a} --- ,ap,_,}and b’ = {b},--- b} _,} where
ea,=a; and b, =0 forl<i<y,
e a=a;4¢ forj+1<i<k—{+1,and

e b=by forj+1<i<k-—{,

a’ and b’ satisfies
ay>by > >ap_p > by >a g

Then we have g(x) = det(z] — Z(q py(w)) where

o lwil? =|z*> for1<i<j—1,

o lwil? = 2”4+ + |24l

o |w;|? =|zi44)> forj+1<i<k-—/and

o wimern =Y ap = YT b= 0 a = Y b=
Thus Lemma 6.4 implies that there exist positive constants C', - - - , C_ such that

A (0, 0) = {(wr, - we—g) €C w2 =Cy, =1, k= (}.

In particular, we have |w;|* = |2;]? + - - + |zj1¢|* = C;.

It remains to prove the case where (a1,by,- - , a, bg, ar+1) contains more than one pattern of type (2) of (6.3).
However, since all patterns of type (2) of (6.3) are disjoint from one another, we can apply the same argument to
each pattern inductively. This completes the proof. 0

Now, we are ready to prove Proposition 6.2.

Proof of Proposition 6.2. For a given sequence a3 > by > --- > ap > bp > apy1, let us consider the W-
shaped block Wi, (a, b) with walls defined by strict inequalities a; > b; or b; > a;y1 foreach j = 1,--- , k. (See
Figure 18.) Note that each pattern of type (2) in (6.3) corresponds to an M -shaped block inside of Wy (a, b). More
specifically, if

aj >bj = aj41 =0 = Ajpe = bjre > Aot
is one of patterns of type (2) in (6.3) for some 7, then it corresponds to a simple closed region which is an M -shaped
block M. In particular, we have

|Me+1| =2/ + 1 =dim {(Zj, s ,ZjJrg) € (CZ-H ‘ ‘Zj|2 + -+ |Zj+g‘2 = Cj} = dimS%H.
for a positive real number C';. Combining the series of Lemma 6.5, 6.7, 6.8, and 6.9, we see Aji1(a,b) = Si(a,b).
Note that Ay 1 (a, b) is an Ay (a, b)-bundle over Oy via

Airg1(a,b) — Oy

Pk+1 -
6.6
66) )
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Thus Aj41(a, b) is an Sy (a, b)-bundle over Oy. O

Corollary 6.10. Let f be a face of the Gelfand-Cetlin polytope Ay and 7y be the face of the ladder diagram Ty

corresponding to f. For any point u in the interior of f, the fiber <I>;1 (u) has an iterated bundle structure given by
3 (W) = Suma(3) P Saa(r) - o B i) = Si(y)

where p.—1 : Si(y) — Sk—1(7) is an Sy (v)-bundle over Sy_1(v) for k = 1,--- ,n — 1. In particular, ®} ' (u) is
of dimension

n—1
dim @3 (u) = > dim Si(7).
k=1
Proof. For each (i,7) € 2221’ we denote by <I>§’j : Ox — R be the component of ®, which corresponds to the unit
box [(%9) of T'y whose top-right vertex is located at (7, 7) in T'y. For each k € Z~; and 1 < i < k, let us define
ai(k) == ®Y* 7 m) and  bi(k) = ai(k —1).

provided with a4 (1) := @i’l(u). Let a(k) := (a1(k), -+ ,ar(k)) and b(k) := (b1 (k),--- ,bp_1(k)). By applying
Proposition 6.2 repeatedly and observing that S(v7) = Si(a(k + 1), b(k + 1)), we describe the fiber ' (u) as

the total space of an iterated bundle as in (6.7). The dimension formula immediately follows. d
(6.7)
Y(n)
Soi() —— 1y, (A(a(n), b(n))) —— A(a(n), b(n)) s Oy
Pn—1 Lin—1)Pn Pn
Lin—1)
Su2(r) ——> — Afa(n—1),b(n 1)) T Oq(u-
Pn—2 Pn—1
——— - = O
L(2)
S1(7) = A(a(2), b(2)) —
pi1=p2

So(v) = Oa(l)

To complete the proof of Theorem 5.12, it remains to verify that @ ' (u) is an isotropic submanifold of (O, wy)
for every u € Aj. Recall the definition of the KKS from Section 3.2. For a fixed positive integer k£ > 1, let a =
(a1, -+ ,agy1) and b = (by,-- -, by) be sequences of real numbers satisfying (6.1) and let pgy1: Agy1(a,b) —
Oy be the map defined by pr41(z) = z*). Then py 1 makes Ay (a,b) into a A1 (a, b)-bundle over Q. See
Proposition 6.2.

Forany € Agy1(a,b) C Of C Hpq1, let V,, C T Ak11(a, b) be the vertical tangent space at « with respect
to pr+1 and let H, be the subspace of T, A11(a, b) generated by U (k)-action where U (k) acts on A1 (a, b) as
a subgroup of U(k + 1) via the embedding

ir: Uk) — Uk+1)
(o)
A - .

0 1

(pkf'i'l)*‘Hm cHy — Tpk+1($)ob

Then we can see that
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is surjective since py41 is U (k)-invariant and the U (k)-action on Oy, is transitive. Let (ix).: u(k) — u(k + 1) be
the induced Lie algebra monomorphism. Then the kernel of ker(pg41)«| g, is given by

ker(prsn)slm, = {[(ik)(X),2] | X € u(k), [X,2M] =0}
= Allir)«(X),2] | X € TU (k) pm }

where (%) is the (k x k) leading principal minor of  and U (k) is the stabilizer of z(¥) € O for the U (k)-
action.
From now on, we assume that U (k) acts on A1 (a, b) via iy, unless stated otherwise.

Lemma 6.11. U (k) acts transitively on Aj11(a,b).

Proof. Since any element x € A1 (a, b) is conjugate to an element of the following form

by 0 Z1

Zap)(2) = - oo e Apr1(a,6) € Apy1(a,b)
0 bk Zk
21 .. Rk Rk+1

with respect to the U (k)-action, it is enough to show that the isotropy subgroup U (k);, of Iy acts on Ay (a,b)
transitively where I, is the diagonal matrix whose (4, 4)-th entry is b; fori = 1,--- | k.
Now, let us assume that

bio Z:blz"':bil >bi1+1:"':bi2>"'>bir_1+1:"':bz} = bg.

for some r > 1 provided with g = 0 and 4,, = k. Then it is not hard to show that U (k);, = U (k1) x --- x U(k;)
where k; = i; —i;_q for j = 1,--- ,r. For each j, we know that each (zi].H, s »Zij+1) € Cki+1 gatisfies either
b |Zij+1|2 et |zij+1 |2 =0, 0r
. |zij+1|2 SR N |2 = Cj1 for some positive constant Cj 11 € Rxg

by Lemma 6.5, 6.7, 6.8, and 6.9. In the latter case, U (k)y, -action is written as

g 0 I zt g_l 0 . I gEt
0 1 Z k41 0o 1) 2970 zpga

forevery g € U(k)y, and z = (21, - - , 2). Note that every g € U(k);, is of the form
@i 0 0 - 0
0 ¢go 0 -+ 0
g=10 o0 :
O PR e ... g’r‘
where g; € U(k;) fori = 1,--- 7. Thus each g € U(k)y, acts on (2)j41 = (25,41, »%i;,,) € Cki+1 by
(2) 41 - g{j1 which is equivalent to the standard linear U (k;1)-action on the sphere S2*i+1=1  C*i of radius
+/Cjt1. Therefore, the action is transitive. O

Lemma 6.12. For each x € Agy1(a,b) and any £, € T, Axy1(a,b), we have

(wWa)z(&,m) = (wb)l)k+1(l‘)<(pk’+1)*€7 (Pr+1)+m)-

In particular, the vertical tangent space V,, C T, Ag+1(a, b) of pxr1 is contained in ker(wq) ;.

Proof. Note that Lemma 6.11 implies that any tangent vector in T, A1 (a, b) can be written as [(if)«(X), z] for
some X € u(k) where
X

(ir)«(X) = (0

0 (k+1)
0 cu :
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Thus for any &, 1 € T, Axy1(a, b), there exist X, Y € u(k) such that
&= [(in)(X), 2], n=[(ir)«(Y),x].
Therefore, we have
(wa)a(&,m) = tr(iz[(i)«(X), (i)« (V)]) = tr(iz® [X,Y]) = (wo)a00 ([X, 2P, [Y,2®)])
since the (k + 1, k + 1)-th entry of the matrix x[(ig)«(X), (ix)«(Y")] is zero by direct computation. Since py1 is
U (k)-invariant, we obtain that [X, 2(")] = (pg11)«(€) and [Y, 2] = (pr1)«(n). This completes the proof. [
Proposition 6.13. For any u € Ay, the fiber & *(u) is an isotropic submanifold of (O, w), i.e., w|¢;1(u) =0.

Proof. Suppose that y is a face of I' such that the corresponding face f. contains u in its interior. Let z € <I>;1 (u)
and let &, € T,®; ' (u). Then Corollary 6.10 says that fb;l (u) is the total space of an iterated bundle

described in (6.7).
For each integer k with 1 < k <n and 1 < i < k, let us define
a;(k) == &Y ().
provided with aq(1) := <I>§\’1(u) and let a(k) := (a1(k),--- ,ar(k)). In particular, we have a(n) = A\ =
{A1, -+, An}. Then Lemma 6.12 implies that
(@Wa(m))z(€:1) = (Wa(n—1)) p (@) ((Pn) (§); (P )« (1))

Since p,,_» is the restriction of p, to S,,_1(y) C A(a(n),a(n — 1)), both (p,).(&) and (p,)«(n) are lying on
Tr,_2(@)Sn-2(7) C Ty, _y(@)Ala(n —1),a(n — 2)).
Thus we can apply Lemma 6.12 inductively so that we have

(Wam))a (€M) = (Wam—1)) pn () ((Pn)(£), (Pn)«(n))
(wa(n—2))pn_10pn(m)((pnfl 0 pp)«(§), (Pn—10 pn)«(n))

= (wa(2))pzo--~0pn(w)((pZ 02 0pn)x(€), (P20 0 pn)(n))

0.
The last equality follows from py: A(a(2),a(1)) — {a1(1) = @y (u)} = point. O
Proof of Theorem 5.12. 1t follows from Corollary 6.10 and Proposition 6.13. g

7. DEGENERATIONS OF FIBERS TO TORI

In this section, we study the topology of GC fibers via toric degenerations and describe how each fiber of a GC
system degenerates to a torus fiber of a toric moment map.

Let A be given in (3.8) and let f be a face of the GC polytope Ay of dimension 7. It is shown in Section 6 that a
fiber @, ' (u) is the total space of an iterated bundle

(7.1) O () =S, (7)) BN S a(vr) = - B Si(vr) B So(vy) := point

where 7 is the face of I'y corresponding to f, see Corollary 6.10. The main theorem of this section further claims
that every S'-factor appeared in any stage of the iterated bundle in (7.1) comes out as a trivial factor. Namely,
letting S; () be (S1)™i x Y; such that 327" m; = r, the fiber is written as the product

®3 () = (51" x Y (u)

where Y (u) is the total space of an iterated bundle whose fibers at stages are Y,’s, see Theorem 7.9. Indeed, Y (u)
shrinks to a point through a toric degeneration, which illustrates how fibers degenerate into toric fibers. As an
application, it provides a more concrete description of the GC fiber. Furthermore, we compute the fundamental
group and the second homotopy group of @;1 (u).
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Recall that for a given Kihler manifold (X, w), a flat family 7: X — C of algebraic varieties is called a foric
degeneration (X,w) if there exists an algebraic embedding i: X < PV x C such that

(1) the diagram

(7.2) X' _pNyC
\ \Lq
C

commutes where ¢: PV x C — C is the projection to the second factor,
(2) 7~1(C*) is isomorphic to X x C* as a complex variety, and
(3) For the product Kihler form @ := wpg @ wgyq ON PN x C where wyg is a multiple of the Fubini-Study
form on PV and wsq is the standard Kéhler form on C,
e (X1,w|x,) is symplectomorphic to (X, w), and
e Xy is a projective toric variety (in P?V) and @|x, is a torus invariant Kéhler form denoted by wq
where X; := 7~ 1(¢) 2 i(m~1(t)) C PV x {t} is a projective variety for every t € C.

Let A%™ C X be the smooth locus of X. The Hamiltonian vector field, denoted by V., for the imaginary part
Im(7) of 7 is defined on A5™. By the holomorphicity, 7 satisfies the Cauchy-Riemann equation which induces
VRe(r) = —V,. where V denotes the gradient vector field with respect to a Kéhler metric associated with w. We
call

Vi = 7r/||V7rH2

the gradient-Hamiltonian vector field of w, see Ruan [Ru]. Then the one-parameter subgroup generated by V.
induces a symplectomorphism

(7.3) ¢: (U,w) = (6(U), wo)
on an open dense subset U of X (= X) such that ¢(U) = X§™ and it is extended to a surjective continuous map
o X — Xo

defined on the whole X, see Harada-Kaveh [HaK, Theorem A] for more details.

We may also consider a toric degeneration of a Kéhler manifold “equipped with a completely integrable system”
as follows. Consider a triple (X, w, ©) where © = (0,)qcz is a (continuous) completely integrable system on
(X,w) and Z is the index set for © such that |Z| = dim¢ Xo. We call m: X — C a toric degeneration of (X, w, ©)
if 7 is a toric degeneration of (X,w) and © = ® o ¢ where ®: X, — RIZ| is a toric moment map on (Xy, wp), see
[NNU1, Definition 1.1].

(7.4) (X1,(.d1) = (X, w) (X(),Cdo) C PV x {O}

s

Ag

The Hamiltonian vector field of each component ®,, of ® (= {®,}ae7) is globally defined on X, even though
X is singular, by the following reason. Note that X, C PV x {0} is a projective toric variety, which is the Zariski
closure of the single (C*)!*|-orbit on X. The (C*)/l-action on X extends to the linear Hamiltonian action on P
with respect to wps. We denote by (S1)/Z! the maximal compact subgroup of (C*)/Z!, by ® = (®,)acz a moment
map for the (S*)/Zl-action on PV, and by &, the fundamental vector field of &, on PV for each o € Z. Then each
component ®,, coincides with the restriction of éa to X,. Since X, is T'%!-invariant, the trajectory of the flow of
& passing through any point of X should be on Xj. In other words, the restriction £,|x, should be tangent’ to
Xo, and therefore the Hamiltonian vector field of ®,, is defined on the whole X|,.

3Every toric variety is a stratified space [LS] so that each point in X is contained in an open smooth stratum and each vector field £, is

tangent to the stratum.
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Now, let V,, be the open dense subset of X on which O is smooth. Then the Hamiltonian vector field, denoted
by (., of O is defined on V,,. For any subset Z' C Z, we let
(7.5) Vo= (] Va
T
so that the Hamiltonian vector field of ©, is defined on V7. for every o € Z'. If ©, is a periodic Hamiltonian, i.e.,
if ©,, generates a circle action for every o € Z’, then V7 admits the T 7' _action generated by {(, }ocz. Note that
V1 is open dense in X so that &/ N V7 is also open dense in X where / is in (7.3).

Lemma 7.1. Forany o € Z and p € V,, we have

p(exp(tCa) - p) = exp(t&a) - ¢(p)
foreveryt € R.

Proof. Fix a € Z. From the fact that
e p*wy=wonld NY,,and
e O =000,
it follows that
wo (s (Ca), @4(+) = w(Cas ) = dOa() = dPq 0 dd(-) = wo(&as d« ("))
so that ¢, (Cy) = &, on U N V,. Since U NV, is open dense in V,, and &, is defined on whole X, the equality

Ox (Ca) ={a

holds on V,,. This completes the proof by the uniqueness of a solution of first-order ODE’s. U

Let Z' C 7 and suppose that ©,, is a periodic Hamiltonian on Vz for every a € Z'. Since ®,, is also a periodic
Hamiltonian on X, we deduce the following immediately from Lemma 7.1.

Corollary 7.2. LetZ' C T such that {©,}acz are periodic Hamiltonians on Vz:. Then ¢ is T\T'|-equivariant on
V.

We will apply Corollary 7.2 to GC systems. Recall that for any A given in (3.8), Nishinou-Nohara-Ueda [NNU1]
built a toric degeneration of the GC system ¥ on a partial flag manifold (O, wy, ®,). We first describe their
toric degeneration of (Oy,wy, ®,) and a continuous map ¢: Oy — Xy given in (7.3) obtained by the gradient-
Hamiltonian flow, where X is the central fiber of the toric degeneration. (We also refer the reader to [KoM] or
[NNUI] for more details.)

In [KoM], Kogan and Miller constructed an (n—1)-parameter family F': X — C"~!, called a toric degeneration

in stage, of projective varieties that can be factored as
T
(7.6) F=gqgoi, XoPxcrthe! p=]]pr,*
k=1

where ¢ is an algebraic embedding with a Kihler form @ on P x C"~! such that
° (F_l(l, Sy 1),L~u|p—1(1,.‘. 71)) >~ (Oy,w)) and
e =1(0,---,0) is isomorphic to the GC toric variety X, whose moment map image is A with the torus-
invaraint Kihler form &|p-1(q,... o) on Xo.

See [NNUI, Section 5 and Remark 5.2] for more details. Following [NNU1], we denote the coordinates of cr!
by (ta, - ,t,)and F~1(1,--+ | 1,t =;,0,--- ,0) by X}, for2 < k < nand ¢ € C. Then the set

{ Xk t}a<k<n,tec

can be regarded as a family of algebraic varieties in P via the embedding « where X, ; C P is the image of the
Pliicker embedding of Oy and X3 o C P is the toric variety X associated with A .

4For m € Zy, we denote by P, := P(A™C") = P(?ﬁ)_l,
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n(n—1) n(n—1) . ..
Let T~ =  be the compact subtorus of (C*)~ 2 C Xy and consider a decomposition

n(n—1)
2

Tl T2 %o x T L

For each k = 1,--- ,n — 1, we denote the ¢-th coordinate of Tk by 7; ; > where i + j = k + 1. Then, each
S'-action on X corresponding to 7; ; can be extended to the linear Hamiltonian S*-action on P and we denote a

corresponding moment map by
(7.7) . P R.

On the other hand, recall that U (n) acts on P in a Hamiltonian fashion with a moment map (™) : P — u(n)* and

consider the sequence of subgroups of U(n)

UL) CU@)C-CUmn-1)CUm), Uk = (Uék) Io ) |
n—k

Then each U (k) also acts on P in a Hamiltonian fashion and the moment map induced from z(™ is given by
p*) . P — u(k)* = {(k x k)-Hermitian matrices}
fork =1,---,n — 1. For each pair (i, j) € (Z,)? withi + j = k + 1, define
(7.8) oY PR
which assigns the i-th largest eigenvalue of £(¥) (p) for every p € P.
Remark 7.3. If one follows the notations used in [NNU1, Section 5], then we may express as
i = Ti(j)7 B — ”§k)a q)z/'\,j _ )\gk')’ itj=k+1.

An important fact is that a fiber of F in (7.6) is not invariant neither under the U(n)-action nor under the
T'x T? x - -+ x T" L-action on P, but X}, ; is invariant under the U (k — 1) action and the T% x - - - x T~ action
for every k > 2 and ¢t € C. The following theorem states that the maps <I>f\’j ’s in (7.8) and ®*7°s in (7.7) defined on
P induces a completely integrable system on X}, ; and how the GC system ® on X, ; = O, degenerates into the
toric moment map ® on X5 o = X in stages. See also Section 5 and Section 7 of [NNUT1].

Theorem 7.4 (Theorem 6.1 in [NNU1]). Foreveryk > 2 andt € C, the map

1,k 1,n—1 n—1,1 . 1im A
,(I) y T 7"'5(1) 7"'a(I) ) ~Xk,t_>R(lm o

1,1 1,k—1 k—1,1
By 4 = (q)/\ o, @y o, @
~—

1 k—1 k n—1 Xt

is a completely integrable system on X, ; in the sense of Definition 3.6. Moreover, we have @éjk_i = @ on

Xko=Xg_11foreveryi=1,--- k-1

Note that @y, ,’s are related to one another via the gradient-Hamiltonian flows introduced by Wei-Dong Ruan
[Ru]. Foreachm = 1,--- ,n — 1, let F},, be the m-th component of F" in (7.6) and let 17m be the Hamiltonian
vector field of Im(F},,) on the smooth locus X'*™ of X". Then the gradient-Hamiltonian vector field is defined by

Vi := Vi /|| Vi 2.

The flow of V,,,, which we denote by ¢,,, , where  is a time parameter, preserves the fiberwise symplectic form and
SO ¢, + induces a symplectomorphism on an open subset of each fiber on which ¢, ; is smooth. As a corollary, we

have the following.

