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ABSTRACT

In this work, we focus on the multiple-policy evaluation problem where we are given a set of K tar-
get policies and the goal is to evaluate their performance (the expected total rewards) to an accuracy
€ with probability at least 1 — 6. We propose an algorithm named CAESAR to address this problem.
Our approach is based on computing an approximate optimal offline sampling distribution and using
the data sampled from it to perform the simultaneous estimation of the policy values. CAESAR
consists of two phases. In the first one we produce coarse estimates of the vistation distributions of
the target policies at a low order sample complexity rate that scales with O(%) In the second phase,
we approximate the optimal offline sampling distribution and compute the importance weighting ra-
tios for all target policies by minimizing a step-wise quadratic loss function inspired by the objective
in DualDICE [Nachum et al! [2019]. Up to low order and logarithm terms CAESAR achieves a sam-

~ ﬂ'k
ple complexity O (f—; Zthl MaXke[K] D s q %) , where d™ is the visitation distribution
a (s,

of policy 7 and p* is the optimal sampling distribution.

1 Introduction

Policy evaluation is a fundamental problem in Reinforcement Learning (RL) |Sutton and Barto [2018] of which the
goal is to estimate the expected total rewards of a given policy. This process serves as an integral component in
various RL methodologies, such as policy iteration and policy gradient approaches |Sutton et all [1999], wherein the
current policy undergoes evaluation followed by potential updates. Policy evaluation is also paramount in scenarios
where prior to deploying a trained policy, thorough evaluation is necessary imperative to ensure its safety and efficacy.

Broadly speaking there exist two scenarios where the problem of policy evaluation has been considered, known as
online and offline data regimes. In online scenarios a learner is interacting sequentially with the environment and is
tasked with using its online deployments to collect helpful data for policy evaluation. The simplest method for online
policy evaluation is Monte-Carlo estimation|Fonteneau et al! [2013]. One can collect multiple trajectories by following
the target policy, and use the empirical mean of the rewards as the estimator. These on-policy methods typically require
executing the policy we want to estimate which may be unpractical or dangerous in many cases. For example, in the
medical treatment scenario, implementing an untrustworthy policy can cause unfortunate consequences Thapa et al.
[2005]. In these cases, offline policy evaluation may be preferable. In the offline case, the learner has access to a
batch of data and is tasked to use this in the best way possible to estimate the value of a target policy. There are
many works focus on this field based on different techniques such as importance-sampling, model-based estimation
and doubly-robust estimators [Yin and Wang [2020], Jiang and Li [2016], [Yin et all [2021]], Xie et al. [2019], ILi et al
[2015].

Motivated by the applications where people often have multiple policies that they would like to evaluate, e.g. multiple
policies trained using different hyperparameters,Dann et all [2023] considered multiple-policy evaluation which aims
to estimate the performance of a set of K target policies instead of a single policy. From the simplest perspective,
multiple-policy evaluation does not pose challenges beyond single-policy evaluation since one can always use single-
policy evaluation methods by K times to solve the multiple-policy evaluation problem. However, this can be extremely
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sample-inefficient as it neglects potential similarities among the K target policies. Consequently, its sample complexity
invariably escalates linearly as a function of K.

Dann et all [2023] proposed an on-policy algorithm that leverages the possible similarity among target policies based
on an idea related to trajectory synthesis Wang et al. [2020]. The basic technique is that if more than one policy take
the same action at a certain state, then only one sample is needed at that state which can be reused to synthesize
trajectories for these policies. Their algorithm achieves an instance-dependent sample complexity which gives much
better results when target policies have many overlaps.

In the context of single policy off-policy evaluation, the theoretical guarantees depend on the overlap between the
offline data distribution and the visitations of the evaluated policy [Xie et all [2019], [Yin and Wang [2020], Duan et al.
[2020]. These coverage conditions which ensure that the data logging distribution Xie et al! [2022] adequately covers
the state space are typically captured by the ratio between the densities corresponding to the offline data distribution
and the policy to evaluate, also known as importance ratios.

A single offline dataset can be used to evaluate multiple policies simultaneously. The policy evaluation guarantees will
be different for each of the policies in the set depending on how much overlap the offline distribution has with the policy
visitation distributions. These observations inform an approach to the multiple policy evaluation problem different
from [Dann et al! [2023] that can also leverage the policy visitation overlap in a meaningful way. Our algorithm
is based on the idea of designing a behavior distribution with enough coverage of the target policy set. Once this
distribution is computed, i.i.d. samples from the behavior distribution can be used to estimate the value of the target
policies using ideas inspired in the offline policy optimization literature. Our algorithms consist of two phases:

1. Build coarse estimators of the policy visitation distributions and use them to compute a mixture policy that
achieves a low visitation ratio with respect to all K policies to evaluate.

2. Sample from this approximately optimal mixture policy and use these to construct mean reward estimators
for all K policies.

Coarse estimation of the visitation distributions up to constant multiplicative accuracy can be achieved at a cost that
scales linearly, instead of quadratically with the inverse of the accuracy parameter (see Section[4.I) and polynomially
in parameters such as the size of the state and action spaces, and the logarithm of the policy evaluation set. Estimating
the policy visitation distributions up to multiplicative accuracy is enough to find an approximately optimal behavior
distribution that minimizes the maximum visitation ratio among all policies to estimate (see Section[4.2). The samples
generated from this behavior distribution are used to estimate the target policy values via importance weighting. Since
the importance weights are not known to sufficient accuracy, we propose the IDES or Importance Density Estimation
Algorithm (see Algorithm [I)) for estimating these distribution ratios by minimizing a series of loss functions inspired
by the DualDICE Nachum et all [2019] method (see Section [£.3). Combining these steps we arrive at our main
algorithm (CAESAR ) or Coarse and Adaptive Estimation with Approximate Reweighing for Multi-Policy Evaluation
(see Algorithm) that achieves a high probability finite sample complexity for the problem of multi-policy evaluation.

