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ABSTRACT

Quantum spin models provide the basis for understanding the complex phenomena
associated with quantum magnetism. By tuning parameters describing the interac-
tions between these spins, the onset of quantum fluctuations can drive a spin system
into an exotic and complex “highly-correlated” state of matter, often displaying un-
usual, non-classical properties. These quantum phases typically involve the delicate
interplay of an exponentially large number of degrees of freedom, posing substantial
difficulties to studying using purely analytical tools. Numerical simulation of spin
systems thus provides a key piece of this puzzle, allowing for the systematic study of
quantum magnetism and the discovery of new quantum phenomena.

To study quantum magnetism, physicists rely on lattice-models, regular grids host-
ing particles that interact with one another via quantum exchanges. These simplified
models are used to study the low energy behavior of real quantum magnets and are
typically more amenable to both analytic and numerical calculations, the latter of
which being the main approach discussed in my thesis. Using quantum Monte Carlo
simulations, I have studied various spin models with three main goals in mind: to
explain observations made by experimental physicists, to predict how novel quantum

systems may behave, and to provide benchmark calculations for the wide array of
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quantum devices and emulators that are entering the fray. In this thesis, I discuss the
development and implementation of various numerical methods which I have used
to contribute to all three of these branches of computational physics research. In
particular, my thesis focuses on the calculation of static and dynamic properties of
quantum magnetic materials, the different numerical tools used to do so, and the
insights we gain by considering these two classes of observables in tandem.

This thesis focuses of two models in particular: the Fully Frustrated Transverse
Field Ising Model on the square-lattice and the two-dimensional Hubbard Model.
I investigated both the ground-state properties and out-of-equilibrium dynamics of
the former using a novel approach involving two order parameters, which capture
different symmetries of the ordered phase. My work on the latter has focused on
resolving the single-particle spectral function and the density of states by utilizing
recent advancements in the stochastic analytic continuation method. I discuss my
contributions to the development of the stochastic analytic continuation method and

the application of this method to the Hubbard Model.

vil



Contents

1 Introduction

1.1
1.2
1.3

1.4
1.5

2 The
2.1
2.2
2.3
2.4

2.5
2.6

2.7

The Fully Frustrated Transverse Field Ising Model . . . . . . . . . ..
Stochastic Analytic Continuation—Principles and Implementation . .
Single-Particle Dispersion and Density of States of the Half-Filled 2D
Hubbard Model . . . . . . . .. . .
Cross Validation in Stochastic Analytic Continuation . . . .. .. ..

Conclusions . . . . . . . .

Fully Frustrated Transverse Field Ising Model

Introduction . . . . . ...
Order Parameters . . . . . . . . . ... .o
Zg versus Z, Symmetry Breaking . . . . .. ...
Scalingat T'>0. . . . . . . . . .
2.4.1 Height Model Mapping . . . . . . . . ... .. .. ... ....
Finite Temperature Phase Diagram . . . . . . ... .. .. ... ...
Scalingat T'=0. . . . . . . . ..
2.6.1 Determining I'c . . . . . .. .. oo
2.6.2 The Classical 3D 8-state Clock Model . . . . . . .. ... ...
Quantum Annealing of the FFTFIM . . . . .. ... ... ... ...
2.7.1 The KZ Mechanism . . . . . . .. .. ... ... ... .....
2.7.2  Generalized KZ Finite-Size Scaling . . . . ... .. ... ...
2.7.3 Quantum Annealing of the FFTFIM . . . ... ... ... ..

viil



2.7.4 Simulated Annealing of the 3D Classical 8-State Clock Model 40

2.8 Summary and Discussion . . . . . .. ... 43

Stochastic Analytic Continuation—Principles and Implementation 45

3.1 Preliminaries . . . . . . .. .. 45
3.2 The Maximum Entropy Method . . . . . . . .. ... ... ... ... 48
3.3 SAC Procedure . . . . . . . ... 49
3.4 Constrained Parameterizations . . . . . . . . ... ... ... .. ... 56
3.4.1 Delta Peak Constrained Parameterization . . . ... .. ... 56
3.4.2 Power-Law Edge Constrained Parameterization . . . . . . .. 58
3.4.3 Combined Constrained Parameterizations . . . . . ... ... 63
3.4.4 A Note on Fermionic Spectral Functions . . . .. ... .. .. 64
3.5 GitHub Repository . . . . . ... 65

Single-Particle Dispersion and Density of States of the Half-Filled

2D Hubbard Model 67
4.1 Introduction . . . . . . . . .. 67
4.2 Model and Methods . . . . . . .. . ... Lo 69
4.3 Single-Particle Spectral Function . . . . ... ... ... ... .. .. 71

4.3.1 Optimization of ag for the Single-Particle Spectral Function . 74

4.3.2 Finite-Size Analysis of the Quasiparticle Energies . . . . . . . 76

4.3.3 Anisotropic Quadratic Dispersion . . . . . . .. .. ... ... 77
4.4 Full Density of States . . . . . . . .. ... Lo 78
4.5 Summary and Discussion . . . . . .. ..o 81
Cross Validation in Stochastic Analytic Continuation 85
5.1 Introduction . . . . . . . ... 85
5.2 Cross Validation Procedure . . . . . . .. .. ... ... ... .... 86

5.2.1 Connection to the Bias-Variance Trade Off in Machine Learning 88

X



5.2.2 Choosing the Optimal Number K of Validation. . . . . . . .. 90

5.3 Optimal Sampling Temperature . . . . . . ... ... ... ...... 92
5.3.1 Single Gaussian Peak . . . . . . ... .00 92
5.3.2 Two Gaussian Peaks . . . . ... .. ... ... .. ...... 95

5.4 Optimal Spectral Parameterization:

Unconstrained Sampling . . . . .. ... ... ... 98
5.4.1 Two Equal Amplitude Gaussian Peaks . . . . ... ... ... 98
5.4.2 Sharp Gaussian Peak with a Shoulder . . . . . . . .. ... .. 102

5.5 Optimal Spectral Parameterization:

Constrained Sampling . . . . . .. ... ... 105

5.5.1 Heisenberg Chain . . . . . . ... .. ... ... ... ... .. 105

5.5.2 Heisenberg Chain with Long-Range Interactions . . . . . . . . 116

5.6 Summary and Discussion . . . . . . .. ..o 121

6 Conclusions 124
Curriculum Vitae 141



List
2-1
2-2

2-3

24
25
2-6
27

2-8
29

2-10

2-11

212
213

of Figures

The degenerate ground states of the FFTFIM represented by elemen-

tary plaquettes. . . . . . . ..

10

Distributions of (¥, ¥, ) and (m,, m,) in the critical and ordered phases. 15

Log-log plots of the magnitude of the primary and secondary order pa-
rameter versus the system size L for a range of temperatures spanning
the critical phase at I'/J =0.67. . . . . . . .. ... ... ... . ...
Finite-size scaling of the Binder crossing temperature at I'/.J = 1.50.

Reduced x? values from the power law fits used to extract 1, and 7.
Height model mapping rules for a plaquette at dual sublattice A. . . .
Demonstration of the periodicity of the spin variables with the height
variables. . . ..o L Lo
Phase diagram of the square-lattice FFTFIM. . . . .. ... ... ..
Scaling of the dimer-dimer and spin-spin correlation functions at the
quantum critical point. . . . . . . . ...
Reduced x? from power-law fits to the spin-spin correlation function
data versus I' used to determine I'.. . . . . . . . . . .. ... ...
Scaling behaviors of m?, with charge { =1 and [ = 2 in the ¢ = 4 and
q = 8 3D critical clock models. . . . . . . ... ...
Scaling behaviors of Cy/(L/2) and Cp(L/2), plotted as in Fig. 2-11. .
Schematic displaying the relation between the diverging relaxation time

and the and the annealing time. . . . . . . . ... ... ... .....

xi

17
19
20
21

23
25

28

29

31



2-14

215

31
3-2
3-3
34
35

3-6

41

4-2
4-3

4-4
4-5

4-6
4.7

5-1

Order parameter distributions for increasing simulated annealing times
in the 3D classical 8-state clock model . . . . .. .. ... ... ... 41

Order parameter distributions for increasing simulated annealing times

in the noisy 3D classical 8-state clock model . . . . . . .. ... ... 42
Depictions of the SAC S(w) sampling spaces. . . . . . ... ... ... 50
The average x? versus © during a SAC annealing run. . . . . . . . .. 54
Demonstration of the SAC sampling process . . . . .. .. ... ... 55
Results of ag scan for the Heisenberg chain. . . . . .. .. ... ... 58

Spectra produced by the unconstrained, the delta peak, and the power-
law edge parameterizations for the S = 1/2 AFM Heisenberg chain. . 62
Double power law edge spectrum for the single-hole spectral function

in the 1D ¢-J model . . . . . . . . . . . 64

Schematic depictions of the w > 0 part of SAC sampling spaces we use
for the 2D Hubbard model. . . . . . . . . .. ... ... .. ... ... 70
Single-particle spectral function and corresponding dispersion at U/t = 4. 73
Scans over the leading § peak weight ag in Ay (w) at four select momenta
(L=16,U/t=4). . . . . 75
wx (blue) and wy, (red) as a function of system size for U/t =4,6. . . 77
Quasiparticle dispersion along and perpendicular to the non-interacting
Fermi surface. . . . . . . . . . 78
DOS obtained with the double-edge SAC parameterization. . . . . . . 80
Fermi surfaces at doping levels corresponding to three energy levels:

just above wsy;, just below wyx, and an intermediate energy. . . . . . . 83

Cross validation results for determining the optimal sampling temper-

ature, example 1. . . . . . ... Lo 93

xii



52

5-3

5-4

)

5-6

57

5-8

5-9

5-10

5-11

5-12

5-13

5-14

5-15

Deviation between the exact and the SAC spectrum for first optimal
sampling temperature example. . . . . . . .. ... 94
Cross validation results for determining the optimal sampling temper-
ature, example 2. . . . . ..o Lo 96
Deviation between the exact and the SAC spectrum for the second
optimal sampling temperature example. . . . . . . . ... ... ... 97
Cross validation results for the first optimal unconstrained SAC pa-
rameterization example. . . . . ... .00 100
Spectra for the first optimal unconstrained SAC parameterization ex-
ample. . . ... 101
Cross validation results for the second second optimal unconstrained
SAC parameterization example. . . . . . .. ... ... 102
Spectra for the second optimal unconstrained SAC parameterization
example. . . ..o 103

Variable amplitudes used to produce a power-law edge with p = —0.75. 107

Results of p scan for the S = 1/2 Heisenberg chain . . . . . ... .. 108
Cross validation results for the S = 1/2 Heisenberg chain. . . . . . . . 111
Reprint of Fig. 3-5 for reader’s convenience. . . . . .. .. ... ... 113

Cross validation results for the S = 1/2 Heisenberg chain using the
50/50 split method . . . . . . . ..o 115
Cross validation results for the S = 1/2 Heisenberg chain with long-
range interactions. . . . . .. ..o o oL Lo Lo 118
Comparison of the single-peak and edge parameterization spectral func-
tions for the for the S = 1/2 Heisenberg chain with long-range inter-

aCtioNS. . . . . . 120

xiii



List of Abbreviations

AF Antiferromagnetic

AFQMC ... Auxiliary-Field Quantum Monte Carlo
BA Bethe Ansatz

Bz Brillouin Zone

DOS ... Density of States

FFTFIM ............. Fully Frustrated Transverse Field Ising Model
KT Kosterlitz-Thouless

Kz .. Kibble-Zurek

MEM ... Maximum Entropy Method

QA Quantum Annealing

QCpP Quantum Critical Point

QLRO ... Quasi Long-Range Order

QMC Quantum Monte Carlo

QpPT Quantum Phase Transition

RBA .. Rigid Band Approximation

SA Simulated Annealing

SAC .. Stochastic Analytic Continuation

SQA Simulated Quantum Annealing

SSE Stochastic Series Expansion

Xiv



Chapter 1

Introduction

This dissertations explores the numerical study of quantum magnets with a focus
on the methods used to measure both their static and dynamic properties. In this
context, the quantifier “static” refers to a system in its equilibrium state, at either
finite or zero temperature. Such a system is typically characterized by measurable
quantities such as internal energy, spatial correlations (e.g., the static structure fac-
tor), and susceptibility to an external field, among others. There have been decades
of development of the numerical tools used to calculate this class of properties, and,
in particular, the collection of QMC methods available for measuring them with high
accuracy is vast [115].

The particular approach taken in this thesis is the development of numerical tech-
niques to better establish the connection between lattice models and the underlying
continuum field theories that describe their criticality, particularly through scaling
dimensions. By analyzing the critical, power-law decaying correlations in a lattice
model, this relation can be made in a precise and methodical manner, providing a
deeper understand of the system’s criticality [118].

Calculating dynamical properties of quantum magnets is typically a more chal-
lenging task [117]. By “dynamics,” we refer to the response of a strongly interacting
quantum many-body system to some time-dependent external probe—what modes
are excited, or equivalently, what higher energy states become occupied upon interac-

tion with an operator coupled to the system. A helpful, yet highly simplified, classical



analog is the response of a tuning fork to a mallet’s strike. The interaction with this
stimulus excites the natural modes of the tuning fork, which we detect as a ringing
at the corresponding natural frequency. If one were to capture the sound made by
the fork and Fourier transform the result, this would correspond to measuring a type
of “spectral function” for this system. Along with a dominant peak at the natural
frequency of the tuning fork, one would also likely observe peaks at an array of fre-
quencies corresponding to harmonics, as well as other modes excited by the mallet.
This feedback provides important information about the system—in this example,
about the geometry of the tuning fork, the material it is made of, and any impurities
or structural imperfections present.

In a quantum many body system, things are much more complicated, but the un-
derlying principle still applies—one can gain a lot of insight by “striking” a quantum
magnet with a “mallet.” If this figurative mallet is a neutron, then spin-excitations
(magnons) are probed; the dynamic response function in this case is typically re-
ferred to as the dynamic structure factor, S(q,w). If instead one uses photons, then
electrons are excited subsequently ejected from the lattice; the response function is
instead referred to as the single-particle spectral function, A(k,w). These response
functions have immense importance in the connection between experiment and the-
ory, as many of the spectroscopy tools used to study quantum magnets access them
directly. From the theoretical side, a response function can be calculated using the
exact time evolution of the quantum system, as the Fourier transform of the time-
dependent correlation function, but this is notoriously computationally expensive.
To utilize QMC methods, we have to take another route—imaginary time evolution.
While distinctly different, many of the dynamical properties contained in the real time
correlations of quantum system are also contained in the imaginary time correlations

(62].



The key challenge in this approach is the “analytic continuation” back to the real-
frequency axis, an infamously challenging inverse problem. In this thesis, we explore
and further develop the Stochastic Analytic Continuation (SAC) method, a powerful
tool that allows for the resolution of spectral functions with unprecedented fidelity
[124]. We discuss our recent developments and application to one of the quintessential

models of correlated electron physics: the 2D Hubbard Model.

1.1 The Fully Frustrated Transverse Field Ising Model

In Chapter 1, we focus on a large-scale quantum Monte Carlo (QMC) study of a
particular quantum magnet, the Fully Frustrated (Villain) Ising Model on the square
lattice. We studied this model at both finite temperature (7') and at its zero temper-
ature quantum critical point (QCP) driven by the tuning of a transverse magnetic
field I'. Here, we explore the static properties of this system using a novel approach:
considering both a primary and secondary order parameter. These two order param-
eters lead to the same finite temperature phase diagram, which we’ve mapped out in
T —T plane, but capture different symmetries of the ground state (Zs and Zg, for the
primary and secondary, respectively), and fascinatingly, scale differently at the two
critical regimes of the model. In the finite temperature critical phase, which is associ-
ated with the emergence of bound topological defects, the correlations of the primary
order parameter decays as a power law, with the conventional exponent predicted by
a mapping to the Classical 2D 8-state Clock Model. The secondary order parameter,
on the other hand, decays four times as fast, highlighting its secondary nature.

The quantum critical point, which we located using finite-size scaling analysis
(I'./J = 1.5768(9); uncertainty estimated as described in Sec. 2.6.1), is in the 3D XY
universality class, which implies that the scaling of the primary order parameter is

instead dictated by the critical exponent, n3pxy. However, the scaling of secondary



order parameter can no longer be simply related to that of the primary order param-
eter. This universality class has a field theoretic description, the 3D O(2) conformal
field theory, which allows us to draw direct connection between the lattice operators
associated with these order parameters and operators defined within the field theory.
By evoking this connection, we relate the critical exponents of both the primary and
secondary operators to scaling dimensions of the relevant field operators, Ay and A,.
We draw physical connection between these two classes of operators to motivate the
observed scaling relations.

As an extension of this work, we investigate the out-of-equilibrium dynamics of
the Fully Frustrated Transverse Field Ising Model (FFTFIM), exploring quantum
annealing through the QCP, to the classical limit (I' = 0). Recent studies by the
superconducting qubit quantum annealing company D-Wave Quantum have examined
this geometrically frustrated quantum magnet as a benchmark for their state-of-the-
art devices. Our study of the FF'TFIM’s static properties were instrumental in shaping
the design and analysis of their experiments, and our follow-up study provides a

valuable point of comparison for D-Wave’s results.

1.2 Stochastic Analytic Continuation—Principles and Im-

plementation

In Chapter 2, we introduce the numerical analytic continuation problem and layout
the framework behind the SAC method. After presenting the problem, we briefly dis-
cuss the traditional method used to solve it, the Maximum Entropy Method (MEM).
We then present our implementation of the SAC procedure, beginning with the stan-
dard “unconstrained” sampling scheme.

After describing the stochastic sampling procedure that largely differentiates SAC

from MEM, we discuss the class of “constrained” SAC parameterizations that repre-



sent the true advantage that SAC offers. By imposing restrictions on the sampling
process, one can resolve spectra with sharp features that are fundamentally inac-
cessible using MEM and other standard analytic continuation methods. We discuss
the implementation of existing constrained SAC parameterizations, as well as new
constrained parameterizations developed as part of this thesis. We also refer to our
GitHub repository, where a user-friendly Julia implementation of the SAC program

was written as part of this thesis is available.

1.3 Single-Particle Dispersion and Density of States of the
Half-Filled 2D Hubbard Model

In Chapter 3, we apply the SAC method to to calculate the single-particle dispersion
relation and to resolve the density of states (DOS) of one of the quintessential models
of correlated electron physics—the two-dimensional (2D) Hubbard Model at half-
filling. While its electronic properties are typically the focus of numerical studies, at
any non-zero interaction strength, U/t > 0, the half-filled model is a Mott insulator,
displaying antiferromagnet order. Spin correlations thus play a large role in the
physics of the Hubbard Model, emphasized by the inherent (7, 7) nesting of the non-
interacting Fermi surface [105].

The 2D Hubbard Model also presents the perfect grounds to explore the impact
that the developments in SAC will have on our understanding of the fundamental
models of condensed matter physics. Extracting the single-particle dispersion relation
and density of states of the half-filled model remain long-standing challenges in the
field, due in large part to the the difficulties surrounding the numerical analytic
continuation problem. The advancements of SAC are uniquely capable of addressing
this problem, in light of the sharp features expected to be present in both the single-

particle spectral function Ay(w) and the DOS.



Using numerically exact auxiliary-field quantum Monte Carlo (AFQMC) simu-
lations, at intermediate interactions of U/t = 4,6, we find quadratic dispersion
around the gap minimum at wave-vectors k = (£7/2,4+7/2) (the ¥ points). In
contrast to the previously held understanding of this model, we find saddle points
at k = (£m,0), (0, £7) (the X points) where the dispersion is quartic, leading to a
sharp DOS maximum above the almost flat ledge arising from the states close to
Y. The fraction of quasi-particle states within the ledge is njegge ~ 0.15, which we
determine using a novel constrained SAC parameterization. Upon doping, within the
rigid-band approximation, these results support Fermi pockets around the ¥ points,
with states around the X points becoming filled only at doping fractions > njedge-
The high density of states and the associated onset of (7, 7) scattering may be an im-
portant clue for a finite minimum doping level for superconductivity in the cuprates,
emphasizing the impactful insights one gains by investigating the dynamic properties

of highly-correlated, quantum many-body systems using numerical techniques.

1.4 Cross Validation in Stochastic Analytic Continuation

When performing numerical analytical continuation, it is common to not know what
exact sharp features, if any, are present in the spectral function a priori. Due to the ill-
posed nature of the analytic continuation problem, multiple spectral representations
may be acceptable, and the goodness-of-fit 2 cannot be used alone to determine
which representation is best. In chapter 4, we borrow from the machine learning and
statistics literature and explore the implementation of a cross validation technique
to provide an unbiased method to identify the most likely spectrum amongst a set
obtained with different spectral parameterizations and imposed constraints.