3 For the consistency of (3.7), we use the index (4, ).
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Corollary 7.5 (Corollary 7.3 in [NNU1]). The gradient-Hamiltonian vector field V), gives a deformation of X, ¢
preserving the structure of completely integrable systems. In particular, we have the following commuting diagram

foreveryt > 0:
Pr,1—t

(7.9) X1 Xt
‘i’k,\‘\ A‘
Ay
By Corollary 7.5, we obtain a continuous map
(710) ¢Z O,\ = Xn,l — Xo = X270

where ¢ = @21 0 -+ 0 ¢, 1 and it satisfies & o ¢ = P,. Note that
¢: ®7(Ay) = @A)
is a symplectomorphism.

Now, for a given u € Ay, we investigate which component <I>§\’j is smooth on @;1 (u). Let v be an r-dimensional
face of I' and let f., be the corresponding face of A . Let

(7.11) Te(y) :=1(i,4) | (4,7) = v, for some minimal cycle o of v}
so that [Z¢(+)| = 7. (See Figure 14.)

Lemma 7.6. Each @g\’j is smooth on ®3 ' (u) for every (i, j) € Z¢ (). In particular, @i’j is smooth on @;1(f7).

Furthermore, {(I)i\’j}(i,j)elcm generates a smooth fiberwise T" -action on <I>;1 (w) for eachu € f.,.

Proof. The smoothness of each @g’j on &3 ( f,y) follows from the condition (i, j) = v, and Proposition 3.11.
Also, we have seen in Section 3.4 that each ®%’ generates a smooth circle action on an open dense subset of O on
which <I>f\’3 is smooth. Since all components of ®, Poisson-commute with each other, it finishes the proof. [l

We recall the following well-known fact on toric varieties. Let A C RY 22 {* be a convex polytope of dimension
N and let XA be the corresponding projective toric variety where t is the Lie algebra of the maximal compact torus
TV in (C*)N C X, and t* is the dual of t. Let f be an r-dimensional face of A and suppose that F}, - - - , F},
are facets of A such that f = N}, F;. Also, we let v; € t be the inward primitive integral normal vector of F; for

i=1,---,m
Lemma 7.7 (Exercise 12.4.7.(d) in [CLS]). Let &1, -+ , &, be primitive integral vectors in t which generates an
r-dimensional subtorus T™ of T™. Then the T" acts on (Ifl(f) freely if ZN = (vy, -+ ,Um, &1, 0+ 5 &)

We then obtain the following.

Proposition 7.8. Fixu € f,y and consider the T"-action on ®} ' (u) generated by {@g\’j Hig)eze,, as given in
Lemma 7.6. Then the T"-action on ® ' (u) is free. Furthermore, ®) ' (w) becomes a trivial principal bundle over
&' (u)/T, that is,

Oy t(n) =T x &) (u) /T

Proof. We first show that the 7" -action is free on ®~*(u). For each (4, j) € Z° we denote by
n(n—1) er, = 1if (k,1) = (i,7) and e;; = 0 otherwise if (4, j) € Iy
§iji=(ens) ERTZ7, S
e, = 0 for every (k,1) if (4,7) & Ix.

By the min-max principle (3.8) and the dimension formula given in Definition 4.3, an inward primitive integral
normal vector v for any facet F' of A} is either

Vptre 7= Eija1 — &gy o0 Wl = =i+ &g

6See (3.5) and (3.9) for the definition of Z and 7}, respectively.
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for some (¢, j) € Zy. In particular, if F' contains f,, then v is either

1,7

vty 0% and 0% are in the same simple region of -, or

vi? . 0% and 17 are in the same simple region of 7
for some (4, j) € Z,. Then, it is not hard to see that

{or}s,cr Ui tapeze,

generates the full lattice Z~ where N = dim A). Therefore the 7" -action generated by {®% }(m)elc oy on
I fA,) is free by Lemma 7.7, and hence the 7"-action on each fiber ® ~!(u) is free for every u € fﬁ, Since

Pu 1= Ply=1(y &y () » @ M(u) =T

is T"-equivariant by Corollary 7.2, we see that the 7" -action on ‘b;l (u) is also free.
The freeness of the 7" -action on <I>;1 (u) implies that the map ¢, := ¢| o1 (w) becomes a principal bundle map
such that

5 () — - @ () =77

| |
@' (u)/T" ——— point
commutes. In particular, ®} ' (u) is a pull-back bundle of the trivial 7"-bundle over a point so that ®} ' (u) is a

trivial 7" -bundle as desired. O

To sum up, we can describe how each fiber of a GC system deforms into a torus fiber of a moment map of X

via a toric degeneration as follows.

Theorem 7.9. Let vy be a face of the ladder diagram Iy of dimension r and let f., be the corresponding face of the
Gelfand-Cetlin polytope A . For each point u in the relative interior fy, all S'-factors that appeared in each stage
of the iterated bundle structure Se(v) of ®) ' () given in Theorem 5.12 are factored out. That is,

®3' (W) = T7 x So(y)

where Se(7)" is the total space of the iterated bundle which can be obtained by the construction of Se(7y) ignoring
all S'-factors appeared in each stage. Furthermore, the continuous map ¢ in (1.10) on each fiber <I>;1(u) is the

projection map

o7 (W) 2T x So(7) -5 T = ().

Proof. Consider the iterated bundle structure of <I>;1 (u) given in Theorem 5.12 :

o'W =S, 1(y) 5 Saa(y) — o B Si(y) 25 Se(y) = point
(7.12) 4 4 4 7
Snfl('y) Sn72(’7) e Sl (’7)

where Sy, () is the fiber of pi.: Sk(y) — Sk_1(7) at the k-th stage defined in (5.2). Each Sy (7y) can be factorized
into Sk(y) = (SY)™ x Y} where Y} is either a point or a product of odd-dimensional spheres without any S*-
factors. (See the proof of Proposition 6.2.) Then we claim that

(1) there is a one-to-one correspondence between the S*-factors that appeared in each stage and the elements

in Ze ),
(2) (SY)"* acts on S, (7y) fiberwise with respect to p: Si(y) — Sk_1(7), and
(3) the torus action on ®3'(u) = S, ;(y) generated by {®}7}; §)ETc(y) i+i—1=k 18 an extension of the

(S1)rk-action on S(7) given in (2).
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The first statement (1) is straightforward since each (7,j) € Z¢(,) corresponds to an M;-block in Wi ;_1(7)
containing a bottom vertex of W ;_1 so that each (i, j) € Z¢(,) assigns an S*-factor in S;1;_1(7). See Section
5.1. The third statement (3) is also clear since each <I>f\’j with ¢ + j — 1 = k descends to a function (I)f\i on Sy (7)
where
M= (@3 (), o5 ().
For the second statement (2), fix kK > 1 and consider the k-th stage

Sk(y) = (8™ x YV, = Si(7) C (Oa,wa)
(7.13) 1 p
Si—1(7) € (Op,wp)

of Se(7). As we have seen in the diagram (6.7), Sk(7) is a subset of A(a,b) where a = (ay,- - ,axs+1) and
b= (b1, - ,bg) with

® a; = <I>f\’k+1_i(u) forl1 <i<k+1land

o b = @g\*kij(u) for1 <j<k.
Note that @ﬁ’kii generates a circle action on O, whenever a; < b; < a;y1, see Section 3.4. For any smooth
functions f on O, and f = f o pr on Oq, we denote by £ and 7 the Hamiltonian vector fields for f and f,
respectively. Then it follows that {7 is projectable under p; and it satisfies (pr)+& 7= & e, dpy (ff)(a:) =
& (pr(x)) for every x € Oy since

wo ((Pr)«€7 () (1) = (P)"wo (&5 )
= Wu(§f7')

(7.14) ~
= df(:) = df((px)«())
= wo(&rs (Pr)+())
where the second equality comes from Lemma 6.12. Also, note that @z’k_i is a constant function on Oy and

L = @2”“71‘ o pi. By applying (7.14), we can see that the Hamiltonian flow generated by LA preserves the
(k x k) leading principal minor, and therefore its Hamiltonian vector field is tangent to the vertical direction of py.
Once (1), (2), and (3) are satisfied, its iterated bundle in (7.12) descends to

’
Pn—1

o3 (W) /(S = Sy (7 Soa(y) = o B Sy I S(y) = point
(7.15) T 0 1
Yn—l Yn—2 Yl

where Si(7)" = Sk(y)/(SY)™+ "+ and the (S*)"™*F"1i-action is generated by {q)i’j}(i7j)ezc(,y)77j+_j—1§k.
Since @' (u) = 7" x Y (u) for some Y (u) by Proposition 7.8, we have Y (u) = &' (u)/7" = S,(v)’, which
completes the proof. 0

As an application of Theorem 7.9, one can provide a more explicit description of GC fibers. As mentioned in
Remark 5.15, an iterated bundle in Theorem 5.12 is in general not trivial. Generally speaking, a torus bundle over a
torus might be non-trivial, e.g. Kodaira-Thurston example, a 2-torus bundle over a 2-torus whose first betti number
is 3, see [Th]. Yet, Theorem 7.9 guarantees that all torus factors in the iterated bundle can be taken out from @;1 (u).
Using this observation, in some case, the iterated bundle can be characterized explicitly.

Example 7.10. (1) Let Oy ~ F(6) be the co-adjoint orbit associated with A = (5, 3,1, -1, -3, —5). Con-
sider the face 7; defined in Figure 19. The diffeomorphic type of the fiber over a point u in the relative
interior of y; is the product of (S1)7 and Y (u) by Theorem 7.9. Here, Y (u) is diffeomorphic to SU(3)
because Y (u) is the total space of the S3-bundle over S° from Remark 5.15. In sum,

@ () ~ (81 x SU(3).
(2) Let A = (3,3,3,—3,—3,—3). Then, the co-adjoint orbit Oy is Gr(3, 6). Consider the face v, defined in

Figure 19. We claim that the diffeomorphic type of the fiber over a point in the relative interior of s is

() ~ (813 x (S%)%
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Because of Theorem 7.9, the fiber is of the form (S!)? x Y (u) where Y (u) is an S3-bundle over S3. Since

every S3-bundle over S? is trivial (see Steenrod [St]), we have Y (u) ~ (S3)2.

5, 3
3 33
11 333,
S [ ]3
- 33
|5 [1333
94! 72

FIGURE 19. Gelfand-Cetlin fibers.

Another application of Theorem 7.9 is to compute the first and the second homotopy groups of each @;1 (u) as
follows. Let u € Ay and let f be the face of Ay containing u in its relative interior. Also, let v be the face of I"y
corresponding to f. Foreach k = 1,--- ;n — 1, the fibration (7.13) induces the long exact sequence of homotopy
groups given by

() = m(Sk-1(7))
() = mSk-1(7) = 7m(S() —

Proposition 7.11. Let u € Ay. Then the followings hold.
o m(®) ' (u) =0.

e [fu is a point in the relative interior of an r-dimensional face of A, then

= m(Sk(y)) — ma

(710 S omSi) - mo

Sk
Sk

(@ (n)) = 7"

Proof. Since Sy (7y) in (7.13) is a point or a product space of odd dimensional spheres, we have 2 (S (7)) = 0 for

every k = 1,--- ,n — 1. Note that m2(S1(7)) = m2(S1(7)) = 0. Therefore, it easily follows that 72(Sk (7)) = 0
for every k by the induction on k. The second statement is deduced from Theorem 7.9, since Se(7)’ is simply
connected. U

Corollary 7.12. For a pointu € Ay, the fiber ‘b;l (u) is a Lagrangian torus if and only if w is an interior point of
A

Proof. The “if” statement follows immediately from Theorem 7.9, and the “only if” part follows from Proposition
7.11. O

Part 2. Non-displaceability of Lagrangian fibers

8. INTRODUCTION OF PART 2

In the second part of this article, we focus on detecting displaceable and non-displaceable Lagrangian ' GC
fibers.

There has been research on displaceability and non-displaceability of GC fibers on partial flag manifolds. Nishi-
nou, Nohara, and Ueda showed that the Lagrangian GC torus fiber at the center is non-displaceable. To show it,
they calculated the potential function after constructing a toric degeneration from a GC system to a toric moment
map and found a weak bounding cochain such that the deformed Floer cohomology is non-vanishing.

Theorem 8.1 (Theorem 12.1 in [NNU1]). For any non-increasing sequence X\ of real numbers, the Gelfand-Cetlin
system @y : (Oy,wy) — Ay admits a non-displaceable Lagrangian torus fiber @;1 (ug) over the center ug of the
Gelfand-Cetlin polytope A .

7See Definition 9.1 for (non-)displacealbe Lagrangian submanifolds
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Over the Novikov ring over the field of complex numbers, Nohara and Ueda [NU2] found bounding cochains
making deformed Floer cohomology of U (2)-fiber non-zero in O, = Gr(2,4) for

(8.1) A= (A=A =2> A=Ay = 2}

The authors explicitly classified moduli spaces of holomorphic discs bounded by the fiber over the center of ~,
using the homogeneity of the fiber in Gr(2,4). Here, the notion of homogeneous Lagrangians was introduced by
Evans and Lekili, see [EL, Definition 1.1.1].

Theorem 8.2 (Theorem 1.2 in [NU2]). For the sequence X in (8.1), let v be the one-dimensional Lagrangian face
of T in Example 5.10. Then, the Gelfand-Cetlin U (2)-fiber over the center of the face vy is non-displaceable.
Moreover, any other Gelfand-Cetlin U (2)-fibers located at its interior are displaceable.

For a sequence
(8.2) )\:()\1:'~':)\n:n>)\n+1:”-:)\an—’n),

the co-adjoint orbit O, gives rise to Gr(n,2n) and the (n X n)-square + in I") corresponds to the one-dimensional
face whose fiber at the interior is diffeomorphic to U(n). According to the result of the third named author in
[Oh], any Lagangian submanifold that is a fixed point set of an anti-symplectic involution of a monotone Hermitian
symmetric space has non-zero Floer cohomology over the field of characteristic two. By Iriyeh, Sakai, and Tasaki
in [IST], the U (n)-fiber is the fixed point set of an anti-symplectic involution on Gr(n, 2n), a Hermitian symmetric
space. Using those results, Evans and Lekili [EL2] observed that the U (n)-fiber at the center of the face + has

non-zero Floer cohomology over the field in characteristic two.

Theorem 8.3 (Corollary 7.4.2 in [EL2]). For the sequence A in (8.2), the Lagrangian U (n)-fiber at the center
of one-dimensional edge ~y is non-displaceable. Moreover, the Lagrangian U(N)-fiber at the center of -y split-
generates the Fukaya category of Gr(N, 2N) in characteristic 2 for N = 2° with a positive integer s .

In this paper, we discuss non-displaceable GC fibers on complete flag manifolds equipped with a monotone KKS
form. In contrast to the case of the U(n)-fiber in Gr(n, 2n), a non-toric fiber can not be realized as an orbit of a
global holomorphic action in general because it has torus factors from torus actions not extending to the ambient
manifold. Because of this feature, it seems that the arguments in Theorem 8.2 and Theorem 8.3 cannot be applied
to this case.

Let

A={A>X> >N}

be a decreasing sequence of real numbers so that the co-adjoint orbit O, is diffeomorphic to a complete flag
manifold. When the KKS form w) is monotone, we will show non-displaceability of toric fibers and non-toric
fibers as well. To show it, we first locate a half-open line segment [ug,u,) C A, where ug is the center 8 of
A and u, is a point in the relative interior of some Lagrangian face v of Ay. Then, in some cases, we are
able to show that each torus fiber @;1 (u) (u € [ug,u,)) is non-displaceable by showing that a Lagrangian Floer
cohomology (with a certain bulk-deformation parameter and a weak bounding cochain) is non-zero. Since the non-
toric Lagrangian submanifold <I>;1(u7) is realized as the “limit” of non-displaceable Lagrangian tori, we deduce
that the fiber @;1 (u,) is also non-displaceable, see Proposition 10.13 for the precise statement.

We describe line segments over which the fibers are non-displaceable in the GC polytope A, explicitly. If the
symplectic form w) is monotone, the center of the polytope A is expressed as follows. Recall that the form w)
is monotone if and only if A,, — A1 = A\p—1 — A2 = -+ = Ag — Ay by Proposition 3.4. By scaling w) if
necessary, we may assume that

(8.3) A={\i:=n—-2i+1:i=1,--- ,n},

8For any moment polytope A, Fukaya, Oh, Ohta, and Ono [FOOO3, Proposition 9.1] described a unique interior point (which they denoted
by ug or Pk ) and we call it the center of A. The center up of A is a point over which the corresponding toric fiber is non-displaceable, see
Theorem 1.5 and Proposition 4.7 in [FOOO3] for more details. Notice that the center is not meant to be the barycenter of a polytope. The center

and the barycenter are in general different.
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which is the case where [wy] = ¢1(T'O,). The polytope A is of dimension @ It turns out that A is a
reflexive ? polytope, see [BCKV, Corollary 2.2.4] or [NNU1, Lemma 3.12]. One well-known fact on a reflexive
polytope is that there exists a unique lattice point in its interior, that is exactly the center of the polytope.

We start from the simplest case where the co-adjoint orbit Oy of a sequence A = {\; > A2 > A3}. In this case,
Pabiniak investigated displaceable GC fibers.

Theorem 8.4 ([Pa]). For A = {A\1 > Ao > A3}, let Oy, be the co-adjoint orbit, which is a complete flag manifold
F(3) equipped with wy,.
(1) If wy is not monotone, i.e. (A\1 — A2) # (A2 — A3), then all Gelfand-Cetlin fibers but one over the center
are displaceable.
(2) If wy is monotone i.e. (\1 — Aa) = (Ay — A3), then all Gelfand-Cetlin fibers but the fibers over the line
segment
(8.4) Ii={(u1,1,u12,u21) = (0,a—t,—a+t) ER*:0<t <a}
are displaceable where 2a = \y — 2. Observe that the line segment I is the red line in Figure 20.

Note that the line segment I connects the center (0, a, —a) of Ay and the position (0, 0, 0) of the Lagrangian 3-
sphere. Combining with Theorem 8.1, Theorem 8.4 finishes the classification of displaceable and non-displaceable
fibers of the GC system ®, for the non-monotone case. The following theorem asserts every GC fiber in the
family {@;l(u) | u € I} is non-displaceable. Thus, together with Theorem 8.4, our result provides the complete

classification of displaceable and non-displaceable Lagrangian GC fibers when w) is monotone. We postpone its
proof until Section 10.3.

Theorem C (Theorem 10.12). Let A = {A\; = 2 > Ao = 0 > A3 = —2}. Consider the co-adjoint orbit Oy, a
complete flag manifold F(3) equipped with the monotone Kirillov-Kostant-Souriau symplectic form wy, Then the
Gelfand-Cetlin fiber over a point u € Ay is non-displaceable if and only if u € I where

(8.5) I := {(ul,l,ul,g,uzl) = (O, 1—-t,—1 +t) eR? ‘ 0<t< 1}

In particular, the Lagrangian 3-sphere <I>;1 (0,0,0) is non-displaceable.

FIGURE 20. The positions of non-displaceable GC Lagrangian fibers in F(3).

Remark 8.5. The fiber over the center (0,1, —1) of Ay is known to be non-displaceable by Theorem 8.1. Also,
Nohara and Ueda [NU2] calculated a Floer cohomology of the Lagrangian 3-sphere @;1 (0,0, 0), which turns out
to be zero over the Novikov field A. Nevertheless, Theorem C says that it is non-displaceable.

Next, we deal with a general case for an arbitrary positive integer n > 4 where A is given as in (8.3). In this
case, the GC polytope A is a reflexive polytope whose center is

(uij:=j—i:i+j<n)eA,cRD/2
Consider the face f,,, of A defined by

{ui,j:ui7j+1 1§z§m,1§j§m—1}u{uz+17j:uw1§z§m—1,1§j§m}

9A convex lattice polytope P is called reflexive if its dual polytope P* is also a lattice polytope.
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for any integer m satisfying 2 < m < |%]. Note that there are (|Z| — 1) such faces in A. For instance, we
have two faces f> and f3 for the case where n = 7 (see Figure 21), and three faces f>, f3 and f; for n = 8 (see
Figure 22). Furthermore, those faces can be filled by L-shaped blocks so that they are Lagrangian by Corollary 5.23.
Regarding f,,, as a polytope, the center of f,, admits a unique lattice point in its interior, whose components are
given by

0 if max(i,j) < m
(86) Uq,5 1= ( ])

j—i if max(s,j) > m.