2 Related Work

There is a rich family of off-policy estimators for policy evaluation [Liu et al. [2018], Jiang and Li [2016], [Dai et al.
[2020], [Feng et al! [2021],Jiang and Huang [2020]. But none of them is effective in our setting. Importance-sampling
is a simple and popular method for off-policy evaluation but suffers exponential variance in horizon|Liu et al. [2018].
Marginalized importance-sampling has been proposed to get rid of the exponential variance. However, existing works
all focus on function approximations which only produce approximately correct estimators [Dai et all [2020] or are
designed for the infinite-horizon case [Feng et all [2021]]. Doubly robust estimator Jiang and Li [2016], [Hanna et al.
[2017], [Farajtabar et al. [2018] also solves the exponential variance problem, but no finite sample result is available.
Our algorithm is based on marginalized importance-sampling and addresses the above limitations in the sense that
our algorithm provides non-asymptotic sample complexity results and works for finite-horizon Markov Decision Pro-
cesses.

Another popular estimator is called model-based estimator which evaluates the policy by estimating the transition
function of the environment|/Dann et all [2019], Zanette and Brunskill [2019]. [Yin and Wang [2020] provides a similar
sample complexity to our results. However, there are some significant differences between their result and our result.
First, our sampling distribution is optimal which is calculated based on the coarse distribution estimator. Second, our
sample complexity is non-asymptotic while their result is asymptotic. Third, the true distributions appear in our sample
complexity can be replaced by known distribution estimators without inducing additional costs which means we can
provide a known sample complexity while their result is always unknown since we do not know the true visitation
distributions of target policies.



The work that most aligns with ours is [Dann et al. [2023] which proposed an on-policy algorithm based on the idea
of trajectory synthesis. The authors propose the first instance-dependent sample complexity analysis of the multiple-
policy evaluation problem. Different from their work, our algorithm uses off-policy evaluation based on importance-
weighting and achieves a better sample complexity with simpler techniques and analysis.

Our algorithm also uses some techniques modified from other works which we summarize here. DualDICE is a
technique for estimating distribution ratios by minimizing some loss functions proposed by Nachum et al! [2019]. We
build on this idea and make some modifications to meet the need in our setting. Besides, we utilize stochastic gradient
descent algorithms and their convergence rate for strongly-convex and smooth functions in the optimization literature
Hazan and Kale [2011]. Finally, we adopt the Median of Means estimator [Minsker [2023] to convert in-expectation
results to high-probability results.

3 Preliminaries and Problem Setup

Notations We denote the set {1,2,..., N} by [N]. {X,}2_, represents the set {X1, Xo,..., Xn}. Ex denotes

the expectation over the trajectories produced by following policy 7. O hides constants, logarithmic and lower-order
terms. And we use V[X] to represent the variance of random variable X .

Reinforcement learning framework We consider episodic tabular Markov Decision Processes (MDPs) defined by
atuple {S, A, H, {P,}tL |, {rn}}L |, v} where S and A represents the state and action space respectively with S the
cardinality of the state space S and A the cardinality of the action space .A. H is the horizon which defines the number
of steps the agent can take before the end of an episode. Py (+|s,a) € AS is the transition function which represents
the probability of transitioning to the next state if the agent takes action a at state s. And 7, (s, a) is the reward function
denotes the reward the agent can get if the agent takes action a at state s. In this work, we assume that the reward
is deterministic and bounded ry(s, a) € [0, 1] which is consistent with prior work [Dann et al! [2023]. We denote the
initial state distribution by v € AS.

A policy m = {wh}hH:1 is a mapping from the state space to the probability distribution space over the action space.
7 (als) denotes the probability of taking action a at state s and step h. The value function V;"(s) of a policy =
is the expected total rewards the agent can receive by starting from steph, state s and following the policy , i.e.,
Vir(s) = Ex [Z{i 5 71]s]. The performance J(7) of a policy 7 is defined as the expected total rewards the agent can
get. By the definition of the value function, there is the relationship J(7) = V{"(s|s ~ v). For simplicity, in the
following context, we use V;™ to denote V{™ (s|s ~ v).

The state visitation distribution df, (s) of a policy 7 represents the probability of reaching state s at step h if the agent
starts from a state sampled from the initial state distribution v at step [ = 1 and following policy 7 subsequently, i.e.
df(s) = P[sp, = s|s1 ~ v,7]. Similarly, the state-action visitation distribution df (s, a) is defined as df (s,a) =
d7 (s)m(als). Based on the definition of the visitation distribution, the performance of policy 7 can also be expressed

as J(m) = Vi =YL 32, L di (s, a)ru(s, ).

Multiple-policy evaluation problem setup In multiple-policy evaluation, we are given a set of known policies
{m*}K_| and a pair of factors {e,J}. The objective is to evaluate the performance of these given policies such that

with probability at least 1 — &, V& € {7*}I | |V — V| < e where V;™ is the performance estimator.

Dann et all [2023] proposed an algorithm based on the idea of trajectory stitching and achieved sample complexity,

~ [ H? 1 SH?K
0 E Z dmaz(s) + € (1)

(s,a)ect:H

where d™" = maxj¢(x] d™" and KCh(s,a) C [K] keeps track of which target policies visit state- action pair (s,a) at
step h in their trajectories. This sample complexity can be extremely bad due to the existence of dmax( 3 The authors
Dann et all [2023] also mentioned that their sample complexity is suboptimal by giving a concrete case.

Another way to reuse samples for evaluation of different policies is model-based method. Based on the model-based
estimator proposed by |[Yin and Wang [2020], an asymptotic convergence rate can be derived,

(S ] s
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where p is the distribution of the behavior policy used to generate the offline dataset. Though, it looks similar to our
results, we have claimed in the section of related work that there are significant differences.