We begin by discussing how cross validation can be used to detect over-fitting—an

issue that can significantly affect the results of numerical analytic continuation due



to the noise inherent in QMC-generated data. We then present a range of examples
demonstrating how cross validation can be used as a tool for “model selection.” By
comparing the validation x? values associated with different SAC parameterizations,
we are able to determine, with impressive accuracy, which spectrum most accurately
represents the true underlying spectral function. We apply this framework to three
distinct classes of problems.

The first purely serves as a proof of concept: given an artificial spectrum and
corresponding synthetic data aimed to mimic that generated by QMC simulations,
can cross validation correctly identify the most accurate SAC spectrum?

The second case involves real QMC-generated data for a system whose dynamic
structure factor has a known analytic form, which can be reproduced by one of the
constrained SAC parameterizations (a power law edge).

The third, and most impactful, case also involves QMC-generated data, but for a
system where the exact form of the spectral function is unknown, and furthermore,

is expected to evolve as model parameters are tuned.

1.5 Conclusions

The work presented in this thesis represents several advancements in the field of com-
putational condensed matter theory. From a methods standpoint, we explore novel
approaches to studying the static properties of quantum magnets, emphasizing the
connection between lattice models, effective field theories, and analogous classical sys-
tems. Our results have provided important quantum annealing benchmarks, leading
to promising advancements in the field of quantum computing. The latter portion of
this thesis is dedicated to the development of the SAC method—improving, extend-
ing, and tailoring the program for applicability in an even larger class of numerical

analytic continuation problems. These advancements have directly led to new dis-



coveries, providing insights on the nature of the superconducting transition in the
cuprates.

This thesis provides several demonstrations of the importance of numerical method
development in the pursuit of scientific understanding. While “designer Hamiltoni-
ans” and simplified models have their limitations, they are crucial to advancing the
field of computational physics and, in many cases, serve as powerful tools for under-

standing the fundamental mechanisms that govern complex quantum systems.



Chapter 2

The Fully Frustrated Transverse Field
Ising Model

2.1 Introduction

The concept of an order parameter is key to quantitative descriptions of phase transi-
tions. In some systems it is natural to define more than one order parameter, either in
some trivial way or using emergent degrees of freedom originating from some mapping
to an effective low-energy model. The relationships between different order param-
eters may be non-trivial, e.g., unexplained behavior of a “parasitic” ferromagnetic
order parameter in a system with primarily antiferromagnetic order was reported
[47, 48, 133]. Here we consider a quantum spin model that very clearly illustrates two
different order parameters that not only exhibit different scaling behaviors but the
relationships between the critical exponents of the order parameters are also different
at temperature T'=0 and 7" > 0.

We study the two-dimensional (2D) square-lattice Fully Frustrated Transverse
Field Ising Model (FFTFIM), also referred to as the Villain model, with Hamiltonian

H:ZJijan;—l"Zof, (2.1)
(i5) J

where o7 and o} are Pauli operators. The couplings J;; are equal in magnitude but
the number of antiferromagnetic (AF) couplings around any elementary plaquette is

odd [137], here with J;; = +.J (AF) on every second column and J;; = —J on all other
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bonds as depicted in Fig. 2-1. The classical model at I' = 0 hosts a large ground state

degeneracy that is lifted by the transverse field via an “order-by-disorder” mechanism

NN ESE,

139, 90, 50].

_ ezﬂ'/él m = 57,71'/4 _ 617r/2 m = 327r/2
e2mi e3im/2
3z7r/4 m 7171'/4
U= \I/ = 6”/2

Figure 2-1: The degenerate ground states represented by elementary
plaquettes. Blue and red bonds show J;; = —J and J;; = +J, respec-
tively. The direction of the sublattice magnetizations mg, s =1,...,4,
are indicated by the arrows, and dimers (green ovals) are defined on the
frustrated bonds. The values of the magnetization and dimer order pa-
rameters (see Sec. 2.2 for definitions) shown correspond to the ground
state sublattice magnetizations of the stacked, classical (I' = 0) model
[14], sin(7/8) for the sites sharing a frustrated bond and cos(7/8) for
the two others [see Eqs. (3) and (5)].

The first studies of the FFTFIM considered the stacked version of the classical
model using a using Landau-Ginsburg-Wilson approach [14] as well as Monte Carlo
(MC) simulations [61]. This study predicted an eight-fold degenerate ground state,
which was more precisely characterized by Ref. [61] as a Z4 symmetry breaking phase,
corresponding to 90° rotations of the lattice, paired with a global spin-flip symmetry
(Z2) -

The model was later treated using quantum MC (QMC) simulations [143], where

spin and dimer order was found at 7' = 0 for I' < I'. ~ 1.578. In this phase the
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frustrated bonds (mapped to dimers as in Fig. 2-1) align along alternating columns
or rows; the Z, symmetry breaking phase identified in the stacked model. The order
parameters used to measure this phase in previous studies detected Z, symmetry and
Zo spin-reflection symmetry separately, but a proper Zg = Z4 X Zo order parameter
was never considered. The reconciliation of Zg versus Z, breaking was touched on
briefly by Coletta et al. [30], but the the relationship between the respective order
parameters was not explored.

Here we define a proper Zg symmetric spin order parameter and demonstrate that
the Z, dimer order parameter should be considered as secondary. While both order
parameters lead to the same phase diagram, see Fig. 2-8, the Z, order parameter ex-
hibits faster decaying critical correlations. Both order parameters, when correctly de-
fined, exhibit emergent U(1) symmetry in the critical phase as well as at the quantum
phase transition, stemming from the irrelevance of the discrete symmetry-breaking
terms at criticality [65]. However, the distinction between primary and secondary
order is made quantitative by considering the critical scaling in these two regimes.
This is only made possible by connecting these order parameters to operators in the
relevant field theories, at 7= 0 and 7' > 0. Finite-size scaling of QMC (stochastic
series expansion [114]) results of the full FFTFIM Hamiltonian, Eq. (2.1), support the
predicted scaling, emphasizing the utility of this novel approach to studying quantum
magnetism.

Secondary order parameters have previously been used to describe higher har-
monic contributions to spatial modulation in density wave systems, e.g., liquid crys-
tals [148, 2, 46, 96, 20]. A secondary order parameter can clearly be defined also in
the FFTFIM, but the different scaling forms of the spin and dimer order parameter in
the FFTFIM have not been addressed. This work provides a framework for secondary

order not just in the FFTFIM, but in the entire class of frustrated Ising models with
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effective dimer degrees of freedom, e.g., the antiferromagnet on the triangular lattice

[15, 16, 60, 91, 127].

2.2 Order Parameters

To construct a proper primary order parameter, we follow standard procedures [14,
60, 30], using an effective Hamiltonian for the amplitude m and phase @ of critical

modes:

Hyg = Z(T—Hf)|m|2+u4|m|4+u6]m|6+(u8+v8/32)|m]8—(v8/32)|m]8COS(SG). (2.2)
q
The eight-state clock anisotropy implies an eight-fold degenerate ground state, char-
acterized by sublattice magnetizations (mq,mg, ms, my); see Fig. 2-1. Each state
corresponds to one frustrated bond in a plaquette, where the magnitude of the sub-
lattice magnetizations of the sites sharing this bond are smaller than the other two,
sin(7/8) and cos(w/8) respectively [14]. An overall spin-flip transformation gives a
total of eight degenerate states.
Based on the low-energy behavior of the stacked model, as well as the semiclassical

analysis of Ref. [30], we define the primary order parameter as the complex number
m:mx—i—zmy:g(mleS—i—mgeE@—l—mgeS+m4e 8) (2.3)

where

4 z
ms = 5 Z 7. (2.4)

JEs
The eight ground state configurations of the stacked model correspond to m = e"/4,
n=12...,8.
The problem can also be mapped onto that of dimer coverings, where a dimer is

assigned across each frustrated bond [91], and we define a secondary order parameter
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¥ with this mapping in mind. This order parameter is also complex number, defined

in terms of the dimer density modulation on the dual lattice [143]:
U =W, 4 iV, = 2d,(0,7) + 2id,(r,0), (2.5)

where
7 1 7 T
da(q) = N Z € 1 di,Om (26)

is the Fourier transformed dimer density

dia:1+J

i:ja z
’ J i ja’

(2.7)

and j, is the index of nearest neighbor to site 7 in the « direction. A more transparent
representation of W is in terms of the bond energy densities, €;;, which measure the

average value of the bond energy between sites on sublattice ¢ and j (bond (i, 7)),

4 a

where

+1, if bond (¢, 7) in plaquette a is frustrated

—1, if bond (4, 7) in plaquette a is satisfied
and the sum is over all plaquettes on the lattice. Using these variables, ¥ can be

defined,

v = (834 + 823€m/2 + 8126” + 51463”/2) s (210)

N | —

Long-range ordering is associated with || taking a finite value, while the specific
(symmetry-broken) ordering pattern is identified by the phase. In the columnar
phases, one of ¢;; is equal to 1 (frustrated), while the rest are equal to —1 (satisfied),
so U takes one out of the values €”/2, n =1,2,...,4. The connection between the

columnar states and the sublattice magnetizations is illustrated in Fig. 2-1.
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2.3 Zg versus Z, Symmetry Breaking

We detect the order-parameter symmetries by plotting the probability distributions
of m and ¥ accumulated during QMC simulations. In the ordered phase, we expect
eight (four) d-functions at the eight (four) values corresponding to the columnar spin
(dimer) states in Fig. 2-1. These d-functions smear for finite systems, appearing as
highly peaked Gaussian distributions for large systems.

In the critical phase, we observe the emergent U(1) symmetry expected from the
mapping to the height model [63, 73, 51]. We assign height differences to neighboring
spins based whether or not the bond they share is frustrated (i.e., crossing a dimer)
[73], as detailed in Sec 2.4.1. In the ordered phase, the height profile is “flat,” with
the height values bounded from above. In the critical and disordered phases, the
model is in its “rough” phase, with a logarithmically diverging height profile. This
behavior can be described by an effective elastic free energy with a periodic “locking”
potential favoring the eight flat height configurations, i.e., the columnar states in Fig.
2-1. This effective free energy is precisely that of the 2D XY model, where the locking
potential corresponds to an ¢ = 8 state clock anisotropy term. This connection allows
us to apply the renormalization group analysis of Ref. [65] to understand the observed
behavior.

Jose et al. [65] first showed that the classical 2D g¢-state clock model is charac-
terized by three temperature regimes if ¢ > 4. At temperatures below the lower
critical temperature Ty, the clock term is relevant and the system orders into the
Zg clock phase. At T above Ti; but below the upper critical temperature Ty, the
clock term is irrelevant and the free energy reduces to that of the XY model in the
Kosterlitz-Thouless (KT) phase [74]. In this phase, the system fluctuates between the
flat height configurations as a consequence of the proliferation of bound topological

defects (so called “screw dislocations” in the height field, which map to spin vortices
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in the 2D XY model), thus resulting in the U(1) symmetric distributions that we ob-
serve. Finally, above T, the critical phase melts into the disordered phase as defects

proliferate.

a
'9?:
v, My
c d
= )| |
v, My

Figure 2-2: Distributions of (¥,,V,) in (a,c) and (m,, m,) in (b,d),
collected in several independent simulations (each initialized in one of
the four columnar states, to prevent trapping in states with topological
defects) and symmetrized using lattice rotations and reflections. The
system size is L = 96 and I'/J = 0.43, with 7'/J = 0.21 in (a,b) (in the
critical phase) and 7'/J = 0.014 in (c,d) (in the ordered phase).

An example of the symmetry reduction in the ordered phase is shown in Fig. 2-2,
where (a) and (b) are collected from simulations in the critical phase, while (¢) and
(d) are from the ordered phase. While we detect emergent U(1) symmetry in both

order parameters, a U(1) phase would not be expected for a primary Z, dimer order
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parameter at 7' > 0, given the ¢ > 4 criterion in the clock model [65]. However, with

the spin order parameter corresponding to ¢ = 8, the critical phase is expected.

2.4 Scaling at 7' > 0

As a quantitative characterization of the primary and secondary natures of the two
order parameters, we compare the scaling of their respective correlation functions in
the critical phase. Within the g-state clock-model description, the spin-spin correla-
tions should decay algebraically with a scaling exponent 7 that varies continuously
with the temperature [97]. The value of 1 at the upper and lower critical temperatures
are known, n = 1/4 and n = 4/q¢?, respectively [65, 51]. To extract 7, we examine
the magnitudes of both order parameters, which in this phase should scale with the
lattice length L as

|m|? oc L™, U oc LT, (2.11)

where we leave open the possibility that 7, # n4. In Fig. 2-3(a) and 2-3(b), the order
parameters are plotted versus system size for a range of temperatures between T,
and T.o. As predicted, they scale algebraically with L, and we extract n,,(T) and
na(T") by fitting data to Eq. (2.11). Results are shown versus 7" in Fig. 2-3(c).
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Figure 2-3: Log-log plots of the magnitude of the primary (a) and
secondary (b) order parameter versus the system size L for a range of
temperatures at I'/J = 0.67. The dashed lines are power-law fits to the
largest eight system sizes, with 7" increasing with color brightness (red
to orange). (¢) Anomalous dimensions 7,, 4 versus 7" for the primary
(red) and secondary (blue) order parameters, extracted from fitting
data to Eq. (2.11). The exponents align if 7, is rescaled by a factor
1/4. The gray box denotes T.o & o from Binder crossing results. The
dashed lines are at the predicted values at the phase boundaries.

The primary order parameter scales with the expected exponent 7,, = 1/4 at the

upper critical temperature T, extracted using the crossing of the Binder cumulant.
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We define the cumulants for both order parameters [12]:

Uy=2— U, = Al (2.12)

At the critical temperature, the Binder cumulant should be system-size independent,
and we indeed find that curves of U versus T for different L values intersect each
other close to a point T.,. We extract the temperatures at which the cumulants for
pairs of system sizes L and 2L intersect, and extrapolate these to the infinite-size T,
using the expected finite-size scaling form (shift of a definition of the critical point

with the system size) at a KT transition [55]:

a

TQ(L) = TCQ(OO) + m,

(2.13)

An example of this procedure is shown in Fig. 2-4 for I'/J = 1.50. The fits to
the primary (red) and secondary (blue) binder crossing temperatures give infinite-
size T.o valuess that agree well with each other to within error bars estimated using

bootstrapping of the data.
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Figure 2-4: Finite-size scaling of the Binder crossing temperature
at I'/J = 1.50. The temperatures for the magnetization (red) and
dimer (blue) order parameters were extracted for pairs of systems of
size (L,2L). The error bars on the extrapolated Te2(00) values were
estimated by a bootstrapping procedure.

Below this temperature, the exponent linearly decreases, but we do not observe
any further crossing of the Binder cumulant. However, we do find that the statistical
quality of the fits deteriorates below the temperature at which 7,, = 1/16, which is
the predicted value at the lower transition point Ty [65], where the system orders.
Figure 2-5 shows the reduced x? for these fits versus temperature compared to the
reference value corresponding to the 95% confidence level (black dashed line). The
results are indeed consistent with the power law form no longer being applicable below

T.1 and above T5.
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Figure 2-5: Reduced x? values from the power law fits used to extract
Nm (red) and 7y (blue) in Fig. 3 of the main text. The black dashed

line denotes the value corresponding to the 95% confidence level for

the number of degrees of freedom of the fits. The reduced x? begins
to exceed the 95% confidence level below T,; and above T,,, indicating

that the order parameters no longer scale as power laws.

While the linear decrease in 1 appears to continue below 7¢;, the deterioration
of the power-law fit used to extract the exponents below this temperature implies
that this trend should not be given any credence. Thus, our numerical results are

consistent with the theory, and we can use 7, = 1/4 and n,, = 1/16 to set more

precise upper and lower boundaries.
The same behavior is observed for the dimer order parameter, except that the value
of the 7y is consistently approximately four times larger than 7,,. After rescaling 7y
by a factor of four, the results match within statistical errors, suggesting the relation
Na = 41,,. This relationship between 7,, and 7, can be explained by mapping to the
height model. By representing the spin operators in terms of height variables, one

can relate the spin-spin and dimer-dimer correlation functions to the logarithmically
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diverging height difference profile; the observed factor of four relating 7, and 7,, then

emerges, as we detail below.

2.4.1 Height Model Mapping

Here, we make explicit the mapping between the spins, dimers, and height variables
of the FFTFIM. Following the prescription in Ref. [63, 73], we start by identifying
the 2-to-1 mapping between the ground states of the classical fully frustrated Ising
model and those of the purely kinetic dimer model on the square lattice [138]. These
degenerate states are defined by the configurations where each plaquette contains
a single frustrated bond. The dimer model on the square lattice has been studied
extensively [35, 110, 4] and its height representation is known [51]. We repeat the
mapping here for the specific sake of clarifying the relationship between the spin and
dimer order parameters, which was not emphasized in previous treatments.

The mapping proceeds as follows: begin by dividing the dual lattice into two
sublattices A and B, where dimers connect dual lattice sites from sublattice A to
B. Assign an arbitrary height value to a site on the spin lattice and move clockwise
around a dual lattice site. If the dual lattice site is on sublattice A and a dimer is
crossed, the height value at the following spin lattice site is increased by 3, otherwise
it is reduced by 1; see Fig. 2-6. If the dual lattice site is on sublattice B, the same

rules apply with signs reversed; -3 and +1, respectively.

Ah=-1

h=1 h=0

Ah = -1 Ah =43

h =2 h=3

Ah = -1

Figure 2-6: Height model mapping rules for a plaquette at dual sub-
lattice A. Height variables h are labeled at the spin sites.
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In the ordered phase, the dimers are ordered along columns or rows, corresponding
to a height profile that is ”flat,” i.e., the height value at any given lattice site is
bounded from above. In the critical and disordered phases, plaquettes with three
frustrated bonds begin to populate the system in pairs; these are the aforementioned
screw dislocations (topological defects). The height model is then "rough”, with
a logarithmically diverging height profile. This behavior can be described by an
effective elastic free energy with a periodic ”locking” potential favoring flat height

configurations [19, 4];

F({n(#)}) = /d:? [@Wh(?)\ + V cos (27h (7)) | , (2.14)
where h(7) is the coarse-grained height field (height variables averaged over a plaque-
tte), K(T') is the temperature dependent stiffness constant, and V' > 0 is the strength
of the locking potential.

As discussed above, for T < T,; the locking potential is a relevant perturbation
and the system orders [65, 51]. For T,y < T < T,9, screw dislocations begin to emerge
in pairs throughout the system. For T" > T, the interaction between these defects
becomes sufficiently weak for the pairs to unbind, spreading throughout the system
and disordering the critical phase [63, 64, 73].

In the critical (rough) phase, the locking potential is irrelevant, and the system is
described by a free Gaussian theory. The long distance height difference correlations
can be easily calculated [97, 51, 65]:

In(r)

) 2.15
2K ( )

1 12
()~ h(O)) o

We relate this form to the spin-spin and dimer-dimers correlations by noting that the
spins are periodic in the height variables, with a period of 8. This can be seen by

turning the spins around a plaquette twice as depicted in Fig. 2-7.
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Figure 2-7: Demonstration of the periodicity of the spin variables with
the height variables. Upon traversing the plaquette, each spin (marked
in yellow) is flipped sequentially (left to right, upper then lower row)
and the height variables are computed according to the rules laid out
in the text. The final spin configuration is identical to the initial one,
but with each height increased by 8, implying that the spins must be
periodic in the heights with period 8.

In light of this periodicity, it is convenient to recast the height field h(7) such that

instead of being defined modulo 8, it is defined modulo 27,

0(7) = (7). (2.16)
and )
FH{o(M}) = /df @ <%) ‘69(7*” + V cos (86(7)) | , (2.17)

Under this transformation, the free energy is now identical to that of the 2D classical
8-state clock model, and the origin of the 8-state clock term is now transparent.

The periodicity also implies that the spins can be written as a Fourier series:
o*(7) = ) 55" (2.18)
G

where G = %’Tn with n = 1,2,3,.... The spin-spin correlations for a single Fourier

mode is given by

Y

(IChMe=iCh(D)y — o=3GHIAP—ROP) (2.19)
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and clearly the smallest G value in the expansion in Eq. (2.18) will dominate. Thus,
we can express the coarse-grained spin and dimers as
o*(F) o e 5 M)
) (2.20)
d(7) o o*(Z)o*(F + 2) = (07(F))” o ¢'5 M),
Plugging in the height difference correlations in the rough phase, Eq. (2.15), we

can extract the anomalous dimensions for the spins and dimers:

(0 ()0%(0)) o e~ 3(3) O-hOP)

7,—7r/32K

X o hm

(2.21)

1 ( 24pi

(d(F)d(T)) o e~ 3(CF) (- OP)

—7/8K

xr o M

This mapping implies that 7y = 4n,,, which we have confirmed numerically in Fig. 3c
in the main text.