Candidates for non-displaceable Lagrangian fibers are the fibers over the line segment I,,, C A, connecting
the center of Ay and the center of f,, for each m > 2. Explicitly, the line segment I,,, is parameterized by
{In(t) € Ay : 0 <t <1} where
u; ()= —1)—(j—1)t if max(i,j) <m
87 L(t) = J=0=19)-0~-19) (4, 5)

u; () = (j — 1) if max(i,j) > m.
We denote by L, (t) the Lagrangian GC fiber over the point I,,,(t), that is L,, (t) := ® " (I,,(t)). Now, we state
our second main theorem in this section. Again its proof will be postponed to Section 11 and Section 12.

Theorem D (Theorem 12.16). Let A = {\; :=n —2i+ 1|i = 1,--- ,n} be an n-tuple of real numbers for
an arbitrary integer n > 4. Consider the co-adjoint orbit Oy, a complete flag manifold F(n) equipped with the
monotone Kirillov-Kostant-Souriau symplectic form wy. Then each Gelfand-Cetlin fiber L., (t) is non-displaceable

Lagrangian for every 2 < m < L%J In particular, there exists a family of non-displaceable non-torus Lagrangian
fibers

{Lm(l) 2<m< EJ}
n(n—1) 2

of the Gelfand-Cetlin system ® where L, (1) is diffeomorphictoU(m) x T~ =z —™",

Example 8.6. (1) A monotone complete flag manifold F(7) admits (at least) two line segments I5 and I3
in the GC polytope over which the fibers are non-displaceable, see Figure 21. Particularly, it has non-
displaceable Lagrangian submanifolds diffeomorphic to U(2) x T'7 and U (3) x T'2.

6 6 6

5]4 5]4 5]4

4[3]2 4[3]2 4[3]2

3[2]1]o I [372]1]0 I3 3[2]1]o

2[1]of-1]-2 D 2[1]of-1]-2 ~ Jo o o]-1-2

0 0]-1[-2[-3]-4 1[o]-1]-2[-3] -4 00 0[-2-3]-4

0 0]-2[-3]-4]-5]-6 0[-1]-2[-3]-4]-5]-6 0 0 0[-3[-4]-5]-6
center of f center of Ay center of f3

FIGURE 21. Positions of non-displaceable Lagrangian GC fibers in F (7).

(2) A monotone complete flag manifold F(8) admits (at least) three line segments Io, Is and I in the GC
polytope over which the fibers are non-displaceable, see Figure 22. Particularly, it has non-displaceable
Lagrangian submanifolds diffeomorphic to U(2) x 7?4, U(3) x T? and U (4) x T2

Remark 8.7. The third named author with Fukaya, Ohta, and Ono [FOO0O4] found a continuum of non-displaceable
toric fibers on some compact toric manifolds including a non-monotone toric blowup of CP? at two points, see also
Woodward [Wo]. Using the degeneration models, they also produced a continuum of non-displaceable Lagrangian
tori on CP' x CP! and the cubic surface respectively in [FOOOS5] and [FOOOS]. Vianna [Vi] also showed a
continuum of non-displaceable tori in (CP)?". In the case of toric orbifolds, dealing with more restrictive classes
of Hamiltonian isotopies, non-displaceable toric fibers usually exist in abundance, see Woodward [Wo], Wilson-
Woodward [WW], and Cho-Poddar [CP].



42 YUNHYUNG CHO, YOOSIK KIM, AND YONG-GEUN OH

7

6|5

5[4]3

413]2]1 : center of A\

3[2]1]o0]-1

2[1]of-1]-2[-3

1[o]-1]-2[-3]-4]-5

0[-1]-2[-3[-4]-5]-6] -7

P
7 s s
6|5 6|5 6|5
5[4]3 5[4]3 5[4]3
4[3]2]1 4[3]2]1 413]2]1
3[2]1]o0]-1 3[2]1]o]-1 000 0]-1
2[1]of-1]-2[-3 00 of-1[-2]-3 000 0[2-3
0 0]-1-2[-3]-4]-5 00 0[-2-3]-4-5 000 0[3[-4]-5
0 0]-2]-3]-4]-5]-6] -7 0 0 0]-3]-4]-5]-6]-7 00 0 0[-4-5-6/-7
center of fo center of f3 center of fy

FIGURE 22. Positions of non-displaceable Lagrangian GC fibers in F(8).

Before dealing with non-displaceable GC fibers, we study displaceability of fibers in GC systems in Section 9.
In the toric case, McDuff [McD] and Abreu-Borman-McDuff [ABM] developed the method of probes to detect
displaceable toric fibers. The probe method can be also applied to Lagrangian torus fibers in GC systems because
they are related to the toric fibers via a (local) symplectomorphism in (2.1), however, it is not applicable to non-torus
fibers. In the case where a co-adjoint orbit is F(3), Pabiniak [Pa] investigated displaceable fibers.

We develop several numerical and combinatorial criteria for detecting displaceable GC fibers which can be
applied to both torus fibers and non-torus fibers in GC systems. Even though our criteria are not exhaustive to
classify all displaceable fibers, it is enough to detect almost all displaceable fibers in that the non-displaceable
fibers should be located over a measure zero set of the polytope Ay. In particular, we are able to displace all
non-torus fibers in some cases.

Theorem E (Corollary 9.14). Let p be a prime number. Then every non-torus Lagrangian Gelfand-Cetlin fiber of
the complex Grassmannian Gr(2, p) is displaceable.

The rest of the paper is organized as follows. In Section 9, we introduce several numerical criteria testing dis-
placeability of GC fibers and the proof of Theorem E will be discussed. Section 10 is devoted to review Lagrangian
Floer theory and to explain Theorem C. To prove Theorem D, the split leading term equation is introduced and its
solvability is discussed in Section 11 and 12. Section 13 focuses on calculation of the potential function deformed
Schubert cycles.

9. CRITERIA FOR DISPLACEABLILITY OF GELFAND-CETLIN FIBERS

For a given moment polytope, McDuff [McD] and Abreu-Borman-McDuff [ABM] developed the techniques
(using probes) to detect positions of displaceable toric moment fibers by using combinatorial data of the polytope.
In contrast to the toric cases, any partial flag manifold always possesses a non-torus Lagrangian GC fiber unless it
is diffeomorphic to a projective space, see Corollary 5.24. The probe method also can be applied to some extent to
the case of GC systems, see [Pa] for example. However, it works only for forus fibers over interior points of a GC
polytope. In this section, we provide several numerical and combinatorial criteria for displaceability of both torus
and non-torus Lagrangian fibers of GC systems. (See Proposition 9.4, 9.10, 9.12.)
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Definition 9.1. Let (M, w) be a symplectic manifold and let Y be a subset. We say that Y is displaceable if there
exists a Hamiltonian diffeomorphism ¢ € Ham (M, w) such that

d(Y)NY =0.
If there is no such a diffeomorphism, then we say that Y is non-displaceable.

Definition 9.2. Let A be a sequence of non-increasing real numbers given in (3.4). We say that a face -y is displace-
able if &' (u) is displaceable for every u € 4.

9.1. Testing by diagonal entries.

n(n—1)

For a sequence A = {\1, -, A\, } in (3.4), let P): Oy — Ay C R™ = be the GC system. For each lattice
point (i, j) € (Z>1)? with 2 < i+ j < n, we denote by @f\’j: O — R the (i, j)-th component of ® . We denote

. n(n—1) . . .
the coordinate system of R™ 2z~ by (u; ;)2<i+j<n as described in Figure 9.

Note that the symmetric group &,, can be regarded as a subgroup of U(n) C Ham(O,,w,). Namely, each
element w € &,, is represented by the (n x n) elementary matrix, which we still denote by w, whose (i, w(%))-th
entry is 1 for each ¢ = 1,--- , n and other entries are zero. Then each z = (SCi’thi’jgn eOyCHpandw € G,
satisfies

(- 2)ij = (Wew™)i; = Tu(i)w()
for every 1 < 4,5 < n. The following lemma says the diagonal entries of any element z € <I>;1 (u) are completely

determined by u.

Lemma 9.3. Letu = (u; ;)i j>1 € Ax. Then for any x € <I>;1(u), we have 11 = u1,1 and
Thk = Z Ui — Z Wiyg-
i+j=k+1 i+j=k
for1 < k < n where
U= for i+j=n+1

Proof. 1t is straightforward from the fact that

tr(e®) = a1y + - apg = Z Ui,
itj=k+1

forevery k = 1,--- ,n where 2(*) denotes the (k x k) leading principal minor matrix of z. 0

For the sake of simplicity, let dq (u) := u4 7 and

©.1) di(u) = > wig— Y ui

i+j=k-+1 i+j=k

foru € Ayand 1 < k < nso that 74 ; = di(u) for every x € ®; ' (u) by Lemma 9.3. We then state a numerical
criterion for displaceable fibers.

Proposition 9.4. Let u be a point in the Gelfand-Cetlin polytope A . If the fiber @;1 (u) is non-displaceable, then
di(u) = =d,(u).

Proof. Note that <I>}\’1(ac) = x11 and <I>}\’1(w “X) = Ty1),w) for w € &,. If di(u) # di(u) for some k with
1 < k < n, then

Oyl (2) = 211 = di() # de(0) = zp 1 = Ty = 3 (W x)

for every € ®} ' (u) where w is the transposition (1, k). Thus,
w- @y () N @ (u) =0
and hence <I>;1 (u) is displaceable. This completes the proof. O

In a GC system, Proposition 9.4 implies that almost all fibers are displaceable.
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Corollary 9.5. For any Gelfand-Cetlin system @, there exists a dense open subset U of the Gelfand-Cetlin polytope
A\ such that for eachu € U the fiber ® ' (u) is displaceable.

Remark 9.6. This contrasts to the case of toric orbifolds. There is a symplectic toric orbifold which contains an open
subset U of a moment polytope such that every fiber over a point in U/ is non-displaceable, see Wilson-Woodward
[WW] and Cho-Poddar [CP].

Example 9.7. We demonstrate how to apply Proposition 9.4 to detect displaceable fibers.

(1) (Complex projective spaces) For A = {A\; = n, Ay = --- = \,, = 0}, the co-adjoint oribt (Oy,wy)

is a complex projective space CP"~! equipped with a (multiple of) the Fubini-Study form wy. In this
case, every component <I>§\’j of the GC system @) is a constant function unless ¢ = 1 so that Ay is an
(n — 1)-dimensional simplex. For any u € Ay and z € ® ' (u), we have

1,1 = dl(ll) = Ui,
T =dg(0) =uyp —ug p_1forl <k <mn-1,
Tnn = dn(“) =Ulp —Ulpn—-1 =N —Uln-1-

Then d;(u) = -+ = d,(u) implies that dj,(u) = 1 for every 1 < k < n. Therefore, by Proposition 9.4,

if dj(u) # 1 for some k, then ® ' (u) is displaceable. The only possible candidate for a non-displaceable

fiber is @1 (ug) where uy is the center of Ay, i.e., ug = (us,5) withw; ; = jforj=1,--- ,n— 1. Note

that it has been shown by Cho [Cho1] that @;1 (ug) is non-displaceable. Therefore, <I>;1 (up) is a stem."”

(2) (Complete flag manifold F(3)) Let A = {A1,0, —Aa} for A1, A2 > 0 so that (Oy,w,) is a complete flag
manifold F(3) and it admits a unique proper Lagrangian face, a vertex vs, of Ay in Example 4.5, see
Figure 23 below. For any = € (I);l(’l)g), we can easily see that 11 = %12 = Z21 = 222 = 0, and
x3,3 = A1 — A2. By Proposition 9.4, we can conclude that o1 (v3) is displaceable whenever \; # Ao. We
have reproduced the result of Pabiniak [Pa] on displaceability of a (unique) non-torus GC Lagrangian fiber
in F(3). In Section 10.3, ®~!(v3) will be shown to be non-displaceable when A\; = \s.

A1
. |0 0
V3 0 7}\2

FIGURE 23. The Lagrangian face of "y in F(3)

(3) (Complex Grassmannian Gr(2,4)) Let A = {¢,¢,0,0} for ¢t > 0. By Corollary 5.23, the edge ¢ in Figure
24 of A, is the unique proper Lagrangian face of I'y. For a positive real number a with 0 < a < ¢, we
consider the point 7, € e given by w11 = u12 = u21 = uz2 = a. Nohara-Ueda [NU2] proved that
the every fiber over the edge except the fiber ®} ' (r, /2) is displaceable and moreover 5t (ry /2) is non-
displaceable. Our combinatorial test (Proposition 9.4) easily tells us that @;1(7’@) is displaceable unless
2a =t.

FIGURE 24. Lagrangian face of 'y in Gr(2,4)

(4) (Complex Grassmannian Gr(2,6)) Let A = {6,6,0,0,0,0}. By Example 5.25, there are exactly four
proper Lagrangian faces 72, 73, 4, and 72 4 of I"y as follows.

104 fiber of a moment mayp is called a stem if all other fibers are displaceable. See [EP].
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!

V2 V3 - V4t V2.4 ¢

45

FIGURE 25. Four proper Lagrangian faces of I'y

First, consider two faces -3 and 72 4. By Proposition 9.4, we can easily check that every Lagrangian

fiber over a point in 3 (resp. 7y2,4) is displaceable except for the fiber at us (resp. w3 4) described in Figure
26.

6 6
6 6 6 6
57410 7710
3310 4 410
> : > :
WU gt AT IRAT 5
21110 2 210

FIGURE 26. Lagrangian faces 3 and 72 4

For the other faces 5 and 4, again by Proposition 9.4, every fiber is displaceable except for the one-

parameter families of Lagrangian fibers us(¢) and uy(¢) (—1 < ¢ < 1) described in Figure 27 in v and 74,
respectively.
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FIGURE 27. Lagrangian faces 7, and 4

In Section 9.2, we will give another method for detecting displaceability of fibers and show that v, and

v4 are indeed displaceable. Consequently, there are exactly two non-torus Lagrangian fiber <I>;\1 (u3) and
® ' (uy,4) that might be non-displaceable.

9.2. Symmetry on I') (complex Grassmannian cases).

In this section, we study displaceability of non-torus Lagrangian fibers of GC systems on complex Grassmanni-
ans. Let Gr(k, n) be the Grassmannian of complex k-dimensional subspaces of C™. Since Gr(k,n) = Gr(n—k, n),
without loss of generality, we assume thatn — k > k. Let A\ = {¢,--- ,¢, 0,--- ,0} for ¢ > 0 so that

——

k times n—k times

Gr(k,n) = O,.

We start with the following series of algebraic lemmas which seems to be well-known.

Lemma 9.8. Let A be any complex (n x k) matrix. Then AA* and A* A have the same non-zero eigenvalues with
the same multiplicities.

Proof. Recall that a singular value decomposition yields

A=UxV"
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where U is an (n X n) unitary matrix, ¥ is an (n x k) matrix such that ¥; ; = Ounless ¢ = j, and Vis a (k x k)
unitary matrix. Then AA* = UXYX*U* and A*A = VX*¥V* are unitary diagonalizations of AA* and A*A
respectively. Since XX* and X*3 have the same nonzero eigenvalues with the same multiplicities, this completes
the proof. 0

Lemma 9.9. Any element x € O) can be expressed by
r=XX"

for some (n x k) matrix X = [v1,- -+ ,vy] such that
L |Uz‘\2 =tforeveryi=1,---  k, and
o (v;,vj) = 0 forevery i # j

where (-, -) means the standard hermitian inner product on C™. In particular, we have
XX =t
where I}, is the (k X k) identity matrix.

Proof. Let x € O,. Since x is semi-positive definite by our choice of ), there exists an (n x n) lower triangular
matrix L having non-negative diagonal entries such that

9.2) r=LL".

The expression (9.2) is called a Cholesky factorization of x, see [HJ, Corollary 7.2.9]. Let L = UXV™ be a singular

value decomposition of L. In this case, the matrices U, X, and V are all (n x n) matrices. Then we have

v=LL = USS'U° where 3x* = % V).
0 O
Let D = D* = /Y¥*sothatz = UDD*U* anddenote by U = [uy, - - - ,uy]. Since UD = v/t-[uy, - ,ux,0,---,0],
we have UDD*U* = UD(UD)* = X X* where X is taken to be the (n x k) matrix

X = [1)17"' 7Uk] - \/i [uh'" 7uk]'
This finishes the proof. g

Now, we consider Lagrangian faces of particular types in a ladder diagram I'y described as follows. Let (©:9[7;,
denote the (k x k) square whose upper-left corner is (0, i) so that the vertices of () are (0,1), (k, ), (k,i — k)
and (0,7 — k). Let ; be the graph drawn by all positive paths not passing through the interior of the square (%9,
Hence, y; contains exactly one (k x k)-sized simple closed region (*:9)[J;, and the other simple closed regions in ;
are unit squares, see Figure 28. Note that ~; is a Lagrangian face.

|:|:| D 01

. . k
].—‘A : . . n—k k (0,4) Dk i
H LT
—_— :
k

FIGURE 28. Ladder diagram I'y and Lagrangian faces {; }x<i<n—&
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Proposition 9.10. For each k < i < n — k, there exists a permutation matrix w € U (n) such that
w- @3 (%) € 5 (Yni)-

In particular,
w- O3 (%) N @y (5) = 0.

unless n = 2i. Consequently, the face y; is displaceable provided that n # 2i.

Proof. Let u be any point in ;. Then we have

Ul = U4—1 =+ = Uk,i—k+1,

which implies that for every z € <I>;1(u), the i-th leading principal minor (") of z has eigenvalues up,; with
multiplicity £ and 0 with multiplicity ¢ — k.

Now, choose any = € @) ' (u). Then Lemma 9.9 implies that there exists an (n x k) matrix

w1
w2
X = (v1,-+,05) =
Wn,
such that z = X X and it satisfies
o |v;j|>=tforeveryj=1,---,k, and
o (v;,v;) =0forevery j # j'.
Now, we divide X into two submatrices X (9 and X (9 where
w1
Wi+1
X0 = (off- o) = B I CO (20, o) =
w; n

In other words, X () (resp. X (V) is the (i x k) (resp. ((n — i) x k)) submatrix of X obtained by deleting all /-th
rows of X for ¢ > i (resp. £ < 7). Thus we have

20 = X (x0)y*.

Then Lemma 9.8 implies that () = X®(X®)* and (X®)*X(® have the same non-zero eigenvalue u; ; with
the same multiplicity k. Since (X ()*X (@) is a (k x k) matrix, we get

(XY X =4y ;- I..

In particular, we have
° |,UJ(_1‘) |2 .
. (vy), vj(f)) = 0 for every j # j',

i.e., the columns of X () are orthogonal to each other and have the same square norm equal to 11 ;. This implies

that X0 = [5{7 ... 5] satisfies

=wuy,; forevery j =1,--- ,k, and

o [0;V|2 =¢—uy, foreveryj=1,--- k and

. <27§i),17](-f)> = 0 for every j # j’
so that we have

(X XD = (t —uyy) - I
Now, letw € &,, C U(n) be any permutation satisfying w(i+j) = jforj = 1,--- ,n—i. Then (wX)"~% = X
and the following matrix
w-r=wrw ' = wXX*w* = (wX)(wX)*.

has the (n — 4)-th leading principal minor

(1w )" = (X)) (X)) = (XO) (X D)~
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Again by Lemma 9.8, the nonzero eigenvalue of (w-x)™~% is t — uy,; with multiplicity k£ and zero with multiplicity
n — ¢ — k. Thus we have

O w e w) = @Y we ) = = O W) = -
Therefore, we have @ (w-x) € ~,_;. In particular if n — 4 # 7, then @ (w-x) is not in ; since 3; Nyp,—; = 0. O

Example 9.11. Let us reconsider the Lagrangian faces 7, and 4 in Example 9.7 (4), which is the case where n = 6
and £ = 2. Then
n=6#£2-2=2j fori=2, andn=6=#2-4=2i fori =4.

Thus the faces 2 and 7,4 are displaceable by Proposition 9.10. For the face +3 in Example 9.7 (4), however, we
have

n=6=2-3=2¢ and =3

so that we cannot determine displaceability of 3 by using Proposition 9.10.

Now, we extend Proposition 9.10 to Lagrangian faces containing multiple squares of type (**)J;, in I'y. For a

sequence (i1, - - - ,i,) satisfying
k<ip<---<ir<n-—k,
(9.3)
is+1 —ts > k for each s,
let y;, ... i, be the Lagrangian face of I'y which contains r simple closed regions {C} - - - ,C,.} where C; is the

square (%%+)J;; and the other simple closed regions of Yiy,--- i, are of size 1 X 1, see 72 4 in Figure 25 for example.