3.1 Contributions

In this work, we propose an algorithm named CAESAR for multiple-policy evaluation with two phases. In the first
phase, we roughly estimate the visitation distributions of target polices with a lower-order sample complexity O(%)

~ & * mk ko, s e .
such that |d} (s,a) — d}} (s,a)| < max{e, W}, k € [K] where df is the true visitation distribution of policy
m at step h and df is our coarse distribution estimator. In the second phase, with the coarse distribution estimators,

we can solve a convex optimization problem to get our optimal sampling distribution ;i with which we estimate the
performance of target policies using marginal importance weighting. CAESAR finally achieves that with number

~ <k
of trajectories n = O [ Zr S/ maxgei Y, %

, HE
performance of all target policies up to € error. CAESAR is consistently better than the naive uniform sampling
strategy over target policies. CAESAR also improves the results (I)) in [Dann et al! [2023] in some cases where their
results have a dependency on K while we do not (see Section4.3)).

) and probability at least 1 — §, we can evaluate the

In addition to our main result, we also provide some results that may spark interest beyond the specific multi-policy
evaluation problem we addressed in this work. To utilize marginal importance weighting, we propose an algorithm
named IDES to estimate the marginal importance ratio by minimizing a carefully designed step-wise loss function
using stochastic gradient descent which is modified from the idea of DualDICE Nachum et al! [2019]. We also utilize
a Median-of-Means estimator Minsker [2023] to convert the in-expectation result to the high-probability result which
can be of interest.

4 Main Results and Algorithm

In this section, we introduce our algorithm and present our main results. Different from on-policy evaluation, we
try to build a single sampling distribution with which we can estimate the performance of all target policies using
importance weighting. We achieve it by the following procedures. We first roughly estimate the visitation distributions
of target policies at the cost of a lower-order sample complexity. Based on these coarse distribution estimators, we
can calculate an optimal sampling distribution by solving a convex optimization problem. Finally, we utilize the idea
of DualDICE |[Nachum et al! [2019] with some modifications to estimate the importance-weighting ratio. We provide
the main algorithm scheme in Algorithm[2l In the following sections, we explain these procedures of our algorithm in
details.

4.1 Estimation of visitation distributions of target policies

We first introduce a proposition that shows we can roughly estimate the visitation distributions of target policies
with just lower-order sample complexity O(%) Though, the estimator is coarse and cannot be used to estimate the
performance directly which is our ultimate goal, it has some nice properties which enable us to build the optimal
sampling distribution and estimate the importance weighting ratio in the following sections.

The idea behind this estimator is based on the following Lemma that shows estimating the mean value of a Bernoulli
random variable up to constant multiplicative accuracy only requires O(%) samples.

3

Lemma 4.1. Let Z; be i.i.d. samples Z; L Ber(p), for some known constant C > 0, setting t > M’

we
have that with probability at least 1 — §, the empirical mean estimator p; = % 22:1 Zy satisfies,

. p

|pe — p| < max{e, Z}
Proof. See Appendix[A.Tl O
Lemma can be used to derive coarse estimators d* = {d;;’“}hH:l with constant multiplicative accuracy with

respect to the true visitation probabilities = { d;{k } hH 1-
CK log(CK/ed) 501
——=—= = 0(

oge - . . . sk sk
Proposition 4.2. With number of trajectories n > 1), we can estimate d™ = {df }}L_, such

~ 7‘,k
dr" (s,a) — dT (s, a)| < max{e, 212DY s € S a € A h e [H] k€ [K].

that with probability at least 1 — 6, i




Proof. Based on Lemmal[4.] the proposition can be directly derived by regarding d’};k (s,a) as a Bernoulli variable.
(]

We next show that based on these coarse visitation estimators, we can ignore those states and actions with low estimated

visitation probability without inducing significant errors.
Lemma 4.3. Suppose we have an estimator d(s,a) of d(s,a) such that |d(s d(s,a)] < max{¢, d(s o) oIf

ya) =
d(s,a) > 5¢€, then max{e, @} = @, and if d(s, a) < 5€, then d(s,a) < 7€’

Proof. Proof of the first claim: If max{¢’, @} = ¢, then we have d(s,a) < 4¢ and

d(s,a) —d(s,a) < ¢,

hence, d(s,a) < d(s,a) + € < 5¢’ which implies that d(s, a) < 5¢’ is a necessary condition for max{¢’, dis, “)} =¢

Proof of the second claim: We have d(s,a) < 5¢. If max{¢, dSTa)} €, then d(s,a) < 4¢’. If max{¢’, e a)} =
U then d(s, a) < 4d(s,a) < e’ < T€.

,

|

Based on Lemma3] we can ignore the state-action pairs such that d(s, a) < 5¢’. Since if we replace ¢ by Ticq- the
error of performance estimation induced by ignoring these state-action pair is at most 5. For simplicity of presentation,

we can set d™ (s, a) = d™ (s, a) = 0if d™(s,a) < 57~ Hence, we have that,
ke ok dh ( )
|[d7 (s,a) — d} (s,a)] < 1 ,VseS,ae A h e [H]k e [K]. 3)

4.2 Optimal sampling distribution

We evaluate the expected total rewards of target policies by 1mp0rtance weighting using samples

{si,al, sy, ab,...,s%, aly ", sampled from a sampling distribution {ps }7_, .
d7T st ab)
LSS ) e )
i=1 h=1 h>™h

From the perspective of minimizing the variance of our estimator (see Appendix[A.2)), we can find the optimal sampling
distribution by solving the following optimization problem,

(d7" (5,a))?
=ar mlnmax 7,116 H]. 4
/'Lh, g [K] u(s,a) [ ] ( )