The above derived relationship between 1 and K(7T') allows us to determine the
values of anomalous dimension at the boundaries of the critical phase. Because the
effective free energy in Eq. (2.17) is exactly that of the 2D classical XY model with
an eight-state clock anisotropy term, we can use the renormalization group analysis
preformed in Ref. [65] to determine the critical values of the coupling K (7') separating
the critical phase from the ordered and disordered phases.

The lower and upper critical temperatures correspond to K(7,) = w/2 and
K(T.s) = m/16, between which the system is critical (cf. with Ref. [97]). The values

of n,, at the phase boundaries are thus

N (Te1) = 1/16, 0 (Te2) = 1/4. (2.22)
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2.5 Finite Temperature Phase Diagram

The finite temperature behavior of this model can be organized into a phase diagram,
which we plot in Fig. 2-8. In summary, at temperatures above Tio(I"), or transverse
field values above I, the system is in the paramagnetic (PM) phase, while for I" < T,
and 1o () < T < Tio(), it is in a critical KT phase. For I' < I', and T < T (I),

the system is ordered, exhibiting Zs and Z4 symmetry breaking in the primary and

secondary order parameters, respectively.
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Figure 2-8: Phase diagram of the square-lattice FF'TFIM in the plane
of transverse field I' and temperature T'. The QCP is shown as the
black circle at T = 0. The black dashed lines are the theoretical pre-
dictions for the phase boundaries made in Ref. [63, 73], and the red and
blue points are the transition temperatures identified using our QMC
simulations. The theoretical phase boundaries have overall unknown
factors that we have adjusted for best agreement at the maximums.

The phase diagram was constructed in the following way: The black point at 7' = 0
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in Fig. 2-8 is the quantum critical point (QCP), which was identified in Ref. [143];
we further refined its location in the present work as detailed below in Sec. 2.6.1.
The black dashed lines show the theoretical scaling of Ti; versus I' predicted by
Ref. [63, 73], in which an overall factor has been adjusted to fit our data at the
maximums. These phase boundaries are formally only valid for ', — I' < T'. (near
the QCP), but we include them here all the way to ' = 0 as a visual aid. The blue
points were identified using the Binder crossing analysis shown in Fig. 2-4 and the
red points were determined by identifying the temperatures where the correlations in

the critical phase decay as a power law with the expected exponents (e.g. Fig. 2-3).

2.6 Scaling at T'=0

At the quantum critical point, there must be a different relationship between 7, and
Nm. Given the irrelevance in 241 dimensions of Z4 or Zg perturbations to a U(1)
order parameter, the scaling of the primary order parameter will be dictated by the
conventional 3D XY critical exponent 1 4 n3pxy [21], not the 2D clock model as is
the case at finite temperature. This was indeed confirmed in previous studies where a
spin-based order parameter was used [143]. However, to explain the critical scaling of
the dimer order parameter, we must reference other aspects of the field theory. Here
we analyze both order parameters using simulations at 7' = 1/L (i.e. in the ground
state).

At the QCP, we extract 7, from the asymptotic long distance critical spin-spin

correlation function, which is expected to scale as

1
lim Oy (7) = lim (o7, (7)o7,,(0)) ~ pr—— (2.23)

r—00
where o, (7') is the spin operator at a site 7 on sublattice i and we expect 7, = N3pxy-

In connection to the relevant field theory, 1+nspxy = 2A4, where A, ~ 0.519088 [28]
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is the scaling dimension of the order parameter of the 3D O(2) model. This is often
referred to as a charge-1 (or spin-1) operator [28, 46], indicating that it corresponds
to a perturbation field, e.g., hcos(#), inducing order in a single direction in the O(2)
space, so that the degeneracy is completely lifted. A corresponding perturbation
in FFTFIM would be one that fully breaks the Zg symmetry in the ordered state,
favoring one of the eight columnar spin configurations.

A perturbation that couples an external field to the secondary order parameter
would not fully break the Zg symmetry of the ground state, but would favor the two
spin configurations of given columnar dimer state. Accordingly, in the low-energy
U(1) theory the perturbation should be charge-2 (or spin-2 traceless symmetric) of
the form h cos(26), which can also be accomplished with products of ¢ components,
e.g., ho1¢y. This operator has scaling dimension often referred to as A, [28, 46],

To test the scaling form r~(+m0) = p=28¢ with A, ~ 1.23629 [25], we analyze the
oscillating part Cp(r) of the dimer-dimer correlation function. The raw dimer-dimer

correlation function is defined as
D (7) = (d(7)d(0)), (2.24)

where d,(7) is the x-oriented dimer operator at a site . However, due to the staggered
ordering of the dimers in the columnar phase, the order parameter of interest is the

difference between the modulated correlations;

"= )+ Do(T 1 G)

Dy(7) = Dy~ 2= (229

Averaging over both horizontal and vertical dimer orientations, the expected scaling

18

Di(r) + D (r 1
lim Cp(r) = lim +(7) (1)

r—00 r—00 2 rltng

(2.26)

For both Cy(r) and Cp(r), we evaluate the correlation fucntion at the largest
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separation for a periodic, finite system of linear size L, 7" = (L/2, L/2), which will
pick up the desired scaling ~ L=(*7_ Since the connection between the primary
order parameter and Ay is well known, we first used its scaling behavior to refine the
value of I'. reported in Ref. [143]. We then calculated Cy(L/2) and Cp(L/2) at this
value of I';; their scaling behaviors are shown in Fig. 2-9. The results match very well
when using the scaling dimensions obtained in recent numerical conformal bootstrap

calculations [28]: Ay ~ 0.519088 and A; ~ 1.23629.

10—1 r
10—2 J
L7224(1.633 = 1.801L7%)
1073.
1074-
L=2240.707 — 1.310L7%)
10—5_ E C]\/[(L/Q)
t Cp(L/2)
24 36 48 72 96 198
L

Figure 2-9: Dimer-dimer (blue) and spin-spin (red) correlation func-
tions at the quantum critical point, I'/J = 1.5768. The lines are fits
of the L > 44 data to the expected scaling form oc L™22st(a + bL™%),
with Ay = 0.519088, A; = 1.23629 [28], and the correction exponent
w = 0.789 [45] in the 3D O(2) universality class. The reduced x? values
are ~ 0.8 and ~ 0.9 for the spin and dimer correlations respectively.

2.6.1 Determining I'.

Here, we briefly discuss how we use the known power law scaling of Cy/(L/2) to

determine I'.. We measured the correlations function for various system sizes and
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" values in a small range around the previously reported I'. and compared the y?
from power law fits of the form Cy/(L/2) ~ r=22¢_ to the data at these different T
values. To reduce the error bars on the measured data, we interpolated the correlation
function data for a given system size using second-order polynomials for several data

sets in the I' range [1.576, 1.578].
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Lmin =52
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Figure 2-10: Reduced x? from power-law fits to the spin-spin correla-
tion function data versus I'. The x? minimum converges as the smallest
L value used in the fit is increased. Using the number of degrees of free-
dom for the L, = 44 fit, we determine the I' values within the 95%
confidence interval of the y? distribution, indicated here by the two
vertical black lines. The error bars were computed by bootstrapping
the raw binned data sets.

Reduced 2 versus I for the spin-spin correlation function is shown in Fig. 2-10,
where we see convergence in the location of the x? minimum as the minimum system
size used for the fit is increased. We judge that any remaining systematic errors from

scaling corrections are negligible for L,,;,, = 44, and the resulting critical point is then
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I'. = 1.57680 + 0.00009. To determine the error bar on I'., we located I' values where
the reduced x? is equal to the the 95% confidence level for the number of degrees of

freedom used, denoted by the two vertical black lines.

2.6.2 The Classical 3D 8-state Clock Model

When analyzing the critical behavior of quantum systems, it is often insightful to
consider a classical analog, typically defined in one higher dimension. In this case, the
simplest classical model exhibiting the same critical scaling behavior as the FFTFIM
is the 3D 8-state clock model. The generalized 3D classical g-state clock model is

defined by the Hamiltonian

H,=— Z cos (0; — 6;) — hy Z cos (qb;) , (2.27)

(4,9

with 6; € [0,27) defining the orientation of a two-component spin on cubic lattice site
t. At fixed hg, below T' = T¢, the systems orders into a Z, symmetry breaking phase.
The Z, perturbation for ¢ > 4 is known to be irrelevant at the critical point, so that
the 3D O(2) universality class applies (though changing the symmetry broken in the
ordered phase).

For ¢ = 8, the microscopic symmetries of the model exactly match those of the
square-lattice FFTFIM, and we here study this clock model as a bench-mark case
of primary and secondary order parameters. Just as in the FFTFIM, we can define

charge-1 and charge-2 scalar order parameters for the clock models:
my = Zcos(l@i), my = Zsin(l@i), mi = (m3) + (m?), (2.28)

where [ labels the charge.
Although our primary interest here is in the ¢ = 8 case, we carried out simulations

at the critical points of three different versions of the model, namely, the XY model



31

(with no clock field, corresponding to ¢ — o0), the 8-state hard clock model (with
the spins restricted to the ¢ discrete states, corresponding to hg — o), and the
4-state soft clock model with anisotropic field Ay = 1. We expect the same scaling
dimensions in all cases on account of the irrelevance of the clock perturbations. The
critical points of the first two models can be found in Ref. [415], while T, = 2.20465(1)
of the third model was reported in [122]. In an improved analysis, we found this value

to be about two error bars too low and here report results obtained with T" = 2.20467.
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Figure 2-11: Scaling behaviors of m?, with charge [ = 1 (a) and [ = 2
in (b), at the estimated critical temperatures for the ¢ = 4 and ¢ = 8
clock models (using 1/7, = 0.45416467 for ¢ = 8 [15] and T, = 2.20467
for ¢ = 4. The curves show the form Eq. (2.29) with only the constants
a and b adjusted for best fits and with results for the smaller system
sizes exccluded systematically until a statistically good reduced y? value
is obtained.

In Fig. 2-11 we fit our data for ¢ = 4 and ¢ = 8 to the expected scaling form with
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the leading finite-size correction included;
mIL* = a4 bL™Y (2.29)

with Ay = Ay = 0.519088, Ay = A, = 1.23629 [28], and w = 0.789 [45]. Only the
prefactors a and b were fitted. In the case of the XY model, the results fall so close
to those for ¢ = 8 that we have not included them in the figure for clarity (we also

note that the error bars are larger for the XY model after simulations of comparable

length).
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Figure 2-12: Scaling behaviors of Cy(L/2) and Cp(L/2), plotted as
in Fig. 2-11.

To compare the clock results more directly to the FFTFIM results shown in

Fig. 2.9, in Fig. 2-12 we show the FFTIFM data analyzed in the same way as the
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clock results in Fig. 2-11, with the expected leading power laws of L divided out and
fitting only to the expected correction given by Eq. (2.29). Though the sign of the
(non-universal) amplitude of the correction to the dimer correlations in Fig. 2-12(b)
is different from that in the ¢ = 8 result in Fig. 2-11(b), the overall behavior of
the corrections (the leading term fitted to and the higher-order corrections causing
deviations from the fit) is similar. The primary order parameter of the FFTFIM
in Fig. 2-12(a) seems to have more significant subleading corrections than the clock
results in Fig. 2-11, but the large-L asymptotic form is again similar and consistent
with the leading correction.

The excellent agreement with the expected exponents in both the FFTFIM and
clock model confirms without doubt the emergent U(1) symmetry and the primary

and secondary nature of the order parameters in the FFTFIM.

2.7 Quantum Annealing of the FFTFIM

Our interest in this system was partially motived by discussions with the supercon-
ducting qubit quantum annealing company D-Wave Quantum, as they were in the
early stages of implementing this model on their devices and wanted a theoretical
benchmark to compare with their results [5]. The focus of their study was the out-of-
equilibrium dynamics of the system, which they explore through quantum annealing
(QA) and analyze using extensions of the Kibble-Zurek (KZ) mechanism [67, 159].
In 1976, Tom Kibble developed a theory on the formation of topological defects
during the cooling of the early universe [67]. Describing the universe by a gauge
theory exhibiting spontaneous symmetry breaking (the Higgs field), Kibble proposed
that one should expect domain walls, monopoles, and vortices to populate as the
universe passed through a critical temperature 7,.. Throughout his paper, he refer-

ences similar phenomena in condensed matter systems, specifically superconductors
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and superfluids. Roughly a decade later, Wojciech Zurek took this analogy one step
further, applying Kibble’s theory directly to the cooling of *He through its super-
fluid transition [159]. In subsequent papers, Zurek proposed tabletop experiments
where Kibble’s theory could be empirically confirmed [160, 161]; one could explore
the cosmos in a condensed matter laboratory.

In the following years, this so called KZ-mechanism was rigorously tested and
extended using numerics [77, 154] and experiment [29, 92]. Such extensions have been
used to describe the physics of out-of-equilibrium classical systems as they approach
their critical points [27, 31], making this a valuable tool to use in dynamic scaling
analysis for nonequilibrium quenches, i.e. simulated classical annealing (SA). In their
2014 paper, Liu, Polkovnikov, and Sandvik developed a KZ ansatz describing the
scaling of physical observables measured at a classical phase transition as a function of
system size and annealing velocity [81]. Their methods allow one to extract important
information about the dynamics of critical systems, such as the dynamic scaling
exponent z, which also provides insight into the efficicacy of the annealing routine.

In the following section, we will lay out the groundwork for this KZ ansatz, drawing

heavily from Ref. [81].

2.7.1 The KZ Mechanism

The main idea behind Kibble and Zurek’s argument was that a system undergoing a
quench (or anneal) to the critical point can only stay adiabatic if the annealing time
to reach the critical temperature (7,) is of the order of the relaxation time of the

system (7,.),
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For the following derivations, we will assume we are annealing to the critical point

T., not past it. In this case, the annealing time at a given temperature 7" is simply

o1 (2.31)
(%

where v is the annealing velocity. The relaxation time is the characteristic time scale
of the microscopic dynamical properties of the system, which can be related to the
correlation-length, the characteristic length scale of the system, by the dynamical

exponent z:

(1) ~ (r)" ~ [T =T, (2.32)

where v is the equilibrium correlation-length exponent. At a fixed temperature, we
can define a velocity vkz(7T') separating the adiabatic and diabatic regimes by plugging
in Eq. 2.31 and Eq. 2.32 into the relation in Eq. 2.30 (i.e. at this temperature, what
velocity would one have to take, if annealing to the critical temperature, such that

the two time scales are equivalent):
vz (T) ~ [T = T (2.33)

From this expression one can immediately see that in the thermodynamic limit,
it is impossible to stay adiabatic during the full extent of the anneal; the correlation-
length, and thus the relaxation time, diverges as the critical point is approached,
requiring an infinitesimally slow velocity for adiabaticity to be maintained. This is

nicely visualized with the schematic in Fig. 213, taken from Ref. [31].
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Figure 2-13: Schematic displaying the relation between the diverging
relaxation time (labeled "reaction time” in the legend) and the linearly
decreasing annealing time (labeled ”inverse transition rate” in the leg-
end). When these two time scales equal one another, the system leaves
the adiabatic regime and enters the frozen out diabatic regime. Figure
taken from Ref. [31]

However, for finite systems this is not the case. We can see this by instead relating

vkz(T), Eq. (2.33), to the corresponding diverging length scale &7,
&r ~ T =T, (2.34)
by plugging Eq. (2.34) into Eq. (2.33),
via(T) ~ &5, (2.35)

For finite systems in d dimensions with volume L9, the largest length scale is L, so
one can define a lower bound on the characteristic velocity separating the adiabatic

and diabatic regimes by setting & = L, just as in the the standard finite-size scaling
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procedure [129]:
vkz (L) ~ L™EFY), (2.36)

For a finite system of linear length L, if v < vgz(L) the nonadiabtic response of the
system will be very small, and thus can be treated as just a perturbation. On the

other hand, if v > vk z(L), adiabaticity breaks down.

2.7.2 Generalized KZ Finite-Size Scaling

Using the scaling relation derived above, one can define a finite-size scaling type
description of an out-of-equilibrium system, quenched towards its critical point. Here,
we will only reproduce the relevant formalism, and refer the reader to Ref. [81] for
a complete derivation. In the flavor of the finite-size scaling hypothesis, one can
describe the scaling of an observable A by a nonsingular function f of the system

size, the distance (in temperature) to the critical point, and the annealing velocity,
A(L,T,v) = L*" f(L/&r,v/vkz) = L F ((T = T,) L', v L7T7) | (2.37)

where x is an exponent depending on the universality class of the transition and the
specific observable A, and F' is a simple rescaling of f. Assuming one anneals to the

critical point, this scaling form simplifies further,
A(L,T.,v) = L*"F (vL*/") . (2.38)

This relation is a valuable tool when analyzing the results of annealing protocols,
as it gives a direct, reliable means of extracting the dynamical exponent z. This is
done as follows: one performs annealing runs to the critical point for a series of system
sizes, using a series of annealing velocities, and measures the value of an observable of
interest at the end of each run. The results can then be analyzed via a “data-collapse”

[115] according to the scaling form in Eq. (2.38). For a simple example we consider
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the 2D Ising model and the observable m?, the magnetization squared. The critical
exponent x describing the scaling of the magnetization |m| is typically referred to as

B, so the scaling relation reads,
(m?) = L™VF (vLF") — (m*) L)Y = F (vL*). (2.39)
For a series of system sizes {L} and velocities {v}, we can define the variables
xp = vLlFTYY oy = (m?) LY (2.40)
and the relation in Eq. (2.39) will now read
yr = F(zp). (2.41)

These rescaled points x, and yr,, measured in simulation, will fall a single curve (with
corrections [115]), dictated by the scaling function F. Assuming one knows critical
exponents v, and 3, this data collapse procedure allows one to determine z in a
systematic and methodical way by optimization (i.e. tuning z until the data points
collapse in a statistically acceptable manner).

The KZ mechanism, and the finite-size scaling procedure outlined above, does
not only apply to classical phase transitions, but also quantum phase transitions
[162, 100, 101]. Using the exact same formalism, these tools were applied to quantum
systems passing through their QCP’s [82] (in this case, the diverging length scale is
associated with a QPT driven by tuning a parameter in the Hamiltonian, such as a
transverse magnetic field). This gives rise to an interesting question: does simulated
quantum annealing (SQA) provide an advantage over SA, i.e. how does the scaling
of vky compare for a quantum system and its classical analog? And with the recent
advancements of quantum computing technology, a perhaps even more scintillating

prospect is the extension of this to real QA. This has been one of the focuses of
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exploration in the field of quantum computing, with D-Wave acting as a leader in the

effort to understand the viability of QA [69, 68, 71, 5, 70].

2.7.3 Quantum Annealing of the FFTFIM

The scaling dimensions extracted in our work on the FFTIM are crucial in applying
the KZ formalism presented above to both QA and SQA runs of the model. The key
insight is that the ratio of exponents k/v appearing in the scaling relation Eq. (2.38)
can be directly related to A. Just as in the 2D Ising model example discussed in the
previous section, for the primary order parameter m in the 3D XY universality class,
k is typically referred to as § and can simply related to the anomalous dimension

nspxy, and thus Ay, via the hyper-scaling relations [23],

268/v =1+ n3pxy = 24,. (2.42)
The KZ finite-size scaling relation then reads,

(|m|?) = L2 F (ULz+1/V) 7 (2.43)

where |m/|? is the squared magnitude of the complex order parameters. This can be
generalized to the secondary order parameter as well, where the definition of x in

terms of a critical exponent is not as transparent,
(W) = L72%G (vL*17), (2.44)

where G is a potentially different scaling function than F'. There are some subtleties
that arise due to the fact that 2A; > d = 3 for this 2D quantum system, but the
relation in Eq. (2.43) has been used to extract the dynamical exponent z in some QA

experiments [5].
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2.7.4 Simulated Annealing of the 3D Classical 8-State Clock Model

As touched on in Sec. 2.6.2, it is often insightful to consider classical analogs to
quantum systems, particularly from a numerical standpoint. The algorithms used to
study classical systems are nearly always much simpler and typically allow for more
flexibility. So before considering the SQA of the quantum system, it may be useful
to first consider SA of a model with the same ground state symmetries, hosting a
phase transition in the same universality class: the classical 3D 8-state clock model,
Eq. 2.27 with ¢ = 8.

A thermal anneal of this model through the critical temperature 7, will share many
properties with the quantum anneal of the FFTFIM through the critical transverse
field T'.. While dictated by different dynamic exponents (z = 1 in the quantum case,
while z is MC simulation dependent for the classical case), the evolution of the Zg and
Z4 order parameters as the annealing velocity is changed is expected to be similar for
these two models. This is of particular interest, as the order parameter probability
distribution is one of the few observables accessible in D-Wave’s quantum annealers.