Proposition 9.12. Suppose {i1,- - ,i,} is given satisfying (9.3). Then there is a permutation w € &,, such that
(9.4) w3 iy i) N @ iy i) = 0
unless ts = s - i1 forevery s = 1,--- ,r + 1 provided that i,41 := n.

Remark 9.13. Proposition 9.10 can be obtained by Proposition 9.12 by taking = 1.

Proof. Letu € ;, ... ;. Then u satisfies

Ui, = U2,4,—1 =+ = Uk,is—k+1
forevery s =1,---,r.
For any « € ® ' (u), Lemma 9.9 implies that there exists an (n x k) matrix X = [v1, - - -, v] such that
e r=XX*
o |v;|?=tforeveryj=1,---,k, and

L] <’l}j,’l}j/> = Oforj 75]/

Then we can divide X into r + 1 submatrices X((Z;)), x02) ,X(,if)

(i) (1) (,i'”fl) of X (provided that g := 0 and

» X i)

ir+1 = n) where

Wi, +1
(Fst+1) _ (1) . 0 Gsg1)) .
X = (g wli) =
Wiy q
foreach s = 0, - - - , . In other words, X((;S)“) is the ((is4+1 —is) X k) submatrix of X obtained by deleting all ¢-th

rows of X for ¢ > is41 and £ < 5. By using Lemma 9.8 and Lemma 9.9, it is not hard to show that
° |ng:;'*;“1)\2 =U1;,,, — UL, foreveryj=1,--- ,kands=0,---,r,and

s

o (0 up ) = 0forj £ 5.
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Now, suppose that
(9.5) WP Ky i) NN (R i) # 0
for every w € G,,. We claim that
ig=s-1; foreverys=1,---,r+1 where i, :=n.
To show this, consider w := w(s, s’) € &,, C U(n) forany s,s’ € {1,--- ,r + 1} with s < ' defined by
{1, yisyis + 1, Jigy1, 001 + 1,00 Jigydg + 1,0+ Jigqa,ieq1 + 1,00+ 0}

g

{1a 7i87i5’+17"' 7i5'+177;5+1+17"' 7i5/,i5+1,"' ,7:S+17i5/+1+1,"' 7’I’L}.

)“) with X((;S/')“) in X so that

Then we can easily see that the permutation w swaps the position of X ((LZ

Qr(w-x) € it it

KiS
for some k < i} < --- < il <n—k where
Z.ls-‘,-l =is+ (is’-i-l - is’)-
By our assumption (9.5), we have vy ... ir N Y4y, i, 7 (). Since two faces Yiy,- ir. and 7, ... ;, have the same
dimensions, they must coincide and hence
i;-‘rl =i+ (is41 — 1) = ls41-
Therefore, we may deduce that
lpgl — bp = Gp —Gp_1 = ++» =12 — 11 =11 — I = 11,
which completes the proof. O

Corollary 9.14 (Theorem E). Let A = {¢,t,0,--- ,0} so that Oy = Gr(2,n). If n is prime, then every proper
Lagrangian face of the Gelfand-Cetlin system on (Oy,w)) is displaceable.

Proof. Note that every proper Lagrangian face of Iy is of the form +;, ... ;_ for some iy, --- ,4,. By Proposition
9.12, 41 divides n where 2 < i3 < n — 2 which is impossible since n is prime. Thus there is no proper non-
displaceable Lagrangian face of I'. O

10. LAGRANGIAN FLOER THEORY ON GELFAND-CETLIN SYSTEMS

The aim of this section is to review Lagrangian Floer theory which will be used to prove the results in Section 8.
After briefly recalling Lagrangian Floer theory and its deformation developed by the third named author with
Fukaya, Ohta, and Ono in a general context, we review work of Nishinou, Nohara, and Ueda about the calculation
of the potential function of a GC system. Then, using the combinatorial description of Schubert cycles in complete
flag manifolds by Kogan, we will express the potential function deformed by a combination of Schubert cycles of

codimension two as a Laurent series. Finally, combining those ingredients, we provide the proof of Theorem C.
10.1. Potential functions of Gelfand-Cetlin systems.
Let A be the Novikov field over the field of complex numbers, defined by

(10.1) A= S 0

Jj=1

a; € (C,)\j €R, hm )‘j =00
j—oo
It is algebraically closed by Lemma A.1 in [FOOO3]. It comes with the valuation

or : A\{0} = R, or Zakaj =1nf {); : a; # 0}.
J
j=1
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We also play with two subrings of A given by

Ao = 0;1[0,00) U{O} = {ZaiT’\i € A‘)\z > 0}

i=1

Ay i=07:1(0,00) U {0} = {ZaiT/\i € A‘)\i > 0} :

=1
olyal <Z aiT}”) = 0} .
=1

For a compact relatively spin Lagrangian submanifold L in a compact symplectic manifold (X, w), thanks to the

Let Ay be the collection of unitary elements of A. That is,

Ay = Ag\A4 = {Z a; T € Ao

i=1

work of Fukaya [Fuk], one can associate a sequence of A -structure maps {my, },>o on the Ag-valued de Rham
complex of L, which comes from moduli spaces of holomorphic discs bounded by L. Following the procedure in
[FOOO2] for instance, the A..-algebra can be converted into the canonical model on H®(L; Ay). By an abuse of
notation, the structure maps of the canonical model are still denoted by my,’s because the canonical model is only
dealt with from now on.

A solution b € H'(L; A, ) of the (weak) Maurer-Cartan equation

(o)

ka(b®k) =0 mod PD[L]

k=0
is said to be a (weak) bounding cochain. The value of the potential function 39O at a bounding cochain b is assigned
to be the multiple of the Poincaré dual PD[L] of L. Namely,

imk(b% = BO(b) - PD[L].

k=0

Since PD[L] is the strict unit of the A,-algebra, the deformed map

ml{ (h) = Z ml-‘rk-‘rl(b@lv ha b®k)
I,k

becomes a differential and thus the Floer cohomology (deformed by b) over Ay can be defined by
HF((L,b); Ao) := Ker(m{) / Im(m?).
The Floer cohomology (deformed by b) over A is defined by
HF((L,b);A) :== HF((L,b); Ag) ®4a, A.

The reader is referred to [FOOO1, FOOO3, FOOO4, FOOO7] for details.

Now, we specialize to the case of a Lagrangian GC torus fiber CI);l (u) in a co-adjoint orbit O,. As a deformation
of the action of the Borel subgroup, Kogan and Miller [KoM] realized the toric degeneration of a flag manifold given
by Gonciulea-Lakshmibai [GL] and Batyrev et al. [BCKV]. Using the degeneration of a (partial) flag manifold to
the GC toric variety (in stages), Nishinou-Nohara-Ueda [NNU ] constructed a (not-in-stages) degeneration of the

GC system of O, to the moment map of the toric variety.

Theorem 10.1 (Theorem 1.2 in [NNU1]). For any non-increasing sequence A = {\1 > --- > A\, }, there exists a
toric degeneration of the Gelfand-Cetlin system ® on the co-adjoint orbit (Oy,w)) in the following sense.

(1) There is a flat family f: X — I = [0, 1] of algebraic varieties and a symplectic form @ on X such that
(@) Xo := f~1(0) is the toric variety associated with the Gelfand-Cetlin polytope A and wy = ©|x, is
a torus-invariant Kdahler form.
(b) X1 := f~1(1) is the co-adjoint orbit Oy and w1 = @|x, is the Kirillov-Kostant-Souriau symplectic
form wy.
(2) There is a family {®,: X, — Ay }o<i<1 of completely integrable systems such that ® is the moment map
for the torus action on Xy and ®1 is the Gelfand-Cetlin system.
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(3) Let AS™ := A\ (Sing(Xy)) and X;™ := &, ' (AS™) where Sing(Xo) is the set of singular points of Xo.
Then, there exists a flow ¢; on X such that for each 0 < t < s, the restricted flow ¢¢|xm = X3" — X7,

respects the symplectic structures and the complete integrable systems:

Bt lxsm

(XM, ws) (X504 ws—t)

& (1> J-

sm
A)\

Let ¢ : Xy — X, be a (continuous) extension of the flow ¢s: X5 — X§™ in Theorem 10.1 ((NNUI, Section
8]). The extended map ¢/, effectively transports data for Floer theory from the toric moment map to a nearby
integrable system. As the deformation in Theorem 10.1 is through Fano varieties and the GC toric variety admits
a small resolution at the singular loci, any holomorphic discs bounded by L intersecting the loci collapsing to the
singular loci of X must have the Maslov index strictly greater than two so that such discs do not contribute to the
potential function. Furthermore, because the Fredholm regularity is an open condition, the holomorphic discs of
Maslov index two intersecting the toric divisor in the toric variety X give rise to regular holomorphic discs at X,
for sufficiently small s. Set X := X and let L be any Lagrangian torus fiber of ®,: X, — A,. Combining those
with the results of Cho-Oh [CO], Nishinou-Nohara-Ueda proved the followings.

(1) Each Lagrangian torus fiber L does not bound any non-constant holomorphic discs whose classes are of
Maslov index less than or equal to zero. [NNU1, Lemma 9.20]

(2) Every class 8 € m3(X, L) of Maslov index two is Fredholm regular. [NNU 1, Proposition 9.17]

(3) There is a one-to-one correspondence between the holomorphic discs of Maslov index two bounded by a
Lagrangian Gelfand-Cetlin torus fiber and the facets of Gelfand-Cetlin polytope. [NNU1, Lemma 9.22]

(4) For each class 3 of Maslov index two, the open Gromov-Witten invariant ng, which counts the holomorphic
discs passing through a generic point in L and representing 3, is 1. [NNUI, Proposition 9.16]

The above conditions imply that every 1-cochain in H'(L;Ay) is a weak bounding cochain and hence the
potential function can be defined on H*(L; A). To extend deformation space from H*(L; A, ) to H'(L; Ag), one
should consider Floer theory twisted with flat non-unitary line bundles, see Cho [Cho2]. Moreover, the potential

function can be written as
(10.2) PO (L;b) = Z ng - exp(dp N b) T B2
B

where the summation is taken over all homotopy classes in 72 (X, L) of Maslov index two. Setting
L(n) ={(4,j) :2<i+j<n},
we fix the basis {7;; : (i,5) € I'(n)} for H*(L;Z) dual to the basis for H (L, Z) which consists of the circles
generated by {u; ; : (i, j) € '(n)}. Take the exponential variables '’
(10.3) Yij 1= €7

where b is expressed as the linear combination Z(i’ j)er(n) Tij - Vi,j- Then, the potential function can be expressed
as a Laurent polynomial PO (y) with respect to {y; ; : (¢,j) € I'(n)}. Setting w; n41—; := A;, keep in mind that
Ay is defined by

{(ui,j) S Rn(nfl)/2 : ui,j+1 - ui,j Z 0, um— - ui+1,j Z 0 } .

(see Theorem 4.4 for instance.)

U, [NNU1], Nishinou, Nohara, and Ueda set
Yi,j 1= eli, g TWi,j
so that it is different from our y; ; in (10.3). To keep track of the valuations of holomorphic discs, we prefer to take y;, ; as the expotential

variable without weights.



52 YUNHYUNG CHO, YOOSIK KIM, AND YONG-GEUN OH

Theorem 10.2 (Theorem 10.1 in [NNU1]). Setting
Yintri—i =1 Uipi1-i = N,

we consider the Lagrangian torus L over a point {u; ; : (i,j) € I'(n)}. Then, the potential function on L is written

as

(10.4) PO(L:y) = Z (y”‘H Tuigrri—uig 4 Yid T“i,jui+1,_7‘)
(o)~ i Vit

where the summation is taken over T'(n) = {(i,7) : 2 <i+j < n}.

Remark 10.3. As we are mainly concerned with non-displaceability, it is enough to show that L is non-displaceable

because of the homotopy invariance of A, -structures.

For t with 0 < ¢ < 1, the potential function of the Lagrangian torus L, (t) over I,,,(t) is arranged as follows:
(10.5)

m m—1 m—1 m
Yij+1 Yij B Yij+1 Yi j
PO(L, () = (SN L YN S iy [y (Mamy a)
i=1 j=1 Yi.j i=1 j=1 Yir1 max(%,j)>m+1 Yi.j Yit1j
m—1
n Z (ym—i,m+1 + Ym,m—i )T1+it
i—0 ym—i,m ym—l-l,m—i

For simplicity, we frequently omit L., (¢) in PO (L,,(¢);y) if L., (t) is clear in the context. The logarithmic deriv-
ative with respect to y; ; is denoted by

oPO
(106) 0.)Y) = s
2,]

Example 10.4. In the complete flag manifold F(5) ~ Oy where A = {4, 2,0, —2, —4}, some logarithmic deriva-
tives of PO(Ly(t);y) are as follows.

(1, 1)(y) = (y” + y“) T,

Y11 Y21
9(2,2)(y) = (_yw N yw) Tty (_ym N ?/22) 7,
Y2,2 Y2,1 Y22 Ys,2

Y2,3 Y23 ' Y2,2

10.2. Bulk-deformations by Schubert cycles.

We will apply Lagrangian Floer theory deformed by cycles of an ambient symplectic manifold, developed
by the third named author with Fukaya, Ohta, and Ono in [FOOO1, FOOO4, FOOOT7], in order to show non-
displaceability. For a Lagrangian torus L from Section 10.1, we deform the underlying A, -algebra by empolying
moduli spaces of holomorphic discs with interior marked points passing through a combination of designated am-
bient cycles at the image of interior marked points. We are particularly interested in a combination of cycles Z; of

degree two not intersecting L

B
b= Zb] . .@j,
j=1

which is called a bulk-deformation parameter. As the A..-algebra is deformed, the potential function is also de-

formed. The deformed potential function is denoted by PO°.

Remark 10.5. For the purpose of the present paper, we use only cycles of degree two to deform Lagrangian Floer
theory because the deformed potential function is computable. It also simplifies construction of virtual fundamental
cycles needed for the definition of open Gromov-Witten invariants [FOOO4, Definition 6.7], denoted by ns(p).
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We first recall the formula for the potential function of a toric fiber L deformed by a combination of toric divisors

B
b:=> b;-2
j=1

in a compact toric manifold X from [FOOO4].

Theorem 10.6 ([FOOO4]). The bulk-deformed potential function, also called the potential function with bulk, is

written as
B
(10.7) PO (L;b) :Zn/g - exp Z BNk, exp(98 N b) TwB)/27

where the summantion is taken over all homotopy classes in w3 (X, L) of Maslov index two.

In the derivation of this in [FOOO4], the properties that the relevant ambient cycles are smooth and 7™ -invariant
are used. Since our Schubert cycles are neither smooth nor 7" -invariant in general, we will provide details of the
proof of this theorem for the current GC case modifying the arguments used in the proof of [FOOO4, Proposition
4.7] similarly as done in [NNU1, Section 9], see Section 13. The upshot is that we still have the same formula for
the potential function with bulk in the current GC case, see (13.10). Again by taking the system of exponential
coordinates in (10.3), BO® in (13.10) becomes a Laurent series with respect to {; ; : (i,) € ['(n)}.

Theorem 10.7 (Section 8 in [FOOO4)). If the bulk-deformed potential function ‘)3)3" (L;y) admits a critical point

y whose components are in Ay, then L is non-displaceable.

In our case, we will employ Schubert cycles to deform the potential function B9O. In his thesis [Ko], Kogan
found an expression of a Schubert cycle in terms of a certain union of the inverse images of faces in the GC system
of a complete flag manifold, see also Kogan-Miller [KoM]. As we have seen in Section 5, due to presence of non-
torus fibers, the inverse image of a face might have boundary so that it does not represent a cycle. What he proved
is that a certain combination of faces can represent a cycle because the boundaries are cancelled out.

We review the result in terms of ladder diagrams. A facet in a GC polytope is said to be horizontal (resp.
vertical) if it is given by u; ; = u;11,j (Tesp. u; j41 = u; ;). Let ch1+1 (resp. Pj"fl J) be the union of horizontal
(resp. vertical) facets between the i-th column and the (i + 1)-th column (resp. the (j 4 1)-th row and the j-th row)
of the ladder diagram. That is,

Py = U{“l s=uipnsl P (J{un =l
r=1
for1 <i,5 <n —1where {u.,. = u.,.} denotes the facet given by the equation inside. Let
Dt = (P), 25 =3 (P,
which are respectively called a horizontal and vertical Schubert cycle (of degree two) because of Theorem 10.9.
Example 10.8. Consider the co-adjoint orbit Oy ~ F(6) where A = (5,3,1, —1, -3, —5).
(1) P% is the union of two horizontal facets
Py = {ugp = =3} U {usn = us 1}

as in Figure 29.

(2) PJ% is the union of three vertical facets
Pig={1=usz} U{uoa =uz3}t U{ura =u 3}

as in Figure 30.
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FIGURE 29. P;% in F(6).
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FIGURE 30. P}% in F(6).

By following the combinatorial process playing with reduced pipe dreams in [Ko, KoM], observe that the Schu-
bert varieties associated with the adjacent transpositions '2, having a complex codimension one, are corresponding
to either unions of horizontal facets or unions of vertical facets. The opposite Schubert varieties are corresponding
to the other, see Remark 9 in [KoM].

Theorem 10.9 (Theorem 2.3.1 in [Ko], Theorem 8 in [KoM]). The inverse image @i‘oi 41 (or D)9, ) represents
a Schubert cycle of degree two. For any (opposite) Schubert divisor X,,, there exists either _@fo.r 4108 D 4 such

that it represents the cycle [ X,,] of the divisor.

Now, we apply (13.10), which is a counterpart of (10.6), to calculate the bulk-deformed potential function.
Because of the condition (3) in Section 10.1, let

Bty (resp. 897
be the homotopy class in 72 (O, L) represented by a holomorphic disc of Maslov index 2 corresponding to u; ; =

Ui4+1,5 (resp. Usj+1 = ui,j).

Lemma 10.10. Let 9 be either a horizontal or a vertical Schubert cylce in X . Then, we have

. _ h . _
g Ag= L 9 =7 Bt [ g = L 9 =95
015 = . = .
R 0 otherwise, ” 0 otherwise.

Proof. Let ¢),: Xs — X be a (continuous) extension of the flow ¢5: X3™ — X§™ in Theorem 10.1, see [NNU1,
Section 8]. Let ¢: (D, 9D) — (X, L) be a holomorphic disc in the class 5#1 ; of Maslov index two for example.
Then, we have a (topological) disc ¢; o ¢: (D, 0D) — (X, Ls) — (Xo, Lo), representing (¢). 5,7, ;- Note that
there exists a holomorphic disc g by [CO] in the class (¢}).3;7; ; = [¢} © ¢]. Meanwhile, by our choice of Z,
¢’ (2) is the union of the components over either Pﬂ‘i’il or P}¥, .. Since the flow ¢/, gives rise to a symplectomor-
phism from X" to X§™ and the image of the disc ¢ is contained in X;™, the (local) intersection number should be
preserved through the flow ¢’. To calculate the intersection number, we consider a small resolution p: )?0 — Xo.
Because the intersection happens only outside the singular loci at X, we can lift the divisor and the disc ¢q to éo

and @g in X o without any change of the intersection number. Then, we have
5:131,3' N7 =lp]NZ = [po] N D,

which completes the proof. O

12 Ap adjacent transposition is a transposition of the form (7,7 + 1).
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We take
(10.8) b —Zb';"fﬂ o (2091) +Zb}%,j-¢lis( 1)

where bl"[ 11,0551, € Ao and ¢ 1 X1 — X;. By abuse of notation for simplicity, we denote ¢} _ (@Zh‘zrﬂ)
(resp. ) _s (2}, ;) by 2P, (resp. 23S, ;). By the homotopy invariance of the A-structures, we may cal-
culate the (bulk-deformed) Floer cohomology of L,, s(t) in X for s sufficiently close to 0. In particular, non-
displaceability of L,, (t) can be achieved as long as the Floer cohomology of L., 4(t) is non-zero. Whenever turn-
ing on a bulk-deformation, this process passing to L., ¢(t) and ¢ _ (Z) in X, will be taken into consideration.

Also, depending on the position ¢ of a Lagrangian torus L,,( - ), we need to consider different b'l‘"lr q and b3S,

Corollary 10.11. Taking a bulk-deformation parameter as in (10.8), the deformed potential function is expressed
as

(10.9) ‘BD[’(L;y) = Z (eXp (bl;(’;rl) %Tui,j—mﬂ‘j + eXp( }il,j) WTULJ+1—U71J> .
(i7) Yit1,5 Yij

Note that the gradient of the bulk-deformed potential is given as follows:
OPO°

br: - Yij+1 il —Ug g h Yi—1,5 o
0°(i,7)(y) := Yijg—F B (y) = ;iLj‘ T~ chor ; S1mbo ppug o =i
Yi Yij i
(10.10) \J 2J 2J
hor Yi,j Ui, j—Uit1, ver Yi,j Ui, j— Ui, j—1
+ Ciipr T R e A
y’LJrl,J yz,jfl
hor hor ver _ ver
where ¢, = exp(b%;) and ¢}%; ; = exp(b}F, ;).