The above problem is a convex optimization problem. However, the optimal y; can be outside of the convex hull of
{d;k}szl. In some cases, the optimal p* may not be realized by any policy (see Appendix [A3). Hence, in order

to have an easy way of sampling from p*, we constrain w to be inside of the convex hull of {d’,;k }szl and solve the
constrained optimization problem,

drrk 2
[y, = arg min max M h=1

yooon H, 5)
peM, ke[K]~ (s, a)

where My, = {p: p =S5, awd] o > 0, Z?:l aj, = 1}. Denote by p = 1 azdr" the optimal solution.
Notice that we do not know dfJ;, so we can only solve the approximate optimization problem,

CZTrk 2
fij, = arg min max M, h=1

H
peM, ke[K]~ (s, a)

; (6)

geeey

and we denote the optimal solution by [} = Z?:l d;@;{k. Correspondingly, our real sampling distribution would be

~ K 4 k
iy, =D =1 Gpd



Remark 4.1. We can constrain p to be the convex combination of the visitation distributions of all deterministic
policies instead of the target policies. In that case, we can potentially get a better sampling distribution at the cost
of exponential dependency of S and A in the lower order sample complexity since we need to roughly estimate the
visitation distributions of all deterministic policies. However, we believe there exists a clever way of coarse estimation
to get rid of the exponential dependency in the lower order sample complexity.

The next lemma tells us that the optimal sampling distribution also has the same property as the coarse distribution
estimators.

Lemma 4.4. [f property (3) holds: |cig’“ (s,a) — d" (s,a)] < 4z’ (s a) ,VseS,ae A he[H] k€ [K] then

1. |/1;kz(8’a) - ﬂZ(S,aH < ‘uhfya) and therefore ﬁ;(lS,a) < 4;12?5,11)'

ok ok
2 dﬁ* (s,a) < 5df‘ (s,a) Vk € [K]

Nh,(sxa) - 3“2(57‘1)
. - - K & Sk ok K x| 5nk ok
Proof. First|iy(s,a) — fj(s,a)| = |Zk 1 G (dy ( a) — djy (5 a))l < >k_i Gpld]y (s,a) — dfy (s,a)] <
K Ay gxk s,a dp (s,a 4d7" (s,a 5d7 (s,a
% Zk:l akdh (87 a) = Hh( : - Second, J* ((s a)) = 3,:;1 ((s a)) < 3,:;1 ((s a)) =

4.3 Estimation of the importance weighting ratio

In this section, we introduce our algorithm for estimating the importance weighting ratios which is sketched out in
Algorithm[Il Our algorithm is based on the idea of DualDICE [Nachum et al [2019]. In DualDICE, they propose the

following loss function
1
5Es.anp [W(5,0)] = By anar [w(s,0)], ()

2
the optimal minimum is achieved at w™*(s,a) = CZ((:;:)) which is the distribution ratio. They address the on-policy

limitation of the second term in[Zlby changing the variable based on Bellman’s equation. However, their method only
works for infinite horizon MDPs and it becomes unclear how to optimize the loss function after the variable change.
We propose a new step-wise loss function which works for finite horizon MDPs. More importantly, the loss function is
strongly-convex and smooth, hence, we can give finite sample results based on the convergence rate in the optimization
literature.

o™ (w) =

Specifically, we define a loss function at each step and optimize them from step h = 1 to step h = H. We define the
loss function of policy 7 at step h as,

/ /

T /Lh 5,a 2 ~ o / Wh— 1( CL)
Ew:— (s,a) — _1(s’,a"YP(s|s',a")m(a 711)5,@
F(w) EjWG )= 23 mea Pl ol P )
1 w?(s, a) wp-1(s',a’)
= _Es ar i = - Es/ a’ ~fi s~Pp_1(-|s",a’ ~ )
o s:anvin [uh(s,a)} s/ ~fip—1,8~Pp_1(-|s",a’) Ea: fin_1(s',a’) w(s,a)m(als)

where i, = Zszl &kd’,{k is the sampling distribution, and i, = Zszl akd;;" is the optimal solution of the approxi-
mate opt problem (refer to Section[4.2)) and we set fig as empty, W = fio = 1 for notation simplicity.
It is clear that the loss function is strongly convex and smooth. An even better property about our loss function is
that the smoothness factor f and strongly convexity factor v are well bounded based on the property of our coarse
distribution estimator, i.e. = S Z :E: Zg <4 Wthh is a trivial conclusion from Lemma
. (s, a 5
¢ = max”h( a) ,Y:mmﬁfh(v ) §<_ )
s,a [ip(s,a)’ s,a [ip(s,a)’ 3
This property actually plays an important role in the final sample complex1ty which we will revisit later. In the follow-
ing lemma, we show that our step-wise loss function has an another nice property on step-to-step error propagation.

Lemma 4.5. Suppose we have an estimator wy,—1 at step h — 1 such that,

>

s,a

Wh-1(s,a)

—d7_q(s,a)| <k,
,LLh 1(8,0,) h— 1( )

fin—1(8,a)—




Algorithm 1 Importance Density Estimation (IDES )

Input: Horizon H, feasible sets { Dj,} ., accuracy e, target policy m, coarse estimator {d7 }_ and {/is }1L,.
Initialize w9 =0, h = 1,..., H and assume 1o = E'mpty for simple presentation.

for h =1 to H do
g ™ s.a))?
Set the iteration number of optimization, nj, = Cj, (f—: Y ea (if;((s ;aa))) "+ (i{l}:(( - a)))

), where C}, is a known

constant.

fori =1tony do . . y
Sample {s},, a}, } from py, and {s},_,a},_,, s}, } from pp_1.
Calculate gradient g(w] '),

wy ' (s,0)

ﬂh(sva)

whfl(SZ—lv aﬁl—l)

— - - nlals)I(st = s
thl(sz,pa;l,l) ( | ) ( h )

g(wj, ) (s,a) = I(sj, = s,a}, = a) —
Update w}, = Projuep, {wi ' —nigwi )}
end for .
Output the estimator 1wy, = ﬁhll S wh.
end for

then by minimizing the loss function (], (w) at step h to ||V 0} (Wn (s, a))||1 < € we have,

Z ﬂh(s,a)% —dp(s,a)| < 2e.