In Fig. 2-14, we show the evolution of the probability distributions for the two
order parameters in the hard (i.e. h, = 00) clock model as the annealing time
is increased (here, Nannea is directly proportional to the annealing time). One can

clearly see the Zg/Z4 order stabilize as the velocity is decreased.



Figure 2-14: Order parameter distributions for increasing simulated
annealing times in the 3D classical 8-state clock model. The top row
shows the evolution of the Zg order parameter distributions as the num-
ber of annealing steps (inversely proportional to the annealing velocity)
is increased. The bottom row shows the corresponding Z, order param-
eter distributions. This is for an L = 12 system that was annealed from
an initial temperature of 27, to a final temperature of 0.57..

These results unexpectedly contrasted with the QA results for the FFTFIM (not
included in this thesis, but shared via private communication with the authors of
Ref. [5]). At short and intermediate times the distributions look comparable to those
of the clock model (Gaussian about zero and Zg/Z, with thin “tunnelling” lines at
intermediate times, respectively), but at long times, the quantum system instead
displays U(1) symmetry. The first expected culprit was noise, which is known to

impact the results of longer anneals[72, 70].

Noise induced U(1) symmetry

To determine if noise could induce the behavior seen in D-Wave’s experiments, we
implemented a noise protocol in our simulated annealing program that was aimed
to mimic the behavior of D-Wave’s Advantage quantum annealer. Noise effects are
known to kick in at longer times, as thermal excitations emerge and decoherence

begins to take effect [72]. Implementing a wide array of noise protocols is straight-
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forward in the classical MC algorithm we use to simulate the 3D clock model; “noise
steps” are simply added in between the local, Metropolis updates that evolve the
classical spin configurations in the clean version of the model. To mimic the behavior

)

observed by D-Wave, we implement a “noise-ramp,” where after each MC sweep, the
each spin is randomly rotated either clockwise or counterclockwise by one clock angle,
with a probability P,ise that increases according to a simple protocol (i.e. as some
power of the simulation time). In In Fig. 2-15, we show results for the evolution of the

probability distributions of the Zg order parameter as the annealing time is increased,

but with noise that increases quartically with the simulation time.

Figure 2-15: Order parameter distributions for increasing simulated
annealing times in the noisy 3D classical 8-state clock model. This is
for an L = 12 system that was annealed from an initial temperature
of 2T, to a final temperature of 0.57,, but with a single spin rotation
noise that increases in likelihood as the fourth power of the simulation
time.

By including this simple noise protocol, the observed behavior is indeed replicated—
as the total annealing time increases, the order isn’t completely destroyed, but rather
a U(1) symmetry emerges. While this is of course a far cry from that is happening
within D-Wave’s quantum anneal, the point of this simple test was to see if noise has

the ability to only partially destroy the Zg order of the ground state. This test thus
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provides important insight into the real life QA of the FFTFIM.

2.8 Summary and Discussion

We have clarified the nature of the two order parameters, based on spins and dimers,
in the square-lattice FF'TFIM. The spin-based order parameter is primary, as it scales
with the leading critical exponents and displays the full eight-fold degeneracy of the
ordered phase, while the Z, dimer order parameter is secondary with faster decaying
critical correlations. Our QMC results at 7" = 0 and 7" > 0 confirm the scaling
exponents predicted from the respective low-energy field theories.

Mapping to dimer models is a powerful tool in the study of frustrated spin systems,
and the problem of lattice coverings by hard-core dimers is an interesting topic in
itself. The connection between the secondary dimer order parameter and the primary
spin order parameter then provides a crucial link between the models that had not
been previously drawn in this context. Beyond the particular FFTFIM considered
here, the triangular and kagome lattice AF Ising models [95, 91], the fully-frustrated
honeycomb lattice Ising model [91], and the fully frustrated 4-8 lattice Ising models
[49] are all well studied systems where the secondary order parameter prescription
could also be applied.

Our insights also explain the critical scaling of a so-called “parasitic” order pa-
rameter studied in the AF 3-state Potts model on the diamond lattice [17, 48, 133].
While this system primarily orders antiferromagnetically in the ground state, it was
shown that the presence of this order induces a finite ferromagnetic moment, which
is captured by a secondary order parameter. The observed scaling of this order pa-
rameter had previously eluded explanation, but it is now clear that this “parasitic”
order parameter also has scaling dimension A; in that system.

The relevance of the secondary order parameter operator (A; < 3) in the FFT-
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FIM implies that a perturbation favoring one of the dimer states, accomplished by
appropriately modulating the Ising couplings, will induce a Z, symmetry breaking
phase in the plane of I" and the dimer field (modulation) strength hy. The phase
boundary between the paramagnetic and ordered phases should have the asymptotic
form hg. ~ [Te(hae) — Te(0)[7/74, where v is the 3D O(2) correlation-length exponent
and vy = (3 — Ay

The FFTFIM, with hy = 0 and hy > 0, can be implemented on current D-Wave
quantum annealing devices, as discussed in Sec. 2.7. The frustrated AFM triangular
AF Ising model has already been studied in depth [68, 69], and more recently was the
FFTFIM implemented on such a device [5]. In this recent study, both the spin and
dimer order parameters were investigated, in light of the results of this work. The
results were promising, but it appears that noise may impact the ability of slower
anneals to truly remain adiabatic. We have investigated this phenomenon using
a classical analog, the 3D 8-state clock model. While there are limitations to the
mapping between this model and the full quantum treatment, we do gain insights on
the observed emergence of U(1) symmetry when the quantum system is subject to a
noisy annealing procedure. With the advancement of quantum annealing software, it
will be fascinating to see how the results of D-Wave’s QA hardware improve and the

experiments they are able to run evolve.
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Chapter 3

Stochastic Analytic
Continuation—Principles and

Implementation

In this chapter, I will introduce the numerical analytic continuation problem, present
the principles behind the stochastic analytic continuation (SAC) method, our tool
of choice for addressing this problem, and detail its implementation. The final sec-
tion of this chapter will reference the GitHub repository where a user-friendly Julia

implementation of the SAC method was developed as part of this thesis is available.

3.1 Preliminaries

We consider the imaginary-time correlation function of an operator O at inverse

temperature 1/T = 3, evaluated at time points 7 € [0, 3],
G(r) = (O'(1)0(0)). (3.1)

Here, O can be either a bosonic operator, such as 5%, or a fermionic operator, such as
¢!, with only minor adjustments to the SAC procedure. In either case, the imaginary-

time dependence is defined in the Heisenberg picture, taking A =1,

O(r) =e™0e ™. (3.2)
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The corresponding spectral function can be defined in terms of the eigenstates |n)
and energy eigenvalues F, of the Hamiltonian describing the system,

Sw) = - > e P [(m|On) 6 (w — [Enm — En)) . (3.3)
where Z is the partition function. With this definition of the spectral function, the

relationship between S(w) and G(7) is given by the equation

o0

Gr) = / o S() K (7, ), (3.4)

—00

where the kernel K (7,w) is defined as

K(rw) = %em. (3.5)

Bosonic spectral functions defined using the convention in Eq. (3.3) obey the condition
Sp(—w) = e P Sp(w), (3.6)

which allows us to consider Sp(w) on just the positive frequency axis when converting

to G(71):

Gulr) = / d Sy (w) K (7, ), (3.7)
with
Kp(t,w) = % (7™ 4 7By (3.8)

The tilde will be dropped in the remainder of this chapter.
In some contexts it may instead be convenient to define the bosonic spectral

function using a slightly different convention:

Ap(w) = (1 —e™) Sp(w), (3.9)
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which instead satisfies the condition Ag(—w) = —Ap(w). Under this convention, the
so called Lehman representation of Ag(w) (Eq. (3.3)) is modified to:
Ap(w) = =Y (7P — e ) [(m|O[n)|*6 (w — [Em — En)). (3.10)

and the kernel now reads

le ™ 4+ e—(,B—T)w
Kp(r,w) = P P (3.11)

In the fermionic case, one can define the spectral function as in Eq. (3.3) and the

kernel as in Eq. (3.5), but it is the standard convention to use,

Ap(w) = % 3" (e 4 e B |(m|OIn) 28 (w — [Ew — Eu)) - (3.12)

m,n

With O = ¢f, this definition has a very direct connection to the addition of a particle
(E,, > E, and the first exponential dominates) or subtraction of a particle (E,, < E,
and the second exponential dominates) from the system. The kernel relating Ap(w)
to the corresponding “single-particle Green’s function” Gg(7) is

1 6—7'(4}

Ke(rw) = oy

(3.13)

Unlike in the bosonic case, there is no inherent relation between Ap(—w) and
Ap(w). In some models, such as the Hubbard model at half-filling, the Hamiltonian
is particle-hole symmetric, meaning that the addition of a particle can be mapped
exactly to the addition of a hole (removal of particle) using a symmetry transforma-
tion. If this is the case, then Ap(—w) = Ap(w) for select spectral functions (such as
the density of states), but generally this cannot be assumed.

It should be emphasized that for both the bosonic and fermionic cases, the conven-

tions used only determine the kernel used, and consequently, the precise definition of
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the spectral function. The frequency information (i.e. peak locations) will be similar,
if not identical, no matter the kernel, but it is important to be aware of which formal-
ism is being used when comparing results to those in the literature or to experiment.
The SAC procedure, however, remains the same, so for consistency, in the remainder
of this thesis we will use the spectral function defintion in Eq. (3.3) and the kernel
in Eq. (3.8) when considering bosonic spectral functions and Eq. (3.12), Eq. (3.13)

when considering fermionic spectral functions.

3.2 The Maximum Entropy Method

The goal of numerical analytic continuation is to the invert the integral in Eq. (3.4),
solving for S(w). However, this is what is considered an ill-posed problem [62]. The
“ill-conditioned” kernel exponentially suppresses the information contained in S(w),
so given incomplete G(7) data, i.e. limited imaginary-time resolution and/or the
QMC-associated error, there is an infinite set of solutions for S(w) that satisfy the
integral.

The tradition tool to address this is the Maximum Entropy Method (MEM), which
has produced many important results in the last 30 years [126, 125, 43, 62, 11]. This
method is rooted in Bayes theorem and produces spectra that minimize the goodness-
of-fit x2, while maximizing their entropy. Here, the definition of entropy depends on
the way in which the spectrum is parameterized, but when S(w) is treated as a
continuous function of w, a modified Shannon information entropy is typically what
is used [62].

While considered one of the more reliable numerical analytic continuation meth-
ods, MEM has its limitations, being able only to reproduce broad spectral features,
unless significant prior information about more complicated structure is provided

to the algorithm. An alternative approach is to instead rely on the stochastic av-
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eraging of many solutions for the spectral function that fit the QMC-generated
data well. This is the principle behind the SAC (or average spectrum) method
(144,113, 10, 134, 109, 130, 39, 107, 40, 41, 40, 42]. While SAC is still hampered by the
over-favoring of smooth spectra, and, in fact, can be mapped directly to MEM in cer-
tain limits [10, 124], recent extensions of the method have shown that this shortcoming
can in many cases be overcome. This is done by appropriately constraining the sam-
pling space to favor sharp features, e.g., peaks and edges that often appear in ground-
state spectral functions of quantum many-body systems [116, 123, 124, 119, 152 120].
This represents the true advantage that SAC offers, which will be explored in detail

in the follows sections.

3.3 SAC Procedure

I will now summarize the implementation of the SAC method and refer the reader to
Ref. [124] for a more detailed and expansive explanation. In the basic formulation,
the spectrum S(w) is parametrized by a large number N,, (typically 103 or larger)
of d-functions carrying weights a; at energies w;, which can take continuous values
(in practice values on a very dense frequency grid, Aw ~ 1079), as illustrated in
Fig. 3-1(a) in the case of uniform amplitudes and Fig. 3-1(b) for variable amplitudes.
Panels (c) - (e) correspond to “contrained” SAC parameterization, which will be

discussed in the later sections.
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Figure 3-1: Depictions of the parameterizations of the spectrum S(w):
(a) Equal amplitudes and sampled frequencies in the continuum. (b)
Sampled amplitudes and sampled frequencies in the continuum. (c)
A “macroscopic” d-function with amplitude Ay at wy, followed by a
large number N, of “continuum” J-functions at positions w; > wy with
equal amplitudes A; = (1 — Ag)/N,. The amplitude Ay is fixed in a
sampling run, but the frequency wy is sampled. (d) Equal amplitudes
with monotonically increasing spacing d; = w; 41 —w;. Just asin (b), the
lowest frequency w; is sampled along with all other frequencies, with
the constraint d;;1 > d;. (e) Varying amplitudes with monotonically
increasing spacing, as in (c¢). In all cases, the final spectrum is the
mean amplitude density of the d-functions, which is accumulated in a
histogram during the sampling process.
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The energies and, optionally, the amplitudes, are importance-sampled according

to a Boltzmann-like probability distribution
P(S) o exp[—x?*(9)/26)] (3.14)

and the resulting spectral configurations are accumulated in a histogram. With a
large number of sampled §-function’s and a many (~ 10%) sampling steps, sufficiently
smooth histograms can be produced, with bin spacing Awy,, typically one or two
orders of magnitude larger than Aw.

The goodness-of-fit x? is calculated with respect to the QMC-generated Green’s

function G(7;), i = 1,..., N;, with G denoting the average over Np bins:

G(r) = — > G(m), (3.15)

G*(7;) being the value from bin measurement b at the imaginary time point 7;. Because
the statistical errors of different 7 points are correlated, the full characterization of
the error, and thus the calculation of x?, requires the covariance matrix [62]. We use

the bootstrap method to calculate the covariance matrix,

(G™(:) — G())(G™ (1)) — G(73)), (3.16)

Mz

m:l
where G™ represents the average of a bootstrap sample of Ng randomly chosen bins
and M is the total number of bootstrap samples, typically much larger than Np.

For a given SAC spectrum S,

S = zw: a;0(w;), (3.17)

the corresponding G(7) is calculated using Eq. (3.4), or the appropriate variant, and
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the goodness-of-fit is given by

N-

=) (G(n) = G(m) G (Gly) = Glry)) - (3.18)
i?j
Alternatively, one can compute x? in the eigenbasis of the covariance matrix:

X = é (G/(TD\/_;/(T"))Q, (3.19)

where o; are the eigenvalues of the covariance matrix,
o=U"CU, (3.20)
and both G(7;) and G have now been transformed to this eigenbasis,
G'=U'G, G'=U"G. (3.21)

In practice, G is calculated directly in this basis by instead transforming the kernel
once at the beginning of the simulation,
K'(w)=U"K(w), G(r) = / dwS(w)K' (1, w) Zal T, w;) (3.22)
It’s been shown that the covariance may become unstable (its inverse may become
noise dominated) if too many 7 points are used, or equivalently, not enough QMC-
generated bins are used [62, 124]. Empirically, it has been found that N, > 2N,
is typically sufficient to avoid such instabilities, but in some cases, even more, N, >
10N, is necessary. One strategy is to generate a very large number of bins, composed
of a relatively small number of QMC sweeps (but not too small, as to ensure that
each bin is still statistically independent). The balance of statistical independence

and number of bins can then be adjusted by re-binning the data, post-simulation.
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However, it is the best practice to use a large enough number of QMC sweeps per
bin, such that the autocorrelation time is far exceeded by the bin length (in number
of sweeps) [115].

In the acceptance probability, Eq. (3.14), we have introduced a fictitious tem-
perature ©, which regulates the balance of entropy and goodness-of-fit. In the limit
© — 0, the sampled spectrum purely minimizes 2, which will not reproduce the
most probable spectrum when noisy data are used, while in the limit © — oo, config-
urational entropy will dominant, and smooth, broad, and flat spectra will be favored.
Purely Bayesian arguments imply that the temperature should be fixed to © = 1
[144, 130]. However, for S(w) parameterized by a large number of sampled degrees of
freedom, entropy will ruin the goodness-of-fit at this fixed value of © [124]. Instead,
it has been proposed to use a temperature determined by a simple criterion to give

the optimal balance of entropy and goodness-of-fit, corresponding to the value where
(*(0)) = Xiuw + a0z, (3.23)

where 0,2 = m is used as a proxy for the standard deviation of the x? distribu-
tion that the value of (x?) follows, and a is an order-one number (typically a = 1/2
is used). This criterion, motivated by the properties of the x? distribution, has been
shown to produce reliable results, reproducing spectra generated from synthetic QMC
G(7) data with high fidelity [124]. This criterion has been further supported using
cross validation, as will be explored in Chapter 5.

To determine X2, , a simulated annealing type procedure is run, where © is grad-
ually reduced until (x?(0)) (averaged over the sampled spectral configurations) has
converged, as shown in Fig. 3-2. After this first anneal, another is performed, ter-
minating when x? satisfies the criterion in Eq. (3.23). At this stage, a much longer

sampling process is carried out at the temperature where the anneal was terminated,
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and the accumulated spectrum is output to file.

102 4

Figure 3-2: The average x? versus © during a SAC annealing run.
The black dashed line corresponds to the criterion in Eq. (3.23) with
a=1/2.

An illustration of this sampling process is depicted in Fig. 3-3, showing the evolu-
tion of the histogram as configurations are accumulated. The three rows are snapshots
at three different points in the sampling process (first sampled configuration, mid-
way through the sampling process, and the final sampled configuration). In the left
column, we plot the individual )-function configurations at each of these particu-
lar stages of the sampling process (only 40 of the 2,000 total sampled o-functions are
shown, for clarity). In the middle column, we plot the corresponding histograms, with
bin widths denoted by the blue ticks on the w axis. The bin width is much larger
than what is typically used, which was chosen for illustrative clarity (Aw, = 0.1).
Using the equal amplitude parameterization, the histogram height corresponds to the
density of d-functions within each bin. When the amplitudes are sampled as well, the
histogram instead represented a weighted density. The column on the right shows the
accumulated histogram, which uses a much finer bin width than the middle column

(Awp, = 0.005). As more and more configurations are sampled, the accumulated his-
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togram becomes smoother, as can be seen in the evolution from the top row to the

bottom row (right column).
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A
Figure 3-3: Demonstration of the SAC sampling process. Each row
represents a different point in the sampling process at a fixed temper-
ature O (first configuration, midway though, and final configuration,
for the top, middle, and bottom, respectively). In the left column, 40
0 — function samples of the individual d-function configurations are
plotted. In the middle column, the corresponding histograms for these
configurations are plotted, with a bin width denoted by the blue ticks
on the w-axis in the left column (Aw, = 0.1. which is much larger
than what is typically used). In the right column, the accumulated his-
togram throughout the course of the sampling process is plotted, which

uses a much finer bin width than what is used in the middle column

(Awy, = 0.005).
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3.4 Constrained Parameterizations

The true advantage that SAC has over other numerical analytic continuation meth-
ods is the recently developed class of “constrained” parameterizations. If certain
restrictions are imposed on the locations and amplitudes of the d-functions, the SAC
method can reproduce sharp spectral features present only at low temperatures, such
as narrow quasi-particle peaks and power-law edge singularities [116, 123, 124]. The
key insight allowing for the resolution of such features is that imposing constraints
can drastically change the entropic pressures felt within the sampling procedure, re-
sulting in dramatic changes in the shape of the output spectra. The two constrained
parameterizations discussed in this thesis are shown in Fig. 3-1(c) - (d), and will be

described below.

3.4.1 Delta Peak Constrained Parameterization

A spectrum containing a “macroscopic” d-peak followed by a smooth continuum can

be reproduced using the parameterization depicted in Fig. 3-1(c) [123]

No,

Speax(Ww) = agd(w — wp) + Z a;0(w — w;), (3.24)

i
where ap + >, a; = 1 and the constraint w; > wy for all 7 is imposed during the
sampling process. With this parameterization, the location of the peak, wy, is sampled
within the program, along with all of the other “microscopic” d-functions, but the
weight of the macroscopic d-peak, ag, is fixed and optimized using a simple scan to
find a x? minimum, as detailed in the following section. Unless the optimal aq is
very small, wy fluctuates very little once it has equilibrated to its data-determined
position.