10.3. The non-displaceable Gelfand-Cetlin fibers in F(3).
In this section, the case of F(3) will be discussed in details. The following theorem will be proven.

Theorem 10.12 (Theorem C). Let A = {\; = 2 > Ay = 0 > A3 = —2}. Consider the co-adjoint orbit Oy, a
complete flag manifold F(3) equipped with the monotone Kirillov-Kostant-Souriau symplectic form wy, Then the
Gelfand-Cetlin fiber over a pointu € Ay is non-displaceable if and only if u € I where

(10.11) Ii={(ur1,u12,u21) = (0,1 —¢t,—-1+¢t) eR*|0<t <1}
In particular, the Lagrangian 3-sphere @;1 (0,0,0) is non-displaceable.

Before starting our proof, we explain an alternative description for the fibers over the red line in Figure 20 fol-
lowing Chan-Pomerleano-Ueda [CPU]. They proved the homological mirror symmetry for the conifold by realizing
Strominger-Yau-Zaslow(SYZ) mirror symmetry on the smoothing Y7 of the conifold where

Ve = {(u1,v1,u2,v2) € C* s ugvy — ugvy + & = 0}
It can be embedded into
Y. = {(uy,v1,u9,v2,2) € C® :u1vy = 2 — a,ugvy = z — b}

where a and b are positive real numbers such that ¢ = b—a. For the purpose of doing Strominger-Yau-Zaslow(SYZ)
mirror symmetry, they came up with a double conic fibration on the complement of the anticanonical divisor
{z=0}in Yg Consider the projection to the z-variable YE — C. Note that we have singular fibers over two points

z = a and z = b. Also, it admits the following fiberwise T2-action

01 % (uy,v1) = (V" uy, e V=10,

02 * (ug,v9) = (e‘/jwug, e_‘/jwvg).
Any T?-orbit satisfying |u;| = |v;| fori = 1,2 s called an equator. By collecting the equators over a circle centered
at the origin in the z-plane, we obtain a (special) Lagrangian torus fibration (with respect to the holomorphic volume

form d log zAd log u; Ad log us), see Figure 31. The fibration carries the exactly two walls at z = a and z = b. Also,

collecting the equators over the line segment connecting a and b, we obatin two solid tori that forms Lagrangian S3.
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This picture will serve as a local model for a Lagrangian torus fibration on F(3) equipped with a (non-standard)
symplectic form and the tori consisting of equators over simply closed curve containing a, b and 0 in the z-plane

will be in our interest.

FIGURE 31. Double conic fibration.

Returning to the case of F(3), we have a toric degeneration of algebraic varieties consisting of
Xe = {([Zl . ZQ : Zg}, [212 . Zgg : Zlg]) S sz X CP2 2621223 - Z2Z13 + Z3Z12 = 0}.13

For any ¢ # 0, X, is diffeomorphic to a complete flag manifold F(3). When & = 0, we have a toric variety X at
the center. A generic one X, (¢ # 0) can be viewed as a compactification of Y.. By getting rid of divisors Z; = 0
and Z53 = 0in X, and setting
wim Ry = 22y m 22y, o D3
Z Za3 Z Za3
we obtain a torus fibration on an open subvariety of X by following the above recipe with respect to the symplectic
form induced from X..

As we are concerned with Lagrangians, we may set @ = 0 and b = ¢ and then fix a family {~v(¢) : 0 <t < 1}
of simply closed curves enclosing a and b at the interior and converging to the line segment [a, b]. The torus fibers
consisting of the equators over the simple curves in the family degenerates into the Lagrangian S®. We would like
to show that those tori are non-displaceable.

As € — 0, X, degenerates into a toric variety Xg. A torus over the simple closed curve enclosing @ and b is
Lagrangian isotopic to a torus over a simple closed curve centered at the origin, which comes from the toric fibers.
In this case, according to Knutson-Miller [KnM, Section 1.3], the (opposite) Schubert divisors on X, can be defined
as matrix Schubert variety. In terms of the Pliicker coordinates, their results can be written as

Xi32 = {Z12 = 0} = {v1 = 0}, Xo13 = {Z1 = 0} = {u; =0}
where X, is the Schubert variety associated with w in the symmetric group Ss. By [KoM], these correspond to
(10.12) Dy = Xuz2, V35 = Xous

By taking the involution where,
Zy <> Zag, Zy 4> Z13, Z3 <> Z12

we also have

(10.13) D% = (25 = 0}, P% = {Zs = 0}.

13 The conventions constructing toric degenerations on [NNU1] and [KoM] are different. In [NNU1], the diagonal term in the Pliicker

embedding survives, whereas in [KoM] the anti-diagonal term does. Here, we are following the convention of [KoM].
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To deform the Floer theory, we employ a combination of the vertical and horizontal divisors in (10.12) and (10.13).
Note that 257 and 21 are over z = 0 and Z5% and 3% are at oc. Therefore, any of the divisors do nor intersect
the torus fibers.

(10 14) h _ bver @ver hor ghor Ver gver hor @hor
For the proof of Theorem 10.12, we need the following proposition.

Proposition 10.13. Let ®: X — A C R? be a completely integrable system (Definition 3.6) such that ® is proper.
If there exists a sequence {u; : i € N} such that

(1) Each ®~'(u;) is non-displaceable.

(2) The sequence u; converges to some point Uy, in A.

then @1 (u.) is also non-displaceable.

Proof. For a contradiction, suppose that ®~!(u,) is displaceable. There is a (time-dependent) Hamiltonian dif-
feomorphism ¢ and an open set U containing ® ~!(u,) in X such that

HU)NU = 0.

For each i, there exists a point z; € ®~1(u;) such that z; ¢ U since ®~!(u;) is non-displaceable. It implies that
any subsequence of {x;} cannot converge to a point in U. On the other hand, passing to a subsequence, we may
assume that x; converges to x, for some z,, € X since ® is proper. By the continuity of ®, we then have

Us = lim w; = lim ®(z;) = P(r0)-
71— 00 11— 00
It leads to a contradiction that 2., € ®~1(us) C U. O
We now start the proof of Theorem 10.12. Since

Proof of Theorem 10.12. For any fixed ¢t with 0 < t < 1, let L(¢) be the Lagrangian torus fiber over (0,1 —
t,—1+4t) € I'in (10.11). Let L;(¢) be the fiber corresponding to L(t) in X via a toric degeneration of completely
integrable systems in Theorem 10.1. By taking s > 0 sufficiently close to 0, the potential function of L(¢) can be
arranged as

1 1
;BD( ) (yl ,2 + + y1’2 + > Tl—t + ( + y?,l) Tl-’rt.
Y11 y2 1 Y21 Y1,2

We use a combination of Schubert cycles in (10.8) (or equivalently (10.14)) to deform the potential function.
A strategy we take is to postpone determining bulk-deformation parameters. Namely, we start with a tentative a
parameter, determine solutions for y first, and then adjust the parameter to make the chosen y a critical point.

Take a tentative bulk-parameter b’ := b} - 259 such that exp( Ver) =1+4+T% je.,

1
by = T2 — §T4t + o€ Ag
By Corollary 10.11, the potential function is deformed into

’ 1 1 1
R R e L e )

Y11 1/2 1 Y21 Y11 Y2,1 Y1,2
whose logarithmic derivatives are
opoO’
Y11 23 (y) = <y” + y“) T 4 ( 41, 2) T
Y11 Y1 Y21 Y11
opo 1,2 _ 2 1
Y1,2 23 (y) = <y : 12 | TV 4 2 L )i
Y1,2 Y11 Y11 Y1,2
opO’ a1 _ 1
Y2,1 ;3 (y) = (—y’ —— )T [ —— oy | T
Y2,1 Y21 Y21 Y2.1
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We set 412 = 1,y21 = 1 and take y; 1 as the solution of (y;1)? = 1 + T? satisfying y; 1 = —1 mod T>°. It

is easy to see that y; 1 a{;ﬁ?j (y) = 0. Note that y; ; is of the form

1
Y =—1-— §T2t mod T2,
We now adjust a bulk-deformation parameter from b’ to b in order for the chosen (y1,1, y1,2, y2,1) to be a critical
point of PO°. Let
b:= b+ b¥% - 7% + b5% - Z5%.
Since 23% and Z4% do not intersect with the homotopy classes corresponding to Z5° in wa(Oj, ®y1(t)), we still
have

Plugging the chosen y; ;’s, we have

IPO° 1

Y12 B (y) = <_ — exp( 372)> A +;3(1,2) T+t
8y1,2 2
oOPO° 1

Yot B (y) = <_ + eXp(bgf’g)) it +‘J3(2’1) Lt
0y2,1 2

for some constant (12 P21 € A, . By choosing b5%, g‘{g € Ay so that

1
exp(bz’) = 5T B2

1
exp(b3) = 5 — BE.

we can make PO° (y) admit a critical point. By Theorem 10.7, L. (t) has a non-vanishing (bulk-)deformed Floer
cohomology. By the hamiltonian invariance of A..-structures, so does L(t) and therefore it is non-displaceable.
In sum, each torus fiber over the line segment in (10.11) is non-displaceable. Furthermore, Proposition 10.13

yields non-displaceability of the Lagrangain 3-sphere. 0

11. DECOMPOSITIONS OF THE GRADIENT OF POTENTIAL FUNCTION

In this section, in order to prove Theorem D, we introduce the split leading term equation of the potential function
in (10.5), which is the analogue of the leading term equation in [FOOO3, FOOO4]. We discuss the relation between
its solvability and non-triviality of Floer cohomology under a certain bulk-deformation.

11.1. Outline of Section 11 and Section 12.

Due to Theorem 10.7, in order to show that the GC torus fiber L,,(t) for each ¢ with 0 < ¢ < 1 is non-
displaceable, it suffices to find a bulk-deformation parameter b such that PO° admits a critical point y. Section 11
and Section 12 will be occupied to discuss how to determine them.

Before giving the outline, we explain why this process takes so long by pointing out the differences from the
case of toric fibers in a symplectic toric manifold. In the toric case, the (generalized) leading term equation was
introduced to detect non-displaceable toric fibers effectively in [FOOO4, Section 11]. Roughly speaking, it consists
of the initial terms of the gradient of a (bulk-deformed) potential function with respect to a suitable choice of
exponential variables. It is proven therein that there always exists a bulk-deformation parameter b so that the
complex solution becomes a critical point of the bulk-deformed potential function ‘I.?D[’ as soon as the leading term
equation admits a solution whose components are in C\{0}. Indeed, the positions where the leading term equation
is solvable are characterized by the intersection of certain tropicalizations in [KLS]. The key features for proving
the above statements are in order. First, there is a one-to-one correspondence between the honest holomorphic
discs bounded by a toric fiber of Maslov index 2 and the facets of the moment polytope. Second, the preimage of
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each facet represents a cycle of degree 2. Therefore, all terms corresponding to the facets can be independently
controlled, yielding a parameter b and providing a solution of the equation.

In a GC system, however, the inverse image of a facet may not represent a cycle of degree 2 so that the terms of
BO cannot be independently controlled. ' Thus, the above statements are not expected to hold anymore. But for a
family of Lagrangian tori L,,(t) in Oy ~ F(n) with the monotone symplectic form w), we will show the existence
of a bulk-deformation parameter b and a critical point y. In Section 11, we define the split leading term equation
(See Definition 11.3), which replaces the role of the leading term equation in the toric case. We then demonstrate
how to determine a bulk-deformation parameter and extend a solution of the split leading term equation to a critical
point of the bulk-deformed potential function. In Section 12, we show that the split leading term equation always
admits a solution. In general, finding a solution of a general system of multi-variable equations is not simple at all
even with the aid of a computer. Yet, in this case, we are able to find a solution, guided by ladder diagrams regarding
as the containers of exponential variables.

Let B(m) be the sub-diagram consisting of (m x m) lower-left unit boxes in the ladder diagram I'(n) :=

I'(1,---,n) of F(n). The diagrams I'(n) and B(m) are often regarded as collections of double indices as follows:

L(n) ={(i,j) :2<i+j<n}
(11.1)

B(m) ={(i,j) :1 <i,j < m}.
Recalling (10.5), the potential function of L, (¢) is arranged as several groups with repsect to the energy levels.
Observe that the valuation of (7, j)(y) for (¢,7) € B(m) is (1 — t) and that of 9(4, j)(y) for (¢, j) € I'(n)\B(m)
is 1.

We will decompose the gradient of the potential function deformed by b in (10.8) into two pieces along the

boundary of B(m). We are planning to determine a critical point in the following steps.

(1) Find a solution y% € C\{0} of the system consisting of the equations 9°(,j)(y) = 0 mod 7! in
I'(n)\B(m) U {(m,m)} and equations relating the variables adjacent to B(m) in Section 12.

(2) Find a solution yf-; € C\{0} of 8°(i,j)(y) =0 mod T>*~" in B(m) in Section 11.3.

(3) Determine a solution y; ; € Ay of 8°(i,5)(y) = 0 in B(m) such that y; ; = ygj mod T>Y in Sec-
tion 11.4.

(4) Determine a solution y; ; € Ay of 8°(i,j)(y) = 0 in I'(n)\B(m) such that y; ; = ygj mod 77 in
Section 11.5.

The split leading term equation (See Definition 11.3) arises in the first step (1). In this section, assuming that the
split leading term equation is solvable, we explain how to complete the remaing steps (2), (3) and (4). The next
section focuses on solving the split leading term equation.

Example 11.1. In the co-adjoint orbit O, of a sequence A = {5,3,1,—1,—3, -5} for instance, the potential

function of Lo(t) is arranged as follows:

‘BD(LQ@);)’) — <y1’2 + & + yli + y2*2> T1*t+ <y174 + yli"s _|_) Tl + <y173 + y271> T1+t.
Y11 Y21 Y2,2 Y21 Y1.,3 Y2.3 Y1,2 Y31

In this example, the valuation of partial derivatives of 3O jumps along the red line in Figure 32.

Turning on bulk-deformation, according to (10.10), A complex number y; ; € C\{0} has to satisfy

_ver | Y12 hor & ¥i1,1 __ ver | Y1,2 hor & Yi,2 __
€21 Y1,1 + 1,2 2 =0, €21 Y1,1 +6172 y2,2 )
(11.2)
_chor Y11 ver Y22 _ __yhor | Y1,2 ver  Y2,2 __
0272 Y2,1 2,1y 0, €1,2 Y2,2 +C271 Y2,1 ’

14 Because of this feature, Bernstein-Kushnirenko theorem [Be, Ku] cannot be applied in our situation.
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which comes from the initial parts of the partial derivatives inside B(2), and
(11.3)

ver 1 hor ver . Y1,5 ver 1 or . Y1,4 hor ver Y2.,4 __
_665'E+Cl,2'y15+054 O_O_C '7—611’2'3/2744—62’3'@]244-843'7—O,"'

__ver | Y1,5 hor Y14 cver Y4 _ __ver | Y24 hor | ¥1,3 hor Y2,3 ver L Y23 .
G54 y14+ 1,2 y24+ 43 " yis 0, —cis y2s €127 y23+ 2,3 " Y33 T Y2,2 )
_ver Y14 hor & ¥1,3 __ ver | Y2,3 hor & Y22 __ __ver yi 2 hor & ¥3,1 __
€437 Y15 T y2,3 0, —cf] 2 Yoo T3 Y32 0, €2,1° + €347 yyy —

which comes from the initial parts of the partial derivatives inside I'(6)\ B(2) U {(2, 2)}, see Figure 32. Solving the
first system (11.2) is related to the step (2) and solving the second system (11.3) is related to the step (1).

5 /\ :
1513
15)

3 14]24] 1
14124] 1 13[23[33] -1
13p3]33] -1 o] 3

1222[32142]-3 3141511_5

FIGURE 32. Decomposition of the gradient of the potential function in F(6).

Remark 11.2. More generally, one might consider the fibers over the line segment connecting the center of Ay
and the center of another Lagrangian face . Depending on + in the ladder diagram I'(n) in some cases, one might
decompose the potential function into several pieces along the simply connected regions that are not unit-sized
blocks. The reader is referred to [CKO] in order to consult a geometric implication of the potential function inside
the decomposed blocks. Also, it is discussed therein when the potential function has a critical point.

The split leading term equation would be formed by the system from the outside of the decomposed blocks,
providing the complex part of a critical point with a suitable choice of a complex solution within the decomposed
blocks. This intuition motivates us to name it the “split” leading term equation. In this article, the general form will
not be discussed as the split leading term equation from I,,,(¢) in (8.7) is only dealt with.

11.2. Split leading term equation.

We now define the split leading term equation arising from the potential function of L,,(¢). In this case, it
suffices to take a bulk-deformation parameter

hor hor ver ver
(11.4) b= B D+ Y BT 2T
i>k >k

instead of the form (10.8). Therefore, we should set

cﬁ“ﬁl ‘= exp (bl:‘;rH =0)=1 fori<k,

ver

€5, = €xp (bﬁm 0) =1 forj <k.
In particular, we see that 9° (7, 5) in (10.10) coincides with d(4, j) in (10.6) forall 1 < i,j < k.

Definition 11.3. Let & = [n/2], thatis n = 2k — 1 or 2k. We set

}Z“’Zﬂrl =1 fori<k, ;=1 forj<k
(11.5) Yim ;=00 fori<m, ym,;:=0 forj<m

Yo,0 := 00, Yo,0 := 0, Yint1—;:=1 forl <i<n
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The split leading term equation of T'(n) associated with B(m) is the system of the following equations:
04,6.7)(y) = 0

Im(1)(y) =0

for all (4, j) € T'(n)\B(m) U {(m, m)} and all [ with 1 < < m. Here,

(11.6)

. Yi,j+1 hor Yi—1,5 hor Yi,j ver Yi,j
(11.7) A (i, )(y) == - . - —cory =L e +e -
rn( )( ) 741,79 yz,] 1—1,2 :l/m 7,5+1 yi+1,j 7,0—1 yi,jfl
(11.8) O (1)(y) = (—1ymti=t Pkl

)
Ym,m Ym+1,1

or ’ ver > ..
and c‘;Z v sand ¢i%, s for ¢, j > k are non-zero complex numbers.

We explain how the split leading term equation of I'(n) associated with B(m) can be written. Cutting the
boxes B(m)\{(m,m)} off from the diagram I'(n), (11.7) comes from 9° (i, j)(y) for (4,7)’s on the cut diagram
as explained in (11.3) for the case F(6). In addition to them, we impose (11.8) to relate the variables adjacent to
B(m). It will be explained in (11.23) and (11.27) why (11.8) appears.

Remark 11.4. Furthermore, we may take b}, , ; = 0 so that ¢} ,; = 1 if n = 2k. See Remark 11.18 to see why.

Example 11.5. The split leading term equation of I'(5) associated with B(2) consists of

1 1
O — g g, e — U, B2
Y1,4 Y1,3 Y2,3 Y2,3 Y2,2

1 Y2,2 hor Ys,2 1 hor  Y3,1 hor

- +e3aYs2 Tt =0,—— —c33- +cy5ya1 =0,
Y32 Y32 ’ Y31 Ya,1 Y4 ’

e YA LS g 32y her B30 Y23 B22 g UL3 D22 )

Y13 Ya2.3 Y3 Y41 Y2,2 Y32 Y2,2 Y31

Remark 11.6. We would like to address that the split leading term equation is not same as the initial part of the
gradient of the potential function. Note that °(2, 2) = 0 is of the form
<_9L2 N 1/22) it (_yw N y22> ™ — 0.
Y22 Y2,1 Y22 Y32
Its initial part will be used to obtain a critical point of the potential function within B(2) in Section 11.3. As we
have seen in Example 11.5, the split leading term equation captures the terms with the second energy level
_% + & =0
Y22 Y32
as well.

The main theorem of this section is as follows.