Proof. See Appendix[A4] O

Before introducing the sample complexity of estimating the distribution ratios by Algorithm [1l we first give the fol-
lowing convergence rate of minimizing strongly-convex loss functions with stochastic gradient descent.

Lemma 4.6 (Theorem 25.2 in Notes). For a A—strongly convex loss function L(w) satisfying ||w*|| < D for some
known D, there exists a stochastic gradient descent algorithm that can output W after T' iterations such that,

2G?

E[L(d) — L(w")] < NT+1)’

where G? is the variance bound of the stochastic gradient.

Based on the above results, implementing Algorithm [1| with iterations nj, specified in the algorithm, we can achieve
an accurate estimation of the distribution ratios which we formalize in the following lemma.

Lemma 4.7. Implement Algorithm[Ilwith parameters ny, specified in the algorithm, we have,

> | <z

s,a

. wp (s, a)
fin (s, Q)W

k
—dr
s,a) h (Saa)

E

Proof. See Appendix for complete proof. Here we provide proof sketch. By Lemma [.3] and the property of
smoothness | V7 (wp)||? < 2£(6F (y,) — €3 (w})), we need to minimize the loss function at each step h such that

07 (W) — (F(wy) < %; Invoking the convergence rate in Lemma [£.6] we need samples n = O (% H;G2).

Remember that we have shown in (8) that % < %, this nice property helps us to get rid of the undesired ratio of
maxs,, p(s,a)
ming o p(s,a)
(dp_1(5,0))*
+ fin—1(s,a)

the smoothness factor and the strongly-convexity factor, i.e. of the original loss function ({Z) which can

(df (5,0))*
5,6 fip(s,a)

be extremely bad. Finally, replacing G2 by O <Z > which is the variance bound of the

stochastic gradient in our case. o


https://optmlclass.github.io/notes/optforml_notes.pdf

4.4 Main results

In this section, we provide our final sample complexity result of estimating the performance of all target policies based
on the results we have in previous sections. We first give the main theorem and then provide the derivations.
Theorem 4.8. Implement Algorithm 2l then with probability at least 1 — §, for all target policies, we have that
|V1’Tk — V1“k| < e. And the total number of trajectories sampled is,

4 H ® 2
n=0 (H—QZ mex M) ©)
h

€ fhelK] S (s, a)

Besides, the unknown true visitation distributions can be replaced by the coarse estimator to provide a concrete sample
complexity,

Now, we explain how the above result is derived. We first introduce a Median-of-Means (MoM) estimator and data
splitting technique which can conveniently convert Lemmald.7]to a version holds with high probability.

Lemma 4.9. For a one-dimension value i, suppose we have a stochastic estimator fi such that E[|j — p|] < §, then
if we generate N = O (log(1/6)) i.i.d. estimators {fi1, [z, ..., in} and choose fipropr = Median(fiy, fiz, ..., in),
we have with probability at least 1 — 9,

|finrons — p| < €

Proof. See Appendix[A.6l O

For step h, Algorithm [I] can output a solution w0y, such that E[(] (wp) — £7(w))] < 322% We can ap-
ply Lemma on our algorithm which means that we can run the algorithm for N = O (log(1/0)) times.
Hence, we will get N solutions {wWp,1,%Wp,2,...,Wn N} Set Wx aronr as the solution such that €7 (W, aons) =
Median(C7(wn,1), 0F (Wh,2), - ., {F (Wh,n)). Based on Lemma .9l we have that with probability at least 1 — 4, it
holds éh (w;LMOM) —ﬁ’,{(w,’;) <
content.

2 . . . . ~ n . .
W. With a little abuse of notation, we just denote Wy, aron by Wy, in the following

Now we are ready to estimate the total expected rewards of target policies, With the importance weighting ratio

estimator % from Algorithm[I] we can estimate the performance of policy 7*

= Zzwh Sh’ah ru(sh,ab) (10)

i=1 h=1 “hsh’ah

where {s},ai }7 , is sampled from fiy,.

8,6 fun(s,a)

~ ek
Lemma 4.10. With samples n = O (f—; Zthl maXye[x] M) we have with probability at least 1 — §,
~ __k k €
Vim =V | <5, ke [K]

Proof. First, we can decompose the error V7 — Vi | = [V — B[V |+ B[V ] = V' | < [V7 — BT ]| +

(5" (s,0))°

in(s,ay  )> Ve

|E[Vf’k] - Vf’k |. Then, by Bernstein’s inequality, with samples n = O (f—; Zthl MaXie[K] D s q
have, |Vfr’c - ]E[Vfrk“ < %. Based Lemma[d.7, we have, |]E[I71’Tk] - 1/1”k| << O

Remember that in Section 4.1} we ignore those states and actions with low estimated visitation distribution for each
target policy which induce at most § error. Combined with Lemma.10, our estimator Vf’k finally achieves that with
probability at least 1 — 6, [V — Vi | < e,k € [K].

And for sample complexity, in our algorithm, we need to sample data in three procedures. First, for the coarse
estimation of the visitation distribution, we need O(%) samples. Second, to estimate the importance-weighting ratio,



Algorithm 2 Coarse and Adaptive Estimation with Approximate Reweighing for Multi-Policy Evaluation (CAESAR
)

Input: Accuracy e, confidence d, target policies {7*} 1

Roughly estimate visitation distributions of all target policies and get {d”k }szl.
Solve the approximate optimization problem (6) and get {&} }F_, .

Implement Algorithm[Iland get {u}”k M
Build the final performance estimator { V™" HE | by (T0).
Output: {V7" } X .