This type of spectral function is appropriate for describing the spectrum of the

S =1/2 AFM Heisenberg model in two-dimensions (2D) [22], where linear spin-wave
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theory predicts the presence of a macroscopic, “single-magnon” peak [58], while an
incoherent continuum at higher energy can be attributed to either multimagnon exci-
tations or partially deconfined spinon excitations (both of which cannot be captured
by convention spin-wave theory [123]). The SAC parameterization in Eq. (3.24) has
been used to produce results for the spectral function of the aforementioned square-
lattice Heisenberg model that agreed very well with results from inelastic neutron-
scattering experiments on a material considered the best physical realization of this

model [123].
Optimizing a

To determine the optimal value of ag, we track how (x?) changes as ag is increased
from zero at a fixed value of the sampling temperature ©. We typically compare the
location of the optimal aq at a few decreasing values of ©. At a higher temperatures,
where (x?) does not represent a statistically acceptable fit, the (x?) minimum will be
more pronounced, flattening out as © is reduced. We determine the optimal value
by tracking the location of the (y?) minimum as it approaches the value dictated by
the simple criterion typically used to fix © when performing SAC [124]. The exact
location of the minimum will typically depend on the sampling temperature to some
extent, but in most cases this dependance is very minor. Furthermore, any value of
ao chosen around the x? minimum will produce nearly identical spectra, with perhaps
slightly varied peak locations wy (fluctuating within 1%). This variation allows us to
determine an approximate error bar on wy.

An example of a scan over g for the S = 1/2 AFM Heisenberg chain is shown
in Fig. 3-4, for ¢ = /2, panel (a), and ¢ = 37 /4, panel (b). While the 1D model is
not expected to host spin-waves, and thus should not contain a dominate d-function
peak, its spectral function is expected to contain a sharp, power-law decaying edge.

This parameterization may be able to reproduce this edge feature to some extent,
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particularly for finite-sized systems.

In this case, we use a value of © that is slightly elevated from that corresponding
to the criterion Eq. (3.23) for an unrestricted sampling run performed before these
scans, as discussed in Ref. [124]; at this temperature, a clear minimum is present,
but the x? value is still at an acceptable value. In more recent works, we have opted
to instead choose a scan temperature such that the value of x? at the minimum
versus ag satisfies the criterion (with y2. determined by the delta peak scans, not
an unrestricted sampling run). Again, it should be emphasized that this choice only
marginally changes the optimal ag, and therefore only marginally changes the shape of
the output spectra, but may impact the exact location of the edge, which is important

when extracting dispersion relations using SAC.
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Figure 3-4: Results of ag scan for the Heisenberg chain. Panels (a)
and (b) show the x? value versus ag (Aag = 0.01) for ¢ = 7/2 and
q = 3w /4, respectively.

3.4.2 Power-Law Edge Constrained Parameterization

Another example of a sharp spectral feature that can only be resolved using a con-
strained SAC sampling parameterization is an edge singularity. In quantum many-

body systems with fractionalized excitations, spectral weight may be spread over a
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range of energies, often with a power-law distribution that diverges at some frequency
wy, where ¢ is the total momentum of the fractionalized quasiparticle [124]. One of
the most well know examples of this is the spectral function of the operator O = 57
in the aforementioned S = 1/2 AFM Heisenberg chain. Using the Bethe ansatz (BA)
solution, it was shown that in the thermodynamic limit, this spectral function di-
verges as (w — wq)*l/ 2 with a logarithmic correction (except for at ¢ = 7, where the
divergence is faster) [24, 25, 99].

It was discovered that a very simple lower bound (i.e. minimum frequency) con-
straint on the sampling space of the d-functions can produce a spectrum this with this
type of feature [116]. This parameterization was later improved with an alternative
constraint: the locations of the N, sampled J-functions are restricted such that the

distance between adjacent J-function’s monotonically increases [124]:

N,
Sedge(W) = Zaié(w — W), Wiyl — Wi > W — Wwi_1, (3.25)

as depicted in Fig. 3-1(d). Due to entropic pressure, this parameterization naturally
produces a spectrum where the mean amplitude density of the d-functions forms pre-
cisely an edge singularity with the asymptotic behavior (w — wg)™/? [124], where we
have defined the edge location wy = (w;). This edge location adapts naturally to the
data during the sampling process, as does the shape away from the edge, smoothly
transitioning from the asymptotic power-law form to an arbitrary monotonically de-
caying tail.

It is also possible to resolve an edge diverging with any power p, (w — wp)? with
p < 0, by properly adjusting the amplitudes a; [124]. For an edge that diverges

~1/2 ie. p less/greater than —1/2, the

faster /slower than S(w — wp) x (W — wp)
amplitudes of the §-functions increase/decrease as they approach the edge. This is

depicted in Fig 3-1(e) for an edge that decays with an exponent p = —3/4. Just as
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with ag in the delta peak parametrization, p can be scanned over to determine an
optimal power-law exponent. In practice, determining a precise optimal exponent
is quite challenging, as in most cases, the power law divergence is an asymptotic
feature, with the form (w—wjy)? only applying in a small region close to wy. An added
complication is that the adjusted amplitudes a; are typically allowed to crossover to
an equal amplitude form, with the crossover point sampled within the program as
well. If the asymptotic form of the divergence was an exponent p that is close to —1/2,
then this crossover will naturally adjust to a very small value, such that the majority
of the d-functions will have a constant amplitude (and the resulting x? versus p curve
will thus be very flat). Nevertheless, a scanning procedure can still be performed,
and if a clear y? minimum versus p can be identified, this typically will represent an
optimal power law divergence form. In Sec. 5.5.1, we will explore these subtleties,
using QMC-generated data for the S = 1/2 AFM Heisenberg chain, as an example
case where the expected exponent is known.

A note about the output spectra for this parameterization: a better alternative to

collecting spectral weight in a histogram, the mean spectral density can in this case

be defined for:=1,..., N, as

1 a; + Qi+

where w2 = (wi + wiy1)/2 defines the self-generated grid upon which the spectral
function is evaluated. This method avoids artificial oscillatory behavior that may
appear in the tail of the spectrum [124].

As an example, in Fig. 3-5 we plot spectra produced by the unconstrained (a, d),
delta peak (b, e) and power-law edge (c, f) parameterizations for the dynamic spin
structure factor of the S = 1/2 AFM Heisenberg chain at ¢ = 7/2 and ¢ = 37 /4. For

each parameterization, the same QMC-generated data was used (for a system of size
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L = 512 at inverse temperature 5 > L), yet the output spectra vary dramatically—
a result of the different imposed constraints. Furthermore, each parameterization
produced a results with an acceptable value of the goodness-of-fit, emphasizing the
ill-posed nature of the numerical analytic continuation problem. In each panel, we also
plot the numerical BA solution for a system of size L = 500, which has been subject
to artificial smoothing, but otherwise is expected to represent the exact spectrum
well [1]. While the delta peak spectrum can approximate the sharp edge feature
fairly well (locating the true edge location within 1%), the power-law edge spectrum
matches the BA result nearly exactly. The unconstrained spectrum, on the other
hand, produces a result that is significantly broader, with substantial spectral weight

within the energy gap.
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Figure 3-5: Spectra produced ny the unconstrained (a, d), the delta
peak (b, e), and the power-law edge (c, f) parameterizations for the
S = 1/2 AFM Heisenberg chain (QMC-generated data, system size
L = 512). For each parameterization, the spectra are sampled at the
temperatures corresponding to the criterion in Eq. (3.23), using their
respective (x?) curves. For the unconstrained sampling parameteriza-
tion, we use NV, = 2,000 J-functions. For the single-peak parameter-
ization we use leading J-function weights ay determined by scans, as
shown in Fig. 3-4, and N, = 2,000 continuum J-functions. For the
edge parameterization, we use N, = 640 and the exponents p = —0.5
and p = —0.6 for ¢ = /2 and ¢ = 37/4, respectively (as determined
by scans). In each panel, we also plot the BA results for a chain of
length 500 (black curves), which have also been subject to smoothing
[1], resulting in more rounded peaks.
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3.4.3 Combined Constrained Parameterizations

It is possible, and in general quite simple, to combine these constrained parameteri-
zations with the standard unconstrained sampling scheme first introduced in Sec. 3.3,
as well as with one another. In all cases, one represents the spectrum S(w) as a sum

of multiple contributions,
S(w) = asSa(w) + apSp(w), (3.27)

with A and B corresponding to two different parameterizations, and a4 + ag = 1.
The relative weights, a4 and ap, must be optimized using a scan, just as ag in the
delta peak parameterization.

These two contributions to the spectrum, A and B, are sampled independently
using the same updating schemes one would use in their standard prescriptions (see
Ref. [124] for details), carrying along any parameterization specific constraints in Sy
that may impact Sp (and vice versa). An example of this carry-over, we consider
combining the power-law edge parameterization (S4) and the unconstrained parame-
terization (Sp). In this scenario, the minimum frequency J-function in Sp cannot be

at a lower energy than the edge of Sy, w:
min{w?} > wi. (3.28)

This can be easily encoded in the sampling process, with any update that violates
this condition immediately being rejected. This combined spectrum can reproduce
power law edges with non-monotonically decaying tails (i.e. peak structure(s) in the
tail), as explored in Ref. [124].

Another example of a combined parameterization is a spectrum with two power-
law edges, one at lower energy, decaying to the right and one at higher energy, de-

caying to the left, which is predicted to describe the single hole dynamics in the 1D
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t-J model [17]. In this case, both spectra A and spectra B are parameterized as in
Eq. (3.25), with the restriction that the rightward decaying spectrum, Sy, does not

extend past the edge of the leftward decaying spectrum, Sg, (and vice versa):

wy > wi,  wi <wp (3.29)

An example of using this combined parameterization to resolve the single-hole
spectral function at & = 7/2 (i.e. O = cp=ns2) in the 1D ¢-J model (J/t = 0.4)
is shown in Fig. 3-6, with a4 = ap = 0.5 [153]. This ratio was determined via
a scan, which displayed a broad minimum between a4 = 0.4 and 0.6, representing
the inherent flexibility of the combined parameterization. Since the tails of each
contribution extend to the edges of their counterparts, a range of relative weight

distributions may produce fairly similar spectra.

37
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Figure 3-6: Double power law edge spectrum for the single-hole spec-
tral function at & = 7/2 in the 1D ¢-J model with J/t = 0.4. The
relative weight ratio of the two contributions is a4 = ag = 0.5

3.4.4 A Note on Fermionic Spectral Functions

In general, the detailed balance condition in Eq. (3.6) makes resolving bosonic spectral

functions using constrained SAC much easier than resolving fermionic ones. This is
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because the sharp edge features require that the ratio of the total spectral weight that
lies on the positive and negative frequency axes must either be fixed and optimized
using a scan, or adjusted as part of the updating process (as opposed to the case
where no sharp edges are present, and spectral weight can be distributed and sampled
freely over the entire frequency axis). In practice, it is quite difficult to shift spectral
weight between the two sides of the frequency axis after the spectrum has adequately
equilibrated, so careful initialization of the J-function configurations is necessary.
Once can use basic information stored in G(7) data, such as the ratio of G(7 ~ 0)
to G(7 ~ B), to roughly approximate the proper weight distribution, but this is not
a failsafe approach. We note, however, that this difficulty to transfer weight is a
reflection of the stability of the relative weights once equilibrium has been achieved,
rather than an inherent inefficiency of the sampling procedure.

While it is still possible to produce fermionic spectral functions that are asym-
metric about w = 0, i.e. two d-function peaks with different weights aF and locations
wiE, it is substantially easier to resolve symmetric fermionic spectra. If symmetry is
inherent in the model, then one only has to sample on the positive frequency axis,

using a modified kernel,

e ™ e

1 TW
symm _ =
K7 (T,w)—ﬂ_<1+€_ﬁw+1+eﬁw). (3.30)

Examples of both symmetric and asymmetric constrained SAC spectra will be

explored in detail in Chapter 4.

3.5 GitHub Repository

A comprehensive Julia SAC library can be found in the GitHub repository
https://github.com/gabes135/sac. This library contains code to run SAC using

all of parameterizations discussed in this thesis. It also contains code that can be used
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to prepare QMC-generated data to be read in by the SAC program (i.e. calculation
of the covariance matrix), as well as programs that can be used to generate synthetic
data for testing purposes.

The library supports both bosonic or fermionic spectral functions, fermionic spec-
tra with and without the imposed symmetry A(—w) = A(w), and various combined
constrained parameterizations, as detailed in the README files in the repository.

The library also contains a utility program that can be used to run cross validation

for model selection, the subject of Chapter 5.
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Chapter 4

Single-Particle Dispersion and Density of
States of the Half-Filled 2D Hubbard
Model

4.1 Introduction

The Hubbard model [56, 66, 44] serves as the simplest and most essential model for the
physics of correlated electrons, with the two-dimensional (2D) square-lattice case be-
ing of particular interest in the context of the unresolved puzzle of superconductivity
in the cuprates [30, 37, 103, 158]. We focus here on half filling, where auxiliary-
field quantum Monte Carlo (AFQMC) simulations can access the ground state of
relatively large systems. Significant progress has been made on static observables
(53, 54, 146, 147, 94,93, 136, 106], but accessing dynamics, e.g., the important single-
particle spectral function, is much more challenging [105]. While AFQMC simulations
[36, 157] can be employed to calculate the wave-vector (k) resolved imaginary-time
Green’s function [53, 145, 94, 117, 18, 140], the corresponding real frequency spectral
function Ay (w) has been difficult to extract because of the ill-posed analytic continua-
tion problem. Though some key aspects of the dispersion relation have been obtained
[18, 102, 7, 8], significant uncertainties remain, and a precise characterization is still
lacking. Within the rigid band approximation (RBA) [128, 33, 32], detailed knowledge
of Ax(w) is required to understand the manner in which the quasiparticle states of the

half-filled system are occupied upon doping and how important scattering channels
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emerge. This is essential for a coherent understanding of the model and its connection
to high-temperature superconductivity.

The specific technical challenge of computing Ay(w) is that narrow quasiparticle
peaks and associated sharp features in the density of states (DOS) cannot be repro-
duced by analytic continuation of AFQMC data with the conventional maximum-
entropy method (MEM) [126, 125, 43, 62, 11] or the related stochastic analytic con-
tinuation (SAC) (or average spectrum) method [144, 113, 10, 134, 109, 130, 39, 107,
40, 41, 40, 42]. However, recent extensions of SAC have shown that this shortcoming
can in many cases be overcome by appropriately constraining the sampling space to
favor sharp features, e.g., peaks and edges that often appear in ground-state spectral
functions of quantum many-body systems [116, 123, 124, 119, 152].

In this chapter, we implement constrained SAC to extract the dispersion relation
and the DOS of the half-filled Hubbard model with sufficient precision to uncover
features of key significance for understanding the emergence and initial evolution of
the Fermi sea upon doping. Focusing on intermediate values U/t = 4,6 of the Hub-
bard repulsion, we find a clear separation between the lowest single-particle energy
wy, at the four equivalent wave-vectors k = (£7/2, £7/2) (the ¥ points) and almost
dispersionless excitations at w ~ wx close to k = (£m,0), (0, £7) (the X points).
With the dispersion being quadratic for k close to the ¥ points, there is a ledge of
almost constant DOS in the range w € [wy,wx), followed by a sharp edge with inverse
square-root divergence at w = wx from the almost flat (quartic) dispersion around the
X points. We are able to determine the DOS to high precision and extract the total
fraction nyeqge Of quasiparticle states in the ledge, with njeqge = 0.13 and njeqge = 0.20
for U/t = 4 and U/t = 6, respectively.

Interpreting our results within the RBA, the density of quasiparticle states below

wx controls the critical doping fraction £ = x, = njeqge for the initial occupation
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of states around the X points. With the large DOS at w ~ wx and the onset of
(7, ) scattering processes connecting the four “hot spots” [131, 38, 9, 142, 103], this
doping fraction should signify an instability, with superconductivity being a natural

candidate.

4.2 Model and Methods

In standard notation, the Hamiltonian for the half-filled Hubbard model is
H=—t) &,e0+U> (g —3) (i, —3), (4.1)
(i,5),0 i

here on the periodic square lattice with N = L? sites. We set ¢ = 1 and use the

AFQMC method to compute the imaginary-time dependent Green’s function,
Ghe(7) = (Trex(7)el(0)), (4.2)

at temperatures T' low enough to converge to the ground state. We have confirmed
that 8 = 1/T = 2L is sufficient for all practical purposes for the repulsion strengths
and system sizes L < 20 used here. In the AFQMC simulations, we use a time slice
A7 = 0.1 and compute Gy (7) on this grid. The discretization error scales as A? and is
insignificant, which we have confirmed using spot-checks of A7 < 0.1 for some of the
smaller lattices. For the cases we study here (i.e., half-filling), AFQMC is sign-free
[83] and numerically exact.

The single-particle spectral function Ag(w) is related to Gx(7) via the transform

Gi(T) = / dwl_iw/lk(w), (4.3)

which we invert for Ax(w) using the SAC method. The DOS, D(w), is the average of
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Ag(w) over k, which in imaginary time corresponds to
T Gulr) = 1 3 Gelr)e*T = Cinelr) (4.4)
N - N — r - ocC Y *

where Goc(7) = Gr—o(7) is the local Green’s function. Particle-hole symmetry at half-
filling implies D(—w) = D(w), which allows us to preform the analytic continuation

of Gloc(T) on only the positive frequency axis, by implementing a modified kernel in

Eq. (4.3):

1+e o 14

Gloc(r):fdw( e, < )D(w). (4.5)
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Figure 4-1: Schematic depictions of the w > 0 part of SAC sampling
spaces, with the spectrum parametrized as a sum of d-function with
(a) unconstrained frequencies and fixed amplitudes, (b) a macroscopic
d-function (quasi particle) at wg, which also acts as a lower bound for
the other (continuum) contributions, and (c) constrained so that the
distance between adjacent d-functions is monotonically increasing. This
constraint produces an average spectrum with a sharp (divergent for
w — wg when N,, — 00) edge followed by an monotonically decaying
continuum.
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Fig. 4-1 depicts the three SAC parameterizations implemented to study this model,
unconstrained (a), delta peak (b), and power-law edge (c). Details on these parame-
terizations can be found in Chapter 3. In the the particle-hole symmetric half-filled
Hubbard model, Ay(w) will contain two quasiparticle peaks, at wy = %|wk|, which
define the dispersion relations for injected holes and particles. In this case, we imple-
ment a modified delta peak parameterization, in which the optimized aq represents
the sum of the two weights and the relative distribution between positive and neg-
ative part is sampled; see Sec. 3.4.4 and Sec. 4.3.1 for details on this optimization
process. This constrained parametrization is suitable under the assumption of the
true quasiparticle peak being very narrow, which can be expected here at least close
to the minimum |wy]|.

To resolve the DOS, we will use an extended form of the power-law edge parametriza-
tion for the DOS, touched on briefly in Sec. 3.4.3 and expanded upon in Sec. 4.4. In
this modified paramterization, a continuum of unrestricted d-functions is included to

resolve the aforementioned ledge of the DOS.

4.3 Single-Particle Spectral Function

We first examine Ay (w) with k along lines of high symmetry in the Brillouin zone
(BZ). Results for the L = 16 system at U/t = 4 obtained with both unconstrained
sampling and the J-edge constraint are presented in Fig. 4-2(a), with the optimal
combined macroscopic d-function weight ag displayed in each panel. The scanning
procedure used to determine these optimal values in detailed below, in Sec. 4.3.1.
The spectra from unconstrained SAC are qualitatively very similar to previous re-
sults obtained with the MEM [18, 102, 7, 8]. At the lowest energies, the peaks are
sufficiently narrow for their centers to coincide with the location of the d-edge of the

constrained spectrum. Correspondingly, the continuum weights of these constrained
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spectra are relatively small. However, at the higher energies the peaks are too broad
to provide a reliable dispersion relation, due to the dominant continuum beyond the
quasiparticle peak.

The dispersion relation corresponding to the d-edge locations is shown along three
lines in the BZ in Fig. 4-2(b). Unlike the noninteracting system, the ¥ and X states are
no longer degenerate, with the former being the lowest in energy. We have carried out
these calculations for many system sizes for both U/t = 4 and U/t = 6 and show the
size dependence of wy; and wx in Sec. 4.3.2. There is no sign of the energy difference
vanishing as L — oo, which was suggested previously [8]. The extrapolated difference
wx — wy is about 0.05 for U/t =4 and 0.1 for U/t = 6.

We next consider the functional form of the dispersion about the ¥ and X points.
It was previously argued that the dispersion is quartic around X, supporting a metal-
insulator transition with dynamic exponent z = 4 [6, 59, 7, 8, 87]. Our data can
also be very well fitted to a quartic form, as shown in Fig. 4-2(b), except on the line
connecting ¥ and X (i.e. along the noninteracting Fermi surface). Examining lines
extending from the X point at other angles, we find that the energy drops below
wx only along the noninteracting Fermi surface, while elsewhere the dispersion is
asymptotically quartic above wx. The density of states from the neighborhood of
the X points is therefore divergent, of the form D(w — wy) o (w — wx)™/2. In the
narrow range w € |ws,wx), the DOS should be roughly constant, on account of the
quadratic dispersion around the ¥ points; see Fig. 4-2(b) and Sec. 4.3.3 for results

along different cuts in k-space.
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Figure 4-2: (a) Ax(w) for a series of k points in an L = 16 system
with U/t = 4, comparing results of unconstrained (blue) and J-edge
constrained (black) parameterizations. The optimal macroscopic quasi-
particle weights aq are indicated in each case. Both sets of spectra have
been rescaled so that the maximum values of the unconstrained spectra
are normalized to unity. (b) The dispersion relation obtained from the
0-edge locations, where the different colors correspond to the k-space
cuts depicted in the inset. The red and blue symbols coincide. The
green and red curves are fits of the form ws, + ag® and wx + bg*, re-
spectively, with ¢ being the distance to the respective reference points.
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4.3.1 Optimization of qq for the Single-Particle Spectral Function

Here, we present exemplary results for the procedure used to determine the optimal
value of the macroscopic d-function weight ay using a scan, as described in detail in
Sec. 3.4.1.