Theorem 11.7. Ler A = {\; :=n—2i+1 :i = 1,--- ,n} be an n-tuple of real numbers for an arbitrary
integer n. > 4. Consider the co-adjoint orbit Oy, a complete flag manifold F(n) equipped with the monotone form
wy. Fix one Lagrangian Gelfand-Cetlin torus L, (t) over I,,(t) for 0 < t < 1 in Oy. If the split leading term
equation (11.6) admits a solution {ygj € C\{0} : (4,5) € T'(n)\B(m) U {(m,m)}} each component of which is
a non-zero complex number for some nonzero complex numbers c?f’irfl s and c;:ff ;'8 (4,7 = k), then there exists a

bulk-deformation parameter b (depending on m and t) of the form (10.8) such that
(1) The bulk-deformed potential function SBO° (y) has a critical point {yij; € Av : (4,7) € T'(n)} satisfying
yfj =Y mod 77° for (%J) € F(n)\B(m) U {(mam)}

(2) Also, c??irjr(cl = eXp(b?;r+1), c‘ﬁ’fj = exp(b}7, ;) mod T>°.
The existence of a solution for the split leading term equation (11.6) implies that the assumption of the following
lemma is satisfied. We will repeatedly employ it in order to extend a solution in C\{0} to that in Ay of the gradient
of the (bulk-deformed) potential function.
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Lemma 11.8. Let i1 j,¢i—1,, Cii+1 and cj j_1 be elements in Ay. Suppose that we are given y;_1 j € Ay u{0},
Yij—1 € Ay U {oo} and yit1 5, i ; (resp. Yi j, Yi j+1) € Auy. If there is a non-zero complex solution yfjH (resp.

yg»l,j)for

C C C C
C Yij+r1 ¢ Yi-14 , ¢ Yij C Yij
(11.9) — Gy c o TGt o Tl e TCi-1 g =0,
i Yig i+1,j Yij—1

then there exists a unique element y; j1 (resp. yi11,5) € Ay that solves

Yi,j+1 Yi—1,j Yi,j Yij 0
—Ci—1,i" i+l j—1-— — =U.
Yi,j Yi,j Yit1,5 Yij—1

(1110) —Cj4+1,5

Here, fory € Ay, y© denotes a unique complex number such that y© =y mod T>°.

Furthermore, assume in addition that ce o 's are non-zero complex numbers and
C C C
or (Y55 = Yiy) > Ao Yoy — Yimy) > Aand oz (y; ;1 — yij_1) > A
Then, o7 (y;+1,5) = A ifand only if o7 (y; j41) = A

Proof. The proof immediately follows from the observation that y; 1 ; (or y; j+1) in (11.10) can be expressed as a

rational function in terms of the other variables. O

=
g AL )

4

i—1,4 4J |i+1,j

i,j—1

FIGURE 33. Graphical description of Lemma 11.8.

11.3. Symmetric complex solutions within B(m).

In this section, we focus on the system of equations

PO
L 01, 1)) = i~ (4) =0 forall (3.J) € B(m)
2,7

within B(m). For an index (i, j) € B(m), ignoring the variables outside of B(m), the initial part of O(, 5)(y) is
denoted by 0y, (¢, 7)(y). By (10.5), we obtain

(11.12) O (i, J)(y) = —2tt — Fod Sy S
Yij Yijg o Yitrg  Yij-1

where 4o.e, Yo, m+1,, Yo,0 and Yy, 11,4 are respectively set to be 0,0, co and co. The goal of the section is to find a
“symmetric”’ complex solution for (11.12), see Proposition 11.11.

Lemma 11.9. Let ¢ be a non-zero complex number. If there is a solution {ygj € C\{0} : (4,4) € B(m)} of the

system of equations
(11.13) O (i, j)(y) =0 for (i,j) € B(m),
then

yE, = c-yf; for (i,5) € B(m)

also forms a solution of (11.13).

Proof. Tt follows from 0., (i, )(¥) = Om (¢,7)(c - y). O
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Lemma 11.10. There exists a solution {y(gj € C\{0} : i+ j < m+ 1} of the system of equations

(11.14) Om(i,§)(y) =0 fori+j<m
such that
(11.15) yi; = W5~

Proof. We claim that

1 fori =7
j—i—1
c (2i +2r) fori < j
(11.16) Yii = o
i—j—1
(25 4+ 2r)~ " fori > j
r=0

forms a solution for (11.14) satisfying (11.15).

For the case where ¢ < 7, we see
-1

yS, = ﬁ (2i +2r) = < ﬁ (2z‘+2r)1> = ()"

r=0 r=0
and
O (3, 7)(y) = 79%;1 B l/i%cl,j " ggj i gfj
Yij Yij Yit1;  Yig—
B 170 (204 2r) 12023 — 1) + 2r) [T 2+ 2r) T2 20+ 2r)
COIPZi i) P22+ 2r) IT206 + 1) +2r) [ (20 + 2r)

= —2j — (20 —2)+2i+(2j—2)=0.

The case for ¢ > j follows from 0,,, (%, j)(y) = —0m(4,%)(y). When i = j,

c C C o]
- Yoitr  Yivi | Yo Yi 1 1
Om(i,))(y) = -5 — =+ 7+ = —yfm - ?/;C—l,i +—+—=0
Yivi Yii Yivii  Yii—1 it1: Yii—1

We are ready to prove the existence of a symmetric solution in the sense of (11.15).

Proposition 11.11. There exists a solution {ygj € C\{0} : (¢,7) € B(m)} of the system (11.13) of equations
such that (11.15) holds for (i, j) € B(m).

Proof. We start with a solution {yf:j € C\{0} : 9+ j < m + 1} from Lemma 11.10. For an index (¢, j) with
i+ 7 >m+ 1, we take

(11.17) ygj = (_1)i+j—m—1 ySH»lfj,erlfi'

We show that (11.17) forms a solution for (11.13). For (4, ) € B(m) with i + j > m + 2, it is straightforward to
see
by Lemma 11.10. For an index (7, j) with i 4+ j = m + 1,

Vigar _Yitag | Uiy Vijg Yy Vit Y Vi
-, c. ~ .C c T - ¢ <o te —<¢ =0
Yisj Yij  Yivi;  Yij-1 Yij Yij  Yivij  Yiri
From (11.15) for (4, j) with i + j < m + 1, it follows (11.15) for (i, j) with i + j > m + 1 because

C i+j—m—1,C i+j—m—1(, C - C\—
Yij = (*1)”] " lym+1—j,m+1—1', = (71)1+J ot (Z/m+1—1¢,m+1—j) t= (y]z) .

Thus, we have just found a symmetric solution {y[; : (i,j) € B(m)} such that y; ; = £1. O

Om (i, 4)(y) =
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Corollary 11.12. For any non-zero complex number c, there exists a solution {y{; € C\{0} : (i,j) € B(m)} of
the system (11.13) of equations such that

(D) Yo 5=

@) Yrm =c
3) yfi =Z£c foranyl <i<m.

Proof. The component y%m of a solution from Proposition 11.11 is either 1 or —1. By multiplying by 4-c, because
of Lemma 11.9, we have another solution satisfying (1), (2) and (3). O

11.4. Inside of B(m).

Assume that the split leading term equation of I'(n) associated with B(m) has a solution for some non-zero

hor,C » ver,C .
complex numbers ¢; ;17’s and ¢} ’s for 4, j > k. Let

C C C
(1118) ym,mﬂ y17m+17“' 7ym,m+1

where y,(gj is the (i, j)-th component of a solution of the split leading term equation, which is a non-zero complex
number. By Corollary 11.12, we obtain a symmetric complex solution such that ¢ becomes the (m, m)-component

yﬁ,m of the solution. In order to emphasize that (11.18) is pre-determined, let
C
di j = Yij-

Setting it as the initial part for a solution and using Lemma 11.8, we extend it to a solution of (11.11) in Ay . For a

pictorial outline of Section 11.4, see Figure 34.

Step 1

Step 2

Step 3

B(m)

FIGURE 34. Pictorial outline of Section 11.4.

Step 1. (¢,7) € B(m) withi +j <m+1
We begin by taking y, ; := yi-; € C\{0} C Ay where {y{; : (i,j) € B(m)} is a solution satisfying y5, ,,, =
d from Corollary 11.12 for all indices (4, j)’s with ¢ + 5 < m + 1. Then, the equations (i, j)(y) = 0 for

m,m

i+ j < m hold because 9(i,7)(y) = O (i,5)(y) T*~* by (10.6).

Step 2. (i,5) € B(m) withi +j = m + 2
Next, we determine all entries y;,;’s of the anti-diagonal given by i +j = m + 2 within B(m). For this purpose,

we decompose the equation 9(1,m)(y) = 0 in the system (10.6) into two pieces as follows:

8(1,m)(y) _ <y1,m + yl,m )Tlt + <y1,m+1> T1+(m*1)t
Y2.m  Yim-—1 Y1,m

— (yLm + Yi,m )Tl_t—f— (_y17m+1 +ay Yi,m —a Yi,m >T1+(m_1)t
Y2,m Y1,m—-1 Yi,m Y1,m—1 Y1,m—1

— (yl,m + yl,nL —ay yl,m Tmt) T17t+ (_yl,m+1+a1 yl,m, )T1+(m1)t
Y2.m Y1,m—1 Y1,m—1 Yi,.m Y1,m—1

where a1 will be determined shortly.
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In order to solve 9(1,m)(y) = 0, it suffices to find a solution of the following system

3(17m)(1)(y) e yl,m + yl,m —a,l yl,m Tmt :O
y2,m yl,mfl yl,mfl

(11.19)

8(1,m)(2)(y) — _yl,m-{-l +a1 yl,m — O
Yi,m Yi,m—1

By our choice of y; ;’s so far, we have

C
Yim _ gl,m £0.
Y1,m—1 Y1 m—1

Then, y1,m+1 = d1,m+1 uniquely determines the value a; € C\{0} from J(1, m)(z)(y) = 0. Then, there exists a
unique ¥ ,, € Ay such that 9(1,m)M(y) = 0.

By applying Lemma 11.8 succesively, we can determine the remaining entries of the anti-diagonal containing
Y2,m Within B(m). Namely, from a pre-determined y;+1,m—i+1 € Ay With 00(Y; 4 1 0 _i41 — YSi1m—ig1) = M,
we determine a solution ;2 ,m—; € Ay of (i + 1, m — i)(y) = 0 so that

(11.20) 07 (Yiom—i — Yirom—i) = mt.
Then, all anti-diagonal entries ¥;2 ,—;’s inside B(m) are chosen to obey

a(1,m)M(y) =0

Ai+1,m—i)(y)=0 forl<i<m-—2.
Plugging the previously determined y; ;’s into d(m, 1)(y) = 0, we convert (m, 1)(y) = 0 into d(m, 1) (y) =0
of the form (11.22). By solving 9(m, 1)(?) (y) = 0, we obtain 4,1 1.

We would like to find a sufficient condition that ¥, 1.1 exists in Ay such that y< 11 = Ymy1, mod T>0.
Because of (11.20), we put

(11.21) Yit2,m—i = y;C—&-Q,m—i +A; - T™ mod T>™

where A; € C\{0}. A straightforward calculation via consideration of 9(i+1, m—i)(y) = 0 gives us the following
lemma.

Lemma 11.13. A recurrence relation for A;’s is

AO = —ar- y%mfl
C 2
A, _ (yi+2,m7i) A1
! (y$+1,m—7‘,)2 !

From (11.21) and Lemma 11.13, it follows

a(m’ 1)()’)th1 — CYm-—11 Ym,2 T Ym,1 pmt

Ym,1 Ym,1  Ym+1,1
C C C
_ _ym(c—m _ yzcn,z n _Avg—2 + Ym,1 Tmt mod T~>™¢
Ym,1 Ym,1 Ym,1 Ym+1,1

C m—2 ( C 2 o
m_ YT m—1 (yi+2,m—i) Ym,1 m m
= ((1) a1 —g <H e i + ™ mod T~™*.

ym+1,1
By Corollary 11.12, we have
© Uiy Yy = () (U53)° = (dy )

C c _
® Ylm—1T Yz, =0

C C _ 2
® YIim—-1"Ym-117 (dm,m) >
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Using them, we simplify the above expression as follows.

1 y({:mfl (dm m)2 ySl 1 [
Om, N(Y)T = (-1)"ay = g T : 7™ mod T°>™¢
Ym,1 (yz,m) Ym+1,1
w1 (dpn)? s m m
= (-)"a— 7"+ wl )t mod 7™
Ym1 Y1im—1 Ym+1,1
C C
= (-1)"a; ym(gl’l + Ymd | pm mod T~™.
Ym,1 Ym+1,1
Thus, O(m, 1)(y) = 0 yields
(11.22) A(m, 1) (y) i= (~=1)may L2714 I L i, 1)@ (a1) = 0

Ym,1 Ym+1,1
for some constant B(m, 1) (a;) € A, (depending on a;). Then, y,,+11 € Ay can be determined so that
d(m, 1)@ (y) = 0 holds. Because of Corollary 11.12 and (11.19), we observe

2 2 2
(11.23) Ymi11 = (_1)M+1 i M = (_1)M+1 M Yim—1 _ _1)m+1M mod T>O,

a1 Ym—-1,1 ai (yl,m)2 N Y1,m+1
which explains why the equation 9,,(1)(y) = 0 in the system (11.6) appears. In other words, (11.8) provides a
sufficient condition to solve ¥, 41,1 over Ay in (11.22) such that y;C,H_Ll = Y11 mod >0,

Step 3. (i,7) € B(m) withm + 2 <i+j <2m
Now, we determine all elements y; ;s for (¢, j) € B(m) satisfying m + 2 < i+ j < 2m. For an index j with
2 < j < m, we decompose (4, m)(y) as follows:

(. m)(y) = (_yj_1,m L+ Yim_ Yim )Tl—t+ (_yj.,m+1>T1+(m—j>t
yj,m yj+1,m yj,mfl yj,m

_ ((yjl,m T Yjm + Yjm >+ (aj Yjm —a Yj,m >T(mj+1)t> -t
Yim Yi+im  Yjm—1 Yj+1,m Yjm—1

I (_yj,erl +a Yjm +a; Yj,m >T1+(m—j)t
Yim Yji+1m Yjm—1

In order to have a solution of 9(j, m)(y) = 0, we decompose it into the following equations.

0 m) V() o= (kg iy i) g (Sm g S ) i
Yjm Yi+im  Yjm—1 Yi+im  Yjm—1

0 m) (3) = M g (i g i)
Yjm Yj+1m  Yjm-1

Due to the following lemma, it is enough to find a solution of the following system to solve 9(j, m)(y) = 0.
Lemma 11.14. A solution of the system
A m)™(y) = 0

a3, m)(2)(y) —q; 937, m)(y) Tt-1 _ _Yim+1 +a; (yjl,m + Yjm+1 T(m—j+1)t> —0
Yim Yjim Yjim

(11.24)

is also a solution of 9(j,m)(y) = 0.

Proof. Note that
0(j,m)(y) = 90, m) M (y) T " + 0(j, m) P (y) T =",
A solution of (11.24) satisfies

a(j,m)(y) = 8(j,m)® (y) Tt = a; - 95, m)(y) TV,

which gives rise to 9(j, m)(y) = 0. O
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Suppose that we are given a solution
{yrs € Ay : (r,s) € B(m), r+s<m+j}
of A(r,s)(y) = 0 for all (r,s) € B(m) and r + s < m + j such that
07 (Yrs = Yrs) = (m—j +2)t

as the induction hypothesis. Since each yf’s is non-zero by our choice, we then obtain y;-C_Lm/ Z/}C,m # 0 so that
a(y, m)(2) (y) —aj - 9(j,m)(y)T*! = 0 determines a unique value a; € Ay from y; 11 = djm+1. Then, the
equation 9(j, m)™M (y) = 0 yields

C C c C
Yjm (1 — a T(m—j+1)t> — yﬂ(ﬁclﬁm _ gjym +a; yj(*cl,m Tm=i+0t 1 oq 7> m—i+t

Yj+1,m Yim Yim—1 jom

Keeping in mind that y,-;’s from Corollary 11.12 satisfy

C C c
‘ Yi1, s Y5
Om(j,m)(y) = — ](C =+ (ij + (ij =0,
Yim Yivim  Yjm—1
we obtain
C o
y] m 7& 0 a yj?cl’m _ y],m # 0
y]+1 m jm Yim—1

since ", is non-zero. Hence ;1 1,m € Ay With 07 (Y41, — U511.m) = (m —j + 1)t.
Suppose that

{yrs €Ay :(r,s) € Blm),r+s<m+j}U{y,s €Ay :(r,s) € B(m), r+s=m+j+1,r>m—i}

are given and 07 (Y, j m_iy1 — Yssjm—is1) = (m —j + 1)t. By Lemma 11.8, the equation d(i 4 j,m — i) = 0
determines ¥;4j4+1,m—i € Ay such that

(11.25) O7 (Y jt,mi — Yirjptm—i) = (M = J+ 1)t.

In order to find ¥y, 11,5, we convert d(m, 7)(y) = 0 into 9(m, 7)) (y) = 0 by inserting the previously deter-
mined y; ;’s. For 0 <4 <m — j — 1, due to (11.25), we may set

Yitjitm—i = Yirjitm_i + Ai - T mod 7> m=7+!
where A; € C\{0}. Asin Lemma 11.13, we derive the following lemma.

Lemma 11.15. A recurrence relation for A;’s is

Ay — —a,. U)o
0 - aj (y;C‘m)z yj—l,m
c hml
Yy w
A, =— ( Critimei) A .

(y;'cﬂ',m—z‘)z

By Lemma 11.15 and Corollary 11.12,

A(m, §)(y) T = ( Ymj+1  Ym—1,j + Ym,j )+ Ymij p(m—j+1)t
ymd Ym,j Ym,j—1 Ym+1,5

C C
7J+1 _ym L | Ym,j >+ (_Am—j—l i Ym,j )T(mj+1)t mod T>(m—i+1t

C C
ym,] y'm,j y’rn,j—l ynL,j ym+1,j

m—j—=1 ¢ C 2 C
ym=itly yj 1m< H (yi-l(—cj-i-lm—i) >+ Ym,j >T(m—j+1)t mod T>(m—i+1)t

ym’] i=0 (yiJrj,mfi)2 Ym41,5

ym] ym,] 1 (dm,m)2 Ym+1,j

2 (,C 2 C
( m ]+1 1 (dmm) (ym,j) + Ym,j >T(mj+1)t mod T>(mfj+1)t

m j+1 ym,j + ymvj T(m7j+1)t mod T>(m7j+1)t
yf:n,j—l Ymt1,
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which yields
(11.26) a(m, )P (y) = | (=)™ a; e 4 ) LB, )P (ar, - a5) = 0.
ynL,j—l y7n+1,j
for some P(m, )@ (a1, - ,a;) € A;. We then have
, _ 2 _ 2
(11.27) Y1 = (—1)™ Ymj—1 _ (=1)™~ (dmm)” - (_1)m—JM mod T>9.
aj aj - Yj—1,m Yj,m+1

which explains why the equation 9,,(j)(y) = 0 in the system (11.6) appears. In other words, (11.8) provides a
sufficient condition to solve ¥, 1 ; over Ay in (11.26) such that Ymt1,j = yELHJ.
Finally, we convert d(m, m)(y) = 0 into d(m, m)®)(y) = 0 as follows. Inserting Ym—1,ms Ym,m> Ym,m—1 and

Ym.m+1 = Am,m+1 into d(m, m)(y) = 0, we derive

C
(11.28) O, m)® (y) = | Il o I gy, m)) (@) = 0
ym,m ym+1,m
for some P(m, m)? (a) € A, . We obtain
2
Ymilm = Womm)” mod 77°
m,m—+1

and determine Y, 1,m in Ay.

In summary, the above discussion is summarized as follows.

Proposition 11.16. For any tuple (dp m, d1mi1," - »Am.m+1) Of non-zero complex numbers, there exist
e yi; € Ay for (i,j) € B(m),
® Yimt1 €Ay forl <i<m,
® Ymi1,j €Ay for1 <j<m

satisfying
(1) Ym.m = dm,m mod T,
(2) Yim+1 = di,’m+1f0r eachi = 17 e ,Mm,

(3) 9(i,j)(y) =0 for (i,j) € B(m),
(4) (71)m+17l Yi,m+1 + Ym,m =0 mod T>0.

Ym,m Ym+1,1
11.5. Outside of B(m).
Suppose that we are given a complex solution

{yi; € C\{0} : (4,4) € T(n)\B(m) U {(m,m)}}

ver,C hor,C
i+1,6 s and ¢; 545
In this section, we discuss how to determine a bulk-deformation parameter b in (11.4) from ¢

for (11.6) together with non-zero complex numbers ¢ s, which is the hypothesis of Theorem 11.7.

Zv-irfl-’s and c;'-f’;-fl’s
and how to extend it to a solution in Ay from yfj’s for 9°(i, j)(y) = 0. Assume that m < k = [n/2]. For the case
m = k, see Remark 11.18. Here is a pictorial outline of the section.

Step 1. (,7) € B(m) U Zseea
Let

(11.29) Ziee :={(m»m)»(17m+1),---,(m,m+1>7<m+1am+1)v<m+1’m+2)v“"QgJ’H)}

and

(11.30) Tinitial *= ZLseea\{(m,m)}.
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Step 1

Step 2

Step 3

FIGURE 35. Pictorial outline of Section 11.5.