~ ok
we need samples O <Ij—; Zthl MaXke[K] D s .q M) . Last, to build the final performance estimator (10), we

wr, (s,a)

~ A7'\'k
need samples O <Ig—; Zthl MaXpe (K] D s.q %) Therefore, the total trajectories needed,

- (HY E (dr" (s,a))?

*
= 0 mi(sa)
Moreover, notice that,

Gk 2 T 2
max < max (dh (Saa)) < % (dh(sva))

. < " < " (11)
FE[K] £— fn(s,a) FE[K] £ wh (s, a) 16 v wri(s,a)

where 1}, is the optimal solution of the optimization problem (3)), the first inequality holds due to [, is the minimum

of the approximate optimization problem (&) and the second inequality holds due to cZ”(s a) < 2d7(s,a). Based on
(D, we can substitute the coarse distribution estimator in the sample complexity bound by the exact one,

H

B 4 T 2
w0 (S5 sy 3 W (20
€ fhelK] S (s, a)

4.5 Discussion

In this section, we analyse our sample complexity and compare it with existing results. For off-policy evaluation, the
CR-lower bound proposed by Jiang and Li [2016] (Theorem 3) shows that there exists a MDP such that the variance
of any unbiased estimator is lower bounded by

ZE [(dh Sh"’”)zwvh”(sh)]] ,

pn(Sh,an)

where 7 is the policy to evaluate and p is the sampling distribution generated by some behavior policy. If we simply
bound the variance of the value function by H? due to the boundness of rewards and omit the dependency on H
which we will discuss later, our sample complexity matches the lower bound for multiple-policy evaluation since our
sampling distribution is optimal.

One interesting proposition from our sample complexity result is that in the case where all target policies are identical,
ie.d” =d*~ =..-=d" = d. Then, the optimal sampling distribution is u* = d, hence, the sample complexity is
Ij—g which has no dependency on S or A.

We can also derive a non-instance dependent sample complexity based on our results. Let the sampling distribution
11y, be <5 SO di, where m,, = argmaxye(x) df (s,a). Since uj is the optimal solution and 4}, is a feasible
solution, we have our sample complexity (@) is bounded,

5
<O<H SA)

€2

Now, we compare our result with the one achieved by Dann et all [2023]. One big problem of the result by [Dann et al.
[2023] is the existence of unfavorable dm+2(s) which can induce an undesired dependency on /. We next illustrate



it by an example. Consider such a MDP with two layers, a single initial state s 1 in the first layer and two terminal
states in the second layer sz 1, S2,2. The transition function is same for all actions, i.e. P(s2,1|s1,1,a) = p and p is
sufficiently small. The agents only receive rewards at state s2 1 no matter what actions they take. Hence, to evaluate
the performance of some policy under this MDP, it is enough to only consider the second layer.

Now, suppose we have K target policies to evaluate such that they take different actions at state sq 1 and take the same
action at any state in the second layer. Since the transition function at state sq ; is same for any action, the visitation
distribution at state s ; of all target policies is identical.

Since p is sufficiently small, we have that the probability of s5 ; being reached is P[s2,; € K?] =1 — (1 —p)¥ ~ pK.
Invoke the result (1) of IDann et all [2023], the sample complexity in this case has a dependency on K. At the same
time, our result can show the sample complexity without dependency on K. However, it is unclear whether our result
is better in all cases.

Finally, comparing with the naive uniform sampling strategy over target policies, our method is clearly at advantage
since our sampling distribution is optimal within all possible combinations of the target policies which include the
naive uniform one.

5 Conclusion and Future Work

In this work, we consider the problem of multi-policy evaluation. And we propose an algorithm CAESAR
based on computing an approximate optimal offline sampling distribution and using the data sampled from it to
perform the simultaneous estimation of the policy values. CAESAR achieves that with number of trajectories
ok

n=0 (’3—24 ZhH:1 MaXpe(K] Zs,a %) and probability at least 1 — §, we can evaluate the performance of all
target policies up to e error. The algorithm consists of three techniques. First, we obtain a coarse distribution estimator
at the cost of lower-order sample complexity. Second, based on the coarse distribution estimator, we show an achiev-
able optimal sampling distribution by solving an convex optimization problem. Last, we propose a novel step-wise
loss function for finite-horizon MDPs. By minimizing the loss function step to step, we are able to get the importance
weighting ratio and a non-asymptotic sample complexity is available due to the smoothness and strongly-convexity of
the loss function.

Beyond the result of this work, there are still some open questions of interest. First, our sample complexity has a
dependency on H* which is induced by the error propagation in the estimation of the importance weighting ratios.
Specifically, the error of minimizing the loss function at early steps, e.g h = 1 will propagate to later stepse.g h = H.
We conjecture a dependency on H? is possible by considering a comprehensive loss function includes the whole
horizon instead of step-wise loss functions which require step by step optimization. Besides, considering a reward-
dependent sample complexity is also an interesting direction. For example, consider a MDP with sparse rewards
where only one state-action has non-zero reward, then a better sample complexity may be possible by just focusing
on state-action pairs with non-zero rewards. Another future direction is to apply the coarse distribution estimator on
more scenarios. In our work, the coarse distribution estimator plays an important role throughout the algorithm. And
we believe this type of estimator has potentiality in other different settings and tasks.
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A Proof of theorems and lemmas in Section 4

A.1 Proof of Lemma [4.1]

Our results relies on the following variant of Bernstein inequality for martingales, or Freedman’s inequality [Freedman
[1975], as stated in e.g.,|Agarwal et all [2014], Beygelzimer et al| [2011]].

Lemma A.1 (Simplified Freedman’s inequality). Let X1, ..., X1 be a bounded martingale difference sequence with
| X¢| < R. Forany ¢’ € (0,1), andn € (O 1/ R), with probability at least 1 — &',

ZXe < nZE 7]+ log(;/ ") (12)

where B[] is the conditional expectatiorﬂ induced by conditioning on X1,--- , X¢_1.