In Fig. 4-3 we show the scans used to determine a for spectra between the
and X points in Fig. 4-2, In the left columns, (x?) is plotted versus ag, and in the
right column the corresponding location of this edge is shown. In the cases where
the location of the (x?) minima drifts as the © is lowered, the edge location (colored
points in the right panels) shifts only moderately. The minimum flattens as © is
lowered and becomes hard to discern below the value corresponding to the optimal
sampling temperature, indicated with dashed lines. We note that the minimum is the
sharpest for the largest ag values; for the k-points closest to the the non-interacting
Fermi surface. These BZ points are also the most important ones for the purposes of

this work.
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Figure 4-3: Scans over the § weight ag in Ax(w) at four select momenta
(L = 16, U/t = 4). The three colors correspond to three gradually
lowered sampling temperatures (red to orange to yellow), where for the
lowest © value, the y? minimum coincides with the simple criterion
typically used to fix © when performing SAC (black dashed lines).
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4.3.2 Finite-Size Analysis of the Quasiparticle Energies

To monitor finite-size effects of the ¥ and X excitation energies, we analyze the
scaling of wx and wy as a function of system size. As shown in Fig. 4-4, both energies
converge with L, with the difference between the L = 16 and L = 20 values being
<1% for both U/t values. In light of the system being gapped with a finite correlation
length, exponentially fast convergence can be expected, which is confirmed by the fits
in Fig. 4-4.

For each system size, we estimated the uncertainty in the energy values by mon-
itoring how the location of the macroscopic d-function edge changes as aq is slightly
increased and decreased from its optimal value, as depicted in the right column of
Fig. 4-3. In all cases, the uncertainties are <10% of the magnitude of the energy dif-
ference, demonstrating that the splitting of these energy levels is neither a finite-size

effect nor a consequence of SAC-associated resolution limitations.
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Figure 4-4: wx (blue) and wy (red) as a function of system size for
U/t = 4, panel (a), and U/t = 6, panel (b). The solid lines are power
law fits w(L) = a + bL™¢.

4.3.3 Anisotropic Quadratic Dispersion

The quartic dispersion about the X point is asymptotically highly isotropic, except
along the noninteracting Fermi Surface where the energy increases on approach to X.
In contrast, the quadratic dispersion about the > point, graphed in Fig. 4-5, is very
anisotropic. The energy increases much more rapidly along the cut perpendicular to
the noninteracting Fermi surface (purple points in Fig. 4-5), but are still well fit by a
quadratic function. We note than an anisotropic quadratic dispersion still corresponds

to a constant DOS in the narrow range w € |ws, wx).
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Figure 4-5: Quasiparticle dispersion along (green) and perpendicular
to (purple) the non-interacting Fermi surface as a function of the dis-
tance in k-space to 3. The green points and fit are the same as those
shown in Fig. 4-2(b), which are for L = 20 and U/t = 4.

4.4 Full Density of States

Our results for the dispersion relation can now be fed in as prior information in SAC
to extract the full DOS from Gyoc(7). We know the singular points wy, and wx and the
smooth behavior that is expected between them, so we can use the parametrization
in Fig. 4-1(a) to resolve the DOS in this region. For w > wx, we use the constrained
parametrization in Fig. 4-1(c), with the lowest of the d-functions locked at wx. To
determine the fraction pieqqe of states (i.e. the spectral weight) in the ledge of the
DOS in [wg,wx), a scan is performed over this parameter to locate a goodness-of-
fit minimum, in analogy to the scan over aqy of the d-edge discussed in Sec. 3.4.1.
Results are shown in Fig. 4-6 along with (x?) versus pieqge. For reference, we also
include results obtained by unconstrained sampling of the entire DOS, which cannot

resolve the singularities and look very similar to previous results generating using

MEM [18, 7].
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Based on the rapid size convergence of wy, wx, and the DOS (using the L-specific
values of wy, and wx), we believe that the results in Fig. 4-6 well represent the ther-
modynamic limit. For both U/t values, the DOS between the two singular points is
indeed very flat, motivating our designation of this part as the ledge. The singular
peak above wyx is followed by a thick tail with significant weight all the way up to
w =6 ~ 7. Given that the x? values at the minimum of the scans are statistically
acceptable (with the sampling temperature at its optimal value [124, 119]), there is no
statistical evidence for any additional peaks beyond the edge at wx. Such additional
peaks, often referred to as “ringing”, are common in MEM results and, as seen in
Fig. 4.6, are also produced by unconstrained SAC. The ringing behavior has been
explained as a compensating behavior stemming from the presence of spectral weight

inside the true gap.
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Figure 4-6: DOS obtained with the double-edge SAC parameteriza-
tion for both L = 16 (blue) and L = 20 (red), with U/t = 4 in (a)
and U/t =6 in (b). The dashed grey lines are the results from uncon-
strained sampling for L = 20. The left insets show zoomed in views
of the ledge region between wy and wyx. The right insets show the
goodness-of-fit versus the ledge fraction pjeqge for L = 20. The spectra
shown were obtained using piedge Of the minimum; in (a) preqge = 0.071
for L = 16 and pieqge = 0.082 for L = 20, while in (b) piedge = 0.115 for
L =16 and piegge = 0.113 for L = 20.
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4.5 Summary and Discussion

Despite the fundamental importance of the 2D Hubbard, crucial details of the quasi-
particle dispersion relation and the density of states have been lacking. It has for long
been established that the related ¢-J model hosts its lowest x = 0 quasiparticle for
small J/t at k = 3, and a rather flat band around k = X has been observed (whereas
a local maximum appears at X for larger J/t [17, 88, 78, 89]). The energy splitting
of the ¥ and X quasiparticles is also a well documented feature of the underdoped
cuprates [98, 79, 132, 135, 86, 3, 57]. However, this behavior has not been established
in the case of the Hubbard model at moderate U values of relevance to the cuprates
[7, 8, 59].

Our results demonstrate that the smallest gap in the Hubbard model is clearly at
Y., and we confirm a dispersion close to quartic around X. There is a barely resolvable
local X maximum, seen in Fig. 4-2(b), which implies a minor rounding of the singular
DOS at wx that cannot be resolved with our methods. Having established these
facts, we determined the fraction pjeqge Of states below wx. Within the RBA, four
hole pockets would form upon light doping x > 0 (as observed in the form of “Fermi
arcs” in underdoped cuprates [132, 135]), and merge into a contiguous Fermi sea as
the energy approaches wy.

The doping at which ledge states will be exhausted and the Fermi surface will
reconnect, ., would at first sight be be equal to pledge, ~ 0.1 for the two U/t values
considered here. However, this estimate of x. neglects the fact that there is a sig-
nificant continuum extending rather far above wy, corresponding to a collection of
excited states that dress the wy quasiparticles. A simple way to correct for the fact
that only the peak contribution to Ax(w) is accounted for in pjeqqe is to divide by the
quasiparticle weight aq for the states with wy within the ledge, ~ 0.7 for U/t = 4

and ~ 0.6 for U/t = 6. A more accurate approach to calculating x. in the RBA is by
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direct counting of the fraction njeqge of quasiparticle energies below wx.

We performed a series of systematic quadratic fits to the dispersion across the
noninteracting Fermi surface, in order to map out how the Fermi sea evolves upon
doping within the RBA [128, 33, 32]. The perpendicular quadratic dispersion gradu-
ally and continuously flattens as k approaches X. The quadratic coefficient can be well
fit to a cosine function, though this form is likely only approximate but sufficiently
precise for our purposes. Using this function, along with the quadratic fit along the
noninteracting Fermi surface (green in Fig. 4-5), we can model the quasiparticle dis-
persion in the vicinity of ¥ by a continuous function w(k). This allows us to map
out the Fermi surface at any level of doping in the RBA by identifying equal energy
contours, as shown in Fig. 4.7 for both U/t = 4 and U/t = 6. We note that as the
energy approaches wx (the blue contour) , the Fermi surface flattens near the X point,
reflecting that wx actually corresponds to a slight local maximum in the quasiparticle
energy. This is also found in the closely related ¢-J model [17, 88, 78, 89].

The k-space area of the contour with energy wx provides an alternative estimate
for the critical level of doping x.. In the rigid band picture, the fraction of the total
number of k-points with quasiparticle energies lying within the wx (blue) contour,
Niedge, 15 exactly equal to x.. With these ledge stages exhausted, doped holes would
begin to occupy the higher energy states around X, merging the four hole pockets that
form in the underdoped system. This gives a critical doping level of . = Njeqge ~ 0.13
and 0.20 for U/t = 4 and 6, respectively; both larger than the values of pieqqe extracted
from the DOS. The discrepancy between njeqge and pieqge can be attributed to the fact
Ay (w) contains both a quasiparticle peak and an incoherent continuum—a doped hole
with momentum k will thus be in a superposition of states with energies determined
by the spectral weight distribution of these two features. This implies that pieqge

should underestimate z. exactly by a factor of ag, which is verified by the observed
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relation Niedge A Pledge/ @0, With ag ~ 0.7 and 0.6 for U/t = 4 and 6, respectively.
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Figure 4-7: Fermi surfaces at doping levels corresponding to three
energy levels: just above ws (red), just below wx (blue), and an inter-
mediate energy (green).

The exact values of njegge Obtained here should not be taken as specific predictions
for the cuprates, as there will clearly be significant effects of interactions beyond
the Hubbard model. Indeed, the rather large dependence on U can be taken as
a general high sensitivity of njegge to model parameters. Our main point here is
the presence of the second singularity at wy, which should imply a drastic change
in the doped state at . = Njeqge, a change from a “plain” doped Mott insulator
(80, 103], likely with strong spin and charge density correlations [150], to something
else. While it appears plausible that the RBA applies at low doping in the Hubbard
model, in some calculations, a charge-density-wave (CDW) or stripe instability takes
place that would likely have to involve breakdown of the rigid band; a Fermi surface
reconstruction [131, 38, 9, 103]. Furthermore, it is now believed that Luttinger’s
theorem is violated in the underdoped cuprates [155, 121, 85] due to the emergence

of topologically ordered states, as investigated within a fermion-doped dimer-singlet
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model [112) 111]. If this pictures applies immediately upon doping, it would invalidate
the application of the RBA to describe the low doping behavior of these systems. But
in the absence of such complications, a compelling scenario emerging from our study
is the rigid band breaking down only when the doping exceeds the ledge fraction at
Ze = Niedge- A reason for this doping induced Fermi surface reconstruction could be
the onset of (m, ) scattering between the X “hot spots”, facilitated by exchange of
magnons and amplified by the sharp DOS peak at wx [112].

Though the standard Hubbard model may not itself have a superconducting phase
[104, 105], the second singularity in the DOS could still correspond to a critical point.
The extended superconducting phase would then be induced only in the presence of
additional interactions, with ¢ hopping the most promising candidate so far [52, 150].
While the mechanism of high-temperature superconductivity is still an open question,
the Hubbard model remains a key piece of this puzzle, and our presented results

provide further insight into their deep connection.
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Chapter 5

Cross Validation in Stochastic Analytic

Continuation

5.1 Introduction

In both the unconstrained and constrained SAC sampling schemes, the average x? of
the sampled spectra is used to optimize various parameters and gauge the ability of
the spectral representation to describe the data. While these methods that rely on
the average x? alone have been shown to produce reliable and consistent results, in
this chapter, we investigate the predictive power of these simple schemes by taking
advantage of concepts from the machine learning and statistics literature. We do this
by implementing a cross validation procedure [13, 84].

Cross validation is a tool used to compare how well different models describe a
set of data. This is generally achieved by splitting the available data into mutually
exclusive sets; a training, or sampling, set and a series of testing, or validation, sets.
A model is trained on the sampling set, typically by optimizing some type of loss
function. After training, the ability of the optimized model to describe the validation
data sets is determined using this same loss function. This can provide information
about the suitability of the model to describe the data, as well as the level of over-
fitting to noise in the sampling data set.

Cross validation has a natural extension to SAC. The imaginary-time correlation

function data, calculated using QMC simulations, are typically stored as individual
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bins, which can be split up into sampling and validation sets. Here, the goodness-of-
fit x? is used as the loss function to “train” and to “validate” the resulting spectral
function. The concept of using cross validation within SAC was first explored by
Efremkin et al. [34], whose work we draw on and significantly expand upon. Here,
we perform an exhaustive study using both synthetic and real QMC-generated data.

In Sec. 5.2 we explain our cross validation scheme in detail, including the neces-
sary modifications to the SAC procedure detailed in Chapter 3. In Sec. 5.3.1 and
5.3.2 we implement cross validation using the unconstrained SAC parameterizations
and demonstrate how it can be used to determine the optimal sampling temperature,
which we compare to the simple criterion proposed previously [124], Eq. (3.23). In
Sec. 5.4.1 and 5.4.2, we show how cross validation can be used in practice to de-
termine which unconstrained SAC sampling parameterization, using equal amplitude
d-functions or allowing for the amplitudes to vary and be sampled, produces the most
statistically likely spectrum. We extend this model selection procedure to the class of
constrained SAC parameterization in Sec. 5.5. In Sec. 5.5.1 we perform a test using
QMC-generated data for the S = 1/2 antiferromagnetic (AFM) Heisenberg chain,
where it is known that the spectral function for the operator O = S contains a
power-law divergent edge. In Sec. 5.5.2 we perform a preliminary test on the S = 1/2
AFM Heisenberg chain with long-range interactions [151, 152], a model where the
exact features of the spectral function are unknown. We summarize our results and

discuss the remaining open questions and future directions in Sec. 5.6.

5.2 Cross Validation Procedure

We begin by describing the implementation of cross validation within the SAC frame-
work. As with the standard SAC procedure, we consider Np bins of imaginary-

time correlation function data evaluated at a set of N, points 7;, {G%(7;)}, where
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b=1,2,...,Ngandi=1,2,..., N.. The Np bins are then split into K + 1 mutually
exclusive sets {G®(7;) }x of equal length N}, = N/ (K + 1). For a single cross valida-
tion run, one of the K + 1 groups will act as the sampling data set, while the other
K groups will be used for cross validation. For each group, we compute the average

Gu(m) = N%ZG%), (5.1)

bek

where the sum is over all bins b in the kth data set. We define the “error level” for
these sets of G(7) data as the magnitude of the error bar on the averaged correlation
function, G (7;), for the largest 7 point included, when normalized so that G (0) =
G*(0) = 1. For larger 3, where the relative error can become substantial at large 7,
a cutoff is typically introduced at the 7 value where this relative error on Gy(7) is
greater than 10%. In this case, we instead use this data point to quantify the error
level.

The error level provides a rough gauge of the data quality, but, just as in the
standard SAC prescription, the covariance matrix is required for the full characteri-
zation of the error and the calculation of y? [62]. We still use the bootstrap method

to calculate the covariance matrix, but we now do so for each of the K + 1 data sets:

M
1 m a m
Crii = 77 DGR (m) = Gu(m) (G (1) = Gil7y)), (5.2)
m=1
where G} represents the average of a bootstrap sample of N, randomly chosen bins
within the kth data set.

Using the k£ = 0th set of bins as the sampling data set, we carry out a simulated

annealing run described in Sec. 3.3. Along with the sampling x?,

2o i (G(m - Gm))?’ 53)

Uo(Ti>
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at each temperature, we use the sets k = 1, ..., K to compute the validation y? value:

X = iéx %$W) (5.4)

As always, we use the full covariance matrix to calculate x?, but transform to its
eigenbasis so the calculation can be done using the computationally simpler diagonal

form.

5.2.1 Connection to the Bias-Variance Trade Off in Machine Learning

The inquisitive reader may be curious why the set of sampling G(7) bins is so much
smaller than the set of validation G(7) bins in our cross validation procedure, in
contrast to the standard used in traditional machine learning [84]. This choice can be
motivated by performing a decomposition of the 2, formula in Eq. (5.4) in a manner
similar to the bias-variance decomposition of the out-of-sample error [84] in machine
learning.

If we denote the exact correlation function by Gex(7), Eq. (5.4) can be rewritten

as

2L Z 3 ( 1) = Gex() + Gex() Gk(ﬂ-)>2 | (55)

k: 1i=1 o(7i)

which can be split into three terms:

Xoal = X1+ X + X, (5.6)
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where

X, =t i 'NT (G(Tz‘) - GeX(Tz‘))Q, (5.7)

K k=1 i=1 7k (7i)
1 N- (Gem) = Gam)?
X, = K; 3 ( i) ) , (5.7b)

(5.7¢)

Here X, contains purely information about how well the estimated G(7), calcu-
lated from the sampled S(w), describes the exact correlation function. This will vary
as we change O, or any other parameter used in the SAC program, and will be min-
imized by the most statistically likely spectral function, given input data G(7) and
the corresponding covariance matrix Cy. In the standard bias-variance decomposition,
X is analogous to the the Bias® + Variance term [34].

X, is the the x? value for the validation data with respect to the underlying data
Glex, averaged over each of the K validation data sets. The value of X5 will follow the
x? distribution with Ny, = N, and will have a mean of F [X5] = Ngof = N, and a
variance of V' [X5] = 2Ngor = 2N,. This term is independent of any SAC parameter
and will simply contribute a background value of N, in the limit of large K. In the
standard bias-variance decomposition, X, is analogous to the the Noise term [34].

X3 contains both information about the accuracy of G(7) with respect to Gex(7)
and the deviation of the G(7) with respect to Gec (7). However, these two factors
are uncorrelated, and since we expect that the fluctuations of Gy (7) will follow a
Gaussian distribution with a mean of zero, this term will also have a mean of zero.

Using the above properties, the reduced validation x? becomes simply

ii ( l)‘”‘(n)f 41 (5.8)
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It is not straightforward to separately define the bias and variance of a SAC model,
as one can do in a standard machine-learning model. Each SAC parameterization
does make its own simplifying assumptions about the underlying spectral function
(i.e. contain its own biases) and does fluctuate according to the input data to its
own degree (i.e. contains its own model variance), but distilling these two effects as
a function of parameterization complexity is unfeasible. Consequently, in SAC the
bias-variance tradeoff does not play quite as large of a role in model selection as it
does in typical machine learning.

For our goal of cross validation as a tool for model selection, we simply aim to
minimize the combined Bias? and Variance term X; within as a class of suitable SAC

parameterization, while minimizing the fluctuations in X, that may mask the signal.

5.2.2 Choosing the Optimal Number K of Validation.

To determine what K, we analyze the individual K scaling of the Xj:

N. K
Z 1
Xl = (G(Tz) Gex Tz s (59)
N. K
a 1 N, 1
x Gex(Ti))” X — X —, (5.10)
K ,; )P <R

where we have used that variance of the the the 7; data point in validation group k is
equal to o2, /Ny, where o2, is the variance of the individual bin measurements. As K
decreases, and the number of data points in each validation set increases, the signal
in X; will be amplified. However, the variance in X5, which contributes a constant
background value of N, also scales as 1/K. So the optimal K will balance these two
effects—maximizing the signal in X; while minimizing the noise contributed by Xj.
One option would be to optimize K using cross validation itself. We can perform
the cross validation procedure for a series of K values, and use the model selection

results from the K value that produces the lowest x2,, amongst all parameterizations
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tested. However, when preforming cross validation, it is also important to consider the
error level of the sampling data set. A smaller K lowers the error level on the sampling
set, which will produce an overall better result for S(w). As demonstrated in the many
examples investigated in Ref. [124], an error level of o ~ 107° is typically sufficient
to accurately reproduce the underlying spectra. When the spectral function contains
many fine features, such as collections of small peaks or sharp edges, a smaller error
level may be necessary to accurately resolve said features. However, for the spectra
we consider here, this is not the case, so we have used data with ¢ ~ 107 in all of the
examples shown in the following sections. For the tests using QMC-generated data,
this restricted us to using K = 20 validation data sets. For consistency, we have also
used this number of validation sets for our tests using synthetic data, where we have
direct control of both the error level and number of G(7) bins.