Remark 11.17. We will define a seed in Definition 12.1 to generate a candidate for a solution for the split leading
term equation. The set (11.29) is the collection of indices where the corresponding variables will be generically
chosen as the initial step.

We start to take y, ; = yfj for (¢, 7) € Zinisiar- Then, we fix a complex solution in B(m) from Corollary 11.12
such that ¢ =y, ...

Step 2. (i,5) € B(k)\B(m)

By following Section 11.4, the chosen element y1 41 € C\{0} determines ;41 y—;+1’sin Ay for 1 <4 <
m— 1. Moreover, we have y,,,+1.1 € Ay. Again by Section 11.4, we also find y; ;’s in Ay for (¢, j) withi < m+1,
Jj <m+1andi+j = m+3satisfying (11.27). If m+1 = k, then proceed to the next anti-diagonal. If m+1 < k,
then it remains to determine y1 ,,+2 and ¥y, 42 1 in this anti-diagonal within B(k)\ B(m). Since the hypothesis of
Lemma 11.8 is fulfilled at the equations (1, m + 1)(y) = 0 and d(m + 1,1)(y) = 0 by our standing assumption,
they are determined in Ay . Proceeding inductively, we fill up all y; ;’s for (4, j) € B(k)\B(m) obeying

(1) yi,; € Ay such thaty, ; =y, mod T>°,
@) 8(i, j)(y) = 0 for (i, ) € Bk — 1),

Step 3. (i,5) € T'(n)\B(k) and b

We determine y; ;’s for (i, j) € I'(n)\B(k) and b?f’iﬁrl’s and b}, ;’sin (11.4) over Ay . Notice that

(i, j)(y) = 9°(i, j)(y) for (i, ) € B(k — 1)
because of our choice of b, and thus we may keep {y; ; € Ay : (i,5) € B(k)} as a solution of 8°(i, j)(y) = 0.

From now on, we focus only on the case where n = 2k — 1 because the case n = 2k can be similarly dealt with.
In this case, there are (k? — 1) variables in B(k). As all variables yx_1 x, Yk—2.% and yg—1 51 in

1 o _
k=1L k)(y) = ——— = L2y S
Yk—1,k Yk—1,k Yk—1,k—1

have been already determined by previous inductive steps, we do not have any extra variables to make 9(k —
1,k)(y) = 0 hold. It is time to adjust the equation d(k — 1, k)(y) = 0 by selecting b}7 ; ; suitably. By (10.10), we
have

1 Yk—2,k Yk—1,k
0°(k—1,k)(y) == —exp(b)y 1) - —— — == Fyp 1 p + .
Yk—1,k Yk—1,k Yk—1,k—1
From the following equation
C C
1 Yp_ Yi—
.C k—2,k c b1,k
—cﬁl,k T T ¢ +Yapx Tt ¢ —— =0,
Y516 Ye-1k Ye-1,k-1

one equation in the split leading term equation, it follows that

y«kj2k ygm
- St yp gt e #0,

C
Ye—1,k Ye—_1,k-1
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C
otherwise —¢;’',, = 0. Since

 Yk—2k Ye—1,k y£2k y%m
+ Yeorp S= Tyl o #0 mod T,
Ye—1.k Ye_1,k-1 Ye—1.k Ye-1,k-1

there exists a unique bulk-deformation parameter b7, , € Ag such that

(1) 0°(k — L k)(y) =0

(2) exp(byT, ;) = cg_fk mod 7>°

, but also deforms

Notice that b}, , does not only deforms - y;"“

ver . Yik+1
into exp(b}; ;) m

for all j with
1 < j <k —1asin Corollary 10.11. Therefore we need to solve the deformed equation

. Yj,k+1 Yj—1,k Yjk Yjk
0°(4, k)(y) = —exp(bf, ) - = — == =5 SR —
Yj.k Yj,k Yi+1,k  Yjk—1

in order to decide yo +1 € Ay.
For the induction hypothesis, assume that y;. ;’s for s < j and bi,_;’s for s < j are determined. We pick a
bulk-deformation parameter b%%; . € Ag so that

(1) 8°(n—3,5)(y) =0
2) exp(b’, ) = "C. mod T>°.

J+1.j Cj+1,4
After fixing bﬁl’ o we determine y, ;1 € Ay. Hence, all entries above B(k) together with bﬁl ;s are determined

in this way. Symmetrically, we can choose b?f’iﬂrl’s and fill up the other part of I'(n)\ B(k). Hence, Theorem 11.7

is now verified.

Remark 11.18. We outline the proof of Theorem 11.7 when n = 2k and m = k. In this case, taking ¢ = 1 for
Corollary 11.12 will give us the initial parts y;;’s of y, ;s for (i, j) € B(m). We then follow Section 11.4

C
Yim,m>

to extend to y; ;’s in Ay. If one uses both b7, , |, and bhorm 41 to deform 9(m,m) = 0, then we have two extra
variables ¢}, ,, and ", .} in 9°(m, m) = 0. For our convenience, recall that we have chosen b} ., = 0
in Remark 11.4. Now, we need to take b)",; . so that 9°(m,m) = 0. Since ym m =1 wegetby €A,

ver,C

which yields that 1 = ¢, = exp(b,,, ,,) mod T°. After fixing b,
0°(e,m)(?) = 0 where

0" (1.m) P (y) i= —exp(byly ) Ty I = 0
Yi,m Yi,m—-1

mt1.m» WE SOIVE Yq 1 i1 by solving

8"(3'7 )(2)( ) = _eXp(b;:clrJrl ) Yjm+1 +a; (yﬂvm + y”") =0 forj>2.
' j,m Yi+1,m  Yjm-1

The remaining steps are similar to the case for m < k in Section 11.5.
12. SOLVABILITY OF SPLIT LEADING TERM EQUATION

This section aims to verify the assumption for Theorem 11.7 when the split leading term equation (11.6) comes
from the line segment I,,, C Ay in (8.7). To find its solution, we introduce a seed generating a candidate for a

solution and prove that there exists a “good” choice of seeds such that the candidate is indeed a solution.
12.1. Seeds.

We begin by the definition of a seed. Recall the notations I'(n) and B(m) in (11.1).

Definition 12.1. A seed of I'(n) associated with B(m) consists of the two data (d,Z).
e An (n — m)-tuple d of elements in Ay
d= (dl,' - ’dn_m)
e An (n — m)-tuple Z of double indices
T = {(m,m), (ix,j1),- - s (in—m—1,Jn-m-1)} C {(m,m)} U (T (n)\B(m))

satisfying
(1) the first index is (m, m)
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(2) the remaining indices are contained in I'(n)\ B(m) such that any two indices must not come from the
same anti-diagonal of T'(n)\ B(m

We are particularly interested in seeds (d, Z) of the form

e d is a tuple of non-zero real numbers.
® T :=Teeq in (11.29).

Let y; denote the components of y associated with the set Z of indices. Namely,

Yz = Ymams Yir g > Yinomtdnms) -
Then, as the initial step, we take
yr i=d.
So, the double indices designate the places in which the components of d are plugged. Since Z is always taken to
be Zgeeq, Z will be often omitted from now on. We instead set d; ; to denote the component of d corresponding to
(i, 7). For instance, we have di = d, .
Following the procedure in Section 11.5, see Figure 35, we generate the other y; ;’s such that y satisfies the split

leading term equation with a suitable choice of complex numbers

L hor hor ver ver
C:= (ck,k+1a T ,Cn 1 n7ck+1 k)" " 7cn,n—1) .

Namely, by isolating one undetermined variable and plugging the determined variables in one equation of the split
leading term equation, we can solve the remaining y; ;’s and ¢ inductively. However, the undetermined variable
might be zero or undefined when generating a candidate from a seed. A good choice of seed, we call a generic
seed, must avoid the issue.
We would like to find a condition for generic seeds. In the setup of (11.5) and Remark 11.4, we put
1 1

ver ver hor e .
—Cij-1 T T T3 (1 Yiger + A% vie1) if 9>
Yij-1  (Yij)

(12.1) a8, (i, 7)(y) =

1 1
hor 2 hor ver F .
—Ci—1,4 Yi—1,5 F (%J) (Ci,iJrl : 7y‘+1 -+ r _1 if i <j.
11,7 .=
hor

Note that é:‘;(@j)(y) is achieved by isolating ¢, | - (yit1,;) " and €%, ; - yi j41 in a8 (i, 7)(y) = 0, see (11.7).
Moreover, (12.1) appears when isolating the undetermined variable so that the expression is required to be non-zero.

Definition 12.2. A seed d is called generic if the candidate generated by y; = d satisfies
(12.2) 98,36, j)(y) #0 mod T>°
for all (4, j)’s.
Example 12.3. A straightforward calculation asserts that the tuples
(Hd=(-1,1,1,-1,1)
2) T = Toeea = ((2,2), (1,3),(2,3),(3,3), (3,4))
form a generic seed of I'(7) to B(2). The tuples
(Hd=(-1,1,1,1,1)
() T =Twea = ((2,2),(1,3),(2,3),(3,3),(3,4))
form a seed of I'(7) to B(2), but not a generic seed because 95 (1, 5)(y) = 0.

The main proposition of this section is the existence of a generic seed, which will be proven throughout this
section.

Proposition 12.4. For each integer m where 2 < m < k = [n/2], a generic seed of T'(n) to B(m) exists.

As a corollary, we assert solvability of the split leading term equation.
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Corollary 12.5. The split leading term equation of T'(n) associated with B(m) has a solution each component of

which is a non-zero complex number.

Proof. Once a seed has the property (12.2), the remaining y; ;’s and a sequence ¢ are (uniquely) determined to be
in C\{0} by the exactly same process in Section 11.5. O

12.2. Pre-generic elements.

We now introduce a coordinate system {z; ; : (¢,7) € I'(n)\B(m) U {(m, m)}} with respect to which the
system of equations

A2 (i,4)(y) =0, fori+j<n
does not depend on the choice of a bulk-deformation parameter b. We define

; 1

o h . .

Zitl,e = Cropt1 Yitl,e if i >k
r=k

Re,j+1 ‘= (H cr-ilil 'r> Ye j+1 if .7 Z k

Zig = Yij otherwise.

(12.3)

Under this coordinate system, we convert 9%, (i, 7)(y) in (11.7) into

CZigHl  Ziclj | Zig Zij

+ +
Zi,j Zi,j Ri+l,j  Rij—1

ifitj<n

i—1 -1
1 Z
hor 1—1 PP .. .
(12.4) 9% (i,5)(z) == (H Crf)r+1> P e <| | Cw+1> G+ ifi>ji+tj=n
r=k

1,3 Zi,j Zi,j—1

-1

(Hcﬁ”>“ B ”(H@Vﬂw) syt fi<gitj=n.

Zi,j Zi,j—1

Here, one should interpret that the product over the empty set is 1. For example,

ver _
H Cr+1 r

We set
(12.5)
1 1 ( n )( 1 ) 5> i1 i<
-t —— (Zijt1 T zic1j) | = ifi>j,i+j5<n
Zi,j—1 (Zi,j)Q S B Zit1,5
L 1 1 DU
—Zi—1,5 + (Zi,j) + (: Zi,j+1) if 1 < Lrt+yi<n
Zit1,5 Zi,j—1

o5, (i, 5)(z) :== 1 1 i1 -1 i
———t A ) Hzeng | (= T ifi>j,i+j=n
ZZ’Jil (Zl’j) r==k r==k

—1 .
1 ! e
—zi1j+ (2i5)° (H Cﬁl,r) T 1 <_ (H Cﬂl,r)) ifi<j it+j=n,
bl r=k

where éj‘;l(z, J)(z) is obtained from isolating the expression in the parentheses in o® (i,7)(z).
We then have the following lemma, which says it suffices to check 8};1(2, 7)(z) # 0 to show b b (4, 5)(y) # 0.
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Lemma 12.6. %(i,j)(z) # 0 for all indices (i,j) € T'(n)\B(m) if and only lfé;b;(z,])(y) # 0 for all indices
(i,5) € L(n)\B(m).

Proof. Under the coordinate change (12.3), (12.1) is converted into (12.5). O

To show that 55’; (i,7)(z) # 0, we now start to solve (12.4) from y; := d by isolating the undetermined variable
in (12.4). When m < k = [n/2], since Z C B(k) and y; = zz because of (12.3), we may insert d into zz as
the starting point. For the case m = k, we take c';f;fm 41 = land ¢, = 1 (see Remark 11.18) and hence

z7 =y = d as well. For simplicity, we set
(12.6) Z(\m) = {zi,; € C\{0} : (i,7) € D())\B(m) U {(m,m)}}.

Choosing the component in an anti-diagonal generically, we can easily make the first two equations of (12.5) non-

zero because of the following lemma.

Lemma 12.7. Suppose that the set Z(, s_1\m) is determined. Each variable z,_; s ; can be expressed as a non-

constant rational function with respect to z; .

Proof. We only show the case for ¢ > 0 since the case where ¢ < 0 can be similarly proven. Let
X(’L) = Zr—i,s4i-

By (12.4), a recurrence relation for X (¢)’s is

12.7 X(@) = -

(12.7) ®) =0+ x5

where

(Zr7i7s+i71 )2
Zr—i,s4+i—2

Composing (12.7) several times, X (7) is expressed as a continued fraction in terms of X (0). Letting A(0) = 1 and

B(0) = 0, it becomes

[i] == —2Zr 1,644 + , [, — 1) = (2r—iepio1)’

A(i) - X(0) + B(3)
A(i—1)-X(0)+B(i—1)
for some constants A(i)’s and B(7)’s determined by the given set z(, s_1\,,). Thus, X (7) is a rational function
with respect to X (0).

To show that every X (i) is non-constant with respect to X (0), we investigate properties of A(4)’s and B(%)’s.

(12.8) X(i) =

By induction, we can show that the terms of A(i) correspond to the partitions of {i,i — 1,--- , 1} into one single
number or two consecutive numbers. Also, the terms of B(i) correspond to the partitions of {¢,4—1,--- , 1,0} into
one single or two consecutive numbers containing the subset [1, 0]. For instance, A(3) and B(3) are expressed as

A@3) = Bl + B][2, 1] + 3, 2][1],
B(3) = [B][2][1, 0] + [3, 2][1, 0].
It then follows that
A(i) =T[i] - Ali — 1) + [i,i — 1] - A(i — 2)
B(i)=1[i|-B(i— 1)+ [i,i — 1] - B(i — 2).
Note that X (0) and X (1) are non-constant functions with respect to X (0). Suppose to the contrary that X (4) is

a constant function with the value C and all X (j)’s for all j < i are non-constant rational functions with respect to
X(0). Let

=C.

- X
A —1)-X(0)+B(i—1)
‘We then obtain

C-Ali—1)=A@G)=[i]- Al — 1)+ [i,i — 1] - A(i — 2)
C-B(i—1)=B(i)=[i]-Bi — 1) + [i,i — 1] - B(i — 2).
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We claim that C' — [i] # 0. Otherwise, A(i — 2) = B(i — 2) = 0 because [i,i — 1] = (2,_i s4i—1)> # 0. It
yields that X (¢ — 2) = 0, contradicting to the assumption that X (i — 2) is not constant.
We then have

Ai—1)=C"- Aii - 2)
Bli—1)=C" B(i —2)

where C’ = [i,7 — 1]/(C — [i]). So, we deduce a contradiction that

A(i—1)- X(0) + B(i — 1)

A(i—2)-X(0)+B(i—2) ¢

X(i—1)=

is constant. Hence, every X () has to be a non-constant rational function. 0

Corollary 12.8. Suppose that the set Z(,s_1\m) is determined. There exists a non-zero real number d,. s such that

ifwe set zp s = dy ¢
(12.9) 08, (i, §)(2) # 0
forall (i,7)’s obeyingi+j=1r+s— 1

Proof. Since each z,_; 4 is a non-constant rational function with respect to z, s, there are only finitely many

Zr.s’S so that z,._; s, is zero or is not defined. Avoid these values when choosing d, ;. O

Definition 12.9. Suppose the set z(, s_1\,,) is given. For an index (r, s) € I'(n)\B(m), an element d,. , is said to
be pre-generic with respect 10 Z(y 4 s_1\ ) if (12.9) holds for any (i, j) € I'(r + s)\(B(m) UT'(r + s — 1)).

For the later purpose, we prove the following property of the the pre-generic elements.

Lemma 12.10. Assume that m < k. Suppose that we have ds ;+1’s for s with 1 < s < m such that for
each s, dsmy1 Is pre-generic with respect to the previously determined Z(s1mm\m) by one choice of dy, m and
d1 m+1s s ds—1,m+1. Then, regardless of a choice of d, ;,, € C\{0}, dg m+1 is pre-generic as long as we do not

change di i1, ds—1,my1.
Proof. If m < k, we see y; j = z; ; for (4, j) € B(m) by (12.3). We claim that

(—1yits . (dmm)”

24 =
7,141
’ Zitl,j

Recall from (11.8) that

(—1)i+(mtD-1. (dm,m)*

Zm41,i = 2 1
7,m—+

)

which provides the initial step for the induction. Next, by the induction hypothesis, we observe

Zig+l  Zi-l,j Zi,j i,
0= _hitl _ E A

Zi,j 24,5 Zitlg i1

B F ()t (dmm)?®  zj-1,

Zj+li o Zji-1 ZitljtZji o Zji
2

ZhHL L (_qyitiml (dm,m)”

24, Zi+1,5 %4,

Thus, we obtain

ey (dim)?

Zit1,5

Therefore, 5:‘;1(2',3')(1) # 0 as long as 57‘;1(3'7 i)(z) #0. O

Zjiv1 = (—1)
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12.3. Generic seeds.

Applying Corollary 12.8, we make the first two expressions in (12.5) non-zero by taking one entry of an anti-
diagonal generically. To make the last two equations non-zero, we need to select the previous ones more carefully.
We deal with the three cases separately.

Casel.n =2k — 1.

We need several lemmas.

Lemma 12.11. Assume that 2(,_o\ ) is given. Suppose that either dy_1,;—1 = —1 is pre-generic or k — 1 = m.
Then, there is a real number d_1 1,—1 (sufficiently close to —1) and a non-zero real number dy,_1 j, such that if
Zh—1,k—1 = Ai—1 k-1 and zp—1 ) = dk—1 1
(12.10) 0% (i, 7)(z) £0 mod T™°
forall (i,j)withi+j=n—1andi+j=n.

Note that 57",1(2',]')(2)’5 for (i, j) with ¢ + j = n provide the last two expressions of (12.5).
Proof. Assuming that d_; 1 = —1 is pre-generic, by definition, every z; ,,_1—; is defined and becomes non-
zero if we set 2,1 1 = dr—1,5k—1 = —1. By Corollary 12.8, we can choose and fix a pre-generic element dj_ 1,
for z;—1 1 so that the entries 2; ,,—;’s are also determined.

We would like to emphasize that d;,_; ;1 = —1 is never being a component of a generic seed because of the
following reason. Recall that the equations 9%, (7, 7)(z) = 0’s in (12.4) for (i, j)’s with i + j > n and i < j read

k ver _ 2 1
Hr:k Criir = TRE-2ik + (Zk;—l,k) (1 + Zk—l,kfl) ’
—1
k+1 ver _ 2 k ver 1
Hr:k Cr—l—l,r = —2k-3,k+1 + (Zk*2,k+1) Hr:k Cr—l—l,r + Zh—2.k |
(12.11)
n—2 2 n—3 -1 1
—2 ver _ —3 ver
Hr:k Cri1yr = TRLn-2 + (22,71*2) (Hr:k CT-H,T') + 2om—3 |’
n—1 2 n—2 -1 1
- Ver _ - ver
Hr:k Cr+1,r - _(Zlmfl) (Hr:k Cr+1,r) + Z1n-2 | °
If one chooses 21 x—1 = di—1,k—1 = —1, then from (12.11) we obtain
J
ver _
H Crilyr = “2n—j-1,j
r==k

forj=kk+1,--- ,n—2and
n—1

(12.12) a85,(1L,n—1)(z) = [[ &<, =0.

r=k
Thus, a seed d is not generic 15 Nevertheless, we claim that there exists a choice of di—1, k-1 not equal to —1 but
close to —1 so that (12.10) is satisfied.

Note that the fixed dj, ;1 remains to be pre-generic even if we perturb the value z,_; ;—; from —1 with
sufficiently small amount. This is because the expression (:9;";(1, j)(z) for each index (i,j) withi+j =n—1lisa
continuous function with respect to z;_1 y—1 at —1 after inserting dj, ;1 into zj, —1. Also, by Lemma 12.7, there
exists a dense set of pre-generic elements for dj,_1 ;1. Therefore, (12.10) is satisfied fori +j =n — 1.