Lemma A.2 (Anytime Freedman). Let {X,}:°, be a bounded martingale difference sequence with |X,| < R for
allt € N. Forany ¢’ € (0,1), andn € (0,1/R), there exists a universal constant C > 0 such that for all t € N
simultaneously with probability at least 1 — &',

Clog(t/d'
ZXg<nZIE x2) 4 Closlt/o), (13)
n
where Ey[-] is the conditional expectation induced by conditioning on X1, -+ , X¢—1.

Proof. This result follows from Lemma[A]l Fix a time-index ¢ and define 6; =
probability at least 1 — d¢,

5 tg Lemma A Tlimplies that with

t t

ZXe SWZEZ [X7] —i—m.

(=1 =1 N

A union bound implies that with probability at least 1 — 22:1 o >1-10,

t t
log(12t2/¢§'
SX, <03 R, [x2) 4 282/0)
= =1 N
n Clog(t/zy)'

(i) &
Sanz [X7] o

=1
holds for all t € N. Inequality (i) holds because log(12t%/6") = O (log(td")).
O
Proposition A.3. Let &' € (0,1), 8 € (0,1] and Zy,--- , Zp be an adapted sequence satisfying 0 < Z; < B for all
£ € N. There is a universal constant C' > 0 such that,

T ’ / T T ' /
—B)ZE&[Z 2BC lzg(t/é < Z <(1+p) Z 17 + 2BC lzg(t/é)
=1 =1

with probability at least 1 — 26" simultaneously for all T € N.

Proof. Consider the martingale difference sequence X, = Z; — E,[Z,]. Notice that | X;| < B. Using the inequality
of Lemmal[A.2 we obtain for all € (0,1/B2).

C'log(t /"
ZXZ<nZIE (X2 + Og:/ )

(i) i
< mB*Y EyZ
=1

n C'log(t/d)

*We will use this notation to denote conditional expectations throughout this work.
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forall t € N with probablhty at least 1 — ¢’. Inequality ( ) holds because E;[X?] < B?E[|X;|] < 2B?E[Z;] for all
t € N. Setting ) = 232 and substituting Y_, X, = S°0_, Z, — E¢[Z],

t

2 !
(=1

with probability at least 1 — §’. Now consider the martingale difference sequence X; = E[Z;] — Z; and notice that
| X/] < B?. Using the inequality of Lemma[A.2] we obtain for all n € (0,1/B?),

SxG < Y B2+ L8

=1 =1 g
t
Clog(t/d")
< 2nB? Ee|Z¢| + —————
n Z [Z] n

Setting) = 52 and substituting 3,_, X; = >;_, E[Z,] — Z, we have,

2 !
~HS EZ <Y 2+ %Og“/“ (1)
1

with probability at least 1 — ¢’. Combining Equations[4] and [[3]and using a union bound yields the desired result.
O

Proposition[A.3]can be used to show,
Let the Z, be i.i.d. samples Z, iEd- Ber(p). The empirical mean estimator, p; = % Zzzl Z, satisfies,

2C" log(t/5’) . 2C" log(t/d")
= <p<(1+Bp+ B

with probability at least 1 — 24’ for all ¢ € N where C’ > 0 is a (known) universal constant. Given € > 0 set
t> %‘ft/é) (notice the dependence of ¢ on the RHS - this can be achieved by setting ¢ > %
(known) universal constant C' > 0).

(1—B)p—

for some

In this case observe that,
(I-=Pp—e/8<p <(1+B)p+e¢/8
Setting 5 = 1/8,
Tp/8—¢/8 <pr <9p/8+¢/8

so that,

p—P: <p/8+¢/8.
and

pr—p<p/8+¢/8.
and therefore [p; — p| < p/8 + ¢/8 < 2max(p/8,¢/8) = max(p/4,¢e/4).

A.2 Proof of the optimal sampling distribution (4)

Our performance estimator is,

— szh Sh’ah ) k€ [K].

sa
i) h’h
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Denote 1, %r (s}, a},) by X;. And for simplicity, denote E(s, 4, )y,

of our estimator is bounded by,

E, (X2 = E, (Z AL a;;))

1 pn (s, aj,)

J(sm,am)~un DY By, the variance

.....

H 2
<E,|H- Z( Sh?ah)”t(%a%))

o1 \ MR sh,ah)
H k
dr (st ,al)
<E, |H AR
()
—H- ZIE di (si.a3) |
ar’ Hh sh,ah)

The first inequality holds by Cauchy — Schwarz inequality. The second inequality holds due to the assumption
ri(s,a) €10,1].

ki i

Denote Zthl E -« [%} by pu.k- Applying Bernstein’s inequality, we have that with probability at least
h h'"h

1 — ¢ and n samples, it holds,

2Hp,. 1 log(1/d) | 2Milog(1/6)

n 3n

v <

di - (sn,an)
where Mk = MaXs, aq,...,sg,a8 Zh 1 mrh(Sh,a/h).

To achieve an € accuracy of evaluation, we need samples,

Hp, log(1 4 My log(1
np < 8 pu,kezog( /9) 4 M ;f( /0)

Take the union bound over all target policies,
8H maxyex] Pu,k log(K/9) N 4M log(K/9)

n, <
B= €2 3e

where M = maxye(r] My

We define the optimal sampling distribution p* as the one minimizing the higher order sample complexity,

iﬂ' ( )
E, Zh >
wr = ar%bfllng?)ﬁ T~ (s,0) l (s, )1

. 2

(d’,{ (s,a))

—argmlnmax -~ h=1,...,H.
Kh ke[K] s.a /Lh(sva)

A.3 An example of unrealizable optimal sampling distribution

Here, we give an example to illustrate the assertation that in some cases, the optimal sampling distribution cannot be
realized by any policy.