We have tested an alternative approach that maintains as high a data quality as
possible in the sampling/validation sets and maximizes the signal in X; by splitting
the G(7) data into just two mutually exclusive sets. To reduce fluctuations in the
X5, we repeat this process many times, with new random partitions for the sampling
and validation sets, and average the results. This method produced results that
agreed with those generated using the procedure outlined above (K = 20), which is
consistent with our experience using SAC. Increasing the error level by a factor of
V21 2 4.5 (which is the effect of using only 1/21st of the total number of G(7) bins)
will rarely be detrimental to the accuracy of SAC, assuming the data quality is high
to begin with and the spectral function does not contain many fine features. This
approach does offer the advantage of being able to generate additional validation data
sets as needed, until the results converge, and is ultimately the method we suggest

using moving forward.
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5.3 Optimal Sampling Temperature
5.3.1 Single Gaussian Peak

Our first implementation of cross validation will be to provide support for the optimal
© criterion, Eq. (3.23). The motivation behind this criterion is to achieve a statisti-
cally good data fit while placing the simulation in a temperature range safely above
the regime of over-fitting, which we will be able to identify by tracking the behavior
of the validation x? as © is lowered.

For our tests, we will use synthetic G(7) data aimed to mimic the data generated
in a QMC simulation. Given an artificial bosonic spectral function S(w), we use
Eq. (3.7) to calculate the exact imaginary-time correlation function. To introduce
the statistical errors necessarily present in QMC-generated data, we generate many
G(7) bins with noise that is correlated in imaginary-time. This is done by first
generating normally distributed noise for each 7 point o(7;), and then taking the

weighted averaging over all 7 points with an exponentially decaying weight function:

e(m) = 'ZTEO(Tj)ehiTj'. (5.11)

It was shown that the presence of covariance in the data actually improves the results
of the SAC method [124], so including this in our synthetic data is critical when
comparing to QMC-generated data.

In our first test, we consider a spectrum consisting of a single Gaussian peak,
centered at w = 3. This spectrum can be essentially perfectly reproduced using the
unconstrained SAC procedure, Fig. 3-1(a) and (b). In this example, we use N, =
5,000 total d-functions, which is large enough to no longer detect the dependence of
S(w) on N,,.

We generated K = 20 independent validation data sets, each containing 1,000 bins
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of synthetic G(7) data with an error level o = 107°. While it is certainly reasonable to
generate this volume of data using modern QMC methods, this would be an inefficient
use of computational resources given that the majority of the data is being used for
validation. However, we used this large quantity so that the simplifications made in
the large K limit are more accurately realized. As we show in Sec. 5.5, one can still
use cross validation with far fewer G(7) bins, even when this limit is not fully reached.

When converting from S(w) to G(7), we set the inverse temperature f = 2 and
use a 7 spacing of A, = 0.0625, giving N, = 16 imaginary time points. The relatively
low value of 8 used here was chosen in light of the fact that spectra consisting of
broad and smooth features, such as the simple Gaussian used here, would usually be

found at higher temperatures.
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Figure 5-1: For the spectral function shown in Fig. 5-2, the average
of K = 20 cross validation annealing runs using synthetic data with
a noise level of ¢ = 107°. Panels (a) and (b) show the behavior x?
and x2,, versus ©. The temperature range corresponding to Eq. (3.23)
with @ = 0.25 — 1.0 is shaded in blue. The temperature where x2,
is at its minimum is marked by a red vertical line. The spread (one
standard deviation) in the location of the x2, minimum is denoted by
the red dashed lines. The x? and x?2, values have been normalized by
the number of 7 points, and the background value of 1, corresponding
to Xy in Eq. (5.6) has been subtracted from x?%,. The colored points
along the curves mark the sampling temperatures of the corresponding
spectra in Fig. 5-2
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Figure 5-2: Deviation between the exact spectrum and those sampled
at four different temperatures ©: that where a = 0.5 (blue), where
X2, is minimized (red), and © values above/below (yellow/green) this
minimum. Inset: the spectral function themselves. In this case, it is
difficult to distinguish the different spectra, as they nearly overlap.

The results of the cross validation procedure are presented in Fig. 5-1 and Fig. 5-2.
Fig. 5-1 show the behavior of the sampling y? (panel (a)) and the validation x? (panel
(b)) versus O, averaged over all K = 20 validation data sets and normalized by
the number of 7 points. The temperature range corresponding to Eq. (3.23) with
a = 0.25 — 1.0 is shaded in blue. The temperature where the validation x? is at its
minimum is marked by a red vertical line, with the red dashed lines denoting the
standard deviation of the location of the minimum. In practice, it is useful to repeat
this process, rotating which of the K + 1 data sets is used for sampling and which

are used for validation, and averaging the results in the end. However, for this test
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we found this this was not necessary given the large number of synthetic data bins
that can be easily generated.

In Fig. 5-2, we show the difference between the the exact spectrum and the SAC
spectra sampled at the temperature where a = 0.5 (blue), at the validation x? min-
imum (red), and at temperatures above (yellow) and below (green) the validation
minimum, for comparison. In the inset of Fig. 5-2, we show the spectral functions
themselves. To generate these spectra we ran the SAC procedure using all bins,
recombined from the K + 1 = 21 sets, thus taking full advantage of the data at hand.

In this case, the minimum of the validation x? is quite sharp and agrees very
well with the temperature from Eq. (3.23). Consequently, the red and blue spectra
in Fig. 5-1 are nearly identical, and, for all intents and purposes, are equally valid
representations of the true spectrum, shown in black. The green and yellow spectra

are included to show the relatively small © dependence for this simple spectrum.

5.3.2 Two Gaussian Peaks

We now turn to an example where the unconstrained sampling parameterization can-
not reproduce the artificial spectrum quite as closely. The spectrum we consider is
composed of a pair of Gaussian peaks, one broader than the other, that intersect
slightly. The area near the sharp dip, where the two peaks overlap, poses difficulties
and would require a lower error level than one could reasonably achieve using real
QMC-generated data to resolve fully [124]. As such, the criterion in Eq. (3.23) pro-
vides an estimate for the temperature corresponding to the best possible spectrum,
given these limitations.

We performed the same test as in Sec. 5.3.1, and present the results in Fig. 5-3.
In this case, both the validation minimum and the temperature range corresponding
to the criterion with a ranging from 0.25 and 1 are much broader, but still align

quite well with one another. The higher level of uncertainty is a reflection of the
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inability of the unconstrained sampling scheme to reproduce this spectrum nearly as
well as in the previous case, which can be seen clearly in Fig. 5-4. Here we again
plot the spectra at the validation x? minimum (red) and at the temperature where
a = 0.5 (blue), as well as at a slightly lower/higher temperature, corresponding to
one standard deviation below/above from the validation minimum (green/yellow). It
is interesting to note that, at the lower sampling temperature (green), SAC is able
to reproduce certain features of the exact spectrum better than at the temperatures
corresponding to the validation minimum or a = 0.5 (such as the position of the first
peak and area where the two peaks intersect), while reproducing others not as well
(such as the position of the second peak). This is consistent with the broadness of
the validation y? minimum, as it is not necessarily clear which is the better choice of
spectra. Furthermore, all of the spectra shown here are acceptable reproductions of
the underlying artificial spectrum; the most prominent features of the spectrum are
captured well in all four cases and the deviations plotted in Fig. 5-4 reflect only small

shifts in the locations and amplitudes of the two Gaussian peaks.
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Figure 5-3: For the spectral function shown in Fig. 5-4, the average
of K = 20 cross validation annealing runs using synthetic data with a
noise level of ¢ = 107°. Panels, symbols, and set up are identical to
those in Fig. 5-1.
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Figure 5-4: Deviation between the exact spectrum and those sam-
pled at three different temperatures: the temperature where a = 0.5
(blue), the temperature where x2, is minimized (red), at a slightly
lower temperature, corresponding to one standard deviation below this
minimum (green), and at a slightly higher temperature, corresponding
to one standard deviation above the minimum (yellow). We note that
the magnitude of the deviation is both a reflection of the error in the
amplitudes and the locations of the two Gaussian peaks. Inset: the
spectral function themselves. Just as in Fig. 5-2, the red and blue spec-
tra are nearly indistinguishable.

We emphasize that using cross validation to determine the optimal sampling tem-
perature is not necessary when running SAC with real QMC-generated data. Rather,
these test-cases show that the criterion in Eq. (3.23) indeed samples safely above the
regime of over-fitting, while still keeping x? at an acceptable level, and should be
used as the method of fixing © in real use-cases. In the following sections we will
explore a more practical and decisive use for our cross validation procedure, as a tool

for selecting the most applicable SAC parameterization.
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5.4 Optimal Spectral Parameterization:

Unconstrained Sampling

Our second application of cross validation will be to help determine which SAC param-
eterization to use when the exact spectral features are unknown, i.e. model selection
[13, 84]. In the unconstrained parameterization, we can either use fixed ampltiude
d-functions and only sample their positions (Fig. 3-1(a)), or additionally, sample their
amplitudes (Fig. 3-1(b)). These two parameterizations, which we’ll refer to as equal
and variable amplitudes (EA and VA, respectively), have different configurational
entropies as well as different sampling efficiencies, depending on the exact form of
the underlying spectrum. For the EA parameterization, the entropy is the conven-
tional Shannon information entropy [10, 124], while for the VA parameterization, a
generalized Rényi entropy is instead appropriate [42].

In many cases, such as the two considered in the previous section, the output
spectra will depend very little, if at all, on whether amplitudes are sampled along with
frequencies. More specifically, if N, is large enough, the spectral features are not very
sharp, and the error level is low, the different entropy contents will only minimally
affect the sampling efficiency and the underlying spectrum can be reproduced with
high fidelity using either parameterization [124]. But this is not always the case, as

we will explore in the following sections.

5.4.1 Two Equal Amplitude Gaussian Peaks

In the first case we consider, we used an artificial spectrum composed of two equal
amplitude Gaussian peaks centered at w = 2 and w = 4. While this spectrum is
relatively simple, the proximity of the two peaks poses similar difficulties to those
encountered in Sec. 5.3.2; the low amplitude region in between the two peaks can-

not be resolved fully at this error level, which causes a ripple effect of distortions
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throughout the spectrum. The two unconstrained sampling schemes, EA and VA,
are able to overcome these challenges to different extents, which can be seen clearly
when performing tests using artificial spectra. However, when performing analytic
continuation using QMC-generated data, one must instead rely on cross validation to
asses the abilities of these two parameterizations.

Just as in Sec. 5.3, we generated K + 1 = 21 sets of synthetic data with error level
o = 107°. In this case, we used a slightly higher inverse temperature, 3 = 16, and
accordingly a larger 7 spacing, A7 = 0.1, when converting the artificial spectrum to
G(7). When defining the error level, we introduce a cutoff of 7,.c & 4, chosen so that
the relative error on G(7) does not exceed 10%. We ran the cross validation procedure
using two different SAC parameterizations, the unconstrained sampling method with
equal amplitude and variable, sampled amplitude d-functions, and compare their

performance.
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Figure 5-5: Cross validation results for the spectral function shown
in Fig. 5:6. In panel (b), the sampling x? values, normalized by the
number of 7 points, is plotted versus the sampling temperature ©. In
panel (c), the validation x? values, also normalized by the number of
T points, but now also averaged over all cross validations data sets, is
plotted versus the sampling temperature ©. We have subtracted the
background constant of one from the validation x? to account for the
term X, in Eq. (5.6). In panel (a), the validation x? as a function of
the sampling x? is plotted to allow for direct comparison of the two
parameterizations at a fixed value of the sampling x?.

Figure 5-5 shows the results of this cross validation test. The normalized sampling
x? during the annealing run is shown in panel (b) for both updating methods, equal
(red) and variable (blue) amplitudes. Because the entropy contents of the spectra
defined with each parameterization are different, the annealing paths they take differ,
so it is also informative to compare the validation x? values at the same value of the
sampling x2. This is shown in Fig. 5-5(a) where we plot the validation x? versus the

sampling y? throughout the annealing run.
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Figure 5-6: Spectra corresponding to the two parameterizations shown
in Fig. 5-5, equal amplitudes (panel (a)) and variable amplitudes (panel
(b)). The exact spectrum is plotted in black, while the two colored spec-
tra correspond to two different sampling temperatures: the validation
x? minimum (red) and the criterion in Eq. (3.23) with @ = 0.5 (blue).
In both cases, N, = 4,000 é-functions were used, which was chosen to
ensure that there was no dependance of S(w) on N,,.

For this spectrum, the validation y? reaches the lowest minimum value for the
EA parameterization, which can be clearly seen in Fig. 5-5 panel (c), and even more
clearly in panel (a). We can see why this is the case by comparing the spectra
produced using both parameterizations, shown in Fig. 5-6. Here, we plot the spectra
at two sampling temperatures, corresponding to the validation y* minima (red, with
X/N- ~ 0.56) and the criterion in Eq. 3.23 with a = 0.5 (blue, with x /N, ~ 0.54).

The EA parameterization (panel (a)) produces a spectrum where both the shapes
and heights of the two Gaussian peaks are very close to those in the exact spectrum,
shown in black. On the other hand, the VA parameterization (panel (b)) produces
peaks that are far too sharp with amplitudes that are unequal and too large. While
both parameterizations are unable to correctly reproduce the region in between the
two peaks, the VA parameterization performs far worse. The excessively tall peaks
produced by the variable amplitudes parameterization may be compensation for the
missing weight in this region.

Each SAC parameterization comes with its own set of entropic pressures asso-
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ciated with the degrees of freedom that are being sampled. In the case of the VA
parameterization, it is known that these pressures overly favor sharp peaks [124]. In
this example, that comes as a detriment, but in others, this can be advantageous, as

we will explore in the following section.

5.4.2 Sharp Gaussian Peak with a Shoulder

For our second test, we consider an artificial spectrum composed of a tall and sharp
Gaussian peak centered at w = 2, followed by a short and broad Gaussian at w = 3,
which forms a shoulder-like feature for the first peak. A similar artificial spectrum was
used in Ref. [124] to study this exact issue, whether or not to sample amplitudes along
with frequencies. It was found that including amplitude updates was necessary to
resolve both the dominant peak and the shoulder for data with error levels attainable
using QMC [124]. Being able to determine this using cross validation would be very

valuable when the exact underlying spectrum is unknown.
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Figure 5-7: Cross validation results for the spectral function shown
in Fig. 5-8. Panels and set up are identical to those in Fig. 5-5

Again, we generated K + 1 = 21 sets of synthetic data with error level o = 107°
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and use f = 16 with A7 = 0.1 (again, with 7,.x & 4), which is the same inverse
temperature used in Ref. [124] for their tests on this type of spectral function. The
results of the cross validation procedure are shown in Fig. 5-7 and the corresponding
spectral functions are shown in Fig. 5-8.

In this case, cross validation suggests that the VA parameterization performs
better, in contrast to the previous example. Here, the validation x? reaches a lower
minimum value (panel (c)), but is also lower for the majority of the annealing process,

when compared at fixed values of the sampling x? (panel (a)).
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Figure 5-8: Spectra corresponding to the two parameterizations shown
in Fig. 5-6. Panels and set up are identical to those in Fig. 5-6, except
an additional spectrum is plotted, corresponding to the criterion in
Eq. (3.23) with a = 2.0.

In Fig. 5-8 we plot the spectra at three different sampling temperatures for both
parameterizations. The red spectra were sampled at the temperature corresponding to
the validation minima, and the blue and green spectra were sampled at temperatures
corresponding criterion in Eq. (3.23) with @ = 0.5 and a = 2.0, respectively.

At all three sampling temperatures, the VA parameterization is able to resolve the
first peak with higher fidelity. In both cases, the spectra sampled at the validation
x* minima (red, with x/N, ~ 0.55) do not reproduce the shoulder feature very well,

instead displaying a ringing pattern around this structure. But as the temperature,
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and consequently the x? value, are increased (blue, with /N, ~ 0.66 and green,
with x/N, ~ 1.0), the shoulder is reproduced with much higher accuracy by the VA
parameterization. This is, however, not the case for the EA parameterization, as
suggested by the results shown in Fig. 5-7(c).

In the previous examples, there was much better agreement between the validation
x> minima and the criterion in Eq. (3.23) than there is for this case. We explain this
discrepancy by noting that at the error levels considered here, ¢ = 107, this spectrum
is unable to be produced with nearly as high a fidelity. If the SAC results will always
deviate from the exact solution in some considerable way, then the validation y?
may be minimized by a spectrum that does not visually appear to match the exact
spectrum quite as well as one that is produced at a slightly higher or lower sampling
temperature. This is exemplified by the a = 2.0 spectrum in Fig. 5-8(b); while it may
visually appear to be the most accurate, the results of the cross validation procedure
suggests that this is not the case. Cross validation identifies the spectrum with the
corresponding G(7) that is closest to the exact solution, and in some cases this may
be a spectrum that deviates from the exact S(w) in multiple different ways, i.e. a
compensating effect that produces multiple different distortions. Even considering
these limitations, it is clear that cross validation can accurately determine which
unconstrained sampling scheme produces the most accurate spectrum.

At this point it should be pointed out that in the four unconstrained sampling
tests we have presented, the fidelity of the SAC spectrum varies depending on the
exact form of the underlying spectrum. In light of this, the cross validation x? value
should not be taken as an absolute measure, but rather a relative statistic used to
compare two (potentially imperfect) solutions. The ability of cross validation to
identify which imperfect solution is more accurate, as gauged by direct comparison

to the exact spectrum, is a testament to the robustness of this procedure.
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5.5 Optimal Spectral Parameterization:

Constrained Sampling

We now extend the concept of cross validation as a tool for model selection to the
constrained SAC sampling schemes (Fig. 3-1(c)-(e)). In many cases, it is known that
the spectral function contains a sharp feature, but the exact form of this feature, and
thus which constrained sampling scheme to use, is unknown. Relying on the value of
x? alone to compare the resulting spectra is not always reliable, since the SAC method
can produce spectra with acceptable x? values even when the improper parameteri-
zation is being used (a consequence of the “ill-posed” problem). Our cross validation
procedure can be used as an unbiased method not only to determine whether an
unconstrained or constrained sampling scheme should be used, but also to deter-
mine which of the constrained sampling scheme produces the most statistically likely

spectrum.

5.5.1 Heisenberg Chain

We first demonstrate the ability to discriminate between models using real QMC
data, generated using the stochastic series expansion (SSE) method [115], for the
S = 1/2 AFM Heisenberg chain. We followed the procedure outlined in Sec. 5.2,
again with K = 20 validation sets with an error level of o = 107°. The system size
used here is L = 512, and the QMC simulation was run using the inverse temperature
£ = 1024, which is large enough to access ground state properties. We considered
the spectral function for O = S7, S (w). at two momenta, ¢ = 7/2 and 37/4, as
test cases. For both ¢ values, the optimal weights of the macroscopic d-peak were
determined using the method detailed in Sec. 3.4.1 (ap = 0.40 and 0.35 for ¢ = 7/2
and 37 /4, respectively, see Fig. 3-4). Due to the logarithmic correction to the square-

root divergent edge form of the spectral function [24, 25, 99], the optimal power p
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for each ¢ value considered may not necessarily be equal to —0.50. There are some
subtleties in determining the optimal p value, as discussed in Sec. 3.4.2 and expanded

upon below.

p Scan

To produce a spectrum with an edge that diverges asymptotically with an arbitrary

exponent p # —0.5, the d-functions amplitudes can be varied according to the form,

a; x i c=2p+1 (5.12)

Here, the index ¢ € {1, N,,} denotes the index of the sampled J-functions (note that
p = —0.5 corresponds to ¢ = 0, i.e. equal amplitudes). In both the p = 0.5 and
p # —0.5 cases, the spectrum will only exhibit the power-law divergent form very
close to the edge; away from this edge, the QMC-generated data instead dictates
the exact shape of the monotonically decaying tail. Therefore, it is not necessary to
varying the amplitudes according to Eq. (5.12) for all N,, of the d-functions, and the
instead a cross-over to equal amplitudes is implemented at index ¢ = ng. The exact
location of ng is determined by the QMC-generated data, and is thus sampled along
with the other updates of the spectrum within the SAC program. Figure 5-9 shows
an example of how the amplitudes may vary with w; for an exponent p = —3/4, which
is what was used for the for the diagram in Fig. 3-1(e). The cross-over point for this
example was ng/N, = 0.50, meaning that half of the amplitudes vary according to

Eq. (5.12).
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Figure 5-9: Variable amplitudes used to produce the J-function di-
agram in Fig. 3-1(d). For an exponent p = —0.75, the amplitudes
increase as the edge is approached. The location of the equal ampli-
tude cross-over point, ng, is marked.