Also, we observe that as z;_1 51 — —1, because of (12.5) and (12.11), (‘5;”,1(71 —7J,J)(2) = —zp—;—1; wWhen
j > k.Because —z,,—;_1,; # Ofor j withk < j < n—1, we still have éﬁ(n—j,j)(z) # Ofor jwithk < j <n—1
if dj—1,,—1 is sufficiently close to —1. Finally, we claim that (:):‘;L(l, n —1)(z) # 0 as soon as zx_1 k1 7# —1s0
that the problem in (12.12) is solved. From 0%, (k — 1,k)(z) = 0 and z;_1 x—1 # —1, it follows that

ver
Ck+1,k # —Zk-2k-

15 We also have é?n(n —1,1)(z) = 0iftaking 2z, 1 p—1 = dp—1,5—1 = — L.
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Combining it with 9%, (k — 2,k + 1)(z) = 0, we obtain
k41
H CﬂLr F —2k—3 k+1-
r=k
Proceeding inductively, we deduce 5}’; (1,n—1)(z) # 0. The discussion on the part where j < k is omitted because
the argument is symmetrical.
Consequently, we may choose a generic dj_1 ,—1 sufficiently close to —1 so that (12.10) holds for all (4, j) with
i+j=n—1landi+j =n.
It remains to take care of the case where k — 1 = m. The index (k — 1,k — 1) = (m, m) is contained in the box
B(m) so that dj,_1 ;1 can be freely chosen by Corollary 11.12. Thus, we can apply the exactly same argument as

above. O
By applying a similar argument, we can prove the following lemma.

Lemma 12.12. Suppose that either d; ; = *+1 is pre-generic for i > m or i = m. There is a real number d; ;

(sufficiently close to £1) and a non-zero real number d; ;11 so that di1 41 = F1 becomes pre-generic.
We now ready to start the proof of Proposition 12.4 for the case where n = 2k — 1 and m < k := [n/2].

Proof of Proposition 12.4. We start with a tentative choice of d,, ,,, = £1. Choosing pre-generic elements from
d1m+1 = 21m+41 10 dip—1,m+1 ‘= Zm—1,m+1, W€ find Z(2,,,\,,) s0 that that (12.10) is satisfied for each index
(¢,7) with ¢ + j < 2m — 1. Due to Lemma 12.12, we may select d,,, ,,, sufficiently close to £1 and d, ;1
so that dy;,41,m+1 = F1 becomes pre-generic. Because of Lemma 12.10, note that dq ,41, -+ , dym, m+1 remain
to be pre-generic even if we choose another d,, ,,. Moreover, applying Lemma 12.12 repeatedly, we assert that
dr—1,-1 = —1 is also pre-generic by suitably choosing de .. Hence, we have (12.10) for all indices (,5)’s
with 7 + 7 < m — 2. Finally, Lemma 12.11 says that there is dy_1 ;1 and dj x—; such that (12.10) holds for

1+ j = n — 1, n. Thus, we have just found a generic seed. 0

Case2.n =2kand m < k.

Modifying the proofs of Lemma 12.11 and Lemma 12.12, we can prove the following lemma.

Lemma 12.13. Assume that z(,,_o\,) is given. Suppose that d_1, = —1 is pre-generic. Then, there is a real
number dy_1 1, (sufficiently close to —1) and a non-zero real number dy, ;, such that if zx_1 = dg—1,, and
2k = die ko

98,(i,7)(2) #0 mod T>°
forall (i,j)withi+j=n—1andi+j=n.
Suppose that d;_, ; = %1 is pre-generic for i > m + 1. There is a real number d;_ ; (sufficiently close to £1)

and a non-zero real number d; ; so that d; ;11 = F1 becomes pre-generic.

Also, we need the lemma, which serves as the starting point to obtain the desired d, o’s.
Lemma 12.14. d,;, ;1 = £1 can be pre-generic.
Proof. By Lemma 11.10,

1 fori =7
j—i—1

j—1

(12.13) Fimag = (2 + 2r) ori < j

(=)

J

[

1
(25 +2r)"t fori > j

%

ﬁ
I
o

is a solution of 8%, (i,m + j)(z) = 0 in (12.4) for m + i + j < n. Furthermore, by Lemma 11.9, so does

(12.14) Zim4j = O Zimij
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for any non-zero complex number a. Selecting

m—2

a:= H (2+ 2r),

r=0
A, m+1 = Zm,m+1 becomes 1. Because of Lemma 12.10, no matter what we choose any non-zero complex number

dm,m> dm,m+1 1s pre-generic (with respect to the previous determined z(2,,\ ,))- O

Proof of Proposition 12.4 (continued). Combining Lemma 12.13 and Lemma 12.14, we conclude Proposition 12.4
for the case where n = 2k and m < k. U

Case3.n =2k and m = k.

In this case, we take d,, »,, = 1, see Remark 11.18. Because of Lemma 11.10, note that

1 fori = j (—1)mtiti=t fori = j
j—i-1 i—j—1

~ 2i + 2r fori <j —1)mtiti=l 2j+2r)"Y fori>j

(I2.15) Zimj = r=0 ( ) ’ y Ameig = 1) rl;l(:) ) ) ’
i—j—1 j—i—1

(2 +2r)"Y fori>j (—ymHt I (@i +2n) fori < j
r=0 r=0

respectively form a solution of 9%, (i,m + 5)(z) = 0 and 9%, (m + i, 5)(z) = 0 in (12.4) for m + i + j < n. Also,

our choice makes y,,(1)(y) = 9y (1)(z) = 0in (11.8) because c)r, ; ,,, = Land ¢, .., = 1, see Remark 11.4 and
Remark 11.18.

Furthermore,
(12.16) Zim+j = a- gi,m—&-ja Zmtig = a ' :va+i,j

are also solutions of (12.4) and (11.8) for any non-zero complex number a. Thus, we have a one-parameter family
of solutions. Then, the expressions 9%, (i, m + j)(z) and 9%, (m +1, j)(z) for (i, j) with i +j = n can be considered
as a function with respect to a.

Lemma 12.15. There exists a choice of the variable a such that
(12.17) 0% (m —i,m +i)(z) #0 and 8% (m +i,m —i)(z) #0 mod T>°
in (12.5).

Proof. We claim that 0%, (m — i, m + i)(2)/2m—im+: is a non-constant rational function with respect to a. For
t > 1, we observe that

5§m—1,m+1 z Zy— mes _
m( )( ) _ _‘fm 2,m+1 + Zm—1m4l = _(2m _ 4) Ya- H (2 + 27“) 1
Zm717m+1 mel,erl r—0

is a non-constant linear function with respect to a. By the induction hypothesis, assume that
% (m —i,m+1i)(z)  Pia)
Zrm—i,m+i " Qila)

is a non-constant rational function with respect to a. Then, we see

meifl,eriJrl

b (m—i—1,m+i+1)(z) < Zm—i—2,m4it1 + Zm—z‘—l,m+i+1> n Zm—i—1,m+i+1
Zm—i—1,m+i+1 Zm—i—1,m+i agn

(m —i,m +i)(2)
_ zm—i—?,m-i—i-&-l 5in%—i—l,m-‘,—i-‘,—l g’m—i—l,m-&-i-&-l Qz(a)
= (- - + : :

Zm—i,m+i Pi(a)

Zm—i—1,m+i+1 Zm—i—1,m+i

which is also a non-constant rational function. Similarly, one can see that éEn (m+1i, m—1i)(z) is also a non-constant
rational function for ¢ > 1. Thus, (12.17) is established if choosing a generically. O

We are ready to prove Proposition 12.4 for the case where n = 2k and m = k := [n/2].
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Proof of Proposition 12.4 (continued). By Lemma 12.15, we choose d; 1,11 := @+ Z;j m+1 from (12.16) as a generic
seed. It complete the proof. O

12.4. Proof of Theorem D.
Finally, we are ready to prove the following theorem.

Theorem 12.16 (Theorem D). Let A = {\; ;= n —2i+ 1|i = 1,--- ,n} be an n-tuple of real numbers for
an arbitrary integer n. > 4. Consider the co-adjoint orbit Oy, a complete flag manifold F(n) equipped with the
monotone Kirillov-Kostant-Souriau symplectic form wy. Then each Gelfand-Cetlin fiber L., (t) is non-displaceable

Lagrangian for every 2 < m < {%J In particular, there exists a family of non-displaceable non-torus Lagrangian

fibers
{Lm(l) 2<m< EJ}
n(n—1)

of the Gelfand-Cetlin system ®y where L, (1) is diffeomorphic to U(m) x T,

Proof. By Corollary 12.5, the split leading term equation (11.6) has a desired solution for some nonzero complex

ver,C » d hor,C ,
i+14 s and ¢ 5
t < 1), there exists a suitable bulk-deformation parameter b of the form (10.8) so that the bulk-deformed potential

numbers ¢ $ (i,j > k). Theorem 11.7 convinces us that for each Lagrangian torus L,,(t) (0 <
function admits a critical point. By Theorem 10.7, each GC torus fiber L,,(¢) for 0 < ¢ < 1 is non-displaceable.
Furthermore, Corollary 5.23 and Lemma 10.13 imply that L., (1) is Lagrangian and non-displaceable. Finally,
Lo (1) is diffeomorphic to U (m) x T"“="> =™ because of Theorem 7.9. This finishes the proof of Theorem 12.16.

O

13. CALCULATION OF POTENTIAL FUNCTION DEFORMED BY SCHUBERT CYCLES

The potential function with bulk we use in the present paper was first constructed in [FOOO1, Section 3.8.5,
3.8.6] and was explicitly computed in [FOOO4, Section 3] for the toric case. Since the main steps of the derivation
of (13.10) are the same as that of the proof of [FOOO4, Proposition 4.7] given in Section 7 therein, we will only
explain modifications we need to make to apply them to the current GC case. Also for the purpose of proving
the counter part of Theorem 10.6 in the present paper, the facts that a Fano manifold X, has a toric degeneration
and that we have only to consider codimension two cycles also help us to simplify the study of holomorphic discs
contributing to the potential functions. We closely follow [NNU1, Section 9].

Let L be a Lagrangian submanifold in a symplectic manifold X . Let My41,,(X, L; 5) denote the moduli space
of stable maps in the class 8 € m3(X, L) from a bordered Riemann surface ¥ of genus zero with (k + 1) marked
points {zs}*_, on the boundary 93 respecting the counter-clockwise orientation and ¢ marked points {z;}/_; at
the interior of 3. It naturally comes with two types of evaluation maps, at the ¢-th boundary marked point

(13.1) evit Mys10(X, Ly B) = Ly ev; ([p: & — X, {z 1540, {7 Ho]) = o(2)

s=0>

and at the j-th interior marked point

(13.2) eviMs Myy1e(X, L B) = X5 v ([p: B — X, {21050, {=z }im]) = o(2)).

Set My41(X, L; B) := Mpy1,0=0(X, L; ), the moduli space without interior marked points and let
evy = (evy,- - ,evy).
Recall that an A -structure with the operators
my =Y mg g TPy by, by) = (evo)!(ev4)* (mby @ - - @ Thby)
B
on the de Rham complex (L) is defined via a smooth correspondence.

(13.3) M1 (X, L; )

evy evo
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where 7;: L¥ — L denotes the projection to the i-th copy of L. For a general symplectic manifold, one should
choose a system of compatible Kuranishi structures and CF-perturbations on M1 (X, L; 8)’s in order to apply
the above smooth correspondence, see [Fuk, FOOO6] for the details of construction. For a Lagrangian toric fiber
L in a 2n-dimensional toric manifold, by constructing a system of compatible 7" -equivariant Kuranishi structures
and multi-sections, the smooth correspondence can be applied without adding an auxiliary space for perturbing
multi-sections to make it submersive, see [FOOO4, Section 12]. It is because the map ev, automatically becomes
submersive by the T"-equivariance.

We now recall Nishinou-Nohara-Ueda’s computation of the potential function of a torus fiber L, C X, in
[NNU1]. They were able to exploit the presence of toric degeneration of X, to X in their computation the ex-
planation of which is now in order. For the study of holomorphic discs in Xy which is not smooth, they used the
following notion in Nishinou-Siebert [NS].

Definition 13.1 (Definition 4.1 in [NS]). A holomorphic curve in a toric variety X is called forically transverse if
it is disjoint from all toric strata of codimension greater than one. A stable map ¢: ¥ — X is forically transverse
if o(¥) C X is torically transverse and ¢~ !(Int X) C ¥ is dense. Here, Int X is the complement of the toric

divisors in X .

We denote by Sy := Sing(Xy) the singular locus of X,. Using the classification result [CO] of holomorphic
discs attached to a Lagranigian toric fiber in a smooth toric manifold and the property of the small resolution,
Nishinou-Nohara-Ueda [NNU1] proved the following.

Lemma 13.2 (Proposition 9.5 and Lemma 9.15 in [NNU1]). Any holomorphic disc ¢: (D?,0D?) — (X, Lg) can
be deformed into a holomorphic disc with the same boundary condition that is torically transverse. Furthermore
the moduli space M1(Xo, Lo; ) is empty if the Maslov index of 3 is less than two.

Lemma 13.3 (Lemma 9.9 in [NNU1]). There is a small neighborhood Wy of the singular locus Sy C X such that

no holomorphic discs of Maslov index two intersect Wy.

Now let ¢, : X, — X, be a (continuous) extension of the flow @ : X:™ — X§™ given in Theorem 10.1 ([INNUI,
Section 8]). The following is the key proposition which relates the above mentioned holomorphic discs in (X, L)
to those of (X, L,).

Proposition 13.4 (Proposition 9.16 in [NNU1]). For any 8 € m2(Xo, Lo) of Maslov index two, there is a positive
real numbers 0 < € < 1 and a diffeomorphism

P M1(Xo, Lo; B) — Mi(Xc, Le; B)

such that the diagram

(evo)«

H,(M;(Xo, Lo; B)) —= H.(Lo)

w*l J{(abe)*l
(evo)«

H, (My(X., Le; B)) —— H.(L:)
is commutative.

Lemma 13.5 (Lemma 9.22 in [NNU1]). Let W, := (¢L) = (Wy). There exists g > 0 such that for all 0 < € < &,

any holomorphic curve bounded by L. in a class of Maslov index two does not intersect W.

We now combine the diffeomorphism t: M;(Xo, Lo; 8) — M1(Xe, Le; 8) and ¢.: Xo — X, to define an

isomorphism between the correspondence

(13.4) Mi1(Xo, Lo; )

evy €vo
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and the following correspondence
(13.5) Misi1(Xe, Le; B)
ev evp

Lk L.

€

Although they did not explicitly mention a choice of compatible systems of Kuranishi structures or perturbations,
Nishinou-Nohara-Ueda [NNU1] essentially constructed an A -structure on L. C X, and computed its potential
function in the same way as on a Fano toric manifolds [CO, FOOO3] using Proposition 13.4 and Lemma 13.5.
Thus, they were able to take advantage of properties of T"-equivariant perturbation in a toric manifold, a open
submanifold of a toric variety X. We denote the corresponding compatible system of multi-sections by § = s5.41 g,
see [FOOO3, FOOO4] for the meaning of this notation.

Next we need to involve bulk deformations for our purpose of a construction of continuum of non-displaceable
Lagrangian tori in X, whose construction is now in order.

Denote </24(Z) be the free abelian group generated by the horizontal and vertical Schubert cycles of real
codimension two

(13.6) {209, :1<i<n—-1}U{Z)%,;:1<j<n—1}
We recall
(13.7) LN, =0=LN2),,;

for any i, j and so the cap product of 8 € m2(X, L) with any element thereof is well-defined. Putting %724 (A¢) :=
AE5(Z) ® Ao, any element b € @/Z¢(Ag) can be expressed as

n—1
(13.8) b= Z b1 DI + Y 0T
j=1
where bl"f 11,0751 ; € Ao. We formally denote
(13.9) BNb= Z 00, (BN 2P 0) + Z b3 (BN2)T ;) -
For simplicity, let us fix an enumeration {%; | j = 1,--- ,B } of the elements in (13.6) where B = 2(n — 2) and

set b; to be the coefficient corresponding to Z; in (13.8).
The following is the statement of the counterpart of Theorem 10.6.

Theorem 13.6. Let b € «724(Mo) and let L. be a torus Lagrangian fiber in X .. Then, the bulk-deformed potential

function is written as

(13.10) PO° (Lesb) =) np-exp(BNb)-exp(9fNb) TP/,
B

where the summation is taken over all homotopy classes in wo(X., L.) of Maslov index two.

The remaing part of this section is reserved for the proof of Theorem 13.6.
For a Lagrangian submanifold L of X, denote by

cvl™s MR (L, 8) = X

2

the evaluation map at the é-th interior marked point for s = 1,...,£. We put B = {1, ..., B} and denote the set of
allmapsp: {1,...,¢} — Bby Map(¢, B). We write |p| = £ if p € Map(¢, B). We define a fiber product

¢
(13.11) (L, B5 ) = MES (L, B) o, cumy X xt | [ Zoti

=1
and consider the evaluation maps
evi: My (L, B) — L



LAGRANGIAN FIBERS OF GELFAND-CETLIN SYSTEMS 81
by
evi((3, ¢, {2} {z:})) = o(2).
It induces
evi: M., (L, B;p) = L.

Note the image of a Schubert horizontal or vertical cycle is (a union of) components of the toric divisor via
the map ¢, so that &; can be regarded as the (union of) components of toric divisors corresponding to Schubert
horizontal or vertical cycles . Also, by Proposition 13.4 and Lemma 13.5, the holomorphic discs of Maslov index
two intersect at the smooth locus of divisors. For a toric fiber Lj in X, there exists a system § = {sz41,8.p} Of
T™-equivariant multi-sections on the moduli spaces M11,;(Xo, Lo; B;p) for all classes 8 with pu(5) = 2, see
Lemma 6.5 in [FOOO4].

As in the correspondence between (13.4) and (13.5), applying a smooth correspondence in to

(13.12) Mii11(Xe, Le; B;p)

evy evo

we define
Qs (P35 09F) = (evo)! (evi(mib @ -+ @ mib)) .

Since X, is Fano, Lemma 13.2 and (13.7) allows us to remain My, 1.¢(X¢, L., 5; p) empty if one of the followings
is satisfied.

(1) p(8) <0,
(13.13) (2) u(B) =0 and 5 #0,
(3) 8=0and!>0.

Because of the compatibility of the forgetful map forgetting the boundary marked points, see [Fuk, Section 5],

1
(13.14) o8 (P;b°F) = g(aﬁ Nb)* - qoes (pi1).

Since any moduli spaces satisfying one of the conditions in (13.13) are empty, qo_¢,3(P; 1) represents a cycle, which
yields that the Lagrangian L. is weakly unobstructed with respect to b in (13.8). Passing to the canonical model
[FOOO1, FOOO2], we obtain that

(13.15) qo.6:6(P; 1) = n5(p) - PD[L]

for some ng(p) € Q. As a consequence, we obtain that every 1-cochain is a weak bounding cochain with respect
to b. In particular, the potential function with bulk is defined on H!(L.; A ).

Under our situation, ng(p) is well-defined. Especially when dim %2, = 2n — 2, () = 2, we recall that this is
precisely the situation where the divisor axiom of the Gromov-Witten theory applies, see [CK, p.193] and [FOOO4,
Lemma 9.2]. In particualr, we can calculate ng(p) in the homology level and therefore

Ip|

(13.16) ns(p) =ng- [[ (BN %)) -

i=1
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Following [FOOO4, Section 7] and using (13.14), (13.15), (13.16) and (13.9), we obtain that

imz (b®’€) = ii Z % Qk.t:8 (b®é;b®k) Tw(B)/2m
k=0 !

k=0 £=0 B;2(8)=2

S 1
Z Z Z €xXp (aﬁ N b) . E bp qO,@;B (p’ 1) T""(ﬁ)/ZW

£=0 p;|p|=£ B;u(B)=2

Z Z Z exp (08 Nb) - % bPng(p) | TP/ . PDIL]

Biu(B)=2 \£=0 p;|p|=¢

Ip|

=1
= > m |2 2 oo (B0 %) | -exp(@nb) -T2 PD[L]
Biu(B)=2 =0 " pilp|=¢ i=1
= > ng-exp(BNb)-exp(dfNb) - T¥P/>". PD[L]

Biu(B)=2

where bP = Hle bp(i)- Finally, incorporating with deformation of non-unitary flat line bundle by Cho [Cho2],
we can extend the domain of the bulk-deformed potential function to H'(L.; Ag). This completes the proof of
Theorem 13.6.
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