Consider such a MDP with two layers, in the first layer, there is a single initial state 51,1, in the second layer, there are
two states so.1, S2,2. The transition function at state s; ;1 is identical for any action, P(sg 1|s1,1,a) = P(s2.2|s1,1,a) =
%. Hence, for any policy, the only realizable state visitation distribution at the second layer is d2(s2,1) = da(s2,2) = %
Suppose the target policies take K > 2 different actions at state s 1 while take the same action at state sz o.
By solving the optimization problem (@), we have the optimal sampling distribution at the second layer,
S521) = o pia(522) = —
S -

:u2 2,1 1+K27:u2 1+K2’

which is clearly not realizable by any policy.
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A.4 Proof of Lemma 4.5
Proof. The gradient of ¢7 (w),

wp—1(s',a’)
fin—1(s',a’)

Voo Fl0) = 5D 0(s,0) = 3 a1, )Pl )

Suppose by some SGD algorithm, we can converge to a point wy, such that the gradient of the loss function is less than
67

V65 Gon)ll = ‘?’L(S’aiwh(s,a) =Y in-a(s',a)P(sls’ a')m(als >M§ <e

fin(s; @ fin—1(s'
By decomposing,
Mh(S a ") ’ Wp— 1( I)
. s’ a")P(s|s',a')w(a|s) —————=
fin(5,a) S,Za/“h 151 @) Plsls' o m(als) 21
= | B0 g (5 ) — (s, 0) + d(5,0) = 3 B (s )Pl o (o) St )
h(S,a) o fin_ 1( /)
~h(87a)

Y

fin—1(s'

)= 3 s VPOl rfals) )

wn—1(s, '))

fin-1(s',a")

DL wtals) (41 4(5) = i ()

Hence, we have,

>

fin(s,a)~ n (s a )—d”sa M)

)| £ e+ S| Pl ayntals) (@150 = na (o)

s,a :LL(v ) s,a |s',a’ Hh 1( /)
wn-1(s', )
<e+ dr_.(s',a h_1(s’,a
S/Za/ h 1( ) /1’ 1( ),uh 1( /)
< 2e
O
A.5 Proof of Lemma[d.7]
Proof. The minimum w}’ of the loss function £7 (w) is w} (s, a) = % EZ Z; fin (s, a) if @y, _1 achieves optimum. By the
property of the coarse distribution estimator, we have,
d7(s,a) . 1dr(s,a) . 5 -
wh(s,a) = ==L (s, a) < S T—in(s, a) = S df (s, a)
h (s, a) % n(s, 3"

We can define a feasible set for the optimization problem, i.e. wy, (s, a) € [0, D (s, a)], Di(s,a) = 2d5 (s, a).

Next, we analyse the variance of the stochastic gradient. ~We denote the stochastic gradient as gn(w),

{si,ai,..., sk, ay} atrajectory sampled from fi,, and {s7,a?,.. ., s%;, a’;} a trajectory sampled from fiy, ;.
w(s,a , , Wp—1(sh_y,al )
n(w)(5,0) = 2t — g gf = q) - DI Pty = )
fin (s, a) ,uhfl(sh_laah_l)
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the variance bound is,

Vign(w)] < Elllgn(w)]?) < > fin <Sva>(fu(s’a)>>2+ﬂh-1“"’) (2:}17(»

s,a ,th(S,a hfl(S,a)
(df(s,0)* | (df_y(s,a))?
SO(; fin(s,0) | (s ) ) (16)

the last inequality is due to the bounded feasible set for w and the property of coarse distribution estimator [y, (s,a) <
% fn(s,a).

Based on the error propagation lemma 4.5 if we can achieve || V{} ()| < 4= fromstep h = 1to step h = H,
then we have,

s,a

wp (s, a)

fin(s,a) ~ i) <

fin(s; a)

which can enable us to build the final estimator of the performance of policy m with at most error e.

By the property of smoothness, to achieve || V7 (n)|[1 < 7= . we need to achieve (7, (wy,) — £7; (w;) < 32£H4 where
¢ is the smoothness factor, because,

€2

1967 n) I3 < 26067 (ion) = 65, (w}) < ez
Invoke the convergence rate for strongly-convex and smooth loss functions, i.e. Lemmal4.6] we have that the number

4.2
—o($29)
Y €

We have shown in (8) that % < g, this nice property helps us to get rid of the undesired ratio of the smoothness

of samples needed to achieve £F (wp) — €7 (w}) < 322% is,

maxs,q p(s,a)
ming o p(s,a)

Replacing G2 by our variance bound (I6), we have,

oo (HY (= (s,0)? | (d i (5.0)
nh = O 5 Z N + ~
&\ Tunls,a) | nai(s.a)
For each step h, we need the above number of trajectories, sum over h, we have the total sample complexity,

o(ERney)

factor and the strongly-convexity factor, i.e. of the original loss function (7)) which can be extremely bad.

1 s,a

To evaluate K policies, we need trajectories,
H

4 gk 2
n=0 H—Zmax 7@’} (s,0)) .
€ = ke[K| <= fin(s,a)

A.6 Proof of Lemma

Proof. By Markov’s inequality, we have,

N 1
P(|U_N|Z€)§7§Z
€

The event that |fipsonr — 1| > € belongs to the event where more than half estimators [i; are outside of the desired
range |fi; — | > €, hence, we have,

N
2

N
Pllinons — 4l > O < B(Y (s — 4 > 0 = )
1=1
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Denote I(|fi; — u| > €) by Z; and E[Z;] = p,

N N
Plntor — > ) =B(3. 2> )

-
Il
-

N

<e ¥
the first inequality holds by Hoeffding’s inequality and the second inequality holds due to p < i. Setd = e~ %, we
have, with N = O(log(1/4)), with probability at least 1 — 4, it holds |fipronr — p| < €. O
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