Because of the sampling of the crossover point, one has to be slightly more careful
when analyzing the results of a scan over p. If the p value that minimizes the y? value
is accompanied by a very small value of ng, this implies that this optimal exponent is
“fictitious.” In this case, the d-functions transition very quickly to the equal amplitude
form and the asymptotic divergence (w — wp)? is only realized is a very small region
of the spectrum. In contrast, if the optimal exponent has a ngy value that is close
to one, the amplitude form is applied to the majority of the d-functions and is thus
realized for a large portion of the spectrum. This suggests that the accompanying
low x? value indeed indicates a good statistical fit for a spectrum with this specific
divergent edge form.

There are no definite rules for determining the optimal exponent under these

considerations, but Fig. 5-10 provides two characteristic examples of how one may
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use the y? and ng values from a scan over p to determine the optimal exponent.
Panels (a) and (b) show the x? and ng values versus —p for S(¢ = 7/2,w). In this
case, the x? value is nearly constant for —p < 0.50 and rapidly increases when —p
exceeds 0.50. The value of ng is small (less than ~ 0.30 and as small as 0.02 for
—p = 0.40) during this constant x? platform, which explains this behavior. The low
values of ng imply that the edge is, for the most part, of the form (w —wy)~"/2, which
is corroborated by the fact that the x? value when p is exactly —0.50 is roughly equal

to the x? values for —p < 0.50.

2.0 1.0
q=m/2
1.81 0.81
1.6
[N 0()‘
= o
S~ 144 S
= 0.41
1.2
1.0 0.21
(a) (b)
0.81 . . . . . . . 0.0 . .
y 1.0
“ qg=3m/4
0.81
1.31
- 0.6
z -
3 g
< 1.21 0.41
0.2
1.11
() (d)
01 02 03 04 05 06 07 08 0.1 02 03 04 05 06 07 08
D -P

Figure 5-10: Results of p scan for the S = 1/2 Heisenberg chain. Pan-
els (a) and (c) show the x? value versus p (Ap = 0.05) for ¢ = 7/2 and
q = 37m/4, respectively and panels (b) and (d) show the corresponding
values of nyg.

When —p exceeds 0.50, the value of ng jumps close to one. Since the y? value also

begins to increase in this region, —p > 0.50 can be ruled out as optimal exponent
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values. The combination of these two trends strongly imply that p = —0.50 is the
true exponent, which is to be fully expected for dynamic spin structure factor of the
Heisenberg chain, according to the BA solution [24, 25, 99].

Panels (c¢) and (d) show the results of the p scan for S(¢ = 37/4,w). Just as
for ¢ = 7/2, ng is small for —p < 0.50 (less than ~ 0.20 and as small as 0.02 for
—p = 0.30). However, in contrast to ¢ = 7/2, this range of p values does not coincide
with the x2 minimum. Therefore, we can say with certainty that the optimal exponent
does not lie within this range. In this case, there is a clear xy? minimum at —p = 0.70,
but the accompanying value of ng is small, ~ 0.20. The ng value for —p = 0.60 is much
larger, around 0.60, and the y? value is within 4 % of the overall minimum value.
This difference in the x? is likely too small to say with certainty that p = —0.70 is
really preferable over p = —0.60, so considering the much larger ng value, we conclude
that the true optimal exponent for ¢ = 37 /4 is p = —0.60. This is further supported
by the very good agreement between the SAC spectra with p = —0.60 and the BA

solution, shown in Fig. 3-5(f).
Cross Validation Results

For this test, we performed the cross validation process outlined above for three
parameterizations (unconstrained, single-peak, and edge). We also rotated which
of the K + 1 = 21 sets of QMC-generated data was used for sampling, and which
ones were used for validation, and averaged the results over all of the rotations. We
found that this extra step was necessary given the quality and quantity of the QMC-
generated data at hand. In this case, the alternative cross validation method (50/50
splits, repeated many times in a bootstrap fashion) may actually be preferable, for
this very reason, which we will touch on at the end of this section.

Fig. 5-11 shows the results of this test. The the normalized sampling (panels (b)

and (e)) and validation (panels (c) and (f)) x? values are plotted versus © for each
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parameterization: unconstrained (red), single-peak (blue), and edge (green). Just
as with the two unconstrained sampling parameterizations, the entropy contents of
the spectra defined with each constrained sampling parameterization are different, so
to better compare the three parameterizations, we plot the validation y? versus the

sampling x? as well, shown in panels (a) and (d).
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Figure 5-11: Cross validation results for S(¢ = 7/2,w) and S(¢ =
3m/4,w) of the S = 1/2 Heisenberg chain (L = 512, § = 1024). In
panels (b) and (e), the sampling x? values, normalized by the number
of 7 points and averaged over all cross validations runs, is plotted versus
the sampling temperature ©. In panels (c) and (f), the validation >
values, also normalized by the number of 7 points (50 in this case) and
averaged over all cross validations runs, is plotted versus the sampling
temperature ©. We have subtracted the background constant of one
from the validation x? to account for the term X5 in Eq.(5.6). In panels
(a) and (d), we plot the validation y? as a function of the sampling x?,
to allow for direct comparison of the three parameterizations at a fixed
x? value.
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While it is difficult to glean any information about the relative performance of
the three parameterizations from the sampling y?, the validation x? paints a much
different picture. At each temperature, the the edge parameterization has the lowest
validation x?, followed by the single-peak case, and then unconstrained sampling.
This would suggest that the edge is indeed the most appropriate parameterization,
in agreement with the BA solution for this model. This conclusion can also be made
when comparing the values of the validation x? at fixed 2. For ¢ = /2, the edge
clearly performs the best of the three parameterizations during the entire annealing
run. For ¢ = 37/4, the validation x? for the edge parametrization only dips below
that of the other two at the end of the annealing run, but clearly reaches the lowest
minimum value. We thus find that it is important take into consideration both
the minimum value of each validation x? curve and the path the curves take when
comparing the various parameterizations.

We now compare the corresponding spectra, shown originally in Chapter 3, but
reproduced here in Fig. 5-12, to see if the hierarchy suggested by the validation y?
is borne out in the results of the analytic continuation process. As reflected by the
relative differences between the validation x? curves, the single-peak and edge spectra
share similar features, such as lower bounds near w = 1.5 (¢ = 7/2) and w = 1.0
(¢ = 3mw/4), while the unconstrained sampling produces spectra with considerable
spectral weight below the edge. The BA results [1], shown in black, agree very well
with the edge spectra (with edges that nearly perfectly align), moderately well for the
peak spectra (but with some large deviations), and very poorly with the unconstrained
spectra, supporting the results of our cross validation test. Here, it should be noted
that the BA spectra have been subject to broadening, and furthermore, the calculation
of these spectra only take into consideration two-spinon and four-spinon contributions

[26]. As such, it is known that a few percent of the total spectral weight is missing,
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which could at least partially explain the minor deviations between the two spectra

in Fig. 5-12(c) and (f).
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Figure 5-12: Reprint of Fig. 3-5 for reader’s convenience.

The fact that the edge outperforms the unconstrained and single-peak parameter-
ization strongly supports the viability of cross validation as a tool for model selection.
Considering the fact that for a chain of length 512, the exact T = 0 spectrum likely

only contains ~100 delta functions with significant weight, deduced by extrapolating
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from the results for smaller system sizes [111, 1419], it is remarkable that our method
is able correctly identify the true form of the spectral function in the thermody-
namic limit. It is quite possible that if smaller system size was considered instead, a
spectrum composed of a dominate peak plus a smooth continuation would actually
be the best representation and the single-peak parameterization would perform the
best. But this is not the case here, implying that finite size effects are sufficiently

mitigated.

Cross Validation Results using Alternative Procedure

We tested the alternative procedure introduced at the end of Sec. 5.2 and present
the results in Fig. 5-13. The same conclusions are drawn from both cross validation
methods (cf. Fig. 5-11); the edge parameterization has the lowest validation y? when
compared to the single-peak and unconstrained methods, at a fixed value of the x2.
The validation x? curves for the peak and edge parameterizations (¢ = 7/2) and
unconstrained sampling (¢ = 37/4) do not have well defined minima, which differs
from the results in Fig. 5-11. Nevertheless, the results of this test are clearly inline
with those presented in Sec. 5.5.1 and emphasize that the value of the validation y?
throughout the entire anneal, as well as its minimum value, are important to consider

when preforming cross validation.
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Figure 5-13: Cross validation results for S(¢ = 7/2,w) and S(q =
3m/4,w) of the S = 1/2 Heisenberg chain (L = 512, § = 1024) using
the alternative cross validation procedure. Panels (a) and (b) show
validation x? as a function of the sampling x? for ¢ = /2 and q = 37 /4,
respectively.
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5.5.2 Heisenberg Chain with Long-Range Interactions

We now turn to a case where the exact features contained in the spectral function are
unknown, the unfrustrated AFM Heisenberg chain with power-law decaying interac-

tions [156, 75]:
L/2 L

H=Y 71> 8i S, (5.13)
r=1 =1

where .
_ L/2
(_1)r 1 1
J=G—— G=|1 — | . 5.14

We note that the normalization of the coupling, G, chosen so that > |J,| = 1, differs
slightly from that used in previous related studies. Interest in this model is rooted in
its possible connection to the 2D square lattice AFM Heisenberg model, as the long-
range, staggered interactions allow for symmetry breaking and true long-range order
to form in this 1D quantum magnet at T' = 0, effectively increasing its dimensionality
[151]. The excitation spectra of the long-range Heisenberg chain is a key ingredient in
understanding the nature of its ground state, and the ability to resolve sharp features
with the aforementioned constrained SAC sampling schemes may help clear up the
long-standing uncertainties surrounding this model. An extensive study of this system
will be published in a separate paper, where spectral functions are calculated in both
the Néel ordered phase (o < a. = 2.22(1)), as well as in the quasi long-range ordered
(QLRO) phase (o > «.), on the other side of the quantum phase transition (QPT)
[152].

The transition between the Néel and QLRO phases provides an excellent appli-
cation for cross validation, because of the uncertainty surrounding the nature of the
ground state excitations. Deep in the QLRO regime, it is expected that the spec-
tral functions contains a power-law edge, in light of the BA results discussed in Sec.

5.5.2. While deep in the Néel phase, the spectral function should contain a dominant
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magnon-peak, in analogy to the 2D AFM Heisenberg model [58, 22]. A previous study
on a Heisenberg chain with similar long-range interactions only resolved spectral func-
tions with sharp magnon peaks, followed by weak features at higher energy, when the
system is in Néel phase [151]. This study used the time-dependent Density Matrix
Renormalization Group method, which is known to produce artificially broadened
peaks due to limits on the width of the real-time window used in the calculations.
Due to the uncertainties introduced by this method, the nature of the higher-energy
continuum was not examined in detail. The J-function peak SAC parameterization
could potentially provide a significant improvement to these results, and the appli-
cation of the edge parameterization could provide completely new insights into this
model.

Here, we use cross validation to test three SAC parameterizations (unconstrained,
single-peak, and edge) in the Néel ordered regime (o = 1.5), in the Néel, but close
to the QPT (o = 2.0), and on the QLRO side of the QPT (a = 3.0) for the spectral
function of the operator O = S7__ Jo- In Ref. [152], a broader set of SAC parameteri-
zations are tested and all momenta are examined, but here, we will only focus on this
single momentum and the three parameterizations discussed thus far.

Figure 5-14 shows the results of the cross validation procedure for this model.
Here, we again used QMC data generated using the SSE method, for a system of
length L = 256 at inverse temperature § = 256. The number of validation data sets
used in this run was K = 20, which was chosen to limit the error level to o = 107°.
Just as before, the values of ay and p used in these tests were identified using scans

[152].
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Figure 5-14: Cross validation results for the S = 1/2 Heisenberg chain
with long-range interactions (L = 256, § = 256), for a = 1.5 (panels
(a)-(c)), 2.0 (panels (d)-(f)), and 3.0 (panels (g)-(i)). The spectral
function considered here is for the operator O = 57__ /o Panels and set
up are the same as in Fig. 5-11.
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For all values of o considered here, the unconstrained sampling expectedly per-
forms the worst of the three parameterizations. It is known that in both the large
and small « limits, the spectral function contains a sharp edge feature, so it is likely
that for intermediate values of a, the spectral function also contains a low energy
edge of some form. It is most instructive, however, to look at the behavior of the
single-peak and edge curves as « is increased. For a = 1.5, the long-range Heisenberg
chain exhibits Néel order and will thus host coherent, spin-wave excitations, albeit
with anomalous dispersion [156, 76, 152]. We thus expect the spectral function to
contain a dominant magnon peak, as was resolved using the single-peak parameteri-
zation in the 2D square lattice Heisenberg model [123]. Accordingly, the single-peak
curve in Fig. 5-14(a) (blue) reaches the lowest validation x? minimum. The spectral
functions produced using these two parameterizations for this value of o are shown in
Fig. 5-15. While the two spectral edges align nearly perfectly, the distributions of the
spectral weight above this lower bound differ. We attribute the observed difference
in the validation y? values to this difference and conclude that the spectral function
for a = 1.5 does not contain a monotonically decaying edge. We contrast that with
the curves in Fig. 5-14(g). For av = 3.0, the ground state of the long-range Heisenberg
chain is much closer to that of the standard Heisenberg chain discussed in Sec. 5.5.1.
This is reflected in the cross validation y?, where the edge parameterization instead
reaches the lowest minimum value.

Finally, for a = 2.0 the validation x? does not appear to favor either of the single-
peak or edge parameterizations due to the proximity to the QPT at a.. As « is
increased from, the SAC parameterization that has the lowest validation x? switches
over from the single-peak to the edge parameterization. This implies that there
exists a crossover regime around the vicinity of o, where cross validation is unable to

identify a clear preference between the two spectral forms. The notion of a crossover
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between these two spectral forms is further supported by the smoothly increasing
value of the optimal exponent p as « is reduced. The edge parameterization spectra
diverging more sharply as the systems enters deeper into the Néel ordered phase can
be considered a natural transition to the expected dominant d-peak form. However,
in the intermediate regime near a., it is unlikely that the spectral function can be
described purely by one of these two sharp features.

Different values of both @ and momentum ¢ will be studied in Ref. [152], but these
preliminary tests provide further support for the viability of cross validation as a tool

for model selection in the analytic continuation of QMC-generated data.
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Figure 5-15: Comparison of the single-peak and edge parameteriza-
tion spectral functions for the for the S = 1/2 Heisenberg chain with
long-range interactions, corresponding to the cross validation results
shown in Fig. 5-11 panels (a)-(c). For the single-peak parameterization
(blue) we use the leading d-function weight ag = 0.85 and N, = 2,000
continuum J-functions. For the edge parameterization (green), we use
N, = 640 and the exponent p = —1.00.
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5.6 Summary and Discussion

We have explored the use of cross validation in the SAC method, as both a confir-
mation of the optimal © criterion, as well as a tool to select the most likely spectral
parameterization for a given model. In our test cases using synthetic data, we found
excellent agreement between the optimal © criterion Eq. (3.23) and the location of
the cross validation minimum. For the more complex of the two test cases, the double
Gaussian peak spectrum, the broad validation x? minimum reflected the difficulties
posed by the relatively sharp features contained in this spectrum. In principle this
spectrum can be resolved using SAC, but the unconstrained sampling introduces en-
tropic distortions that produce noticeable deviations from the exact result. As a
result, all sampling temperatures within the broad minimum produce acceptable rep-
resentations of the exact spectrum, which we demonstrated by using a © value one
standard deviation below the average minimum value. Interestingly, at this lower
sampling temperature some features of the spectrum were actually reproduced bet-
ter. Since using cross validation to fix © would be a very poor use of computational
resources, it is very encouraging that the optimal © criterion agrees so well with the
the results of the validation procedure.

A promising, and more decisive, use of cross validation is in model selection. The
different entropy contents of the two unconstrained SAC parameterizations result in
differing abilities to reproduce a given spectrum depending on its exact features. In
some cases, it it advantageous to use the equal amplitudes parameterization, and
in others the variable amplitudes parameterization performs substantially better. In
previous studies, this was only able to be shown retrospectively, when comparing
the SAC results to an artificial spectrum used to generate synthetic data. Here, we
showed that cross validation can indeed act as a tool for model selection when com-

paring the two different unconstrained SAC parameterizations. This will be extremely
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valuable in practice, as often times these two parameterizations produce considerably
different results, which can be even more dramatic when other parameterizations are
considered, such as the fixed grid method [124] or the orthogonal polynomial repre-
sentation [108]. When there is no artificial spectrum to compare to, it is impossible
to determine which of these spectra is best.

Cross validation as a tool for model selection was also applied to the constrained
SAC parameterizations. While the recent developments in the constrained sampling
schemes have allowed for the resolution of spectra with sharp features, the ill-posed
nature of the analytic continuation problem still presents obstacles for the implemen-
tation of these new methods. When many different spectra give acceptable x? values,
cross validation is the least biased way to determine which parameterization is most
likely, and our results for the S = 1/2 AFM Heisenberg chain suggest that cross
validation indeed can accomplish this task. Cross validation should be an extremely
valuable tool in the study of highly correlated, many-body systems if it can be used
to differentiate quantum phases of matter via their spectral features. Further tests
on other systems with known spectral features will be very instructive.

The test on the Heisenberg chain with long-range interactions also produced
promising results, correctly identify which side of the QPT the system was on based
on the spectral features alone. While the exact features are only known with certainty
in the limiting cases of o, @« — 0 and a — oo, it is likely that these features persists
throughout either side of the QPT. Further tests at more values of o and ¢ are still
needed, and some will be presented in Ref. [152], but as a general diagnostic tool, cross
validation shows much promise in the practice of numerical analytic continuation of
QMC-generated data.

Our cross validation scheme is not only applicable to SAC, but can also be applied

other numerical analytic continuation methods, such as MEM. Based on our tests,
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a promising application of cross validation would be in the selection of the default
model used in MEM. While not exactly analogous to the SAC parameterization,
there are similarities between these two user-controlled inputs, such as their effects
on the shape of the output spectra. Often times, perturbation theory is used to
select the MEM default model, where some parameter in the perturbative solution
is optimized to select the “best” spectra [62]. Cross validation could be used to aide
in this optimizations process or to compare entirely different default models, perhaps

from different perturbative solutions of the model under consideration.
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Chapter 6

Conclusions

In this thesis, we explored the numerical study of quantum many-body systems,
focusing two main classes of observables: statics and dynamics.

In the discussion of static observables, our most notable results were the extraction
of scaling dimensions, A. Defined as the decay exponent of the two-point correlator
in a conformal field theory, in the context of lattice models, scaling dimensions help
us characterize critical points and identify the universality class of their classical or
quantum phase transitions. As explored in Chapter 2, scaling dimensions can be
used as keys to connect a critical lattice model to its corresponding continuum field
theory, and this connection can in turn enable a deeper understanding of the lattice
model itself. At first glance, the dimer order parameter of the FFTFIM seems to
be the natural tool to characterize the ground state, as it corresponds to a visual
and tangible description of the ordered phase. However, the quantum critical scaling
revealed its secondary nature—its scaling dimension was that of a secondary order
parameter in the field-theoretical description. This discovery is what enabled us to
define a proper primary order parameter, fully understand the 8-fold degeneracy of
the ground state, and thus map out the model’s complex finite temperature phase
diagram.

Scaling dimensions also have practical use in the study of out-of-equilibrium dy-
namics, as explored in Sec. 2.7. These are key pieces of the puzzle when analyzing the

results of annealing protocols, and are crucial in extracting the dynamic exponent z.
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As the field of quantum computing continues to develop, the importance of numerical
simulation as a benchmarking tool will continue to grow. Comprehensive studies of
building block models like the FFTFIM will thus be pivotal in the verification of this
new and exctiting technology.

When discussing dynamics, one more typically is referring to the frequency depen-
dent information contained in the dynamic response function. This class of observ-
ables is the primary focus of Chapters 3-5. After laying out of theory, framework, and
my Julia implementation of the SAC method in Chapter 3, in Chapter 4 we explored
its application to one of the quintessential models of condensed matter physics, the
2D Hubbard model. By leveraging the new capabilities of the SAC method, we were
able to unveil fine details about the DOS of the 2D Hubbard model, that could not
have been resolved using any other numerical analytical continuation method. This
exciting advancement provided more pieces to the superconducting puzzle that is the
cuprates; the reason for the finite doping level needed to observe superconducting may
be contained in this minimal model. Novel results like these highlight the ongoing
need for the advancement and study of computational physics methodology.

This is the motivation behind the development of the cross validation method
presented in Chapter 5. SAC has enabled the ability to resolve spectral functions with
fine and sharp structure, but without prior knowledge to motivate their existence, it is
challenging to determine with certainty if they are genuine features of the underlying
spectrum. Our cross validation methodology will thus be important for SAC to have
a broad and significant impact in the field. This has already been demonstrated with
the example discussed in Sec. 5.5.2, the long-range Heisenberg chain, and has led to

exciting new insights for this yet to be fully understood model [152].
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